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Abstract

In this paper we consider the curves on the surface in the unit 3-
sphere. For a regular curve on a surface in the unit 3-sphere, we have
a moving frame along the curve which is called a spherical Darboux
frame. We induce two special vector fields along the curve with respect
to the spherical Darboux frame and investigate the singularities of
extrinsic flat great circular surfaces associated to these vector fields.

Keywords: the unit 3-sphere, singularity, great circular surfaces, spherical
duality.
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1 Introduction

Touching or slicing a surface are two basic geometric methods to recognize the
shape of a surface in the Euclidean 3-space. If we consider the normal slice
of the surface with a normal plane at a point, we have a normal curvature of
the surface at the point which induces the principal curvatures of the surface.

The first and corresponding author is supported by the National Natural Science Foun-
dation of China (Grant No. 11426157 and No. 11671070) and Liaoning Natural Science
Foundation (Grant No. 20180550233).
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The tangent plane of a surface at a point is determined by the unit normal
vector at the point, so that it induces the notion of Gauss maps and the
principal curvatures again. These are the methods of slicing and touching
for defining the Gaussian curvature and the mean curvature of the surface at a
point. Therefore, the curvatures at a point of a surface are obtained by using
the tangent plane and the normal planes at the point. If we consider a curve
on a surface, we have families of tangent planes and rectifying normal planes
along the curve, respectively. As the envelopes of these two families of planes,
the osculating developable surface and the normal developable surface of the
surface along the curve were defined in [3, 4, 7]. In order to investigate the
singularities of these developable surfaces, some new invariants of the curve
on the surface were induced which have interesting geometric properties.

In this paper we consider the curve on the surface in the unit 3-sphere in
the Euclidean 4-space and investigate the properties analogous to those of
[3, 4, 7]. Associated to the curve on the surface in the unit 3-sphere, we have
a natural moving frame along the curve which is called a spherical Darboux
frame along the curve (cf. §2). It is the main tool to study the geometric
properties of the curves on the surface in the unit 3-sphere. The spherical
Darboux frame comprises the position vector of the curve, the unit tangent
vector of the curve, the normal vector of the surface along the curve and the
unit tangent vector of the surface which is normal to the curve. The last
two vector fields offer important information on the geometric properties of
curves on the surface in the unit 3-sphere. We have two special directions in
the spherical Darboux frame at each point of the curve which are defined by
vectors in the Darboux rectifying plane and the tangent plane of the surface,
respectively. We respectively call such vector fields the rectifying and the
osculating Darboux vector fields.

For the surface in the unit 3-sphere, we have known that there are two
kinds of curvatures. One is called intrinsic Gaussian curvature denoted by
KI , which is just the Gaussian curvature defined by the induced Riemannian
metric on the surface. The other is called the extrinsic Gaussian curvature
denoted by Ke, which is defined by Ke = KI−1. In Euclidean space, surfaces
with vanishing Gaussian curvature are developable surfaces which belong to
a special class of ruled surfaces [5, 6]. In the unit 3-sphere, we call the surface
with vanishing extrinsic Gaussian curvature the extrinsic flat surface and we
can show that an extrinsic flat surface is (at least locally) parametrized as a
great circular surface. Therefore, the notion of great circular surface is one of
the analogous notions with ruled surface in Euclidean space and the notion
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of extrinsic flat surface is one of the analogous notions with the developable
surface in Euclidean space. This is one of the motivations for us to investigate
the extrinsic flat surfaces along the curve on the surface in the unit 3-sphere.

We show that the spherical dual surfaces (cf. [9]) associated with the last
two unit vector fields of the spherical Darboux frame are the extrinsic flat
great circular surfaces in [8]. These extrinsic flat great circular surfaces are
generated by the rectifying and the osculating Darboux vector fields along
the curve. We can show that they are tangent or normal to the surface along
the curve in the unit 3-sphere. So we can study the geometric properties of
the curve through these extrinsic flat surfaces. Then we obtain the invariants
which characterize the singularities of these extrinsic flat great circular sur-
faces. As a consequence, we give a classification of the singularities of these
extrinsic flat surfaces by using the invariants (cf. Theorem 5.4 and Theorem
5.5). We also consider the geometric meaning of these invariants.

A brief organization of this paper is given as follows: In §2, we give basic
concepts, Frenet-Serret type formulae and the Darboux vector fields along
the curve in the surface in the unit 3-sphere. We also review the notions and
basic properties of great circular surfaces and extrinsic flat surfaces. In §3, we
give the definitions of the osculating and normal extrinsic flat surfaces along
the curve on the surface in the 3-sphere. They are the spherical dualities of
normal vector and binormal vector respectively. In §4, we define the height
functions, we also calculate the critical value sets of the extrinsic flat surfaces.
In §5, we prove that the height functions are versal unfoldings and give the
classifications of the singularities of the extrinsic flat surfaces. In §6, we study
the geometric meanings of the invariants of the curve on the surface in the
unit 3-sphere by the contact between the spheres and the spherical curves.

All maps considered here are of class C∞ unless otherwise stated.

2 The basic concepts

In this section we give the basic concepts in this paper. Let R4 be a four-
dimensional Euclidean space with scalar product defined by ⟨x,y⟩ = x1y1 +
x2y2+x3y3+x4y4 for any two vectors x = (x1, x2, x3, x4), y = (y1, y2, y3, y4) ∈
R4. For any three vectors x = (x1, x2, x3, x4), y = (y1, y2, y3, y4), z =
(z1, z2, z3, z4), their vector product is defined by
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x× y × z =

∣∣∣∣∣∣∣∣
e1 e2 e3 e4

x1 x2 x3 x4

y1 y2 y3 y4
z1 z2 z3 z4

∣∣∣∣∣∣∣∣ ,
where e1, e2, e3, e4 is the canonical basis of R4.

Let γ : I → R4 be a regular curve in R4 (i.e., γ̇(t) ̸= 0 for any t ∈ I ),
where I is an open interval. The arc-length of the curve γ measured from
γ(t0)(t0 ∈ I) is s(t) =

∫ t

t0
∥ γ̇(t) ∥ dt. The parameter s is determined such

that ∥ γ ′(s) ∥= 1 for the curve, where γ ′(s) = dγ/ds(s) is the unit tangent
vector of γ at s.

