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Introduction

Following the pioneering work of Thom [49] on the cobordism of embedding
of manifolds, Rimary and Sziics [36] introduced the notion of cobordisms for sin-
gular maps. In particular, they constructed the “universal singular maps” by a
Pontrjagin-Thom construction from which any other singular maps can be pulled
back. Here, the codimension of a map f : M — N between manifolds is defined
to be k = dimN — dimM. On the other hand, Saeki [40] defined the cobordism
group for maps of negative codimension having only definite fold singularities, and
he showed that the cobordism group of such functions is isomorphic to the h-
cobordism group of homotopy spheres. Recently, this result was generalized for
fold maps by Sadykov [37]. We note that if we consider the target manifold as the
Euclidean space, then cobordism invariants of maps induce cobordism invariants of
the source manifolds.

Furthermore, Saeki [43] developed the theory of singular fibers of differentiable
maps of negative codimension. Here, the terminology “singular fiber” for differen-
tiable map f : M — N and a point ¢ € N refers to a certain right-left equivalent
class of map germs along the inverse image

F: (M, f7Hq)) = (N, 0),

not just inverse image f~1(¢). For positive codimension case, the fiber over a point
in N is a discrete set of points, as long as the map is generic enough, and we can
study the topology of such maps by using the well-developed theory of multi-jet
spaces. However, in the negative codimension case, the fiber over a point is no longer
a discrete set, and is a complex of positive dimension in general. This means that the
theory of multi-jet spaces is not sufficient any more, and in [43] we have seen that
the topology of singular fibers plays an essential role in negative codimension case.
Moreover, in that theory, Saeki constructed the cochain complex of singular fibers
and he showed that the cohomology classes represent the cobordism invariants of the
differentiable maps. As an explicit and important example in his theory of singular
fibers, stable maps of closed orientable 4-manifolds into 3-manifolds were studied
and singular fibers were completely classified (for a precise definition of equivalence
relation, see §2 in Chapter 1 of the present thesis). Furthermore, Saeki obtained the
following: For any stable map of an orientable closed 4-manifold into a connected

~12
3-manifold, the number of singular fibers of IIT  type as depicted in Figure 0.1 and

the Euler number of the source 4-manifold have the same parity, where I is the
names of the singular fibers (In the book [43], the symbol “III®” is used instead of

« ﬁiw”). Note that mod 2 Euler number of 4-manifolds corresponds to the gener-
ator of unoriented cobordism groups of 4-manifolds (for details, see [30]).

13
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FiGURE 0.1. The singular fiber of III  type

Throughout this thesis, we study the topology of manifolds in terms of the
singular fibers of differentiable maps and we obtain several formulas of Saeki’s
Euler number formula. This thesis consists of five Chapters.

In Chapter 1, we generalise Saeki’s Euler number formula for possibly non-
orientable 4-manifolds. We first classify the singular fibers where the source 4-
manifolds may possibly be non-orientable (Theorem 2.4 in Chapter 1). Then we
prove Theorem 4.7 in Chapter 1: Under certain homological conditions, for a stable
map f : M — N of a closed 4-manifold M into a connected 3-manifold N, the
total number of certain singular fibers and the Euler number x(M) of the source
4-manifold M have the same parity,

X(M) = [T+ [0 ()] + [T ()] + [T, ()]
HITg ()] + [T ()] + T (f)] (mod 2),

where |F(f)| denotes the number of singular fibers of f of type F. For the notation
of singular fibers in the formula, see Figure 1.1.

Under certain homological conditions; which will be called the two colorable
condition, for f|s(sy : S(f) = N there exist non-empty disjoint open subsets R and
Bin N such that RUB = N\ f(S(f)) and RNB = 0R = 8B = f(S(f)) (for details,
see §5). For points ¢ € f(S(f)), by combining the colouring (i.e. R or B) of the 3-
dimensional open strata adjacent to ¢ and the numbers of connected components of
the fibers corresponding to these 3-dimensional strata (we note that the number is
constant on each stratum) we can divide several C* equivalence classes of singular

~13
fibers into two types A and B. In the formula of Theorem 4.7, IIIz denotes such
—~13 —~13 —~13
a subclass of III . We note that III, is also a subclass of III , which consists of

those singular fibers of type ﬁils having an even number of connected components.
In next Chapter, we show that without two colorable condition, we cannot expect
Saeki’s type Euler number formula. A part of the results of this Chapter has been
obtained in author’s master thesis [51] and the paper [52]

In Chapter 2, we introduce the notion of two-colored map and the two-colored
cobordism among two-colored maps. Furthermore, we develop the theory of the
singular fiber of two-colored maps. In this theory, we construct the cochain complex
of the singular fibers of two-colored maps and we show that cohomology classes
of cochain complex induce two-colored cobordism invariants of two-colored maps.
From an actual calculation, we obtain several Euler number formulas of manifolds:
Theorems 5.8, 5.9, 5.12 in Chapter 2. Finally, our Theorem 5.18 in Chapter 2
says that there is no Euler number formula of 4-manifolds in terms of the singular
fibers of stable maps if we consider not two-colored map just only stable map into
3-manifold.

The contents of Chapter 3 and 4 are joint work with Saeki.

In Chapter 3, we consider the signature formula of 4-manifolds. We will give an
“integral lift” of the Saeki’s Euler number formula [43]. More precisely, we consider

14



C° stable maps of oriented 4-manifolds into 3-manifolds, and we give a sign +1
or —1 to each of its ITI® type fiber, using the orientation of the source 4-manifold.
Then we show that the algebraic number of III® type fibers coincides with the
signature o(M) of the source oriented 4-manifold M (Theorem 5.5 in Chapter 3):
namely
o(M) = |[II%(f)|| € Z,

where |[TIT3(f)|| denote the algebraic number of ITI® type fibers of f : M — N.
The results of this Chapter has been obtained in [44].

In Chapter 4, we generalize the signature formula for stable maps of closed
oriented 4-manifolds into R3 obtained in Chapter 3 for proper Thom-Boardman
generic maps f : M — N of codimension —1. Here, a smooth map f : M — N
between manifolds is said to be Thom-Boardman generic if its jet extension j” f :
M — J"(M, N) is transverse to all the Thom-Boardman strata for all » (for details,
see [4]), and f restricted to its Thom-Boardman singular sets is in general position
(for details, see [13, Chapter VI, §5]). In order to work with integer coefficients, we
will work with oriented maps. Recall that a differentiable map between manifolds
of negative codimension is an oriented map if the regular parts of the fibers are
consistently oriented (see also [2]). In this situation, we will show that the Poincaré
dual to the homology class represented by the closure of the ITI%-locus coincides
with fiP;(M) modulo torsion, (Theorem 2.5 in Chapter 4): namely

fiPy (M) = [IT13(f)]* € H3(N;Z) modulo torsion,
where f, is the Gysin homomorphism induced by the map f and P;(M) is the first
Pontrjagin class of M. The results of this Chapter is a part of the paper [45].

In Chapter 5, we state several conjectures for further developments of the theory
of the singular fibers of differentiable maps.

Throughout this thesis, all manifolds and maps are of class C'* unless otherwise
stated. For a finite set P, we denote by |P| the number of its elements. For a
topological space Y and a subset X C Y, X is the topological closure of X in Y,
dX is the boundary of X which is defined to be X \ X, the symbol “idx” denotes
the identity map of X. and the symbol x(X) denote the Euler number of X. The
symbol “=” denotes an appropriate isomorphism between algebraic objects. For
a smooth manifold M, its tangent bundle is denoted by T'M and its interior is
denoted by IntM. We call p € M the singular point of C*° map f : M — N if
the rank of Jacobi matrix of f at p is strictly less than the dimension of the target
manifold. In this sense, there is no regular point if the dimension of source manifold
is strictly less than that of target manifold.

The author would like to thank adviser Go-o Ishikawa for helpful advice and
encouragement in preparing this thesis. The author also would like to thank
Osamu Saeki for helpful comments, discussions and constant encouragements. Spe-
cial thanks to TXnician Yuwsuke Kieda for helpful advice on TEX , to the members
of the singularity seminar in Hokkaido University and to all people I met in Sapporo.

15






Chapter 1

Classification of singular fibers of stable
maps of 4-manifolds into 3-manifolds and
its applications






CHAPTER 1

Classification of singular fibers of stable maps of
4-manifolds into 3-manifolds and its applications

1. Introduction

As pioneers, Kushner, Levine and Porto studied the singular fibres of stable
maps of closed 3-manifolds into the plane in [22] and [24]. However, they did not
state clearly the definitions of singular fibres and the equivalence relation among
them. Recently, in the book [43], Saeki stated the precise definition of singular
fibres, introduced an equivalence relation among them, and classified the singular
fibres of stable maps of closed orientable 4-manifolds into 3-manifolds. Moreover,
he proved: For any stable map of an orientable closed 4-manifold into a connected

~12
3-manifold, the number of singular fibres of IIT ~ type as depicted in Figure 0.1 and
the Euler number of the source 4-manifold are of the same parity, where III mean
the names of the singular fibers (In the book [43], the symbol “III®” is used instead
~12
of “IIT ”)
Then it is natural to ask:
Is there similar formula if the source manifold is non-orientable?

In this paper we generalise Saeki’s Euler number formula, giving an answer to the
above question. We first classify the singular fibres in the general case where the
source 4-manifold may possibly be non-orientable (see Theorem 2.4). Then we prove
Theorem 4.7: Under certain homological conditions, for a stable map f : M — N of
a closed 4-manifold M into a connected 3-manifold N, the total number of certain
singular fibres and the Euler number x(M) of the source 4-manifold M are of the
same parity: namely,

W(M) = )]+ ()] T ()] + [T ()]
iy (F)] + [ ()] + [T (f)] (mod 2),

where | F(f)| denotes the number of singular fibres of f of type F. For the notation
of singular fibres in the formula, see Figure 1.1, where “/” is used only for separating
the figures.

We note that the C®° equivalence classes of fibres over points of N give a
natural stratification of N. Then the set of regular values N\ f(S(f)) consists of
3-dimensional strata, while the set of singular values f(S(f)) consists of 2-, 1- and
0-dimensional strata, where S(f) (C M) denotes the set of singular points of f.
We assign to each 3-dimensional stratum the number of connected components of
the fibre over a point in the stratum. Note that the number is constant on each
stratum.

Under certain homological conditions, which will be called the two colorable
condition, for f|s(s) : S(f) — N there exist disjoint open subsets R and B of N
such that RUB = N \ f(S(f)) and RN B = R = 9B = f(S(f)) (for details,
see §5). For points ¢ € f(S(f)), by combining the colouring (i.e. R or B) of the
3-dimensional strata adjacent to ¢ and the numbers of connected components of

17
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—~13 ~ 25 ~ 26

FIGURE 1.1. The singular fibers in the formula

the fibres corresponding to these 3-dimensional strata, we can divide several C'®
equivalence classes of singular fibres into two types A and B. In the formula of

~—13 ~—13 —~—13
Theorem 4.7, Il denotes such a subclass of III . We note that III, is also a

subclass of ﬁls, which consists of those singular fibres of type ﬁils with an even
number of connected components.

If M is orientable, then f|s(s) : S(f) — N always satisfies the two colorable
condition (for details, see §5). In other words, the assumption of Theorem 4.7 is

automatically satisfied. Furthermore, the singular fibres of types other than II'VI12
in the formula never appear. Thus Theorem 4.7 gives the Euler number formula
obtained in [43] when the source 4-manifold is orientable.

In [21] Kobayashi constructed a stable map g : CP? — R? such that g(S5(g))

~—0,0,0
has exactly two triple points, which correspond to the singular fibres III and

~12

III . Theorem 4.7 implies that x(CP?) is odd. In fact, we have x(CP%) = 3. In
[38, Example 3.7] Saeki constructed a non-orientable closed 4-manifold E' as the
total space of an RP%bundle over R P? together with a stable map h : E — R3

~0,0,0 .
such that h(S(h)) has 27 triple points. They consist of eight ITI points, twelve

0,0, . . =0,2, . =222 .
11 points, six III points and one III point. Theorem 4.7 shows that
x(E) must be an odd number. Actually, we have x(E) = 1.

We have some direct consequences of Theorem 4.7 as follows.

COROLLARY 1.1. Let M be a closed 4-manifold with odd Euler number and
f : M — N -a stable map of M into a connected 3-manifold N with Hy(N;Zs) = 0.
Then f|s(s) has at least one triple point.
COROLLARY 1.2. Let f be a stable map as in Corollary 1.1. Then f has at
12 ~,
least one singular fibre of 111~ type or 12 type.
Corollary 1.2 is proved as follows. The stable map f has at least one singular
fibre as appearing in the formula of Theorem 4.7, since x(M) is odd. If the source
~1
manifold of f is orientable, then f must have a singular fibre of type I1I 2. If the

~12
source manifold is non-orientable and f has no singular fibre of type III , then by
using the description of local nearby fibres of singular fibres of types other than

~12
III ~ appearing in Theorem 4.7 (e.g. see Figure 1.7), we see that f has a singular
~2
fibre of type I .
We say that a stable map is simple if each connected component of every fibre
has at most one singular point.
COROLLARY 1.3. Let f be a stable map as in Corollary 1.1. If f is simple, then
~2,2,2
f has at least one singular fibre of type III .
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The hypothesis that the Euler number should be odd in Corollaries 1.1-1.3 is
essential. In fact there exists a special generic map f : S3xS? — R3 such that
fls(s) is an embedding [40], where $3% St is the total space of a non-orientable 53
bundle over S1. A special generic map is a stable map which has only definite fold

points as its singular points. In fact, all the singular fibres of f are of type TO We
note that x(S3xS!) = 0.

As this example shows, we have the stable map of closed non-orientable 4-
manifold with even Euler number into 3-manifold which has no singular fibers of

types III  and 12. We pose a following question.

Problem 1.4. Does there exist stable map from even Euler number 4-manifold

12 ~
into connected 3-manifold which has no III'~ and I? type fiber ?

This chapter is organized as follows. In §2, we give the definitions of equivalence
relations among the fibres of stable maps. Furthermore, we classify the singular
fibres up to C*° equivalence, and give a table of singular fibres for stable maps of
closed possibly non-orientable 4-manifolds into 3-manifolds. In §3, we give some
co-existence relations of singular fibres for stable maps of closed 4-manifolds into
3-manifolds. In §4, we show that the Euler number of the source manifold has
the same parity as the total number of certain singular fibres (Theorem 4.7 and
Proposition 4.5).

this paper has been obtained in the author’s master’s thesis [51] and [52].

2. Singular fibers of stable maps of 4-manifolds into 3-manifolds

In this section, we classify the singular fibers of stable maps of closed 4-
manifolds into 3- manifolds.
Let us begin with some fundamental definitions.

DEFINITION 2.1. Let M; be smooth manifolds and A; subsets of M;, ¢ =0, 1.
A continuous map g : Ag — A is said to be smooth if for every point ¢ € Ao, there
exists a smooth map § : V — M; defined on a neighbourhood V' of ¢ in My such
that §lvna, = 9|vna,- A smooth map g : Ag — A; is a diffeomorphism if it is a
homeomorphism and its inverse is also smooth. When there exists a diffecomorphism
between Ay and Ai, we say that they are diffeomorphic.

Let f; : M; — N; be smooth maps, i = 0,1. For ¢; € N;, it =0, 1, we say that
the fibers over qo and ¢y are diffeomorphic if f5(g0) C Mp and fi'(q1) C M are
diffeomorphic in the above sense. Furthermore, we say that the fibers over ¢y and
q1 are C® equivalent (or C° equivalent) if for some open neighbourhood U; of g¢;,
there exist diffeomorphisms (resp. homeomorphisms) ® : f5''(Uo) — f;*(U1) and
¢ : Uy — Uy with p(qo) = ¢1 which make the following diagram commutative:

(fo 1 (U0), f5 (g0)) —— (F7(U1), f7(91))

| |

(Uo, 90) — (U1, q1)-

If ¢ € N is a regular value of a smooth map f : M — N between manifolds, then

we call the map germ f : (M, f~'(¢)) = (N, q) along the set f~*(g) a regular fiber;
otherwise, we call it a singular fiber.

Let us recall a characterization of stable maps of closed 4-manifolds into 3-
manifolds. For smooth manifolds M and N, let us denote by C*° (M, N) the space
of all C*®-maps M — N, equipped with the Whitney C'*°-topology. In general, we
say that f € C°(M,N) is C* stable (or stable for short) if the A-orbit of f is
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open in C®(M, N). Here the A-orbit of f € C*(M, N) is defined as follows. Let
Diff(N) denote the group of self-diffeomorphisms of N. Then the group Diff(M)
x Diff(N) acts on C*(M, N) by (®,¥)f = Wo fo® ! where (9,¥) € Diff(M)
x Diff(N) and f € C*°(M, N). Then the A-orbit of f € C*°(M, N) is the orbit
through f with respect to this action.

PROPOSITION 2.2. A smooth map f : M — N of a closed 4-manifold M into
a 3-manifold N is C* stable if and only if the following conditions are satisfied.

(?) (Local condition) For every p € M, there exist local coordinates
(z,y,2,w) and (X,Y, Z) around p € M and f(p) € N, respectively, such
that one of the following holds:
(Xof,Yof,Zof)
p : reqular point,
p : definite fold point,
z,y, 2% — w?), p : indefinite fold point,
p : cusp point,
z,y, 2% + 222 + yz + w?), p: definite swallow-tail point,
z,y, 2% + 222 + yz — w?), p:indefinite swallow-tail point.

(2,
(@,
(
(z,y,2 +xz—w2),
(
(

(i7) (Global condition) Set S(f) = {p € M | rankdf, < 3}, which is a
closed 2-dimensional submanifold of M under the above local condition.
Then, for every g € f(S(f)), f~1(g)NS(F) consists of at most three points
and the multi-germ

(flsery, £~ Ha) N S(F))

is right-left equivalent to one of the siz multi-germs as described in Figure
1.2: (1) corresponds to a single fold point, (2) and (3) represent normal
crossings of two and three immersion germs, respectively, each of which
corresponds to a fold point, (4) corresponds to a cusp point, (5) represents
a transverse crossing of a cuspidal edge as in (4) and an immersion germ
corresponding to a fold point as in (1), and (6). corresponds to a swallow-
tail point.

Proposition 2.2 can be proved by using the transversality theorem and the
multi-transversality theorem, since the dimensions pair (4, 3) is in the nice range in
the sense of Mather [26] (for details, see [13], [25] or [14]).

Let f : M — N be a stable map of a closed 4-manifold M into a 3-manifold
N. For each regular point # € M of f, the fiber through z is a 1-dimensional
submanifold near the point. For each singular point p € M of f, based on the local
condition of Proposition 3.1 (7), it is easy to determine the diffeomorphism type of
a neighbourhood of p in f~1(f(p)) as follows.

LEMMA 2.3. Every singular point p of a stable map f : M — N of a closed
4-manifold M into a 3-manifold N has one of the following neighbourhoods in its
corresponding singular fiber f=1(f(p)) (see Figure 1.3):

(1) isolated point diffeomorphic to {(z,y) € R? | 22+y? = 0}, if p is a definite
fold point,

(2) union of two transverse arcs diffeomorphic to {(z,y) € R? | 22 —y? = 0},
if p 1s an indefinite fold point,

(3) cuspidal arc diffeomorphic to {(z,y) € R? | 23 —y? = 0}, if p is a cusp
point,

(4) isolated point diffeomorphic to {(z,y) € R? | z*+y* = 0}, if p is a definite
swallowtail point,
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Sg)
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(4) (5) (6)

(4) ()

FiGURE 1.3. Neighbourhoods of singular points in singular fibers

(5) union of two tangent arcs diffeomorphic to {(z,y) € R? | z* —y? = 0}, of
p is an indefinite swallowtail point.

We note that in Figure 1.3, both the black dot (1) and the black square (4)
represent an isolated point, although the corresponding map germs are not C'*
equivalent to each other; we use distinct symbols in order to distinguish them. We
note that each singular point p € M, except for a definite fold point and a definite
swallow-tail point, is incident to some edges in its neighbourhood in f~1(f(p)).

We note that a regular fiber of f is a closed 1-dimensional submanifold of M,
namely a disjoint union of a finite number of circles. Thus, for a regular value ¢q of
f, the fiber of f over ¢ is C*° equivalent to the disjoint union of a finite number of
copies of a fiber of a trivial circle bundle. For the singular fibers of f, we have the
following.
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FiGURE 1.4. List of singular fibers; 1

THEOREM 2.4. Let f: M — N be a stable map of a closed 4-manifold M into
a 3-manifold N. Then, every singular fiber of f i1s C* equivalent to the disjoint
union of one of the fibers in the following list and a finite number of copies of a
fiber of a triwvial circle bundle:

(1) one of the fibers as depicted in Figure 1.4,

) ~0,0,0 ~0,0,1 —~0,1,1 —~1,1,1 —~0,0,2 —~0,2,2 —~1,1,2

(2) a disconnected fiber 111~ ° ) TIT " 11T~ , 10T, 101", 101", 11T ",
~1,22 —~0,1,2 -—~—222 —03 -—~—04 -—~—05 -—06 —~—07 —~—13 —14

I ", 1, III I, 1, mr -, mr o, mro, mr o, Ir e,

)
—~1

~1,5 ~16 7 ~23 —~24 ~25 —~26 ~27 ~0a —~la —~2a
I, I, Ir 10, I 1, Ir I I, I orIIT
(3) one of the connected fibers as depicted in Figure 1.5.

