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Abstract

We study Pfaffian systems of confluent hypergeometric functions of two variables with rank three
and rank four. This paper is composed of two parts. In part I, we study Pfaffian systems of
two variables with rank three by using rational twisted cohomology groups associated with Euler
type integrals of these functions. We give bases of the cohomology groups, whose intersection
matrices depend only on parameters. Each connection matrix of our Pfaffian systems admits a
decomposition into five parts, each of which is the product of a constant matrix and a rational
1-form on the space of variables. In part II, we consider confluences of Euler type integrals
expressing solutions to Appell’s F5» system of hypergeometric differential equations, and study
systems of confluent hypergeometric differential equations of rank four of two variables. Our
consideration is based on a confluence transforming the abelian group (C*)? to the Jordan group
of size two. For each system obtained by our study, we give its Pfaffian system with a connection
matrix admitting a decomposition into four or five parts, each of which is the product of a matrix
depending only on parameters and a rational 1-form in two variables. We classify these Pfaffian
systems under an equivalence relation. Any system obtained by our study is equivalent to one
of Humbert’s ¥ system, Humbert’s =, system, and the system satisfied by the product of two

Kummer’s confluent hypergeometric functions.
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1 Introduction

Kummer’s hypergeometric series is defined by

a,cx) = > M
1F1(a, c; ) T;O(c,”)(lv”)

and it satisfies Kummer’s hypergeometric differential equation

x", (1.1)

d? d

1+ (e—a) - a] f(z) =0. (1.2)
It is well known that we can obtain them from Gauss’ hypergeometric series o Fy(a, b, ¢; x) and
differential equation by introducing an infinitesimal parameter e, expressing the parameter b
and the variable x as b = 1/¢ and ez, and taking the limit ¢ — 0. By applying this confluence
process to Appell’s hypergeometric series of two variables, Humbert P. introduces seven confluent
hypergeometric series of two variables in [Hu], and Hoérn J. completes a list of such series in [Ho.

It is pointed out in [GRS] and [KK] that we can study confluent hypergeometric functions
in a unified way by regarding integrands of their integral representations as characters uy(8) of
maximal abelian subgroups of the universal covering of GL(n,C). Here complex parameters in
a confluent hypergeometric function correspond to 8 and a grade of confluence is expressed as a
partition A of a natural number n.

Part I of this paper consisting of Sections 2 through 8 has been published in Kyushu Journal of
Mathematics as [Mu]. In part I, we study Pfaffian systems of confluent hypergeometric functions
in terms of intersection forms on rational twisted de Rham cohomology groups H'(Q°*(z),V,,)
associated with Euler type integrals of them (refer to Section 3 for definitions of this cohomol-
ogy group and the intersection form). In the case of Appell’s hypergeometric function Fy, the
connection matrix of its Pfaffian system is expressed by the intersection form on H'(Q*(z), V)
in [Mt2]. In this expression, it is important to find a basis of the rational twisted de Rham co-
homology group so that its intersection matrix depends only on parameters. In confluent cases,
we are suggested to use rational 1-forms ¢;., by the study in [KHT], which mentions that these
forms are convenient to see processes of confluences. It is shown in [KTn] that intersection num-
bers of ¢;.;, depend only on parameters. In part I, we also give formulas to evaluate intersection
numbers of those forms, by which we can see the deformation of intersection numbers of these
forms by confluences. By using our formulas, we choose frames of Pfaffian systems of confluent
hypergeometric functions of one variable with rank two and those of two variables with rank

three. It turns out that their connection matrices W admit decompositions, that is,

(1) W = d(f1)W1 + d(f2)W3 in one variable cases, and W = Z?Zl d(f;)W; in two variable

cases, where d is the exterior derivative on the space of variables;
(2) d(f;) is a rational 1-form on the space of variables;

(3) W; is a square matrix depending only on parameters; it is of size two in one variable cases

and of size three in two variable cases.

We list frames and d(f;)W; in one variable cases in Section 7 and those in two variable cases in

Section 8. The connection matrix W satisfies

WC-CW=0,



where 2my/—1C is the intersection matrix of the basis of H!(Q®(x), V,,) corresponding to the
frame of our Pfaffian system. In the two variable case, we can easily show that the integrability
condition reduces to W A W = O because of dW = O.

We also study in Section 5 and Section 6 whether the decomposition of the connection matrix
of our Pfaffian system is preserved under a limit process of confluence. For example, each part
of the connection matrix of our Pfaffian system of Gauss’s hypergeometric function converges
to that of Kummer’s one by a confluence. For a confluence from Kummer’s one to Hermite’s
one, though the connection matrix of our Pfaffian system converges, its decomposition is not
preserved; a part of the connection matrix diverges. We study how to avoid this phenomenon.

In part II, we consider confluences of Euler type integrals expressing solutions to Appell’s Fy
system of hypergeometric differential equations, and study systems of confluent hypergeometric
differential equations of rank four of two variables. Appell’s F; system admits solutions expressed

by Euler type integrals
// 0T — )T Tl T (1 — gy) 22T (1 -ty — toy) TOdty dis, (1.3)
A

where A are 2-chains with certain cycle conditions. By setting

1021, 11=t1, 12:1—t1, 13=t2, l4=1-t2, 15:1—$t1—yt2,
ag=a—cy—c, ay=0by, az=c1—b;, az=by, ag=cy— by, as = —a,
and regarding lp, 13, . . ., 15 as independent variables of C* = C\{0}, we can consider the integrand

Up, = Hf:o 1¢ in (1.3) as a character of (the universal covering of) the abelian group of (C*)8
embedded diagonally in GL(6,C). We use confluences which transform a subgroup (C*)? of
hy
0

is an operator conjugating invertible diagonal matrices of size 2 by an element ¢(¢) € GL(2,C(¢))

h
(C*)® to the Jordan group J(2) = { [ h21 | hy € C*, hy € C} C GL(2,C). Here a confluence
1

with an infinitesimal parameter ¢, and taking the limit € — 0. By choosing different indices ¢ and
7 (0 <4,7 <5) and using this confluence, we have a confluence of a character, which transforms
1?’71;” on (C*)? to 1?; exp(B1;/1;) on J(2). We apply this confluence of character to Euler type
integrals (1.3). From now on, 1,..., 15 are regarded as linear forms in t1,to, and Iy (k=1,...,5)
denotes the line 1, = 0 in the complex projective plane P? with the line at infinity Iy regarded
as lp = 0. Note that the intersections Iy Ny and I3 N4 lie on the line [y, and that any other
three lines 1,1, 1 ((p,q,7) # (0,1,2),(0,3,4)) of the six are in generic position in P2. In this

application to (1.3), parameters a;, a; and 1; vary as
ai(e) = a; + (1= 1/e)ay, aj(e) = aj/e, 1i(e) =Li+e(l; — L)

according to the change of ¢, and the integrand up, in (1.3) is changed into

k#i,j
MO | (1.4)

0<k<5
If the configuration of the six lines is kept invariant topologically under the variation of the line
lj(g) : Lj(e) = 0 for € # 0, i.e., each space P? — [;(e) — ngiglk for € # 0 is homeomorphic to

P? — Up<k<slk, then there exist a projective transformation g of P? and an action of h € (C*)°



on the six linear forms which transform lg,--- ,L;(¢),...,15 into 1o, -- , 14,15 (), where
IL(e) =1+ 2ty +y'ts

and z’, 3’ are rational functions of x, y, and . Since we can rewrite (1.4) in terms of 1y, - - - , 14, 15(¢)
by using g and h, we realize this application to (1.3) as an operator C(i,j) on (1.3) substituting
(ai(e),a(e)) and (2',y') for (ay,a;) and (z,y), multiplying a factor arising from h to it, and
taking the limit ¢ — 0. In this way, we have transformations of parameters «;,a; and vari-
ables x,y with an infinitesimal parameter € just like those used in the confluence from Gauss’
hypergeometric series and differential equation to Kummer’s ones. Note that the line [y cannot
move and movements of /q,..., ¢4 should be restricted under this condition for the variation of
1;(¢). Note also that if this condition for the variation of 1;(¢) is not satisfied, then we cannot
transform (1.4) into integrands of (1.3) by any projective transformations of P? and any actions
of (C*)®. Hence we have thirteen confluences C(0,7) (1 < j < 5), C(4,5) (1 < i < 4), C(1,2),
C(2,1), C(3,4) and C(4,3) in Definition 11.3.

In Section 12, we execute C(3, j), and we obtain four confluent systems of differential equations:
Humbert’s E; system by C(0,7) (1 < j < 4), Humbert’s ¥; system by C(1,2), C(2,1), C(3,4),
C(4,3), Horn’s Hy system by C(i,5) (1 < i < 4), and the system satisfied by the product
1Fi(a,c;x) 1F1(a,c;y) of the Kummer’s hypergeometric series by C(0,5). We give Pfaffian
systems of the four confluent systems in Propositions 12.1-12.4. The connection matrix W of

each Pfaffian system admits the following decomposition:

(1) W =3",d(fi)W;, where m is 4 or 5 and d is the exterior derivative on the space of the

independent variables;
(2) d(f;) is a rational 1-form on the space of variables;
(3) W, is a square matrix of size four depending only on parameters.

We remark that there exists only one system of differential equations obtained by once application
of this kind of confluences to Appell’s F system of hypergeometric differential equations as shown
in Section 6.

We classify obtained Pfaffian systems by the equivalence relation given in Definition 10.1

between two Pfaffian systems
dF(z,y) = WF(z,y), dF(z,y) = WF(z,y)

of same rank with regular locus X and X, respectively. Under this equivalence relation, we can
show that a Pfaffian system of Appell’s F5 and that of Appell’s F3 are equivalent by a birational
map (z,y) — (1/x,1/y), since two systems are equivalent if one is transformed into the other
by a birational map 9 (x,y) whose restriction to X is a biregular morphism between X and X.
Theorems 13.1 and 13.2 state that the Pfaffian system of Humbert’s Z; is equivalent to that of
Horn’s Ho, and that of Humbert’s ¥, is not equivalent to them under some non-integral conditions
on parameters, respectively. We can prove Theorem 13.1 by finding transformations which give
the equivalence. To prove Theorem 13.2, we introduce the type of spectral partitions for our
Pfaffian system with a connection matrix W satisfying (1),(2),(3) as the set of five partitions

of the number 4 given by the multiplicities of the roots of the characteristic polynomial of W;



(¢ =1,...,5) in W. The type of spectral partitions of the Pfaffian system of Humbert’s ¥, is
different from that of Humbert’s Z; under the previously stated conditions on parameters. Since
the type of spectral partitions is not kept invariant under transformations by birational maps,
only this difference is not enough to show Theorem 13.2. To complete our proof of Theorem
13.2, we need to determine the structure of the group of birational maps whose restrictions to
the regular locus of ¥y are biregular; it is studied in Section 14.

We conclude that any system of differential equations obtained by our confluences on Appell’s
F5 system is equivalent to one of the following three: Humbert’s ¥; system, Humbert’s =4

system, and the system satisfied by the product 1 F} (a, ¢; )1 F1(d/, ¢;y).

2 General Hypergeometoric Function

By referring to [KK, Section 2.], we introduce general hypergeometric functions, and prepare
some notations and terminologies associated with them.

Let A = (Mo, -+, Am—1) be a partition of n, which is a set of natural numbers \g > Ay -+ >
Am—1 satisfying |A| = Ao + - + Am—1 = n. For each \g, J(A\x) denotes the Jordan group

> hiA, |k € C hg #0

0<j <Ak

of size A\, where Ay, is the shift matrix of size A, given by

0 1
Ay, = (2.1)
1
0
Let H) be a maximal abelian subgroup
J(Ao) 0
0 J(Am—1)

in GL(n) = GL(n,C). We use also the notation [ho,...,h,—1] standing for the element
D 0<i <Ak thg\k € J(\x). Define an isomorphism

L Hy — 1_[(((:X x CMe—hy
k

by corresponding h = (R0, ... A=) b)) = [y, ..., hi:a,—1] to
t(h) = (ho0s- - hoxg—15 -+ s Bm—1;05 s Bn—1:0, 1 —1)-
Let H) be the universal covering group of Hy:

Hy=J(o) % -+ x J(Am_1).



Then the map ¢ can be lifted to the map Hy — [[.(C* x C*~1), which is also denoted by ¢.
We give the explicit form of the characters of Hy, namely, the complex analytic homomorphisms
from H) to the complex torus C*. To define them, we introduce functions 6;(v) (j > 0) of

v = (vg,v1,va,...) from the generating function

Z 0;(v)T" = log(vg + 1T + voT? +--) (2.2)
i=0

= log vy + log (1+1]1T+U2T2_|_...> )
Yo Yo
Notice that 0p(v) = logvg, and that 6;(v) (i > 1) is a weighted homogeneous polynomial of

v1/v0, ..., v;/vg of total weight ¢ when the weight of v; is assigned to j.

Proposition 2.1. ([GRS]).
(a) Let wy, : j()\k) — C* be a character. Then there exist some complex constants B*F) =
(Bk:;Oa s 76/{);)%—1) S (CAk such that

urn (B a0y =exp [ 7 B0 (k) | = hkexp [ 30 Bt (k™)) |, (2:3)
0<j<Ag 1<i <Ak
where h(k) = [P0y -« s Pieng—1] € J(Ak). This character will be denoted by wy, (B®); ) to indicate
the dependence on B*).
(b) Let uy be a character of Hy. Then there are complex constants f = (50, ...,m=1) ¢
Cc", %) e CM such that

us(Bh) =[] ua (8% 0®), (24)
0<k<m
where h = (KO ... A=) ¢ Hy and h'®) € J(\). The character uy with B is denoted by
ux(B;-).

For the sake of simplicity, we write 6;(h) instead of 6,(c(h)) by abuse of notation. To give
the space on which the general hypergeometric function is defined, we introduce the following

terminology.

Definition 2.1. Let A = (Ag,...,Am—1) be a partition of n. A subdiagram of A is a set of

nonnegative integers u = (o, . . ., m—1) such that
0<pi <A, 0<i<m,

and is denoted by u C A. The integer |p| := po + -+ + fm—1 is called the weight of . Let
M(r,n) be the set of r x n complex matrices. We restrict our consideration to the case r = 2.
The set M(2,2) will be denoted simply as M(2). For an element z € M(2,n), we write

m— _ k k
z= {Zw) ol 1)}, 20 = (2,2,

(k)

where 2z, are column vectors. For a subdiagram p of A of weight two, we put

0 0 m—1 m—1
Z, = (z(() ), - 72,80)_1, . ,zé ), .. >Z;(m71)—1) € M(2).



Definition 2.2. The set
Zypn ={z€M(2,n)| det z, # 0 for any subdiagram p C X of weight two}
is called the generic stratum of M(2,n) with respect to H).
Note that the generic stratum Zs ,, is a Zariski open subset of M (2,n). Put
E= {(t‘,z) € P! X Zop | hao = 287 £0(0 <k < m)},

where ¢ = [to t1] are the homogeneous coordinates of P! and hi;o denotes the homogeneous
linear function of ¢ defined by the column vector z(()k). Let m: E — Z5 ,, be the projection map
defined by 7(£,2) = 2. Then we know that E is a C* fiber bundle over Z, , with the fiber

X =P\ JH®(2), (2.5)
k

where H(k)(z) is the point in P! satisfying the equation hy.o = 0. Note that these points are in
general position by virtue of the definition of Z,,.

Let a rational 1-form ¢ be holomorphic on X.

Definition 2.3. The function defined by the integral
@ = [ e (26)
A(z)

is called a general hypergeometric function of type A (GHF of type A, for short), where A(z) is
an element of a kind of homology groups defined in [MMT, Section 3.].

Remark 2.1. In our study, we consider F(f3; z) for some fixed twisted cycle A. We need not
explicit forms of A(z) but the convergence of the integral (2.6).

Remark 2.2. When A = (1,...,1), GHF of type A can be regarded as an integral representation

of a solution to Lauricella’s Fp systems of hypergeometric differential equations.

3 Twisted Cohomology Group

We take distinct m points of the complex projective line P!, and select its homogeneous

coordinates [ty t1] so that these points are expressed as
x9g=00,21 =0,22,...,Tm_1
by the associated affine coordinate ¢t = t;/tg (s = to/t1). Put
= {0, 21,29, .,Trm_1}, X =P\z;

X =C for m =1 and X = C\{0} for m = 2. The character uy is written by

)\171 m—1

Ai—1
uy = eXp{ > ﬁo;kak(h(o))} x ] hio™ eXP{ > /Bi;k"gk(h(i))}a (3.1)
k=1 k=1

=1



where §;., € C, Bia,—1 # 0 and 22161 Bi:o = 0. We assume that if A; = 1 then £, ¢ Z. Linear
forms h’s are written by ho,o = s and h;o =t —x; (i > 1). Let w be a logarithmic 1-form defined
by

w = d¢(log(uy)), (3.2)
and V, be a connection d; + wA with respect to w. Note that
di(urp) = urVu(p).
We define complexes with differential V,, :
(Q°(2), V) : Q) Y 0l (x) Y50 -0,
(5*(2),V.) : SOx) Y= §Y(x) Y §2(x) Y 0,

where QF(z) is the vector space of rational k-forms on P! admitting poles only on z, and S*(z)
is the vector space of smooth k-forms on P! which rapidly decrease at x; for any i. The k-th
cohomology groups H*(Q°*(z),V,) and H*(S*(x),V,,) of above complexes are called rational
and rapidly decreasing twisted de Rham cohomology groups with respect to V,,, respectively. It
is shown in [Km] that the dimension of H*(Q*(x), V,,) is n — 2, which is equal to the rank of the
associated confluent hypergeometric system of differential equations. The next lemma is shown
in several references (cf. [Mj1, Theorem 2], [Mj2, Proposition 3.1] and [Ml, p. 82 ii]).

Lemma 3.1. We have a canonical isomorphism
H*(Q*(2),V,,) = H*(S*(z), V).
Fork #1, H*(Q*(x),V,,) and H*(S*(z),V,,) vanish.
By the isomorphism in Lemma 3.1,
Ly HY(Q%(2),Vy) — HY(S*(2),V.),

the intersection number (¢, Lb)w of ¢ € H1(Q*(2),V,,) and ¥ € H(Q*(x),V_,) is defined by

(o), = / () A (). (3.3)

4 Intersection Matrices

There are some studies of intersection numbers of H(Q®(x),V,) (cf. [Mt1], [MMT]). In
general, intersection number that is expressed by parameters and variables. In this section, we

show that each intersection number of 1-forms {d:(6;(h))} depends only on parameters. We set
Qsi;k: = dt(Gk(h(’))) (41>

To give its explicit form, we introduce rational functions py(v) (k > 0) of v = (vg, v1, v, . ..) from

the generating function

[e’e) vo
Tk = ) 4.2
kzzopk(v) vo + 1T + v T2 4 -+ (4.2)



Using pg, we have

dt
t—l’i

dok = pk(”(h(O)))%v bik = pr(1(hD)) (1>1).

For the sake of simplicity, we write pi(h) instead of pi(c(h)) by abuse of notation. Using these

forms, we express w as

>\o 1 Ai—1
w = dy(log(ua(B; h) { Z Boskpr (R?) }ds—i— Z{t — ) Bi;kpk(h(i))}dt. (4.3)
T k2o

Let

Ao—1 00k m—1X;—1 ek
> (G as e 3 3 () o (44

k=1 i=1 k=0
be the partial fraction expansion of w. In order to express o, by 8’s and h’s, we introduce

polynomials p?:

k L my+-+m; (ml +o m])' m mg
pj(vla'~"vj) H Z(_l) ’ ml'mj' ’Ull""U- . (45)

Here, the summation is carried out by all combinations under the conditions: mi 4+ 2mo + - - - +
jmj =j and my +mg + --- +m; =k, for (my,---,m;) € N} (Ng = NU{0}).

Lemma 4.1. We have
Ai—1

Qi = Bioy ik = Y Bigph(hict, s hisj). (4.6)

Jj=k

Proof. We substitute x = (v1 /v)T+- -+ (vj/vo)T7 into 1/(142z) = > pe ,(—1)*2", and expand
by T'. Then we have

oo
Yo k k! Y
UO+'U1T+"'+UJ'T‘7 Z( ) Zml!”'mj! ;U(I)C ’

k=0 m's

where my +mo +---+m; =k and my 4+ 2mg + --- + jm; = J. Compare this with (4.2), then

p;(v) is expressed as

.
e, (my A m) o v
pi(v) :Z(—l)"“+ s : m1+...+in_7,7

l... |
e mq: mj: Vg

where the summation is carried out by all combinations under the condition: my + 2mg + -+ +

jm; = j. Comparing this with (4.5), we have

J ok
(v, ..., v5)
pj(Uo,’Ul, . ,’Uj) = Z ]1}7]@ (47)
k=0 0

From (4.3) and (4.4), the principal part of the Laurent expansion of w at x; is

Nl Al iy hisg)
2 e T ﬁzﬁ

k=0

Comparing coefficients of 1/(t — x;)*T!, we have (4.6). O



The following is a key lemma to evaluate intersection numbers.

Lemma 4.2. Let ¢ and ¢ be elements of H'(Q*(z), V) and HY(Q*(x),V_,,), and the pole
orders at x4 of ¢ and v be bounded by that of w:

ord(p) < ord(w), ord(y) < ord(w), (0 <g¢g<m—1).
Let G4 be the rational function defined by the identity
Gy -w=¢.

Then we have
m—1
(p.4), =2nV=1) Res{Gy}. (4.8)
q=0 !