We define the unit 3-sphere in R4 by

S3 = {x ∈ R4 |⟨x,x⟩ = 1}.

Let x : U −→ S3 be a regular surface in S3, where U ⊆ R2 is an open subset.
We also write M = x(U) and identify M and U through the embedding x.
Let γ : I −→ U be a regular curve in the open subset U ⊆ R2. We have
a curve embedded in the surface M ⊂ S3 defined by γ = x ◦ γ : I −→
M ⊂ S3 ⊂ R4. Since γ is a regular curve in R4, we can reparameterize it
by the arc-length s. So we have the unit tangent vector of γ(s) given by
t(s) = γ ′(s). For the surface M , we define the unit normal vector of M by

n(u) =
x(u)× xu1(u)× xu2(u)

∥x(u)× xu1(u)× xu2(u)∥
.

Then we have the unit normal vector field of M along γ defined by nγ = n◦
γ : I −→ S3. We also define a unit vector by b(s) = γ(s)×t(s)×nγ(s). Then
we have a orthonormal frame field {γ(s), t(s),nγ(s), b(s)} of R4 along γ. By
standard arguments, we have the following Frenet-Serret type formulae.

γ ′(s) = t(s)
t′(s) = −γ(s) + κn(s)nγ(s) + κg(s)b(s)
n′

γ(s) = −κn(s)t(s)− τg(s)b(s)
b′(s) = −κg(s)t(s) + τg(s)nγ(s)

,

Here,
κg(s) = ⟨t′(s), b(s)⟩ = det(γ(s),γ ′(s),γ ′′(s),nγ(s)),
κn(s) = ⟨t′(s),nγ(s)⟩ = ⟨γ ′′(s),nγ(s)⟩,
τg(s) = ⟨b′(s),nγ(s)⟩ = det(γ(s),γ ′(s),nγ(s),n

′
γ(s)).
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We call {γ, t,nγ, b} a spherical Darboux frame of γ. We call κg the geodesic
curvature of γ, τg the geodesic torsion of γ and κn the normal curvature of
γ.

We define two vector fields Do(s), Dr(s) along γ by

Do(s) = τg(s)t(s)− κn(s)b(s),
Dr(s) = τg(s)t(s) + κg(s)nγ(s),

which are respectively called an osculating Darboux vector field and a recti-
fying Darboux vector field along γ, respectively.

We define

Do(s) =
τg(s)t(s)− κn(s)b(s)√

κ2
n(s) + τ 2g (s)

if κ2
n(s) + τ 2g (s) ̸= 0,

Dr(s) =
τg(s)t(s) + κg(s)nγ(s)√

κ2
g(s) + τ 2g (s)

if κ2
g(s) + τ 2g (s) ̸= 0,

which are respectively called a unit osculating Darboux vector field and a unit
rectifying Darboux vector field along γ.

We now define basic invariants related to the above vector fields.

δo(s) = κ2
n(s)κg(s) + κg(s)τ

2
g (s) + κn(s)τ

′
g(s)− κ′

n(s)τg(s),
σo(s) = (2κ′

n(s)− κg(s)τg(s))δo(s)− κn(s)δ
′
o(s)− κ2

n(s)τg(s),
δr(s) = κn(s)κ

2
g(s) + κn(s)τ

2
g (s) + κ′

g(s)τg(s)− κg(s)τ
′
g(s),

σr(s) = (κn(s)τg(s) + 2κ′
g(s))δr(s)− κg(s)δ

′
r(s) + κ2

g(s)τg(s).

We will investigate the geometric meanings of the above invariants in §4, 5,
6.

On the other hand, we briefly review the notions and basic properties of
great circular surfaces and extrinsic flat surfaces (E-flat surfaces) as following
[8]. Let ai : I −→ S3 (i = 0, 1, 2, 3) be smooth maps from an open interval I
with ⟨ai(t), aj(t)⟩ = δij, so that we have an orthonormal frame {a0, a1, a2, a3}
of R4. We now define a mapping

FA : I × [0, 2π) −→ S3

by
FA(t, θ) = cos θa1(t) + sin θa3(t),
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where we assume that A(t) = (a0(t), a1(t), a2(t), a3(t)) ∈ SO(4). We have a
great circle FA(θ, t0) for any fixed t = t0. We call FA (or the image of it) a
great circular surface. We also call a1(t) a base curve and a3(t) a directrix.
Each great circle FA(θ, t0) is called a generating great circle. By using the
above orthonormal frame, we define the following fundamental invariants:

c1(t) = ⟨a′
0(t), a1(t)⟩ = −⟨a0(t), a

′
1(t)⟩, c4(t) = ⟨a′

1(t), a2(t)⟩ = −⟨a1(t), a
′
2(t)⟩,

c2(t) = ⟨a′
0(t), a2(t)⟩ = −⟨a0(t), a

′
2(t)⟩, c5(t) = ⟨a′

1(t), a3(t)⟩ = −⟨a1(t), a
′
3(t)⟩,

c3(t) = ⟨a′
0(t), a3(t)⟩ = −⟨a0(t), a

′
3(t)⟩, c6(t) = ⟨a′

2(t), a3(t)⟩ = −⟨a2(t), a
′
3(t)⟩.

The following are the fundamental differential equations for the great circular
surface: 

a′
0(t) = c1(t)a1(t) + c2(t)a2(t) + c3(t)a3(t)

a′
1(t) = −c1(t)a0(t) + c4(t)a2(t) + c5(t)a3(t)

a′
2(t) = −c2(t)a0(t)− c4(t)a1(t) + c6(t)a3(t)

a′
3(t) = −c3(t)a0(t)− c5(t)a1(t)− c6(t)a2(t).

It can be written in the following form:
a′
0(t)

a′
1(t)

a′
2(t)

a′
3(t)

 =


0 c1(t) c2(t) c3(t)

−c1(t) 0 c4(t) c5(t)
−c2(t) −c4(t) 0 c6(t)
−c3(t) −c5(t) −c6(t) 0



a0(t)
a1(t)
a2(t)
a3(t)

 .

