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Abstract

In this paper we consider the curves on the surface in the unit 3-
sphere. For a regular curve on a surface in the unit 3-sphere, we have
a moving frame along the curve which is called a spherical Darboux
frame. We induce two special vector fields along the curve with respect
to the spherical Darboux frame and investigate the singularities of
extrinsic flat great circular surfaces associated to these vector fields.

Keywords: the unit 3-sphere, singularity, great circular surfaces, spherical
duality.
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1 Introduction

Touching or slicing a surface are two basic geometric methods to recognize the
shape of a surface in the Euclidean 3-space. If we consider the normal slice
of the surface with a normal plane at a point, we have a normal curvature of
the surface at the point which induces the principal curvatures of the surface.
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Foundation (Grant No. 20180550233).



The tangent plane of a surface at a point is determined by the unit normal
vector at the point, so that it induces the notion of Gauss maps and the
principal curvatures again. These are the methods of slicing and touching
for defining the Gaussian curvature and the mean curvature of the surface at a
point. Therefore, the curvatures at a point of a surface are obtained by using
the tangent plane and the normal planes at the point. If we consider a curve
on a surface, we have families of tangent planes and rectifying normal planes
along the curve, respectively. As the envelopes of these two families of planes,
the osculating developable surface and the normal developable surface of the
surface along the curve were defined in [3, 4, 7]. In order to investigate the
singularities of these developable surfaces, some new invariants of the curve
on the surface were induced which have interesting geometric properties.

In this paper we consider the curve on the surface in the unit 3-sphere in
the Euclidean 4-space and investigate the properties analogous to those of
3, 4, 7]. Associated to the curve on the surface in the unit 3-sphere, we have
a natural moving frame along the curve which is called a spherical Darboux
frame along the curve (cf. §2). It is the main tool to study the geometric
properties of the curves on the surface in the unit 3-sphere. The spherical
Darboux frame comprises the position vector of the curve, the unit tangent
vector of the curve, the normal vector of the surface along the curve and the
unit tangent vector of the surface which is normal to the curve. The last
two vector fields offer important information on the geometric properties of
curves on the surface in the unit 3-sphere. We have two special directions in
the spherical Darboux frame at each point of the curve which are defined by
vectors in the Darboux rectifying plane and the tangent plane of the surface,
respectively. We respectively call such vector fields the rectifying and the
osculating Darboux vector fields.

For the surface in the unit 3-sphere, we have known that there are two
kinds of curvatures. One is called intrinsic Gaussian curvature denoted by
K, which is just the Gaussian curvature defined by the induced Riemannian
metric on the surface. The other is called the extrinsic Gaussian curvature
denoted by K., which is defined by K, = K;—1. In Euclidean space, surfaces
with vanishing Gaussian curvature are developable surfaces which belong to
a special class of ruled surfaces [5, 6]. In the unit 3-sphere, we call the surface
with vanishing extrinsic Gaussian curvature the extrinsic flat surface and we
can show that an extrinsic flat surface is (at least locally) parametrized as a
great circular surface. Therefore, the notion of great circular surface is one of
the analogous notions with ruled surface in Euclidean space and the notion



of extrinsic flat surface is one of the analogous notions with the developable
surface in Fuclidean space. This is one of the motivations for us to investigate
the extrinsic flat surfaces along the curve on the surface in the unit 3-sphere.

We show that the spherical dual surfaces (cf. [9]) associated with the last
two unit vector fields of the spherical Darboux frame are the extrinsic flat
great circular surfaces in [8]. These extrinsic flat great circular surfaces are
generated by the rectifying and the osculating Darboux vector fields along
the curve. We can show that they are tangent or normal to the surface along
the curve in the unit 3-sphere. So we can study the geometric properties of
the curve through these extrinsic flat surfaces. Then we obtain the invariants
which characterize the singularities of these extrinsic flat great circular sur-
faces. As a consequence, we give a classification of the singularities of these
extrinsic flat surfaces by using the invariants (cf. Theorem 5.4 and Theorem
5.5). We also consider the geometric meaning of these invariants.

A brief organization of this paper is given as follows: In §2, we give basic
concepts, Frenet-Serret type formulae and the Darboux vector fields along
the curve in the surface in the unit 3-sphere. We also review the notions and
basic properties of great circular surfaces and extrinsic flat surfaces. In §3, we
give the definitions of the osculating and normal extrinsic flat surfaces along
the curve on the surface in the 3-sphere. They are the spherical dualities of
normal vector and binormal vector respectively. In §4, we define the height
functions, we also calculate the critical value sets of the extrinsic flat surfaces.
In §5, we prove that the height functions are versal unfoldings and give the
classifications of the singularities of the extrinsic flat surfaces. In §6, we study
the geometric meanings of the invariants of the curve on the surface in the
unit 3-sphere by the contact between the spheres and the spherical curves.

All maps considered here are of class C* unless otherwise stated.

