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A technology demonstration of propagator matrix power method for
calculation of electron velocity distribution functions in gas in long-term
transient and succeeding equilibrium states under dc electric fields *
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L Graduate School of Information Science and Technology, Hokkaido University, Sapporo 060-0814,
Japan
2 Department of Electronics and Information Engineering, Hokkaido University, Sapporo 060-0814,
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A matrix-based calculation for the electron velocity distribution function (EVDF) in gas under dc
electric field is demonstrated. The propagator matrix power method (PMPM) repeats squaring the
propagator matrix P for its powers P2, P4, P®, P16, ... up to a sufficient order of the power P2’ P
is a square matrix representing the change of EVDF due to the electron acceleration by electric field
and the electron scattering by gas molecules in a time step At. With an initial EVDF f(¢() in a form
of column vector, a matrix product PQSf(tO) gives the EVDF at t = ¢ty + 25 At. The PMPM enables us
to observe the EVDF relaxation in a logarithmic time scale with linear increase of the matrix squaring
steps S. Features of the PMPM are discussed, and theoretically possible extensions to models under

crossed electric and magnetic fields and ac electric field are investigated.

KEYWORDS: electron velocity distribution function, propagator, matrix power, long-term relaxation,

equilibrium solution

1. Introduction

There is undiminished demand for calculation of the electron velocity distribution function
(EVDF) as an essential property of gas discharges and plasmas, because many of the electron
transport coeflicients and rates of electron—molecule reactions are derived from the EVDF.
The Boltzmann equation (BE) analyses!'? and Monte Carlo (MC) simulations®? are tradi-
tional and well-established computational methods to obtain the EVDF. Nowadays, use of a
prevailing BE solver® is convenient to obtain equilibrium EVDF under given reduced electric
field E/N (E is electric field, and N is gas molecule number density). On the other hand,
MC simulations are suitable for observation of transient EVDF to clarify the mechanism of
electron swarm relaxation. However, MC calculations may be accompanied by statistical un-
certainty and instability and the relaxation time is not easily predictable, for example, when

the relaxation is slow at low E/N or the electron population decreases by electron attachment.
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In this paper, we perform a technology demonstration of a new matrix-based approach to
the EVDF in temporal relaxation process. This numerical scheme named propagator matrix
power method (PMPM) is based on a propagator method (PM),® which is a numerical scheme
to solve the BE for the EVDF. Various PM schemes, including equilibrium-only and time-
evolution types, have been developed for the EVDF in different modes; e.g., the EVDF in
steady-state Townsend mode,” '* time-variant EVDF under rf'''® and impulse!® electric
fields, and the equilibrium EVDF in crossed dc electric and magnetic fields.'”1® The present
PMPM belongs to the time-evolution type. It is applied to transient EVDF under dc electric
field,'?=26 and that in equilibrium® is also obtained as a result of sufficiently long relaxation.
This calculation is, in a physical point of view, equivalent to that by the time-dependent multi-
term BE analyses,?” 28 but the PM and PMPM do not need mathematically complicated series
expansion of the EVDF required in the BE analyses. The main numerical scheme of the PMPM
is only simple matrix squaring operations repeated for S times to obtain the 25th power of
the propagator matrix P. P is composed to quantify the change of the EVDF in a time step
At, and we can obtain the EVDF after 25At from P27

The PMPM requires a huge memory capacity to operate a large matrix P depending on
the resolution of the EVDF. On the other hand, the PMPM can cover an extremely long
transient process. The present technology demonstration intends mainly to show the applica-
bility of the PMPM principle because the calculation is restricted strongly by the currently
available computational resources both in the memory capacity and the speed. However, this
effort would be meaningful as foundation to utilize future computer architectures to be de-
veloped vigorously because the matrix multiplication is one of the most basic and general
operations in both mathematics and computer science. Furthermore, the matrix expression
of the propagator would enable us to analyze and interpret the characteristics of the EVDF
relaxation process and the equilibrium EVDF on the basis of algebra. Features of the PMPM
for the dc electric field model and theoretical possibility of extensions to other models are

discussed.