We remark that

C(t) =


0 c1(t) c2(t) c3(t)

−c1(t) 0 c4(t) c5(t)
−c2(t) −c4(t) 0 c6(t)
−c3(t) −c5(t) −c6(t) 0

 ∈ so(4),

where so(4) is the Lie algebra of the rotation group SO(4). Great circular
surfaces have singularities generally. The following proposition has been
shown in [8].

Proposition 2.1. A point (θ0, t0) is a singular point of FA(θ, t) if and only
if c1(t0)c6(t0) + c3(t0)c4(t0) = 0 and (cos θ0, sin θ0) is a nontrivial solution of
the following simultaneous linear equations:{

c1(t0)x+ c3(t0)y = 0
c4(t0)x− c6(t0)y = 0.
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The Gaussian curvature KI is given by the following (cf. [8]):

Proposition 2.2. Let (θ, t) be a regular point of FA. Then the Gaussian
curvature is

KI(θ, t) =
−(c1(t)c6(t) + c3(t)c4(t))

2

((cos θc4(t)− sin θc6(t))2 + (cos θc1(t) + sin θc3(t))2)2
+ 1.

We now define Ke = KI − 1, which is called an extrinsic curvature of
the surface in S3. A great circular surface FA(θ, t) is said to be extrinsic flat
(briefly, E-flat) if Ke ≡ 0. We write cκ(t) = c1(t)c6(t) + c3(t)c4(t). Then we
have the following corollary.

Corollary 2.3. A great circular surface FA(θ, t) is E-flat if and only if
cκ(t) = 0 for any t.

3 Extrinsic flat surfaces along the curve on

the surface in the 3-sphere

We now define surfaces in S3 associated with γ in S3. Let γ : I −→ M ⊂ S3

be a unit speed curve.
If κ2

n(s)+τ 2g (s) ̸= 0, we define a great circular surface OEγ : I×[0, 2π) −→
S3 by

OEγ(s, θ) = cos θγ(s) + sin θDo(s).

If κ2
g(s)+τ 2g (s) ̸= 0, we define a great circular surfaceNEγ : I×[0, 2π) −→

S3 by
NEγ(s, θ) = cos θγ(s) + sin θDr(s).

For OEγ , we define a vector field

Tnγ (s) =
−κn(s)t(s)− τg(s)b(s)√

κ2
n(s) + τ 2g (s)

.

Then we have an orthonormal frame

{ao0(s), ao1(s), ao2(s), ao3(s)} = {nγ(s),γ(s), Tnγ (s), Do(s)}.
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So we have

co1(s) = ⟨a′
o0(s), ao1(s)⟩ = −⟨ao0(s), a

′
o1(s)⟩ = 0,

co2(s) = ⟨a′
o0(s), ao2(s)⟩ = −⟨ao0(s), a

′
o2(s)⟩ =

√
κ2
n(s) + τ 2g (s),

co3(s) = ⟨a′
o0(s), ao3(s)⟩ = −⟨ao0(s), a

′
o3(s)⟩ = 0,

co4(s) = ⟨a′
o1(s), ao2(s)⟩ = −⟨ao1(s), a

′
o2(s)⟩ = − κn(s)√

κ2
n(s) + τ 2g (s)

,

co5(s) = ⟨a′
o1(s), ao3(s)⟩ = −⟨ao1(s), a

′
o3(s)⟩ =

τg(s)√
κ2
n(s) + τ 2g (s)

,

co6(s) = ⟨a′
o2(s), ao3(s)⟩ = −⟨ao2(s), a

′
o3(s)⟩ =

δo(s)

(κ2
n(s) + τ 2g (s))

.

Therefore, coκ(s) ≡ 0. This means that OEγ is an E-flat surface.
For NEγ , we define a vector field

Tb(s) =
−κg(s)t(s) + τg(s)nγ(s)√

κ2
g(s) + τ 2g (s)

.

Then we have an orthonormal frame

{ar0(s), ar1(s), ar2(s), ar3(s)} = {b(s),γ(s), Tb(s), Dr(s)}.

So we have

cr1(s) = ⟨a′
r0(s), ar1(s)⟩ = −⟨ar0(s), a

′
r1(s)⟩ = 0,

cr2(s) = ⟨a′
r0(s), ar2(s)⟩ = −⟨ar0(s), a

′
r2(s)⟩ =

√
κ2
g(s) + τ 2g (s),

cr3(s) = ⟨a′
r0(s), ar3(s)⟩ = −⟨ar0(s), a

′
r3(s)⟩ = 0,

cr4(s) = ⟨a′
r1(s), ar2(s)⟩ = −⟨ar1(s), a

′
r2(s)⟩ = − κg(s)√

κ2
g(s) + τ 2g (s)

,

cr5(s) = ⟨a′
r1(s), ar3(s)⟩ = −⟨ar1(s), a

′
r3(s)⟩ =

τg(s)√
κ2
g(s) + τ 2g (s)

,

cr6(s) = ⟨a′
r2(s), ar3(s)⟩ = −⟨ar2(s), a

′
r3(s)⟩ = − δr(s)

(κ2
g(s) + τ 2g (s))

.

Therefore, crκ(s) ≡ 0. This means that NEγ is an E-flat surface. Then we
have the following proposition.

8



Proposition 3.1. Let γ : I −→ M ⊂ S3 be a unit speed curve. Then we
have the following:

(1) If κ2
n(s) + τ 2g (s) ̸= 0, then OEγ is tangent to M at any point of γ(I).

(2) If κ2
g(s) + τ 2g (s) ̸= 0, then NEγ is normal to M at any point of γ(I).

Proof. (1) We have the following calculations:

∂OEγ

∂θ
(θ, s) = − sin θγ(s) + cos θDo(s),

∂OEγ

∂s
(θ, s) = cos θt(s) + sin θ

− δo(s)

κ2
n(s) + τ 2g (s)

Tnγ (s)−
τg(s)√

κ2
n(s) + τ 2g (s)

γ(s)

 .

These vectors are equal to Do(s), t(s) at θ = 0, respectively. Since t(s), Do(s)
are linearly independent tangent vectors of M at γ(s), these vectors generate
the tangent space of M at γ(s). This means that OEγ is tangent to M at
any point of γ(I).