2 The basic concepts

In this section we give the basic concepts in this paper. Let R* be a four-
dimensional Euclidean space with scalar product defined by (x,y) = x1y; +
ToYo+x3Ys+4yy for any two vectors © = (21, 9, 3, 24), Y = (Y1, Y2, Y3, Ysa) €
R*. For any three vectors © = (x1,22,73,74), Y = (Y1,Y2,Y3, Y1), 2 =
(21, 22, 23, 24), their vector product is defined by



€1 €3 €3 €4

r1 T2 X Ty
TXYXz= 3 ,

Y Y2 Y3 Ya

21 k2 2R3 24

where e, e, €3, e, is the canonical basis of R*.

Let v : I — R* be a regular curve in R* (i.e., 4(t) # 0 for any t € I ),
where [ is an open interval. The arc-length of the curve v measured from
~(to)(to € I) is s(t) = fti || 4(t) || d¢. The parameter s is determined such
that || 4/(s) ||= 1 for the curve, where v/(s) = d~/ds(s) is the unit tangent
vector of v at s.

We define the unit 3-sphere in R* by

S? ={x e R* |(z,x) = 1}.

Let © : U — S® be a regular surface in S%, where U C R? is an open subset.
We also write M = x(U) and identify M and U through the embedding x.
Let % : I — U be a regular curve in the open subset U C R2. We have
a curve embedded in the surface M C S3 defined by v = z o7y : [ —
M c 83 Cc R* Since « is a regular curve in R* we can reparameterize it
by the arc-length s. So we have the unit tangent vector of «(s) given by
t(s) = v/(s). For the surface M, we define the unit normal vector of M by

x(u) X @y, () X @y, (u)

n(u) = :
[ (u) X @y, (1) X @0, ()]

Then we have the unit normal vector field of M along ~ defined by n, = no

7 : I — S3. We also define a unit vector by b(s) = v(s) xt(s) xn,(s). Then

we have a orthonormal frame field {~(s),t(s), n,(s), b(s)} of R* along ~. By

standard arguments, we have the following Frenet-Serret type formulae.

Here,



We call {~,t,n.,, b} a spherical Darbouz frame of . We call k, the geodesic
curvature of vy, 7, the geodesic torsion of v and k,, the normal curvature of
~.

We define two vector fields D,(s), D, (s) along v by

Do(s) = 74(s)t(s) — rn(5)b(5),
Dy (s) = 14(8)t(s) + £g(s5)m5(5),

which are respectively called an osculating Darbouz vector field and a recti-
fying Darbouz vector field along -y, respectively.
We define

if k2 (s) +72(s) # 0,

if k2(s) 4+ 77 (s) # 0,

which are respectively called a unit osculating Darboux vector field and a unit
rectifying Darboux vector field along ~y.
We now define basic invariants related to the above vector fields.

0o(5) = #ip(5)hig(s) + kg(5)74 (5) 4 kin(s)Tg(s) — iy, (8)7y(s)
00(s) = (26(5) = g (5)7 ()84 ) = fin(5)0(s) = Fin(5)79(5),
0r(5) = rin(s)rig(s )+ﬁn( )74 (8) + kig(5)79(5) — g (5)74(s),
00(5) = (u(s)74(s ) + 264 (5))0r(8) — Fig(s )3L(s) + Kg(5)7(5).

We will investigate the geometric meanings of the above invariants in §4, 5,
6.

On the other hand, we briefly review the notions and basic properties of
great circular surfaces and extrinsic flat surfaces (E-flat surfaces) as following
8]. Let a; : I — S3 (i = 0,1,2,3) be smooth maps from an open interval [
with (a;(t),a;(t)) = J;j, so that we have an orthonormal frame {ay, a;,as, a3}
of R*. We now define a mapping

Fa:Ix[0,21) — S°

by
Fy(t,0) = cosfa; (t) + sinfas(t),



where we assume that A(t) = (ag(t),a1(t),as(t),az(t)) € SO(4). We have a
great circle Fa(0,ty) for any fixed ¢t = t;. We call Fjy (or the image of it) a
great circular surface. We also call a;(t) a base curve and ag(t) a directriz.
Each great circle Fa(0,to) is called a generating great circle. By using the
above orthonormal frame, we define the following fundamental invariants:

cr(t) = (ag(t), a1 (1)) = —(ao(t), ar(t)),  ca(t) = (@i(t), aa(t)) = —(au(t), a3(t),
ea(t) = (ap(t), az(t)) = —(ao(t), ay(t)),  cs(t) = (ay(t), as(t)) = —(au(t), ag(t)),
cs(t) = (ag(t), as(t)) = —(ao(t), a5(t)),  co(t) = (ay(t), as(t)) = —(ax(t), a3(t)).

The following are the fundamental differential equations for the great circular
surface:

ay(t) ci(t)a(t) + ca(t)as(t) + c3(t)as(l)

al(t) = —c(t)ag(t) + ca(t)as(t) + c5(t)as(t)
ay(t) = —co(t)ag(t) — ca(t)as(t) + cg(t)as(t)
as(t) = —cs(t)ao(t) — cs(t)ai(t) — co(t)as(t).

ay (1) 0 a(t) ce(t) () [adlt)
at)| _[at) 0 al) o] [a
as(t) —co(t)  —ey(t) 0 co(t) ay(t)
a(t) —cs(t) —es(t) —celt) 0 az(t)

We remark that

0 Cl(t> Cz(t) Cg(t)
CO=| 20 —a 0 | <
—c3(t) —cs(t) —cg(t) O

where s0(4) is the Lie algebra of the rotation group SO(4). Great circular
surfaces have singularities generally. The following proposition has been
shown in [§].

