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LOGARITHMIC A-HYPERGEOMETRIC SERIES
MUTSUMI SAITO

ABSTRACT. The method of Frobenius is a standard technique to
construct series solutions of an ordinary linear differential equa-
tion around a regular singular point. In the classical case, when
the roots of the indicial polynomial are separated by an integer,
logarithmic solutions can be constructed by means of perturbation
of a root.

The method for a regular A-hypergeometric system is a theme
of the book by Saito, Sturmfels, and Takayama. Whereas they per-
turbed a parameter vector to obtain logarithmic A-hypergeometric
series solutions, we adopt a different perturbation in this paper.

Mathematics Subject Classification (2010): 33C70
Keywords: A-hypergeometric systems, the method of Frobenius

1. INTRODUCTION

The method of Frobenius is a standard technique to construct series
solutions of an ordinary linear differential equation around a regular
singular point. In the classical case, when the roots of the indicial
polynomial are separated by an integer, logarithmic solutions can be
constructed by means of perturbation of a root; introducing a new
parameter s in a series, differentiating it with respect to s several times,
and taking the limit s — 0 give logarithmic solutions ([4], see e.g. [3,
pp. 243-258], [8, pp. 396-404)).

Let A = (ay,...,a,) = (a;;) be a d x n-matrix of rank d with
coefficients in Z. Throughout this paper, we assume the homogeneity
of A, i.e., we assume that all a; belong to one hyperplane off the origin
in Q. Let N be the set of nonnegative integers. Let I4 denote the
toric ideal in the polynomial ring C[0] = C[0, ..., d,], i.e.,

(1) Iy=(0"=0": Au = Av, u,v € N*) C C[0].

Here and hereafter we use the multi-index notation; for example, 9
means 9% --- 9% for u = (uy,...,u,)’. Given a column vector 3 =
(Bi,...,B4)" € C? let Ha(B) denote the left ideal of the Weyl algebra

D:C<[E1,...,$n,al7...,an>
1



2 MUTSUMI SAITO

generated by I, and

j=1

where ; = x,;0;. The quotient M4(B3) = D/H4(B) is called the A-
hypergeometric system with parameter B, and a formal series annihi-
lated by Ha(B) an A-hypergeometric series with parameter 3. The
homogeneity of A is known to be equivalent to the regularity of M(3)
by Hotta [7] and Schulze, Walther [11].

For a generic parameter 3, Gel’fand, Graev, Kapranov, and Zelevin-
sky [5], [6] constructed series solutions to M4(3). More generally,
Saito, Sturmfels, and Takayama [10] constructed logarithm-free series
solutions, which we will review in Section 2. Then they perturbed a
parameter vector to construct logarithmic series solutions [10, §3.5].
This is reasonable, because this method perturbed the easier equations
(2) keeping the difficult ones (1) unchanged. Then we can easily ob-
tain perturbed solutions. However, we need to make a suitable linear
combination of perturbed solutions before taking a limit, and it is not
clear how to describe this linear combination (except the unimodular
case [10, §3.6]).

Set

(3) L :=Kerz(A) ={u € Z" | Au = 0}.

We know that the logarithmic coefficients of A-hypergeometric series
solutions are polynomials of logz® (b € L) [9, Proposition 5.2]. In
this paper, we adopt a perturbation by elements of L. At first glance,
it does not seem a good idea, because we perturb a solution of the
difficult equations (1) keeping the easier ones (2). But it turns out
that we can evaluate the order of perturbation, and we can explicitly
describe logarithmic series solutions (Theorems 5.4, 6.2 and Remarks
5.6, 6.3).

In [1], Adolphson and Sperber treated A-hypergeometric series solu-
tions with logarithm mainly of degree 1 or 2, and considered an appli-
cation to mirror symmetry.

This paper is organized as follows. In Sections 2 and 3, following
[10], we recall some notions on A-hypergeometric series. In particular,
we recall fake exponents and negative supports in Section 2, and then
we recall that the fake exponents can be computed by the standard
pairs of the initial ideal of I4 in Section 3.

In Section 4, for a generic weight w and a fake exponent v, we
define a set NS, (v) of negative supports, over which we consider a



LOGARITHMIC A-HYPERGEOMETRIC SERIES 3

series. Then we introduce a Gale dual and a hyperplane arrangement
to visualize negative supports.