(2) We also have the following calculations:

∂NEγ

∂θ
(θ, s) = − sin θγ(s) + cos θDr(s),

∂NEγ

∂s
(θ, s) = cos θt(s) + sin θ

 δr(s)

κ2
g(s) + τ 2g (s)

Tb(s)−
τg(s)√

κ2
g(s) + τ 2g (s)

γ(s)

 .

These vectors are equal to Dr(s), t(s) at θ = 0, respectively. Since t(s), Dr(s)
generate a normal plane of M at γ(s), NEγ is normal to M at any point of
γ(I).

By the above proposition, we call OEγ an osculating E-flat surface along
γ and NEγ a normal E-flat surface along γ, respectively.

We now consider the spherical duality from the view point of contact
geometry. We briefly review some properties of contact manifolds and Leg-
endrian submanifolds [1, Part III]. Let W be a (2n+ 1)-dimensional smooth
manifold and K be a tangent hyperplane field on W . Locally such a field is
defined as the field of zeros of a 1-form α. If tangent hyperplane field K is
non-degenerate, we say that (W,K) is a contact manifold . Here K is said
to be non-degenerate if α ∧ (dα)n ̸= 0 at any point of W . In this case K is
called a contact structure and α is a contact form. A submanifold i : L ⊂ W
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of a contact manifold (W,K) is a Legendrian submanifold if dimL = n and
dip(TpL) ⊂ Ki(p) at any point p ∈ L. We consider a smooth fiber bundle
π : N → A. The fiber bundle π : N → A is called a Legendrian fibration
if its total space W is furnished with a contact structure and its fibers are
Legendrian submanifolds. Let π : N → A be a Legendrian fibration. For a
Legendrian submanifold i : L ⊂ N , a map π ◦ i : L → A is called a Legen-
drian map . The image of the Legendrian map π ◦ i is called a wavefront set
of i which is denoted by W (i).

We now consider the following double fibrations over S3:

∆ = {(v,w) ∈ S3 × S3|⟨v,w⟩ = 0},
π1 : ∆ ∋ (v w) 7−→ v ∈ S3, π2 : ∆ ∋ (v w) 7−→ w ∈ S3,

θ1 = ⟨dv,w⟩|∆, θ2 = ⟨v, dw⟩|∆.

Here, ⟨dv,w⟩ =
∑4

i=1widvi and ⟨v, dw⟩ =
∑4

i=1 vidwi. Since d(⟨v,w⟩) =
⟨dv,w⟩ + ⟨v, dw⟩ and ⟨v,w⟩ = 0 on ∆, θ−1

1 (0) and θ−1
2 (0) define the same

tangent hyperplane field over ∆ which is denoted byK. The following propo-
sition is well-known.

Proposition 3.2. Under the above notations, (∆, K) is a contact manifold
and both of πi (i = 1, 2) are Legendrian fibrations.

We say that a C∞-mapping L : U −→ ∆ is an isotropic mapping if
L∗θi = 0 (i = 1 or 2). We remark that the isotropic mapping is a Legendrian
immersion if it is an immersion. If we have an isotropic mapping L : U −→ ∆,
then we say that π1 ◦ L(U) and π2 ◦ L(U) are ∆-dual to each other.

Proposition 3.3. Let γ : I −→ M ⊂ S3 be a unit speed curve. Then we
have the following:

(1) If κ2
n(s) + τ 2g (s) ̸= 0, then nγ is the ∆-dual of OEγ.

(2) If κ2
g(s) + τ 2g (s) ̸= 0, then b is the ∆-dual of NEγ.

Proof. (1) We define a mapping Lo : I × [0, 2π) −→ ∆ by Lo(s, θ) =
(nγ(s), OEγ(s, θ)). Then

⟨n′
γ(s), OEγ(s, θ)⟩ = ⟨−κn(s)t(s)− τg(s)b(s), OEγ(s, θ)⟩ = 0.

This means that Lo is an isotropic mapping, so that nγ is the ∆-dual of
OEγ .
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(2) We also define a mapping Lr : I × [0, 2π) −→ ∆ by Lr(s, θ) =
(b(s), NEγ(s, θ)). Then

⟨b′(s), NEγ(s, θ)⟩ = ⟨−κg(s)t(s) + τg(s)nγ(s), NEγ(s, θ)⟩ = 0.

This means that Lr is an isotropic mapping, so that b is the ∆-dual of
NEγ .

4 Height functions

In order to study the singularities of the osculating and the normal E-flat
surfaces along γ, respectively, we introduce two families of functions and
apply the theory of unfoldings. Let γ : I −→ M ⊂ S3 be a unit speed curve,
then we define two families of functions as follows:

Ho : I × S3 −→ R, Ho(s,v) = ⟨nγ(s),v⟩,
Hr : I × S3 −→ R, Hr(s,v) = ⟨b(s),v⟩.

For any fixed v ∈ S3, we denote hov(s) = Ho(s,v), hrv(s) = Hr(s,v). Then
we have the following two propositions on hov and hrv.

For simplification, we denote the following symbols:

ρo(s) =
√

δ2o(s) + κ2
n(s)τ

2
g (s) + κ4

n(s),

ρr(s) =
√

δ2r(s) + κ2
g(s)τ

2
g (s) + κ4

g(s).

Proposition 4.1. Let γ : I −→ M ⊂ S3 be a unit speed curve with κ2
n(s) +

τ 2g (s) ̸= 0, then we have the following:
(1) hov(s) = 0 if and only if there exist λ, η, ξ ∈ R with λ2+ η2+ ξ2 = 1 such
that v = µγ(s) + ηt(s) + ξb(s).
(2) hov(s) = h′

ov(s) = 0 if and only if there exist θ ∈ R such that

v = cos θγ(s) + sin θDo(s).

(3) hov(s) = h′
ov(s) = h′′

ov(s) = 0 if and only if (δo(s), κn(s)) ̸= (0, 0) and

v = ± 1

ρo(s)

(
δo(s)γ(s)− κn(s)

√
κ2
n(s) + τ 2g (s)Do(s)

)
or (δo(s), κn(s)) = (0, 0) and v = cos θγ(s) + sin θt(s).
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(4) hov(s) = h′
ov(s) = h′′

ov(s) = h′′′
ov(s) = 0 if and only if (δo(s), κn(s)) ̸=

(0, 0), σo(s) = 0 and

v = ± 1

ρo(s)

(
δo(s)γ(s)− κn(s)

√
κ2
n(s) + τ 2g (s)Do(s)

)
or (δo(s), κn(s)) = (0, 0) and v = cos θγ(s) + sin θt(s).

