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The Helmholtz decomposition of a space of vector
fields with bounded mean oscillation in a bounded

domain
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Abstract

We introduce a space of vector fields with bounded mean oscillation whose “tangential”
and “normal” components to the boundary behave differently. We establish its Helmholtz
decomposition when the domain is bounded. This substantially extends the authors’ earlier

result for a half space.
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1 Introduction

The Helmholtz decomposition of a vector field is a fundamental tool to analyze the Stokes and
the Navier-Stokes equations. It is formally a decomposition of a vector field v = (v!,...,0") in

a domain 2 of R"™ into
v =19 + Vg; (1)

here vg is a divergence free vector field satisfying supplemental conditions like boundary condition
and Vg denotes the gradient of a function (scalar field) ¢. If v is in LP (1 < p < 00) in £, such

a decomposition is well-studied. For example, a topological direct sum decomposition
(LP()" = LE(Q2) & GP(Q)

holds for various domains including 2 = R", a half space R, a bounded smooth domain [8]; see
e.g. G. P. Galdi [9]. Here, L5 () denotes the LP-closure of the space of all div-free vector fields
compactly supported in © and GP(2) denotes the totality of LP gradient fields. It is impossible



to extend this Helmholtz decomposition to L* even if 2 = R" since the projection v — Vg is
a composite of the Riesz operators which is not bounded in L°°. We have to replace L with a
class of functions of bounded mean oscillation. However, if the vector field is of bounded mean
oscillation (BMO for short), such a problem is only studied when € is a half space R} [10],
where the boundary is flat.

Our goal is to establish the Helmholtz decomposition of BMO vector fields in a smooth
bounded domain in R"™, which is a typical example of a domain with curved boundary. Although
the space of BMO functions in R” is well studied, the situation is less clear when one considers
such a space in a domain, because there are several possible definitions. One should be careful
about the behavior of a function near the boundary I' = 9€). In this paper we study a space
of BMO vector fields introduced in [11] and establish its Helmholtz decomposition when  is a

bounded C3 domain.

Let us recall the space vBMO(€2) introduced in [11]. We first recall the BM O seminorm for
p € (0,00]. For a locally integrable function f, i.e., f € Li () we define

loc

[f1Bror(Q) = sup {\Brl(:n)| o |f(y) = FB, )| dy ’ Br(r) CQ, r< M} ;

where fp denotes the average over B, i.e.,

1
o= /B f(y) dy

and B, (x) denotes the closed ball of radius r centered at = and | B| denotes the Lebesgue measure
of B. The space BMO*(Q) is defined as

BMO"(Q) :={f € Lioe(Q) | [flBrmor < o0} .

This space may not agree with the space of restrictions rqf of f € BMO*(R™). As in [1], [2],

[3], [4] we introduce a seminorm controlling the boundary behavior. For v € (0, oc], we set

[l = Sup{r_” /mB ( )\f(y)\ dy

In these papers, the space

zel, 0<r<u}.

BMOM(Q) := {f € BMOMQ) | [flp < o0}

is considered. Note that this space BMO,** () is identified with Miyachi’s BMO introduced
by [21] if 2 is a bounded Lipschitz domain or a Lipschitz half space as proved in [4]. However,



unfortunately, it turns out such a boundary control for whole components of vector fields is too
strict to have the Helmholtz decomposition. We separate tangential and normal components.

Let dr(z) denote the distance from the boundary T, i.e.,
dr(z) :==inf{|lz —y|, y € T}.
For vector fields, we consider
vBMOM"(Q) := {v € (BMO*())" | [Vdr - v]pr < 0o},

where - denotes the standard inner product in R™. The quantity (Vdr - v)Vdr on I is the

component of v normal to the boundary I'. We set

[WlvBrony (@) = [V]prmon) + [Vdr - v]pe.

If Q is the half space, this is not a norm but a seminorm. However, if it has a fully curved
part in the sense of [11, Definition 7], then this becomes a norm [11, Lemma 8|. In particular,
when  is a bounded C? domain, this is a norm. Roughly speaking, the boundary behavior of a
vector field v is controlled for only normal part of v if v € vyBMO*¥(2). For a bounded domain,
this norm is equivalent no matter how p and v are taken; in other words, vBMO""(Q) =
vBMO>*°(§)). This is because vBMO*Y(Q) C LY(Q) when € is bounded, which follows from
the characterization of vBMO#*¥(Q2) in [11, Theorem 9]. We shall simply write vBM O ()

as vBMO(Q). We are now in a position to state our main result.

Theorem 1. Let Q be a bounded C* domain in R™. Then the topological direct sum decompo-
sition
vBMO(Q) =vBMO:(Q2) & GuBMO(9) (2)

holds with

vBMO, () := {v € vBMO(Q) ‘ divo=0inQ, v-n=0onT},
GvBMO(Q) := {Vq € vBMO(Q) | g € L|,.(Q)},

where n denotes the exterior unit normal vector field. In other words, for v € vBMO(RQ), there
is unique vg € vBMO,(2) and Vg € GvBMO(R) satisfying v = vo + Vq. Moreover, the
mapping v — vy, v — Vq is bounded in vBMO(Q).

As shown in [11], the norm trace v-n is well defined as an element of L>°(T") for v € vBMO(f2)

with dive = 0. So far, the Helmholtz decomposition BM O type space in a domain is only known



for yBM O®*° when (2 is the half space
R} = {z = (21,...,2,) € R" | 2, > 0}

as shown in [10], where the normal trace is taken in locally H /2 sense.

Here is our strategy to show Theorem 1. For a vector field v, we construct a linear map
v — ¢q such that ¢; satisfies
—Aq =dive in Q,

where the divergence is taken in the sense of distribution. There are many ways to construct
such a map because there is no boundary condition. A naive way is to extend v in a suitable
way to a function ¥ on R” so that v — ¥ is linear. We next consider the volume potential of
divw, i.e.,

qo(x) := E(z —y)divo(y) dy = E xdiv,
R”

where E is the fundamental solution of —A in R", i.e.,

— log |z[ /27 (
27/ (n(n = 2)a(n))  (

S
I

E(z):=

S
v
Lo

where a(n) denotes the volume of the unit ball B1(0) of R". By the famous BMO-BMO

estimate due to Fefferman and Stein [7], we have

[Vaol grro=®mn) < ColV] Baros=®mn)

with Cy > 0 independent of v. However, it is difficult to control [Vdr - Vgolp so we construct

another function ¢; instead of qq.

Although BMO space does not allow the standard cut-off procedure, our space is in L', so
we are able to decompose v into two parts v = v1 + v9 such that the support of vy is close to I'

while the support of v; is away from I'; see Proposition 5. For v; we just set
qi = Exdivu,

by extending v; as zero outside its support. Then, the L bound for Vqi is well controlled
near I', which yields a bound for ¥ semi-norm. To estimate vs, we use a normal coordinate
system near I' and reduce the problem to the half space. Let d denotes the signed distance
function where d = dr in Q and d = —dr outside 2. We extend vy to R™ so that the normal
part (Vd-72)Vd is odd and the tangential part 73 — (Vd - v3)Vd is even in the direction of Vd

with respect to I'. In such type of coordinate system, the minus Laplacian can be transformed



as
L = A — B + lower order terms, A =—A,, B = Z On;bijOn,
1<i,j<n—1
where 7, is the normal direction to the boundary so that {rn, > 0} is the half space. By choosing
a suitable coordinate system to represent I' locally, we are able to arrange b;; = 0 at one point of
the boundary of the local coordinate system. We use a freezing coefficient method to construct

volume potential ¢ and g3, which corresponds to the contribution from the tangential part v5%"

nor (©)

and the normal part v3"°" respectively. Since the leading term of divv2"°" in normal coordinate
consists of the differential of 7,, only, if we extend the coefficient b;; even in 7, q} is constructed
so that the leading term of Vd - V¢j is odd in the direction of Vd. On the other hand, as the

™ in normal coordinate consists of the differential of n' = (91, ...,7n—1)

leading term of divoyt®
only, the even extension of b;; in 7, gives rise to q} so that the leading term of Vd - V¢? is also
odd in the direction of Vd. Disregarding lower order terms and localization procedure, we set

q? and ¢ of the form

BA YL divatm,

¢ =L tdivoi™® = —A7Y(
—A” BA Yl divayer.

I —
¢ =—-L ' divoy” = —A NI -

One is able to arrange BA~! small by taking a small neighborhood of a boundary point. Then
(I — BA7!)71 is given as the Neumann series Y oo (BA™1)™. We are able to establish BMO-
BMO estimate for Vg¢? and Vg3, i.e.

