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Abstract

We propose an abstract framework describing energy-renormalized Hamiltonians in terms
of local algebras. Within the framework, we examine the positivity improvingness of the
semigroup generated by the renormalized Hamiltonian. As examples, we discuss the renor-
malized Nelson Hamiltonian and the renormalized Nelson Hamiltonian at fixed total mo-
mentum. The characteristic features of our approach are as follows: (i) in contrast with the
probabilistic approach in the Schrédinger representation, our method works well in the Fock
representation; and (ii) the method covers the massless case.
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1 Introduction

Let us consider the Nelson model which describes a system of a single quantum mechanical
particle coupled with a scalar bose field:

1 15 (k
HNelson,/@ = _*Aac -V - g dk BR( )

2 r3  +/e(k)

where A, is the Laplacian on L?(R3, dx), V is a confining potential and x is the position operator
of the particle. In the remainder of this section, we assume that V € L?(R3, dz) + L™ (R3, dz).
The operator Hyelson,x acts on L*(R3,dr) ® §(L*(R®)), where F(h) is the Fock space over b:
F(h) = D52, h®". Here, h®" is the n -fold symmetric tensor product with h®9 = C. a(k)
and a(k)* are annihilation- and creation operators which satisfy the standard commutation
relations:

(e™*a(k) + e **a(k)*) + Hy — E, (1.1)

la(k), a(k')"] = 6(k = &), [a(k), a(k')] = 0. (1.2)

The field momentum operator Py = (P 1, P2, Pr3) is defined by
Pri— / dbksa(k) a(k), i=1,2,3. (1.3)
R3
The field energy Hy is

Hy = /R dke(k)a(k)alk), (k) = VI +m?. (1.4)



The energy renormalization E is defined by

o 1p, (k)
Bom = [ Gt + (9

where B, is the ball of radius x centered at the origin and 1p, is the indicator function of the
set By. Notice that F, — —oco as Kk — oo. ¢ is the coupling strength between the particle
and the field. Without loss of generality, we may assume that g > 0. The mass of bosons is
denoted by m > 0. By applying the Kato-Rellich theorem [37, Theorem X.12], we can prove
that Hyelson,x is self-adjoint and bounded from below. We emphasize here that our results in
the present paper can cover the massless case: m = 0.

Let Piot be the total momentum operator: Pt = —iV; + FP;. Here, the symbol V, is
the standard nabla: V, = (8%«17 8%27 8%3)'1 Assume that V = 0. Then the total momentum
is conserved, i.e., HRI/EIS%H ..» the Nelson Hamiltonian (1.1) with V' = 0, commutes with P.

Therefore, one has the decomposition

5
= [ H.(P)dP, (1.6)
R3
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where the unitary operator % is given by % = .7 exp(ix - P,ot). Here, .# denotes the Fourier
transformation. For each P € R3, H,(P) is defined by

H,(P) = %(p —P)?—yg dle”(k) (a(k) + a(k)*) + Hi — E,. (1.7)

N

The operator Hy(P) is called the Hamiltonian at a fixed total momentum P. Remark that
H,(P) is a self-adjoint operator acting on F(L?(R?)), bounded from below.

We wish to remove the ultraviolet cutoff, namely, we are interested in the model with k = oco.
At a first glance, such a limiting Hamiltonian cannot be defined mathematically because the
form factor 1/4/e(k) is not square-integrable.? Surprisingly, Nelson proves the following result:

Theorem 1.1. (i) There exists a self-adjoint operator Hyelson, bounded from below, such that
Helson,x converges to Hyelson i the strong resolvent sense as Kk — 00.

(ii) There exists a self-adjoint operator Hyen(P), bounded from below, such that H,(P) con-
verges to Hyen(P) in the strong resolvent sense as k — oo. Furthermore, it holds that

%HNelson% ! /R3 Hren P)dP (18)

Proof. See [33] for (i) and see [30, Proposition 4.7] for (ii). Note that, in these papers, the
condition m > 0 is assumed, however, we can straightforwardly extend the proofs to the case
where m = 0. U

An important point of Theorem 1.1 is that the renormalized Hamiltonians can be defined
without changing the representation space; in compensation for this, we need the infinite energy
renormalization: E, ~ —oo. Because the Nelson model possesses such a unique property, the

!To be precise, Piot,; is essentially self-adjoint for each j = 1,2,3. In what follows, we denote its closure by
the same symbol.
2Recall that the following operators

/}R3 dk f(k)*a(k), /RS dk f(k)a(k)*

are mathematically meaningful only if f is square-integrable.



model has been actively studied, see, e.g., [1, 2, 3, 8, 10, 15, 18, 19, 21, 22, 34, 35, 39, 45];
mathematical analysis of the model has been known to be hard since the model is indirectly
defined through the infinite energy renormalization.

In order to explain our purpose of the present paper, let us focus on the Hamiltonian at
fixed total momentum. Let B> be the Borel sets of R3. For each A € B3, bounded, we define
the Hamiltonian with an ultraviolet cutoff A by

1 1a(k
#) = 2P =P —g [ a2 ) £ o))+ Hoa— BQY), (19)
2 R3 e(k)
where
vaA:/dkka(k)*a(k), (1.10)
A
Hf7A:/dk€(k)CL(k)*a(k), (1.11)
A
dk
E(A) = — 2/ : 1.12
W= | cmEm 12
Because A is bounded, we can choose k so that A C B,. With this choice, we introduce
1 Ip.\a(k)
HY(A®) = —P?\c — dk—"2"(a(k) + a(k)*) + Hi pe — E(B, \ A), 1.13
(A%) = S Pia 9L, \/5(7)(() (k)*) + Hi,a (Bx \ A) (1.13)

where A¢ stands for the complement of A. Then we have the following algebraic relation:
H,.(P)=H'(A)+W(A) + HJ(A°), (1.14)
where
W(A) = —(P — Ptp) - P pe. (1.15)
Taking the limit K — co, we formally obtain
Hien(P) = H'(A) + W(A) + HY(A°). (1.16)

Note that the mathematical justification of (1.16) is examined in Section 4. Relations of this kind
often appear in quantum statistical mechanics, see, e.g., [7, 40]; from those algebraic relations,
many useful results can be derived; for instance, it is possible to characterize the KMS states in
terms of operator algebras. Therefore, it is natural to explore the renormalized Nelson model by
using the ideas in quantum statistical mechanics. A main purpose in this study is to construct
an abstract framework describing energy-renormalized models and to study its properties from
a viewpoint of quantum statistical mechanics; especially, we examine the semigroups generated
by the renormalized Hamiltonians in terms of operator algebras.

We will mainly study whether the semigroups e~ ##ren(P) and e=A#HNeison improve the positiv-

ity. The positivity improvingness of e #ren(P) in the Fock representation was first conjectured
by Frohlich [12, 13]. In [25], Matte-Mgller has succeeded to prove the positivity improvingness of
e BHxeson pot e AH(P) | in the Schrodinger representation. Then the author solved the Frohlich
conjecture in [30].

There are two approaches to the problem. One is Matte-Mgller’s method [25] based on the
path integral formula; their method is applicable in the Schrédinger representation. The other
approach is established by the author in [28, 29, 30]; his method originates from Frohlich’s
pioneering works [12, 13] and is effective in the Fock representation. As discussed in Section 5,



these two methods complement each other and have specific advantages. Our algebraic approach
in this paper provides a general framework of the author’s works. As we will perform, the
present method naturally covers the massless case. Moreover, we will prove that the positivity
improvingness of the semigroup e #HNeison ot e~ #Hren(P) 'in the Fock representation. As far as
we know, this result is new and provide information on the renormalized Nelson Hamiltonian
which is different from the one obtained in the Schrodinger representation.

The organization of the present paper is as follows: In Section 2, we introduce the concept of
renormalized Hamiltonian nets which is a generalization of (1.16). Then we illustrate an abstract
theory of the positivity improving semigroups associated with the renormalized Hamiltonian
net. In Section 3, we prove the results in Section 2. Section 4 is devoted to give an example
of the renormalized Hamiltonian net associated with the Nelson Hamiltonian at fixed total
momentum: Hyen(P). In Section 5, we examine the renormalized Hamiltonian net associated
with the Nelson Hamiltonian with confining potential: Hyelson. In Appendices A and B, we
give a list of fundamental facts that are used in the main sections. In Appendices C and D, we
prove the positivity improvingness of the semigroup generated by the Hamiltonian Hyelson,, in
the Fock representation. This fact is a basic input in Section 5.
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2 An abstract theory

In this section, we will construct an abstract theory of positivity improving semigroups asso-
ciated with renormalized Hamiltonian. In Sections 4 and 5, we will examine the renormalized
Nelson Hamiltonians as important examples.

2.1 Local structures

Let B? be the Borel sets of R? and let B¢ = {B € B?| B is bounded and |B| # 0}, where |B] is
the Lebesgue measure of B.

Definition 2.1. Let $) be a complex separable Hilbert space and let Z(f)) be the set of all
bounded operators on §. Let I C HA(H) be a von Neumann algebra on $). We say that 9t
admits a local structure if there exists a net {9ts},cpe of von Neumann subalgebras satisfying
the following:

(i) My # @ if and only if |A| # 0.

(i) fA C A" and |[A"\ A| # 0, then My C My
(iii) If [ANA'| =0, then [y, M) = {0}.

)

(iv) m=U AeBY SDTAS, where S° is the closure of S in the strong operator topology.



Definition 2.2. Let 9t be a von Neumann algebra on $) admitting a local structure {97, } 5 cpa.
We say that a net {$ }rcpe of closed subspaces of $) and a net {2 }cpe of unit vectors are
adapted to {Mp } pepa if the following conditions are satisfied:

(i) M C B(HA). Here, we understand that Hra = H and Mpa = M.
(il) Q4 € $HA is cyclic and separating for My .
In this study, we further impose the following tensor product structures:

Definition 2.3. Let 9t be a von Neumann algebra on $) admitting a local structure {914 } 5 cpa.
Suppose that {Ha}yepe and {Qa}pcpe are adapted to {Ma}ycpe. We say that M is factorizable
if the following are satisfied:

(i) If A C A,|A[ # 0 and [A"\ A| # 0, then Hrr = HA @ Hpna- In particular, H = Hr @ Hac
for each A € B? with |A| # 0 and |A€| # 0, where A° is the complement of A.

(ii) Corresponding to the condition (i), 2o can be factorized as Qpr = Qp ® Qpn 5, provided
that A C A’ |A| # 0 and |A’\ A| # 0. In particular, Q = Qj ® Qpc for all A € B? with
|A| # 0 and |A€| # 0, where we set Q = Qpa.

(iii) If A C A, [A] # 0 and [A"\ A| # 0, then Mpr = My @Mpn 5, Where My @My » indicates
the von Neumann tensor product of 9y and My . In particular, M = My & M. for
all A € BY with |A| # 0 and |A¢| # 0.

Definition 2.4. Let 9 be a von Neumann algebra on a Hilbert space $* admitting a local
structure {9 } pcpe and let MY be a von Neumann algebra on a Hilbert space $)* admitting a
local structure {9} },cpa. Suppose that there are a net {4 }rcpe (resp. {H} Facpa) of closed
subspaces of $* (resp. $") and a net {Q) }rcpa (resp. {Qf }repe) of unit vectors which are
adapted to {9 } xcpa (resp. {MR }acpe). We say that the pair (9, 9MY) is a generalized local
system if the following are satisfied:

(i) 9V is factorizable.