2. Simulation model and configuration
2.1 Model and assumptions

A uniform dc electric field E = (E,, Ey, E,) = (—E,0,0) (E > 0) is assumed in boundary-
free real space. An electron velocity v = (v, vy, v,) may be represented in a manner of polar
coordinate as (v,0,¢) with relations v, = vcos#f, v, = vsinfcos¢, and v, = vsinfsin ¢,

1/2 9 is the angle between v and the +v,-direction, and ¢ is

where v = |v| = (v2 + vfj + v2)
the azimuthal angle around the v,-axis of velocity space.

We consider only binary collisions between electrons and gas molecules in the ground
state for simplicity. We assume that the electron scattering is isotropic and the EVDF is

axisymmetric around the v;-axis. Because the EVDF is uniform for ¢, we may consider the
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Fig. 1. Configuration of cells C; ; in velocity space. v)| = v, and v, = (v +v )1/2 are, respectively,
the velocity components parallel and perpendicular to E. The region of (i — 1)Ae < ¢ < iAe
surrounded by the thick curves represents an equienergy band, which corresponds to the ith

submatrix n; of the EVDF column vector f.

EVDF in a two-variable form as f(v,#). The calculation range for the EVDF is assumed as
0 < v < Vpmax and 0 < 0 < . vpyay is derived from a given maximum ey, of the electron energy
€ as Vmax = vlev(z—:max/elev)l/Q, where 1oy = 1€V and viey is the electron speed associated
with 1eV. epax is chosen so that we can effectively neglect the electrons with energies higher

than e, in the EVDF.

2.2 Cells
Velocity space (v,6) is partitioned into cells C;; (1 < ¢ < T and 1 < j < J) as
shown in Fig. 1. C;; occupies the region of v;_1 < v < v; and ;1 < 6 < 0;, where

v = vlev(iAs/elev)l/z, Ae = emax/I, 0; = jAO, and AO = 7/J. Here, v is sectioned with a

constant Ae for convenience in the treatment of the energy loss at inelastic collisions.%?

2.8 The EVDF in a vector form

Let n; ; be the number of electrons in C; ;:

V4 0,
ngj :/ /J / f(v,0,$)v* sin fdvdfdep. (1)
V=0;_1 929 ¢=0

The EVDF can be represented in a form of column vector f with a size of I.J x 1 by arranging

n;,j sequentially. We define n; ; as the [(i — 1)J + j]th component of f, then

T, ..T T\ T
f = (nl Iny | --- ’nI)
= (niini2 - nyg | ngineg o nag | oo |
0<e<Ae Ae<e<2Ae
nrinrg - nrg )t (2)

(I-1)Ae<e<IAe

n, = (nianiz-nig)t (3)
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n; is a column vector with a size of J x 1, and is the ¢th submatrix of f corresponding to the
ith equienergy band depicted in Fig. 1.

The electron energy distribution function (EEDF) F'(¢) normalized by the electron pop-
ulation ne = Zi[:l Z}-le n; j is given as follows:

1
neAe

J
F(e) = n;; for (i —1)Ae <e < iAe. (4)
j=1
3. Propagator matrix power method
3.1 Propagator matriz
Let P = (pg4) be the propagator matrix. P is a square matrix with a size of I.J x IJ.
With a given EVDF at time tg, that at tg + At is obtained as

£(ty + At) = PE(t). (5)

A component pg s represents the ratio or probability of the electron transfer from a source
cell C;; (the sth cell, s = (i — 1)J + j) to a destination cell Cy j» (the dth cell, d = (i' —
1)J + 7’) in a time step At induced by the change of v due to the electron acceleration by
E and the scattering by gas molecules. The quantitative treatment of py , is presented later.
Mathematically, P is called a stochastic or Markov matrix when the electron swarm is electron-
conservative in the absence of ionization and electron attachment; P is a left stochastic matrix

when Zéil Pd,s = 1 for all s.

