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DOMINATION FOR LATIN SQUARE GRAPHS
BEHNAZ PAHLAVSAY, ELISA PALEZZATO, AND MICHELE TORIELLI

ABSTRACT. In combinatorics, a latin square is a n X n matrix filled
with n different symbols, each occurring exactly once in each row
and exactly once in each column. Associated to each latin square,
we can define a simple graph called a latin square graph. In this
article, we compute lower and upper bounds for the domination
number and the k-tuple total domination numbers of such graphs.
Moreover, we describe a formula for the 2-tuple total domination
number.

1. INTRODUCTION

Domination is well-studied in graph theory and the literature on this
subject has been surveyed and detailed in the two books by Haynes,
Hedetniemi, and Slater [3,9]. Throughout this paper, we use standard
notation for graphs, see for example [2].

Definition 1.1. Let G = (Vg, Eg) be a simple graph. A set S C
Ve is called a dominating set if every vertex v € Vg \ S has at least
one neighbour in S, i.e., [Ng(v) N S| > 1, where Ng(v) is the open
neighbourhood of v. The domination number, which we denote by v(G),
1s the minimum cardinality of a dominating set of G.

Similarly to [12], the notion of domination has a central role in this
paper. Among its many variations, we are also interested in k-tuple
total domination, which was introduced by Henning and Kazemi [10]
as a generalization of [7], and also recently studied in [13].

Definition 1.2. Let G = (Vg, Eg) be a simple graph and k > 1. A
set S C Vg is called a k-tuple total dominating set (kTDS) if every
vertez v € Vg has at least k neighbours in S, i.e., |[Ng(v) N S| > k.
The k-tuple total domination number, which we denote by vxi(G), is
the minimum cardinality of a kTDS of G. We use min-kTDS to refer
to kTDSs of minimum size.

Since, by definition, every kTDS is a dominating set, we have that
forall k >1

Y(G) < Yurp(G). (1)

An immediate necessary condition for a graph to have a k-tuple total
dominating set is that every vertex must have at least k& neighbours.
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For example, for & > 1, a k-regular graph G = (Vg, E¢) has only one
k-tuple total dominating set, namely Vi itself. Moreover, notice that
a k-tuple total dominating set has at least k£ + 1 elements.

2. LATIN SQUARES

Latin squares have been around for several centuries. In recent years,
together with their associated graph, they have been intensively studied
because of their connections with other area of mathematics and their
practical applications. We refer to [1] for an introduction on latin
squares.

Definition 2.1. A latin square of order n > 1 is a n X n matriz
containing n symbols such that each row and each column contains
exactly one copy of each symbol.

Definition 2.2. In a latin square L of order n, if, for some 1 <1 < n,
the 12 cells defined by | rows and | columns form a latin square of order
l, it is called a latin subsquare of L.

Unless otherwise specified, in this paper we use [n] = {1,2,...,n}
as the symbol set and also to index the rows and columns of a latin
square.

It is clear that, if we permute in any way the rows, or the columns,
or the symbols of a latin square, the result is still a latin square.

Let L be a latin square of order n with cells {(r,c) | r,¢ € [n]},
then each cell contains a symbol from an alphabet of size n, and no
row or column of L contains a repeated symbol. Hence, given a cell
(r,c) containing the symbol s = L, ., we can represent it by the triple
(r,c,s).

Definition 2.3. For a latin square L, we define
E(L)=A{(r,c,s) | r,c,s € [n] and s = L, .}
to be the set of entries of L.

]
w
DO

FIGURE 1. A latin square of order 3 and its associated
latin square graph.
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Definition 2.4. Two latin squares L and L' (using the same symbol
set) are isotopic if there is a triple (o,7,d), where o is a row permuta-
tion, T a column permutation, and 0 a symbol permutation, carrying L
to L'. This means that if (r,c, s) is an entry of L, then (o(r),7(c),d(s))
is an entry of L'. The triple (o,7,0) is called an isotopy.

In the theory of latin squares, the notion of partial transversal plays
an important role.