Proposition 2.1. A point (6y,to) is a singular point of Fa(0,t) if and only

if ¢1(to)cs(to) + c3(to)ea(to) = 0 and (cos by, sinby) is a nontrivial solution of
the following simultaneous linear equations:

{ ci(to)r 4+ cs(to)y = 0
C4(t0)l’—06(t0)y = 0.



The Gaussian curvature K7 is given by the following (cf. [8]):

Proposition 2.2. Let (0,t) be a reqular point of Fa. Then the Gaussian
curvature s

—(er(O)cs(t) + cs(t)ea(t))?

F10:0) = (cos Bea(t) — sin o 1) + (cos fr (1) + sin Oes (D))

+ 1

We now define K, = K; — 1, which is called an extrinsic curvature of
the surface in S3. A great circular surface F4(6,t) is said to be extrinsic flat
(briefly, E-flat) if K. = 0. We write c,(t) = c1(t)ce(t) + c3(t)ca(t). Then we
have the following corollary.

Corollary 2.3. A great circular surface Fu(0,t) is E-flat if and only if
cx(t) =0 for any t.

3 Extrinsic flat surfaces along the curve on
the surface in the 3-sphere

We now define surfaces in S3 associated with vy in S%. Letv: 1 — M C S
be a unit speed curve.
If 52 (s)+72(s) # 0, we define a great circular surface OE,, : Ix[0,27) —
S3 by -
OFE,(s,0) = cosb(s) +sinbD,(s).
If 52(s)+77(s) # 0, we define a great circular surface N E, : Ix[0, 27) —
S3 by o
NE,(s,0) = cosbOv(s) +sindD,(s).
For OE,, we define a vector field

R (9)(s) — 7y (s)b(s)
KZ(s) + 72(s)

Tn7(3> =

Then we have an orthonormal frame

{3—00(3>7 a01<3)7 302(8), 303(8)} = {n’Y(S)’ 7(8)7 T’n'y (5)7 EO(S)}'



So we have

() = (alp(5). 201 (5)) = —(auo(s), aly (5)) = 0,

() = (alp(5), 202(5)) = —(auo(s), alp(5)) = 1 /w2 (5) + 72(5),

os(5) = (alp(5). 20a(5)) = —(auo(s), al(5)) = O,

os(5) = (a1 (5), 202 (5)) = —(un(s), alp(5)) = ——2)
\/Fa(s) + 72(s)

on(5) = (a1 (5), 803(5)) = —(aur(5), aly(8)) = —12l)
k2(s) 1 72(3)

)
006(8) - <a02(8) a03(8)> - < 02( )7 03( )> (K%(S) —|-7'g2(5>>

Therefore, c,.(s) = 0. This means that OE, is an E-flat surface.
For NE.,, we define a vector field

o = ) £ (6)a(
K2(s) +72(s)

Then we have an orthonormal frame

{aro(s)’ arl('s)v aT2(5)7 ar3(3)} = {b(3>’ 7(3)7 Tb(5>757”(3)}'

So we have

er(s) = (al(s), an(s)) = —(a0(s), aly(s)) = 0,

cra(s) = (alo(s), ana(s)) = —(a(s), aly(s)) = \/w2(s) + 72(s)

cra(s) = (alo(s), ana(s)) = —(a0(s), aly(s)) =0,

cra(s) = {aly(s), ana(s)) = —(a1(s), aly(s)) = s(5)
KZ(s) +72(s)

= {(a’,(s), a3(s)) = —(a.(s),a’.(s __g 57“(5)9
cr6(s) = (aro(s), ars(s)) (a,9(s),als(s)) 20 + 20

Therefore, ¢,,(s) = 0. This means that NE, is an E-flat surface. Then we
have the following proposition.



Proposition 3.1. Let v : I — M C S® be a unit speed curve. Then we
have the following:
(1) If k2 (s) +72(s) # 0, then OE, is tangent to M at any point of y(I).
(2) If K2(s) +7.(s) # 0, then NE, is normal to M at any point of y(I).

Proof. (1) We have the following calculations:

ageE‘Y (0,s) = —sinB~(s) + cosOD,(s),
O0Ey 4 N _ costt(s) +sing | %) oy 7y(s) 5
5 (6, s) 0t(s) + sin 6 K2 (s) 4+ 72(s) T (5) K2(s) + 7'92(5)7( )

These vectors are equal to D,(s),t(s) at 6 = 0, respectively. Since ¢(s), D,(s)
are linearly independent tangent vectors of M at v(s), these vectors generate
the tangent space of M at «(s). This means that OF., is tangent to M at
any point of vy(I).

(2) We also have the following calculations:

8](\9ng7 (0,5) = —sinfy(s) + cos 6D, (s),
ONE, s) = cosBt(s) + sin LS) 5)~ i ’
9 %) et O G Y T e

These vectors are equal to D,.(s), t(s) at 6 = 0, respectively. Since ¢(s), D,(s)
generate a normal plane of M at v(s), NE, is normal to M at any point of

~(I). O

By the above proposition, we call OE, an osculating E-flat surface along
v and NE, a normal E-flat surface along =y, respectively.

