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Abstract

One of the most important nuclear reactions in nuclear astrophysics is the triple-alpha

(4He) process which leads to the formation of stable carbon, the fourth most abundant

element in the universe. The first excited Jπ = 0+ state of 12C, the so-called Hoyle state,

plays an essential role in a triple-alpha (4He) reaction. Meanwhile, this triple-alpha

process may occur in weakly-coupled, thermal plasmas as encountered in normal stars.

The purpose of this thesis is to investigate the changes of the Hoyle state energy due to the

Coulomb screening in this weakly- coupled thermal plasma environment, which may affect

the triple-alpha reaction rate. We already know that if the Coulomb potential is screened

off, the repulsive force in this astrophysical environment would be less than that in a

vacuum. In such a condition that a two-alpha state becomes zero energy, we expect that

we would find a series of the Efimov 0+ states might appear below the Hoyle state. First,

we investigate the Coulomb screening effects on the energy shifts of the Hoyle state in

a weakly-coupled thermal plasma environment by precise three-body calculations within

the Debye-Hückel approximation. To reproduce the Hoyle state energy in a vacuum, we

employ a three-alpha model with two kinds of three-alpha potential. To take the Debye

screening in thermal plasmas into account, we use the Coulomb interaction modified in

the Yukawa form. By superposing the correlated Gaussian bases, we get the precise three-

body wave function of the three-alpha system. The energy shifts of the Hoyle state due

to the Coulomb screening are obtained as a function of the Debye screening length. We

find that our results are consistent with the conventional results based on the Coulomb

correction to the chemical potentials of ions that are regarded as point charges in a

weakly-coupled, thermal plasma. We have given a theoretical basis to the conventional

point-charge approach to the Coulomb screening problem relevant for nuclear reactions in

normal stars by providing the first evaluation of the Coulomb corrections to the Q value

of the triple alpha process that produces a finite size Hoyle state. Finally, we discuss

the existence of the Efimov states for the three-alpha system, which was suggested in the

literature. However, we did not find these states in our calculations. The Hoyle state is

still resonant state even two-alpha state becomes zero energy.
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Chapter 1

Introduction

1.1 Properties of Nucleus

1.1.1 Discovery of Nucleus

The central core of an atom that contains all the atom’s positive charges is called the

atomic nucleus. Ernest Rutherford discovered the nucleus in 1911, based on the 1909

Geiger-Marsden gold foil experiment. J. J. Thomson proposed the “plum pudding model”

of the atom before this experiment. In his model, Thomson proposed that an atom is

made up of electrons that are randomly spread within a sphere of positive charge. The

experiments were carried out by Hans Geiger and Ernest Marsden under the supervision

of Ernest Rutherford to prove this plum pudding model. Alpha particles from a radioac-

tive source are transmitted through a thin gold foil with a thickness of 2.1 × 10−7m in

this experiment. If Thomson’s plum pudding model was true, Rutherford reasoned, the

positively charged alpha particles would easily pass through the gold foil with very little

deviation in their paths. However, they discovered that many alpha particles were de-

flected at very large angles. It was concluded that an atom has a highly dense central part

where practically all of the mass and all of the atom’s positive charges are concentrated

in a very small region. This central part of the atom is known as the nucleus.

1.1.2 Composition of Nucleus

The nucleus is composed of protons and neutrons. Protons and neutrons have a mass of

almost the same. However, a proton has one unit of positive charge (+e) but a neutron

has no charge. These protons and neutrons are called nucleons.

The atomic number Z represents the number of protons in the nucleus while N rep-

resents the number of neutrons. The total number of nucleons, A, is represented by

A = Z + N.
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The nucleus is represented symbolically by

A
Z X,

where, X represents the chemical element. For example, 12C represents the carbon nucleus

with six protons and six neutrons (12 nucleons).

1.1.3 General Properties of Nucleus

(i) Nuclear Charge

We have already known as nucleus contains protons and neutrons. So, the charge of

the nucleus is equal to the number of protons in the nucleus because neutrons have no

charges.

Nuclear charge = +Ze,

where, e = 1.6× 10−19 C.

(ii) Binding energy

The minimum energy required to separate a nucleus into its nucleons (protons and

neutrons) is known as nuclear binding energy.

BE(A,Z) = [Zmp + Nmn −M(A,Z)] c2,

where, mp and mn are the masses of the protons and neutrons respectively and Z and N

are the numbers of protons and neutrons respectively.

(iii) Nuclear Shape and Size

A nucleus is supposed to be nearly spherical in shape. The empirical formula for the

nuclear radius is R = r0A
1/3, where, A is the mass number and r0 = 1.2× 10−15m.

The volume of nucleus (V ) is given by

V =
4

3
πR3

(or) V =
4

3
πr3

0A.

(iv) Average Density

Average density (ρ) can be estimated by the ratio of nuclear mass to the nuclear

volume.

ρ =
nuclear mass

nuclear volume

=
(m× A)

4
3
πR3
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where, m is mass of one nucleon.

ρ =
3m

4πr3
0

.

Putting m = 1.66× 10−27 kg and r0 = 1.15× 10−15 m,

ρ = 2.7× 1017kg m−3.

This shows that the density of nucleus is very high and is almost independent with atomic

number A.

(v) Nuclear Spin

In a discrete quantized orbit, the proton and neutron are in continuous motion. This

orbital motion produces the nucleon with mechanical angular momentum ~l. Nucleons

have intrinsic angular momentum called spin, ~s in addition to orbital motion. They

posses angular momentum ~j, associated with orbital spin, ~j = ~l + ~s.
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1.2 Nuclear Force

1.2.1 Characteristic of Nuclear Force

We will be dealing with electromagnetic, strong, and weak interactions while dealing with

the structure, reactions, and decay of nuclei. The strong or nuclear force is the primary

force with which we should be concerned. In this section, we shall summarize some im-

portant features of the nuclear force.

Nuclear Force: : Inside the nucleus, the nuclear force (or nucleon-nucleon interaction)

is a force that binds protons and neutrons (nucleons) together. Jame Chadwick discov-

ered the neutron in 1932. Therefore, protons and neutrons composed the atomic nuclei.

Protons, on the other hand, have a positive charge while neutrons have none. As a re-

sult, there was an attractive force inside the nucleus that could overcome the repulsive

force between like-charged protons and bind protons and neutrons into a nucleus. This

attractive force is called nuclear force.

The nature of nuclear force has been researched by a large number of physicists. Many

experiments were carried out between 1930 and 1950 in order to better understand nuclear

force. Hideki Yukawa [1] was the first to attempt to describe the nature of nuclear force in

1934. The nuclear force was conceived to be transmitted via particles known as massive

bosons (mesons), according to his hypothesis. The Yukawa potential is a potential of the

form

VYukawa(r) = −g2 e
−µr

r
,

where, g is a magnitude scaling constant, ie., the amplitude of potential, µ is the Yukawa

particle mass and r is the radial distances to the particles. The constants are determined

empirically.

After Yukawa potential, the first semi-empirical quantitative models, such as the

Wood-Saxon potential [2], were suggested in the mid-1950s (1954). Following that, there

was significant progress in both experiment and theory.

1.2.2 Features of Nuclear Forces

Some key observations and/or features of nuclear force are written below.

The nuclear force is known to be very attractive, binding nucleons together to create a

densely packed nucleus. When the distance between nucleons is around 1 fm (Femtome-

ter), the nuclear force is very attractive. The attractive nuclear force is stronger than

the repulsive Coulomb force between protons at this distance. It is able to overcome the

repulsion of the protons in the nucleus. When protons are separated by more than 2 to

2.5 fm, Coulomb repulsion becomes the only relevant force between them. As the dis-

tance between the protons exceeded 2.5 fm, the attractive force began to rapidly decrease.
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Experiments with the scattering of high-energy particles from nuclei have revealed that

the nuclear force contains a repulsive core. The nuclear force becomes repulsive at small

nucleon separations (less than 0.7 fm). The total binding energy of the nucleus is just

proportional to the number of nucleons. This fact indicates the short range nature of the

nuclear force. Each nucleon only interacts with its nearest neighbours, therefore it sees

the same environment regardless of the number of nucleons at a larger distance. As a

result, the nuclear force is saturated. Another property of the nuclear force between two

nucleons is charge-independent. So, the strong interaction between two protons, two neu-

trons, or between a proton and a neutron is almost the same. Nucleon-nucleon scattering

and the binding energies of light nuclei provide evidence for the charge independence of

nuclear forces.