[Vq%]BMO(R") = 06 Wﬁan] BMO(R™)’ [vq%]BMO(R") < 06 [UEOI]BMO(R”)

with some constant C{, independent of 73. Since the leading term of Vd- (Vg3 +V¢3) is odd in the
direction of Vd with respect to I', the BM O bound implies b bound. Note that [02""] 5 MO(R™)
is controlled by [ve]pr and [v2] paro(q) since 2" is odd in the direction of Vd with respect to

I". By the procedure sketched above, we are able to construct a suitable operator by setting

o =q +a+q.

Theorem 2 (Construction of a suitable volume potential). Let Q be a bounded C* domain in

R™. Then, there exists a linear operator v — q1 from vBMO() to L>®(2) such that
—Aqi =divy in
and that there exists a constant C1 = C1(QQ) satisfying

IVaillosmo@) < Cillvlluro)-



In particular, the operator v — Vqi is a bounded linear operator in vBMO(S2).

By this operator, we observe that w = v — Vg is divergence free in (2. Unfortunately, this w
may not fulfill the trace condition w-n = 0 on the boundary I'. We construct another potential

g2 by solving the Neumann problem

Agg=0 in €

Og2
on

=w-n on [I.

We then set ¢ = g1 +¢2. Since dga/0n = Vga-n, vy = v — Vq gives the Helmholtz decomposition
(1). To complete the proof of Theorem 1, it suffices to prove that ||Vgz|[,paro(q) is bounded by

a constant multiply of [[v||,zrr0()-
Lemma 3 (Estimate of the normal trace). Let Q be a bounded C*T* domain in R™ with k €

(0,1). Then there is a constant Co = Ca(2) such that

|w-nl[gery < Col|wllvBro)
for all w € vBMO(Q) with divw = 0.

This is a special case of the trace theorem established in [11]. We finally need the estimate

for the Neumann problem.

Lemma 4 (Estimate for the Neumann problem). Let Q be a bounded C? domain. For g € L>=(T")

satisfying ngd”;’-[”*l = 0, there ezists a unique (up to constant) solution u to the Neumann

problem
Au=0 in €
ou r (3)
— =g on
on

such that the operator g — wu is linear and that there exists a constant Cs = C3(2) such that
IVullysrrow) < Callgll Lo (r)-
Combining these two lemmas, Theorem 2 yields

IValluermow) < C3Callv — Vailluprmow)
< C3Co(1+ C)||vllwsrmo)-

Setting ¢ = g1 + ¢2 and vg = v — Vq, we now observe that the projections v — vy, v —> Vgq



are bounded in vBMO(2), which yields (2) in Theorem 1.

To show Lemma 4 let N(x,y) be the Neumann Green function. Then a solution of (3) is
given by [ N(z,y)g(y) dH" ' Tt is well-known (see e.g. [12, Appendix]) that leading part of
N is E(z —y). We have to estimate

IVE * (0r ® 9)ll,grroswr (o) -

Here or denotes the delta function supported on I, i.e.,
or wH/wdH"I
T

for 1 € C°(R™). We take a C? cutoff function # > 0 such that §(o) =1 for 0 < 1, 8(c) = 0 for
o > 2. We take § small so that 20 is smaller than the reach of I'. By this choice, 64 = 6(d/0)
is C? in R™, where d denotes the signed distance function from I' so that Vd = —n on I'. For
g € L™(T"), we extend g so that Vd - g = 0 near the 2§-neighborhood of T'. Let g. denotes this

extension and set ge . = 049.. A key observation is that

or ® g = (Vlg-Vd)ge,c = div (ge,c1laVd) — 1o div (ge,.Vd)
0'(d/o)
s Ge,

div (ge,cVd) = ge,e Ad + Vd - Vge o = gecAd +

where 1q is the characteristic function of 2. The leading (singular) part of VE  (dr ® g) is the
term involving div (ge,.1oVd). The famous L*°-BMO estimate for the singular integral operator
VE xdiv yields

|VE x div (ge,clﬂVd)HBMo(Rn) < CHQe,CVd”LOO(Q) < C,HQHLOO(F)

with C' and C’ independent of g. All other terms can be estimated easily since the integral
kernel is integrable. A direct calculation gives an L™ estimate near I' for Vd - VE x (dr ® g)
which yields

[Vd-VE* (r @ )l < Callgllper)

with Cy independent of g, but it is impossible to estimate b”-seminorm of the tangential part.
This is the main reason why we use vBM O instead of BM Oy-type space where b”-boundedness

of ALL components of vector fields is imposed; see the end of Section 4.2.

To extend our results to a more general domain it seems to be reasonable to consider v BMON
L?. This is because LP N L? (p > 2) admits the Helmholtz decomposition for arbitrary uniformly

C? domains as proved in [5], [6].

Our approach in this paper is to derive the boundedness of the operator v — Vg by a



potential-theoretic approach. In LP setting there is a variational approach based on duality

introduced by [23]; see also [5]. The key estimate is

IVallr() < Cssup {/qu -V da ‘ IVl 1 ) < 1}

with C5 independent of g, where 1/p+1/p’ =1, 1 < p < co. Formally, this estimate yields the
desired bound ||Vql|1r) < Cs|v|l ey since [, Vq-Vedr = [,v- Vedz. At this moment, it
is not clear that similar estimate holds if one replaces LP(€2) by vBM O since the predual space
of vBMO is not clear.

For BM Oy, type solution, it is known that the Stokes semigroup is analytic [1], [3]. However,
it is nontrivial to extend to the space vBMO since in the half space the Stokes operator with
Dirichlet boundary condition does not generate a semigroup because [u(t)], 50 for the solution

n

u(t) may be non-zero for ¢t > 0 for initial data ug with [ugl,pmo = 0 so that uff™ may be a

non-zero constant [1, Example 6.5].

This paper is organized as follows. In Section 2, to construct a volume potential of div v, we
localize the problem and reduce the problem to small neighborhoods of points on the boundary.
In Section 3, we construct a leading part of the volume potential by a perturbation method
called the freezing coefficient method. In these two sections, we complete the proof of Theorem

2. In Section 4, we prove Lemma 4 by estimating the single layer potential.

2 Construction of volume potentials

For v € yBMO(f), we shall construct a suitable potential ¢; so that v — Vg is a bounded
linear operator in vBMO as stated in Theorem 2. In this section, as a preliminary, we reduce
the problem to the case that the support of v is contained in a small neighborhood of a point of

the boundary and it consists of only normal part.

2.1 Localization procedure

Let Q be a uniformly C* domain in R™ (k > 1). In other words, there exists 7, d, > 0 such
that for each 2y € I', up to translation and rotation, there exists a function h,, which is C*¥ina

closed ball B, (0') of radius 7, centered at the origin 0’ of R"~! satisfying following properties:

(i) Kr :=supp, (o) [(V')°hy| < 00 for s = 0,1,2,...,k, where V' denotes the gradient in
2 e R" 1 V'A(0') =0, h(0') =0,



(i) QN Uy, 5.4, (20) = {(2',20) € R" | hzo (7)) < 2 < hzy(2)) + 64, |2/] < 1y} for

Ur, 8.y (20) := {(x’,xn) eR" ‘ ha(2') — 64 < mp < hyy(2) + 0k, 2] < 7"*} ,

(i) TN Uy, 5,h.,(20) = {(«/, ) € R" | &n = hay(2), [2'] < i}

A bounded C* domain is, of course, a uniformly C* domain.

Let d denote the signed distance function from I' which is defined by

inf [x —y| for ze€Q,
dz)=q "< (4)
—inf |z —y| for z¢Q
yel

so that d(z) = dp(x) for x € Q. If Q is a bounded C? domain, then there is R, > 0 such that if
|d(x)| < Ry, there is unique point wz such that |x — mz| = |d(z)|. The supremum of such R, is
called the reach of  and Q¢. Moreover, d is C? in the R,-neighborhood of I, i.e., d € C? (F%f)
with

I} = {zeR"||d(z)| < R.};

see [13, Chap. 14, Appendix], [19, §4.4]. Note that R, satisfies
R. = min (R?, RY),

where RY is the reach of T' in Q while R® is the reach of T' in the complement Q€ of Q. Let
K} := max {Kr, 1}. There exists 0 < pg < min(ry, ds, %, 57— such that
r

Uy(20) := {& € R" | (mz)' € int B,(0), |d(z)| < p}

is contained in the coordinate chart Uy, s, ., (z0) for any p < po.

We always take p < pg. Since €2 is bounded and

U Up(z)

zel

covers the compact set K = cl (Fg/g), there exists a finite subcover {Up(zj)};.”:1 of K, where

the number m depends on p. For o > 0, we denote that

Q7 = O\I®", U, ; = U,(2)).