We now consider the spherical duality from the view point of contact
geometry. We briefly review some properties of contact manifolds and Leg-
endrian submanifolds [1, Part III]. Let W be a (2n 4 1)-dimensional smooth
manifold and K be a tangent hyperplane field on W. Locally such a field is
defined as the field of zeros of a 1-form «. If tangent hyperplane field K is
non-degenerate, we say that (W, K) is a contact manifold . Here K is said
to be non-degenerate if o A (da)™ # 0 at any point of W. In this case K is
called a contact structure and « is a contact form. A submanifold ¢ : L C W

9



of a contact manifold (W, K) is a Legendrian submanifold if dim L = n and
dip(T,L) C K, at any point p € L. We consider a smooth fiber bundle
m: N — A. The fiber bundle 7 : N — A is called a Legendrian fibration
if its total space W is furnished with a contact structure and its fibers are
Legendrian submanifolds. Let m : N — A be a Legendrian fibration. For a
Legendrian submanifold ¢ : L. C N, amap woi: L — A is called a Legen-
drian map . The image of the Legendrian map 7o is called a wavefront set
of ¢ which is denoted by W (7).
We now consider the following double fibrations over S3:

A ={(v,w) € 5 x $*|{v,w) = 0},
m:AS(ww) —veS m: A3 (v w) — we S
0, = (dv,w)|a, 02 = (v,dw)|a.

Here, (dv,w) = 3+ widv; and (v, dw) = Y, vidw;. Since d({v, w)) =
{(dv, w) + (v,dw) and (v, w) = 0 on A, §;'(0) and 6;*(0) define the same
tangent hyperplane field over A which is denoted by K. The following propo-
sition is well-known.

Proposition 3.2. Under the above notations, (A, K) is a contact manifold
and both of m; (i =1,2) are Legendrian fibrations.

We say that a C*°-mapping £ : U — A is an isotropic mapping if
L0; =0 (1 =1 or 2). We remark that the isotropic mapping is a Legendrian
immersion if it is an immersion. If we have an isotropic mapping £ : U — A,
then we say that m; o L(U) and my o L(U) are A-dual to each other.

Proposition 3.3. Let v : [ — M C S® be a unit speed curve. Then we
have the following:

(1) If 67(s) + 72(s) # 0, then ny is the A-dual of OE,.

(2) If 52(s) +7.(s) # 0, then b is the A-dual of NE,,.

Proof. (1) We define a mapping £, : [ x [0,27r) — A by L,(s,0) =
(n4(s), OE,(s,0)). Then

() (5), OE4(s,0)) = (=rin(s)t(s) — 74(5)b(s), OE,(s,0)) = 0.

This means that £, is an isotropic mapping, so that n, is the A-dual of
OF,.

10



(2) We also define a mapping £, : [ x [0,27r) — A by L,(s,0) =
(b(s), NE,(s,0)). Then

(b (), NEy (5,0)) = (—ry(s)t(s) + 7)1 (5), NEo(5,0)) = 0.

This means that £, is an isotropic mapping, so that b is the A-dual of
NE,. ]

4 Height functions

In order to study the singularities of the osculating and the normal E-flat
surfaces along ~y, respectively, we introduce two families of functions and
apply the theory of unfoldings. Let v : I — M C S? be a unit speed curve,
then we define two families of functions as follows:

H,:IxS5—TR, Hys,v)=(n,(s),v),
H.:Ix8—R, H(sv)=(b(s),v).

For any fixed v € 53, we denote hyy(s) = H,y(s,v), hy(s) = H.(s,v). Then
we have the following two propositions on h,, and h,.,.
For simplification, we denote the following symbols:

pols) = \J02(5) + K2 ()72(5) + KA(s).
pr(s) = [52(s) + R2(s)73(s) + ().

Proposition 4.1. Let v : I — M C S® be a unit speed curve with r2(s) +
7'92(8) # 0, then we have the following:
(1) how(s) = 0 if and only if there exist A\, n, € € R with N2 +n*+ &% =1 such
that v = py(s) + nt(s) + Eb(s).
(2) how(s) = hl,(s) =0 if and only if there exist 6 € R such that

v = cos 0y(s) +sin 0D, (s).

(3) how(s) = Ny () = hiy (s) = 0 4f and only if (05(s), kn(s)) # (0,0) and

v = ip%(s) (50(5)7(3) — hon(8)1/K2(3) + r;(s)ﬁo(s))

or (0,(8), kn(s)) = (0,0) and v = cos O~(s) + sin Ot(s).

11



(4) hov(s) = hoy(s) = hiy(s) = hey(s) = 0 if and only if (05(s), n(s)) #

(o(5)7(5) = ren(3)y/2(5) + 72(5) Do)

or (0o(s), kn(s)) = (0,0) and v = cos 07(3)4—}— sin 0t (s).
(5) how(s) = Wiy (5) = Ny (s) = hi(s) = h&(s) = 0 if and only if (3,(s), kn(s)) #
(0,0), o ()—0;()—Oand

1

V=t (50(8)7(3) — hon(8)(/K2(s) + T;(s)ﬁo(s))

or (0o(s), kn(s)) = (0,0) and v = cos O(s) + sin Ot(s).

