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ON THE NON-VANISHING OF THETA LIFTINGS OF TEMPERED
REPRESENTATIONS OF U(p, q)

HIRAKU ATOBE

ABSTRACT. In this paper, we give an explicit determination of the non-vanishing of the theta liftings of
tempered representations for unitary dual pairs (U(p, ¢), U(r, s)) for arbitrary non-negative integers p, g, r, s.
For discrete series representations, in terms of Harish-Chandra parameters, we give a complete criterion when
the theta lifts are nonzero. For tempered representations, we determine the non-vanishing in terms of the
local Langlands correspondence assuming the local Gan—Gross—Prasad conjecture.
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1. INTRODUCTION

The theta lifting is an important tool in automorphic, real, and p-adic representation theories. In §1.1, we
explain a global motivation of this paper. The local archimedean introduction is in §1.2. In §1.5, we recall the
non-archimedean result in [AG]|. Finally, in §1.6, we compare the proof of the archimedean result with the
non-archimedean result. If a reader were not familiar with the automorphic or p-adic representation theory,
he or she could see only §1.2-1.4.

1.1. Global motivation. In the theory of modular forms and automorphic representations, one of the most
important problem is to construct (non-trivial) cusp forms or cuspidal representations.

Let k be a number field. We denote by Ay, the adele ring of k. Let G and H be connected reductive groups
over k. In this subsection, for an irreducible cuspidal automorphic representation = of G(Ay), we shall call II
a “lift” of m to H(Ay) if IT is an automorphic representation (or “packet”) of H(Ay) such that an arithmetic
property (e.g., an L-function) of II is given explicitly by the one of 7. There is a general problem.

Problem 1.1. Let m — II be a “lift” from automorphic representations of G(Ay) to the ones of H(Ay).

(1) Determine when II is nonzero.
(2) Determine when 11 is irreducible and cuspidal.
(3) Determine the local components IL, of 11 for each place v of k.

Now we consider this problem for global theta liftings, which contain many classical liftings, e.g., the
Shimura correspondence and the Saito—Kurokawa lifting.

In this paper, we only consider theta liftings for unitary dual pairs. Let K/k be a quadratic extension
of number fields and A be the adele ring of K. We denote by W,, an n-dimensional hermitian space over
K. Also, we fix an anisotropic skew-hermitian space Vy over K of dimension mg, and denote by V; the m-
dimensional skew-hermitian space obtained from V; by addition of [ hyperbolic planes, where m = mqg + 2.
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Let G = U(W,) and H = U(V}) be the isometry groups of W,, and V;, respectively. Then W = W,, @ V}
can be regarded as a 2mn-dimensional symplectic space over k, and there exists a canonical map

ayw: U(Wn)(Ak) X U(W)(Ak) — Sp(W)(Ak)

Let Mp(W)a be the metaplectic cover of Sp(W)(Ay). Take a complete polarization W = X + Y. Fixing a
non-trivial additive character ¢ of Ay/k, we obtain the Weil representation w, of Mp(W), associated to 9
which is realized on the space S(X(Ay)) of Schwarts—Bruhat functions on X(A). Let ©: S(X(Ax)) — C be
the functional ¢ — ©(¢) = 3., cx ) ¢(). There exists a unique canonical splitting Sp(W)(k) — Mp(W)4
which satisfies that ©(wy (v)¢) = ©(¢) for any v € Sp(W)(k) and ¢ € S(X(Ag)).

Fix Hecke characters yw and xv of Ax /K> such that xw|A; = Ny, and xvIAL = Mg where g/ is
the quadratic Hecke character of A} /k* associated to K/k. Kudla gave an explicit splitting

Ay xw - UWn)(Ag) X U(VD)(Ar) = Mp(W)a.

Let wy v, = Wy O Qyy xyw e the pullback of the Weil representation of Mp(W), to the product group
U(W,)(Ag) x U(V})(Ag). For each ¢ € S(X(Ay)), we consider the theta function

O(g, h; ¢) = O(wy,v,w (g, h) )

for g € UW,,)(Ag) and h € U(V;)(Ag), which is an automorphic function on U(W,,)(Ag) x U(V})(Ag). If
is an irreducible cuspidal representation of U(W,,)(Ay), the global theta lift 8, v, w, (7) of m to U(V;)(A) is
the automorphic representation of U(V;)(A) spanned by the functions

o f,0) = [ O(9. ;)T ()dy.
U(Wn) (R)\U(Wn)(Ak)
where f € m and ¢ € S(X(Ag)), and dg is the Tamagawa measure.
We may consider Problem 1.1 for 6y v, w, (7). The cuspidality issue can be solved by the so-called tower

property.

Theorem 1.2 (Tower property [R]). When 0y v, w, (7) is nonzero, 0y v, ,, w, (7) is also nonzero. The theta
lift Oy vi,w, () is cuspidal if and only if Oy v, w, (7) # 0 but Oy v, w, (7) =0 for all j <.

The irreducibility and the local components are determined by Kudla—Rallis.

Theorem 1.3 ([KR, Corollary 7.1.3]). Assume that 0y v, w, (7) is nonzero and cuspidal. Then 8y v, w, ()
is irreducible and Oy v, w, () = ®u0y v, w, (Ts), where Oy v, w, (my) is the “local theta lift” of the local
component m, of .

Therefore, the remaining issue is the non-vanishing problem. There is a local-global criterion for the non-
vanishing of the global theta lifting 6, v, w,, (7) established by Yamana [Y] and Gan-Qiu-Takeda [GQT]. It
is roughly stated as follows: When 6y, v, w, (7) = 0 for any j < [ so that 6y v, w, () is cuspidal (possibly
7€ero),

o the global theta lifting 6y v, w, (7) is nonzero
“if” and only if
o the local theta lifting 6y v, w, (7,) is nonzero for all places v of k;
e the “standard L-function L(s,n)” of 7 is non-vanishing or has a pole at a distinguished point so.

Since a local archimedean property is not proven, the “if” part is not completely established. For more
precisions, see [GQT, Theorem 1.3] and a remark after this theorem.

In any case, Problem 1.1 for the global theta lifting is reduced to a local analogous problem. The purpose
of this paper is to give a criterion for the non-vanishing of local theta liftings of tempered representations.

1.2. Archimedean case. The theory of local theta correspondence was initiated by Roger Howe. Since
then, it has been a major theme in the representation theory.

In this paper, we only consider the theta liftings for unitary dual pairs (U(p, q), U(r,s)). More precisely,
let W, , and V., be a hermitian space and a skew hermitian space over C of signature (p,q) and (r,s) and
of dimension n = p + ¢ and m = r + s, respectively. Then W = W, , ®c V,. s is a symplectic space over
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R of dimension 2mn. The isometry group of W), , (resp. V, ;) is isomorphic to U(p, q) (resp. U(r,s)). Fix
characters xw and xy of C* such that xw|R* = sgn™ and xy|R* = sgn™, and a non-trivial additive
character ¢ of R. Kudla [Ku2|] gave an explicit splitting

Oy e - U(pyq) x U(r, s) — Mp(W)
of the natural map
ay,w: U(pa Q) X U(Ta S) - Sp(W),
where Mp(W) is the metaplectic cover of Sp(W). We assume that yw and yy depend only on n mod 2
and m mod 2, respectively. Let wy, be the Weil representation of Mp(W) associated to 1, which is a smooth
genuine representation. Then we obtain the Weil representation wy, v,w = wp,q,r,s = Wy 0 Cyy yy of U(p, q) X
U(r, s). For an irreducible (unitary) representation = of U(p, ¢), the maximal 7-isotypic quotient of wy, v w
has the form
X O, 4(m)

for some representation O, s(7) of U(r,s) (known as the big theta lift of 7). The most important result is
the Howe duality correspondence stated as follows:

Theorem 1.4 (Howe duality correspondence [Ho, Theorem 2.1]). If ©, () is nonzero, then it has a unique
irreducible quotient 6, 4(m).

We shall interpret 6, 4(m) to be zero if so is O, s(m). We call 6, s(7) the small theta lift (or simply, the
local theta lift) of 7 to U(r,s). After the above theorem, it is natural to consider the following two basic
problems:

Problem 1.5. (1) Determine precisely when O, s(m) is nonzero.
(2) Determine 0, 4(m) precisely if ©, () is nonzero.

This problem is solved in the following cases:

e in the case where ¢ = 0, i.e., U(p,q) = U(p,0) is compact by Kashiwara—Vergne [KV] (see also [A,
§6]);

e in the (almost) equal rank case by Paul [P1, P3];

e in special cases where 7 is discrete series by J.-S. Li [Li] and Paul [P2];

e in the case where 7 is one dimensional by Paul-Trapa [PT];

The theta correspondence for other reductive pairs was also considered by many persons. For example:

He [Hel] considered the non-vanishing problem for the (O(p, ¢), Sps,, (R))-case with p 4+ ¢ < 2n + 1.
Adams—Barbasch treated the complex case in [AB1] and the (Mp,,, (R), Ogy,41)-case in [AB2];

Paul [P4] considered the (almost) equal rank case for (Sp,,,(R), Oa,, )-case also;

Li-Paul-Tan-Zhu [LPTZ] treated the (Sp(p, q), O*(2n))-case;

Moeglin studied the relation between the theta correspondence and A-packets in [Moe2], and con-
structed special unipotent A-packets in [Moe3].

e Zhu [Z] studied generalized Whittaker models of theta liftings, and obtained some non-vanishing
results.

To formulate an answer to Problem 1.5, it is necessary to have some sort of classifications of irreducible rep-
resentations of the groups U(p, ¢) and U(r, s). In this paper, we shall use the local Langlands correspondence
(LLC) as a classification, and address Problem 1.5 (1) for tempered representations .

The local Langlands correspondence for real reductive connected groups is well understood by the works
of many mathematicians, including Adams, Arthur, Barbasch, Johnson, Langlands, Mceglin, Shelstad, and
Vogan. For discrete series representations, it is essentially the same parametrization as using Harish-Chandra
parameters (see Theorem 2.1 (4) below). In this introduction, we explain the main result (Theorem 4.2) only
for discrete series representations in terms of their Harish-Chandra parameters.

Let 7 be a discrete series representation of U(p,q). Its Harish-Chandra parameter A = HC(7) is of the
form

A= (Ao Api AL, AL,
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where A;, A} €Z+"T_1, AL > > A, A > > A and { A, A PN ALY = (. To state our main

result, we define some terminologies.

Definition 1.6 (Definition 4.1). Fiz k € {1,2} and suppose that xv is of the form

Xv (ae\/jQ) — ey\/jw

fora>0 and 6 € R/277Z with v € Z such that v =n + k mod 2. Let m be a discrete series representation of
U(p, q) with Harish-Chandra parameter X = (A1, ..., Ap; Ap, .05 A).

(1) Write
v v k—1 k-3 —k+1
)\—(5,...,5): A1y y Oy, 7 g T g b1, byser, .o caydh, . dy
k
or

k—1 k-3 —-k+1

v v
/\—(5,...,5): ai,...,0z,01,...by5¢1,..., ¢z, 5 Ty T g ydiy ..., dy
k
with az, —by,cy, —dy > % We set ky, to be the mazximal choice of k unless A\;—v /2, A;—V/Q € Z\{0}

foralli,j (i.e., k=0 and a;,b;,c;,d; € Z\ {0} for all i), in which case, we set ky = —1. Note that
2a; = 2b; = 2¢; = 2d; = kx — 1 mod 2.
(2) When k is chosen to be mazimal in (1) (so that k = 0 if ky € {=1,0}), we put rx = z + w and

S\=Y+=z.
(3) Define Xx C 37 x {£1} by

X,\:{(Al—g,—kl),...,()\p—g,+1)}u{<)\’l—g,—1>7...,</\;—%,—1)}.

(4) We define a sequence X, = Xio) D Xil) DD X/(\n) D .-+ as follows: Let {B1,...,B.;} be the
image of X§\J) under the projection %Z x {£1} — %Z such that By > -+ > By,. Set S to be the sel
of i € {2,...,u;} such that one of the following holds:

L d 67271 € {ala'“aaz} a’ndﬁl € {Cla"'vcz};
e ;41 € {bl,...,by} and B; € {dl,...7dw}.
Here, we assume that k is chosen to be maximal in (1) (so that k = 0 if kx = {—1,0}). Then we

define a subset X)(\jﬂ) of Xg\j) by

XU = x U (U{(ﬂi—laJrl)v (Bi»l)}> :

€S

Finally, we set Xioo) = X/(\") - X/(\”H),
(5) For an integer T and € € {£1}, we define a set C5(T) by

Cs(T) = {(a, ) e X\

In particular, if T <0, then C5(T) = 0.

ky—1
0<ex+ ’\2 <T}.

The main result for discrete series representations is stated as follows:

Theorem 1.7 (Theorem 4.2). Let m be a discrete series representation of U(p,q) with Harish-Chandra
parameter . Setr =r) and s = s).
(1) Suppose that kyx = —1. Then for integers I and t > 0, the theta lift ©,1ot4141,s4+1(7) is nonzero if
and only if
1>0 and #C5(t+1) <1 foreachee {£1}.
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(2) Suppose that ky > 0. Then for integers | and t > 1, the theta lift ©, o141 s41(m) is nonzero if and
only if
I>ky and #C(t+1) <l for each e {£1}.

Moreover, for an integer 1, the theta lift ©4 s11(m) is nonzero if and only if I > 0.

For the proof, we use the local Gan—Gross—Prasad conjecture (Conjecture 2.2 below). This conjecture
gives a conjectural answer to restriction problems in terms of the local Langlands correspondence. For
more precisions, see §2.3 below. To prove our main result for discrete series representations (Theorem 1.7),
we use the local Gan—Gross—Prasad conjecture only for discrete series representations. This case has been
established by He [He2] (in terms of Harish-Chandra parameters), so that the statement in Theorem 1.7
holds unconditionally. For tempered representations, only a weaker version of the local Gan-Gross—Prasad
conjecture is proven by Beuzart-Plessis [BP].

When v is of the form xy (ae¥V=1) = V=10 for ¢ > 0 and € R/2nZ with v € Z such that v = m mod 2,
it is known that O, 4(7) # 0 if and only if O, (7" ® det”) # 0 (see Proposition 3.9 below). By this property
together with our main result, we can determine the non-vanishing of all theta lifts of tempered representations
(including the case where ¢t < 0).

1.3. Idea of the proof. To study local theta correspondence, it is useful to consider “Howe’s K-type of
lowest degree”. For the relation between this notion and Vogan’s minimal K-type, see e.g., [P1, Lemma
1.4.5] and [Mcel, §II]. In this paper, we use not these K-types (nor Blattner parameters) but L-parameters
(Harish-Chandra parameters) and the local Gan—Gross—Prasad conjecture.

The proof of the main theorem consists of three steps: First, we show the sufficient condition for the
non-vanishing of theta lifts when ¢ > 1. This is proven by induction by using the local Gan—Gross—Prasad
conjecture and seesaw identities (§5.2). The initial steps of the induction are the (almost) equal rank cases,
which are established by Paul ([P1, P3]). Next, we show the necessary condition for the non-vanishing of
theta lifts when ¢ > 1. This is proven by using a non-vanishing result of theta lifts of one dimensional
representations and seesaw identities (§5.3). Finally, by using the conservation relation (Theorem 3.7 below),
we obtain the t = 0 case.

In this subsection, we explain the more detailed idea in the first two steps through a low rank case. For
simplicity, we assume that yy is trivial, i.e., v = 0. Let us consider an irreducible discrete series representation
m of U(1, 1) with Harish-Chandra parameter A satisfying

A= (a;¢)

with a,c € (1/2)Z\ Z and a,c > 0, and determine when the theta lift ©3 1 (7) is nonzero. We note that

k)\:O,T)\:S)\:].;
Xy ={(a,+1),(c,—1};
. X)(\OO):X)\ ifa<c,andX§°°):(Z)ifa>c;
#C(T)=1ifa<c,e=4+1and T > a —1/2, and #C5(T) = 0 otherwise.
In particular, #C5(1) < 0 for each € € {£1} if and only if a # 1/2. Now we prove that ©3;(m) # 0 if and
only if a # 1/2.
The first step is to show one direction a # 1/2 = ©31(7) # 0 (see §5.2). To do this, we will look for
an irreducible representation 7’ of U(2,1) such that

e Homyy q)(7', ) # 0; and
(] @311(7{/) 75 0.
If we were able to find such 7/, setting ¢’ = 031 (") € Irr(U(3, 1)), we would have

0 # Homyy 1) (7', m) € Homy(,1)(O2,1(0"), ) = Homys,1)(O3,1(7) @ w1,0,3,1,0")

by a seesaw identity (Proposition 3.11 (1)). In particular, we could obtain O3 ;(m) # 0.
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Following §5.1, choose integers oy > ag > a3 = a > max{a,c} + 1. Let 7’ be the irreducible discrete
series representation of U(2,1) with Harish-Chandra parameter " satisfying

(Oll,Oég;OQ) ifa:C—i-l,
N = 1 1 .
a,a—i;c—&—i ifa=#c+1.

Then using the local Gan-Gross—Prasad conjecture (proven in [He2]), we have Homyy 1y (7', 7) # 0. More-
over, since a > 1/2, by Paul’s result [P3], the theta lift ©31(7’) is nonzero. (In general, we will use the
induction hypothesis here to obtain ©, s(n’) # 0.) Therefore, we can deduce that ©3 1 (m) # 0.

The second step is to show the other direction a = 1/2 = ©g31(7) = 0 (see §5.3). The idea is the
same as [P2, Theorem 3.14]. Consider the twist 7 ® deta(llyl). This is a discrete series representation with

Harish-Chandra parameter
1
(a—Lie—1)= <2;c 1) .

By Paul’s result [P1], we have @0,2(7T®det6(11’1)) # 050 that O3 o(7" ®@dety1,1)) # 0. Suppose for the sake of

contradiction that ©31(m) # 0. Then a seesaw identity (Proposition 3.11 (2)) implies that ©5 ; (dety,1)) # 0.
The theta liftings of one dimensional representations are well-understood (see Proposition 3.10), and it is
known that ©s ;(dety(1,1)) = 0. This gives a contradiction so that ©3;(7) must be zero.

1.4. Examples. We shall give some examples of the main theorem. First, we consider the case where U(p, q)
is compact, i.e., p=0or ¢ =0.

