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Abstract

We study Pfaffian systems of confluent hypergeometric functions of two variables with rank three

and rank four. This paper is composed of two parts. In part I, we study Pfaffian systems of

two variables with rank three by using rational twisted cohomology groups associated with Euler

type integrals of these functions. We give bases of the cohomology groups, whose intersection

matrices depend only on parameters. Each connection matrix of our Pfaffian systems admits a

decomposition into five parts, each of which is the product of a constant matrix and a rational

1-form on the space of variables. In part II, we consider confluences of Euler type integrals

expressing solutions to Appell’s F2 system of hypergeometric differential equations, and study

systems of confluent hypergeometric differential equations of rank four of two variables. Our

consideration is based on a confluence transforming the abelian group (C×)2 to the Jordan group

of size two. For each system obtained by our study, we give its Pfaffian system with a connection

matrix admitting a decomposition into four or five parts, each of which is the product of a matrix

depending only on parameters and a rational 1-form in two variables. We classify these Pfaffian

systems under an equivalence relation. Any system obtained by our study is equivalent to one

of Humbert’s Ψ1 system, Humbert’s Ξ1 system, and the system satisfied by the product of two

Kummer’s confluent hypergeometric functions.
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1 Introduction

Kummer’s hypergeometric series is defined by

1F1(a, c;x) =

∞∑
n=0

(a, n)

(c, n)(1, n)
xn, (1.1)

and it satisfies Kummer’s hypergeometric differential equation[
x
d2

dx2
+ (c− x)

d

dx
− a
]
f(x) = 0. (1.2)

It is well known that we can obtain them from Gauss’ hypergeometric series 2F1(a, b, c;x) and

differential equation by introducing an infinitesimal parameter ε, expressing the parameter b

and the variable x as b = 1/ε and εx, and taking the limit ε → 0. By applying this confluence

process to Appell’s hypergeometric series of two variables, Humbert P. introduces seven confluent

hypergeometric series of two variables in [Hu], and Hörn J. completes a list of such series in [Ho].

It is pointed out in [GRS] and [KK] that we can study confluent hypergeometric functions

in a unified way by regarding integrands of their integral representations as characters uλ(β) of

maximal abelian subgroups of the universal covering of GL(n,C). Here complex parameters in

a confluent hypergeometric function correspond to β and a grade of confluence is expressed as a

partition λ of a natural number n.

Part I of this paper consisting of Sections 2 through 8 has been published in Kyushu Journal of

Mathematics as [Mu]. In part I, we study Pfaffian systems of confluent hypergeometric functions

in terms of intersection forms on rational twisted de Rham cohomology groups H1(Ω•(x),∇ω)

associated with Euler type integrals of them (refer to Section 3 for definitions of this cohomol-

ogy group and the intersection form). In the case of Appell’s hypergeometric function F1, the

connection matrix of its Pfaffian system is expressed by the intersection form on H1(Ω•(x),∇ω)

in [Mt2]. In this expression, it is important to find a basis of the rational twisted de Rham co-

homology group so that its intersection matrix depends only on parameters. In confluent cases,

we are suggested to use rational 1-forms ϕi;k by the study in [KHT], which mentions that these

forms are convenient to see processes of confluences. It is shown in [KTn] that intersection num-

bers of ϕi;k depend only on parameters. In part I, we also give formulas to evaluate intersection

numbers of those forms, by which we can see the deformation of intersection numbers of these

forms by confluences. By using our formulas, we choose frames of Pfaffian systems of confluent

hypergeometric functions of one variable with rank two and those of two variables with rank

three. It turns out that their connection matrices W admit decompositions, that is,

(1) W = d(f1)W1 + d(f2)W2 in one variable cases, and W =
∑5

i=1 d(fi)Wi in two variable

cases, where d is the exterior derivative on the space of variables;

(2) d(fi) is a rational 1-form on the space of variables;

(3) Wi is a square matrix depending only on parameters; it is of size two in one variable cases

and of size three in two variable cases.

We list frames and d(fi)Wi in one variable cases in Section 7 and those in two variable cases in

Section 8. The connection matrix W satisfies

W C − C tW = O,
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where 2π
√
−1C is the intersection matrix of the basis of H1(Ω•(x),∇ω) corresponding to the

frame of our Pfaffian system. In the two variable case, we can easily show that the integrability

condition reduces to W ∧W = O because of dW = O.

We also study in Section 5 and Section 6 whether the decomposition of the connection matrix

of our Pfaffian system is preserved under a limit process of confluence. For example, each part

of the connection matrix of our Pfaffian system of Gauss’s hypergeometric function converges

to that of Kummer’s one by a confluence. For a confluence from Kummer’s one to Hermite’s

one, though the connection matrix of our Pfaffian system converges, its decomposition is not

preserved; a part of the connection matrix diverges. We study how to avoid this phenomenon.

In part II, we consider confluences of Euler type integrals expressing solutions to Appell’s F2

system of hypergeometric differential equations, and study systems of confluent hypergeometric

differential equations of rank four of two variables. Appell’s F2 system admits solutions expressed

by Euler type integrals∫∫
∆

tb1−1
1 (1− t1)

c1−b1−1tb2−1
2 (1− t2)

c2−b2−1(1− t1x− t2y)
−adt1dt2, (1.3)

where ∆ are 2-chains with certain cycle conditions. By setting

l0 = 1, l1 = t1, l2 = 1− t1, l3 = t2, l4 = 1− t2, l5 = 1− xt1 − yt2,

α0 = a− c1 − c2, α1 = b1, α2 = c1 − b1, α3 = b2, α4 = c2 − b2, α5 = −a,

and regarding l0, l1, . . . , l5 as independent variables of C× = C\{0}, we can consider the integrand

uF2
=
∏5

i=0 l
αi
i in (1.3) as a character of (the universal covering of) the abelian group of (C×)6

embedded diagonally in GL(6,C). We use confluences which transform a subgroup (C×)2 of

(C×)6 to the Jordan group J(2) =
{[h1 h2

0 h1

] ∣∣ h1 ∈ C×, h2 ∈ C
}
⊂ GL(2,C). Here a confluence

is an operator conjugating invertible diagonal matrices of size 2 by an element q(ε) ∈ GL(2,C(ε))
with an infinitesimal parameter ε, and taking the limit ε→ 0. By choosing different indices i and

j (0 ≤ i, j ≤ 5) and using this confluence, we have a confluence of a character, which transforms

lαi
i l

αj

j on (C×)2 to l
α′

i
i exp(β′

ilj/li) on J(2). We apply this confluence of character to Euler type

integrals (1.3). From now on, l1, . . . , l5 are regarded as linear forms in t1, t2, and lk (k = 1, . . . , 5)

denotes the line lk = 0 in the complex projective plane P2 with the line at infinity l0 regarded

as l0 = 0. Note that the intersections l1 ∩ l2 and l3 ∩ l4 lie on the line l0, and that any other

three lines lp, lq, lr ((p, q, r) ̸= (0, 1, 2), (0, 3, 4)) of the six are in generic position in P2. In this

application to (1.3), parameters αi, αj and lj vary as

αi(ε) = αi + (1− 1/ε)αj , αj(ε) = αj/ε, lj(ε) = li + ε(lj − li)

according to the change of ε, and the integrand uF2
in (1.3) is changed into

l
αi(ε)
i lj(ε)

αj(ε)

k ̸=i,j∏
0≤k≤5

lαk

k . (1.4)

If the configuration of the six lines is kept invariant topologically under the variation of the line

lj(ε) : lj(ε) = 0 for ε ̸= 0, i.e., each space P2 − lj(ε) − ∪k ̸=j
0≤k≤5lk for ε ̸= 0 is homeomorphic to

P2 − ∪0≤k≤5lk, then there exist a projective transformation g of P2 and an action of h ∈ (C×)6
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on the six linear forms which transform l0, · · · , lj(ε), . . . , l5 into l0, · · · , l4, l′5(ε), where

l′5(ε) = 1 + x′t1 + y′t2

and x′, y′ are rational functions of x, y, and ε. Since we can rewrite (1.4) in terms of l0, · · · , l4, l′5(ε)
by using g and h, we realize this application to (1.3) as an operator C(i, j) on (1.3) substituting

(αi(ε), αj(ε)) and (x′, y′) for (αi, αj) and (x, y), multiplying a factor arising from h to it, and

taking the limit ε → 0. In this way, we have transformations of parameters αi, αj and vari-

ables x, y with an infinitesimal parameter ε just like those used in the confluence from Gauss’

hypergeometric series and differential equation to Kummer’s ones. Note that the line l0 cannot

move and movements of ℓ1, . . . , ℓ4 should be restricted under this condition for the variation of

lj(ε). Note also that if this condition for the variation of lj(ε) is not satisfied, then we cannot

transform (1.4) into integrands of (1.3) by any projective transformations of P2 and any actions

of (C×)6. Hence we have thirteen confluences C(0, j) (1 ≤ j ≤ 5), C(i, 5) (1 ≤ i ≤ 4), C(1, 2),
C(2, 1), C(3, 4) and C(4, 3) in Definition 11.3.

In Section 12, we execute C(i, j), and we obtain four confluent systems of differential equations:

Humbert’s Ξ1 system by C(0, j) (1 ≤ j ≤ 4), Humbert’s Ψ1 system by C(1, 2), C(2, 1), C(3, 4),
C(4, 3), Hörn’s H2 system by C(i, 5) (1 ≤ i ≤ 4), and the system satisfied by the product

1F1(a, c;x) 1F1(a, c; y) of the Kummer’s hypergeometric series by C(0, 5). We give Pfaffian

systems of the four confluent systems in Propositions 12.1–12.4. The connection matrix W of

each Pfaffian system admits the following decomposition:

(1) W =
∑m

i=1 d(fi)Wi, where m is 4 or 5 and d is the exterior derivative on the space of the

independent variables;

(2) d(fi) is a rational 1-form on the space of variables;

(3) Wi is a square matrix of size four depending only on parameters.

We remark that there exists only one system of differential equations obtained by once application

of this kind of confluences to Appell’s F1 system of hypergeometric differential equations as shown

in Section 6.

We classify obtained Pfaffian systems by the equivalence relation given in Definition 10.1

between two Pfaffian systems

dF(x, y) =WF(x, y), dF̃(x, y) = W̃ F̃(x, y)

of same rank with regular locus X and X̃, respectively. Under this equivalence relation, we can

show that a Pfaffian system of Appell’s F2 and that of Appell’s F3 are equivalent by a birational

map (x, y) 7→ (1/x, 1/y), since two systems are equivalent if one is transformed into the other

by a birational map ψ(x, y) whose restriction to X is a biregular morphism between X and X̃.

Theorems 13.1 and 13.2 state that the Pfaffian system of Humbert’s Ξ1 is equivalent to that of

Hörn’s H2, and that of Humbert’s Ψ1 is not equivalent to them under some non-integral conditions

on parameters, respectively. We can prove Theorem 13.1 by finding transformations which give

the equivalence. To prove Theorem 13.2, we introduce the type of spectral partitions for our

Pfaffian system with a connection matrix W satisfying (1),(2),(3) as the set of five partitions

of the number 4 given by the multiplicities of the roots of the characteristic polynomial of Wi
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(i = 1, . . . , 5) in W . The type of spectral partitions of the Pfaffian system of Humbert’s Ψ1 is

different from that of Humbert’s Ξ1 under the previously stated conditions on parameters. Since

the type of spectral partitions is not kept invariant under transformations by birational maps,

only this difference is not enough to show Theorem 13.2. To complete our proof of Theorem

13.2, we need to determine the structure of the group of birational maps whose restrictions to

the regular locus of Ψ1 are biregular; it is studied in Section 14.

We conclude that any system of differential equations obtained by our confluences on Appell’s

F2 system is equivalent to one of the following three: Humbert’s Ψ1 system, Humbert’s Ξ1

system, and the system satisfied by the product 1F1(a, c;x)1F1(a
′, c; y).

2 General Hypergeometoric Function

By referring to [KK, Section 2.], we introduce general hypergeometric functions, and prepare

some notations and terminologies associated with them.

Let λ = (λ0, · · · , λm−1) be a partition of n, which is a set of natural numbers λ0 ≥ λ1 · · · ≥
λm−1 satisfying |λ| = λ0 + · · ·+ λm−1 = n. For each λk, J(λk) denotes the Jordan group ∑

0≤j<λk

hjΛ
j
λk
|hj ∈ C, h0 ̸= 0


of size λk, where Λλk

is the shift matrix of size λk given by

Λλk
=


0 1

. . .
. . .

. . . 1

0

 . (2.1)

Let Hλ be a maximal abelian subgroup
J(λ0) 0

. . .

0 J(λm−1)


in GL(n) = GL(n,C). We use also the notation [h0, . . . , hλk−1] standing for the element∑

0≤j<λk
hjΛ

j
λk

∈ J(λk). Define an isomorphism

ι : Hλ →
∏
k

(C× × Cλk−1)

by corresponding h = (h(0), . . . , h(m−1)), h(k) = [hk;0, . . . , hk;λk−1] to

ι(h) = (h0;0, . . . , h0;λ0−1, . . . , hm−1;0, . . . , hm−1;λm−1−1).

Let H̃λ be the universal covering group of Hλ:

H̃λ = J̃(λ0)× · · · × J̃(λm−1).
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Then the map ι can be lifted to the map H̃λ →
∏

k(C̃× × Cλk−1), which is also denoted by ι.

We give the explicit form of the characters of H̃λ, namely, the complex analytic homomorphisms

from H̃λ to the complex torus C×. To define them, we introduce functions θj(v) (j ≥ 0) of

v = (v0, v1, v2, . . .) from the generating function

∞∑
i=0

θi(v)T
i = log(v0 + v1T + v2T

2 + · · · ) (2.2)

= log v0 + log

(
1 +

v1
v0
T +

v2
v0
T 2 + · · ·

)
.

Notice that θ0(v) = log v0, and that θi(v) (i ≥ 1) is a weighted homogeneous polynomial of

v1/v0, . . . , vi/v0 of total weight i when the weight of vj is assigned to j.

Proposition 2.1. ([GRS]).

(a) Let uλk
: J̃(λk) → C× be a character. Then there exist some complex constants β(k) =

(βk;0, . . . , βk;λk−1) ∈ Cλk such that

uλk
(β(k);h(k)) = exp

 ∑
0≤j<λk

βk;jθj(ι(h
(k)))

 = h
βk;0

k;0 exp

 ∑
1≤j<λk

βk;jθj(ι(h
(k)))

 , (2.3)

where h(k) = [hk;0, . . . , hk;λk−1] ∈ J(λk). This character will be denoted by uλk
(β(k); ·) to indicate

the dependence on β(k).

(b) Let uλ be a character of H̃λ. Then there are complex constants β = (β(0), . . . , β(m−1)) ∈
Cn, β(k) ∈ Cλk such that

uλ(β;h) =
∏

0≤k<m

uλk
(β(k);h(k)), (2.4)

where h = (h(0), . . . , h(m−1)) ∈ H̃λ and h(k) ∈ J̃(λk). The character uλ with β is denoted by

uλ(β; ·).

For the sake of simplicity, we write θj(h) instead of θj(ι(h)) by abuse of notation. To give

the space on which the general hypergeometric function is defined, we introduce the following

terminology.

Definition 2.1. Let λ = (λ0, . . . , λm−1) be a partition of n. A subdiagram of λ is a set of

nonnegative integers µ = (µ0, . . . , µm−1) such that

0 ≤ µi ≤ λi, 0 ≤ i < m,

and is denoted by µ ⊂ λ. The integer |µ| := µ0 + · · · + µm−1 is called the weight of µ. Let

M(r, n) be the set of r × n complex matrices. We restrict our consideration to the case r = 2.

The set M(2, 2) will be denoted simply as M(2). For an element z ∈ M(2, n), we write

z =
[
z(0) · · · z(m−1)

]
, z(k) = (z

(k)
0 , . . . , z

(k)
λk−1),

where z
(k)
i are column vectors. For a subdiagram µ of λ of weight two, we put

zµ = (z
(0)
0 , . . . , z

(0)
µ0−1, . . . , z

(m−1)
0 , . . . , z

(m−1)
µm−1−1) ∈ M(2).
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Definition 2.2. The set

Z2,n = {z ∈ M(2, n) | det zµ ̸= 0 for any subdiagram µ ⊂ λ of weight two}

is called the generic stratum of M(2, n) with respect to Hλ.

Note that the generic stratum Z2,n is a Zariski open subset of M(2, n). Put

E =
{
(ṫ, z) ∈ P1 × Z2,n |hk;0 = ṫz

(k)
0 ̸= 0 (0 ≤ k < m)

}
,

where ṫ = [t0 t1] are the homogeneous coordinates of P1 and hk;0 denotes the homogeneous

linear function of ṫ defined by the column vector z
(k)
0 . Let π : E → Z2,n be the projection map

defined by π(ṫ, z) = z. Then we know that E is a C∞ fiber bundle over Z2,n with the fiber

X := P1\
∪
k

H(k)(z), (2.5)

where H(k)(z) is the point in P1 satisfying the equation hk;0 = 0. Note that these points are in

general position by virtue of the definition of Z2,n.

Let a rational 1-form φ be holomorphic on X.

Definition 2.3. The function defined by the integral

F (β; z) =

∫
∆(z)

(uλ)φ (2.6)

is called a general hypergeometric function of type λ (GHF of type λ, for short), where ∆(z) is

an element of a kind of homology groups defined in [MMT, Section 3.].

Remark 2.1. In our study, we consider F (β; z) for some fixed twisted cycle ∆. We need not

explicit forms of ∆(z) but the convergence of the integral (2.6).

Remark 2.2. When λ = (1, . . . , 1), GHF of type λ can be regarded as an integral representation

of a solution to Lauricella’s FD systems of hypergeometric differential equations.

3 Twisted Cohomology Group

We take distinct m points of the complex projective line P1, and select its homogeneous

coordinates [t0 t1] so that these points are expressed as

x0 = ∞, x1 = 0, x2, . . . , xm−1

by the associated affine coordinate t = t1/t0 (s = t0/t1). Put

x = {x0, x1, x2, . . . , xm−1}, X = P1\x;

X = C for m = 1 and X = C\{0} for m = 2. The character uλ is written by

uλ = exp
{λ1−1∑

k=1

β0;kθk(h
(0))
}
×

m−1∏
i=1

hi;0
βi;0 exp

{λi−1∑
k=1

βi;kθk(h
(i))
}
, (3.1)
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where βi;k ∈ C, βi;λi−1 ̸= 0 and
∑m−1

i=0 βi;0 = 0. We assume that if λi = 1 then βi;0 /∈ Z. Linear
forms h’s are written by h0;0 = s and hi;0 = t−xi (i ≥ 1). Let ω be a logarithmic 1-form defined

by

ω := dt(log(uλ)), (3.2)

and ∇ω be a connection dt + ω∧ with respect to ω. Note that

dt(uλφ) = uλ∇ω(φ).

We define complexes with differential ∇ω :

(Ω•(x),∇ω) : Ω0(x)
∇ω−−→ Ω1(x)

∇ω−−→ 0 −→ 0,

(S•(x),∇ω) : S0(x)
∇ω−−→ S1(x)

∇ω−−→ S2(x)
∇ω−−→ 0,

where Ωk(x) is the vector space of rational k-forms on P1 admitting poles only on x, and Sk(x)

is the vector space of smooth k-forms on P1 which rapidly decrease at xi for any i. The k-th

cohomology groups Hk(Ω•(x),∇ω) and Hk(S•(x),∇ω) of above complexes are called rational

and rapidly decreasing twisted de Rham cohomology groups with respect to ∇ω, respectively. It

is shown in [Km] that the dimension of H1(Ω•(x),∇ω) is n− 2, which is equal to the rank of the

associated confluent hypergeometric system of differential equations. The next lemma is shown

in several references (cf. [Mj1, Theorem 2], [Mj2, Proposition 3.1] and [Ml, p. 82 ii]).

Lemma 3.1. We have a canonical isomorphism

Hk(Ω•(x),∇ω) ≃ Hk(S•(x),∇ω).

For k ̸= 1 , Hk(Ω•(x),∇ω) and H
k(S•(x),∇ω) vanish.

By the isomorphism in Lemma 3.1,

ιω : H1(Ω•(x),∇ω) −→ H1(S•(x),∇ω),

the intersection number
⟨
φ,ψ

⟩
ω
of φ ∈ H1(Ω•(x),∇ω) and ψ ∈ H1(Ω•(x),∇−ω) is defined by

⟨
φ,ψ

⟩
ω
=

∫ 1

P
ιω(φ) ∧ (ψ). (3.3)

4 Intersection Matrices

There are some studies of intersection numbers of H1(Ω•(x),∇ω) (cf. [Mt1], [MMT]). In

general, intersection number that is expressed by parameters and variables. In this section, we

show that each intersection number of 1-forms {dt(θi(h))} depends only on parameters. We set

ϕi;k := dt(θk(h
(i))). (4.1)

To give its explicit form, we introduce rational functions pk(v) (k ≥ 0) of v = (v0, v1, v2, . . .) from

the generating function

∞∑
k=0

pk(v)T
k =

v0
v0 + v1T + v2T 2 + · · ·

. (4.2)
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Using pk, we have

ϕ0;k = pk(ι(h
(0)))

ds

s
, ϕi;k = pk(ι(h

(i)))
dt

t− xi
(i ≥ 1).

For the sake of simplicity, we write pk(h) instead of pk(ι(h)) by abuse of notation. Using these

forms, we express ω as

ω = dt(log(uλ(β;h))) =
{1
s

λ0−1∑
k=1

β0;kpk
(
h(0)

)}
ds+

m−1∑
i=1

{ 1

t− xi

λi−1∑
k=0

βi;kpk
(
h(i)
)}

dt. (4.3)

Let

λ0−1∑
k=1

( α0;k

sk+1

)
ds+

m−1∑
i=1

λi−1∑
k=0

(
αi;k

(t− xi)k+1

)
dt (4.4)

be the partial fraction expansion of ω. In order to express αi;k by β’s and h’s, we introduce

polynomials pkj :

pkj (v1, . . . , vj) :=
∑
m′s

(−1)m1+···+mj
(m1 + · · ·+mj)!

m1! · · ·mj !
vm1
1 · · · vmj

j . (4.5)

Here, the summation is carried out by all combinations under the conditions: m1 + 2m2 + · · ·+
jmj = j and m1 +m2 + · · ·+mj = k, for (m1, · · · ,mj) ∈ Nj

0 (N0 = N ∪ {0}).

Lemma 4.1. We have

αi;0 = βi;0, αi;k =

λi−1∑
j=k

βi;jp
k
j (hi;1, . . . , hi;j). (4.6)

Proof. We substitute x = (v1/v0)T + · · ·+(vj/v0)T
j into 1/(1+x) =

∑∞
k=0(−1)kxk, and expand

by T . Then we have

v0
v0 + v1T + · · ·+ vjT j

=

∞∑
k=0

(−1)k
∑
m′s

k!

m1! · · ·mj !

vm1
1 · · · vmj

j

vk0
T J ,

where m1 +m2 + · · ·+mj = k and m1 + 2m2 + · · ·+ jmj = J . Compare this with (4.2), then

pj(v) is expressed as

pj(v) =
∑
m′s

(−1)m1+···+mj
(m1 + · · ·+mj)!

m1! · · ·mj !

vm1
1 · · · vmj

j

v
m1+···+mj

0

,

where the summation is carried out by all combinations under the condition: m1 + 2m2 + · · ·+
jmj = j. Comparing this with (4.5), we have

pj(v0, v1, . . . , vj) =

j∑
k=0

pkj (v1, . . . , vj)

vk0
. (4.7)

From (4.3) and (4.4), the principal part of the Laurent expansion of ω at xi is

λi−1∑
k=0

αi;k

(t− xi)k+1
=

1

t− xi

λi−1∑
j=0

βi;j

j∑
k=0

pkj (hi;1, . . . , hi;j)

(t− xi)k
.

Comparing coefficients of 1/(t− xi)
k+1, we have (4.6).
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The following is a key lemma to evaluate intersection numbers.

Lemma 4.2. Let φ and ψ be elements of H1(Ω•(x),∇ω) and H1(Ω•(x),∇−ω), and the pole

orders at xq of φ and ψ be bounded by that of ω:

ord
t=xq

(φ) ≤ ord
t=xq

(ω), ord
t=xq

(ψ) ≤ ord
t=xq

(ω), (0 ≤ q ≤ m− 1).

Let Gq be the rational function defined by the identity

Gq · ω = φ.

Then we have

⟨
φ,ψ

⟩
ω
= 2π

√
−1

m−1∑
q=0

Res
t=xq

{Gqψ}. (4.8)

Proof. In [MMT, Theorem 4.1], the intersection number is evaluated as 2π
√
−1
∑m

q=1 Rest=xq
{fqψ},

where fq is the formal power series solution to ∇ωfq = φ in a small neighborhood Uq of xq. Since

Gq is holomorphic in Uq,

φ−∇ωGq = φ− (dtGq +Gq · ω) = −dtGq (4.9)

is holomorphic in Uq. As a formal power series, fq − Gq satisfies ∇ω(fq − Gq) = −dtGq. Let

dp(t− xq)
p be the leading term of fq −Gq, then the leading term of ∇ω(fq −Gq) becomes

(αq;λq−1 + pδλq,1)dp(t− xq)
p−λq , (4.10)

where δλq,1 is Kronecker’s symbol. From Lemma 4.1, αq;λq−1 = βq;λq−1p
λq−1
λq−1 and αq;0 = βq;0.

Since αq;λq−1 ̸= 0 and αq;0 /∈ Z if λq = 1, the coefficient of (4.10) is not zero. This means p ≥ λq.

Because the degree of ψ is not more than the order of ω, we have

Res
t=xq

{fqψ} = Res
t=xq

{Gqψ}.

We consider linear maps

Mq : OUq
∋ f 7→ fω ∈ ΩUq

(λqxq) (0 ≤ q ≤ m− 1),

where OUq is the vector space of holomorphic functions on Uq and ΩUq (λqxq) is that of meromor-

phic 1-forms on Uq admitting a pole of oder λq only on xq. These descend to the maps between

the quotient spaces

M̃q : OUq
/(t− xq)

λqOUq
→ ΩUq

(λqxq)/ΩUq
, (4.11)

where OUq/(t − xq)
λqOUq is regarded as OU0/s

λ0OU0 for q = 0. Let Aq be the representation

matrix of M̃q with respect to bases

t
[
1 (t− xq) · · · (t− xq)

λq−1
]

and t
[

dt
(t−xq)

λq

dt
(t−xq)

λq−1 · · · dt
t−xq

]
,
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where they are regarded as

t
[
1 s · · · sλ0−1

]
and t

[
ds
sλ0

ds
sλ0−1 · · · ds

s

]
for q = 0.

Then Aq is expressed as

Aq =



αq;λq−1 αq;λq−2 · · · αq;1 αq;0

αq;λq−1 · · · αq;2 αq;1

. . .
...

...

0 αq;λq−1 αq,λq−2

αq,λq−1


(4.12)

by (4.4).

Lemma 4.3. Let B be a Jordan matrix of size n given by

B =
∑

0≤j<n

bjΛ
j
n (b0 ̸= 0).

The inverse of B becomes

B−1 =
1

b0

∑
0≤j<n

pj(b)Λ
j
n.

Proof. Substitute vj = bj (0 ≤ j < n), vk = 0 (∀k ≥ n) in (4.2), and multiply
∑

0≤k<n bkT
k to

its both sides. Then we have

n−1∑
k=0

bkT
k

∞∑
j=0

pj(b)T
j = b0. (4.13)

Comparing coefficients of T k of (4.13), we can check BB−1 = In.