Proof. ITn [MMT, Theorem 4.1], the intersection number is evaluated as 2mv/~1 377" | Resi—, { fo¥},
where f, is the formal power series solution to V., f; = ¢ in a small neighborhood U, of z4. Since

G is holomorphic in U,
0= V,Gyg=p— (dGy+ G4 -w) = -Gy (4.9)

is holomorphic in U,. As a formal power series, f; — G, satisfies V,,(f; — Gq) = —d:G,. Let
dp(t — x4)P be the leading term of f; — Gy, then the leading term of V,,(f; — G4) becomes

(Qging—1 +Pox,1)dp(t — xq)p_/\qa (4.10)

where 4,1 is Kronecker’s symbol. From Lemma 4.1, ag.x,—1 = Bq;krlpizii and g0 = Bgi0-
Since ag;n,—1 # 0 and agy0 ¢ Z if Ay = 1, the coefficient of (4.10) is not zero. This means p > A,.

Because the degree of 1 is not more than the order of w, we have

IE‘;S {fev} = tliis{qu/J}.

We consider linear maps
M,:0uy,5f = fweQu,(A\ry) (0<g<m—1),

where Oy, is the vector space of holomorphic functions on U, and Qp, (A\g4) is that of meromor-
phic 1-forms on U, admitting a pole of oder A\, only on z,. These descend to the maps between

the quotient spaces
M, : Oy, /(t — 24)*0u, = Qu,(A\gzq)/Qw, (4.11)

where Oy, /(t — 24)*1Oy, is regarded as Oy, /s* Oy, for ¢ = 0. Let A, be the representation
matrix of M, with respect to bases

T =g o (- ag)] and di o]

(t—zg) e (t—xq)a™?! t—zq

10



where they are regarded as

t ... gro—1 tlds _ds |
1ls s ] and [SAO SooT

Then A, is expressed as

Qgxg—1  Cgag—2 ~°° Qg1
Qgng—1 " Qg;2
Ay =
0 Aging—1

by (4.4).

Lemma 4.3. Let B be a Jordan matriz of size n given by

B= Y biA, (b #0).

0<j<n
The inverse of B becomes
1 .
B™ = — 3" p(b)Ad.
0 0<j<n

aq,)\q—Q

a‘Za)‘qfl_

(4.12)

Proof. Substitute v; = b; (0 < j < n), vy = 0(% > n) in (4.2), and multiply > o<k<n b T* to

its both sides. Then we have

n—1 0o
> b TEY pi(b)TV = bo.
k=0 j=0

Comparing coefficients of T* of (4.13), we can check BB~! =

We define the reverse order matriz of a square matrix.

L,.

Definition 4.1. Let U be a square matrix of size n expressed by

[ Ua, Ui2y -+ Uan-y
Ue, Uec2 -+ Ugn-y
U= : : ' :
Un-11) Umn-12)  Umn-1n-1)
L Uy Unzy o Unan

Then a square matrix

U(n,n) U(nfl,n)
U(n,n—l) U(n—l,n—l)
U = Unr—jnri-nlag = | :

Un,2) Un-1,2)

L Uny  Um-1)

is called the reverse order matriz of U.

11

U
Uin)

Uz,n)

U(Q,n—l) U(l,n—l)

U2,2)
U1

U

Ua,2)
Ua,ny

(4.13)

(4.14)



We prepare the next lemma.

Lemma 4.4. Suppose that a Jordan matriz A € J(n,C) is expressed as
n—1
A= apAn
k=0

where A, is the shift matriz of size n in (2.2), and A% = I,, is the unit matriz. If {ax}to<rp<n are
linear combinations

n—1

k
(Lozbo, ak:ijpj(xl,...,xk),
=k

ofp;? given in (4.5), then the matriz A is represented by

A="TyUBU, (4.15)
where
_pnf% PZ:% p71L—1 O |
o1 . Pro 0
B=> bAr ! U= P o
o= 0 pi O
i P

and U = [Utnt1—jnt+1-i)l@i,j) is the reverse order matriz of U.

Proof. Since each entry of A is regarded as a linear combination of {b;}, it is enough to show
(0/0b;) Ak = (0/0b;)(FUBU)j,;. The partial derivatives of the left hand side of equation (4.15)

are

0 g g iAkl:M:{p}M_l_l(x) (k<ln+k-1-1<j),
Obo T 9b 0b; 0 (otherwise),
and those of the right hand side of (4.15) are
9 R n—1 n—1
—("UBU) ="UA;, U =A,"",
Obo
P ' J+1 j+1
g(RUBU)k,z = (FUN T U)hs =Y Uk Unnin—j1a = Y ol (@)=L (@)
J m=1 m=1
:p?+k_l_1(x) n+k—-1-1<7j).
Thus they coincide. O

As a result, we can see the next formulation.

Proposition 4.1. The intersection number of ¢;. and ¢, becomes

TN TSN G, N
(Pisks Dy, = 20V =1(0i; =22 — et — € ~ o+ O ———),  (4.16)
Bisxi—1 Bisri—1 Bix,—1 Bir:x, -1

12



where §;; is Kronecker’s symbol, €5, is defined by

1 (i=0,j#0,1=0),
€ijl = 1 (Z:]-vjzovlzo),
0 (otherwise),

i :==1—1, ;i is defined by

Sijm=< 1 (i=j=1,k=1=0),
0 (otherwise),
and w,(f) 1s defined by
B =1, 0P (B) = pk(Bini—1, Bisni—2, -+ » Bisrs—h—1)- (4.17)

We regard x, h as variables, and B as parameters. In particular, the intersection number

<¢i;k7 ¢j4l>w depends only on parameters.
Proof. We use (4.8) in Lemma 4.2. From (4.1), we express g.,, G4 and g; by

= o (k)
w::gwdt, Gq—g t—x qumt*xq ) ¢)Jl (t— )
(4.) ’L =0

dt =: gidt.  (4.18)

In case ¢ = j, in the right hand side of (4.16), we have €;;; = €j;x = 0. Using Lemma 4.1 and

4.4, we can express A; by:

A; ="V BV,
where
Bisxni—1 Bing—2 - Bis1 Bizo
Biag—1 - Bis2 Bis1
0 ﬂi;)\i—l B’L‘;Ai—Q
L ﬁi;ki—l_
Y ;i —2 1 7]
Pxici P10 Pa—1 O
-2 1
Pxi—a 0 Py 0
V= )
0 pl 0
i PO

and BV is the reverse order matrix of V. Note that A; includes variables and parameters, and

B; depends only on parameters. Using (4.7), we have

k
dt
ik — h() z 7~~~ahi" 71 o Ni+t1®
i = pr(h) = Sorlhuns i)

l
dt ; dt
= hityeooshij) —————
t—xi 4:0pl( 731, ’ l,])(t_xi)j+17

big = pr(RD)

<~

13



where pj. and p] include no parameters. Put row vectors

c= [pzi—j]lgjg/\i =[0---0pf---pY,
Ai—k—1
. J1 ) o0 .
d=1[p] licj<n, =[p; - p0---0],
——
I+1

ei = [Bijlicj<n = 10-:-010---0].
i—1

Since A; is the representation matrix of M; defined in (4.12), the intersection number becomes

<¢i;k, ¢i:l>w = / Lw(¢i;k) A (d)i;l) = QW\/ICA;MCI
Pt

=21/ ~1cV ™ 1B YRy N = 27/~ Te(y, _i) By Ve
=2V —=1(B; ") (\i— k41

where (B71)(, o) means (p,q)-entry of matrix B~'. Using Lemma 4.3, we obtain the inverse
matrix of B;:
-1 1/Jk+l+1 Ai
(B ) i—k,41) = ) (4.19)
Bz,)\ —1
where 1/)l(j) is given in (4.17). The value 27/ —1(B; ) Ai—k,i+1) is equal to the first term of the
right hand side of (4.16).

In case i = j but ¢ # 1, if the order of pole of w at x, is more than one, the function G,g; is

holomorphic in Uy. If i = j =0, ¢ =1 and Ay = 1, then we have

pi(h) (o), ds ()i (R) | pip?
., = —_— 1 = .
Res{Gqdja} = Res o ” pi(R)—} = lim{ vy oo
Ifi=j=1,¢g=0and \; =1, then we have
N pe(h) andty o —pr(h)p(R) L plp}
Res{Gadiut = Res{=r ~5= m(hT)57h = lim { 7 = oo

Those values are equivalent to the last term of the right hand side of (4.16).
In case i # j, ¢ # i and g # j, since the function G4g; is holomorphic in Uy, we have

Res{Gyoj} = 0.

In the right hand side of (4.16), J;; = d;;m = 0.
In case i # j and g = 4, since the function G; is holomorphic in U;, the residue becomes

Res{Gi¢ju} = —{0i0 + 8:1650 Ybizo) -

It is easy to see p) = &;0. By (4.19), b;,o is equal to wl(cé)rk,\i/ﬁi;)w—l-
In case i # j and ¢ = j, using G’ = ¢;/g.,, we obtain

Res{Gj¢ju} = Res{G'di} = —{0j0 + 8;16i0}bj:0P}-
_ajj —:Ej
By (4.19), bj,o is equal to wl(i)k)\j /Bjix;—1- O

14



5 Pfaffian Systems of Gauss type, Kummer type and Her-
mite type

We explain how to obtain Pfaffian systems of confluent hypergeometric functions examplifying

GHEF of one variable. We show that Gauss’s hypergeometric series

Co) — (@)my (B)ms iy
2F1(a, b, c;x) = mgo mf

can be regarded as a general hypergeometric function of type A = (1,1,1,1), where (a); :=
ala+1)---(a+k—1)=T(a+k)/T'(a). It has an integral representation

I'(c)

oF1(a,b,c;x) = m

/wufwﬂufmwwﬂ(w@>m@>m (5.1)

where v = (0,1) and ¢o ¢ = dt/(¢t(1 —t)). It is a solution to Gauss’s hypergeometric differential

equation:
[:v(l—x)(d)2+{c— (a+0b+ 1)33}i —ab| G(x) = 0. (5.2)
dz dx
Set n =m =4, and h and 8 in GHF as follows:
h=hO 0 KD hEY hoog=5 hio=t hao=1—1t hso=1-uat,
B=(B",8M g2 B3 Buo=b—c, Pro=a, Pao=c—a, PBso=—b.

Then we have
3

u(l,l,l,l) = H hleoo — t(l(l _ t)C—a(l _ xt)_b,
=1

bi0 = di(eo(RD)) (0 <i < 3),
3
wg = d¢log(u(i,1,1,1)) = Zﬂi;o@;oy
i—1

©vo,c = $1.0 — P2;0-

A solution to (5.2)

GOZ/U(1,1,1,1)@0,G (5.3)
5

is equal to o F1 up to a non-zero constant. We summarize variables, parameters and 1-forms in
a table:

variables : T = 00, T3 = %, z1 =0, To =1,

parameters : (o0 =b—c, f30=-b, Pro=a, Bao=c—a,
. _ds _ o xdt _at _ ot

1-forms : do,0 = 2, 3.0 = o1, P10 =5, $20= 1-1-

where {z;}o<i<3 are poles of wg.
es} (a)ml mi ,./ma
m1=0 (C)nzl (1)7711 dl z can

be regarded as a GHF of type A = (2,1,1). It has an integral representation

I'(c)
L(a)T'(c—a)

Kummer’s confluent hypergeometric function 1 Fy (a, ¢;diz’) = 3

1Fi(a,c;dix’) = /t“(l — ) " exp(diz’t)po.x  (R(c) > R(a) > 0), (5.4)
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where v = (0,1), gox = t(%t) and d; # 0. It is a solution to Kummer’s hypergeometric

differential equation

d d
x'(@) +{c— dlx'}@ —ady | K(z') = 0. (5.5)

Set n =4,m =3, and h and § in GHF as follows:
h= (L AW @) (W) = (hoo, ko) = (s,27), hio =1, hoy=1-1,
B = (6/(0)76(1)a6(3))7 BI(O) = (ﬁ6;0766;1) = (_07 dl)7 ﬂl;o =a, 62;0 =Cc—a.

Then we have

2
U(2,1,1) = exp(ﬂ(’);lﬁl(h(o))) H h?fo‘o = exp(dyzt)t*(1 — )™,

i=1
bio = d(Bo(RD)) (0<i <2), 1.1 = dy(1(RDV)),
2
WK = dt IOg(u(Z,l,l)) = 66;1(250;1 + Zﬁi;0¢i;0;
i=1

Yo,k = $1:0 — P2:0-

A solution to (5.5)

Ky Z/U(2,1,1)%00,K (5.6)
5

is 1 F} up to a non-zero constant. We summarize variables, parameters and 1-forms in a table:

variables : Ty = 00, ho, = @', x1 =0, To =1,
. / — / — — —
parameters : 5.0 = —¢, B, = di, Bio=a, B =c—a,
. __ds _ z'ds __dt _dt
1-forms : o0 =, Qo1 =—%53, 910=%, P20= i1

where {z;}1<;<3 are poles of wg.
Using the exterior derivatives d,(f) := dx A (df/dz) and d,(f) := da’ A (df/da’), we define
logarithmic 1-forms:
B3;otdx
xt—1"

Wi,z = d log(uge 1)) = ﬂ();ltdx’.

WG,z = dg log(ua,1,1,1)) =

For connections V,, := d; + w, A and Vs := dy + wr A, we have

i [neme= [uen e g5 [uee= [uea) s

Using these operators, we have

&( ) - dt % Bg;ot o ﬁg;o ( xdt _ dt )
A\ T "t -1z -1'at—1 t—17
Var o dt ;o Boadt
da’ (QOO,K) - t(l _ t) X ﬁo;lt - t—1 .

16



We select bases of H}(Q%(z), V) and H(Q°%(x), V,,) as follows:
{ @OG—¢10*¢20—@*%,

v, v w
P16 = Gy as(vo,6) = d30 — d20 = 575 — 51

@0K7¢10*¢207ﬁ*%,
d
Puk = 352 o) =m0 = —

The intersection matrix of (¢o @, ¢1,¢) becomes 2m/—1Cq, and that of (o K, ¢1,x) becomes
2my/—1Cg, where

(35 + m3) . = =
Ca = | Po | Poo (Lﬂj_p#) = | e |, (5.7)
B2;0 B2;0 Bs;0 c—-a blc—a)
( S L) _1 < %
Cyx = 51;()#52:0 sz _ a(C1 a) Cla . (5.8)
B2;0 B2;0 c—a c—a

In order to get the intersection number of (V,/dz)(y) and ¢, we express (V. /dz)(y) as a linear

combination of ¢y ¢ and ¢ ¢. Let us prepare partial fraction expansions of rational 1-forms

(Va/dz)(p),
VI o 53;015 dt o ﬁ3;0 xdt dt . ﬁg,;o
E(WO,G)— 1 ( ( ) = < - ) —m_lsm,c,

xt t(1—t) r—1\at—1 t—-1
A Va ! !
Sle) = <¢3;0 0 - M‘“’) - x_{ﬁw%o + o *53;0)%;0}
odt 0+ Bao tdt 0 + B3, +
__ Buodt  Bao + Bs0 _ 7&% M%;o + M (¢3:0 — d2:0)
ot —1 ct—1 t—1 z T =

i(—ﬁs;o%;o + wG) - @¢ 3;0 + M(% 0 — $2,0)

B %(51;0%;0 + Ba0b20) — Pro +520¢ n P20 +f30

Ba;0 + B30
-1

where = means equivalent as elements of H}(Q*(z), V,,). Here note that wg = V(1) is zero in

(¢3;0 - ¢2;0)

1
= E{ﬂl;m@o,c — (Bro + Boo) pr,6} + LG

HL(Q*(x), V). Using these expansions, we have

1 1
@O,G] _ {Wl,GJr Wz,G} [@0,(}] , (5.9)
T r—1

©1,G L1,G
|0 —b
10 c—a—bl"

Va
dx

where matrices W’s are given by
0 B30

0 0 0 O
= , Wag=
B0 —Br0 — B2 a —c 0 Ba,0+ B30

By using Gy, we construct a vector-valued function Gy Gi], where

Xr — 1 dGO
G1= b dz 7“(1,1,1,1)901,0.

Wig=

)

This vector-valued function satisfies a Pfaffian equation of Gauss’s function,
Gy dz dz
{ Wie + 7 Wz,G}

Gy
which is equivalent to equation (5.9). We can see that:

Go

de
G

, (5.10)
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(1) the connection matrix is divided into two parts, d,(log(z))W1,¢ and d,(log(z — 1))Ws g;
(2) dylog(xz) = dx/x and d; log(x — 1) = dz/(x — 1) are rational 1-forms of variable z; and
(3) Wi ¢ and Wh ¢ are 2 x 2 matrices depend only on parameters 3.

To obtain a Pfaffian system of | F7, we prepare partial fraction expansions of rational 1-forms

(Var /dz") (),

Vo dt dt

@(‘PQK) = Bt <t(1t)) = —56;1m = Bo1p1,K,
vaz’ B(/);l WK
@(@1,}() = Boat(—d20) = — el Bo.192:0 + g

1
= (Brodr0 + Baioda:0) — Boad20
1
= ;{51;0900,1( — (Br;0 + B20) 1.5 } + B %P1,k

where = means equivalent as elements of Hj(2°(z),V,,). Using these expansions, we have

K 1
o, = {/WLK + W2,K}
P1,K T

0 0 0 O 0 . 0 d
Wik = = , Wag = 5?’1 = .
Bio  —Bro — P2o a —c 0 B 0 d;

By using Ky, we construct a vector-valued function {K, K], where

K — idKo _/
1= dy T W“(2,1,1)‘P1,K~

\
da’

oK (5.11)
P1,K

where

This vector-valued function satisfies a Pfaffian equation of Kummer function,

Ko da:’ }KO
d, ={ W, k + d2' W , 5.12
o] {Ewer a6 (512

which is equivalent to equation (5.11).
We study a transformation from our Pfaffian system of Gauss’s hypergeometric function to

that of Kummer’s one. We relate variables and parameters of o F3 to those of 1 F) as

z = ¢ex,

_1
b — gd17
and take the limit ¢ — 0 with keeping the relations. Under this limit so called a confluence, the

1-forms ¢3,9 and wg converge to

z'dt

1
lim —¢3,0 = li = —2'dt = — ¢,
lim ~¢s50 = lim —7— x P01,

Eli_% we = B1;001,0 + B2;002,0 + ﬁé;lqﬁo;l = Wwg.
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The intersection matrix Cg converges to

e—0 e—0

1 1 1
lim Cg = lim [(“ +1C*“) c—a )] = Ck.

c—a

Substitute the relation z = ez’ into equation (5.10):

Go dx' Edml Go
da’ =4 —W W-
x a { o 1,6+ 1 2,G} ol
and take the limit

. da’ dz” |0 0 dz’

M e T o [ ] — e
. eda’ . eda’ 0 _d‘?l /
g%sx’—lwlaigl—%em’—l [O c—a—-% = drWax

(5.13)

It turns out that the Pfaffian equation (5.10) is transformed into (5.12) by the confluence. In

this case, the decomposition of connection matrix W is preserved under confluence.

We give an example of confluence which does not preserve decompositions of connection matri-

ces. Instead of equation (5.5), we introduce a parameter € to Kummer’s hypergeometric function

in (5.4) by
K§(z) = /, (1 —et") " exp(dizt’ oo,k (R(a) > 0,R(d1x) < 0),

where v/ = (0,00) and ¢g x = dt’'/(#'(1 — et’)). By substituting

r_
=1z,
t=et/,

into (5.6), we have (5.14). It is a solution to the following differential equation:

By rewriting ¢’ to ¢ into (5.11), we have

V.
-z ¥o.K = {EWI,K + WQ,K} PO )
dz | ¢k z Y1,K
where
_ dt _ pdt
@O,K—it(l_gt)a 901,1(—71_&,

0 0 0 d
Wik = . W = :

We construct a vector-valued function {K§ K|, where

1dK; 1 dK§ 1
K5 — 0 - 0 _ 7/ .
Yody dz edy dot e ), U(2,1,1)P1,K
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This vector-valued function satisfies a Pfaffian equation of Kummer’s hypergeometric function,

d. | K§ dz dx K§
~z =W g+ W , 5.18
: LKJ e S er] o

which is equivalent to (5.17).

Hermite’s hypergeometric function Hy(z) can be regarded as a GHF of type A = (3,1). It
has the form
/t2

2

Ho(2") = /’ t* exp(d'z"t — d Ypor  (R(a) > 0,R(d) > 0), (5.19)

where v/ = (0,00) and ¢g g = dt/t. It is a solution to the following differential equation:

d d
{(dx/,f - d’x”w —ad'| Hy(2") = 0. (5.20)

Set n =4,m =2, and h and § in GHF as follows:
h = (h/(0)7 h(l))7 ’/(h’/(o)) = ( 6;07 6;17 h6;2) = (57 173;//)7 hl;O =1,
5 = (ﬁ/(0)76(1))a 6/(0) = (66;055(/);1756;2) = (_a707d/)a 51;0 = a.
Then we have

2 2
_ . ¢
U(z,1) = hildo H exp(ﬂé;ka(h’(o))) = t%exp {d’(x”t - 2)} ,
k=1

e = A (B ( ) (0 <k <2), 10 = dil(Bo(hM)),
wy = d¢log(ues 1)) = ﬂ6;1¢6;1 + ﬂ(’);z%;z + Bi.001:0,
$Yo,H = ¢1;0.

We summarize variables, parameters and 1-forms in a table:

; . _ _ " _
variables : To = 00, hoa =1, hoa = 2", z1 =0,
. / — / — !/ — g/ —
parameters : [y, = —a, By, =0, [oo=4d, B0 = a,
. /. __ ds /o A " __dt
1-forms : o0 =35 Poa =4dt, @po = (2" —t)dt, ¢10=F.

We define a logarithmic 1-form:

wH,a:" = dw” IOg(U(&l)) = 61;2tdx”,

and we have

Vr” dt
W(‘PO,H) =T X Blat = B1.pdt.

Considering above relations, we select bases of HL(Q°(z), V) and H}(Q*(x), V,,) as:

/ 1 __ _dt
P, = cPLK = T_ep>

Qo = P10 = &L,
$1,H ‘= (;56;1 = dt.