In Sections 5 and 6, we state the main results (Theorems 5.4, 6.2 and
Remarks 5.6, 6.3). We consider a perturbation by a single element and
several elements of L in Sections 5 and 6, respectively. We make one
section for the single element case, because it is much easier to consider.
In both sections, we first consider orders of perturbations (Lemma 5.1,
Corollaries 5.2, 5.3, and Lemma 6.1). Then we see that the perturbed
solution operated by the difficult ones (1) has some positive orders, and
we can prove the main results.

Throughout this paper we run three examples (Examples 3.1, 3.2,
and 3.3) to illustrate the theory.

2. LOGARITHM-FREE CANONICAL A-HYPERGEOMETRIC SERIES

In this section, we recall logarithm-free canonical A-hypergeometric
series. For details, see [10].

Fix a generic weight vector w = (wy, ..., w,) € R". The ideal of the
polynomial ring C[f] = C[6,, ..., 0,] defined by
(4) fing (Ha(8)) := D - iny(14) N C[6] + (A0 — B)

is called the fake indicial ideal, where in,,(I4) denotes the initial ideal
of I with respect to w, and (A0 — 3) denotes the ideal generated by

> iy @it —pBi (i=1,...,d). Each zero of ﬁ\f/lw(HA(,B)) is called a fake
exponent.
Let w-w denote wiu; +- - - +wpu, for u € Q. An A-hypergeometric

series

(5) x¥ - Zgu(log x)z® (gu € Clz] :=Clz1, ..., 2,])

uel

is said to be in the direction of w if there exists a basis M, ... u™
of Q" with w-uY > 0 (j = 1,...,n) such that g, = 0 whenever
u ¢ Z?Zl Qsou). A fake exponent v is called an exponent if there
exists an A-hypergeometric series (5) in the direction of w with nonzero
go. Let < be the lexicographic order on N*. Suppose that u™®, ... u™
is a basis as above. Then a monomial like 2 - in-(go)(log x) in the A-
hypergeometric series

(6) a? > gu(logz)z®  (gu € Clz])
ueLﬂzylezou(j)

with nonzero gq is called a starting monomial. The A-hypergeometric
series (6) is said to be canonical with respect to w if no starting mono-
mials other than x¥ - in.(go)(log x) appear in the series.
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Next we recall logarithm-free A-hypergeometric series ¢,. For v €
C", its negative support nsupp(v) is the set of indices i with v; €
Zo. When nsupp(v) is minimal with respect to inclusions among
nsupp(v + u) with w € L, v is said to have minimal negative support.
For v satisfying Av = 3 with minimal negative support, we define a
formal series

M) b=t Y e,

where
(8) N, ={wu € L|nsupp(v) = nsupp(v + u) },

and uy,u_ € N” satisfy v = uw, — u_ with disjoint supports, and
Wl = Iliolvile, = [T vio; = 1o (v; — u; + 1) for w € N
Proposition 3.4.13 and Theorem 3.4.14 in [10] respectively state that
the series ¢, is A-hypergeometric, and that if v is a fake exponent of
Ma(B), then ¢, is canonical, and v is an exponent.

3. STANDARD PAIRS AND FAKE EXPONENTS

In this section, we review standard pairs and fake exponents following
[10].

Let M be a monomial ideal in C[0] = C[d,...0,]. A pair (a,0)
(a € N*, 0 C [1,n]) is standard if it satisfies

(1) a;=0for all i € o.
(2) For any b € N7, 929° ¢ M.
(3) For any [ ¢ o, there exists b € N°Y{} such that 020° € M.

Let S(M) denote the set of standard pairs of M. Then, by [10,
Corollary 3.2.3], v is a fake exponent of M4(3) with respect to w if
and only if Av = 3 and there exists a standard pair (@, ) € S(ing(14))
such that v; = a; for all j ¢ o.

Example 3.1 (cf. Example 3.5.3 in [10]). Let A = ((1) } ;), and

take w so that ing,(/4) = (0103). Hence

S(in’w(IA)) = {(07 *, *)7 (*7 *, 0)}7
where, for a standard pair (a,c), we put * in the place of o, a; at
jéo.

Let 3 = <10

8

Since (2,8,0)? has minimal negative support, G (2,80)7 18 a solution.

