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FEaT 2 BRAR D 53 2 Bk K G
&Ml (dekE)

B =

A statistical manifold is a Riemannian manifold endowed with a torsion-free
affine connection satisfying the Codazzi equation. The submanifold theory
in such a space is now developing. The words “statistical submanifold ”
can be found in the late 1980s in the context of statistical inference or
information geometry. We will here introduce recent differential geometric
researches in this field, for example, the counterpart of the Chen inequality
in the Riemannian submanifold theory.

FETZRRIR & W D LIFHFEM P IZB T EMERNRTH D L WO HRE BFH OHH
DEWE SN, KOO —2EHIT LEZS IR VWILEZRTHESSZ
CIZH B, B IE 2003 FFALEE KT THME X 722 50 [MRMF S VR Y T LD
T, WMatZREORMFT [HFRTREAEORIF{E L TOREIZLEEE->TED,
METZRRIRE S DT & U TEND D DIFL <R\ b7z ([22]). 22T 78]
EEIENTVBEDN, BHREMATHY, 7774 VWM EAFERNY LRMFETH
5. TOIZAPSRIUIFAERE L TWiRWnWe W Kb bH 5 —H, [2] [13] mE L
B, Z0 5 SAIHNL U 720 B2 RN S BRI NE L1272 2 L HHET
HbHS. TITE, ZOHNSREDEANNR, EEEERE OMLFESE [16] % Hii
IR SRR 2 BN T 5. B BT H I O KB A7 S I D& L 1B L 7
WETHRDT, IKKIEHALUTWAEZT2EMEE U TW R NIEEWTH 5.

HOPRMIRTERRIK M &RX7 MVR E — M IZHUT, I'(E) TEOWHES "k
ik 2kzH oo d. T, orRudRfRezFES>22el, WbLEESLW., /-,
XY, ZFEIM EORZ M GEHOSDL, REORWVEEIEX,Y, Z e T(TM) ¥
CHIE LW EAH 5.

1. #RETZHRIE
£9, MErZREOTR L HM S MHBRICEY L, MK H I THL.
& 1.1. 2K M EOT 7710 ViR ) —< VEFEDHL (V, ) 25 M OEEH#EE
(statistical structure) TH D &1, (1) V BHEUND RN & -

TV(X,Y)=VxY - VyX — [X,Y] =0, (1.1)
Mo (2) AX Y FHEREATI L
20D, ZDEE, 3D0M(M,V,g) Z#atZ A (statistical manifold) &\ 5. O
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V=< VEtR gDV Y1 - F U ¥R L L, (1.1) BLUO V=0 T—EMIIEE S
TI77AVERODIETHo7T-. Tk VI enle, (V9 g) Efit&ETh D, Z
Nx Y —< VRREEE & XX, B2 DEIEOXNRITIEY — < VINRIREE TH
HEWVWSIEVWHMNTEZ B,

Bl 1.2. ARES Q={1,..., m+1} CZ LOFEEHERNGEADOELEEZ M T 5 :

M={p:Q—(0,1)| Y plw) =1}

weN
Znw B
n=....0") : M3p— (p(1),...,p(m)) € R™, ie. 1’ (p)=p(j),

Z (RIRWZ) JEREERIZ B DERRIR & AT, M & R™ O (M) = {(n,...,n™) |
nt>0,...,0" >0, 9" >0} LEETNIXRN. 2T, gt =13 ) 2B
Wiz,

G5 Xlogp(w) TR M 3 g — loggw) e R DXRZ MV X, € T,M ’C“O)@"ﬂﬁ\%
%6@?.Z@i5ﬁ%%%ﬁhTMM®U~77ﬁ%gF87774V%%V
EDOETED, TNENT 14y ¥ ¥ —il& (Fisher information metric) & & B #i
(mixture connection) & &3 :

gy (X.Y) = ) Xlogp(w)-Ylogp(w) - p(w)

(= > Xpw)-Ylogp(w) ),
weN
g (VY. Z) = Y X(Ypw)) - Zlogp(w).