{ QoK = P10 — Pao = 9 — S9
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The intersection matrix of (¢o,k, ¢ x) becomes 2mv/—1C%, and that of (0,1, 1,1) becomes
27/ —1Cy, where

1 1 1 c 1
R + —_—
C}( — [(ﬁz;o . ﬁs;o) 5513;o‘| _ la(cla) e(cla)] 7 (5.21)
€30 €2B3;0 e(c—a) ¢e2(c—a)
= 0 19
CH = [ﬁao 1 = 8 e (5’22)
12 d’
Then we have
K; dz dx K¢
do | 0 =4 =W g+ —W3 0 5.23
[KJ { e N + - 2,K} le] (5.23)

where

0 0 0 eds
Wi s = . Whg= :

To express (V /dx)(p) as a linear combination of pg ¢ and ¢ 1, we prepare partial fraction

expansions of rational 1-forms (V,»/dz")(¢),

\ dt

Fx’/(woﬂ) = Bé;gt (t> - 56;2dt 6652¢1’H’

Vg B dt) = 3, —

dz” (p1,0) = (l);zt( t) (I);2 (t .’L’”) dt + ﬁ(l);Zx//dt = 56;2(%;2 + 56;2x”¢6;1

=WH — 56;2‘%56;2 + /36;233”%;1 = Br,091,0 + 56;233”%;1
= Brovo,n + By o1,

where = means equivalent as elements of Hy,(2°(z), V,,). Using these results, we have

va;//
dl'//

©Yo,H
©Y1,H

0 - 0 d
Wl,H = 02| = )
,81;0 0 a 0

o o] fo o
ot =g go| ~lo @]
ﬁ0;2

We construct a vector-valued function {Hy H;], where

1 dH
Hl 0 — / U(?’,l)QOLH.
&

] ={Wig+a2"Wonu}

PO (5.24)
©Y1,H

where

d/x// dx//

This function satisfies a Pfaffian equation of Hermite’s hypergeometric function,

Hy Hy
dgr = da" {Wi,g + "W : 5.25
o] = i [ (5.5
This equation is equivalent to (5.24).

21



We relate variables and parameters of G§ to those of Hy as

x=1+¢ez",
di = 1d,

c=a-+ E%d’,

and take the limit ¢ — 0 with keeping the relations. The intersection matrix C% converges to

L0
lim Cpe = |0 | = Cr-
d/
We substitute the relation = 1 + ez” into (5.23):
K§ eda” K§
dyr |20 = {Wl’ x +da" W) K} o, (5.26)
[Kf‘| 1 + 633” ) ) Klg
where
0 0 0 d
eW{ o = A, Wh e = .
1,K [a Cea — i] 2,K 0 i]

Under this limit e — 0, neither eW{ - nor WJ, ;- converges. The decomposition of our connection
matrix W is not preserved under this confluence, we need a recomposition of W to make each

part of W converge under this confluence. We define matrices
"o / / "o /
Wik =eWik +Wak, Wox =Wy,

and rewrite (5.26) into

KE dl'// x//dx” KE
dyo | 0] = w — W 0 5.27
1] (v v [ o

1 1 K&
= {Edmu (log(1 4 ez" )W) i + {E—den (ex” —log(1 + sx”))}Wz’fK} [KE] .
1

Under this limit ¢ — 0, both W}’ and Wy, converge to
;i_rg% WIHK =Win, ;1_13(1) WQNK =Won.

In this limit, the equation (5.27) goes into (5.25).

6 Pfaffian Systems of Appell’s F; and Humbert’s &,

In this section, we show some examples of Pfaffian systems of two variables. We explain that

Appell’s hypergeometric series

. o - (a)m1+m2(b1)m1(b2)m2 mi, mao
Fl(aablvbQ;Cvxvy)f Z (c)m1+m2(1)m1(1)m2 z Y

my,ms2
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can be regarded as GHF of type A = (1,1,1,1,1). It admits an integral representation

F1(a,bl75270;$,y)=1_‘(a)11:((cc)_a) (6.1)

« /t“(l (1 —at) (L —yt) s (R(e) > R(a) > 0),

where v = (0,1) and o p = dt/(t(1 —¢)). It is a solution to Appell’s system of hypergeometric
differential equations:

(201 = 2) 2 +y(1 = 2)5% + e = (a+ b+ Dadds — by — ab] Q) =0,

[y(1 - y)a% 21— )l +{e— (@ +ba+ Db —br —abs| Qa,y) =0, (6.2)

[ =95 — e +012] Qay) =0

To regard F} as GHF, we set n = m =5, and h and [ as follows:

h=(hO, W h@ h® hW) hoo = s k1o =t,hoo =1—t,hgo=1—t hyo=1—yt

B = (B0, W, 32 BB BW) Byg = b1+ by — ¢, fro = a,Bayo = ¢ — a, B30 = —b1, Byo = —bo.
Then we have
4
waaian =] B =91 = £)°7(1 — at) " (1 — yt)
i=0
dio = di(Bo(h())) (0 <i<4),
wp = d¢log(u(i,1,1,1,1)) Zﬁzofﬁzoa
©o,F = P1;0 — $2:0-
A solution to (6.2)
Qo = /U(1,1,1,1,1)<P0,F (6.3)
gl
is F1 up to a non-zero constant. We summarize variables, parameters and 1-forms in a table
variables : Ty = 00, T4 = %7 x1 =0, T =1, T3 = %,
parameters :  fo,0 = b1 + b2 —¢, Bao=—b2, Pro=a, Pao=c—a, Pzo0=—bi,
1-forms : b00 = % G0 = ﬁ%v $1;0 = %, P20 = %7 $3,0 = ftitp
where {z;}o<i<4 are poles of wp.
Humbert’s hypergeometric series
= (@)my+ms (b1)m /
Dy (a, by, w, —day') = S — """ (—day)™
m;nQ (C)m1+m2(1)m1(1)m2
can be regarded as a GHF of type A = (2,1, 1,1). It has the form
®1(a,by,c;x, —day') = __Tl / t9(1 — )71 — at) " exp(—day't) 0.0 (6.4)
[(a)T(c—a) J, '

(R(c) > R(a) > 0),
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where v = (0,1), goo = dt/(t(1 —¢t)) and d2 # 0. It is a solution to a system of differential

equations:

{x(l — Js)aa—; +y'(1— x)%;y, +{c—(a+b+ 1)1‘}% — bly’a‘z, — abl} P(z,y") =0,
{y’%‘,‘z + x%;y, +{etdoy} 5 + doa i + adz} P(z,y") =0, (6-5)
{x%;y, + dga% + blaiy,} P(z,y") =0.
To regard ®; as GHF, we set n =5,n =4, and h and f3 as follows:
h= (RO M h@ RGNy (hO) = (s,4), hio=1t hao=1—1t, hso=1—at
B= (0,50, 83,53, B0 = (b —c,~dy), Pro=a, Pao=c—a, Bso=—b1

Then we have

3
U(2,1,1,1) = eXp(B{,;lGl(h(O))) H hf;'so,

i=1
dizo = di(6o(h)) (0 < i <3),  ¢oa = de(61 (),
3
we = dy 10.%(“(2,1,1,1)) = 56;1%;1 + Zﬁi;()(bi;o,
i=1

©0,& = 1,0 — P2:0-

A solution to (6.5)

Fy :/U(2,1,1,1)900,<1> (6.6)
Y

is ®; up to a non-zero constant. We summarize variables, parameters and 1-forms in a table:

variables : Ty = 00, hoa =19/, xz1 =0, o =1, T3 = %)
. ! _ ! —_ — — —
parameters : 5, =b1 —c, By =—d2, Pro=a, Paoo=c—a, Bz0=—bi,
. _ ds _ _ylds _dt _ dt _ _adt
1-forms : bo0 = o1 = =%, dro=T, P20 =11, 930 = zo1

where {z;}o<i<3 are poles of wg.
We introduce operators 9, (f) := da A (0f/0x), 0y(f) = dy A (0f/0y) and Oy (f) == dy’' A
(0f/0y"). We define logarithmic 1-forms:

Ba;otdx
WE g = Oz 10g(“(1,1,1,1,1)) = ;to_ 17
B3;otdx
Wo ¢z = 6_£ log(U(Q,Ll)l)) p— ;to_ . ,
Baotdy
WFy = Oy log(u(l,l,l,l,l)) = yifo— 1

W,y = Oy log(u,1,1,1)) = ﬁ(’);ltdy'.

We introduce operators V, := 0, + wzA, V1= 0y +wyA and V= 9y + wy/ A, then we have
0 Va
— t — t -z
ax/ﬂ( ST, )P /WU( 2, Y) 3 (),
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and so on. We have

&( ) = d Baot Bz ( adt dt )
dz 70" S t(l—t)  wt—1 x—1l'axt—1 t—1"
&( )= ¢ Baot Bz ( adt dt )
do 7O Ctl—-t) wt—1 x—1l'axt—1 t—1"
Vy d¢ Baot  Pao , ydt dt
7(@0,1‘_‘) = — — = — ( — - )7
dy t1—t)  yt—1 y—Llyt—1 t—1
Vy/ t , , dt

= 4t = —0,. .
dy’ (o,2) H1—1) X Boa 50,1t 1

We choose bases of HL(Q°*(z), V) and H}(Q°*(z), V,,) as following:

Qo F = P10 — P20 = & —
P1,F = P3,0 — P20 =
Y2 F = G100 — 2,0
0.0 = ¢1,0 — P2.0 =
01,8 = 93,0 — P2,0 =
V2.0 = —P20 = —

dt
t—17
xzdt
rt—1 t—17
ydt
T oyt—1

dt

de _ dt

t—17
zdt
rt—1

T =1
dt
t—1°

The intersection matrix of (¢o,r, 1,7, p2,r) becomes 27/ —1Cr, and that of (w0 e, 1,6, v2,5)

becomes 2wy —1Cs, where

(L 4 1) 1 1 c 1 1
B1;0 B2;0 B2;0 B2;0 a(c—a) c—a c—a
_ 1 1 1 1 _ 1 +by— 1
Cr = B2;0 (/3270 m) B2;0 c—a Zl (clfaj c—a ’
1 1 (L + ) 1 atby—c
L B2;0 Bz;0 B2:0 ' Pajo c—a c—a ba(c—a)
1 1 1 1 1 1
(o + 720 fm Bo 5 e e
— _1 1 o4 1 _1 [ = 1 +b1— 1
Co = B2;0 (52;0 + 53;0) B2.0 | c—a Zl(cl—a§ c—a
1 1 1 1 1 1
L B2;0 B2.0 B2.0 c—a c—a c—a
As is in [Mt2], we have
[00,r | Po,F |
Va ’ 1 1 1 ’
—_— =< -W; —W —Ws ,
1z |PLF {x L,F+ e 2,F + Ty ,F} P1,F
P2, F | Y2 F
[2o.r ] ©o.F |
v, |7 { 1 1 1 } ’
— =< -Wsp+—Wyp+—W,
1,F 3,F 4,F 5, F LF| >
dy |*" y y—1 y—x 4
P2, F | P2,F |
where
[0 0 0 ] [0 Bs.0 0]
Wir = |Bi0 Boo+B30 Bao|l: Wor= |0 Boo+ B30 O0f,
| 0 0 0 | 10 B30 0]
[0 0 0 ] [0 0 Bao | 0 0
Wsrp=10 0 0 , War=10 0 Baso , Ws,rp= 10 fBao
B0 B30 Boo + Baol 10 0 B0+ Bapo| 0 —B30

(6.7)

0
_B4;0
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By using Q, we construct a vector-valued function {Qo Q1 Q2], where

r—10Qo y—10Qo
Q1= - = U(1,1,1,1,1)P1,F; Q2 = . = U(1,1,1,1,1)P2,F-
v v

—b1 ox —b2 8y

This vector-valued function satisfies a Pfaffian system of Appell’s F; function,

Qo Qo
dzx dzx dz
dz Q1] = {WI,F + Wa r + WoF} Q1 - (6.11)
x z—1 T—y
[ Q2] Q2
_Qo_ Qo
dy dy
dy | @1 W3 F+ 7W4 F+ 7W5 F Q1] - (6.12)
Yy Yy— Yy —
_Q2_ Q2
This system is equivalent to the system of (6.9) and (6.10).
We have
Ve .
e ——(po,8) = ﬁg’o (¢3;0 — ¢20) = 01 $1.0,
V. . .
d7(§02,<1>) 63 O¢ +o 63 - (¢3 0 — P20) = B0 (p2,0 —p1,0) + Bsio 01,8,
T r—1
V. Va 1 —
—(p1,0) = —(¢30 — P20 — 7—ws) = —— {ﬁ6;1¢0;1 + Br001:0 + (B0 + B3i0) P20}
dx dzx 53 0 -
+ +
:_56;1( ¢01+ ¢3 ) - 5;0(15370 B2;0 530¢ +520 530(¢30_¢20)
1 / + +
= 5(—56;1%;1 — B3,003,0 + wa) — Bo.y %%;0 - M¢ + M(% 0 — ®2,0)
1 ! 0+ Bo. +
= E(ﬂhod)l;o + B2,002:0) — 5&1%%;0 - w%;o + M(@S 3:0 — $2,0)
/ 1 . + .
- 56;1%(902@ —¢18) + — {Brovo.e — (Bro + Fao)eret + 52,07_?3,0%7@7
v, ,
. (@0,@) = 50;1t(¢1;0 - ¢2;0) = 56;1%02,@
dt dt B
(901 o) = Bh.at(¢P3.0 — P20) = 36;1(@ - m) = ;’1 (p1,6 — w2,9) + By 2.0,
/ _ BO 1 ’ W 1 /
J (sﬁz o) = Boat(—d20) = — Bo.1920 + v ?(51;0%;0 + B2,002,0 + B3,063.0) — Bo.a 920

1
= ?(51;0900,@ + B3001,0 + Boowze) + Lo v2.e,

where = means equivalent as elements of H}(Q°®(x),V,,). Using these results, we can write

\V _800,<I>_ 1 1 y $0,o

(T; pre| = {xwl.,cb + EWQ,Q - x2W5’<D} 01,3 | > (6.13)
L¥2,2 ] P2,o

v, $o0,o 1 ) ©0,0

qy vre| = ?W?,,@ +Wie + ;W5,q> 010 (6.14)
LP2,® ] 2,0
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where

0 0 0 0 B0 0
Wie = |Bro Boo+Bso 0|, Woe=1|0 Bao+pPs0 0f,
| 0 —B3.0 B30 0 B30 0
i 0 0 0 0 B 0 0
Wse=|0 0 0|, Wae=|0 0 Boq|, Wse=|0 S,
B0 Bao Boo 0 0 B 0 0

By using P,, we construct a vector-valued function [Py P, P,], where

Pﬁx—lﬁ,/u pflapof/u
1= b, O = y (2,1,1,1)P1,®; 277—d2 oy’ = g (2,1,1,1)P2,8-

This vector-valued function satisfies a Pfaffian system of Humbert’s ®; function,

Fo dz dx ! 7o
dzx P = 7W17¢. + WQ){) — y $2W5)<p P,
T z—1 dx
| P | | P>
. .
/ 0 o dy’ / dy’ ’
dy' | P | = ?W&cb +dy' Wy e + 7W5,<1> P,
| P | P; |

This system is equivalent to the system of (6.13) and (6.14).

_ﬁ(/);l

(6.15)

(6.16)

We study a confluence from our Pfaffian system of F; to that of ®;. We relate variables and

parameters of F; to those of ®; as

and take the limit ¢ — 0 with keeping the relations. Under this limit, the 1-forms ¢4,0 and wp

converge to

—y/dt
lim = ¢y = lim —2
e=0¢g

/
—_— = t = ¢o.
e—0 —Ey/ -1 Y d ¢0717

lim wp = Bro¢io + Baoda0 + Bodso + By don = we.

The intersection matrix C'r converges to

1 1 1
Go T as) B B
i — 1 1o, 1 1 =
ig% Cr = 521:,0 (52;0 T 53;0) ﬂ21;0 = Ce.
B2.0 B2;0 B2;0
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Components of the connection matrix of F} converges to

fim { Wor | Wer o1
e—0 €T xr — y
0 0 0 0 0 0
T ﬁ/: 5/: ﬁ,; B,;
=lm 02 [Bro (BhotBro— ") 2| g0 B
0 0 0 0 —Bs0 Bso
R 0 0 , 0 0 0 , /
= ! —1i yi / _ I o yf
S 61;0 (60;0 * ﬂ?);o) 0 gll}(l) {E(x + sy’) 50;1 60;1 {$W1,<I> 2 W5,q>} s
0 —B30 B30 0 0 0
and
W W5
lim(—¢) { —£ 4 Z5F (6.18)
e—0 Yy — 1 y—x
Bo,
A N R
= 1li 0;1 01 ~ Poa
7&15% 1+5y/ 00 c Bl +l‘+5y/ 0 € €
0 0 Boo+ 2= 0 —B30 Do
= 0 O /8(/];1 + 5 O ,86;1 *56;1 = {W47<1> + xWEj’(D} .

These relations mean that the Pfaffian system (6.11) and (6.12) is transformed into the system
(6.15) and (6.16). Especially, the decomposition of our connection matrix W is not preserved
under this confluence, we need a recomposition of W to make each part of W converge under
this confluence.

By changing independent variables, we can make the decompositions of connection matrices
preserved under the confluence. We select « and z := y/x as independent variables instead of x

and y in the equations (6.11) and (6.12). Then these equations become

QO_ dx dx zdx o
de |Q1] = {xW{F Tz 1W2,F + - 1W4,F} Q1] (6.19)

_Q2_ Q2

[Qo] Qo

dz dz zdz
_Jdz 2

d: Q1 { ZW3,F+21W5,F+z21W4,F} Q1 (6.20)

| Q2] Q2
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where matrices W’s are given by

[0 0 0
Wipr= |80 Boo+ B0+ Lao 0 ;

| 5150 0 Boo + Bs;0 + Bao

[0 Bs.0 0] [0 0 0
Worp= |0 poo+P30 0|, Wsrp=1]0 0 0 ,

K B30 0] B0 B30 Boo + Bao

[0 0 Buo | 00 0
Wirp=10 0 B10 , Wsp=10 Bao —Bao

10 0 B0+ Bayo| 10 —fBs.0 B30

We select « and 2’ := ¢y’ /2 as independent variables instead of x and y’ in the equations (6.15)

and (6.16). By this change of variables, these equations are transformed into

Py Py
ds |P| = {de{@ + d—xlwm + z’de47¢,} P, (6.21)
] x T — n
[P ] & Py
dy | P | = {/W3,<1> +d2'Ws.0 + !L‘dZ’W47q>} P, (6.22)
I Py
where
[0 0 0 0 Bs:0 0
Wie = [Bro Bho+ Bso 0 y Wae =0 fao+pB30 0],
| B1;0 0 Bo.o + B30 0 B30 0
[0 0 0 0 0 By 0 0 0
Wae=|0 0 0|, Waa=[0 0 8|, Wea= |0 Bh —Bh
B0 Bso Boo 0 0 By 0 0 0

We relate variables and parameters of F; to those of ®; as
z=—e2,
b? = %d27
and take the limit ¢ — 0 with keeping the relations. In this case, we have
Wip=Wlg, Worp=Wrs, Wip=Wsg,
li = li = .
lim {eWyr} =Wye, lim {eWs p}=Ws o
Consequently, equations (6.19) and (6.20) converge into (6.21) and (6.22) with preserving the
decompositions of the connection matrices.

The integrability condition is satisfied from dd = 0. In fact, a connection 1-form W is defined
by

Yo ®o
d 801 = W ()01
P2 P2
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and we have

®o ¥o ®o
P2 P2 P2

and the Frobenius condition dW =W A W.

In our case, we can easily check by matrix calculation. We define the bracket product,
[A, B] := AB — BA. (6.23)

Pfaffian systems of F} and ®; satisfy the integrability conditions:

7 List of Pfaffian Systems (of single variable type)

In this section, we list Pfaffian systems of GHF of type A on Zy4 in Table 7.1. Although
equations of Gauss, Kummer and Hermite types are shown already, they are included so that

they can be compared with the others.

Table 7.1: Setting of confluent hypergeometric functions in a variable.

Function name A Normal form of z Normal form of 3
1 0 1 1
Gauss’s 2F1 (1317171) (ﬁ0;0351;07ﬁ2;0353;0)
01 -1 —=z
1 0 0 1
Kummer’s 1F1 (25171) (BO;OaﬂO;hBl;OaﬂQ;O)
0 = 1 -1
1 0 0 —=z/2
Bessel’s J, 2,2 .0, Bo:1, B1.0, Bi:
(2,2) 0 22 1 0 (Bo:0, Bos1, B1;0, B1;1)
. 1 0 0 O
Hermite’s H. (3,1) (B0:0+ 0, Bos2, B1;0)
01 = 1
1 0 0 O
Airy’S AZ (4) (07 07 07 50;3)
01 0 —=x

As a consequence, we have the following.

Theorem 7.1. FEvery system satisfies the following.
1. Any connection matriz of our Pfaffian system admits a decomposition into two components.

2. Each component is the product of a rational 1-form of the variable and a 2 X 2 matrix whose
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entries are rational functions of parameters.

If basis {0, ¢} is selected, the Pfaffian system is given by

Po| _ : ] } [@0]
@1]—{;%(]2)% ol

dg

(7.1)

where d,, is the exterior derivative on the space of variable x, d,(f;) is a rational form of variable

x, and entries of W; depend only on parameters. We introduce a non-zero parameter d so that

each entry of C' and W; is homogeneous of degree —1 and 1 in parameter, respectively. We may

set d = £1, but this kind of homogeneity in parameter is lost.

The exact forms are shown in the following subsections.