Example 1.8 (Compact case). Suppose that p=n and ¢ =0. Let 7w be an irreducible (continuous, discrete
series) representation of U(n) = U(n,0) with Harish-Chandra parameter A satisfying

3 (Z K>_ k—1 k-3 —k+1
2,...,2 = ayy...,0y, 5 5 D) P 9
k

where k = max{0,kx}, @z, —b1 > (kx+1)/2,  +y+k =n, and v € Z such that xv(ae¥~10) = e*V=10 for

a>0 and 0 € R/27Z. Note that ry = x and sy =y. Then

- k—1 k41
Xk:X)(\ ):{<a’17+1)7"'3(a$7+1)a<27+1>7"'7( 2+ a+1>’(b1a+1)7(by?+1)}

Hence C, (T') = 0 for any T. Moreover, for t > 1 and | > k, we see that #C;\'(t + 1) <l if and only if
l—k>x,orl—k<zand

bi,.. by |

ky—1
Ogp—iyk > t+1— ’\2 .

Similarly, ™ ® det” has the Harish-Chandra parameter NV satisfying

k-1 k-3 —k+1
N o= (S5 ) = | by b =
27 72 B ’ 1 2 ) 2 ) ) 2 ’
k
Hence Cy,(T) = 0 for any T. Moreover, for t > 1 and | > k, we see that #Cy (t +1) <l if and only if

l—k>y,orl—k<y and
kx—1
b1+l—k§—(t+l— AQ )

Therefore, by Theorem 1.7, ©, () is nonzero if and only if one of the following holds:
e |(r—s)—(x—y)| <1, andr>x and s > y;
e (r—s)—(zx—y)>1,ands>n—x, andifn—xz <s<n-—1, then

m-—n-+1
an—s_f;
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e (r—s)—(z—y)<-1,andr>n—y, and if n —y <r <n, then

m-n-+1

b1+y+7‘—n < - 2

Here, we put m = r + s. By using Blattner’s formula, it is easy to check that this condition is compatible
with results in [KV] and [A, Proposition 6.6], which are stated in terms of the highest weight.

Second, we consider the case where 7 is holomorphic discrete series.

Example 1.9 (Holomorphic case). Suppose that p = q so thatn = 2p. Let k > n be an even integer. Consider
the holomorphic discrete series representation m of U(p,p) of weight k. Its Harish-Chandra parameter X is
given by

N = k—1 k-3 k—=n+1 —k+n-1 —k+3 —k+1
- 2 b 2 AR 2 ) 2 AR 2 ) 2 M

For simplicity, we assume that xv s trivial, i.e., v = 0. Then we have kyx =0, ry =n, sy =0 and

. k-1 k—n+1 —k+n-—1 —k+1
kai){(2,+1>,...,<Z,H),(2",1),...,( > 1)}

Hence for integer T, we have

0 ingk;”,
- k— k— k
#CH(T) = #C5 (T) =S T — 2” ian§T§§7
k
if T > —.
p ¥T25
On the other hand, the Harish-Chandra parameter AV of © is given by
\Y —k+n-—1 ~k+3 —k+1 k-1 k-3 k—n+1
- 9 yeeey 9 ) 9 3 9 9 9 gy 9

so that C5v (T) = 0 for any T € Z and € € {£1}. Therefore, by Theorem 1.7, O, s(m) # 0 with r+s = 0 mod 2
if and only if one of the following holds:

er—s<nandr>n;
en<r—s<kands>0;
e r—s>kands>p.

The following summarizes when ©, ¢(w) # 0 with n = 2p =4 and k = 8. Here, a black plot (r,s) means that
O, s(m) # 0, and a white plot (r, s) means that ©, 4(7) = 0.
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r4+s
AN s:p
(k 44+ p, p)
r=mn S:O
(k 42+ p,p)
(n
(n
(n 0)
(n (n42,0)
(n,O) res

Third, we consider the case where 7 is generic (large) discrete series.

Example 1.10 (Generic case). Suppose that p = q+1 so that n = 2p—1. Consider a generic (large) discrete
series representation w. Its Harish-Chandra parameter

A= (a1,...,ap;b1,...,bg)

satisfies that
ay >by >az >by > >a,> by > ap.

v v v v v
toe o) a5 (500 (e 50) (o5 o)

In particular, we have

Hence

1 if ve{2a,...,2a,} U{201,...,2b4},
kx=<0 if v # 2a; = 2b; mod 2,
-1 otherwise,

ra=#{ie{l,....,p} | 2a, >v}+#{je{l,....q} | 2b; <V},
sx=#{i€{l,....p} | 2ap <v}+#{j€{1,....q} | 20; > v}.

Now we further assume that v = 2a;, for some 1 <iy <p. Then kx =1, rx = s\ =¢q, and
X)(\l) = X/(\OO) C {(O,+1)7 (bzo - gv_l) 9 (a'p - ga+1)}a

which is equal if ig < p. Hence #C5(T) < 1 for any T € Z and ¢ € {£1}. Similarly, the Harish-Chandra
parameter AV of 7V ® det” satisfies that

X ={(=ap+5.41) (<ba+ 5,-1) s (ag + 5, 41) o (<t + 5. -1) (mar + 5, 41) |
AV = ap 2’ ; q 2’ ) Gq 2’ ceey 1 9’ ; a1 9’ )

X/(\%O) - {(0, +1), (—bio—l + g, —1> ) (—Ch + %,4—1) } .

The last inclusion is equal if ig > 1. Hence #C5v(T) < 1 for any T € Z and ¢ € {£1}. Therefore, by
Theorem 1.7, ©, s(m) # 0 with r + s = p+ ¢+ 1 mod 2 if and only if (r,s) = (¢,q) or min{r —q,s —q} > 1.
The following summarizes when O, 4(7) # 0. Here, a black plot (r,s) means that ©, s(7) # 0, and a white
plot (r,s) means that ©, s(mw) = 0.
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r—+s
r=p 4 s=Pp

\m\p 6) (p46,p
\% 4) (p44,p
\% ) | w42

(4,9) r—s

Y

Finally, we give a more specific example.

Example 1.11. Suppose that xv is trivial, i.e., v = 0. Let w be an irreducible discrete series representation
of U(4,5) with Harish-Chandra parameter

A= (6,5,4,-8;3,1,0,—3,—7).
Then ky =1, ry=5, sy =3, and
X)\ = {(67 +1), (57 +1), (47 +1), (37 *1)7 (17 *1)7 (07 *1)7 (*33 71)7 (*7a 71)7 (78, +1)}7

X = {(6,+1), (0, =1), (=3, —1), (=7, —1), (=8, +1)}.

Hence
SIS | UT
{(6,+1)}  ifT>6, *"1° T Hh AT <7,

{(0,—1),(—3,—1),(—7,—1)} ifT> 7.
Therefore, by Theorem 1.7, Osyo1y1.3+1(m) is nonzero if and only if one of the following holds:
t=0andl>0;
et>1,1>1andt+1<3;
e t>1,1>2andt+2<7;
e t>1andl > 3.

Similarly, the Harish-Chandra parameter of ™ is given by
A = (8,-4,-5,-6;7,3,0,—1,-3).
We have kxv =1, rav = 3, syv =5, and
Xy ={(8,41),(7,-1),(3,-1),(0,-1),(—-1,-1), (=3, —-1), (-4, +1), (=5,+1), (=6, +1)},
X =1 (3,-1),(0,—1), (—1,—1), (=3, —1), (=4, +1), (=5, +1), (=6, +1)}.
Hence C,(T) = 0 for any T, and

{(0,-1)} if0<T <1,
C(T) =< {(0,-1),(~1,-1)} fl<T<3,
{(0,-1),(=1,-1),(=3,-1)}  ifT>3.
Therefore, by Theorem 1.7, Os1y 340141(m) is nonzero if and only if one of the following holds:

et=0andl>0;
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e t>0,l>1andt+1<1;
e t>0,l>2andt+2<3;
e t>0andl > 3.

The following summarizes when ©,. s(m) # 0. Here, a black plot (r,s) means that ©, s(7) # 0, and a white
plot (r,s) means that ©, s(m) = 0.

r+s
r=38 s=06
r=17 s=25
r= §=
r=>5 72, s=3
(20,
M) (028
IR) (%4
J ) ( )
7, ( %
v
.9) s

1.5. Non-archimedean case. In this subsection, we recall a result in the non-archimedean case in [AG].
Let E/F be a quadratic extension of non-archimedean local fields of characteristic zero. We denote by W,
an n-dimensional hermitian space over E. Also, we fix an anisotropic skew-hermitian space V over E of
dimension mg, and denote by V; the m-dimensional skew-hermitian space obtained from Vj by addition of [
hyperbolic planes, where m = my+2[. Asin §1.1, fixing a non-trivial additive character ¢ of F' and characters
xw and xy of E* such that yw|F* = g, p and xvI|F* = g, p> we obtain the Weil representation wy, v,w
of U(W,,) x U(V}). Here, ng,p is the quadratic character of F'* associated to E/F.

For an irreducible smooth representation = of U(W,,), the big theta lift ©, v, w, (7) is defined similarly
as in §1.2. The Howe duality correspondence is proven by Waldspurger [W] when the residual characteristic
of F is not two, and by Gan-Takeda [GT1, GT2| in general. Hence we can define the small theta lift (or
simply, the local theta lift) 0y v, w, (7) of © similarly as in §1.2, and we may consider Problem 1.5 in the
non-archimedean case.

In [AG], we addressed both Problem 1.5 (1) and (2) in terms of the local Langlands correspondence
established by Mok [Mo] and Kaletha-Minguez—Shin-White [KMSW]. We recall only the result concerning
Problem 1.5 (1).

The local Langlands correspondence classifies the irreducible tempered representations 7 of U(W,,) by
their L-parameters A = (¢,7), where

¢: WDg — GL,(C)

is a conjugate self-dual representation of the Weil-Deligne group WD g = Wg x SLy(C) of sign (—1)"~! with
bounded image, and
n € Irr(Ay)

is an irreducible character of the component group A4 associated to ¢, which is an elementary two abelian
group. More precisely, if we decompose

G=m1p1 D DMyt (¢ DY),

where
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e ¢, is an irreducible conjugate self-dual representation of sign (—1)""1;

e m; > 0 is the multiplicity of ¢; in ¢;

e ¢’ is a sum of irreducible representations of WD g which are not conjugate self-dual of sign (—1)"71;

e °¢'V is the conjugate dual of ¢/,
then

A¢ = (Z/QZ)6¢1 DD (Z/2Z)€¢u.

Namely, Ay is a free (Z/2Z)-module of rank u equipped with a canonical basis {e4,,...,es,} associated to
{¢1,...,¢u}. We call the element z4 = mies, + - - + myey, in Ay the central element of Ay.

The tower property (Proposition 3.6 below) also holds in the non-archimedean case. It asserts that if
Oy,v;,w, () is nonzero, then so is Oy v, .w, (7). Fix x € {1,2} and 6 € E* such that trg,p(d) = 0. There
are exactly two anisotropic skew-hermitian spaces VO+ and Vj~ such that dim(VOi) = n + k mod 2. For
e € {£1}, when Vj = V5, we also write V; = V). This is characterized by

v (7™ (=1)Mm=Im/2 det (V) = .
We call V. = {V/¢ | | > 0} the e-Witt tower, and
me(m) = min{dim (V) | Oy v w, () # 0}
the first occurrence index of 7 in the Witt tower V.

The following theorem is one of the main results in [AG]. Here, we denote the unique k-dimensional
irreducible representation of SLa(C) by Sk.

Theorem 1.12 ([AG, Theorem 4.1]). Fiz v € {1,2} and 6 € E* such that trg/p(0) = 0. Let m be an
irreducible tempered representation of U(W,,) with L-parameter A = (¢, 7).

(1) Consider the set T containing k — 2 and all integers k > 0 with k = x mod 2 satisfying the following
conditions:

(chain condition): ¢ contains xv Sk + XvSkt2 + -+ XvSk;
(odd-ness condition): the multiplicity of xvSy in ¢ is odd forr =k, k+2,...,k —2;
(initial condition): if K =2, then n(ey2) = —1;
(alternating condition): n(ey,,) = —n(eyv,4+2) forr=r,k+2,...,k—2.
Here, ey, is the element in Ay corresponding to xvSy. Let
kx =max T.
Then
min{my (7),m_(m)} =n—kx and max{my(m),m_(m)} =n+2+k,.
(2) If kx = —1, then my(m) = m_(mw). Suppose that kx > 0. Then ¢ contains xv if kK = 1. Moreover,
min{my (7),m_(7)} = mu(w) if and only if
B N(2g + €xy ) if k=1,
n(zs)-ele@ Xy vy)  ifR=2
where €(¢®X‘71, PE) = e(1/2, ¢®X‘71, »E) is the root number of¢®x‘71 with respect to the additive
character V5 of E defined by ¢F (x) = ¢(trg/r(62)).

It seems that this theorem closely resembles our main result (Theorem 4.2 below).

1.6. Archimedean case v.s. non-archimedean case. In this subsection, we explain some differences
between the archimedean case and the non-archimedean case.

First of all, one of clear differences is the parametrization of Witt towers. Fixing x € {1,2}, in the
non-archimedean case, there exist exactly two Witt towers

Vi ={V*|1>0, dim(V;*) =n+ x mod 2},
whereas, in the archimedean case, for each integer d with d = x mod 2, there is a Witt tower

Vd:{vr,s |r—s=d, r+s=n+rxmod2}.
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The first occurrence indices are defined similarly in §1.5 for each Witt towers. The conservation relation
proven by Sun—Zhu [SZ2] asserts that m4 (7) + m_(7) = 2n + 2 for any irreducible smooth representation
of U(W,,) in the non-archimedean case, whereas, it is more complicated in the archimedean case (see Theorem
3.7 below).

To study the theta correspondence, we often need to know a relation between theta lifts and induced
representations. To show such a relation, in non-archimedean case, Kudla’s filtration [Kul] is useful. This is
a finite explicit filtration of the Jacquet module of the Weil representation. Its archimedean analogue is the
induction principle (see e.g., [P1, Theorem 4.5.5]). As a matter of fact, however, the induction principle is
just an analogue of a corollary of Kudla’s filtration, so that it is less useful than Kudla’s filtration itself.

Both of the proofs of Theorem 1.12 and our main result (Theorem 4.2 below) use the local Gan—Gross—
Prasad conjecture (for tempered representations). In the non-archimedean case, Beuzart-Plessis proved it
completely, whereas, in the archimedean case, he proved only a weaker version of it ([BP]). For discrete
series representations of U(p, ¢), He [He2| proved the local Gan—Gross—Prasad conjecture in terms of Harish-
Chandra parameters.

Also, both of the proofs of two results (Theorem 1.12 and Theorem 4.2) use explicit descriptions of theta
correspondence in the equal rank case and the almost equal rank case. In the archimedean case, they are
Paul’s results ([P1, P3]). In the non-archimedean case, they are two of Prasad’s conjectures ([Pr]), both of
which are proven by Gan-Ichino [GI].

1.7. Organization of this paper. This paper is organized as follows. In §2, we explain two parametrizations
of irreducible representations of U(p, ¢), Harish-Chandra parameters and L-parameters, and we compare
them. Also we state the local Gan—Gross—Prasad conjecture. In §3, we recall some basic results of theta
correspondence, including the Howe duality correspondence, the induction principle, seesaw identities, and
Paul’s results ([P1, P3]). For the unitary dual pairs, we use Kudla’s splitting, whereas, Paul uses double
covers of unitary groups. We also compare them in §3. In §4, we state the main result (Theorem 4.2) and
its corollary (Corollary 4.5). Finally, we prove the main result in §5. The relation between Harish-Chandra
parameters and L-parameters (Theorem 2.1 (4)) might be well-known, but there seems to be no proper
reference. For the convenience of the reader, we explain this relation in Appendix A.

Acknowledgments. The author is grateful to Atsushi Ichino, Shunsuke Yamana, Yoshiki Oshima and Kohei
Yahiro for useful discussions. We are most thankful to Hisayosi Matumoto for pointing out using Schmid’s
character identity to prove Proposition A.3. This is a key proposition to relate L-parameters with Harish-
Chandra parameters. Thanks are also due to the referees for careful readings and helpful comments. This
work was supported by the Foundation for Research Fellowships of Japan Society for the Promotion of Science
for Young Scientists (DC1) Grant 26-1322.

Notation. The symmetric group on n letters is denoted by S,. For non-negative integers p and q, we set
n = p+ q and define the unitary group U(p, ¢) of signature (p, q) by

(1, 0\ (1, ©
9(0 -1,)97 0o -1,/ ("

We also denote by U, (R) a unitary group of size n, i.e., U,(R) is a U(p,q) for some non-negative integers
p,q such that n =p+q.

For a reductive Lie group G, we denote by Irrgisc(G) (resp. Irriemp(G)) the set of equivalence classes of
discrete series representations (resp. tempered representations) of G.

Put C! = {2 € C* | 2z = 1}. For a symplectic space W over R, we denote the C!-cover of Sp(W) by
Mp(W), and the double cover of Sp(W) by QB(W), which is a closed subgroup of Mp(W). Namely,

Ulp.q) = {g € GL.(C)

1 —— C' —— Mp(W) — Sp(W) —— 1

I I H

1 —— {+1} —— Sp(W) ——» Sp(W) —— 1.
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One should not confuse Mp(W) with %(W) When we consider representations of covering groups, we always
assume that they are unitary and genuine.

We denote representations of Lie groups by 7 and o, and ones of covering groups by 7 and o. Also we

denote the contragredient representations of 7, o, ¥ and & by 7V, ¢V, © and &V, respectively. One should

not confuse 7 with 7V.

2. CLASSIFICATIONS OF IRREDUCIBLE REPRESENTATIONS OF U(p, q)

In this section, we give two parametrizations of irreducible representations of U(p, q), and we compare
them. We also state the local Gan—Gross—Prasad conjecture in §2.3.