D E, ok FOEEEHWTET L,

9 9 -1 TR
)+ =3 ,
5%%n8m> (n*(p) ™03 + ( lln@D
m 0 _
o/on G~
LB, (M, V™ gf) IS ZRRATH 5. O

FEHBERMAPITHN D HEZ R D S o & S EARNLHITH B, [EHRMFIE
HAME—-Z2IECOHARDMHEENL SEHBML TWA3ETH D, ENZHRYBZ V.
I TR L WS DDH» 6, [1] [8] 9] [25] [35] 2HITTHL.

Bl 1.3. 0 M =R 22—y NERNO RN Z H 5D Iddids e
5. 9% OFHFREEE LRARR) LU, V 2FEE, L 2B 2RAERE 5.
Tabb, R OEEESE V,  ORMERS MV E n L TBEE, HTAD
7Y

VY = u,VxY +h(X,Y)n (1.3)
TEEDBT 77 AVER YV & heTI(TM®) RiZnTHS. ZOLE, V=VIT
HY, hiFM EOV—<ritRE RS, BIHOWEIZMAD -2 LTHARD
Ky FHRA((3.11) 22F LX) 25, (M,V,h) 3HREEHRKTH 5. O



22T, BlI1EARXDPEHLSIHNTOWARWI LIZERT D, 7771 V%[
FOHRETHRROFIETHEHREEDFEIND Z b nd. 72 21X, [21] [24] &
EERSEE K. £, HEMEOERNLIEENT 7 7 1 VISR MFEOHRETH
% [29] I G T T WS,

8 1.4. fialhhd (V,g) T LT,
KY9Y =VyY - V%Y (1.4)
LB, ZokE, K=KY9c(TMY) THY,
KxY = KyX, g(KxY,Z)=g(Y,KxZ) (1.5)

EAT. W, V=< VEtE g it/ LT, K € T(TM®2) H (1.5) & A7zEE,
(V=V9+ K, g) \THFHEEIZ 5. O
WM5.7§®u~vy%ﬁ%@E@Kﬁbf,o?@%ﬁi@@%&k?@ﬁ,ﬁ
FHERA (M, V =VI+ K, ) BWEE5 (bLOWETnRILEL, T4V XEDIFT
HB):

M =H"= {y: (y', ..y y") € R " >O},

n

9= (dy"),
A=1
K(a“aJ) — 51](yn) 18717 1,] = 17 , I — 17

2. MMETZ R DR
7774 VR YV OfiRT VYL R

RY(X,Y)Z =VxVyZ —VyVxZ —Vixy|Z

EEDD. RY =072 5faHEE T~ Y L& (Hessian structure) ([32] 72 &), IO
HMEE (dually flat structure) ([1] [8] [9] [28] % &) & KiEdh, ZLDMHFELHS. Th
SHMIRD RERWMENRTIEDH 2, bIbIT MGG & I3l EiTlE, Zh
5LIFFRBD, HBHWVEINS ZHIRL 26 DITARIZIIKREZ E DONEES .

R 2.1. fialhhd (V,g) T LT,

RV(X,Y)Z = RV'(X,Y)Z+ (V%K)yZ - (V{K)xZ +[Kx,Ky]Z (2.1)
= RV (X,)Y)Z +(VxK)yZ - (VyK)xZ — [Kx,Ky]Z (2.2)

AN AR O



A 2.2. MEHHEE (V,g) T LT, V* %
Xg(Y,Z) = g(VxY,Z) + g(Y,VxZ) (2.3)

TEDD L, (Vi g) baHHEEICRS. VY 2 V O g (IZBT 5B (dual con-
nection) & % WMF AL (conjugate connection) & K& VI = (V+V*)/2 BT
KNV = K9 93730 72D, 7z,

NHinbd. O
EF: 2.3. MahE (V, g) P HEIFER (conjugate symmetric) ThH 25 & 1%, RV = RY
DR =DZ L E NS, O