) . Then the fake exponents are (2,8,0)T and (0, 12, —2)7.
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1 1 11
Example 3.2. Let A = <0 1 3 4). Then

= (0705 — 03, 0,0] — 03, 0104 — 0203, 0103 — 30, ).
Take w (e.g. w = (3,1,0,0)) so that
ingla = (0703, 0203, 0104, 0103 ).
Hence
S(ing(14)) = {(0,0, %, %), (0,%,%,0), (0,%,%,1), (x,%,0,0), (1,%,1,0)}.

Let 3 = <:%) Then the fake exponents (with their corresponding

standard pairs) are
vy = (0,0,—-7,5)7 <« (0,0,*,%),
= (0, 5/2 1/2 O)T < (0,%,%,0),
Va3 1= ( ) < (0,*,*,1),
Vi = (— 1 O O)T < (*, *70,0),
vy = (1, 4,1,0) < (1,%,1,0).
Since vp, v2, v3 have minimal negative supports, ¢y, ¢u,, Po; are solu-
tions.

1 1 1 1
Example 3.3 (cf. Example 3.5.2in [10]). Let A= -1 1 1 -1
-1 -1 1 1

Then
Iy = {0105 — 02, 0,04 — 02 ).
Take w so that in, (I4) = (0103, 0204 ). Hence
S(lnw(IA)) {(O 07*’*’*) (*70’ O’*’*)7 (*7*7070’ *)7 (O’*’*7O’ *)}

1
Let 3= [ 0| . Then (0,0,0,0,1)T is a unique fake exponent. Hence
0

$(0,0,0,0,1)7 = T3 is a solution.

4. NEGATIVE SUPPORTS AND HYPERPLANE ARRANGEMENTS

In this section, first we see that the sum (5) is taken over a set of neg-
ative supports. Then we define a set NS,,(v) of negative supports, and
we introduce a Gale dual and a hyperplane arrangement to visualize
negative supports.

For an A-hypergeometric series ¢ (5), set

supp(¢) := {u | gu # 0}.
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Proposition 4.1. Let ¢ be an A-hypergeometric series (5). Suppose
that u € supp(¢) and nsupp(v + u) = nsupp(v + u’) for u,u’ € L.

Then w' € supp(¢). Furthermore, the terms of the highest total
degree of g, and those of g, are the same up to nonzero scalar multi-
plication.

Proof. Suppose that p(log x) is the terms of the highest total degree of
Jn. Consider
(v —u)=(u—u), — (v —u)_
and
O W=z %y (log ).
Suppose that u} —u; < 0.
e If j € nsupp(v + u) = nsupp(v + '), then v; +u; = v; +u; +
(uj — u;) <wv; +u; <0. Hence [v; + ]y, # 0.
e Suppose that j ¢ nsupp(v + u) = nsupp(v + u'). If v; ¢ Z,
then clearly [v; + wjly;—w, # 0. If v; € Z, then 0 < v; + v =
vj +u; + (u) — u;) <vj+ u;. Hence [v; + wjlu;—u; # 0.
Hence the highest log-term of 0™ ~%)-(zv*%p(log )) is equal to
(a(u/_u),xv+u)p<log J}),

which is not zero. Hence u’ € supp(¢). Do the same argument ex-

changing v and u/, and find that the terms of the highest total tegree

of g, and those of g, are the same up to nonzero scalar multiplica-

tion. U

) , () ©)

Let w be a generic weight. Suppose that G := {9%+ — 9"~

. . : . (@)

1,2,...,r} is a Grobner basis of 14 with respect to w, and that 0%+ €

in, (14) for all i. Set

C(w) =) Nul).
i=1
Here recall that N ={0,1,2,---}.

Lemma 4.2 (cf. Theorem 6.12.14 in [12]). Suppose that u € L satisfies
o+ € inw(IA).
Then u € C(w).

Proof. Since G is a Grobner basis, 9%+ — 0%~ is reduced to 0 by G. This
means that w belongs to Y, Nu®. U

Corollary 4.3. Let ¢ be an A-hypergeometric series with exponent v
in the direction of w. Suppose that u € supp(¢). Then

{v' € L|nsupp(v +u') = nsupp(v + u)} C C(w).
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Proof. We may assume that wq,...,w, are linearly independent over
Q.
By Proposition 4.1, for w’ € L with nsupp(v + u’) = nsupp(v + u),
we have v’ € supp(¢). If u' = 0, then clearly v’ € C(w).