Definition 2.5. Let L be a latin square of order n. A partial transver-
sal is a subset of E(L) such that no two entries share the same row,
column or symbol. We say that a partial transversal is maximal if it is
not properly contained in any other partial transversal. A transversal
1s a partial transversal of cardinality n, i.e. it is a set of entries which
includes exactly one entry from each row, column and symbol.

Example 2.6. If we consider L the latin square of Figure 1, we can
easily construct a transversal by considering the elements on the main
diagonal, i.e. {(1,1,1),(2,2,3),(3,3,2)}.

The idea of constructing a simple graph from a latin square was
introduced by Bose in [3] as example of strongly regular graphs. See [0,
Section 10.4] for further discussion.

Definition 2.7. The latin square graph of a latin square L is the sim-
ple graph T'(L) with vertex set E(L) and an edge between two distinct
entries whenever they share a row, a column or a symbol. Accordingly,
each edge of I'(L) is called, respectively, a row edge, a column edge or
a symbol edge.

Remark 2.8. Latin square graphs are invariant under isotopy, i.e. if
two latin squares are isotopic, then their associated graphs are isomor-
phic.

It is trivial that T'(L) is the complete graph on n? vertices if and

only if n = 1,2. A latin square graph ['(L) is a 3(n — 1)-regular graph,
and any two different vertices (r, ¢, s) and (r, ¢, ") have n neighbors in
common, i.e. n — 2 vertices in the row r and the two vertices in the
columns ¢ and ¢ with symbols s’ and s, respectively. Similarly, any
two different vertices (r, ¢, s) and (r/, ¢, s’) have n neighbors in common.
Moreover, it can be easily seen that any two distinct vertices (r, ¢, s)
and (r', ', s) have also n neighbours in common.

As noted in [I], any maximal partial transversal of L corresponds
to a dominating set in I'(L). Notice that, however, not all dominating
sets correspond to a maximal partial transversal. For example, if we
consider L the latin square of Figure 1, we can easily construct a dom-
inating set of I'(L) that is not a partial transversal by considering the
Set {(17 17 1)7 (27 17 2)7 (37 1? 3)}
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3. k-TUPLE TOTAL DOMINATING SET

In [11] and [5], the authors investigated the relationship between
domination in latin square graphs and transversal in latin squares,
motivating the study of various types of domination for such graphs.

Since every latin square graph I'(L) is a 3(n— 1)-regular graph, when
studying min-kTDS we should consider £ < 3(n—1). This fact together
with the definition of v .(G) give us the following.

Lemma 3.1. Let L be a latin square of order n. Then
Yram-14(L(L)) = n*.

If we consider a latin square L of small order, we can easily compute

Tkt (T'(L))-

Lemma 3.2. Let L be a latin square of order 2. Then vx1+(I'(L)) = 2
and vx24(I'(L)) = 3.

Proof. This is a direct consequence of the fact that every k-tuple total
dominating set has at least k£ + 1 elements and the fact that any choice

of two vertices in I'(L) gives a 1TDS and any choice of 3 vertices in
I'(L) gives a 2TDS. O

Lemma 3.3. Let L be a latin square of order 3. Then vx1+(I'(L)) =2
and vx24(I'(L)) = 3.

Proof. We first study vx1+(I'(L)). Assume S = {(1,1,s1),(1,2,s2)}.
Then S is a 1TDS, in fact every vertex v of I'(L) has at least one
neighbour in S. Hence 71 +(I'(L)) < |S| = 2. Since every 1-tuple total
dominating set has at least 2 elements, we have that v, ,(I'(L)) = 2.
We now study vx2.(I'(L)). Assume S = {(r,¢,1) | 1 < r,c < 3}.
Then S is a 2TDS, in fact every vertex v of I'(L) has at least 2 neigh-
bours in S. Hence v424(I'(L)) < |S| = 3. Since every 2-tuple total
dominating set has at least 3 elements, we have that v.2,(I'(L)) = 3.
U

We can now describe a general upper bound for 7, (I'(L)).