5

The figure corresponding to each fiber listed in Theorem 2.4 (2) can be obtained

by taking the disjoint union of the fibers in Figure 1.4 corresponding to the numbers
—~0,0,2
or letters appearing in the superscript. For example, the figure of the fiber II1

consists of two dots and a figure of 12 type as shown in Figure 1.6.
In Figures 1.4 and 1.5, ¥ denotes the codimension of the set of points in NV
whose corresponding fibers are C™ equivalent to the relevant one (for details, see

[43]). Furthermore, T*, I~I*, " mean the names of the corresponding singular
fibers, and “/” is used only for separating the figures.

We note that the list of singular fibers as in Figure 1.4 coincides with that
appearing in the introduction of [24].

We note that the conclusion of Theorem 2.4 holds if f is proper even if M is
not closed, where a continuous map is said to be proper if the inverse image of a
compact set is always compact.

Theorem 2.4 can be proved in two steps. First we show that for a singular
value q of f, the union of the components of f~!(¢) containing singular points is
diffeomorphic to one of the fibers listed in Theorem 2.4 in the sense of Definition 2.1.
Second we show that if two singular fibers are diffeomorphic to each other, then
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FIGURE 1.5. List of singular fibers; 2

oo ()

~0,0,2
F1GURE 1.6. The singular fiber of type III

they are C* equivalent in the sense of Definition 2.1, except for the two types of

~0 ~d
fibers I and III . The proof is very similar to that of [43, Theorem 3.5], as we
omit the proof here.

Remark 2.5. Each singular fiber described in Theorem 2.4 can be realized as
a component (or as a union of some components) of a singular fiber of a stable
map of a closed 4-manifold into R3. This can be seen as follows. Given a singular
fiber, we can realize it as a singular fiber of a Morse function parameterized on
D2 f, : S = [-1,1],t € D?, of a compact surface with boundary S into [-1,1],
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where D? denotes the unit disk in R?. We note that F : S x D? — [—1,1] x D?
defined by F(z,t) = (f:(z),t), is a smooth map and that F' has the given singular
fiber over (0,0). We call S a transverse surface corresponding to the singular fiber
(for details, see [24]). In this way we obtain a proper smooth map F|in¢(sxp2) :
Int(S x D?) — Int([—1, 1] x D?). Then we can extend the map to a smooth map of
a closed 4-manifold containing Int(S x D?) into R3. Perturbing the extended map
slightly, we obtain a desired stable map.

If the source 4-manifold is orientable, then any transverse surface for any sin-
gular fiber is orientable. If the source 4-manifold is non-orientable, then there may
exist a non-orientable transverse surface. The transverse surface which corresponds
to the singular fiber of I? type is a punctured Mobius band. We note that there
exists a stable map of a non-orientable 4-manifold into a 3-manifold such that the
transverse surface is orientable for any fiber. (For instance, see the example just
after Corollary 1.3 in §1.)

We note that for a stable map f : M — N of an orientable closed 4-manifold
M into a 3-manifold N, the singular fibers of the following types never appear,
since they have non-orientable transverse surfaces: f27 ﬁo,z’ I~Il’2, I~I2'2, I~Is, I~IS, ﬁ7,
~0,0,2 —~0,22 ~1,1,2 —~1,22 —~0,1,2 —~—2,22 —~— ~0,6 —~ ~15 —~1,
m ,nr o, 1r o, ur o, nur o Ir, ur o i, o, Im
~1,7 ~23 ~24 —~—25 ~26 —~—27 ~2a ~—13 —~14 —~—15 —~16 —17 —~18
mr',nor I oI I mr o, Ir o, Ir o, r o Ir o, I o, I,

~19 ~20 —~—21 —~—22 —~23 ~24 —~25 ~26 —~—c —~g
I, I, mn I, I I, I, I and IIT°.

0,5 0,6 0,7

Remark 2.6. For stable maps f of 4-manifolds into 3-manifolds, the triple points
~0,0,0 ~0,1,1 —~1,1,1

of f|s(sy correspond to the singular fiber of types III *, III ", III , 1T ,
, I

~0,0,2 ~0,22 —~1,12 ~— ~ ~222 —~ —~0 05 —~ —~0,7
111 , 111 , III , 11T , I , I , I1 ) TII 0 U AR | |
~13 ~1,4 —~15 —~16 —~1,7 —~ ~24 ~ ~26 ~27 ~8 —~9 ~10
mr -, mr -, Ir e, mr o, nar,ur o ir o, 1r o, r ) I, I, IIr
~11 —~12 —~13 —~14 —~15 —~16 —~17 ~18 —~19 ~20 —~21 —~—22 ——21 —~22
mr ,mr Imr ,1r o, 1nr I o, Ir oI o Ir oI o, Ir oI o, Iir o I
~23 ~24 —~—325 —~ 26

Or I 1T and I of f. Thus the number of triple points of f|s(s) coincides
with the total number of singular fiber of types as above.

—~0,0,1

1,2,2 0,1,2 0,3 4 0,6

2,3 25

For stable maps of a closed 4-manifolds into 3-manifolds, if the source 4-
manifolds are orientable, then the classification of the singular fibers with respect
to the C* equivalence coincides with respect to the C° equivalence (for details,
see [43, Corollary 3.9]). We obtain similar result.

COROLLARY 2.7. For two singular fibers of proper stable maps of (possibly non-
ortentable) 4-manifolds into 3-manifolds, the following two are equivalent.

(1) They are C* equivalent.
(2) They are C° equivalent.

3. Relations among the numbers of singular fibers

Let f: M — N be a stable map of a closed 4-manifold M into a 3-manifold
N. In this section, we consider a natural stratification of N induced by the C'*®
equivalence classes of the fibers of f, and obtain some relations among the numbers
of singular fibers of codimension three.

Let f : M — N be as above, and F be a C* equivalence class of one of
the singular fibers appearing in Theorem 2.4. We define F(f) to be the set of
points ¢ € N such that the fiber f~1(g) over ¢ is C* equivalent to the union of
F and some regular fibers. Then we obtain a “stratification” of N which consists
of the components of F(f) together with N \ f(S(f)), where F runs over all C*
equivalence classes of singular fibers .

1n this paper, each stratum of a stratification may not necessarily be connected.
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We define F,(f) (resp. Fe(f)) to be the subset of F(f) consisting of the points
q € F(f) such that the number of connected components of f~1(g) is odd (resp.
even). It is easy to see that the closures F(f), Fo(f) and Fe(f) of F(f), Fo(f) and
Fe(f), respectively, in N are (3 — x)-dimensional complexes in N, where k is the
codimension of F. In particular, if the codimension & is equal to two, then F,(f)
and F.(f) are finite graphs embedded in N. Their vertices correspond to points
over which f has a singular fiber of codimension three. For a C* equivalence class
G of singular fibers of codimension three, the degree of the vertex corresponding to
Go(f) (or Ge(f)) in the graph Fo(f) is given in Tables 1.1, 1.2 and 1.3. In the tables,
only non-zero degrees are given: an empty column means that the corresponding

degree is equal to zero. We note that the graphs ﬁ:(f) or ﬁ: (f), or the vertices
Iﬁ: (f) or ﬁi:(f) may possibly be empty depending on the stable map f.

These tables can be obtained by using the description of local nearby fibers as
shown in Figure 1.7. We note that the degrees in the graph F,(f) can be obtained
by interchanging G,(f) with G¢(f) in the table corresponding to the graph F,(f).

The handshake lemma of the classical graph theory claims that for a finite
graph, the sum of the degrees over all vertices is equal to the double of the number

of edges and hence is always even. We apply this lemma to the graphs ﬁg’o(f),
~0,0 ~0,1 ~0,1 ~T11 ~1,1 ~0,2 ~0,2 ~1,2 ~1,2
0, (f), 1L, (f), I, (f), 1L, (), I, (f), I, (), I (f), L, (f), I." (f),

I, (), 1270, To(), T, (0, T, W), L), Do), T (), T1,(9),
ﬁ:(f), I~IZ(f) and ﬁ:(f) Then we obtain 24 relations among the numbers of
elements of G,(f) and Ge(f) for C* equivalence classes G of singular fibers of codi-
mension three. We combine the relation obtained from II}(f) and that obtained
from IIJ(f), we arrange these relations a certain matters. Then we obtain the
following.

PROPOSITION 3.1. Let f : M — N be a stable map of a closed 4-manifold M
into a 3-manifold N. Then the following numbers are always even:

1) ()= ()] (mod 2),

2) 0" (9 = ()] (mod 2)

3) IO (/)| = I D= DI (mod2)
|

(/)] + [T (f) +|HI DI+ (A =0 (mod 2),

|

|

l —~20

()= (D=0 (mod 2),
| |

[T () + I ()] + 1T (£)] =0 (mod 2).

We note that the left hand side of the congruence (5) of Proposition 3.1 is
nothing but the total number of definite and indefinite swallow-tail points of a
stable map f. The congruences (3) and (6) of Proposition 3.1 imply that the total
number of multi-germs which correspond to the transverse intersection of a fold
sheet and a cuspidal edge in the target is always even for a stable map f.
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—0,0,0
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—~0,0,0

1L " (f)

~0,0,1

L, (f)
TI-'I(i,O,l(f)

o

-

i
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[NCRE R R Y

—
—
—
o
—~~
~
N
W W = =

ITIi’Q'Z(f) 5
()

12 (f) 2 1
i, (/) 2 1
i, " (/) 4 1
L, " (1) 1
i, (£) 2 2 1

" (f) 1
im,” () 2 1

1,3

(1) 2 1
4

ii,” (f) 2 2 1

~2,3
" (f) 2 2
~2,3
" () 2
TABLE 1.1. The degree of each vertex in the graphs II}(f)
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)
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M, (f)
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I, ()
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RO e = e

TABLE 1.2. The degree of each vertex in the graphs IL,(f)
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~13 —~—c
FIGURE 1.7. Descriptions of local nearby fibers of types III , III
and mf
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I

—
=
—
®
—~~
)
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[ SR

TABLE 1.3. The degree of each vertex in the graphs IT;(f)

By combining the above 24 co-existence relations in a certain manner, we obtain
the following co-existence formula:

T )]+ [T ()] + [T ()] T () + [ () + [T ()]
~0,3 ~0,4 —~0,5 ~0,7 —~1,3 ~1,4
()] + [ ()] T ()] + I ()] + T (F)]+ [T ()]
()] + [T ()] [T ()] + [T ()] + [T ()] + [T (f)]
T ()] 4 T ()] [T ()] + [T ()] + [T ()] + [T ()]
I () + T ()] + [T ()] 4+ T ()] + TE(F) =0 (mod 2).  (+)

This formula (%) will be used in the following section.

4. Parity of the Euler characteristic

In this section we study the relationship between the total number of certain
singular fibers and the Euler number of the source 4-manifold, based on the co-
existence results among singular fibers obtained in the previous section.

Let f : M — N be a stable map of a closed 4-manifold M into a 3-manifold
N. Recall the stratification of N by the C* equivalence classes of singular fibers
obtained in the previous section. We further subdivide it in the following way. For
n=0,1,2,... we define O,(f) to be the set of points in N \ f(S(f)) such that
the number of connected components of the associated fiber is equal to n. Then
we obtain another stratification of N, which consists of the components of F(f)
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oo
©)

F1GURE 1.8. Deformation of the 12 fiber

together with O, (f), where F runs over all C*® equivalence classes of singular
fibers appearing in Theorem 2.4 and n = 0,1,2,.... Thus the set of regular values
N\ f(S(f)) consists of 3-dimensional strata O,(f) (n = 0,1,2,...), while the set
of singular values f(S(f)) consists of 2-, 1- and 0-dimensional strata. Throughout
this section, we consider this subdivided stratification and not that obtained in § 3.
Then we assign to each 3-dimensional stratum O, (f) the number n.

Let X be a closed subset of a manifold Y. We say that Y \ X has a two colour
decomposition if there exist non-empty disjoint open subsets R and B of Y such
that Y\ X = RUB and RN B = R = 0B = X. We call the pair (R, B) a
two colour decomposition (or a colouring) for Y \ X. In the following, we study
the condition under which N\ f(S(f)) has a colouring (R, B) for a stable map
f:M — N as above.

Let f : M — N be as above, and we define A,(f) (resp. Ac(f)) as the
set of points in N \ f(S(f)) such that the number of connected components of
the associated fiber is odd (resp. even). Then A,(f) and A.(f) are unions of 3-
dimensional strata of the above stratification. It is easy to see that they are disjoint
open subsets of N. If M is orientable, then we have A,(f) N A(f) = A(f) =
00(f) = F(S(f)), since the difference between the numbers of connected compo-
nents of the fibers associated with the two 3-dimensional strata adjacent to each
2-dimensional stratum is always equal to one. Therefore, if M is orientable, then
the pair (A, (f), Ae(f)) is a colouring for N \ f(S(f)). If S C f(S(f)) is a 2-
dimensional stratum whose corresponding fiber is of I? type, then the numbers of
connected components of the fibers associated with the two 3-dimensional strata
adjacent to S are the same (see Figure 1.8). Hence, if f has a fiber of I? type,
then we have A,(f) NAc(f) # f(S(f)). Thus if M is non-orientable, then the pair
(Ao(f), Ae(f)) may not be a two colour decomposition for N\ f(S(f)).

The following lemma which claims that N \ f(S(f)) has a two colour decom-
position under certain homological conditions is well known (see [33]).

LEMMA 4.1. Let g : X = Y be a stable map of a closed surface X into a
connected 3-manifold Y such that either H1(Y;Z2) =0 or g«[X] =0 € Ho(Y;Z>),
where [X] € Hy(X;Zs) is the fundamental class of X. Then Y \ g(X) has a two
colour decomposition (R, B).

We call the assumption that g : X — Y satisfies either H1(Y;Z2) = 0 or
9«[X] = 0 € Hy(Y; Z>), the two colorable condition. We note that this is a sufficient
condition for the existence of a two colour decomposition and that this is not a
necessary condition in general.

Remark 4.2. There is a characterization of stable maps of closed surfaces into
3-manifolds similar to Proposition 2.2. We note that a stable map g of a closed
surface into a 3-manifold has only Whitney umbrella points as its singular points
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n(g,9) =0

FIGURE 1.9. Index of a Whitney umbrella point ¢

and ¢ is an immersion with normal crossings outside of the Whitney umbrella
points.

We note that if f : M — N is a stable map of a closed 4-manifold into a
3-manifold, then the singular point set S(f) is a smooth submanifold of M of
codimension two and the map f|s(s) : S(f) — N is a topologically stable singular
surface. Here, a smooth map g : X — Y of a closed surface into a 3-manifold is a
topologically stable singular surface if there exist a C* stable map g : X5 Yofa
closed surface into a 3-manifold, and homeomorphisms ¢ : X — Xandy:Y oY
such that 1 o g = j o . We note that Lemma 4.1 can be applied to topologically
stable singular surfaces as well. Thus we can apply this lemma to f[s(s). For a
stable map f : M — N as above, if we assume that the map fls(y) : S(f) = N
satisfies the two colorable condition, then there exists a two colour decomposition
(R, B) for N'\ f(S(f)).

The following theorem relates the number of triple points of g in the target
manifold and the topology of the source manifold.

THEOREM 4.3 (A. Sziics [48], J. J. Nufio Ballesteros-O. Saeki [33]). Let g :
X — Y be a stable map of a closed surface X into a connected 3-manifold Y.
Suppose g satisfies the two colorable condition. Then we have

T(g) + > n(g,9) = x(X)  (mod 2),

q: Whitney umbrella

where T(g) is the total number of triple points of g in the target, and n(q,g) €
{0,1} is the indez of a Whitney umbrella point q defined by using the two colour
decomposition (R, B) for Y \ g(X) as in Figure 1.9 in which the shadowed regions
indicate R.

Each swallow-tail point of a stable map f of a 4-manifold into a 3-manifold
corresponds to a Whitney umbrella point of the topologically stable singular sur-
face f|s(s). We note that Theorem 4.3 can also be applied to topologically stable
singular surfaces.

Let us combine the co-existence relation of singular fibers (%) obtained in §3
and the relation between the number of singular fibers of f and the number of triple
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points of f|s(s) obtained in Remark 2.6. Then we obtain

T(flsgy) = I () T ()] + ()] + 07 (f)] + [T ()]

,2
L (A)] + [ ()] + [ ()] 7 () + T ()

HIT ()] + T ()] + [T ()] + [T ()] + [T (f)]
HIT ()] + HE ()] + T ()] + 0T (£)] (mod 2).

If f: M — R3is a stable map of a closed 4-manifold M into R® which has no
swallow-tail points, then we have

T(fls¢ny) = x(S(f)) (mod 2)

by Theorem 4.3 or by the following result of Banchoff [3]: For any self-transverse
immersion f : X — R3 of a closed surface X into R3, the number of triple points
of f in R3 and the Euler number of the surface X have the same parity. We note

—d o~ o~
that if f has no swallow-tail points, then singular fibers of types III , IIIe, IIIf and
1T1° never appear.

Furthermore, we have the following.

THEOREM 4.4 (T. Fukuda [11], O. Saeki [41]). Let h: V — N be a stable map
of a closed n-dimensional manifold V (n > 3) into a 3-manifold N. Then we have

x(V) = x(5(h))  (mod 2).
Thus we obtain the following proposition.

PROPOSITION 4.5. Let f : M — R3 be a stable map of a closed 4-manifold into
R3 which has no swallow-tail points. Then we have

—~0,0,2 ~1,1,2 —~0,1,2 —~2,2,2 —~0,6

x(M) = I I () 4+ [0 ()] + T ()]
FIL ()] T2 () + [T ()] + T° () + (T ()]
HIL ()] + [T ()] + [T ()] + 0T ()] + [T (5)]
I ()] + T (F)] + [T ()] + [T ()] (mod 2).

In the following, we consider a stable map f : M — N of a closed 4-manifold M
into a connected 3-manifold N such that f|g(y) satisfies the two colorable condition.
Then, based on a fixed colouring (R, B) for N \ f(S(f)), we divide several C'*®
equivalence classes of singular fibers into two types, A and B, as follows.

First, for any C'*° equivalence class £ of singular fibers of codimension one, the
2-dimensional stratum &(f) is locally adjacent to two 3-dimensional strata. If £
=T1° or Tl, then the difference between the numbers of connected components of
the fibers associated with the two 3-dimensional strata adjacent to £(f) is always
equal to one. Let us take a point y € £(f) with £ = 10 or T'. If the 3-dimensional
stratum adjacent to y which has a larger associated number is contained in R,
then we say that the fiber over y is of type £4, otherwise £p. In this way, we
can divide the stratum £(f) into £4(f) and Ep(f). If £ = 12, then the difference
between the numbers of connected components of the fibers associated with the two
3-dimensional strata adjacent to I?(f) is always equal to zero, as shown in Figure
1.8. Thus we cannot divide singular fibers of I? type into two types by this method.

For any C'™ equivalence class F of singular fibers of codimension two, except
for fIa, F(f) is locally adjacent to four 3-dimensional strata. Now we combine
the numbers of connected components of the fibers and the “colors” of these 3-
dimensional strata. We divide F(f) into two types A and B in the following way.
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FIGURE 1.11. Types A and B for ﬁ4

Let us take a point y € F(f) with F = ﬁ0,07 I~IO’1, ﬁl’l, fi° or 1. If the two 3-

dimensional strata adjacent to y which are contained in R have the same associated
number then we say that the fiber over y is of type F4, otherwise Fp (see Figure

1.10). Let us take a point y € F(f) with F = fI". If the two 3-dimensional strata
adjacent to y which have a larger associated number are contained in R, then we
say that the fiber over y is of type F4, otherwise Fp (see Figure 1.11). In a way
similar to that for I° and I', singular fibers of II" type are divided into two types
A and B. In this way, we can divide the stratum F(f) into Fa(f) and Fp(f).
However, if F = I~I0’2, I~Il’2, mn, fi° and ﬁ7, then we cannot divide into two types
by these method (see Figure 1.12).

In Figures 1.10 and 1.12 the numbers attached to 3-dimensional strata are the
numbers of connected components of the associated fibers when the singular value
at the center has no regular component in its fiber. Furthermore, the shadowed
regions indicate R.