3.2 Principle of the PMPM calculation
A PM of time-evolution type calculates equation (5) step by step for every At. It can
trace the physical relaxation process of the EVDF with a linear time progress. On the other

hand, the PMPM calculates p2° by repeating matrix squaring operation as P, P2, P*, P8,
P ... p2°. Then, we can obtain the EVDF at tg + 25At as

£(to + 25At) = P2 f(t). (6)

It is interesting that f(tq + 25At) is obtained without calculating the halfway values of the
EVDF in the period between ¢y and to 4+ 25 At. The equilibrium EVDF is also available from

equation (6) with a sufficiently large S corresponding to a long enough relaxation.

3.8 Construction of the propagator matrix

P is composed by the acceleration propagator matrix P,.. = (aqs) and the collision
propagator matrix P.y = (Cd,s) as P = PaccPeol- Pace and Py are square matrices with a
size of IJ x IJ. They are constructed along Ref. 6 as outlined in the following steps, under a
customization for the present configuration.

Step (a): All cqs and aq s are set at zero initially, and steps (b)—(e) are applied to all s
from 1 to IJ.
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Step (b): The ratios rfy(;l’rem and rigc’rem of the electrons to remain in Cj ; respectively in
the collision and acceleration processes are initially set at unity.

col,out

Step (c): The ratio r; ;™ of the electrons to be scattered out of C; j by collisions in At is
subtracted from rz(;.l’rem and added to ¢4 s specified by d of Cy j». Cy j» and Cj ; are associated

by the energy loss at collisions as explained in detail afterward.

Step (d): The ratio of the electrons flowing out of C;; to the neighboring downstream

destination cells Cy j» by the acceleration in At is subtracted from ;"™ and added to aqs

i
specified by d of Cy .
Step (e): After redistributing all electron outflow from C; ;, finally, r

col,rem and Tacc,rem
1,7 ,J
added (not substituted) respectively to c¢s s and ass; css and ag s may be already non-zero

are

before this addition by the treatment in the preceding steps.

Both of Py and P, represent the change of the EVDF in At, but the passage of time
by the action of P = P,..Pco is also At. This is interpreted as that the timing of collisions
is discretized and the collisions are treated to be concentrated at the beginning of each time

step At.

3.4 Details on collision propagator

In step (c), the ratio rfgl’out of the electrons to be scattered out of C; ; by collisions is
Tz(’:,(;'l’om = Ntotarv; W At = NZ qrv; P At, (7)
k

where g is the cross section of the kth kind of collision of an ambient gas molecule, giota is
the total collision cross section, and vzep is the representative electron speed of C; ; defined,

for example, as

— 1)Ae +iA
vfpzvleV\/ ioLoetrife ®)
2e10v

rf’c;l’out is subtracted from rfgl’rem. The breakdown of rff}l’out for the kth kind of collision is
(qr/ qtotal)rff;l’om, and it is further distributed to Cy j» belonging to the specific equienergy
bands determined by the energy loss of the kth kind of collision. The ratio that Cy ; receives
is proportional to its solid angle €2y j; subtended to the origin of velocity space under the

assumption of isotropic scattering. Q; ;/ is given as

0. 2T
Qi jy = /ej /¢0 sin 0dfd¢ = 2m(cos 1 — cosbjr). 9)

0.
7'—1
In case of elastic collisions, C;; and Cy j» are regarded to belong to the same equienergy
band (i’ = i) because the electron energy is almost unchanged at an elastic collision. The ratio

col,in,elas .
Ty to be added to ¢4 is
Qs

colin,elas rep i'.j
Tz”,j’ - NQelas'Ul' At? (10)
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In case we need to consider the electron energy loss by the momentum transfer, a portion
(2m/M) (7 — 1/2)7“;(?;-’}“’81% is further replaced from Cjy j to Cy_y j for all j/, where m/M is
the mass ratio between an electron and a gas molecule.