Let ' # 0. Since ¢ is in the direction of w, we have w - v’ > 0, or
w -y >w-u' . By Lemma 4.2, v’ belongs to C(w). O

For a fake exponent v, set
(9)

NSu(v) = I = nsupp(v + u) for some u € C(w).
w\V) = If nsupp(v +u') = I for v’ € L, then v’ € C(w). [’

and
NS (v)¢ := {nsupp(v + u) |u € L} \ NS, (v).

Proposition 4.4. Let w be a generic weight, and v a fake exponent.
Then

fnsupp(v + ) | nsupp(v + ) C nsupp(v), w € L} € NSy (v).
In particular, nsupp(v) € NS, (v).

Proof. We may assume that wy,...,w, are linearly independent over

Q.
Let w € L\ {0}. We show

(10) nsupp(v + u) C nsupp(v) = w - u > 0.

Suppose that w - u < 0. Then 0% z¥ = 0 since v is a fake exponent.
Hence there exists j such that u; < 0, v; € N, and v;+u; < 0. Namely,
J € nsupp(v+u)\nsupp(v), and we have proved (10). Then by Lemma
4.2, we have u € C'(w) (this is also valid for u = 0.). O

Corollary 4.5. Let v have the smallest w-weight among the set of fake
exponents in v + L.
If v+ is a fake exponent, then nsupp(v + ugy) € NSy, (v).

Proof. We may assume that wq,...,w, are linearly independent over
Q.
If ug = 0, then the assertion is in Proposition 4.4. Suppose that
ug # 0. By the minimality of v, we have w - ug > 0. If nsupp(v +uo+
u) = nsupp(v + uyp), then w - u > 0 by (10). Hence ug + u € C(w)
by Lemma 4.2, and nsupp(v + ug) € NS, (v). O

To visualize NS,,(v), we introduce a Gale dual (cf. e.g. [13]). Let
{b1,bs,...,b, 4} be a basis of L. Set

B :=(by,by,..., b, 4) = (gl,gz,...,gn)T.
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For v € C", define
Yy RV~ v+ Ly CC"

by V() = v + Bz, where Lg = R®z L. Set Z(v) :={i € [1,n]|v; €
Z}. For a subset I C Z(v), set

(11) Ni(v) :={v+u|u € L, nsupp(v +u) = I}.
Then
Ni(w) = {zev+L|z<0(Gel) z>0(€ Z(w)\I)}
= {z€v+Llej(z)<0(iel) ej(z)>0(j € Z(v)\I)},

where {ef|1 <i < n} is the dual basis of the standard basis {e; |1 <
i < n} of C". Hence N;(v) is the set of lattice points in a union of
faces of the hyperplane arrangement {e} = 0]i € Z(v)} on v + Lg.
Transfer this to the hyperplane arrangement on R"~% by ,,. Since

(Vp(e))(®) = (€)(¥u(x)) = (ef)(v + Bx)
= v+ (B'ei)(x) = vi + g;(),

we can regard N7(v) as the set of lattice points in a union of faces of
the hyperplane arrangement {H; |i € Z(v)} on R"~% where

H; = {x ¢ R" | g,(x) +v; = 0}.

Example 4.6 (Continuation of Example 3.1). Let A = ((1) 1 ;),
and take w as before. Then C(w) = N(1,—-2,1). Let

B = —2 = (b> - (91792793)T‘

Let 3 = (180)' Then the fake exponents are v := (0,12, —2)7 and
v = (2,8,0)T. We have

Yy ROz v+ab=(z,-20+12,2 —2)T € R?,

and
52} Ex - ?3 4,5,6)
nsupp(v + xb) = Bl (o _ :1’) T
{1,3} (z<-1).

Since C(w) corresponds to {x € N}, we have

Nsw(v) = {{2}7 {3}7 ®}7 Nsw(v)c = {{173}}
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In Figure 4.1, a small arrow indicates the positive side. Note that a
hyperplane (a point in this example) itself belongs to its positive side.

H, Hj H,

{1,3} } {3} J—> 0 { {2}
—2—1'%1@']345‘7 ’

Figure 4.1

Example 4.7 (Continuation of Example 3.2). Let A = (1 Il 1),

and take w as before. Then

C(w) = N(1,-1,-1,1)" +N(2,-3,1,0)" + N(0,1,-3,2)" + N(1,-2,2, -1)"
= N(1,-2,2,-1)" @ N(0,1, -3,2)".