(5) hov(s) = h′
ov(s) = h′′

ov(s) = h′′′
ov(s) = h

(4)
ov (s) = 0 if and only if (δo(s), κn(s)) ̸=

(0, 0), σo(s) = σ′
o(s) = 0 and

v = ± 1

ρo(s)

(
δo(s)γ(s)− κn(s)

√
κ2
n(s) + τ 2g (s)Do(s)

)
or (δo(s), κn(s)) = (0, 0) and v = cos θγ(s) + sin θt(s).

Proof. (1) Since v ∈ S3, there exist µ, η, λ, ξ ∈ R with µ2 + η2 + λ2 + ξ2 = 1
such that v = µγ(s)+ ηt(s)+λnγ(s)+ ξb(s). From hov(s) = ⟨nγ(s),v⟩ = 0,
we have λ = 0. So v = µγ(s) + ηt(s) + ξb(s) and µ2 + η2 + ξ2 = 1. The
converse direction also holds.

(2) hov(s) = h′
ov(s) = 0 if and only if (1) holds and h′

ov(s) = ⟨−κn(s)t(s)−
τg(s)b(s),v⟩ = ⟨−κn(s)t(s)− τg(s)b(s), µγ(s) + ηt(s) + ξb(s)⟩ = −κn(s)η −
τg(s)ξ = 0. If τg(s) ̸= 0, we have ξ = −κn(s)η/τg(s), and

v = µγ(s) + η(t(s)− κn(s)

τg(s)
b(s)) = µγ(s) +

η

τg(s)
Do(s)

= µγ(s) + η

√
κ2
n(s) + τ 2g (s)

τg(s)
Do(s).

Since

µ2 + η2
κ2
n(s) + τ 2g (s)

τ 2g (s)
= 1,

for some θ ∈ R, we can put
µ = cos θ

η

√
κ2
n(s) + τ 2g (s)

τg(s)
= sin θ

,

Then we have
v = cos θγ(s) + sin θDo(s).
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If τg(s) = 0, κn(s) ̸= 0, we have η = 0. In this case, Do(s) = −κn(s)b(s) and
Do(s) = ±b(s). So v = µγ(s) + ξb(s) = µγ(s) ± ξDo(s). Then we can put
µ = cos θ,±ξ = sin θ, so v = cos θγ(s) + sin θDo(s). Anyway, we have

v = cos θγ(s) + sin θDo(s).

(3) hov(s) = h′
ov(s) = h′′

ov(s) = 0 if and only if (2) holds and

h′′
ov(s)= ⟨κn(s)γ(s) + (−κ′

n(s) + κg(s)τg(s))t(s)− (κ2
n(s) + τ 2g (s))nγ(s)

−(κn(s)κg(s) + τ ′g(s))b(s), cos θγ(s) + sin θDo(s)⟩

= κn(s) cos θ + δo(s) sin θ/
√

κ2
n(s) + τ 2g (s) = 0.

That is κn(s)
√

κ2
n(s) + τ 2g (s) cos θ + δo(s) sin θ = 0.

When (δo(s), κn(s)) ̸= (0, 0), we have

v = ± 1

ρo(s)

(
δo(s)γ(s)− κn(s)

√
κ2
n(s) + τ 2g (s)Do(s)

)
.

When δo(s) = κn(s) = 0, we have Do(s) = t(s). In this case, we have
v = cos θγ(s) + sin θt(s).

(4) hov(s) = h′
ov(s) = h′′

ov(s) = h′′′
ov(s) = 0 if and only if (3) holds and

h′′′
ov(s) = ±((2κ′

n(s)− κg(s)τg(s))δo(s)− κn(s)δ
′
o(s)− κ2

n(s)τg(s))/ρo(s)

= ±σo(s)/ρo(s) = 0.

When (δo(s), κn(s)) ̸= (0, 0), we have σo(s) = 0 and

v = ± 1

ρo(s)

(
δo(s)γ(s)− κn(s)

√
κ2
n(s) + τ 2g (s)Do(s)

)
.

When δo(s) = κn(s) = 0, we have σo(s) = 0 and v = cos θγ(s)+sin θt(s).

(5)hov(s) = h′
ov(s) = h′′

ov(s) = h′′′
ov(s) = h

(4)
ov (s) = 0 if and only if (4)

holds and

h(4)
ov (s)= ±((2κ′

n(s)− κg(s)τg(s))δo(s)− κn(s)δ
′
o(s)− κ2

n(s)τg(s))
′/ρo(s)

= ±σ′
o(s)/ρo(s) = 0.

When (δo(s), κn(s)) ̸= (0, 0), we have σo(s) = σ′
o(s) = 0 and

v = ± 1

ρo(s)

(
δo(s)γ(s)− κn(s)

√
κ2
n(s) + τ 2g (s)Do(s)

)
.
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When δo(s) = κn(s) = 0, we have σo(s) = σ′
o(s) = 0 and v = cos θγ(s) +

sin θt(s).

Proposition 4.2. Let γ : I −→ M be a unit speed curve with κ2
g(s)+τ 2g (s) ̸=

0, then we have the following:
(1) hrv(s) = 0 if and only if there exist µ, η, ξ ∈ R with µ2+ η2+ ξ2 = 1 such
that v = µγ(s) + ηt(s) + ξnγ(s).
(2) hrv(s) = h′

rv(s) = 0 if and only if there exist θ ∈ R such that

v = cos θγ(s) + sin θDr(s).

(3) hrv(s) = h′
rv(s) = h′′

rv(s) = 0 if and only if (δr(s), κg(s)) ̸= (0, 0) and

v = ± 1

ρr(s)

(
δr(s)γ(s) + κg(s)

√
κ2
g(s) + τ 2g (s)Dr(s)

)
or (δr(s), κg(s)) = (0, 0) and v = cos θγ(s) + sin θt(s).
(4) hrv(s) = h′

rv(s) = h′′
rv(s) = h′′′

rv(s) = 0 if and only if (δr(s), κg(s)) ̸=
(0, 0), σr(s) = 0 and

v = ± 1

ρr(s)

(
δr(s)γ(s) + κg(s)

√
κ2
g(s) + τ 2g (s)Dr(s)

)
or (δr(s), κg(s)) = (0, 0) and v = cos θγ(s) + sin θt(s).