Theorem 3.4. Let L be a latin square of order n > 4.Then

n—1 if k=1

Yxkt(D(L)) < < an ifk=2aand 1 <a<n

an+n—a ifk=2a+1andl1 <a<n-—2.
Proof. Consider k = 1and S = {(1,1,s1),(1,2,82),...,(1,n—1,8,-1)},
i.e. S consists of the n — 1 vertices of I'(L) corresponding to the first
n — 1 entries in the first row of L. Now if v € S, then it has n — 2
neighbours in S. If v = (1,n,s,), then it has n — 1 neighbours in S.

If v=(recs) with2<r<mnand1 <ec¢<n-—1, then v has at least
1 (possibly two) neighbour in S, i.e. (1,¢,s.). Finally, if v = (r,n,s)
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with 2 < r < n, then v has exactly 1 neighbour in S, i.e. (1,¢;,s;) with
s; = s. This shows that S is a 1TDS. Hence 7y« (I'(L)) < |S| =n—1.

Consider k = 2a and S = {(r,¢,s) | 1 <re<mnandl < s < a},
i.e. S consists of all the vertices of I'(L) corresponding to entries of
L where the symbols 1,2,...,a appear. Notice that in each row or
column of L, S has exactly a vertices. This shows that if v is not in .5,
then it has exactly 2a neighbours in S. On the other hand, each v € §
has n —1+2(a — 1) = n+ 2a — 3 > 2a neighbour in S. This implies
that S is a 2aTDS. Hence vx2,:(I'(L)) < |S| = an.

Consider k = 2a +1 and S = {(r,¢,s) | 1 < rjce < nandl <
s <a}U{(l,c,s) | s > a—+ 1}, i.e. S consists of all the vertices of
['(L) corresponding to entries of L where the symbols 1,2, ..., a appear
together with the remaining n—a entries of the first row of L. Consider
v = (r¢s) a vertex of I'(L) not in S. Then there are a elements of
S in the same row of v, a elements of S in the same column of v
and 1 element (1,c,s) in S with ¢ # ¢. Hence, v has exactly 2a + 1
neighbours in S. If v = (r,¢, s) € S with 1 < s < a, then it has at least
2(a—1)+n—1=n+2a—3 > 2a+1 neighbours in S. If v = (1,¢,5) € S
with s > a 4+ 1, then it has exactly n — 1 4+ a > 2a 4+ 1. This implies
that S'is a (2a + 1)TDS. Hence vx2,+1+(I'(L)) < |S|=an+n—a. O

Using the previous results, we can now compute 7yyx2(I'(L)) for any
latin square L.

Theorem 3.5. Let L be a latin square of order n > 3. Then
Tx2(D(L)) = n.

Proof. If n =3, by Lemma 3.3, y42,(I'(L)) = 3 = n.

Assume n > 4. By Theorem 3.4, v42+(I'(L)) < n. Suppose, secking
a contradiction, that 7y2:(I'(L)) < n — 1 and hence, there exists S a
2TDS with |S| = n — 1. Without loss of generalities, we can assume
that S has no vertices corresponding to entries from the last row or
column of L or corresponding to entries with the symbol n.

We claim that if S has no vertices corresponding to entries from k
rows (respectively k columns) of L, for some k£ > 1, then S has no ver-
tices corresponding to entries from at least k+ 1 columns (respectively
k + 1 rows) of L. To prove the claim we assume that S has no vertices
corresponding to entries from k rows of L. Since L is a latin square of
order n, in each one of these k rows there is one entry with symbol n,
and all these k entries are in different columns. If any of these k£ entries
with symbol n is in the last column of L, then the corresponding vertex
would have no neighbour in S, and hence, S would not be a 2TDS. We
can then assume that none of these k entries is in the last column of L.
Furthermore, because S is a 2TDS, each of the vertices corresponding
to these k entries with symbol n has at least 2 neighbours in S. This
implies that in L there are at least k£ columns with at least 2 entries
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corresponding to vertices in S. Since |S| = n— 1, this implies that in L
there are at least k + 1 columns (one is the last one) such that none of
the entries in these columns correspond to vertices in S. The same type
of argument works for the case that S has no vertices corresponding to
entries from k& columns of L. This proves the claim.