Observe that

QclJu,uar
j=1

Let {;}7" be a partition of the unity associated with {U, ;} U {Qr/2} in the sense that

0; €ECXU,;NQ), 0<p; <1 for j=1,...,m,
po € C(Q?), 0< <1, po=1 in QF

and

m
Zgajzl in Q.

§j=0
Here C2°(W) denotes the space of all smooth function in W whose support is compact in W.
Throughout this paper, unless otherwise specified, the symbol C in an inequality represents
a positive constant independent of quantities that appeared in the inequality. For a fixed p > 0,
C), represents a constant depending only on p. C,, represents a constant depending only on n
and Cq j, represents a constant depending only on 2 and n.

2.2 Cut-off and extension

In general, multiplication by a smooth function to BM O is not bounded in BM O. Fortunately,

our space is closed by multiplication.

Proposition 5 (Multiplication). Let Q be a bounded C? domain in R". Let p € C7(f),
~v € (0,1). For each v € vBMO(Q), the function v € vBMO(Q) satisfies

levlloearow) < Clleller@llvllvarow)
with C' independent of ¢ and v.

Proof. Since

[Vd - ovlp < |l@llpe() [Vd - vl
it suffices to establish the estimate
[l priow@) < cllellcr@llvlluparow) (5)

with ¢¢ independent of ¢ and v. Since a bounded Lipschitz domain is a uniform domain, we are

able to apply [11, Theorem 13] to get

[l o) < cllellcr@(vlsaow) + l1vllL@)-

10



This is based on the product estimate of a Holder function and a function in bmo(R"™) :=
BMO(R™) N LY (R™) where

zﬁxRﬂ>ﬁz{fezLixRﬁ>

cR”

g = s [ (] dy < ool
T Bi(x)
The space bmo(R"™) is equipped with the norm

| fllomo(rry = [f]BMO®RA) + HfHLil(R")

for f € bmo(R™). The product estimate for bmo follows from a similar result for a local Hardy
space h' = F5 [22, Remark 4.4] and duality bmo = (h')" [22, Theorem 3.26]. To handle
a function in 2, we need an extension to conclude [11, Theorem 13]. Fortunately, by the

characterization of vBMO for a bounded C? domain [11, Theorem 9],

vl < e2llvllvBaro)-

Here c¢; denotes a constant independent of v and ¢ for j = 1,2. Combining these two estimates,

we obtain (5) with cg = ¢1(1 + ¢2). This yields Proposition 5. O

For a bounded C? domain, we next consider an extension based on the normal coordinate

in U,(20) for p < pg of the form

{ r = 77/ + nnv/d(nlv hzo (77/)); (6)

Tn = ha(0) +0n0e, d(n, hayo ().

Let V, := B,(0") x (—0o,0) for o € (0,pp). We shall write this coordinate change by = = 1(n)
with ¢ € C*(V,,) and

r=7nzr —d(z)n(rz), n(rz)=-Vd(rz).

R?’L

po > We set

We consider the projection to the direction to Vd. For x € T’
P(z) = Vd(rz) ® Vd(rz) = n(rz) @ n(rx).

For later convenience, we set Q(z) = I — P(z) which is the tangential projection for x € T' /%n.

For a function f in F,Efn NQ, let feven (resp. foaq) denote its even (odd) extension to Ffl,{" defined

11



feven (mx + d(z)n(rz)) = f (rz — d(z)n(7x)) for x¢& I‘En\ﬁ,
fodd (mz + d(x)n(rx)) = — f (rx — d(z)n(rz)) for z € I‘?n\ﬁ.

We denote ry to be the restriction in W for any subset W C R". Let f be a function (or a
vector field) defined in V,, for some o € (0,00]. We set Eevenf to be the even extension of f in

Vo NRY to V, with respect to the n-th variable, i.e.,

Eevenf(n/a _nn) = f(nla Un)

for any (', n,) € Vo, NR}.

For v € vBMO() with supp v C U,(20) N, let  be its extension of the form

6(x) = (ondd)(w) + (Qveven)(:ﬂ) (7)

for x € Upy(20). Notice that supp ¥ C U,(29), v is indeed defined in R"™ with ©v(x) = 0 for any
x € Upy(20)°. Define

Li=sup max{[|V¢|[pe(y,) + ”vw_luL"o(Up(zo))v 1}.
zo€l', p<po

Since the boundary T is uniformly C3, L, is finite that depends on  only. We set pg « = po/12Ls.

Proposition 6. Let Q@ C R" be a bounded C* domain, zy € T and p € (0,pox). There exists a
constant C,, which depends on p only, such that

leyomny < Cpllvllupro@),

[Vd -0y (ry < Cpllv|luprmo@)
for all v € vBMO(Q) with supp v C U,(20) N Q and v > 0.

In the normal coordinate, PU = Puvyqq is odd in 7, and QU = QUeven is even in 1n,. The
key idea of proving this proposition is to reduce the problem to the case where the boundary is

locally flat by invoking the normal coordinate.

Proof. Since vBMO() C L*(Q), see e.g. [11, Theorem 9], by considering the normal coordinate
change y = v(n) in U,(z9) we can deduce that vVeyen, voad € L' (R™) satisfying

[Veven|l L1 (rm) = [|voaall L1 (mny < 2L7 0]l 11 (q)-

12



Hence v € L'(R™) satisfies the estimate 1l 1 mry < CamllvllLi(q)- Since 2 is a uniform domain,
by [17, Theorem 1] there exists v; € BMO(R™) with rqu; = v and

wilprmomn) < Canlv]Bros()-

Suppose that B,.({) C VZ;L* := Vipr, MR’ . The mean value theorem implies that ¢ (B,(()) C
Br,,(x) with = = 9(¢). By change of variables y = v(n) in Us,r, (20), we see that

1 1

- o — d <L*-7 . d

1B (O] JB.(0) oty =l = IBT(C)/I/J(BT@» o) = ldy
1

< Gl lvi(y) —cldy
" ’BL*T(‘T” BL*T(CC)
for any constant vector ¢ € R"™. By considering an equivalent definition of the BM O-seminorm,
see e.g. [14, Proposition 3.1.2], we deduce that

) S CanlvlBro=(q)-

By recalling the results concerning the even extension of BMO functions in the half space, see

[10, Lemma 3.2] and [10, Lemma 3.4], we can deduce that
[Veven © Y] Baro(vi,1,) < Conlv]Brro(q)- (8)

Next, we shall estimate the BMO-seminorm of veyen. Let By(z) be a ball with radius » < £.
If either B, (z) NU,(z0) = 0 or B,(x) C , there is nothing to prove. It is sufficient to consider
B, (x) that intersects both U,(z0) and €2°. In this case we can find zg € B,(x) N U,(20). Since
B, (x) C Bay(x0) C Bap(20) C Usp(20), by considering change of variables y = ¢ (n) in Ug,(xo),
we have that
1 L,
B o e~y < s [ e o pto) el

For any y € B,(z), we have that |y—zo| < 4p. Hence (B, (x)) C Br.,(¢) C Bayr.(0) C Vipr,
By (8), we deduce that

1

- B < e
‘Br<$)’ B.(x) ‘Ueven(y) (Ueven)Br(a:)’ dy = CQJZ[U]BMO )

Thus, we obtain that

[’Ueven]BMOg(R”) < Cﬂ,n[U]BMOOO(Q)'

13



For a ball B with radius r(B) > £, a simple triangle inequality implies that

1 9 o
5], ) = ool < 7 [ ey < Ceicali e

Therefore, we obtain the BMO estimate for veyen, i.€.,

Cﬂ,n
[Veven| BM1O(RR) < o [v]lBro()-

We shall then give the BMO estimate for Pvogq. Since Vd € Cl(an), there exists D, €
C*(R™) such that [ Dellcr(mrny < HvdHcl(Fg{,On) and rrRY D, = Vd, see the proof of [11, Theorem
13]. By the multiplication rule for bmo functions, we have that (Pv)g := (D¢ * Veven)De €
bmo(R™), see also [11, Theorem 13]. Consider the normal coordinate change in Uy, (20). Since
(Pv)g = Pv in Uypr, (20) N Q, same argument in the second paragraph implies that

Cﬂ,n
o HUHvBMO(Q)-

[Pvo w]BMooo(v;L*) < CQ,nH(P'U)EHbmo(R") <

Let C € VlgpL* = ¢_1(U12pL*(Zo)) with Cn = 0. Let BT(C) C VvlgpL* and z = Q/)(C) Since
F(B.(O)n ‘/l—gpL*) C Bp,r(xz) NQ, by considering change of variables y = 1(n) in Uig,r, (20), we

can deduce that

1
1B (¢)] Br(ONVih, .