(i) If A C A, A € B¢ and |A’\ A| # 0, then H}, = H, ® i a- In particular, H° = Hi @ HYe
for each A € IB%g.

(ili) €y can be factorized as 2}, = Q) @}, ,, provided that A C A, A € BE and [A'\ A| # 0.
In particular, Q" = Q) ® QF. holds, where we set Q' = Q.
(iv) If A C A, A € B and |A’\ A| # 0, then My, = M} ® Mina- In particular, M =
A @MY, for all A € Bﬁ.
Remark 2.5. Let A, A’ € BY. Suppose that A C A’, A € B¢ and |A’\ A| # 0.

1. We occasionally identify 03 with 9y @ Iy o, where 1yn 5 indicates the identity operator
on Y)X,\ A In particular, 9% = 9% ® Lpe. Similarly, we identify ?J)?X,\ A with I) ® im;;,\ A

2. Let A and B be linear operators on £ and ﬁx,\ A respectively. We often leave out tensor
factors and write A= A® Iynp and B = 1) ® B.

The following proposition is readily confirmed:

Proposition 2.6. Let M be a von Neumann algebra admitting a local structure {9Ma}ycpa. If
M is factorizable, then (M, M) is a generalized local system.

Proposition 2.6 will be useful in Section 4; in Section 4, the Nelson Hamiltonian at fixed
total momentum is examined from a view point of a generalized local system; in this case, the
local structure is determined by the abelian von Neumann algebras of the second quantization
of the multiplication operators in the momentum space.



2.2 Renormalized Hamiltonian net

Let A and B be self-adjoint operators, bounded from below. The form domain of the operator
A is denoted by Q(A). If Q(A) N Q(B) is dense, then we can define the form sum of A and B,
which is denoted by A+ B, see, e.g., [36, Section VIIL.6, Example 4].

Definition 2.7. Let (9, 9") be a generalized local system. Let H be a self-adjoint operator
acting in $*, bounded from below. The renormalized Hamiltonian net associated with H is a net
of triplets of self-adjoint operators {(H*(A), H?(A€), W (A))|A € BZ} such that the following
properties are valid:

(i) H#(A) acts on ﬁf\# (# = t,v), and H*(A) and H"(A®) are bounded from below for all
A e B
(ii) For each A € B¢, Q(H) = Q(H*(A)) N Q(HV(A®)).

(iii) For each A € B, there exists a self-adjoint operator W(A) such that Q(H) C Q(W(A))
and

H = H"(A\)+W (A)+H"(A°). (2.1)

The operator H is called the renormalized Hamiltonian. For each A € BY, H*(A) is called the
Hamiltonian with an ultraviolet cutoff A.

2.3 Theorems
2.3.1 Preliminaries

Let 9t be a von Neumann algebra on a complex separable Hilbert space ), and Q be a cyclic
and separating vector for 9. We use A and J to denote the modular operator and the mod-
ular conjugation associated with the pair {9, Q} [6, Definition 2.5.10]. The Tomita-Takesaki
theorem [6, Theorem 2.5.14] tells us that JOJ = M’ and AYIMA~® = 9N for all t € R, where
M’ is the commutant of M.

Definition 2.8. Let Py(IM) = {AJAJ | A € M}. The natural cone, B, associated with the pair

{Tm, Q} is defined by P = Po(M)2, where the bar denotes the closure in the norm in $.

It is well-known that 8 is a self-dual cone in ), that is, 8 = BT, where BT is the dual cone
of P : P' = {p € H|(ply) > 0y € P}. If Jo = ¢, then ¢ has a unique decomposition
¢ =y —@_, where pyr € P and ¢y L ¢_. See, e.g., [6, Theorem 2.5.28] for detail.

The following order structures are important in this study.

Definition 2.9. (i) A vector ¢ is said to be positive w.r.t. P if ¢ € P. We write this as
p > 0 w.r.t. B.

(ii) A vector ¢ € P is called strictly positive w.r.t. B, whenever (pl1p) > 0 for all yp € B\ {0}.
We write this as ¢ > 0 w.r.t. L.

(i) Let Hreal = {@p € H|Jp = ¢}. Let v, 9 € Hrear. If ¢ —1p € P, then we write this as ¢ >
w.r.t. PB.

In subsequent sections, we use the following order preserving operator inequalities.
Definition 2.10. Let A, B € #(9).

(i) If AP C P, we then write this as A >0 w.r.t. 8. In this case, we say that A preserves
the positivity w.r.t. B.

3For each subset € C §), A€ is defined by A€ = {Ap |y € €}.
4This symbol was introduced by Miura [24].



(ii) Suppose that A9iear C HNreal a0d BHreal C Nyeal- If (A — B)P C P, then we write this as
Al B wrt. P.

(iii) We write A0 w.r.t. B, if Ap > 0 w.r.t. B for all ¢ € P\ {0}. In this case, we say that
A improves the positivity w.r.t. .

Definition 2.11. Let A be a positive self-adjoint operator such that e #4 >0 w.r.t. 9 for
all 3 > 0. We say that the semigroup e ?4 is ergodic w.r.t. B, if the following condition is
satisfied: For each ¢,v € P\ {0}, there exists a 8 > 0 such that (p|e=?44) > 0. Note that 3
could depend on ¢ and .

As we will prove in Appendix A, the ergodicity is equivalent to the positivity improvingness,
when P is a lattice.

2.4 Main results

Let (901", 90tY) be a generalized local system. Let {(H*(A), H"(A®), W(A))}AelBg be a renormal-
ized Hamiltonian net associated with H.

Given A € B? with A # R? we denote by B4 (resp. PR) the natural cone associated
with the pair {9}, Q4} (resp. {9}, Q%}). The natural cone associated with {9, Q"} (resp.
{9, Qv}) is denoted by B* (resp. V), where we set Q = Qp, and Q¥ = Qp,.

As we will see in Proposition 3.2, these self-dual cones are related as follows: Let A, A’ € B%.
If AC A, AeB¢ and [A"\ A| # 0, then, corresponding to (i) of Definition 2.4, we have

;']3;&’ = ;’Bj& ® sBX’\A7 (22)
where the right hand side is defined in Appendix B. In particular,
P =P @ P (2:3)

holds. These properties will play crucial roles in the present paper. Remark that we can define
positivities, positivity preservingness, positivity improvingness and ergodicity with respect to
B, ete. for each A € B<.

In what follows, we assume the following conditions:

(A. 1) (W(A)+14)~t € 3(9M), where 3() is the center of M* : (M) = M N (M),

(A. 2) (AHYEW(A) € W(A)(AY)? for all t € R, where A* indicates the modular operator
associated with the pair {91, Q'}.

(A. 3) For each A € B, e AH" (M) >0 wor.t. P4 and e PHA) >0 wrt. Py, for all 8 > 0.

The following theorem characterizes the ergodicity of the semigroup generated by the renor-
malized Hamiltonian H.

Theorem 2.12. Assume (A. 1), (A. 2) and (A. 3). Given A € BY, let L(A) = H'(A) +
HY(A¢). The following conditions are equivalent:

(i) The semigroup e P is ergodic w.r.t. B*.
(i) For each ¢, € P\ {0}, there exist 8> 0 and A € BE such that (ple PNy > 0.

We remark that there are some interesting similarities between Theorem 2.12 and the char-
acterization of the KMS state by the Gibbs condition in the quantum statistical mechanics, see,
e.g., [4], [7, Theorem 6.2.18].

For concrete applications to the nonrelativistic quantum field theory, there is a more conve-
nient theorem. To state it, we have to introduce the following condition.



(A. 4) There exists a net {w} }scpe of normalized vectors satisfying the following:
(i) For every A € B, wy > 0 w.r.t. PY and there is a constant v > 0 independent of A
such that (w{|Q}) > 7.
(ii) If A C A'J|A| # 0 and |[A"\ A| # 0, then w}, = W} ® win 5~ Recall (ii) of Definition
of 2.3, here.
(iii) For each A € B, it holds that 14 ® |w{.){wy.| < 1° w.r.t. B¢, where T} (resp. 1*) is
the identity operator on £ (resp. ).

In general, wy is different from Q.

Remark 2.13. The main role of Qf is to generate the self-dual cone B . In contrast, the main
role of w} is to translate (ii) of Theorem 2.12 to (ii) of Theorem 2.14 which is more convenient
for applications.

Theorem 2.14. Assume (A. 1), (A. 2), (A. 3) and (A. 4). The following conditions are
equivalent:

(i) e BH is ergodic w.r.t. B*.
(i) e PH* M) 4s ergodic w.r.t. B4 for all A € BY.
To translate the ergodicity to the positivity improvingness, we need the following condition.

(A. 5) For each A € B? and ¢, € P4, it holds that ¢ A ) > 0 w.r.t. Py, where ¢ A1) =
1 — (¢ —1)_. Similar condition holds true for ‘.

By applying Theorem A.4, we immediately obtain the following corollary.
Corollary 2.15. Assume (A. 1) — (A. 5). The following conditions are equivalent:
(i) e PH >0 w.r.t. P for all B > 0.
(ii) e PN >0 w.rt. P4 for all A € BE and 8 > 0.

Corollary 2.15 tells us that the positivity improvingness of e is characterized by that of
the semigroups generated by the local Hamiltonians, H*(A).

The following theorem immediately follows from Corollary 2.15 and the Perron-Frobenius-
Faris theorem [11].

Theorem 2.16. Assume (A. 1) — (A. 5). Suppose that E = infspec(H) is an eigenvalue.
The following conditions are equivalent:

(i) E is a simple eigenvalue. The corresponding eigenvector can be chosen to be strictly
positive with respect to PB*.

(ii) e PN >0 w.rt. P4 for all A € B and 8 > 0.

3 Proofs of theorems in Section 2

3.1 Properties of the natural cones

For each A € B¢, we introduce an orthogonal projection Qx by Qn = 14 ® Ppe, where
Pre = |Q3.)(Q2%c]. The operator @ will play an important role. Here, we examine some
basic properties of Q4.

Suppose that A C A’, [A] # 0 and [A"\ A| # 0. We consider a map 75 as : H} — Y, defined
by TAa () = ¢ ® QX/\A for all ¢ € Y. Trivially, 7o s is an isometry. By using this map, one
can regard £} as a closed subspace of £/, that is, §) = H} ® Q“,\A C 9. From this point of
view, (5 is the orthogonal projection from $* onto £} .



Proposition 3.1. One obtains the following:

(i) If A C N'J|A| # 0 and [N\ A| # 0, then Qp < Qp/, where the inequality indicates the
standard operator inequality’. In particular, Qx < 1°.

(ii) For each A € B, Qx>0 w.r.t. P.