Using the claim, we have that S has no vertices corresponding to
entries from k rows (and k columns) of L for all & > 1, but this is
impossible. U

We can also describe a lower bound for vy .(I'(L)).
Theorem 3.6. Let L be a latin square of order n > 2. Then

d(T(L) > 22

Proof. If n = 2,3 the result follows from Lemma 3.2 and Lemma 3.3.
Assume n > 4, and consider S a 1TDS with |S| = vx1+(I'(L)). For all
i=1,...,n,define v; = [{(i,c,s) € S| 1 < ¢, s <n}|, ¢; = |{(r,i,s) €
S|11<rs<n} ands; =|{(r,¢i) € S|1<rc<n}|. Moreover,
define

v = Z(ti —1), ¢= Z(ci — 1) and s = Z<5i —1).
= = =

Let Gs be the graph with vertex set S and edges as follows. Two ver-
tices in the same row (7, ¢1, 1), (1, ¢2, s9) € S, with ¢; < g, are adjacent
if and only if there does not exist (7, c3, s3) € S with ¢; < ¢3 < ¢3. Two
vertices in the same column (71, ¢, s1), (19, ¢, s2) € S, with r; < 7y, are
adjacent if and only if there does not exists (r3, ¢, s3) € S withr; < r3 <
ro. Two vertices with the same symbol (71, ¢1, 8), (19, ¢, 8) € S, with
r1 < 19, are adjacent if and only if there does not exist (rs, c3,s) € S
with r; < r3 < re. By construction, |E(Gg)| =t + ¢+ s. Since S is a
1TDS, every vertex of S has at least one neighbour in .S, and hence,
every such vertex corresponds to an entry in L that shares a common
row or column or symbol with at least one other entry corresponding
to a vertex in S. This implies that G has no isolated vertex and hence

@ _ 7x1,t(F(L))

2 2 '
By Theorem 3.4, |S| = yx1+(I'(L)) <n — 1. Hence, L has at least one
row and one column whose cells do not correspond to any entry of S.
Let ¢y denote the rightmost column of L whose entries do not corre-
spond to any element of S and, similarly, ry the bottommost row of L
whose entries do not correspond to any element of S. In ¢y, there are
n —Yx14(I'(L)) 4 ¢ entries that do not share a common row or column
with entries corresponding to vertices in S. Likewise, in 7y there are
n —Yx14(I'(L)) 4 ¢ entries that do not share a common row or column
with entries corresponding to vertices in S. Note there is one entry

|[E(Gs)|=t+c+s>
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which is counted twice, i.e. the entry (rg,co, s) shared by the column
¢o and the row rg. This implies that the total number of entries in
co and 79 that do not share a common row or column with entries
corresponding to vertices in S can be expressed as

(n = 7x14(D(L)) + 1) + (0 = 71 (T(L)) +¢) = 1.

Since S is a 1TDS all these vertices corresponding to entries in ¢y and
ro are dominated by elements of S that share the same symbol. Note
that any element of S share the same symbol with at most two vertices
corresponding to entries in all ¢y and ry. It follows that

(n - 7x1,t(F(L)) + t) + (n - 7x1,t(F(L)) + C) —-1< 2(7x1,t(F(L)) - 5)
and hence that

2n — 1+ (v + ¢+ 2s) < 4y, (I'(L)).

However, since v+ ¢ +§ > w and s > 0, we have
(L
on - 1)+ 2 o)
or equivalently
dn — 2
O
(@)BI@)5]6] 78]

[2][3][4][5)LI7[8[9[Ld 6]

[3][4)(5)[1][2]8I9 06 7]

[4][5][1][2]3)9ILd6]7[8]

G[2]3][4]1d

6][71[8][9]
0

EEE
=)o)
S=l<)
~[=E]
||~ S

O | IO

O |OINO|OY
NS [SX{FAN[SV] BN |
OINO| =[O~ [[Co
N[N Nl e[y || Ne)

14[6][7]8]

FIGURE 2. A latin square of order 10.