In case of excitation collisions, C;; and Cy j are in a relation of i = 1 — lox, Where

lex = |€ex/Ac+1/2], eex is the loss energy of the electron undergoing the excitation collision,

and |z + 1/2] gives the integer closest to . rf,oé’,in’ex to be added to c¢g s is
7ﬁcol,in,ex - N repAtQi/,j’ (11)
i3 = IV (QexV; 7471_ .

In case of ionization collisions, C;; and Cy j are in a relation of i’ < i — lion, where
lion = |€ion/Ae +1/2], and &j,y, is the ionization potential. The energy division ratio between
the primary and secondary electrons is assumed to be equiprobable from 0 : 1 to 1 : 0. At

that time, the ratio added to cq ¢ is

r;’,?;’,in’ion =N qionvfepAt&/%, (12)
where ¢§;; is the ratio of the redistribution of electrons corresponding to the equiprobable
energy division:®

8y = 2(@_;;)_1 for 1 <4 <i— lion, (13)
8y = 2 for i =1 — lion. (14)

2(i — lion) — 1
Here, ZZ,;Z " 0y = 2, which represents the primary and secondary electrons.
In case of electron attachment, the electrons undergoing attachment simply vanish. No
ratio is added to cgs.

P is a block upper triangular matrix:
Cii Cip - Cira Cir
0 Coo -+ GCgr Cor
Peo = : : : : (15)
Croi—1 Crog
0 el 0 Cr.

where C;» j» is a J x J submatrix of Pco. Cyr j» represents the re-distribution of electrons
from source cells C;; (i = j”, 1 < j < J) in the j”th equienergy band to destination cells
Ciyjo (I =1",1<j <J)in the i"th equienergy band. C;» j» = 0 for i > j” represents that
no energy increase occurs by the collisions mentioned above.
In case super-elastic collision is introduced to consider the influence of excited species,
non-zero C;» j» may appear for such i’ > j” that g for the super-elastic collision is non-zero
1

in (j” —1)Ae < & < j”Ace and the electron energy increase is (i” — j”)Ae. The number of

electrons obtaining energy over enax should be negligible.
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3.5 Details on acceleration propagator

In step (d), C; ; has two downstream neighbors, but either or both of them may be missing
at the verge of the calculation range of velocity space. The downstream is the right in Fig. 1.
The downstream neighbors of C; j are C; j_; for j > 1 and Cj4q; for i < I when 1 < j < J/2,
and are C; ;1 for j > 1 and Cj_1; for i > 1 when J/2 < j < J. The ratio ri?c’out of the
electrons to be transferred to the neighboring downstream cells is quantified as

S, .
) t _ ),
rzgc o = ‘/zjaAt, (16)

where V; ; is the volume of C; ;, S;; is the area of C;; projected to a plane normal to the
direction of the electron acceleration vector a = —(e/m)E, a = |a| = (¢/m)E is the scaler
electron acceleration by E, and e and m are the electronic charge and mass, respectively. S; ;
is S;je + S;rj for 1 < j < J/2, and S;f + 8, for J/2 < j<J. S;f is the projected area of

the boundary between C; ; and C; ;_1, and Siif are those between C; ; and Cj+1 j:

v 0; 2
Vij = / / / v? sin fdvdfde
v=v;_1 JO=0;_1 J$=0
2

= gﬂ'(v? —v3 {)(cos 0j_1 — cosb;), (17)
Sljje = 7r(1}i2 — U?—l) sin2 9]'_1, (18>
Sie = mol(sin®6; —sin®6;_1), (19)
Sz._j = 7rv2-2,1(silf12 01— sin® 6;). (20)
The ratio given to C; j_1 and Cjy1 j are
acc,in SZ_JO
T = —=aAt for Cyj =Cj 1, (21)
i'] %7] ’ ’
. Ste
et = %aAt for Cy jy = Ci1 . (22)
P... is in a block banded form:
A1 A O e 0
Asr Asp
PaCC: 0 0 ) (23)
Ar a1 Ay
0 e 0 Arr— Arg