2.1. Harish-Chandra parameters. The Harish-Chandra parameters classify irreducible discrete series rep-
resentations. Let G = U(p, q). We set K = U(p) x U(g) to be the maximal compact subgroup of G consisting
of the usual block diagonal matrices, and T to be the maximal compact torus of G consisting of diagonal
matrices. We denote the Lie algebras of G, K and T by g, ¢ and t, and its complexifications by gc, €c and
tc, respectively. The set A, of compact roots of gc with respect to t¢ and the set A,, of non-compact roots
are given by

respectively. Here, e;, f; € t are defined by
tl tl
€;: — t;, fjl '—)tp+j.
tn 128
Note that e; and f; belong to v/—1t*, i.e., the images e;(t) and f;(t) are in v/—1R.
The Harish-Chandra parameter HC(7) of a discrete series representation 7 of U(p, ¢) is of the form
HC(m) = (A1, Ap; AL, oo, Ay) € V=1,
where
[ ) )\Z', )\; S 7 + nT—l’
° )\Z-;é)\; forl<i:<pand1<j<g;
e A >--> ), and \] > > AL

Here, using the basis {e1,...,ep, f1,..., fq}, we identify +/—1t* with R? x R?. Via this identification, we
regard HC(7) as an element of (Z + 51)? x (Z + “71)4. Hence we obtain an injection

HC: II‘I‘disC(U(p7 Q)) — (Z+ 7121> X (Z+ - 2 1> '

The infinitesimal character 7, of 7 is the Wg-orbit of A = HC(x), where Wg is the Weyl group of G
relative to 7. As well as A = HC(n) is regarded as an element of (Z + 251)P x (Z + 52)?, we regard 7, as
an element of (Z + 251)"/S,,. Note that given 7 € (Z + 251)"/S,,, there are exactly n!/(plq!) discrete series
representations of U(p, ¢) whose infinitesimal characters are equal to 7.

2.2. L-parameters. The local Langlands correspondence is a parametrization of irreducible tempered rep-
resentations of U(p, ¢) in terms of L-parameters.
For a € %Z, we define a unitary character yz, of C* by

X2a(z) = Efzo‘(zf)a = (z/2)*.
Note that x24(Z) = X2a(2) 7! = X_24(2). When a > 0 and § € R/27Z, we have

Yoa (ae\/jG) _ e2a\/—719.
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Define ®gis(Un(R)) by

Bise(Un(R)) = {X2a1 @D Xoa, | O € %Z, 20, =n—1mod 2, ay > --- > an} .
For ¢ = x2a, ® - ® X2a, € Pdisc(Un(R)), we define a component group A, of ¢ by

Ay = (Z/2L)esn, ® -+ & (Z/2L)e3a,.

Namely, Ay is a free (Z/2Z)-module of rank n equipped with a canonical basis {ezq,, .- -, €24, } associated

to {X2a1 LA X2an}-
More generally, we define ®¢emp(Un(R)) by the set of representations ¢ of C* of the form

¢ =(MiX20, B B MuX20,) B (G B BE) B (G B @),

where
e q; € %Zsatisﬁes 2a; =n — 1mod 2 and ay > -+ > ay;
e m; > 1 is the multiplicity of x2q, in ¢;
e my+ -+ my + 2v=nmn;
e ¢, is a unitary character of C*, which is not of the form xs, with 2ae =n — 1 mod 2;
e ¢! is the unitary character of C* defined by °¢;*(2) = &(z 7).

For such ¢, we define a component group A, of ¢ by
Ay = (Z/20)ezn, ® --- & (Z)2Z)es,,, .

We denote the Pontryagin dual of Ay by ;1; For n € ;1;, define —n € ;1; by (—n)(e2q;) = —n(e2q,) for
1=1,...,u.
We define an additive character 1/, of C by

4C,(2) = exp(2m(z — 2)
for z € C. For a (continuous, completely reducible) representation ¢ of C*, let (s, ¢,9*,) be the e-factor of
@ (see [T]). It satisfies that

e(s,01 @ 2, 9C5) = (5,01, 9,) - e(s, da, ¥C,);
£(1/2,€ ¢~ ¢C,) = 1 for any character ¢ of C*;
e(1/2,x2a,9C5) = 1 for a € Z;

When a € 1Z\ Z,
1 c -1 if >0,
y (2’X2a’w2) - { +1  ifa<0.
For the last equation, see e.g., [GGP2, Proposition 2.1]. We call the central value £(1/2, ¢,4C,) the root

number of ¢ with respect to 1/C,, and we denote it simply by £(¢, ;).
The local Langlands correspondence is a parametrization of Irtiemp(U(p, ¢)) as follows:

Theorem 2.1 ([L], [V3], [S1, S2, S3]). (1) There is a canonical surjection

|| Eremp(Up, ) = @remp(Un(R)).
p+qg=n

For ¢ € ®uemp(Un(R)), we denote by I, the inverse image of ¢ under this map, and call I, the
L-packet associated to ¢.
(2) There is a bijection

J:H¢—>;1;.

If m € 1y corresponds to n € ;1; via this bijection, we write 71 = w(p,n) and call (¢,n) the L-
parameter of .

(3) If ¢ = X201 ® - @ X2a,, € Paisc(Un(R)), the L-packet Iy consists of discrete series representations
of various U(p, q) whose infinitesimal characters are (a,...,ap) € (Z+ 251)"/S,.
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4) If ¢ = X201 P+ D X20,, € Patisc(Un(R)) with aq > -+ > ay,, the Harish-Chandra parameter
HC(m(¢,1m)) = (A1, -, Api AL, 5 AY)

of m(¢,m) € Iy is given so that

o A A AL A = e an ) '

o a; € {A\,..., N} if and only if n(ezq,) = (1)1,
In particular, w(¢,n) € Irrgise(U(p, q)) with

p=#{i | nle2,) = (=11} a=#{i | nlean,) = (1)}
(5) If ¢ = €D ¢po ® €~ with a unitary character & of C* and an element ¢g in Premp(Up—2(R)), for

any m(do,M0) € My, N Irtpemp(U(p — 1,9 — 1)), the induced representation Indg(p’q) (& ® 7(do,M0))
decomposes as follows:

mdpP (€@ n(do.m) = B w(o.m).

neA,,
n|Ape=n0
Here, P is a parabolic subgroup of U(p, q) with Levi subgroup Mp =C* x U(p —1,q — 1).
(6) The contragredient representation of w(¢,n) is given by w(¢¥,nY), where n¥: Agv — {£1} is defined
by
¥ (eona) = n(e2q;) if n is odd,
! —n(ezq;) if n is even
for any e_aq, € Agv.
(7) If t =7(¢,n) € Irtemp(U(p, q)), then (¢, —n) € Irtremp(U(g, p)) is the same representation as m via
the canonical identification U(p,q) = U(q,p) as subgroups of GL,(C).
(8) If ¢ € Premp(Un(R)), then ¢px2 = ¢ ® x2 € Premp(Un(R)) and there is a canonical identification
Ay = Agyy,. If m = w(¢,m), the corresponding representation w(¢px2,n) is the determinant twist
T ® det.

In fact, the bijection J: Iy — ;1; in Theorem 2.1 (2) is characterized by endoscopic character identities
as in [S3]. Also J depends on a choice of a pair of a quasi-split U(p, q) (i.e., [p — ¢| < 1) and a Whittaker
datum of U(p, q). There are exactly two such pairs. Through this paper, we take a specific choice of a pair.
(see Appendix A). Theorem 2.1 (4) highly depends on this choice, and there seems to be no proper reference.
We will discuss this part in Appendix A below.

In Theorem 2.1 (4), we see that

(71)i71 = €(¢ X X—2a; ® X-1, w(_:g)
Hence the Harish-Chandra parameter of 7 and the unitary group U(p, ¢) which acts on 7 can be determined

by the L-parameter A = (¢,n) of m and certain root numbers.

2.3. Local Gan—Gross—Prasad conjecture. To prove the main result, we use the local Gan—Gross—Prasad
conjecture [GGP1], which gives an answer to restriction problems.

Suppose that (U, (R), U,+1(R)) = (U(p,q),U(p+1,q)) or (U(p,q), U(p,q+1)). Then there is a canonical
injection U, (R) < Up,41(R), so that we have a diagonal map

A: U,(R) = U,(R) x Uy11(R).
By a result of Sun—Zhu [SZ1], for 7, € Irttemp(Un(R)) and 741 € Ittemp (Un+1(R)), we have
dim¢ Homay,, gy (7 ® 741, C) < 1
We call a pair (U, (R), U,,4+1(R)) relevant if

(U(p,q),U(p+1,q)) if n is even,

(Un(R)vUnJrl(R)) = {(U(p, q)7U(p, q+ 1)) if n is odd
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for some (p, ¢) such that p+q = n. Note that if (U(p, q), U(p',¢')) with p’+¢ = p+q+1and 0 <p'—q,¢'—q¢ < 1

is not relevant, then (U(q, p), U(q’,p’)) is relevant. Gan, Gross and Prasad predicted when the Hom space
Homauy, &) (Tn @ Tri1,C)

is nonzero for relevant pairs.

Conjecture 2.2 (local Gan-Gross—Prasad conjecture (GGP) [GGP1, Conjecture 17.3]). Let ¢, € Piemp(Un(R))
and ¢n+1 € Premp(Un+1(R)) such that

¢n = (m1X2a1 SRR @mu)@au) D (51 D--- @gv) D (c§1_1 SR @(:51)—1)7
Sns1 = (MiX28, @+ DMiyxag,) B (D BE) @ (€T @ - 0%, 7)),

where
o oy, 35 € %Z such that 2a; =n — 1 mod 2 and 23; = n mod 2;
e m; > 1 (resp. mj; > 1) is the multiplicity of X2q, (Tesp. X2p;) i ¢n (Tesp. Gni1);
o mi+---+my+2v=nandmi+---+m, +20 =n+1;
o & (resp. f;) is a unitary character of C*, which is not of the form X2, with 2a = n — 1 mod 2

(resp. xop with 28 = n mod 2).

Then there exists a unique pair of representations (m,, mny1) € Ilg, x Ilg, ., such that

o (Tp, Tni1) 18 a pair of representations of a relevant pair (U, (R), Uyy1(R));

e Homavy, ) (T @ 41, C) # 0.
Moreover,

J(’”'ﬂ)(ezai) = 5(X2ai ® Pnt1, 1/}92)’
J(ﬂ-n-‘rl)(eQBj) = €(¢TL ® X2Bj 3 ¢(—:2)

for ean, € Ay, and ezp; € Ay, .,

When ¢, € Pgisc(Un(R)) and ¢nt1 € Paisc(Upt1(R)), Conjecture 2.2 is proven by He [He2]. In fact, He
[He2, Theorem 1.1] only treat the discrete spectrum of m,41|Uy, (R) for 7,41 € Irrgise(Unt1(R)). Conjecture
2.2 for discrete series representations follows from this result together with the multiplicity one statement with
respect to the Hom-space Homauy,, r) (mn @711, C) for general tempered L-packets shown by Beuzart-Plessis
[BP].

We use this conjecture as the following form.

Proposition 2.3. Assume the local Gan—Gross—Prasad conjecture (Conjecture 2.2). Let ¢ € ®iemp(Un(R))
and ¢ € Piemp(Upnt1(R)) such that
¢ = X201 @ DX2a, ®(EL D DE) B (G D BT,
¢ = X2, @ ©Xop, © (O DENO (G DD,
where
e a;,3; € 17 such that 2a; =n — 1 mod 2 and 23; = n mod 2;
e & (resp. &) is a unitary character of C* (which can be of the form x2a (resp. x2s));
e ut2v=mn (resp. v + 20 =n+1).
Then for (m,m') € Ily x Iy, the following are equivalent:
o (m, ') E/Errtemp(U(n q))/x\Irrtemp(U(p +1,q)) for some (p,q) and Homy, o (7', 7) # 0;
o J(m) € Ay and J(n') € Ay are given by
J(7)(e2q) = (_1)#{3'6{17---,1&’} | Bj<a}tn
J(?T/)((EQI(;J) _ (_1)#{1'6{1 ..... u} | a;<B}+n

for any Xx2a C ¢ so that esn € Ay and any x25 C ¢’ so that eag € Ay .
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Proof. Note that Homy,,q) (7', 7) # 0 if and only if Homayp,q) (7' @ 7¥,C) # 0 by Riesz representation
theorem. First, we assume that n = p + ¢ is even. Then (U(p, q), U(p + 1,¢)) is a relevant pair. By the local
Gan-Gross—Prasad conjecture (Conjecture 2.2), we should see that Homayp,q) (7' ® 7Y, C) # 0 if and only if

J(m)(e-20) = e(X-20 ® ¢',95,) = (*1)#“6{1"”’",} | —oth>0}
J(w)(e25) = (6" ® a5, ¥55) = (-1 FOEC-) | —arts>0)
for any e_gq € Apv and any esg € Ay. By Theorem 2.1 (6), we see that
J(m)(esa) = —J (1Y) (e—q) = —(=1)FUEL b | Bi>ad — (_)#UE(L '} | Bi<al

for any ez € Ay since v/ =n + 1 =1 mod 2. Hence we obtain the assertion in the case where n = p+ ¢ is
even.

Next, we assume that n = p+ ¢ is odd. Then (U(q,p), U(g,p + 1)) is a relevant pair. By Theorem 2.1
(7), we see that Homy,, ¢ (7", 7) # 0 if and only if Homuy g ) (7(¢', —J (7)), (¢, —J(7))) # 0. By a similar
argument to the first case, this is equivalent to saying that

7J(7r)(62a) = (*1)#{j€{1""1“,} | ﬂj<a}’
—J(7")(eap) = (—1)#lIE{L o} | ai<B}

for any esn € Ay and any egg € Agy. Hence we obtain the assertion in the case where n = p + ¢ is odd. This
completes the proof. O

3. THETA LIFTINGS

In this subsection, we review the theory of theta liftings. First, we recall Kudla’s splitting [Ku2] of a
unitary dual pair (§3.1). Then we can consider theta lifts of irreducible unitary representations of unitary
groups as in §1.2. On the other hand, in various results, including Paul’s ones ([P1, P2, P3]), irreducible
genuine representations of certain double covers of unitary groups are used for theta lifts. We compare
Kudla’s splitting with double covers of unitary groups in §3.2. In §3.3 and §3.4, we recall basic properties on
theta liftings and Paul’s results [P1, P3], respectively.

3.1. Kudla’s splitting. Let W = W, , (resp. V = V, ;) be a (right) complex vector space of dimension
n =p-+q (resp. m = r + s) equipped with a hermitian form (-, )y (resp. a skew-hermitian form (-,-)y/) of
signature (p, q) (resp. (r,s)). Namely,

e the pairings (-, )y and (-, -}y satisfy

(wia, wab)w = ablwy, wo)w, (wa,wi)w = (w1, w2)w,

(v1a,vab)y = ab{vy,va)yv, (va,v1)v = —{(v1,v2)v
for a,b € C, wy,wy € W and vy,v2 € V;
e there exist e1,...,e, € W and €],...,e}, € V such that
0 if i # 4, 0 if i # j,
(ei,ej)w =1 ifi=j<p, (e, e)py=qV-1 ifi=j<mr,
-1 ifi=j>p, —V=1 ifi=j>r

The isometry group U(W) of (-,-)w (resp. U(V) of (-,-)v), which has a left action on W (resp. on V), is
isomorphic to U(p, q) (resp. U(r,s)). Let W =V ®c W be the symplectic space over R of dimension 2mn
equipped with the symplectic form

(v1 ® wy,v2 @ wa) = tre/r((v1, v2)v - (W1, w2)w)

for v1,v9 € V and wy,we € W. The symplectic group Sp(W) acts on W on the left.
We note that the convention in [Ku2] and [HKS] differs from ours. They use the following:
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o W' is a left vector space and the hermitian form (-, )y on W’ satisfies

{aw], bwh)wr = alw, wh)wb
for a,b € C and wi,wh € W’;
e V' is a right vector space and the skew-hermitian form (-, )y on V' satisfies
(via,vob)yr = avy, vh)y:b

for a,b € C and v,vh € V/;
e the symplectic form on W = V' @¢c W’ is defined by

1 -
(v @ wh, vy @ wy)' = 5 - treym((vr, va)ve - (wy, wa)w)
for vi, vy € V' and wi,wh € W';
e U(W'), U(V') and Sp(W’) act on W', V/ and W’ on the right, left and right, respectively.
To use results in [Ku2] and [HKS], we have to compare these conventions.
First, we compare U(W) with U(W’). Assume that W' has a basis {e1,...,e,} satisfying the same

conditions as above, so that W = W'. However, since W is a right C-vector space, whereas, W' is a left
C-vector space, we obtain expressions

ay
W = (61 en) a; €Cp =2 C" (column vectors),
an
e
W' =< (a} ap) | a; € C 3 2 C" (row vectors).
€n
Via the C-linear isomorphism
ai €1
Wow=(e1 ... e)| | w=( ... an)|: |eW,
an én

we identify W with W’. Then we have (w],wh)w: = (wy,ws)w for any wy,ws € W. Also, via the identifi-
cations W = C™ (row vectors) and W’ = C" (column vectors), we have expressions

o5 S5 %))
ow=freaal oy 4)7=( 5)}

The above identification W = W' implies the map
UW) 3 g—tgeUW.

Next, we compare U(V) with U(V'). Assume that V' has a basis {e],...,e},} so that V = V’ as right
C-vector spaces. Set the skew-hermitian pairing (-, )y by

u(w) = {g € GL.(C)

(v1,v3)v, = 2{v1, v2)v
for elements v1 = v} and vy = v} in V = V'. Note that the signature of V' is (s,r). We have expressions
o, (V11 0 = (V1L 0
0 -1, 0 —v=i1,) [
o (—2V11, 0 o (—2V1, 0
0 2v/—11, - 0 2¢/—11, '
Hence U(V') coincides with U(V) as subgroups of GL,,(C).

Uv) = {h € GL,(C)

u(v') = {h € GL,,(C)
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Since

1 -
(v @ wh,vy @ wy) = 5 -treym((vg, vp)ve - (wi, wh)w)

= tre/r ({1, v2)v - (w1, wo)w) = (V1 ® w1, v2 ® wa)

for v1,v € V and wy,ws € W, we see that the two symplectic forms on W = W’ agree.

Note that both U(W) and Sp(W) act on W and W on the left, respectively, whereas, U(W’) and Sp(W’)
act on W’ and W’ on the right, respectively. Hence the canonical embedding o = ay: U(W) — Sp(W)
coincides with the counterpart o' = ay.: UW') — Sp(W’) via the above identifications. Therefore the
results in [Ku2] can be transferred to our convention.