Example 3.7. Consider L the latin square of Figure 2. If we consider
S ={(1,2,2),(1,4,4),(2,5,1),(3,3,5),(4,5,3),(5,1,5)}, then we have
that |S| = 6 and it is a 1TDS. On the other hand, by Theorem 3.6,
Yx14(D(L)) > 6. This implies that y«1+(I'(L)) = 6.
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4. g-STEP LATIN SQUARES

There exist several known classes of latin squares. Between them we
recall the definition of the so called ¢-step latin squares.

Definition 4.1. A latin square L of order mq is said to be of g-step
type if it can be represented by a matriz of ¢ x q blocks A;; as follows

All A12 e Alm
. A21 A22 e A2m
Aml Am2 e Amm

where each block A;; is a latin subsquare of order q and two blocks A;;
and Ayj contain the same symbols if and only if i + j =i’ + j' (mod
m).

Remark 4.2. Fvery cyclic latin square is a latin square of 1-step type.

112]3]4]|5]6
2|11413]6]5
3[4]5|6[1(2
41316]5]2]1
0|6(1]2]3|4
6[5(211(4[3

FIGURE 3. A 2-step latin square of order 6.

By Theorem 3.4, we know that 7.1 +(I'(L)) < n—1. However, in the
case of g-step latin squares, we can describe a smaller upper bound.

Theorem 4.3. Let L be a q-step latin square of order n = mq > 3. If
m > q+ 1, then vx1.(I'(L)) < n—gq. If m < q, then vx1.(I'(L)) <
n—m+1.

Proof. 1f ¢ = 1, this is a consequence of Theorem 3.4. We can suppose
q=>2.

First assume that m > ¢ + 1 and consider S; = {(r,¢, s) |
¢,(r—1g+1<c<rq1<s<n}and Sy ={(1,¢,9) | ¢* +
n—q,1 <s<n}. Then S =5, US,. In other words if

1<r
1<e¢

IAIA

All A12 e Alm
. A21 A22 T A2m
Aml Am2 e Amm

S1 consists of the first row of the block Ay, the second row of the
block A;s, and so on until the last row of the block A;,. This implies
that | S| = ¢®. Similarly, Ss is the first row of all the blocks A;; with



DOMINATION FOR LATIN SQUARE GRAPHS 9

qg+1<j<m-—1,and |Sy| = (m — 1)g — ¢>. This implies that
|S| = (m—1)q = n—q. By construction S is a 1TDS. In fact, if v € S,
then it has at least ¢ — 1 neighbours in S, if v ¢ S then it has at least
one neighbour in S. Hence vy (I'(L)) <n —gq.

Assume now that m < ¢ and consider S; = {(r,¢,s) | 1 < r <
m—1,(r—1)g+1 <c<rq,1 <s<n}and Sy, = {(r,(m—1)g,s) | m <
r<gql<s<n} Then S =5, US,. In other words, S; consists
of the first row of the block A;;, the second row of the block Ajs,
and so on until the (m — 1)-th row of the block Aj(;,—1). This implies
that |S;] = (m — 1)¢. Similarly, Sy is the bottom part of the last
column of the block Ay(,—1), and [Sa| = ¢ — (m — 1). This implies
that |S| = mg—m+1=mn—m+ 1. By construction S is a 1TDS.
In fact, if v € Sy, then it has ¢ — 1 neighbours in S, if v € Sy, then it
has ¢ — (m — 1) > 1 neighbours in S, if v ¢ S then it has at least one
neighbour in S. Hence vy (I'(L)) <n —m+ 1. d

If we use the technique described in the proof of Theorem 4.3, we
can easily construct 1'TDS for ¢-step latin squares.

Example 4.4. Consider L the 2-step latin square of Figure 3. In this
case, ¢ = 2 andm = 3. Consider S = {(1,1,1),(1,2,2),(2,3,4),(2,4,3)},
then we have that |S| = 6 —2 = 4 and it is a 1TDS as described
in the proof of Theorem /.3. On the other hand, by Theorem 3.0,
Yx14(D(L)) > 4. This implies that y«1+(I'(L)) = 4.