where A ju is a J x J submatrix of Pyec and Ayv j» = 0 for i > j” +1 and ¢ < j” — 1. The
lower off-diagonal submatrices of i = j” 4+ 1 represent the energy increase by acceleration.
They have non-zero components corresponding to the electron transfer from Cj; to Cy j =
Cit1,j for 1 < j < J/2. The upper off-diagonal submatrices of i = j” — 1 correspond to the

electron deceleration in the electron transfer from Cj ; to Cy jy = C;_qj for J/2 < j < J.
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3.6 Restrictions on the time step and relaxation time

There is a restriction for At under a chosen set of ey, Ae, and Af. To avoid negative

col,rem

i and 7757, At must satisfy
rff}l’out = Ngiotav; AL <1, (24)
acc,out . Si,j At <1 25
Ti,j = Vid >~ 1. ( )

1,3
In most cases, these criteria can be tested with the properties of the thinnest cell C; ; because

r?j-c’out is dominant at low pressures.
P =P,..P.y is in a block upper Hessenberg form as

P P Py Py

Po1 Py Py Py
P- 0 : , (26)

P Proag

0 e 0 P'rr P'rr

where P';» ;v is a J x J submatrix of P, and P’;» j» = 0 for ¢/ > j” 4+ 1 when super-elastic

collision is not considered. This implies that the electron transfer from lower-¢ cells to higher-¢
cells in At is limited to be those between neighboring equienergy bands because the variation
of v by acceleration is continuous. Thus, the relaxation to obtain the equilibrium EVDF
requires 2° > I in order that even the initial electrons in the equienergy band of the lowest e
diffuse over the cells. At the same time, the number of squaring operations .S would have an
upper limit as well in practical calculation to avoid overflow or underflow of components of
P2°. This is because the growth of the electron population n. is superexponential with linear
increase of S when the electrons are non-conservative in the presence of ionization and/or

electron attachment. In equilibrium, we may assume
Ne X exp(Piont) = exp(ﬂion2SAt), (27)

where 7o, is the effective ionization frequency. ne grows or decays exponentially with ¢, and ¢
proceeds exponentially with S. A low-resolution short test run would help a rough estimation

of Dion to choose an appropriate upper limit Sp,.y for S.

4. Demonstration

4.1 Computational facility and algorithm

The present demonstrations of the PMPM were performed by a workstation with the
following properties: CPU, Intel Xeon W-2135 (3.7 GHz, 6-core); main memory, 32 GiB; op-
erating system, Linux CentOS 7.3; programming language, C++. The memory capacity is
sufficient for the chosen matrix size mentioned in §4.3.

The computational load of the PMPM increases rapidly if finer resolutions are required for
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e and 0. With the number of cells n = I.J, the order of the computational load O(n*), which is
effectively determined by the number of scaler multiplications between the matrix components,
is w = 3 in case the matrix squaring operation is performed in the way of the definition of the
matrix multiplication. Efforts to reduce w have been reported; w = logy 7 & 2.807 by Strassen’s
algorithm,?® and w ~ 2.376 by the Coppersmith-Winograd algorithm.?° w has been lowered
progressively to w < 2.373689731:32 and w < 2.3728639,%% but the scheme becomes much
complicated. Although a drastic shortening of the computational time is expected by utilizing
some system-dependent matrix operation library, the present PMPM is performed with one
of the simplest definition-based scheme commonly available for investigators.

2! When P?° is

given in array 1, P2""" is obtained in array 2. After this, array 1 can be overwritten with

A simple matrix squaring operation needs two arrays for P2’ and P

P2°" We do not need to restuff the latest P2° into array 1 every time, and thus a couple of

matrix squaring operations become an iteration cycle.