DS HIMRED, 72 21F [20) REBBREI NI, Y — < KA T IR
HRIF R E A& E 2 R Uz, Wik k9 28K T 2 720IIE— N 78 v,w € T,M
X LT,

gp(RY’ (v, w)w, v)
9p(0,0)gp(w, w) — gp(v, w)?
P, v,w DELD FIZH ST, T o DR 2IGHAEMO AT LD EE S Z & &R
THERD 57203, TDDIZIE, (24)ITBWTLV Y1 - FU 1 ZEGEPIIEHTRT
HLEVWSIHEHERPFNTWIZE WS EVWENRTE .

HARFRE PR S 2R WREEHEIEIZT LT, (25) @ RY OfRbDIZO2EDT VYL
ERHVWD Y, L1 - FU a0 REE AR AEEZE D2 050D, Bimic
SUTAERNPERTE D.

EFE 2.4 ([13]). HaHEE (V,g) ITXH LT,

(2.5)

SVIX YVVZ = %{RV(X,Y)ZJrRV*(X,Y)Z} (2.6)
( = RV(X,Y)Z+|Kx,Ky]Z ) (2.7)

LB E, S =59 e I(TMI) ZHiaHET >V )L (statistical curvature tensor
filed) & £ 5.

9p(S (v, ww, v)

9p(0,0)gp(w, w) — gp(v, w)?
v,w e T,M,

k9 GryTM > 11 = span{v, w} €R,

IX well-defined T, k% = k59 : GryTM — R ZKEHEE (V, g) O Wik =R (sectional
curvature) & K., O

e, FE(2.7) 1%, ME 2.1 AE22I12X5.
EF 2.5 ([16]). HEHHEE (V,g) 2L T,

UV9(X Y)Z = RY'(X,Y)Z - |Kx,Ky|Z (2.8)
( = 2RV (X, Y)Z -S(X,Y)Z ) (2.9)



LBE, U=UV9 ¢ (TMO) LT,

Gp(U(v, w)w, v)

gp<vv U)gp(wv w) - gp<vv w)
v,w e T,M,

kY9 . GryTM 3 11 = span{v, w} — 5 €R,

TEFE 2KV = kU9 . GryTM — R 2#fztHiEE (V,g) @ U W= (U-sectional
curvature) & K., O
MaEE A ) —< VD L &, b K=00Ds &, S=U=RY »2 k% =
KV =k THBILITHEET 5.
Watth= 7 > VIV S I oW T, HEIHIZ B. Opozda [30] HELD EIFTW5 (X
SIZEERZ I hDIENDDE LRV EF A S L), KL, SOEMZ (U T
137<) [K, K] ZHWTHIOWHIHENERZTE DI LIZEHLTWS.

EFE 2.6 ([21]). HaHHEE (V,g) PEME (constant curvature) k(€ R) TH D & 13,
RY(X.Y)Z = bg(Y. 2)X — g(X. 2)Y)

DR 7=DZ Lz NS, O

R 2.7. #atHEE (V, g) 2WEME k(e R) 2 o1F, BN TrOWmiE—xE Lk T

RV (X, Y)Z =k{g(Y, 2)X — g(X,Z)Y}, (2.10)
kS (GroyTM) = {k} (2.11)
MR 72D, O

EFE 2.8, falthid (V,g) 2L T, #iat A7 7 —#i= (statistical scalar curvature)
pEC®(M) RE%EDEDLIIEHKT S :

RicV(X,Y) = tr{Z+~ RY(Z X)Y},
Ric’(X,Y) = t{Z+— S(Z, XY},
RicY(X,Y) = tr{Z—U(Z,X)Y} =2RicV'(X,Y) — Ric*(X,Y),
p = tr,RicY = tr,Ric® =2 Z kS (ei A ej),
1<i<j<m
oV = tr,RicV =2 Z kY (e; N ej) =207 — p.
1<i<j<m
ZZT, {eg,...,em} W EZXTVWSE o e M Dg, ZETS T,M OIEHEREE L
U, eiNej \Eee;(i #j) CROND T,M D2{RinzEfzdHond. £/, pv &
V=X VEtE g DA T —MiliEEZHSDT (V=VIDLED pDI L), £/, &k
DFERIX (2.9) 12X 5. O
ERPBRUCIRO LS Rl BH¥EMLTE IS5, L &2 T,M ® 1(>2) IRytihsar2ei,
{er,...,e} ZFD g, \CEHTHIEHRELREEKLE L,