We define the reverse order matrix of a square matrix.

Definition 4.1. Let U be a square matrix of size n expressed by

U =



U(1,1) U(1,2) · · · U(1,n−1) U(1,n)

U(2,1) U(2,2) · · · U(2,n−1) U(2,n)

...
...

. . .
...

...

U(n−1,1) U(n−1,2) · · · U(n−1,n−1) U(n−1,n)

U(n,1) U(n,2) · · · U(n,n−1) U(n,n)


.

Then a square matrix

RU := [U(n+1−j,n+1−i)](i,j) =



U(n,n) U(n−1,n) · · · U(2,n) U(1,n)

U(n,n−1) U(n−1,n−1) · · · U(2,n−1) U(1,n−1)

...
...

. . .
...

...

U(n,2) U(n−1,2) · · · U(2,2) U(1,2)

U(n,1) U(n−1,1) · · · U(2,1) U(1,1)


(4.14)

is called the reverse order matrix of U .
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We prepare the next lemma.

Lemma 4.4. Suppose that a Jordan matrix A ∈ J(n,C) is expressed as

A =

n−1∑
k=0

akΛ
n−k−1
n ,

where Λn is the shift matrix of size n in (2.2), and Λ0
n = In is the unit matrix. If {ak}0≤k<n are

linear combinations

a0 = b0, ak =

n−1∑
j=k

bjp
k
j (x1, . . . , xk),

of pkj given in (4.5), then the matrix A is represented by

A = RUBU, (4.15)

where

B =

n−1∑
k=0

bkΛ
n−k−1
n , U =



pn−1
n−1 pn−2

n−1 · · · p1n−1 0

pn−2
n−2 · · · p1n−2 0

. . .
...

...

0 p11 0

p00


,

and RU = [U(n+1−j,n+1−i)](i,j) is the reverse order matrix of U .

Proof. Since each entry of A is regarded as a linear combination of {bj}, it is enough to show

(∂/∂bj)Ak,l = (∂/∂bj)(
RUBU)k,l. The partial derivatives of the left hand side of equation (4.15)

are

∂

∂b0
A = Λn−1

n ,
∂

∂bj
Ak,l =

∂an+k−l−1

∂bj
=
{ pn+k−l−1

j (x) (k ≤ l, n+ k − l − 1 ≤ j),

0 (otherwise),

and those of the right hand side of (4.15) are

∂

∂b0
(RUBU) = RUΛn−1

n U = Λn−1
n ,

∂

∂bj
(RUBU)k,l = (RUΛn−j−1

n U)k,l =

j+1∑
m=1

RUk,mUm+n−j−1,l =

j+1∑
m=1

pk−1
m−1(x)p

n−l
j−m+1(x)

= pn+k−l−1
j (x) (n+ k − l − 1 ≤ j).

Thus they coincide.

As a result, we can see the next formulation.

Proposition 4.1. The intersection number of ϕi;k and ϕj;l becomes

⟨
ϕi;k, ϕj;l

⟩
ω
= 2π

√
−1(δij

ψ
(i)
k+l+1−λi

βi;λi−1
− ϵijl

ψ
(i)
k+1−λi

βi;λi−1
− ϵjik

ψ
(j)
l+1−λj

βj;λj−1
+ δijkl

ψ
(i′)
1−λi′

βi′;λi′−1
), (4.16)
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where δij is Kronecker’s symbol, ϵijl is defined by

ϵijl =


1 (i = 0, j ̸= 0, l = 0),

1 (i = 1, j = 0, l = 0),

0 (otherwise),

i′ := 1− i, δijkl is defined by

δijkl =


1 (i = j = 0, k = l = 0),

1 (i = j = 1, k = l = 0),

0 (otherwise),

and ψ
(i)
k is defined by

ψ
(i)
0 (β) := 1, ψ

(i)
k (β) := pk(βi;λi−1, βi;λi−2, . . . , βi;λi−k−1). (4.17)

We regard x, h as variables, and β as parameters. In particular, the intersection number⟨
ϕi;k, ϕj;l

⟩
ω
depends only on parameters.

Proof. We use (4.8) in Lemma 4.2. From (4.1), we express gω, Gq and gl by

ω =: gωdt, Gq =
pk(h

(i))

gω(t− xi)
=:

∞∑
m=0

bq;m(t− xq)
m, ϕj;l =

pl(h
(j))

(t− xj)
dt =: gldt. (4.18)

In case i = j, in the right hand side of (4.16), we have ϵijl = ϵjik = 0. Using Lemma 4.1 and

4.4, we can express Ai by:

Ai =
RV BiV,

where

Bi =



βi;λi−1 βi;λi−2 · · · βi;1 βi;0

βi;λi−1 · · · βi;2 βi;1
. . .

...
...

0 βi;λi−1 βi;λi−2

βi;λi−1


,

V =



pλi−1
λi−1 pλi−2

λi−1 · · · p1λi−1 0

pλi−2
λi−2 · · · p1λi−2 0

. . .
...

...

0 p11 0

p00


,

and RV is the reverse order matrix of V . Note that Ai includes variables and parameters, and

Bi depends only on parameters. Using (4.7), we have

ϕi;k = pk(h
(i))

dt

t− xi
=

k∑
j=0

pjk(hi;1, . . . , hi;j)
dt

(t− xi)j+1
,

ϕi;l = pl(h
(i))

dt

t− xi
=

l∑
j=0

pjl (hi;1, . . . , hi;j)
dt

(t− xi)j+1
,
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where pjk and pjl include no parameters. Put row vectors

c = [pλi−j
k ]1≤j≤λi

= [ 0 · · · 0︸ ︷︷ ︸
λi−k−1

pkk · · · p0k],

d = [pj−1
l ]1≤j≤λi = [p0l · · · pll︸ ︷︷ ︸

l+1

0 · · · 0],

ei = [δij ]1≤j≤λi
= [0 · · · 0︸ ︷︷ ︸

i−1

10 · · · 0].

Since Ai is the representation matrix of M̃i defined in (4.12), the intersection number becomes⟨
ϕi;k, ϕi:l

⟩
ω
=

∫
P1

ιω(ϕi;k) ∧ (ϕi;l) = 2π
√
−1cA−1

i
td

= 2π
√
−1cV −1B−1

i
RV −1td = 2π

√
−1e(λi−k)B

−1
i

te(l+1)

= 2π
√
−1(B−1

i )(λi−k,l+1),

where (B−1)(p,q) means (p, q)-entry of matrix B−1. Using Lemma 4.3, we obtain the inverse

matrix of Bi:

(B−1
i )(λi−k,l+1) =

ψ
(i)
k+l+1−λi

βi;λi−1
, (4.19)

where ψ
(i)
k is given in (4.17). The value 2π

√
−1(B−1

i )(λi−k,l+1) is equal to the first term of the

right hand side of (4.16).

In case i = j but q ̸= i, if the order of pole of ω at xq is more than one, the function Gqgl is

holomorphic in Uq. If i = j = 0, q = 1 and λq = 1, then we have

Res
t=xq

{Gqϕj;l} = Res
t=0

{ pk(h
(0))

(gω)(−t)
pl(h

(0))
ds

s
} = lim

t→0
{pk(h

(0))pl(h
(0))

t gω
} =

p0kp
0
l

α1;0
.

If i = j = 1, q = 0 and λq = 1, then we have

Res
t=xq

{Gqϕj;l} = Res
t=∞

{pk(h
(1))

(gω)t
pl(h

(1))
dt

t
} = lim

t→∞
{−pk(h

(1))pl(h
(1))

t gω
} =

p0kp
0
l

α0;0
.

Those values are equivalent to the last term of the right hand side of (4.16).

In case i ̸= j, q ̸= i and q ̸= j, since the function Gqgl is holomorphic in Uq, we have

Res
t=xq

{Gqϕj;l} = 0.

In the right hand side of (4.16), δij = δijkl = 0.

In case i ̸= j and q = i, since the function Gi is holomorphic in Ui, the residue becomes

Res
t=xi

{Giϕj;l} = −{δi0 + δi1δj0}bi;0p0l .

It is easy to see p0l = δl0. By (4.19), bi;0 is equal to ψ
(i)
k+1−λi

/βi;λi−1.

In case i ̸= j and q = j, using G′ = gl/gω, we obtain

Res
t=xj

{Gjϕj;l} = Res
t=xj

{G′ϕi;k} = −{δj0 + δj1δi0}bj;0p0k.

By (4.19), bj;0 is equal to ψ
(j)
l+1−λj

/βj;λj−1.
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5 Pfaffian Systems of Gauss type, Kummer type and Her-

mite type

We explain how to obtain Pfaffian systems of confluent hypergeometric functions examplifying

GHF of one variable. We show that Gauss’s hypergeometric series

2F1(a, b, c;x) =

∞∑
m1=0

(a)m1
(b)m1

(c)m1
(1)m1

xm1

can be regarded as a general hypergeometric function of type λ = (1, 1, 1, 1), where (a)k :=

a(a+ 1) · · · (a+ k − 1) = Γ(a+ k)/Γ(a). It has an integral representation

2F1(a, b, c;x) =
Γ(c)

Γ(a)Γ(c− a)

∫
γ

ta(1− t)c−a(1− xt)−bφ0,G (ℜ(c) > ℜ(a) > 0), (5.1)

where γ = (0, 1) and φ0,G = dt/(t(1− t)). It is a solution to Gauss’s hypergeometric differential

equation: [
x(1− x)(

d

dx
)2 + {c− (a+ b+ 1)x} d

dx
− ab

]
G(x) = 0. (5.2)

Set n = m = 4, and h and β in GHF as follows:

h = (h(0), h(1), h(2), h(3)), h0;0 = s, h1;0 = t, h2;0 = 1− t, h3;0 = 1− xt,

β = (β(0), β(1), β(2), β(3)), β0;0 = b− c, β1;0 = a, β2;0 = c− a, β3;0 = −b.

Then we have

u(1,1,1,1) =

3∏
i=1

h
βi;0

i;0 = ta(1− t)c−a(1− xt)−b,

ϕi;0 = dt(ε0(h
(i))) (0 ≤ i ≤ 3),

ωG = dt log(u(1,1,1,1)) =

3∑
i=1

βi;0ϕi;0,

φ0,G = ϕ1;0 − ϕ2;0.

A solution to (5.2)

G0 =

∫
γ

u(1,1,1,1)φ0,G (5.3)

is equal to 2F1 up to a non-zero constant. We summarize variables, parameters and 1-forms in

a table:

variables : x0 = ∞, x3 = 1
x , x1 = 0, x2 = 1,

parameters : β0;0 = b− c, β3;0 = −b, β1;0 = a, β2;0 = c− a,

1-forms : ϕ0;0 = ds
s , ϕ3;0 = xdt

xt−1 , ϕ1;0 = dt
t , ϕ2;0 = dt

t−1 ,

where {xi}0≤i≤3 are poles of ωG.

Kummer’s confluent hypergeometric function 1F1(a, c; d1x
′) =

∑∞
m1=0

(a)m1

(c)m1 (1)m1
d1

m1x′m1 can

be regarded as a GHF of type λ = (2, 1, 1). It has an integral representation

1F1(a, c; d1x
′) =

Γ(c)

Γ(a)Γ(c− a)

∫
γ

ta(1− t)c−a exp(d1x
′t)φ0,K (ℜ(c) > ℜ(a) > 0), (5.4)
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where γ = (0, 1), φ0,K = dt
t(1−t) and d1 ̸= 0. It is a solution to Kummer’s hypergeometric

differential equation [
x′(

d

dx′
)2 + {c− d1x

′} d

dx′
− ad1

]
K(x′) = 0. (5.5)

Set n = 4,m = 3, and h and β in GHF as follows:

h = (h(0), h(1), h(2)), ι(h(0)) = (h0;0, h0;1) = (s, x′), h1;0 = t, h2;0 = 1− t,

β = (β′(0), β(1), β(3)), β′(0) = (β′
0;0, β

′
0;1) = (−c, d1), β1;0 = a, β2;0 = c− a.

Then we have

u(2,1,1) = exp(β′
0;1θ1(h

(0)))

2∏
i=1

h
βi;0

i;0 = exp(d1x
′t)ta(1− t)c−a,

ϕi;0 = dt(θ0(h
(i))) (0 ≤ i ≤ 2), ϕ1;1 = dt(θ1(h

(1))),

ωK = dt log(u(2,1,1)) = β′
0;1ϕ0;1 +

2∑
i=1

βi;0ϕi;0,

φ0,K = ϕ1;0 − ϕ2;0.

A solution to (5.5)

K0 =

∫
γ

u(2,1,1)φ0,K (5.6)

is 1F1 up to a non-zero constant. We summarize variables, parameters and 1-forms in a table:

variables : x0 = ∞, h0;1 = x′, x1 = 0, x2 = 1,

parameters : β′
0;0 = −c, β′

0;1 = d1, β1;0 = a, β2;0 = c− a,

1-forms : ϕ0;0 = ds
s , ϕ0;1 = −x′ds

s2 , ϕ1;0 = dt
t , ϕ2;0 = dt

t−1 ,

where {xi}1≤i≤3 are poles of ωK .

Using the exterior derivatives dx(f) := dx ∧ (df/dx) and dx′(f) := dx′ ∧ (df/dx′), we define

logarithmic 1-forms:

ωG,x := dx log(u(1,1,1,1)) =
β3;0tdx

xt− 1
,

ωK,x′ := d′x log(u(2,1,1)) = β′
0;1tdx

′.

For connections ∇x := dx + ωx∧ and ∇x′ := dx′ + ωx′∧, we have

d

dx

∫
γ

u(t, x)φ =

∫
γ

u(t, x)
∇x

dx
(φ),

d

dx′

∫
γ

u(t, x′)φ =

∫
γ

u(t, x′)
∇x′

dx′
(φ).

Using these operators, we have

∇x

dx
(φ0,G) =

dt

t(1− t)
× β3;0t

xt− 1
=

β3;0
x− 1

(
xdt

xt− 1
− dt

t− 1
),

∇x′

dx′
(φ0,K) =

dt

t(1− t)
× β′

0;1t = −
β′
0;1dt

t− 1
.
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We select bases of H1
G(Ω

•(x),∇ω) and H
1
K(Ω•(x),∇ω) as follows:{

φ0,G = ϕ1;0 − ϕ2;0 = dt
t − dt

t−1 ,

φ1,G := x−1
β3;0

∇x

dx (φ0,G) = ϕ3;0 − ϕ2;0 = xdt
xt−1 − dt

t−1 ,{
φ0,K = ϕ1;0 − ϕ2;0 = dt

t − dt
t−1 ,

φ1,K := 1
β′
0;1

∇x′
dx′ (φ0,K) = −ϕ2;0 = − dt

t−1 .

The intersection matrix of (φ0,G, φ1,G) becomes 2π
√
−1CG, and that of (φ0,K , φ1,K) becomes

2π
√
−1CK , where

CG =

[
( 1
β1;0

+ 1
β2;0

) 1
β2;0

1
β2;0

( 1
β2;0

+ 1
β3;0

)

]
=

[
c

a(c−a)
1

c−a
1

c−a
a+b−c
b(c−a)

]
, (5.7)

CK =

[
( 1
β1;0

+ 1
β2;0

) 1
β2;0

1
β2;0

1
β2;0

]
=

[
c

a(c−a)
1

c−a
1

c−a
1

c−a

]
. (5.8)

In order to get the intersection number of (∇x/dx)(φ) and ψ, we express (∇x/dx)(φ) as a linear

combination of φ0,G and φ1,G. Let us prepare partial fraction expansions of rational 1-forms

(∇x/dx)(φ),

∇x

dx
(φ0,G) =

β3;0t

xt− 1

(
dt

t(1− t)

)
=

β3;0
x− 1

(
xdt

xt− 1
− dt

t− 1

)
=

β3;0
x− 1

φ1,G,

∇x

dx
(φ1,G) ≡

∇x

dx

(
ϕ3;0 − ϕ2;0 −

1

β3;0
ωG

)
=

−t
xt− 1

{
β1;0ϕ1;0 + (β2;0 + β3;0)ϕ2;0

}
= −β1;0dt

xt− 1
− β2;0 + β3;0

xt− 1

tdt

t− 1
= −β1;0

x
ϕ3;0 −

β2;0 + β3;0
x

ϕ3;0 +
β2;0 + β3;0
x− 1

(
ϕ3;0 − ϕ2;0

)
≡ 1

x

(
−β3;0ϕ3;0 + ωG

)
− β1;0 + β2;0

x
ϕ3;0 +

β2;0 + β3;0
x− 1

(
ϕ3;0 − ϕ2;0

)
=

1

x

(
β1;0ϕ1;0 + β2;0ϕ2;0

)
− β1;0 + β2;0

x
ϕ3;0 +

β2;0 + β3;0
x− 1

(
ϕ3;0 − ϕ2;0

)
=

1

x

{
β1;0φ0,G − (β1;0 + β2;0)φ1,G

}
+
β2;0 + β3;0
x− 1

φ1,G,

where ≡ means equivalent as elements of H1
G(Ω

•(x),∇ω). Here note that ωG = ∇ω(1) is zero in

H1
G(Ω

•(x),∇ω). Using these expansions, we have

∇x

dx

[
φ0,G

φ1,G

]
=

{
1

x
W1,G +

1

x− 1
W2,G

}[
φ0,G

φ1,G

]
, (5.9)

where matrices W ’s are given by

W1,G =

[
0 0

β1;0 −β1;0 − β2;0

]
=

[
0 0

a −c

]
, W2,G =

[
0 β3;0

0 β2;0 + β3;0

]
=

[
0 −b
0 c− a− b

]
.

By using G0, we construct a vector-valued function t[G0 G1], where

G1 =
x− 1

−b
dG0

dx
=

∫
γ

u(1,1,1,1)φ1,G.

This vector-valued function satisfies a Pfaffian equation of Gauss’s function,

dx

[
G0

G1

]
=

{
dx

x
W1,G +

dx

x− 1
W2,G

}[
G0

G1

]
, (5.10)

which is equivalent to equation (5.9). We can see that:
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(1) the connection matrix is divided into two parts, dx(log(x))W1,G and dx(log(x− 1))W2,G;

(2) dx log(x) = dx/x and dx log(x− 1) = dx/(x− 1) are rational 1-forms of variable x; and

(3) W1,G and W2,G are 2× 2 matrices depend only on parameters β.

To obtain a Pfaffian system of 1F1, we prepare partial fraction expansions of rational 1-forms

(∇x′/dx′)(φ),

∇x′

dx′
(φ0,K) = β′

0;1t

(
dt

t(1− t)

)
= −β′

0;1

dt

t− 1
= β′

0;1φ1,K ,

∇x′

dx′
(φ1,K) = β′

0;1t
(
−ϕ2;0

)
≡ −

β′
0;1

x′
ϕ0;1 − β′

0;1ϕ2;0 +
ωK

x′

=
1

x′
(
β1;0ϕ1;0 + β2;0ϕ2;0

)
− β′

0;1ϕ2;0

=
1

x′
{
β1;0φ0,K − (β1;0 + β2;0)φ1,K

}
+ β′

0;1φ1,K ,

where ≡ means equivalent as elements of H1
K(Ω•(x),∇ω). Using these expansions, we have

∇x′

dx′

[
φ0,K

φ1,K

]
=

{
1

x′
W1,K +W2,K

}[
φ0,K

φ1,K

]
, (5.11)

where

W1,K =

[
0 0

β1;0 −β1;0 − β2;0

]
=

[
0 0

a −c

]
, W2,K =

[
0 β′

0;1

0 β′
0;1

]
=

[
0 d1

0 d1

]
.

By using K0, we construct a vector-valued function t[K0 K1], where

K1 =
1

d1

dK0

dx′
=

∫
γ

u(2,1,1)φ1,K .

This vector-valued function satisfies a Pfaffian equation of Kummer function,

dx′

[
K0

K1

]
=

{
dx′

x′
W1,K + dx′W2,K

}[
K0

K1

]
, (5.12)

which is equivalent to equation (5.11).

We study a transformation from our Pfaffian system of Gauss’s hypergeometric function to

that of Kummer’s one. We relate variables and parameters of 2F1 to those of 1F1 asx = εx′,

b = 1
εd1,

and take the limit ε→ 0 with keeping the relations. Under this limit so called a confluence, the

1-forms ϕ3;0 and ωG converge to

lim
ε→0

1

ε
ϕ3;0 = lim

ε→0

x′dt

εx′ − 1
= −x′dt = −ϕ0;1,

lim
ε→0

ωG = β1;0ϕ1;0 + β2;0ϕ2;0 + β′
0;1ϕ0;1 = ωK .
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The intersection matrix CG converges to

lim
ε→0

CG = lim
ε→0

[
( 1a + 1

c−a )
1

c−a
1

c−a ( 1
c−a − ε

d1
)

]
= CK .

Substitute the relation x = εx′ into equation (5.10):

dx′

[
G0

G1

]
=

{
dx′

x′
W1,G +

εdx′

εx′ − 1
W2,G

}[
G0

G1

]
, (5.13)

and take the limit

lim
ε→0

dx′

x′
W1,G =

dx′

x′

[
0 0

a −c

]
=

dx′

x′
W1,K ,

lim
ε→0

εdx′

εx′ − 1
W2,G = lim

ε→0

εdx′

εx′ − 1

[
0 −d1

ε

0 c− a− d1

ε

]
= dx′W2,K .

It turns out that the Pfaffian equation (5.10) is transformed into (5.12) by the confluence. In

this case, the decomposition of connection matrix W is preserved under confluence.

We give an example of confluence which does not preserve decompositions of connection matri-

ces. Instead of equation (5.5), we introduce a parameter ε to Kummer’s hypergeometric function

in (5.4) by

Kε
0(x) =

∫
γ′
t′a(1− εt′)c−a exp(d1xt

′)φ0,K (ℜ(a) > 0,ℜ(d1x) < 0), (5.14)

where γ′ = (0,∞) and φ0,K = dt′/(t′(1− εt′)). By substituting{
x′ = x

ε ,

t = εt′,
(5.15)

into (5.6), we have (5.14). It is a solution to the following differential equation:[
x(

d

dx
)2 +

{
c− d1

ε
x
} d

dx
− a

d1
ε

]
Kε

0(x) = 0. (5.16)

By rewriting t′ to t into (5.11), we have

∇x

dx

[
φ0,K

φ1,K

]
=
{ ε
x
W1,K +W2,K

}[φ0,K

φ1,K

]
, (5.17)

where

φ0,K =
dt

t(1− εt)
, φ1,K =

φdt

1− εt
,

W1,K =

[
0 0

a −c

]
, W2,K =

[
0 d1

0 d1

]
.

We construct a vector-valued function t[Kε
0 εKε

1 ], where

Kε
1 =

1

d1

dKε
0

dx
=

1

εd1

dKε
0

dx′
=

1

ε

∫
γ′
u(2,1,1)φ1,K .
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This vector-valued function satisfies a Pfaffian equation of Kummer’s hypergeometric function,

dx
ε

[
Kε

0

εKε
1

]
=

{
dx

x
W1,K +

dx

ε
W2,K

}[
Kε

0

εKε
1

]
, (5.18)

which is equivalent to (5.17).

Hermite’s hypergeometric function H0(x
′′) can be regarded as a GHF of type λ = (3, 1). It

has the form

H0(x
′′) =

∫
γ′
ta exp(d′x′′t− d′t2

2
)φ0,H (ℜ(a) > 0,ℜ(d′) > 0), (5.19)

where γ′ = (0,∞) and φ0,H = dt/t. It is a solution to the following differential equation:[
(

d

dx′′
)2 − d′x′′

d

dx′′
− ad′

]
H0(x

′′) = 0. (5.20)

Set n = 4,m = 2, and h and β in GHF as follows:

h = (h′(0), h(1)), ι(h′(0)) = (h′0;0, h
′
0;1, h

′
0;2) = (s, 1, x′′), h1;0 = t,

β = (β′(0), β(1)), β′(0) = (β′
0;0, β

′
0;1, β

′
0;2) = (−a, 0, d′), β1;0 = a.

Then we have

u(3,1) = h
β1;0

1;0

2∏
k=1

exp(β′
0;kθk(h

′(0))) = ta exp

{
d′(x′′t− t2

2
)

}
,

ϕ′0;k = dt(θk(h
′(0))) (0 ≤ k ≤ 2), ϕ1;0 = dt(θ0(h

(1))),

ωH = dt log(u(3,1)) = β′
0;1ϕ

′
0;1 + β′

0;2ϕ
′
0;2 + β1;0ϕ1;0,

φ0,H = ϕ1;0.

We summarize variables, parameters and 1-forms in a table:

variables : x0 = ∞, h0;1 = 1, h0;2 = x′′, x1 = 0,

parameters : β′
0;0 = −a, β′

0;1 = 0, β′
0;2 = d′, β1;0 = a,

1-forms : ϕ′0;0 = ds
s , ϕ′0;1 = dt, ϕ′0;2 = (x′′ − t)dt, ϕ1;0 = dt

t .

We define a logarithmic 1-form:

ωH,x′′ := dx′′ log(u(3,1)) = β′
1;2tdx

′′,

and we have

∇x′′

dx′′
(φ0,H) =

dt

t
× β′

1;2t = β′
1;2dt.

Considering above relations, we select bases of H1
K(Ω•(x),∇ω) and H

1
H(Ω•(x),∇ω) as:{

φ0,K = ϕ1;0 − ϕ2;0 = dt
t − εdt

εt−1 ,

φ′
1,K := 1

εφ1,K = dt
1−εt ,{

φ0,H = ϕ1;0 = dt
t ,

φ1,H := ϕ′0;1 = dt.
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The intersection matrix of (φ0,K , φ
′
1,K) becomes 2π

√
−1C ′

K , and that of (φ0,H , φ1,H) becomes

2π
√
−1CH , where

C ′
K =

[
( 1
β2;0

+ 1
β3;0

) 1
εβ3;0

1
εβ3;0

1
ε2β3;0

]
=

[
c

a(c−a)
1

ε(c−a)
1

ε(c−a)
1

ε2(c−a)

]
, (5.21)

CH =

[
1

β2;0
0

0 1
β′
1;2

]
=

[
1
a 0

0 1
d′

]
. (5.22)

Then we have

dx

[
Kε

0

Kε
1

]
=

{
dx

x
W ′

1,K +
dx

ε
W ′

2,K

}[
Kε

0

Kε
1

]
(5.23)

where

W ′
1,K =

[
0 0
a
ε −c

]
, W ′

2,K =

[
0 εd1

0 d1

]
.

To express (∇x′′/dx′′)(φ) as a linear combination of φH,0 and φH,1, we prepare partial fraction

expansions of rational 1-forms (∇x′′/dx′′)(φ),

∇x′′

dx′′
(φ0,H) = β′

0;2t

(
dt

t

)
= β′

0;2dt = β′
0;2φ1,H ,

∇x′′

dx′′
(φ1,H) = β′

0;2t
(
dt
)
= β′

0;2 (t− x′′) dt+ β′
0;2x

′′dt = −β′
0;2ϕ

′
0;2 + β′

0;2x
′′ϕ′0;1

≡ ωH − β′
0;2ϕ

′
0;2 + β′

0;2x
′′ϕ′0;1 = β1;0ϕ1;0 + β′

0;2x
′′ϕ′0;1

= β1;0φ0,H + β′
0;2x

′′φ1,H ,

where ≡ means equivalent as elements of H1
H(Ω•(x),∇ω). Using these results, we have

∇x′′

dx′′

[
φ0,H

φ1,H

]
= {W1,H + x′′W2,H}

[
φ0,H

φ1,H

]
, (5.24)

where

W1,H =

[
0 β′

0;2

β1;0 0

]
=

[
0 d′

a 0

]
,

W2,H =

[
0 0

0 β′
0;2

]
=

[
0 0

0 d′

]
.