The deuteron is the simplest bound nuclear system, consisting of a neutron and a

proton. The deuteron has a quadrupole moment of 0.00286 barns (0.286 fm2), indicating

that it is not exactly spherical and that the force between two nucleons is not spherically

symmetric. Formally, the force between two nucleons is divided into two parts: a spheri-

cally symmetric central force and an asymmetric tensor force that depends on the angles

between each nucleon’s spin axis and the line connecting them.

It is reasonable to assume that the ground state of the deuteron, like the ground state

of the hydrogen atom, has zero orbital angular momentum. Because the total angular

momentum is one unit of h̄, it follows that the spin angular momentum is one unit of h̄,

implying that the proton and neutron spins are parallel. The conclusion is that if two

nucleons’ spins are antiparallel, they are not bound together, which is compatible with

the fact that there are no proton-proton or neutron-neutron bound states. The Pauli

exclusion principle forbids the bound parallel spin state in the case of identical particles.

So the nuclear force is spin-dependent. These are some important features of nuclear

force.

8



1.3 History of α-cluster

Nuclear clustering is one of the most interesting and important aspects of many-body

dynamics, and it may be seen in a wide range of physics systems. Clustering has long

been thought to play an important role in the structure of the ground and excited states of

N =Z nuclei. The saturating two-nucleon force and the Pauli exclusion principle enhance

the cluster formation in nuclear systems, particularly in light nuclei. The cluster models

predict that some of the observed energy levels can not be explained by free nucleons

interacting with each other, but rather by the nucleons clumping together into clusters,

and it is mainly the clusters that interact with each other.

Because of the unique characteristics of α-clusters, or 4He nucleus, which are made up

of two protons and two neutrons, α-clusters are the most important and fundamental of

the clusters. It is exceptionally stable with a binding energy of 7.07 MeV/nucleon. Cluster

structures in nuclei have been researched for a long time, dating back to the discovery of

the neutron. Following Gamow’s α-decay hypothesis [3], it was only reasonable to look

into a model in which nuclei are made up of α-particles. Gamow explained a very detailed

theory of the properties in his book “Constitution of Nuclei” [4], which was published in

1931. He hypothesized that 4n-nuclei like 8Be, 12C, 16O, and so on, were composed of

α-particles while protons and electrons as well as α-particles made up the other nuclei.

He also recognized that the nuclear ‘electrons’ had peculiar properties and wrote:“For

some unknown reason, although the electrons in the nucleus behave in a peculiar and

obscure way, this does not affect very much the laws governing the motion of the nuclear

α-particles and protons; we can treat nuclear processes involving only α-particles and

protons independently of the nuclear electrons”.

Hafstad and Teller [5] published “The alpha-particle Model of the Nucleus” in 1938,

establishing a simplified theory based on the special properties of the so-called alpha-

conjugate nuclei, of which the stable ones are 12C, 16O, 20Ne, 24Mg, 28Si, 36Ar and 40Ca.

Ikeda and colleagues proposed a threshold picture, which is shown in Fig. 1.1, for the

appearance of cluster states thirty years later [6]. Ikeda has proved to be very powerful in

identifying situations in which cluster structure can be observed. This diagram illustrates

possible cluster structures that could exist in excited states of light nuclei, and it proposes

that particular clusters will emerge at excitation energies near the corresponding decay

threshold. Indeed, some rotational bands or states for the low-excitation-energy region

in light α-conjugate nuclei can be easily understood from the view of cluster structures,

whereas they are difficult to explain from the shell-model picture.

Resonating group method (RGM) [7, 8], generator coordinate method (GCM) [9],

orthogonality condition model (OCM) (semi-microscopic cluster model) [10] and macro-

scopic cluster model, which takes into account the effect of the antisymmetrization and

Pauli principle, are four important and representative cluster models. These models have

successfully reproduced several experimental data related to clustering in 4n light nuclei.
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Figure 1.1: Ikeda diagram
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1.3.1 three-alpha system (12C)

The structure of the 12C spectrum has been one of the most interesting phenomena in

nuclear physics in recent decades (see Refs. [11, 12, 13] ). Understanding nucleosynthesis

in normal stars [14, 15, 16, 17], where 12C is formed in the fusing of three 4He nuclei (α

particles) through the formation of the 8Be resonant state as an intermediate state [18],

requires an accurate description of the production process of the 12C element, which is

one of the most abundant elements.

In 1939, Bethe had concluded that the formation of 12C from the collision of three

α-particles within stars was highly improbable, concluding that a temperature some 50

times higher than that known within stars such as the Sun was required [19]. Öpik took

the first significant step forward in 1951 who recognized that elevated temperatures were

possible in stars in the red giant phase [20]. In 1952, Salpeter [18] suggested that rather

than the direct simultaneous capture of 3-α particles, a sequential process is preferred

4He + 4He→ 8Be

8Be + 4He→ 12C + γ.

Figure 1.2 shows the schematic of the decay process by which 12C is formed from the

radiative 8Be + 4He capture. However, because of the low density of 8Be, triple-α reaction

has a very low rate. Then Hoyle claimed that, in order to explain the measured abundance

of carbon in the universe, this reaction must take place through a hypothetical 12C

resonance, strongly enhancing the cross section. Hoyle suggested that this resonance is

a Jπ = 0+ state at Eγ = 0.4 MeV. Subsequent experiments indeed found a 0+ resonance

in 12C in the predicted energy region. It is the second 0+ state (0+
2 ) and the second

excited state of 12C. This state, which is called the Hoyle state [21], was experimentally

confirmed soon afterwards [22] and has been believed to play an essential role in increasing

the production rate of 12C.

The ground state of 8Be being unbound to decay to two α-particles by 92 keV, as

indicated in the Ikeda diagram shown in Fig. 1.1 [6], may have a well-developed α-cluster

structure. As shown in the Ikeda diagram, the 8Be + α decay threshold, or equivalently 3α

decay threshold (7.274 MeV), would allow the internal excitation energy to be transformed

into the binding energy of the clusters. This raises the idea that the optimal conditions

for the transformation of the 12C nucleus into a sub-structure of three-α particles exist

close to the region occupied by the Hoyle-state. In other words, the fact that the Hoyle-

state has a three α-cluster structure could explain why it exists at an energy just above

the α-decay threshold. In turn, it is the link between the clustering and threshold which

is the remarkable coincidence that lies behind the origin of the abundance of 12C.

The structure of the ground and excited states of 12C nucleus has been studied using

microscopic, macroscopic, and semi-microscopic cluster models. In particular, the mi-

croscopic 3-α calculation was performed within the resonating group method (RGM) by

Kamimura [7, 8] and within the generator coordinate method (GCM) by Uegaki [9]. For

11



the ground state of the 12C and some excited states, both calculations yield reasonable

results. These models’ wave functions, on the other hand, are complicated to handle.

The 12C nucleus was also studied using macroscopic models. Clusters are treated as

structureless particles in these models, interacting through local potentials to reproduce

the experimental α-α phase shift. However, α-α potential is not local due to the antisym-

metrization. Furthermore, any reliable results on the structure of low-lying states of the
12C nucleus required a precise elimination of the Pauli-forbidden states. Ref. [10] intro-

duced the Orthogonality Condition Model (OCM) as an approximation of the resonating

group method and used it to investigate the 3-α structure in 12C. In OCM, the inter-

cluster wave function is required to be orthogonal to the forbidden states and, thus, the

later states are completely removed from the wave function. In 2-cluster systems, OCM

permits only eigenfunctions of the antisymmetrization operator to be obtained, rather

than eigenvalues, which enter the Schrodinger equation and so affect the dynamics of the

cluster system. As a result, a part of exchange effects is absent in OCM, even though

it may be essential, particularly in 3-cluster systems. This is supported by the fact that

the lack of binding energy of 12C is observed in OCM compared to RGM calculations.

Our present work aims to explore the Coulomb screening effect of the 0+
2 state in 12C.

So in the next section, we will introduce the Hoyle state of 12C.