PP(L)=2 > K(ene) (2.12)

1<i<j<i



& <.
B m >3, k>11R]UT, kHOBEDIERFROMH (my,...,my) TOEZE2HAT
TEDOLNKE S(m, k) THLDT :

2<my,<m (¢=1,...,k), m > 1. (2.13)

EFE 2.9. HEtHE (V,9) & (my,...,mp) € S(m, k) IZXF LT, DED XS TR
Sy M = RZED, (V,g) D (my,...,my) B U TV RZAZE (delta-invariant
for U) & K3 :

.....

1 .
sy @) = 5 [0 (@) = inf { D70 (L) | Ly L} | (2.14)
q=1
ZIZT, inf 2FAXB5Ly,.... Ly 1, dimL,=m, (¢=1,...,k) DT, M OHI/IZEHT
HWIERZT2b02Kk28<. £,

&y (x) = p”(2)/2 (2.15)

EEDD. O

MEHBIEN Y —~ VDL &, Thbb K=0D&E, ¢V IZ B.-Y. Chen ) —~
VERRMKIZOWTER LTS, TIVEALR, L—HTLH(EHRT1/2HELTVWBEDIE
ZDEDTHDB). TOFIVEAAERIZDOWTIE, 722 ZI1E, Chen HEIZ & 2 f# [7]
ST 5L L.

5 2.10. #il 1.5 ® (M, V,§) 122\,

RY(X,Y)Z=8(X,Y)Z=0, X,Y,ZeI(TM),
U(X,Y)Z =—-2{3(Y, 2)X - §(X, 2)Y},

5(Un1 ..... ng) _2b(n17 s 7nk)> (nla <o ,le) € 8(71,]{),
D7D D, ZIZT, blng,...,n) & (4.2) THRABERTH 5. O

3. METER D L FRIK
ZOHEID SIS LRRRIZA D, AEZER R B S AR (M, V) &L, n=
m+pRITET B,

L B mIRTESRER M 5 M ~DIFDRAARE L, M L2 g & VADOETEDS :

g=107, 9(VxY.2) =G§(VxuY,1.2). (3.1)

IOrE, (V,9) & M LOMEE IR, 2hE 12&-T (V,9) ol h
PR & k3,



T 3.1 SASRIE (M, V, g) 5 S At RA (M, V,5) ~DIZDRA L 5, HiEhd
A A (statistical immersion) TH B L1k, 1 12X > T (V,9) 2 HiFE I N #iEHEE
M (V.g) BT BEERND. ZOLE, (MV,g) & (M,V,5) OEHH 2Rk
(statistical submanifold) & 9. O
IO E, FERYMVE CTM — M OV —< VitE § oM 2 ELEN R
VTM =TM & TM* (3.2)
BEZ, TNENANDHEE
)T T(*TM) - 0(TM), ()" :TTM)— T(TM"Y)
YHobhT. ¥ oV OO V T, 4R (3.2) I/t T, B, A,V
EOETEDD :
VY =, VxY + B(X,Y), X,Y eI(TM), (3.3)
Vxé = —1,AX +ViE, €eD(TMY), X e T(TM). (3.4)
IDrE, Be(T*MoTM®2) %, O V IZB¥ 55 2 HAEA (second fundamental
form), A € T((TM*)*@TM™Y) %[ U < BUEFFE (shape operator), V4 : T(T M) x
D(TM) — T(TM*) % #E##¢ (normal connection) & K&
AMEZERI DG & U TR V, Lt - F7 1 Xt VI 2 & 5T, FRRIZL
T, B, B, A, A, VYV 2E%HT 5
VitY = LVyY + B(X)Y), Vi€=—uAX + Ve,
B 3.2. (M,V,5) DFERBD LA (M, V, ) L TOERRD 72D
Xg(&,m) = 9(V*x&m) +9(E, Vin),