Example 4.5. Consider L the 3-step latin square of Figure 4. In this
case, ¢ = m = 3. If we consider S = {(1,1,1),(1,2,2),(1,3,3),(2,4,5),
(2,5,6), (2,6,4),(3,6,5)}, we have that |S| =9—-34+1=7 and it is a
1TDS as described in the proof of Theorem 4.5.

OB)4][5][6]7I8[9]
HEINGGORII
B][1][2][6][4](50O[7]8
4][5][6][7|[8][9]1]2]3
5[6]4]8][0][7[2[3]1
61[4][5]9][7|[8[3[1]2
78]19]L][2][3][4]5[6
SI9]7I2][3][1]5]6]4
9783l 61415

FIGURE 4. A 3-step latin square of order 9.

5. DOMINATING SET

Similarly to the case of 1TDS and 2TDS, if we consider latin squares
of small order, we can easily compute their domination number.
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Lemma 5.1. Let L be a latin square of order 2 < n <5. Then

V(T(L)) = {

n—1 f2<n<4
3 if n=>5.

Putting together (1) and Theorem 3.4, we have that v(I'(L)) < n—1.
However, we can describe a smaller upper bound.

Theorem 5.2. Let L be a latin square of order n > 5. Then

1(0(L)) < {

n—2 if 5 <n <21
n— ([ - 1) ifn > 22

Proof. Assume first that 5 < n < 21. By Lemma 5.1, we can assume
that 6 < n < 21. Without loss of generality, we can assume that the
bottom right 2 x 2 submatrix of L is the square in Figure 5, for some
symbols a,b # 1.

all
1lb

FIGURE 5. Square of order 2.

Assume that a = b and let L’ be the (n — 2) x (n — 2) submatrix
of L obtained from L by deleting the last two rows and the last two
columns (notice that L’ is not a latin square in general). In L’ there
are exactly n — 2 entries with symbol a and n — 2 entries with symbol 1.
Let vy = (71, ¢1,a) and vy = (rg, ¢2, 1) be such entries in L' with ry # ro
and ¢; # ¢y. Foralli € {3,...,n—2}, let v; = (r;,¢;, 5;) be an entry in
L' with r; #rj, ¢; #c¢; forall j € {1,...,i— 1}, and s5; € {1,...,n}.
Consider S = {vq,v9,v3,...,0,_2}. By construction S dominates all
the vertices of I'(L) that correspond to entries in the first n — 2 rows
of L by row, to the entries of L in the first n — 2 columns by column
and to the bottom right 2 x 2 submatrix of L by symbol. This implies
that S is a dominating set for I'(L), and hence v(I'(L)) < |S| =n — 2.

Assume that a # b and let L’ be the (n—2) x (n —2) submatrix of L
obtained from L by deleting the last two rows and the last two columns
(notice that L’ is not a latin square in general). In L’ there are exactly
n—3 entries with symbol a. Let v; = (r1, ¢1, a) be one of such entries in
L'. Since n > 6, we can assume that vy is chosen in such way that if in
L’ we have entries (1, ¢, 1) and (', ¢1, 1), then in L we have at most one
of the entries (n—1,¢,b) and (r',n—1,b). In L' there are at least n—5
entries with symbol b that are not in the row r; or in the column ¢;.
Let vg = (73, ¢, b) be one such entry in L’ such that the entry (7, co, 1)
or (rg,c1,1) is an entry in L'. Notice that such entry v, always exists
by the choice of v;. By construction, in L' there are at least n — 5
entries with symbol 1 that are not in the rows rq, 75 or in the columns
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¢1,02. Since n > 6, we can consider vz = (r3,c3, 1) be one of such

entries in L. For all i € {4,...,n — 2}, let v; = (r;,¢;, s;) be an entry
in L' with r; #7;,¢; #cjforall j € {1,...,i—1}, and s; € {1,...,n}.
Consider S = {vy,v9,v3,04,...,0,_2}. By construction S dominates

all the vertices of I'(L) that correspond to entries in the first n — 2 rows
of L by row, to the entries of L in the first n — 2 columns by column
and to the bottom right 2 x 2 submatrix of L by symbol. This implies
that S is a dominating set for I'(L), and hence v(I'(L)) < |S| =n — 2.