12



Figure 1.2: Schematic of the decay process by which 12C is formed from the radiative 8Be

+ 4He capture.
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1.3.2 Hoyle state of 12C

The so-called “Hoyle state”, which is a prototype of α cluster states in light nuclei, plays

a prominent role in a nuclear structure. The fact that this state is extremely near the

three-α threshold, and that the α particle is strongly bound to make it probable. As a

result, the wave function of 0+
2 contains a dominant three-α clustering nature. In several

macroscopic and microscopic three-α models, the low-lying states of 12C, including 0+
2 ,

are investigated. In fact that the Hoyle state plays a crucial role in nucleosynthesis

and may have a cluster-type structure that is linked to the nature of strong interaction,

implying that there is a connection between the observed abundance of 12C at every level.

Therefore, the Hoyle state has become a benchmark for nuclear astrophysics, nuclear

structure, and nuclear forces. It is undeniable that understanding the nature of this state

may, in principle, solve many problems simultaneously. The Hoyle state has even been

used to constrain the running light quark masses [23]. It is also possible that the bosonic

nature of the α-particle indicates that the Hoyle state is associated with nuclear matter,

where the important degree of freedom is bosonic rather than fermionic–similar to an

atomic Bose-Einstein Condensation (BEC) [24]. So the studying of the Hoyle state of
12C is very important for nuclear structrue. In our thesis, we will also study the changes

of Hoyle state energies due to the Coulomb screening in thermal plasma environment.

1.3.3 Coulomb Screening in thermal plasma environment

According to Ref. [25], X-ray bursting occurs as a result of a thermonuclear explosion

in a neutron star’s accreted shell. A cold and dense plasma environment can be formed

in the outer layer of this X-ray burst. A plasma composed of helium ions and electrons

appears in this environment, which is shown in Fig. 1.3. In our thesis, we will use

this plasma environment to investigate the Coulomb screening effect on the Hoyle state.

Now we will explain what Coulomb screening is and how it impacts the triple-alpha

reaction rate in this plasma environment. The fully ionized plasma is obtained when the

environment reaches the temperature T ∼ 108 K and ρ ∼ 106 gcm−3. In this plasma, the

free electrons and helium ions interact via the Coulomb potential. When the two helium

ions approach each other with the possibility of engaging in a nuclear reaction, a screening

cloud (consisting of protons and electrons) surrounds each ion. Each helium ion could

be attracted by the electrons in this screening cloud. The helium ion would be repelled

by the protons. So Coulomb screening is caused by these two effects of the particles in

the screening clouds on the potential energy of the helium ion pair. The surrounding

degenerate electrons reduce the standard Coulomb potential between approaching ions

in the plasma to a screened potential. This Coulomb screening phenomenon can impact

the triple-alpha reaction rate.

Now we will go through the concept of screening energy in more detail. In 1954,

Salpeter [26] derived an expression for the enhancement of nuclear reaction rates due

14



to electron screening. In his paper, he explained the main points of the weak screening

and strong screening in plasma. However, we are only interested in the weak screening.

As a result, we will go over the conditions for weakly screening. Salpeter solved the

Poisson-Boltzmann equation for electrons and ions in plasma under the condition of

weak screening to get an expression for the screening energy. This expression is similar

to screening energy of the Debye-Hückel theory of dilute solutions of electrolytes [27],

Escreen =
4e2

λD

where, the Debye length, λD, is the screening length of a plasma at temperature T and

n is the number density. The Debye screening length is

λD =

(
kBT

4πe2(ne + 4nα)

)1/2

.

So, this screening length (λD) will be used in our thesis to investigate the Coulomb

screening effect. In the next chapter, we will explain the details of Debye screening length.
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Figure 1.3: Three-alpha particles in plasma environment
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1.3.4 Efimov effect in three-alpha system

The Efimov effect is a universal quantum phenomenon that can be found in many fields

of physics. Vitaly Efimov discovered an interesting effect in the quantum spectrum of

the three particles in 1970 [28, 29]. In his calculations, the particles interact through

short-range attractive interactions, implying that the interaction potential is dependent

on the separation between the two particles, r. This short-range attractive interaction

is nearly resonant, which means the attractive interactions can just barely support a

weakly two-body bound state. In this situation, Efimov pointed out that the two-body

interaction is said to be resonant when the scattering length of S-wave, |a|, is sufficiently

larger than the interaction range, l. This is because the two particles are scattered at

low energy during their collision, which is very close to binding. According to Efimov’s

paper [28, 29], when another particle is added to this two-particle system, the long-range

three-body force emerges. And beyond the range of interactions, this attraction may

support an infinite series of three-body bound states. These states are known as Efimov

states or Efimov trimers, wherein the three particles are bound at larger distances. The

particles going back and forth from one another explain the Efimov attraction. Efimov

attraction holds these particles together. A detailed explanation of the Efimov effect can

be found in Ref. [34].

Efimov proposed that the Hoyle state may be explained as a universal trimer of alpha

particles (i.e. helium nuclei, which are bosons) bound by the Efimov attraction in his

original papers [28, 29]. When electromagnetic interactions are turned off, it can be

thought of as an expansion around the limit; the 8Be ground state is exactly at the

threshold and displays conformal invariance. The Hoyle state in 12C would appear as

a remnant of an excited Efimov state in this situation. So in our calculations, we will

investigate this Efimov effect in Hoyle state by using the screened Coulomb potential.

The detailed calculations are explained in the next chapter.
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1.4 Motivation

In our thesis, we have done three main parts. Firstly, we calculate the energies of the

ground state and Hoyle state of 12C. We perform the precise three-body calculations with

the correlated Gaussian expansion to get the energies of 12C. In our calculations, we use

the macroscopic cluster model. The three α particles are considered as the structureless

point particles in this model. We use the two-body modified Ali-Bodmer (AB) potential

and three-α potentials to reproduce the empirical 8Be, ground state, and Hoyle state

energies [15]. After obtaining the energies of the 12C, we consider that if the Coulomb

potential is screened off, what will happen? To know this effect, firstly, we will consider

the plasma environment as encountered in a normal star that undergoes a stable burning

of helium. In this environment, we study the Coulomb screening effect on the Hoyle

state. We employ the same two- and three-α potentials to get the screened Hoyle state

energies of 12C. To understand the Coulomb screening effect on Hoyle state in a weakly-

coupled thermal plasma, we use the Coulomb interaction in the Yukawa form instead of

the standard Coulomb potential. This form is relevant as long as the Debye-Hückel ap-

proximation is valid. This approximation well explains the long-range Coulomb screening

in a weakly-coupled thermal plasma.

This screening reduces the Coulomb interaction between α particles and this astro-

physical environment would make it less repulsive than that in free space. We also search

the possible Efimov states [32, 33] for the three-alpha system due to the Coulomb screen-

ing effect. The works of Higa and Hammer based on the effective-field theory look into

the effect of the Coulomb interacts with alpha systems close to unitarity. It was con-

cluded that due to the nature of the Hoyle state, which appears as the three-α first

excited state, a series of the Efimov 0+ states might appear above the Hoyle state in

possible astrophysical environments where the two-α ground state energy would become

almost zero. In Ref. [34], the authors explain the above situation that excluding the

Coulomb repulsion, the nuclear force between the two alpha particles does not seem to

be resonant. So, the resonance condition may not be satisfactory. This would suggest

that the attraction between the alpha particles is directly due to the nuclear force rather

than the Efimov attraction. Another point is that even if the α-α interaction is resonant,

the Efimov attraction seems too weak to overcome the Coulomb repulsion and support

a resonant state at distances larger than the interaction range l. Therefore, only full

treatment of the three-body problem with short-range and Coulomb interactions could

shed some light on the hypothesis that the Hoyle state could become an Efimov state. To

explain this effect, we investigate the Efimov state in 12C by using the screened Coulomb

potential.

This thesis is organized as follows. The theoretical calculations of the three-alpha

system are explained in Chapter. 2. First, we explain how to construct the wave function

and the Hamiltonian of the three-alpha system. Then we describe the Coulomb screening
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correction to the Hoyle state energy in a weakly-coupled thermal plasma. This section

also discusses the validity of the screened Coulomb potential. In Chapter. 3, we show

the calculated results for the energy shifts of the Hoyle state due to the screening and

compare them with those based on the Coulomb correction to the chemical potential of

the point ions in the weakly-coupled thermal plasma. Conclusions are drawn in Chapter.

4.
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Chapter 2

Theoretical Framework

2.1 Screening correction to triple-alpha reactions in

the point-charge approximation

In this section, we will explain how to derive the Debye screening length and screening

correction to triple-alpha reactions in the point-charge approximation.