(5) hrv(s) = h′
rv(s) = h′′

rv(s) = h′′′
rv(s) = h

(4)
rv (s) = 0 if and only if (δr(s), κg(s)) ̸=

(0, 0) σr(s) = σ′
r(s) = 0 and

v = ± 1

ρr(s)

(
δr(s)γ(s) + κg(s)

√
κ2
g(s) + τ 2g (s)Dr(s)

)
or (δr(s), κg(s)) = (0, 0) and v = cos θγ(s) + sin θt(s).

We can show Propositions 4.2 by exactly the same arguments as those
for Proposition 4.1. So we omit here.

5 Singularities of E-flat surfaces along the curve

on the surface in the unit 3-sphere

In this section we classify the singularities of OEγ and NEγ as an application
of the unfolding theory of functions. Let F : (R × Rr, (s0,x0)) −→ R be
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a function germ, we call F an r-parameter unfolding of f , where f(s) =
Fx0(s,x0). If f

(p)(s0) = 0 for all 1 ≤ p ≤ k and f (k+1)(s0) ̸= 0, then we say
that f has Ak-singularity at s0. Let F be an r-parameter unfolding of f and
f has Ak-singularity (k ≥ 1) at s0. We denote the (k − 1)-jet of the partial
derivative ∂F/∂xi at s0 as

j(k−1)

(
∂F

∂xi

(s,x0)

)
(s0) =

k−1∑
j=0

αji(s− s0)
j, (i = 1, · · · , r).

If the rank of k × r matrix (αji)j=0,...,k−1;i=1,...,r is k (k ≤ r), then F is called
a versal unfolding of f . The discriminant set of F is defined by

DF =

{
x ∈ Rr | ∃s ∈ R, F (s,x) =

∂F

∂s
(s,x) = 0

}
.

For the discriminant set of F , we have the following theorem [2].

Theorem 5.1. Let F : (R×Rr, (s0,x0)) −→ R be an r-parameter unfolding
of f which has Ak-singularity at s0. Suppose F is a versal unfolding of f ,
then we have the following assertions.

(a) If k = 1, then DF is locally diffeomorphic to {0} × Rr−1.
(b) If k = 2, then DF is locally diffeomorphic to C × Rr−2.
(c) If k = 3, then DF is locally diffeomorphic to SW × Rr−3.

Here, C is the ordinary cusp defined by {(x1, x2) | x1 = u3, x2 = u2} and
C × R = {(x1, x2, x3) | x1 = u3, x2 = u2, x3 = v} is called a cuspidal edge
(Fig.1). Moreover, SW = {(x1, x2, x3) | x1 = 3u4+u2v, x2 = 4u3+2uv, x3 =
v} is called a swallow tail (Fig.2). Here we also give some other types of
singularities. The cuspidal beaks is given by CBK = {(x1, x2, x3) ∈ R3 |
x1 = v, x2 = −2u3+uv2, x3 = 3u4−u2v2)}(Fig.3). The cuspidal lips is given
by CL = {(x1, x2, x3) ∈ R3 | x1 = 3u4+2u2v2, x2 = u3+uv2, x3 = v)}(Fig.4).
The cuspidal cross cap is given by CCR = {(x1, x2, x3) ∈ R3 | x1 = u, x2 =
uv3, v2}(Fig.5).

15



The cuspidal edge
Figure 1

The swallow tail
Figure 2

The cuspidal beaks
Figure 3

The cuspidal lips
Figure 4

The cuspidal cross cap
Figure 5

By Propositions 4.1, 4.2, the discriminant sets ofHo andHr are as follows:

DHo = Im OEγ = {cos θγ(s) + sin θDo(s) | s ∈ I, θ ∈ R},
DHr = Im NEγ = {cos θγ(s) + sin θDr(s) | s ∈ I, θ ∈ R}.

These are the spherical dual surfaces of nγ and b respectively. By Proposi-
tions 4.1 and 4.2, we know that there are no Ak(k ≤ 3) singularities for the
height functions hov if (δo(s), κn(s)) = (0, 0) and hrv if (δr(s), κg(s)) = (0, 0).
We have the following key propositions on Ho when (δo(s), κn(s)) ̸= (0, 0)
and Hr when (δr(s), κg(s)) ̸= (0, 0).

Proposition 5.2. If hov0 has Ak-singularity (k = 1, 2, 3) at s0, then Ho is a
versal unfolding of hov0.

Proof. For v ∈ S3, we have v = (v1, v2, v3, v4) = (±(1−v22−v23−v24)
1/2, v2, v3, v4),

without the loss of the generality, we consider v = ((1−v22−v23−v24)
1/2, v2, v3, v4)

and nγ(s) = (nγ1(s),nγ2(s),nγ3(s),nγ4(s)), then

Ho(s,v) = ⟨nγ(s),v⟩ = (1−v22−v23−v24)
1/2nγ1(s)+nγ2(s)v2+nγ3(s)v3+nγ4(s)v4.
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Thus we have

∂H

∂v2
(s,v) = −v2

v1
nγ1(s) + nγ2(s),

∂H

∂v3
(s,v) = −v3

v1
nγ1(s) + nγ3(s),

∂H

∂v4
(s,v) = −v4

v1
nγ1(s) + nγ4(s);

∂2H

∂s∂v2
(s,v) = −v2

v1
n′

γ1(s) + n′
γ2(s),

∂2H

∂s∂v3
(s,v) = −v3

v1
n′

γ1(s) + n′
γ3(s),

∂2H

∂s∂v4
(s,v) = −v4

v1
n′

γ1(s) + n′
γ4(s);

∂3H

∂s2∂v2
(s,v) = −v2

v1
n′′

γ1(s) + n′′
γ2(s),

∂3H

∂s2∂v3
(s,v) = −v3

v1
n′′

γ1(s) + n′′
γ3(s),

∂3H

∂s2∂v4
(s,v) = −v4

v1
n′′

γ1(s) + n′′
γ4(s).