Fix a non-trivial additive character ¢ of R. Let Mp(W) be the C!-cover of Sp(W), i.e.,

1 Ct Mp(W) —— Sp(W) —— 1.
Choosing a character y = xy of C* such that x|R* = sgn™ with m = r+s = dim(V'), Kudla gave a splitting
Mp (W)

U(W) — 5 Sp(W).

Lemma 3.1. We identify Mp(W) = Sp(W) x C! as sets as in [Ku2]. If we write a,(g) = (a(g), By(g)) for
g € U(W), then By (g) satisfies that

By(9)® = x(det(g))*.

Proof. Let W_ denote the space W with the hermitian form —(-,-)y . Consider the space W & W_. Now we
have a canonical embedding

A:UW)xUW_) - UW e W_).
Let x(A(g,1)) be Rao’s function (see [Ku2, §1]). Note that z(A(g,1)) is an element in C*/Rs¢ ([Ku2,
Corollary 1.5]). By [Ku2, Lemma 3.5], it satisfies that

2 —— )2
det(9)? = (a(A(g,1)) - 2(B(g, 1) ) -
By [Ku2, Theorems 3.1, 3.3], we have
Bx(g) = x(x(A(g,1)))¢
for some 8-th root of unity ¢. Since x?|R* = 1, we have
L _i\4
Bul9)® = x(@(A(g, 1)) = x (2(A(g. 1) - 2(Ag. 1)) ) = x(det(g))"

This completes the proof. O
3.2. Double cover of U(p,q). Let W, V and W be as in §3.1. Then we have a canonical map a =

ay: UMW) — Sp(W). Let Sp(W) be the double cover of Sp(W), which is a closed subgroup of Mp(W), i.e.,

1 —— {+1} —— Sp(W) —— Sp(W) — 1.
Fix v € Z such that v =m = r + s mod 2 and define the det”/2-cover of U(W) by

UW) = {(9,2) € U(W) x C" | 2* = det(g)"}.
It has a genuine character
det”/?: UW) — C*, (g,2) — =.
Hence the set of genuine tempered representations of U(W) is given by
DT 4emp (U(W)) = {7 @ det ™/* | 7 € Irryemp (U(W))}
As in [P1, §1.2], we have a homomorphism

a=ay: UW) — Sp(W)
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such that a(U(W)) is the inverse image of a(U(W)), and the diagram
U(W) —— Sp(W)

! l

U(W) —=— Sp(W)
is commutative, where the left arrow is the first projection. We write the composition of a: u(w) — gf)(W)
with the inclusion map Sp(W) < Mp(W) = Sp(W) x C! as

(9, 2) = (alg), B(g, 2))-
Note that 8(g, —z) = —8(g,z). We put ug = {¢ € C* | ¢® = 1} to be the set of 8-th roots of unity in C*.

Lemma 3.2. For any (g,2) € [~I(W), the value (g, z) belongs to usg.

Proof. We write

Mp(W) = Sp(W) x ', Sp(W) = Sp(W) x {1}
as sets. The multiplication law of Mp(W) is given by (hi, z1) - (he, 22) = (h1he, z122¢(h1, ha)), where c¢(hy, h2)
is Rao’s 2-cocycle (see [Ra] and [Ku2]). By [Ra, Theorem 4.1 (5)] (cf. [Ku2, Theorem]), c(g1,g2) is a Weil
index, which is an 8-th root of unity. We write the inclusion map §1;(W) — Mp(W) as

(h,€) = (h,7(h, €)).
When (hq,€1) - (he,€2) = (h1ha,€3) in é\};(W), we see that
’}/(hlhg, 63) = ’y(hl, 61)’}/(}12, 62)0(}11, hg)
Since y(h, —€) = —(h, €), we see that (h,e) — vy(h,€)® factors through a group homomorphism of Sp(W).
Since Sp(W) is semisimple, there exists a dense subset X of Sp(W) such that y(h, €) € ps for any (h,€) € X.
Since Sp(W) is closed in Mp(W), the closure of X in Mp(W), which is contained in Sp(W) x pis C Mp(W),
coincides with Sp(W). This means that y(h,€) € ps for any (h,€) € Sp(W). In particular, since the map

(9,2) = (alg),B(g, 2)) factors through Sp(W) — Mp(W), we conclude that (g, z) is an 8-th root of unity
for any (g,z) € UW). O

Now we compare 8, (g) with §(g, 2).

Proposition 3.3. Fiz v € Z such that v = m mod 2. Let x = x, be the character of C* given by
X(aeﬁe) _ eV\/TIO

for a > 0 and § € R/2xZ. Suppose that U(W) is the det”/?-cover of U(W), i.e., 22 = det(g)” when
(9,2) € UW). Then

Bx(9) = Blg,2)z
Jor any (g,2) € UW).

Proof. Since the maps U(W) — Mp(W), g = (a(g), By(9)) and U(W) — Mp(W), (g,2) — (a(g), B(g, 2))
are homomorphism, we see that

By (9192)Bx(g1) " By (g2) 7" = clalgr), a(g2)) = B(g192, 2122)B(g1,21) " B(g2, 22) ™

for any (g1, z1), (g2, 22) € I~J(W) This implies that the map

Bx(g)
Blg, z)z
factors through a group homomorphism 7 of U(W). Since

( Br(9) )8 _ x(det(g))* _
By, 2)z det(g)*

n: UW) 3 (g,2) — e C!
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for any (g,z2) € ﬁ(W), we may regard this map as a group homomorphism

5)((9)
B(g,2)z

Since U(W) is a Lie group, we can find an open neighborhood X of 1 such that for any g € X, there exists
h € U(W) such that g = h8. This means that X is contained in the kernel of 7, so that 7 is continuous. In
conclusion, 7 is a (continuous) character of U(W) of finite order. Since U(W) is connected, it must be the
trivial character. Hence fy(g) = 5(g, 2)z. O

n: UW) — us, g

3.3. Basic properties of theta liftings. Through this paper, for each hermitian space W = W,, , and each
skew-hermitian space V' =V, ¢ as in §3.1, we fix characters xw = xw, , and xv = xv, , such that

o xw|R* =sgn™ and xy|R* = sgn™ with n = p+ ¢ = dim(W) and m = r + s = dim(V), respectively;
e yw and yy depend only on n mod 2 and m mod 2, respectively,
and a non-trivial additive character 1 of R.

Let W=W,,and V =V, , and set W =V ®c W as in §3.1. Then the isometry groups U(W) and U(V)
are isomorphic to U(p, q) and U(r, s), respectively. We have a canonical map

ay X ay: UW) x U(V) — Sp(W).
As in §3.1, we have a splitting
Oy X Oyt UMW) x U(V) — Mp(W)

of ay X ay. On the other hand, as in §3.2, there are two-fold covers f](W) and I~J(V) of U(W) and U(V),
respectively, and a lifting

Gy x aw: UMW) x U(V) = Sp(W)

of ay X aw.
For a € R*, we define an additive character ai) of R by

() (z) = ¢(ax)

for x € R. Let wqy be the Weil representation of Mp(W) associated to ai. It is a smooth representation
satisfying that way(2) = 2 -id for 2 € C* € Mp(W). Moreover, wqy = wqry if and only if aa’ > 0. Hence
there are exactly two Weil representations of Mp(W). By the restriction, w,y is regarded as a representation
of é\f)(W) also. We choose 1 such that wy is the Weil representation of §f)(W) which Paul has used in
[P1, P2, P3] (c.f., [P1, Lemma 1.4.5]). We consider two representations wy o &, of U(W) and wy o ay of

U(W). For 7 € Irttemp (U(W)) and T € Irrpemp (U(W)), the maximal 7-isotypic quotient of wy, o &y, and the
maximal 7-isotypic quotient of wy, o &y are of the form

TXO,(r) and TXO,(T),

where O, 4(m) and O, () are (genuine or possibly zero) representations of U(V') and U(V), respectively. We
call ©, 4(m) (resp. O, (7)) the big theta lift of 7 (resp. 7).

Theorem 3.4 (Howe duality correspondence [Ho, Theorem 2.1]). If ©, () (resp. O, 4(7)) is nonzero, then
it has a unique irreducible quotient 8, (m) (resp. 6, 5(T)).

We interpret 6, 4(m) (resp. 0, (7)) to be zero if so is O, s(7) (resp. O, 5(7)). We call 8, 4(7) (resp. 0, 5(7))
the small theta lift of 7 (resp. 7). Similarly, for o € Irryemp (U(V)) (resp. o € Irremp (U(V))), we can define the
big and small theta lifts ©, ,(c) and 6, 4(c) (resp. ©, (o) and 8, 4(7)). Note that there is a Harish-Chandra
module version of theta correspondence. These two versions agree by [BS].

In this paper, we determine explicitly when O, s(m) (resp. ©, 4(7)) is nonzero for 7 € Irtiemp(U(p, q))

(resp. T € IrTemp(U(p, ¢))). A relation between the non-vanishing of O, ,(m) and the one of O, () is given
as follows:
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Proposition 3.5. Suppose that xy = x, with v € Z such that v = mmod 2. Then for any @ €
Irttemp (U(W)), we have

Homy w)(wy © @y, m) # 0 <= Homgy,) (wy 0 av, 7 & det™"/2) £ 0.
In particular, O, s(m) # 0 if and only if ©, (7 ® det—u/Q) £0.
Proof. For (g,2) € ﬁ(W), by Proposition 3.3, we have

= wy(a
= Wy 0 Qyy, (9)-

v/2

Hence (wy 0 ay) ® det”’= = wy, 0 &, as representations of U(W), so that

v/2

Homy wy ((wy 0 @) ® det”’, m) # 0 <= Homymw)(wy 0 iy, T) # 0.

This completes the proof. O

If Yy = x» with v € Z such that v = m mod 2, the genuine character det”/? of U(W) is also denoted by
xv. Hence x? is the character det” of U(W). By Proposition 3.5, ©, 5(7) # 0 if and only if ©, s(7®x;,") # 0.

Now we recall basic properties on the theta correspondence. First, we state a proposition which is called
the tower property or Kudla’s persistence principle.

Proposition 3.6 (Tower property [Kul)). If ©,  (m) is nonzero, then ©,1;s11(m) is also nonzero for any
1 >0.

Next, we state the conservation relation. Fix m € Irtyemp(U(p, ¢)). For each integer d, we consider a set of
theta lifts {©, 4(7) | r — s = d}. We call this set the d-th Witt tower of theta lifts of 7. Also we call

mg(m) =min{r+s| 0, 4(7) #0, r—s=d}
the first occurrence index of the d-th Witt tower of theta lifts of 7.
Theorem 3.7 (Conservation relation [SZ2]). Fiz 6 € {0,1} and set
m4 (7)) = min{mg(7) | d = § mod 2, (—1)%6 =+1}.
Then
my(m) + m_(m) = 2n + 2
for any m € Irtyemp (U(p, q)) withn =p+q.

The following is a consequence of the induction principle ([P1, Theorem 4.5.5]).

Proposition 3.8 (Induction principle). Let my € Irtiemp(U(po, q0)). Suppose that O, s, (m) is nonzero for
some (1o, 80). Let &y, ..., &, be unitary characters of C*. Putp = po+v, ¢ = qo+v, r =19+v and s = sp+v.
Then there exists an irreducible subquotient w of the induced representation

Indp®? (¢ ® -~ &, © )

such that ©, s(m) is nonzero, where P is a parabolic subgroup of U(p,q) with Levi subgroup of the form
(C*)” x U(po, q0)-

For a relation between theta lifts and contragredient representations, the following is known.
Proposition 3.9. Let 7 € IrTiemp(U(p, q)). If ©,.5(7) # 0, then O, . (7V @ x3,) # 0.

Proof. By Proposition 3.5, ©,.4(7) # 0 if and only if O, s(7 ® x3,') # 0. Similarly, O, (¥ ® x?) # 0 if and
only if O, (¥ ® xv) # 0. Hence the proposition follows from [P1, Proposition 2.1]. O

There is a non-vanishing result of theta lifts of one dimensional representations.
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Proposition 3.10. Fiz a positive integer t and a half integer | such that 2l =t mod 2 and —t/2 <1 < t/2.
Let det' be a genuine character of the det'-cover U(p,q). If O, (det' ® Xv,.) # 0 and |r — s| = t, then
min{r, s} > p+gq.

Proof. Note that det' ® XV,.. is a character of U(p, ¢). By Proposition 3.5, 0,.(det! ® xv,..) # 0 if and only
if ©, ,(det') # 0. Hence the proposition is a restatement of [P2, Lemma 3.1]. O

We denote by w, 4..s the Weil representation of U(p,q) x U(r, s), i.e., wpgrs = wy o (@y X dw). The
following are called seesaw identities, which are key properties to prove the main result (Theorem 4.2 below).

Proposition 3.11 (Seesaw identity). (1) Forme Irrtemp(ﬁ(p, q)) and o € Irrtemp(ﬁ(r, s)), we have

Homyg,, q)( ptpqt+q (0), T) = Hom~(r’s)(@r,s(%) ® Wyt gt 5, 0 )-

In particular, if there is ' € Irttemp(U(p+p', ¢+¢')) such that Homy, o) (7', m) # 0 and O, (") # 0,
then O, 4(m) # 0.

(2) For m € Irttemp(U(p, q)), 01 € Irrtemp(ﬁ(rl,sl)) and oo € Irrtemp(ﬁ(827r2)) with 1 + 81 = ro +
So mod 2, we have

HomU(p7q)(®p7q(5l) ® Opq(02), ) = HomU(Tl s1)xU(sz, r2)(@7"1+327$1+7'2 (7),01 ® 72),

where T is the genuine representation of the trivial cover U(p, q) = U(p,q) x {£1} defined by
7|U(p,q) = . In particular, for a unitary character x of U(p,q), if there is m € IrTiemp(U(p, q))
such that 6T1’51 (W) 7é 0 and 97‘2,82 (7T ® X_l) 7é 0, then ®T1+82,81+T2 (5(' XVo,o) 7é 0.

Proof. The first assertions of (1) and (2) immediately follow from [P1, Lemma 2.8].

We show the last assertion of (1). Set 7 = 7 ® xy,' and @ = 7’ ® xy'. If Homy oy (7', ) # 0 and
O, s(7') # 0 then Homg, . ) (@, 7) # 0 and O,4(7') # 0. If we put 0 = 6, (7'), then 7 is a quotient of
®p+p q+q (7). Hence we have

0# Homﬁmq)(% , ) C Homﬁ(p)q)(@wp/’ﬁq/ (0),7) = Homﬁ(m)(@m(%) ® Wy g 1,510 )

In particular, we have O, 4(7) # 0 so that ©, s(m) # 0.
We show the last assertion of (2). We denote xv = Xxv,, ., = XViy., 3d XVoo = XV, 1ayeiiry: BY

Proposition 3.9, we have Oy, ., (7¥ @ xx¥) # 0. Set 71 = 7 ® x;,' and 72 = 7V ® xxv. Then G =
Ory 5, (1) # 0, 02 = b, r,(T2) # 0, and there exist surjections

0,,4(01) ® O 4(02) > T @ T2 — X
as representations of U(p, q). Since
0 # Homy (p,4)(Op,q(01) ® Op,q(02), X) = Homg | 1.5 (s, .r0) (Ori 52,5147 (X), 01 @ 02),
we have O, g, 5,41, (X) # 0. Hence O, g, s 4r, (X - Xvo.0) 7 0. O
We write Proposition 3.11 (1) as

Up+p,q+q) U(r,s) x U(r,s)

=

Up,q) x U, q") U(r, s)

and (2) as
U(p,q) x U(p,q) U(ry + 82,81 +72)

U(p7Q) U(Tlasl) XU(8277’2)7
respectively. Note that in Proposition 3.11 (2), if x = det® for some integer a, then Y is the genuine character
det” of the det®-cover U(p, q).
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3.4. Equal rank case and almost equal rank case. To prove our main result, we use non-trivial results
established by Paul in [P1] and [P3]. These are results on theta lifts in the equal rank case and the almost
equal rank case. In these results, Paul considered the theta lifts from irreducible genuine representations of
double covers of unitary groups. In this subsection, we recall Paul’s results, and translate them into results
of the theta lifts from irreducible representations of U(p, q).
Recall that _
U(p, q) = {(g,2) € U(p,q) x C' | 2° = det(g)"},
where v € Z satisfies that v = m mod 2 (so that U(p, ¢) depends not only on (p, ¢) but also on m mod 2). It

has a genuine character det”/?: (g, z) — 2. Hence

Irtgise (U(p, ) = {7 @ det™? | 7 € Irraiee (U(, 9)) -
Since m € Irrgise(U(p, q)) is characterized by its Harish-Chandra parameter HC(7), which is an element
of (Z + 251 x (Z + "51)7 with n = p + g, the representation @ = 7 ® det ™"/ is characterized by its
Harish-Chandra parameter
HO) = HO(m) - (5.ooo B b ) € (24 EEE) (24 2E220)
First, we recall the result in the equal rank case ([P1]).

Theorem 3.12 ([P1, Theorems 0.1, 6.1 (a)]). Let U(p,q) be the detPY?/2_cover of U(p,q), and % be an

irreducible tempered genuine representation of U(p,q). Then there exists a unique pair (r,s) such that r+s =
p+q and ©, 4(T) # 0. Moreover, if T is a direct summand of induced representation

mdY™? (6, © - © £, ® Fo),
where
o P is a parabolic subgroup of U(p,q) with Levi subgroup of the form (C*)* x U(po, qo) with p = po +v

and q = qo + v;
e T is an irreducible genuine discrete series such that

1 Po 1 q0
HC(7o) = (a1, ...,a4,b1,... bysc1,. .. 0 d1, ..., dy) € (Z+2) X <Z+2>

withay > - >a;, >0>b >--->byandcy >--->c, >0>dy > - >dy;
e &y, ..., &, are unitary characters of C*,
thenr=x4+w+v and s=y+ z+v.

We translate this theorem in terms of L-parameters. Fix m mod 2. Let A = (¢,n) be a pair of ¢ €
Qiemp(Un(R)) and n € Ay. Write

Xy =Xz T F Xoa, + (G4 &)+ (G G,

where

e (; € %Zsuchthat 20, =n+m—1mod 2 and a1 > -+ > qy;

e & is a unitary character of C* (which can be of the form xa4);

o u—+2v=n.
Then

A¢ D (Z/2Z)ev_’2a1 D---D (Z/2Z)€V,2aua
where {ev.2a,;---,€v.24, } is the canonical basis associated to {Xv X2a1s-- - XV X2ay }-
The following theorem is a translation of Theorem 3.12.