2.1.1 Debye screening length

We will explain what the Debye screening length is and how to calculate it using the

Gauss’ law [27]. The most important physics parameter for describing a plasma is the

Debye screening length. The Debye screening length is the distance over which charged

particles are able to screened out the electrostatic potentials. A charge in plasma attracts

the opposite charge and repels like charges. As a result, the charges it has attracted screen

its electric field. The particles outside the screening charges are unaware of the inside

charge’s presence.

Now, we will use the Gauss’ law to get the Debye screening length. In a system of

N different species of charges, the i-th species carries the charges qi and has the number

density ni. These charges are distributed in a continuous medium that is characterized

only by its relative static permittivity, εr. The Gauss’ law is satisfied by the electric

potential Φ(r) caused by the distribution of charges within this medium:

ε∇ · E =
N∑
i=1

qini, (2.1)

where ε ≡ εrε0, ε0 is the electric constant. And we have E = −∇Φ(r), so the Gauss’ law

becomes

ε∇2Φ(r) = −
N∑
i=1

qini. (2.2)

This is Poisson’s equation.
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The mobile charges not only help to establish Φ(r) but they also move in response to

the Coulomb force, qi∇Φ(r), that is present. We will assume that the ions and electrons

have the same temperature T and number density n for this calculation. So the number

density of the i-th charge species is described by the Boltzmann distribution,

ni = n0
i exp

(
−qiΦ(r)

kBT

)
, (2.3)

where, kB is the Boltzmann’s constant and n0
i is the mean number density of charge of

species i. The Poisson-Boltzmann equation is obtained by identifying the instantaneous

concentrations and potential in the Poisson equation with their mean-field counterparts

in Boltzmann’s distribution.

ε∇2Φ(r) = −
N∑
i=1

qin
0
i exp

(
−qiΦ(r)

kBT

)
. (2.4)

By assuming that the potential energy of the particles in the applied field is significantly

smaller than their thermal energy, we may reduce this second-order nonlinear differential

equation: qiΦ(r) � kBT . So we can solve the right hand side of Eq.2.4 by a Taylor

expanding the potential:

exp

(
−qiΦ(r)

kBT

)
≈ 1− qiΦ(r)

kBT
(2.5)

This approximation yields the linearized Poisson-Boltzmann equation

ε∇2Φ(r) =

(∑N
i=1 n

0
i q

2
i

kBT

)
Φ(r)−

N∑
i=1

n0
i qi (2.6)

which is also known as the Debye-Hückel equation. For electrically neutral systems, the

second term on the right-hand side vanishes. So the Eq.2.6 becomes

∇2Φ(r) =

(∑N
i=1 n

0
i q

2
i

εkBT

)
Φ(r). (2.7)

To solve the above second-order differential equation, we define K2 =
∑N
i=1 n

0
i q

2
i

εkBT
.

∇2Φ(r) = K2Φ(r). (2.8)

But ∇2Φ(r) = 1
r2

d
dr

(
r2 dΦ(r)

dr

)
. So we obtain

1

r2

d

dr

(
r2dΦ(r)

dr

)
= K2Φ(r) (2.9)

and this differential equation has the general solution

Φ(r) = A
e−Kr

r
(2.10)
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where, K =
(∑N

i=1 n
0
i q

2
i

εkBT

)1/2

. The Debye screening length is defined as

λD =

(
εkBT∑N
i=1 n

0
i q

2
i

)1/2

. (2.11)

For vacuum, we assumed that εr = 1. So the Debye screening length becomes

λD =

(
kB T

4πe2(ne +
∑

i niZ
2
i )

)1/2

, (2.12)

where Zi = qi
e

is the charge number of ions of species i.

We will study how the Coulomb screening impacts the energy shifts of the Hoyle state

in a weakly-coupled thermal plasma using this Deby screening length.

2.1.2 Screening correction to triple-alpha reactions in the point-

charge approximation

In this chapter, we will explain the Coulomb screening by following the conventional

approaches. In this calculation, we assume that all the ions involved, including a 12C

nucleus in the Hoyle state, are point charges. Then we estimate how much carbon is

produced via triple-alpha reactions as encountered in normal stars that undergo stable

burning of helium. In helium burning, the temperature T is of the order of or even higher

than 108 K and the mass density ρ is typically 103–106 g cm−3. So, in this environment,

the Hoyle state (C∗) occurs via two successive steps: Firstly, the two helium particles,
4He, fused and then 8Be resonant is formed (α + α→ Be). Secondly, this 8Be combined

with another 4He (α) particle again and 12C is obtained (Be+α→ C∗), where Be and C∗

denote the 8Be ground state and Hoyle state of 12C, respectively [47]. In our calculation,

we consider the Coulomb screening effect in weakly coupled-thermal plasma. Therefore,

we apply the Debye-Hückel approximation to account the Coulomb screening. The Debye

screening results in the Yukawa form of the Coulomb interaction among α particles,

which in turn acts to enhance carbon production [48]. For typical conditions considered

here, the thermal kinetic energy of α particles is much larger than the Coulomb energy

at interparticle spacing. And this is in turn dominant over the strong force two-body

potential and three-body potential , V 2α
ij and V 3α

123, at the same spacing.

There are two ways to evaluate such enhancement in the carbon production. The first

one is called a direct one. In this direct one, the difference in the Q value between the

screened and non-screened cases is obtained from the Coulomb energy of the point-like

Hoyle state and then is incorporated into the Saha prediction of the carbon production

dominated by the Boltzmann factor eQ/kBT [47]. Another is an indirect one. In this

indirect one, the Coulomb correction to the chemical potential of each component is

regarded as a point particle even for a nucleus in the Hoyle state. And this Coulomb

correction is calculated in the Debye-Hückel approximation and then is incorporated into
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the chemical equilibrium condition between three α particles and a nucleus in the Hoyle

state [48, 49]. Both approaches must give a consistent result for the enhancement in

the carbon production when our three-α system is sufficiently hot to become a weakly

coupled non-degenerate plasma that is charge neutral. Here, we note that the corrections

due to the electron Fermi degeneracy and/or the strong Coulomb coupling would make

the α-α Coulomb interaction deviate from the simple Debye-screened form [50].

For the first approach, we need to give the C value appropriately. In the case of the

Debye screening, λD(C−1) is the Debye screening length defined as

λD =

[
kB T

4πe2(ne +
∑

i niZ
2
i )

]1/2

, (2.13)

where ni and Zi are the averaged number density and charge number of ions of species i,

and ne is the averaged number density of electrons. Due to charge neutrality, ne =
∑

i Zini

is satisfied. By assuming that hydrogen is exhausted and that
∑

i niZ
2
i is dominated by α

particles (i = α), the value of λD can be estimated. The latter assumption is validated if

one notes the fact that under chemical equilibrium, nC∗ is proportional to eQ/kBT , which

is generally negligible. The value of λD is of the order of 103–104 fm in the range of T

and ρ as considered here.

Eventually, this Debye screening length, λD, determines the Coulomb corrections of

three α particles as

∆VC =
∑
j<k

4e2

rjk
e−rjk/λD −

∑
j<k

4e2

rjk
, (2.14)

where rjk is the distance operator between the jth and kth α particles. The expectation

value of ∆VC can be obtained in the present three-body calculations as ∆EC = 〈∆VC〉.
This ∆VC value gives rise to a decrease in the mass of the Hoyle state and hence an increase

in the Q value. We have already known that the distance between the fusion particles is

generally far shorter than λD. So, we obtain ∆EC by using the Taylor expansion with

respect to 〈rjk〉.

∆EC = −12e2

λD
+O (〈rjk〉) . (2.15)

Equation.2.15 explains that the increase in the Q value amounts to 12e2

λD
in the weak

screening limit and in the zero-size limit of the Hoyle state. In our calculation, we

consider that the number of electrons remains unchanged by the triple-alpha reaction.

And we do not consider the gamma decay of the Hoyle state (two-photon processes)

here because the lower-lying carbon states are not always described in terms of three α

particles.

For the second approach, we first write down the Helmholtz free energy density of the

system as

f = f0 + fDH, (2.16)
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where

f0 = nemec
2 +

∑
i

nimic
2

−nekBT

{
ln

[
2

ne

(
mekBT

2πh̄2

)3/2
]

+ 1

}

−
∑
i

nikBT

{
ln

[
gi
ni

(
mikBT

2πh̄2

)3/2
]

+ 1

}
, (2.17)

with the electron (i ion) rest mass me (mi) and the number of internal degrees of freedom

of i ions gi, is the ideal gas part of the free energy density, and

fDH = −(ne +
∑
i

niZ
2
i )

e2

3λD
(2.18)

is the lowest-order Coulomb correction to f0, i.e., the Debye-Hückel term appropriate for

a multi-component classical plasma. From this free energy density, one can derive the

chemical potential of electrons and of i ions.