Let
1 0
-2 1 T
B = 9 _3| = (b1,b2) = (91,92, 95.94) -
-1 2

Let B = (:?), and v := v, = (—1,—1,0,0). Then
Nsw(v) - {{2}7 {3}7 {27 3}7 {17 2} = 10}7

NS (v)¢ = {{1,3},{2,4}, {1,4},{1,3,4}, {1,2,4}}.

In Figure 4.2, we put [ in the face where nsupp(v + z1b; + x2bs) = I
for a lattice point (z1,x9)7.
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) H1 H2
{3}
§ {2,3}
Hj
/ﬁ., H4
{1,3}
{2,4}
x
1,4 1,2, 4
psgy B9/ 02
Figure 4.2
1 1 1
Example 4.8 (Continuation of Example 3.3). Let A= [ -1 1 1 -1
-1 -1 1
and take w as before. Let
1 0
0 1
B: 1 0 :<b17b2):(gl7"-7g5)T'
0 1
-2 =2

1
Let 3= [ 0] . Then v :=(0,0,0,0,1)7 is the unique fake exponent.
0

NSw(v) = {0, {5}},
NSw(v)° = {{1,3},{2,4},{1,3,5}, {2,4,5),{1,2,3,4}}.



LOGARITHMIC A-HYPERGEOMETRIC SERIES 11

o)
Hy = Hy

{2,4,5}

{5}

{2,4} —

v : Hy = H,
{1,3,5}
{1,2,3,4} {1,3}
H;
Figure 4.3

5. METHOD 1

In this section, we consider a Frobenius’s method by perturbing an
exponent with a single vector in L.

Lemma 5.1. Let be L, u € N*. Then

w+sbl, = (][] bi)[v],,simspp(v—w)l ~[nsupp(v)
i€nsupp(v—u)\nsupp(v)
+0(S\nsupp('u—u)|—\nsupp('v) | )’

—

where [v],, is the product of nonzero factors of [v]y;

W, = ( 11 [vilu)

ignsupp (v —u)\nsupp(v)
X ( 11 (o) (=Dt (o, — s 4 1|1).
t€nsupp(v—u)\nsupp(v)
Proof. Note that

n

[v + sbl, = 1_[(1)Z + sb;)(v; — 14 8b;) -+ (v; — w; + 1+ sb;).

=1
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In (v; + sb;)(v; — 1+ sb;) - -+ (v; — u; + 1 + sb;), the factor s appears if
and only if v; € N and v; — u; € Zg, and furthermore if that is the
case, it appears only once and always with b;.

Finally note that nsupp(v — «) 2 nsupp(v). Hence |nsupp(v —u) \
nsupp(v)| = [nsupp(v — w)| — [nsupp(v)|. O
Corollary 5.2. Let b,u € L. Suppose that b; # 0 for any j. Then

(1) ords([v + sbl,_) = |nsupp(v + u) \ nsupp(v)]|.
(2) ords([v + sb + ul,, ) = [nsupp(v) \ nsupp(v + u)|.

Proof. (1) By Lemma 5.1, ord,([v+sb],_) = |nsupp(v—u_)\nsupp(v)|.
We have nsupp(v + ) = nsupp(v + u; — u_) C nsupp(v — u_).
Hence (nsupp(v + u) \ nsupp(v)) € nsupp(v — u_) \ nsupp(v).
Let j € nsupp(v — u_) \ nsupp(v). Then u; < 0. Hence (u); =0,
and j € nsupp(v — u_ + w,) \ nsupp(v). Therefore nsupp(v —u_) \
nsupp(v) = nsupp(v + u) \ nsupp(v).

(2) In (1), replace v,u by v + u, —u, respectively. d
Corollary 5.3. Let b,u € L. Suppose that b; # 0 for any j. Let
b.
Ay () == v+ sblu :
v+ sb+ uly,
Then

ord,(au(s)) = [nsupp(v + u)| — [nsupp(v)|.
Indeed,

—

a (s) = Hiensupp('u"ru)\nsupp(v) b; [v]u_
Hjensupp(v)\nsupp(v+u) b] [,v _|_ u]

§lnsupp(v-+u) | —[nsupp(o)

U4
Lo msupp(et) | —nsupp(e)] )

Proof. For finite sets X and Y,

[XAY[-[YAX] = [X\Y[+[XNnY][-(Y\X[+[XNY])
= [X|=Y].
Hence the statement follows from Lemma 5.1 and Corollary 5.2. U

Let v be a fake exponent. For 0 # b € L with b; # 0 (i € nsupp(v)),

set
b
Fy(x,s) = E y (8)z T
u€ L, nsupp(v+u)ENS,, (v)

where
[v + sb|y_

[v+ sb+ uly,

ay(s) =
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The condition b; # 0 (i € nsupp(v)) guarantees the denominator of
a($) not to be zero by Corollary 5.3.
Set I,, := nsupp(v + u) for w € L.