~ 1 ~ 1 -~ 1 *
B:§(B+B*), A:§(A+A*), vlzﬁ(vhrvl ). (3.9)
ZIT, X,)Y €T(TM), &,ne(TM*Y) TH 5. O

728, [10] T, (3.7) (& [36] D) 2EEULT, AREAD « DO A ER
YIZES. ENICETDE S RN D B L EONDEDTEEI NI,

EE 3.3. (M,V,g) % (M,V,q) DS SRk T 5.
1 S S IO | .
H = EtrgB, H = EtrgB s H = EtrgB = é(H + H )

2ENEN (M,V,q) DV, V*, VI IZET 2FH%= R 2 bV (mean curvature vector
field) & & .3

FERB D ZRRIK (M, V, g) DA HIHE (doubly totally-geodesic) TH 5 & 1%, B =
B*=027%07=D2Z %I, MEEH (doubly totally-umbilical) Tdh % & 1%, B =
GgRQH D B*=gQ H* 20722 %05, £7z, /N (doubly minimal) T
52l%, H=H"=02R8D7=DZ %2V, m



%y, MM TIEZR < B AT (auto-parallel) &\ 5 FHEENZ < Hwonsd £ 572
n, FxDFRETIERUEKIZZRS. £z, 82 BEARRNTMDIAAIHE (embedding
curvature) & KIXNb Z &L NH 5.

%8 3.4. (M,V,§) DIEHBHEREK (M, V, ) 12 LT, 2E¥DOH YR, aXyF,
Vv F DR (Equations of Gauss, Codazzi and Ricci) 2372 D 72D :

(R(X,Y)Z)" = RV(X,Y)Z — Apy.n X + Apx.2)Y, (3.10)
(R(X,Y)Z)* = (VxB)(Y, Z) — (VyB)(X, 2), (3.11)
(R(X,Y)E)" = (VyA)eX — (VxA)eY, (3.12)
(R(X,Y)E)E = RV (X,Y)é — B(X, AcY) + B(Y, A:X). (3.13)
ZZ7T,
(VxB)(Y,Z) = V*xB(Y,Z) — B(VxY, Z) — B(Y,VxZ),
(VxA)Y = Vx(AY) — Agi Y — AVxY
YU, R=RY, X,Y,Ze(TM), £ €T(T*M) £ ¥ 3. 0

INSD T OR, * 2DOFED, AV DI LIEETS. £, HTA
DHRR (3.10) 13, (3.7) &0,

JRX,YZ, W) = g(RY(X,Y)Z,W)
—E(B(Y, Z)a B*(Xv W)) + §<B(Xv Z)’B*(Yv W))

EMNF B, )= VRS REGRE E ST, 2THM B RELH S WL B* AL DOREIC
HoTWRWE IANHEZEMIZLTWS., BETE, IREDEM 4.1, 42 132
DANLENNS.

4. RETER D ZRRIADAER

B0 2 bRARGR D FEAR R FRE D — D%, DL RRIEDONIENAL & & AMER AL RED
BREzHARNEZEITHb. V- VR ZHKRTE 2L, NENALRILFE =
MHEE B EAMHIET, MEWALEITEEIIMERY MVGORE I 22 BGTH
IEE V. BERE DS RERIZ O WTHBEDOMER2EZ 2 X 5.