7.1. Gauss’s 7 A=(1,1,1,1)
variables: T = 00, x1 =0, zo =1,
parameters:  Bo,0 = b1, B0 = b2, P20 = bs,
ds dt dt
1-forms: $o0=—, Q10=—, P20=—7,
s t t—1
conditions: b1 + b2 + bg + b4 = 0, bl, bg, bg, b4 ¢ Z,
Yo = $1,0 — P2:0, Fy = [ uxepo,
P1 = ¢3,0 — 2,0, Fi = [uypr = %%Fm
f1 = log(z), f2 =log(z — 1),
0 0 0 b
W, = : Wy = e
by by + by 0 b3+ by
7.2. Kummer’s 1 F; A= (2,1,1)
variables: Ty = 00, hoy =z, z; =0,
parameters:  fBo,0 = b1,  Bo; = d, B1;0 = ba,
ds ds dt
1-forms: bo0 = —, Pog=-—T—, P10=—,
s s t
conditions: by + by + b3 =0, ba, b3 & Z,
Yo = $1,0 — P2:0, Fo = [uxepo,
w1 = —¢P20, F=[uxp =314 R,
f1 = log(z), fa =1z,
0 O 0 d
Wy = ; Wy = .
by by 0 d
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T3 = —,
X

B3:0 = by,
¢3;0 =

xdt
xt—1’




7.3. Bessel’s J, A=(2,2)

variables: Ty = 00, hoa = g x1 =0, hig = _g’
parameters:  fSo.0 = b1, Bo;1 = d, Br0 =b2, P11 =4d,
ds r ds dt xdt
1-forms: $0:0 = < $o:1 = —52 1,0 = g P11 = 52
conditions: by +by =0, d#0,
Yo = H1,0, Fo = [uapo, O 0 Z]
2 b
w1 = ¢o;1 — P11, B = [uypr =24 R, -2 0
22
fl :log($>7 f2:?a
0 d 0 0
Wi=l. |, Wy = :
oo ~d 0
7.4. Hermite’s H., A= (3,1)
variables: T = 00, hoa =1, ho2 = z, r1 =0,
parameters: Bo:o = b1, Bo;1 =0, Bo2 = d, B1;0 = ba,
ds ds 1 T dt
1-forms: ®0,0 = e ¢o;1 = — 2 $o2 = (373 - ?)dsa P10 = 7
conditions: b1+ by =0, by ¢ 7, d+#0,
Yo = $1,0, Fo = [uapo, O = 0]
1 )
w1 = ¢o;1, B = [uypr =24 F, 0 3
22
fl =z, f2 = ?7
0 d 0 0
Wi = , Wy= )
by O 0 d
7.5. Airy’s A; A=(4)
variables: Ty = 00, hoa =1, ho,2 =0, hos = —x,
parameters: Bo,o =0, Bo1 =0,  Bo2 =0, Boz = d,
dt
1—forms: ¢0;0 = —?, gbo;l = dt, (25();2 = —tdt, Q50;3 = (t2 — (E)dt7
condition: d#0,
©0 = o1, Fo = [ uxepo, O 0 (11]
1 b
Y1 = $o;2, Fi = [uxer = 14 Fy, a 0
22
fl =, f2 = ?7

W1:Od7W2:OO-
00 d 0

8 List of Pfaffian Systems (of two variable type)

In this section, we list Pfaffian systems of the general hypergeometric functions of type A on
Zy5 in Table 8.1. Although systems of F; and ®; have been shown already, they are included
so that they can be compared with the others.

As a consequence, we have the following.

Theorem 8.1. FEvery system satisfies the following.
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Table 8.1: Setting of confluent hypergeometric functions in two variables.

Function name A Normal form of z Normal form of 3
1 0 1 1 1
Appelys Fl (171a17171) (BO;Oa161;07/82;0”83;0754;0)
01 -1 —z -y
I 1 0 1 =z 1
Horn’s Go (B0:0, B1:05 B2:0, 3:0, Ba;0)
01 -1 1 y
1 0 0 1 1
Humbert’s &, (2,1,1,1) (Bo;0, Bos15 B1:05 B2:0, F3:0)
0Oy 1 -1 —x
1 0 0 =z y
Humbert’s ® :05, P01, P1;05 P2;0, P3;
2 011 1 1 (Bos0s Bos1, B1:05 B2:0, B30)
. 1 00 1 =z
Horn’s 'y (800, Bo:15 B1:0, B2;05 B3:0)
0y 1 -1 1
, 1 0 Yy T
Humbert’s ®3 (2,2,1) 0 0 1 (Bo;0, Bos15 B1;05 P11, B2;0)
1 0 0 = 1
Horn’s T .0, Bo:1, B1:0, B1:1, B2
2 0y 1 0 1 (Bo:0, Bos15 B1:0, B1;15 B2;0)
1 0 0 1
[KK] (I)(Sle) (3’171) (60;0703ﬁ0;2761;03ﬁ2;0)
0 =z vy -1
1 0 0 0 vy
KK (P 3,2 H 703 349 ;U 3
[KK] @39 (3,2) 01 2 1 0 (Bo:0+ 0, Bos2, B1:05 B1:1)
1 0 0 0 O
[KK] ®(4,1) (4,1) (B0:0, 0,0, Bo;3, B1.0)
01 =z y 1
1 0 0 0 O
[KK] @5 (5) (0,0,0,0, Bo.4)
01 0 « y

1. Any connection matriz of our Pfaffian system admits a decomposition into five components.
2. Each component is the product of a rational 1-form of variables and a 3 X 3 matriz whose
entries depend only on parameters.
3. Any Pfaffian system satisfies the integrability condition.
If basis {@o, 1, @2} is selected, the Pfaffian system is express as

%o 5 ®o
d [¢1 :{ d(fi)Wi} w1l (8.1)
V2 =1 P2

where d is the exterior derivative on the space of variables x and y, d(f;) s a rational 1-form
of x and y, and W; is a 3 X 3 matriz, whose entries depend only on parameters. We introduce
non-zero parameters d; so that each entry of C' and W; is homogeneous of degree —1 and 1 in
parameter, respectively. We may set d; = %1, but this kind of homogeneity in parameter is lost.

The exact forms are shown in the following subsections.
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8.1. Appell’s F; Xx=(1,1,1,1,1)
1
variables: To = 00, r1 =0, T9 =1, T3 = —, Ty = —,
x Yy
parameters: Boo = b1, P10 = b, B2;0 = b3, B3;0 = ba, Ba;0 = bs,
ds dt dt xdt ydt
].—f N 0= — 0= — 0= — 0= 0n =
orms Po0 =5 Pro= P20 =77 Px:0=_—7, a0 g1’
conditions: b1 +bs+b3+bs+b5 =0, b; ¢7(1<j<5h),
©wo = ¢1;0 — P2;0, Fy = [ uxepo, (i + é) i =
Y1 = ¢3;0 — 2,0, Fi = [uxpr = ITzla%Fo, C= é (i*‘é) é ;
1 1 1, 1
P2 = G40 — P2,0, Fo = [uyps = yb;la%Fm b3 b3 (25 35)
fi: log(z) log(z — 1) log(y) log(y — 1) log(z —y)
0 0 0 0 by 0 0 O 0 0 0 bs 0 0 0
Wil b2 b1 + b4 b5 0 b3 + b4 0 0 0 0 0 0 b5 0 b5 —b5
0 0 0 0 by 0 by by b1+ by 0 0 bs3+bs 0 —by by
8.2. Horn’s G A= (1,1,1,1,1)
1
variables: Ty = 00, z1 =0, To =1, T3 = —x, Ty=——,
Yy
parameters: Boo = b1,  Pr,0 = ba, P20 = ba, B3:0 = ba, B0 = bs,
ds dt dt dt ydt
1-f : 0= — 0= — 0n=— 0= 0=
orms Po0 =" o=, P20 =17, P30 o Pa;0 ST
conditions: b1 + by + b3 + by + b5 =0, bj ¢ 7 (1 <j<5),
Yo = 91,0, Fo = [ uxepo, (ﬁ + é) é i
v1 = 91,0 — ¥3:0, Fy = [uxg = ﬁ%Fo, C= é (é + i) 0 ,
1 1,1
v2 = 1.0, Fy = [ungs = %%FOa by 0 (5 +35;)
fir log(z) log(z +1) log(y) log(y + 1) log(zy — 1)
0 by 0 0 0 0 0 0 bs 0 0 0 0 0 O
0 ba+bs O by +b5 b3+bs —bs 0 0 0 0 0 0 —bs by s
0 0 0 0 0 0 0 0 by+0bs bo +by —by bs—+bs —by by by
8.3. Humbert’s &; A=(2,1,1,1)
1
variables: Ty = 00, ho,1 = v, z1 =0, To =1, T3 = —,
z
parameters: Bojo = b1, Bo;1 = ds, Br0 = b2,  Pao = b3, B30 = by,
ds ds dt dt xdt
1—f : 0= — 1= —Y—= 0 = — 0 = — 0 =
orms Po0 =" Yo=Y 3 Pro=" Gu0=y—70 Px0=_—7
conditions: bi +ba+b3+0b4s=0, b ¢ Z(2<j<4), ds # 0,
Yo = $1,0 — P2:0, Fy = [ uxepo, (é + %) % %
Y1 = @30 — P20, Fi = [uxpr = 522 R, C= ™ (s + o) 2l
B B _1ap 1 11
P2 = —P2,0, F = fU,\<P2 = 45 og1'05 b3 b3 b3
Yy
fi: log(z) log(z — 1) log(y) y .
0 0 0 0 by 0 0 0 O 0 0 ds 0 0 0
WZ‘Z bg b1 + b4 0 0 b3 + b4 0 0 0 0 0 0 d5 0 d5 —d5
0 —by by 0 by 0 by by by 0 0 dj 0 0 0
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8.4. Humbert’s &3 A=(2,1,1,1)
variables: Ty = 00, hoa =1, x1 =0, To = —X, T3 = —Y,
parameters: Boso = b2,  Bo;1 = ds, B0 = b1,  B20 = by, B30 = bs,
1-forms: bo,0 = %v P01 = 7%7 b1,0 = %, P20 = " iii—tx’ P30 = %7
conditions: b1+ b + b4+ b5 =0, b1, by, bs ¢ Z, ds # 0,
©wo = o;1, Fy = [uxepo, —Z—% —d—lg —é
P1 = ¢20, Fi = [uxpr = 3 &5 Fo, C=|-%& & 0/
w2 = 93,0, Fy = [uyps = ia%Fo, _i 0 bls
fi: log(z) T log(y) Yy log(z — y)
0 0 0 b, O 0 0 0 0 0 b5 0 0 0
W;: ds bi+0bs bs 0 —d3 O 0 0 0 00 O 0 b5 —bs
0 0 0 0 0 ds by b1+Dbs 0 0 —ds 0 —by by
8.5. Horn’s Iy A=(2,1,1,1)
variables: To = 00, hoa =y, r1 =0, To =1, T3 = —x,
parameters: Boo = b1,  Po1 = ds, Bro = b2,  B2,0 = bs, B3;0 = ba,
1-forms: P00 = %, Po;1 = *y§7 P10 = %, P20 = t(it1, P30 = tj—tx’
conditions: b1 + by +b3+bs =0, by, b3, by & Z, ds # 0,
©o = 91,0, Fy = [uxeo, é é —é
P1 = P1;0 — 9350, P = [user = i 5. Fo, C= é (é"’i) 01,
w2 = ¢o;1, Fy = [uxps = (Tysa*yFo’ 7é 0 7’%
fi: log() log(z +1) log(y) y xy
0 by 0 0 0 0 0 0 ds 0 0 0 0 0
Wi;: 0 by+bsy O by b3+by —ds 0 0 O 0 0 0 ds —ds
0 0 0 0 0 0 0 0 b bo+by —by ds by —by
8.6. Humbert’s &5 A= (2,2,1)
variables: Ty = 00, ho;1 =1, x1 =0, hia =y, To = —,
parameters: Bojo = b2, Bo;1 = ds, B0 =b1,  Bi1 = ds, Ba2;0 = ba,
1-forms: bo,0 = %7 $o;1 = —g, P10 = %7 11 = —9%7 P20 = n d+tx’
conditions: b1+ by +by =0, by ¢ Z, d3+#0, ds+#0,
o = do;1, Fy = [uapo, 73—% -+ —%
Y1 = 920, Fy = [uxpr = =& Fo, C=|-% = 0 |
Y2 = $1,0, Fy = [uxps = d%a%Fo, - 0 0
fi log(x) x log(y) y -
0 0 0 b O 0 0 O 0 0 ds 0 0 0
W;: ds by +0by 0 —ds 0 0 0 O 0 0 O 0 —ds ds
1 0 —by by 0 0 0 ds by b 0 0 O 0 0 0
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8.7. Hoérn’s Ty A=1(2,2,1)
variables: T = 00, ho:1 =y, x1 =0, hig =z, To =1,
parameters: Boo = b1, Boj = ds, B0 = b2,  Bi;1 = da, Ba2;0 = b3,
1-forms: bo,0 = %, b0 = *yg, b1,0 = %, $11 = *IE%, P20 = %,
conditions: b1 +by+b3=0, bs ¢ Z, ds#0, ds#0,
©o = 91,0, Fy = [uxepo, 0 _714 _é
Y1 =—01.1, Fi = [uyxpr = ;j%Fo, C= _i _% 0,
w2 = Pp;1, Fy = [uyps = %B%Fo, 7% 0 7‘%
fe logto) , lox(v) y -
0 dgs O 0 O 0 0 0 ds 0 0 0 0 0 O
W;: 0 b O by dy —ds 0 0 O 0 0 0 ds 0 O
0 0 O 0 0 0 0 0 by by —dy ds dy 0 0
8.8. Kimura’s &3, A=(3,1,1)
variables: Ty = 00, hoy1 = x, ho2 = v, x1 =0, xo =1,
parameters: Boo = b1,  Bo1 =0, Bo2 = d5,2 Bro =ba, P20 =bs,
1-forms: bo,0 = %, bo;1 = —xg, bo;2 = (% - S%)dS, P10 = %, G20 = %’
conditions: b1+ by +b3=0, bo, b3 ¢ Z, ds #0,
0 = 910, Fo = [uxpo, = = 0
Y1 = 91,0 — P20, Py = [uyer = (22 Fy +y8%Fo — b1 Fy) /bs, C=|p (h+g) 0,
w2 = ¢o;1, Fy = [uxps = d%a%Fo, 0 0 ?15
1 2 x?
Joo logla) g : 3 () G v
by b3 O 0 0 0 0 0 ds 0 0 O 0 0 0
W;: 0O 0 O 0 0 ds 0 0 0 0 0 O ds —ds O
0 0 b —bg b3 O —by —bs O 0 0 dj 0 0 0
8.9. Kimura’s &30 A=(3,2)
variables: T = 00, hoa =1, ho:2 = z, r1 =0, hia =1y,
parameters: Bo:o = bz, Bo1 =0, Bo;2 = da, Bro=0b1, P11 =ds,
1-forms: P00 = %, P01 = *§7 P02 = (313 - S%)dS, P10 = %, P11 = *y%,
conditions: b1 +ba=0, dy#0, ds#0,
©wo = 91,0, Fy = [uxepo, 0 0 —é
©1 = o1, Fi = [uxpr = i%Fo, C=10 i 0|,
Y2 = —0¢1;1, Fy = [uyps = ia%Fo, _é 0 _%
fir z %2 log(y) y Ty
0 dy 0 0 0 O 0 0 ds 0 0 0 0 O
W;: by 0 —dj 0 dy O 0 0 O ds 0 0 0 O
0 O 0 0 0 O 0 0 b 0 —dy O dy
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8.10. Kimura’s @@, A= (4,1)
variables: Ty = 00, hoa =1, ho2 =z, ho:s =y, x1 =0,
parameters: Boo = b1, Bos1 =0, Bo2 =0, Boz = ds, Br.o = —b1,
1-forms: $o.0 = *%, doa =dt, G = (x—t)dt, o3 = (y—2xt+t3)dt, ¢10= %,
conditions: b1 ¢ Z, ds#0,
®0 = ¢1,0 Fy = [uxpo, L 0 0
1= ¢o1, Fi = [uypr = d%a%Fo, =10 0 é )
v2 = ¢o;2, By = [uxps = (ZF, + xa%Fo)/dm 0 ch5 0
fir x %2 —y a? —y xy — %xg’ La? -y
0 0 ds 0 —ds O 0 0 0 0 0 O 0 0 O
W;: -b; 0 0 0 0 0 0 0 ds 0 ds O 0 0 O
0 b O b1 0 0 0 0 O 0 0 ds 0 ds O
8.11. Kimura’s &5, A= (5)
variables: o = 00, hoi =1, hoa2 =0, hos =z, ho.a =y,
parameters: Boo = 0, Bos1 =0, Boz2 =0, Bo;z =0, Bo.a = ds,
1-forms: $o.0 = *%, boa = dt, G = —tdt, ¢ = (x+12)dt, Goa = (y— 2zt —t3)dt,
condition: ds # 0,
©o = do;1, Fy = [ uxepo, 0 0 1
©1 = 9o;2, Fi = [uxpr = _é%FOa C= dig, 0 1 0},
w2 = ¢o;3, Fy = [uxps = aFy — d%)g%Fo’ 100
it x %2 y Ty (% - %3)
0 0 —ds ds O 0 0 —ds O 0 0 O 0 0 O
Wi: 00 O 0 2d5 O 0 0 —dj ds 0 O 0 0 O
0 0 O 0 0 ds 0 0 0 0 ds O ds 0 O
9 Pfaffian system of Appell’s Fj
Appell’s F5 hypergeometric series is defined by
Fy(a,b1,ba, c1, 052, y) = Z (@) m (O (b2, ™y, (9.1)

where x,y are complex variables, a, by, bs, c1, co are complex parameters, c¢1,cs # 0, —1,
and (a),, = I'(a + m)/T(a).

mi,ma =0

|z| + |y| < 1}, and admits an Euler type integral

I'(c1)I(c2) //
F J1,y) =
2(a,b1,b2,cl,02,x,y) F(bl)F(cl 7b1)1—1(b2)1—‘(02 7b2) AUF2(10F25

— t2)02—b2(1 — .%'tl — ytg)_a,

(cl)ml (02)7712 (1>m1 (1)m2

—2,...,

This series converges absolutely in the domain {(z,y) € C? |

up, =1 (1= 1) "2 (1
dtq A dits
1ty — Dita(ts — 1)

Pr, =
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under the convergence condition R(c1) > R(b1) > 0, R(cz2) > R(b2) > 0 for the integral.

This series satisfies Appell’s Fy system of hypergeometric differential equations:
{x(l — m)aa—; — a:y%éy +{c1 —(a+b+ 1)33}(“-)% - blya% - abl} flz,y) =0, (9.3)
9.3
2 2
V(1= ) 2 — sl + o2 — (a+ by + Dy}l — baz s — aba f(z.y) = 0.

It is known that (9.3) is a regular singular system of rank four with singular locus
Sk, = {(z,y) € C*|a(z — Ny(y — (z +y 1) =0} U L,

where L., is the line at infinity in the projective plane P? of the (z,y)-space. By changing A

into suitable cycles in the (t1,t2)-space for the Euler type integral (9.2), we can give linearly

independent solutions to (9.3) around any point in the complement of the singular locus Sg,.
We set

dT

PO.F = T—at;—yta)trta’
. (1—2)dT
PLF = T—at;—yt2) (b1 -1z’
_ (1—y)dT
P2 F = [T _at, —yta)t1 (b2—1)"
_ (1—z—y)dT
9031F - (1—(Et1—yt2)(t1—1)(t2—1)’

where dT' := dt; A dts, and define functions

fz($7y) = /A UF, Pi,F (O S 7 S 3)7 A= (0,1) X (0,1). (94)

It is known that the series Fy(a, by, ba, c1, c2; @, y) spans the 1-dimensional space of single valued

holomorphic solutions to (9.3) around (0,0). The linear combination

f=fo—fi—fot fs (9.5)

belongs to this space, and it is a non-zero constant multiplication to Fy(a, by, ba, c1, ca; 2, y). Its
partial derivatives (0/0z)f, (0/0y)f and (8?/0xdy)f are expressed by

0 a a 0 a a

oz _:E—lfl_x+y—1f3’ Ay _y—lfQ_:U—i—y—lfg’

82 f_a(a—|—b1—|—b2—cl—02—|—1)f . abg f _ ab1 f
dxdy’ (z+y—1)?2 P a-Da+y-1"" -DE+y-1)""

Thus the vector-valued function Fp, :=* [ fo f1 [e fg] satisfies a system of first order dif-
ferential equations equivalent to (9.3):

0.Fp, = {%WI,F + W, p+ %Wmﬁ} Fr,,

(9.6)

0,Fr, = {%WB,F + %WAL,F + %Ws,F} Fr,,
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where 0,F = dz(0/0x)F, 0,F = dy(9/0y)F and

—b1 b1 — C1 0 0 0 C1 — bl 0 0
WLF o —b1 by —ca 0 0 , WQ’F :: 0 ¢g—by+ba—a 0 0 7
0 0 _bl b1 — C1 0 0 0 0
L 0 0 71)1 b1 — 61_ _O b2 0 0_
by 0 by—c; O ] 0 0 ¢y — by 0]
0 -b 0 by — 0 0 0 0
W3 p = 2 2 , Wyp = )
—by 0 by — co 0 0 0 ca—by+by—a O
L 0 —bg 0 bg — C2_ _0 0 bl 0_
(0 0 0 0
0 0 0 —b
Wi = c2 — 02
0 0 O C1 — b1
_0 0 0 61+62*b17b27a
The system (9.6) is called a Pfaffian system of Appell’s F5.
10 Equivalence of Pfaffian systems
In this section, we define an equivalence relation between two Pfaffian systems.
Let
(W,F) :dF = WF (10.1)

be an integrable Pfaffian system on P? for an unknown vector-valued holomorphic function F of
size n with a rational connection matrix W = W (x,y). Note that W is an n X n matrix whose

entries are rational 1-forms of z,y and satisfies the integrability condition
dW =W A W.