|Pvoda 0 ¥(n)| dn < Ly [Vd - ]y (9)
Recall the results concerning the odd extension of BMO functions in the half space, see [10,
Lemma 3.1], we have the estimate

CQ n
[Pvodd © Y] Bro>=(v,p,) < pn’ [vllwBaro)- (10)

By considering (10) and the fact that Pv,qq = (Pv)g in §2, same argument in the third paragraph
implies the BM O estimate for Puvyqq, i.e.,

Coq
[Pvodd] Bromn) < prjn lvlloBrro(Q)-

Combining the BMO estimates for veven and Puvyqq, we have that

- Cﬂ,n
Olprmomn) < P vllvBaro)-

Notice that Vd T = voqq - Vd in R". Let x € T and r < L%. If B, (x)NUp,(20) = 0, then vogq = 0
in B,.(z). Suppose that B,(z) N U,(20) # 0. Then we can find zg € B,(x) N Up(20) NT. Let
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¢o =¥~ Hwo), we have that v (By(z)) C Bar,r(Co) C Vizer,. Hence,

2L, /
T Bap,r(¢)NVi5, L,

212
< |Vd-v|dy < Cqn[Vd - v]p.
BQLET(IO)OQ

r"/ [Voda - Vd| dy < |(v-Vd)o|dn
Br(x)

S
For r > /-, we simply have that

Cﬂ,n < CQ,n
o [vodallL1(mrn) < o [vllBaro)-

T"/ |Voad - Vd| dy <
By (x)

2.3 Volume potentials

To construct mapping v +— ¢; in Theorem 2, for some p, to be determined later in the next

section, we localize v by using the partition of the unity {y; 7L associated with the covering
{Up s P

as in Section 2.1, where p is always assumed to satisfy p < p./2. Here and hereafter we always

assumed that € is a bounded C? domain in R".

Proposition 7. There exists a constant C,, which depends on p only, such that

[Vailpro=®ny < Collvllvpro),

qu%(x)”LOO(I‘?/Z) < Colvllomow
for ¢t = E +div (pov) and v € vBMO(S). In particular,
[VQHI,V(F) < CyllvlloBmo)
forv < p/4.
Proof. By the BMO-BMO estimate [7], we have the estimate

[VQHBMO(Rn) < C[SDOU]BMO(RTL).

Consider = € Ff};:l. Since Vg is harmonic in FE;; and B 2 (x) C Ff}/nz, the mean value property
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for harmonic functions implies that

Cn
Vgl(z) = < / Val(y) dy.
p B% (x)

By Hélder’s inequality, we can estimate |Vqi(z)| by %HVQ%H r2(R7)- Since the convolution
with V2E is bounded in L? for any 1 < p < oo, see e.g. [14, Theorem 5.2.7 and Theorem
5.2.10], an interpolation inequality (cf. [4, Lemma 5]) implies that

1 1
IVaill 2 rey < Cllwovl zzmny < CllwovllFi gy [90v] aromny-

View pgv as the extension of pgv from 2 to R™. By the extension theorem for bmo functions
[11, Theorem 12], we estimate [0ov]grromn) by Coleov]pro=(q)- Since vBMO(Q) C LY(Q),
see [11, Theorem 9], Proposition 5 implies that

IVai(z)] < Collvllupmo)
Rn
for anyxefp/4. O

We next set v := @ov and v := 1 — v;. For each gjvp (j = 1,.,m), we extend as in

Proposition 6 to get ©;v2 and set

m
Vg 1= g pjv2.
Jj=1

Indeed, this extension is independent of the choice ¢;’s but we do not use this fact. We next set

m
U—2tan = Q’Ui2 = Z Q (SOjUZ)even-

j=1

For 1 < j <m, p; € C°(U,; N Q) implies that the even extension of ¢; in U, ; with respect
to I' is Holder continuous in the sense that (pj)even € C%1(U, ;). Moreover, we have that
(¢)even € COH(R™) satisifes

[[(¢5)even HCOJ(R") <Gy (Saj)evenHCOvl(Up,j)-

For simplicity of notations, we denote @ (¢;v2)even by w;-an for every 1 < j < m. Now, we

are ready to construct the suitable potential corresponding to v3%%,

Proposition 8. There exists p, > 0 such that if p < ps/2, then for every 1 < j < m, there
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exists a linear operator v — i from vBMO(Q) to L®(R™) such that

—Ap* = divwi™ in Usp; NQ

and that there exists a constant C,, independent of v, such that

VP Bromn) < Collvlluro@):

1
sup  — IVd - Vpi dy < C,llvlluyow)-
x€lr<p T By (x)

Having the estimate for the volume potential near the boundary regarding its tangential
component, we are left to handle the contribution from v35°" := Ty — v5". We recall its decom-

position

m
T = > P (;02)odd-
j=1

For simplicity of notations, we denote P (¢;v2)oda by wj for every 1 < j < m. With a similar

idea of proof, we can establish the suitable potential corresponding to v5°".

Proposition 9. There exists p. > 0 such that if p < p./2, then for every 1 < j < m, there

exists a linear operator v — pi" from vBMO(S) to L>(R") such that

—Ap;® = divw;® in Uszp; NQ

and that there exists a constant C,, independent of v, such that

(VP Bromn) < Cpllvlluprro):

1
swp [ Va9 dy < Collsarore)
z€lr<p T Br(x)

Once these two propositions are proved, we are able to prove Theorem 2.

Theorem 2 admitting Proposition 8 and 9. Fix 1 < j < m. Let us first consider the contribution
from the tangential part. We take a cut-off function §; € C2°(Us, ;) such that §; =1 on U, ;
and 0 < 6; < 1. We next set

g = 0,p% + E % (plP" A6 + 2V6; - Vpi) .
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By definition, Proposition 8 says that

—Agi = —A(0;p™) + pAG; + 2V, - Vit
= 0; divw}™ = divw}™

in ) as supp w;an C U,,;. By interpolation as in the proof of Proposition 8, we observe that

1P | oo (rn)s IVPP™ | Lo(mny ave controlled by [|v]pao). Since VE is in LY (BgR) for p' <

n/(n — 1) where R = diam 2 + 4p, it follows that

sup IVE x (pf" A0 +2V0; - V)| < Cpllv]luprro)-

Thus, by Proposition 8, we conclude that the restriction of q‘f}l on {2, which is still denoted by
qﬂn, fulfills

V@i lusrow) < Collvllupro)- (11)

By Proposition 9, a similar argument yields an estimate of type (11) for

Q15 = 0;p;” + Ex (pj°TA0; + 2V0; - Vpioh).

Set

m m
a=> ¢ G=> 4. a=a+d+dg.
J=1 j=1

Observe that q% and q:f satisfy the desired estimates in Theorem 2. Moreover, by construction

we have that

—Ag; = —Aqi — Agi — Ag}

m m
=divv; + E div w;-an + E div wj*"
Jj=1 Jj=1

= diV(Ul + 'UQ) =divw

in Q. O

3 Volume potentials based on normal coordinates

Our goal in this section is to prove Proposition 8 and Proposition 9. We write the Laplace
operator by a normal coordinate system and construct a volume potential keeping the parity
of functions with respect to the boundary. For this purpose, we adjust a perturbation method

called a freezing coefficient method which is often used to construct a fundamental solution to
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an operator with variable coefficients.

3.1 A perturbation method keeping parity

We consider an elliptic operator of the form

Ly=A-B, A=-A,, B= Z I, bij (1)

1<i,j<n—1
in a cylinder Vj,. We assume that
(B1) (Regularity) by € Lip(Va,) (1 < 4,j <n— 1),
(B2) (Parity) b;; is even in 1y, i.e., by (0, 1) = bij(n', —nn) for n € Vi,
(B3) (Smallness) b;;(0) =0 (1 <4,5 <n—1).

For p > 0, let Y, denotes the space

{9 € BMOR")NL*(R") | suppg C V,, g(n',mm) = g(n, —mp) for n € V,},

whereas Z, denotes the space

{f € BMOR") | supp f C V,, f(n',na) = —f(0,—nn) forn € V,}.

The oddness condition in Z, guarantees that

1

— fdn=0
r Br(n',0)

for any r > 0 and 1’ € R"~!, which implies that

1
— |fldn < [flBmomn)
r B"'(n/vo)

for any r > 0 and € R"~!. Hence f is L' in R".