Theorem 5.4. Let v be a fake exponent. Put m := minsens,, (v |I| and
M := minjens, (v),/eNSw (w)e (|1 U J|). Since Iy € NS,,(v) (Proposition
4.4), we have |Ig| > m. Let b € L satisfy b # 0 and b; # 0 for
i € nsupp(v). Then

(1) (§istol=mFy(x, )50 (j=0,1,...,M —m—1) are solutions
to MA(ﬁ)

If M > |Ip|, then v is an exponent with multiplicity at least
(nfd+M*|Io‘fl)
M—|Io]-1 /-

2) If b 6@ . % € L satisfy

k b(i) b(i)

N J\I
Z b(i) =0

=1 U\1

for all I € NS, (v), J € NSy (v)¢ with [ U J| = M, then

k
(aéw—msud_m Z Fb(i) (CC, S))‘SZO

=1

is also a solution to M4 (B), where bx = [[,.crc k- If M > |Io],

then v is an exponent.
Proof. First of all, since b € L, we have

n

) ayb; - B)Fy(x,s) =0 (i=1,....d).

j=1

Let v’ € L.
Suppose that I, Iy 1w € NSy (v). Then as in [10, (3.29)]

’ /

6u_ (au (S)$U+Sb+u) — 8“"’ (au—i—u’ (8):L‘v+8b+u+u/ )
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Hence

(0% — 9% ) Fy(x, )
— au; (au(8)$v+5b+u)
I €NSw (v), 1, _ s ENSy (v)°

u—u

_ Z v (au (S)xv+sb+u)

T €NSw (V) Ly 44y ENSap (v)©

= Z o (au(s):pv+8b+u)

TuENSw (v), I, _ o ENSw (V)€

_ Z a(fru/)_F (a,u(S)l'erSbJru)-

I,ENSy (v), I, (7u/)€NSw(’u)C

~—

~

Suppose that I,, € NS, (v) and J := I, o € NSy (v)¢. Then u; >
0(j € J\ L), and

O (0 (5)2¥T0HY) = @y (5)[v + sb + u]u;x”“”“_“;.
By Corollary 5.3,
b
ay(S) = Mo clful-llo| 4 higher terms,
bIO\I'u.

where ¢ is a nonzero constant unrelated to s and b;’s. Hence slol=™q,,(s)
does not have a pole at s = 0.

By Lemma 5.1,
[+ sb+ u]u/+ = c’bJ\IusU\I“‘ + higher terms.
Hence,
u! v+sb+u br\1o O\ L [Tu]—|To]| o]\ u| :
0"+ (ay(s)x ) = s olgl/\ul 4+ higher terms
IO\Iu
br\ 1o\ L |IuUJ|—|Io] :
(12) c— s u ° + higher terms.
IO\Iu

Thus each coefficient of 9%+ s/ol=™ (q,, (s)z?+*+%) has order at least
M — m in s, and we have proved the first part of (1). By looking at
the coefficient of (12), we have (2).

Note that the starting part of (8LI°‘_m+ks“°|*mFb(x, 5))|s=0 is @ nonzero
multiple of z°(log 2®)* (k = 0,1,..., M —|Iy|—1). Since rank L = n—d,
we have the second part of (1). O

Remark 5.5. Since the degrees of logarithmic polynomials in the coef-
ficients of (92s/ol=mF,(x, s))|s—0 are less than or equal to j,

(8£S‘I°|_mFb(x,s))|S:0 (j=lo|—m,...,M —m—1)
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in Theorem 5.4 (1) are basic Nilsson series solutions [2, Definition 2.6].

Remark 5.6. In Theorem 5.4, we may replace NS,,(v) and NS, (v)¢ by
any N C NS, (v) with N 3 nsupp(v) and N := (NS, (v) UNS,,(v)) \
N. Indeed, the proof of Theorem 5.4 is also valid for N and N°.

Example 5.7. Let v be a fake exponent with minimal negative sup-
port, and N := {nsupp(v)}.