Let X be the regular locus of a system of differential equations equivalent to (10.1), O(X) be
the ring of holomorphic functions on X, R(X) be the intersection of the field C(x,y) of rational
functions in z,y, and O(X), and R*(X) be its unit group. We introduce the following actions
on a local solution F(z,y) to this Pfaffian system:

(a) a multiplication of h(x,y)* (h(z,y) € R*(X), a € C) to F(x,y), i.e.,
F(z,y) = h(z,y)"F(z,y),

(b) a left multiplication of g(z,y) € GL(4, R(X)) to F(x,y), i.e.,
F(z,y) = g(z,y)F(z,y),

(c) a change of the independent variables by a birational map v (z,y) whose restriction to X

is a biregular morphism, i.e.,
F(z,y) = F ™ (z,y)).
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The transformed function F(z,y) under the action in (a), (b) or (c) satisfies
(W,F) : dF = WF, (10.2)
where connection matrix W (z,y) is given as follows:

(a)
dh(z,y)

W(z,y) = W(z,y) +a )

(b)
W(z,y) = g(z, y)W(z,y)g(z,y) " + dg(z,y)g(z,y) ",

(c)
W(z,y) = W~ (z,y)).

Definition 10.1. If a Pfaffian system (W, F) changes into (V~V7F) by a series of these actions,
then (W, F) and (W, F) are equivalent, and this equivalence is denoted by

(W, F) ~ (W,F). (10.3)
Under this definition, we have the following.

Proposition 10.1. Pfaffian systems of Appell’s Fy and F3 are equivalent under Definition 10.1.
Here refer to [Er, Section 5.9] for Appell’s F5 system of hypergeometric differential equations.

Proof. For the Pfaffian system (9.6) of Appell’s Fp, multiply the local solution Fz, by xb1y’2

then we have

by, b
Fro='[f5 1 5 F|=a"y"Fr,.

Apply a birational map x = 1/2”, y = 1/y” to it, then the Pfaffian system is transformed into

a:v”FFg _ {d_L’W// W F+ @;WWE)F}FF%,

! $// 1 T — T —q

) ('” Dy Y (10.4)

Oy Fry = { VW y”—lW Pt zf,iiz_wa) F} Fr,
where Wl”F =—(b1ls+Wip+Wopr+Wsr), W3 —(bols +Ws p+Wyp+Wsp)and I is
the unit matrix.
A linear combination
fl/ = (/)/ _ 1 _ +f
is one of solutions to
|:x//(1 - 1’“) da”2 + y 890”83;” + {BO - (bl + B1 + 1) ”}dx” blBl:| f”( H ”) - 0,
(10.5)

[ = ) + " e+ (Bo = (ba + By 4 Dy}l — 2By (2", y") =0,

where By =b; +by—a+1and By =b;y —c; + 1, Bo = by — co + 1. This is Appell’s F3 system
of hypergeometric differential equations [Er]. Thus its Pfaffian system (10.4) is equivalent to the
Pfaffian system (9.6) of Appell’s F5. O
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11 Confluences of Appell’s F, system

In this section, we study confluences of the Pfaffian system of Appell’s Fy. We express the

integrand up, as

ﬁla- Li=t, lLb=1-t, lyg=t, lL=1-t, Ilz=1-xt—yl,
u = ,7’,
" S ar=b, ag=c—b, az=by, as=cy— Dby, as = —a.

Let £y be the line at infinity in P? and let £; (1 < i < 5) be the lines given by 1; = 0. Here 1,
is regarded as 1 = 1+ 0-¢; + 0-t5. Note that the intersection of ¢; and ¢y and that of ¢35 and
£, are in the line ¢;. By regarding lines in P? as points in the dual space of P2, we express the

configuration of the six lines as in Figure 11.1.
lh

lo %

Figure 11.1: Configuration of six lines

Figure 11.1 means that if circles O) are in a line in the dual space, then the lines corresponding
to the circles intersect at a point in the original space. The linear forms are expressed as
{lo 15] = {1 tq t2:| z by a 3 X 6 matrix

1 0 1 0 1 1
z = [Zij]ogigg =0 1 -1 0 0O —xof, (11-1)
0<5<5
00 0 1 -1 —y

which satisfies

rank(0, 1,2; z) = rank(0, 3,4; 2) = 2,

11.2
vank(p,g,7:2) =3 for 0< p<q<r<5 (nar) % 0,1,2),(0,34), (112)

where rank(p, g, r; z) denotes the rank of the minor matrix consisting of p, ¢, r-th column vectors
of the 3x6 matrix z. Let Zy be the set of 3x6 matrices satisfying (11.2). Note that if a 3x6 matrix
z belongs to Zy then the configuration of the six lines given by [1 tq t2:| z = {O 0} is

same as that in Figure 11.1 topologically. Moreover, we can easily show the following.
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Proposition 11.1. For any element z € Zy, there exist g € GL(3,C), h € Dg and (x,y) €
PA\SE, = {(z,y) € C? | ay(x — 1)(y — 1)(x +y — 1) # 0} such that

10 1 0 1 1
g-z-h=101 -1 0 0 -z, (11.3)
00 0 1 —1 —y

where Dg is the subgroup of GL(6,C) consisting of diagonal matrices; it is isomorphic to (C*)S.
The element (x,y) € P?\SE, is uniquely determined, and g € GL(3,C) and h € Dg are unique
up to non-zero constant multiples.

We call the right hand side of (11.3) the standard form of z € Zy, and x, y in the standard
form the normalized variables of z, which are denoted by x(z), y(z) in case of expressing their

dependence on z.

We extend the integrals defining fo(x,y),. .., f3(z,y) in (9.4) to functions on the set Zy, which
are invariant under the left GL(3,C) action on Zj, and covariant under the right Dg action on
Zy. Let 3¢ be a subset in P? x Z; given by

{2 e xZy toz=[lz) -~ LE|#0 - o}

where the linear form 1;(z) is the homogenization of zg; 4+ z1,t1 + 22;t2 expressed by affine coor-

dinates (t1,t2). We have a natural projection from 3¢ to Zy:
pr:303 (t,z) = z € Zy,
and a map from 3¢ to Ds:
A 303 (8 2) — diag(1,11(2)/10(2), ..., 15(2)/1o(2)) € Ds. (11.4)
Suppose that a =" [ao e a5] € (C — 7)% satisfies
ap+ -+ a5 =0.

By using the map A, we pull back the character xo(«;-) : Dg 2 h = diag(hg,...,hs) —

hy® -+ hs® € C* to a (multi-valued) map

5
ug 30 3 (¢, 2) = ug (t,2) =lp(2)* -+ 15(2)* = H(in + 215t1 + 2zait2)* € C*.
i=0

We set

po = dilog(li(2)/15(2)) A dlog(13(2)/15(2)), 1 = dilog(la(2)/15(2)) A di log(ls(2)/15(2)),
2 = dilog(li(2)/15(2)) A dilog(la(2)/15(2)), s = dilog(l2(2)/15(2)) A di log(la(2)/15(2)),
P =0 — 1~ P2+ s,
where d; = dt;(9/0t1) +dt2(0/0t) is the holomorphic exterior derivative on P2. For any z € Zo,
we take a 2-chain A with some cycle conditions in the fiber pr=1(z) C P2. Note that we have

the continuation of A in the fiber over any point in a small neighborhood of z € Zy by the local

triviality.
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Definition 11.1. We define general hypergeometric functions F;(«; z) (i = 0,...,3) and F(«; z)

(i =0) on Zy as the analytic continuations of

Fi(a;2) = //A ug (t, 2)pi,  Fla;z) = //Au(’i‘(tvz)w

They are single-valued holomorphic functions in any small neighborhood of z € Z;.

Remark 11.1. In the definition of a general hypergeometric function in [KHT], « is supposed
to be
ag+ - +as=-3
and the 2-form in the integral is multiplied 1, (2)l,;(2)l5(z)/ det(zi;) o<i<2 forsome 1 <p < g <4
J=p:4;5

to ours.

By [KHT, Proposition 1.2] and this remark, we see that F;(a;z) admits the invariance for
GL(3,C) and the covariance for Dg as the following.

Proposition 11.2. The general hypergeometric functions F;(a;z) (i =0,...,3,0) satisfy

Fi(a;g9-2) = Fi(o;2), Fi(a;z-h) (Hho‘>

for g € GL(3,C) and h € Dg in small neighborhoods of their identities.

Remark 11.2. Let z be an element of Zy, g and h be elements of GL(3, C) and Dg changing z into
the standard form as in (11.3), and z(z), y(z) be the normalized variables of z. By Proposition
11.2, Fi(a;2) (i = 0,...,3,0) can be expressed in terms of Euler type integrals expressing
solutions to Appell’s Fy system of differential equations with substitution of z(z), y(z) for the
independent variables z, y of the system and the factor H?:o hi't, where hg, ..., hs € C* are the
entries of h. In particular, if the 2-chain A is the image of (0,1) x (0,1) under g regarded as a

projective transformation, then F;(q, z) is expressed as

(Hha) fi(a(=), y(2)),

where f;(x(2),y(z)) are given in (9.4) and (9.5).

We study confluences of solutions to Appell’s Fy system by using general hypergeometric
functions. Though the definition of the general hypergeometric function is slightly different from
that in [KHT], we can apply confluences in [KHT] to ours, since the confluences are essentially
defined by some kinds of limits for maximal abelian groups in GL(n, C) and for their characters.
Let us explain the simplest case which will be used in our study. We can regard the group

hs
Dy = { lOZ L ] | hi, hy € (CX} isomorphic to (C*)? as a subgroup of Dg. A character of this
group is expressed as

1 = hi'" - b7 € C.
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A character of the Jordan group is expressed as

h;  hy oitoy D,
— h Y L exp(ap—) € C*.
0 hi] y p(ak )

(3

J(2) >

We set a subgroup By of GL(2,C) and a 3-dimensional vector space B as

me ([

We identify By with the vector space C? via a map

X z
0 y

eGL(2,<C)}, BQ::{[ ]eM@,C)}.

t:By > — [x Y z} € C?. (11.5)

Y

The logarithmic map from a neighborhood Uy, of the identity I to By is given by

log(H) = i %(H — L), (HeUp). (11.6)

It admits an expression

log(H):llogmi) xk] - L (hi = hy),

0 log(hy) i log(hy/ha) - (hi # hy),

where h; — 1, h; — 1 and hy, are sufficiently close to 0.

For a fixed column vector o = ¢ [ai a; ak} € C3, we define a function y;(o; H) on Uy, by
x1(a; H) :=exp{tolog(H) -a} (He€Uy). (11.7)
This function can be extended to a (multi-valued) function on By by the analytic continuation.

Remark 11.3. Since B is not commutative, x1(«; H) is not a homomorphism. However, the

both of restrictions x1(c; H) to D2 and to J(2) are characters. In fact, we have

hi 0 i 7.0 hz hk ;o hk
xi (e [O hj‘|)_h? h;?, X1 (o lo hi‘|)_hi JGXP(akE)

by (11.7).

1 1-¢ 1
instead of g(e) =
0 o ] 9(¢) L)

characters in [KTn, (4.1) in Lemma 4.1], we set a linear transformation L./ of By as

1
By a matrix ¢(&') = [ ] used in the study of confluences of

e

h; h
Lo H= "l qe)Ha(e) ™, (11.8)
0 hy
which is represented by
1 0 1-1/¢
(C39[hi h hk}w[hi h, hk} LEN e, LE):=|o 1 1/ 1],
0 0 1/¢
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via the map ((H) = {h,; h; hk]. By using this representation matrix L(¢’), we set a linear

transformation of o =? [ai o ak} € C3 by

&%) g
Ler: |ay | = L(€) |y (11.9)
Qe Qe
Proposition 11.3. We have
x1("Ler(@); H) = x1(a; Lo (H)). (11.10)

Proof. We have

31 (L (0); H) = exp(u 0 log(H) - L (1)) = exp(log(H)) - L(e') - )
=exp(to Le(log(H)) - a) = exp(tolog(Le (H)) - &) = x1(a; Ler (H)),

since L. (log(H)) = q(¢") log(H)q(e') ™t = log(q(e")Hq(e') ') = log(L.: (H)). O

11
By extending the 2 x 2 matrix g(¢) = [0 ] studied in [KTn, (4.3) in Lemma 4.1] to a 3 x 3

€
matrix
1 1—-¢" 0
RE") =10 ¢ 0 (" € C),
0 0 e”

and using the map «(H) = [hi h; hk}, we define a linear transformation R.» of Bs as
Rev:H v Rov(H) =110 (L(H) - R(e")), (11.11)
which admits an expression
h; h h; O 0 h
R.r: H= ! k — ¢ + e k .
0 hy 0 Ay 0 h;j—h;

By a straightforward calculation, we can see that R.» and L., are commutative.

By using the linear transformations L., and R.~, and introducing an infinitesimal parameter

e, we define a deformation of the group B, as a map . : By — Bj given by
Ve(H) := L. o R.(H), (11.12)
which admits an expression

hi T
0 hy

hi (I—¢)(hj — hi) + hg

¢55H[ 0 hi +e(hj — hy)

‘| H@DE(H): [

Definition 11.2 (A deformation of xi1(«o; H)). We define a deformation of x1(«; H) as its pull
back under the map 1. : By — Ba:

Vixi(os H) == x1(a;ve(H)) = x1(*Le(); Ro(H)). (11.13)
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Proposition 11.4 (Confluences of Dy and a character on Ds). We set
h; 0

H = € Dy C By, a:t[ai Q; Ozk:|.
0 hy

(1) The group J(2) is given as the set of limits of ¥.(H) for elements H € Dy as e — 0, i.e.

J(2) = {lim v.(H) | H € Da}.

(2) A character h{ " exp(aw(h; — hi)/hi) on J(2) is given as the limit of the character
Yixi(a; H) on Dy ase — 0, i.e.,
hy — hi

. +a .
h?‘t J
hi

i exp(ag

) = lim ¢2xa (s H).
Proof. (1) As e — 0, ¢.(H) converges to

. hi hj— h
;g%m(H):[o ]hi 1@](2).

(2) As in Remark 11.3, we have x1(o; H) = hf”h?j. Its deformation is written by

wle(a;H) _ h?¢+(1—1/s)ak{hi + €(hj . hi)}a]-f(lfl/e)ak.
By taking the limit ¢ — 0, we have

h; — h;

0 h )

ok e hi Ry —=hi|, et
il_f%qﬁgXl(a’ H) = Xl(av [ hy ]) = h'L exp(ak
O

In (11.13), ¢? is considered as an operator acting on a character of Dy. We extend it to an
operator acting on a character of Dg as follows. We take indices ¢,5 (0 < 4,5 <5, ¢ # j) and
fix them. For the indices (4,7), we extend R. to a map R;j. : Dg — Dg by sending the i, j-th

entries h;, h; in D¢ by R. and by keeping the other entries invariant, i.e.,
R;; - (diag(ho, ..., hi,s... by, ... hs)) = diag(ho, ..., hi, ..., hi + e(h; — hi), ..., hs),

where ~ denotes the closures. We identify Dg with C® by the natural map

16 : D¢ > h = diag(ho, ..., hs) [ho h5] e CS.
Under this identification, the map R;; . is represented by the right multiplication of the matrix

gij(e) ==1Is + (1 — €)(E;; — Ej;) € M(6,C), (11.14)
to tg(h) for h € Dg, where E;; is the (i, j) matrix unit in M(6,C). This means that
t6 © Rije(h) = t6(h) - qij(e) (h € Dg).

Similarly, we extend ‘L. to a linear transformation ’L;; . : C® — C° by

tLij@(t[(Xo ;... (67N 0&5:|):t[040 ai—|—(1—1/6)ozj Oéj/€ Qs
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which is represented by the left multiplication of qigl(s) toa=" [ao e asl:

"Lije(a) = q;;'(e) - .

*

Using R;;. and ‘L;; ., we define an operator ’(/Jijﬁ acting on the character xo(a;h) of Dg as

Vi exolash) = Xo('Lije(a); Rij - (h)). (11.15)

We operate ;. on fi(z,y) (i =0,...,3,0) in (9.4) and (9.5) by regarding them as general
hypergeometric functions F;(a;z). Since u§ (¢, z) is the pull back of the character xo(c; h) under

the map A : 39 — Dg, we set

w;j,afi(x7y) = w;cj,aFi(a; Z) = /Aw;kj,a‘XO(aa)‘(tvz))@i (Z = 07"'737®)' (1116)
Since
w;j,eXO(a7 )\(t, Z)) = Xo (tLij,E(a)7 Rijyso‘(t? Z)))?
Lije () = qi_jl(f) ca,  Rij (Mt 2) = At, 2) - qij(e) = A(t, 2z - qi5(€)),
we have

/ Wj,eXO(O@ A(tvz))@i = / Xo(qigl(g) @, A(taz : Qij(g)»‘f’i-
A A

Thus the operator ¥7; . on fi(z,y) in (11.16) is represented by transformations of z, a into z(e),

a(e) in the general hypergeometric function:
Vij e Fila, 2) = Fi(al(e); 2(¢)), (11.17)
where z(¢) and «(e) are given by matrix multiplications

z(e) ==z q(e), ale):= qi_jl(s) Q. (11.18)

Note that z(e) does not satisfy the rank conditions (11.2) defining the set Zy for any ¢,5 (0 <
i,7 < 5,1 # j). We temporally assume that the 3 x 6 matrix z(g) belongs to Zy. Then by Remark
11.2, F(a(e);z(€)) in (11.17) can be expressed by the normalized variables z(z(g)),y(z(¢)) and

parameters a(g) as

Fia(e);2(2) = (T )™ ) " filale); 2(2(2)), y(=(e))),
k=0

where h(e) = diag(ho(e),...,hs(e)) € Dg is used to change z(e) into its standard form as in
(11.3). Hence we have

5
Ui filasm,y) = 05 Fi(a; 2) = Fi(a(e); 2(e) = (T ] hu(e)** @) filale); (2(e)), y(=(e))),
= (11.19)

that is, the operator ¥}, _ on f;(«;x,y) is realized by the transformations of z, y, « into z(z(¢)),

17,
y(z(€)), a(e) for fi(x,y), and the multiplication of the factor (HZ=0 hy(g)2#() =1 to it. Recall
that we define the operator ; . by the confluence of a character on Dg. We will calculate the
limit lir% V5 fila; z,y) by using the right hand side of (11.19).

e— ’

*
ij,€

Here we list (¢, 7) such that the operator v}, . on f;(a;x,y) can be defined.
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Proposition 11.5. Suppose that € is a non-zero complex number with sufficiently small absolute
value. There are thirteen pairs of indices (i,7) (0 < i,j <5, i # j) such that the set Zy contains
z(e) = z - qi;(e) for any z € Zy. We list them as follows:

(0,1), (0,2), (0,3), (0,4),

(1,2), (2,1), (3,4), (4,3), (11.20)
(1,5), (2,5), (3,5), (4,5),

(0,5).

For any (i,7) (0 < 4,5 <5, i # j) not listed in (11.20), and any z € Zy, the set Zy contains

neither z(€) nor any matriz obtained by a permutation of its columns.

Proof. We fix any element (z,y) € P?\Sp,. Let V,, be the linear span of the column vectors z,
and z,.

Firstly, we consider (4,0) (1 <4 <5). In this case, the column vector zg(g) is given as
zo(e) = z; + (20 — Z;).

In the case of i = 1,2, z; does not belong to Va4 by rank(i,3,4;2(1)) = 3. Thus zg(¢), z3, 24 are
linearly independent, which contradicts the condition rank(0,3,4;2(¢)) = 2 (¢ # 0). In the case
of i = 3,4, 5, z; does not belong to V12 by the condition rank(1,2,4; (1)) = 3, which contradicts
the condition rank(0,1,2;z(g)) = 2 (¢ # 0). Hence, we have z(g) ¢ Z, for (,0) (1 <i<5).
Secondly, we consider the case (i,1) (i = 0,2,...,5). We have dim(Vp;) = 2 for j = 1,2
by the condition rank(0, j,3;2(1)) = 3. The column vector z; belongs to Vp2 by the condition

rank(0,1,2;2(1)) = 2. We consider the column vector
z1(e) = z; + (21 — 2;).
In the case i = 0,2, z(¢) satisfies that z;(e) # 2o, 22, and z;(¢) € V2. Since we can see

rank(0,1,2; 2(¢)) =2, rank(0,1,r;2(g)) = rank(0,2,r; 2(1)) = 3,
rank(1,2,r; z(e)) = rank(0,2,7;2(1)) =3 (3 <r <5),

we have z(g) € Zp for (0,1) and (2,1).
In the case ¢ = 3,4, 5, note that

rank(0,1,2; z(e)) = rank(0,4,2; 2(1)) =3 (¢ # 1).

Hence we have z(e) ¢ Z, for (i,1) (3 < i <5).

Thirdly, we consider the case (i, j) for j = 2,3,4and 0 < i <5, i # j. By a similar argument to
the previous, we can show that z(¢) € Zy for (0,2) and (1,2), and z(e) ¢ Z for (4,2) (3 <i<5).
By exchanging the roles of z1, z2 and z3, z4 in previous results, z(g) € Z; for (0,3), (0,4), (4, 3)
and (3,4), and z(g) ¢ Z, for (i,3) and (¢,4) (i =1,2,5).

Fourthly, we consider the case (4,5) (0 < i <5). In this case, the column vector z5(¢) is given

as

z5(e) = z; + £(25 — zi).
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We check the conditions rank(p,q,5;2(e)) =3 (0 < p < g < 4). In the case of z; € V),
(0 < p < ¢ < 4), we have rank(p, ¢,5; z(€)) = rank(p,q,5;2(1)) = 3 for the . In the case of

z; ¢ Vjq, we have
det |z, z,4 z5(5)} =(1—¢)det [zp Zq zl} + edet [zp Zq z5] .