Lemma 10. Assume that (B1) — (B3). Then, there exists p, > 0 depending only on n and b
such that the following property holds provided that p € (0, p.). There exists a bounded linear
operator f — qo from Z, to L>°(R™) such that

(i)
Vil Bmomn) < ClflBuowny forall f € Z,
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with some C' independent of f;
(ii)
Logo = annf in V2p§

(11i) qo is even in R™ with respect to ny, i.e. qo(n',mm) = qo(n', —mn) V9 € R™;

(iv)
1 _
sup {n/ |0y, qo| dn ' 0<r<oo,n €R" 1} < C[f]BMO(R”)-
r By (n',0)

Proof. By (B3) and (B1), we observe that
- 1—
lin 1bijllcrva,y / P77 < o0
for any v € (0,1) and 1 < 4,5 <n — 1. Indeed, for 1 <i,5 <n —1, (B1) and (B3) imply that

1635l Lo (va,) < 8Lp,
[bijlc(va,) = sup {|bij(77) — b (Q) ) In—<|” ’ UGS V4p}
< L(16p)'77,

where L is the maximum of Lipschitz bound for b;; for all 1 < 4,5 < n — 1. We next take a
cut-off function. We take § € C°(Vy) such that § = 1 on V3 and 0 < 6 < 1 in V4, we may

assume 6 is radial so that 6 is even in 7,. We rescale 6 by setting
0o(n) = 6(n/p)
so that 6, =1 on V5,. Since ||V,||cp is bounded as p — 0, we see that
% ol va,)p? < oo

Hence, the estimate

[0pbijlcr(vi,) < 0plcrvap)l1isllLos(va,) + [Bijler i) 10l oo vy,

implies that

— 1—
lgfg 10,35l v,y [/ 0777 < 0.
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We then set
Ly=A-B,, Bi= Z O, b5;0n;, ;= i,

Y]
1<4,j<n—1

For 1 <i,j <n—1, notice that bfj satisfies the same property of b;; in (B1) — (B3). Moreover,

<cepp'™, p>0

supp bfj C Vi and v
P

p
o,

with some ¢, independent of p. Since supp bfj C Vip, we actually have that bfj e C7'(R"™)
together with the estimate

||bfj||C'Y(Rn) < ”bliDjHC"’(Vzlp)'

For a given f € Z,, we define ¢, by
>\ _1\k
o=y AT (B1AT) "0, f,
k=0

where formally for a function A we mean A='h by E * h. The parity condition (iii) is clear once

Qo is well defined as a function. Since

Ligo=Y (BiA™) 0, - (B1a™) 0, f = 0,.f
k=0 k=1

in R"™, the property (ii) then follows since L1 = Lg in V5.

It remains to prove the convergence of ¢, as well as (i). For this purpose, we reinterpret g,

in a different way. We rewrite

n—1
By =div/-Vy with Vi = (> t0.0,
j=1

1<i<n—1

and observe that

Qo = ZA_l div’-G* - VA0, f+ A0y, f,
k=0

G := VA div .

Denote

(R P
b= (0)
1<i,5<n—1

Since 8%/1_18% is bounded in BMO [7] and also in LP (1 < p < o) for all a, 8 =1,...,n, see
e.g. [14, Theorem 5.2.7 and Theorem 5.2.10], by a multiplication theorem we can deduce the
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estimates

IGRll e ey < CpllbP|| Lo @y 1 All Lo @y, (12)

[Ghlgmomny < Collt’llcrmny ([RBrvo@ny + |2l L1 wn)) (13)

provided that supp h C Vi, and p < 1. Here C), and C. are independent of p and h. Similar
estimate holds for V34718, . Since 1 fllzr ) < CplflBmomn) for f € Z,, by an interpolation
(cf. [4, Lemma 5]) we see that the LP norm of f is also controlled, i.e., || f|| r(rn) < Cplf]Brromn)
for any 1 < p < co. By the support condition, A~! div’ and Ailann is bounded from LP — L
for p > n with bound K, we see that

> GVRAT,, f
k=0

G0l Loomny < K + 1 f e

LP(R")

<Z Oy P ey L oy + Ll o en ) , p>n.

If p is taken small so that
oo
> (Cp - 8Lp)F T < o0,
k=0

then g, converges uniformly in R™ and ||go|z®rn) < Cp[f]BMoO®R?) With some C), independent
of f.
Set

|l Brrorrrny = [RlBMmo®n) + |7l e (&)

By estimates (12) and (13), we observe that

IGhl Brorr@ny < Cullb? lev ) |hl BMoLr @), 1 <P < 00,

where C, = Cp, + C. - C,, with C,, independent of p and h. We next estimate Vg,. By the
similar estimate for V3 A~ div’ and V34719, we have that
(o]
IVl Brrorrmn) < (Z CEUIPIIES (g + C*Ibpllcv(Rn)) | fllBrroLr(mr)-
k=0
We fix p > n and take p < ﬁ sufficiently small so that

> lc

+1
g * - C p < 0.
k=0
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Then we get our desired estimate

Vol Brrorr@mny < Coll fllBrorr @y < ColflBromn)
for f € Z,. This completes the proof of (i).
Since 0y,,qo is odd in 7, so that

1
— On,qodn =0
N

for any ' € R"™!, the left-hand side of (iv) is estimated by a constant multiple of [9;,,¢,] 3 MO(R™)s

which is estimated by a constant multiple of [f]gyorn)- The proof of (iv) is now complete. O

Similarly, we are able to establish the following which corresponds to a version of Lemma 10

for the space Y,,.

Lemma 11. Assume that (B1) — (B3). Then, there exists p. > 0 depending only on n and b
such that the following property holds provided that p € (0, ps). For each 1 < i < n — 1, there

exists a bounded linear operator g — ge; from 'Y, to L>°(R") such that
(i)
[VaeilBrmomn) < Cllgllprorzmny  forall g€y,
with some C' independent of f;
(ii)
LoGe; = Op,g  in Vap;

(iit) ge,i is even in R™ with respect to ny, i.e. qei(n, M) = qei(n', —mn) Y1 € R™;

(iv)
1
(L] e
r By (1',0)

)

dT] ‘ 0<r< o0, 77/ (S Rnl} S CHQHBMOL2(R”)

Proof. Fix 1 <1i <mn—1. Since g is even in R™ with respect to 7,, 0,,g is also even in R" with

respect to 77,. This means that 9;,g has the same parity with 0,, f in Lemma 10. By considering
[e.9]
qg,i = Z A_l (BlA_l)k&h.g,
k=0

exactly the same arguments of the proof of Lemma 10 finish the rest of the work. O
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We take p, in Lemma 10 and Lemma 11 to be

o 1 1\
prm TR PO 910\ Ch e '

3.2 Laplacian in a normal coordinate system

Take zp € I'. Let us recall the normal coordinate system (6) introduced in Section 2.1, i.e.,

{ g = VA ko ()
Tn = hzo(n/) +nn87]nd(77/ah20(77/))

in Uy, (z0) with V'h.,(0") =0, h.,(0") = 0 up to translation and rotation such that zp = 0 and
/ / / / / INEARE /
-n (n,hzO(n)) = (—V h (n ),1) / <1+‘Vzoh(17)‘ ) , 1 € By,

Since T' is C3, the mapping = = ¥(n) € C*(V,,) in U,y (20), it is a local C*-diffeomorphism.

Moreover, its Jacobi matrix D1 is the identity at 0, i.e.,

Vp(0) = I = Vi~ (0).

A direct calculation shows that in Up,(z9) N €2,

n—1
A, = _An — Z %‘jamanj + Z('ij - l)agj
1<4,j<n—1 Jj=1

i#]
n

d%n; on; On;
— O, Vii = —b
Z o2 i i ; Oxy, Oxy,

1<ij<n %

Note that v;;(0) = 1 while 7;;(0) = 0 if 7 # j. Changing order of multiplication and differentia-

tion, we conclude that

A, = IN/O + M,
Ly:=A-B, A:=-A, B:= Y 0,bino,,
1<i,j<n—1
M=) &(n)oy,
j=1

with by = i — 0y, & = — S0y 2% 4+ 3 9,95 Note that if T = 9Q is €, by; € (V)

i

and ¢; € C(V,,). We restrict b;j, & in V,, N R7% and extend to V,, so that the extended
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function b;j, ¢;’s are even in V,, with respect to n,, i.e., we set b;; = FEeyen TV, R b;j and
¢j = Eeven TV R ¢;. By this extension, b;; may not be in C' but still Lipschitz and c;j € C(Vyy).
We set

B = Z 6,71.()1']'(77)677].,

1<ij<n—1
n
M = ch(n)&?j
j=1
and
L:=Lo+M, Ly=A-—B.