For a fixed v0 = (v01, v02, v03, v04) with v01 ̸= 0, the 2-jet of ∂H
∂vi

(s,v0)(i =
2, 3, 4) at s0 is

j(2)
∂H

∂vi
(s,v0)(s0) = − v0i

v01
nγ1(s0)+nγi(s0)+ (− v0i

v01
n′

γ1(s0)+n′
γi(s0))(s− s0)

+
1

2
(− v0i

v01
n′′

γ1(s0) + n′′
γi(s0))(s− s0)

2.

It is enough to show that the rank of the matrix A is three, where

A = −

 v02
v01

nγ1(s0)− nγ2(s0)
v03
v01

nγ1(s0)− nγ3(s0)
v04
v01

nγ1(s0)− nγ4(s0)
v02
v01

n′
γ1(s0)− n′

γ2(s0)
v03
v01

n′
γ1(s0)− n′

γ3(s0)
v04
v01

n′
γ1(s0)− n′

γ4(s0)
v02
v01

n′′
γ1(s0)− n′′

γ2(s0)
v03
v01

n′′
γ1(s0)− n′′

γ3(s0)
v04
v01

n′′
γ1(s0)− n′′

γ4(s0)

 .

By straight calculation, we have

detA = ⟨nγ(s0)× n′
γ(s0)× n′′

γ(s0),v0⟩/v01

= ⟨δo(s0)γ(s0)−κn(s0)
√
κ2
n(s0) + τ 2g (s0)Do(s0),v0⟩/v01.

Since v0 ∈ DHo is a singular point, we have

v0 = ± 1

ρo(s0)

(
δo(s0)γ(s0)− κn(s0)

√
κ2
n(s0) + τ 2g (s0)Do(s0)

)
,
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and ρo(s0) ̸= 0. Therefore we have

detA = ±ρo(s0)/v01 ̸= 0.

So the rank of A is three, this completes the proof.

Proposition 5.3. If hrv0(s) has Ak-singularity (k = 1, 2, 3) at s0, then Hr

is a versal unfolding of hrv0.

The proof of Proposition 5.3 is similar to the proof of Proposition 5.2, so
we omit it. We have the following theorem:

Theorem 5.4. Let γ : I −→ M ⊂ S3 be a unit speed curve.
(A) For osculating E-flat surface OEγ along γ, suppose κ2

n(s0) + τ 2g (s0) ̸= 0,
(δo(s0), κn(s0)) ̸= 0, we have the following assertions:

(a) OEγ is locally diffeomorphic to the cuspidal edge at (s0, θ0) if and only

if σo(s0) ̸= 0 and κn(s0)
√

κ2
n(s0) + τ 2g (s0) cos θ0 + δo(s0) sin θ0 = 0.

(b) OEγ is locally diffeomorphic to the swallowtail at (s0, θ0) if and only if

σo(s0) = 0, σ′
o(s0) ̸= 0 and κn(s0)

√
κ2
n(s0) + τ 2g (s0) cos θ0 + δo(s0) sin θ0 = 0.

(B) For normal E-flat surface NEγ along γ, suppose κ2
g(s0)+ τ 2g (s0) ̸= 0 and

(δr(s0), κg(s0)) ̸= 0, we have the following assertions:
(a) NEγ is locally diffeomorphic to the cuspidal edge at (s0, θ0) if and

only if σr(s0) ̸= 0 and κg(s0)
√
κ2
g(s0) + τ 2g (s0) cos θ0 − δr(s0) sin θ0 = 0.

(b) NEγ is locally diffeomorphic to the swallowtail at (s0, θ0) if and only if

σr(s0) = 0, σ′
r(s0) ̸= 0 and κg(s0)

√
κ2
g(s0) + τ 2g (s0) cos θ0 − δr(s0) sin θ0 = 0.

Proof. By Propositions 4.1 and 4.2, the discriminant sets of Ho and Hr are
OEγ and NEγ respectively. We also have hov0 , hrv0 have Ak singularities (k =
1, 2, 3) if and only if the above conditions hold respectively. By Propositions
5.2 and 5.3, Ho and Hr are versal unfoldings of hov0 and hrv0 at any singular
point s0 ∈ I respectively. By applying Theorem 5.1, we can get the above
assertions.

In [8], the classifications of singularities are given for the extrinsic flat
great circular surface by using criteria for singularities of fronts. For the
detailed descriptions of fronts, see [1].

Theorem 5.4 in our paper can be considered an a special case of Theorem
5.1 in [8]. But in our case, co2(s) ̸= 0 and cr2(s) ̸= 0, so we don’t have
cuspidal cross caps on OEγ and NEγ .
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For the special case when κn(s) ≡ 0, we have ao2(s) = −b(s), ao3(s) =
Do(s) = t(s). In this case, co1(s) = 0, co2(s) = τg(s), co3(s) = 0, co4(s) = 0,
co5(s) = 1 and co6(s) = κg(s).

For the special case when κg(s) ≡ 0, we have ar2(s) = nγ(s), ar3(s) =
Dr(s) = t(s). In this case, cr1(s) = 0, cr2(s) = τg(s), cr3(s) = 0, cr4(s) = 0,
cr5(s) = 1 and cr6(s) = −κn(s).

By Theorem 5.2 in [8], we have the following theorem for the E-flat sur-
faces along γ.

Theorem 5.5. Let γ : I −→ M ⊂ S3 be a unit speed curve.
(A) For osculating E-flat surface OEγ along γ, suppose τg(s) ̸= 0 and
κn(s) ≡ 0, we have the following assertions :
(1) If κg(s0) ̸= 0, then θ0 = 0 or π and the following assertions hold :

(a) OEγ is locally diffeomorphic to the cuspidal edge C × R at (s0, θ0) if
and only if τg(s0) ̸= 0.

(b) OEγ is never locally diffeomorphic to the swallowtail and the cuspidal
cross cap.
(2) If κg(s0) = 0, the following assertions hold :

(c) OEγ is locally diffeomorphic to the cuspidal edge C × R at (s0, θ0) if
and only if θ0 ̸= 0, π and τg(s0)κ

′
g(s0) ̸= 0.