4.2 Ambient gases and electric field

The EVDF is calculated for Ar at £/N = 50, 100, and 200 Td and a ramp model gas?* at
1,12, and 24 Td (1Td = 1072 Vm?). N = 3.54 x 1022m~3. Ar is a typical test gas, and this
E/N value is an example of ionization-dominated case. The electron collision cross sections of
Ar are taken from Ref. 35. The ramp model gas has often been used for benchmarks between
different simulation methods and data for comparison are available from Refs. 36 and 37. It
has a constant elastic collision cross section g = 6.0 x 1072 m? and an inelastic collision
cross section gine defined as a ramp function of € with a threshold and loss energy of 0.2eV
as Gmel = 10.0 x 1072 x max(0,&/e10v — 0.2) m?, where the max function gives the greatest

value in the arguments.

4.8 Cell resolution and initial condition

We set I = 1000 and J = 18; i.e. 18 000 cells for the EVDEF. P is an 18 000 x 18 000 matrix,
which needs about 2.41 GiB to be allocated as a double-precision array.

€max 1S chosen to be 100eV for Ar and 0.5, 2.5, and 10.0eV for the ramp model gas at
1, 12, and 24 Td, respectively. At is set at 1ps commonly. The squaring operation for p2°
is repeated up to S = Spax = 20 for Ar (the relaxation time is 22°At ~ 1.05 us) and up
to Smax = 30 for the ramp model gas (23°At ~ 1.07ms) to cover the post-relaxation period
longer than needed for reaching equilibrium.

The initial EVDF is formally assumed as the initial electrons are all in the cells of the

lowest e:
n = (11---1)7, (28)

n, = (00---0)F for2<i<I. (29)
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Fig. 2. EEDFs Fr(¢) (L =0,1,2) in Ar at E/N = 200Td calculated by a BE (2-term approxima-
tion), an equilibrium-only PM, and the PMPM.

4.4 Results of equilibrium EEDF

The EEDF Fy(¢) (L = 0,1,2) by the PMPM obtained from P2*'£(t) for Ar and P2 £ (¢)
for the ramp model gas are shown in Figs. 2 and 3 together with those in equilibrium calculated
by a 2-term approximation of the BE analysis and an equilibrium-only PM.% Fy (= F(e)), F1,
and F5 are the zeroth-, first-, and second-order Legendre spherical harmonics expansion terms
of the EEDF, respectively. The BE results do not have F5. Note that the expansion is not
necessary in the PM and PMPM calculations, and it was done only for comparison with the
BE results. F'(¢) is also shown in a form of the electron energy probability function (EEPF)
F(e)/+/e in Fig. 4 to observe the decay of its high-¢ tail. The discrepancy of the BE results at
higher E/N and ¢ is due to insufficiency of the 2-term approximation for distorted EVDFs.
The validity of the principle and implementation of the PMPM is verified by the agreement
of the EEDFs and the EEPFs with the PM results.

The equilibrium-only methods took a few seconds for calculation. The PMPM took about
73-90 min for one squaring operation for an 18 000 x 18 000 matrix in early and late squaring
steps, and this computational time per step temporarily increased up to 147 min in several

midway steps in which the relaxation of the EVDF proceeds.

4.5 Results of relaxation process

The relaxation processes of the mean electron energy (¢) and the EEDF in the ramp
model gas are presented in Figs. 5 and 6, respectively. The EEDFs at S = 18-20 in Fig. 6
are effectively identical to Fy in Fig. 3. (¢) reaches its equilibrium value by S = 20 even in
the slowest case. We see that the relaxation time may differ one or two orders of magnitude
depending on E/N. However the relaxation time is long, 25 At would eventually exceed it
with linear increment of S. The PMPM can cover a wide range of relaxation time with a

relatively small Spax; i.e., one order of magnitude can be covered by four times of squaring
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Fo ramp model gas

W 60 E/N=1Td
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~ —— PMPM
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0.0 0.1 0.2 0.3 0.4

electron energy € (eV)

Fig. 3. EEDFs Fr(¢) (L =0,1,2) in the ramp model gas at E/N = 1Td calculated by a BE (2-term
approximation), an equilibrium-only PM, and the PMPM.