Theorem 3.13. Suppose that m =n =p+ q. Let A = (¢,7n) be as above, and set m = 7w(¢,n). Then there
exists a unique pair (r,s) such that r + s =p+q and ©, 4(m) # 0. Moreover (1, s) is given by

{r =#{ie{l,...,u} | (—1)i_1n(evygai)ai >0} + v,
s=#{c{l,...,u} | (1) "(evaan, )i < 0} +v.
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Similarly, we can translate the result in the almost equal rank case ([P3]).

Theorem 3.14. Suppose that m =n + 1 mod 2. Let A = (¢, 1) be as above, and set m = w(p,n).

(1) Suppose that ¢ does not contain xv. Then there exist exactly two pairs (r,s) such that r+s = p+q+1
and O, s(m) # 0. Moreover these two pairs of (r,s) are given by

{r:#{ie{l Sul | (=D n(evioa, )ai > 0 +v + 1,
s=#{ie{l,...,u} | (=1)""n(evaa, )i <0} +v
and
{r:#{i e{l,...,u} | (—1 )ifl (evi2a; )i > 0} + v,
=#{ie{l,...,u} | (- )Z 1 n(eva;)ou <0} +v+ 1.

(2) Suppose that ¢ contains xv with odd multiplicity. Then there exists a unique pair (r,s) such that
r+s=p+q—1 and O, ,(r) #0. Moreover (r,s) is given by

{7’ =#{ie{l,...,u}| (—1)1’1 (ev.2a; )i > 0} + v,
s=#{ie{l,...;u} | (=1)""nlevaa;)ai < 0} +v.

(3) Suppose that ¢ contains xy with even multiplicity. Then there exists a unique pair (r,s) such that
r+s=p+q—1 and O, ,(m) #0. Moreover (r,s) is given by

{r =#{ie{l,...,u} | (—1)1'71 (ev,oa;)o; >0} +v—1,
s=#{ie{l,...,u} | (=1)"""n(evaa, )i <0} +v
{r =#Le{l,...,u} | (1) nevaa,)a; > 0} + v,

s=#{ec{l,...,u} | (1) levaa )i <0} +v—1.

In fact, Paul ([P3, Theorem 3.4]) has determined (r,s) in Theorem 3.14 (3) exactly in terms of a system
of positive roots.

4. THE DEFINITION AND THE MAIN RESULT

Through this and next sections, we fix k € {1,2} and choose a character yy of C* such that yy|R* =
sgn®*t". We will only consider theta lifting O, s(7) of m € IrTtemp(U(p,q)) with p + ¢ = nmod 2 and
r 4+ s =n+ xk mod 2. In this section, we state the main result and its corollary.

4.1. Definition. Before stating the main result, we define some notations.

Definition 4.1. Let A = (¢,n) be a pair of ¢ € Premp(Un(R)) and n € ;1;,
(1) Consider the set T containing k — 2 and all integers k > 0 with k = k mod 2 satisfying the following
conditions:
(chain condition): ¢ contains xvxr—1+ XvXk—3 + * + XV X—k+1;
(odd-ness condition): the multiplicity of xv Xk+1—2i in ¢ is odd fori=1,...,k;

(alternating condition): n(ey x+1-2:) = —n(evg—1-2:) fori=1,...,k—1.
Here, ey 2q is the element in Ay corresponding to xvX2e. Set
ky = max T.
(2) Write

OXv' =Xzar + ot Xy + (G H &)+ T G,
where
e o, € %Z such that 2c; = k — 1 mod 2 and a1 > -+ - > au;
o & is a unitary character of C* (which can be of the form x2a);
e u+2v=n.
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Then Ay D (Z/2Z)ev 20, + -+ (Z/2Z)ev 24, - Define (rx,s5) by

ry=#{i € {1,...,u} | oy > (ka+1)/2, (=1 'n(ev.a,)o; >0} + v,
{8)\ =#{ic{1,...,u} | i > (kx+1)/2, (=1)""'n(ey.a,)a; < 0} +v.
(3) Write
Xy =MiXzay T F MuX2a, + M X2ay + 0 F My Xaar, + (G + &)+ 6T+ 96T,
where

o a0l € %Z such that 2c; = 20, = Kk —1mod 2, a; > -+ > ay, & > -+ > a, and
{oa,...,an} N{ad,...,al, } =0;
o m; > 1 (resp. ml, > 1) is the multiplicity of x2a, (resp. X2a’,) in qu(/l such that m; is odd
(resp. ml, is even); L
o &, is a unitary character of C* which is not of the form x2o with 2o = k — 1 mod 2;
o (my+---+my)+(my+---+ml)+2v=n.
Define a subset X of %Z x {£1} by

X :{(ai7 (—1)i_177(6V,2ai)) | i=1,... 7u}
U {(Oé;/, +1)a (a{i’a _1) | i/ = 1a s 7u/7 n(eV,Oé;/) 75 (_1)#{146{17.“,“} ! a,>(11/}}

(4) We define a sequence X = Xio) D Xil) DD Xin) D .-+ as follows: Let {B1,...,B,;} be the
image of X§\J) under the projection %Z x {£1} — %Z such that By > -+~ > B,,. Set S; to be the set
of i €{2,...,u;} such that

L4 (61'717 +1)7 (Bh _1> € X/(\j)"

b min{|ﬁi—1|7 |ﬁl|} 2 (kA + 1)/2;

e Bi—18i > 0. ‘ ‘
Then we define a subset X§\J+1) of Xij) by

X = X | U ABimr, +D), (81, —1))
€S

Finally, we set X§\°°) = Xi") _ Xf\"+1).
(5) For an integer T and € € {£1}, we define a set C5(T') by

. oy — 1
c;(T):{(a,e)exg )’0§ea+ *2 <T}.

In particular, if T <0, then C5(T) = 0.
4.2. Main result. The main result is the following:

Theorem 4.2. Assume the local Gan—Gross—Prasad conjecture (Conjecture 2.2). Let A = (¢,n) be a pair of
@ € Piemp(Un(R)) and n € ;1; Set m =mw(¢,n). Let r =rx, s =sy and C5(T) be as in Definition 4.1.
(1) Suppose that kx = —1. Then for integers | and t > 1, the theta lift O, yoryi141,s41(m) is nonzero if
and only if
>0 and #C5(t+1) <l foreacheec {£1}.

Moreover, for an integer l, the theta lift ©,4i41,s1+1(7) is nonzero if and only if

>0 if ¢ does not contain xv,
1>-1 if ¢ contains xv and both (0,1) and (0,—1) are not in X},
[>1 if ¢ contains xv and both (0,1) and (0,—1) are in X).
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(2) Suppose that ky > 0. Then for integers | and t > 1, the theta lift ©, o141 s41(m) is nonzero if and
only if
I >kxn and #C5(t+1) <l foreacheec {1}
Moreover, we consider the following three conditions:
(chain condition 2): ¢X\;1 contains both X1 and X _ (g1, so that

OXv' D Xh1 + Xe1 1 X (k—1) + X— (k1))

k+2
(even-ness condition): at least one of xpy1 and x_(k41) 15 contained in ¢X‘71 with even multi-
plicity;
(alternating condition 2): n(ey k+1-2:) # nleve—1-2:) fori =0,..., k.

Then for an integer 1, the theta lift ©,1; s4i(m) is nonzero if and only if

1>-1 if X = (¢,n) satisfies the three conditions,
[1>0 otherwise.

Remark 4.3. (1) When ¢ € Paisc(Un(R)), we need the local Gan—Gross—Prasad conjecture only for dis-
crete series representations. Since He [He2| has established the conjecture in this case, the statements
in Theorem 4.2 for discrete series representations hold unconditionally.

(2) If ¢ € Pyisc(Un(R)), then 7 is a discrete series representation of some U(p,q). By Theorem 2.1 (4),
we can translate Definition 4.1 and Theorem 4.2 in terms of Harish-Chandra parameters, and we
obtain Definition 1.6 and Theorem 1.7.

(3) When ¢ € ®gisc(Un(R)) andt = 0,1, Theorem 4.2 is a translation of results of Paul ([P2, Proposition
3.4, Theorem 3.14]).

(4) When m is a representation of a compact unitary group and l = 0, Theorem 4.2 is compatible with
results of [KV] and [Li] (see also [A, Proposition 6.6]).

(5) When k) = —1, by Definition 4.1, xv appears in ¢ with even multiplicity. Hence (0,1) and (0,—1)
are both in X or both not in X. In the former case (resp. in the latter case), we write (0,£1) € X
(resp. (0,£1) & X ).

By Proposition 3.9 together with the following lemma, we can obtain the first occurrence index of any
Witt tower of theta lifts of any irreducible tempered representation = of U(p, q).
Lemma 4.4. Let A = (¢,n) as in Definition 4.1, and set \¥ = (¢¥ @ x%,nY).
(1) We have kxv = kx and (rxv, sxv) = (8x,72)-
(2) Suppose that X4 is contained in ¢x;," with odd multiplicity. Then (a,€) € Xy if and only if (—a, €) €
Xowv.
(3) Suppose that x2. is contained in (;5)(‘_/1 with even multiplicity (possibly zero). Then (o, £1) € X if
and only if (—a, £1) & Xyv.
(4) In general, if (ov,€) € Xy, then (—a, —¢) & Xyv.
Proof. Write
Xy = X2y T Xoa, + (€0 &)+ (G )
as in Definition 4.1 (2). Then
¢VXV :X72au+"'+X72o¢1 +(£;1++£;1)+(c51++06v)
Suppose that xa, is contained in (bx‘_/l with odd multiplicity. This means that @ = «; for some i. Then
(,€) € Xn <= (—1)"(evaa) =€
= (—1)""nY(ev,_2q) =€ == (—a,€) € Xpv.
Hence we have (2). This easily implies that kxv = k) and (ryv,sxv) = (sx, 7). Hence we have (1).
Now suppose that ys, is contained in qﬁx‘_,l with even multiplicity. Then

(a,il) € X, n(eV,2a) _ (_1)#{i€{1,...,u} | ai>a}+17
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— 77\/(@‘/7_2&) _ (71)#{i€{1,~~,u} | —ai>—a} — (*Oé,:l:].) €X)\v.

Hence we have (3). The assertion (4) follows from (2) and (3). O

4.3. A corollary. As a consequence of Theorem 4.2, we obtain a new relation between theta lifts and induced
representations.

Corollary 4.5. Assume the local Gan-Gross-Prasad conjecture (Conjecture 2.2). Let m € Irtiemp(U(p, q))
and my € Irtyemp(U(p — 1,9 — 1)). Suppose that there exists a unitary character & such that

T C Indg(p’q) (€ ®m),

where P is a parabolic subgroup of U(p, q) with Levi subgroup Mp = C* x U(p—1,q—1). For (r,s), we have
the following:

(1) Suppose that ©,_1 s_1(mo) # 0. If r +s < p+q, then O, 4(m) # 0.
(2) Suppose that O, 4(m) #0. If r+s>p+q+1, then ©,_1 s_1(m) # 0. In general, ©, 4(my) # 0.

Proof. Let A = (¢,7n) and Ao = (¢, np) be the L-parameters of  and 7, respectively. By Theorem 2.1 (5),
we have ¢ = ¢g + & + °¢~! and n|Ay, = no. In particular, we see that ky = ky,, (Tx,s2) = (Ta, + 1,85, + 1)
and X)\o C X.

We show (1). By Theorem 4.2, if ©,_1 s_1(mp) # 0 and r + s < p+ ¢, then |[(r —s) — (ra, — Sx)| < 1.
Hence (1) follows from the last assertions of Theorem 4.2 (1) and (2).

We show (2). To prove the first part, it suffices to show that #CS (T') < #C5(T') for any T  and € € {£1}.
If Xy, = X, it is clear that C{_(T') = C§(T') for any T and ¢ € {£1}. Hence we may assume that £ = xv X2
and (o, £1) € X\ \ X,. First, we assume that o > (kx +1)/2. Then C, (T') = C, (T') for any T'. We note
that

#{(c0,+1) € X3V | (a0, +1) € XV} < 1.

If X}EEO) C X§\°°), then C;fo (T) C Cy(T). Suppose that (ap,+1) € X>(\ZO) but (ag,+1) & X)(\C’o). Then one of
the following holds:

o X\ = (X0V\ {(ao, +1)}) U{(c/, +1)} for some (o, +1) & X with o/ > (kx +1)/2;

. X)(\OO) = X)(\zo) \ {(ap, +1), (a’/, —1)} for some (o/,—1) € Xf\zc) with o > (kx +1)/2.

In both of two cases, we must have o’ < ag. However, in the second case, X/(\EO) contains both (ag,+1) and

(o, —1) with g > & > (k) + 1)/2. This contradicts the definition of X/(\zo) (see Definition 4.1 (4)). Hence
we must have X)(\oo) = (Xg\io) \ {(cvo, +1)}) U{(c/, +1)} for some (a/,+1) & Xiio) with g > o’ > (ky+1)/2.
Then we have

kyx—1 kyx—1
A <T§OZO— >\2 )

#C5 () +1 if o/ —
#C)TO (T) otherwise.

#CX(T) =

Therefore in any case, we have
#C3, (T) < #C(T).

Similarly, if o < —(kyx +1)/2, then C{ (T) = Cjo (T') and #C, (T') < #C, (T') for any T Hence we have the
first part of (2). The last part follows from the last assertions of Theorem 4.2 (1) and (2). O

Remark 4.6. A non-archimedean analogue also holds (see Theorem 1.12). In the non-archimedean case,
the part (2) is a corollary of Kudla’s filtration [Kul], whereas, in the archimedean case, it would not follow
from the induction principle ([P1, Theorem 4.5.5]).
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5. PROOF OF THEOREM 4.2

In this section, we shall prove Theorem 4.2. In §5.2, we show the sufficient conditions of the non-vanishing
of theta lifts in Theorem 4.2 (1), (2) when ¢ > 1. The proof is an induction using a seesaw identity
(Proposition 3.11 (1)). To use such a seesaw identity, for given 7 € Irremp(U(p, ¢)), we have to find a “good”
representation 7’ of U(p + 1,¢) such that Homy, q) (7', ) # 0. To do this, we use the Gan-Gross-Prasad
conjecture (Conjecture 2.2) in §5.1. The necessary conditions of the non-vanishing of theta lifts in Theorem
4.2 (1), (2) when ¢ > 1 are proven in §5.3. For the proof, we use a seesaw identity (Proposition 3.11 (2)) and
Proposition 3.10. Finally, using the conservation relation (Theorem 3.7), we show Theorem 4.2 (1), (2) when
t=0in §5.4.

5.1. Finding a GGP pair. A main tool in the proof of the main result is a seesaw identity (Proposition
3.11 (1)). To use it, in this subsection, for given 7 € Irryemp(U(p, q)), we find a “good” representation 7’ of
U(p + 1, q) such that Homy, o) (7', 7) # 0.

For a pair A = (¢,n) of ¢ € Piemp(Un(R)) and n € ;1;, let kx, 7, sy and X be as in Definition 4.1.
Consider a representation ¢j of C* defined so that

gX\;l = @ X2a—e-
(a,e)€X
Note that dim(¢j) = n mod 2. For each § € %Z with 28 = k mod 2, the multiplicity of x2s in (;ng(/l is at
most 2. Moreover, it is equal to 2 if and only if both (8 + 1/2,41) and (8 — 1/2,—1) are contained in X.
Define a representation ¢ of C* so that
soxv' = ooxy' — PI{2xas | (B+1/2,41),(B—1/2,-1) € X,}.
Then ¢ is multiplicity-free and dim(¢{) = n mod 2. Put v’ = (n — dim(¢}))/2.
In this subsection, we choose arbitrary half integers By, 51, . .. such that 28; = x mod 2 and
max{a; + 1,0} < By < f1 < ---.

Here, when u = 0 so that a; does not appear, we understand that max{a; + 1,0} = 0.
To use a seesaw identity (Proposition 3.11 (1)), we need the following lemmas.

Lemma 5.1. Assume the local Gan—Gross—Prasad conjecture (Conjecture 2.2). Let A = (¢,n) be a pair of
¢ € Piemp(Un(R)) and n € Ay. Suppose that ky = —1. Set
¢ = ¢p + xv (X8, + X258, + 7+ + X28,,,) € Pdise(Unt1(R)).
We define ' € Z; by setting n'(ev,2p;) = 1 for j =0,1,...,2v", and
n/(ev,zﬁ) = —n(ev,2a)
when B = a — €/2 with (a,e) € Xx. Let N = (¢, ') and 7" = 7(¢',n'). Then
o 7' € Irrgise (U(p + 1,9)) and Homy, (7', 7) # 0;
e ky =0 and
(ra,sx+1) if (0,+1) € X,
(raysx3) = .
(ra+1,8x) otherwise;
o forT < fy—1/2 and € € {£1}, the map (B,€) — (B + €/2,€) gives an injection
C5,(T) = C5(T);
o for fized 1 > 0 and 1 <T < By —1/2, if #C5(T) < 1 for each € € {£1}, then #C5,(T) <1 for each
€€ {1}
Lemma 5.2. Assume the local Gan—Gross—Prasad conjecture (Conjecture 2.2). Let X\ = (¢,m) be a pair of
¢ € Piemp(Un(R)) and n € Ay. Suppose that ky = 0. Put
ar =min{a | a > 0 and Je € {£1} s.t. (a,€) € X},
a_ =max{a | @ <0 and Je € {£1} s.t. (a,€) € Xy}
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We consider the following cases separately:

Case 1: Both (1/2,+1) and (—1/2,—1) are not contained in Xy.
Case 2: Both (1/2,+1) and (—1/2,—1) are contained in X .
Case 3: There is § € {£1} such that

as=0/2, (as,0) € Xn and a_s# —0/2, (a_s,—0) € Xi.
Case 4: There is § € {£1} such that
as=0/2, (as,0) € Xn and a_s# —0/2, (a_s,—0) & Xa.
Case 5: There is § € {£1} such that
as=0/2, (as,0) € Xn and a_s=—-0/2, (a_s,—0) & Xi.
The case 5 cannot occur if ¢ € Pgise(Un(R)). We set ¢ € Pgisc(Upnt1(R)) so that

Goxy + (X280 + X2, + -+ + X28,.,,) if X is in case 1, 2 or 5,
O Xyt = doxyt — (x2ps + x28-) + (X280 + X2p, + 00+ X280/ 1) if X is in case 3,
¢6X\_/1 — 14 x—25 + (X280 + X268, + -+ X28,,/) if X is in case 4.