Assume now that n > 22. The previous argument can be easily
generalized. Consider 2 < k < [%], let L’ be the (n — k) x (n — k)
submatrix of L obtained from L by deleting the last k rows and the last
k columns, and let L” be the k x k submatrix of L obtained from L by
deleting the first n — k rows and the first n — k columns (notice that L’
and L” are not latin squares in general). We construct S a diagonal of
L’ (i.e., n — k entries in distinct rows and columns) containing all the
symbols that appear in the entries of L” as follows. We choose entries
in L’ which match the symbols that appear in the entries of L” one by
one. Consider (7, ¢, s) an entry of L”. Then there are at most 2k — 1
entries in L with symbol s that are not in L’. On the other hand, in L”
appear at most k% symbols. This implies that, when processing symbol
sin L”, we can choose any entry of L’ with symbol s other than the at
most 2k — 1 copies of s outside of L', and the at most 2(k? — 1) copies
of s inside of L’ which occur in the same row or column as a previously
chosen entry. Thus, this works if n > 2k —1+2(k*—1), or equivalently
k < (v2n+ 7 —1)/2 which occurs when k < [(v2n+7—1)/2] — 1.
Now that all the symbols appearing in L” have been taken care, we can
complete S with enough entries of I’ belonging to rows and columns
without a chosen entry. In this way, S is a dominating set for I'(L)
with |S| =n — k. O

Remark 5.3. Notice that the first part of the proof of Theorem 5.2
works for any n > 5. However, starting from n = 22, where n — 2 =
20 > 19 = n — ([ — 1), n— ([¥22E]) — 1) ds a smaller upper
bound than n — 2.

In the case of 1-step latin squares, we can describe an even smaller
upper bound than the one of Theorem 5.2.

Theorem 5.4. Let L be a 1-step (i.e. cyclic) latin square of order
n=3f+g where f >1 and 0 < g <3. Then v(I'(L)) <2f +g.

Proof. First assume that g = 0. Split L into 9 regions of equal size like
a sudoku. Label the bottom regions of L by I-III from left to right, the
middle regions by IV-VI, and the top regions by VII-IX. Construct S
by taking the vertices corresponding to the entries on the first upper
diagonal in region I together with the vertex corresponding to the entry
in the bottom left corner of region I, and the vertices corresponding to
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entries along the main diagonal of region IX. In this construction it
can be seen that |S| = 2f and that there is exactly one element of S
in each column and row of regions I and IX. The set S constructed in
this way is a dominating set. To see this, one can simply note that
the entries in region I-III and regions VII-IX are all dominated row-
wise by the elements in regions I and IX respectively. Regions IV and
VI are dominated column-wise by the elements in regions I and IX
respectively. This leaves region V which is diagonally dominated by
the elements in regions I and IX. This implies that v(I'(L)) < 2f.
Assume now that 1 < ¢g < 2. In this case, consider L' the submatrix
of L obtained by deleting the last g rows and g columns. By construc-
tion L' is a 3f x 3f submatrix of L. Similarly to the case g = 0, we can
construct a dominating set S’ for I'(L’) such that |S’| = 2f. To obtain
S a dominating set for I'(L), it is enough to add to S’ the g vertices
corresponding to entries in the last g rows on the main diagonal of L.
S is clearly a dominating set for I'(L) and |S| = 2f 4+ g. This implies
that v(I'(L)) < 2f +g. O

If we use the technique described in the proof of Theorem 5.4, we
can easily construct dominating set for cyclic latin squares.

[L[2][3]4]5[617(8][9]
TEEIEE IIE%I@I
3[4[5[6 L) 6 71819]1][2]
4151611 6|7 [S[912]3
5lG1112 8 o112 3
HOMME INE
OUEIEEE l@l@l
@[LI[21314]5]6]7I8]
FIGURE 6. A cyclic latin square of order 6 and one of
order 9.
I@I
on
4 5 6 7 l
56 7 1 12]3]
HOKNPIEN
@I-lll
[7IA121314]516)

FIGURE 7. A cyclic latin square of order 7.