Then for any J € N¢ we have Io U J 2 Io. Hence M > |Iy| = m,
and we see that ¢, is a solution with exponent v by Theorem 5.4 for
N.

Example 5.8 (Continuation of Example 4.6). Let A = ((1) } ;),

and take w as before.

10
Let B = g ) and v := (0,12, —2)T.
Then ( >
NSw(v) = {{2},{3},0},  NSu(v)*={{1,3}}.
Hence

M:27 m:07 -[0:{3}7
and by Theorem 5.4 (8?sFy(, s))js=0 (j = 0,1) are solutions. Here
(035 Fy(x,5))js=0 = Cur,
where b = (1, -2, 1)T, v' = (2,8,0)7 = v + 2b, and

B ~,8[12 —2s]y B
c= (S(lzb(5>>|s:0 = (—[s T+ 2h0] )\5 0o = —5940.
(0s5Fp(2,5))1s=0 = Z gy (0) 2R 4 Z Os(sapp(s))js=or” T
k£2,3,...,6 k=2

—l—Z S (S))[s=0 (log %) zv T,

Here note that ap(s) has a pole of order 1 at s =0 for k =2,3,4,5,6
by Corollary 5.3.
Note that the (0, x) in [10, Example 3.5.3] has a typo.

Example 5.9 (Continuation of Example 4.7). Let A = ((1) } zl)) }1)7

and take w as before.
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(:%), and v := vy = (—1,-1,0,0)". Then
Nsw(v) - {{2}7 {3}7 {27 3}7 {17 2} = IO}:

NS, (v) = {{1,3},{2,4}, {1,4},{1,3,4},{1,2,4}}.
Hence M =2,m = 1,1y = {1,2}. By Theorem 5.4 (1), (sFp(z, 5))s=0 is
T

a solution for any b € L with by, by # 0. We have vy = v+(2,—3,1,0)
and v3 = v + (1,1, —7,5)T. Hence by Corollary 5.3
(sa“ -7,5)T 7(8))s=0Pvs

(sFp(7,5))s=0 = (sa(2 -3,1,0)T 7(5))s=00v, +
603
= e e
The (I, J)’s with the condition of Theorem 5.4 (2) are
({3} {L.3}), ({2}.{2,4}).

Hence if bV, b2 e L satisfy

16

Let 3 =

2

Oy 20 2 @00
265 :Zb Zb b Y
=1

=1 bgl)bg) i=1 b2 =1 b

then (0 Z?Zl sFy ) )|s=0 s a solution. We see that

bV =(1,-2,2, -7, b =(1,-1,-1,1)7

would do. Hence v, is an exponent, and

(as Z SFb(i> ($, 5))|s=0

i=1

2
- (35(2 Z Sa'j)<s)xv+sb“)+u>|szo

i=1 nsupp(v-+u)ENS,, (v)
- > (@) + a0
nsupp(v+u)={1,2},{2,3}
Y (0u(salP(s) + 50l (s)))smoz

nsupp(v+u)={2},{3}

+ Z (salP(s))js=o(log 2% )zt
nsupp(v+u)={2},{3}
+ Z (sa{?(s))s=o(log xb(z))xwu,

nsupp(v+u)={2},{3}



LOGARITHMIC A-HYPERGEOMETRIC SERIES 17

where
v+ sb(i)]u_
[v+ 50 +uly,

(s) =

6. METHOD 2

In this section, we consider a Frobenius’s method by perturbing an
exponent with several vectors in L.
Let v be a fake exponent, and let b . 6@ ... 6" e L be non-zero.

We suppose that for any i € nsupp(v) there exists j such that bl(-j ) #0.
For such b(l), b(z), cee b L, set

Fy p p0 (2, 8) == Z (o (8) 2V TE0TY
u€ L, nsupp(v+u)ENS,, (v)
where
s=(51,50,...,5), 8b=s5bY +s0@ ... 450
[v + sb|,_
s) = )
au(s) (v + 8b+ Uy,

Similarly to Lemma 5.1 and Corollary 5.3, we have the following
lemma.