The operator L may not agree with —A, outside Up,(z0) N 2. We summarize what we observe

so far.

Proposition 12. Let ' = 9Q be C? and py be chosen as in Section 2.1. For zy € T, Lg satisfies
(B1) — (B3). Moreover, —A; = L in Uy, (20) N2 and the coefficient of M is in C(V,,).

Although we do not use the explicit formula of A in normal coordinates, we give it for n = 2
when we take the arc length parameter s to represent I'. The coordinate transform is of the

form

r1 = ¢1(x) + rey(s)
vy = ¢2(z) — ) (s)

with ¢ + ¢%2 = 1 and r = d(z). A direct calculation yields

1 OsJ 1 1
_A;t = _As,r - 83 (JQ - 1> 65 - ?as - ; <1 - J) 8?7

where J = 1+ rk and & is the curvature. We see that that the even extension of coeflicient does

not agree with —A, outside €.

3.3 bmo invariant under local C'-diffeomorphism

Before we give the proofs to Proposition 8 and 9, we shall first establish the fact that the bmo
estimate of a compactly supported function is preserved under a local C'-diffeomorphism. Let

V,U C R" be two domains, we consider a local C'-diffeomorphism 1 : V +— U. Suppose that

IVl oo vy + Vet ™ | oo (o) < 00
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Let p > 0. Assume that there exist two bounded subdomains V, C V,U, C U such that
PV, U, is also a local C'-diffeomorphism. Set

K, :=max {1, |Vl ooy + IV o) } -
We assume further that there exists a constant ¢y such that for some 79 € V,,
Vi, € Beop(mo) C B, (co+3)p(m0) €V, Uy C Begp(wo) C B, (co+3)p(T0) C U
where xg = ¥ (np).
Proposition 13. Let f € bmo(R"™) with supp f C V,,, then fo Y~ € bmo(R™) satisfies
1 0™ lpmomn) < Collflomo(mn)-

Proof. Since supp foy~! C U,, we can treat fo1)~! as a function in R™ with value zero outside
Up. The compactness of V, in R™ implies that || f|lpmorr) = IIfllBrrorirny- Thus, the L

estimate

I1f o™ imny < Cll Il @y

is obvious. Since ¢ € C1(V,), an equivalent definition of the BMO-seminorm (cf. [14, Proposi-
tion 3.1.2]) implies that

[fo w_l]BMovo(B<co+1)p(xo)) < Vet ey - IVl oo vy - [ Brom®n)-
As U, C Bgy,(x0), by the extension theorem of bmo functions [11, Theorem 12|, we obtain that
1F 0 ™ lbmomny < Collf 0 ™ lbmogs (Bieg s1yp(@0)) < Coll Fllomogmny-
O
Similarly, if g € bmo(R™) with supp g C U,, then we have that g o ¢ € bmo(R") satisfying
19 © Yllbmomny < Collgllomo(mn)-

Even if we are considering vector fields instead of scalar functions, similar results hold.

Proposition 14. Let V,f € bmo(R™) with suppV,f C V,, then Vi(f o ¢™1) € bmo(R")
satisfying
Hvx(f o sz)_l)Hbmo(R") < Cpanbemo(R")'
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Proof. Since V,,f is compactly supported, the L' estimate

IVa(f o Dllimey < ClUVo @

is obvious. Pick a cut-off function 0. , € C2°(B, (¢y+3),(10)) such that 0. , = 1in By, (¢,12),(10)-
Consider By.(z) C B(eyt1)p(0) with r < p. Let n = ¢~ (x). Since ¢ 1(B,(z)) C Bk, (cg+2)p(m0);

we have that

i |axi<fow*>—c|dy<5

n n
T BT(:B) T

Z 0,,,(87"') O f — | d

1<i<n

for any ¢ € R", 1 < i < n. By considering an equivalent definition of the BM O-seminorm, see

g. [14, Proposition 3.1.2], we deduce that

_ . B
[Va(f 0 D] BMO> (Bl i1y, (o)) < K H[ > 6. <Zl> 87714
i)y BMO(R™)

1<,l<n

< Col Vi fllomomn)-

As U, C Bgyp(x0), by the extension theorem of bmo functions [11, Theorem 12|, we obtain that

”vx(f O¢_1)||bmo(R") < CpHvx(f o ¢_1)Hbmo£(B(CO+1)p(mo)) < C,Danbemo(R")-

If Vo9 € bmo(R™) with supp Vg C U,, same proof of Proposition 14 shows that V,(gov) €
bmo(R") satisfying
an(g ° ¢)||bmo(R”) < CpHvxgHbmo(R")'

Let h be either a scalar function or a vector field which is compactly supported in U,, for
simplicity of notations we denote hy, := h o). If h is a vector field, we denote hy, ; := h; o9 for
1 <1< n.

3.4 Volume potential for tangential component

Let p € (0,p4/2) and fix 1 < j < m. Since pjue € vBMO(Q) with supp ¢jve C U,; N Q,
Proposition 6 implies that (¢;v2)even € BMOL'(R"). By the product estimate for bmo functions
[11, Theorem 13], we see that w{" = Q(p;jv2) € BMOL'(R") with suppw{®™ C U, ;. For

simplicity of notations, we set v2; := (¢;jv2)even-

Let v : Vi, — Uy, j be the normal coordinate change defined by (6) in Section 2.1. Since

27



p < ps«/2, we have that
V4p C Blgp(()) C Bg4L*p(0) C Vpo: U4p7j C Blgp(Zj) C B24L*p(2j) C Up()’j.

By Proposition 13 and 14, we see that 1), in this case, is a local C?-diffeomorphism that preserves
bmo estimates for functions or vector fields compactly supported in Vj,. As a result, (v )y €
BMOL'(R") satisfies the estimate

||(U2,j)w||BMOL1(Rn) < Cpllva,; BMOL'(R")-
Note that similar conclusions hold if we consider ¢71 : Uyp,j — Vi, instead.

Proposition 8. For 1 <i<mnand 1<k <n—1, we define

ong\ O, (O
<6I’z>* = Eeven Tv4mei <8:ch . and 9ik ‘= Ot . : (UQJ)@[J,T

We consider

. n o
(div, w;-a Jopos 1= Z {&;kgz‘,k — Oy, (8;1:]:>¢ . (W,j)d),i}

1<i<n,
1<k<n-—1
877k> Z Onn 92z,
- > ' (v2,)p0 | 5 :
1<i<n, <8xi ¥ \1<i<n Oxy ), | OOy
1<k<n-—1

in Vi, = 1~ (Usp,;). Let L = Lo+ M be the operator in Proposition 12 and Lal be the operator
in Lemma 11. Let 1 <i<nand 1 <k <n-—1. We set

'7k Pp— 71
q;',mp = —0,Ly "0, gik

where 6, is the cut-off function defined in the proof of Lemma 10. There exists (8—2’;)* €

CY1(R™), see e.g. [11, Theorem 13], such that the restriction of (ai)* in Vj, equals (g—;’j)*

and [|(22), | co.t(mny < ||(3"k) lcoa(vs,)- By viewing g as (52). - (va,j)p,i» we see that g €
BMOLl(R"). Hence, q 1¢ € L*(R") is well-defined which satisfies all conditions in Lemma
11. Let f w = M0,Ly 8nkgi’k. We can define

ik . ik —1 gik . ik 1
U1 =Gy 0V fin = Ly o ?

in U,, ;. Notice that su ifk, su ok - Uy, i, we can indeed treat ifk 0k as functions defined
ISR PP 4j1,8UbP Jj1 P> 9,10 5,1

in R"™ where their values outside Uy, ; equal zero. Proposition 14 shows that quj 1 € BMOR")
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satisfies the estimate

[Vaaii]lBromny < CollVadiy yllBrorzmny < Cpllgikl Brrorzmn)-

Let pzli = F x f;f . By Lemma 11 again, we can prove that

1971 | ooy + IVap i Lo ey < Coll 577 e (va,) < Collgikll oy

with some p > n. Thus, p;]f is well-defined. By Proposition 6, we have that

19ikll Brrorr mry < CollvzjllBrorwe) < Collvlloprro)-

Hence, by an interpolation (cf. [4, Lemma 5]),

l9ikllrrr) < CollvlluBrro)

for any 1 < p < o0.

ko _ Ok . ) wk . ik -1 ) ..
For lower order term gy, := On, (522 )y - (V2,5)yi, we set ¢y == ¢y, 0¥~ in Uy ;. Similar
i,k i,k . . n oo . o ik )
as ¢;y, we can treat ¢;/5 as a function in R™ with value zero outside U, ; since suppg;y C Up,;.