10% +'amp model gas

EEPF F(g)Ve (V)

\ -
T T T T T T T T 1 10 T r T T T T T

0 10 20 30 40 0 1 2
electron energy € (eV) electron energy € (eV)

Fig. 4. EEPFs in Ar at E/N = 50, 100, and 200 Td and the ramp model gas at E/N = 1, 12, and
24'Td calculated by a BE (2-term approximation), an equilibrium-only PM, and the PMPM.

operations (2* = 16 > 10). The final phase of the relaxation, which is often trailed long,
suddenly ends and a sufficiently large Spyax to obtain equilibrium solution is found clearly
because the progress of time expanding exponentially with S lets the final relaxation phase
complete within a few times of squaring operations. This would make the runtime detection
of the achievement of the EVDF relaxation easy.

When a specific relaxation time kAt (k is an integer) is designated, the EVDF at t =
to + kAt is obtained as

D
f(to + kAL) = PFf(tg) = (H PQS”S> £(to), (30)

S=0
where D = |log, k|, bg is the Sth bit (0 or 1) in the (D + 1)-digit binary number expression
for k as (bp---bg---bibp)2, and k = Zgzo 25bg. The halfway powers must be kept in other
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Fig. 5. Relaxation of the mean electron energy (¢) in the ramp model gas calculated by the PMPM.
The time step for the original propagator matrix P is At = 1 ps.
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Fig. 6. Relaxation of the EEDF F'(e) in the ramp model gas calculated by the PMPM. The time
step for the original propagator matrix P is At = 1ps and S corresponds to t = to + 2°At.

arrays or external files if they are recalled after the matrix squaring operations up to S = Shax,

while the present PMPM proceeds as overwriting the latest P2% in the array having p2i7?,

5. Discussion
5.1 Judgement of convergence to equilibrium solution
It is empirically believed that the equilibrium solution of the normalized EVDF is unique

irrespective of the initial condition f(¢p). That is, for a sufficiently large S > Sy, normalized

P2°£(tg) is unique for any f(to). When we choose a standard basis (unit vector) for the initial
EVDF as

f(to))=(0 ---010---0)7T, (31)
s—1 IJ—s
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where only the sth component is unity, f(to + 25At) = P2°£(t;) is the sth column submatrix
of P2 and the submatrix itself becomes the equilibrium EVDF when normalized. This applies
to all s. All columns of P2S, which can be regarded as vectors, are parallel to each other; i.e.
rank(limg_ oo P2S) = 1, and the equilibrium EVDF is available even without the initial EVDF.
This feature is known as a theorem for a stochastic matrix in a completely ergodic system,
and it seems to apply also to non-conservative cases as in Ar in the presence of ionization
from the uniqueness of the equilibrium EVDF. The parallelism of the columns in P2 could
be used as a criterion for runtime judgement whether S has reached Siy,.

Here, f(¢) in equilibrium is an eigenvector of P and its corresponding eigenvalue is

exp(ZionAt) because
f(t + At) = Pf(t) = exp(ion AL)E(2). (32)

Algebraic study on P as an eigenvalue problem would enable us to discuss the uniqueness of
the equilibrium solution or even the possibility of other types of solutions such as stationary

and periodical ones as well.

5.2 FEuxtension to dc E x B model

The PMPM is in principle applicable to the EVDF under uniform dc crossed electric and
magnetic fields E x B, because P in this model is time-invariant at given E/N and B/N. A
difference particular to this model is only that the EVDF becomes three-variable as f(v, 0, ¢).
The number of electrons n; j  in the (4, j, k)th cell C; ; i, is stored in a three-dimensional array,
and the number of downstream neighbors of Cj ;. is three for regular cells or four in specific
cases that the electron flow is mutual between two neighboring cells.!718