We construct a vector-valued function t[H0 H1], where

H1 =
1

d′x′′
dH0

dx′′
=

∫
γ′
u(3,1)φ1,H .

This function satisfies a Pfaffian equation of Hermite’s hypergeometric function,

dx′′

[
H0

H1

]
= dx′′ {W1,H + x′′W2,H}

[
H0

H1

]
. (5.25)

This equation is equivalent to (5.24).
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We relate variables and parameters of Gε
0 to those of H0 as

x = 1 + εx′′,

d1 = 1
εd

′,

c = a+ 1
ε2 d

′,

and take the limit ε→ 0 with keeping the relations. The intersection matrix C ′
K converges to

lim
ε→0

C ′
K =

[
1
a 0

0 1
d′

]
= CH .

We substitute the relation x = 1 + εx′′ into (5.23):

dx′′

[
Kε

0

Kε
1

]
=

{
εdx′′

1 + εx′′
W ′

1,K + dx′′W ′
2,K

}[
Kε

0

Kε
1

]
, (5.26)

where

εW ′
1,K =

[
0 0

a −εa− d′

ε

]
, W ′

2,K =

[
0 d′

0 d′

ε

]
.

Under this limit ε→ 0, neither εW ′
1,K norW ′

2;K converges. The decomposition of our connection

matrix W is not preserved under this confluence, we need a recomposition of W to make each

part of W converge under this confluence. We define matrices

W ′′
1;K = εW ′

1;K +W ′
2;K , W ′′

2;K = εW ′
2;K ,

and rewrite (5.26) into

dx′′

[
Kε

0

Kε
1

]
=

{
dx′′

1 + εx′′
W ′′

1,K +
x′′dx′′

1 + εx′′
W ′′

2,K

}[
Kε

0

Kε
1

]
(5.27)

=

{
1

ε
dx′′(log(1 + εx′′))W ′′

1,K + { 1

ε2
dx′′(εx′′ − log(1 + εx′′))}W ′′

2,K

}[
Kε

0

Kε
1

]
.

Under this limit ε→ 0, both W ′′
1,K and W ′′

2,k converge to

lim
ε→0

W ′′
1,K =W1,H , lim

ε→0
W ′′

2,K =W2,H .

In this limit, the equation (5.27) goes into (5.25).

6 Pfaffian Systems of Appell’s F1 and Humbert’s Φ1

In this section, we show some examples of Pfaffian systems of two variables. We explain that

Appell’s hypergeometric series

F1(a, b1, b2, c;x, y) =

∞∑
m1,m2

(a)m1+m2(b1)m1(b2)m2

(c)m1+m2
(1)m1

(1)m2

xm1ym2
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can be regarded as GHF of type λ = (1, 1, 1, 1, 1). It admits an integral representation

F1(a, b1, b2, c;x, y) =
Γ(c)

Γ(a)Γ(c− a)
(6.1)

×
∫
γ

ta(1− t)c−a(1− xt)−b1(1− yt)−b2φ0,F (ℜ(c) > ℜ(a) > 0),

where γ = (0, 1) and φ0,F = dt/(t(1− t)). It is a solution to Appell’s system of hypergeometric

differential equations:

[
x(1− x) ∂2

∂x2 + y(1− x) ∂2

∂x∂y + {c− (a+ b1 + 1)x} ∂
∂x − b1y

∂
∂y − ab1

]
Q(x, y) = 0,[

y(1− y) ∂2

∂y2 + x(1− y) ∂2

∂x∂y + {c− (a+ b2 + 1)y} ∂
∂y − b2x

∂
∂x − ab2

]
Q(x, y) = 0,[

(x− y) ∂2

∂x∂y − b2
∂
∂x + b1

∂
∂y

]
Q(x, y) = 0.

(6.2)

To regard F1 as GHF, we set n = m = 5, and h and β as follows:

h = (h(0), h(1), h(2), h(3), h(4)), h0;0 = s, h1;0 = t, h2;0 = 1− t, h3;0 = 1− xt, h4;0 = 1− yt,

β = (β(0), β(1), β(2), β(3), β(4)), β0;0 = b1 + b2 − c, β1;0 = a, β2;0 = c− a, β3;0 = −b1, β4;0 = −b2.

Then we have

u(1,1,1,1,1) =

4∏
i=0

h
βi;0

i;0 = ta(1− t)c−a(1− xt)−b1(1− yt)−b2 ,

ϕi;0 = dt(θ0(h
(i))) (0 ≤ i ≤ 4),

ωF = dt log(u(1,1,1,1,1)) =

4∑
i=1

βi;0ϕi;0,

φ0,F = ϕ1;0 − ϕ2;0.

A solution to (6.2)

Q0 =

∫
γ

u(1,1,1,1,1)φ0,F (6.3)

is F1 up to a non-zero constant. We summarize variables, parameters and 1-forms in a table:

variables : x0 = ∞, x4 = 1
y , x1 = 0, x2 = 1, x3 = 1

x ,

parameters : β0;0 = b1 + b2 − c, β4;0 = −b2, β1;0 = a, β2;0 = c− a, β3;0 = −b1,
1-forms : ϕ0;0 = ds

s , ϕ4;0 = ydt
yt−1 , ϕ1;0 = dt

t , ϕ2;0 = dt
t−1 , ϕ3;0 = xdt

xt−1 ,

where {xi}0≤i≤4 are poles of ωF .

Humbert’s hypergeometric series

Φ1(a, b1, c;x,−d2y′) =
∞∑

m1,m2

(a)m1+m2(b1)m1

(c)m1+m2
(1)m1

(1)m2

xm1(−d2y′)m2

can be regarded as a GHF of type λ = (2, 1, 1, 1). It has the form

Φ1(a, b1, c;x,−d2y′) =
Γ(c)

Γ(a)Γ(c− a)

∫
γ

ta(1− t)c−a(1− xt)−b1 exp(−d2y′t)φ0,Φ (6.4)

(ℜ(c) > ℜ(a) > 0),
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where γ = (0, 1), φ0,Φ = dt/(t(1 − t)) and d2 ̸= 0. It is a solution to a system of differential

equations:

[
x(1− x) ∂2

∂x2 + y′(1− x) ∂2

∂x∂y′ + {c− (a+ b1 + 1)x} ∂
∂x − b1y

′ ∂
∂y′ − ab1

]
P (x, y′) = 0,[

y′ ∂2

∂y′2 + x ∂2

∂x∂y′ + {c+ d2y
′} ∂

∂y′ + d2x
∂
∂x + ad2

]
P (x, y′) = 0,[

x ∂2

∂x∂y′ + d2
∂
∂x + b1

∂
∂y′

]
P (x, y′) = 0.

(6.5)

To regard Φ1 as GHF, we set n = 5, n = 4, and h and β as follows:

h = (h(0), h(1), h(2), h(3)), ι(h(0)) = (s, y′), h1;0 = t, h2;0 = 1− t, h3;0 = 1− xt,

β = (β′(0), β(1), β(2), β(3)), β′(0) = (b1 − c,−d2), β1;0 = a, β2;0 = c− a, β3;0 = −b1.

Then we have

u(2,1,1,1) = exp(β′
0;1θ1(h

(0)))

3∏
i=1

h
βi;0

i;0 ,

ϕi;0 = dt(θ0(h
(i))) (0 ≤ i ≤ 3), ϕ0;1 = dt(θ1(h

(0))),

ωΦ = dt log(u(2,1,1,1)) = β′
0;1ϕ0;1 +

3∑
i=1

βi;0ϕi;0,

φ0,Φ = ϕ1;0 − ϕ2;0.

A solution to (6.5)

P0 =

∫
γ

u(2,1,1,1)φ0,Φ (6.6)

is Φ1 up to a non-zero constant. We summarize variables, parameters and 1-forms in a table:

variables : x0 = ∞, h0;1 = y′, x1 = 0, x2 = 1, x3 = 1
x ,

parameters : β′
0;0 = b1 − c, β′

0;1 = −d2, β1;0 = a, β2;0 = c− a, β3;0 = −b1,
1-forms : ϕ0;0 = ds

s , ϕ0;1 = −y′ds
s2 , ϕ1;0 = dt

t , ϕ2;0 = dt
t−1 , ϕ3;0 = xdt

xt−1 ,

where {xi}0≤i≤3 are poles of ωΦ.

We introduce operators ∂x(f) := dx ∧ (∂f/∂x), ∂y(f) := dy ∧ (∂f/∂y) and ∂y′(f) := dy′ ∧
(∂f/∂y′). We define logarithmic 1-forms:

ωF,x := ∂x log(u(1,1,1,1,1)) =
β3;0tdx

xt− 1
,

ωΦ,x := ∂x log(u(2,1,1,1)) =
β3;0tdx

xt− 1
,

ωF,y := ∂y log(u(1,1,1,1,1)) =
β4;0tdy

yt− 1
,

ωΦ,y′ := ∂y′ log(u(2,1,1,1)) = β′
0;1tdy

′.

We introduce operators ∇x := ∂x + ωx∧, ∇y := ∂y + ωy∧ and ∇y′ := ∂y′ + ωy′∧, then we have

∂

∂x

∫
γ

u(t, x, y)φ =

∫
γ

u(t, x, y)
∇x

dx
(φ),
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and so on. We have

∇x

dx
(φ0,F ) =

dt

t(1− t)
× β3;0t

xt− 1
=

β3;0
x− 1

(
xdt

xt− 1
− dt

t− 1
),

∇x

dx
(φ0,Φ) =

dt

t(1− t)
× β3;0t

xt− 1
=

β3;0
x− 1

(
xdt

xt− 1
− dt

t− 1
),

∇y

dy
(φ0,F ) =

dt

t(1− t)
× β3;0t

yt− 1
=

β4;0
y − 1

(
ydt

yt− 1
− dt

t− 1
),

∇y′

dy′
(φ0,Φ) =

dt

t(1− t)
× β′

0;1t = −β′
0;1

dt

t− 1
.

We choose bases of H1
F (Ω

•(x),∇ω) and H
1
Φ(Ω

•(x),∇ω) as following:
φ0,F = ϕ1;0 − ϕ2;0 = dt

t − dt
t−1 ,

φ1,F := ϕ3;0 − ϕ2;0 = xdt
xt−1 − dt

t−1 ,

φ2,F := ϕ4;0 − ϕ2;0 = ydt
yt−1 − dt

t−1 ,
φ0,Φ = ϕ1;0 − ϕ2;0 = dt

t − dt
t−1 ,

φ1,Φ := ϕ3;0 − ϕ2;0 = xdt
xt−1 − dt

t−1 ,

φ2,Φ := −ϕ2;0 = − dt
t−1 .

The intersection matrix of (φ0,F , φ1,F , φ2,F ) becomes 2π
√
−1CF , and that of (φ0,Φ, φ1,Φ, φ2,Φ)

becomes 2π
√
−1CΦ, where

CF =


( 1
β1;0

+ 1
β2;0

) 1
β2;0

1
β2;0

1
β2;0

( 1
β2;0

+ 1
β3;0

) 1
β2;0

1
β2;0

1
β2;0

( 1
β2;0

+ 1
β4;0

)

 =


c

a(c−a)
1

c−a
1

c−a
1

c−a
a+b1−c
b1(c−a)

1
c−a

1
c−a

1
c−a

a+b2−c
b2(c−a)

 , (6.7)

CΦ =


( 1
β1;0

+ 1
β2;0

) 1
β2;0

1
β2;0

1
β2;0

( 1
β2;0

+ 1
β3;0

) 1
β2;0

1
β2;0

1
β2;0

1
β2;0

 =


c

a(c−a)
1

c−a
1

c−a
1

c−a
a+b1−c
b1(c−a)

1
c−a

1
c−a

1
c−a

1
c−a

 . (6.8)

As is in [Mt2], we have

∇x

dx

φ0,F

φ1,F

φ2,F

 =

{
1

x
W1,F +

1

x− 1
W2,F +

1

x− y
W5,F

}φ0,F

φ1,F

φ2,F

 , (6.9)

∇y

dy

φ0,F

φ1,F

φ2,F

 =

{
1

y
W3,F +

1

y − 1
W4,F +

1

y − x
W5,F

}φ0,F

φ1,F

φ2,F

 , (6.10)

where

W1,F =

 0 0 0

β1;0 β0;0 + β3;0 β4;0

0 0 0

 , W2,F =

0 β3;0 0

0 β2;0 + β3;0 0

0 β3;0 0

 ,
W3,F =

 0 0 0

0 0 0

β1;0 β3;0 β0;0 + β4;0

 , W4,F =

0 0 β4;0

0 0 β4;0

0 0 β2;0 + β4;0

 , W5,F =

0 0 0

0 β4;0 −β4;0
0 −β3;0 β3;0

 .
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By using Q0, we construct a vector-valued function t[Q0 Q1 Q2], where

Q1 =
x− 1

−b1
∂Q0

∂x
=

∫
γ

u(1,1,1,1,1)φ1,F , Q2 =
y − 1

−b2
∂Q0

∂y
=

∫
γ

u(1,1,1,1,1)φ2,F .

This vector-valued function satisfies a Pfaffian system of Appell’s F1 function,

dx

Q0

Q1

Q2

 =

{
dx

x
W1,F +

dx

x− 1
W2,F +

dx

x− y
W5,F

}Q0

Q1

Q2

 , (6.11)

dy

Q0

Q1

Q2

 =

{
dy

y
W3,F +

dy

y − 1
W4,F +

dy

y − x
W5,F

}Q0

Q1

Q2

 . (6.12)

This system is equivalent to the system of (6.9) and (6.10).

We have

∇x

dx
(φ0,Φ) =

β3;0
x− 1

(ϕ3;0 − ϕ2;0) =
β3;0
x− 1

φ1,Φ,

∇x

dx
(φ2,Φ) = −β3;0

x
ϕ3;0 +

β3;0
x− 1

(ϕ3;0 − ϕ2;0) =
β3;0
x

(φ2,Φ − φ1,Φ) +
β3;0
x− 1

φ1,Φ,

∇x

dx
(φ1,Φ) ≡

∇x

dx
(ϕ3;0 − ϕ2;0 −

1

β3;0
ωΦ) =

−t
xt− 1

{
β′
0;1ϕ0;1 + β1;0ϕ1;0 + (β2;0 + β3;0)ϕ2;0

}
= −β′

0;1(
1

x
ϕ0;1 +

y′

x2
ϕ3;0)−

β1;0
x
ϕ3;0 −

β2;0 + β3;0
x

ϕ3;0 +
β2;0 + β3;0
x− 1

(ϕ3;0 − ϕ2;0)

≡ 1

x
(−β′

0;1ϕ0;1 − β3;0ϕ3;0 + ωΦ)− β′
0;1

y′

x2
ϕ3;0 −

β1;0 + β2;0
x

ϕ3;0 +
β2;0 + β3;0
x− 1

(ϕ3;0 − ϕ2;0)

=
1

x
(β1;0ϕ1;0 + β2;0ϕ2;0)− β′

0;1

y′

x2
ϕ3;0 −

β1;0 + β2;0
x

ϕ3;0 +
β2;0 + β3;0
x− 1

(ϕ3;0 − ϕ2;0)

= β′
0;1

y′

x2
(φ2,Φ − φ1,Φ) +

1

x
{β1;0φ0,Φ − (β1;0 + β2;0)φ1,Φ}+

β2;0 + β3;0
x− 1

φ1,Φ,

∇y′

dy′
(φ0,Φ) = β′

0;1t(ϕ1;0 − ϕ2;0) = β′
0;1φ2,Φ,

∇y′

dy′
(φ1,Φ) = β′

0;1t(ϕ3;0 − ϕ2;0) = β′
0;1(

dt

xt− 1
− dt

t− 1
) =

β′
0;1

x
(φ1,Φ − φ2,Φ) + β′

0;1φ2,Φ,

∇y′

dy′
(φ2,Φ) = β′

0;1t(−ϕ2;0) ≡ −
β′
0;1

y′
ϕ0;1 − β′

0;1ϕ2;0 +
ωΦ

y′
=

1

y′
(β1;0ϕ1;0 + β2;0ϕ2;0 + β3;0ϕ3;0)− β′

0;1ϕ2;0

=
1

y′
(β1;0φ0,Φ + β3;0φ1,Φ + β′

0;0φ2;Φ) + β′
0;1φ2,Φ,

where ≡ means equivalent as elements of H1
Φ(Ω

•(x),∇ω). Using these results, we can write

∇x

dx

φ0,Φ

φ1,Φ

φ2,Φ

 =

{
1

x
W1,Φ +

1

x− 1
W2,Φ − y′

x2
W5,Φ

}φ0,Φ

φ1,Φ

φ2,Φ

 , (6.13)

∇y′

dy′

φ0,Φ

φ1,Φ

φ2,Φ

 =

{
1

y′
W3,Φ +W4,Φ +

1

x
W5,Φ

}φ0,Φ

φ1,Φ

φ2,Φ

 , (6.14)
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where

W1,Φ =

 0 0 0

β1;0 β′
0;0 + β3;0 0

0 −β3;0 β3;0

 , W2,Φ =

0 β3;0 0

0 β2;0 + β3;0 0

0 β3;0 0

 ,

W3,Φ =

 0 0 0

0 0 0

β1;0 β3;0 β′
0;0

 , W4,Φ =

0 0 β′
0;1

0 0 β′
0;1

0 0 β′
0;1

 , W5,Φ =

0 0 0

0 β′
0;1 −β′

0;1

0 0 0

 .
By using P0, we construct a vector-valued function t[P0 P1 P2], where

P1 =
x− 1

−b1
∂P0

∂x
=

∫
γ

u(2,1,1,1)φ1,Φ, P2 =
1

−d2
∂P0

∂y′
=

∫
γ

u(2,1,1,1)φ2,Φ.

This vector-valued function satisfies a Pfaffian system of Humbert’s Φ1 function,

dx

P0

P1

P2

 =

{
dx

x
W1,Φ +

dx

x− 1
W2,Φ − y′

dx
x2W5,Φ

}P0

P1

P2

 , (6.15)

dy′

P0

P1

P2

 =

{
dy′

y′
W3,Φ + dy′W4,Φ +

dy′

x
W5,Φ

}P0

P1

P2

 . (6.16)

This system is equivalent to the system of (6.13) and (6.14).

We study a confluence from our Pfaffian system of F1 to that of Φ1. We relate variables and

parameters of F1 to those of Φ1 as y = −εy′,

b2 = 1
εd2,

and take the limit ε → 0 with keeping the relations. Under this limit, the 1-forms ϕ4;0 and ωF

converge to

lim
ε→0

1

ε
ϕ4;0 = lim

ε→0

−y′dt
−εy′ − 1

= y′dt = ϕ0;1,

lim
ε→0

ωF = β1;0ϕ1;0 + β2;0ϕ2;0 + β3;0ϕ3;0 + β′
0;1ϕ0;1 = ωΦ.

The intersection matrix CF converges to

lim
ε→0

CF =


( 1
β1;0

+ 1
β2;0

) 1
β2;0

1
β2;0

1
β2;0

( 1
β2;0

+ 1
β3;0

) 1
β2;0

1
β2;0

1
β2;0

1
β2;0

 = CΦ.
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Components of the connection matrix of F1 converges to

lim
ε→0

{
W1,F

x
+
W5,F

x− y

}
(6.17)

= lim
ε→0

 1

x

 0 0 0

β1;0 (β′
0;0 + β3;0 −

β′
0;1

ε )
β′
0;1

ε

0 0 0

+
1

x+ εy′

0 0 0

0
β′
0;1

ε −β′
0;1

ε

0 −β3;0 β3;0




=
1

x

 0 0 0

β1;0 (β′
0;0 + β3;0) 0

0 −β3;0 β3;0

− lim
ε→0

y′

x(x+ εy′)

0 0 0

0 β′
0;1 −β′

0;1

0 0 0

 =

{
1

x
W1,Φ − y′

x2
W5,Φ

}
,

and

lim
ε→0

(−ε)
{
W4,F

y − 1
+
W5,F

y − x

}
(6.18)

= lim
ε→0


ε

1 + εy′


0 0

β′
0;1

ε

0 0
β′
0;1

ε

0 0 β2;0 +
β′
0;1

ε

+
ε

x+ εy′

0 0 0

0
β′
0;1

ε −β′
0;1

ε

0 −β3;0 β3;0




=

0 0 β′
0;1

0 0 β′
0;1

0 0 β′
0;1

+
1

x

0 0 0

0 β′
0;1 −β′

0;1

0 0 0

 =

{
W4,Φ +

1

x
W5,Φ

}
.

These relations mean that the Pfaffian system (6.11) and (6.12) is transformed into the system

(6.15) and (6.16). Especially, the decomposition of our connection matrix W is not preserved

under this confluence, we need a recomposition of W to make each part of W converge under

this confluence.

By changing independent variables, we can make the decompositions of connection matrices

preserved under the confluence. We select x and z := y/x as independent variables instead of x

and y in the equations (6.11) and (6.12). Then these equations become

dx

Q0

Q1

Q2

 =

{
dx

x
W ′

1,F +
dx

x− 1
W2,F +

zdx

xz − 1
W4,F

}Q0

Q1

Q2

 , (6.19)

dz

Q0

Q1

Q2

 =

{
dz

z
W3,F +

dz

z − 1
W5,F +

xdz

xz − 1
W4,F

}Q0

Q1

Q2

 , (6.20)
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where matrices W ’s are given by

W ′
1,F =

 0 0 0

β1;0 β0;0 + β3;0 + β4;0 0

β1;0 0 β0;0 + β3;0 + β4;0

 ,

W2,F =

0 β3;0 0

0 β2;0 + β3;0 0

0 β3;0 0

 , W3,F =

 0 0 0

0 0 0

β1;0 β3;0 β0;0 + β4;0

 ,

W4,F =

0 0 β4;0

0 0 β4;0

0 0 β2;0 + β4;0

 , W5,F =

0 0 0

0 β4;0 −β4;0
0 −β3;0 β3;0

 .
We select x and z′ := y′/x as independent variables instead of x and y′ in the equations (6.15)

and (6.16). By this change of variables, these equations are transformed into

dx

P0

P1

P2

 =

{
dx

x
W ′

1,Φ +
dx

x− 1
W2,Φ + z′dxW4,Φ

}P0

P1

P2

 , (6.21)

dz′

P0

P1

P2

 =

{
dz′

z′
W3,Φ + dz′W5,Φ + xdz′W4,Φ

}P0

P1

P2

 , (6.22)

where

W ′
1,Φ =

 0 0 0

β1;0 β′
0;0 + β3;0 0

β1;0 0 β′
0;0 + β3;0

 , W2,Φ =

0 β3;0 0

0 β2;0 + β3;0 0

0 β3;0 0

 ,

W3,Φ =

 0 0 0

0 0 0

β1;0 β3;0 β′
0;0

 , W4,Φ =

0 0 β′
0;1

0 0 β′
0;1

0 0 β′
0;1

 , W5,Φ =

0 0 0

0 β′
0;1 −β′

0;1

0 0 0

 .
We relate variables and parameters of F1 to those of Φ1 asz = −εz′,

b2 = 1
εd2,

and take the limit ε→ 0 with keeping the relations. In this case, we have

W ′
1,F =W ′

1,Φ, W2,F =W2,Φ, W3,F =W3,Φ,

lim
ε→0

{εW4,F } =W4,Φ, lim
ε→0

{εW5,F } =W5,Φ.

Consequently, equations (6.19) and (6.20) converge into (6.21) and (6.22) with preserving the

decompositions of the connection matrices.

The integrability condition is satisfied from dd = 0. In fact, a connection 1-form W is defined

by

d

φ0

φ1

φ2

 =W

φ0

φ1

φ2


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and we have

0 = dd

φ0

φ1

φ2

 = d

(
W

φ0

φ1

φ2

) = [dW −W ∧W ]

φ0

φ1

φ2

 ,
and the Frobenius condition dW =W ∧W .

In our case, we can easily check by matrix calculation. We define the bracket product,

[A,B] := AB −BA. (6.23)

Pfaffian systems of F1 and Φ1 satisfy the integrability conditions:

[W1,F ,W4,F ] = [W2,F ,W3,F ] = O,

[W1,F ,W3,F ] = [W3,F ,W5,F ] = [W5,F ,W1,F ] ,

[W2,F ,W4,F ] = [W4,F ,W5,F ] = [W5,F ,W2,F ] ,

[W1,Φ,W3,Φ] = [W2,Φ,W3,Φ] = [W4,Φ,W5,Φ] = O,

[W2,Φ,W4,Φ] = [W2,Φ,W5,Φ] = [W4,Φ,W1,Φ] ,

[W3,Φ,W5,Φ] = [W5,Φ,W1,Φ] .

7 List of Pfaffian Systems (of single variable type)

In this section, we list Pfaffian systems of GHF of type λ on Z2,4 in Table 7.1. Although

equations of Gauss, Kummer and Hermite types are shown already, they are included so that

they can be compared with the others.

Table 7.1: Setting of confluent hypergeometric functions in a variable.

Function name λ Normal form of z Normal form of β

Gauss’s 2F1 (1,1,1,1)

[
1 0 1 1

0 1 −1 −x

]
(β0;0, β1;0, β2;0, β3;0)

Kummer’s 1F1 (2,1,1)

[
1 0 0 1

0 x 1 −1

]
(β0;0, β0;1, β1;0, β2;0)

Bessel’s Ja (2,2)

[
1 0 0 −x/2
0 x/2 1 0

]
(β0;0, β0;1, β1;0, β1;1)

Hermite’s He (3,1)

[
1 0 0 0

0 1 x 1

]
(β0;0, 0, β0;2, β1;0)

Airy’s Ai (4)

[
1 0 0 0

0 1 0 −x

]
(0, 0, 0, β0;3)

As a consequence, we have the following.

Theorem 7.1. Every system satisfies the following.

1. Any connection matrix of our Pfaffian system admits a decomposition into two components.

2. Each component is the product of a rational 1-form of the variable and a 2×2 matrix whose
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entries are rational functions of parameters.

If basis {φ0, φ} is selected, the Pfaffian system is given by

dx

[
φ0

φ1

]
=

{
2∑

i=1

dx(fi)Wi

}[
φ0

φ1

]
, (7.1)

where dx is the exterior derivative on the space of variable x, dx(fi) is a rational form of variable

x, and entries of Wi depend only on parameters. We introduce a non-zero parameter d so that

each entry of C and Wi is homogeneous of degree −1 and 1 in parameter, respectively. We may

set d = ±1, but this kind of homogeneity in parameter is lost.

The exact forms are shown in the following subsections.

7.1. Gauss’s 2F1 λ = (1, 1, 1, 1)

variables: x0 = ∞, x1 = 0, x2 = 1, x3 =
1

x
,

parameters: β0;0 = b1, β1;0 = b2, β2;0 = b3, β3;0 = b4,

1-forms: ϕ0;0 =
ds

s
, ϕ1;0 =

dt

t
, ϕ2;0 =

dt

t− 1
, ϕ3;0 =

xdt

xt− 1
,

conditions: b1 + b2 + b3 + b4 = 0, b1, b2, b3, b4 /∈ Z,φ0 = ϕ1;0 − ϕ2;0,

φ1 = ϕ3;0 − ϕ2;0,

F0 =
∫
uλφ0,

F1 =
∫
uλφ1 = x−1

b4
d
dxF0,

C =

[
( 1
b2

+ 1
b3
) 1

b3
1
b3

( 1
b3

+ 1
b4
)

]
,

f1 = log(x), f2 = log(x− 1),

W1 =

[
0 0

b2 b1 + b4

]
, W2 =

[
0 b4

0 b3 + b4

]
.