Firstly, we will derive the chemical potential of electrons. So, the Helmholtz free

energy density of the electrons is

fe = nemec
2 − nekBT

{
ln

[
2

ne

(
mekBT

2πh̄2

)3/2
]

+ 1

}
− ne

e2

3λD

= nemec
2 − nekBT ln

[
2

ne

(
mekBT

2πh̄2

)3/2
]
− nekBT − ne

e2

3λD
(2.19)

The chemical potential for electrons is obtained as

µe =
dfe
dne

= mec
2 − d

dne

{
nekBT ln

[
2

ne

(
mekBT

2πh̄2

)3/2
]}
− kBT −

d

dne

{
ne

e2

3λD

}
(2.20)

We will derive the second term of the right hand side of Eq.2.20.

d

dne

{
nekBT ln

[
2

ne

(
mekBT

2πh̄2

)3/2
]}

=kBT
d

dne

{
ne ln

[
2

(
mekBT

2πh̄2

)3/2

n−1
e

]}

=kBT

{
ln

[
2

ne

(
mekBT

2πh̄2

)3/2
]

+ ne
d

dne
ln

[
2

(
mekBT

2πh̄2

)3/2

n−1
e

]}
(2.21)
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And ln (x−1) = − ln (x) , so the above Eq.2.21 becomes

d

dne

{
nekBT ln

[
2

ne

(
mekBT

2πh̄2

)3/2
]}

= kBT ln

[
2

ne

(
mekBT

2πh̄2

)3/2
]

− kBTne
d

dne
ln

[
2

(
mekBT

2πh̄2

)3/2

ne

]

We also apply d
dx

ln(x) = 1
x

and we get

d

dne

{
nekBT ln

[
2

ne

(
mekBT

2πh̄2

)3/2
]}

= kBT ln

[
2

ne

(
mekBT

2πh̄2

)3/2
]
− kBT (2.22)

Then we solve the final term of the right hand side of the Eq.2.20.

d

dne

(
ne

e2

3λD

)
=
e2

3

d

dne

(
neλ

−1
D

)
(2.23)

λD for the electrons is assumed as

λD =

(
kBT

4πe2ne

)1/2

and

λ−1
D =

(
kBT

4πe2

)−1/2

n1/2
e

Therefore, the Eq.2.23 becomes

d

dne

(
ne

e2

3λD

)
=
e2

3

d

dne

(
ne

(
kBT

4πe2

)−1/2

n1/2
e

)

=
e2

3

(
kBT

4πe2

)−1/2
d

dne
n3/2
e

=
e2

3

(
kBT

4πe2

)−1/2
3

2
n1/2
e

=
3e2

6

(
kBT

4πe2

)−1/2

n1/2
e

=
e2

2λD
(2.24)

We insert Eqs.2.22 and 2.24 into Eq.2.20.

µe =mec
2 − kBT ln

[
2

ne

(
mekBT

2πh̄2

)3/2
]

+ kBT − kBT −
e2

2λD
.

Finally, the chemical potential for electrons is obtained as

µe =mec
2 − kBT ln

[
2

ne

(
mekBT

2πh̄2

)3/2
]
− e2

2λD
. (2.25)
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Now, we will derive the chemical potential for i ions. The Helmholtz free energy

density of the i ions can be written as

fi =
∑
i

nimic
2 −

∑
i

nikBT

{
ln

[
gi
ni

(
mikBT

2πh̄2

)3/2
]

+ 1

}

−
∑
i

niZ
2
i

e2

3λD
.

The chemical potential of the i ions can be obtained from the derivative of the Helmholtz

free energy density.

µi =
dfi
dni

= mic
2 − kBT

d

dni

{
ni ln

[
gi
ni

(
mikBT

2πh̄2

)3/2
]}

− kBT −
d

dni

{
Z2
i

e2

3
niλ

−1
D

}
. (2.26)

Similarly, we will solve the second term of the right hand side of the Eq.2.26.

kBT
d

dni

{
ni ln

[
gi
ni

(
mikBT

2πh̄2

)3/2
]}

= kBT ln

[
gi
ni

(
mikBT

2πh̄2

)3/2
]
− kBT (2.27)

We will solve the last term of the right hand side of the Eq.2.26.

d

dni

{
Z2
i

e2

3
niλ

−1
D

}
= Z2

i

e2

3

d

dni

{
ni λ

−1
D

}
. (2.28)

For i ions, λD is

λD =

(
kBT

4πe2niZ2
i

)1/2

and

λ−1
D =

(
kBT

4πe2Z2
i

)−1/2

n
1/2
i .

Therefore, the Eq.2.28 becomes

d

dni

{
Z2
i

e2

3
niλ

−1
D

}
= Z2

i

e2

3

d

dni

{
nin

1/2
i

(
kBT

4πe2Z2
i

)−1/2
}

= Z2
i

e2

3

3

2

(
kBT

4πe2Z2
i

)−1/2

n
1/2
i

=
Z2
i e

2

2λD
(2.29)
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We will use Eqs.2.27 and 2.29. So the Eq.2.26 becomes

µi = mic
2 − kBT ln

[
gi
ni

(
mikBT

2πh̄2

)3/2
]

+ kBT − kBT −
Z2
i e

2

2λD

Therefore, the chemical potential of the i ions is

µi = mic
2 − kBT ln

[
gi
ni

(
mikBT

2πh̄2

)3/2
]
− Z2

i e
2

2λD
(2.30)

The last term on the right-hand side of Eq.2.30 corresponds to the Coulomb correction,

µCouli , to the chemical potential of i ions.

We then apply the chemical potentials given by Eqs.2.25 and 2.30 to the chemical

equilibrium condition for 3α↔ C∗.

3µα = µC∗ . (2.31)

Note that µe does not come in because the triple-alpha process involves no beta process.

If we consider the i ions are α particles, µi becomes

µα = mαc
2 − kBT ln

[
gα
nα

(
mαkBT

2πh̄2

)3/2
]
− Z2

αe
2

2λD
(2.32)

If i ions are C∗ (Hoyle state of 12C),

µC∗ = mC∗c2 − kBT ln

[
gC∗

nC∗

(
mC∗kBT

2πh̄2

)3/2
]
− Z2

C∗e2

2λD
(2.33)

And then we use the Eqs.2.32 and 2.33 with the chemical equilibrium condition, 3α↔ C∗.

So we get

3mαc
2 − 3kBT ln

(
gα
nα

(
mαkBT

2πh̄2

)3/2
)
− 3Z2

αe
2

2λD
=mC∗c2 − kBT ln

(
gC∗

nC∗

(
mC∗kBT

2πh̄2

)3/2
)

− Z2
C∗e2

2λD
(2.34)

(3mα −mC∗) c2 − 3Z2
αe

2

2λD
+
Z2

C∗ e2

2λD
=3kBT ln

(
gα
nα

(
mαkBT

2πh̄2

)3/2
)

− kBT ln

(
gC∗

nC∗

(
mC∗kBT

2πh̄2

)3/2
)

(2.35)
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And we use Zα = 2 and ZC∗ = 6.

(3mα −mC∗) c2 − 322e2

2λD
+

62e2

2λD
=3kBT ln

(
gα
nα

(
mαkBT

2πh̄2

)3/2
)

− kBT ln

(
gC∗

nC∗

(
mC∗kBT

2πh̄2

)3/2
)

(3mα −mC∗) c2 − 12e2

2λD
=kBT ln

(
g3
α

n3
α

(√
mαkBT√

2πh̄

)9
)

− kB T ln

(
gC∗

nC∗

(
mC∗kBT

2πh̄2

)3/2
)

(2.36)

We assume that Q0 = (3mα − mC∗)c2 is the Q value in the ideal gas limit, λi =√
2πh̄/

√
mikBT is the thermal de Broglie wavelength, and gC∗ = gα = 1. So, the Eq.2.36

becomes

Q0 +
12e2

λD
= kBT

{
ln

(
1

n3
α

1

λ9
α

)
− ln

(
1

nC∗

1

λ3
C∗

)}
Q0

kBT
+

12e2

λDkBT
= ln

(
nC∗λ3

C∗

n3
αλ

9
α

)
e

(
Q0
kBT

+ 12e2

λDkBT

)
=
nC∗λ3

C∗

n3
αλ

9
α

(2.37)

Finally, we obtain

nC∗ = n3
αe

Q0/kBTλ9
αλ
−3
C∗e12e2/λDkBT , (2.38)

In the absence of screening, Eq.2.38 reduces to the Saha prediction of the carbon pro-

duction. The Debye screening induces the factor e12e2/λDkBT via 3µCoul
α µCoul

C∗ = 12e2/λD,

which is consistent with the first approach that predicts an increase in the Q value by

12e2/λD in the weak screening limit.
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2.2 Three-α description of the Hoyle state

In this section, we describe how to obtain the three-α wave function.