A merit of the PMPM is that we can avoid a complicated optimization of the numerical
relaxation sequence for n; ; , discussed in a previous PM work.'® While the relaxation is applied
from the upstream cells to the downstream cells in the manner of the Gauss—Seidel method
for quick convergence, the intercellular relation is cyclic and there is an exceptional region in
velocity space where the direction of electron flow reverses locally against the sequential order
of the cells, which makes the relaxation scheme complicated.'®

However, the memory capacity demanded by the PMPM would limit the cell resolution.
In an extreme case,'® the total number of cells was 12000 x 45 x 2160, i.e. n ~ 9.3 x 10°.
It would be difficult even for the latest supercomputer to allocate an array for P with a
size of n X n at the above n. A revolutionary extension of the memory capacity or some
mathematical technique to express the EVDF finely with a reasonably small number of cells

would be necessary to realize the PMPM calculation of the dc E x B field model.
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5.3 FExtension to ac E model

The PMPM is applicable also to the EVDF under uniform ac electric field E(t). In this
model, the EVDF can be represented in the same two-variable form as in the present dc
model, and the PMPM would be applied to the propagator matrix P7 for whole ac period T
to observe the relaxation to the periodical steady state.

Consider that T is divided into K portions of At = T'/K. Firstly, with the propagator
matrix Py for the kth phase period (k — 1)At <t < kAt (1 <k < K), Pr is obtained as

P =Py PyPy. (33)

The relaxation process in steps of 1" is observed by applying P to the EVDF. Secondly, the
PMPM for PQTS gives the relaxation for 2T, 4T, 8T, 16T, - - -, 2°T. The EVDF at a phase in
the periodical steady state would be obtained with a sufficiently large S. After that, thirdly,
we may calculate the temporal variation of the EVDF within an ac period by applying P
through P to the EVDF step by step again.

The computational load of this model is roughly estimated from the number of multi-
plication operations for the propagator matrices in addition to the size of them. The ma-
trix multiplication is to be repeated (2K — 1) times in the first step to obtain Pp because
P, = Pacc kPeol, S times in the second step to obtain PQTS7 and (K — 1) times in the third
step to obtain the EVDF's at K phases. Here, P is time-invariant because it is independent
of E(t), and K > S practically.

In the first and third steps, we may utilize the following features to reduce the number of
multiplications between the matrix components and the memory capacity to hold Py and
P ... According to steps (a)—(e) explained in §3.3, Po, and P,e 1 can be further separated as
Pcot = Peotout + Peolrem and Pace k= Paceout,k + Pacerem,k for the electrons to move out of
and remain in the source cells, respectively. P rem is diagonal, and Pl out is composed by
rank-1 J x J submatrices because the scattering is isotropic. Pacc out i 18 proportional to the
instantaneous value of E(t) while the sign of F(t) is unchanged during half an ac period, and
Paccrem,k varies complementarily to Paccout,k- Pacerem,k is diagonal, and Pacc out,k is sparse
as it has at most two non-zero components in each column. We need an efficient scheme
to reproduce Py by extracting necessary components from Pco out, Peolrem; Paccout ks and

Paccrem,k stored in compressed forms.

6. Conclusions

A technology demonstration of the PMPM has been performed by calculating EVDF's
under relaxation and those in equilibrium under dc electric fields. The PMPM can observe a
long-term relaxation of the EVDF', and the equilibrium EVDF is also obtained successfully;
the equilibrium EEDF calculated by the PMPM agreed with the results of a BE analysis and

a conventional PM. In addition, theoretically possible extensions of the PMPM are discussed
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for the E x B and ac E models.

On the other hand, the size of propagator matrices is limited within the memory capacity
available from the present computational resources. The calculation time, which lengthens
with increasing matrix size, is also a limit for practical use of the PMPM.

Nonetheless, the simplicity of its matrix-based operation is an advantage of the PMPM.
The PMPM is ready to be performed by a forthcoming advanced large-scale computational
platform equipped with efficient algorithm for matrix operations.
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