Proof. (1) Since v € S3, there exist p,n, A\, & € R with g2 + > + N2+ &2 =1
such that v = py(s) +nt(s) + An,(s) +£b(s). From hyy(s) = (n,(s),v) =0,
we have A = 0. So v = p~y(s) + nt(s) + &b(s) and p? +n? + &2 = 1. The
converse direction also holds.

(2) how(s) = h.,(s) = 0if and only if (1) holds and A/ (s) = (— mn(s)t(s)—
7y(5)b(s), v) = (—rkn(s)t(s) = 74(s)b(s), py(s) +nt(s) + £b(s)) = —kn(s)n —
T,(5)€ = 0. If 74(s) # 0, we have £ = —k,,(s)n/7,(s), and

v = (s) +n(t(s) — () = py(s) + Do)

= py(s) +n Dy(s)
7y(s)
Since 2 () 2(5)
Ko(s)+T17(s
prtt e =1
77(s)
for some 6 € R, we can put
(= cosf
kr(s) +75(s) ,
n =sinf
7y(s)

Then we have
v = cos 0y(s) + sinD,(s).

12



If 74(s) = 0, kn(s) # 0, we have n = 0. In this case, D,(s) = —#,(s)b(s) and
Dy(s) = £b(s). So v = py(s) +&b(s) = py(s) £ EDy(s). Then we can put
p=cosf,+& =sinf, so v = cos0y(s) +sin0D,(s). Anyway, we have

v = cos 0y(s) + sin 0D, (s).
(3) how(s) = hl,(s) = h (s) =0 if and only if (2) holds and
higo (8) = (n ()7 () + (=h7,(5) + £y (5)74(5))E(5) = (15,(5) + 74 (5))m5(5)
—(kn(s)rg(s) + 7)(5))b(s), cos By (s) + sin 0D, (s))
= fin(8) cos 0 + 0,(s) sin 0/ /K2 (s) + 72(s) = 0.

That is £, ()4 /K2 () + 72(5) cos ) + d,(s) sin 6 = 0.
When (0,(s), kn(s)) # (0,0), we have
1

0 =25 (09)7(5) = rn(s)y () + 72 Dils))
When 6,(s) = k,(s) = 0, we have D,(s) = t(s). In this case, we have
v = cos 07y(s) + sin 0t(s).
(4) how(s) = R, ( ) =hl,(s) = h” (s) =0 if and only if (3) holds and

higw(5) = E£((27,(5) — 1g(5)74(5))00(5) — Kn(5)0,(5) — K (5)74(5))/Po(5)
= ia—o( )/pO( ) = 0.

When (6,(s), kn(s)) # (0,0), we have o,(s) = 0 and

pis) (50(5)'7(3) — Fn(s)y/K2(s) + 792(5)30(3)> _

When 6,(s) = kn(s) = 0, we have 0,(s) = 0 and v = cos 0(s) + sin 0¢(s).
(5)how(s) = K., (s) = h (s) = B (s) = hSy(s) = 0 if and only if (4)
holds and

hi) (s) = (27, (5) — kg (5)7(5))00(5) = hin(5)05(5) — K7 (5)74(5))'/ Po(s)
— +0/(s)/pols) = 0.
When (6,(s), kn(s)) # (0,0), we have o,(s) = o/ (s) = 0 and

(Gols)7(5) = k() f12(5) + 72(5) Dils) ).

v==+
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When 6,(s) = k,(s) = 0, we have o,(s) = o/(s) =0 and v = cos 0y(s) +
sin 6t (s).
[l

Proposition 4.2. Lety : I — M be a unit speed curve with r7(s)+7;(s) #
0, then we have the following:
(1) hyo(s) = 0 if and only if there exist ju, 1, & € R with > +n? +£2 =1 such
that v = py(s) + nt(s) + Eny(s).
(2) hyo(s) = hl,(s) =0 if and only if there exist 0 € R such that

v = cos 0(s) +sin 6D, (s).

(3) hyo(s) = hl,(s) = Rl (s) =0 if and only if (6,(s), ke(s)) # (0,0) and
1 2 2(a\D
v = ipr—(s) (5r(s)’y(s) + Kg(s)y/KE(8) + 7 (S)DT(S)>

or (6,(8), kg(s)) = (0,0) and v = cos07(s) + sin Ot(s).

(4) hro(s) = hyy(s) = hiy(s) = hiy(s) = 0 if and only if (6,:(s), ky(s)) #
(0,0), o.(s) =0 and
1 . o7 TS
0 =25 (397 + ()3 () + D (9))
or (0,(s), ky(s)) = (0,0) and v = cos O(s) + sin Gt(s).