(iii) s - lm  Qa = 1°, where s-lim indicates the strong limit.
ATRY; AeBd

Proof. (i) Because " is factorizable, we have Qf. = Qf, , @ Q. by (ii) of Definition 2.3.
Hence, Qp and Qs can be expressed as

QA:ﬂﬁ\(@PA/\A@PA/c, Qn = ]lk@]lx,\A@PA/c. (3.1)
Thus, we have
Qpr — Q= ]15\ & (HX’\A - PA’\A) ® Ppre > 0. (3.2)

By taking A’ = R?, we have Qp < Qga = 1°.

(ii) First, recall (iv) of Definition 2.4: 9 = M) @ M. Let A = Zf\il B; ® C; with
B; € MY and C; € MY.. Trivially, it holds that AJ*AJ*Q" > 0 w.r.t. PB*, where Q° is the
cyclic and separating unit vector for 9" and J* stands for the modular conjugation associated
with {9, Q}. Because A’s of this form are dense in 9t under the strong operator topology [6,
Theorem 2.4.11], it suffices to prove that Qa AJ*AJ*Q" > 0 w.r.t. P*. We have, by using (iii)
of Definition 2.4: Q' = Q} ® QY.,

N
QAATATY = (QRe|CiT{eCiTR Q%) BiT§ By A Q% ® QX (3.3)
ij=1
where J} is the modular conjugation associated with {9}, Q% }. Let us define a matrix M =
{M;;} by M;; = (Q3:|CiJR.C;J10%.). We claim that M is positive semidifinite. Indeed, we
have

N N
Zzzz;Mz]:G)Xc[Zzz l]JAc[Zz, z:|JAC >0 Zl,...,ZNGC. (3.4)
1,j=1 i=1

Hence, there exists a unitary matrix U such that M = Udiag(A1,...,An)U*, where \; are the
eigenvalues of M. Of course, each )\; is nonnegative. Inserting this into (3.3), we have

N N N
the RHS of (3.3) = ) A [Z UikBZ} J4 [Z UikB,-] JLOL @ QY. (3.5)
k=1 =1 =1
N
=MDy J Dy J QY (3.6)
k=1

where Dy, = sz\il Ui B; ® 1%c. Therefore, we conclude that QyAJ*AJ'Q > 0 w.r.t. P*.

(ili) We set M} . = UAGB% MYy and let Hi . = M Q. Then, due to (iv) of Definition 2.1,
Nipe 18 dense in H*. For each ¢ € Hioc, there exits a A € Eg such that ¢ € §%. Thus, if
we take A’ large as A C A/, then we have p = p ® Q4 ® 2, which implies that Qap =
PO, @0 =R DR = . Accordingly, we obtain s- lim  Qap = . O

ANA ARY; AcBd
’ b

"Let A and B be bounded self-adjoint operators on X. Then A > B if and only if (x|Az) > (x|Bz) for all
reX




Proposition 3.2. We have the following:

() IfAC N, Ae B and |\ A| #0, then Py, = P4 ® PR a» where the tensor product of
self-dual cones is defined in Appendiz B. In particular, ' = P4 @ PR for all A € Bg.

(ii) IfA C A'J|A| # 0 and |[A'\A| # 0, then B, C B4,. (More precisely, we have PHLOQ N\, €
P

iii c N, an , then QABY, = P4 @ QL . (More precisely, we have

i) If A C A JA| £ 0 and [N\ A] £ 0, then QaBy, = Py © %y (M ly, we h
QA‘»Bj\/ ® QX’C - ‘BK ® QU/\A ® QX/C )

(iv) P = U PB4, where the bar denotes the closure in the norm of H*.
AeBg

Proof. (i) Because M, = M @MYL by (iv) of Definition 2.4, we have Py (M,) = Po (M} ®
smx/\ A)- By the definition of the tensor product of self-dual cones in Appendix B, we conclude
the assertion.
. (ii) For each ¢ € B, we readily confirm that @@QX,\A belongs to ‘B4,. Hence, ‘BK@QX/\A -
A

(iii) Let A = le\il B;®C; with B; € M, and C; € SDTX,\A. Using arguments similar to those
in the proof of Proposition 3.1 (ii) (or using (3.5)), we obtain QaAJ}, AJL, Q% € P) @ Q%A
This means that QxPo(M}y, )2y, C Pa @ Q. Because Po(M}, )€}, is dense in P, we
conclude that QAP C Py ® QX,\ A- To prove the converse is easy.

(iv) By applying (ii), we see that AeBg PB4 € PB. We will prove the converse. Let ¢ € B*.
Because of (iii) of this proposition, Q¢ belongs to Py = P4 @ Q). for all A € Bg. By using

(iii) of Proposition 3.1, we conclude that ¢ =s-  lim  Qap € Upcpe By- O
AR AeBd b

3.2 Some auxiliary lemmas

In this subsection, we always assume that (A. 1), (A. 2) and (A. 3). Given A € B¢, let E,(+)
be the spectral measure of W(A). We set

W, (A) = Ex((—o0,n])W(A), W, (A) = Ex([—n,00))W(A). (3.7)
Hence, W,F(A) is bounded from above, and W, (A) is bounded from below.
Lemma 3.3. Let A € Bg. We have the following.
(i) For each s >0, e=*Wn (M) € 3(0) and =" M) >0 w.r.t. P
(ii) For each s >0, esWi (M) ¢ 3(M) and Wi (A) > 0 w.r.t. P

Proof. (i) By using (A. 1) and functional calculus, we know that e*W» (M) ¢ 3(9m+).
Let f(x) = 1[—p,00)(x)e™"", where, given A C R, 14 stands for the indicator function of A.

We have e=*Wn (M) = f(IW(A)). By applying Theorem A.1, we have e*"» (1) >0 w.r.t. P* for
all s > 0.
Similarly, we can show (ii). O

Lemma 3.4. Let A € B, Let o, € B If (oY) = 0, then we have (ple™*Wr M) =0 and
<g0]eswn+(A)1/J> =0 for all s > 0.

Proof. Applying Lemma 3.3 and Corollary A.2, we obtain 0 < (ple=*Wn (M) < 5 (p|1)) = 0.
Similarly, we can show <90|65W71+(A)¢> =0. O
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Lemma 3.5. Let A € Bg. One obtains the following.
(i) L(A)+W, (A) converges to H in the strong resolvent sense as n — oc.
(ii) H—W,F(A) converges to L(A) in the strong resolvent sense as n — <.

Proof. (i) Without loss of generality, we may assume that H*(A) and H are positive for all A.
Let t, be the closed, positive form associated with L(A)+W, (A). Then the sequence {t,}°°,

satisfies t1 > tg > -+ > t, > tyy1 > ---. By using (ii) and (iii) of Definition 2.7, we see that
Q(tn) = Q(L(A)) for all n € N. Let Q(teo) = Uney Q(tn) = Q(L(A)) and
too(prp) = Tm tn(p,0), ¢ € Qlloo). (3.8)

Then H is the self-adjoint operator corresponding to f~, the closure of to. Applying [36,
Theorem S. 16], we conclude (i).
Similarly, we obtain (ii) by applying [36, Theorem S. 14]. O

Lemma 3.6. We have the following.
(i) e PLM) >0 w.r.t. P for all B> 0 and A € BY.
(ii) e PH >0 w.r.t. B for all > 0.

Proof. (i) By (A. 3), we have e A7 (M) > 0 wrt. Py and e PH"A) >0 wrt. Py, for all
B > 0. By using the property P* = P4 ® PR. in (i) of Proposition 3.2 and the definition of
P4 @PY. in Appendix B, we readily confirm that e #LA) = e=BH"(N) @ e=BH(A) > () w.r.t. P
for all 5 > 0.

(ii) By using (i) of Lemma 3.5, we have
= s lim s lim (e PH0/me=Ws <A>/m)m. (3.9)

n—oo  MmMm—0oo

e PH

By applying (i), Lemmas 3.3 and A.5, we conclude that the right hand side of (3.9) preserves
the positivity w.r.t. B* for all g > 0. O

3.3 Proof of Theorem 2.12
(i) = (ii): We will apply Faris’ idea in [11]. Given ¢ € B*\ {0}, we set
K () ={p € P | (ple P"My) =0V8 > 0VA € Bf}. (3.10)

Our goal is to prove that K (1) = {0}. We remark that the closedness of K () will be repeatedly
used in the proof. Let ¢ € K(¢). Thus, the vector ¢ satisfies (p|e #LMy) = 0 for all 3 > 0
and A € IB%%. Note that e LMy > 0 wrt. P for all B > 0 by (i) of Lemma 3.6. By
Lemma 3.4, we have (e=5"Wn Myp|eBLMy) = 0 for allm € N, s > 0, 8> 0 and A € BY,
which implies that e=*"» WK () C K(1p). Because e ‘LMK (y) C K(¢) for all t > 0, we
have (e AL/ Ee=BWn (M/OEK () C K (¢) for all £ € N. Taking the limit £ — oo, we obtain
e ALANFWL (M) (1) C K (1) for all n € N and 8 > 0 by [36, Theorem S. 21]. Taking the limit
n — 0o, we arrive at e PP K () C K(¢) for all 8> 0 by (i) of Lemma 3.5. Therefore, for each
¢ € K(¢), it holds that (p|le PH1)) = 0 for all B > 0. By the assumption (i), ¢ must be 0.

(ii) = (i): For each ¢ € P+ \ {0}, we set
J(¥) = {e € B[ {ple™™v) =08 > 0}. (3.11)

Using arguments similar to those in the previous part, we have e #LM) J(y) C J(¢) for all
B>0and A € B{. Hence, for every ¢ € J(1), we obtain (ple #LMy) = 0 for all 8 > 0 and
A € B{. By the assumption (ii), ¢ must be 0. Hence, for every ¢, € P \ {0}, there exists a
B > 0 such that (p|e #H4) > 0. O
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3.4 Proof of Theorem 2.14
(1) = (ii): Let A € B{. Fix ¢ € P4 \ {0}, arbitrarily and let

I() = {p® Qe | ¢ € B4, (0@ QWele LMy 0. =0 V3 > 0} (3.12)

Let ¢ ® Q3. € I(¢). Using arguments similar to those in the proof of Theorem 2.12, we can
prove that (p @ Q¥.lePHy @ QY.) = 0 for all > 0. By the assumption (i), ¢ must be 0.
Hence, I(y) = {0}. Thus, for each ¢ € B4 \ {0}, there exists a 5 > 0 such that

0 < (@ Q¥e|e PLMy  O%.) = (ple P M) QY. e PHAIOR ). (3.13)

Because e~ (A%) ig a positive operator, it holds that (Q%.|e=#7*(A)Q% ) > 0. Combining this
with (3.13), we get (¢le M) > 0. To summarize, for each ¢, € P4 \ {0}, there exists a
B > 0 such that (p|e PH Mgy > 0,

(ii) = (i): Given A € BE, let gp = 14 ® |wye)(wye|, where w¥ is given in (A. 4). By using
arguments similar to those in the proof of Proposition 3.1, we can show that gy > 0 w.r.t. B*.
In addition, we have g3 > 0 w.r.t. ¢ by (iii) of (A. 4), where g3 = 1" — ga.