7.2. Kummer’s 1F1 λ = (2, 1, 1)

variables: x0 = ∞, h0;1 = x, x1 = 0, x2 = 1,

parameters: β0;0 = b1, β0;1 = d, β1;0 = b2, β2;0 = b3,

1-forms: ϕ0;0 =
ds

s
, ϕ0;1 = −xds

s2
, ϕ1;0 =

dt

t
, ϕ2;0 =

dt

t− 1
,

conditions: b1 + b2 + b3 = 0, b2, b3 /∈ Z, d ̸= 0,φ0 = ϕ1;0 − ϕ2;0,

φ1 = −ϕ2;0,

F0 =
∫
uλφ0,

F1 =
∫
uλφ1 = 1

d
d
dxF0,

C =

[
( 1
b2

+ 1
b3
) 1

b3
1
b3

1
b3

]
,

f1 = log(x), f2 = x,

W1 =

[
0 0

b2 b1

]
, W2 =

[
0 d

0 d

]
.
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7.3. Bessel’s Ja λ = (2, 2)

variables: x0 = ∞, h0;1 =
x

2
, x1 = 0, h1;1 = −x

2
,

parameters: β0;0 = b1, β0;1 = d, β1;0 = b2, β1;1 = d,

1-forms: ϕ0;0 =
ds

s
, ϕ0;1 = −x

2

ds

s2
, ϕ1;0 =

dt

t
, ϕ1;1 =

x

2

dt

t2
,

conditions: b1 + b2 = 0, d ̸= 0,φ0 = ϕ1;0,

φ1 = ϕ0;1 − ϕ1;1,

F0 =
∫
uλφ0,

F1 =
∫
uλφ1 = x

d
d
dxF0,

C =

[
0 − 2

d

− 2
d 0

]
,

f1 = log(x), f2 =
x2

2
,

W1 =

[
0 d
b22
d 0

]
, W2 =

[
0 0

−d 0

]
.

7.4. Hermite’s He λ = (3, 1)

variables: x0 = ∞, h0;1 = 1, h0;2 = x, x1 = 0,

parameters: β0;0 = b1, β0;1 = 0, β0;2 = d, β1;0 = b2,

1-forms: ϕ0;0 =
ds

s
, ϕ0;1 = −ds

s2
, ϕ0;2 = (

1

s3
− x

s2
)ds, ϕ1;0 =

dt

t
,

conditions: b1 + b2 = 0, b2 /∈ Z, d ̸= 0,φ0 = ϕ1;0,

φ1 = ϕ0;1,

F0 =
∫
uλφ0,

F1 =
∫
uλφ1 = 1

d
d
dxF0,

C =

[
1
b2

0

0 1
d

]
,

f1 = x, f2 =
x2

2
,

W1 =

[
0 d

b2 0

]
, W2 =

[
0 0

0 d

]
.

7.5. Airy’s Ai λ = (4)

variables: x0 = ∞, h0;1 = 1, h0;2 = 0, h0;3 = −x,
parameters: β0;0 = 0, β0;1 = 0, β0;2 = 0, β0;3 = d,

1-forms: ϕ0;0 = −dt

t
, ϕ0;1 = dt, ϕ0;2 = −tdt, ϕ0;3 = (t2 − x)dt,

condition: d ̸= 0,φ0 = ϕ0;1,

φ1 = ϕ0;2,

F0 =
∫
uλφ0,

F1 =
∫
uλφ1 = 1

d
d
dxF0,

C =

[
0 1

d
1
d 0

]
,

f1 = x, f2 =
x2

2
,

W1 =

[
0 d

0 0

]
, W2 =

[
0 0

d 0

]
.

8 List of Pfaffian Systems (of two variable type)

In this section, we list Pfaffian systems of the general hypergeometric functions of type λ on

Z2,5 in Table 8.1. Although systems of F1 and Φ1 have been shown already, they are included

so that they can be compared with the others.

As a consequence, we have the following.

Theorem 8.1. Every system satisfies the following.

32



Table 8.1: Setting of confluent hypergeometric functions in two variables.

Function name λ Normal form of z Normal form of β

Appell’s F1 (1,1,1,1,1)

[
1 0 1 1 1

0 1 −1 −x −y

]
(β0;0, β1;0, β2;0, β3;0, β4;0)

Hörn’s G2

[
1 0 1 x 1

0 1 −1 1 y

]
(β0;0, β1;0, β2;0, β3;0, β4;0)

Humbert’s Φ1 (2,1,1,1)

[
1 0 0 1 1

0 y 1 −1 −x

]
(β0;0, β0;1, β1;0, β2;0, β3;0)

Humbert’s Φ2

[
1 0 0 x y

0 1 1 1 1

]
(β0;0, β0;1, β1;0, β2;0, β3;0)

Hörn’s Γ1

[
1 0 0 1 x

0 y 1 −1 1

]
(β0;0, β0;1, β1;0, β2;0, β3;0)

Humbert’s Φ3 (2,2,1)

[
1 0 0 y x

0 1 1 0 1

]
(β0;0, β0;1, β1;0, β1;1, β2;0)

Hörn’s Γ2

[
1 0 0 x 1

0 y 1 0 −1

]
(β0;0, β0;1, β1;0, β1;1, β2;0)

[KK] Φ(3,1,1) (3,1,1)

[
1 0 0 0 1

0 x y 1 −1

]
(β0;0, 0, β0;2, β1;0, β2;0)

[KK] Φ(3,2) (3,2)

[
1 0 0 0 y

0 1 x 1 0

]
(β0;0, 0, β0;2, β1;0, β1;1)

[KK] Φ(4,1) (4,1)

[
1 0 0 0 0

0 1 x y 1

]
(β0;0, 0, 0, β0;3, β1;0)

[KK] Φ(5) (5)

[
1 0 0 0 0

0 1 0 x y

]
(0, 0, 0, 0, β0;4)

1. Any connection matrix of our Pfaffian system admits a decomposition into five components.

2. Each component is the product of a rational 1-form of variables and a 3× 3 matrix whose

entries depend only on parameters.

3. Any Pfaffian system satisfies the integrability condition.

If basis {φ0, φ1, φ2} is selected, the Pfaffian system is express as

d

φ0

φ1

φ2

 =

{
5∑

i=1

d(fi)Wi

}φ0

φ1

φ2

 , (8.1)

where d is the exterior derivative on the space of variables x and y, d(fi) is a rational 1-form

of x and y, and Wi is a 3 × 3 matrix, whose entries depend only on parameters. We introduce

non-zero parameters dj so that each entry of C and Wi is homogeneous of degree −1 and 1 in

parameter, respectively. We may set dj = ±1, but this kind of homogeneity in parameter is lost.

The exact forms are shown in the following subsections.
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8.1. Appell’s F1 λ = (1, 1, 1, 1, 1)

variables: x0 = ∞, x1 = 0, x2 = 1, x3 =
1

x
, x4 =

1

y
,

parameters: β0;0 = b1, β1;0 = b2, β2;0 = b3, β3;0 = b4, β4;0 = b5,

1-forms: ϕ0;0 =
ds

s
, ϕ1;0 =

dt

t
, ϕ2;0 =

dt

t− 1
, ϕ3;0 =

xdt

xt− 1
, ϕ4;0 =

ydt

yt− 1
,

conditions: b1 + b2 + b3 + b4 + b5 = 0, bj /∈ Z (1 ≤ j ≤ 5),
φ0 = ϕ1;0 − ϕ2;0,

φ1 = ϕ3;0 − ϕ2;0,

φ2 = ϕ4;0 − ϕ2;0,


F0 =

∫
uλφ0,

F1 =
∫
uλφ1 = x−1

b4
∂
∂xF0,

F2 =
∫
uλφ2 = y−1

b5
∂
∂yF0,

C =

(
1
b2

+ 1
b3
) 1

b3
1
b3

1
b3

( 1
b3

+ 1
b4
) 1

b3
1
b3

1
b3

( 1
b3

+ 1
b5
)

 ,
fi: log(x) log(x− 1) log(y) log(y − 1) log(x− y)

Wi:

 0 0 0

b2 b1 + b4 b5

0 0 0


0 b4 0

0 b3 + b4 0

0 b4 0


 0 0 0

0 0 0

b2 b4 b1 + b5


0 0 b5

0 0 b5

0 0 b3 + b5


0 0 0

0 b5 −b5
0 −b4 b4


8.2. Hörn’s G2 λ = (1, 1, 1, 1, 1)

variables: x0 = ∞, x1 = 0, x2 = 1, x3 = −x, x4 = −1

y
,

parameters: β0;0 = b1, β1;0 = b2, β2;0 = b3, β3;0 = b4, β4;0 = b5,

1-forms: ϕ0;0 =
ds

s
, ϕ1;0 =

dt

t
, ϕ2;0 =

dt

t− 1
, ϕ3;0 =

dt

t+ x
, ϕ4;0 =

ydt

yt+ 1
,

conditions: b1 + b2 + b3 + b4 + b5 = 0, bj /∈ Z (1 ≤ j ≤ 5),
φ0 = ϕ1;0,

φ1 = ϕ1;0 − ϕ3;0,

φ2 = ϕ4;0,


F0 =

∫
uλφ0,

F1 =
∫
uλφ1 = x

b4
∂
∂xF0,

F2 =
∫
uλφ2 = y

b5
∂
∂yF0,

C =

(
1
b1

+ 1
b2
) 1

b2
1
b1

1
b2

( 1
b2

+ 1
b4
) 0

1
b1

0 ( 1
b1

+ 1
b5
)

 ,
fi: log(x) log(x+ 1) log(y) log(y + 1) log(xy − 1)0 b4 0

0 b2 + b4 0

0 0 0


 0 0 0

b1 + b5 b3 + b4 −b5
0 0 0


0 0 b5

0 0 0

0 0 b1 + b5


 0 0 0

0 0 0

b2 + b4 −b4 b3 + b5


 0 0 0

−b5 b5 b5

−b4 b4 b4


8.3. Humbert’s Φ1 λ = (2, 1, 1, 1)

variables: x0 = ∞, h0;1 = y, x1 = 0, x2 = 1, x3 =
1

x
,

parameters: β0;0 = b1, β0;1 = d5, β1;0 = b2, β2;0 = b3, β3;0 = b4,

1-forms: ϕ0;0 =
ds

s
, ϕ0;1 = −yds

s2
, ϕ1;0 =

dt

t
, ϕ2;0 =

dt

t− 1
, ϕ3;0 =

xdt

xt− 1
,

conditions: b1 + b2 + b3 + b4 = 0, bj /∈ Z (2 ≤ j ≤ 4), d5 ̸= 0,
φ0 = ϕ1;0 − ϕ2;0,

φ1 = ϕ3;0 − ϕ2;0,

φ2 = −ϕ2;0,


F0 =

∫
uλφ0,

F1 =
∫
uλφ1 = x−1

b4
∂
∂xF0,

F2 =
∫
uλφ2 = 1

d5

∂
∂yF0,

C =

(
1
b2

+ 1
b3
) 1

b3
1
b3

1
b3

( 1
b3

+ 1
b4
) 1

b3
1
b3

1
b3

1
b3

 ,
fi: log(x) log(x− 1) log(y) y

y

x

Wi:

 0 0 0

b2 b1 + b4 0

0 −b4 b4


0 b4 0

0 b3 + b4 0

0 b4 0


 0 0 0

0 0 0

b2 b4 b1


0 0 d5

0 0 d5

0 0 d5


0 0 0

0 d5 −d5
0 0 0


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8.4. Humbert’s Φ2 λ = (2, 1, 1, 1)

variables: x0 = ∞, h0;1 = 1, x1 = 0, x2 = −x, x3 = −y,
parameters: β0;0 = b2, β0;1 = d3, β1;0 = b1, β2;0 = b4, β3;0 = b5,

1-forms: ϕ0;0 =
ds

s
, ϕ0;1 = −ds

s2
, ϕ1;0 =

dt

t
, ϕ2;0 =

dt

t+ x
, ϕ3;0 =

dt

t+ y
,

conditions: b1 + b2 + b4 + b5 = 0, b1, b4, b5 /∈ Z, d3 ̸= 0,
φ0 = ϕ0;1,

φ1 = ϕ2;0,

φ2 = ϕ3;0,


F0 =

∫
uλφ0,

F1 =
∫
uλφ1 = 1

b4
∂
∂xF0,

F2 =
∫
uλφ2 = 1

b5
∂
∂yF0,

C =

−
b2
b23

− 1
d3

− 1
d3

− 1
d3

1
b4

0

− 1
d3

0 1
b5

 ,
fi: log(x) x log(y) y log(x− y)

Wi:

 0 0 0

d3 b1 + b4 b5

0 0 0


0 b4 0

0 −d3 0

0 0 0


 0 0 0

0 0 0

d3 b4 b1 + b5


0 0 b5

0 0 0

0 0 −d3


0 0 0

0 b5 −b5
0 −b4 b4


8.5. Hörn’s Γ1 λ = (2, 1, 1, 1)

variables: x0 = ∞, h0;1 = y, x1 = 0, x2 = 1, x3 = −x,
parameters: β0;0 = b1, β0;1 = d5, β1;0 = b2, β2;0 = b3, β3;0 = b4,

1-forms: ϕ0;0 =
ds

s
, ϕ0;1 = −yds

s2
, ϕ1;0 =

dt

t
, ϕ2;0 =

dt

t− 1
, ϕ3;0 =

dt

t+ x
,

conditions: b1 + b2 + b3 + b4 = 0, b2, b3, b4 /∈ Z, d5 ̸= 0,
φ0 = ϕ1;0,

φ1 = ϕ1;0 − ϕ3;0,

φ2 = ϕ0;1,


F0 =

∫
uλφ0,

F1 =
∫
uλφ1 = x

b4
∂
∂xF0,

F2 =
∫
uλφ2 = y

d5

∂
∂yF0,

C =


1
b2

1
b2

− 1
d5

1
b2

( 1
b2

+ 1
b4
) 0

− 1
d5

0 − b1
b25

 ,
fi: log(x) log(x+ 1) log(y) y xy

Wi:

0 b4 0

0 b2 + b4 0

0 0 0


 0 0 0

b1 b3 + b4 −d5
0 0 0


0 0 d5

0 0 0

0 0 b1


 0 0 0

0 0 0

b2 + b4 −b4 d5


 0 0 0

d5 −d5 0

b4 −b4 0


8.6. Humbert’s Φ3 λ = (2, 2, 1)

variables: x0 = ∞, h0;1 = 1, x1 = 0, h1;1 = y, x2 = −x,
parameters: β0;0 = b2, β0;1 = d3, β1;0 = b1, β1;1 = d5, β2;0 = b4,

1-forms: ϕ0;0 =
ds

s
, ϕ0;1 = −ds

s2
, ϕ1;0 =

dt

t
, ϕ1;1 = −ydt

t2
, ϕ2;0 =

dt

t+ x
,

conditions: b1 + b2 + b4 = 0, b4 /∈ Z, d3 ̸= 0, d5 ̸= 0,
φ0 = ϕ0;1,

φ1 = ϕ2;0,

φ2 = ϕ1;0,


F0 =

∫
uλφ0,

F1 =
∫
uλφ1 = 1

b4
∂
∂xF0,

F2 =
∫
uλφ2 = 1

d5

∂
∂yF0,

C =

−
b2
d2
3

− 1
d3

− 1
d3

− 1
d3

1
b4

0

− 1
d3

0 0

 ,
fi: log(x) x log(y) y

y

x

Wi:

 0 0 0

d3 b1 + b4 0

0 −b4 b4


0 b4 0

0 −d3 0

0 0 0


 0 0 0

0 0 0

d3 b4 b1


0 0 d5

0 0 0

0 0 0


0 0 0

0 −d5 d5

0 0 0


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8.7. Hörn’s Γ2 λ = (2, 2, 1)

variables: x0 = ∞, h0;1 = y, x1 = 0, h1;1 = x, x2 = 1,

parameters: β0;0 = b1, β0;1 = d5, β1;0 = b2, β1;1 = d4, β2;0 = b3,

1-forms: ϕ0;0 =
ds

s
, ϕ0;1 = −yds

s2
, ϕ1;0 =

dt

t
, ϕ1;1 = −xdt

t2
, ϕ2;0 =

dt

t− 1
,

conditions: b1 + b2 + b3 = 0, b3 /∈ Z, d4 ̸= 0, d5 ̸= 0,
φ0 = ϕ1;0,

φ1 = −ϕ1;1,

φ2 = ϕ0;1,


F0 =

∫
uλφ0,

F1 =
∫
uλφ1 = x

d4

∂
∂xF0,

F2 =
∫
uλφ2 = y

d5

∂
∂yF0,

C =


0 − 1

d4
− 1

d5

− 1
d4

− b2
b24

0

− 1
d5

0 − b1
d2
5

 ,
fi: log(x) x log(y) y xy

Wi:

0 d4 0

0 b2 0

0 0 0


 0 0 0

b1 d4 −d5
0 0 0


0 0 d5

0 0 0

0 0 b1


 0 0 0

0 0 0

b2 −d4 d5


 0 0 0

d5 0 0

d4 0 0


8.8. Kimura’s Φ(3,1,1) λ = (3, 1, 1)

variables: x0 = ∞, h0;1 = x, h0;2 = y, x1 = 0, x2 = 1,

parameters: β0;0 = b1, β0;1 = 0, β0;2 = d5, β1;0 = b2, β2;0 = b3,

1-forms: ϕ0;0 =
ds

s
, ϕ0;1 = −xds

s2
, ϕ0;2 = (

x2

s3
− y

s2
)ds, ϕ1;0 =

dt

t
, ϕ2;0 =

dt

t− 1
,

conditions: b1 + b2 + b3 = 0, b2, b3 /∈ Z, d5 ̸= 0,
φ0 = ϕ1;0,

φ1 = ϕ1;0 − ϕ2;0,

φ2 = ϕ0;1,


F0 =

∫
uλφ0,

F1 =
∫
uλφ1 = (x ∂

∂xF0 + y ∂
∂yF0 − b1F0)/b3,

F2 =
∫
uλφ2 = x

d5

∂
∂yF0,

C =


1
b2

1
b2

0
1
b2

( 1
b2

+ 1
b3
) 0

0 0 1
d5

 ,
　

fi: log(x) x
y

x

1

2

(y
x

)2
(
x2

2
− y)

Wi:

b1 b3 0

0 0 0

0 0 b1


 0 0 0

0 0 d5

−b3 b3 0


 0 0 d5

0 0 0

−b1 −b3 0


0 0 0

0 0 0

0 0 d5


 0 0 0

d5 −d5 0

0 0 0


8.9. Kimura’s Φ(3,2) λ = (3, 2)

variables: x0 = ∞, h0;1 = 1, h0;2 = x, x1 = 0, h1;1 = y,

parameters: β0;0 = b2, β0;1 = 0, β0;2 = d4, β1;0 = b1, β1;1 = d5,

1-forms: ϕ0;0 =
ds

s
, ϕ0;1 = −ds

s2
, ϕ0;2 = (

1

s3
− x

s2
)ds, ϕ1;0 =

dt

t
, ϕ1;1 = −ydt

t2
,

conditions: b1 + b2 = 0, d4 ̸= 0, d5 ̸= 0,
φ0 = ϕ1;0,

φ1 = ϕ0;1,

φ2 = −ϕ1;1,


F0 =

∫
uλφ0,

F1 =
∫
uλφ1 = 1

d4

∂
∂xF0,

F2 =
∫
uλφ2 = y

d5

∂
∂yF0,

C =

 0 0 − 1
d5

0 1
d4

0

− 1
d5

0 − b1
d2
5

 ,
fi: x

x2

2
log(y) y xy

Wi:

 0 d4 0

b1 0 −d5
0 0 0


0 0 0

0 d4 0

0 0 0


0 0 d5

0 0 0

0 0 b1


 0 0 0

d5 0 0

0 −d4 0


 0 0 0

0 0 0

d4 0 0


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8.10. Kimura’s Φ(4,1) λ = (4, 1)

variables: x0 = ∞, h0;1 = 1, h0;2 = x, h0;3 = y, x1 = 0,

parameters: β0;0 = b1, β0;1 = 0, β0;2 = 0, β0;3 = d5, β1;0 = −b1,

1-forms: ϕ0;0 = −dt

t
, ϕ0;1 = dt, ϕ0;2 = (x− t)dt, ϕ0;3 = (y − 2xt+ t2)dt, ϕ1;0 =

dt

t
,

conditions: b1 /∈ Z, d5 ̸= 0,
φ0 = ϕ1;0,

φ1 = ϕ0;1,

φ2 = ϕ0;2,


F0 =

∫
uλφ0,

F1 =
∫
uλφ1 = 1

d5

∂
∂yF0,

F2 =
∫
uλφ2 = ( ∂

∂xF0 + x ∂
∂yF0)/d5,

C =

−
1
b1

0 0

0 0 1
d5

0 1
d5

0

 ,
fi: x

x2

2
− y x2 − y xy − 2

3
x3

1

2
(x2 − y)2

Wi:

 0 0 d5

−b1 0 0

0 b1 0


 0 −d5 0

0 0 0

b1 0 0


0 0 0

0 0 d5

0 0 0


0 0 0

0 d5 0

0 0 d5


0 0 0

0 0 0

0 d5 0


8.11. Kimura’s Φ(5) λ = (5)

variables: x0 = ∞, h0;1 = 1, h0;2 = 0, h0;3 = x, h0;4 = y,

parameters: β0;0 = 0, β0;1 = 0, β0;2 = 0, β0;3 = 0, β0;4 = d5,

1-forms: ϕ0;0 = −dt

t
, ϕ0;1 = dt, ϕ0;2 = −tdt, ϕ0;3 = (x+ t2)dt, ϕ0;4 = (y − 2xt− t3)dt,

condition: d5 ̸= 0,
φ0 = ϕ0;1,

φ1 = ϕ0;2,

φ2 = ϕ0;3,


F0 =

∫
uλφ0,

F1 =
∫
uλφ1 = − 1

d5

∂
∂yF0,

F2 =
∫
uλφ2 = xF0 − 1

d5

∂
∂xF0,

C =
1

d5

0 0 1

0 1 0

1 0 0

 ,
fi: x

x2

2
y xy (

y2

2
− x3

3
)

Wi:

0 0 −d5
0 0 0

0 0 0


d5 0 0

0 2d5 0

0 0 d5


0 −d5 0

0 0 −d5
0 0 0


 0 0 0

d5 0 0

0 d5 0


 0 0 0

0 0 0

d5 0 0



9 Pfaffian system of Appell’s F2

Appell’s F2 hypergeometric series is defined by

F2(a, b1, b2, c1, c2;x, y) =

∞∑
m1,m2=0

(a)m1+m2
(b1)m1

(b2)m2

(c1)m1(c2)m2(1)m1(1)m2

xm1ym2 , (9.1)

where x, y are complex variables, a, b1, b2, c1, c2 are complex parameters, c1, c2 ̸= 0,−1,−2, . . . ,

and (a)m = Γ(a + m)/Γ(a). This series converges absolutely in the domain {(x, y) ∈ C2 |
|x|+ |y| < 1}, and admits an Euler type integral

F2(a, b1, b2, c1, c2;x, y) =
Γ(c1)Γ(c2)

Γ(b1)Γ(c1 − b1)Γ(b2)Γ(c2 − b2)

∫∫
∆

uF2
φF2

, (9.2)

uF2
= tb11 (1− t1)

c1−b1tb22 (1− t2)
c2−b2(1− xt1 − yt2)

−a,

φF2
=

dt1 ∧ dt2
t1(t1 − 1)t2(t2 − 1)

, ∆ = (0, 1)× (0, 1),
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under the convergence condition ℜ(c1) > ℜ(b1) > 0, ℜ(c2) > ℜ(b2) > 0 for the integral.

This series satisfies Appell’s F2 system of hypergeometric differential equations:
[
x(1− x) ∂2

∂x2 − xy ∂2

∂x∂y + {c1 − (a+ b1 + 1)x} ∂
∂x − b1y

∂
∂y − ab1

]
f(x, y) = 0,[

y(1− y) ∂2

∂y2 − xy ∂2

∂x∂y + {c2 − (a+ b2 + 1)y} ∂
∂y − b2x

∂
∂x − ab2

]
f(x, y) = 0.

(9.3)

It is known that (9.3) is a regular singular system of rank four with singular locus

SF2
=
{
(x, y) ∈ C2

∣∣x(x− 1)y(y − 1)(x+ y − 1) = 0
}
∪ L∞,

where L∞ is the line at infinity in the projective plane P2 of the (x, y)-space. By changing ∆

into suitable cycles in the (t1, t2)-space for the Euler type integral (9.2), we can give linearly

independent solutions to (9.3) around any point in the complement of the singular locus SF2
.

We set 

φ0,F = dT
(1−xt1−yt2)t1t2

,

φ1,F = (1−x)dT
(1−xt1−yt2)(t1−1)t2

,

φ2,F = (1−y)dT
(1−xt1−yt2)t1(t2−1) ,

φ3,F = (1−x−y)dT
(1−xt1−yt2)(t1−1)(t2−1) ,

where dT := dt1 ∧ dt2, and define functions

fi(x, y) :=

∫∫
∆

uF2φi,F (0 ≤ i ≤ 3), ∆ = (0, 1)× (0, 1). (9.4)

It is known that the series F2(a, b1, b2, c1, c2;x, y) spans the 1-dimensional space of single valued

holomorphic solutions to (9.3) around (0, 0). The linear combination

f = f0 − f1 − f2 + f3, (9.5)

belongs to this space, and it is a non-zero constant multiplication to F2(a, b1, b2, c1, c2;x, y). Its

partial derivatives (∂/∂x)f , (∂/∂y)f and (∂2/∂x∂y)f are expressed by

∂

∂x
f =

a

x− 1
f1 −

a

x+ y − 1
f3,

∂

∂y
f =

a

y − 1
f2 −

a

x+ y − 1
f3,

∂2

∂x∂y
f =

a(a+ b1 + b2 − c1 − c2 + 1)

(x+ y − 1)2
f3 −

ab2
(x− 1)(x+ y − 1)

f1 −
ab1

(y − 1)(x+ y − 1)
f2.

Thus the vector-valued function FF2
:= t

[
f0 f1 f2 f3

]
satisfies a system of first order dif-

ferential equations equivalent to (9.3):

∂xFF2 =
{

dx
x W1,F + dx

x−1W2,F + dx
x+y−1W5,F

}
FF2 ,

∂yFF2
=
{

dy
y W3,F + dy

y−1W4,F + dy
x+y−1W5,F

}
FF2

,
(9.6)
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where ∂xF = dx(∂/∂x)F, ∂yF = dy(∂/∂y)F and

W1,F :=


−b1 b1 − c1 0 0

−b1 b1 − c1 0 0

0 0 −b1 b1 − c1

0 0 −b1 b1 − c1

 , W2,F :=


0 c1 − b1 0 0

0 c1 − b1 + b2 − a 0 0

0 0 0 0

0 b2 0 0

 ,

W3,F :=


−b2 0 b2 − c2 0

0 −b2 0 b2 − c2

−b2 0 b2 − c2 0

0 −b2 0 b2 − c2

 , W4,F :=


0 0 c2 − b2 0

0 0 0 0

0 0 c2 − b2 + b1 − a 0

0 0 b1 0

 ,

W5,F :=


0 0 0 0

0 0 0 c2 − b2

0 0 0 c1 − b1

0 0 0 c1 + c2 − b1 − b2 − a

 .
The system (9.6) is called a Pfaffian system of Appell’s F2.