—~0,0,0 ~0,0,1
For the equivalence classes of codimension three, we see that III ~~ (f), III ().

o (), T (), T2 (), T (), T, (), T (), (),

~0,a ~1,a ~8 —~—9 —~10 11 ~12 —~13 ~15

1L (f), IIL - (f), I (f), IIL (), T (f), OI (f), L (f), OI (f), T (f),
~17 —~21 —~b —~d —~e ~f —~g . .

T (f), 1T (f), IIT (f), LI (f), III (f), II" (f) and III"(f) can be divided into
two types A and B, in a way similar to that for the codimension 2 case (see Figures
1.13, 1.14, 1.15, 1.16, 1.20, 1.21, 1.22, 1.24, 1.25, 1.26, 1.31, 1.32, 1.33, 1.34, 1.35,
1.36, 1.37, 1.38, 1.40, 1.41, 1.44, 1.47, 1.49, 1.50, 1.51 and 1.52). In Figures 1.13,
1.14 and 1.52 the numbers attached to 3-dimensional strata are chosen in the same
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FIGURE 1.12. Codimension 2 strata which cannot be divided into
two types

way as in Figures 1.10 and 1.12 and the shadowed regions indicate R. Singular
fibers of codimension three of the other types cannot be divided into two types A
and B.

Let f : M — N be as above and suppose that f|s(s) satisfies the two colorable
condition. Let F be the C'* equivalence class of one of the singular fibers of
codimension two appearing in Figure 1.4. If F can be divided into two types A and
B, then we define F4(f) (or Fp(f)) to be the set of points y € F(f) such that the
fiber over y is of type A (resp. type B). If F cannot be divided into two types, then
Fa(f) or Fp(f) is not defined and we just consider F(f). Note that then F4(f),
Fg(f) and F(f) are finite graphs embedded in N. Their vertices correspond to
points over which f has a singular fiber of codimension three.

We again apply the handshake lemma to the graphs ITIS{O(f), Iﬁ%o(f) , I,ﬁoA’l(f),
—0,1 —11 —11 —0,2 —172 —22 —3 —3 P
g (£), 11, (f), Mg (F), U1 (f), L (f), I (f), 14 (f), Hlg(f), I (f),

— — — —— 7 — —~
Mg (f), I, (f), Mg(f), I (f), I (f), I3 (f) and I (f). Then we obtain 19
co-existence relations among the numbers of singular fibers of codimension three.

We note that the relation obtained from the graph ﬁ;( f) can also be obtained
from the graph I~I:1(f), by interchanging ﬁi;(f) and ITI;(f) In the following
Proposition 4.6, we give the relations obtained from the graph INI;(f) and I~I*(f)

ProPoOSITION 4.6. Let f : M — N be a stable map of a closed 4-manifold
M into a connected 3-manifold N. Suppose that f|5(f) satisfies the two colorable
condition. Then the following numbers are always even:
(1) WO+ () T (1)) 4+ T ()] + [T (),
(2) I+ 1T ()] + L () + L () + [T,
(3) |I,Iv12' SO (AT ()4 I ()] + Ty ()] + [T ()],
(4) I (/)] + [T ()],
() I (P)+ [T (1),
(6) I (£,
(7) I ()1 -+ )1+ ) 4+ T () 1T 1)+ 01T ()
T4 [T (O] 4 T ()4 1T ()] + [T ()] + T (1)
(8) 1T (q) 1+ 1T ()1 -+ 1T (1) + 101 ()] + 1L () + 1T ()
+ [Ty (N + [T (/)] + 15 ()],
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—~0,5 —~1,5 —~2,5 —~15 —~16 —~17
(9) (7)1 [T+ ()] 4 T ()] + [T ()] + [T ()
+ g ()] + [T,
(10) I ()] + I (£)]
ay @+ oL
(12) I (H] + ()] 4+ T (1) 4+ T ()| =+ [T ()]

Items (1)-(11) of the above proposition correspond to the graphs ﬁi{o(f),

~0,1 ~1,1 ~02 . ~1,2 . ~22 _ ~3 ~1 =5 =6 ~7
respectively. Item (12) corresponds to both ﬁ:(f) and ﬁ;(f) If we combine the

relations obtained from I~I; (f) and that obtained from I~I; (f) and we arrange these
relations a certain manner, then we obtain exactly the same co-existence relations
as those in Proposition 3.1. We omit the table of the degrees of the vertices in these
graphs.

For a stable map f : M — N of a closed 4-manifold into a 3-manifold, the sym-
bol ITI:(f) (resp. IAﬁ: (f)) denotes the set of points y € N such that the fiber f~'(y)

over y is C* equivalent to the union of the i type fiber and some copies of a fiber
of the trivial circle bundle and that the total number of connected components of
f~(y) is odd (resp. even). Furthermore, the symbol ﬁi;(f) (resp. ITI;(f)) denotes
the set of points y € N such that the fiber f=!(y) over y is C* equivalent to the
union of the m type fiber and some copies of a fiber of the trivial circle bundle

and that the colouring of a neighbourhood of y € N is of A type (resp. B type).
Let us now state and prove the main theorem of this paper.

THEOREM 4.7. Let f : M — N be a stable map of a closed 4-manifold M into
a connected 3-manifold N such that Hi(N;Zs2) = 0 or f.[S(f)] = 0 € Ha(N;Zs),
where S(f) C M denotes the singular point set of f and [S(f)] € Ha(M;Zs) is the
homology class represented by S(f). Then we have

X(M) = AP+ ()] + T ()] + L ()]
T (A + [T ()] + [T ()] (mod 2),

where x(M) denotes the Euler number of M.

By Remark 3.1 or Proposition 4.6, the number of singular fibers of type ﬁils
is even for any stable map f : M — N as in Theorem 4.7. Thus, ]ITI;B(f)| and
|ﬁﬁ;(f)| have the same parity. Therefore, we may replace m;s(f) with Iﬁ;s(f) in
Theorem 4.7. Similarly we may replace II,VIis(f) with 11~1i3(f)

PROOF OF THEOREM 4.7. We add up those items which correspond to the
graphs T (), 1L, (f), 3" (), T4 (f), Tp(f) and T, (f) of Proposition 4.6, and
we further add to it the co-existence relations obtained by the graphs I~Ii2( f) and
I, (f) in §4:

22() : A2 ()] + 2] + ()] + L ()] = 0 (mod 2),

o~ —0,7 —~1,7 ~13 —~18 —~19
I (f) : (Al + T (A + |, (NI + I ()] + 1L ()]
+ |11, ()] =0 (mod 2).
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In this way we obtain
()] T ()] [T ()] + [ ()] T )]+ [ ()|
~1,1,2 ~1,2,2 —~0,1,2 —~0,3 ~0,4 —~0,5
A+ 2]+ T )]+ ()] 0 () + [0 ()]
~0,6 —~—0,7 ~1,3 —1,4 —~1,5 ~1,6
+ |III (f)| + ]III (f)| + ]III (f)l + |III (f)| -+ |III (f)l + |III (f)[
I ()] + [T ()] T ()] 4+ 107 ()] + [T ()] + [T ()]
T ()] 4 [T ()] + [T (f)] + [T, ()] + [T, ()] + [T (5)]
()] 4 [T ()] [T ()] T ()] + [T ()] + [T (5)]
I ()] T ()] T ()] + [T ()] + [T ()] + [T (£)]
+ [, (F)] + TS (F)] =0 (mod 2).

Combining this formula with the relation between the number of singular fibers of
f and the number of triple points of f|s(s) obtained in Remark 2.6, we obtain

T(flsy) = [0+ T ()] + [T (F)] + T, ()] + [T (£)]
HIT ()] 4 [T (1)) + [T ()] + [T ()] + [T, ()]
+IL ()] (mod 2).
On the other hand, by Theorem 4.3, we have
x(S(f)) = T(fls¢)) + Z n(q, fls(s)) (mod 2).

q: swallow-tail point of f

Then we obtain
X(S(F) = [+ ()] + [0 ()] + L, ()] + [T (£)]
HI ()] [T ()] + [T ()] + [T ()] + [T ()
+IIT ()] + 3 n(g, fls()) (mod 2).
q: swallow-tail point of f

Furthermore, by the definitions of n(q, f|s(s)) and type A (see Figures 1.9 and
1.52), we have

) n(g, flspy) = IMa()]+ [T ()] + [T (F)] + [T (7).

q: swallow-tail point of f

Combining these equations with Theorem 4.4, we obtain Theorem 4.7. O

The homological hypothesis in Theorem 4.7 and in Corollaries 1.1 and 1.3 is
essential. In fact, let f: RP? x RP? — RP? x R be defined by f(z,y) = (z, ¢(y)),
where ¢ is any stable Morse function on RP?. Then f|s(s) has no triple points,
although x(RP? x RP?) = 1. We note that H;(RP?x R;Z,) # 0 and f.[S(f)] #0
in HQ(]RPZ X R;Zg).
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Ficure 1.18. III and III1 can not be divided into two types



4. PARITY OF THE EULER CHARACTERISTIC 39

N

N \‘ N
\\\%\\\%‘\

¥
A

v
"
Y

N

AN

\/

FIGURE 1.21. Types A and B for IIT "



40 1. CLASSIFICATION SINGULAR FIBERS AND ITS APPLICATIONS

\/
A

§‘
AR

~1,3
FIGURE 1.24. Types A and B for III



4. PARITY OF THE EULER CHARACTERISTIC 41

—~1,6 —~1,7 . .
FIGURE 1.27. III1 and III * can not be divided into two types



42

1. CLASSIFICATION SINGULAR FIBERS AND ITS APPLICATIONS

—~2,7 .. .
FI1GURE 1.30. III = can not be divided into two types



1.31. Types A and B for I

FIGURE

FIGURE 1.32. Types A and B for 11’

NN r///ﬂlyﬂli’/ﬁ/m

I

~3
i,

QA

& //

FIGURE 1.33. Types A and B for III



44

1. CLASSIFICATION SINGULAR FIBERS AND ITS APPLICATIONS

FIGURE 1.36. Types A and B for IIT



4. PARITY OF THE EULER CHARACTERISTIC 45

ney

N
A

' \;\‘§v N

— — 16
FiGURE 1.39. 1T and TT1 . can not be divided into two types



46

1. CLASSIFICATION SINGULAR FIBERS AND ITS APPLICATIONS

~—18 ~19
FIGURE 1.42. III and III can not be divided into two types



4. PARITY OF THE EULER CHARACTERISTIC 47

—~23 —~24
FIGURE 1.45. IIT  and III  can not be divided into two types



V///. =
NN N

)
-~ o
>
= N/ o >
) — //My,h =
VA vy :
RN E S 3
SaAL S z i
a =g ‘//// =i 5 @ Y
/ 1] 1% 1m )
%)) W= - IS \
& @ I & 9 < =
m wH @7 m W !
= o
m ! I g TJ O&U -
w ~H r~ ~H
m 2 = 1m H
M y 8 \’ - y 5& b~
m — ,~~ H QI “DUu
M = ...1 H @ ~H <
R S

—~2,a

1.48. 11T

ot be divided into two types

and I’IF can n

FIGURE



4. PARITY OF THE EULER CHARACTERISTIC

—~d
I,

' ////_y//%
Y

I,

Y
/%//”/{/% it
)y

TR

N

[

4
i,

FiGure 1.50. Types A and B for m



IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

w

| 22

I

a
I,

FIGURE 1.52. Types A and B for r’



Chapter 2

Universal complex of singular fibers of
two-colored maps






CHAPTER 2

Universal complex of singular fibers of
two-colored maps

Dedicate to Katsunort Nakajima’s marriage.

1. Introduction

As a pioneer, Vassilyev [50] constructed the universal complex of multi-singul-
arities. The theory of Vassilyev was further developed by Kazarian [15]. Secondary,
Saeki [43] constructed the universal complex of the singular fibers of differentiable
maps and he showed that the cohomology classes of these universal complex induce
cobordism invariant of the differentiable maps. If we consider the target manifold
as the Euclidean space, then the cobordism invariants of maps induces cobordism
invariants of the source manifolds. In this way, for the study of the topology of
manifolds, the universal complex is very powerful tools.

In this Chapter, we consider the singular fibers of differentiable maps from
global point of view. More precisely, we introduce the notion of two-colored maps
( roughly speaking, the two-colored map is the map equipped with two color de-
composition of target manifold complement to discriminant set, for details see §2
) and the two-colored cobordism among two-colored maps. Furthermore, we de-
velop the theory of singular fiber of two-colored maps. In this theory, we construct
the cochain complex of the singular fibers of two-colored maps and we show that
cohomology classes of the cochain complex induce two-colored cobordism invari-
ants among two-colored maps. Note that if we consider the Euclidean spaces as
the target manifold, then the two-colored cobordism invariants induce cobordism
invariants of the source manifolds. From an actual calculation, we obtain several
Euler number formulas of manifolds: Theorems 5.8, 5.9, 5.12 and interesting result
Theorem 5.18: There is no Euler number formula of 4-manifolds in terms of the
singular fibers of stable maps if we consider not two-colored stable maps but stable
maps.

This Chapter is organized as follows. In §2, we give some fundamental defini-
tions concerning the singular fibers of two-colored maps. In §3, we construct cochain
complex of the singular fibers of two-colored maps. In §4, we present the classi-
fication of the singular fiber of two-colored stable maps of possibly non-orientable
5-manifolds into 4-manifolds. Furthermore, we give the cohomology groups of the
several cochain complex which we restrict the singularities of the stable maps of
5-manifolds into 4-manifolds, the cohomology groups of the cochain complex of
the stable maps of 5-manifolds into 6-manifolds and the cohomology groups of the
cochain complex of the stable maps of 3-manifolds into 3-manifolds. In §5, we con-
sider geometrical meaning of the cohomology classes of the cochain complex of the
singular fibers of two-colored maps. From the cohomology group obtained in §4,
we obtain several mod 2 Euler number formulas of manifolds.

2. Preparation
In this section, we prepare basic definitions of this Chapter.

53



54 2. UNIVERSAL COMPLEX OF SINGULAR FIBERS OF TWO-COLORED MAPS
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FiGURE 2.1. Examples of two-colored maps

DEFINITION 2.1. Let f : M™ — NP be a differentiable map of a n-manifold
into a p-manifold such that n+1 > p. We say that f is two colorable, if there exists
disjoint non-empty open subset R, B C N \ f(S(f)) which satisfy the following
condition;

(2.1) N\ f(S5(f)) = RUB and RN B = dR = 0B = f(5(f)),

where S(f) denote the singular point set of f. If f has no critical values, then we
also say that f is two colorable. In this case, we consider if N = R (or N = B),
then B = 0 (resp. R = (). We call the pair (R, B), two color decomposition or
color of f.

The examples of two-colored maps are given in Figure 2.1, where the shadowed
regions indicate R.
The condition of two colorable is characterized by the following.

PROPOSITION 2.2. Let f : M™ — NP be a differentiable map such that n+1 > p.
Then f is two colorable if and only if f.[S(f)] =0 € Hy_{(N;Zs2) = HY(N;Zs),
where S(f) denote the set of singular points of f and [S(f)] denote the homology
class represented by S(f).

PROOF. Let o € N \ f(S(f)) be a fixed point. Then for every z € N \
F(S(f)), we take a regular curve v connecting zo and z such that v intersects
f(S(f)) transversely at a finite points. We prove that the parity of this number,
#(v 0 f(S(f))), does not depend on the chosen curve v. In fact, let 4" be another
curve as above. Then

#(y N F(SU)) +#G)NFSH)) =lyuy]- [F(S())) =0 mod 2
where [yU~'] - [f(S(f))] is the modulo 2 intersection number of the homology class

represented by the closed curve v U+’ and that represented by f(S(f)). Thus we
can define

R={ze N\ f(S(f)) | #(yn F(5(f))) is even}
B={ze N\F(S(H) | #(yNF(5(f)) is odd }

It is obvious that R and B are disjoint nonempty open subset. For the second part
of this proof, we omit here. O

We call the pair (f, (R, B)) of a two-colorable map f and disjoint open subsets
R, B which satisfy the above condition two-colored map. We note that for a two-
colored map (f, (R, B)) we obtain a new two-colored map (f, (R, é)) where R = B,
and B = R. We call the two-colored map (f, (ﬁi, E)) the two-colored conjugate of
(f, (R, B)). We consider they are different two-colored map.

We introduce the equivalence relation among the singular fibers of two-colored
maps.
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DEFINITION 2.3. Let M; be smooth manifolds and A; subsets of M;, (i = 0,1).
A continuous map g : Ag — A; is said to be smooth if for every point ¢ € Ao, there
exists a smooth map § : V — M; defined on a neighbourhood V' of ¢ in My such
that §lvaa, = 9lvna,- A smooth map g : Ag — A; is a diffeomorphism if it is a
homeomorphism and its inverse is also smooth. When there exists a diffecomorphism
between Ao and Aj, we say that they are diffeomorphic.

Let (fi, (Ri, Bi)) : M;j — N; be two-colored maps and ¢; € N, ¢ = 0,1. For
gi € N;, we call that the fibers over go and ¢; are C™ equivalent (or C° equivalent)
if there exists open neighborhood U; of ¢; € N;, i = 0, 1, and diffeomorphisms (resp.
homeomorphisms) ® : (f~1(Us), f~*(g0)) = (f71(U1), f~*(q1)) and ¢ : (Uo, o) —
(U1, q1) which makes following diagram commutative,

(fo= (Uo), fo~ " (g0)) —— (L~ (Uh), i~} (a1))
(22) fol lfl

(Uo, q0) —F (U1, q1)-

Furthermore, we call that the fibers over go and ¢; are two-colored C™ equivalent
(or two-colored C° equivalent) if there exists open neighborhoods U; of ¢; € N;
(i = 0,1) diffecomorphism (resp. homeomorphism) ® as above and diffeomorphism
(resp. homeomorphism) ¢ : (Ug, qo) = (U1, ¢1) with
(

2.3) QD(UO n Ro) =UiNR;
which makes diagram (2.2) commutative.

Let (f,(R,B)) : M — N be a two-colored map. We note that there exists
a point ¢ € N such that the fiber of (f, (R, B)) over g is not two-colored C*°
equivalent to the fiber of two-colored conjugate of (f, (R, B)) over ¢. We call the
latter fiber is the two-colored conjugate of the original fiber.

3. Cochain complex of singular fibers of two-colored maps

In this section, we construct the theory of the singular fibers of two-colored
maps. For Propositions and Corollaries of this sections, the proofs are very similar
to that of [43, §7 and 8], as we omit the proofs here.

For a pair of nonnegative integers (n,p) such that n + 1 > p, we denote by
CTpr(n,p) (or by Tpr(n,p)) the set of all proper two-colored Thom maps (resp.
proper Thom maps) of n-manifolds into p-manifolds, which is a pair of stratified
map with respect to Whitney regular stratification of M and N such that it is a
submersion on each stratum and satisfies a certain regularity conditions (for more
details, refer to [13]) and nonempty disjoint open subsets R, B in N\UxeaNx, where
N, is the stratum of N of positive codimension such that RU B = N \ UxeaNx
and RN B = OR = OB = UxeaNy. Furthermore, we denote by CS7)(n,p) (resp.

pr
S5 (n, p)) the set of the proper two-colored stable maps (resp. proper stable maps)

of n-manifolds into p-manifolds and we denote by CSg,(n,p) (or by Sgr(n,p)) the
set of all two-colored C° stable maps (resp. all C? stable maps) which are elements
of CTpr(n,p) (resp. Tpr(n,p)), where C° stable maps are defined as follows. We
say that f € C®(M, N) is C° stable if the C°-A-orbit of f is open in C*°(M, N),
where M and N are smooth manifolds. Here the C%-A-orbit is defined as follows.
Let Homeo(N) denote the group of self-homeomorphisms of N. Then the group
Homeo(M) x Homeo(N) acts on C*°(M,N) by (®,¥)f = ¥o fo &1 where
(®,¥) € Homeo(M) x Homeo(N) and f € C*®(M,N). Then C%A-orbit of f €
C* (M, N) is the orbit through f with respect to this action.
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We note that CS;)(n,p) C CTpr(n,p) (resp. Spr(n,p) C Tpr(n, p)). We note
also that CSgr (n,p) = CSpo(n,p) (resp. 83, (n,p) = Sp2(n,p)) for nice dimension
pair (n, p) in the sense of Mather [26] by [8].

LEMMA 3.1. Let § be a two-colored C° equivalence class and (f, (R, B)) : M —
N be in CT pr(n,p). Set F(f) be the set of point in N whose corresponding fiber
is two-colored C° equivalent to F. Then F(f) is C° submanifold of N of constant
codimension if it is nonempty. Furthermore, this codimension does not depend on
a particular choice of (f,(R,B)) : M — N.

The first assertion of this lemma can by proved by Thom’s second isotopy
lemma (for example, see [13, Chapter II, §5]).

By virtue of the above lemma, we can define the codimension of the two-colored
CY equivalence class § by the codimension of F(f) in N : cod § := cod F(f). We
note that this definition is well-defined.