Because |¢] is sufficiently small, det [zp Zq z5(5)} is a value close to det |z, z, zl} # 0.
This means rank(p, g, 5; z(¢)) = 3. Hence, we have z(g) ¢ Z for (i,5) (0 <i<4).

Finally, in each case for (¢,7) not listed in (11.20), there do not exist two triples (p,q,r)
(0 < p < g < r <5) such that rank(p, ¢, 7; 2(€)) = 2 for € # 0 with small absolute value. Hence

Zy does not contain any matrix obtained by a permutation of columns of z(e). O

We take a pair of indices (7,j) listed in (11.20) of Proposition 11.5, and fix it. By using
(11.19), we define our confluence C(i, j) on Appell’s F; system (9.3) of hypergeometric differential
equations, its solutions f(z,y) in (9.5), and its Pfaffian system (9.6). To distinguish variables

and parameters used in C(7,j) from those of the original Appell’s Fy system, we prepare

10 1 0 1 1
=l ow)=lo1 10 0
00 0 1 -1 —y

with independent variables (z’,y’) € P?\Sp,, parameters o/ ="*|af, --- 0/5}, and coordinates

{1 ] té} of P2 for our confluence C(i,5). We set

2(e) = |z - Zj(e) - 2|, zj(e) = (1—e)z; +ez).

Let g(¢) and h(e) be elements of GL(3,C) and Dg changing z’(g) into the standard form as in
(11.3), and z(2'(¢)), y(2'(€)) be the normalized variables of z’(¢). By regarding xz(2'(¢)), y(2'(¢))

as functions of ', ¥’ and e, we express them by

z(2'(e)) = z(a',¢',e), (2 (e)) =y(a', ¢, e).

Definition 11.3 (Confluence C(4,j)). For a pair of indices (4, j) listed in (11.20) of Proposition

11.5, we set transformations

a; = a; + (1 - 1/¢)a
x=zx(z,y,e),
aj = aj/e, (11.21)
y =y y,e),
oap =ap, (k#4,7),

[1 t ] =1t t’} g(e)™t.
We define the confluence C(i,7) on Appell’s Fy system (9.3) and its solutions by applying the
transformations (11.21) to (9.3) and its solutions, and taking limit ¢ — 0 for the transformed
ones with the factor (Hi:o hi(e)* =1 in (11.19). We also define the confluence C(4,75) o
the Pfaffian (9.6) by applying the transformations (11.21) to the connection matrix and local

solutions of (9.6), and taking limit € — 0 for the transformed ones with the factor.
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Remark 11.4. In the confluence C(i, j) on (9.6), there are cases where we need a transformation
of the unknown function Fg, (z,y) by a 4 x 4 matrix with ¢; for details refer to subsections 12.2
and 12.3.

12 Detailed Calculations of Confluences

In this section, we execute our confluences. We study C(0,1), C(0,2), C(0,3) and C(0,4) in
subsection 12.1, C(1,2), C(2,1), C(3,4) and C(4, 3) in subsection 12.2, C(1,5), C(2,5), C(3,5) and
C(4,5) in subsection 12.3, and C(0,5) in subsection 12.4.

12.1 Confluence from Appell’s F, to Humbert’s =;

To study the confluences C(0,1),...,C(0,4), we introduce Humbert’s hypergeometric series

= . _ (1) my (@2)my (B)m, m1
LR DI e

o0

ym27 (121)

ml,mzzo
where v ¢ Z<g. This function satisfies Humbert’s Z; system of differential equations:
2 2 —
[:c(l — )& +ygley + {7 — (a1 + B+ D)} — anB| Ea(z,y) = 0,

o2 52 ) _ (12.2)
|:y67y2 +x613y + {'Y - y}37y - QQ] dl(xvy) =0.

In this subsection, we show that the Pfaffian system (9.6) of Appell’s F; converges to a Pfaf-
fian system equivalent to Humbert’s =; system of differential equations by the confluences
C(0,1),...,C(0,4). At first, we consider the confluence C(0,4) given by the deformation

zy(e) = (1 — €)z(, + ez}, (12.3)
by an infinitesimal parameter €. The deformed matrix is

0O 1 0 1 1
1 -1 0 0 -2,
0 0 1 — —¢
and its standard form is

1 0 1 0 1 1
g-Z(E)-h=10 1 -1 0 0 —2' |,
00 0 1 -1 —y/e

where g = diag(1,1,1/¢) and h = diag(1,1,1,¢,1,1). The variables of integral in (9.4) are
transformed by

[1 th t’z] g t= [1 t tg} :
Hence, we have transformations

ty = tllv T = 1'/,
(12.4)
ty=cty, |y=1y'/e
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The parameters «ag, ay are transformed by

[O‘O] = q(e)! [Oﬂ . (12.5)
Qy y

We set o) := —d, and
oy = (CQ — bg) = —d/E, oo = ((l —C1 — bg) + d/€ (126)

Here, the non-zero parameter d is introduced in order to give Pfaffian systems the homogeneity
of parameter as in Theorems 7.1, 8.1. As ¢ — 0, the integrand up, converges to

lim (hy “up,) = lim (e Pup,) = /0 (1 — )04/ % exp(dt)) (1 — o't — y'th) ™

e—0 e—0

Thus we have Euler type integrals expressing solutions to some system of differential equations
by the confluence C(0,4) on those to Appell’s Fy system (9.3). To change this system into

Humbert’s Z; system in (12.2), we consider further transformations

//t/l

th=t)=ux x=a' =1/z",

(12.7)
h=cty=eyty, |y=v/e=1/(y).

As € — 0, the integrand up, converges to

lim () (ey”) " um,) = 77 (1 — 2 ¢) 10175 exp(dy”'ty) (1 — t] — )77,

e—0

which is denoted by ug,. Applying the replacements (12.7) and (12.6) to (9.3), we have a system

|21 = 2") 5 + " g + (b1 + b2 = a +1) = (201 — 1 + 22"} 52
—bl(b1 — 1+ 1)} (x//fbl (€y”)7b2f(ﬁv #)) =0,
|: (]. — 5y ) //2 + 1’ am//ay// + {(bl + b2 —a+ 1) (d + €b2 + 2€)y”}8§”

“ba(d+e)] (@ (ey") P (G, ) = 0.

By the confluence, this system converges to

(41— o) 2 o/ gl + (b1 4 by — 0+ 1) — (2B — 1 + 202} g

“bi(by— e+ )] gl y") =0, (128)

[y’/iaiiz + fﬂﬂiaﬁ:)yw + {01+ —a+1) —dy"} 507 - bzd} g(z",y") =0,

which is Humbert’s Z; system of differential equations. If ®(dy’) < 0, then the solution (9.2) to

the system (9.3) converges to

. —b 1 1
tig o~ G ) = [ v

where A” = (0,1/2") x (0,00) and ¢z, = dt] Adty/(t/th (1 — 2"t])). We define a function

_ // uz, e, (12.9)
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which is a solution to (12.8). By the confluence, f; converges to

(AR T 171—b1 11\ —b 1 1
gi(x",y") = lim 2™ (ey”) zfi(gvy)
The solution g is expressed by a linear combination
g=go—g1— g2+ g3 (12.10)

Applying the replacements (12.4) and (12.6) to (9.6), we have the system

_dx// dx// ay//dx//

Oyt (xblybz)FF2 = {x//(b1f4 +Wip+Wap)+ mWQ,F - (@ T ey — ey W57F} (xblbe)sz,
—dy” edy”

Oy (2" y"?)Ff, = {y,g,J(szi +Wsp+War+Wsrp)+ W%WAL,F

e(1—2")dy’
x4 é‘y” —exl

Wop f 0P,
and as € — 0, this system converges to

z—1 )

0y Fz, = {%ng + A, o %Waz} Fz,,

o i (12.11)

8y//F51 = {%W&E + dy”W4,5 + %WS,E} FEla

where Wo g :=Wo p, Wiz = —(01ls + Wi p+Wap), Wag = —(boly + Wi p + War+ Ws r),

Wyz = lir%(—s)(Wzl’F +Ws r), Wz := lil’%(EW&F) and Fg, := t[go g1 g0 93}. They are
E—r E—r

0 0 0 0 0 c1— by 0 0
WLE: by a—b;—by O 0 7 W27:: 0 ¢g—by+by—a 0 O ,
0 0 0 c¢1—b 0 0 0 0
0 —b2 b1 Cl—2b1 _0 b2 0 0
0 0 0 0 0 0 d 0 000 0
0 O 0 0 0 0 0 d 0 0 0 —d
Wiz = ; Was = , Wsz =
b2 0 a—bl—bg bl—Cl 0 0 d O i 0 0 O 0
0 b2 —bl (I+b1—61—b2 _0 0 0 d 0 0 0 —d

Using (12.10) and (12.11), we have partial derivatives (9/9z")g, (0/0y")g and (8%/9x"dy")g of
g, which are expressed by

0 —by

al'//g = xl/

a
(90— 91 — 92+ 93) + mgla

0 —bg a
a7 = (90— 91 —92+93) + ?(93 - 92);
92 bibs

aby ad
al‘”ay”g = 2y (90 —91— g2+ 93) - oy (93 - 92) + ﬁg?"

Thus we have the following.

Proposition 12.1. By the confluence C(0,4), the Pfaffian system (9.6) converges to the Pfaffian
system (12.11), which is equivalent to Humbert’s 2y system (12.2) of differential equations and
the matrices Wi =,...,Ws = depend only on the parameters. This system is called a Pfaffian

system of Humbert’s = .
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Next, we consider the confluence C(0,3). Before introducing an infinitesimal parameter e, we

give a standard form of

1 0 1 0 1
01 -1 0 0 —=z
00 0 -1 1 -y
It is
10 1 0 1 1 1 0 1 1 0 1
g-10 1 -1 0 0 —z|-h=f0 1 -1 0 0 —-&/(1-9)],
00 0 1 -1 —j 00 0 -1 1 §/(1—3)
where
1 0 1 L
g=10 1 0|, h:diag(l,l,l,l,l,l y)
0 0 -1
Now, we use the following transformation
- v =15,
ty=1— 1o, ’ (12.12)
y=1%

and exchange the role of z3 and z4 in the study of C(0,4), and define a new integrand

1

— y) wp, = 5 (1 — ) 70172702 (1 — £y)b2(1 — &ty — ip)™°

ar, = (
Applying (12.12) to (9.3), we have
{5;(1 - z)(% — il {er— (a+ b+ DT E — b — abl] f(@9) =0
[@7(1 ) 2= ay a:yé,gca~ +{e2—(a+ca— by +1)7} &= (12.13)
~(e2 = bo)a gy — alez — bo)| f(&.5) =0,

where f(Z,7) := (1—4)"°f(&/(1—§), —7/(1—7)). There is a solution f(Z,7) to (12.13) expressed

by the integral
7, 9) 2// Up, Pry,
A

where A = (0,1) x (0,1) and ¢g, = dt; A diy/(t1(t1 — 1)Ea(f2 — 1)). Apply (12.12) to

)= [[ argr 0<i<y

and (9.6), then we have a Pfaffian system of Appell’s F5:

81,]?‘1;2 = de?W + ~_ W5 w_,'_y 1W2 F}FFW

) ) (12.14)
05 F g, = 5 Wor + 0 Wa,r | B,
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where

bi+by—a 0 0 0 fo
5 -
by 0 00 ~ fi
Wor = —(aly + Wir) = , Fp = |"
0,F (aly ; F) by 00 0 Fy 7
0 00 0 fs
The confluence C(0,3) consists of the transformation
tl :{E/tll, fi':%, bQ:—d/{{7
(12.15)
ta=cy'ty, |9=zp |2=¢—d/e
and the limit € — 0, and the integrand %y, converges to
i (25 i, ) = U7 (1= 'th) 705 expl(dy'ty) (1~ 1 — 1),
which is denoted by 4g,. By the confluence, the system (12.13) converges to
{:r’(l —x’)aaTZ),z —&—y’am‘?i;y, +{(b1+ —a+1)—(2by — 4 —1—2):10'}82,
“bi(by — 1 + 1)} 3@’ y') =0, (12.16)

2 2 a
{ylﬁJﬁx/aﬁiay/Jr{(lerc/_aJrl)—dy’}a‘z/ ’]g(x’vy')ZO,

which is Humbert’s Z; system of differential equations, too. If R(dy’) < 0, then the solution f

converges to
g(a,y') = lim 2’ (ey) f(*l
’ T e50 x!

By the confluence, the Pfaffian system (12.14) converges to

am/ﬁ‘El = z(}l 1W y;ﬁl;l W&E} FEl,
) o R (12.17)
E)y,FEI = yy, VV37 + dy W4 + y W5’E} FEI,
where Woz := W5 p, Wiz := —(bils + Wi p + Wi ), Waz = —(c'Is + Wa p + Wor + Wa p),
W4’E = ii_r)%(—é')(Wo,F'i‘WQ,F) W5 = = hm(EWQ F) FEl = t[go §1 §2 f]d} and gi(l‘/,y/) =
lima' ™" (ey/) = fi(1/',1/(ey/)) (0 <i < 3). They are
e—
0 c1—b O 0 [0 0 0 0
~ b1 C1 — 2b1 0 —c ~ 0 0 O Coy — bg
1,=2 — ) W == )
0 0 0 0 0 0 O c1— by
0 0 by a—b - _0 0 0 ci4+c2—bi—by—a
a—bi—c  bi—c ¢ 0 [d 0 0 0 0 0 00
~ —by at+bi—ci—c 0 ¢ ~ 0 d 00 ~ 0 —d 0 O
BE = » Waz = , Ws =
0 0 0 O d 0 0 0 0O 0 0 0
0 0 0 O _O d 0 0 0 —d 0 O

Proposition 12.2. The Pfaffian system (12.14) of Appell’s Fy converges to the Pfaffian system
(12.17) by the confluence C(0,3). This system is equivalent to the Pfaffian system (12.11) of
Humbert’s 1 under Definition 10.1.
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Proof. By replacing ¢/ = by in (12.17) and using a matrix

0010
~ 0 0 01
U= )
10 00
01 00
we have
UW,=U =W,z (1<i<5),
which shows the equivalence. O

To study the confluences C(0,1) and C(0,2), replace the role of x and y and that of (b1, ¢1)
and (bg, c2) in the previous consideration. Then we have the following.

Corollary 12.1. By each of the confluences C(0,1) and C(0,2), the Pfaffian system (9.6) of
Appell’s Fy converges to a Pfaffian system equivalent to the Pfaffian system (12.11) of Humbert’s
=1 under Definition 10.1.

12.2 Confluence from Appell’s F;, to Humbert’s U,

In order to study the confluences C(1,2), C(2,1), C(3,4) and C(4,3), we introduce Humbert’s

hypergeometric series

i M i o B

m1,mz2=0

where v1,7v2 ¢ Z<o. This function satisfies Humbert’s ¥; system of differential equations:

2 2

[ﬁv(l — )& — ayssy +An — (a4 B+ D} — Byg — aB| Ui(z,y) =0, 219
12.19

2
v + (v — v}y — 2 — | Wi(z,y) = 0.
In this subsection, we show that a Pfaffian system equivalent to (9.6) of Appell’s F5 converges to
a Pfaffian system equivalent to Humbert’s W, system of differential equations by the confluences
C(1,2), C(2,1), C(3,4) and C(4,3). At first, we consider the confluence C(3,4). We multiply the

integrand up, by (—1)%, and give the deformation
zy(e) = (1 —e)z + €z).

The deformed matrix becomes

1 0 1 0 -—¢ 1
Z(e)=10 1 -1 0 0 —a
00 0 1 1 —y
Its standard form is
1 0 1 1
g-Z(e)-h= 1 -1 0 0 -2,



where g = diag(1,1,¢) and h = diag(1,1,1,1/e,—1/¢,1). Hence, we use replacements

to=ty/e, y=cy, by=co+dJe. (12.20)
Ase =0, z(e [ e 0 1} approaches to z5 = {O 0 1] In this case, the integrand up,
multiplied by ( g)¥ T converges to
d
1135((—1)624%02%) =01 (1 —ty) 0 exp(-)(1 =zt — y'th) e (12.21)
€ 2

To obtain Euler type integrals expressing solutions to Humbert’s ¥y system, we multiply this

lco—1

function by ¥y , which is denoted by wy,. By this confluence, the system (9.3) converges to

[x(l — x)aa—; — xy/%;y/ +{c1—(a+by —co+2)z}2
—bly’a%, —(a—ca+ 1)b1} p(z,y") =0, (12.22)

—(a—ca+ 1)d’} p(z,y’) =0,

2
V52 + {2~ ) — dy'} 5

which is Humbert’s ¥ system of differential equation systems. If R(d) < 0, then the solution
(9.2) to the system (9.3) converges to

lim £~y 7 f (@, 2y') = pla,y).

In this case, we can see

dt; A dt! 1 — x)dt; A die
1/\ 2 1img01F:lim<p3F: ( l’) 1/\ 2

i i _
e POF T R T T — gttty emo YN T I T 0 T — )t — D)t

which mean that the independence of ¢ r and ¢y r and that of ¢1 r and @3 r are not kept

under this limit. We transform Fg, into

fo /e 0 =1/ 0
) : . : 0 1 0o -1
P = |1 = OFp, 0= /e /e

fa 0o 0 1 0

fs 0 0 0 1

Then F, satisfies a Pfaffian system equivalent to (9.6):

0, Fp, = {%WI,F + %WQ,F + w+y b=y F} Fr,,
. . (12.23)
3yFF2={ Wiy, g +3 W4F+w+y IWSF}FFga

where

Wi,F = UWZ"FU_l (1 S ) S 5)

Applying the deformation (12.20) to (12.23), we have the system

ax({_:ycgfl)FFZ = dlv'[/l + diw(WQ F+ W5 F) (gcl)s(yx/+y/l)W5 F} (ayc271)FF2’
ay/ (5y0271)FF2 = dyy ((02 - 1)14 + W3 F) sz qilw‘l m+5y’ 1W5 F} (5y6271)FF27
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and as € — 0, this system converges to

0 Fg, = {del,\p + AW,y — (f/_idf)zws,\p} Fy,, ( )
12.24

8y'F\I’1 = {dyy/ WS}\I’ + dy/W47\I, —|— %Ws’\p} F‘I/17

where Wy g == Wi p, Wog = ;%(W2F + W), Wag = Eli_l}é((cz -1+ W3,F), Wiw =

iiH})(—€W4,F), Ws o = gigg)@Ws,F), Fy, := t[po P11 P2 p3} and p;(z,y’) = ;LH})ECQ(Z/)CQAfi(%fZ//)

.
(0 <4< 3). They are

—bl bl —C1 0 0 0 C1 — bl 0 0
—b1 by — 0 0 0 — by — 0 0
Wiw = LA , Waw = a-h—a )
0 0 —b1 b1 — C1 0 0 0 C1 — b1
_0 0 -b1 b1 —c 0 d 0 c14+ca—by—a
(ca—1 0 0 0 00 by—a 0 000 bi—c
0 co—1 0 0 0 0 by 0 0 0 0 a+b;1—c1
Wiy = L Wi = , sy =
s ~d 0 -1 0 Y00 a0 oo oo 0
i 0 —d 0 -1 0 0 0 0 0 0 0 —d
The solution p(z,y’) to (12.22) satisfies
o 9 a n ay’ 0 -1 -1 Cap — O
pP=po=pPn, HP= P (x_1)2P37 3y’p_ Y Do % p1—apz =~ Ps;

0?2 ~ fala+by —c1) B ady’ a(ca — 1) B ad aby
axay/p{ (v — 1) <x—1>3}”3+{<x—1>y/ (m—n?}pl*(x—l)”

Thus we have the following.

Proposition 12.3. By the confluence C(3,4), the Pfaffian system (12.23) of Appell’s Fs con-
verges to the Pfaffian system (12.24), which is equivalent to Humbert’s Uy system (12.19) of
differential equations and the matrices Wi w,...,Ws v depend only on the parameters. This

system is called a Pfaffian system of Humbert’s ¥1.

Next, we consider the confluence C(4,3). Before introducing an infinitesimal parameter e, we
exchange parameters be and (cg — b2) and use the transformation (12.12). The confluence C(4, 3)

consists of the transformation
ta=th/e, G=cy, by=—dJe. (12.25)
and the limit € — 0, and the integrand @, converges to

ey 1~ S d -
lim ((—1)"2e§ i) = o' (1= 0) 0 (o) (1 - T — y'th) "

e—0 2

By this confluence, the system (12.13) converges to

2

~ ~ ~ 2 ~
{:U(l - 825 - xy’%ay, +{c1—(a+by —co+2)7} 2

by — (a = e+ )by | 5(E,y') = 0, (12.26)

{y’% +{(2—-c2) — dy’}a‘z, — dx% —(a—co+ 1)d] p(Z,y') =0,
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where

p(z,y') == lim ecQ_ly'CQ_lf(a?,sy’).

e—0

This is Humbert’s ¥, system of differential equations, too. In this case, we can see

dty A dt) i i (1 — &)dt; Adt),
1m = l1m =
(1= ats —yth)tath, 0 W8 = 25073 = (TGt — )t — 1)ty

lim Yo, Fr = lim Yo Fr =
e—0" 7’ e—0 77

which mean that the independence of ¢y r and ¢y p and that of @1 r and @3 r are not kept

under this limit. We transform F F, into

fo 1/e 0 1/e 0
. f - . 0 -1 0 1
i = |1 = F, 0= /e /e

P 0 0o 1 0

fs 0 0o 0 1

Then F, satisfies a Pfaffian system equivalent to (12.14):

0;Fp, = {%WI,F w+y 42y, F}FFQ,

. . (12.27)
0Fr, = { YTy +3 45 W0F+ :Hy 1W2 F}FFQ,
where
Wip=UW, pU"t (0<i<5).
Applying the deformation (12.25) to (12.27), and taking the limit e — 0, we have
0:Fy, = {%WW AW, 4 — (i )2 W \1/} Fy,,
. . . (12.28)
6y/F\I,1 = {dy’tj/ Wg,\I/ + dy/W47\I/ + %Waq;} F\I/l,

where Wl,\lf = Wl,F, WQ&; = ahi%(WZF + W&F) = W27\117 Wgﬂ; = ;L}I%{(CQ — 1)]4 + V.[./37F} =
Wa,w, Wiy = ;%(_EWO,F) = Wiy, W = ;i_I%(EWZ,F) = Wsg, Fg, = t[ﬁo P1 P2 D3
and p;(Z,y') := lirr%)ec"’ (y')2 1 fi(#,ey’) (0 < i < 3). Thus we have the following.