(5) hro(s) = Hly(s) = Wy (s) = R0(8) = h2(s) = 0 if and only if (5, (), g(5)) #
(0,0) 0,(s) =0.(s) =0 and
1 2 2(\D
v = im (57«(5)’7(3) + Kg(s)y/KE(8) + 7 (S)DT(S))
or (6,(5), Kg(s)) = (0,0) and v = cos ~(s) + sin Ot (s).

We can show Propositions 4.2 by exactly the same arguments as those
for Proposition 4.1. So we omit here.

5 Singularities of E-flat surfaces along the curve
on the surface in the unit 3-sphere

In this section we classify the singularities of OF, and N E as an application
of the unfolding theory of functions. Let F : (R x R", (sg,x9)) — R be

14



a function germ, we call F' an r-parameter unfolding of f, where f(s) =
Fpo(s,2g). If fP)(s5) =0 for all 1 < p <k and f*+(sy) # 0, then we say
that f has Ag-singularity at so. Let F' be an r-parameter unfolding of f and
f has Ag-singularity (k > 1) at so. We denote the (k — 1)-jet of the partial
derivative OF /0x; at sq as

17 (S s0)) () = Ll = sl =L+ )

If the rank of k& x r matrix (oi)j=o, k—1:=1,.r 18 k (k <), then F is called
a versal unfolding of f. The discriminant set of F' is defined by

DF:{CBGRT|E|SER, F(s,az):g—f(s,az)zo}.

For the discriminant set of F', we have the following theorem [2].

Theorem 5.1. Let F': (R xR", (sg,xg)) —> R be an r-parameter unfolding
of f which has Ag-singularity at so. Suppose F is a versal unfolding of f,
then we have the following assertions.

(a) If k =1, then Dy is locally diffeomorphic to {0} x R"~1.

(b) If k =2, then Dr is locally diffeomorphic to C' x R" 2.

(c) If k =3, then D is locally diffeomorphic to SW x R"73.

Here, C' is the ordinary cusp defined by {(z1,72) | £1 = u*, 5 = v?} and
C xR = {(x1,29,73) | 1 = v, 1y = u? 13 = v} is called a cuspidal edge
(Fig.1). Moreover, SW = {(z1, 72, 23) | 1 = 3u* + v?v, 15 = 4u® + 2uv, x5 =
v} is called a swallow tail (Fig.2). Here we also give some other types of
singularities. The cuspidal beaks is given by CBK = {(z1,72,23) € R? |
T = 0,1y = —2u +uv? r3 = 3u’ — u?v?)}(Fig.3). The cuspidal lips is given
by CL = {(x1, 72, 23) € R? | 21 = 3u+2u*v? 19 = ud+uv? z3 = v) }(Fig.4).
The cuspidal cross cap is given by CCR = {(x, 22, 23) € R? | 1 = u, 19 =
uv3, v?}(Fig.5).
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The cuspidal edge
Figure 1

The swallow tail
Figure 2

The cuspidal beaks The cuspidal lips The cuspidal cross cap
Figure 3 Figure 4 Figure 5

By Propositions 4.1, 4.2, the discriminant sets of H, and H, are as follows:

Dp, = Im OE, = {cos0~(s) +sinfD,(s) | s € I,0 € R},
Dy, = Im NE, = {cosv(s) +sindD,(s) | s € I,0 € R}.

These are the spherical dual surfaces of ., and b respectively. By Proposi-
tions 4.1 and 4.2, we know that there are no Ay (k < 3) singularities for the
height functions hyy if (0,(s), £n(s)) = (0,0) and h,, if (0,(s), ke(s)) = (0,0).
We have the following key propositions on H, when (d,(s), k,(s)) # (0,0)
and H, when (0,(s), k4(s)) # (0,0).

Proposition 5.2. If hy,, has Ag-singularity (k = 1,2,3) at so, then H, is a
versal unfolding of Ny, -

Proof. Forv € S%, we have v = (v, v, v3,v4) = (£(1—02—v2—v2)Y2 vy, v3,04),
(

without the loss of the generality, we consider v = ((1—v2—v2—v2)/2 vy, v3, v4)

and n.(s) = (1n41(5), 12(5), n43(5), m4a(s)), then

Ho(s,v) = (n,(s),v) = (1=v)—v5—v]) /1y (s)+1(5)vat10,3(5) 03+ 10 ()04,
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Thus we have

g_Z(S, ) = —Z—jnyl(s) + n(s), g—i(s, )= _Z_jnﬂ(s) + ms(s),
gi(s’ v) _Z_j”ﬂ(s) +na(s);
822;;(8’ v) = _Zj 1 (s) + 1is(s), 82253 (s,v) = —Zjn’ﬂ(s) +ml5(s),
322;;(3’ v) _Zjn/ﬂ(s) +n/,(s);
%(8, v) = _Uj nl,(s) +nly(s), 8825,3 (s,v) = _Uj nl,(s) +nl;(s),
%(3’ v) = _Z_jnzl(s) +nl,(s).

For a fixed vy = (vo1, voz, Vo3, Vos) With vg; # 0, the 2-jet of g—i(s, vo)(i =
2,3,4) at sg is

. OH Vo; Vo;
7P == (s,v0)(s0) = ——Onvl(so) +mi(s0) + (—ﬁn'ﬂ(so) +n’;(s0))(s — s0)
Vi Vo1 Vo1
I, vy
+§(—U—Olnz1(30) +mnl(s0))(s — s0)°.