Let us introduce the following notion which will play essential role throughout
of this Chapter.

DEFINITION 3.2. Suppose that an equivalence relation cp = cpn p (0r p = ppp)
among the fibers of proper two-colored Thom maps (resp. proper Thom maps)
from n-manifold into p-manifold is given. We say that the relation cp (resp. p) is
two-colored admissible (resp. admissible) if the following conditions are satisfied.

(1) If two fiber are two-colored C? equivalent (resp. C° equivalent), then they
are also equivalent with respect to cp (resp. p).

(2) For any two proper two-colored Thom maps (f;(R;, Bi)) : M/ — N} and
for any points ¢; € N;, i = 0,1, such that the fibers over ¢; are equivalent
to each other with respect to cp (resp. p), there exist neighborhoods Uj;
of ¢; in N;, (i = 0,1), and a homeomorphism ¢ : Uy — U, such that
©(gq0) = 1 and (Uo N F(fo)) = U1 NF(f1) for every equivalence class §
of fibers with respect to cp (resp. p), where F(f;) is the set of points in
N; which has a fiber of f; of type §.

For example, the two-colored C° equivalence is clearly two-colored admissible
in the above sense. We denote the two-colored C° equivalence relation among the
fibers of elements of CT pr(n,p) by cpglp. We note that the C° equivalence is not
two-colored admissible. We denote the C° equivalence relation among the fibers of
elements of 7,,(n, p) by pg‘p.

In the following argument, we fix a two-colored admissible equivalence relation
¢p = Cpn p as in Definition 3.2.

Then we obtain the following.

LEMMA 3.3. For every equivalence class § with respect to a two-colored admissi-
ble equivalence relation cp, and for every proper two-colored Thom map (f, (R, B)) :
M — N, the subset F(f) of N is a union of strata and is a C° submanifold of N
of constant codimension if it is nonempty. Furthermore, this codimension does not
depend on a particular choice of (f,(R,B)): M = N in CT pr(n,p).

From this Lemma, the codimension of the equivalence class with respect to cp
makes sense. 5 N 5

For an equivalence class ¥ of fibers with respect to cp with k = k(g), let F be
the set of equivalence classes & of fibers with respect to ¢p of codimension k + 1

such that &(f) C 3(f) \ F(f) for every f € CT pr(n,p).

Let cp be a two-colored admissible equivalence relation as in Definition 3.2
for the fibers of elements of CTpr(n,p). For k € Z, let C*(CT pr(n, p),cp) be the
formal Zs-vector space spanned by the all equivalence class of the fiber of elements
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of CTpr(n,p) of codimension « with respect to the equivalence relation cp, which
may possibly be infinitely dimension vector space. If there is no such equivalence
class (for example, if k > p or k < 0), then we simply put C*(CT ,-(n, p), cp) = 0.

Then we define Zy-linear map 6, : C*(CT pr(n, p), cp) = C*TH(CT pr(n,p), cp)
by

@)= Y ns(®)6
k(B)=k+1

where § is the equivalence class of fibers of elements of CT ,.(n, p) and ng(®) € Z,
is the number modulo 2 of the components F(f) which locally adjacent to the
component &(f) (For examples, see Figure 1.7). We note that the definition of
the coefficient ng(®) € Zs and the map d, is well-defined by virtue of the above
lemma 3.3 and the definition of an admissible equivalence relation.

Furthermore, we can prove that §;41 0 dx = 0. We call the resulting cochain
complex

C(CTPT (n,p), Cp) = (C”lg (CTpr(na P), CP); Jn)n

the universal complex of singular fibers for proper two-colored Thom maps from
n-manifold into p-manifold with respect to the admissible equivalence relation cp,
and we denote its cohomology group of dimension « by H*(CT pr(n,p), cp).

Then we obtain the geometric characterization of the coboundary of the cochain
complex of the singular fibers of two-colored map.

PROPOSITION 3.4. For every equivalence class § of fibers with respect to a two-
colored admissible equivalence relation cp, and for every (f,(R,B)) : M — N in
CTpr(n,p), the Za-chain

Y ns(8)8(/)

G0
(of closed support) is a cycle in N and represents the zero homology class in the
homology H;_K_l(N;Zg) of closed support, where k denotes the codimension of §.

3.1. Homomorphism induced by changing of color. Let us consider the
two-colored admissible equivalence relation ¢p, ,. Then we obtain homomorphism

Yx : C*(CT pr(n,p),cpnp) = C*(CT pr(n,p), cpn p) defined by
7(3) =3,

where § is the class represented by the singular fiber of two-colored conjugate of
3. We note that 7, is the involution (yx © s = #dcx(CT o (n,p),con,p)) a0 {Vx }x
is cochain maps. We note that the quotient of this involution induce natural
monomorphism.

CN (CTPT (nvp)v Cpn,P)/’yn - Cﬂ (7;77‘('"" p)) pﬂyp)’

where py, , is a admissible equivalence relation induced by losing the condition with
respect to the color of cp, p, and C*(Tpr(n,p), pn,p) is the formal Zy vector space
spanned by the equivalence classes with respect to p, , obtained in the book [43].
In particular, this quotient is not isomorphism because there are Thom maps which
are not two colorable.

3.2. Homomorphism induced by suspension. A singular fiber of codi-
mension k two-colored map into a p-manifold can naturally be identified with a
singular fiber of a codimension k two-colored map into a (p 4+ 1)-manifold. In gen-
eral we can identify with a singular fiber of codimension k two-colored map into a
(p + {)-manifold.

DEFINITION 3.5. Let (f,(R,B)) : M — N be in CT,,(n,p) with k = p —n.
For a positive integer [, we call the map
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(f x idg:, (R x R, B x RY)) ‘M xR 5 N xR}
the I-suspension of f. We note that S(f x idg:) = S(f) x R' and (f x idg:)(S(f) x
RY) = f(S(f)) x R'. Then we obtain two-colored map (f x idg:, (R x R!, B x RY)).
Thus, the I-th suspension of a proper two-colored Thom map is again a proper two-
colored Thom map. Furthermore, to the fiber of (f, (R, B)) over a point ¢ € N, we
associate the fiber of f x idg: over (y,0). We call that the latter fiber is obtained
from the original fiber by the l-th suspension.

DEFINITION 3.6. Let fix an integer k. Suppose that for each dimension pair
(n,p) with p— n = k and min(n,p) > 0, we are given a two-colored admissible
equivalence relation cp, , for the fibers of elements of CT - (n,p). Such a system of
equivalence relations

CRk = {cpnp | p—n =k, min(n,p) > 0}
is said to be stable if the following condition is satisfied: if two fiber of proper two-
colored Thom maps from n-manifolds into p-manifolds are equivalent with respect

to cpp,p, then their I-th suspensions are also equivalent with respect to cpntipti
for all I > 0.

Suppose that a stable system of admissible equivalence relations CR is given
for the fibers of proper two-colored Thom maps of codimension k. Then, for every
pair (n,p) with p—n = k and a positive integer I, the suspension induces a natural
map

55 C*(CT pr(n+1,p+ 1), cpnyipt1) = C*(CT pr(n,p), cpn p)
for K € Z. More precisely, when 0 < k < p, for an equivalence class § €
C*(CT pr(n+1,p+1), cpntiptr) of fibers with respect to cpntip4i, we define s @)
to be the sum of all those equivalence classes of fibers of codimension & with respect
to cpp p Whose [-suspensions are contained in § For k > p or k < 0, we simply put
sk = 0. We note that s is well-defined Zo-linear map by virtue of Definition 3.2.

LEMMA 3.7. The Zs-linear map s, is a monomorphism for every k < p.

LEMMA 3.8. The system of Zs-linear maps {s. } defines a cochain map
C(CT pr(n+1,p+1),cpntiptt) = C(CT pr(n,p), cpnp)-
In other words, we have 8 0 sx = Sg41 09, for all K € Z.

It follows easily from the definition of s, that the composition of
sx 2 C*(CTpr (14U, pHI+1), cpniitr pigrr) = C*(CTpr (n+1, p+1), cpnti prt)
and

sx : C*(CTpr(n+1,p+1),cpnyips1) = C*(CTpr(n,p), cpn,p)

coincides with .

85 1 CR(CTpr(n+ 1+, p+141), cpnyii prigrr) = C*(CT pr (1, p), cpnp)-
By this observation together with Lemma 3.8, for a fixed integer k, the projective
limit .

C(CTpr(k), CRE) = LimC(CT pr(p = k, P), cpp—r.p)

is well-defined as a cochain complex, where cT »r (k) is defined by

ﬁpr(k) = Up—n=kCT pr(n,p).

We call C(CT pr(k),CRy) the universal complex of singular fibers for codimension
k proper two-colored Thom maps with respect to the stable system of two-colored
admissible equivalence relation CRj. We write its cohomology group of dimension

K by H*(CT pr(k),CRy).
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LEMMA 3.9. The natural map
O, C*(CT pr(k),CRy) — CF(CT pr (1, D), cpn p)
induced by the projection is a monomorphism if k < p. Furthermore, the system of
Za-linear maps {®}; .}, defines a cochain map

C(CT pr(k),CRE) = C(CT pr (1, p) P p)-
3.3. Restriction of the class of singular fibers.

DEFINITION 3.10. A two-colored C° equivalence class F of fiber of elements of
CT pr(n, p) is said to be under another two-colored C° equivalence class & of fibers
if for some representative (f, (R, B)) : (M, f=1(q)) = (N, q) of J, there is a point
q' arbitrary close to ¢ which has a fiber of type &. In this case, we also say that &
is over §.

Let A = A, , be the set of two-colored C 0 equivalence classes of the fiber of
elements of CT,,(n,p). We call A ascending set if for an arbitrary equivalence
class in the set A, every class over it also belongs to the set A. On the other hand,
we call A descending set if every class under it also belongs to the set. We say a
proper two-colored Thom map f : M — N of n-manifold into p-manifold a A-map
if its fibers all lie in A.

Let A = A, , be as above and let ¢cp® = cp,?yp be a two-colored equivalence
relation among the fibers of A-maps which is two-colored admissible in the sense as
in Definition 3.2. Then, we can naturally define the universal complex C(A,, ,, cp®)
of singular fibers for A-maps with respect to the two-colored admissible equivalence
relation cp®. We write the corresponding cohomology group of dimension & by
HE(Ap p, cp®).

Now let us vary the dimension pair (n,p) keeping the codimension p —n = k
fixed. Let

& = Ek = Up—n:kAn,p
be a set of two-colored C? equivalence classes of fibers of proper two-colored Thom
maps of codimension k such that each A, , is an ascending set of two-colored C°
equivalence classes of fibers of elements of C7 ,,(n,p), and that A is closed under
suspension in the sense of Definition 3.5. For example, the set of all C° equivalence

classes of elements of é?S';r(k) is such a set, where (?32,.(/«) is defined by

—~0
CSp, (k) = Up—n=kCSp, (n.p)

We say that a proper two-colored Thom map of codimension k is a Ag- -map
if its fibers all lies in Ak We use the same notation A = Ak for the set of all
Zk—maps.

Let CRE = {cpA”"”’}p be a system of equivalence relations, where each

cpp "kkp" is a two-colored admissible equivalence relation among the fibers of A,_j -

maps. Furthermore, we assume that the system C’sz of two-colored admissible
equivalence relation is stable in the sense of Definition 3.6.
Then, we can naturally define the universal complex of singular fibers

C(Ax, CRY)
for Ak -maps with respect to the stable system of two-colored admissible equ1valence

relation CRy . We write its cohomology group of dimension & by H"(Ak, CRE).
When a class of proper two-colored Thom map is given, let us consider the
following definitions.
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DeFINITION 3.11. (1). Let I'; , = I’ be a subset of CT,,(n,p). We denote by
A(Ty, ») = A(T) the set of all C? equivalence classes of fibers of elements I'y, ,. Then,
it is clear that A(T, ) is an ascending set and the set of all A(T' ,)-maps contain
the original set ', , of maps. For two-colored admissible equivalence relation cpt
among the elements of A(T',, p), we define the universal complex of singular fibers
for I'y, , with respect to cpl by

C(Tnpycpt) = C(A(Tnp), cph).

Furthermore, we denote the corresponding cohomology group of dimension « by
H" (T p, CPF)~

(2). Let T, =T be a subset of CT (k). We denote by A(T) = A(T) the set of all
C° equivalence classes of fibers of elements of fk and their suspensions. Then, we
"have

A(Fk') = Up—n=kA(Fn,p)

where A(T, ) is the set of C° equivalence classes in A(T) of fibers of maps of
n-manifolds into p-manifolds and each A(T', ) is an ascending set. Furthermore,
A(fk) is closed under suspension. Then, it is clear that the set of all A(fk)—maps
contain the original set T of maps. For a stable system of admissible equivalence
relations R'* among the elements of A(fk), we define the universal complex of
singular fibers for T'x with respect to RE by

C(Tx, RY) = C(A(Tr), RE).

Furthermore, we denote the corresponding cohomology group of codimension & by
H*(Tx, RE)

4. Stable maps of n-manifolds into p-manifolds, p=n—-1,n,n+1

Now let us consider a more specific situation, the case of proper two-colored
C™ stable maps of n-manifolds into p-manifolds.

4.1. Stable Maps of 5-Manifolds into 4-Manifolds. Since (5, 4) is a nice
dimension pair in the sense of Mather [26], if dimM = 5 and dimN = 4, then the
set of all C* stable maps is open and dense in C*°(M, N') with respect to Whitney
C® topology as long as M is compact.

The following characterization of proper C* stable maps from 5-manifolds into
4-manifolds is well-known.

PROPOSITION 4.1. A proper smooth map f : M — N from a 5-manifold into a
4-manifold is C® stable if and only if the following conditions are satisfied.

(1) (Local condition) For every p € M, there exist local coordinates
(a,b,c,z,y) and (X,Y,Z, W) about p € M and f(p) € N respectively
such that one of the following holds:

(Xof,Yof Zof,Wof)



4. STABLE MAPS OF n-MANIFOLDS INTO p-MANIFOLDS, p=n—-1,n,n+1 61

FIGURE 2.2. Map germ corresponding to a butterfly point

p : reqular point,
p : definite fold,
p : indefinite fold,
a,b,c, 23+ ax — y?) p: cusp,
p : definite swallow-tail,
p : indefinite swallow-tail,
p : butterfly,
a,b,c, 3%y + 43 + a(z? + y?) + bz +cy) p: definite Dy,
[ (a,b,¢,32% — y® + a(z? + y?) + bz + cy) p: indefinite Dy,
(i3) (Global condition) Set S(f) = {p € M | rankdf, < 4}, which is a
reqular closed 3-dimension submanifold of M under the above condition

1. Then for every q € £(S(f)), f~1(g)NS(f) consists at most four points
and the multi-germ

(flsey, £~ ) N S(f)

is smoothly right-left equivalent to one of the thirteen multi-germs as fol-

lows:

(1) single immersion germ which corresponding to a fold point,

(2) normal crossing of two immersion germs, each of which corresponds
to a fold point,

(3) normal crossing of three immersion germs, each of which corresponds
to a fold point,

(4) map germ corresponding to a cusp point,

(5) transverse crossing of a cusp germ and an immersion germ corre-
sponding to a fold point,

(6) map germ corresponding to a swallow-tail point,

(7) normal crossing of four immersion germs, each of which corresponds
to a fold point,

(8) transverse crossing of cusp germ and a normal crossing of two im-
mersion germs which corresponding to a fold point,

(9) transverse crossing of a swallow-tail germ and an immersion germ

corresponding to a fold point,

0) normal crossing of two cusp germs,

1) map germ corresponds to a butterfly point,

2) map germ corresponds to a definite Dy point,

3) map germ corresponds to an indefinite Dy point.
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FIGURE 2.4. Map germ corresponding to an indefinite D4 point

We note that the map germs (1) — (6) in Proposition 4.1 correspond to the
suspension of the map germs in Figure 1.2. The map germs (11)—(13) are described
in Figures 2.2, 2.3 and 2.4 respectively, in order to draw 3-dimensional objects in a
dimensional space, we have depicted three “sections” by 3-dimensional spaces for
each object. In Figures 2.2, 2.3 and 2.4, around 1-dimensional complex are the
neighborhood of corresponding singular point in singular fibers.

Proposition 4.1 can be proved by using the transversality theorem and the
multi-transversality theorem, since the dimensions pair (5, 4) is in the nice range in
the sense of Mather [26] (for details, see [13], [25] or [14]).

We call a D4 point a 229 point as well. The following remark of Dy is obtained
in [44]

Remark 4.2. The normal forms for D4 points are slightly different from the
usual ones (see, for example, [1]). We have chosen them so that at an indefinite Dy
point, f can be represented as

(a,,€) = (a,1,3(¢%) + R(7C) + al¢]?)

by using complex numbers, where i = /=1, n = b+ ic, ( = z + 1y, I means the
imaginary part, and & means the real part.
Set 7 = exp (27i/3). Then with respect to the chosen coordinates, we have

fOSET:SOTOfv
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where @, and ¢, are orientation preserving diffeomorphisms defined by

¢r(a,n,¢) = (a,mm,7C), and
o (X,Y +iZ, W) = (X,7(Y +iZ),W)

respectively. This shows that an indefinite D4 point (or a local fiber through an
indefinite D4 point) has a (orientation preserving) symmetry of order 3.
Set 7/ = exp (7i/3) so that we have 7% = 7. Then we have

f o ¢7.1 =@ 0 f’
where ¢, and ¢, are diffeomorphisms defined by

@T' ((l, 7, C) = (_aa —Tln; TlC); and
o (X,)Y +iZ, W) = (=X,-7'(Y+iZ),-W)

respectively. Note that ¢, is orientation reversing while ¢, is orientation preserv-
ing. This shows that an indefinite D4 point (or a local fiber through an indefinite
D4 point) has a symmetry of order 6 and that the generator reverses the “local
orientation” of the fiber. In fact, we have @, = @2, and ¢, = ¢2,.

Remark 4.3. According to du Plessis and Wall [8], if (n, p) is in the nice range
in the sense of Mather [26], a smooth map between manifolds of dimension n and
p is C™ stable if and only if it is C° stable. Hence, the above proposition gives
a characterization of C° stable maps of 5-manifolds into 4-manifolds as well, since
(5,4) is in the nice range.

Let f : M — N be a stable map of a closed 5-manifold M into a 4-manifold
N. For each regular point z € M of f, the fiber through  is a 1-dimensional
submanifold near the point (see Figure 2.5 (0)). For each singular point p € M of
f, based on the local condition of Proposition 3.1 (7), it is easy to determine the
diffeomorphism type of a neighbourhood of p in f=1(f(p)) as follows.

LEMMA 4.4. Every point p of a stable map f : M — N of a closed 5-manifold
M into a 4-manifold N has one of the following neighborhood in its corresponding
singular fiber f~1(f(p)) (see Figure 2.5):
(1) isolated point diffeomorphic to {(z,y) € R? | 24y = 0}, if p is a definite
fold point,
(2) union of two transverse arcs diffeomorphic to {(z,y) € R? | 2* —y* = 0},
if p is an indefinite fold point,
(3) (2,3)-cuspidal arc diffeomorphic to {(z,y) € R?* | 23 —y* =0}, if pis a
cusp point,
(4) isolated point diffeomorphic to {(z,y) € R? | z*+y* = 0}, if p is a definite
swallowtail,
(5) union of two tangent arcs diffeomorphic to {(x,y) € R? | 2* — y?> =0}, of
p is an indefinite swallowtail,
(6) (2,5)-cuspidal arc diffeomorphic to {(z,y) € R? | 2° —y* =0}, if pis a
butterfly point,
(7) union of an arc and a point diffeomorhic to {(z,y) € R? | 322y +y® = 0},
if p is a definite ©220 point,
(8) union of three arcs meeting at a point diffeomorphic to {(z,y) € R2| 322~
y®> =0}, if p is an indefinite ¥£2:20 point. point.

In Figure 2.5, both the black dot (1) and the black square (4) represent an
isolated point, although the corresponding map germs are not C'° equivalent to
each other; we use distinct symbols in order to distinguish them. We note that
each singular point p € M, except for a definite fold point and a definite swallow-
tail point, is incident to some edges in its neighbourhood in f~(f(p)).
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— ¢« X < =

(0) (1) (2) (3) (4)
(5) (6) (7) (8)

FiGURE 2.5. Neighborhoods of a singular point in a singular fibers
of proper stable maps of 5-manifolds into 4-manifolds

We also note that a regular fiber of f is a closed 1-dimensional submanifold of
M, namely, a disjoint union of finite number of circles. Thus, for a regular value q
of f, the fiber of f over q is C* equivalent to the disjoint union of a finite number
of copies of a fiber of a trivial circle bundle. For the singular fibers of f, we have
the following.