Lemma 6.1. (1)

cHiensupp(v+u)\nsupp(v)(Slbz('l) + 52b§2) + -+ Slbgl)> + h'lgh@’f’ terms

Hjénsupp(v)\nsupp(v+u) (Slbg‘l) + S2b§-2) + -+ Slby)) + hzgher terms'

(2)
[v+sb+uly, =c H (slbgl) + SQbZ(-Q) +-F slbgl)) + higher terms.
i€nsupp(v+u—u')\nsupp(v+u)

Here ¢ is a nonzero constant unrelated to s and b™ s,

Theorem 6.2. Put K := Niens,, w)l. Set

-----

i€lo\ K
Let M be the one in Theorem 5.4. Then

(1) (8§j~--6§llﬁ(a:,s))|szo are solutions to Mu(B) for Sk_ pr <
M — |K]|.
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(2) Suppose that 3\, px = M — |K]|.
If

l
b(j):
2. [I02) =0
L'y Ly=IUNE; [ Ly =p1,....| Li|=p1 T=1

for all I € NSy (v) and J € NSy (v)¢ with [I U J| = M, then
(OFL--- O F(1,8))js=0 is also a solution to Mu(B).

Proof. By Lemma 6.1, we see that HieIO\K(slbgl) +59b@ g1y
ay(s) does not have a pole at s = 0 for any w with I,, € NS,,(v).

Let w’' € L, nsupp(v + u) = I € NS,,(v), and nsupp(v +u — u') =
J € NS, (v)¢. By Lemma 6.1, the part of the lowest total degree in

H (Slbgl) + 32552) -+ 510, )aqua (S)x'v—i-sb-i-u
iEIo\K

is a nonzero constant multiple of

(13) T Gabl? +s0b + -+ sp”)
i€ (To\F)\(To\)

< T (510 + 52b + -+ + 516
1€J\I

< ] (510" + 526 + -+ + i),
ieI\Io

We have (Ip\ K)\ (Io\ ) = IoN I\ K. Since the three sets [o N1\ K,
J\ I, and I \ Ip are disjoint and their union equals / U J \ K, we see
that (13) equals

[T (sabt? + s0b + -+ b))

i€ETUI\K

- Y I

TUNK=[]\_, L; I=11€L;

_ (J) p1 o2

— E E Hb Jgbrghe ...
Sy py=[TUI\E | |L1]=pry | Lil=p 7=1

Hence, as in the proof of Theorem 5.4, we have (1).
Furthermore, if the assumption of (2) is satisfied, then the s7"s5> - - - s

part of each 0%+ F(z, s) is zero. Hence we have (2). O
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Remark 6.3. The proof of Theorem 6.2 is again valid for any N C
NS, (v) with N 3 nsupp(v) and N¢ := (NS, (v) UNS,(v)¢) \ N in
place of NS, (v) and NS,,(v)°.

1 1 1 1
Example 6.4 (Continuation of Example 4.8). Let A= [ -1 1 1 -1
-1 -1 1 1
and take w as before.
1
Let 3= [ 0] . Then v := (0,0,0,0,1)7 is the unique fake exponent.
0

NS (v) = {0,{5}},
NS (v)° = {{1,3},{2,4},{1,3,5},{2,4,5},{1,2,3,4}},
Hence M =2, m =0, Iy = 0, and
(ang(I, S))IS:O (.] - 07 1)

are solutions for any b € L by Theorem 5.4.
Let bV, b® be the column vectors of B in Example 4.8. We have
K =0. The (IUJ\ K)’s with |[TU J| = M are

{1,3},{2,4}.
Let p; = po = 1. Then
B + 60 =1.041-0=0 (TUJ\K ={1,3}),
BB 40 =0-140-1=0 (TUJ\K = {2,4}).

Hence, by Theorem 6.2 (2), (05,05, Fp, b, (%, 8))|s=0 is also a solution.
Note that nsupp(v + u) = 0 < uw = 0, and ag(s) = 1. We have

Fbl,bz (1‘7 O) = Ts,

(GlebLbQ (x, S))\S=0 = (aSFbl ('Tv S))\8=0
= :1:5(10g xbl) + Z (851au)(0)wv+u>

nsupp(v-+u)={5}

<882Fb17b2 ($, 3))\810 = (aSsz (I7 S))\S:o
= zs(logz™)+ D (Dna4)(0)2 Y,

nsupp(v+u)={5}
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(aslastbLlD ($7 S))\S=0 = $5(1Og xbl ) (log :UbQ)
+ Z (0s,04,)(0)(log 2%2) 2™

nsupp(v-+u)={5}

* Z (852(111,)(0) (log xb1)$v+u

nsupp(v-+u)={5}

+ Y (05,05a0)(0)2" ™

nsupp(v-+u)={5}
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