10 Equivalence of Pfaffian systems

In this section, we define an equivalence relation between two Pfaffian systems.

Let

(W,F) : dF =WF (10.1)

be an integrable Pfaffian system on P2 for an unknown vector-valued holomorphic function F of

size n with a rational connection matrix W = W (x, y). Note that W is an n× n matrix whose

entries are rational 1-forms of x, y and satisfies the integrability condition

dW =W ∧W.

Let X be the regular locus of a system of differential equations equivalent to (10.1), O(X) be

the ring of holomorphic functions on X, R(X) be the intersection of the field C(x, y) of rational
functions in x, y, and O(X), and R×(X) be its unit group. We introduce the following actions

on a local solution F(x, y) to this Pfaffian system:

(a) a multiplication of h(x, y)α (h(x, y) ∈ R×(X), α ∈ C) to F(x, y), i.e.,

F(x, y) 7→ h(x, y)αF(x, y),

(b) a left multiplication of g(x, y) ∈ GL(4,R(X)) to F(x, y), i.e.,

F(x, y) 7→ g(x, y)F(x, y),

(c) a change of the independent variables by a birational map ψ(x, y) whose restriction to X

is a biregular morphism, i.e.,

F(x, y) 7→ F(ψ−1(x, y)).
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The transformed function F̃(x, y) under the action in (a), (b) or (c) satisfies

(W̃ , F̃) : dF̃ = W̃ F̃, (10.2)

where connection matrix W̃ (x, y) is given as follows:

(a)

W̃ (x, y) =W (x, y) + α
dh(x, y)

h(x, y)
,

(b)

W̃ (x, y) = g(x, y)W (x, y)g(x, y)−1 + dg(x, y)g(x, y)−1,

(c)

W̃ (x, y) =W (ψ−1(x, y)).

Definition 10.1. If a Pfaffian system (W,F) changes into (W̃ , F̃) by a series of these actions,

then (W,F) and (W̃ , F̃) are equivalent, and this equivalence is denoted by

(W,F) ∼ (W̃ , F̃). (10.3)

Under this definition, we have the following.

Proposition 10.1. Pfaffian systems of Appell’s F2 and F3 are equivalent under Definition 10.1.

Here refer to [Er, Section 5.9] for Appell’s F3 system of hypergeometric differential equations.

Proof. For the Pfaffian system (9.6) of Appell’s F2, multiply the local solution FF2 by xb1yb2 ,

then we have

FF3
= t
[
f ′′0 f ′′1 f ′′2 f ′′3

]
:= xb1yb2FF2

.

Apply a birational map x = 1/x′′, y = 1/y′′ to it, then the Pfaffian system is transformed into

∂x′′FF3
=
{

dx′′

x′′ W
′′
1,F + dx′′

x′′−1W2,F + (y′′−1)dx′′

x′′y′′−x′′−y′′W5,F

}
FF3

,

∂y′′FF3
=
{

dy′′

y′′ W
′′
3,F + dy′′

y′′−1W4,F + (x′′−1)dy′′

x′′y′′−x′′−y′′W5,F

}
FF3

,
(10.4)

where W ′′
1,F = −(b1I4 +W1,F +W2,F +W5,F ), W

′′
3,F = −(b2I4 +W3,F +W4,F +W5,F ) and I4 is

the unit matrix.

A linear combination

f ′′ := f ′′0 − f ′′1 − f ′′2 + f ′′3

is one of solutions to
[
x′′(1− x′′) ∂2

∂x′′2 + y′′ ∂2

∂x′′∂y′′ + {B0 − (b1 +B1 + 1)x′′} ∂
∂x′′ − b1B1

]
f ′′(x′′, y′′) = 0,[

y′′(1− y′′) ∂2

∂y′′2 + x′′ ∂2

∂x′′∂y′′ + {B0 − (b2 +B2 + 1)y′′} ∂
∂y′′ − b2B2

]
f ′′(x′′, y′′) = 0,

(10.5)

where B0 = b1 + b2 − a+ 1 and B1 = b1 − c1 + 1, B2 = b2 − c2 + 1. This is Appell’s F3 system

of hypergeometric differential equations [Er]. Thus its Pfaffian system (10.4) is equivalent to the

Pfaffian system (9.6) of Appell’s F2.
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11 Confluences of Appell’s F2 system

In this section, we study confluences of the Pfaffian system of Appell’s F2. We express the

integrand uF2
as

uF2
=

5∏
i=1

lαi
i ,

l1 = t1, l2 = 1− t1, l3 = t2, l4 = 1− t2, l5 = 1− xt1 − yt2,

α1 = b1, α2 = c1 − b1, α3 = b2, α4 = c2 − b2, α5 = −a.

Let ℓ0 be the line at infinity in P2 and let ℓi (1 ≤ i ≤ 5) be the lines given by li = 0. Here l0

is regarded as 1 = 1 + 0 · t1 + 0 · t2. Note that the intersection of ℓ1 and ℓ2 and that of ℓ3 and

ℓ4 are in the line ℓ0. By regarding lines in P2 as points in the dual space of P2, we express the

configuration of the six lines as in Figure 11.1.

l0 �
��
l2 �
��

l1 �
��

l4 �
��
l3 �
��

l5 �
��
������������������

PPPPPPPPPPPPPPPPPP

Figure 11.1: Configuration of six lines

Figure 11.1 means that if circles ⃝ are in a line in the dual space, then the lines corresponding

to the circles intersect at a point in the original space. The linear forms are expressed as[
l0 · · · l5

]
=
[
1 t1 t2

]
z by a 3× 6 matrix

z = [zij ]0≤i≤2
0≤j≤5

=

1 0 1 0 1 1

0 1 −1 0 0 −x
0 0 0 1 −1 −y

 , (11.1)

which satisfies

rank(0, 1, 2; z) = rank(0, 3, 4; z) = 2,

rank(p, q, r; z) = 3 for 0 ≤ p < q < r ≤ 5, (p, q, r) ̸= (0, 1, 2), (0, 3, 4),
(11.2)

where rank(p, q, r; z) denotes the rank of the minor matrix consisting of p, q, r-th column vectors

of the 3×6 matrix z. Let Z0 be the set of 3×6 matrices satisfying (11.2). Note that if a 3×6 matrix

z belongs to Z0 then the configuration of the six lines given by
[
1 t1 t2

]
z =

[
0 · · · 0

]
is

same as that in Figure 11.1 topologically. Moreover, we can easily show the following.

41



Proposition 11.1. For any element z ∈ Z0, there exist g ∈ GL(3,C), h ∈ D6 and (x, y) ∈
P2\SF2 = {(x, y) ∈ C2 | xy(x− 1)(y − 1)(x+ y − 1) ̸= 0} such that

g · z · h =

1 0 1 0 1 1

0 1 −1 0 0 −x
0 0 0 1 −1 −y

 , (11.3)

where D6 is the subgroup of GL(6,C) consisting of diagonal matrices; it is isomorphic to (C×)6.

The element (x, y) ∈ P2\SF2 is uniquely determined, and g ∈ GL(3,C) and h ∈ D6 are unique

up to non-zero constant multiples.

We call the right hand side of (11.3) the standard form of z ∈ Z0, and x, y in the standard

form the normalized variables of z, which are denoted by x(z), y(z) in case of expressing their

dependence on z.

We extend the integrals defining f0(x, y), . . . , f3(x, y) in (9.4) to functions on the set Z0, which

are invariant under the left GL(3,C) action on Z0, and covariant under the right D6 action on

Z0. Let Z0 be a subset in P2 × Z0 given by{
(t, z) ∈ P2 × Z0 | t · z =

[
l0(z) · · · l5(z)

]
̸=
[
0 · · · 0

] }
,

where the linear form li(z) is the homogenization of z0i + z1it1 + z2it2 expressed by affine coor-

dinates (t1, t2). We have a natural projection from Z0 to Z0:

pr : Z0 ∋ (t, z) 7→ z ∈ Z0,

and a map from Z0 to D6:

λ : Z0 ∋ (t, z) 7→ diag(1, l1(z)/l0(z), . . . , l5(z)/l0(z)) ∈ D6. (11.4)

Suppose that α = t
[
α0 . . . α5

]
∈ (C− Z)6 satisfies

α0 + · · ·+ α5 = 0.

By using the map λ, we pull back the character χ0(α; ·) : D6 ∋ h = diag(h0, . . . , h5) 7→
hα0
0 · · ·hα5

5 ∈ C× to a (multi-valued) map

uα0 : Z0 ∋ (t, z) 7→ uα0 (t, z) = l0(z)
α0 · · · l5(z)α5 =

5∏
i=0

(z0i + z1it1 + z2it2)
αi ∈ C×.

We set

φ0 = dt log(l1(z)/l5(z)) ∧ dt log(l3(z)/l5(z)), φ1 = dt log(l2(z)/l5(z)) ∧ dt log(l3(z)/l5(z)),

φ2 = dt log(l1(z)/l5(z)) ∧ dt log(l4(z)/l5(z)), φ3 = dt log(l2(z)/l5(z)) ∧ dt log(l4(z)/l5(z)),

φ = φ0 − φ1 − φ2 + φ3,

where dt = dt1(∂/∂t1)+dt2(∂/∂t2) is the holomorphic exterior derivative on P2. For any z ∈ Z0,

we take a 2-chain ∆ with some cycle conditions in the fiber pr−1(z) ⊂ P2. Note that we have

the continuation of ∆ in the fiber over any point in a small neighborhood of z ∈ Z0 by the local

triviality.
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Definition 11.1. We define general hypergeometric functions Fi(α; z) (i = 0, . . . , 3) and F (α; z)

(i = ∅) on Z0 as the analytic continuations of

Fi(α; z) :=

∫∫
∆

uα0 (t, z)φi, F (α; z) :=

∫∫
∆

uα0 (t, z)φ.

They are single-valued holomorphic functions in any small neighborhood of z ∈ Z0.

Remark 11.1. In the definition of a general hypergeometric function in [KHT], α is supposed

to be

α0 + · · ·+ α5 = −3

and the 2-form in the integral is multiplied lp(z)lq(z)l5(z)/det(zij) 0≤i≤2
j=p,q,5

for some 1 ≤ p < q ≤ 4

to ours.

By [KHT, Proposition 1.2] and this remark, we see that Fi(α; z) admits the invariance for

GL(3,C) and the covariance for D6 as the following.

Proposition 11.2. The general hypergeometric functions Fi(α; z) (i = 0, . . . , 3, ∅) satisfy

Fi(α; g · z) = Fi(α; z), Fi(α; z · h) =
( 5∏

i=0

hαi
i

)
Fi(α; z),

for g ∈ GL(3,C) and h ∈ D6 in small neighborhoods of their identities.

Remark 11.2. Let z be an element of Z0, g and h be elements of GL(3,C) andD6 changing z into

the standard form as in (11.3), and x(z), y(z) be the normalized variables of z. By Proposition

11.2, Fi(α; z) (i = 0, . . . , 3, ∅) can be expressed in terms of Euler type integrals expressing

solutions to Appell’s F2 system of differential equations with substitution of x(z), y(z) for the

independent variables x, y of the system and the factor
∏5

i=0 h
αi
i , where h0, . . . , h5 ∈ C× are the

entries of h. In particular, if the 2-chain ∆ is the image of (0, 1) × (0, 1) under g regarded as a

projective transformation, then Fi(α, z) is expressed as

Fi(α; z) =
( 5∏

i=0

hαi
i

)−1

fi(x(z), y(z)),

where fi(x(z), y(z)) are given in (9.4) and (9.5).

We study confluences of solutions to Appell’s F2 system by using general hypergeometric

functions. Though the definition of the general hypergeometric function is slightly different from

that in [KHT], we can apply confluences in [KHT] to ours, since the confluences are essentially

defined by some kinds of limits for maximal abelian groups in GL(n,C) and for their characters.

Let us explain the simplest case which will be used in our study. We can regard the group

D2 =
{[hi 0

0 hj

] ∣∣ hi, hj ∈ C×} isomorphic to (C×)2 as a subgroup of D6. A character of this

group is expressed as

D2 ∋

[
hi 0

0 hj

]
7→ hαi

i · hαj

j ∈ C×.
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A character of the Jordan group is expressed as

J(2) ∋

[
hi hk

0 hi

]
7→ h

αi+αj

i · exp(αk
hk
hi

) ∈ C×.

We set a subgroup B2 of GL(2,C) and a 3-dimensional vector space B̄2 as

B2 :=
{[x z

0 y

]
∈ GL(2,C)

}
, B̄2 :=

{[x z

0 y

]
∈ M(2,C)

}
.

We identify B̄2 with the vector space C3 via a map

ι : B̄2 ∋

[
x z

0 y

]
7→
[
x y z

]
∈ C3. (11.5)

The logarithmic map from a neighborhood UI2 of the identity I2 to B̄2 is given by

log(H) :=

∞∑
n=1

(−1)n−1

n
(H − I2)

n, (H ∈ UI2). (11.6)

It admits an expression

log(H) =

[
log(hi) xk

0 log(hj)

]
, xk :=

hk/hi (hi = hj),

hk

hj−hi
log(hj/hi) (hi ̸= hj),

where hi − 1, hj − 1 and hk are sufficiently close to 0.

For a fixed column vector α = t
[
αi αj αk

]
∈ C3, we define a function χ1(α;H) on UI2 by

χ1(α;H) := exp{ι ◦ log(H) · α} (H ∈ UI2). (11.7)

This function can be extended to a (multi-valued) function on B2 by the analytic continuation.

Remark 11.3. Since B2 is not commutative, χ1(α;H) is not a homomorphism. However, the

both of restrictions χ1(α;H) to D2 and to J(2) are characters. In fact, we have

χ1(α;

[
hi 0

0 hj

]
) = hαi

i h
αj

j , χ1(α;

[
hi hk

0 hi

]
) = h

αi+αj

i exp(αk
hk
hi

)

by (11.7).

By a matrix q(ε′) =

[
1 1− ε′

0 ε′

]
instead of g(ε) =

[
1 1

0 ε

]
used in the study of confluences of

characters in [KTn, (4.1) in Lemma 4.1], we set a linear transformation Lε′ of B̄2 as

Lε′ : H =

[
hi hk

0 hj

]
7→ q(ε′)Hq(ε′)−1, (11.8)

which is represented by

C3 ∋
[
hi hj hk

]
7→
[
hi hj hk

]
L(ε′) ∈ C3, L(ε′) :=

1 0 1− 1/ε′

0 1 1/ε′ − 1

0 0 1/ε′

 ,
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via the map ι(H) =
[
hi hj hk

]
. By using this representation matrix L(ε′), we set a linear

transformation of α = t
[
αi αj αk

]
∈ C3 by

tLε′ :

αi

αj

αk

 7→ L(ε′)

αi

αj

αk

 . (11.9)

Proposition 11.3. We have

χ1(
tLε′(α);H) = χ1(α;Lε′(H)). (11.10)

Proof. We have

χ1(
tLε′(α);H) = exp(ι ◦ log(H) · tLε′(α)) = exp(ι(log(H)) · L(ε′) · α)

= exp(ι ◦ Lε′(log(H)) · α) = exp(ι ◦ log(Lε′(H)) · α) = χ1(α;Lε′(H)),

since Lε′(log(H)) = q(ε′) log(H)q(ε′)−1 = log(q(ε′)Hq(ε′)−1) = log(Lε′(H)).

By extending the 2× 2 matrix g(ε) =

[
1 1

0 ε

]
studied in [KTn, (4.3) in Lemma 4.1] to a 3× 3

matrix

R(ε′′) :=

1 1− ε′′ 0

0 ε′′ 0

0 0 ε′′

 (ε′′ ∈ C×),

and using the map ι(H) =
[
hi hj hk

]
, we define a linear transformation Rε′′ of B̄2 as

Rε′′ : H 7→ Rε′′(H) := ι−1 ◦ (ι(H) ·R(ε′′)), (11.11)

which admits an expression

Rε′′ : H =

[
hi hk

0 hj

]
7→

[
hi 0

0 hi

]
+ ε′′

[
0 hk

0 hj − hi

]
.

By a straightforward calculation, we can see that Rε′′ and Lε′ are commutative.

By using the linear transformations Lε′ and Rε′′ , and introducing an infinitesimal parameter

ε, we define a deformation of the group B2 as a map ψε : B2 → B̄2 given by

ψε(H) := Lε ◦Rε(H), (11.12)

which admits an expression

ψε : H =

[
hi hk

0 hj

]
7→ ψε(H) =

[
hi (1− ε)(hj − hi) + hk

0 hi + ε(hj − hi)

]
.

Definition 11.2 (A deformation of χ1(α;H)). We define a deformation of χ1(α;H) as its pull

back under the map ψε : B2 → B̄2:

ψ∗
εχ1(α;H) := χ1(α;ψε(H)) = χ1(

tLε(α);Rε(H)). (11.13)
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Proposition 11.4 (Confluences of D2 and a character on D2). We set

H =

[
hi 0

0 hj

]
∈ D2 ⊂ B2, α = t

[
αi αj αk

]
.

(1) The group J(2) is given as the set of limits of ψε(H) for elements H ∈ D2 as ε→ 0, i.e.

J(2) = { lim
ε→0

ψε(H) | H ∈ D2}.

(2) A character h
αi+αj

i exp(αk(hj − hi)/hi) on J(2) is given as the limit of the character

ψ∗
εχ1(α;H) on D2 as ε→ 0, i.e.,

h
αi+αj

i exp(αk
hj − hi
hi

) = lim
ε→0

ψ∗
εχ1(α;H).

Proof. (1) As ε→ 0, ψε(H) converges to

lim
ε→0

ψε(H) =

[
hi hj − hi

0 hi

]
∈ J(2).

(2) As in Remark 11.3, we have χ1(α;H) = hαi
i h

αj

j . Its deformation is written by

ψ∗
εχ1(α;H) = h

αi+(1−1/ε)αk

i

{
hi + ε(hj − hi)

}αj−(1−1/ε)αk .

By taking the limit ε→ 0, we have

lim
ε→0

ψ∗
εχ1(α;H) = χ1(α;

[
hi hj − hi

0 hi

]
) = h

αi+αj

i exp(αk
hj − hi
hi

).

In (11.13), ψ∗
ε is considered as an operator acting on a character of D2. We extend it to an

operator acting on a character of D6 as follows. We take indices i, j (0 ≤ i, j ≤ 5, i ̸= j) and

fix them. For the indices (i, j), we extend Rε to a map Rij,ε : D6 → D̄6 by sending the i, j-th

entries hi, hj in D6 by Rε and by keeping the other entries invariant, i.e.,

Rij,ε(diag(h0, . . . , hi, . . . , hj , . . . , h5)) = diag(h0, . . . , hi, . . . , hi + ε(hj − hi), . . . , h5),

where ¯ denotes the closures. We identify D̄6 with C6 by the natural map

ι6 : D̄6 ∋ h = diag(h0, . . . , h5) 7→
[
h0 · · · h5

]
∈ C6.

Under this identification, the map Rij,ε is represented by the right multiplication of the matrix

qij(ε) := I6 + (1− ε)(Eij − Ejj) ∈ M(6,C), (11.14)

to ι6(h) for h ∈ D̄6, where Eij is the (i, j) matrix unit in M(6,C). This means that

ι6 ◦Rij,ε(h) = ι6(h) · qij(ε) (h ∈ D6).

Similarly, we extend tLε to a linear transformation tLij,ε : C6 → C6 by

tLij,ε

(
t
[
α0 . . . αi . . . αj . . . α5

] )
= t
[
α0 . . . αi + (1− 1/ε)αj . . . αj/ε . . . α5

]
,
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which is represented by the left multiplication of q−1
ij (ε) to α = t

[
α0 · · · α5

]
:

tLij,ε(α) = q−1
ij (ε) · α.

Using Rij,ε and tLij,ε, we define an operator ψ∗
ij,ε acting on the character χ0(α;h) of D6 as

ψ∗
ij,εχ0(α;h) := χ0(

tLij,ε(α);Rij,ε(h)). (11.15)

We operate ψ∗
ij,ε on fi(x, y) (i = 0, . . . , 3, ∅) in (9.4) and (9.5) by regarding them as general

hypergeometric functions Fi(α; z). Since u
α
0 (t, z) is the pull back of the character χ0(α;h) under

the map λ : Z0 → D6, we set

ψ∗
ij,εfi(x, y) = ψ∗

ij,εFi(α; z) :=

∫
∆

ψ∗
ij,εχ0(α, λ(t, z))φi (i = 0, . . . , 3, ∅). (11.16)

Since

ψ∗
ij,εχ0(α, λ(t, z)) = χ0(

tLij,ε(α), Rij,ε(λ(t, z))),

tLij,ε(α) = q−1
ij (ε) · α, Rij,ε(λ(t, z)) = λ(t, z) · qij(ε) = λ(t, z · qij(ε)),

we have ∫
∆

ψ∗
ij,εχ0(α, λ(t, z))φi =

∫
∆

χ0(q
−1
ij (ε) · α, λ(t, z · qij(ε)))φi.

Thus the operator ψ∗
ij,ε on fi(x, y) in (11.16) is represented by transformations of z, α into z(ε),

α(ε) in the general hypergeometric function:

ψ∗
ij,εFi(α, z) = Fi(α(ε); z(ε)), (11.17)

where z(ε) and α(ε) are given by matrix multiplications

z(ε) := z · qij(ε), α(ε) := q−1
ij (ε) · α. (11.18)

Note that z(ε) does not satisfy the rank conditions (11.2) defining the set Z0 for any i, j (0 ≤
i, j ≤ 5, i ̸= j). We temporally assume that the 3×6 matrix z(ε) belongs to Z0. Then by Remark

11.2, F (α(ε); z(ε)) in (11.17) can be expressed by the normalized variables x(z(ε)), y(z(ε)) and

parameters α(ε) as

Fi(α(ε); z(ε)) = (

5∏
k=0

hk(ε)
αk(ε))−1fi(α(ε);x(z(ε)), y(z(ε))),

where h(ε) = diag(h0(ε), . . . , h5(ε)) ∈ D6 is used to change z(ε) into its standard form as in

(11.3). Hence we have

ψ∗
ij,εfi(α;x, y) = ψ∗

ij,εFi(α; z) = Fi(α(ε); z(ε)) = (

5∏
k=0

hk(ε)
αk(ε))−1fi(α(ε);x(z(ε)), y(z(ε))),

(11.19)

that is, the operator ψ∗
ij,ε on fi(α;x, y) is realized by the transformations of x, y, α into x(z(ε)),

y(z(ε)), α(ε) for fi(x, y), and the multiplication of the factor (
∏5

k=0 hk(ε)
αk(ε))−1 to it. Recall

that we define the operator ψ∗
ij,ε by the confluence of a character on D6. We will calculate the

limit lim
ε→0

ψ∗
ij,εfi(α;x, y) by using the right hand side of (11.19).

Here we list (i, j) such that the operator ψ∗
ij,ε on fi(α;x, y) can be defined.
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Proposition 11.5. Suppose that ε is a non-zero complex number with sufficiently small absolute

value. There are thirteen pairs of indices (i, j) (0 ≤ i, j ≤ 5, i ̸= j) such that the set Z0 contains

z(ε) = z · qij(ε) for any z ∈ Z0. We list them as follows:

(0, 1), (0, 2), (0, 3), (0, 4),

(1, 2), (2, 1), (3, 4), (4, 3),

(1, 5), (2, 5), (3, 5), (4, 5),

(0, 5).

(11.20)

For any (i, j) (0 ≤ i, j ≤ 5, i ̸= j) not listed in (11.20), and any z ∈ Z0, the set Z0 contains

neither z(ε) nor any matrix obtained by a permutation of its columns.

Proof. We fix any element (x, y) ∈ P2\SF2 . Let Vpq be the linear span of the column vectors zp

and zq.

Firstly, we consider (i, 0) (1 ≤ i ≤ 5). In this case, the column vector z0(ε) is given as

z0(ε) = zi + ε(z0 − zi).

In the case of i = 1, 2, zi does not belong to V34 by rank(i, 3, 4; z(1)) = 3. Thus z0(ε), z3, z4 are

linearly independent, which contradicts the condition rank(0, 3, 4; z(ε)) = 2 (ε ̸= 0). In the case

of i = 3, 4, 5, zi does not belong to V12 by the condition rank(1, 2, i; z(1)) = 3, which contradicts

the condition rank(0, 1, 2; z(ε)) = 2 (ε ̸= 0). Hence, we have z(ε) /∈ Z0 for (i, 0) (1 ≤ i ≤ 5).

Secondly, we consider the case (i, 1) (i = 0, 2, . . . , 5). We have dim(V0j) = 2 for j = 1, 2

by the condition rank(0, j, 3; z(1)) = 3. The column vector z1 belongs to V02 by the condition

rank(0, 1, 2; z(1)) = 2. We consider the column vector

z1(ε) = zi + ε(z1 − zi).

In the case i = 0, 2, z1(ε) satisfies that z1(ε) ̸= z0, z2, and z1(ε) ∈ V02. Since we can see

rank(0, 1, 2; z(ε)) = 2, rank(0, 1, r; z(ε)) = rank(0, 2, r; z(1)) = 3,

rank(1, 2, r; z(ε)) = rank(0, 2, r; z(1)) = 3 (3 ≤ r ≤ 5),

we have z(ε) ∈ Z0 for (0, 1) and (2, 1).

In the case i = 3, 4, 5, note that

rank(0, 1, 2; z(ε)) = rank(0, i, 2; z(1)) = 3 (ε ̸= 1).

Hence we have z(ε) /∈ Z0 for (i, 1) (3 ≤ i ≤ 5).

Thirdly, we consider the case (i, j) for j = 2, 3, 4 and 0 ≤ i ≤ 5, i ̸= j. By a similar argument to

the previous, we can show that z(ε) ∈ Z0 for (0, 2) and (1, 2), and z(ε) /∈ Z0 for (i, 2) (3 ≤ i ≤ 5).

By exchanging the roles of z1, z2 and z3, z4 in previous results, z(ε) ∈ Z0 for (0, 3), (0, 4), (4, 3)

and (3, 4), and z(ε) /∈ Z0 for (i, 3) and (i, 4) (i = 1, 2, 5).

Fourthly, we consider the case (i, 5) (0 ≤ i ≤ 5). In this case, the column vector z5(ε) is given

as

z5(ε) = zi + ε(z5 − zi).
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We check the conditions rank(p, q, 5; z(ε)) = 3 (0 ≤ p < q ≤ 4). In the case of zi ∈ Vpq

(0 ≤ p < q ≤ 4), we have rank(p, q, 5; z(ε)) = rank(p, q, 5; z(1)) = 3 for the ε. In the case of

zi /∈ Vpq, we have

det
[
zp zq z5(ε)

]
= (1− ε) det

[
zp zq zi

]
+ εdet

[
zp zq z5

]
.

Because |ε| is sufficiently small, det
[
zp zq z5(ε)

]
is a value close to det

[
zp zq zi

]
̸= 0.

This means rank(p, q, 5; z(ε)) = 3. Hence, we have z(ε) /∈ Z0 for (i, 5) (0 ≤ i ≤ 4).

Finally, in each case for (i, j) not listed in (11.20), there do not exist two triples (p, q, r)

(0 ≤ p < q < r ≤ 5) such that rank(p, q, r; z(ε)) = 2 for ε ̸= 0 with small absolute value. Hence

Z0 does not contain any matrix obtained by a permutation of columns of z(ε).