THEOREM 4.5. Let f : M — N be a stable map of a closed 4-manifold M into
a 3-manifold N. Then, every singular fiber of f is C* equivalent to the disjoint
union of one of the fibers in the following list and a finite number of copies of a
fiber of a trivial circle bundle:

(1) one of the fibers as depicted in Figure 1.4,
0,0,2

, —~0,0,0 ~—0,0,1 ~—0,1,1 ~1,1,1 —0,0,2 —~
(2) a disconnected fiber 111 " 111~ 111~ , 1T, 0T, TIT
~1,2,2 ~0,1,3 —~—222 -~ ~0,4 —~05 —0,6 -~ ~1,3 ~1,4
mr ", 1, ar o, 11, Il : 111 ; III s III ; I, I -,
—15 —~1,6 —~1,7 —~23 —~—24 —~—2 —~1,a —~2a
{5 R D D 1 GRS 1 A 1 T III III IIT 111
—0,00,0 —~0,0,01 ~0,0,11 ~011,1 ~1,1,1,1 0,0,0,2 ~0,0,2,2 ~0,2,2,3
v , IV , IV , IV , IV , IV , IV , IV ,
11,2 —1,1,22 ~1,222 ~0012 ~0112 ~0,1,23 ~2,2,22 —~0,0,3
v , IV , IV , IV , IV , IV v ,
0,04 ~—0,05 —0,0,6 ~007 ~013 —~014 ~0,1,5 ~o,1,6 ~0,1,7
v IV IV , IV IV v IV v v
—113 ~1,1,4 15 ~1,1,6 ~1,1,7 ~023 ~0,24 ~0725 ~0,26
v 1V IV S IV IV IV , | AVARERN A VAR A/
0,27 —123 ~1,24 —~125 ~126 ~1,27 ~223 ~224 —~225
v’ v IV v’ IV v v | VAR A%
~2,2,6 —~2,2,7 ~0,9 0,10 ~0,11 ——012 ~—0,13 ~0,14 ~0,15
| AVZR A IV LIV IV IV IV IV IV IV
0,16 —0,17 ~—0,18 ~0,19 ~0,20 ~021 ~022 ~023 —0,24 —0,25
V' IV IV IV IV IV IV IV IV IV,

0,22 —~1,1,2
I ,

) 0,

~—0,26 ~18 —~19 —~110 —~1,11 —~1,12 —~—1,13 —~1,14 —~—1,15 —~—1,16
v ,1v IV |1V 2 Iv' 1V v ,Iv. IV IV
~1,17 ~1,18 —~1,19 —~— —~1, 21 —~1, 22 ~1,283 ~1,24 —~1,256 —~1, 26
v IV , IV IV ,Ivo IV IV IV IV IV,
~2,8 —~29 —~210 —~211 —~—212 -—~—2,13 —~—2,14 —~—2,15 —~—2,16 —~2,
v v v, IV A v’ 1V v ,1v. ,Iv IV
218 —219 —~—220 —~—2 223 ~—293 —224 —~—2,25 ~226 ~0,0,
VIV IV IV IV IV IV IV IV TV
—01,6 ~1,1a —~02a —~12a —~—22a ~33 ~34 ~35 —~36 —~3,7
v , IV , IV , IV , IV JIVo IV o IV o IV IV
~44 —~45 —~46 —~47 —~55 ~56.~57 —~—66 —~67 —~77 —~3.a
v’ , IV’ ', IV IV IV IV IV IV IV IV IV
~4,0a —~5a —~6,a —~T7a —~0b —~1b —~—2b —~—0c ——lc —2c —04d
v ' ,Iv ' ,Iv IV ,Iv |Iv IV IV IV IV |1V
~0e —~—0,f —~0g ——1ld —~—le —1f —lg —=2d —2e —=2,f =29
v ,Iv7 ,Iv 7., Iv IV IV "IV "IV IV IV ", IV
~a,a
and IV

(3) one of the connected fibers as depicted in Figures 1.5, 2.6, 2.7 and 2.8.

The figure corresponding to each fiber listed in Theorem 4.5 (2) can be obtained
by taking the disjoint union of the fibers in Figure 1.4 or 1.5 corresponding to the
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k=4
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FIGURE 2.6. List of k = 4 singular fibers; 1
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k=4

—~67 —~—68 —~—69 —~T70

v v @ v / v @
—~T71 —~T72 —~73 —~T74

v 55525; v @) v /IV %
—~T75 —~T76 —~T77 —~T78

v v @ v / v 6 :
—~-T9 —~—80 —~81 —~82

—~-83 —~-84 —~85 —~86

v v ég v Cé) / v <§§>
—~87 —~—88 —~—89 —~90

v v é%) v (é) / v %
—~91 —~—92 —~-93 —~-94

v v @ v / v <§>
—~95 —~96 —~97 —~98

—~—99 —~—100 —~101 —~102

v é / v é / v % / v %
—~—-103 —~—104 —~105 —~106

FIGURE 2.7. List of k¥ = 4 singular fibers; 2
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k=4

g
:

—~110

—~111

v
—~—114
v v
—~k
1AY

/g
/" &
©
" 8
;
g
@
&

—~ —~ —~§ —~¢€
v’ / v v @ v

F1GURE 2.8. List of k = 4 singular fibers; 3

numbers or letters appearing in the superscript. For example, the figure of the fiber

~0,0,2 . ~
III consists of two dots and a figure of I? type.

In Figures 1.4, 1.5, 2.6, 2.7 and 2.8 k denotes the codimension of the set of
points in N whose corresponding fibers are C° equivalent to the relevant one.
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Furthermore, I* i IAII* and IV mean the names of the corresponding singular
fibers, and “/” is used only for separating the ﬁgures

In Figures 2.6, 2.7 and 2.8 the singular fibers v (¥ =27,28,...,113 and 114)
types are over a point of f|s(s) of (7) in Proposition 4.1 (i), the singular fibers

f\7h, I’\v/i, ij, ﬁ/k, Iv[, f\?m, ﬁ/", IV’ and IV types are over a point of f[g(s) of
(8) in Proposition 4.1 (i¢), the singular fiber V" is over a point of f|g(sy of (10) in
Proposmon 4.1 (i), the singular fiber of f\;r, IA\?, ﬁt, Wt, f\?u, ﬁv, f\?z, IA\Iy,
IV " types are over a point of f|g(s) of (9) in Proposition 4.1 (i), the singular
fiber IV is over a point of fls(s) of (11) in Proposition 4.1 (i), the singular fiber

of ﬁ/ﬂ type is over a point of fls( f) of (12) in Proposition 4.1 (i7), the singular

fiber of f\iﬂ, ﬁ/6, IVE IV and IV types are over a point of f|s(s) of (13) in
Proposition 4.1 (i),

We note that the conclusion of Theorem 4.5 holds if f is proper even if M is
not closed, where a continuous map is said to be proper if the inverse image of a
compact set is always compact.

Theorem 4.5 can be proved in two steps. First we show that for a singular
value ¢ of f, the union of the components of f~1(q) containing singular points is
diffeomorphic to one of the fibers listed in Theorem 4.5 in the sense of Definition 2.3.
Second we show that if two singular fibers are diffeomorphic to each other, then
they are C* equivalent in the sense of Definition 2.3, except for the two types of

—~d
fibers I° and III . The proof is very similar to that of [43, Theorem 3.5], as we
omit the proof here.

Remark 4.6. Each singular fiber described in Theorem 4.5 can be realized as
a component (or as a union of some components) of a singular fiber of a stable
map of a closed 5-manifold into R%. This can be seen as follows. Given a singular
fiber, we can realize it as a singular fiber of a Morse function parameterized on
D3 f : S — [-1,1],t € D3, of a compact surface with boundary S into [-1,1],
where D3 denotes the unit disk in R3. We note that F : S x D® — [-1,1] x D?,
defined by F(z,t) = (f:(z),1), is a smooth map and that F' has the given singular
fiber over (0,0). We call S a transverse surface corresponding to the singular fiber
(for details, see [24]). In this way we obtain a proper smooth map F|itsxntps
IntS x IntD3 — (—1,1) x IntD3. Then we can extend the map to a smooth map
of a closed 5-manifold containing IntSx IntD3 into R*% Perturbing the extended
map slightly, we obtain a desired stable map.

If the source 5-manifold is orientable, then any transverse surface for any sin-
gular fiber is orientable. If the source 5-manifold is non-orientable, then there may
exist a non-orientable transverse surface. The transverse surface which corresponds
to the singular fiber of 12 type is a punctured Mdbius band. We note that there
exists a stable map of a non-orientable 4-manifold into a 3-manifold such that the
transverse surface is orientable for any fiber. (For instance, see the example just
after Corollary 1.3 in Chapter 1.)

We note that for a stable map f : M — N of an orientable closed 5-manifold

M into a 4-manifold N, the singular fibers of the following types never appear
~2 ~0,2 2
since they have non-orientable transverse surfaces: I, IT ", II1 ; I II II

~7 —~0,0,2 —~022 ~112 —~122 —~012 —~—222 —~—05 —06

I, III , III , 111 , 111 , 111 , 111 S 1 R 1 ) A III , III
~16 —~17 —~23 —~24 ~—25 —~— —~ ~2a ~13 —~14 —~15 —~16 —~—17
I ", 1r -, 1x o, 1 r 1r I, o1, I Il III JII OO0
18 —19 20 —21 22 223 224 —~—35 —~—26 ~c —~g —~0,00,2 ~002,2
I ,1mr I o, Ir I o, ur o, or o Ir o Ir o, I, I, I1v , IV
~0,2,2,2 ~1,1,1,2 1122 1,222 ~001,2 ~0,1,1,2 ~01,22 ~2222 ~0,0,5
v v , IV , IV , IV , IV , IV , IV , IV ,

2,6 7

)

b
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~0,0,6 —~0,07 ~015 ~0,16 —~017 —~1,1,5 1,1,6 ~1,1,7 ~0,23 ~024
v , IV , IV , IV , IV IV , IV v v ,
—0,25 —0,2,6 ~027 ~123 ~1724 1 26 ~1,27 —~—223 224
v , IV , IV , IV IV IV , IV IV IV ,
~225 ~226 ~227 —~35 ~36 —~3,7 4,6 4 7 ~56 ~57
v , IV , IV JIVo IV IV IV IV , IV

—~6,6 ~6,7 ~77 ~5a ~6,a ~T7a —~0 0, 14 ~o 15 0,16 ~o 17 ' —0,18’
IV IV IV IV IV IV IV IV IV IV IV IV
~—0,19 ~0,20 —~021 ~0,22 —~0,23 ~0,24 —~0,25 —~0,26 —~—113 —~114 —1,15
v' IV’ IV, IV K v, 1v 1v IV IV IV IV
— 116 ~—1,17 —~1,18 ~—1,19 ~1,20 ~1,21 ~1,22 ~1,23 —~1,24 —~1,25 ——1,26
v’ v v v v JIvo IV v IV IV IV

28 —29 ~210 —~211 ~212 —~—213 —~214 —~215 ~216 ~217 ~2,18
v ,1v ,I1Iv IV [1Iv IV [IV IV | IV IV , IV

~219 ~—2,20 ~2,21 —~—222 ——2,23 ——2,24 ——2,25 —~—2,26 ~lec —~—2c
v Iv. Iv  [Iv. IV IV IV IV IV IV IV ,IV ,
41 —42 143 44 ~—48 46 ~47 48 ~49 ~50 —~51 ~53 —~53 —~54
v ,Iv ,Iv IV IV IV IV IV IV IV IV IV IV IV |,
~55 —~—56 —~57 ~58 —~59 —~60 ~61 ~62 ~63 —~—64 ——65 —~—66 —~—67 —~—68
v ,1Iv IV |1V IV,IV,IV,IV,IV,IV,IV,IV,IV,IV,
69 70 ~71 ~72 ~73 ~74 ~T75 ~76 ~T7 ~78 —~79 —~—80 —~—81 82
v ,Iv IV |1V IV,IV IV IV IV IV IV IV IV TV
~83 —~—84 —~—85 ~—86 ~88 ~89 ~90 —~—91 —~92 —~93 —~—94 —~—95 —~—96
v ,IV,IV,IV,IV ,IV IV oIV IV IV IV IV IV TV
~97 ~98 —~99 —~—100 -—~—101 -~—102 —~—103 -—~—104 —~—105 ——106 —~—107 —~108
v ,Iv IV |1V v IV IV Vo S IV IV IV IV
100 ~110 —~—111 ——112 ~113 ~—114 —~k —~I —~—m —~n —~0 —~—p —~—u —~v
v ,Iv [1Iv IV IV IV IV,IV,IV,IV,IV,IV,IV,IV,
fo, ny, sz, IVW, IVC and .

We note that the list of the singular fibers of stable maps of orientable 5-
manifold into 4-manifolds is also obtained in [20], [44] and in Chapter 3.

For stable maps of closed (possibly non-orientable) 4-manifolds into 3-manifolds,
C®™ equivalent and C° equivalent are coincide, refer to Corollary 2.7. Similarly, we

obtain the following.

COROLLARY 4.7. For two singular fibers of proper stable maps of closed (possi-

bly non-orientable) 5-manifolds into 4-manifolds, the following two are equivalent.
(1) They are C*° equivalent.
(2) They are C° equivalent.

4.2. Classification of singular fibers of stable maps of 5-manifolds into
4-manifolds with respect to the two-colored C° equivalence. If we consider
a two-colored stable map (f,(R,B)) : M — N from a closed 5-manifold into a
connected 4-manifold then we can classify the equivalence class with respect to two-
colored C° equivalent relation as following. As the two-colored C° equivalence is
more sensitive than C° equivalence, we can classify a equivalence class with respect
to C° equivalence into 2 types A, B with respect to two-colored C° equivalence.
We assign to each 4-dimension region the number of circle components in the fiber
over a point in the region. Note that the number is constant on each regions. In
the following, we combine this number and the color R or B.

Let O be any class of codimension 0 and (f, (R, B)) : M — N be two-colored
map and the fiber of (f, (R, B)) over ¢ is C° equivalent to O. If ¢ is contained in
R (resp. B), then we denote the equivalence class with respect to C° equivalence
of f~1(q) by O (resp. Op).

Let £ be any class of codimension 1 with respect to C° equivalence relation,
(f,(R,B)) : M — N be two-colored map and the fiber of (f, (R, B)) over ¢ is
C° equivalent to £&. Then &(f) is adjacent to two 4-dimension regions. If £ is
I° or I!' then the difference between the number of connected components of the
fibers associated with the two 4- dimension regions adjacent to £(f) is equal to one.

Let us take a point y € £(f) with & = I If the 4-dimension region adjacent
to y which has larger associated number is contalned in R, then we denote the
equivalence class of the fiber over y with respect to two-colored C? equivalence is

of type £4, otherwise £p. If £ = I2, then the difference between the numbers of
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connected components of the fibers associated with the two 4-dimension regions
adjacent to I2(f) is always equal to zero, as in Figure 1.8. Thus we cannot divide
the equivalence class & with respect to C° equivalence into two type with respect
to two-colored C° equivalence.

Let F be any class of codimension 2 with respect to C° equivalence relation,
(f,(R,B)) : M = N be two-colored map and the fiber of (f, (R, B)) over ¢ is O
equivalent to F. We note that F(f) is locally adjacent to four 4-dimension regions.
We divide F into two types in the following way. Let us take a point y € F(f)

with F = IIO’O, IIO'I, I~I1’1, fi° or fi’. If the two 4-dimension regions adjacent to
y which are contained in R have the same associated number then we say that
the equivalence class of fiber over y with respect to two-colored C° equivalence
is of type Fa, otherwise Fp (see Figure 1.10). Let us take a point y € F(f)

~4 . . . .
with F = II . If the two 4 dimension regions adjacent to y which have a larger
associated number are contained in R, then we say that the equivalence class of
the fiber over y with respect to two-colored C° equlvalence 1s of type Fa, otherw1se

Fp (see Figure 1.11). In a way similar to that for I and I , singular fibers of i
type are divided into two types. In this way, we can d1v1de the equivalence class

F = 11%° 1%t 11! 113, 11* and II° with respect to C° equlvalence 1nt0 Fa and
~1,2
F B with respect to two-colored C° equivalence. However, if F = II II , 112 2,

II and II , then we cannot be divided into two types by these method (see Figure

1.12
)- 03 —~04 —0,5

0,0 ~0,01 —0,1,1 —~ —~ ,
In case of K, =3 We see III , 111 , 11T , I Im o, Ir -, Ir -
) la

~1,3 —~1 ~—11 ~12 —~—13 ~15 —~—17 ~21 —~0,a —~1
17 - III ,III , III ,III ,III ,III JIT IIr I o, I o mr Ir o S Ir
~b ~d ~e —~ —

IIT IIT IIIe, IIIJF and TIT° have type A, B, by the similarly way as Chapter 1. The
C®™ equivalence class of the other types do not have A and B types with respect

to two-colored C*° equ1valence relation.
0,0,0,0 —~0,0,0,1 ~0,0,1,1 —~0,1,1,1 —~—1,1,1,1 —0,0,3
In case of k = 4 we see IV , IV , IV , IV , IV , IV ,
0,04 —~—0,05 ——013 —~014 ~015 —~1,1,3 ~1,1,4 ~1,1,5 —~0,0,a —~0,l.a
v v IV V , IV IV , IV IV , IV ,

11,4 —~—33 ——34 ~35 —~44 —~—4 —~3,a —~4a —~5a —~08 —~09
v , IV ,IV 3 V v V IV IV IV IV IV

0,10 ~0,11 ~—012 —~—013 ~015 —~0,17 —0,21 ~1,9 —~1,10 —~—1,11
v’ ,1v IV IV |1V ,IV , IV IV V IV IV
112 113 —115 =117 =121 ~0b ~~1b ~0,d ~0, —~1l,e —~0,f
v ', Iv' IV IV IV IV V , IV ,V ,IV IV IV
~1,f —~09g —~—lg ——aa =27 ~30 ~31 ~—32 —~—33 -—~—34 —~—35
v -, Iv IV ", IV ,IV,IV,IV,IV,IV,IV,IV,IV,IV,
—36 ~37 ~—38 —~—39 ~40 —~—43 —~—45 —~—46 ~—47 —~—49 —~50 —~54 —

v IV IV IV IV IV IV IV IV IV IV IV IV IV |
58 ~—59 ~—60 —~—62 ~—66 —~67 ~68 ~T70 —~T1 ~—T72 —~T4 —~T76 —~T7 —~—
IV ,IV IV IV IV IV IV IV IV IV IV IV IV IV |
~90 ~h —~i —~j —~k ~q ~r —~s —~t —~u —~—v ——z2 ——a ——f -~ —~0
IV IV IV, IV, IV IV, IV IV IV IV IV IV | IV IV , IV 1V,
— o~ ~

v, IVC and V" have A and B types, for details see Figures 2.10, 2.11 ... 2.177
and 2.178. The C* equivalence class of the other types do not have A and B types
with respect to two-colored C* equivalence relation.

1,11
)

4.3. Universal complex of singular fibers of two-colored maps of closed
5-manifold into 4-manifold. The equivalence relation cp§ , among the fiber of
the element of C7 ,(5,4) is so strong, we may choice weaker equivalence relation
than the above. We note that for smooth map of (n + 1)-manifold into n-manifold,
the regular fiber is the disjoint union of the trivial circle bundles.

DEFINITION 4.8. Let cpp41,, be an admissible equivalence relation among the
fiber of the elements of CT - (p+ 1, p). We say that two fibers of proper two-colored
Thom maps from p 4+ 1-manifolds into p-manifolds, p > 0, are equivalent with
respect to cppi1,, modulo m circle components if one of them is equivalent with
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respect to ¢pp41,p to the disjoint union of the other one and Im copies of a fiber of
the trivial circle bundle for some nonnegative integer I. We denote this equivalence
relation by ¢ppt1,(m). Given a subset I'pyqp of CTpr(p + 1, p), we shall use the
same notation ¢p,41 ,(m) for the equivalence relation for A(T'p41 p).

Remark 4.9. We can also show that the system of admissible equivalence rela-
tion CR? ,(2) = {ep) 41 ,(2)}p>0 for the fibers of elements of CT ,r(—1) is stable in
the sense of Definition 3.6.

Then by the construction in subsection 3 of §3, we obtain the cochain complex
of Zo-coeflicients

C(CSS, (,p), ¢63 5(2)) = (C*(CS, (. p), 4, (2)), 5 ).

In the following of subsections, we restrict our interest to the stable maps of 5-
manifolds into 4-manifolds and subclasses of this maps. Then, we calculate several
cohomology groups of universal complex of singular fibers of stable maps of certain
classes.