E—r
Proposition 12.4. The Pfaffian system (12.27) of Appell’s F» converges to the Pfaffian system

(12.28) by the confluence C(4,3). This system is equivalent to the Pfaffian system (12.24) of
Humbert’s W, under Definition 10.1.

Proof. We have only to note that qu, =W,o (1 <i<5). O

To study the confluences C(1,2) and C(2, 1), replace the role of x and y and that of (by,c1)

and (ba, c2) in the previous consideration. Then we have the following.

Corollary 12.2. By each of the confluences C(1,2) and C(2,1), a Pfaffian system equivalent to
(9.6) of Appell’s Fy converges to a Pfaffian system equivalent to (12.24) of Humbert’s Wy under
Definition 10.1.
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12.3 Confluence from Appell’s F, to Horn’s H,

In order to study the confluences C(1,5),...,C(4,5), we introduce Hérn’s hypergeometric series
- (@) my—ms (B)my (V)m.
Ho(a, B,7,6;2,y) = ™y, (12.29)
2 (6)my (Dmy (D),

my,mo=0
where ¢ ¢ Z<(. This function satisfies Horn’s Hy system of differential equations:
2 2
[w(l — @) F + 2y 5oy + {6 — (a+ B+ D}l + By f - aﬁ} Hy(z,y) =0,

0 0° 5 (12.30)
{9372 —Thy H{l-atyly, + 7} Hy(z,y) = 0.

In this subsection, we show that a Pfaffian system equivalent to (9.6) of Appell’s F5 converges
to a Pfaffian system equivalent to Horn’s Hs system of differential equations by the confluences
C(1,5),...,C(4,5). At first, we consider the confluence C(3,5). We multiply the integrand up,
by (—y')*2, and give the deformation

z5(e) = (1 —€)zh + ezs.

The deformed matrix becomes

1 0 1 0 €
Z'(e)= |0 -1 0 0 —ex
00 0 -y -1 -
Its standard form is
1 0 1 0 1 1
g-ZE)-h=101 -1 0 0 —2 |,
00 0 1 -1 —y/e

where g = diag(1,1,1) and h = diag(1,1,1,-1/y’,1,1/¢). Hence, we have
x=a, y=1y'/e.
Note that the parameters az, as are transformed into
az+as =oh+ag, a5 =ag/e.

We put ag + a5 = by —a:=b, ag = ca —bg := ¢ — b and of := d. By the confluence C(3,5)
on Appell’s F5 system, we have a system of differential equations. To change this system into

Horn’s Hy system in (12.30), and we consider further transformations

a=dJe,
1
to=y"ty, y= o =Y e (12.31)
co=c +dJe.

Ase — 0, z5(e) = t[e —ex —th| approaches to zj = t{O 0 —t'z}, and the integrand up,
multiplied by (1/y")*3(—¢)®s converges to

! ’_pt 1—at
lim ()=o) ur, = (1~ 1) (1= y12)" Y expla ™20,

e—0 2
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which is denoted by up,. By the confluence, the system (9.3) converges to

[a:(l - 36)66722 + xy”#l,, +{c1— (" +b + 1)3:}6% + b1y 85,, - a'bl} h(z,y") =0, ( )
) ) 12.32

(/52 — w58 + {1~ 0/ — dy"} 52 + (¢! = 1)d] h(z, ") =0,

where
h(z,y") := lim e~ %" b2 f(x 1 )
’ TE50 ’{-:y” ’

This is Horn’s Hy system of differential equations. In this case, we can see

—dt; A dt — 1)y/dt; A dt
1 27 lim(cpl’p/a) _ (v )y'dty 2

li = =
el—r&J((pO’F/E) t1t’§ e—0 (t; — 1)t/g

b

which mean that 2-forms ¢ r and ¢ r vanish under this limit. We transform Ff, into

fo 1/e 0 0 O
§ f y y 0 1/e 0 0
P = |0 = 0Py, U= /e
fa 0 0 10
fs 0 0 01
Then Fp, satisfies a Pfaffian system equivalent to (9.6):
83:]?‘1:*2:{%‘/1/171? W2F+x+y 1W5F}FF2,

] ] (12.33)
ayFFQZ{ W + W4F+x+y 1W5F}FF2a

where
Wup = UWi,Fﬁ_l (1 S 7 S 5)
Applying the deformation (12.31) to (12.33), we have the system

o dz . dx ey’dx o .
0. F, = W W — W, j
Fy { 1F+ 2F+1+E(x_1)y,, 5,F} Fy»

o dy” o y y edy” e(x —1)dy"” o
Oy Flrpy = — boly + W: W. 3% —W. ——W O
Y F2 { y// ( 214 + 3’F + 4,F + 5yF) + sy// o 1 4,F + 1 + 5(1’ o 1)y,/ 5,F F27

where F’F2 = (e7y?)Fp, and, as € — 0, this system converges to

OuFu, = {SWin + 25 Won + y'deWs i } Fi, o
12.34
8y//FH2 = {%W&H + dy//Wzl,H + Idy”W&H} Fyu,,

where Wl,H = Wl,Fa W27H = liH(l)Wg,F, W37H = 1111(1)(*1)214 — W&F — W47F — VVV57F), W4,H =
e— e—

lim (—&)(Wop + Wsp), Wan = lim(eWs p), Fr, = t[ho hi o hg] and hi(z,y") =

e—0 e—0
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v 1
lime %" =% f;(x, —-) (0 <i<3). They are
e—0

Ey//
by bi—c1 0O 0 0 c—-b 00
—b1 by — 0 0 0 —b ¥ 0 0
Win = LA , Wanm= ot )
0 0 —bl bl — C1 0 0 0 0
L 0 0 —b1 b1 — C1 0 d 0 0
[0 0 0 0 00 b-¢ 0 00 0
0 0 0 0 0 0 0 o —c 0 0 O
Wsn = , s Wam = , W =
d 0 —-b;—b by — 1 0 0 d 0 0 0 O
_0 d —b1 bl—Cl—b/ 0 0 0 d 0 0 O
The solution h(z,y”) to (12.32) satisfies
0 d
h=hs—h —h = hy —dy"h
3 2 9z 11 Yy N3,
0 d v
ay”h = ?(hl — ho) + ?(hg — h3) —dhy — d(l‘ — 1)h3,
s 2 2
Wh: {d(Cl —b1+c/_1)+d (x—l)y//}hj_d h1+b1dh2.

Proposition 12.5. By the confluence C(3,5), the Pfaffian system (12.33) of Appell’s Fs con-
verges to the Pfaffian system (12.34), which is equivalent to Horn's Hy system (12.30) of differ-
ential equations, and the matrices Wi n,...,Wsnu depend only on the parameters. This system
18 called a Pfaffian system of Hérn’s Hs.

Next, we consider the confluence C(4,5). Before introducing an infinitesimal parameter e, we
exchange parameters be and (cg — b2) and use the transformation (12.12). The confluence C(4, 5)

consists of the transformation

~ 1 a=a +dJe,
t2 = y/t/27 g = ;a (1235)
Cy = bg + d/€

and the limit ¢ — 0. Then the integrand @, converges to

1 -2t

lim (1) gy = 1 (1= ) (i) epld

).
By the confluence, the system (12.13) converges to

Fu_jg;+zy£%r+@l—@y+@—a+1mh%

oy 5 + (€ = ba) ] Bz y) =0, (12.36)

(/52 — il + {1+ (¢ = ba) + dy' e + (b — V| h(Z, ') =0,
where

~ L~ 1
h(.’i’,y/) — ;i_rg(l)g—ay/bz—czf(j7 ?y)
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This is Horn’s Hy system of differential equations, too. In this case, we can see

—dt; A dt)
tt'2

(7 — 1)y/diy A dt]
(th — Dt'3

lim (o, /e) = , lim(py p/e) = ,

which mean that 2-forms o2 p and (3 r vanish under this limit. We transform F r, into

fo 10 0 0
_ F . _ 0 1 0
Fp, = nl UFp, U:=

o 00 1/e 0

fs 00 0 1/

Then Fr, satisfies a Pfaffian system

0zFp, = {% Vip+ 25 Ws p+ g 1W2,F} Fp,,
. . - (12.37)
05F p, = {7” 3,F+ 5 5Wor + 575 1W2,F}FF2a
where
Wi,F = UWZ"FU_l (0<Z<5)
Applying the deformation (12.35) to (12.37), and taking the limit ¢ — 0, we have
85FH2 = {%WI,H + %WQ,H + y/di‘W{s’H} FHQ,
(12.38)

Oy Fu, = {dj’f, Wan +dy' Wan + dy%W&s,H} Fu,.

where Wy g := Wy g, Wou 1= ii—%WE”F’ Wiy = ;i_rf(l)((bQ_CZ)I4_W3,F_WO,F_WQ,F)a Wan =
lim(—e)(Wor + War), Wsn = lim(eWs r), Fu, = t[ﬁo hi  ho BS} and h(z,y") =
e—0 B e—0

lime %27 f;(2,1/(ey’)) (0 <i < 3). They are

e—0
by bi—c¢; O 0 00 0 0 1
_ by by — 0 0 _ 00 0 d
Win = LA , Wan= )
0 0 *bl blfcl 0 0 O lebl
_O 0 —b1 b1—61 0 0 O 01—b1+C/—b2
(o' —b,  bi—c¢, d O d 0 00 [0 0 0 0
- —bl a/+b1—61 0 d - 0 0 0 — 0 —-d 0 O
Wy g =  Wim =  Wsy =
st 0 0 0 0 T 0 00 HT00 0 0 0
0 0 00 0 —by 0 0 0 b 00

Proposition 12.6. The Pfaffian system (12.37) of Appell’s F» converges to the Pfaffian system
(12.38) by the confluence C(4,5). This system is equivalent to the Pfaffian system (12.34) of
Hérn’s Hy under Definition 10.1.

To study the confluences C(1,5) and C(2,5), replace the role of z and y and that of (by,c;)

and (bg, c2) in the previous consideration. Then we have the following.

Corollary 12.3. By each of the confluences C(1,5) and C(2,5), a Pfaffian system equivalent
to (9.6) of Appell’s Fy converges to a Pfaffian system equivalent to (12.34) of Hérn’s Hy under
Definition 10.1.
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12.4 Confluence from Appell’s F; to the product of Kummer’s func-

tions

In this subsection, we study the system of differential equations satisfied by the product of
Kummer’s hypergeometric functions 1 Fy(z’) and 1 Fy(y'). The confluence C(0, 5) consists of the

transformation
x = edx, 1

a=-. (12.39)

y =edy’,

and the limit € — 0, and the integrand up, converges to

lim up, = 91 (1 — £1)e 70 exp(da’ty )15 (1 — t2)°2 72 exp(dy'ts),

E—

which is denoted by ug. If R(dz') < 0 and R(dy’) < 0, then the solution (9.2) to the system

(9.3) converges as € — 0, and we define a function

k(2',y') == lim f(ax’,sy’)z// UK PF,- (12.40)
e—0 A

By this consequence, the system (9.3) converges to

PEBTRRY R

o 5 (12.41)
{QIW +{e2 - dy/}ay/ - b2d} k(z',y') =0,

and k(2',y’) is a solution to this system. Since each of (12.41) can be regarded as a confluent
hypergeometric differential equation of Kummer’s 11, the system (12.41) is denoted by 1F1®2.
By this confluence, f; (0 <i < 3) converge to

(! o) — T ) / /
ki(a,y') = lim fi(ea', ey').
The solution k is expressed by a linear combination
k=ko— ki — ko + ks.

Applying the deformation (12.39) to (9.6), we have a system

dz’ eddx’ eddx’
0y Fp, = — Wi p— ——— -—W Fg,
= { o T T T —edy P T 1 —eda! —edy 5’F} £

dy’ eddy’ eddy’
O Fp, =4 Wy p— XYy, o Yy ey
v { y P T T edy T T T —eda! —edy T T

and as € — 0, this system converges to

Oy Fr = {dx’ WI,K + d,’E/Wg’K} Fg,

x/

(12.42)

y/

Oy Fr = {dy, W3 ik + dy/W4,K} Frg,
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where

b bi—c 0 0 | [0 0 0 0]
—by by — 0 0 0 d 0 0
Wik = LA , Wak = )
0 0 —b1 b1 — C1 0 0 0 O
L 0 0 —b1 b1 — Cl_ _O 0 0 d_
by 0 bo—cy O ] [0 0 0 o]
0 —b 0 by — 0 0 0 O
W3 g = 2 2 , Wik = ,
by 0 by—co 0 0 0 d 0
L 0 _b2 0 b2 — Cg_ _O 0 0 d_

Fr ="k ki ke /4?3}-

Proposition 12.7. By the confluence C(0,5), the Pfaffian system (9.6) of Appell’s Fy converges
to the Pfaffian system (12.42), which is equivalent to the system (12.41) of differential equations
and the matrices W1 i, ..., Wa i depend only on the parameters. This system is called a Pfaffian

system of Kummer’s 1F1®2.

13 Classification of confluent Pfaffian systems

As we have seen in the previous section, a Pfaffian system equivalent to Appell’s F5 converges to
the Pfaffian system of Humbert’s ®,, =;, Horn’s Hy or the product 1F1®2 of Kummer’s functions
by confluences C(4, j). In this section, we study their equivalence under Definition 10.1.

In case of 1F1@2, the regular locus of this system is C* x C*, which is different from those of

the other systems. Hence, this system can not be equivalent to the other systems.

Theorem 13.1. Pfaffian systems (12.11) of Humbert’s 21 and (12.34) of Horn’s Hy are equiv-

alent.

Proof. In the case of by # 0, replace parameters of the Pfaffian system (12.34) of Horn’s Hy as

bV =by—a, ¢ =-—a,
and transform Fy, into
hy d 0 0 O
R 0 d 0 O
i‘Iz = /1 = xbl U/FH27 UI = ’
hy 0 0 b O
hf, 0 0 0 b

and apply a birational map z = 1/2”. Then we have

o.nFl. — {dz” w! dz”’ W y''dx’’ wW! }F/

o ¥, =V Wit o aWon — T Wen | Py

o.nFL. = dy”’ w! 11571 dy” 1177 ’ <13.1)
y By, = { v Wan +dy" Wiy + 57 WS,H} Fy,,

where W{ yy = — (b1 Iy + U'WiqU'™! + U'Wo U’ 1) and Wy = U'WiqU'~! (2 < i < 5).
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We can see
Wiz =Wy (1<i<5), (13.2)

where W; = are matrices in the Pfaffian system (12.11) of Humbert’s =.
In the case of by = 0, use the unit matrix I instead of U’ in (13.1), then we have the same
result as (13.2). O

We consider whether Humbert’s Z; and ¥, systems are equivalent, or not. By the action of a

birational of transformation

on the Pfaffian system (12.11) of Humbert’s =1, it is transformed into

_ JdXx dX
8}(F/El - {TW{,E + ﬁWéyE + dXWé,E} FlEl7

(13.3)
aYFlal = {%Wé,z + Ydfyx Wzl,E + dYWi,E} F/EN
where Wiz = —(bils + Wiz + Waz), Wiz = Was, Wiz = Wiz + Wszg), Wiz = Wyg,
Wiz=Wsz, Fz, = (") (y")P2=2Fg,. They are
by bi—c 0 0 0 - 0 0
W/~: —bl b1—61 0 0 W,—: 0 cl—b1—|—b2—a 0 0
B ) 0 —b bi—al| P |0 0 0 0|’
L 0 0 —b1 b1 — C1 0 bg 0 O
by +by—a 0 0 0 00 d o 000 0
b 0 0 O 0 0 0 d 0 0 0 —d
WéE: ! ) WéiE: 7WE§E:
’ b 0 0 O ’ 0 0 d 0 ’ 0 0 0 O
i 0 0 0 O 0 0 0 d 0 0 0 —d
By the action of a birational transformation
X /
= — = Y
X X _ Y’ y )
on the Pfaffian system (12.24) of Humbert’s ¥y, it is transformed into
OxFly, = {RW] g+ 5 Wy g +dAXW, o}y "

OvFy, = { EWy g + 52 Wy +dY W] g} Fl,,

where W{7¢ = Wi, WQI,\I/ = —(bi1ls + Wi g + Waw), Wé,\l/ = (1 —co)ly + Wau + Wi ),
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Wig=Wie—Wsw), Wy =Ws, Fy, = (x—1)"(y)' " ~Fy,. They are

by by—c1 0 0 0 0 0 0
-b; by — 0 0 b —b 0 0
W1/\1/ = ! LA ) Wzl\l; =" ¢ ' >
0 0 *bl bl — C1 0 0 0 0
L 0 0 —b1 b1 — C1 0 —d b1 a—b1 — C2
[0 e —b 0 0 00 bi—a ¢ —b
0 — b — 0 0 0 0 b — by —
Wé,\l’ = “ ' ¢ ) Wli,\l’ = : “ ! ¢ )
—d 0 —C2 C1 — bl 0 0 d 0
i 0 0 0 c1—b—a 0 0 0 d
000 b—a
0 0 0 a+b;—qc
W! ¢ =
700 0 0 0
_0 0 O —d

The set of poles of the connection matrix in (13.3) is same as that in (13.4), and their coefficient

matrices are different from each other.

Definition 13.1. For the connection matrix W of the Pfaffian system (13.3) (resp. (13.4)),
we define the spectral partition of W/ (1 < ¢ < 5) by the partition of the number 4 by the
multiplicities of the roots of the characteristic polynomial of W/. We define the total type of
spectral partitions of W by the pentad of spectral partitions of W/. The subset consisting of
spectral partitions of Wy, W3, W4 is called the first type of the spectral partitions of W, and its
complement is called the second type of the spectral partitions of W.

We list the first and second types of spectral partitions of the connection matrices of (13.3)
for 21 and (13.4) for ¥y in Table 13.1 and 13.2. Here, we have d # 0, and we assume the other

parameters in (13.3) and (13.4) are generic.

Table 13.1: First type of spectral partitions

Component of Order of Matrix =1 A
singular locus pole

X=0 1 wy (2,2)  (2,2)
X=Y 1 w3 (3,1) (2,1,1)
Y=0 1 Wi (3,1) (2,1,1)

Table 13.2: Second type of spectral partitions

Component of Order of Matrix =4 Uy

singular locus pole
=0 2 ACEERY
L =0 2 Wi 22 (22)

The regular locus of each of (13.3) and (13.4) is

Q:={[1:X:Y]ePXY(X -Y)#0}. (13.5)
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Around each regular singular locus of X =0, Y =0 and X —Y = 0 of the Pfaffian system (13.3)
or (13.4), it has local solutions of the form x*v(X,Y’) by [KaJ[Theorem 2.1], where x is X, Y or
X —Y, \is an eigenvalue of the coefficient matrix of dx/x and v(X,Y") is a holomorphic function.
Note that the dimension of space of the local solutions of the form x*v(X,Y) is the dimension
of the eigenspace of W/ of eigenvalue A, if W/ is diagonalizable. The difference of the type of
spectral partitions of (13.3) and that of (13.4) is not enough to prove their non-equivalence, since
the type of spectral partitions is not kept invariant under birational transformations.

To solve this problem, we restrict the action (c) in Definition 10.1 to the group Aut(Q) of
birational transformations of P2 whose restriction to @) are biregular morphisms from Q to Q.
The ring R(Q) consists of rational functions admitting poles only on X, ¥ and X — Y. Note
that R*(Q) is generated by C, X, Y and X — Y. Let A, be (h*I,|h € R*(Q), a € C), and A
be the group generated by A,, GL(4,R(Q)) and Aut(Q) acting on the space of vector valued

local holomorphic functions of size four on ). Then we can see the next lemma.

Lemma 13.1. An action of any element a of A on F(X,Y) can be expressed by
a(F(X7 Y)) = q’(X, Y)p/(X, Y)(g/)*(F(X, Y)), (13'6)
where ¢ € Aq, p' € GL(4,R(Q)) and ¢’ € Aut(Q).

Proof. Note that any element of A, and any element of GL(4, R(Q)) are commutative. For any
MX,Y) e R*(Q), o € C and g € Aut(Q),

9" (WX, Y)%) = {g"(M(X, Y))}*,

where o/ € C and ¢*(h(X,Y)) € R*(Q). For any p(X,Y) € GL(4,R(Q)) and for any g €
Aut(Q),

det(g"(p(X,Y))) = g"(det(p(X,Y))) e R*(Q)  (V(X,Y) € Q).

This means ¢*(p(X,Y)) € GL(4,R(Q)). Therefore, the action of any element a of A can be
written by the form (13.6). O

Though the structure of Aut(Q) is not simple as shown in Section 14, we may restrict Aut(Q)

to a simple subgroup for our equivalence problem by the following lemma.