2.2.1 Variational Principle

The variational method is one way to approximate the lowest energy eigenstate or ground

state as well as some excited states. This allows calculating the approximate wave func-

tions. The basis for this method is the variational principle (or) Ritz theorem. So, We

will briefly explain the variational principle.

Consider the ground state of some arbitrary system. The ground state wave function

ψ0 and E0 satisfy the Schrödinger equation

Ĥψ0 = E0ψ0. (2.39)

For an arbitrary function ψ of the state space, the expectation value (mean value) of H

in the state ψ is such that

〈E〉 =
〈ψ|Ĥ|ψ〉
〈ψ|ψ〉

≥ E0. (2.40)

Any approximation to the ground state wave function will yield an expectation value of

the Hamiltonian that is greater than or equal to the ground state energy. Equality is

satisfied only in the case that the approximate wave function is also a ground state wave

function.

By modifying ψ as ψ+ δψ and by omitting the higher order terms, the energy expec-

tation value becomes

〈ψ|ψ〉δE + Eδ (〈ψ|ψ〉) = 〈ψ|H|δψ〉+ 〈δψ|H|ψ〉
〈ψ|ψ〉δE = δ (〈ψ|H|ψ〉)− Eδ (〈ψ|ψ〉)

= 〈δψ|H − E|ψ〉+ 6 ψ|H − E|δψ〉. (2.41)

If δE = 0 for any infinitesimal δψ, the mean value E becomes stationary. Therefore,

〈δψ|H − E|ψ〉+ 〈ψ|H − E|δψ〉 = 0.

If δψ is chosen to be ε(H − E)ψ, where ε is an infinitesimal real number, the above

equation implies that the norm of the function (H − E)ψ is zero and thus the function

(H − E)ψ itself must be a null function, namely Hψ = Eψ. Therefore the mean value

E is stationary if and only if the state ψ from which E is calculated is an eigenstate of

H, and the stationary value E is the corresponding eigenvalue of the Hamiltonian. If the

guess is not exactly the right ground state wave function then it can be expressed as the

linear combination of complete set of Hamiltonian eigenstates. So, the linear combination

of a finite number of independent functions ψ(α) can be expressed as

ψ =
K∑
n=1

ciψ(αi). (2.42)
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Here, ci is an expansion coefficient and ψ(αi) is the trial wave function. The expectation

value E is given by

E =
c†Hc

c†Bc
, (2.43)

where, c is a K -dimensional column vector whose ith element is ci and c† is the Hermitian

conjugate of c.

The K ×K Hamiltonian and overlap matrices H and B are defined by

Hij = 〈ψ(αi)|H|ψ(αj)〉 , Bij = 〈ψ(αi)|ψ(αj)〉. (2.44)

The linear parameter ci can be determined by the generalized Ritz theorem. The condi-

tion that E is stationary with respect to an arbitrary, infinitesimal change of ci leads to

the generalized problem.

Hc = EBc , i.e.,
K∑
j=1

(Hij − EBij)cj = 0 (i = 1, ..., K) (2.45)

We therefore have i simultaneous secular equations in i unknowns. These equations can

also be written in matrix notation, and for a non-trivial solution (i.e. ci 6= 0 for all i),

the determinant of the secular matrix must be equal to zero i.e. |Hij − EBij| = 0. The

resulting algebraic equation can be solved to obtain the energies E.
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2.2.2 Variational calculation with correlated Gaussian expan-

sion

We will start by summarizing a variational approach that will be used to obtain a precise

solution of the three-body Schrödinger equation.

For the three-α system, the Hamiltonian is written as

H =
3∑
i=1

Ti − Tcm +
∑
i<j

[
V 2α
ij + V Coul

ij

]
+ V 3α

123, (2.46)

where, Ti is the kinetic energy operator of the ith α particle, and the center-of-mass

kinetic energy Tcm is appropriately subtracted. Detail explanation of the two-and three-

α potentials, V 2α
ij and V 3α

123, as well as the Coulomb potential V Coul
ij , will be given in the

next section.

The wave function of the three-α system can be expanded by a number (K) of sym-

metrized (S) correlated Gaussian basis function G as

Ψ(n) =
K∑
k=1

c
(n)
k SG(Ak,x). (2.47)

The set of coefficients (c1(n), ..., cK(n)), where n denotes a label of the state (n = 0, ..., K−
1) with n = 0 being the ground state, can be determined by solving the generalized

eigenvalue equation

K∑
j=1

Hijc
(n)
j = E(n)

K∑
j=1

Bijc
(n)
j , (2.48)

where

Hij = 〈SG(Ai,x)|H|SG(Aj,x)〉
Bij = 〈SG(Ai,x)|SG(Aj, x)〉

(2.49)

are the Hamiltonian and overlap matrix elements, respectively.

Here, the coordinate set x̃ = (x1,x2), where the tilde denotes the transpose of the

matrix, is taken as the Jacobi coordinates excluding the center of mass of the three-α

system x3. These three coordinates are defined as

xi =
3∑
j=1

Uij rj (i = 1, 2, 3), (2.50)

where, rj denotes the jth single-α coordinate, and

U =

1 −1 0
1
2

1
2
−1

1
3

1
3

1
3

 (2.51)
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is the transformation matrix of the 3-α system.

Finally, the correlated Gaussian basis function is defined by [30, 31]

G(A,x) = exp

(
−1

2
x̃Aijx

)
= exp

(
−1

2
A11x

2
1 −

1

2
A22x

2
2 − A12x1 · x2

)
(2.52)

A symmetric, positive-definite 2×2 matrix A defines each correlated Gaussian. The Gaus-

sian falloff parameters are related to the diagonal elements of the matrix A as 1/
√
Aii,

while the off-diagonal element controls the correlations among the different relative coor-

dinates. Because of analytical form of matrix elements, the correlated Gaussians have an

significant advantage. These matrix elements can be calculated very accurately and fast.

Another major advantage of correlated Gaussian is that the interparticle interaction can

be treated with equal prominence for all pairs of particles. This makes the correlated

Gaussian basis sets suitable for treating systems with attractive interactions that result

in strong interparticle correlations.

Under the interchange of identical particles, the wave function of the system must

have a proper symmetry. The symbol S stands for a symmetrizer, which ensures that

the basis function is completely symmetric with regard to any exchange of particles. One

of the key advantages of the correlated Gaussian is that its functional form is invariant

under any coordinate transformation, allowing us to easily manipulate exchanges of the

particles as needed for the symmetrization of the basis function.

The symmetrizer S is defined as S = (1/
√

(3!))
∑

P P . The permutation

P =

(
1 2 3

p1 p2 p3

)
of particle indices transforms the single-particle coordinate as ri → rpi :

Pr = TPr, (2.53)

where, the matrix TP is

(TP )ij = δjPi (i, j = 1, ..., 3). (2.54)

So, we superpose the six permutations among the three identical bosons, which may then

be described using an appropriate choice of the transformation matrix TP . The matrices

TP are given as follows in the case of three-α particles:

T
(

1 2 3
1 2 3

)
=

1 0 0

0 1 0

0 0 1

 , T
(

1 2 3
2 1 3

)
=

0 1 0

1 0 0

0 0 1

 ,

32



T
(

1 2 3
3 2 1

)
=

0 0 1

0 1 0

1 0 0

 , T
(

1 2 3
1 3 2

)
=

1 0 0

0 0 1

0 1 0

 ,

T
(

1 2 3
2 3 1

)
=

0 1 0

0 0 1

1 0 0

 , T
(

1 2 3
3 1 2

)
=

0 0 1

1 0 0

0 1 0

 .