FIE 4.1 ([2][31)). (M,V,q) % (M,V,§) OFERDEEE TS, BIARZ ML X €
T.MIZHLUTOENRD 2D

(I + H2) /2 > 4m=2{Ric” (X, X) = Sk (X Aey) }. (4.1)
=2
ZIT, {X=ee9,....,ep} 1 & T,M OIEHERIEK L 5. F5HLOBEFTHR

X, m=20& &, (M,V,g) X 2 IZBVWTHEEWN, m>3 D&, (M,V,g) I
T IZEWVWTHEHHKITH 5. O



5B, V= UBAERERIIBNTIE, B I THLONTWZID &S RAL%E
AL Chen-Ricei AERRE L XIENDZ L hdbd. £z, [2]831] B U 2HWTH
WTWB DI TR,

ZIZT, 6] - TOEDRBEEMLTHEL  (my,...,my) € S(m, k) ITFHLT,

wwnﬂm)zémm_m_%zpmw_n, (4.2)

c(ma,...,mp) = — T (4.3)

cl, i '
b(0) = c(0) = im(m —1) (4.4)
B,

FI 4.2 ([16]). (M,V,q9) & (M,V,§) DFEHBHEREL TS, Ko e MIZBW
TOENRY 72D

(IH|? + |H?)/2 = e(ma, ... ,m) "85, ) = bma,... my) max kU,

7777 k:

ZZT, (ma,...,my) EGS 0D S(m, k) Dk dS5bTEdH. £/, max kU (z) =
< { U [l e GroT,M} & U, kU 13 (V,3) ® U WHHETH 5.
(V,9) 2 U Wil — DL &, SE5RILOBETDEMIUTOMED
(i) (my,...,mp) =0 DL E, (M,V,g) X z IZBVWTHEEHTH 5.

(ii) (mq,...,my) € S(m, k) D& E, DED (1) 26 (5) 2 AT T,M OHWZER
THEDEM Ly, ..., Ly DFEET S

(1) dimL,=mg g=1,....,k.
(2)  {er,...,en} IE T, M OIEME

4

RFEE T Ly = span{ey,_,41,...,€,} &A1z,

s

I
(3) D Blene)=---= Y Bleie) = Bleyiepin) = = Blem, em).
i=1 i=lp 141
h li
4 > Bene) == Y  Bene) =B (1, €,41) = = B (em em).
i=1 i=l 41

(5)  Blei,e;) = B*(e;,e5) =0 for 1<l <l,+1<j, q¢g=1,...,k
or lp+1<i<ji<m.
[

BB, V- USRI BE VT, FROERN[6] IZko>THLNTWVWD
A. Mihai and 1. Mihai D EEDFHX [26] IZIETIVEAZLEZEHZR L TVWRVWE DDA
UBEDAERNH S, £72, b eD [6] IZHhBIEFTCAEREZRKITLTHL &,

8V < c(||H|* + | H*||?)/2 + b max kV
LB, THLDIEIBRRTWBELHE725 5.



% 4.3. (M,V,5) % U WHEMEIEETH 2L T 5. m RSBk
(M,V,g) 2, 6§(z) PIEL B LSz e M 2562, HDEWIE (my,...,my) €
HiE, (M, V,g) 75 (M,V,§) ~OBFINGEEHEDIABIIAEE L 220, O
B 1.5 (41 2.10) & EDRMEE BT (M,V,§) o TW5b. £, SUBNEEHE
DIAAIZDNTIE, SHOBIKEVCIIZLHEE L Bbh 5,

B 4.4. (M,V,q) %1 1.5 ® n=m+ p WIKE LA 35,
(1) (at,...,a?) e RPIZX LT, AEGH

v H S (2h . 2™ a™) e (ah . a2t ™ ™) € HY (4.5)

FNERHMTH D : B= DB =0. H" EOFEEFKFHLE (V,g) 136l 1.5 THEZ 5
NTVWBEEDEL—HT B, IRTO zcH™ TEM 4.1, 42 OFESHRILT 5.
(2) (a',...,aP7 1 a?) e RPTI X RT IR LT, AEEHR

b R™S (2. ™) = (2h . 2™ et aPTh aP) € H” (4.6)

I EBERITH B, LB, R™ LOFEHKEEEL L UOE2REAERNTOED LS I
5

CaNC 9 0
g= (")) (), Vojor o =V p5— =0,

j=1

B :2apg®aiyl:g®H, B*=0.