PROPOSITION 4.10. The cohomology groups of the universal complex of singular
fibers for proper two-colored C° stable maps of 5-manifolds into 4-manifolds with
respect to the two-colored C° equivalence modulo two connected components

(CH(CSp,(5,4),¢p3 4(2)),0s)x
are given as follows;
H® =7, generated by [0]
H! = 7Zo® Zy generated by [I° +11] = [I2 + 1°]
and [IG + 14 +12) = I + 14 +12) = 1% + 15 +12) = 1% + 1} +12)
H? = {0}
~~2,2,2 ~27 ~—12 ~—13 ~—13 25 ——26
H3 =7, generated by [IIl *~ +II1 ~ +1I1 +111, , +1I1, g+I11T +IIT ]
~222 —~27 —~12 —~13 —~13 —~—25 —~26
= [T 41T +1IT 410, 4 +111, g+11T 4111 ]

where 0 denotes 0g 4 + 0,8 + 0c, 4 + Oc,B, T& denotes TS)A +T2A, others denote
stmilarly ways and [*] denote the cohomology class represented by the cocycle *.

For the incidence number [III; 4, F] of the cochain maps é; (i = 1,2,3), refer
to tables, 2.4, 2.5, .-+, 2.42 and 2.43. In the tables, only non-zero degrees are
given; an empty column means that the corresponding degree is equal to zero. For
a C° equivalence class F of the singular fibers of codimension 4 with respect to the
two-colored C° -equivalence mod two circle components, the incidence number of
F with ﬁi: 4 O Iﬁ:* is given in tables. These tables can be obtained by using the
description of local nearby fibers as shown in Figure 1.7, 2.2, 2.3 and 2.4. We note
that the incidence number [II'VI:,B,}'] can be obtained by interchanging F4 with

Fp in the tables, [Iﬁ:,A,f] can be obtained by interchanging F, with F, in the

tables and [III:’B, F] can be also obtained by similarly ways.

In the following cochain complex, we consider the equivalence relation of C°
equivalence not two-colored C° equivalence.

We denote by M, (n,p) the set of proper C*° Morin maps of n-manifolds into
p-manifolds which are elements of 7,.(n,p), where Morin map is the map whose
singular points are only Ag-types (for details, see [7]).

PRrOPOSITION 4.11. The cohomology groups of the universal complex of singular
fibers for proper C* Morin maps of proper 5-manifolds into 4-manifolds with respect
to the C° equivalence modulo two circle components

(C*(Mpr(5,4), 98 4(2)), 0 )x
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are given as follows;

H'>7Z, generated by [0, + 0] B
H' = 7y ® Z» generated by [1° +11] = [12 + 1Y), [12 +12]

N I ~0,2 2 ~6
H? =7, generated by [I1, + 11, +11.] = [II," + 11, +1I,]
H3 = {0}

where F, (resp. F.) is the equivalence class of F which has odd (resp. even) circle
components.

We denote by SW,, (n, p) the set of proper C* swallow-tail maps of n-manifolds
into p-manifolds which are elements of 7y, (n, p), where Swallow-tail map is the map
whose singular points are only swallow-tail point, cusp point and fold point.

PROPOSITION 4.12. The cohomology groups of the universal complez of singular
fibers for proper C*° Swallow-tail maps of 5-manifolds into 4-manifolds with respect
to the C° equivalence modulo two circle components

(C*(SWpr(5,4), cp§ 4(2)), 0x)

are given as follows;

H° =7, generated by [5 +0.] N
H' = 7Z,®Zy generated by [I0 +1 = [0+ 14, (12 +12)

0,2 ~1,2 ~6 ~0,2 ~6
A2 =7, generated by [IL, "+ 11" + IL,] = [IL, T T
H3=7, generated by [m ]

where F denote F, + F. and the other symbols F. (x = o or e) are as above.

We denote by Cpr(n,p) the set of proper C*° cusp maps of n-manifolds into
p-manifolds which are elements of 7,,(n,p), where Cusp map is the map whose
singular points are only cusp point and fold point.

PROPOSITION 4.13. The cohomology groups of the universal complex of singular
fibers for proper C*® cusp maps from b-manifolds into 4-manifolds with respect to
the C° equivalence modulo two circle components

(C*(Cpr(5,4), 5 4(2)), 0x )«

are given as follows;

HY>~7Z, generated by [6 +0.]
H'~7y@® 7y generated by [I0 + Il] =[0+T11, [ +12]
H? = Z,® Zy generated by [il, + i, ¥ fif] = [iL° + ﬁl 0 ],

e ™ " -|-I~Iz’2+II +11 +11 +II]

~—0,0,2 —~—1,1,2 1,6
H3EZQEBZQ generated by [IIT - +III +III +III +III +III
—27 12 -~ —~ —
FIE 4 T T 4 T+ 0T 4000 400 + 001 + 01
+ 111 -I-HI +HI +IH]
—0,0, —0,22 —~—122 —~03 ——1,3
and [IL,"" 4+ 0, 100, +III I, I T, 4 0T
—04 —~—14 —05 —1,7 —26 —~—9 —~—10 —~15
I 75 ST 17 S 15 SRS 17 S 17 SARTES 1 S S 11 RO 1§ Gl 1
—~ —~ —~b
L 4100, + 100
where the symbols F and F, (x = o or e) are as above.

v 7

We denote by Fp,.(n,p) the set of proper C*° fold maps of n-manifolds into
p-manifolds which are elements of 7,,(n,p), where Fold map is the map whose
singular points are only fold point.

PROPOSITION 4.14. The cohomology groups of the universal complex of singular
fibers for proper C* fold maps from 5-manifolds into 4-manifolds with respect to
the C° equivalence modulo two circle components
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(C%(Fpr(5,4), £8,4(2)), 6x )
are given as follows;
HC = 7., generated by [60+5e]
HY = 7,8 Zy® Zy generated by [10+1°] , [I} BFOTO] agtf [I~Ii + ﬁ:]
~0, ~0, ~0,1
H2 2 7o ® 7o ® Lo ® Zo ® Zo generated by [I1 7], (11, ] = (11, ],
~11 ~22 ~3 ~4 ~5  ~T0 ~0,2 ~02 ~12 ~6
I 410 410 +11 +1 +11'], [IT7] and [1I," + 11, +11,]
~0,0,2
H3 2 70® Zo® Zo® Zo generated by [II1 7],
~012 ~06 _ —~012 —06
" 410 = [, +100, ),
—$12 ~%22 ~16 ~23 —~24 —~25 —~27 ~12 16
[I1I + I1I 4+ 4+II° 411 +III +I1I +II +1II
~21  ~22 —~23 ——24 =25 26
+ U0 + I + 10 410 + 10 + 10T ],
~0,1,1 —~022 —~—03 —~04 —~05 =07
[I1I + 111 417 4107 + 10 + 101 ]
1,11 ~122 ~13 —~14 —~15 —~17 —~—26 —~—9 —~10
= [III + 111 +IIT 7 411" 4111 +1I1 4111 +IIT +1I11
N i N i N ITIlg]

where the symbols F and F, (x = o or e) are as above.

o
)

Let us consider the cochain complex
(C”i (S;))'rc') (57 4)a pgc,)4(2))7 én)n .
Then the generators of coboundary of this cochain complex are in the tables 2.1, 2.2
and 2.3. By straightforward calculation, we obtain the following. In tables 2.1, 2.2
and 2.3 can be obtained by using the description of local nearby fibers as shown in
Figure 1.7. In the tables 2.1,2.2 and 2.3, the symbols F represent F, + F. and the

item 6, (F.) can be obtained by interchanging G, with G, in the item corresponding
to F,.

ProOPOSITION 4.15. The cohomology groups of the universal complex of singular
fibers for proper C* stable maps from 5-manifolds into 4-manifolds with respect to
the C° equivalence modulo two connected components

(CH (S;gr (5v 4)’ pg,4(2))a 5&)&
are given as follows;
H°=>7Z, generated by [0, + 0]
H' = 7@ Zy generated by [10+12] = [12+ 11], [I2 +12]
~0,2 ~12 ~6 ~02  ~1,2 ~6
H? =7, generated by [I1,” + 11, +11.] = [IL," +1I," +11,]
H3 = {0}
where the symbols F and F, (x = o or e) are as above.

Furthermore if we restrict our attentions to the case of orientable manifolds,
then we obtain the following. We denote by Sp7(n,p)°™ the set of proper stable
maps of orientable n-manifolds into p-manifolds which are elements of 7y, (n, p).

PROPOSITION 4.16. The cohomology groups of the universal complex of singular
fibers for proper C™ stable maps from orientable 5-manifolds into 4-manifolds with
respect to the C° equivalence modulo two connected components

(C”e (Sgr (5’ 4)ori, pg,‘l(?))v ‘sﬁ)ﬂ

are given as follows;

H® =7, generated by [50 +6e]

H! =7, generated by [IS +1%] = [I2 +11]

H? = {0}

~12 12

H3 =7, generated by [I1I, +1IL, ]

where the symbols F and F. (x = o or e) are as above.
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K | generator(s)

~0 ~1 ~0 ~1
000 =1, +1, +1, +1,
~0 ~0,1 ~0,1 ~a
2 | 6(1,) =11, + 1, +1,
~0 ~0,1 ~0,1 ~a
§i(I)=1," + 11, +11,,
5 ~0,2 ~0,2 ~1,2 ~1,2 ~6 ~6
(I3 =101, + 11, + 11, + I, + 1, + 11,
~0,0 —~0,0,0 —0,0,1 —0,a —d
3|6, )y=11"" +11 ~ +1II, + I,
~0,1 —~0,a —~1,a —~b
So(I1, ) =111, + I, + III,,
~1,1 ~0,1,1 —~1,1,1 —~8 ~1,a
S(I, y=111"" + 11~ + I, + 111,
~0,2 —~0,1,2 —~0,6 ~2,a ~c
S, y=11"" + 11" + I, + III,,
~1,2 —~0,1,2 ~1,6 —~14 ~2.a
So(Il, )y =111"" + 11T + I, +1II, ,
~22 —~0,2,2 —~1,2,2 —~2,6 —~20
S, y=11"" + 11 "~ + I  +1I, ,
~3 ~0,3 —~1,3 ~8 ~9 ~11 ~17 —~b ~f
S(IL)=11" + 111" + I, + 1T + III, + III, + III, + IIT,,
~4 —~0,4 ~1,4 ~10 ~11 —~e ~13 —~21
So(I1,)=M1"" + I~ + 1T+ I, + IO, + III, 4+ III, ,
~5 —~0,5 ~1,5 ~15 ~17 ~21 ~g
SII)=11" + 1" + 1T + I, + I, + III,,
~6 —~0,6 —~1,6 —~14 —~c
S(Il,) =111 + 11~ + I, + III,,
~7 —~0,7 —~1,7 —~13 —~18 —~19 —~20
S(Il)=1I" + I " + I, +II + IOI + 11, ,
~a —~0,a —~1,a —~b
Sp(Il,) =11 + 1T +1II
—~0,0,0 —0,0,0,1 —0,0,a —0,d
4 | &s(1I1, ") =1V +1Iv, " + 1V,
—~0,0,1 —~0,0,0,1 —~0,0,a —~0,1,a —~0,b —~1,d
S, ")y =1V +IV, " + IV, +1V, +1V,
0,1,1 —~0,1,1,1 —~0,8 —~0,1,a —~1,1,a —~1,b
s3I, ") =1V +1IvV, +1V, " +1v, +1V,
—~1,1,1 —~0,1,1,1 —~1,8 —~1,1,a
s3I, ") =1V +1Iv, +1V,
—~0,3 —~0,1,3 ~0,8 —~0,9 —~0,11 ~0,b ~h —~—i
S, ) =1V """+ 1V, +IV" + 1V, +1V, +1V, +1V,

—~0,f —~3a —~0,17
+IV, IV IV,
—~1,3 ~0,1,3 —~18 —~19 ~111 ——20 —~—1b —~1f
M, =1V " +IV,” + IV 41V, +1V, +1IV,” + 1V,
—~3, ~1,17
+IV) IV,

~0,4 ~0,1,4 ~010 —~011 —~j =0, —~a, —~0,
Iy = W VO A IV e IV IV IV,
—~0,21
+ v,
~14  —~—0,1.4 ~1,0 ~111 —~28 —~1le ——4a ——1,13
UL =V IV IV A IV, 4 IV, 4+ IV 4 TV,
~—1,21
+ 1V,
—~8 —~0,8 —~1,8 —~h et
S =1V + IV " + 1V, + 1V,

—~9

—~0,9 —~1,9 —~29 —~31 ~46 ~1 —~
S) =1V +IV" +1IV, +IV, +1IV, +1V, +1V,,

—~10 —~0,10 —~1,10 —~28 —~31 — —~T —~54 —~55
GUL )=V +IV  +IV, +1V, +1IV, + IV, + IV, +1V,
—~58 —~59
+IV, +1V,
—~11 —~0,11 —~1,11 ~31 —~66 —~67 —~68 —~t —~y
S, )=V +IV +IV +1V, +1V, +1V, +1IV, +1V,,

~12 —~0,12 —~1,12 —~36 —~70 —~71
I, ) =1V 41V 41V 41V, +1V,,

—~0,1,a —~0,b ~o

VLAV IV,

—~0,1,a —~1b —~h —~

VIRV 41V, + 1V,
—~b —~0,b —~1b —~h ~s ~a

S =1V " +IV"  +1V, +1V, +1V,,
~d ~0,d —~1d —~a«

GIL)=1V " +1V" +1V,,

TABLE 2.1. Generators for the coboundary groups of C(Sg7 (5, 4), p5%(2))
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generator(s)

—~0,e —~1,e —~T —~ —~ —~t —~C
53(111) IV IV +IV 41V, + IV, + 1V, + IV

—~0, —~1, s —~t —~a — —~u
) =V + VY 4 IV 4+ IV, + IV + V] + IV,
—~0,0,2 —~0,002 —~001,2 —~0,06 ~02a ~0c —~24d
S, ) =1V +1V IV 4V, IV, IV,
~0,2,2 ~0,1,2,2 —~0,26 —~0, ~22a —~2c
s3I,y =1V + 1V vV, +IV., +1V,",
~1,1,2 ~1,1,1,2 —~011,2 —~1,14 , 1,6 —~1,2a
S, ) =1V +1IV +IV, IV, IV 4V,
~1,22 ~0,1,2,2 —~126 —~1,20 ~214 ~22a
S, ) =1V TV, 4V, 4 TV,
—~0,1,2 0,16 —~014 —~02a 1,2,a ~1.c
ALY =V s W T A VT IV +IV0,
~2,2,2 ~0,2,2,2 ~1,22,2 226 ‘220
S, )=V " IV A VT IV,

—~0,5 ~0,15 —~0,15 —~0,17 ~021 —~5a —~k —~Og
ds(Ill, ) =1V +Iv. 41V, +1v, 41V, +1IV, +1V,
—~0,6 —~0,1,6 —~0,14 —~0,c —~6,a —~I —~m —~n

S, ) =1V """ +1V, + 1V, + IV, + 1V, + IV, +1V,,
—~0,7 ~0,1,7 ~0,13 —~0,18 ~0,19 ~020 —~7a —~o0
I, ) =1V " +1V,  +IV  +IV 41V, +1V, +1V,
+ 1V,
~15 ~0,1,5 —~1,15 —~1,1 ~1,21 —~43 ~5a —~lg
SIIL Y=V "+ IV 41V, 41V, +1IV, +1IV," +1V,”,
—~1, ~0,1,6 —~1,14 —~41 —~42 —~44 —~lc —~6a
S(IIL ) =1V " +1V, +1V, +1V, +1IV, +1V,” +1V,",
~1,7 —~0,1,7 —~1,13 ~1,18 —~119 —~1,20 —~7a —~84
S, ) =1V "+ 1V,  +IV' +IV'7 41V, +1V," +1V,
—~85
+1v,
~23 ~0,23 ~1,23 —~36 —~28 —~29 ~211 ~217
S =1V "+ IV " 4V 41V, + IV +1V,” +1V,
~41  ~—48 ~2b ~2f
+IV, +1V, +1V, +1V,”,
~2,4 —~0,2,4 —~124 —~46 —~210 ~211 —~213 —~221
I, Y=V " +IV' " IV 41V 41V, +1V,” +1V,
~63  ~2e
+1IV, +1V,",
~2,5 ~0,25 ~1,25 ~56 —~215 ~21 —2, —~82
I, )=V " 4+IV' "+ IV +IV 41V, +1V,” +1V,
—~2,
+1V,
2,6 —~0,26 —~126 —~214 —~8 —~81 —~2¢
(I, ) =1V +1v +1v, +1vV, +1vV, +1V, |
~2,7 ~0,2,7 —~1,2, —~67 —~213 ~218 ~219 —~220
S3(IIL ) = IV V7 AV IV, 4 IV IV 41V,
—~104 ~109
+ 1V, +IV ,
—~13 —~0,13 —~54 —~59
SUL) ="+ VsV IV,
~14 —~0,14 —~1,14 —~41 —~—42 —~44 —~I —~
G )=V +IV'  +IV +IV 41V 41V, +1V,,
—~15 —~0,15 —~1,15 —~—43 —~—46 —~55 —~—58 —~k —~z
s3I, ) =1V ' + IV +1IV, 41V, +1V, +1IV, +1V, +1V,
IV,
—~16 —~0,16 —~1,16 —~67 —~78 —~79 —~82 —~87 —~—88
S, )=IV' " +IV' 41V, +1IV +1V, +IV, 41V +1V
—~89 —~91 ~94 —~w
+IV 41V, +1V, +1V,,
—~17 0 17 —~1,1 —~46 —~—66 —~67 —~68 —~u
(Ml )=V' +IV' +IV +IV, +1V, +IV, +1V,,
—~18 —~0, ~1 —~101
S ) =V " 4 IV LIV 4 IV, + IV, + V. 1V, + 1V
-0
+ 1V,
—~19 —~0,19 —~1,19 —~54 —~78 —~80 —~85 —~91 —~101
S, )=V " +IV' 41V, 41V, +1IV, +1IV, +1V, +1V
+ IV,
—~20 —~0,20 —~1,20 —~80 —~81
S ) =1V~ +1IV" 41V 41V ,
—~21 —~0, —~1,21 —~55 —~58 —~66 —~67 —~68 —~v
I )=IV' " +IV'" +IV 41V +1IV, +1V, +1V, +1V,
~¢
+ 1V,

TABLE 2.2. Generators for the coboundary groups of C(S57 (5,4), p5%(2))
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K | generator(s)
—22  —0,22 —122 —~53 —~57 —~—61 ——63 —64 65
4| 83(1, ) =1V + IV +1IV +1IV +1IV +1V, +1IV 41V,
~68 —~T70 —~T73 ~T5 —~91 ~94 -~y
+IV, 41V, + IV, + IV, +1IV, +1V, +1V.,
—~23 ~0,23  ~1,23 ~42 ~45 ~55 —~66 —~n
s3(II, ) =1V + 1V +1IvV, +1v, +1vV, +1V, +1V,
~24  ~0, ~1,24 ~44 ~—45 ~48. —~51 ~52 ~55
ds(I1I, ) =1V + IV +1Iv, +1v, +1V, +1IV 41V +1V,
~65 —~T79 —~m
TV, + 1V, +IV.,

~0,25 ~1,25 ~T71 —~75 —~93 —~99 —~100 —~104
55(TL) = IV IV, 41V, 41V, +IV 41V +1V,
—~26 ~0,26 —~1,26 ~73 —~93 —~102 —~105 —~109
S3(I, ) = +IV +IV, +1IV, +IV 41V +1V, ,
~2,a —~1,2,a —~2,b —~6,a
J(ITL, )_IV TV IV 4V + IV, + IV,
53(111)_1\/ +IV +1v + IV +IV +1Ve,

(53(III ):IV —+-IV +IV +IV + IV +IV
TABLE 2.3. Generators for the coboundary groups of C(Sg7 (5,4), p5%(2))

Remark 4.17. We can apply Proposition 3.4 as follows. The Zy-homology class
(of closed support) in the target 4-manifold represented by a cycle corresponding to
a coboundary of the universal complex of singular fibers modulo 2 circle components
always vanishes.

COROLLARY 4.18. Let f : M — N be in CSST (5,4). The following numbers are
always even.

o e
2) |HIS’ (f)|+|III S+ L (f)]
() [T ()] + [T (1)
(@) 7)1+ T )
(5) IHI’ (O + ()]
O
(3) M)+ T )+ 0 () + 7 () + I )
(8) I (1 + T ()] + T ()] [T ()
(9) MI () + 1L (F)] + I ()]
(10) [ (£)|+ [T ()
(1) T ()] + T ()]

Remark 4.19. It is easy to see that the eleven numbers appearing in Corollary
4.18 are all even if and only if the following arguments fold.

(1) I (1)1 = 0 ()]

@ (=M@

(3) IL ()] = [ITL ()] = [T ()]
(4) T ()| = I ()] =0 (mod 2)
(%)

(6)

(
111 (
(

5) ML ()] + I (1) + [T ()] + 1 () =0 (mod 2
6) I (F)|+ T ()] + I (f)] =0 (mod 2)

4.4. Stable Maps of 5-Manifolds into 6-Manifolds. Since (5,6) is a nice
dimension pair in the sense of Mather [26], if dim M =5 and dim NV = 6, then the
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set of all C* stable maps is open and dense in C*°(M, N) with respect to Whitney
C™ topology as long as M is compact.