When the wave function is defined in terms of the relative coordinates, the permutation

P induces a linear transformation of the relative coordinates as follows:

Px = TPx (2.55)

where, (TP )ij =
∑3

k=1 Uik(U
−1)pkj (i, j = 1, 2).

The permutation P acts on the correlated Gaussian as

PG(A,x) = G(P̃AP,x). (2.56)

Therefore, the symmetrization requirement on the trial function amounts to a simple

multiplication of the matrix P̃AP . This convenient property makes the correlated Gaus-

sian basis suitable for treating few-body systems accompanied by strong interparticle

correlations [35, 36].

The majority of the matrix elements, including Hij and Bij, can be calculated an-

alytically as functions of a set of variational parameters, i.e., the matrix elements Aij

for each basis [30, 31, 37], which are then optimized using the stochastic variational

method [30, 31]. In practice,the diagonal matrix elements of the matrix A are generated

as random numbers in the ranges of 0 < 1/
√
A11 < 20 fm and 0 < 2/

√
3A22 < 20 fm

so that the asymptotic wave function due to the Coulomb screening may be described

at large distances. The correlation among the particles is taken into account via the

off-diagonal matrix element A12, which is determined by defining the 2D rotation matrix

R(θ) with randomly generated rotational angles θ and multiplying it by the diagonal

matrix Dij = Aijδij as R̃DR.
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2.2.3 Potential terms in the three-α Hamiltonian

An effective potential between the α particles was studied phenomenologically or by

a resonating group method (RGM). In our calculation, we use the phenomenological

potential. For describing the two-body interaction V 2α
ij in Eq.2.46, we use the modified

Ali-Bodmer (AB) potential [38, 41]. The two-body modified Ali-Bodmer (AB) potential

is given by

V 2α
ij = vr exp

(
−
r2
ij

b2
r

)
− va exp

(
−
r2
ij

b2
a

)
, (2.57)

where vr = 125 MeV, br = 1.53 fm and va = 30.18 MeV , ba = 2.85 fm. Energy and

length are given in units of MeV and fm, respectively. The original Ali-Bodmer potential

is l dependent. But we ignore the l dependence and we use only the S-wave potential for

all partial waves.

The Coulomb potential is expressed as

V Coul
ij =

4e2

rij
. (2.58)

In this work, the mass m of the α particle is defined as h̄2/m = 10.5254 MeV fm2 and

the charge constant is e2 = 1.4399644 MeV fm.

Finally, we will consider the three-α potential V 3α
123. We use the three-α potential V 3α

123

from Ref. [15]. The V 3α
123 is

V (ij) = −5.33 exp

(
−

r2
ij

2.582

)
. (2.59)

By applying these potentials, we calculated the ground state and Hoyle state of the

three-α system. And then we compared our results with Ref. [15]. After calculating the

energy values of the three-α particles, we calculated the energies of the Hoyle state with

the Coulomb screening effect. Next section, we will explain the potential terms in the

three-α Hamiltonian with the Coulomb screening factor.
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2.2.4 Potential terms in the three-α Hamiltonian with Coulomb

screening factor

We assume the α particle is an inert point boson to describe V 2α
ij in Eq.2.46 not only in a

simple form but also to reasonably reproduce low-energy α-α scattering data. There are

several versions of the potential models that can be constructed under such an assumption

(see,e.g., Refs. [38, 39, 40]). The modified Ali-Bodmer (AB) potential [38, 41] is used in

this study, and it is designed to provide the S-wave 8Be (0+
1 ) resonance position Er with

88.84 keV [15], which is near to the empirical value of 91.8 keV [42]. The explicit form

of the potential is given by

V 2α
ij = vr exp

(
−
r2
ij

b2
r

)
− va exp

(
−
r2
ij

b2
a

)
, (2.60)

where vr = 125 MeV, br = 1.53 fm and va = 30.18 MeV , ba = 2.85 fm. And the energy

and length are given in units of MeV and fm, respectively, and rij ≡ |ri − rj|.
To account for the Debye screening in thermal plasmas, we use the Yukawa form to

substitute the bare Coulomb potential between point charges located at ri and rj:

V Coul
ij =

4e2

rij
exp (−Crij) . (2.61)

The parameter C represents the inverse of the length of the Coulomb screening. We

mention in passing that the charge form factor of an α particle, f , can be incorporated

into Eq.2.61 for more realistic calculations:

V Coul
ij =

∫
d3ui

∫
d3ujf(ui)f(uj)

4e2

|(ri + ui)− (rj + uj)|
× exp (−C|(ri + ui)− (rj + uj)|) , (2.62)

where the integral of f over the whole space is set to unity. To include such a finite-size

effect in the three-α system, it is reasonable to assume the Gaussian charge form factor

for the α particle, leading to the explicit form of the Coulomb potential,

V Coul
ij =

4e2

rij
erf(κrij) exp (−Crij) , (2.63)

with κ = 0.6014 fm−1 [15]. We will use Eq.2.63 unless otherwise noted.

Finally, we consider the three-α potential, which occurs naturally as a result of the

internal structure of each α particle. This potential must be considered because it is well

known that the empirical energies of the states close to the three-α threshold are not

well reproduced from the two-α potential alone [43]. As was done in Ref. [15], one can

introduce a simplified potential among three point α particles in the form of

V 3α
123 = vr exp

(
−R

2

b2
r

)
− va exp

(
−R

2

b2
a

)
(2.64)
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with R2 ≡
√

3
∑3

i=1(ri − x3)2 =
√

3
2
x2

1 + 2√
3
x2

2. We use two types of three-α potentials

to see the model dependence. One is a potential with only an attractive term [15]; the

parameters are set to vr = 0, va = 152.2 MeV, and ba = 2.58 fm (Set 1) to reproduce

the empirical Hoyle state energy in vacuum. We note that, as given in Ref. [17], not

only is the experimental charge radius of the 12C ground state well reproduced from this

Hamiltonian, but also the calculated Hoyle state radius is consistent with other cluster

model calculations as well as the results obtained by the Tohsaki-Horiuchi-Schuck-Röpke

wave function [44]. The other contains a repulsive term, which reasonably occurs given

the Pauli principle among three α particles composed of nucleons [45, 46]. We set the

parameters as vr = 48.0, br = 1.20 fm, va = 134.0 MeV, and ba = 2.66 fm (Set 2), to

produce a completely different version of the three-α potential while roughly keeping the

reproducibility of the empirical Hoyle state energy in vacuum. We expect some difference

in the spatial scale of the Hoyle state in vacuum due to the difference in the structure of

these two models for the three-α potential, which may lead to a difference in the energy

of the Hoyle state at nonzero C in such a way that the larger the scale, the stronger the

Coulomb screening.

The physical constants that we employ in this thesis are h̄2/mα = 10.5254 MeV fm2

and e2 = 1.43996 MeV fm, where mα is the mass of an α particle in vacuum.
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Chapter 3

Results and Discussions

In this chapter, firstly we will discuss the results of three-α system. Then, we proceed

to exhibit the numerical results for the energy and size of the Hoyle state in weakly

coupled thermal plasmas. The former will then be compared to the previous section’s

point-charge prediction of the Q value shift.

3.1 Coulomb screening effects on the three-α system

The ground state of 12C corresponds to the lowest-energy state (n = 0) in the current

Hamiltonian framework ( 2.46), while the Hoyle state emerges as a resonant/bound ex-

cited state. Because the Hoyle state’s decay width is small, such a resonant state can

be regarded as a bound state [51, 52, 53]. The ground state energy of 8Be in the two-α

system is obtained as 88.8 keV. The energies of the 12C ground state and the Hoyle state

with the Set 1 Hamiltonian (C = 0) are −9.40 and 0.349 MeV, respectively, which are

consistent with the results of Ref. [15], while the energies of the ground state and the

Hoyle state with the Set 2 Hamiltonian (C = 0) are −8.99 and 0.475 MeV, respectively.