Let ¢ € H* be a nonzero vector. We will show that there exits a A, € Bg such that, if A € IB%
and A, C A, then gpp # 0. By using (iii) of Proposition 3.1, Qae — ¢ as A T R%. Hence, for
any € > 0, there is a A, € B{ such that if A € B{ and A, C A, then [|¢ — Qa¢|| < £ holds. By
using the triangle inequality, we find

laaell = llaaQaell = llga(1 — Q) = llaaQasll —&. (3.14)

By applying (i) of (A. 4) and the fact ||Qa¢|| > ||¢]| — €, we get

laa@Qasll = (wae[Qac) |Qa¢ll = AI|Qaell = ([l — ), (3.15)

which implies that, due to (3.14), [lga¢ll > 7vll¢[l — (1 + 7)e holds. By choosing € such that
Ylell = (1 4+ )e > 0 and A sufficiently large, we conclude that gap # 0.

Choose ¢, € B¢\ {0}, arbitrarily. By using the above claim, there exists a A € B{ such
that gae # 0 and gpatp # 0. For such a A, we have

e PL() — =BH'(A) g o=BH" (M), (3.16)
Because gy > 0 and g3 > 0 w.r.t. ¢, we have, by (i) of Lemma 3.6,

eBLD) 5 g o =BLN)

o (@hele™ VRO @ ) (it (3.17)

Because e ~#H"(A%) is a positive operator and ker(e##"(A)) = {0}, it holds that (w¥, |e™#H* Ay ) >
0 for all 8 > 0. Hence, we obtain that

(ple PHNY) > (whele P A0 (griple P P guy). (3.18)

By the assumption (ii) in Theorem 2.14, there exists a § > 0 such that the RHS of (3.18) is
strictly positive. By applying Theorem 2.12, we conclude (i). O
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4 The Nelson net

4.1 Definition of the Nelson model

In this section, we will provide the first example of the renormalized Hamiltonian net. The
Nelson Hamiltonian at a fized total momentum P € R? is defined by

H,(P)= 1(P —P)? -y dle”(k) (a(k) + a(k)*) + Hf — E. (4.1)
2 Ve(k)
The operator H,(P) acts on = F(L?*(R3)), where F(h) is the Fock space over h: F(h) =
Dy h®". P, Hy and E,; are defined by (1.3), (1.4) and (1.5), respectively. By the Kato-
Rellich theorem [37, Theorem X.12], H,(P) is self-adjoint on dom(P?) N dom(Hs), bounded
from below, for each ¢ >0, x> 0,m >0 and P € R3.°
Let Hyen(P) be the renormalized Hamiltonian defined in Theorem 1.1. Recall that Hy(P)
converges to Hyey(P) in the strong resolvent sense as k — co. In what follows, we will construct
a renormalized Hamiltonian net associated with Hyen(P).

4.2 Properties of the Fock spaces

Let b be a complex separable Hilbert space. Given self-adjoint operator A on b, its second
quantization, dI'(A), is defined by

dT(A) = 0@ éiﬂ@---@é@---@ﬂ. (4.2)

n=1 j=1 jth

dT'(A) acts on §(h) and is essentially self-adjoint. In what follows, we denote its closure by the
same symbol.

We denote by a(f) the annihilation operator on F(h) with test vector f € b [37, Section
X. 7]. By definition, a(f) is densely defined, closed, and antilinear in f. The adjoint, a(f)*,
is called the creation operator. The creation- and annihilation operators satisfy the following
commutation relations:

[a(f),alg)"] = (flg), [a(f),alg)] =0 (4.3)

on suitable domains.
If h = L?(A) with A € B3, then a(f) and a(f)* are formally expressed as

/ dk f(k / dl f(k (4.4)

where the kernel operators a(k) and a(k)* satisfy (1.2). In addition, if F' is the multiplication
operator by a real-valued continuous function F on R3, then dI'(F) is formally expressed as

_ /A Ak F (k)a(k) a(k). (4.5)

SFirst, recall the following well-known bound:
Ia(h) +a(H) el < 20l FIlI (He + 1) *@ll, | € dom(e™%), o € dom(H;?).
Let h = 1p, /y/e. Because e ¥/2h € L?(R®) for all m > 0 and x > 0, we find, by using the above bound,
(k) + a(h))ell < 2l /2Rl (Hr + 1)@l < nlle™ /2RI + [[(He + 1)/l /n

for any 7 > 0 and ¢ € dom(H;). Here, we have used the elementary inequality 2ab < na? + b2/77 for a,b > 0 and
n > 0. This bound indicates that the interaction term in (4.1) is infinitesimally small with respect to the free
Hamiltonian (P — P;)?/2 4 H; for all g > 0,k > 0,m > 0 and P. Hence, we can apply the Kato-Rellich theorem.
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In this study, we will occasionally use these convenient expressions.
Recall the following factorization properties of the Fock space:

F(b1 @ b2) = 3(b1) @ F(h2). (4.6)
Corresponding to (4.6), we have the following:

a(f@©g)=a(f) @1+ 1®a(g), (4.7)
dT'(Ay ® Ag) = dU(A;) @ 1+ 1 ® dl(A,),

where X indicates the closure of the operator X, and the identity (4.7) holds on suitable dense
subspaces.” Let w be the Fock vacuum in §(h1 & h2), and let w; be the Fock vacuum in
§(H;), i = 1,2. Under the identification (4.6), we have

w = w; ® ws. (4.9)

For each A € B? with |A| # 0 and |A¢| # 0, we have the decomposition: L?(R3) = L*(A) ®
L?(A°). Using this and (4.6), we have

H=Hr D Nae, (4.10)
where 5 = F(L?(A)). Similarly, we can check that
HAr = DA Q@ NDANAS (4.11)

provided that A C A/, |A| # 0 and |A"\ A] # 0. Remark that £ can be expressed as

Ha =P LA™, (4.12)
n=0

where
Lgym(AX”) = {F = LQ(AXR) | F(k1,...,kn) = F(k’a(l), cey k‘g(n)) a.e. Vo € Gn}. (4.13)

Here, G,, is the permutation group on the set {1,...,n}.
By applying (4.7) and (4.8), we obtain the following:

1. For each f € L%(R3),
a(f) = a(fa) @ Tpe + 1y @ a(fae), (4.14)

holds on suitable dense subspaces, where fn = f1a.

2. Given a function F(k) on R3, let F' be the multiplication operator by the function F (k).
Suppose that F' is real-valued and continuous. Then we have

dD(F) = dT(Fp) @ Tpe + 1) @ dI(Fpe), (4.15)

where Fy = F'1,.

"E.g., the incomplete tensor product of the finite particle subspaces, the domain of number operator dl'(1e 1),
and so on.
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4.3 Construction of a generalized local system

For each A € B3 with |A| # 0, we set
LN = {F € L¥(N ") | F(k1, ..., kn) = F(ko(1), - ko@n)) ae. Vo € S} (4.16)

L. (A*™) can be regarded as a von Neumann algebra of multiplication operators acting on

sym
LZ,n(A*™). Given A € B?, define

My = @Lsym (AX™) (4.17)

with L (A*%) = C. (For each A € B3 with |[A| =0, we set MMy = @.) In what follows, we set

sym

M is a von Neumann algebra on £, and 9, is a von Neumann algebra on $5. We readily
confirm that 9 admits a local structure {9t }rcrs. Using the identification (4.6), we have

E)JTA, = E)JTA &® SDIA/\A, (419)

provided that A C A, |A] # 0 and |A"\ A] # 0.
Let £ € L?(R?). Suppose that £(k) > 0 a.e. k. We define a normalized vector  in §) by

ML en
Q_Cﬁ\/ﬁg , (4.20)

where ¢ is the normalization constant: ¢ = e~ lI€II°/2, Similarly, for each A € B3, we set Q) =
ca Dnro ff . where ¢y = e 16a17/2 with &n = 1pA€. By using the identification (4.10), we
have

Qn = Q4 © Qig, Q=04 © Qe (4.21)

provided that A ¢ A’ with |[A| # 0 and |A’\ A| # 0. Because ¢ > 0 w.r.t. L?(R?),, we find
that Q > 0 w.r.t. B. Similarly, because £y > 0 w.r.t. L2(A)y, we have Qp > 0 w.r.t. Pa.
Hence, € (resp. Q4) is cyclic and separating for 9t (resp. 9ty). These indicate that the basic
assumptions of Definition 2.3 are actually satisfied.

Proposition 4.1. (9, 0M) is a generalized local system.

Proof. Taking (4.10), (4.19) and (4.21) into account, we readily confirm that 9t is factorizable.
Hence, by applying Proposition 2.6, we conclude the desired assertion in the proposition. [

Let A and J be the modular operator and modular conjugation associated with the pair
{9, Q}. Trivially, A = 1 and J is the complex conjugation on ) : Jop = @, ¢}. Similarly,
given A € B? let Aj and Jx be the modular operator and modular conjugation associated
with {9, Qx}. Then Ap = 1) and Jy is the complex conjugation on . In this case, the
corresponding natural cones are respectively given by

@Lsym R?m )+, Pa = @Lsym A><n (422)

where
L3 (N ={F € L2 (N") | F(k1, ..., kn) > 0 ae} (4.23)
with L2, (A*%), = Ry = {r € R|r > 0}. The self-dual cone B is referred to as the Frohlich

cone [28], see also [12, 13].
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Lemma 4.2. Given A € B? with |A| # 0, let wy be the Fock vacuum in Hp : wp = 10RO - - .
We set w = wgs, the Fock vacuum in . Then the net {wa}acps satisfies (A. 4).

Proof. Using (4.9), we have wy = wp ® wany, provided that A C A’ with [A] # 0 and
A\ A| #0. Thus, (ii) of (A. 4) is satisfied. By the definitions of wy and B, we have wp > 0
w.r.t. Pa for each A € B2, In addition, we readily confirm that (wx|Q4) = ca > ¢ > 0. Hence,
(i) of (A. 4) is satisfied.

In [29, 30], we already confirmed that (iii) of (A. 4) holds. For readers’ convenience, we
provide the idea of the proof. Using the identification (4.12), we know that Iy ® |wae)(wae| =
D, 1%” holds, where 1, indicates the multiplication operator by the function 1. Thus, we
obtain that

o0

1— 1y ® Jwae)(wae| = @M, — 157, (4.24)

n=0

where 1, is the identity operator on (L*(R?))®". Because 1, — 1{" > 0 a.e. as a function on
R3", we can conclude that the RHS of (4.24) preserves the positivity. O

Remark 4.3. As we proved in Lemma 4.2, w and wy satisfy (A. 4). However, these vectors
are neither cyclic nor separating for 91 or 9tx. On the other hand, 2 and 2 do not satisfy
(A. 4). These facts illustrate why we need two kinds of vectors  and w in Section 2.4.

Lemma 4.4. (A. 5) is satisfied.