FHA1IZOWTIE, m=20D¢ X, T RTOETCEERHLTAHIZH->TWVWE, EH
421220 T, ([H|?+||H?)/2=2 &2b, Allk2c(my,...,mp) " b(my, ..., my)
LRBEMPDS, (my,...,m) =0 DL E, TRTOHMTHESHKILTEHI2->T W
5. O

b, BHEOLE, Thbbp=10LE, LD (2) DRDAR 1, IFEEHEHE
M) = VA Y R 25 B O L U TR 5 h T ([10)).

ZDIE W, IMEZERIE U TS % i 2 7285t 2K (D X Wil Z2 H 5725 D)
ZIEAT, FRREH D ZRRMECEEOAREXZ ML L RPN DpFRINTY
% ([3], [4] [23] [27]) & &). (IS (7 — T —KEi, fhx RiEE, SIFRERGE, BEMEE)
IZDWTIE, [12] [18] ¥ ZBIHLTIELW. TN 51k, MIIEEISHE S U 72t ihE
ZEAMLLU7ZEDOTHED, HEHEEZHMAL THz2MtEdEzeMds & 0nDd
TAT 4T CTHNIMEGEEZ S > 72MEZMREEZEZER L TVWAMESH DI LITERT S
([34] 2 ¥).

EEDHRRTHNSNAEA 72 ENBVH, TTIZ[33] D& 5 Y — A BIFE
LTWBDT, THbHEHEBEZIZLTWEEERW., 7, 2RO %MZE L 2D
L) DL LT, BET =Y ay TEBBEL T2 E RFEOKEZRITTWS,
THEOWMELHEED D 07T OB KBRS H I 72\,
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18]

[19]

[\)
=]

[\
—

OO
N

[\

[24]

Ay, N., Jost, J., Lé, H.V. and Schwachhofer, L., Information geometry. Springer, 2017.
Aydin, M.E., Mihai, A. and Mihai, I., Some inequalities on submanifolds in statistical
manifolds of constant curvature. Filomat 29 (2015), no. 3, 465-476.

Aydin, M.E., Mihai, A. and Mihai, I., Generalized Wintgen inequality for statistical
submanifolds in statistical manifolds of constant curvature. Bull. Math. Sci. 7 (2017),
no. 1, 155-166.

Aytimur, H., Kon, M., Mihai, A., Ozgiir, C. and Takano, K., Chen Inequalities for
statistical submanifolds of K&hler-like statistical manifolds. Math. 7 (2019), no.12, 1202,
19pp.

Chen, B.-Y., Relations between Ricci curvature and shape operator for submanifolds
with arbitrary codimensions. Glasg. Math. J. 41 (1999), no. 1, 33-41.

Chen, B.-Y., A general optimal inequality for arbitrary Riemannian submanifolds. JI-
PAM. J. Inequal. Pure Appl. Math. 6 (2005), no. 3, Article 77, 10 pp.

Chen, B-Y., A tour through J§-invariants: from Nash’s embedding theorem to ideal
immersions, best ways of living and beyond. Publ. Inst. Math. (Beograd) (N.S.) 94(108)
(2013), 67-80.

FERIS, AFVEHSA-AREHNE T V205 & MRy, iR, 2021.

FRIF R R, AT 2 oD FERE B R D WK 2 $8 A 2 87 7= e o, RS7 i, 2021.
Furuhata, H., Hypersurfaces in statistical manifolds. Differential Geom. Appl. 27 (2009),
no. 3, 420-429.

Furuhata, H., Statistical hypersurfaces in the space of Hessian curvature zero. Differen-
tial Geom. Appl. 29 (2011), suppl. 1, S86-S90.

Furuhata, H., Sasakian statistical manifolds II. Geometric science of information, 179-
185, Lecture Notes in Comput. Sci., 10589, Springer, 2017.