(d) OEγ is locally diffeomorphic to the cuspidal beaks at (s0, θ0) if and
only if θ0 = 0 or π and τg(s0)κ

′
g(s0) ̸= 0.

(e) OEγ is never locally diffeomorphic to the swallowtail, the cuspidal lips
and the cuspidal cross cap.
(B) For normal E-flat surface NEγ along γ, suppose τg(s) ̸= 0 and κg(s) ≡ 0,
we have the following assertions :
(1) If κn(s0) ̸= 0, then θ0 = 0 or π and the following assertions hold :

(a) NEγ is locally diffeomorphic to the cuspidal edge C × R at (s0, θ0) if
and only if τg(s0) ̸= 0.

(b) NEγ is never locally diffeomorphic to the swallowtail or cuspidal cross
cap.
(2) If κn(s0) = 0, the following assertions hold :

(c) NEγ is locally diffeomorphic to the cuspidal edge C × R at (s0, θ0) if
and only if θ0 ̸= 0, π and τg(s0)κ

′
n(s0) ̸= 0.

(d) NEγ is locally diffeomorphic to the cuspidal beaks at (s0, θ0) if and
only if θ0 = 0 or π and τg(s0)κ

′
n(s0) ̸= 0.

(e) NEγ is never locally diffeomorphic to the swallowtail, the cuspidal lips
and the cuspidal cross cap.

19



6 Invariants of curves on surfaces in the unit

3-sphere

In this section, we consider geometric meanings of the invariants σo and σr.
Let Γ : I −→ S3 be a regular curve and F : S3 −→ R a submersion. We say
that Γ and F−1(0) have contact of at least order k for t = t0 if the function
f(t) = F ◦ Γ(t) satisfies f(t0) = f ′(t0) = · · · = f (k)(t0) = 0. If Γ and F−1(0)
have contact of at least order k for t = t0 and satisfies the condition that
f (k+1)(t0) ̸= 0, then we say that Γ and F−1(0) have contact of order k for
t = t0. We define a function g : S3 × S3 −→ R by g(u,v) = ⟨u,v⟩. For any
fixed v0 ∈ S3, we write gv0 = ⟨u,v0⟩. Then we have

g−1
v0
(0) = {u ∈ S3 | ⟨u,v0⟩ = 0},

which is a great 2-sphere in S3. We denote that S2(v0) = g−1
v0
(0). For a

spherical curve σ : I −→ S3, we consider a function g(s) = ⟨σ(s),v0⟩ = gv0 ◦
σ(s). Then σ is tangent to g−1

v0
(0) at σ(s0) if and only if g(s0) = g′(s0) = 0. In

this case S2(v0) is called a tangent unit 2-sphere of σ at σ(s0) in S3, which
is written by TS2

σ(v0). We remark that there are infinitely many tangent
2-spheres of σ at σ(s0) in S3.

Proposition 6.1. Let γ : I −→ M ⊂ S3 be a unit speed curve with κ2
n(s) +

τ 2g (s) ̸= 0 and (δo(s), κn(s)) ̸= (0, 0). For v0 = OEγ(s0, θ0), we have the
following :
(1) The order of contact of nγ(s) with TS2

nγ
(v0) at s = s0 is two if and only

if

δo(s0) sin θ0 + κn(s0)
√
κ2
n(s0) + τ 2g (s0) cos θ0 = 0 (∗)

and σo(s0) ̸= 0.
(2) The order of contact of nγ(s) with TS2

nγ
(v0) at s = s0 is three if and

only if (∗), σo(s0) = 0 and σ′
o(s0) ̸= 0.

Proof. By the assertions (3), (4) of Proposition 4.1, the conditions hov(s0) =
h′
ov(s0) = h′′

ov(s0) = 0 and h′′′
ov(s0) ̸= 0 if and only if (∗) and σo(s0) ̸= 0. Since

gv0 ◦ nγ(s) = hov(s), the above condition means that nγ(s) and TS2
nγ
(v0)

have contact of order two at s = s0. For the proof of the assertion (2), we use
the assertions (4), (5) of Proposition 4.1 exactly the same way as the above
case.
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By the same arguments of Proposition 6.1, we have the following propo-
sition.

Proposition 6.2. Let γ : I −→ M ⊂ S3 be a unit speed curve with κ2
g(s) +

τ 2g (s) ̸= 0 and (δr(s), κg(s)) ̸= (0, 0). For v0 = NEγ(s0, θ0), we have the
following :
(1) The order of contact of b(s) with TS2

b(v0) at s = s0 is two if and only if

δr(s0) sin θ0 − κg(s0)
√
κ2
g(s0) + τ 2g (s0) cos θ0 = 0 (∗∗)

and σr(s0) ̸= 0.
(2) The order of contact of b(s) with TS2

b(v0) at s = s0 is three if and only
if (∗∗), σr(s0) = 0 and σ′

r(s0) ̸= 0.

Therefore the geometric meaning of the classification results in Theorem
5.4 are given as follows.

Theorem 6.3. Let γ : I −→ M ⊂ S3 be a unit speed curve.
(A) For the osculating E-flat surface OEγ along γ, suppose κ2

n(s0)+τ 2g (s0) ̸=
0, (δo(s0), κn(s0)) ̸= (0, 0) and v0 = OEγ(s0, θ0). We have the following
assertions :

(1) OEγ is locally diffeomorphic to the cuspidal edge C × R at (s0, θ0) if
and only if the order of contact of nγ(s) with TS2

nγ
(v0) at s = s0 is two.

(2) OEγ is locally diffeomorphic to the swallowtail at (s0, θ0) if and only
if the order of contact of nγ(s) with TS2

nγ
(v0) at s = s0 is three.

(B) For the normal E-flat surface NEγ along γ, suppose κ2
g(s0) + τ 2g (s0) ̸=

0, (δr(s0), κg(s0)) ̸= (0, 0) and v0 = NEγ(s0, θ0). We have the following
assertions :

(1) NEγ is locally diffeomorphic to the cuspidal edge C × R at (s0, θ0) if
and only if the order of contact of b(s) with TS2

b(v0) at s = s0 is two.
(2) NEγ is locally diffeomorphic to the swallowtail at (s0, θ0) if and only

if the order of contact of b(s) with TS2
b(v0) at s = s0 is three.
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