Proof. Given ¢, € Pa, we have o Ay = @,~, on A Yp, where

(o Aton)(krs - o) = min{on(kry - kn)s Gn(kry e s ko)), (4.25)
Because @n, Py € L3, (A*™) 1, we see that (¢, A ¢n)(ki, ..., kn) > 0 a.e., which implies that
pAY >0 w.rt. Pa. O

4.4 Construction of the Nelson net

For notational simplicity, we set H = Hyen(P). For each A € B}, we define the Hamiltonian
with an ultraviolet cutoff A by

1A(k)
9 Je ™ 2

where Pt o, H;p and E(A) are defined by (1.10), (1.11) and (1.12), respectively. Because A is
bounded, we can choose k > 0 so that A C B,. For such a k, we set

HY(A) = 3 (P~ Pea)” - (a(k) + alk)) + Hea— (A, (4.26)

mo) = 2pte =g [ a0y sy e - BBAN). (2

R3 Ve(k)

H'(A) acts on $H, and is self-adjoint on dom(Pf% ) Ndom(H; p), bounded from below. Similarly,

HY(A®) acts on $pe and is self-adjoint on dom(P?,.)Ndom(Hf <), bounded from below. Using
(4.14) and (4.15), we have, as an operator identity,

H.(P)=H'(A)+W(A) + H(A°), (4.28)
where
W(A) = —(P — Pra) - Prpe. (4.29)

Lemma 4.5. Given A € IB%%, there exists a self-adjoint operator HV(A€), bounded from below,
such that HY(A€) converges to HY(A) in the strong resolvent sense as k — 00.
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Proof. We will apply Nelson’s idea in [33]. Let G, be the Gross transformation [16] : G, = e5*,
where

_ g —lp,
Te12(e v k2/2)

Here, Bi stands for the closed ball with radius K centered at the origin. For any linear
operator X, we set X = G, X G '. Choose K sufficiently large such that A C By, Following
Nelson’s arguments (or see [30, Proof of Proposition 4.7 (i)])®, we can show that there exists a
semibounded self-adjoint operator HY(A€) such that HY(A®) converges to HV(A¢) in the norm
resolvent sense as k — 0o. Let G4, be the unitary operator G, with kK = co. Note that G,
strongly converges to Go, as k — co. By defining HV(A®) = G~'HY(A)G, we conclude the
desired assertion in the lemma. O

Sk =a(F)—a(F)*, Fx K > 0. (4.30)

Combining Lemma 4.5 with (4.28), we arrive at the following:
Proposition 4.6. For each A € B}, we obtain Q(H*(A)) N Q(HY(A®)) C Q(W(A)) and
H = H"(A)+W (A)+HY(A°). (4.31)

Thus, the net {(H*(A), H"(A°), W(A))}AEJB% is a renormalized Hamiltonian net associated with
H = Hyen(P).

Proof. We provide a sketch. We employ the notations in the proof of Lemma 4.5. Recall
that Nelson proves that there exists a self-adjoint operator H, bounded from below, such that
H «(P) converges to H in the norm resolvent sense as x — oo, provided that K is large enough,
see, e.g., [30, Proof of Proposition 4.7 (i)]. By using (4.10), (4.14) and (4.15), we can see that

QUE (M) N QUAY(A%)) = Q(H) = [N, dom(Py)] N dom(HY) and Q(A*(A) NQUAY(A%)) €
Q(W(A)). Given self-adjoint operator A, let g4 be the quadratic form associated with A. Then
one can show that ¢ (®,¥) = qu(Ac)((I), \I/)—l—qW(A)((D, \I/)—i—qHL(A)(q), ) for each &, ¥ € Q(H).
Because K is sufficiently large, we see that ¢z and ¢z, (Ac) are closed and bounded from below.
Hence, H = H*(A)+W (A)+HV(A) holds true. O
Definition 4.7. The net {(H*(A), H(A°), W(A))}AE]B% defined in Proposition 4.6 is called the
Nelson net .
Remark 4.8. Let A,A’ € B}. If A C A’ and |A’\ A| # 0, then

H'(AN') = H*(A) + W(N;A) + HY (A" \ A), (4.32)
where W(A"; A) = —(P — Py a) - Prana and

J Lana (k)
rR3  +/e(k)
This relation is very similar to the one appearing in the theory of quantum spin systems, see,
e.g., [7, Section 6.2].

Lemma 4.9. The Nelson net satisfies (A. 1), (A. 2) and (A. 3).

Proof. (A. 2) is trivial because A = 1. Because the restriction of (W (A)+i)~! to the n-particle
space L2, (R?") is a multiplication operator, we obtain that (W (A)+i)~! € 3(9M) = M, Hence,
(A. 1) holds. Finally, we will prove (A. 3). By applying arguments similar to those of [30,
Lemma 4.3](or applying Proposition C.3), we can prove e BH (M) >0 wr.t. P for all B> 0 and
e PHIAY) > () wor.t. Pac for all > 0 and k > 0. Because e~ PHY(A%) g defined via the strong
limit of e #HY(AY)  we conclude that e ##"(A) >0 w.r.t. P for all 8> 0 by using Lemma A.5.
This completes the proof of (A. 3). O

HY(N\A) = S Pann — 9 (a(k) + a(k)") + Hyana — BN\ A),  (4.33)

8The proofs in [30, 33] can be extended to the massless case: m = 0.
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The main theorem in this section is the following.

Theorem 4.10. The semigroup e PHren(P)

0,m >0 and P € R3.

improves the positivity w.r.t. P for all B > 0,9 >

Proof. In Lemmas 4.2, 4.4 and 4.9, we already confirmed that the assumptions (A. 1)-(A. 5)
are satisfied. Hence, all assumptions in Corollary 2.15 are satisfied.

By using arguments similar to those of the proof of [30, Proposition 4.4], one can show that
e BH' (M) > 0 wort. Py forall 5> 0and A € B?.Y Thus, by applying Corollary 2.15, we obtain
the desired result. O

Remark 4.11. 1. Theorem 4.10 was conjectured by Frohlich [12, 13]. The first proof was
given in [30]. In this paper, we provide a proof from a viewpoint of renormalized Hamilto-
nian nets. In contrast with this, uniqueness of ground states for models for which energy
renormalization is unnecessary has been already well known [12, 13, 14, 26, 27, 28, 29, 32,
42, 43, 44]. We also remark that, recently [20], Lampart provided an alternative proof of
Theorem 4.10 based on the method established in [21].

2. The existence of ground states for related models are well-established [12, 13, 14, 26, 32,
45]. In particular, applying the method in [23], we can prove that He,(P) has a ground
state, provided that |P| < 1 and m > 0. In this case, the ground state is unique and
chosen to be strictly positive w.r.t. 8 by Theorems 2.16 and 4.10.

3. It had been conjectured that the renormalized massless Nelson model(i.e., m = 0) has no
ground states. Recently, this conjecture is solved in [9]. (As for the model with ultraviolet
cutoff, see [8].) Note that, for the proof of the absence of ground states in [9], the positivity
improvingness of e PHren(P) ig g basic input.

5 The Nelson net I1

5.1 Definition of the model
In this section, we will examine the Nelson model with a confining potential V:

1 1 (k) , ; .
Hyelsonw = —=Ap —V — g dkL“(e%’f'xa(k) + e *2a(k)*) + Hy — B, (5.1)
2 R3 e(k)
where A, is the Laplacian on L?(R3, dz). The operator Hxelson s acts on L*(R3, dz)@F(L?(R3)).
Below, we will explain how Hyelson,x relates with the model given in Section 4. For simplicity,
we assume that

(V. 1) Ve L%R3,dz), or V € L®(R3, dx).

Due to (V. 1) and [37, Theorem X. 15|, —3A, — V is self-adjoint on dom(—A,), bounded from
below. Note that, as discussed in Section 5.4, this assumption can be relaxed. By the Kato-
Rellich theorem, Hnelson,x is self-adjoint on dom(—A;) Ndom(Hy) and bounded from below for
all g > 0,m > 0 and k > 0. To apply the theory established in Section 2, we set

U = F exp (zx . Ptot), (5.2)

where P is the total momentum operator given in Section 1 and .% is the Fourier transfor-
mation on L?(IR3):

(Zf)(p) = (2m)73/? /R3 e WP f(x)dx, fe L*(R? dx). (5.3)

9We readily extend the proofs in [30] to the massless case.
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We define
H,, = % Hxosonx % . (5.4)

Let = (z1, 2, z3) be the position operator for the particle: (z;f)(z) = z;f(z), f € L*(R?, dx)
and let V, = (8%1’ 8%27 8%3) be the nabla on L?(R3,dx). Then

FrF = —iV,, F(-iVy)F =y, (5.5)

where p and V), are the triplet of multiplication operators and the nabla on the momentum
L2-space: L?(R3,dp), respectively. Applying (5.5), we readily confirm that

1 1 k
H.,=-(p—P)?—-V(=iV,)—g | dk 5, (k)

2 e V)

where V(—iV,) is defined through the functional calculus. By Theorem 1.1, we have the
following.

(a(k) + a(k)*) + Hy — E,, (5.6)

Proposition 5.1. For each g > 0 and m > 0, there exists a unique self-adjoint operator H,
bounded from below, such that H, converges to H in the strong resolvent sense as Kk — 0.

Again we emphasize that the infinite energy renormalization, i.e., F, ~ —oo, is necessary
to define the Hamiltonian H.
Note that if V =0, then H, and H(P) are related as

®
H, = H,(P)dP. (5.7)
R3
Similarly, we readily confirm that, if V = 0, then
S2]
H = Hien(P)dP. (5.8)
R3
5.2 Basic algebras and self-dual cones
Define
m?\ = LOO(R3v dp) @My, A€ ]B?)’ (59)
where 9y is given in Section 4. In what follows, we set

Trivially, 9t is a von Neumann algebra on $* = L?(R3,dp) ® ), and MY is a von Neumann
algebra on $ = L?(R3,dp) ® H,, where § and $H, are defined in Section 4 as well. Using (4.10)
and (4.11), we have

Y)[}\/ :y)ﬁ\®y)/\/\1\, ﬁL:ﬁﬁ\(@ﬁAcv (511)
provided that A C A’ with |A] # 0 and |A \ A’| # 0. Similarly, using (4.19), we have
V=M ® SIRA/\A, M = MY @ Mye, (5.12)

provided that A C A’ with |A] # 0 and |A \ A’| # 0.
Let ¢ be a strictly positive function in L?(R3,dp). Suppose that ¢ is normalized. Then ¢
is cyclic and separating for L>(R3, dp). Now we set

Q' =pQ, Q) = Q, (5.13)
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where €2 and €2, are given in Section 4.3. Note that Q* (resp. Q) is cyclic and separating for
M (resp. MY ). By using (4.21), we see that

Q=0 ® QA’\A? 0" = Q) ® Qpe, (5.14)

provided that A C A’ with |A] # 0 and |A\ A’| # 0.
Due to (4.12), the Hilbert spaces $* and $), can be expressed as

9 = P L (R? dp) ® L%, (R*), 94 = P L*(R?,dp) ® L3, (A*™). (5.15)

n=0 n=0

Note that the following identification will be often useful:
L*(R?,dp) ® L3, (A*") = L* (R L2,,,(A*™)), A € B, (5.16)

where L?(R3;X) denotes the space of square integrable X-valued functions, and we used the
following convention: L*(R3) = L?(R3; L2 . (A*?)).

sym

Proposition 5.2. (9, 9M) is a generalized local system.