Here, in the case 3, we put S+ = oy F1/2. Also we definen/ € ;1; by setting 1'(ey,2p,) = 1 for j =0,1,...,
and
1 (ev,25) = —n(ev2a)

when B = o — €/2 with (a,e) € Xy. In the case 4, we set ' (ey,—25) = —n(ev2a;). Let N = (¢',n') and
' =7n(¢',n'). Then

o ' € Irrgise (U(p + 1,¢)) and Homy, (7', 7) # 0;

o Ly and (ry,sy) are given by

-1 if X is in case 1, 2, 3 or 4,
k)\/ == {

1 if A is in case 5,

(ra+1,s) if A is in case 1,
(rar,sa) = < (ra,sx+ 1) if X is in case 2, 3 or 4,

(72, 82) if A is in case 5;

o for T < By and € € {x1}, the map (B, €
CS (T — 1) < CS(T

{ C5/(T) = C5(T

o for fited! >0 and 1 <T < By, if #C5(T) <1 for each € € {£1}, then

~—

— (B +€/2,€) gives an injection
) if X is in case 1, 2, 3 or 4,
)

if A is in case b;

#C.(T-1) <1 if X is in case 1,
#C(T-1)<1-1 if X is in case 2, 3 or 4,
#C5/(T) <1 if X is in case 5

for each e € {£1}.

Lemma 5.3. Assume the local Gan—Gross—Prasad conjecture (Conjecture 2.2). Let X = (¢,n) be a pair of
¢ € Piemp(Un(R)) and n € Ay. Suppose that k = ky > 0. Put

o >

and Je € {£1} s.t. (a,€) € XA} ,

a4 = min {a

a_max{a a< — and Je € {£1} s.t. (oz,e)EXA}.

There is unique 6 € {£1} such that ((k—1)/2,9),...,((=k+1)/2,6) € Xx. We consider the following cases
separately.
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Case 1: a57é(k 1)6/2 or (as,0) € X,.

Case 2: « (k+1)5/2 (a5,0) € X and a_s = —(k+1)0/2, (a—s, —06) € X.

Case 3: a5 = (k+1)0/2, (as,0) € Xx and a—s # —(k+1)§/2, (a_s,—0) € X,.

Case 4: a5 = (k+1)§/2, (as,0) € X and a—s # — (k+1)6/2 (a_s,—0) & X.

Case 5: a5 = (k+1)§/2, (as,0) € X\ and a_s = —(k +1)6/2, (a_s, —9) & X,.

The case 5 cannot occur if ¢ € Pgisc(Un(R)). We set ¢' € Pgise(Uny1(R)) so that
Poxy + (X2go + X2p + -+ + X28,..) if X is in case 1, 2 or 5,

O Xyt =L doxy' — (28, + X25_) + (X2p0 + X281+ + X28,,4) if A is in case 3,

PoXy — X—ks + XVX—(kt2)s + (X280 + X2, + 7+ X28,,,)  if A is in case 4.

Here, in the case 3, we put Bs = —kd/2 and f_s = a_s+0/2. Also we definen’ € Z; by setting n'(ev,2p,) = 1

forj=0,1,..., and
0 (ev2p) = —n(ev,za)

when = o — €/2 with (o, €) € Xyx. In the case 4, we set 0/ (ey,_(x12)5) = —n(ev,——-1)s). Let X' = (¢',1)

and 7’ =7 (¢',n'). Then

o 7 € Irraisc(U(p + 1,¢)) and Homyp, q) (7', ) # 0;
e Ly and (ry,sy) are given by

) k—1 if X isin case 1, 2, 3 or 4,
N {k +1 if X is in case b,

(7x:5x) if X is in case 5;

( {(7‘,\ +1,sy+1) if A isin case 1, 2, 3 or 4,
X ,8)\) =

o for T < By +k/2 and € € {£1}, the map (B,¢€) — (B + €/2,€) gives an injection

Cy(T—1)=C5(T) if Aisin case 1, 2, 3 or 4,
Ca(

T) — C5(T) if A is in case b;

o for fized 1 >0 and 1 < T < o+ k/2, if #C5(T) <1 for each e € {£1}, then

{#C;(Tl)gll if Aisin case 1, 2, 3 or 4,

#C5,(T) <1 if A is in case b
for each e € {£1}.

The proofs of Lemmas 5.1, 5.2 and 5.3 are straightforward and similar to each other. So we only prove

Lemma 5.1.
Proof of Lemma 5.1. We check the conditions in Proposition 2.3. Write
Xy =Xzon T F Xaaw + (G104 + &) + (G A+ +

where

e q; € %Zsuchthat 20; =k — 1mod 2 and g > -+ > ay;
e &; is a unitary character of C* (which can be of the form xa4);
o u+2v=n.

Fix « such that xyx2q C ¢. Then
#ie{l,...,u} |y <a}+1 mod2

#{6 | xvxzp C ¢, 5<O‘}E{#{ie{1,...,u} | i < a} mod2

This implies that

(_1)#{,3 | xvx2sCo’, B<a} _ (=1)™n(ev,2a)-

)

if (a,+1) € X,

otherwise.
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Similarly, for each 8 such that 5 # 5; and xvx2s C ¢, we have

#{ZG{l,,U}|O&Z<ﬂ}
#ic{l,...,u} |a; <B+1/2} +1 mod2  if (B,—1)€ Xn,(B—1/2,+1) & X
#ie{l,...,u} |y <p—1/2} mod?2 otherwise.

so that
(—1)#liEtl ) [ ai<B) — (=) (ev.2p).
This equation also holds when g = §; for j = 0,1,...,2¢'. By the local Gan-Gross—Prasad conjecture
(Conjecture 2.2 and Proposition 2.3), we conclude that 7’ € Trrgisc(U(p + 1, ¢)) and Homyy, o) (7', 7) # 0.
By the construction, if Xy contains (1/2, —1) (resp. (—1/2,+1)), then X must contain (0, —1) (resp. (0, +1)).
Since ky = —1, in this case, we must have (0,+1) € X}, so that X/ cannot contain (—1/2, —1) (resp. (1/2,+1)).
Hence ky = 0. Note that for (a,€) € X with o # 0,

ea>0 e(a—§)>0.

This implies that when (0,+1) € X, we have (ry,sx) = (ra 4+ 1,8x). If (8,€) = (£1/2,F1), then €8 < 0.
This implies that when (0,+1) € X, we have (ry, sx) = (rx, sx + 1).
Finally, by definition, we have

X {85, (1)) 15 =0,....20FU{(B,€) | (B+e/2,¢) € Xu}.
Moreover, by construction of X, we see that if (8, ¢€) € X;?O) with 8 # S, then (a,€) € X;OO) with a = S+¢€/2.
In this case,

1 1
0§6ﬂ—§<T<:) 0§e<a—§)—§<T

<— 0<eax—-1<T.

Hence if (8,€) € C5,(T) with 8 # Sy, then (a,¢e) € C5(T) with o = 8+ €¢/2. When T < [y, we see that
(Bo,+1) is not contained in C5,(7"), so that we may consider the map

€
05/ (1) = C(T), (B.9) = (B+3.€) -
This map is clearly injective. Hence we have #CS,(T") < #C5(T'). This completes the proof of Lemma 5.1. O

5.2. Non-vanishing. In this subsection, we prove sufficient conditions of the non-vanishing of theta lifts in
Theorem 4.2. -

Let A = (¢,n) be a pair of @ € Pemp(Un(R)) and n € Ay. Set r = ry, s = sy, and 7 = 7(¢,n). For
non-negative integers ¢ and [, consider the following statements:

(S)—1,¢1: Suppose that ky = —1. If #C5(t +1) <! for each € € {£1}, then

Ortarti1,s(m) # 0 if (0,£1) € X,
Ort2t41,s4i1+1(m) #0 if (0,+1) € X,.

(S)k,t,0: Suppose that kyx =k > 0and ! > k. If #C5(¢t+1) < for each € € {£1}, then O, 49,4 s11(m) # 0.

First, we consider these statements for the discrete series representations. We have implications.

Proposition 5.4. Consider the statement (S)g; only when ¢ € Pgisc (U, (R)).

(1) Fort >0 andl >0, we have (S)o,1;1 = (S)=1,11-
(2) Fort>1 andl >0, we have (S)_14—1;+ (S)=1,1,1—1 = (S)o,¢1-
(3) Fort>0 andl >k >0, we have (S)k—1,t1-1 = (S)k,t.1-

Here, we interpret (S)g,—1 to be empty.
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Proof. Suppose that A\ = (¢,n) is a pair of ¢ € Pgis.(U,(R)) and n € ;1; Let M = (¢',n) be as in
Lemma 5.1, 5.2 or 5.3. Here, we take By so that By + kx/2 > ¢t + 1. Since ¢ € Pgisc(Un(R)) and ¢’ €
D 4isc(Upt1(R)), the local Gan—Gross—Prasad conjecture for ¢ and ¢’ has been established by He [He2]. So
we have Homyp o) (7', m) # 0 unconditionally.

We show (1). Suppose that ky = —1. By Lemma 5.1, we have ky» = 0, (rx,sx) = (rx + 1,8)), and if
#C5(t +1) <1, then #C5,(t +1) < I. Hence we can apply (S)o,, to A, and we obtain that

O(ra+1) 4214155 41(T") # 0.

Since Homyy(,,q) (7", 7) # 0, by the seesaw

U(p+1,q) Ulra+1+42t+10sa+1) xUlry+142t+1,sx+1)

U(p, q) x U(1,0) U(ry+14+2t+1 85+ 1),

we conclude that O, 41491415, +1(m) # 0. Therefore, we have (5)o.+,;1 = (S5)—1,¢.-
The proofs of (2) and (3) are similar. Note that the cases 5 in Lemmas 5.2 and 5.3 cannot occur since
@ € Daisc(Up(R)). We omit the detail. O

Corollary 5.5. The statement (S)g1 is true for X = (¢,n) such that ¢ € Pgisc(Un(R)).

Proof. When k > 0, the statement (5)x,,; is reduced to (5)o,,1—x by Proposition 5.4 (3). We prove (S)g ¢
for £ < 0 by induction on ¢t + 1. For kK = —1,0 and T" > 0, we consider the following statement:

(S)k,r: the statement (S)x ¢, is true for any ¢,{ > 0 such that t +1 < T.
Note that (5)0,0,0 is Paul’s result (Theorem 3.13). This implies (S)_1,0,0 (Proposition 5.4 (1)). In particular,
(8)k,0 is true. Also the tower property (Proposition 3.6) implies (S)g0, for & = —1,0 and [ > 0. By
Proposition 5.4 (1) and (2), we have

(8 1r—1= (8o = ()11
for any T' > 0. Hence by induction, we obtain (S); r for k = —1,0 and T > 0. O

Now we obtain the sufficient conditions of the non-vanishing of theta lifts.

Corollary 5.6. Assume the local Gan-Gross—Prasad conjecture (Conjecture 2.2). Then the statement ()11
s true in general.

Proof. The statement (.5)g 0, follows from Paul’s result (Theorem 3.13) and the tower property (Proposition
3.6). By a similar argument to the proof of Proposition 5.4, the other assertions follow from Corollary 5.5
by using a seesaw identity (Proposition 3.11 (1)) and Lemmas 5.1, 5.2 and 5.3. We omit the detail. O

Let A = (¢,7n) be a pair of ¢ € Pyenmp(U,(R)) and 7 € ;1; Set r =ry, s = sy, and ™ = w(¢,n). Recall as
in Theorem 3.14 (3) that when ky = —1 but ¢ contains xy (with even multiplicity), exactly one of ©,_1 4()
and O, 4_1(m) is nonzero. Now we can determine which is nonzero in terms of A.

Corollary 5.7. Assume the local Gan—Gross—Prasad conjecture (Conjecture 2.2). Let A = (¢,n) be a pair

of ¢ € Piemp(Un(R)) and n € ;l; Setr =1y, s = sy, and ® = 7(¢,n). Suppose that ky = —1 but ¢ contains
xv (with even multiplicity). Then O, s_1(m) # 0 if and only if (0,£1) & X .

Proof. Note that r + s = p+ ¢, and that (0,1) and (0, —1) are both in X or both not in X. By a result of
Paul (Theorem 3.14 (3)) and the conservation relation (Theorem 3.7), we see that exactly one of O, s(m)
and ©, s11(m) is nonzero. Hence O, s_1(m) # 0 if and only if ©,41 s(7) # 0. By the statement (S)_1,0,0, we
have

Ory1,s(m) #0 if (0,41) & X,

@,-7s+1(7T) 75 0 if (0, :|:1) € X.

This completes the proof. O
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5.3. Vanishing. In this subsection, we prove necessary conditions of non-vanishing of theta lifts in Theorem
4.2. First, we prove the following:

Proposition 5.8. Let A = (¢,1) be a pair of ¢ € Pemp(Un(R)) and n € ;1; Set m = w(¢,n). Let k =k,
r=rx, s =8y, Xx and C5(T) be as in Definition 4.1.
(1) Suppose thatk = —1. Fort>1andl >0, if C (t+1) > 1 or Cy (t+1) > I, then O, 211 141,s+1(7) = 0.
(2) Suppose that k > 0. Fort>1 andl >k, z'fC;r(t +1)>1LorCy(t+1)>1, then O, 12t 41511(m) = 0.

Proof. The proof is similar to that of [P2, Theorem 3.14]. Suppose for the sake of contradiction that for some
t > 1 and [ > max{0,k},

9r+2t+l,s+l(7T) #0 if k>0,

@r+1+2t+l,s+l(77) #0 it k= -1,
but there exists e € {£1} such that C§(t + 1) > [. Write

Ci(t+1) = {(a1,€), (az,€),...,(vt1,€),...}
with eaq < -+ < eaqpy < -+ <t+1—(k—1)/2. We set
a1 +€/2 if k is even,

“T if & is odd.

Then a is an integer. By the definition of C§(¢ + 1) and an easy calculation, we have

#{(a,e) € X\ | ea >0, ea < ea} — #{(a,—€) € X | —ea <0, —ea > —ea}

l+1f§ if k is even,

l—% if kis odd, k > 0 and (0,¢) € X,
B l—% if k is odd, k > 0 and (0, —¢) € X,

! if k= —1 and (0,£1) & X,,

I+1 if k=—1and (0,£1) € X,.

Also, since | > max{0, k}, we have ea > 0. Hence

{(a,—€) € X | —ea >0, —ea < —ea} = {(a,€) € X | ea <0, ea > ea} = 0.

We set
5 {1 if k is odd, k > 0 and (aq41, —€) € X,

0 otherwise,

and
z=#{(o,€) € Xy | €a >0, da>a},
y=H#{(a,¢) € X\ | a >0, €a < €al,
z=#{(a,d) € X» | €a <0, €a > €a},
w=#{(a,¢) € Xy | fa<0, {a<al,

and v = (n — #X,)/2. Then by Definition 4.1, we have

(T+§78+§> if k is even,

k-1 kE—1
(x+y+v,z+wtv) = (r+2—1,s+2—5) if k is odd and k > 0,

(r—1,s—9) it k=—1and (0,£1) & X},
(r—2,s—1-9) if k= —1and (0,£1) € X,.
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On the other hand, by the above calculation, we have

k
I+1-2
T3

_k+1

'

y—z2= k-1

-~
I

I+1

if k is even,
if k is odd, & > 0 and (0,¢€) € X,

if k is odd, & > 0 and (0, —€) € X,

it k=—1and (0,£1) & X},
if k= —1 and (0,£1) € X.

35

Now we consider A\, = (¢ ® X—24,7) and 7(¢d ® x—24,m) = m ® det” *. Note that k), = k mod 2. There

exists a bijection

We set

Note that

X\ = Xy, (€)= (a—a,€).

r=#{(d,¢) e Xy, | €a’ >0} +v+4,
s'=#{(d/,€) € X, | €’ <0} +v+04.

By the above bijection, we have

and

o :{ if k is even,
n—1+6 if k& is odd.

r+z+wv if k is even,
xr+z4+v+4 if k>0, kis odd and (0,¢€) € X3,
r+z+v+d+1 if k>0, kis odd and (0, —¢) € X,
r+z4+v+0 if k=—1and (0,£1) & X},
r+z+v+0+1 if k=—1and (0,£1) € X
r+k—-101-1 if k is even,
r+k—I01—14+9 if K> 0 and k is odd,
r—1—-14+9¢ if k=—1and (0,£1) ¢ X,,
r—1-2+6 if k= —1 and (0,£1) € Xy
y+w+o if k is even,
yt+tw+v+d+1 if k>0, kisodd and (0,¢) € X,
y+w+v+90 if k>0, k is odd and (0, —€) € X,
y+w+v+6 if k=—1and (0,£1) ¢ Xj,
y+w+v+6+1 if k=—1and (0,£1) € X,
s+1+1 if k is even,
s+1 if k> 0 and k is odd,
s+1 if k=—1and (0,+1) € X,

s+Il+1

if k= —1 and (0,£1) € X,.