Lemma 13.2. Let W be the connection matriz of Pfaffian systems (13.3) (resp. (13.4)), and
g (X)Y') = (X,Y) be an element of Aut(Q). If the pull back g*(W) of W under g does
not admit higher poles along X' =0, Y' =0 or X' —=Y’, then g(X',Y’) is one of (rX',rY’),
(X', r(X'=Y"), (Y, rX"), (7Y, —r(X' =Y")), (r(X' =Y"),rX"), (n(X' =Y"),—rY’), where
re Cx*.

Proof. Note that the connection matrix W of (13.3) (resp. (13.4)) has the terms dXW{ and
dY W}, and that the parameter d in W is not zero. The structure of Aut(Q) is given in Lemma
14.1, which states that any element g of Aut(Q) takes the form (14.3). If (m,n) # (0,0) in (14.3)
for g, then one of factors X', Y/ and X’ — Y’ appears in the denominator of the expression of
g(X',Y"). Thus the pull backs g*(dXW!) and g*(dXW}) of under g admit higher poles along
one of the lines X’ =0, Y =0and X' —-Y’' =0. If (m,n) = (0,0) and ¢t = —1 in (14.3) for
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g, then the pull backs g*(dXW?) and g*(dXW}) of under g have higher poles along one of the
lines X', Y" and X' — Y’ by the same reason as the case (m,n) # (0,0). Since W} and WY are
linearly independent, these higher poles cannot cancel each other. Hence (m,n,t) for g should
be (0,0, 1) under the assumption of this lemma, g(X’,Y”) should be one of the listed maps by
Lemma 14.1. O

Because the lines X =0, Y =0 and X —Y = 0 are not normal crossing at the origin, we blow

up the origin by
X =z, Y=x9.
Using this transformation, we transform the equation (13.3) for Z; or (13.4) for ¥; into
00, F = {9000 4 ynday W) + dxlwg} F,

0y, F = {SWj + B35+ 2ydy, W] L F,

Y1

(13.7)

where W{yq := W] + W4 + W4. The spectral partition of W{y4 of (13.7) for =; and that of ¥4
are in Table 13.3.

Table 13.3: Extra spectral partition
Order of pole Matrix =1 U2
1 W1/23 (2a1>1) (272)

Theorem 13.2. Suppose that Humbert’s Uy system (12.19) of differential equations or Hum-

bert’s E1 system (12.2) of differential equations satisfies one of the following conditions:
(1) v2, a — B, a — B — 2 & Z, for parameters «, B, v2 of Humbert ¥y system (12.19);

(2) vo, a+ B —v1, a+ 8 —v1 — 72 & Z, for parameters «, B, y1, y2 of Humbert Uy system
(12.19);

(8) an — B, a1 — v, B—~ & Z, for parameters a1, B, v of Humbert 2, system (12.2).

Then the Pfaffian system system of Humbert’s =1 in (13.3) which is equivalent to (12.2) is not
equivalent to that of Humbert’s Uy in (13.4) which is equivalent to (12.19).

Proof. Recall that we relate parameters in the system (12.8) equivalent to (13.3) and the system
(12.2) as
bi+br—a+l=v b=a, hh—a+1=08 br=ay d=1;

and relate parameters in the system (12.22) equivalent to (13.4) and the system (12.19) as
ca=v, a—c+l=0a b =5 2—-—c=7v%, d=1.

By considering the orders of pole divisors of the connection matrices of the Pfaffian systems, we
may restrict Aut(Q) to the transformations in Lemma 13.2 for the problem of the equivalence.
Since these transformations yield only the transpositions of three divisors X = 0, Y = 0 and

X —Y =0 of simple pole of W, the first type of spectral partitions of the connection matrices of
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(13.3) and (13.4) are kept invariant under these transformations. If the condition (1) for (13.4)
is satisfied, then the space of solutions to (13.4) around X — Y = 0 is spanned by

(X —Y)fi(X,Y) (1<i<4), (13.8)

where fz are holomorphic functions and exponents v; are equal to the eigenvalues of W3. In this
case, the spectral partition of W3 is (2,1,1). Assume vy = v, then each of 11 —v3 = S+ —a—1,
vy —vy=pf—a+1and v3s — vy = 2 — 7, is not an integer under the condition (1). By the
action of an element in Aut(Q) of the form in Lemma 13.2, the first type of spectral partitions
is kept. By the action of an element in GL(4, R(Q)), the solutions are multiplied by X, YV
and X — Y, and the exponents of the factor X — Y shift only to integers. By the action of an
elements in A,, the solutions are multiplied by X%, Y* or (X —Y)® (« € C), and the difference
v; —v; (i # j) does not change. The first type of spectral partitions of Pfaffian system (13.3)
is {(2,2),(3,1),(3,1)}. If the condition (1) for (13.4) is satisfied, then each of the differences
between different eigenvalues of W3 is not integer, and the set {1;|1 < i < 4} changes to neither
type (2,2) nor (3,1) mod Z, by these actions. In this case, the Pfaffian system of Humbert’s ¥
can not be transformed into a Pfaffian system of Humbert’s =; by the action of any element in

A. If the condition (2) or (3) is satisfied, then we can show non-equivalence by similar ways. O

14 Automorphism Group
In this section, we consider a group of birational transformations of P2,
Definition 14.1. Let Q be the open set in P? given by
Q= {[za:y] GPQ‘ny(x—y)?éO}’

and Aut(Q) be the group of birational transformations of P? whose restrictions to @ are biregular

morphisms from @ to Q.
To study the structure of Aut(Q), we prepare the following group.

Definition 14.2. Let G be the set
G:={(r,mmn,st)|reC*, mneZ sesS te{+l}}, (14.1)

0 -1 -1 1
where S is the subgroup of GL(2,Z) generated by o1 = Lo and oy = [ 0 1]; it is

isomorphic to the symmetric group S3. We introduce a group structure into G by
Ga9b = (r;rba m; + my, TL; + ny, S;Sba tatb)a

where g, = (Ta, Ma, Nay Sas ta), 9o = (b, Mp, N, Sp, ty) € G,
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/ // Sa ty = 1),
= (ry)", lm/a‘| = sgl lm/‘,l] . sh= (t ) (14.2)

Mg (ty = 1), . Ng (ty = 1),
Na + am(sa) (tb = _1)7 ‘ Mg + an(sa) (tb = _1)a

(s € {o201,010201}), . -1 (s € {og,0102}),

1
Om(s) = :
0 (others), 0  (others).

The group G is isomorphic to
((C* x Z%) % S3) x {£1}.
Lemma 14.1. The group G acts on Q by
g-[1:X:Y]=[1:X":Y"],
where g = (r,m,n,s,t) € G, (X,Y) = (x/z,y/z) and (X', Y') = ('/2',y'/Z') are affine coordi-
nates, and
X/ — ()(2)157
Y/ — (}/Q)t’

Xo
|

X1
Y

X1 =X () (55,

Yi = rY (5 m (55,

(14.3)

9

This action induces an isomorphism ¥ : G 3 g — ¥y € Aut(Q).

Proof. At first, we characterize an element of Aut(Q). Let ¢ : Q2 [z:z:y|— [ : 2" : Y] €Q

be an element of Aut(Q), then ¢ is expressed by homogeneous polynomials
2l = amory™moz (x — y)mos (20 fo (2, 1)),
ol =gmuyme(z —y)™e (M fi1(1, 1)), (14.4)
y' = amyme (- y)"e (2 fo( 1, ),

mio +mi +my, +mis=d  (0<1<2),
mijEZZO (OSZSQ,OSJS?)),

where 2" f; are polynomials of x,y, z of degree m;p, and they are supposed to be not divided
by x,y or x — y.

Let us show that fy, f1 and f5 are constants. Factorize f; as
N;
fi(X,Y) = Hgij(XaY)
j=1

in C[X,Y], where g;; are irreducible polynomials. Because ¢(Q) C @, if [z : x : y] satisfies
filxz/z,y/z) = 0, then it also satisfies fo(x/z,y/z) = 0. Using Hirbert’s Nullstellensatz, we
can see that fy(X,Y) is divided by g¢1;(X,Y). Similarly, f1(X,Y) is divided by go;(X,Y).

Consequently, we have

fl/fO =cC] € (CX. (145)
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In the same way, we have
f2/fo =co € C*. (14.6)
Using (14.5) and (14.6), we rewrite (14.4) as
= Moo gmonymon (g yymos,
x' = cpZMogmitymz (g — g)Ms (14.7)

mai1 ma23

y' = cpMoamayma(z — y)

By the previous consideration, we can see that (2’ —y’)/2’ # 0 and 2'/(2' —y') # 0. Thus 2’ — ¢’

is factorized as

@ =y = cy2™I0 gy (g — )55 (14.8)

c3 € C*,  mgo+ ms1 + msz + ma3 = d.

Regard z’ and ¢’ as monomials of the variable z. Then z’ — 3’ is also a monomial of z, and we

have
mi1o = Moo = M30- (149)

Note that 2'/2’, 3//2" and (¢’ — y')/z’ have same degree as rational functions of X and Y.

This degree d’ is represented by
d' =ni +np+niz (ny €7),
where n;; 1= m;; —mo; (1 <14,5 <3). We set
q(i,j) == max(i,j) —j (i, € Z).
Using (14.7), we take factors x/z, y/z and (x — y)/z from (¢’ —y')/7" as

/ !/ / /

-y _ T Y _ (x)min(nn,nm) (y)min(nlg,nn) (J?—y

2! z

z

z

min(ni3,n23)
) X g (f 3) , (14.10)
2z

g()(7 Y) — Clxq(nlhnm)yq(nm,nm)(X _ Y)q(nls,n23) _ CQXtI(nzunn)Yt](nm,mz)(X _ Y)q(n23,n13),

2z

where ¢(X,Y) is a non-constant polynomial of X and Y. Because g(X,Y’) does not have non-

constant factors different from X,Y and X — Y, we can see that
In1; —nojl <1,
|11 — na1| + [n12 — nog| + [n13 — nas| = 2,
c1 = (71)”11771217162.

This means that among three equalities n11 = no1,n12 = noe and n13 = nNos, only one holds and
the rest do not. For example, if ny; = nay, then 2'/2" and y'/2’ are divided by (z/z)™!, and

(' —vy')/7’ is also divided. In this case, we can see

ng1 > N1 (Ra1 = ne1).
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For example, if ni3 > nag, then (¢’ —y’)/2’ is divided by (y/z)™22 but not divided by (y/z)"2.

Therefore, we can see
Nge = mMin(nig, noz) (N12 # naa).

Let us give conditions satisfying n; and ng;. Replace the role of (' —y')/z" in (14.10) by /2’
as

/ / !/ /

y T x — y (x>min(n11,n31) (y)min(’ﬂ12;n32) (:1‘,’ — y

z z

z

z

z! z!

)min(nlsﬂlw)

J(X,Y):= chq("ll’"31)Yq(”12’"32)(X _ y)Q(nlsanss) _ C3Xq("317n11)yq(n32’n12)(X _ y)tI(n337n13)_
Then we have
In1; —nsj| <1,
11 — na1| + [n12 — n32| + [n13 — na3| = 2,
cp = (—1)mmnai—les
from (14.7) and (14.8). We can see
naj >y (n1; = nsj),

n2j = min(nij, n3;) (n1; # nsj).

Let us give conditions satisfying ne; and ng;. Replace the role of (' —y’)/2z" in (14.10) by /7,

then we have
Ing; — naj| <1,
[n31 — na1| + [n32 — naa| + [n3z — nag| =2,
c3 = (—1)"817"21cy,
nyj 2 ng;  (ns; = ng;),
nyj = min(ng;, na;)  (nsj 7 nej).
We get the equalities
ci= (=17t = (=1)"2cy = (1) cs.

We rewrite (14.7) and (14.8) as

’

% — (_l)nll_lc(%)nll(ﬂ)n12(%)"13,

83

’

“E

— (_1)71216(%)7121(%)nzz(%)nm’ (1411)

P’

w/;y’ = (—1)"sre(Z)ner (Y)nez (2L ynss,

i+ nig +nig = d,
g —nii| <1 (1<i<k<3,1<j<3),

n1j+n2j —|—713j :3min(n1j,n2j,n3j)—|—1 (1 S] Sg)
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‘We show that
d = +1.

Let [1 :a' : V'] be the image of a point [1 : a : ba] in the line y = bx (b # 0,1) under ¢. Then

a', b’ are written by
a' = (—1)"11"tea™1 (ba)™2 (a — ba)™3 = (71)”11710(1‘111)"12(1 — b)™s,
b = (—=1)"ca" (ba)"2(a — ba)™® = (—1)"1ca® b2 (1 — b)"23,
If the inverse image of [1 : a’ : b'] under ¢ is unique, then it is necessary that |d'| = 1, because
o(1: 5@/\“ : 5f€d/\ba]) =[:a V] (0<k<|d]-1),

where €4 denotes the |d’|-th root 2™ —1/1d'] of unity.

Let us consider the uniqueness of the inverse image. We divide our consideration into two
cases whether the three images 2/, y’ and 2’ — ¢ in (14.7) and (14.8) have a common component
or not.

Case 1: 2/,9’ and 2’ — ¢’ have no common component. We define three curves

{[:2:y] €P?| 2’ =d2'},
{[z:2:y] €eP?|y =0V},
{[z:2:y] €eP?| V' =d'y'},

Z £ =~
i

in P2. If the map ¢ : Q — @ is isomorphic, then each of intersections L N M, LN N,M NN
consists of one point. From Bézout’s Theorem, if the map ¢ : Q — P? is isomorphic, then all of
L,M, N are lines. From the conditions (14.7) and (14.8),if [1:a:b] € Q, then [1:a’ : ¥] € Q.
It means that the map ¢ : Q — @ is isomorphic. As a result, we have

q(mi1, mj1) + q(miz, my2) + q(mas, mys) + q(mio, mjo) =1 (i # j, 0 <4, j < 2).
From the condition mig = mgg in (14.9), we can see that

Imi1 — mo1| + |mi2 — moa| + [mig —mos| =1,
|ma1 — mo1| + |mag — moa| + |mag — mos| = 1,
|ma1 — ma1| + |maa — maa| + |mag — maz| = 2, (14.12)

!
moo — myp = d',

Moo = Mio-

In case of d’ = 1, an isomorphism ¢; € Aut(Q) satisfying both (14.11) and (14.12) should be

[Z/ ol y/] _ (bl([z X y])7
a' ) T/z
— Ay , (14.13)
y' /7 ylz
cE (CX, Az e S.
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In case of d' = —1, an isomorphism ¢_; € Aut(Q) satisfying both (14.11) and (14.12) should
be

— By , (14.14)
y'/Z [y
ce CX, Bs e S.
Hence, we conclude that ¢ takes the form of (14.13) or (14.14) in this case.
Case 2: z’, 3/ and 2’ —1' may have common components. We will show that any transformation

satisfying (14.11) is expressed by a composite of transformations of the forms of (14.13) and
(14.14).

In case of d = 1, let a transformation
iz aiy) = 22’ 1y

satisfy the conditions (14.11). A transformation of the form of (14.13) can be regarded as a

permutation of —x, y and x — y. There is a transformation ¢§1) € Aut(Q)
Dy ) = [y,
such that the composite transformation ¢§1> o 1 becomes

5 = —o{ ) () (25,
%:C(%z)m(g)m%—l(%)ng’ (14.15)
2 y” (S ) (L)ne (2=Yynsa+1

n; = min(n;, nig, ny3) (1 < i< 3),

n1+n2+n3:d/—1:0.

In order to show that ¢(11) o 1 is a composite of transformations in Case 1, we choose transfor-

mations
T3 _ Zo
z1  xo’
45(71%([2’0 S Xo - yoD = [2’1 T :y1], ! ’
Yi _ 20 _ 20
z1  xo Yo’
2 20 __ 20
zo Wy xg
) ([20 = @0 < yo]) = [22 = 22 < 2, o
Y2 _ zo
22~ Yo’

in Aut(Q) of the form of (14.14). We define transformations ¢4, pnt by
pmr =90 00, ono =90V 003,
pn- =01 068, puy =057 0050,

where ¢(:11) and ¢(:12) are the inverses of qb(jz and (;5(72{, respectively. The transformations

Om+, Pnt are mutually commutative, and they satisfy

c(pm)™ 0 (pn) "2 = 6V 0 g1, (14.16)
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where (¢,,)" denotes @1 00 Ymy (N > 0) or Ypm_0-+ 0@, (n < 0). Because ©m+, Qnt
—_—— —_—

ntimes |n|times
and the inverse ¢§_1) of (;551) are in Aut(Q), o1 is in Aut(Q).
In case of d = —1, let a transformation

po1([zrzry)) =[ 2"y,
satisfy the conditions (14.11). We use the Cremona transformation ¢ee € Aut(Q)

Pere([20 : o yo]) = [ToYo : Yo20 : 20Z0),

which can be written in the form of (14.14). The composite transformation ¢ _1 0@y is expressed
by

z — (_1)n120(§78)n12+1(%)n11+1($0%y0 )n13’

Y = (—1)na2tle(Zo)neatl (o )naitl(Zo=Yo ynas (14.17)

z! Z0 Z0 zZ0
;c'z—/y' = (*1)”32+16(%)n32+1 (%)n31+1 ( ﬂcoz—oyo )n33’

(nig+ D)+ nan+1)+n3=1 (1<i<3).

This is one of transformations in (14.11) with d’ = 1. Thus ¢_ is in Aut(Q). Moreover, any
transformation in (14.11) is in Aut(Q), and any transformation in Aut(Q) is written as (14.11).
This transformation is represented by a composition of the forms of (14.13) and (14.14).

Next, we show that the map ¢ : G 3 g — ¢, € Aut(Q) defined by (14.3) is a group homomor-
phism. There are subgroups G1 := {(r,m,n, I5,1)|r € C*,m,n € Z}, Gy := {(1,0,0,s,1) | s €
S} and G == {(1,0,0, I5,t) |t € {£1}} of G. These groups are isomorphic to C* x Z?2, S3 and
{%1}, respectively. Note that for any element g = (79, mq, no, So,t0) € G, there uniquely exist
elements g1 = (rg,mo,no, I2,1) € G1, g2 = (1,0,0,s0,1) € G2 and g3 = (1,0,0,I2,t9) € Gs,
such that g = g3g291.

Let us consider the images ¥(G;) (1 <14 < 3). From (14.3), the image ¢ (g1) becomes r (¢, )™ o
(pn)™. Thus ¢(Gy) is the group

Hy = {r(pm)™ o (¢n)" |1 € C*,mo,ng € Z},

and the restriction ¥|g, of the map ¢ to G; is a group isomorphism. The images ¢, =
¥(1,0,0,01,1) and ¢,, = ¥(1,0,0,02,1) are

X, =-Y, Xo=Y - X,
0o (1: X:Y])=[1:X;:Y1], Yo([1: X :Y])=1[1: X5:Y5],

Yi=-X, Y, =Y,
respectively. Thus ¢(G2) is the group Hs := (¢s,, ¢s,) generated by ¢, and ¢,, and the
restriction |, is a group isomorphism. Let Hs be a subgroup of Aut(Q) generated by the
Cremona transformation. The element (1,0,0, s, —1) € G5 is mapped to ¢... by ¥, then the
restriction ¥|g, : G3 — Hs is a group isomorphism.

The map 1) satisfies the relation

Y(g) = ¥(g3) o ¥(g2) o P(g1)- (14.18)

I0)



In order to extend the group homomorphisms ¢|g, and v¥|q,, we define groups
Gi2 = (91,921 91 € G1,92 € G2), Hyg:= (hy,ha|hy € Hy,hy € Ha),

which are generated by G; and G2 and by H; and Ha, respectively. Any transformation in
(14.11) with d’ = 1 is in Hi2 by (14.16). Note that H; is a normal subgroup of His by relations,

Po1 ©Pm+ ©Poy = Pn—» Por ©Pm— ©Poy = Pn+s
Poy © Pnt ©Poy = Pm—; Poy ©Pn— ©Po; = Pm+;
Poa © Pm+ © Poy = Pm—, Pos © Pm— © Poy = Pm+4,

Pos © Pnt+ ©Poy = Pm+ 0 Pn+s  Poy ©Pn— 0 Poy = Pm— © Pn—,

where ¢, and ¢,, are of order 2. Using these relations, we have

P10y = 17900, © (Pm) ™ 0 (05)"1 72, [mll = 55! lmll , (14.19)
ny ny

where ¥ = 1195, © (Om)™ 0 (p,)" and o = ra2ps, © (©m)™2 o (¢n)™. This composition is
compatible with (14.2) in ¢, = 1 case. Thus the restriction ¢|g,, is a group isomorphism Gi to

Hys. Note that Hqs is a normal subgroup of Aut(Q) by relations,

d)cre O Pm+ © ¢c’r‘e = Pn+, ¢cre O Pm— © ¢cre = Pn—,
¢cre O Pn4 © (bcre = Pm+, (Z)cre O Pn— O ¢c7‘e = Pm—,
¢c7"e O Pg, © ¢cre = Qo1 d)cre O Py © Dere = PoloaBy © Pn—-

Using these relations, we have

_ 3 mg+m4 né+n4 mé o1 mg
P30 w4 = (7)¢cre O Pslsy © (‘pm) o (‘pn) ) ;| T 54 nlo (14'20)
T4 n3 n3

where s§ = 015301, m§ = nz + 0, (s3), nf§ = m3 + 0,(s3), Y3 = 13055 © (Pm)™ 0 (o)™ and
Yy = Pere ©T40s, 0 (Pm)™* 0 (pn)™. This composition is compatible with (14.2) in ¢, = —1 case.
Using (14.19) and (14.20), we can see

V(gags) = V(ga) ©V(9);  gas 9o € Aut(Q).

Hence 1 is a group homomorphism. Moreover, we have a series of normal subgroups
Hi<Hix <« Aut(Q)

Because ¢|q,, ¥|g, and 9¥|q, are isomorphic, the map ¢ : G — Aut(Q) is a group isomorphism.
O
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