Furuhata, H. and Hasegawa, 1., Submanifold theory in holomorphic statistical manifolds.
Geometry of Cauchy-Riemann submanifolds, 179-215, Springer, 2016.

Furuhata, H., Hasegawa, 1., Okuyama, Y. and Sato, K., Kenmotsu statistical manifolds
and warped product. J. Geom. 108 (2017), no. 3, 1175-1191.

Furuhata, H., Hasegawa, 1., Okuyama, Y., Sato, K. and Shahid, M.H., Sasakian statis-
tical manifolds. J. Geom. Phys. 117 (2017), 179-186.

Furuhata, H., Hasegawa, I. and Satoh, N., Chen invariants and statistical submanifolds.
Preprint.

Furuhata, H., Hu, N. and Vrancken, L., Statistical hypersurfaces in the space of Hessian
curvature zero II. Pure and Applied Differential Geometry - PADGE 2012 In Memory
of Franki Dillen, 136-142, Shaker, 2013.

Furuhata, H., Inoguchi, J. and Kobayashi, S., A characterization of the alpha-
connections on the statistical manifold of normal distributions. to appear in Inf. Geom.

Furuhata, H. and Kurose, T., Hessian manifolds of nonpositive constant Hessian sec-
tional curvature. Tohoku Math. J. (2) 65 (2013), no. 1, 31-42.

Kobayashi, S. and Ohno, Y., On a constant curvature statistical manifold. Preprint.
Kurose, T., Dual connections and affine geometry. Math. Z. 203 (1990), no. 1, 115-121.
R, MEIERARORME, 2 1 Rl OB ST E ORI, 34-43, HAS AL, 2004.
Lee, C.W., Yoon, D.W. and Lee, J.W., A pinching theorem for statistical manifolds
with Casorati curvatures. J. Nonlinear Sci. Appl. 10 (2017), no. 9, 4908-4914.

Matsuzoe, H., Statistical manifolds and affine differential geometry. Probabilistic ap-
proach to geometry, 303-321, Adv. Stud. Pure Math., 57, Math. Soc. Japan, 2010.



AVRTE, SRS RMR DR O W REBE, BORMMTHTIEATESLEk 1916, FAR KB iRt
WFSEFr, 2014.

Mihai, A. and Mihai, I., The 6(2,2)-invariant on statistical submanifolds in Hessian
manifolds of constant hessian curvature. Entropy 22 (2020), no. 2, Paper No. 164, 8 pp.

Milijevié, M., CR statistical submanifolds. Kyushu J. Math. 73 (2019), no. 1, 89-101.

Nakajima, N. and Ohmoto, T. The dually flat structure for singular models. to appear
in Inf. Geom.

Boksi - xR, 77 74 &MY, HHERE, 1994.
Opozda, B., A sectional curvature for statistical structures. Linear Algebra Appl. 497
(2016), 134-161.

Satoh, N., Furuhata, H., Hasegawa, 1., Nakane, T., Okuyama, Y., Sato, K., Shahid, M.H.
and Siddiqui, A.N., Statistical submanifolds from a viewpoint of the Euler inequality.
to appear in Inf. Geom.

BEME, ~v &y, HFERE, 2001.
Singh, A.P., Survey on geometry of statistical submanifolds. Int. J. Math. Sci. 17(2018),
no. 3-4, 171-189.

Takano, K., Statistical manifolds with almost complex structures and its statistical
submersions. Tensor (N.S.) 65 (2004), no. 2, 128-142.

MR, = bav—o®&y, o4, 2019.

Vos, P.W., Fundamental equations for statistical submanifolds with applications to the
Bartlett correction. Ann. Inst. Statist. Math. 41 (1989), no. 3, 429-450.

Wifets, HFRES K (RERK) DZERDENEA R Wz, [35] DFEHT
HO, RXIIHBRETOT =2 ay TOE#EE L THlRa %%
BILTS Nz, MNTHELLIEH TS L e HITHEATEREOEZRL
AR

(20216 H)