Example 5.5. Consider Ly the cyclic latin square of order 6 of Fig-
ure 0. If we consider Sy = {(1,5,5),(2,6,1),(5,2,6),(6,1,6)}, then
|S1| =4 and it is a dominating set for I'(Ly).
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II@II
4 5 6 7..
5161718 ll
(51(6)718]1I2][3][4]
@lllll
[7][8]112]3][4)(5)6]
[BI1I21314][51[617)

FIGURE 8. A cyclic latin square of order 8.

Consider Ly the cyclic latin square of order 9 of Figure 6. If we con-
sider Sy = {(1,7,7),(2,8,9),(3,9,2),(7,2,8),(8,3,1),(9,1,9)}, then
|So| = 6 and it is a dominating set for I'(Ls).

Consider Lz the cyclic latin square of Figure 7. If we consider S =
{(1,5,5),(2,6,7),(5,2,6),(6,1,6),(7,7,6)}, then |Ss| = 5 and it is a
dominating set for I'(Ls).

Consider Ly the cyclic latin square of Figure 8. If we consider Sy =
{(1,5,5),(2,6,7),(5,2,6),(6,1,6),(7,7,5),(8,8,7)}, then |Sy| = 6 and
it is a dominating set for I'(Ly).

We can now describe a lower bound on y(I'(L)).

Theorem 5.6. Let L be a latin square of order n > 5. Then
n
A(D() > 3]

Proof. Assume there exists S a dominating set of I'(L) such that |S| <
5. This implies that there are more than 4 rows and 4 columns of L
whose entries do not correspond to vertices in S. Let L’ be the p x ¢
submatrix of L obtained by deleting the rows and columns that contain
cells corresponding to the entries of S, where p, ¢ > n—|S| (notice that
L' is not a latin square in general). Since |S| < %, then there exist a
symbol sy that does not appear in any entry in S Moreover, since
n — |S| > %, then every symbol must occur in L. In particular, there
exists one entry of the form (r,¢,sy) € E(L'). However, (r,c,sy) has
no neighbours in S, but this is an absurd. Hence, v(I'(L)) > [5]. O
Remark 5.7. By [I, Theorem 12/, the lower bound described in The-

orem 5.6 18 tight in all cases.

Example 5.8. Consider L the latin square of Figure 9. If we con-
sider S ={(4,7,3),(5,5,4),(6,4,2),(7,6,1)}, then |S| =4 and it is a
dominating set for I'(L). By Theorem .6, v(I'(L)) > L. However, the
domination number is an integer, and hence vy(I'(L)) = 4.

Theorem 5.9. Let L be a 1-step (i.e. cyclic) latin square of even order
n. If § is odd, then v(I'(L)) = 5. If § is even, then v(I'(L)) < 5 + L.
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41[5][6][7]
516714
6][7][4][5]
71213

[516]7]11(4)3][4]
[6171412)3]
(71415]31[2](1)6]

U=
DDOf—= o

N[V

FIGURE 9. A latin square of order 7 with y(I'(L)) = 4.

Proof. Let L' be the § x § submatrix of L obtained from L by deleting
every second row and every second column. Notice that L’ is isotopic
to a cyclic Latin square. By [14], L’ has a transversal if and only if % is
odd. This implies that if § is odd, we can consider S a transversal of
L'. However such S forms a dominating set of I'(L). By Theorem 5.6,
A(D(L) = 2.

On the other hand, if § is even, we can construct S’ a partial
transversal of L' of cardinality (4)—1. This implies that adding two en-
tries to S” we can obtain S a dominating set of I'(L) with [S| = () +1.
Hence (I'(L)) < (%) + L. O

In the proof of [1, Theorem 13|, it is shown that if you take a dom-
inating set of size n — d, then it must miss at least d rows, at least d
columns and at least d symbols. If you look at the submatrix formed
by the rows that are missed and the columns that are missed, then it
cannot contain any of the symbols that are missed. This fact allows us
to rewrite [, Theorem 13|, and obtain the following result.

Theorem 5.10. Fiz ¢ > 0. Almost all latin squares will not have a
dominating set of size less than n — O(n3+e).
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