Proof. As we already confirmed in Section 4.3, 9 is factorizable. By (5.11), (5.12) and (5.14),
we know that (ii)-(iv) of Definition 2.4 are satisfied. O

The modular operator and modular conjugation associated with the pair {901*,Q} are re-
spectively given by

Jo=EP¢; A'=1 (5.17)
n=0

Similarly, the modular operator and modular conjugation associated with {9t} , Q4 } are given
as J§ = the complex conjugation on ) and A} = 1. The corresponding natural cones are
respectively given by

;BL = @ L2(R3’ dp)+ ® Lgym(Rgn)-H ‘B?\ = @ LQ(Rga dp)+ ® Lgym(Axn)-‘r‘ (518)
n=0 n=0

Lemma 5.3. Let {wp}pcps be the net of Fock vacuums given in Lemma 4.2. Then {wa}ta
satisfies (A. 4) with the following correspondence:

o P and *P* are defined by (5.18).
o LY =P and PV =P, where P and P are defined by (4.22).
Proof. (i) and (ii) of (A. 4) were already confirmed in the proof of Lemma 4.2.
By applying (4.24), we have
1 — ]15\ & |wAc><wAc| = ]ILQ(R3,dp) X []155 — ]lﬁA &® |wAc><wAc|], (5.19)

where 1y stands for the identity operator on X. As we showed in the proof of Lemma 4.2,
Iy — 1, ® |wae)(wae| >0 w.r.t. B. Hence, the right hand side of (5.19) preserves the positivity
w.r.t. P O

Lemma 5.4. (A. 5) is satisfied under the correspondence given in Lemma 5.35.

Proof. For each ¢, € PB4, we have p Ay = D, ¥n A ¥n, where

(<Pn/\7/)n)(pa kl?akn) :mln{(pn(pa kla’kn)’ wn(p’klaakn)} (520)
Because ¢y, ¥, € L*(R3,dp), ®L§ym(AX")+, we see that (o AY,)(p, k1, ..., k) > 0 a.e., which
implies that ¢ A > 0 w.r.t. Y. g
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5.3 The Nelson net I1

Given A € IB%%, we define the local Hamiltonian by

1

H (M) = (o~ i)~ V(i) g [ ap D

N

where P A, H o and FE(A) are defined by (1.10), (1.11) and (1.12), respectively. The Hamilto-
nian H*(A) acts on $4. By the Kato-Rellich theorem again, H*(A) is self-adjoint on dom(p?) N
dom(P?,) Ndom(Hs ) and bounded from below for all g > 0 and m > 0.

Choose # > 0 so that B, D A. Then we set

(a(k) + a(k)*) + Hea — E(A),  (5.21)

1A (k)
Je®

The operator H}/(A€) acts on $}.. By the Kato-Rellich theorem, H}(A) is self-adjoint on
Ndom(P?,.) Ndom(H¢ ac) and bounded from below for all g > 0, m > 0 and & > 0.
As before, we have, as an operator identity,

HY(A) = %Pgm — [ | dk=E (alh) + ak)') + Hoae = BB, A). (5.22)

H,=H'(A)+W(A) + H(A°), (5.23)
where
W(A)=—(p—Prp) - Prae (5.24)

Using arguments similar to those in the proof of Proposition 5.1, we can prove that there is a
self-adjoint operator HV(A€), bounded from below, such that H, };(AC) converges to HV(A) in
the strong resolvent sense as Kk — co. In addition, we obtain the following:

Proposition 5.5. For each A € B}, we obtain Q(H'(A)) N Q(HY(A)) C Q(W(A)) and
H = H'(A)+W (A)+H"(A°). (5.25)
Hence, {(H*(A), HY(A°), W(A))}AG]B% is a renormalized Hamiltonian net associated with H .

Proof. The equality (5.25) is another expression of Nelson’s theorem [33]. Note that the
Nelson’s idea can be extended to the massless case. O

Definition 5.6. The net {(H*(A), H"(A°), W(A))}Aeﬁg in Proposition 5.5 is called the Nelson
net II, as a matter of convenience.

The following lemma is needed in Section 5.4.
Lemma 5.7. The Nelson net II satisfies (A. 1), (A. 2) and (A. 3).

Proof. Because (W (A) +i)~! is a direct sum of multiplication operators, we readily confirm

that (A. 1) is satisfied. Because of (5.17), (A. 2) is trivial. In Lemma C.12, we show (A.

3). O

5.4 Positivity improvingness

Our first result in this section is the following:

Theorem 5.8. Assume (V. 1). In addition, assume the following:

(V. 2) V(p) >0 ae. p, whereV is the Fourier transformation of V.

(V. 3) There exists an € > 0 such that B, C suppV, where B, is the ball with radius & centered
at the origin and supp V stands for the support of V.
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The following (i) and (ii) are equivalent to each other:
(i) e PH improves the positivity w.r.t. SB* for all > 0;
(i) e PH' D) improves the positivity w.r.t. B4 for all B> 0 and A € B}.

Proof. From Lemmas 5.3, 5.4 and 5.7, every assumptions in Corollary 2.15 are satisfied. Hence,
by applying Corollary 2.15, we obtain the desired result in Theorem 5.8. ]

In Appendix C, we show the following proposition:

Proposition 5.9. Assume (V. 1), (V. 2) and (V. 3). For all B > 0,g > 0,m > 0 and
A e ]B%%, the semigroup e PH'N) improves the positivity w.r.t. P -

Combining Theorem 5.8 and Proposition 5.9, we arrive at the following:

Corollary 5.10. Assume (V. 1), (V. 2) and (V. 3). The semigroup e PH improves the
positivity w.r.t. PB* for all >0, g >0 and m > 0.

As we mentioned before, the assumptions (V. 1)-(V. 3) are rather strong. We can relax
these as follows.

(V. 1°) V€ L}(R3,dx) + L*>®(R3, dx).
(V. 4) There exists an approximating sequence {V,,} for V such that the following (i)-(iii) hold:

(i) Vi, —V € L3(R3,dz) and ||V — Vy||z2 — o0 as n — o0.

(ii) For all n € N and a.e. p, the Fourier transformation Vi(p) exists, and satisfies
Vi € LU, dp) and 0 < Vi(p) < -+ < Valp) < Vs (p) < -+

(iii) There exist an € > 0 and n, € N such that B. C suppVp, .

Note that the condition (V. 1’) guarantees the self-adjointness of Hpelsonx, See, €.g., [37,
Theorem X. 15]. Moreover, Proposition 5.5 still holds under this assumption. It often happens
that V does not exist, or V exists but V ¢ L'(R3,dp). Even in these cases, we can apply our
theory on the basis of the assumptions (V. 4). This is the principal reason for introducing the
sequence {V,,}. The following example illustrates the situation described just before.

ef:uf‘m|

Example 1. Let us consider the Yukawa potential V(z) = T with > 0. Then we have
. 21/2
V(p) = 5, which does not belong to L'(R3,dp). In this case, we set
petp
Vala) = 2r) 5 [ eV (p)ap, (5.26)
R3
where
V(p) f0<V(p)<nand|p|<n
Vo(p) =< n if n < V(p) (5.27)
0 otherwise.

Then the sequence {V,,} satisfies (V. 4).
Now we are ready to state our main result in this section.

Theorem 5.11. Assume (V. 1°) and (V. 4). The semigroup e PH improves the positivity
w.r.t. P* for all B >0, g >0 and m > 0.
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We will provide a proof of Theorem 5.11 in Appendix D.

Remark 5.12. Here, we explain a crucial difference between Theorem 5.11 and the result
in [25]. It is well-known that the Fock space F(L?(R?)) can be identified with L?(Q,dpu),
where (@, p) is some probability space. Under this identification, the field operator ¢(f) =
a(f) + a(f)* with f € L?(R3), real-valued, can be regarded as a Gaussian random variable such
that fQ dud(f)o(g) = (flg)rz- This representation is called the Schréidinger representation
[41]. Recall the definition of Hyelson in Proposition 1.1. In [25], Matte and Mgller proved
that e PHNeison improves the positivity w.r.t. L?(R? x Q,dxdp) for all § > 0. Their proof is
based on the probability theory. In contrast with [25], Theorem 5.11 holds true in the Fock
representation. Moreover, as we already know, our proof is purely operator theoretic. Therefore,
Theorem 5.11 provides information completely different from [25].

Remark 5.13. The conditions on V, especially (V. 2) and (V. 4), would be rather restrictive.
Indeed, the result in [25] can be obtained under more general conditions. In contrast with our
results concerning the Hamiltonian at fixed total momentum, Hyen(P), the method of [25] can
cover P = 0 only. In this way, these two methods complement each other and have specific
advantages.

A Some useful results

Let m be a von Neumann algebra on a complex separable Hilbert space h. Assume that m has
a cyclic and separating vector £. Thus, h = mé = m’E.

We use A and J to denote the modular operator and the modular conjugation associated
with the pair {m,£}. The natural cone associated with the pair {m, &} is denoted by p.

Theorem A.1. Let f € L®(R)N L' (R). Suppose that f is nonnegative. Let A be a self-adjoint
operator satisfying the following (i) and (ii):

(i) (A+4)~' € 3(m).
(i) A®A C AA™ for allt € R.
Then we have f(A)>0 w.r.t. p.

Proof. Remark that f(A) € 3(m) by (i) and the functional calculus. In addition, we have
f(A)A=Y*C A=A f(A) by (ii). By using [6, Proposition 2.5.26], we have

o= AT/t £, (A1)

where m’, is the set of positive elements of m’. For each B’ € w’,, we see that f(A)A~Y4B/¢ =
ATYVAF(A)2B f(A)Y2¢. Because f(A)Y2B'f(A)/? € m',, we conclude that f(A)p C p from
(A.1). O

Recall that heq stands for the J-real subspace: brea = {@ € h| Jo = p}. Let ¢ € hreal- By
[6, Theorem 2.5.28], there are ¢_, p4 € p such that ¢ = ¢ — ¢ and (p4|p_) = 0. With this
in mind, we set

ol = ot + o (A.2)
Corollary A.2. Under the assumptions in Theorem A.1, we have
[l FA)] < N Fllo (ol | 0]) (A.3)
for all 0,9 € Brear, where || and || are defined by (A.2). In particular, we have
0 < {pf(A)Y) < [[flloclelr) (A4)

for all p, v € p.
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Proof. Let ¢ = || f|loo- Let g(z) = ¢ — f(z). Clearly g is nonnegative. For each n € N, we set
gn = 1i_nn)g- Then g, € L>(R)N L'(R) and g, is nonnegative for all n € N. Hence, g,(A) >0
w.r.t. p due to Theorem A.1. Because g,(A) strongly converges to g(A) as n — 0o, we obtain
g(A) >0 w.r.t. p by applying Lemma A.5. Equivalently, it holds that f(A) <c w.r.t. p.