Define p;g = F % q;l; Since E and V. FE are locally integrable, we have that

" " "
19551l Lo n) + IVl Lo @ny < Collaia ylliev,) < Collvzjlliew, )

for some p > n. By an interpolation (cf. [4, Lemma 5]) again, we deduce that
il ®ny + [Vapjsll Lo ®n) < Collvllopro)-
This argument also holds for lower order term

ik [ Onk ‘ Oy, %z
U3 = (6% " Z (v2,5)p.1 o1 ), Do

1<I<n

By letting q;g = q;§¢ oy~ tin Upo,; and ng = F % q;’;, we can show that
P73l ®ny + [ Vapjsll Lo ®r) < CollvlloBmo)-

Set
P = Y (4 e Pl )
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Since a direct calculation implies that

: n oy,
(divewi™)y = 3 <3x> O (v2,5) i
1<i<n, v
1<k<n—1
87]k> Z ann 82.73@'
- 2 ' (o i)pi- |5 ) |-
1<i<n, ((%i ¢ \1<i<n Oxy ) | OOy
1<k<n—1

in normal coordinate in Vi, = ¢! (Uy, ;), it is easy to see that

—A ™" = divwi™

in Uz, j N §2. Calculations above ensures that

[Vep ] Bromn) < Collvllvpmow)-

Since supp q;’f C Usp,j, we consider z € T' and r < p such that B,(x) N Ui, ; # 0. By change of
variables y = 1(n) in Uy, ;, we deduce that

/ Vygyy - Vyd| dy < C / O, @55 |
r(@)NUsp, Br.r(C)

where ¢ = ¢~!(z) and ¢, = 0. By Lemma 11, we see that
i,k
/ 00,4571 4| dn < 7" Cpllv]luBaro(e)-
BL*T’(C) "

Since prj.’? € L>®(R") for [ = 1,2, 3, we finally obtain that

1

— |vyp;an . Vyd| dy S CPHUHUBMO(Q)'
" JB(x)

T

3.5 Volume potential for normal component

Consider p € (0,p4/2) and 1 < j < m. We let g; := Vd - (¢jv2)odd- Since pjvs € vBMO(2)
with supp ¢jve C U, j N, by Proposition 6 we see that g; € BMO(R™) Ny (T). In particular,

we have the estimate

[9ilBromn) + 951 ) < CollvllvBrro@)-

Considering the normal coordinate in Uy, j, g; is odd in 7,. Note that wi* = g;Vd.
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Proposition 9. Since Vd € Cl(Upo,j), by Proposition 6 we have that

3]

77 Bmomn) < ClIVdllovw,, )il Brorimny < Collvllupirow)-

We note that

div, w}lor = V.9 - Vad+ ng;,;d.

Let gj = gj o1 in Uy, ;. We may treat g;, as a function in R" with value zero outside V,.

By Proposition 13, we have that

95,0l Bro®n) < Collgjll BroLt®mn)-

In normal coordinate, V.g; - Vod = 0y,9j4. We introduce the operator L = Lo + M in
Proposition 12. Since g, € Z,, we set

Prjw = 0oLy ' 0y, 950

where 6, is the cut-off function of V5, in the proof of Lemma 10. p ;. satisfies all conditions in
Lemma 10. Set f;, = —MﬁpLal&]ngj,w. We define

prji=Dprjp ot fj = fipo™!

in Uy, ;. Notice that p; ; € L>(R") and f; € LP(R") with some p > n. By Proposition 14,
[VapijlBmomn) < Co[Vap1julamomn) < ColgjplBrro®n)-

Set

nor

P =DP1j P25+ P3;

with po j = E' fj and p3 j = E % (gjAxd). This p;°" satisfies all desired properties required. For

lower order terms ps ; and p3 ;, we have that

IP2/loe mr) + IVD2 oo (mr) + VD3 oo (rr) + P3| Lo R < Collgjll e

as E and V4FE are both locally integrable. By an interpolation (cf. [4, Lemma 5]), we obtain
that

[Vep;” | Brmo®r) < Collgillsrrorrmn) < Collvlluparow)-

Since suppp1j C U, j, we consider z € I' and r < p such that B,(z) NU,; # 0. Set ¢ = ¢~!(z)
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with ¢, = 0. Consider change of variable y = (7)) in Uy, j, by Lemma 10 we see that

/ |Vyd - Vyp1jldy < C / 10,0155 A < CplgjylBromn)-
By (z)NUp,; Br,.r(C)

By the L*°-estimates of Vyps and V,p3, we get that

1 nor
/s )|Vyd'vypj |dy < CpllvllvBro@)-

r

Finally, a simple substitution shows that
—Ayp;™ = Vaud - Vag; — fi+ fj + gjAzd = divy wj®

in U2p(ZO) N Q. |

4 Neumann problem with bounded data

We consider the Neumann problem for the Laplace equation problem (3) for the Laplace equa-
tion. If Q is a smooth bounded domain, as well-known, for g € H~'/2(I"), there is a unique (up

to constant) weak solution u € H'(Q) provided that g fulfills the compatibility condition

/ngH”_l = 0; (14)

see e.g. [20]. The main goal of this section is to prove that Vu belongs to v BMO%>°(Q2) provided
that g € L®°(T'). In other words, we prove Lemma 4.

To prove Lemma 4, we represent the solution by using the Neumann-Green function. Let

N (z,y) be the Green function, i.e., a solution v of

~Agv =06z —y)— Q! in Q
8811; =0 on 0N

for y € Q. It is easy to see that the solution u of (3) satisfying fQ udx = 0 is given as

uw) = [ N(p)aty) ).
The function N is decomposed as

N(l’,y) - E(IB _y) +h’($7y)7
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where h € C>(§2 x Q) is a milder part. We recall h(z,y) = h(y,z) and

& 146
sup/ ‘Vyh(x,y)‘ dy < oo
€N JQ

for k = 0,1, 2 with some § > 0; see [12, Lemma 3.1]. In particular, by applying the standard LP
estimate for the Neumann problem in the proof of [12, Lemma 3.1} to V,h(-,y), we can deduce
that

sup/ ‘vayh($,y)|1+5 dy < 0.
zeQ JO

Hence, we see that V,h(z,-) € WHH9(Q,). By the trace theorem for Sobolev space W1H1+9(Q,),
this yields
My —sup/ IV eh(z, )| dH" ' (y) < . (15)

We decompose u as
u(z) = E* (0r @ g) + / h(z,y)g(y) dH" (y) =T+ 1.
r

The estimate (15) yields
VI oo () < Mollgl| oo (rys

S0 to prove Lemma 4 it suffices to estimate VI. In other words, Lemma 4 follows from the next

lemma.

Lemma 15. Let Q be a bounded domain in R™ with C? boundary I’ = 0.
(i) (BMO estimate) There exists a constant Cy such that
[V (E = (6r ® 9)l spomn) < Cillgllz=) (16)
for all g € L>(T).
(i) (L estimate for normal component) There exists a constant Cy such that
|Vd-V (E* (r ® 9))||Lw(r§0"mﬂ) < Collgllpoe(my (17)
for all g € L>(T").

Here E * (or ® g) is defined as E x (0r ® g)(z) == [ E( (y) dH™ Y(y) for a function g

on I'. We shall prove Lemma 15 in following subsectlons.
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4.1 BMO estimate

To see the idea, we shall prove (16) when I'is flat. Let I' = OR’l and R} = {(%1,...,z,) | z, > 0}.
In this case,
Vv (E * ((51“ & g)) =Vo,, E * 1Ri§

where g € L®°(R"™) is defined by g(z/, z,,) := g(2/,0) for any € R™. By the L>®°-BMO estimate
for the singular integral operator [15, Theorem 4.2.7], we obtain (16) when I' = OR}.

Lemma 15 (i). Note that the signed distance function d is C? in T')v , see [13, Section 14.6].
Let § € po/2. We take a C? cut-off function 6 > 0 such that §(c) =1 for 0 < 1 and (o) = 0
for ¢ > 2. By the choice of §, we see that 65 = 6(d/5) is C? in R". We extend g € L=(T') to
ge € L®(TR") by setting

ge(x) 1= g(mx)

for any = € Fg%n with 72 denoting the projection of x on I'. For x € Fg%n, by considering the

normal coordinate x = 1(n) in Uss(mz), we have that

(vrd)ib : (vzge)w = ‘9% (ge)¢ =0

as (ge)y (s @) = (ge)y(n, B) for any || < 26 and o, B € (—20,20). Hence, we see that Vd-Vg, =
0in IR".