We take a pair of indices (i, j) listed in (11.20) of Proposition 11.5, and fix it. By using

(11.19), we define our confluence C(i, j) on Appell’s F2 system (9.3) of hypergeometric differential

equations, its solutions f(x, y) in (9.5), and its Pfaffian system (9.6). To distinguish variables

and parameters used in C(i, j) from those of the original Appell’s F2 system, we prepare

z′ =
[
z′0 · · · z′5

]
=

1 0 1 0 1 1

0 1 −1 0 0 −x′

0 0 0 1 −1 −y′


with independent variables (x′, y′) ∈ P2\SF2

, parameters α′ = t
[
α′
0 · · · α′

5

]
, and coordinates[

1 t′1 t′2

]
of P2 for our confluence C(i, j). We set

z′(ε) =
[
z′0 · · · z′j(ε) · · · z′5

]
, z′j(ε) = (1− ε)z′i + εz′j .

Let g(ε) and h(ε) be elements of GL(3,C) and D6 changing z′(ε) into the standard form as in

(11.3), and x(z′(ε)), y(z′(ε)) be the normalized variables of z′(ε). By regarding x(z′(ε)), y(z′(ε))

as functions of x′, y′ and ε, we express them by

x(z′(ε)) = x(x′, y′, ε), y(z′(ε)) = y(x′, y′, ε).

Definition 11.3 (Confluence C(i, j)). For a pair of indices (i, j) listed in (11.20) of Proposition

11.5, we set transformations


x = x(x′, y′, ε),

y = y(x′, y′, ε),


αi = α′

i + (1− 1/ε)α′
j ,

αj = α′
j/ε,

αk = α′
k (k ̸= i, j),

(11.21)

[
1 t1 t2

]
=
[
1 t′1 t′2

]
g(ε)−1.

We define the confluence C(i, j) on Appell’s F2 system (9.3) and its solutions by applying the

transformations (11.21) to (9.3) and its solutions, and taking limit ε → 0 for the transformed

ones with the factor (
∏5

k=0 hk(ε)
αk(ε))−1 in (11.19). We also define the confluence C(i, j) on

the Pfaffian (9.6) by applying the transformations (11.21) to the connection matrix and local

solutions of (9.6), and taking limit ε→ 0 for the transformed ones with the factor.
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Remark 11.4. In the confluence C(i, j) on (9.6), there are cases where we need a transformation

of the unknown function FF2(x, y) by a 4× 4 matrix with ε; for details refer to subsections 12.2

and 12.3.

12 Detailed Calculations of Confluences

In this section, we execute our confluences. We study C(0, 1), C(0, 2), C(0, 3) and C(0, 4) in

subsection 12.1, C(1, 2), C(2, 1), C(3, 4) and C(4, 3) in subsection 12.2, C(1, 5), C(2, 5), C(3, 5) and
C(4, 5) in subsection 12.3, and C(0, 5) in subsection 12.4.

12.1 Confluence from Appell’s F2 to Humbert’s Ξ1

To study the confluences C(0, 1), . . . , C(0, 4), we introduce Humbert’s hypergeometric series

Ξ1(α1, α2, β, γ;x, y) =

∞∑
m1,m2=0

(α1)m1
(α2)m2

(β)m1

(γ)m1+m2
(1)m1

(1)m2

xm1ym2 , (12.1)

where γ /∈ Z≤0. This function satisfies Humbert’s Ξ1 system of differential equations:
[
x(1− x) ∂2

∂x2 + y ∂2

∂x∂y + {γ − (α1 + β + 1)x} ∂
∂x − α1β

]
Ξ1(x, y) = 0,[

y ∂2

∂y2 + x ∂2

∂x∂y + {γ − y} ∂
∂y − α2

]
Ξ1(x, y) = 0.

(12.2)

In this subsection, we show that the Pfaffian system (9.6) of Appell’s F2 converges to a Pfaf-

fian system equivalent to Humbert’s Ξ1 system of differential equations by the confluences

C(0, 1), . . . , C(0, 4). At first, we consider the confluence C(0, 4) given by the deformation

z′4(ε) = (1− ε)z′0 + εz′4, (12.3)

by an infinitesimal parameter ε. The deformed matrix is

z′(ε) :=

1 0 1 0 1 1

0 1 −1 0 0 −x′

0 0 0 1 −ε −y′

 ,
and its standard form is

g · z′(ε) · h =

1 0 1 0 1 1

0 1 −1 0 0 −x′

0 0 0 1 −1 −y′/ε

 ,
where g = diag(1, 1, 1/ε) and h = diag(1, 1, 1, ε, 1, 1). The variables of integral in (9.4) are

transformed by [
1 t′1 t′2

]
g−1 =

[
1 t1 t2

]
.

Hence, we have transformations
t1 = t′1,

t2 = εt′2,


x = x′,

y = y′/ε.

(12.4)
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The parameters α0, α4 are transformed by[
α0

α4

]
= q(ε)−1

[
α′
0

α′
4

]
. (12.5)

We set α′
4 := −d, and

α4 = (c2 − b2) = −d/ε, α0 = (a− c1 − b2) + d/ε. (12.6)

Here, the non-zero parameter d is introduced in order to give Pfaffian systems the homogeneity

of parameter as in Theorems 7.1, 8.1. As ε→ 0, the integrand uF2
converges to

lim
ε→0

(h−α3
3 uF2) = lim

ε→0
(ε−b2uF2) = t′

b1
1 (1− t′1)

c1−b1t′
b2
2 exp(dt′2)(1− x′t′1 − y′t′2)

−a.

Thus we have Euler type integrals expressing solutions to some system of differential equations

by the confluence C(0, 4) on those to Appell’s F2 system (9.3). To change this system into

Humbert’s Ξ1 system in (12.2), we consider further transformations
t1 = t′1 = x′′t′′1 ,

t2 = εt′2 = εy′′t′′2 ,


x = x′ = 1/x′′,

y = y′/ε = 1/(εy′′).

(12.7)

As ε→ 0, the integrand uF2 converges to

lim
ε→0

((x′′)−b1(εy′′)−b2uF2
) = t′′

b1
1 (1− x′′t′′1)

c1−b1t′′
b2
2 exp(dy′′t′′2)(1− t′′1 − t′′2)

−a,

which is denoted by uΞ1 . Applying the replacements (12.7) and (12.6) to (9.3), we have a system

[
x′′(1− x′′) ∂2

∂x′′2 + y′′ ∂2

∂x′′∂y′′ + {(b1 + b2 − a+ 1)− (2b1 − c1 + 2)x′′} ∂
∂x′′

−b1(b1 − c1 + 1)
]
(x′′−b1(εy′′)−b2f( 1

x′′ ,
1

εy′′ )) = 0,[
y′′(1− εy′′) ∂2

∂y′′2 + x′′ ∂2

∂x′′∂y′′ + {(b1 + b2 − a+ 1)− (d+ εb2 + 2ε)y′′} ∂
∂y′′

−b2(d+ ε)
]
(x′′−b1(εy′′)−b2f( 1

x′′ ,
1

εy′′ )) = 0.

By the confluence, this system converges to

[
x′′(1− x′′) ∂2

∂x′′2 + y′′ ∂2

∂x′′∂y′′ + {(b1 + b2 − a+ 1)− (2b1 − c1 + 2)x′′} ∂
∂x′′

−b1(b1 − c1 + 1)
]
g(x′′, y′′) = 0,[

y′′ ∂2

∂y′′2 + x′′ ∂2

∂x′′∂y′′ + {(b1 + b2 − a+ 1)− dy′′} ∂
∂y′′ − b2d

]
g(x′′, y′′) = 0,

(12.8)

which is Humbert’s Ξ1 system of differential equations. If ℜ(dy′) < 0, then the solution (9.2) to

the system (9.3) converges to

lim
ε→0

x′′
−b1(εy′′)−b2f(

1

x′′
,

1

εy′′
) =

∫∫
∆′′

uΞ1φΞ1 ,

where ∆′′ = (0, 1/x′′)× (0,∞) and φΞ1
= dt′′1 ∧ dt′′2/(t

′′
1 t

′′
2(1− x′′t′′1)). We define a function

g(x′′, y′′) :=

∫∫
∆′′

uΞ1
φΞ1

, (12.9)
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which is a solution to (12.8). By the confluence, fi converges to

gi(x
′′, y′′) := lim

ε→0
x′′

−b1(εy′′)−b2fi(
1

x′′
,

1

εy′′
).

The solution g is expressed by a linear combination

g = g0 − g1 − g2 + g3. (12.10)

Applying the replacements (12.4) and (12.6) to (9.6), we have the system

∂x′′(xb1yb2)FF2
=

{
−dx′′

x′′
(b1I4 +W1,F +W2,F ) +

dx′′

x′′ − 1
W2,F − εy′′dx′′

x′′(x′′ + εy′′ − εx′′y′′)
W5,F

}
(xb1yb2)FF2

,

∂y′′(xb1yb2)FF2
=

{
−dy′′

y′′
(b2I4 +W3,F +W4,F +W5,F ) +

εdy′′

εy′′ − 1
W4,F

+
ε(1− x′′)dy′

x′′ + εy′′ − εx′′y′′
W5,F

}
(xb1yb2)FF2 ,

and as ε→ 0, this system converges to

∂x′′FΞ1 =
{

dx′′

x′′ W1,Ξ + dx′′

x′′−1W2,Ξ − y′′dx′′

x′′2 W5,Ξ

}
FΞ1 ,

∂y′′FΞ1
=
{

dy′′

y′′ W3,Ξ + dy′′W4,Ξ + dy′′

x′′ W5,Ξ

}
FΞ1

,
(12.11)

where W2,Ξ :=W2,F , W1,Ξ := −(b1I4 +W1,F +W2,F ), W3,Ξ := −(b2I4 +W3,F +W4,F +W5,F ),

W4,Ξ := lim
ε→0

(−ε)(W4,F +W5,F ), W5,Ξ := lim
ε→0

(εW5,F ) and FΞ1
:= t

[
g0 g1 g2 g3

]
. They are

W1,Ξ =


0 0 0 0

b1 a− b1 − b2 0 0

0 0 0 c1 − b1

0 −b2 b1 c1 − 2b1

 , W2,Ξ =


0 c1 − b1 0 0

0 c1 − b1 + b2 − a 0 0

0 0 0 0

0 b2 0 0

 ,

W3,Ξ =


0 0 0 0

0 0 0 0

b2 0 a−b1−b2 b1 − c1

0 b2 −b1 a+b1−c1−b2

 , W4,Ξ =


0 0 d 0

0 0 0 d

0 0 d 0

0 0 0 d

 , W5,Ξ =


0 0 0 0

0 0 0 −d
0 0 0 0

0 0 0 −d

 .
Using (12.10) and (12.11), we have partial derivatives (∂/∂x′′)g, (∂/∂y′′)g and (∂2/∂x′′∂y′′)g of

g, which are expressed by

∂

∂x′′
g =

−b1
x′′

(g0 − g1 − g2 + g3) +
a

x′′(x′′ − 1)
g1,

∂

∂y′′
g =

−b2
y′′

(g0 − g1 − g2 + g3) +
a

y′′
(g3 − g2),

∂2

∂x′′∂y′′
g =

b1b2
x′′y′′

(g0 − g1 − g2 + g3)−
ab1
x′′y′′

(g3 − g2) +
ad

x′′2
g3.

Thus we have the following.

Proposition 12.1. By the confluence C(0,4), the Pfaffian system (9.6) converges to the Pfaffian

system (12.11), which is equivalent to Humbert’s Ξ1 system (12.2) of differential equations and

the matrices W1,Ξ, . . . ,W5,Ξ depend only on the parameters. This system is called a Pfaffian

system of Humbert’s Ξ1.
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Next, we consider the confluence C(0, 3). Before introducing an infinitesimal parameter ε, we

give a standard form of 1 0 1 1 0 1

0 1 −1 0 0 −x
0 0 0 −1 1 −y

 .
It is

g ·

1 0 1 0 1 1

0 1 −1 0 0 −x̃
0 0 0 1 −1 −ỹ

 · h =

1 0 1 1 0 1

0 1 −1 0 0 −x̃/(1− ỹ)

0 0 0 −1 1 ỹ/(1− ỹ)

 ,
where

g =

1 0 1

0 1 0

0 0 −1

 , h = diag(1, 1, 1, 1, 1,
1

1− ỹ
).

Now, we use the following transformation

t2 = 1− t̃2,


x = x̃

1−ỹ ,

y = −ỹ
1−ỹ ,

(12.12)

and exchange the role of z3 and z4 in the study of C(0, 4), and define a new integrand

ũF2
:= (

1

1− ỹ
)auF2

= tb11 (1− t1)
c1−b1 t̃c2−b2

2 (1− t̃2)
b2(1− x̃t1 − ỹt̃2)

−a.

Applying (12.12) to (9.3), we have
[
x̃(1− x̃) ∂2

∂x̃2 − x̃ỹ ∂2

∂x̃∂ỹ + {c1 − (a+ b1 + 1)x̃} ∂
∂x̃ − b1ỹ

∂
∂ỹ − ab1

]
f̃(x̃, ỹ) = 0,[

ỹ(1− ỹ) ∂2

∂ỹ2 − x̃ỹ ∂2

∂x̃∂ỹ + {c2 − (a+ c2 − b2 + 1)ỹ} ∂
∂ỹ

−(c2 − b2)x̃
∂
∂x̃ − a(c2 − b2)

]
f̃(x̃, ỹ) = 0,

(12.13)

where f̃(x̃, ỹ) := (1−ỹ)−af(x̃/(1−ỹ),−ỹ/(1−ỹ)). There is a solution f̃(x̃, ỹ) to (12.13) expressed
by the integral

f̃(x̃, ỹ) =

∫∫
∆̃

ũF2
φ̃F2

,

where ∆̃ = (0, 1)× (0, 1) and φ̃F2
= dt1 ∧ dt̃2/(t1(t1 − 1)t̃2(t̃2 − 1)). Apply (12.12) to

f̃i(x̃, ỹ) :=

∫∫
∆̃

ũF2
φi,F (0 ≤ i ≤ 3)

and (9.6), then we have a Pfaffian system of Appell’s F2:

∂x̃F̃F2
=
{

dx̃
x̃ W1,F + dx̃

x̃−1W5,F + dx̃
x̃+ỹ−1W2,F

}
F̃F2

,

∂ỹF̃F2
=
{

dỹ
ỹ W3,F + dỹ

ỹ−1W0,F + dỹ
x̃+ỹ−1W2,F

}
F̃F2

,
(12.14)
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where

W0,F := −(aI4 +

5∑
i=1

Wi,F ) =


b1 + b2 − a 0 0 0

b1 0 0 0

b2 0 0 0

0 0 0 0

 , F̃F2 :=


f̃0

f̃1

f̃2

f̃3

 .
The confluence C(0, 3) consists of the transformation

t1 = x′t′1,

t̃2 = εy′t′2,


x̃ = 1

x′ ,

ỹ = 1
εy′ ,


b2 = −d/ε,

c2 = c′ − d/ε.

(12.15)

and the limit ε→ 0, and the integrand ũF2
converges to

lim
ε→0

(x̃b1 ỹc
′
ũF2

) = t′
b1
1 (1− x′t′1)

c1−b1t′
c′

2 exp(dy′t′2)(1− t′1 − t′2)
−a,

which is denoted by ũΞ1
. By the confluence, the system (12.13) converges to

[
x′(1− x′) ∂2

∂x′2 + y′ ∂2

∂x′∂y′ + {(b1 + c′ − a+ 1)− (2b1 − c1 + 2)x′} ∂
∂x′

−b1(b1 − c1 + 1)
]
g̃(x′, y′) = 0,[

y′ ∂2

∂y′2 + x′ ∂2

∂x′∂y′ + {(b1 + c′ − a+ 1)− dy′} ∂
∂y′ − c′d

]
g̃(x′, y′) = 0,

(12.16)

which is Humbert’s Ξ1 system of differential equations, too. If ℜ(dy′) < 0, then the solution f̃

converges to

g̃(x′, y′) := lim
ε→0

x′
−b1(εy′)−c′ f̃(

1

x′
,
1

εy′
).

By the confluence, the Pfaffian system (12.14) converges to

∂x′ F̃Ξ1
=
{

dx′

x′ W̃1,Ξ + dx′

x′−1W̃2,Ξ − y′dx′

x′2 W̃5,Ξ

}
F̃Ξ1

,

∂y′ F̃Ξ1
=
{

dy′

y′ W̃3,Ξ + dy′W̃4,Ξ + dy′

x′ W̃5,Ξ

}
F̃Ξ1

,
(12.17)

where W̃2,Ξ :=W5,F , W̃1,Ξ := −(b1I4 +W1,F +W5,F ), W̃3,Ξ := −(c′I4 +W3,F +W0,F +W2,F ),

W̃4,Ξ := lim
ε→0

(−ε)(W0,F +W2,F ), W̃5,Ξ := lim
ε→0

(εW2,F ), F̃Ξ1
:= t

[
g̃0 g̃1 g̃2 g̃3

]
and g̃i(x

′, y′) :=

lim
ε→0

x′
−b1(εy′)−c′ f̃i(1/x

′, 1/(εy′)) (0 ≤ i ≤ 3). They are

W̃1,Ξ =


0 c1 − b1 0 0

b1 c1 − 2b1 0 −c′

0 0 0 0

0 0 b1 a− b1 − c′

 , W̃2,Ξ =


0 0 0 0

0 0 0 c2 − b2

0 0 0 c1 − b1

0 0 0 c1 + c2 − b1 − b2 − a

 ,

W̃3,Ξ =


a−b1−c′ b1 − c1 c′ 0

−b1 a+b1−c1−c′ 0 c′

0 0 0 0

0 0 0 0

 , W̃4,Ξ =


d 0 0 0

0 d 0 0

d 0 0 0

0 d 0 0

 , W̃5,Ξ =


0 0 0 0

0 −d 0 0

0 0 0 0

0 −d 0 0

 .
Proposition 12.2. The Pfaffian system (12.14) of Appell’s F2 converges to the Pfaffian system

(12.17) by the confluence C(0,3). This system is equivalent to the Pfaffian system (12.11) of

Humbert’s Ξ1 under Definition 10.1.
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Proof. By replacing c′ = b2 in (12.17) and using a matrix

Ũ =


0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

 ,
we have

ŨW̃i,ΞŨ
−1 =Wi,Ξ (1 ≤ i ≤ 5),

which shows the equivalence.

To study the confluences C(0, 1) and C(0, 2), replace the role of x and y and that of (b1, c1)

and (b2, c2) in the previous consideration. Then we have the following.

Corollary 12.1. By each of the confluences C(0,1) and C(0,2), the Pfaffian system (9.6) of

Appell’s F2 converges to a Pfaffian system equivalent to the Pfaffian system (12.11) of Humbert’s

Ξ1 under Definition 10.1.

12.2 Confluence from Appell’s F2 to Humbert’s Ψ1

In order to study the confluences C(1, 2), C(2, 1), C(3, 4) and C(4, 3), we introduce Humbert’s

hypergeometric series

Ψ1(α, β, γ1, γ2;x, y) =

∞∑
m1,m2=0

(α)m1+m2(β)m1

(γ1)m1
(γ2)m2

(1)m1
(1)m2

xm1ym2 , (12.18)

where γ1, γ2 /∈ Z≤0. This function satisfies Humbert’s Ψ1 system of differential equations:
[
x(1− x) ∂2

∂x2 − xy ∂2

∂x∂y + {γ1 − (α+ β + 1)x} ∂
∂x − βy ∂

∂y − αβ
]
Ψ1(x, y) = 0,[

y ∂2

∂y2 + {γ2 − y} ∂
∂y − x ∂

∂x − α
]
Ψ1(x, y) = 0.

(12.19)

In this subsection, we show that a Pfaffian system equivalent to (9.6) of Appell’s F2 converges to

a Pfaffian system equivalent to Humbert’s Ψ1 system of differential equations by the confluences

C(1, 2), C(2, 1), C(3, 4) and C(4, 3). At first, we consider the confluence C(3, 4). We multiply the

integrand uF2 by (−1)α4 , and give the deformation

z′4(ε) = (1− ε)z′3 + εz′4.

The deformed matrix becomes

z′(ε) =

1 0 1 0 −ε 1

0 1 −1 0 0 −x′

0 0 0 1 1 −y′

 .
Its standard form is

g · z′(ε) · h =

1 0 1 0 1 1

0 1 −1 0 0 −x′

0 0 0 1 −1 −εy′

 ,
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where g = diag(1, 1, ε) and h = diag(1, 1, 1, 1/ε,−1/ε, 1). Hence, we use replacements

t2 = t′2/ε, y = εy′, b2 = c2 + d/ε. (12.20)

As ε → 0, z′4(ε) =
t
[
−ε 0 1

]
approaches to z′3 = t

[
0 0 1

]
. In this case, the integrand uF2

multiplied by (−1)α4(ε)α3+α4 converges to

lim
ε→0

((−1)c2−b2εc2uF2) = tb11 (1− t1)
c1−b1t′

c2
2 exp(

d

t′2
)(1− xt1 − y′t′2)

−a. (12.21)

To obtain Euler type integrals expressing solutions to Humbert’s Ψ1 system, we multiply this

function by y′c2−1, which is denoted by uΨ1 . By this confluence, the system (9.3) converges to

[
x(1− x) ∂2

∂x2 − xy′ ∂2

∂x∂y′ + {c1 − (a+ b1 − c2 + 2)x} ∂
∂x

−b1y′ ∂
∂y′ − (a− c2 + 1)b1

]
p(x, y′) = 0,[

y′ ∂2

∂y′2 + {(2− c2)− dy′} ∂
∂y′ − dx ∂

∂x − (a− c2 + 1)d′
]
p(x, y′) = 0,

(12.22)

which is Humbert’s Ψ1 system of differential equation systems. If ℜ(d) < 0, then the solution

(9.2) to the system (9.3) converges to

lim
ε→0

εc2−1y′c2−1f(x, εy′) = p(x, y′).

In this case, we can see

lim
ε→0

φ0,F = lim
ε→0

φ2,F =
dt1 ∧ dt′2

(1− xt1 − y′t′2)t1t
′
2

, lim
ε→0

φ1,F = lim
ε→0

φ3,F =
(1− x)dt1 ∧ dt′2

(1− xt1 − y′t′2)(t1 − 1)t′2
,

which mean that the independence of φ0,F and φ2,F and that of φ1,F and φ3,F are not kept

under this limit. We transform FF2
into

ḞF2
=


ḟ0

ḟ1

ḟ2

ḟ3

 := U̇FF2
, U̇ :=


1/ε 0 −1/ε 0

0 1/ε 0 −1/ε

0 0 1 0

0 0 0 1

 .

Then ḞF2 satisfies a Pfaffian system equivalent to (9.6):

∂xḞF2
=
{

dx
x Ẇ1,F + dx

x−1Ẇ2,F + dx
x+y−1Ẇ5,F

}
ḞF2

,

∂yḞF2 =
{

dy
y Ẇ3,F + dy

y−1Ẇ4,F + dy
x+y−1Ẇ5,F

}
ḞF2 ,

(12.23)

where

Ẇi,F := U̇Wi,F U̇
−1 (1 ≤ i ≤ 5).

Applying the deformation (12.20) to (12.23), we have the system

∂x(εy
c2−1)ḞF2

=
{

dx
x Ẇ1,F + dx

x−1 (Ẇ2,F + Ẇ5,F )− εy′dx
(x−1)(x+εy′−1)Ẇ5,F

}
(εyc2−1)ḞF2

,

∂y′(εyc2−1)ḞF2 =
{

dy′

y′ ((c2 − 1)I4 + Ẇ3,F ) +
εdy′

εy′−1Ẇ4,F + εdy′

x+εy′−1Ẇ5,F

}
(εyc2−1)ḞF2 ,
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and as ε→ 0, this system converges to

∂xFΨ1
=
{

dx
x W1,Ψ + dx

x−1W2,Ψ − y′dx
(x−1)2

W5,Ψ

}
FΨ1

,

∂y′FΨ1
=
{

dy′

y′ W3,Ψ + dy′W4,Ψ + dy′

x−1W5,Ψ

}
FΨ1

,
(12.24)

where W1,Ψ := W1,F , W2,Ψ := lim
ε→0

(Ẇ2,F + Ẇ5,F ), W3,Ψ := lim
ε→0

(
(c2 − 1)I4 + Ẇ3,F

)
, W4,Ψ :=

lim
ε→0

(−εẆ4,F ),W5,Ψ := lim
ε→0

(εẆ5,F ), FΨ1
:= t

[
p0 p1 p2 p3

]
and pi(x, y

′) := lim
ε→0

εc2(y′)c2−1ḟi(x, εy
′)

(0 ≤ i ≤ 3). They are

W1,Ψ =


−b1 b1 − c1 0 0

−b1 b1 − c1 0 0

0 0 −b1 b1 − c1

0 0 −b1 b1 − c1

 , W2,Ψ =


0 c1 − b1 0 0

0 c1 − b1 − a 0 0

0 0 0 c1 − b1

0 d 0 c1 + c2 − b1 − a

 ,

W3,Ψ =


c2 − 1 0 0 0

0 c2 − 1 0 0

−d 0 −1 0

0 −d 0 −1

 , W4,Ψ =


0 0 b1 − a 0

0 0 b1 0

0 0 d 0

0 0 0 0

 , W5,Ψ =


0 0 0 b1 − c1

0 0 0 a+ b1 − c1

0 0 0 0

0 0 0 −d

 .
The solution p(x, y′) to (12.22) satisfies

p = p0 − p1,
∂

∂x
p =

a

x− 1
p1 +

ay′

(x− 1)2
p3,

∂

∂y′
p =

c2 − 1

y′
p0 −

c2 − 1

y′
p1 − ap2 −

a

x− 1
p3,

∂2

∂x∂y′
p =

{
a(a+ b1 − c1)

(x− 1)2
− ady′

(x− 1)3

}
p3 +

{
a(c2 − 1)

(x− 1)y′
− ad

(x− 1)2

}
p1 +

ab1
(x− 1)

p2.

Thus we have the following.

Proposition 12.3. By the confluence C(3,4), the Pfaffian system (12.23) of Appell’s F2 con-

verges to the Pfaffian system (12.24), which is equivalent to Humbert’s Ψ1 system (12.19) of

differential equations and the matrices W1,Ψ, . . . ,W5,Ψ depend only on the parameters. This

system is called a Pfaffian system of Humbert’s Ψ1.

Next, we consider the confluence C(4, 3). Before introducing an infinitesimal parameter ε, we

exchange parameters b2 and (c2− b2) and use the transformation (12.12). The confluence C(4, 3)
consists of the transformation

t̃2 = t′2/ε, ỹ = εy′, b2 = −d/ε. (12.25)

and the limit ε→ 0, and the integrand ũF2
converges to

lim
ε→0

((−1)b2εỹc2−1ũF2) = y′
c2−1

tb11 (1− t1)
c1−b1t′

c2
2 exp(

d

t′2
)(1− x̃t1 − y′t′2)

−a.

By this confluence, the system (12.13) converges to

[
x̃(1− x̃) ∂2

∂x̃2 − x̃y′ ∂2

∂x̃∂y′ + {c1 − (a+ b1 − c2 + 2)x̃} ∂
∂x̃

−b1y′ ∂
∂y′ − (a− c2 + 1)b1

]
p̃(x̃, y′) = 0,[

y′ ∂2

∂y′2 + {(2− c2)− dy′} ∂
∂y′ − dx ∂

∂x̃ − (a− c2 + 1)d
]
p̃(x̃, y′) = 0,

(12.26)

57



where

p̃(x̃, y′) := lim
ε→0

εc2−1y′c2−1f̃(x̃, εy′).