Let ¢, 1 € Breal. Because 0 < f(A) < ¢ w.r.t. p, we have

(el F(A)] < (el F(A]) < e(lel[[0])- (A.5)
This completes the proof. O

For (paw € breab we set
pAY =1y —(p—9)-, eVI=p+(p—1);. (A.6)

The following lemma will be needed.
Lemma A.3. Let o, ¥ € hreal. We have the following:
1) pAn=vAp.
(i) eAY <@ and o AN <Y w.r.t. p.
(iii) Suppose p,1 € p and ¢ ANy >0 w.r.t. p. Then (p|p) =0 if and only if ¢ A1) = 0.
Proof. (i) We observe

PAY—YpNp=tp—(p—Y)-—p+ W —p)- =t —p—(p—¢)=0. (A7)

(ii) immediately follows from (i).
(iii) Note that

pAp+oVve=p+y, loAplP+llev el = llell® + vl (A.8)

Hence, we have (p|)) = (@ Alp V).
Suppose that (pl)) = 0. Because 0 < o Ay < o V¢ wat. p, we have 0 = (p[yp) =
(o Nl Vb)) > |l¢ A2, which implies that ¢ A = 0. To prove the converse is easy. O

Theorem A.4. Let A be a positive self-adjoint operator acting on V. Suppose that e~*4 >0
w.r.t. p for all t > 0. Suppose that o Ay > 0 w.r.t. p for each v,y € p. Then the following
conditions are equivalent:

(i) e >0 w.r.t. p for all t > 0.

tA

(ii) The semigroup e~** is ergodic w.r.t. p.

Proof. This theorem is proved in [27]. For readers’ convenience, we provide a proof.

(i) = (ii): Trivial.

(ii) == (i): Our proof is based on [38, Theorem XIII.44].

Step 1. Let ,9 € p\ {0} and let By, = {t > 0] (ple”*44) > 0}. By the assumption,
B,y is nonempty. Fix s € B, arbitrarily. Then (ple=*49) > 0. Let pn = p A e 4. Because
e *4 >0 w.r.t. p by the assumption, it holds that x> 0 w.r.t. p. Note that because of (iii)
of Lemma A.3, 1 # 0 holds. In addition, by using (ii) of Lemma A.3, we have u < e*4¢ and
< ¢ w.r.t. p. Hence, for every ¢t > 0,

(ple e 4)) > (ole ™ u) > (ule ™) = [l A2pl? > 0. (A.9)

Thus, s € B,y and t > 0 imply s+t € By .

Step 2. As a function of t, (p|le~*44) is analytic in a neighborhood of the interval (0, cc).
Hence, (0,00) \ By can have only 0 as a limit point, otherwise (p|e~*44)) is identically 0.
In particular, B,y contains arbitrarily small numbers. Thus, by Step 1, we conclude that
B,y = (0,00). O
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Lastly, we prepare for an abstract lemma:

Lemma A.5. Let {A,}nen be a sequence of bounded operators on by. Let A be a bounded
operator on b. Suppose that A, weakly converges to A asn — oco. If A, >0 w.r.t. p for all
n €N, then A>0 w.r.t. p.

Proof. See [30, Proposition 2.8]. O

B Tensor products of self-dual cones

Let m; and my be von Neumann algebras on complex separable Hilbert spaces h; and ho,
respectively. Suppose that & € b1 and & € by are cyclic and separating vectors for my; and mo,
respectively. For j = 1,2, the modular operator and the modular conjugation associated with
the pair {m;,{;} are denoted by A; and J;.

A vector £ ® & is cyclic and separating for m; ® my as well. We denote by A and J the
modular operator and the modular conjugation associated with the pair {m; ® mg, & ® &},
respectively. We readily check that

A=A1RAy, J=J1® Jo. (B.l)

Here, the conjugation J; ® Jo is defined as follows: Let ® € h; ® ha, where ©® indicates the
algebraic tensor product. Hence, ® can be expressed as & = 22[3:1 cijpi @1y, where c;; €

C, ¢; € b1 and v; € ha. Using this expression, we define J; ® Jo by J1 ® Jo® = Zﬁ[j:l c’{legoi®
J21p;. We can show that J; ® Js is well-defined and can be extended to a conjugation on b ® bo.
Let p; and p2 be natural cones associated with the pairs {my, &1} and {mg, &2}, respectively.

We define a tensor product of p; and p2 by the natural cone associated with {m; ® ma, & ® &2}

p1 ® p2 := Po(m1 @ ma)&1 @ &2, (B.2)

where Py(- - -) is defined in Definition 2.8.

C Proof of Proposition 5.9

Again we emphasize that Proposition 5.9 holds in the Fock representation, and the standard
probabilistic approaches in the Schrodinger representation are inapplicable. The method in this
section is novel and peculiar to the Fock representation.

C.1 Key operator inequalities

For our purpose, we extend the operator inequalities defined in Section 2 to unbounded opera-
tors.

In this subsection, £ denotes $H# or ﬁf (# = 1,v), and Q denotes L7 or ‘Bf (# = ,v).
Let %0 be a dense subspace of & such that U N Q # {0}.'0 Set

Z () = {A: linear operator s.t. U C dom(A) Ndom(A*), AU C U, A*Y C V}. (C.1)

As before, we denote by Rea the J-real subspace: Rca1 = {¢ € 8| Jp = ¢}, where J denotes
the conjugation associated with . The following lemma is easy to check:

Lemma C.1. We have the following:
(i) Z(V) is a x-algebra.

10Tn concrete applications in Sections 4 and 5, 2 satisfies a much stronger condition: BN Q = O.
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(i) If A € Z(0), then dom(A)NQ DV N #{0}.
(iii) If A € Z(0), then dom(A) N Kreal 2 VN Kreal 7 {0}.11

Definition C.2. o Let A e Z(U). If A(dom(A)N Q) C A, then we write this as A >0
w.r.t. 9. Remark that, due to (ii) of Lemma C.1, this definition is meaningful. In this
case, we say that A preserves the positivity w.r.t. Q.

o Let A, B € Z(0). Suppose that A(dom(A)NRyeal) C Rreal and B(dom(B)NRyeal) € Rreal-
If (A— B) (dom(A) Ndom(B) N Q> C 9, then we write this as A> B w.r.t. Q.
The following proposition is a basic tool.

Proposition C.3 ([30]). Let A be a positive self-adjoint operator and let B be a symmetric
operator. Assume the following:

(i) B is A-bounded with relative bound a < 1, i.e., dom(A) C dom(B) and ||Bz| < al|Az| +
bllz|| for all x € dom(A).

(i) 0K e wrt. 9 for allt > 0.
(iii) 04 —B w.r.t. Q.
Then 0 < et ATE) wrt. Q for all t > 0.
Proof. See [30, Theorem A. 18]. O

Theorem C.4 below will play an important role in our proof of Proposition 5.9.

Theorem C.4 (Monotonicity [31]). Let A, B be self-adjoint positive operators on K. Assume
that B=A — C with C € #(R). Suppose that

(i) e PA>0 w.r.t. Q for all B > 0;
(i) C>0 wrt Q.
Then we have e BB > e BA w.r.t. Q for all B> 0.
Proof. See [30, Theorem A. 4]. O

C.2 Basic properties of the Nelson net II

Assume that V satisfies (V. 1) and (V. 2). In what follows, we will focus on the case where V' €
L?*(R3,dx). Note that we readily apply the arguments below to the case where V € L>®(R?, dx).
For each n € N, we set

Un(k) = if n < V(k)and |k| <n (C.2)

V(k) if V(k)<nand |kl <n
n
0 if n < |kl

Trivially, U, is bounded and

|Up = V][22 =0 asn— oo. (C.3)
Now, we define a sequence of potentials {U,} by
U () = (2m) /2 / dke™ U, (k). (C.4)
R3

Note that we employ the notation U,, (instead of more natural notation V},) in order to avoid
confusion with the approximating sequence in (V. 4). Remark that ||U, |« < oo for all n € N.

"Because freal = Q — 9, (iii) immediately follows from (ii).
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Lemma C.5. We have the following:
(i) Un(=iVy) >0 w.r.t. L>(R3,dp)+ for each n € N.
(ii) V(=iVp) >0 w.r.t. L*(R3,dp)+.

Proof. Because e*(=7V») is a translation, we have e?*(="Vr) >0 w.r.t. L%(R3, dp),."? Hence,
we obtain

Un(—iV,) = (2 —3/2/ dk Uy (k) ™ Vo) >0 wor.t. L2(R3,dp),. C.5
(V) = a2 [ arDu) et Tt @) (C)
>0 20
Similarly, we have V(—iV,) >0 w.r.t. L*(R3, dp);. O

Before we proceed, we prove a basic lemma:s:

Lemma C.6. Let A € IB%%. Let A ¢ %’(ﬁj\) Suppose that A> 0 w.r.t. P,. Then we have the
following:

(i) A® Qpe >0 w.r.t. P, where Npe is the identity operator on $Hxe.

(ii) If A C A" with [A"\ A] # 0, then A ® Tynp >0 w.r.t. Py, where Tyny is the identity
operator on HAnA-

Proof. (i) First note that, by (4.22),
qu = ‘Bj\ ® sBAC @mA ® Lsym AC>Xn)+' (C6)
The self-dual cone P4 ® L2, ((A°)*™) . can be expressed as

P ® Lsym((AC)xn)+ {‘1, €9\ ® LSym((Ac)Xn) ‘\Il(k‘l,...,k:n) >0 wr.t. PY a.e.}, (C.7)

where we regard ¥ as an $)}-valued function on (A¢)*™. Corresponding to the direct sum
decomposition (C.6), A®Ixe can be written as AQ Ipye = P, - ; A® 1, where 1,, is the identity
on L2, ((A°)*™). Therefore, it suffices to prove that A® 1,, > () w.r.t. Py @ Lsym((AC)X")+ for

sym

each n. But this is easy to check. Indeed, we have, for each ¥ € P} ® Lsym((AC)X") 4
(A® 1,9) (k1,...,kp) = (AV)(k1,..., ky) >0 wor.t. PBy. (C.8)

Similarly, we can prove (ii). O

Lemma C.7. Let A € IB%%. One obtains the following:

(i) Un(=iVyp) >0 w.r.t. Py for all n € N and V(—iV,) > 0 w.r.t. P, where we regard
Un(—=iVy) and V(—iV,) as operators on $Y.

(i) Up(—=iVp) >0 w.r.t. PB* for alln € N and V(—iVy) > 0 w.r.t. B*, where we regard
Un(—iV,) and V(—iV,) as operators on $*.

2Let ¢ € L*(R®?,dp)+. Then
(€™ o)(p) = p(p+ k) > 0 ae..
Hence, e (V) >0 wor.t. L*(R3 dp)s for all k € R,
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Proof. (i) Corresponding to (5.18), U, (—iV,) can be expressed as

Un(=iV,) = P U (-iV,) @ 1, (C.9)
{=0

where 1, is the identity operator on L2  (AX%). Let ¥ € L?(R%), ® L2 (A*Y),. Trivially,

Sym sym

U(p,ki,...,k¢) > 0 a.e., which implies, by Lemma C.5, that
<Un(—ivp) ® ngxp) (st ) = (Un(=iV,) ) (p K, Ke) > 0 ace.. (C.10)

Hence, we conclude that U, (—iV,) > 0 w.r.t. B . Similarly, we have V(—iV,) >0 w.r.t. .
(ii) Combining Lemma C.6 and (i), we immediately get the desired assertion. O

In [31, Proposition 4.4], we proved the following useful lemma:

Lemma C.8. There exists an ng € N such that, for all n > ngy, U,(—iV,) is ergodic w.r.t.
L?*(R3,dp),. That is, for each ¢,v € L*>(R3,dp) \ {0}, there exists an N € Ng = {0} UN such
that (p|Un(=iV,)Nep) > 0.