Let us consider ge . := 04ge. A key observation is that

Ir®g=(Vlg-Vd)ge,.
= div(ge,c10Vd) — 1q div(ge,Vd),

0'(d/5)

div(ge,cVd) = ge,cAd +Vd - Ve = gecAd + 5 Je-

Thus
VE « (0 © g) = Vdiv (E + (gec10Vd)) — VE * (lagefos) = I + I

where fp 5 1= 04Ad + w. By the L>*-BMO estimate for the singular integral operator [15,

Theorem 4.2.7], the first term is estimated as

] Bro®n) < Cllge,cVd| L) < CllgllLee(r)-

Since

A= sup |z|"7V|VE(z)| < oo,
z€R™\ {0}

34



for x € R™ with d(x,Q) = infycq |z — y| < 1 we have that

1
Ir(x SA/d
OIS A ey

with Cq s depending only on €2 and . For € R" with d(z,Q) = infycq |r — y| > 1, the above

Lw(rg”)||9e,c”1;oo(rgg") < C'Q,éHgHLoo(r)

estimate is trivial as |z — y|~("~1 < 1 for any y € Q. The proof of (i) is now complete. O

4.2 Estimate for normal derivative

We shall estimate normal derivative of E.

Lemma 16. Let Q be a bounded domain in R™ with C? boundary T'. Then

(i)

OF »
IE = ) dH () = -1 0
= (x —y)dH" " (y) for x€Q,
(i)
E n—1
sup (x —y)| dH" ™ (y) < o0.
zeQ JT n,

Proof. (i) This follows from the Gauss divergence theorem. We observe that

/anym dH"™ /AEJ:

Since AyE(x —y) = —0(z — y), we obtain

/F gfym—y) aH () =

for = € Q.

(i) We recall our local coordinate patches {U;}i™, with U; = U, ; as in Section 2.1. For x € Q°
and y € T, obviously |[VE(z —y)| < Cp~ V. Let z € F?n NQ Ifdzx,U;NT) > p,
similarly |VE(z —y)| < Cp~=Y for y € U; NT. Hence, it is sufficient to consider U; such
that d(z,U; NT) < p, i.e., it suffices to prove

/Uiﬁl“

for U; such that d(z,U; NT') < p. Since —0FE/On,(x — y) is invariant under translations

3£($ - y)‘ dH" 1 (y) < oco.

On,

and rotations, we can write —0E/0n,(x — y) in the local coordinate. Let U; be such that
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d(z,U; NT') < p and denote h, by h; for simplicity. Let us observe that
—n (Y, hiy) = (-V'hi(y). 1) Jwiy)
with w;(y') = (1 + [V'hi(¥/ )|2)1/ ? where V' is the gradient in y' variables. This implies

—na(n) o (2~ y) = 7y) 7

wily) (2 =y P + (@ = hiy))?)

for y € I'; with
oi(y) == =V'hi(y) - (&' — ) + (@n — hi(y')) where z,, > hi(2'), 2’ € Bs,(0).

We set

Ki(xla yla xn) =

By the Taylor expansion
hi(@') = hi(y') + V'hi(y') - (2" — ') + (2, o)
with )
ri(a,y) = (@ —y)"- / (1= 0)V7h; (602’ + (1= 0)y') db - (' — /),
0
we obtain
oi(y) = n — hi(2") +ri(2,yf)
with an estimate
ri(2’, )| < IVhill oo (Ba 0y 12" — /- (18)

We decompose K; into a leading term and a remainder term
Ki(x/a y/7 xn) - Ké(l’/, y/7 xn) + Ri(xla y/7 [En)

with
Ty — hi(2')
(1o P+ e~ hity))?)"
ri(z, y)
(Ia = 9P + (20 — ha(y))?)

Kg(x,a y/a :En) =

Ri(x,a yla xn) =

n/2°
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The term Ké is very singular but it is positive. The term R; is estimated as
2 2—
|Ri(2", ¢/, 2n)| < IV%hill oo (s, 012" — ¥/ 1F7"

by the estimate (18). Hence,

/FﬂUi

with C independent of p and i. By (i), we observe that

t:d(z,U;NT) <

_na(n) Z /Umr o, (z —y)dH" ().

d(z,U;NT) >

1

Ri(x/7 y/7 xn)
B0 |7 —y/["2

n—1
w; (y') M) < C

dy' < Cp

Since K{ is positive for any i such that d(z,U; NT) < p,

B, (0))

UJ n—1
xUﬂF ! P

where S(I') denotes the surface area of I', which is bounded. Thus, the estimate

/ 9E . _ )‘d?—t"_l(y)< 1 / LSl LI PP
U;nT B, (0)

On, ~ na(n) wi(y")
holds for any U; such that d(z,U; NT) < p. The proof of (i) is now complete.

Based on Lemma 16, we are able to prove Lemma 15 (ii).

Lemma 15 (i). We decompose

V() ¥ (B (5 9 9)) (0) = [ (Vd(a) = Vd(w) - VE(e ~ y)al) i~ (»)

_ n—1 _
/8ny x )d,H ( ) I + 1.

Let z € F,EE” and 7z be the projection of x on I'. For y € Up,,(nz), there exists a constant L',

independent of x and y, such that

Vd(x) - Vd(y)| < L'lx — y.
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For y € FE;" \Up, (mx), we have that v —y| > 2. Since Ff;% is compact in R", by considering a

finite subcover of U,crU,, (2) we are able to show that there exists M > 0 such that the estimate
Vd(x) = Vd(y)| < M|z —y|
holds for any x,y € FE)”. Thus,
H(z,y) = (Vd(z) = Vd(y)) - VE(z — y)

is estimated as

M
Hzy)| <70
)| < [

in Fpo X I‘po . We observe that

sup |[h(z)] < sup /F H(z,y) dH" (9)llg] o)
nQ

a:EFE%"ﬂQ ;UEF}}O"
dH""(y)
<M sup / 319l ()
zelR"NQ JT |z —yl
Since
E _
s (a@ls sw [ )| au ol
zelR"NQ zelR*nQ JT | 01y

Lemma 16 (i) now yields (17). The proof is now complete. O

We wonder whether the tangential component of VE x (ér ® g) satisfies the same estimate.

Unfortunately, the estimate
IV (B (or @ 9))l| 1 (rrr ng) < Cllgllzoer)
should not hold even if I' is flat. Even weaker estimate
[V (E* (60 @ 9))lpry < Cllglleeqr)

should not hold in general.

To illustrate the problem, we consider the case that I' is flat. We may assume I' = OR',
R" = {z, > 0}.

Lemma 17. The estimate

1
10z, (£ (or ® 9))l| oo (ry) < 5119l o0 (mr-1)
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holds for g € L®(R"1).

Proof. This is because —3,,, (E * (dr ® g)) is the half of the Poisson integral, i.e.,

1

00 (B (r0) @) = 3 [ P =)o)

where P, denotes the Poisson kernel. Thus the desired L™ estimate follows from the maximum
principle of the Dirichlet problem for the Laplacian or from the property that fR"_l P, (2')dz' =
1 and P, > 0. O

Theorem 18. There is a bounded sequence of smooth functions {g¢}sen C L®°(R™™1) such that

lim [0, (E * (0 ® go))], = o0

L— o0

for any v > 0.

Proof. If g is smooth, Ex(dr®g) is smooth up to the boundary. In this case, if [0, (E * (dr ® g))],»
is bounded by C|[g]| e rn-1), [[02 (E * (61 ® g))| (1) is also bounded by coC'|g|| oo (mn-1) With
a constant ¢y depending only on n since the mean value over r-ball around x converges to its

value at x as r — 0.

We consider the Neumann problem

Au=0 in R,

ou n
om Y on I'=0R.

By using the tangential Fourier transform, we see that
u(z,t) = A exp(—z,A)g

where A = (=A)Y/2, If [V'ull oo ry < CllgllLoo(mn—1) were true, sending z, > 0 to zero would

imply L>™ boundedness of the Riesz operator V/A~!, which is absurd.

The operator E * (0r ® g) is the half of the solution operator of the Neumann problem, so
L*> bound for V'E  (ér ® g) should not hold even if it is restricted to smooth functions. O

Corollary 19. Assume that @ = R'. Let v — Vq be the Helmholtz projection to a gradient
field. Then, this projection is unbounded from (L*°(Q))" to (BMO{)L’V(Q))” for any u,v > 0.

Proof. We consider
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with v, € L®(R"1). This evidently solves diveo = 0. The normal trace equals —uv,(z'). If
[Vl < Cllvnllpe mr-1)

for all v, € L°(R™!) with C independent of v, then this would contradict Theorem 18. O
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