The following characterization of proper C* stable maps from 5-manifolds into
6-manifolds is well-known.

PRrOPOSITION 4.20. A proper smooth map f : M — N from a 5-manifold into
a 6-manifold is C* stable if and only if the following conditions are satisfied.

(i) (Local condition) For every p € M, there exist local coordinates (a,b, ¢, d, z)
and (X,Y,Z, W,U,V) about p € M and f(p) € N respectively such that one of the
following holds:

(Xof, Yof, Zof, Wof, Uof, Vof)

(a,b,c,d,z,0) p : immersion point
=< (a,b,¢,d,az,z?) p : Whitney umbrella point
(a,b,¢,d,az+bz? cx +23) p:XLLO point

(i3) (Global condition) Set S(f) = {p € M | rankdf, < 6}, is coincide with source
manifold M Then for every q € f(M), f~1(g) N M consists at most siz points and
the multi-germ

(f, f~H9))
is smoothly right-left equivalent to one of the thirteen multi-germs as follows:
(1) single immersion,
(2) normal crossing of two immersion germs,
(3) normal crossing of three immersion germs,
(4) map germ corresponding to a Whitney umbrella point,
(5) normal crossing of four immersion germs,
(6) transverse crossing a Whitney umbrella germ and an immersion germ,
(7) normal crossing of five immersion germs,
(8) transverse crossing of a Whitney umbrella germ and a normal crossing
two tmmersion germs,
) map germ corresponding to a L0 point,
(10) normalcrossing of siz immersion germs,
) transverse crossing of a Whitney umbrella germ and a normal crossing
three immersion germs,
(12) transverse crossing of two Whitney umbrella germs,
(13) transverse crossing of a X110 germ and an immersion germ.

Remark 4.21. Since (5, 6) is in the nice range in the sense of Mather [26], the
above proposition gives a characterization of C° stable maps of 5-manifolds into
6-manifolds, for details see [8] or Remark 4.3 in this Chapter.

By a straightforward calculation, we obtain the following

PROPOSITION 4.22. The cohomology groups of the universal complex of singular
fibers for proper two-colored C° stable maps from 5-manifolds into 6-manifolds with
respect to two-colored C° equivalence modulo one connected component

((C™(CSpr(5,6), 08 (1)), Ix)
are given as follows;
H® =7, generated by [D4 + 05]
H! = {0}
H? = {0}
H3 =7, generated by [WUa + immer x 3] = [WUp + immer x 3]
H* = {0}
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2

4

FIGURE 2.9. Equivalence classes of Whitney umbrella point

H® = 7, generated by [£117],

where P, (*+ = A, B) denote the equivalence classes of emptysets, WU,, (x = A, B)
denotes the equivalence classes of the Whitney umbrella point (for details, see Fig-
ure 2.9), BH1.0 denote the equivalence class of the LLLO point.

4.5. Stable Maps of 3-Manifolds into 3-Manifolds. Since (3,3) is a nice
dimension pair in the sense of Mather [26], if dim M = 3 and dim N = 3, then the
set of all C* stable maps is open and dense in C*°(M, N) with respect to Whitney
C® topology as long as M is compact.

The following characterization of proper C* stable maps from 3-manifolds into
3-manifolds is well-known.

PROPOSITION 4.23. A proper smooth map f : M — N from a 3-manifold into
a 3-manifold is C™ stable if and only if the following conditions are satisfied.

(i3) (Local condition) For every p € M, there exist local coordinates (a,b, x)
and (X,Y,Z) about p € M and f(p) € N respectively such that one of the following
holds:

(Xof,Yof Zof)

(a,b, ) p : Regular point

) (a,b,2?) p : Fold point

) (a,b, 2% + az) p : Cusp point
(a,b,z* + az? + bz) p: Swallow-tail point

(i3) (Global condition) Set S(f) = {p € M | rankdf, < 3}, is closed 2-dimension
submanifold of M. Then for every ¢ € f(S(f)), f~1(q) N S(f) consists of at most
three points and the multi-germ

(f, FHa) N S(A)

is smoothly right-left equivalent to one of the thirteen multi-germs as follows:

(1) single immersion germ which corresponds to a fold point,

(2) normal crossing of two immersion germs, each of which corresponds to a
fold,

(3) map germ corresponding to a cusp point,

) normal crossing of three immersion germs,

(5) transverse crossing of a cusp germ and an immersion germ which corre-
sponds to a fold germ,

(6) map germ corresponding to a swallow-tail point.
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Remark 4,24. Since (3, 3) is in the nice range in the sense of Mather [26], the
above proposition gives a characterization of C° stable maps of 3-manifolds into
3-manifolds, for details see [8] or Remark 4.3 in this Chapter.

By a straightforward calculation, we obtain the following

PROPOSITION 4.25. The cohomology groups of the universal complez of singular
fibers for proper two-colored C° stable maps from 3-manifolds into 3-manifolds with
respect to C° equivalence modulo 2 connected components of fibers

((C™(CSpr(3,3), 8 5(2))), 8x)x
are given as follows;
H® = 7,®Zy generated by [0,] and [0.]
H'=74®7Zy generated by [F, 4] = [F, ] and [F. 4] = [Fe, B]
H? =74 Zo generated by [C,] and [Ce]
where 0 denote the point of reqular and F denote the fold point and C denote the
cusp point.

5. Geometrical meaning of cohomology classes

In this section, we show that one can obtain a lot of geometrical information
from the cohomology classes of the universal complexes of singular fibers by using
concrete examples of two-colored Thom maps.

First, we continue the construction of the theory of the singular fibers of two-
colored maps §3.

Let I' =T, , be a subset of CTp(n,p) and cpl = cpgj;;p a two-colored admis-
sible equivalence relation among the fibers of elements of Iy, 5.

c= ). g8
&(F)=x
be a k-dimensional cochain of the complex C(T'y, 5, pn p), Where ng € Zy. For a
Thom map f : M — N which is an element of I' = T, ,, we define ¢(f) to be the
closure of the set of points ¢ € N such that the fiber over ¢ belongs to some {~§ with
ng # 0. If ¢ is a cocycle, then ¢(f) is a Zg-cycle of closed support of codimension
k of the target manifold N. In addition, if M is closed and & > 0, then ¢(f) is a
Zo-cycle in the usual sense.

DEFINITION 5.1. Let

LEMMA 5.2. Suppose that ¢ and ¢’ are k-dimensional cocycle of the complex
C(Tpp, pn,p) which are cohomologus. Then c(f) and ¢'(f) are homologus in N for
every f € A(T'p ).

PRrROOF. There exists a (k — 1) dimension cochain d of the complex such that
c—c' = 84_1d. Then we see that ¢(f)—¢'(f) = 0d(f). Hence the result follows. O

DEFINITION 5.3. Let [¢] be a k-dimensional cohomology class of the complex

C(I’n,p,cpg,';;"). For a proper two-colored Thom map f : M — N which is an
element of A(T,, ;) we define [c(f)] € Hy_,(N;Z2) to be the homology class rep-
resented by the cycle ¢(f) of closed support, where ¢ is a cocycle representing [c]
and p=dimN. By Lemma 5.2, this is well-defined. When M is closed and & > 0,
we can also regard [c(f)] as an element of Hy_.(N;Zs).

Then we can define the map

o1« H (T phy?) — HE (N3 22)

by ¢s([c]) = [c(f)]*, where [c(f)]* € H®(N;Zs) is the Poincaré dual to [¢(f)] €
Hy_,(N; Zs). This is clearly a homomorphism induced by two-colored Thom map
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f. When M is closed and k > 0, we can also regard ¢ as a homomorphism into
the cohomology group HF(N;Zs) of compact support.

In the following, we define cobordism of two-colored maps with a given set
of singular fibers and show that the homomorphism ¢; induced by a two-colored
Thom map f is a cobordism invariant of f when restricted to a certain subgroup.

Let

A=Ay = Up—n:kAn,p

be a set of two-colored C° equivalence classes of the fibers of proper two-colored
Thom maps of codimension k such that each A, , is an ascending set of two-colored
C" equivalence classes of fibers of elements of C7 p,(n, p), and that A is closed under
suspension in the sense of Definition 3.5. Recall that a proper two-colored Thom
map (f, (R, B)) : M — N of codimension & is a Ag-maps if its fibers all are in A.
If M is a manifold with boundary, then we also suppose that f(0M) C ON and
for collar neighborhoods C' = dM x [0,1) and C’ = ON x [0,1) of 9M and N, we
have flc = (flam) x id[o,1)-

DEFINITION 5.4. For a smooth manifold N, two-colored Ek-maps (fo, (Ro, Bo) :
My — N and (f1, (R1, B1)) : M1 — N of closed manifolds My and M; are said to
be two-colored Ag-cobordant if there exist a compact manifold W with boundary
the disjoint union of My and M; and a Ag-map (F, (R, B)) : W — N x [0,1] such
that f; = Fly, - Mi - N x {i},: =0,1land N x {i}N R = R;. Wecall Fa
two-colored Ek—cobordism between fo and f.

Remark 5.5. In Definition 5.4, when the dimensions of the source manifolds
My and M, are equal to n, we have only to give A, , and A, 4,41 instead of the
whole ;k in order to define the notion of z&k—cobordisms. We will sometimes talk
about Ag-cobordisms even when only A, , and A, 11,41 are given.

Let
n Ap
Spw t H"(Ang1pta, Cpn+-1pr|.+11) = H*(Anp,cpnp”)
be the homomorphism induced by the suspension, where ’R,k = {cpp k Pl is a

stable system of two-colored admissible equivalence relation for A.

LEMMA 5.6. Let (fi,(Ri, B;)) : Mi =& N, i = 0,1, be two-colored Thom maps

which are A- -maps, where we assume that M; are closed. If they are Ay -cobordant,
then for every k we have

Pfoltmse, = ¢ lims,., : Imse, — H"(N;Zs).

PrOOF. Let (F,(R,B)): W — N x [0,1] be a Ag-cobordism between
(fo, (Ro, Bo)) and (f1, (R1, B1)). Let ¢ be any k-dimensional cocycle of the complex

C(An.|_1,p_{_1,cpn_l'j;rl f’:l‘) and we put ¢ = sx(c) € C*(Anp, cps";, ). Then we see that

0 = (6¢)((F, (R, B))) = Oc((F, (R, B))) =2((f1, (R, B1))) x {1}~ ((fo,(Ro,Bo)))D

{0}, since c is a cocycle. Then the result follows immediately.

We note that the above Lemma show that the k dimension cohomology classes
induce the bordism invariant of two-colored Thom map from closed & + 1-manifold
into k-manifold. The smooth maps fo : Mg — N and f; : M; — N of n-manifolds
My and M; are said to be bordant if there exist a compact manifold W with
boundary the disjoint union My and M;, and a smooth map F: W — N x [0, 1]
such that f; = F|p, : M; = N x {i}, i = 0,1 (for detail, see [43]). In particular, if
N is contractible, it induce a cobordant of the source manifolds.

We prepare the following definition for subsection 5.4.
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DEFINITION 5.7. The pair {I‘n+1yp+1,cp£rzlyi,¢'f} and {T'p, p, cpu™sP} are said to
be compatible at dimension « if the homomorphism

. Trt1,p41 I3 I
Skx - Hﬁ(Fn+1’p+1,cpn+1)pP+1) —H (Fn,p, cpn’p,p)

is surjective.

From Lemma 5.6 and the result of section 4.2, we obtain the following Euler
number formulas.

5.1. Stable maps of closed 5-manifolds into 4-manifolds.

THEOREM 5.8. Let f : M — N be a colorable map from closed 4-manifold into
3-manifold. Then we have following congruence relation;

X(M) = [T (F)] +I ()|+HI ()T, 4 (F)]
L (AT ()] T (£)] (mod 2).

ProoF. If NP =R x N/, then the set of all bordism class of closed [-manifolds
into N, denoted by n;(N), forms an abelian group. We note that the dimension pair
(4,3) is in the nice range in the sense of Mather, we can choice the representation
of the bordism group as stable map. Furthermore, we can choice representation of
na(N! x R?) as two-colored map (f, (R, B)) if we determine color (R, B) of maps
as non-compact subset in N x R2\ f(S(f)) is R. On the other hand, we have

na(R3) = ny = Zo @ Zo =< wy >z, ® < wi >z,

where n4 is unoriented cobordism group of 4-manifolds and its generators are wy
and w}, where w; is i-th Stiefel-Whitney classes (for details, see [7]). For [c] €
H3(CS57(5,4), cpg°(2)), we can define homomorphism [c] : na(R3) — HS(R3,Zy) =
Zaby [e]([f]) = [e(f)]. We note that this definition is well-defined by virtue of above
Proposition 5.6. We have the generator, S = [S : RP?2XxRP? - R?] = (1,1) €
Zo ® Zo = na(R3) and [¢](S) = 1, this map obtained by Saeki in [38, Example
3.7] which has 27-th triple points and one of them correspond to 111%22 type fiber.
We have the generator K = [K : CP? — R% = (1,0) € Z2® Zs = n4(R?) and
[¢](K) = 1, this map obtained by Kobayashi in [21] which has two triple points and
one of them correspond to III'? type fiber. So we have the homomorphism induced
by [c] is just a projection to the first component. O

From Theorem 5.8, we can also obtain a pretty interesting Corollaries 1.1, 1.2
and 1.3 in Chapter 1. :

5.2. Stable maps of closed 5-manifolds into 6-manifolds. By the simi-
larly argument of the proof of Theorem 5.8, the generator of H3(CSp, (5,6), ps,6)

induces the following formula. Actually, we take the generator in ny(R3) as boys
surface b : RP? — R3. We note that ny(R3) = ny =< wy >z,.

THEOREM 5.9 (A.Szlics). Let f : M? — N3 be colorable map from closed
2-manifold into connected 3-manifold. Then we have

X(M?) =T(f) + > ind(g; f) (mod 2),
q: Whitney Umbrella
where T'(f) is the number of triple points and ind(q; f) € Z3 is the index of Whitney
Umbrella points.

On the other hand, we have the non-trivial cohomology class in 5-dimension
cohomology group. We have following conjecture and problem.
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Conjecture 5.10. Let f : M* — N°® be colorable map from closed 4-manifold
into connected 5-manifold. Then we have
x(M*) = SP10(F) (mod 2),
where ©110(£) is the number of ©110 points.

Problem 5.11. Let us construct the stable maps from odd Euler number closed
4-manifold into R® which has odd number ©1:1:? points.

5.3. Stable maps of closed 3-manifolds into 3-manifolds. By the simi-
larly argument of the proof of Theorem 5.8, the generator of H2(CS5:(3,3), ¢p3 3(2))
induces the following formula. Actually, we take the generator in ns(R?) as RP? —
R? obtained by M.Kobayashi [21] which has three cusp points. We note that
ny(R?) = ny =< wy >7,, and the map [Co) : na(R?) — H§(R% Zs) is 0-map.

THEOREM 5.12. Let f : M? — N? be colorable map from closed 2-manifold
into connected 2-manifold. Then we have

x(M?) = C(f) (mod 2),
where C(f) denote the number of cusp points of f.

5.4. Characterization of the cocycle. In this section, we shall give a nec-
essary and sufficient condition for a certain cochain of the universal complex to be
a cocycle in terms of the homomorphism induced by two-colored Thom maps. For

Lemmas of this subsection, the proofs are very similar to that of [43, § 12], as we
omit the proofs here.

DEFINITION 5.13. Let (f,(R,B)) : M — N be a proper two-colored Thom
map and (g, (R, B)) : V = N be a two-colored smooth map which is transverse to
f and to all the strata of N. Put

V=A{(z,y) EMxN|f(z)=g(y)} CMxV

and consider the following commutative diagram;
v~ M

b

v —2 5 N,
where g and fare the restrictions of the projections to the first and second factors
respectively. We note that V is a smooth manifold of dimension dim V + dim M —
dim N and f is a proper Thom map. We call f the pull-back of by g and say that
f is obtained by pulling back f by g.

DEFINITION 5.14. Suppose that
Tnp CCTpr(n,p) and Thpyppt CCTpr(n+1,p+1)

are given with [ > 0 such that the [-suspension of an element of Iy, , always belong
to Tpyipti- Let (f, (R, B)) : M — N be an element of I'n 4 p41 and (g, (R, B)) :
IntDP — N an smooth two-colored map which is transverse to f and to all the strata
of N. We note that the pull-back f of f by g is then an element of CT pr(n,p).
If the fiber of f~ always belong to A(T',, ), then we say that I'y , is transversely
complete with respect to I'ny1pti.

Furthermore, we say that

fk =Up—n=kl'np C ﬁ-pr(k’)

is transversely complete if it is closed under suspension and if I', , is transversely
complete with respect to I'y4;p4 or all n,p and [.
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We note that CT (k) is clearly transversely complete.

LEMMA 5.15. If Ty, is transversely complete with respect to I'n iy py1, then the
natural Zs-linear map

. Cntt,pi |
Sk - Cﬁ(rn+1,l7+l7cpn+l,pp+l ) — C”(Pn,p: Cpn,p”’)

, L T, T,
induced by the suspension is a injective for any k < p where cpn_l_'}"z;’::'ll and cpnp”

are admissible equivalence relations for the fibers of elements of I'nyipt1r and Ty p,
respectively, which are stable in the sense of Definition 3.6.

Let A = Ay be as in the previous, and let ’R,é = {cppA_",;;;P }p be a stable system
of two-colored admissible equivalence relation for A.

Let ¢ be an any cochain in C"(An,p,cpﬁ',‘,“’) with 0 < kK < p. Set A =k — k.
Since we always have C*t1(A, 4, cpf;"‘) =0,

K A K
O :C’"(A)‘,n,cpf’: ) = C*FH (A ks epy ")

is zero map, and hence s,¢c € C*(Ay 4, cpf;") is a cocycle of the complex C(Aj x, cpf:")
, where ’ ’
A, Axx
sk C"(An p,cpnp®) = CF(Ax ik, Py % )
is the homomorphism induced by the (p — k)-th suspension. Therefore, for a
A(Ty x)-map f: M — N, the homology class [sxc(f)] € H§(N;Zs) represented by
sgc(f) is well-defined.

LEMMA 5.16. Suppose that Ty i is transversely complete with respect to I'p, p,
where 0 < k <pandp—n =k —A=k. Then a cochain c in C"(I‘nyp,cpgf};”) is
a cocycle of the complez C(T'y, p, cpgf;;”) iof and only if [sxc(f)] =0 € Ho(N;Zy) for
every A(Ty x)-map (f, (R, B)) : M — N such that both M and N are closed and
that f is Ag-cobordant to a nonsingular map.

COROLLARY 5.17. If there ezist cochain ¢ € C3(SJ,.(5,4), p8 4(2)) such that
[e(N)] = x(M) for every stable map f : M — N from closed 4-manifold into 3-
manifold then [c] € H3(C(Sp, (5,4), p3 4(2))-

Saeki’s Euler number formula (for details, see Introduction of this thesis) imply

that the equivalence class of 11112 is in H3(C(Sp,(5,4), p8 4(2)). Actually M isin
H3(C(S,(5,4), p3 4(2)) (Proposition 4.16).

Combing Corollary 5.17 and the direct calculation of the third cohomology of
the cochain complex Proposition 4.16, we obtain the following Theorem.

THEOREM 5.18. There is no formula of same type as Theorem 5.8 if we consider
not two-colored stable maps but the stable maps from closed 4-manifold into 3-
manzifold.
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FIGURE 2.60. Type A for IV



5. GEOMETRICAL MEANING OF COHOMOLOGY CLASSES 135

e
[}
s}

é"%’/ i

.
7

¥~

AKX
ﬂ
/w

T

/
2555,
%

7,

L7
VA

A

"/
N A
\

e

~40
FigurE 2.61. Type A for IV



136 2. UNIVERSAL COMPLEX OF SINGULAR FIBVERS OF TWO-COLORED MAPS
=
oW

Cc : O/

/) 7%
)MJ
W&y

4,

SN ‘ / ? ;
I"r”i%f

}
i,

=) N~
'V/ . ﬂ%’”’%{ -
ZA..

4

YR
=AY

A
7

//4!

~—a1
FIGURE 2.62. IV  can not divide into two types



5. GEOMETRICAL MEANING OF COHOMOLOGY CLASSES 137

an
LT

\/

g\
[V

7
)
7

/
o
/

A
A{/A’///A b

“ LY
ﬂr//’//f//’
%

—~—42
FIGURE 2.63. IV  can not divide into two types



138 2. UNIVERSAL COMPLEX OF SINGULAR FIBERS OF TWO-COLORED MAPS

/,/jA

4
7

’A 08 A /,//A ”
Y : Sy
7 ,// ; '

X
4087
74 / 7

a

%

L

|
4 )
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FIGURE 2.66. Type A for f\745



5. GEOMETRICAL MEANING OF COHOMOLOGY CLASSES 141

7 A

!.