By Theorems 3.13, 3.14 (1) and Corollary 5.7, we see that

@rlfl’s/ (’R‘ & det_a) #0
@r’,s’ (’/T (24 det_“) 7é 0

ifo=1,

otherwise,
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ie., Op_sq(m®det™) # 0. Hence Oy ,v_s(m" @ det” ® x3) # 0 by Proposition 3.9. By the seesaw
(Proposition 3.11 (2))

U(p, q) x U(p,q) U((r+2t+1)+s,(s+1)+ (' =9))
U(p, q) Ulr+2t+1,s+1) x U(s', 7" = 9),
we deduce that
O (204145, (s+1)+ (' —5) (det” - x14,0) # 0 if k>0,
{®(r+1+2t+l)+s’,(s+l)+(r’—6) (det” - xvy,) # 0 if k=—1.
e X o Mmoo 1K 2 0 80 X0 = Xepmmirsapriron 6= =1
n—k if k>0,
Hsz{n itk = 1,
we have
(n—1)+2t+2l+2—k if k is even,
( , mn=1)4+2t+2l—(k—1) if k>0 and k is odd,
R e W L P SV if k = —1 and (0,£1) ¢ Xy,
(n—2)+2t+20+3 if k= —1 and (0,£1) € Xy,
(54D 4 (' —5) = {n—2 if k= —1and (0,£1) € X,
n—1 otherwise.
In particular, min{(r + 2t + 1) + ¢, (s + 1)+ (' =)} = (s+ 1)+ (' — ) <n and
20 4+20+2 -k if k is even,
(r+ 24D+ 8) — (s +1) 4 (' — ) = 26420 — (k—1) if k>0 and k is odd,
2 + 21 + 1 if k= —1 and (0,£1) & Xy,
2 + 21 + 3 if k= —1 and (0,£1) € X,.
Moreover, since eag1 + (kK —1)/2 < t+1 and ea > 0, we have
0<ea<t+l+1—§ if £ is even,
0<ea<t+l—% if k is odd.
By Proposition 3.10, we must have
O (rt2t41)+s',(s+1)+(r'—5) (det” - Xy ,) =0 if k>0,
{®(r+1+2t+l)+s’7(s+l)+(r’—6) (det” - xvp,) =0 if k=-1.
We obtain a contradiction. O

By a similar argument, we obtain the following.
Proposition 5.9. Let A = (¢,1) be a pair of ¢ € Pemp(Un(R)) and n € ;1; Set m =7(¢,n). Let k = ky,
r =17y and s = sy be as in Definition 4.1.
(1) Suppose that k = —1. If O, yotq141,s41(m) # 0 for some t > 1, then 1 > 0.
(2) Suppose that k > 0. If ©p1o41 s11(m) # 0 for somet > 1, thenl > k.

Proof. We give an outline of the proof. Suppose that

Ort2t41,541(m) # 0 if k>0,
Ort142t41,541(m) #0 i k=-1
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for some t > 1. Set

-1
—€ if k£ is even, k > 0 and <k2 ,e)eX)\,

€ if k£ is odd, k > 0 and (k_l,e)EXA,
0 ifk=—-1or k=0.
By Theorems 3.13, 3.14 (1) and Corollary 5.7, we have
O sri(m@det™) #0 if k is even,
O sti—1(m@det™) #£0 if k is odd and k > 0,
Ors—1(mr@det™) #0 if k=—1and (0,£1) & X but yyv C ¢,
O, sr1(m®@det™ ) #0 if k=—1and (0,£1) € X, (so xv C ¢).

By a similar argument to the proof of Proposition 5.8, a seesaw identity (Proposition 3.11 (2)) and Proposition
3.10 imply that [ > max{0,k}. We omit the detail. O

By Propositions 5.8 and 5.9, we have the necessary conditions.

Corollary 5.10. Let A = (¢,7n) be a pair of ¢ € Piemp(Un(R)) and n € ;1; Set m = w(p,m). Let k = ky,
r=ry, s =5, X and C5(T) be as in Definition 4.1. Let t be a positive integer.

(1) Suppose that k= —1. If O, ot q141,s+1(m) # 0, then 1 > 0 and C5(t +1) <! for each € € {£1}.

(2) Suppose that k> 0. If Op i1 s41(m) # 0, then 1 > k and C5(t +1) <1 for each e € {£1}.

5.4. Going-down towers. By Corollaries 5.6 and 5.10, we can determine the first occurrence indices mg(7)

of the d-th Witt tower of theta lifts of m# = w(¢,n) when d — (ryx — sx) > 1 with A = (¢, 7). By Lemma 4.4,
we can also determine mgq(m) when d — (ry — sx) < —1. In particular, if |d — (rx — sx)| > 1, then

ma(m) >n+ 2.
In this case, we call the d-th Witt tower a going-up tower with respect to 7. When |d— (ry —s))| < 1, we call

the d-th Witt tower a going-down tower with respect to m. By the conservation relation, we can determine
the first occurrence indices of the going-down Witt towers.

Proposition 5.11. Assume the local Gan—Gross—Prasad conjecture (Conjecture 2.2). Let A = (¢,m) be a
pair of ¢ € Piemp(Un(R)) and n € ;1; Set m = ww(op,n). Let k = ky, r = ry, s = sy and X, be as in
Definition 4.1.

(1) Suppose that k = —1. Then for an integer 1, we have

1>0 if ¢ does not contain xv,
Ori141s41(m) #0 = 1> -1 if ¢ contains xv but (0,£1) & X},
[>1 if ¢ contains xv and (0,£1) € X,
and
[>0 if ¢ does not contain xv,
Orirsi141(m) #0 = 1>1 if ¢ contains xv but (0,£1) &€ X,

1>-1 if ¢ contains xv and (0,%£1) € X,.
(2) Suppose that k > 0. Consider the following three conditions on A = (¢,n):
(chain condition 2): ¢X\71 contains both X1 and X _(x+1), so that
¢X\71 D Xkt+1 +Xk—1+ " F Xok—1) T X—(kt1);
k+2

(even-ness condition): at least one of xpy1 and X_(k41) 15 contained in qﬁx;l with even multi-
plicity;
(alternating condition 2): n(eyk11-2:) # n(evig—1-2;) fori=0,... k.
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Then for an integer I, we have
[>-1 if \ satisfies these three conditions,

Ortisi(m) #0 = {l >0 otherwise.

When ¢ € Pgisc(Un(R)), this proposition has been proven by Paul [P2, Proposition 3.4] in terms of
Harish-Chandra parameters (not using the Gan—Gross—Prasad conjecture).

Proof of Proposition 5.11. We show (1). Suppose that k = —1. If ¢ does not contain xy, then by Theorem
3.14 (1), we have O,11 s(m) # 0 and ©,s+1(7) # 0. By the tower property (Proposition 3.6) and the
conservation relation (Theorem 3.7), we see that ©, 4147 s+1(7) #0 <= 1 >0, and O, 4 s4141(7) #0 <=
1>0.

Now we assume that ¢ contains xy (with even multiplicity). Then by Corollary 5.7, we have

Oro_1(m) £0 i (0,41) & X,
@r—l,s(ﬂ-) 750 if (O,il) € X,.

When (0,+1) € Xy, by Corollary 5.6, ©,42 ¢41(7) # 0 if C{(1) = 0 for each € € {£1}. By Definition 4.1
(5), C5(1) = 0 if and only if (e, €) ¢ X;\OO). However, since (0,+1) € X, by Definition 4.1 (4), we see that
Xf\oo) cannot contain (e, €) for each € € {£1}. Hence we deduce that ©,13 s+1(7) # 0. By the tower property
(Proposition 3.6) and the conservation relation (Theorem 3.7), we see that O, 114 s4i(7) #0 < 1> 1,
and O, 1ys4141(m) #0 = 1> 1.

Now suppose that ¢ contains xy (with even multiplicity) but (0,£1) € X. Set AV = (¢V @ x%,1").
By Lemma 4.4, we have (0,+1) € X,v so that Os12,41(7¥ @ x}) # 0 by the above case. By Proposition
3.9, we deduce that ©,4; s12(m) # 0. By the tower property (Proposition 3.6) and the conservation relation
(Theorem 3.7), we see that O, 111 s1(7) #0 <= [ > —1, and O,4s4141(m) # 0 <= [ > 1. This
completes the proof of (1).

We show (2). Suppose that k& > 0. By Corollaries 5.6, 5.10 and Proposition 3.9, we see that

mg(m) >r+s+2k+2=n+k+2

for any integer d such that d # r — s. Hence min{my(w),m_(7)} = m,_s(w). Moreover, if |d — (r —
s)| > 2, then my(w) > n+ k + 4. We compute m,_syo(m) and m,_s_o(w). By Corollaries 5.6 and 5.10,
O t2+k,s+k(m) # 0 if and only if #C5(1+ k) < k for each € € {£1}.

First, we consider the case where k = 0. Then by Definition 4.1 (5), C5(1) = 0 if and only if (¢/2,€) ¢ Xg\oo).
Also by Definition 4.1 (4), (¢/2,¢€) € X)(\OO) if and only if (¢/2,¢) € X. Hence

O,42,5(m) #0 = (%,e) ¢ X, for each e € {£1}.
Similarly, by using Proposition 3.9, we see that
O s12(m) #0 —= (%,e) ¢ X,v for each e € {£1}.

Now we assume that both 0,2 s(7) and ©, syo(m) are zero. By Lemma 4.4 (4), this condition is equivalent
to saying that (1/2,+1) € X\ N Xyv or (—1/2,—1) € X N X,v. We check (chain condition 2) and (even-
ness condition). For e € {£1}, if y_. were not contained in ¢x;', then we must have (¢/2,¢) € Xy and
(—€/2,—€) € Xyv. This contradicts Lemma 4.4 (4). Hence ¢x;,' contains both x; and x_;. If both x;
and y_; were contained in (bx(,l with odd multiplicities, then by Lemma 4.4 (2), there must be € € {£1}
such that (¢/2,€) € X, N X,v. This implies that (1/2,€), (—1/2,€) € X, which contradicts that ky = 0 (see
Definition 4.1 (1)).

We claim that under assuming (chain condition 2) and (even-ness condition), both ©, 19 ¢(7) and ©,. 542 ()
are zero if and only if A satisfies (alternating condition 2), which is equivalent to saying that n(ev.1) # n(ev,—1).
Replacing A with AV if necessary, we may assume that y; appears in ¢x;1 with even multiplicity. Write

DXy = X2an o+ Xoaw + (E1+ -+ &)+ (G,

where
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e (o € %Zsuchthat 20, =k —1mod 2 and g > -+ > ay;
e ¢, is a unitary character of C* (which can be of the form xaq);
o U+ 2v=n.

Then we see that

1 .
<27_|_1> €X, 77(€V,1) — (_1)#{26{1 ,,,,, u} | ozi>1/2}+17

1 : )
(‘27—1> € Xav = nleyy) = (—1)#UEM) T/}

1 )
(—2,—1) € Xy = nley_1) = (~1)#liE(lond [ a>=1/241)

1 )
<2,+1> S X)\\/ e 77(6‘/7,1) = (_1)#{26{17...,11} ‘ ai>71/2},

In particular, both 0,12 ¢(7) and O, s12(7) are zero, i.e., (1/2,+1) € Xy N X, v or (—1/2,—-1) € X, N X,v
if and only if

n(eVl) — (_1)#{1'6{1,4..,71} | ai>1/2}+1, 77(€V1) _ (_1)#{1'6{1,..4,1;} | ai>1/2}’

Mevi-1) = (—1yFUEmd Lo>=1/2) %0 ey ) = (Cqp#le(he ) [a>=1/2)4,

Since 1/2 & {aq,...,ay}, we see that
#lie{l,...,u} |y >1/2} =#{ie{l,...,u} | oy > =1/2}.

Hence under assuming (chain condition 2) and (even-ness condition), both O, 42 s(7) and ©,. s42(7) are zero

if and only if n(ey1) # n(ey,—1)-
Similarly, when k& > 0, we see that

k+1
9'r+2+k,s+k(7r) 7& 0 — ( 2 676) ¢ X)\

and
k+1

Orths2+k(m) #0 ( e,6> Z X,

where € is the unique element in {£1} such that ((k—1)/2,€),...,(—(k—1)/2,¢) € X,. Also, it is easy to see
that if both ©, 404k 1k (m) and O,y s1o4x(m) are zero, then A satisfies (chain condition 2) and (even-ness
condition). Furthermore, when x1; appears in (bx(/l with even multiplicity, we see that

k+1 i u} | o €
( 3 e,e) € Xy = nevinye) = (—1)FUELd o (bre/2h1

k41 » e
( 5 6,6) € X = n(eV,f(kJrl)e) — (_1)#{z€{1,...,u} | o;>—(k+1) /2}.

Since ((k—1)/2,€),...,(—(k—1)/2,€) € X, we have

77(@\/,16+1—2j) _ 6(71)#{2’6{1,...,11} | ai>(k+1-2j)e/2}

forany j =1,...,k. Since xp4+1—2; appears in QSX;l with odd multiplicity for any j = 1,...,k (see (odd-ness
condition) in Definition 4.1 (1)), we see that
#{ie{l,...,ul |a; > (k+1—-25)e/2} —#{i e {1,...,u} | a; > (k—1—2j)e/2} = -1
for any j = 1,...,k — 1. Hence under assuming (chain condition 2) and (even-ness condition), both
O, t2+k,s(m) and O, syoyk(m) are zero if and only if
n(evi+1) #nlevie—1) # - #nlev,—x-1)) # nlev,—(x+1)),

which is (alternating condition 2).
We have shown that for & > 0, both ©, 9241 s(7) and O, s424x(m) are zero if and only if A satisfies
(chain condition 2), (even-ness condition) and (alternating condition 2). In this case, there exists € € {£1}
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such that x(x41)e is contained in d)x‘_,l with even multiplicity. Suppose that ((k + 1)e/2,£1) € X, (so
that ((k—1)/2,¢),...,(—(k —1)/2,¢) € X) when k > 0). Then by Definition 4.1 (4) and (5), we see that
((k+3)e/2,€) & X 50 that

o[£ () (5%}

Hence #C5(k +2) = k + 1. Moreover, since ((k + 1)e/2,¢) € Xyv so that (—(k + 1)e/2,—€) & X\ by
Lemma 4.4 (4), we see that #C, (k4 2) < k+ 1. Hence by Corollary 5.6, we have ©, 34 s41+%(m) # 0.
Similarly, if ((k + 1)e/2,£+1) &€ X, (so that ((k —1)/2,—€),...,(—=(k —1)/2,—€) € X when k > 0), then
(—(k+1)e/2,£1) € X)v, so that we have O, 14k s13+%(m) # 0. In any case, we have

min{m,_syo(m),mr_s_o(m)} =r+s+4+2k=n+4+k.

By the conservation relation (Theorem 3.7), we conclude that

n—2—k if \ satisfies the three conditions,
my—s(m) = {n —k otherwise.
By the tower property (Proposition 3.6), we obtain (2). O

By Corollaries 5.6, 5.10 and Proposition, 5.11, we obtain Theorem 4.2.

APPENDIX A. EXPLICIT LOCAL LANGLANDS CORRESPONDENCE FOR DISCRETE SERIES REPRESENTATIONS

In this appendix, we review the local Langlands correspondence established by Langlands himself [L],
Vogan [V3] and Shelstad [S1, S2, S3], and explain the relation between the Harish-Chandra parameters and
L-parameters for discrete series representations of unitary groups.

A.1. Weil groups and representations. Recall that the Weil group Wg of R (resp. W¢ of C) is defined
by
We=C*, Wr=C*UC*j

with
Pf=-1eC”, jzj'=z
for z € C* C Wg. Then we have an exact sequence
1 We Wr Gal(C/R) —— 1,

where Wr — Gal(C/R) is defined so that j — (the complex conjugate) € Gal(C/R). Also, the map
j= =1, C*23zw 2z

gives an isomorphism Wﬁb — R*.

For F' = Ror F = C, arepresentation of W is a semisimple continuous homomorphism ¢: Wr — GL,(C).
Hence ¢ decomposes into a direct sum of irreducible representations.

For 2a € Z (ie., a € %Z), we define a character yo, of W = C* by

X2a(2) = 27%%(22)"

for z € C*. A representation ¢: W — GL,,(C) is called conjugate self-dual of sign b € {£1} if there exists
a non-degenerate bilinear form B: C" x C® — C such that

B(¢(2)z, ¢(z)y) = B(x,y),
{B<y, 6(~1)2) = b- B(x.y)
for z,y € C™ and z € W = C*. Such a representation ¢ is of the form
¢ = Xzay T+ Xza, (€0 F &) F (GG,

where
e o; € %Z such that (—1)2% = b;
e & is a character of C* (which can be of the form x2,);
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o u—+2v=n.
For more precisions, see e.g., [GGP1, §3].

A.2. L-groups and local Langlands correspondence for unitary groups. Let G = U,, be a unitary
group of size n, which is regarded as a connected reductive algebraic group over R. Hence G(R) = U(p, q) for
some (p, q) such that p+ ¢ = n. Its dual group G is isomorphic to GL,,(C). The Weil group Wg = C* UC*j
acts on G = GL,(C) as follows: C* acts trivially, and j acts by

-1

j: GL,(C) —» GL,(C), g — tg~1
(-1 (-1

The L-group of G is the semi-direct product G = G x Wi = GL,,(C) x Wkg.

An admissible homomorphism of G(R) = U, (R) is a homomorphism ¢: Wg — LG such that the compo-
sition

prog: Wg — GL,(C) x Wg — Wg
is identity and the restriction of ¢ to W = C* is continuous and semisimple. Let ®(U,(R)) be the set of
G-conjugacy classes of admissible homomorphisms of U,(R). For ¢ € ®(U,(R)), we define the component
group A, of ¢ by
A, = mo(Cent(Im(ep), G))

This is an elementary two abelian group. For ¢ € ®(U,(R)), the restrlctlon of ¢ gives a conjugate self-dual
representation ¢ = ¢|C* of W¢ of dimension n and sign (—1)"~'. Via the map ¢ — ¢ = ¢|C*, we obtain
an identification

®(U,(R)) = {conjugate self-dual representations of W¢ of dimension n and sign (—1)""'}.
When ¢ = ¢|C*, we also put Ay = A,.

We say that ¢ € ®(U,(R)) is discrete (resp. tempered) if ¢ is of the form ¢ = x24, D - - B X24, With 2a; =
n—1mod 2 and oy > --- > a, (resp. ¢ is a direct sum of unitary characters of C*). We denote the subset of
®(U,,(R)) consisting of discrete elements (resp. tempered elements) by @gisc(Up(R)) (resp. Piemp(Un(R))).

When ¢ = ¢|C* = x2a; D+ D X2a,, € Paisc(Un(R)), there exists a unique semisimple element so,, €
Cent(Im(p), GL,(C)) such that W¢ acts on the (—1)-eigenspace of S, by X2a,. Let €24, be the image of
S2q; In Ay = mo(Cent(Im(yp), GL,(C))). Then we have

Ay = (Z)22)es0, ® -~ @ (Z/2Z)e3,,, -

For more precisions, see [GGP1, §4]. In particular, we have |Ay| = 2™ for each ¢ € Pgisc(Un(R)).
The local Langlands correspondence for unitary groups is as follows:

Theorem A.1. (1) There exists a canonical surjection
|| Irtemp(U(p,q)) = Premp(Un(R)).
pt+q=n

For ¢ € ®temp(Un(R)), we denote by Il the inverse image of ¢ under this map, and call 1 the
L-packet associated to ¢.