The energies of the screened Hoyle state and the ground state of 8Be with respect to

the three-α threshold, EC∗ and EBe, are plotted as a function of the Coulomb screening

factor C in the Fig. 3.1. The Hoyle state energy drops as the Coulomb screening factor

C increases, eventually approaching the three-α energy calculated in the Hamiltonian

without the Coulomb term. Now we will search the Efimov state for the three-alpha

system. The existence of resonant two-body forces is the fundamental condition for

Efimov states. A system of the three particles with resonant two-body interactions may

form bound states, the so-called Efimov states or Efimov trimers. When C = 0.0162

fm−1, EBe becomes ∼ 10−5 MeV, indicating that the criterion for the appearance of

the Efimov state has been met. Despite this, we find that the Hoyle state is still in a

resonance state for both Hamiltonians with EC∗ = 0.082(0.210) MeV for Set 1 (Set 2),

ruling out the possibility that the Hoyle state is bound by the Efimov attraction. Beyond

C∼ 0.05 fm−1, the Hoyle state becomes a bound state, with an energy lower than the 8Be
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one, and the asymptotic energy (C = ∞) calculated with Set 2 is −3.62 MeV, slightly

higher than that calculated with Set 1 (−3.89 MeV), because Set 2 includes the repulsive

component in the three-α potential. The Debye-Hückel approximation is not valid in

this case because the screening is too strong. We can also see that the behavior of the

energy shift at small C is unaffected by the choice of the three-α potential, which will be

discussed quantitatively later in this section.

We calculate the root-mean-square (rms) pair distance defined by d(n) =
√
〈ψ(n)|x2

1|ψ(n)〉
to investigate more details of the correlated motion of the three-α system. Figure. 3.2

plots the results for the rms pair distance of the Hoyle state as a function of C, together

with those of the ground state of 8Be for comparison. Although the wave function cal-

culated here well reproduces the empirical energy and decay width of 8Be [15], we note

that a significantly large rms pair distance 6.3 fm of 8Be is obtained as compared to

the ab initio calculation 4.8 fm [54]. Due to the stronger binding in the three-α system,

the rms pair distance of the Hoyle state with Set 1 Hamiltonian is much shorter than

that of the 8Be ground state as long as C is small. The rms pair distance of the 8Be

ground state coincides with that of the Hoyle state at a critical C where the Hoyle state

becomes bound. Set 2, on the other hand, gives the Hoyle state with a pair distance that

is longer than not just the quantity calculated from Set 1, but also the 8Be result for any

positive C. The repulsive component of the three-α potential in Set 2 is responsible for

this behavior. In fact, at C =∞, the rms pair distance of the 8Be ground state becomes

4.75 fm, but the rms pair distance of C∗ is 4.75 fm for Set 1 and 4.92 fm for Set 2. In the

case of C = 0(C = ∞), such repulsion also increases the rms radius of the Hoyle state,

which is 3.43 (2.74) fm for Set 1and 3.71 (2.84) fm for Set 2, respectively, measured from

the center of mass of the system.
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Figure 3.1: Energy of the screened Hoyle state of the three-α system calculated with

respect to the three-α threshold as a function of the screening factor C. The result for

the screened ground state of 8Be is also plotted for comparison.

Figure 3.2: Root-mean-square (rms) pair distances of the screened Hoyle state and of the

screened 8Be ground state calculated as a function of the screening factor C.
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3.2 Screening-induced enhancement of carbon pro-

duction

Consider the case where the value of C is set to λ−1
D , which is the inverse of the Debye

screening length (Eq. 2.13). λD is useful in a plasma where all the constituents (ions and

electrons) behave like a nearly ideal thermal gas. The Fermi degeneracy, for example,

can play a role in modifying the current description of the screening correction to the

Coulomb interaction, as proposed in Sect. 2.1.2, at the highest density of interest here.

Then, taking into account the Hoyle state’s spatial structure, which was precisely

evaluated in the previous subsection, we reestimate the screening-induced enhancement

of carbon production in normal stars. We apply the same logic as the direct approach

mentioned in Sect. 2.1.2 to do this. We simply substitute EC∗(C) for Q and estimate

the screening-induced Q value shift and enhancement factor as ∆Q(C) = EC∗(C = 0)−
EC∗(C) and e∆Q(C)/kBT , respectively, instead of using the zero-size limit as in Sect. 2.1.2.

Finally, we compare the Q value shift owing to the screening, ∆Q(C), to the conven-

tional prediction, 12e2/λD, for point charges. We present such a comparison in Fig. 3.3

by treating C as λ−1
D . The three-α potential and the size of the Hoyle state do not affect

the ∆Q values produced. The results for both Set 1 and Set 2 agree with the conventional

prediction in the limit of C → 0, as they should. Such an agreement appears to exist for

typical λD. We also evaluate ∆Q(C) using the three-α calculations with the point-charge

Coulomb potential of Eq.2.61 and find that the results are almost equivalent to those in

Fig. 3.3.

Despite such a good agreement, the screening-induced Q value shift between the

finite-size and zero-size cases of the Hoyle state must differ. This difference is expected to

depend on the model used for the three-α potential, as explained in Sect. 2.2.4, because

the two models give an appreciable difference in the prediction of the spatial scale of the

Hoyle state as shown in Fig. 3.2. However, using the present ∆Q(C) results with the

Yukawa form of the Coulomb potential to estimate the difference in the Q value shift, may

be inappropriate because the Debye-Hückel approximation holds only for a description of

the long-range Coulomb screening even in the weak coupling and classical limit. Indeed,

within this approximation, the radial distribution function, g(r), for α particles, i.e., the

probability of finding another α particle at a distance or r from the origin at which an α

particle is already located, is known to be negative near r = 0 and hence unphysical [55].

In the case of triple-alpha reactions, the fusing α particles are inevitably located near the

partner. As a result, the short-range spatial correlation must be appropriately considered.

Here we estimate such an effect on the present Q value shift. To do so, it is convenient

to note that for thermal plasmas one can generally express g(r)e4e2/rkBT in a power series

of r2 near r = 0 [56]. Then it is reasonable to define the effective potential w(r) between
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two α particles via g(r) = e−w(r)/kBT . According to Ref. [57], w(r) can be expanded as

w(r) =
4e2

r
− 4e2

λD
+

1

4

4e2

aα
[
r

aα
]2 +O(r4) (3.1)

with aα = (3/4πnα)1/3. The second term on the right-hand side corresponds to−(2µCoul
α −

µCoul
Be ), i.e., the conventional point-charge prediction of the screening-induced Q value shift

for α+α→ Be under chemical equilibrium 2α↔Be, while the third term comes from two

closely separated α particles in the uniform electron background. For typical separation

as depicted in Fig. 3.2 as well as for typical T and ρ, the ratio of the third to the second

term is only of the order of 10−7. The use of w(r) instead of the Yukawa potential

in Eq.2.14 would thus reproduce the screening-induced Q value shift of the triple-alpha

process in the point-charge approximation, 12e2/λD, while adding an O(10−7) correction

due to the finite-size effect of the Hoyle state.

This means that the difference in such a Q value shift between the two models for

the three-α potential would also be negligible. We remark in passing that in the present

estimate of the terms beyond the second one in Eq.3.1, possible corrections due to the

electron screening, the strong force potential V 2α
ij , and the quantum nature of fusing α

particles are ignored.
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Figure 3.3: Screening-induced Q value shifts of the Hoyle state calculated as a function

of C via ∆Q(C) = EC∗ (C = 0) − EC∗ (C). The dashed line denotes the logarithm of

the screening-induced enhancement factor with λD being identified with C−1.
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Chapter 4

Conclusion

In our thesis, we have calculated the Coulomb screening correction to the Q value of the

triple-alpha process in weakly-coupled thermal plasmas. In our calculations, we employ

the precise three-alpha wave function within Debye-Hückel approximation. For Coulomb

screening, we use the screened Coulomb potential instead of the bare Coulomb potential.

Firstly, we find that our obtained results are well in agreement with the results obtained

from the conventional point-charge analysis. The conventional point-charge analysis gives

a very good estimate of the screening-induced Q value shift in normal stars that undergo

stable burning of helium. Finally, we also investigate the conjecture made in Ref. [32, 33]

that the Hoyle state could emerge from the Efimov state. But we do not find these states

with our three-body calculation within the Yukawa form of the Coulomb potential. There

has recently been experimental proof that there is no Efmiov effect in 12C [58]. In this

paper, they did not find any evidence fot the Efimov states in 12C.

Many questions nevertheless remain. It would be simple to perform the same type

of three-body calculations using a more realistic situation, such as the effective Coulomb

potential (Eq.3.1) rather than the Yukawa potential (Eq.2.14). In the future, we want

to extend this work to explore the existence and stability of the three-alpha system in

different astrophysical environments as may be encountered in X-ray bursting accreting

neutron stars.
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