Proof. Due to (V. 3), there exists an € > 0 such that B, C suppV. Hence, taking ng € N
sufficiently large, we find that B, C suppUnO. Because suppUn - suppUnH, we see that
B. C suppUn, provided that n > ng. By applying arguments similar to those in the proof of
[31, Proposition 4.4], we obtain the assertion in Lemma C.8. O

For each n € N and A € IB%%, we set

K(A) = %(p_Pf,A)Q‘f’Hf,A—E(A), (C.11)
U (—i Ia(k) .
I,(A) = Up(=iVp) + g s dkm( (k) + a(k) ) (C.12)

and H (A) = K(A) — L,(A).
Lemma C.9. Let A € B3. H(A) converges to H'(A) in the strong resolvent sense asn — oc.

Proof. By (C.3), we have H:(A)y — H'(A)y for all ¢ € C5°(R3) N dom(Pf%A) Ndom(Hg ) as
n — oo. Thus, by applying [36, Theorem VIIIL. 25 (a)], we conclude the desired assertion. [

To introduce operator inequalities discussed in Section C.1, we define the finite boson sub-
space of $* by

N, = {\IJ ={U,} € H* | There exists an n € N such that for all £ > n, ¥, = 0}, (C.13)

where the direct sum representation (5.15) is considered. Similarly, we can define 4 gin for
each A € B2. In what follows, we employ the following notation: ﬁj\:R3,ﬁn = 9;,. Note that
% fn is dense in Hj. Trivially, we have a(f) € .i”(f)ﬁ\’ﬁn), provided that f € L?(A). Hence,
I,(A) € Z($} 5,) for all A € B} and n € N.

Lemma C.10. If f € L?*(A)4, then a(f) >0 and a(f)* >0 w.r.t. P4. Thus, I,(A) >0 w.r.t.
PB4y for alln € N.

Proof. By [30, Proposition 3.8], we have a(f) > 0 and a(f)* >0 w.r.t. Y. Combining this
and Lemma C.7, we have I,,(A) > 0 w.r.t. ! for all n € N. O

Lemma C.11. For all 3> 0,n € N and A € B}, it holds that e PKWN) >0 w.r.t. P.
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Proof. Corresponding to the direct sum representation (5.15), we have

A) =P K0, (C.14)
=0
where
Ky(A) = %(p ki k)P (k) 4t (k) — E(A) (C.15)

with Ky—o(A) = $p?—E(A). Here, k; and £(k;) denote the multiplication operators on L2, (R3)
associated with the functions k; and €(k;), respectively. Because e —BK(A) i a multiplication op-

erator associated with a positive function, we have e #E:M >0 w.r.t. L2(R3, dp), ®Lsym(AX£)+
for all B > 0. Hence, we obtain the desired result. O

sym (

Lemma C.12. Let A € IB%%. One obtains the following:
(i) e PH:N) >0 w.rt. Py for all >0 and n € N.
(ii) e BH'(A) > (0 ..t B for all B> 0.

Proof. (i) By applying Lemmas C.10, C.11 and Proposition C.3, we conclude that e #Hn(M >0
w.r.t. P for all 3 > 0.

(ii) Taking Lemma C.9 and (i) of this lemma into account, we can apply Lemma A.5 with
A, = e PHLA) and A = e BH'(M) | and obtain the desired assertion. O

Lemma C.13. Let ng be the natural number given in Lemma C.8. For each n € N with n > ng
and A € B}, I,(A) is ergodic w.r.t. BY. That is, for any ¢, € (P mﬁ?\,ﬁn) \ {0}, there exists
an N € Ny such that (p|I,(A)Nv) > 0.

Proof. Set A = U, (—iV,) and B = a(F) + a(F)* with F = gl,/+/e. We already know that
AP>0and B> 0 w.r.t. P.

Take ¢ = D2, ), ¥ = DoY) € (P4 N ﬁ?\,ﬁn) \ {0}, arbitrarily. It suffices to prove that
there exists an N € Ny such that (p|(A+ B)V1) > 0. Because ¢ and ¢ are nonzero, there exist
¢, m € Ny such that ¢, # 0 and v, # 0. Hence, we have ¢ > ¢y and ¢ > 1), w.r.t. P!, where
we regard ¢y and v, as vectors in £’ in the following manner:

o=1(0,...,0, 07 ,0,...), Um=1(0,...,0, ¥m,0,...). (C.16)
~~ ~~
gth mth

Because (A 4 B)ktttm > (FHEEm) Ak plim 1t 34 for each k € Ng and B > a(F) w.r.t. P,
we find that

(ol(A + BYF+Ermy) > <’“ lm

|AkBZ+m1/) >

<k‘+€+m

(

Y

) pel ACa(F) ™)

)i
) ol AR B
)t
Y4
k

_ < * +m) (F]4%g), (C.17)

where
J)= | by dbepelpika, o k) F k) - F(ke), (C.18)
9(p) = /Am dk1 - kb (D3 k1, - k) F (k1) -+ F(kp). (C.19)
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Trivially, f and g are nonzero and f(p) > 0 and g(p) > 0 a.e. p. Thus, by applying Lemma C.8,
we can choose a k € Ny such that (f|A*g) > 0. This completes the proof of Lemma C.13 [

Proposition C.14. Let ng be the natural number given in Lemma C.8. For all 8 > 0,n € Ny
with n > ng and A € BS, we have e PHN) > 0 w.r.t. P -

Proof. The proof of Proposition C.14 is a modification of that of [30, Proposition 4.4]. For
readers’ convenience, we will provide a proof here. Choose ¢,v¢ € B4 \ {0}, arbitrarily. By
(5.18), we can express ¢ and ¢ as ¢ = @ ¢n and P = @5 ¥y With ¢y, ¥, € L2(R3,dp)+ ®
Lgym(AX")+. Because ¢ and v are non-zero, there exist ni,ny € Ny such that ¢,, # 0 and
Yn, # 0. Since e PK() i an injection and preserves the positivity, we have e #K (A)wm #0
and e PEWN)q >0 wr.t. BY. Here, we have used identifications similar to (C.16). Hence, by

Lemma C.13, there exists an £ € Ny such that
(o, [T (M) e KMy ) > 0. (C.20)
Since ¢ > ¢y, and ¥ > 1, w.r.t. By, we get
<¢‘6—BH$L(A)¢> > <90n1 ‘e—ﬂHﬁ(A)¢n2> (C.21)

for all 3> 0 by Lemma C.12. By applying the Duhamel formula'? , we have

0
e PN =N"D; + Ry on H) 4, (C.22)
j=0
where Dy = e~ PKA) and
D; = L, (A)(s1) - T, (M) (s;)e PE M s, - ds;, (C.23)
0<51<-<s; <P
Ry = / I,(A)(s1) - Iy (AN (spp1)e PN dsy oo dspyq (C.24)
0<s1<-+<sp11<p

with I,,(A)(s) = e KM, (A)es KW Because I,,(A) >0, e PEM) >0 and e PHL(Y) >0 wor.t.
B, we obtain D; >0 and R, >0 w.r.t. )\ by Lemma A.5. Hence,

(pny [e7PHR My > (o, | Doty ) (C.25)
Set G(s1, ..., 50) = (n, [Tn(A)(s1) - - ~In(A)(Sg)e_6K(A)1,Z)n2>. By using (C.20), we have G(0,...,0) >
0. Because G(sy,...,sp) is positive and continuous in sy, ..., sy, we find that
{fny | Detbny ) :/ G(s1,...,80)dsy - -dsg > 0. (C.26)
0<s1<+<sp<B

Combining (C.21), (C.25) and (C.26), we arrive at <¢‘6_BH¢1(A)¢> > 0 for all g > 0. O

"*For notational simplicity, we set A = K(A) and B = I,(A). On the finite boson subspace £} 5,, we have
the following under the strong operator topology:

die_SAe_w_S)(A_B) = e_SA(—B)e_(ﬁ_s)(A_B)7 0<s<p.
s

By carrying out the integration, we get

B
o~ B(A-B) :e—ﬁA+/ oA Be—(B=9)(A=B) g
0

on $4 s, By applying this identity repeatedly, we obtain (C.22).
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C.3 Proof of Proposition 5.9

Let ng be the natural number given in Lemma C.8. For each m,n € N with n > m > ng, we
have

Up(=iV,) — Up(—iV,) = (2m) /2 /R dk (Un (k) — Un(k)) V) 0, (C.27)

>0

>0

which implies that H}, (A)> H},(A) w.r.t. ‘B%. By applying Theorem C.4, we obtain e PH(A)
e BHL(A) wrt. P for all § > 0. Taking the limit n — oo, we arrive at e —BH'(A) > o=AH(
w.r.t. ) by Lemma A.5. By using Proposition C.14, we conclude that e BH (M) > e=AH, (M)
w.r.t. B4 for all 3 > 0.

Do 3|v

D Proof of Theorem 5.11

Let {V,,} be the approximating sequence of V given in (V. 4). Let H™ be the Hamiltonian
H with V replaced by V,,. Using arguments similar to those in the proof of Lemma C.9, we
obtain the following lemma.

Lemma D.1. H™ converges to H in the norm resolvent sense as n — oo.

Proof. Let G be the Gross transformation defined by (4.30) with k = co. Set H = Goo HG!
and H™ = GooH™GZ!. In addition, set J = p? — V(—iVy) + P? + Hp — ¢, where ¢ is a
constant such that 7 is positive. Then we readily confirm that Q(H™) = Q(H) = Q(J) for
all n € N. As a form, we have, by using (i) of (V. 4),

(PlH ) — (ol HOg)| < [(pl(V(=i9)) = Val(=i¥,) )]
< IV = VallzzllplZe 0 (n = o) (D.1)

for all p € Q(J). By applying [36, Theorem VIIIL. 25 (c)], we conclude that H™ converges to
H in the norm resolvent sense. d

Due to (ii) of (V. 4), V,, € L®(R3,dx) holds. Therefore, we can apply Corollary 5.10 and
conclude that

e PHY 50 wrt. P forall B> 0 and n > n., (D.2)

where n, is the natural number given in (iii) of (V. 4).
Let H,g") be the Hamiltonian (5.6) with V replaced by V,. By using arguments similar to

those in [33], we can show that H é”) converges to H(™ in the strong resolvent sense as & — 0.
For m,n € N with n > m > n,, by using (ii) of (V. 4) and arguments similar to those in the
proof of (C.27), we have V,,(—iV,) — Vp,(—iV,) > 0 w.r.t. B, which implies that

H™ — H™ =V, (=iV,) = Vi(—iV,) >0 w.r.t. P (D.3)

. . (n) (m)
By using Theorem C.4, we obtain that e #Hr" > e FH:™" wrt. ¢ for all B > 0. Because
H, ﬁ”’ converges to H™ in the strong resolvent sense as k — oo by Proposition 5.1, one obtains

e BH™ > o=BH™ 1 ¢ P for all 5 > 0 by Lemma A.5. Then taking the limit n — oo, we get
e PH > ¢ ﬁH( ™ w.r.t. P for all B> 0 by Lemmas A.5 and D.1. Combining this with (D.2),
we finally obtain that e #H > 0 w.r.t. ¢ for all 8 > 0. O
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