) #lg = #Ay;

) m eIl is discrete series if and only if ¢ is discrete.

) The map ® — ¢ is compatible with parabolic inductions (c.f., Theorem 2.1 (5)).

) If ¢ = X2a, B - D X2a, € Paisc(Un(R)), then I1y is the set of all discrete series representations of
various U(p, q) whose infinitesimal characters are equal to (o, ..., ay) via the Harish-Chandra map.

(2
(3
(4
(5

Note that there exist exactly (p+ ¢)!/(p! - ¢!) discrete series representations of U(p, ¢) with a given infini-
tesimal character. Theorem 2.1 (2) and (5) are compatible with the well-known equation

p!-q!

pt+g=n
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A.3. Whittaker data and generic representations. The unitary group U(p, q) with p + ¢ = n is quasi-
split if and only if |p — ¢| < 1. For such (p, ¢), a Whittaker datum of U(p, ¢) is the conjugacy class of pairs
w = (B, u), where B = TU is an R-rational Borel subgroup of U(p,q), and p: U(R) — C* is a unitary
generic character. Here, T' is a maximal R-torus of B and U is the unipotent radical of B, and T'(R) acts on
U(R) by conjugation. A unitary character p of U(R) is called generic if the stabilizer of u in T'(R) is equal
to the center Z(R) of U(p, ¢). We say that 7 € Irremp(U(p, ¢)) is to-generic if

HomU(p,q) (71—7 Cﬁ?g(U(R)\U(p7 Q)a :u)) 7é 0,

where C25 (U(R)\U(p, q), 1) is the set of C'*°-functions W: U(p, q) — C of moderate growth satisfying that
W(ug) = p(u)W(g) for u € U(R) and g € U(p,q), and U(p, q) acts on Cox,(U(R)\U(p,q), ;1) by the right
translation. .

For each ¢ € ®gemp(Un(R)), the L-packet II, is parametrized by the Pontryagin dual A, of Ay if a
quasi-split form U, (R) and its Whittaker datum are fixed.

Theorem A.2. Fiz (p,q) such that p+q=mn and |p — q| <1, and a Whittaker datum o of U(p,q). Then
(1) for ¢ € Piemp(Un(R)), there exists a bijection

Jm:H¢—>;4;

which satisfies certain character identities;
(2) for each ¢ € Piemp(U,(R)), the L-packet I, has a unique w-generic representation My ;
(3) in particular, the bijection Jy, requires satisfying that Jy (my) is the trivial character of Ag.

In the next subsection, we will review the definition of Ji, when ¢ € ®@4isc(U,(R)), and give an explicit
relation between Ji, (7) and the Harish-Chandra parameter of m for m € II,. To give a such relation, we need
to specify which representation is tv-generic.

Fix (p,q) such that p+¢ = n and |p — ¢| < 1. By [V1, §6, Theorem 6.2], for m € Irrqisc(U(p, q)) with
Harish-Chandra parameter A, the following are equivalent:

e 7 is large;
e 7 is w-generic for some Whittaker datum w of U(p, q);
all simple roots in Aj\' are non-compact, i.e., do not belong to A(Kj 4,Tp.q)-

Here,

K, 4= U(p) x U(g) is the usual maximal compact subgroup of U(p, ¢);
T)p,q is the usual maximal compact torus of U(p, q);
A(U(p,q), Tpq) (resp. A(Kp 4,Tp.q)) is the set of roots of T}, , in U(p, q) (resp. in K, 4);
e A is the unique positive system of A(U(p, q),T},,) for which X is dominant.
When n is odd, there exist exactly two quasi-split forms U((n+1)/2, (n—1)/2) and U((n—1)/2, (n+1)/2).
For e € {£1}, we put (pe,qe) = ((n+€)/2,(n — €)/2). Then there exists a unique Whittaker datum . of
U(pe, qc). For integers a1 > -+ > ay,, it is easy to see that the Harish-Chandra parameter of the unique large

discrete series representation my, of U(pa, g+) with infinitesimal character (o, ..., a,) is given by
HC(Wm+) = (OéhOlg, ey Oy 0,0, ..., an71)7
HC(mw_) = (0,04, .oy Q15 1, (3, o oy Q).

When n = 2m is even, U(m, m) is the unique quasi-split form of size n. It has exactly two Whittaker data

to4 constructed as follows. First, we set
— (1n 0 (1, 0
INo -1,)97 o -1,/

Gl ={g €GLyyn(C) | tg g =

Gm = {g € GL2in (C)

—_
—_
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Note that G,, is the usual coordinate of U(m,m), and these two groups are isomorphic to each other. Put

1 -1
1 1] -1
1 1
so that
1 1
1 1|1
-1 _ L
Tm = \/5 111 S GLzm(C)
-1 1
Then
1
—_— 1,, 0
1

so that the map
fr,: Gm = Gl g g = TngTt
gives an isomorphism. Let B’ = T'U’ be the Borel subgroup of G/, consisting of upper triangular matrices,

where T” is the maximal torus of G/, consisting of diagonal matrices and U’ is the unipotent radical of B’.
Define a generic character py of U'(R) by

pat(u) = exp(Frv—1tre/m(V—1(u1,2 + - + Um,m+1)))-
We set the Whittaker datum twy of G,, to be the conjugacy class of

wi = (f7,.(B'), px © fr,,)-

Fix half-integers oy > -+ > «,,. Let m and 7’ be the discrete series representations with Harish-Chandra
parameters A and A given by

A= (Q1,08,...,Qn_1;Q2,04,...,0),
/ .
AN =(ag,a4,...,ap;01,a3,...,Qp_1),

respectively. Then 7 and 7’ are the two large discrete series representations with infinitesimal character
(a1,..., ). Hence there exists € € {£1} such that 7 (resp. ') is w.-generic (resp. _.-generic).

To give an explicit description of the local Langlands correspondence for U, (R), we have to determine e.
The following proposition says that e = +1. It seems to be well-known (c.f., [M2]), but we give a proof for
the convenience of the reader.

Proposition A.3. Assume that n = 2m is even. Fizing half-integers oy > -+ > «,, we let w (resp. ') be
the large discrete series representation of U(m,m) whose Harish-Chandra parameter \ (resp. X' ) is given as
above. Then m is o -generic (resp. @ is to_-generic).

Proof. We prove the proposition by induction on m. First suppose that m = 1 so that G; = U(1,1). Note

that
g = Lie(Gy) = {(b “ 67_—1 bz\j\_/—?> € My(C)

a,b,c,deR}.
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1 0 0 1 0 0
H_(O _1>, X+_<0 0), X_—(l O)EQC—MQ(C).
Then (H, X4, X_) is an sly-triple, i.e.,

(X.,X_|=H, [HX.]=2X, [HX_]=-2X_.

Set

Set
=i (o 1) = (T8 1) o= ((60) =2 (50 )

for z € v/—1R and x € Ryy. By the Iwasawa decomposition, any g € G has a unique decomposition

s=nmo) (5 )

for t1,t5 € C', 2 € /—1R and z € R.q. Define a C>®-function W of moderate growth on G; by

w (n(z)m(x) (7501 ti)) = exp(—mV—1trer(V-12)) - o et g —2mr -t?1+1/2t3‘271/2

for t;,t5 € C', 2 € /=1R and = € R.g. Then it is easy to see that
X_-W=0,

so that W generates the discrete series representation of G; whose Harish-Chandra parameter is A = (a1; as).
We conclude that 7 is to,-generic, so that 7’ is to_-generic.

Next, we assume that m > 1. Let P = iji(P/) = M N be the parabolic subgroup of G,, = U(m, m) given
by

a * %
P = 0 gb *1 aeC”, gyeGl,_,
0 0 a

Here, M = f 1(M ") is the Levi subgroup of P such that M’ consists of the block diagonal matrices of P’.
Let 7o be the discrete series representation of U(m — 1,m — 1) whose Harish-Chandra parameter \g is given
by

Mo = (s, @5, .., Qp_1;04, Q6. ., Q)
and x be the character of C* defined by

aalfage(qurag)Gv —1

X(ae” 1) =

for a > 0 and @ € R/27Z. Consider the normalized induced representation I(m) = Ind%(x K 7). We denote
the Harish-Chandra characters of m and Ind%(y K ) by

@)\ and @[(,TO),

respectively. Now we use Schmid’s character identity ([Scl, (9.4) Theorem]|, [Sc2, Theorem (b)]). This focuses
on representations of semisimple groups, but since U(m, m) is generated by its center and a semisimple group
SU(m,m), we can apply Schmid’s character identity to m. It asserts that

O + O) = O1(ny)s

where Z2™ > p @L is the coherent continuation of Harish-Chandra characters satisfying that:

° @L is a virtual character corresponding to the infinitesimal character u via the Harish-Chandra map;
o if p = (f1y- s Mo i1y - - - 5 fl2m ) € Z2™ satisfies that

Hmt1 > p1 > plo,  and  fig > flypyo > (3 > g3 > 00 > iy > H2m,

then @L is the character of the discrete series representation whose Harish-Chandra parameter is p.
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By the theory of the wall-crossing of coherent families (see e.g., [V2, Corollary 7.3.9]), we see that © is
the character of a representation of G. This implies that 7 is a subquotient of I(my). By the additivity of
Whittaker model (see e.g., [M1, §3]) and Hashizume’s result ([Ha, Theorem 1], [M2, Theorem 3.4.1]), we see
that if 7 is w.-generic, then so is my. By the induction hypothesis, we must have e = +1, as desired. O

A.4. Explicit description of discrete L-packets. In this subsection, we recall the definition of Jy, in
Theorem A.2 when ¢ € Pgisc(Un(R)) (see e.g., [Ka, §5.6]), and explain Theorem 2.1 (4).

We regard G = U(p, q) as an algebraic group defined over R. Namely, G(C) = GL,(C) with n = p + ¢,
and the complex conjugate ¢ acts on G(C) by

c<g>=<lp _1q>tgl (1” _lq)_17 9€G(O),

where g — g is the usual action of the complex conjugate on GL,,(C). We set G* = U(m, m) and (po, qo) =
(m,m) if p+ ¢ = 2m, and G* = U(m + 1,m) and (po,q0) = (m+1,m) if p+ g = 2m + 1. We choose an
isomorphism 9, ,: G*(C) — G(C) over C and a 1-cocycle z, , € Z'(R,G*) by
1, 1,
Vp,q = Int V—11pp , Zpglc) = —1p,—p if p < po,
L Lo

]‘PO Po )
Yp,q = Int V—114y—4 s zpglc) = —14—4q if ¢ < qo.
1, 1,

Here, we regard ¢ as the non-trivial element in Gal(C/R). Then we have
;; - c(Yp,q) = Int(zp,4(c)).

Hence (G, vYp.q, 2p.q) is & pure inner twist of G*. In particular, G* is a quasi-split pure inner form of G.
Let ¢ = X2a, @+ ® X2a,, € Paisc(Un(R)) with n = p + q. We can realize ¢ as
62(11 \/jle
d(ac™1?)

eQanx/—le

for a € R and 6 € R/27Z. Note that if ¢ = p|W¢ for an admissible homomorphism ¢: Wg — LU, then
©(4) acts on ¢(aeV 1) by the inverse.
We denote the canonical right action of S,, on (C)" by

(t1y ey t0)7 = (toqrys - s ta(n))
for 0 € S,, and (t1,...,t,) € (CH)". For o € S,,, we define an embedding
Mg (C)" = G =U(p,q)
by
to1)

(e tO’
154t tn) = (®) bosn) € G=U(p,q)

ta(n)
for t1,...,t, € C'. We call g, an admissible embedding of (C')" (see [Ka, §5.6]). The image of g, is
independent of o, and is denoted by T}, ;. Note that ng  and ng:q are U(p, ¢)-conjugate if and only if

oo’ e Sp x Sq.
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Hence when we consider the U(p, ¢)-conjugacy class of Mp.q» We may assume that

o(l)y<---<ao(p), op+1)<---<a(n).
For such iy, we denote by w7 , the irreducible discrete series representation of U(p, q) with Harish-Chandra
parameter

A7 = (Qg(1)s - Qa(p)s Ao(pt1)s - - - s Xor(n))-

Let @wg be the Harish-Chandra character of w7 ,, which is a real analytic function on the regular set

U(p, q)re’g of U(p,q). We put K, , = U(p) x U(qg) to be the usual maximal compact subgroup of U(p,q),
which contains 7}, ; as a maximal torus. On T}, 4 ree = U(p, q)**® N T}, 4, we have

: ZwEWKp,q Sgn(w)two‘a)
HaEA;ﬂ, (ta/Q _ t—a/Q) )
where Aj\ﬂ, is the unique positive system of A(U(p,q), T} 4) such that (A\7,a") > 0 for any a € Aj\ﬁ,. Note
that dim(U(p, q)/Kp.q) = 2pq so that (=1)2 dmU@0/Kp.0) — (—1)P4. We put
150 = {77 | o€ 8, /(Sp % Sg)} C Irraise(U(p, q)).
Then the L-packet I, associated to ¢ is defined by

U(p,
H¢: |_| H¢(pq)'
ptq=n

_ (_ ldim(U( s )/quq
Ong (1) = (—1)2 e

Recall that
A¢ = (Z/2Z)e2a1 D---D (Z/QZ)@QQH.
Let 77, € Hg(p’q) with o € S, satisfying o(1) < --- < o(p) and o(p+1) < --- < o(n). We define
9pq € G*(C) = GL,(C) as follows. There is an element hg € Go(R) with G := U(n,0) such that Int(hg )
is equal to

t1 tollo(l)
H .

tn o ton)
on T, o. Here, o4 € 5, is defined by

. 2i—1 if 1 < po,

o+li) = 2(i—po)  ifi>po
so that
(Qoy(1)s++ s Qo ()i Ao (pot1) s -+ + s Vo (n)) = (1,03, s 2, Q).

We put

—1
o _ 1170 0 o 1100 0 — *
9p.q = ( 0 \/—11q0> hp.q ( 0 \/—11q0> € GLn(C) = G7(C).

77;41 =Ppg© Int(g;q) °© ng(;qo’

Then we have

that is, 1, 4 is the composition

Int(hg ) o

Yoo Go(C) 2% G*(C) 22 G(C).

ot
(€ 225 GH(©) 22 Go(C)
We set inv(mpy g0, 75 ,) € H' (R, Ty, ,4,) to be the class of
e (g70) " 2pa(e) - clgp ),

where c(gy ) is the action of ¢ on g7 . in G*(C) so that

oo = (" e, ) ().
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)= (" e )i (™ e, )

We can compute (g9 ,)7" - zp 4(c) - ¢(gg,,) explicitly. First, we have

(v vam,) =0 (5 e, ) = (0 )

Fori=1,...,n, we define ¢; € {£1} by

1170

+1 ifi<p,
61‘_{1 if i > p.

Then (g3 ,)~" - 2zpq(c) - ¢(g5,) is equal to
€o—loy (1)

€o—lo (po)

“€o~lo4(po+1)

—€o-1o.(n)
Note that H'(R,C") = {£1}. The map 7 ¢, : (C')" = T}, 4, gives an isomorphism
(nlgf;:%)* : Hl(R’ ((Cl)n) - Hl <R7 Tpo,qo)'
For each ey, € Ay, we denote by (e2q,,-) the i-th projection
H'R,(CH™) = HY(R,CY)" = {£1}" — {+1}.
Then Ji, (75 ,)(€2q,) € {£1} is defined by
o o x—1 /. o o
Jm+(ﬂ-p,q)(620¢7‘,) = <620éi’ (Up[f,qo) (IHV(ﬂ'pJ:qU, 7Tp,q)»'
Hence
o _ €o—lo, (4) if 4 < po,
Jttur (Wp}q)(62a(,+(7z)) - { _ 60710_*_(2_) ifi> Po.

If we put j = 04.(4), we see that 1 <i < pg if and only if j is odd. Therefore, we conclude that
(-0t o) <p,
(-1 it 071 (5) > p.

The other bijection Ji,_: g — ;1; is defined by using o_ € S,, such that

Jm+ (ﬂ—g,q)(GQth) = {

(aa,(1)7~-~,Oéa,(po);aa,(poﬂ)w-~704cr,(n)) = (ag,0y4,...;01,03,...)
in place of o1. By a similar calculation, we have
(-1 it o71(j) < p,
Jwo (78 V(ean,) = .
w_( p’q)( 2 J> {(_1)]1 if Uﬁl(j) >p
In particular, the isomorphism Jy,_ o (Jy, )7 t: Z; — ;1; is given by
J_ © (Jm+)71 =-®n-1,
where the character n_1: Ay — {£1} is defined by
7771(62%-) =-1
for any 1 < j < n.
Hence we have the following theorem.

47
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Theorem A.4. Let

(b = X201 D D X2a, € (I)disc(Un(R))
with 204 € Z satisfying aq > -+ > ap, and 2a; = n — 1 mod 2. Then the L-packet 114 consists of all
irreducible discrete series representations of U(p, q) with p + ¢ = n whose infinitesimal characters are equal
to (a1,...,q,). Moreover, for each Whittaker datum w1 of U(po,qo) with |po — qo| < 1, there is a bijection

Jmi : H¢ — ;l;
such that the Harish-Chandra parameter of 75 (¢, n) = (Jw. )1 (n) is given by (M, ..., Ap; Niy -, Ay), where
{/\17 RN} >‘;D} = {ai | n<e2ai) = i(_l)i_l}a

In particular, if we put p = #{i | n(ean,;) = £(—1)""1} and ¢ = #{i | n(ezn,) = £(—1)"}, then 7 (¢, n) is a
representation of U(p, q). There is a unique w-generic representation in Ily which corresponds to the trivial
character of Ay via Jy . The bijections Jy, and Jy_ are related by

Jwo_(7) = Jo () @11
for any 7 € Ily, where n_; € //l; is defined by n_1(e2q,) = —1 for any ezq, € Ag.
In this paper, we always use J = Jy_ . By this theorem, we obtain Theorem 2.1 (4).
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