It is enough to show that the rank of the matrix A is three, where

i (s0) = 1a(s0)  Tma1(s0) — Mas(s0)  Ttma1(50) = Maa(s0)
A=—| 2l (so) = mly(s0) Tpiml(s0) — ml(se)  Toimli(s0) — 14 (s0)
Uﬂnll ( " I "

vo1 Tor1 0) — 7%2(30) %"71(30) - nﬁg(So) %"71(30) - n§4(80)

»n

By straight calculation, we have

det A = (n,(s9) x 1/ (s0) x 1) (50),v0)/vo1
= (B0(50)7¥(50) —#n(50) /2 (50) + 72(50) Do(50), v0) /1.

Since vy € Dy, is a singular point, we have

= (Fuls0rv(s0) = (00 i s0) + 72(50) Do)

vg=t—
/70(50)
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and p,(sg) # 0. Therefore we have
det A = :i:po<80>/’001 7é 0.
So the rank of A is three, this completes the proof. m

Proposition 5.3. If h.(s) has Ag-singularity (k = 1,2,3) at sg, then H,
is a versal unfolding of Ny, -

The proof of Proposition 5.3 is similar to the proof of Proposition 5.2, so
we omit it. We have the following theorem:

Theorem 5.4. Let v : 1 — M C S? be a unit speed curve.
(A) For osculating E-flat surface OE. along =, suppose k2 (so) + 7'5(30) #0,
(00(80), kn(S0)) # 0, we have the following assertions:

(a) OE, is locally diffeomorphic to the cuspidal edge at (s, 0) if and only
if 0o(s0) #0 and Iin(SO)\/Ii%(So) + 72(80) cos Oy + do(s0) sin fy = 0.

(b) OE, is locally diffeomorphic to the swallowtail at (so,6y) if and only if
0o(50) =0, 0/(s0) # 0 and mn(so)\/mi(so) + 72(50) cos g + 0o (80) sin Gy = 0.
(B) For normal E-flat surface NE, along vy, suppose 113(30) +ng(30) # 0 and
(0-(0), Kg(s0)) # 0, we have the following assertions:

(a) NE, is locally diffeomorphic to the cuspidal edge at (so,6p) if and
only if 0.(so) # 0 and Iig(so)\/l{;(So) + 72(80) cos g — 0,(s0) sin by = 0.

(b) NE, is locally diffeomorphic to the swallowtail at (so, 0o) if and only if

o-(s0) =0, 0l.(sg) # 0 and lﬁg(so)\//{g(so) + 72(s0) cos ly — 6,(s0) sinfp = 0.

Proof. By Propositions 4.1 and 4.2, the discriminant sets of H, and H, are
OE., and N E, respectively. We also have h,,, .y, have Ay singularities (k =
1,2, 3) if and only if the above conditions hold respectively. By Propositions
5.2 and 5.3, H, and H, are versal unfoldings of h,,, and h,,, at any singular
point sg € I respectively. By applying Theorem 5.1, we can get the above
assertions. [

In [8], the classifications of singularities are given for the extrinsic flat
great circular surface by using criteria for singularities of fronts. For the
detailed descriptions of fronts, see [1].

Theorem 5.4 in our paper can be considered an a special case of Theorem
5.1 in [8]. But in our case, cy(s) # 0 and c¢.o(s) # 0, so we don’t have
cuspidal cross caps on OF, and NE,.
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For the special case when k,(s) = 0, we have a,n(s) = —b(s), as(s) =
D,(s) = t(s). In this case, c,1(5) = 0, coa(s) = 74(8), co3(s) = 0, coa(s) = 0,
Cos(s) = 1 and cep(s) = Ky(s).

For the special case when r,(s) = 0, we have a,5(s) = n,(s), a3(s) =
D,(s) = t(s). In this case, ¢,1(s) = 0, ¢,2(s) = 7,(5), ¢;3(s) = 0, c,a(s) = 0,
cr5(s) =1 and ¢6(s) = —kn(s).

By Theorem 5.2 in [8], we have the following theorem for the E-flat sur-
faces along ~.

Theorem 5.5. Let v : I — M C S? be a unit speed curve.
(A) For osculating E-flat surface OE, along v, suppose T,(s) # 0 and
kn(s) =0, we have the following assertions:
(1) If ky(s0) # 0, then By = 0 or m and the following assertions hold:

(a) OE, is locally diffeomorphic to the cuspidal edge C X R at (so,6y) if
and only if 7,(so) # 0.

(b) OFE, is never locally diffeomorphic to the swallowtail and the cuspidal
cross cap.
(2) If k4(s0) = 0, the following assertions hold:

(c) OF, is locally diffeomorphic to the cuspidal edge C' x R at (s, 6y) if
and only if 0y # 0,7 and 74(s0)ky(s0) # 0.

(d) OE, is locally diffeomorphic to the cuspidal beaks at (so,6p) if and
only if 6o = 0 or ™ and 74(so)k,,(s0) # 0.