This is Humbert’s Ψ1 system of differential equations, too. In this case, we can see

lim
ε→0

φ0,F = lim
ε→0

φ2,F =
dt1 ∧ dt′2

(1− x̃t1 − y′t′2)t1t
′
2

, lim
ε→0

φ1,F = lim
ε→0

φ3,F =
(1− x̃)dt1 ∧ dt′2

(1− x̃t1 − y′t′2)(t1 − 1)t′2
,

which mean that the independence of φ0,F and φ2,F and that of φ1,F and φ3,F are not kept

under this limit. We transform F̃F2
into

F̈F2
=


f̈0

f̈1

f̈2

f̈3

 := Ü F̃F2
, Ü =


−1/ε 0 1/ε 0

0 −1/ε 0 1/ε

0 0 1 0

0 0 0 1

 .

Then F̈F2
satisfies a Pfaffian system equivalent to (12.14):

∂x̃F̈F2 =
{

dx̃
x̃ Ẅ1,F + dx̃

x̃−1Ẅ5,F + dx̃
x̃+ỹ−1Ẅ2,F

}
F̈F2 ,

∂ỹF̈F2
=
{

dỹ
ỹ Ẅ3,F + dỹ

ỹ−1Ẅ0,F + dỹ
x̃+ỹ−1Ẅ2,F

}
F̈F2

,
(12.27)

where

Ẅi,F = ÜWi,F Ü
−1 (0 ≤ i ≤ 5).

Applying the deformation (12.25) to (12.27), and taking the limit ε→ 0, we have

∂x̃F̈Ψ1
=
{

dx̃
x̃ Ẅ1,Ψ + dx̃

x̃−1Ẅ2,Ψ − y′dx̃
(x̃−1)2

Ẅ5,Ψ

}
F̈Ψ1

,

∂y′F̈Ψ1
=
{

dy′

y′ Ẅ3,Ψ + dy′Ẅ4,Ψ + dy′

x̃−1Ẅ5,Ψ

}
F̈Ψ1

,
(12.28)

where Ẅ1,Ψ := W1,F , Ẅ2,Ψ := lim
ε→0

(Ẅ2,F + Ẅ5,F ) = W2,Ψ, Ẅ3,Ψ := lim
ε→0

{(c2 − 1)I4 + Ẅ3,F } =

W3,Ψ, Ẅ4,Ψ := lim
ε→0

(−εẄ0,F ) = W4,Ψ, Ẅ5,Ψ := lim
ε→0

(εẄ2,F ) = W5,Ψ, F̈Ψ1
:= t

[
p̈0 p̈1 p̈2 p̈3

]
and p̈i(x̃, y

′) := lim
ε→0

εc2(y′)c2−1f̈i(x̃, εy
′) (0 ≤ i ≤ 3). Thus we have the following.

Proposition 12.4. The Pfaffian system (12.27) of Appell’s F2 converges to the Pfaffian system

(12.28) by the confluence C(4,3). This system is equivalent to the Pfaffian system (12.24) of

Humbert’s Ψ1 under Definition 10.1.

Proof. We have only to note that Ẅi,Ψ =Wi,Ψ (1 ≤ i ≤ 5).

To study the confluences C(1, 2) and C(2, 1), replace the role of x and y and that of (b1, c1)

and (b2, c2) in the previous consideration. Then we have the following.

Corollary 12.2. By each of the confluences C(1,2) and C(2,1), a Pfaffian system equivalent to

(9.6) of Appell’s F2 converges to a Pfaffian system equivalent to (12.24) of Humbert’s Ψ1 under

Definition 10.1.
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12.3 Confluence from Appell’s F2 to Hörn’s H2

In order to study the confluences C(1, 5), . . . , C(4, 5), we introduce Hörn’s hypergeometric series

H2(α, β, γ, δ;x, y) =

∞∑
m1,m2=0

(α)m1−m2(β)m1(γ)m2

(δ)m1
(1)m1

(1)m2

xm1ym2 , (12.29)

where δ /∈ Z≤0. This function satisfies Hörn’s H2 system of differential equations:
[
x(1− x) ∂2

∂x2 + xy ∂2

∂x∂y + {δ − (α+ β + 1)x} ∂
∂x + βy ∂

∂y − αβ
]
H2(x, y) = 0,[

y ∂2

∂y2 − x ∂2

∂x∂y + {1− α+ y} ∂
∂y + γ

]
H2(x, y) = 0.

(12.30)

In this subsection, we show that a Pfaffian system equivalent to (9.6) of Appell’s F2 converges

to a Pfaffian system equivalent to Hörn’s H2 system of differential equations by the confluences

C(1, 5), . . . , C(4, 5). At first, we consider the confluence C(3, 5). We multiply the integrand uF2

by (−y′)α3 , and give the deformation

z′5(ε) = (1− ε)z′3 + εz′5.

The deformed matrix becomes

z′(ε) =

1 0 1 0 1 ε

0 1 −1 0 0 −εx′

0 0 0 −y′ −1 −y′

 .
Its standard form is

g · z′(ε) · h =

1 0 1 0 1 1

0 1 −1 0 0 −x′

0 0 0 1 −1 −y′/ε

 ,
where g = diag(1, 1, 1) and h = diag(1, 1, 1,−1/y′, 1, 1/ε). Hence, we have

x = x′, y = y′/ε.

Note that the parameters α3, α5 are transformed into

α3 + α5 = α′
3 + α′

5, α5 = α′
5/ε.

We put α3 + α5 = b2 − a := b′, α4 = c2 − b2 := c′ − b′ and α′
5 := d. By the confluence C(3, 5)

on Appell’s F2 system, we have a system of differential equations. To change this system into

Hörn’s H2 system in (12.30), and we consider further transformations

t2 = y′′t′2, y =
1

εy′′
,


a = d/ε,

b2 = b′ + d/ε,

c2 = c′ + d/ε.

(12.31)

As ε → 0, z′5(ε) = t
[
ε −εx −t′2

]
approaches to z′3 = t

[
0 0 −t′2

]
, and the integrand uF2

multiplied by (1/y′′)α3(−ε)α5 converges to

lim
ε→0

(−ε)−a(εy)b2uF2
= tb11 (1− t1)

c1−b1t′
b′

2 (1− y′′t′2)
c′−b′ exp(d

1− xt1
t′2

),
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which is denoted by uH2 . By the confluence, the system (9.3) converges to
[
x(1− x) ∂2

∂x2 + xy′′ ∂2

∂x∂y′′ + {c1 − (a′ + b1 + 1)x} ∂
∂x + b1y

′′ ∂
∂y′′ − a′b1

]
h(x, y′′) = 0,[

y′′ ∂2

∂y′′2 − x ∂2

∂x∂y′′ + {1− a′ − dy′′} ∂
∂y′′ + (c′ − 1)d

]
h(x, y′′) = 0,

(12.32)

where

h(x, y′′) := lim
ε→0

ε−ay′′−b2f(x,
1

εy′′
).

This is Hörn’s H2 system of differential equations. In this case, we can see

lim
ε→0

(φ0,F /ε) =
−dt1 ∧ dt′2

t1t′
2
2

, lim
ε→0

(φ1,F /ε) =
(x− 1)y′dt1 ∧ dt′2

(t1 − 1)t′22
,

which mean that 2-forms φ0,F and φ1,F vanish under this limit. We transform FF2
into

F̆F2
=


f̆0

f̆1

f̆2

f̆3

 := ŬFF2
, Ŭ :=


1/ε 0 0 0

0 1/ε 0 0

0 0 1 0

0 0 0 1

 .

Then F̆F2
satisfies a Pfaffian system equivalent to (9.6):

∂xF̆F2 =
{

dx
x W̆1,F + dx

x−1W̆2,F + dx
x+y−1W̆5,F

}
F̆F2 ,

∂yF̆F2
=
{

dy
y W̆3,F + dy

y−1W̆4,F + dy
x+y−1W̆5,F

}
F̆F2

,
(12.33)

where

W̆i,F := ŬWi,F Ŭ
−1 (1 ≤ i ≤ 5).

Applying the deformation (12.31) to (12.33), we have the system

∂xF̆
′
F2

=

{
dx

x
W̆1,F +

dx

x− 1
W̆2,F +

εy′′dx

1 + ε(x− 1)y′′
W̆5,F

}
F̆′

F2
,

∂y′′F̆′
F2

=

{
−dy′′

y′′
(b2I4 + W̆3,F + W̆4,F + W̆5,F ) +

εdy′′

εy′′ − 1
W̆4,F +

ε(x− 1)dy′′

1 + ε(x− 1)y′′
W̆5,F

}
F̆′

F2
,

where F̆′
F2

:= (ε−a′
yb2)F̆F2

and, as ε→ 0, this system converges to

∂xFH2
=
{

dx
x W1,H + dx

x−1W2,H + y′′dxW5,H

}
FH2

,

∂y′′FH2 =
{

dy′′

y′′ W3,H + dy′′W4,H + xdy′′W5,H

}
FH2 ,

(12.34)

where W1,H := W1,F , W2,H := lim
ε→0

W̆2,F , W3,H := lim
ε→0

(−b2I4 − W̆3,F − W̆4,F − W̆5,F ), W4,H :=

lim
ε→0

(−ε)(W̆4,F + W̆5,F ), W5,H := lim
ε→0

(εW̆5,F ), FH2 := t
[
h0 h1 h2 h3

]
and hi(x, y

′′) :=

60



lim
ε→0

ε−ay′′−b2 f̆i(x,
1

εy′′
) (0 ≤ i ≤ 3). They are

W1,H =


−b1 b1 − c1 0 0

−b1 b1 − c1 0 0

0 0 −b1 b1 − c1

0 0 −b1 b1 − c1

 , W2,H =


0 c1 − b1 0 0

0 c1 − b1 + b′ 0 0

0 0 0 0

0 d 0 0

 ,

W3,H =


0 0 0 0

0 0 0 0

d 0 −b1 − b′ b1 − c1

0 d −b1 b1 − c1 − b′

 , W4,H =


0 0 b′ − c′ 0

0 0 0 b′ − c′

0 0 d 0

0 0 0 d

 , W5,H =


0 0 0 0

0 0 0 c′ − b′

0 0 0 0

0 0 0 −d

 .
The solution h(x, y′′) to (12.32) satisfies

h = h3 − h2,
∂

∂x
h =

d

x− 1
h1 − dy′′h3,

∂

∂y′′
h =

d

y′′
(h1 − h0) +

b′

y′′
(h2 − h3)− dh2 − d(x− 1)h3,

∂2

∂x∂y′′
h =

{
d(c1 − b1 + c′ − 1) + d2(x− 1)y′′

}
h3 − d2h1 + b1dh2.

Proposition 12.5. By the confluence C(3,5), the Pfaffian system (12.33) of Appell’s F2 con-

verges to the Pfaffian system (12.34), which is equivalent to Hörn’s H2 system (12.30) of differ-

ential equations, and the matrices W1,H, . . . ,W5,H depend only on the parameters. This system

is called a Pfaffian system of Hörn’s H2.

Next, we consider the confluence C(4, 5). Before introducing an infinitesimal parameter ε, we

exchange parameters b2 and (c2− b2) and use the transformation (12.12). The confluence C(4, 5)
consists of the transformation

t̃2 = y′t′2, ỹ =
1

εy′
,


a = a′ + d/ε,

c2 = b2 + d/ε.

(12.35)

and the limit ε→ 0. Then the integrand ũF2
converges to

lim
ε→0

(−1)−aεc2−b2−aỹc2−b2 ũF2
= tb11 (1− t1)

c1−b1t′
−a′

2 (1− y′t′2)
b2 exp(d

1− x̃t1
t′2

).

By the confluence, the system (12.13) converges to

[
x̃(1− x̃) ∂2

∂x̃2 + x̃y′ ∂2

∂x̃∂y′ + {c1 − (b1 + b2 − c′ + 1)x̃} ∂
∂x̃

+b1y
′ ∂
∂y′ + (c′ − b2)b1

]
h̃(x̃, y′) = 0,[

y′ ∂2

∂y′2 − x̃ ∂2

∂x̃∂y′ + {1 + (c′ − b2) + dy′} ∂
∂y′ + (b2 − 1)d

]
h̃(x̃, y′) = 0,

(12.36)

where

h̃(x̃, y′) := lim
ε→0

ε−ay′b2−c2 f̃(x̃,
1

εy′
).
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This is Hörn’s H2 system of differential equations, too. In this case, we can see

lim
ε→0

(φ2,F /ε) =
−dt̃1 ∧ dt′2

t̃1t′
2
2

, lim
ε→0

(φ3,F /ε) =
(x̃− 1)y′dt̃1 ∧ dt′2

(t̃1 − 1)t′22
,

which mean that 2-forms φ2,F and φ3,F vanish under this limit. We transform F̃F2 into

F̄F2
=


f̄0

f̄1

f̄2

f̄3

 := Ū F̃F2
, Ū :=


1 0 0 0

0 1 0 0

0 0 1/ε 0

0 0 0 1/ε

 .
Then F̄F2

satisfies a Pfaffian system

∂x̃F̄F2 =
{

dx̃
x̃ W̄1,F + dx̃

x̃−1W̄5,F + dx̃
x̃+ỹ−1W̄2,F

}
F̄F2 ,

∂ỹF̄F2
=
{

dỹ
ỹ W̄3,F + dỹ

ỹ−1W̄0,F + dỹ
x̃+ỹ−1W̄2,F

}
F̄F2

,
(12.37)

where

W̄i,F := ŪWi,F Ū
−1 (0 ≤ i ≤ 5).

Applying the deformation (12.35) to (12.37), and taking the limit ε→ 0, we have

∂x̃F̄H2
=
{

dx̃
x̃ W̄1,H + dx̃

x̃−1W̄2,H + y′dx̃W̄5,H

}
F̄H2

,

∂y′F̄H2
=
{

dy′

y′ W̄3,H + dy′W̄4,H + dy′x̃W̄5,H

}
F̄H2

,
(12.38)

where W̄1,H := W̄1,F , W̄2,H := lim
ε→0

W̄5,F , W̄3,H := lim
ε→0

(
(b2−c2)I4−W̄3,F −W̄0,F −W̄2,F

)
, W̄4,H :=

lim
ε→0

(−ε)(W̄0,F + W̄2,F ), W̄5,H := lim
ε→0

(εW̄2,F ), F̄H2
:= t

[
h̄0 h̄1 h̄2 h̄3

]
and h̄i(x̃, y

′) :=

lim
ε→0

ε−ay′b2−c2 f̄i(x̃, 1/(εy
′)) (0 ≤ i ≤ 3). They are

W̄1,H =


−b1 b1 − c1 0 0

−b1 b1 − c1 0 0

0 0 −b1 b1 − c1

0 0 −b1 b1 − c1

 , W̄2,H =


0 0 0 0

0 0 0 d

0 0 0 c1 − b1

0 0 0 c1 − b1 + c′ − b2

 ,

W̄3,H =


a′ − b1 b1 − c1 d 0

−b1 a′ + b1 − c1 0 d

0 0 0 0

0 0 0 0

 , W̄4,H =


d 0 0 0

0 d 0 0

−b2 0 0 0

0 −b2 0 0

 , W̄5,H =


0 0 0 0

0 −d 0 0

0 0 0 0

0 b2 0 0

 .
Proposition 12.6. The Pfaffian system (12.37) of Appell’s F2 converges to the Pfaffian system

(12.38) by the confluence C(4,5). This system is equivalent to the Pfaffian system (12.34) of

Hörn’s H2 under Definition 10.1.

To study the confluences C(1, 5) and C(2, 5), replace the role of x and y and that of (b1, c1)

and (b2, c2) in the previous consideration. Then we have the following.

Corollary 12.3. By each of the confluences C(1,5) and C(2,5), a Pfaffian system equivalent

to (9.6) of Appell’s F2 converges to a Pfaffian system equivalent to (12.34) of Hörn’s H2 under

Definition 10.1.
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12.4 Confluence from Appell’s F2 to the product of Kummer’s func-

tions

In this subsection, we study the system of differential equations satisfied by the product of

Kummer’s hypergeometric functions 1F1(x
′) and 1F1(y

′). The confluence C(0, 5) consists of the
transformation 

x = εdx′,

y = εdy′,

a =
1

ε
. (12.39)

and the limit ε→ 0, and the integrand uF2
converges to

lim
ε→0

uF2
= tb11 (1− t1)

c1−b1 exp(dx′t1)t
b2
2 (1− t2)

c2−b2 exp(dy′t2),

which is denoted by uK . If ℜ(dx′) < 0 and ℜ(dy′) < 0, then the solution (9.2) to the system

(9.3) converges as ε→ 0, and we define a function

k(x′, y′) := lim
ε→0

f(εx′, εy′) =

∫∫
∆

uKφF2
. (12.40)

By this consequence, the system (9.3) converges to
[
x′ ∂2

∂x′2 + {c1 − dx′} ∂
∂x′ − b1d

]
k(x′, y′) = 0,[

y′ ∂2

∂y′2 + {c2 − dy′} ∂
∂y′ − b2d

]
k(x′, y′) = 0,

(12.41)

and k(x′, y′) is a solution to this system. Since each of (12.41) can be regarded as a confluent

hypergeometric differential equation of Kummer’s 1F1, the system (12.41) is denoted by 1F
⊕2
1 .

By this confluence, fi (0 ≤ i ≤ 3) converge to

ki(x
′, y′) := lim

ε→0
fi(εx

′, εy′).

The solution k is expressed by a linear combination

k = k0 − k1 − k2 + k3.

Applying the deformation (12.39) to (9.6), we have a system

∂x′FF2
=

{
dx′

x′
W1,F − εddx′

1− εdx′
W2,F − εddx′

1− εdx′ − εdy′
W5,F

}
FF2

,

∂y′FF2 =

{
dy′

y′
W3,F − εddy′

1− εdy′
W4,F − εddy′

1− εdx′ − εdy′
W5,F

}
FF2 ,

and as ε→ 0, this system converges to

∂x′FK =
{

dx′

x′ W1,K + dx′W2,K

}
FK ,

∂y′FK =
{

dy′

y′ W3,K + dy′W4,K

}
FK ,

(12.42)
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where

W1,K :=


−b1 b1 − c1 0 0

−b1 b1 − c1 0 0

0 0 −b1 b1 − c1

0 0 −b1 b1 − c1

 , W2,K :=


0 0 0 0

0 d 0 0

0 0 0 0

0 0 0 d

 ,

W3,K :=


−b2 0 b2 − c2 0

0 −b2 0 b2 − c2

−b2 0 b2 − c2 0

0 −b2 0 b2 − c2

 , W4,K :=


0 0 0 0

0 0 0 0

0 0 d 0

0 0 0 d

 ,
FK := t

[
k0 k1 k2 k3

]
.

Proposition 12.7. By the confluence C(0,5), the Pfaffian system (9.6) of Appell’s F2 converges

to the Pfaffian system (12.42), which is equivalent to the system (12.41) of differential equations

and the matrices W1,K , . . . ,W4,K depend only on the parameters. This system is called a Pfaffian

system of Kummer’s 1F
⊕2
1 .

13 Classification of confluent Pfaffian systems

As we have seen in the previous section, a Pfaffian system equivalent to Appell’s F2 converges to

the Pfaffian system of Humbert’s Φ1, Ξ1, Hörn’s H2 or the product 1F
⊕2
1 of Kummer’s functions

by confluences C(i, j). In this section, we study their equivalence under Definition 10.1.

In case of 1F
⊕2
1 , the regular locus of this system is C× × C×, which is different from those of

the other systems. Hence, this system can not be equivalent to the other systems.

Theorem 13.1. Pfaffian systems (12.11) of Humbert’s Ξ1 and (12.34) of Hörn’s H2 are equiv-

alent.

Proof. In the case of b2 ̸= 0, replace parameters of the Pfaffian system (12.34) of Hörn’s H2 as

b′ = b2 − a, c′ = −a,

and transform FH2 into

F′
H2

=


h′0

h′1

h′2

h′3

 := xb1U ′FH2
, U ′ :=


d 0 0 0

0 d 0 0

0 0 b2 0

0 0 0 b2

 ,
and apply a birational map x = 1/x′′. Then we have

∂x′′F′
H2

=
{

dx′′

x′′ W
′
1,H + dx′′

x′′−1W
′
2,H − y′′dx′′

x′′2 W ′
5,H

}
F′

H2
,

∂y′′F′
H2

=
{

dy′′

y′′ W
′
3,H + dy′′W ′

4,H + dy′′

x′′ W
′
5,H

}
F′

H2
,

(13.1)

where W ′
1,H = −(b1I4 + U ′W1,HU

′−1 + U ′W2,HU
′−1) and W ′

i,H = U ′Wi,HU
′−1 (2 ≤ i ≤ 5).
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We can see

Wi,Ξ =W ′
i,H (1 ≤ i ≤ 5), (13.2)

where Wi,Ξ are matrices in the Pfaffian system (12.11) of Humbert’s Ξ.

In the case of b2 = 0, use the unit matrix I4 instead of U ′ in (13.1), then we have the same

result as (13.2).

We consider whether Humbert’s Ξ1 and Ψ1 systems are equivalent, or not. By the action of a

birational of transformation

x′′ =
Y

X
, y′′ = Y,

on the Pfaffian system (12.11) of Humbert’s Ξ1, it is transformed into

∂XF′
Ξ1

=
{

dX
X W ′

1,Ξ + dX
X−Y W

′
2,Ξ + dXW ′

5,Ξ

}
F′

Ξ1
,

∂Y F
′
Ξ1

=
{

dY
Y W ′

3,Ξ + dY
Y−XW

′
2,Ξ + dYW ′

4,Ξ

}
F′

Ξ1
,

(13.3)

where W ′
1,Ξ = −(b1I4 + W1,Ξ + W2,Ξ), W

′
2,Ξ = W2,Ξ, W

′
3,Ξ = (W1,Ξ + W3,Ξ), W

′
4,Ξ = W4,Ξ,

W ′
5,Ξ =W5,Ξ, F

′
Ξ1

= (x′′)b1(y′′)b2−aFΞ1
. They are

W ′
1,Ξ =


−b1 b1 − c1 0 0

−b1 b1 − c1 0 0

0 0 −b1 b1 − c1

0 0 −b1 b1 − c1

 , W ′
2,Ξ =


0 c1 − b1 0 0

0 c1 − b1 + b2 − a 0 0

0 0 0 0

0 b2 0 0

 ,

W ′
3,Ξ =


b1 + b2 − a 0 0 0

b1 0 0 0

b2 0 0 0

0 0 0 0

 , W ′
4,Ξ =


0 0 d 0

0 0 0 d

0 0 d 0

0 0 0 d

 , W ′
5,Ξ =


0 0 0 0

0 0 0 −d
0 0 0 0

0 0 0 −d

 .
By the action of a birational transformation

x =
X

X − Y
, y′ = Y,

on the Pfaffian system (12.24) of Humbert’s Ψ1, it is transformed into

∂XF′
Ψ1

=
{

dX
X W ′

1,Ψ + dX
X−Y W

′
2,Ψ + dXW ′

5,Ψ

}
F′

Ψ1
,

∂Y F
′
Ψ1

=
{

dY
Y W ′

3,Ψ + dY
Y−XW

′
2,Ψ + dYW ′

4,Ψ

}
F′

Ψ1
,

(13.4)

where W ′
1,Ψ = W1,Ψ, W

′
2,Ψ = −(b1I4 + W1,Ψ + W2,Ψ), W

′
3,Ψ = ((1 − c2)I4 + W2,Ψ + W3,Ψ),
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W ′
4,Ψ = (W4,Ψ −W5,Ψ), W

′
5,Ψ =W5,Ψ, F

′
Ψ1

= (x− 1)b1(y′)1−b1−c2FΨ1
. They are

W ′
1,Ψ =


−b1 b1 − c1 0 0

−b1 b1 − c1 0 0

0 0 −b1 b1 − c1

0 0 −b1 b1 − c1

 , W ′
2,Ψ =


0 0 0 0

b1 a− b1 0 0

0 0 0 0

0 −d b1 a− b1 − c2

 ,

W ′
3,Ψ =


0 c1 − b1 0 0

0 c1 − b1 − a 0 0

−d 0 −c2 c1 − b1

0 0 0 c1 − b1 − a

 , W ′
4,Ψ =


0 0 b1 − a c1 − b1

0 0 b1 c1 − b1 − a

0 0 d 0

0 0 0 d

 ,

W ′
5,Ψ =


0 0 0 b1 − c1

0 0 0 a+ b1 − c1

0 0 0 0

0 0 0 −d

 .
The set of poles of the connection matrix in (13.3) is same as that in (13.4), and their coefficient

matrices are different from each other.

Definition 13.1. For the connection matrix W of the Pfaffian system (13.3) (resp. (13.4)),

we define the spectral partition of W ′
i (1 ≤ i ≤ 5) by the partition of the number 4 by the

multiplicities of the roots of the characteristic polynomial of W ′
i . We define the total type of

spectral partitions of W by the pentad of spectral partitions of W ′
i . The subset consisting of

spectral partitions of W ′
1,W

′
2,W

′
3 is called the first type of the spectral partitions of W , and its

complement is called the second type of the spectral partitions of W .

We list the first and second types of spectral partitions of the connection matrices of (13.3)

for Ξ1 and (13.4) for Ψ1 in Table 13.1 and 13.2. Here, we have d ̸= 0, and we assume the other

parameters in (13.3) and (13.4) are generic.

Table 13.1: First type of spectral partitions

Component of Order of Matrix Ξ1 Ψ1

singular locus pole

X = 0 1 W ′
1 (2,2) (2,2)

X = Y 1 W ′
2 (3,1) (2,1,1)

Y = 0 1 W ′
3 (3,1) (2,1,1)

Table 13.2: Second type of spectral partitions

Component of Order of Matrix Ξ1 Ψ1

singular locus pole
1
X = 0 2 W ′

5 (3,1) (3,1)
1
Y = 0 2 W ′

4 (2,2) (2,2)

The regular locus of each of (13.3) and (13.4) is

Q :=
{
[1 : X : Y ] ∈ P2|XY (X − Y ) ̸= 0

}
. (13.5)
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Around each regular singular locus of X = 0, Y = 0 and X−Y = 0 of the Pfaffian system (13.3)

or (13.4), it has local solutions of the form xλv(X,Y ) by [Ka][Theorem 2.1], where x is X, Y or

X−Y , λ is an eigenvalue of the coefficient matrix of dx/x and v(X,Y ) is a holomorphic function.

Note that the dimension of space of the local solutions of the form xλv(X,Y ) is the dimension

of the eigenspace of W ′
i of eigenvalue λ, if W ′

i is diagonalizable. The difference of the type of

spectral partitions of (13.3) and that of (13.4) is not enough to prove their non-equivalence, since

the type of spectral partitions is not kept invariant under birational transformations.

To solve this problem, we restrict the action (c) in Definition 10.1 to the group Aut(Q) of

birational transformations of P2 whose restriction to Q are biregular morphisms from Q to Q.

The ring R(Q) consists of rational functions admitting poles only on X, Y and X − Y . Note

that R×(Q) is generated by C, X, Y and X − Y . Let Aa be ⟨hαI4 |h ∈ R×(Q), α ∈ C⟩, and A
be the group generated by Aa, GL(4,R(Q)) and Aut(Q) acting on the space of vector valued

local holomorphic functions of size four on Q. Then we can see the next lemma.