(e) OE, is never locally diffeomorphic to the swallowtail, the cuspidal lips
and the cuspidal cross cap.
(B) For normal E-flat surface N E., along~y, suppose 7,(s) # 0 and ky4(s) =0,
we have the following assertions:
(1) If kn(s0) # 0, then 0y = 0 or m and the following assertions hold:

(a) NE, is locally diffeomorphic to the cuspidal edge C' x R at (so,6p) if
and only if 7,(so) # 0.

(b) NE, is never locally diffeomorphic to the swallowtail or cuspidal cross
cap.
(2) If kn(so) = 0, the following assertions hold:

(c) NE, is locally diffeomorphic to the cuspidal edge C x R at (so,6) if
and only if 6y # 0,7 and 1,(so)k],(s0) # 0.

(d) NE, is locally diffeomorphic to the cuspidal beaks at (so,6p) if and
only if g =0 or m and 7,(so)k!,(s0) # 0.

(e) NE, is never locally diffeomorphic to the swallowtail, the cuspidal lips
and the cuspidal cross cap.
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6 Invariants of curves on surfaces in the unit
3-sphere

In this section, we consider geometric meanings of the invariants o, and o,.
Let I' : I — S3 be a regular curve and F : S — R a submersion. We say
that ' and F~!(0) have contact of at least order k for t = ¢, if the function
f(t) = FolI(t) satisfies f(to) = f'(to) = --- = f®(ty) = 0. If I" and F~1(0)
have contact of at least order k for t = t; and satisfies the condition that
fE*D(t9) # 0, then we say that I' and F~'(0) have contact of order k for
t = to. We define a function g : 5% x S — R by g(u,v) = (u, v). For any
fixed vy € 53, we write gy, = (u,vg). Then we have

8y, (0) = {u € 7 | (u,vo) = 0},

which is a great 2-sphere in S®. We denote that S*(vy) = g, (0). For
spherical curve o : I — S3, we consider a function g(s) = (a(s), vg) = gvo
o (s). Then o is tangent to g,'(0) at o (so) if and only if g(so) = ¢(s0) = 0. In
this case S?(vyg) is called a tangent unit 2-sphere of o at o(sy) in S*, which
is written by T'S%(vg). We remark that there are infinitely many tangent
2-spheres of o at o(sg) in S3.

Proposition 6.1. Let v : I — M C S* be a unit speed curve with k2(s) +
72(s) # 0 and (0o(s), kn(s)) # (0,0). For vo = OE,(so,60), we have the
following:

(1) The order of contact of m.(s) with T'S;, (vo) at s = sg is two if and only

if

do(0) sin By + /Qn(so)\//i%(SO) + 72(s0) cos g = 0 (%)

and o,(sg) # 0.
(2) The order of contact of m,(s) with T'S}, (vo) at s = sg is three if and

only if (%), o,(s0) =0 and o/ (so) # 0.

Proof. By the assertions (3), (4) of Proposition 4.1, the conditions h,y(so) =
R, (so) = hi,(so) = 0 and h” (sg) # 0 if and only if (%) and o,(sg) # 0. Since
Ovy © M (S) = hoy(s), the above condition means that n.(s) and TS%W(’UQ)
have contact of order two at s = s¢. For the proof of the assertion (2), we use
the assertions (4), (5) of Proposition 4.1 exactly the same way as the above
case. [
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By the same arguments of Proposition 6.1, we have the following propo-
sition.

Proposition 6.2. Let v : I — M C S® be a unit speed curve with £(s) +
72(s) # 0 and (0,(s), ky(s)) # (0,0). For vy = NE,(so,60), we have the
following:

(1) The order of contact of b(s) with T'Sz(vo) at s = sq is two if and only if

dr(s0) sin by — /ﬁg(so)\//if;(so) + 72(s0) costly = 0 (%)

and o,.(so) # 0.
(2) The order of contact of b(s) with T'SE(vy) at s = sq is three if and only
if (xx), 0,(s0) =0 and o..(sp) # 0.

Therefore the geometric meaning of the classification results in Theorem
5.4 are given as follows.

Theorem 6.3. Let v : [ — M C S® be a unit speed curve.
(A) For the osculating E-flat surface OE, along , suppose k. (s0)+ 7, (50) #
0, (05(80), kn(s0)) # (0,0) and vo = OE,(s0,6p). We have the following
assertions:

(1) OF, is locally diffeomorphic to the cuspidal edge C' x R at (sq,800) if
and only if the order of contact of n,(s) with T'S;, (vo) at s = s is two.

(2) OE, is locally diffeomorphic to the swallowtail at (so,0) if and only
if the order of contact of n(s) with T'S;, (vo) at s = sq is three,
(B) For the normal E-flat surface NE. along , suppose r7(so) 4 7, (s0) #
0, (0-(50), kg(S0)) # (0,0) and vy = NE,(so,6p). We have the following
assertions:

(1) NE, is locally diffeomorphic to the cuspidal edge C' x R at (so,6y) if
and only if the order of contact of b(s) with T'Sg(vg) at s = sq is two.

(2) NE, is locally diffeomorphic to the swallowtail at (so,6o) if and only
if the order of contact of b(s) with T'SE(vy) at s = s is three.
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