Lemma 13.1. An action of any element a of A on F(X,Y ) can be expressed by

a(F(X,Y )) = q′(X,Y )p′(X,Y )(g′)∗(F(X,Y )), (13.6)

where q′ ∈ Aa, p
′ ∈ GL(4,R(Q)) and g′ ∈ Aut(Q).

Proof. Note that any element of Aa and any element of GL(4,R(Q)) are commutative. For any

h(X,Y ) ∈ R×(Q), α ∈ C and g ∈ Aut(Q),

g∗(h(X,Y )α) = {g∗(h(X,Y ))}α,

where α′ ∈ C and g∗(h(X,Y )) ∈ R×(Q). For any p(X,Y ) ∈ GL(4,R(Q)) and for any g ∈
Aut(Q),

det(g∗(p(X,Y ))) = g∗(det(p(X,Y ))) ∈ R×(Q) (∀(X,Y ) ∈ Q).

This means g∗(p(X,Y )) ∈ GL(4,R(Q)). Therefore, the action of any element a of A can be

written by the form (13.6).

Though the structure of Aut(Q) is not simple as shown in Section 14, we may restrict Aut(Q)

to a simple subgroup for our equivalence problem by the following lemma.

Lemma 13.2. Let W be the connection matrix of Pfaffian systems (13.3) (resp. (13.4)), and

g : (X ′, Y ′) → (X,Y ) be an element of Aut(Q). If the pull back g∗(W ) of W under g does

not admit higher poles along X ′ = 0, Y ′ = 0 or X ′ − Y ′, then g(X ′, Y ′) is one of (rX ′, rY ′),

(rX ′, r(X ′ − Y ′)), (rY ′, rX ′), (rY ′,−r(X ′ − Y ′)), (r(X ′ − Y ′), rX ′), (r(X ′ − Y ′),−rY ′), where

r ∈ C×.

Proof. Note that the connection matrix W of (13.3) (resp. (13.4)) has the terms dXW ′
5 and

dYW ′
4, and that the parameter d in W is not zero. The structure of Aut(Q) is given in Lemma

14.1, which states that any element g of Aut(Q) takes the form (14.3). If (m,n) ̸= (0, 0) in (14.3)

for g, then one of factors X ′, Y ′ and X ′ − Y ′ appears in the denominator of the expression of

g(X ′, Y ′). Thus the pull backs g∗(dXW ′
5) and g∗(dXW ′

4) of under g admit higher poles along

one of the lines X ′ = 0, Y ′ = 0 and X ′ − Y ′ = 0. If (m,n) = (0, 0) and t = −1 in (14.3) for
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g, then the pull backs g∗(dXW ′
5) and g

∗(dXW ′
4) of under g have higher poles along one of the

lines X ′, Y ′ and X ′ − Y ′ by the same reason as the case (m,n) ̸= (0, 0). Since W ′
4 and W ′

5 are

linearly independent, these higher poles cannot cancel each other. Hence (m,n, t) for g should

be (0, 0, 1) under the assumption of this lemma, g(X ′, Y ′) should be one of the listed maps by

Lemma 14.1.

Because the lines X = 0, Y = 0 and X −Y = 0 are not normal crossing at the origin, we blow

up the origin by

X = x1, Y = x1y1.

Using this transformation, we transform the equation (13.3) for Ξ1 or (13.4) for Ψ1 into

∂x1
F =

{
dx1

x1
W ′

123 + y1dx1W
′
4 + dx1W

′
5

}
F,

∂y1
F =

{
dy1

y1
W ′

3 +
dy1

y1−1W
′
2 + x1dy1W

′
4

}
F,

(13.7)

where W ′
123 := W ′

1 +W ′
2 +W ′

3. The spectral partition of W ′
123 of (13.7) for Ξ1 and that of Ψ1

are in Table 13.3.

Table 13.3: Extra spectral partition

Order of pole Matrix Ξ1 Ψ1

1 W ′
123 (2,1,1) (2,2)

Theorem 13.2. Suppose that Humbert’s Ψ1 system (12.19) of differential equations or Hum-

bert’s Ξ1 system (12.2) of differential equations satisfies one of the following conditions:

(1) γ2, α− β, α− β − γ2 /∈ Z, for parameters α, β, γ2 of Humbert Ψ1 system (12.19);

(2) γ2, α + β − γ1, α + β − γ1 − γ2 /∈ Z, for parameters α, β, γ1, γ2 of Humbert Ψ1 system

(12.19);

(3) α1 − β, α1 − γ, β − γ /∈ Z, for parameters α1, β, γ of Humbert Ξ1 system (12.2).

Then the Pfaffian system system of Humbert’s Ξ1 in (13.3) which is equivalent to (12.2) is not

equivalent to that of Humbert’s Ψ1 in (13.4) which is equivalent to (12.19).

Proof. Recall that we relate parameters in the system (12.8) equivalent to (13.3) and the system

(12.2) as

b1 + b2 − a+ 1 = γ, b1 = α1, b1 − c1 + 1 = β, b2 = α2, d = 1;

and relate parameters in the system (12.22) equivalent to (13.4) and the system (12.19) as

c1 = γ1, a− c2 + 1 = α, b1 = β, 2− c2 = γ2, d = 1.

By considering the orders of pole divisors of the connection matrices of the Pfaffian systems, we

may restrict Aut(Q) to the transformations in Lemma 13.2 for the problem of the equivalence.

Since these transformations yield only the transpositions of three divisors X = 0, Y = 0 and

X−Y = 0 of simple pole of W , the first type of spectral partitions of the connection matrices of
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(13.3) and (13.4) are kept invariant under these transformations. If the condition (1) for (13.4)

is satisfied, then the space of solutions to (13.4) around X − Y = 0 is spanned by

(X − Y )νi f̃i(X,Y ) (1 ≤ i ≤ 4), (13.8)

where f̃i are holomorphic functions and exponents νi are equal to the eigenvalues of W ′
2. In this

case, the spectral partition ofW ′
2 is (2, 1, 1). Assume ν1 = ν2, then each of ν1−ν3 = β+γ2−α−1,

ν1 − ν4 = β − α + 1 and ν3 − ν4 = 2 − γ2 is not an integer under the condition (1). By the

action of an element in Aut(Q) of the form in Lemma 13.2, the first type of spectral partitions

is kept. By the action of an element in GL(4,R(Q)), the solutions are multiplied by X, Y

and X − Y , and the exponents of the factor X − Y shift only to integers. By the action of an

elements in Aa, the solutions are multiplied by Xα, Y α or (X − Y )α (α ∈ C), and the difference

νi − νj (i ̸= j) does not change. The first type of spectral partitions of Pfaffian system (13.3)

is {(2, 2), (3, 1), (3, 1)}. If the condition (1) for (13.4) is satisfied, then each of the differences

between different eigenvalues of W ′
2 is not integer, and the set {νi|1 ≤ i ≤ 4} changes to neither

type (2, 2) nor (3, 1) mod Z, by these actions. In this case, the Pfaffian system of Humbert’s Ψ1

can not be transformed into a Pfaffian system of Humbert’s Ξ1 by the action of any element in

A. If the condition (2) or (3) is satisfied, then we can show non-equivalence by similar ways.

14 Automorphism Group

In this section, we consider a group of birational transformations of P2.

Definition 14.1. Let Q be the open set in P2 given by

Q :=
{
[z : x : y] ∈ P2 | zxy(x− y) ̸= 0

}
,

and Aut(Q) be the group of birational transformations of P2 whose restrictions to Q are biregular

morphisms from Q to Q.

To study the structure of Aut(Q), we prepare the following group.

Definition 14.2. Let G be the set

G :=
{
(r,m, n, s, t) | r ∈ C×, m, n ∈ Z, s ∈ S, t ∈ {±1}

}
, (14.1)

where S is the subgroup of GL(2,Z) generated by σ1 =

[
0 −1

−1 0

]
and σ2 =

[
−1 1

0 1

]
; it is

isomorphic to the symmetric group S3. We introduce a group structure into G by

gagb = (r′arb,m
′
a +mb, n

′
a + nb, s

′
asb, tatb),

where ga = (ra,ma, na, sa, ta), gb = (rb,mb, nb, sb, tb) ∈ G,
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r′a := (ra)
tb ,

[
m′

a

n′a

]
:= s−1

b

[
m′′

a

n′′a

]
, s′a :=

sa (tb = 1),

σ1saσ1 (tb = −1),
(14.2)

m′′
a :=

ma (tb = 1),

na + θm(sa) (tb = −1),
n′′a :=

na (tb = 1),

ma + θn(sa) (tb = −1),

θm(s) :=

1 (s ∈ {σ2σ1, σ1σ2σ1}),

0 (others),
θn(s) :=

−1 (s ∈ {σ2, σ1σ2}),

0 (others).

The group G is isomorphic to (
(C× × Z2)⋊ S3

)
⋊ {±1}.

Lemma 14.1. The group G acts on Q by

g · [1 : X : Y ] = [1 : X ′ : Y ′],

where g = (r,m, n, s, t) ∈ G, (X,Y ) = (x/z, y/z) and (X ′, Y ′) = (x′/z′, y′/z′) are affine coordi-

nates, andX ′ = (X2)
t,

Y ′ = (Y2)
t,

[
X2

Y2

]
:= s

[
X1

Y1

]
,

X1 := rX( −X
X−Y )m(X−Y

Y )n,

Y1 := rY ( −X
X−Y )m(X−Y

Y )n.
(14.3)

This action induces an isomorphism ψ : G ∋ g 7→ ψg ∈ Aut(Q).

Proof. At first, we characterize an element of Aut(Q). Let ϕ : Q ∋ [z : x : y] 7→ [z′ : x′ : y′] ∈ Q

be an element of Aut(Q), then ϕ is expressed by homogeneous polynomials
z′ = xm01ym02(x− y)m03(zm00f0(

x
z ,

y
z )),

x′ = xm11ym12(x− y)m13(zm10f1(
x
z ,

y
z )),

y′ = xm21ym22(x− y)m23(zm20f2(
x
z ,

y
z )),

(14.4)

mi0 +mi1 +mi2 +mi3 = d (0 ≤ i ≤ 2),

mij ∈ Z≥0 (0 ≤ i ≤ 2, 0 ≤ j ≤ 3),

where zmi0fi are polynomials of x, y, z of degree mi0, and they are supposed to be not divided

by x, y or x− y.

Let us show that f0, f1 and f2 are constants. Factorize fi as

fi(X,Y ) =

Ni∏
j=1

gij(X,Y )

in C[X,Y ], where gij are irreducible polynomials. Because ϕ(Q) ⊂ Q, if [z : x : y] satisfies

f1(x/z, y/z) = 0, then it also satisfies f0(x/z, y/z) = 0. Using Hirbert’s Nullstellensatz, we

can see that f0(X,Y ) is divided by g1j(X,Y ). Similarly, f1(X,Y ) is divided by g0j(X,Y ).

Consequently, we have

f1/f0 = c1 ∈ C×. (14.5)
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In the same way, we have

f2/f0 = c2 ∈ C×. (14.6)

Using (14.5) and (14.6), we rewrite (14.4) as
z′ = zm00xm01ym02(x− y)m03 ,

x′ = c1z
m10xm11ym12(x− y)m13 ,

y′ = c2z
m20xm21ym22(x− y)m23 .

(14.7)

By the previous consideration, we can see that (x′−y′)/z′ ̸= 0 and z′/(x′−y′) ̸= 0. Thus x′−y′

is factorized as

x′ − y′ = c3z
m30xm31ym32(x− y)m33 , (14.8)

c3 ∈ C×, m30 +m31 +m32 +m33 = d.

Regard x′ and y′ as monomials of the variable z. Then x′ − y′ is also a monomial of z, and we

have

m10 = m20 = m30. (14.9)

Note that x′/z′, y′/z′ and (x′ − y′)/z′ have same degree as rational functions of X and Y .

This degree d′ is represented by

d′ = ni1 + ni2 + ni3 (nij ∈ Z),

where nij := mij −m0j (1 ≤ i, j ≤ 3). We set

q(i, j) := max(i, j)− j (i, j ∈ Z).

Using (14.7), we take factors x/z, y/z and (x− y)/z from (x′ − y′)/z′ as

x′ − y′

z′
=
x′

z′
− y′

z′
=
(x
z

)min(n11,n21) (y
z

)min(n12,n22)
(
x− y

z

)min(n13,n23)

× g
(x
z
,
y

z

)
, (14.10)

g(X,Y ) := c1X
q(n11,n21)Y q(n12,n22)(X − Y )q(n13,n23) − c2X

q(n21,n11)Y q(n22,n12)(X − Y )q(n23,n13),

where g(X,Y ) is a non-constant polynomial of X and Y . Because g(X,Y ) does not have non-

constant factors different from X,Y and X − Y , we can see that
|n1j − n2j | ≤ 1,

|n11 − n21|+ |n12 − n22|+ |n13 − n23| = 2,

c1 = (−1)n11−n21−1c2.

This means that among three equalities n11 = n21, n12 = n22 and n13 = n23, only one holds and

the rest do not. For example, if n11 = n21, then x′/z′ and y′/z′ are divided by (x/z)n11 , and

(x′ − y′)/z′ is also divided. In this case, we can see

n31 ≥ n11 (n11 = n21).
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For example, if n12 > n22, then (x′ − y′)/z′ is divided by (y/z)n22 but not divided by (y/z)n12 .

Therefore, we can see

n32 = min(n12, n22) (n12 ̸= n22).

Let us give conditions satisfying n1j and n3j . Replace the role of (x′ − y′)/z′ in (14.10) by y′/z′

as

y′

z′
=
x′

z′
− x′ − y′

z′
=
(x
z

)min(n11,n31) (y
z

)min(n12,n32)
(
x− y

z

)min(n13,n33)

× g′
(x
z
,
y

z

)
,

g′(X,Y ) := c1X
q(n11,n31)Y q(n12,n32)(X − Y )q(n13,n33) − c3X

q(n31,n11)Y q(n32,n12)(X − Y )q(n33,n13).

Then we have 
|n1j − n3j | ≤ 1,

|n11 − n31|+ |n12 − n32|+ |n13 − n33| = 2,

c1 = (−1)n11−n31−1c3

from (14.7) and (14.8). We can see
n2j ≥ n1j (n1j = n3j),

n2j = min(n1j , n3j) (n1j ̸= n3j).

Let us give conditions satisfying n2j and n3j . Replace the role of (x
′− y′)/z′ in (14.10) by x′/z′,

then we have 
|n3j − n2j | ≤ 1,

|n31 − n21|+ |n32 − n22|+ |n33 − n23| = 2,

c3 = (−1)n31−n21c2,
n1j ≥ n3j (n3j = n2j),

n1j = min(n3j , n2j) (n3j ̸= n2j).

We get the equalities

c := (−1)n11−1c1 = (−1)n21c2 = (−1)n31c3.

We rewrite (14.7) and (14.8) as

x′

z′ = (−1)n11−1c(xz )
n11(yz )

n12(x−y
z )n13 ,

y′

z′ = (−1)n21c(xz )
n21(yz )

n22(x−y
z )n23 ,

x′−y′

z′ = (−1)n31c(xz )
n31(yz )

n32(x−y
z )n33 ,

(14.11)

ni1 + ni2 + ni3 = d′,

|nij − nkj | ≤ 1 (1 ≤ i < k ≤ 3, 1 ≤ j ≤ 3),

n1j + n2j + n3j = 3min(n1j , n2j , n3j) + 1 (1 ≤ j ≤ 3).
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We show that

d′ = ±1.

Let [1 : a′ : b′] be the image of a point [1 : a : ba] in the line y = bx (b ̸= 0, 1) under ϕ. Then

a′, b′ are written by
a′ = (−1)n11−1can11(ba)n12(a− ba)n13 = (−1)n11−1cad

′
bn12(1− b)n13 ,

b′ = (−1)n21can21(ba)n22(a− ba)n23 = (−1)n21cad
′
bn22(1− b)n23 .

If the inverse image of [1 : a′ : b′] under ϕ is unique, then it is necessary that |d′| = 1, because

ϕ(1 : εk|d′|a : εk|d′|ba]) = [1 : a′ : b′] (0 ≤ k ≤ |d′| − 1),

where ε|d′| denotes the |d′|-th root e2π
√
−1/|d′| of unity.

Let us consider the uniqueness of the inverse image. We divide our consideration into two

cases whether the three images x′, y′ and x′ − y′ in (14.7) and (14.8) have a common component

or not.

Case 1: x′, y′ and x′ − y′ have no common component. We define three curves

L :=
{
[z : x : y] ∈ P2 | x′ = a′z′

}
,

M :=
{
[z : x : y] ∈ P2 | y′ = b′z′

}
,

N :=
{
[z : x : y] ∈ P2 | b′x′ = a′y′

}
,

in P2. If the map φ : Q → Q is isomorphic, then each of intersections L ∩M,L ∩ N,M ∩ N
consists of one point. From Bézout’s Theorem, if the map φ : Q→ P2 is isomorphic, then all of

L,M,N are lines. From the conditions (14.7) and (14.8), if [1 : a : b] ∈ Q, then [1 : a′ : b′] ∈ Q.

It means that the map φ : Q→ Q is isomorphic. As a result, we have

q(mi1,mj1) + q(mi2,mj2) + q(mi3,mj3) + q(mi0,mj0) = 1 (i ̸= j, 0 ≤ i, j ≤ 2).

From the condition m10 = m20 in (14.9), we can see that

|m11 −m01|+ |m12 −m02|+ |m13 −m03| = 1,

|m21 −m01|+ |m22 −m02|+ |m23 −m03| = 1,

|m21 −m11|+ |m22 −m12|+ |m23 −m13| = 2,

m00 −m10 = d′,

m20 = m10.

(14.12)

In case of d′ = 1, an isomorphism ϕ1 ∈ Aut(Q) satisfying both (14.11) and (14.12) should be

[z′ : x′ : y′] = ϕ1([z : x : y]),x′/z′
y′/z′

 = cA3

x/z
y/z

 , (14.13)

c ∈ C×, A3 ∈ S.
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In case of d′ = −1, an isomorphism ϕ−1 ∈ Aut(Q) satisfying both (14.11) and (14.12) should

be

[z′ : x′ : y′] = ϕ−1([z : x : y]),x′/z′
y′/z′

 = cB3

z/x
z/y

 , (14.14)

c ∈ C×, B3 ∈ S.

Hence, we conclude that φ takes the form of (14.13) or (14.14) in this case.

Case 2: x′, y′ and x′−y′ may have common components. We will show that any transformation

satisfying (14.11) is expressed by a composite of transformations of the forms of (14.13) and

(14.14).

In case of d′ = 1, let a transformation

φ1([z : x : y]) = [z′ : x′ : y′],

satisfy the conditions (14.11). A transformation of the form of (14.13) can be regarded as a

permutation of −x, y and x− y. There is a transformation ϕ
(1)
1 ∈ Aut(Q)

ϕ
(1)
1 ([z′ : x′ : y′]) = [z′′ : x′′ : y′′],

such that the composite transformation ϕ
(1)
1 ◦ φ1 becomes

x′′

z′′ = −c(−x
z )n1+1(yz )

n2(x−y
z )n3 ,

y′′

z′′ = c(−x
z )n1(yz )

n2+1(x−y
z )n3 ,

x′′−y′′

z′′ = c(−x
z )n1(yz )

n2(x−y
z )n3+1,

(14.15)

ni := min(ni1, ni2, ni3) (1 ≤ i ≤ 3),

n1 + n2 + n3 = d′ − 1 = 0.

In order to show that ϕ
(1)
1 ◦ φ1 is a composite of transformations in Case 1, we choose transfor-

mations

ϕ
(1)
−1([z0 : x0 : y0]) = [z1 : x1 : y1],


x1

z1
= z0

x0
,

y1

z1
= z0

x0
− z0

y0
,

ϕ
(2)
−1([z0 : x0 : y0]) = [z2 : x2 : y2],


x2

z2
= z0

y0
− z0

x0
,

y2

z2
= z0

y0
,

in Aut(Q) of the form of (14.14). We define transformations φm±, φn± by

φm+ := ϕ
(2)
−1 ◦ ϕ

(1)
−1, φm− := ϕ

(−1)
−1 ◦ ϕ(−2)

−1 ,

φn− := ϕ
(1)
−1 ◦ ϕ

(2)
−1, φn+ := ϕ

(−2)
−1 ◦ ϕ(−1)

−1 ,

where ϕ
(−1)
−1 and ϕ

(−2)
−1 are the inverses of ϕ

(1)
−1 and ϕ

(2)
−1, respectively. The transformations

φm±, φn± are mutually commutative, and they satisfy

c(φm)n1 ◦ (φn)
−n2 = ϕ

(1)
1 ◦ φ1, (14.16)
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where (φm)n denotes φm+ ◦ · · · ◦ φm+︸ ︷︷ ︸
ntimes

(n ≥ 0) or φm− ◦ · · · ◦ φm−︸ ︷︷ ︸
|n|times

(n < 0). Because φm±, φn±

and the inverse ϕ
(−1)
1 of ϕ

(1)
1 are in Aut(Q), φ1 is in Aut(Q).

In case of d′ = −1, let a transformation

φ−1([z : x : y]) = [z′ : x′ : y′],

satisfy the conditions (14.11). We use the Cremona transformation ϕcre ∈ Aut(Q)

ϕcre([z0 : x0 : y0]) = [x0y0 : y0z0 : z0x0],

which can be written in the form of (14.14). The composite transformation φ−1◦ϕcre is expressed
by 

x′

z′ = (−1)n12c(x0

z0
)n12+1(y0

z0
)n11+1(x0−y0

z0
)n13 ,

y′

z′ = (−1)n22+1c(x0

z0
)n22+1(y0

z0
)n21+1(x0−y0

z0
)n23 ,

x′−y′

z′ = (−1)n32+1c(x0

z0
)n32+1(y0

z0
)n31+1(x0−y0

z0
)n33 ,

(14.17)

(ni2 + 1) + (ni1 + 1) + ni3 = 1 (1 ≤ i ≤ 3).

This is one of transformations in (14.11) with d′ = 1. Thus φ−1 is in Aut(Q). Moreover, any

transformation in (14.11) is in Aut(Q), and any transformation in Aut(Q) is written as (14.11).

This transformation is represented by a composition of the forms of (14.13) and (14.14).

Next, we show that the map ψ : G ∋ g 7→ ψg ∈ Aut(Q) defined by (14.3) is a group homomor-

phism. There are subgroups G1 := {(r,m, n, I2, 1) | r ∈ C×,m, n ∈ Z}, G2 := {(1, 0, 0, s, 1) | s ∈
S} and G3 := {(1, 0, 0, I2, t) | t ∈ {±1}} of G. These groups are isomorphic to C× × Z2, S3 and

{±1}, respectively. Note that for any element g = (r0,m0, n0, s0, t0) ∈ G, there uniquely exist

elements g1 = (r0,m0, n0, I2, 1) ∈ G1, g2 = (1, 0, 0, s0, 1) ∈ G2 and g3 = (1, 0, 0, I2, t0) ∈ G3,

such that g = g3g2g1.

Let us consider the images ψ(Gi) (1 ≤ i ≤ 3). From (14.3), the image ψ(g1) becomes r(φm)m0 ◦
(φn)

n0 . Thus ψ(G1) is the group

H1 :=
{
r(φm)m0 ◦ (φn)

n0 | r ∈ C×,m0, n0 ∈ Z
}
,

and the restriction ψ|G1 of the map ψ to G1 is a group isomorphism. The images φσ1 =

ψ(1, 0, 0, σ1, 1) and φσ2 = ψ(1, 0, 0, σ2, 1) are

φσ1([1 : X : Y ]) = [1 : X1 : Y1],

X1 = −Y,

Y1 = −X,
φσ2([1 : X : Y ]) = [1 : X2 : Y2],

X2 = Y −X,

Y2 = Y,

respectively. Thus ψ(G2) is the group H2 := ⟨φσ1
, φσ2

⟩ generated by φσ1
and φσ2

and the

restriction ψ|G2 is a group isomorphism. Let H3 be a subgroup of Aut(Q) generated by the

Cremona transformation. The element (1, 0, 0, I2,−1) ∈ G3 is mapped to ϕcre by ψ, then the

restriction ψ|G3 : G3 → H3 is a group isomorphism.

The map ψ satisfies the relation

ψ(g) = ψ(g3) ◦ ψ(g2) ◦ ψ(g1). (14.18)
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In order to extend the group homomorphisms ψ|G1 and ψ|G2 , we define groups

G12 := ⟨g1, g2 | g1 ∈ G1, g2 ∈ G2⟩ , H12 := ⟨h1, h2 |h1 ∈ H1, h2 ∈ H2⟩ ,

which are generated by G1 and G2 and by H1 and H2, respectively. Any transformation in

(14.11) with d′ = 1 is in H12 by (14.16). Note that H1 is a normal subgroup of H12 by relations,

φσ1 ◦ φm+ ◦ φσ1 = φn−, φσ1 ◦ φm− ◦ φσ1 = φn+,

φσ1
◦ φn+ ◦ φσ1

= φm−, φσ1
◦ φn− ◦ φσ1

= φm+,

φσ2
◦ φm+ ◦ φσ2

= φm−, φσ2
◦ φm− ◦ φσ2

= φm+,

φσ2 ◦ φn+ ◦ φσ2 = φm+ ◦ φn+, φσ2 ◦ φn− ◦ φσ2 = φm− ◦ φn−,

where φσ1
and φσ2

are of order 2. Using these relations, we have

ψ1 ◦ ψ2 = r1r2φs1s2 ◦ (φm)ṁ1+m2 ◦ (φn)
ṅ1+n2 ,

[
ṁ1

ṅ1

]
:= s−1

2

[
m1

n1

]
, (14.19)

where ψ1 = r1φs1 ◦ (φm)m1 ◦ (φn)
n1 and ψ2 = r2φs2 ◦ (φm)m2 ◦ (φn)

n2 . This composition is

compatible with (14.2) in tb = 1 case. Thus the restriction ψ|G12
is a group isomorphism G12 to

H12. Note that H12 is a normal subgroup of Aut(Q) by relations,

ϕcre ◦ φm+ ◦ ϕcre = φn+, ϕcre ◦ φm− ◦ ϕcre = φn−,

ϕcre ◦ φn+ ◦ ϕcre = φm+, ϕcre ◦ φn− ◦ ϕcre = φm−,

ϕcre ◦ φσ1
◦ ϕcre = φσ1

, ϕcre ◦ φσ2
◦ ϕcre = φσ1σ2ß1 ◦ φn−.

Using these relations, we have

ψ3 ◦ ψ4 = (
r3
r4

)ϕcre ◦ φs′3s4
◦ (φm)m

′
3+m4 ◦ (φn)

n′
3+n4 ,

[
m′

3

n′3

]
:= s−1

4

[
m′′

3

n′′3

]
, (14.20)

where s′3 = σ1s3σ1, m
′′
3 = n3 + θm(s3), n

′′
3 = m3 + θn(s3), ψ3 = r3φs3 ◦ (φm)m3 ◦ (φn)

n3 and

ψ4 = ϕcre ◦ r4φs4 ◦ (φm)m4 ◦ (φn)
n4 . This composition is compatible with (14.2) in tb = −1 case.

Using (14.19) and (14.20), we can see

ψ(gagb) = ψ(ga) ◦ ψ(gb), ga, gb ∈ Aut(Q).

Hence ψ is a group homomorphism. Moreover, we have a series of normal subgroups

H1 ◁H12 ◁Aut(Q).

Because ψ|G1
, ψ|G2

and ψ|G3
are isomorphic, the map ψ : G→ Aut(Q) is a group isomorphism.
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