N7
Vo
7

.-
7

4

Y

%%,

o)
7,

’,. 4 Y.
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FIGURE 2.82. IV  can not divide into two types
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FIGURE 2.90. IV  can not divide into two types



5. GEOMETRICAL MEANING OF COHOMOLOGY CLASSES 165

NEy
[ W77\

% —

~
el

/)
7y

X

V7 A~
=l V. %57
. N N
Vrl/ EL "%(y.//%/
7 VAR
m:é‘ = ;gﬂ
=i

FIGURE 2.91. Type A for f\?m
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F1GURE 2.93. Type A for f\772
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FI1GURE 2.97. Type A for f\776
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FIGURE 2.102. IV can not divide into two types
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FIGURE 2.104. IV  can not divide into two types
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FIGURE 2.109. IV  can not divide into two types
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FIGURE 2.110. IV can not divide into two types
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FIGURE 2.111. Type A for IV
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FIGURE 2.112. IV  can not divide into two types
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FIGURE 2.113. IV can not divide into two types
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FIGURE 2.114. IV  can not divide into two types
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FIGURE 2.115. IV can not divide into two types
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FIGURE 2.116. IV can not divide into two types
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FIGURE 2.117. IV can not divide into two types
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FIGURE 2.118. IV  can not divide into two types
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FIGURE 2.119. IV  can not divide into two types
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FIGURE 2.120. IV can not divide into two types
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FIGURE 2.121. IV can not divide into two types
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FIGURE 2.122. IV can not divide into two types
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FIGURE 2.123. IV can not divide into two types
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FIGURE 2.124. IV can not divide into two types
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FIGURE 2.125. IV can not divide into two types
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FIGURE 2.126. IV can not divide into two types



5. GEOMETRICAL MEANING OF COHOMOLOGY CLASSES 201

Ny

7 ”//4
A

-l
-u

A4
"{//?’/////4
/

d

N>

X
W

7
s YIS, 'l P
V%50
"///AVL

’/

\\\ WS
Y
_\\\\.Q‘\\Q\\
'iﬂl S
\ | ﬂl '
\ . \\\‘

~—106
FIGURE 2.127. IV can not divide into two types
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FIGURE 2.128. IV can not divide into two types
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FIGURE 2.129. IV can not divide into two types
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FIGURE 2.130. IV  can not divide into two types
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FIGURE 2.131. IV can not divide into two types
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FIGURE 2.132. IV can not divide into two types
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FIGURE 2.133. IV can not divide into two types
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FIGURE 2.134. IV can not divide into two types
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FIGURE 2.135. IV can not divide into two types
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FIGURE 2.136. Type A for IV "
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FiGURE 2.137. Type A for IV ‘
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FIGURE 2.138. Type A for IV
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FIGURE 2.139. Type A for IA\73’G
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FIGURE 2.140. Type A for IV
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FIGURE 2.141. Type A for v
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FIGURE 2.142. Type A for IV0
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FIGURE 2.143. Type A for IV
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FIGURE 2.144. Type A for IV
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FIGURE 2.145. Type A for I’VZ
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FI1GURE 2.146. Type A for ﬁ?j
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FIGURE 2.147. Type A for IV
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FIGURE 2.148. IV can not divide into two types
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F1GURE 9.149. IV can not divide into two types
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FIGURE 2.151. IV  can not divide into two types
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FIGURE 2.152. IV' can not divide into two types



FIGURE 2.153. Type A for IV' "



FIGURE 2.154. Type A for IV'
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FIGURE 2.155. Type A for IV
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FIGURE 2.157. Type A for IV !
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FIGURE 2.162. Type A for IV
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FIGURE 2.164. Type A for IV



5. GEOMETRICAL MEANING OF COHOMOLOGY CLASSES

FIGURE 2.165. Type A for IVt
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FIGURE 2.167. Type A for IV
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FIGURE 2.168. IV' can not divide into two types
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FIGURE 2.173. Type A for IV
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FIGURE 2.174. Type A for '

FIGURE 2.175. Type A for IV
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TABLE 2.4. Table of
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TABLE 2.5. Table of incident numbers of [III
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TABLE 2.6. Table of incident numbers of [ITI
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TABLE 2.7. Table of incident numbers of [ITIg 4 : ] or [IIT}, : F]
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TABLE 2.8. Table of
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TABLE 2.9. Table of incident numbers of [III 4 : F] or [III



255

5. GEOMETRICAL MEANING OF COHOMOLOGY CLASSES

0,3

0,4

1,4

10

11

12

0,0,2

0,2,2

1,1,2

N
Vo2 (f)

Va27(f)
V227 (5)

VeSe(f)
IVEEe(f)
VR ()
VO

V2 %()
VER()
IVER(f)
VO ()

V% (f)
VYR ()
V2Le(f)
H<~ 1, nﬁ.wv

veee(s)
V2(f)

Ve2e(f)
vhee(y

u
~<wy::
i)

_<a 5(F)

wm:v
Vs (f)
~<ww:v

V22 ()
veeL ()
VoS (5)
o)

IVeR(s)
<O HDAHV
<U ncA\v
e

<c -AHV
wEL ()
V()
<c uucﬁv

a7l

4 Flor [l

dent numbers of [III}

1ncl

TABLE 2.10. Table of
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TABLE 2.11. Table of incident numbers of [III 4 : F] or [IIT} : F]
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TABLE 2.12. Table of incident numbers of [IIIj
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SR PN

<c HmAHv
rvBie(s)

<c HQAHv

)
H<c ~ﬂm.\u
EM_MS

Ve
e (f)

1ve%(f)
IV %(f)

R
Ve (f)

= i

Vo)
wia(p)
w2 ()
wih()

IVe2(f)
IVe22(f)

RN
IV *(£)

IV224(f)
Ve ?(f)

[SENRINEN]

Vo2 s)
vo2e(s)

Vo)
Ivee(s)

a:F]

F] or [III

dent numbers of [IITf , :

1ncil

TABLE 2.13. Table of
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0,1,1

1,1,1

0,3

1,3

0,4

1,4

10

11

12

0,0,2

0,2,2

1,1,2

1,2,2

0,1,2

2,2,2

IV25(f)
E.MS
V2R (f)
ﬁWS

VS (f)
<H wS

% VIS (f)
ZH S0

V. (f)
IVER()
ZH NG

e

V)
i ()
<~ Hnﬁ\v
H<~ Hnﬁ.\u

V22 (S)
iz
i)
i)

<u ~uﬂ.ﬁv
<~ uwﬁ.ﬁv

Vea(f)
ZW_%:

v
Ve (f)

~<» umAHv
<u ~mAHv
<u uMA_‘»V
i)

IV218(f)
vie(y)

<H av)

5 (f)
<_ :S
i)

IVSI8(f)
IV, 8(f)

vl

F] or [T

dent numbers of [I1I§ , :

1ncl

TABLE 2.14. Table of
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1,6

<ww5
“ WS
~< alf)
viE ()

Voals)
~<_ (5
_<~ S

» me

<~ )
i )
<u :.AHV
2“ mS

V3 (f)
i)
i)
i)

IVER()
iz

<H ~uA.\V
i)

—<~ uwﬁ.‘v
wiis(r)
i)
i)

V()
IV ()

w0(f)
<~ umAHv
i 15(5)
ZM.H%S

NN =

IVE18(f)
IV %(f)

)
<w {6
H<H uﬂﬁ.\u
i)

IVE8(f)
IV t8(f)

a:F]

)

TABLE 2.15. Table of incident numbers of [IIIj 4 : F] or [III
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1,3

0,4

1,4

10

11

12

1,2,2

0,1,2

2,2,2

IVelo(f)
IV, 1%(f)

i)
V2 (f)

v a(f)
V22(f)
2R ()
Vo2 ()

V()
i ()

VIR ()
i)

V()
IV, 24(f)

Ve (1)
V. *(f)

IV 28(f)
IV, ?5(f)

V2A(h)
Ve A(f)

V2o(f)
vZ2o(f)

IV210(f)
IVZ0(f)

Ve (f)
vell(f)

AR
V2 (f)

NN
Ve (f)

Ver(s)
Vo (f)

T
Ve "(f)

Ve o(f)
IV2o(f)

vl

*
A

TABLE 2.16. Table of incident numbers of [III; 4, : F] or [III
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0,6

0,7

13

14

15

16

21

22

23

24

25

26

Ve 22(f)
v 2(f)

IV 20(f)
v *(4)

Vo)
V5 ()
i)
veE(f)

IVo22(f)
IV *2(f)

AR
IV (f)

V()
i ()

[CENE XN

R
IV *(f)

IV 25(1)
IV 25(f)

V2A(f)
Vo A(f)

IV29(f)
IV22(f)

Ve
wvhiog

Sl W W

vaT(

)
)
)
Vo (f)

)
Vo ()

N
Ve (f)

IV2(5)
IV24(f)

NERD
V2 (f)

IV21e(f)
V218(f)

4 F]

)

TABLE 2.17. Table of incident numbers of [IIIf 4 : F] or [III
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0,3

1,3

0,4

1,4

10

11

12

1,1,2

1,2,2

0,1,2

2

2,2

B

NN
Ve '(f)

V2 8(f)
vV, '%(f)

V()
i)

vER ()
e ()

VR ()
o (1)

v
~<0.. AHV

V()
vE ()

IV224(f)
Ve 24(f)

V22(1)
IVe25(f)

IV225(1)
IV 2%(f)

IV23(S)
v %(f)
vA)
V23

V2% (f)
V2 5(f)
VL)
V25

s (f)
V35(f)
VoL )
v3%(f)

IV2-°(f)
v o(f)

Ve(f)
v, (f)

V()
Ve 5(f)
V()
IVoR(f)

v

*
A

)

TABLE 2.18. Table of incident numbers of [III] , : F] or [III
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2,7

V217(f)
v21(f)

IV228(f)
Ve '8(4)

NERD
H<ﬂ~ A.ﬂv

vam ()
vE ()

e e e e

)
Vo2 (f)

vaE ()
vEe())

IV223(f)
i)

AR
Ve *(f)

NN NN

IV22(f)
Ve 25(f)

1v225(p)
I\ )

S E))
V25(f)
V25 (f)

i)

V4 (f)
VL)
VL (f)
V25()

25 (f)
VeS(f)
V2SS
v33()

IV2S(f)
V_°(f)

Ve (s)
V" (f)

VL)
V25L(f)
()
VIR

: F]

*
A

)

TABLE 2.19. Table of incident numbers of [IIIj 4 : F] or [III
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5. GEOMETRICAL MEANING OF COHOMOLOGY CLASSES

0,0,1

0,1,1

0,3

1,3

0,4

1,4

10

11

12

1,1,2

1,2,2

0,1,2

2,2,2

VS (1)
VS(f)
)]
V2R ()

IVYe(f)
VoS (f)

ve7(f)
VIT(f)

VoS ()
V2 5(f)
V2L
Va3 ()

IVee(f)
V_*(f)

Ve (f)
Vo' (f)

IVoS(f)
A%0{¢))

IVS7(f)
Ve7(f)

VT7(g)
v (f)

Ve (f)
vV (f)
V2a(f)
v ()

e, B

L)
V2S(f)
V5 ()
Ve s(f)

Ve (f)
IV 5(f)
VoS
V23 (f)

Ve (f)
Ve (f)

IVEe(f)
V2o (f)

a:F]

)

TABLE 2.20. Table of incident numbers of [III 4 : F] or [III
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VS ()
vS(f)
V2S(S)
i)

Vo S(f)
IVer*(f)

IV2T(f)
IVE7(f)

VS ()
Vo L(f)
V2S(f)
V33(5)

IVee(f)
V2°(f)

IV2T(f)
Vo' (f)

IV28(f)
IV.°(f)

IV2T(f)
Ve (f)

V()
v ()

IV2%(f)
V2 5()
V25(f)
v23(f)

%A 6]
IV 5(f)
V25 (f)
via(s)

VoS (f)
Vo)
V2o (f)
V2R(f)

Ve (f)
Ve (f)

VR (f)
vee(f)

TABLE 2.21. Table of incident numbers of [I1I; 4 : F] or [T} : F]
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0,0,0

0,0,1

0,1,1

0,3

1,3

0,4

1,4

10

11

12

0,0,2

0,2,2

1,1,2

Vol (f)
Zc )
25 (f)

Vo (f)

VIh(f)
H<~ )
wS
:z b ()

IV2°(f)
<u.vm.\v’

voe(f
<c nﬁ.%

)
)
IVeS(f)
<u nm v

IV2e(f)
ancv

Vorh(f)
Ec (5
LS
IV2E(f)

_<= %)
Vo)
_<c ()
Vo (5)

Vol(f)
_<= L)
_<= BAG)

B

Vg (f)
255
o4 (5)

VoE(f)

vl

*
A

4 F]or [III

*
0,

TABLE 2.22. Table of incident numbers of [III
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2,3

2,4

2,5

2,6

2,7

13

14

15

16

17

18

19

20

21

22

23

24

25

26

VoL ()
IV, ()
IVEL()

Vo s(f)

VR (f)
V2e(f)
VIS (S)
VIS (f)

IV20(f)
IV2°(f)

IVere(f)
Vo *(4)

Ivee(f)
v e(f)

i Ll

IVZ2(f)
V2 °(f)

VoL (f)
VYE(f)
woss)

V23(f)

Em“uS
:\WHMS
VS ()

Vos(f)

vl ()
woL(f)
V21 (f)
i)

m«mm:c
5.50)
w«mrs
>2(f)

TABLE 2.23. Table of incident numbers of [III; 4 : F] or [IIT} : F]
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0,0,0

0,0,1

0,1,1

1,1,1

0,3

1,3

0,4

1,4

10

11

12

1,2,2

0,1,2

L)
vV 5(f)
1A%SAT))
IV B(f)

VS (f)
IV 5(f)
INGAC))
V25 (f)

i)
R
e, A
i)

s ()

v

i
e.B

v2(s)
Vo (f)

V2e(f)
Ve e(f)

Ve (s)
el (f)

IV29(f)
V2 9(f)

Vo (f)
IV S(f)
VeL(f)
VO B(S)

_<WM>CJ
AL ()
L)
350

Vi ()
~<wmeQ
VA
V2s(f)

: Fl

*
A

TABLE 2.24. Table of incident numbers of [IIIj 4, : F] or [III
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2,3

2,4

2,5

2,6

2,7

13

14

15

16

17

18

19

20

21

22

23

24

25

26

2, 4(f)
V(s
vid(s)

ZH 90

2, ()
Ve (f)
ZSS
VIs()

LS
ZwmmS
Vo)
:z L8

25 9(f)

sumS
V25(f)
V()

IV24(f)
Iv24(5)

IvVEe(f)
Vo2 (f)

V27 (f)
18 0)

IV29(f)
Vo 9(f)

e ng

%vS
IV2a(s)
Vil
V()

V()
IVota(s)
()
v2a()

A F]

i

TABLE 2.25. Table of incident numbers of [IIIj , : F] or [III
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VI ()
EN%S
Vi)
van()

i?S
IVels(s)
IVEa(s)
Ve 5(f)

V3L ()
VL ()
V()
v ()

V()
V()
IVEL(P)
v ()

V()
VL)
V()
()

IVeLa(f)
v3iL(s)
H<M 6))

IVe's(f)

<uM>CJ
<uwaJ
~<uw>Qv
Vs ()

<uM>CJ
<ume.v
~<uw (f)
VI (f)

5. GEOMETRICAL MEANING OF COHOMOLOGY CLASSES

VAl
VL)
()
V()

V()
V()

0y
S

a7l

F] or [IIT

)A’

TABLE 2.26. Table of incident numbers of [IIT}




<NM>C&
~<umeJ
~<uo>Qv
Vs (f)

V(1)
V()
()
V()

<J>S
H<m,mQV
IVE a(f)
H<w: s(f)

~<WM>QV
<mwva
~<uv>Qv
~<u mC&

w 2a(f)
<wm5
~<N>S
IV3_(f)

IV (f)

<msmAHv
2:&3
v (/)

<wM>C.V
<ww_va
v w>Qv
IVIs(f)

<UM>CJ
~<w va

w\pQu
~<w B(f)
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VL)
IV a()

Vi)
V)
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V(1)
()
Vi ()
ve s(f)

A F]

*

TABLE 2.27. Table of incident numbers of [IIIf 4 : F] or [III




273
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0,3

1,3

0,4

1,4

10

11

12

0,1,2

2,2,2

V()
Vois(f)
Ve als)
Zw "s(f)

_<..M>CJ
<»amC.v
~<“ 4a)

v ()

IVai(f)
V()

IVE(5)
V.2 ()

VL)
Va()
V()
W20

IVe(f)
V. (f)

~<5M>Qv
<»meJ
<»W>QV
IVels(f)

ZA.M\,S
Ve s(f)
IVe a(s)
VL)

:\.V,S
1Voin(s)
IVeialh)

Velp(f)

IVeA(f)
IV (f)

<AM>A.3
H<»wmcnv
a<._@>CJ
Ivis(f)

TABLE 2.28. Table of incident numbers of [IIIj 4 : F] or [IIT} : F]
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0,6

0,7

1,5

1,7

2,6

2,7

13

14

15

16

17

18

19

20

21

22

23

24

25

26

IVSA(f)

<umeJ
~<uw>Qv
IVIs(f)

Vi)
Vit ()
it ()
()

V2l (f)
Vel (f)

IV22(f)
<$CJ

VL ()
~<.,wva
V()
v ()

I e L)

IV24(f)
V' ()

V2%, ()
IV3a()
V()
v ()

el L N

V()
i)
it (1)
i)

EMVS
VE'a(f)
V()
VA5 (f)

IVeA(f)
V2 (f)

vEL(7)
Ve s(f)
:1M>S
Vs(f)

vl

*
A

TABLE 2.29. Table of incident numbers of [III 4 : F] or [III
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0,3

1,3

0,4

1,4

10

11

12

1,1,2

1,2,2

0,1,2

2,2,2

a °alf)
<m_umCJ
~<mo>Qv
IVe's(f)

Val(f)
V. (f)

IVe2(f)
IV.2(f)

IV23(f)
IV2()

IV (f)
~<$ B(f)
<m»>C‘v
v ()

<mM>CJ
~<mwva
Ve alf)
*5(4)

~<mM>Qv
<mmev
<mmeJ
V2s(f)

VS (f)
IVE7(f)

~<mM>Qu
<mvav
~<mm>CJ
IVe's(f)

Ve (1)
IV s(f)

<.WM>S
<momC_v
H<mo>Qu
IvVEs(f)

v

*
A

TaBLE 2.30. Table of incident numbers of [III§ 4 : F] or [III
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)

)

24

~<uw>s
<momCJ
2“&0&
IVEs(f)

IV2(f)
v (f)

IVZ2(f)
IVZ2(f)

W W~

IVE3(f)
IV2(f)

IVEra(f)
VEL(f)
V3L (f)
WEL ()

Ve (1)
~<mwmQu

vEE (1)
IVEL ()

H<mM>Q )
_<m ()

%Q )
_<m 8(f)

IVeT(£)
IVE7(f)

H<mM>QV
vEL(7)
VEL()
e ()

V22l
VeSS ()
H<mw a(f)

Vi (1)

i?S
veio(s)
2; L (f)

Ve (£)

v

*
A

TABLE 2.31. Table of incident numbers of [IIIj 4 : F] or [III
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IVEX(s)
V.'(f)

Ve ()
~<mvav

w\,Qv
~<m B(f)

V23 (f)
V2(f)

IVEL(f)
VA (f)

IVes(f)
IVe*(f)

VS, (f)
<,..Mm8
_<m A(f)

Ve (1)

,@S
vErL (1)
VL)
L ()

IVea(f)
Ve ()
%ﬁS

Ve.s(f)

IVe9(f)
V.o (f)

<4M>Qu
~<qva.v

o\,Qu
IV (f)

5. GEOMETRICAL MEANING OF COHOMOLOGY CLASSES

IVera(s)
2me
Ve als)
i ()

)
<qmeJ
2.@&3
IVI%5(f)

a7

*

)

TABLE 2.32. Table of incident numbers of [III 4 : F] or [III




2,4

)

IVeL(s)
Ve (f)

V()
~<wwm2v
~<W>QV
Vs ()

IV23(f)
VeA(f)

IVoH(f)
IVS4(f)

IVES(f)
VA ()

IVEL (1)
vEEL(r)
~<mw>Q )
Ve (1)

~<MM>CJ
Vi)
~<w.\23
V' ()

~<MM>CQ
~<mwva
H<Mw>Qv
IVes(f)

IVEA(f)
IV.2(f)

Veralf)
2“%5
v ()
V% (f)

IVe'a(s)
_<w,va
~<“wmqv
IVIs(f)
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VEL()
~<wwmb3
:&%S
Vs(f)

A Fl

*

)

TABLE 2.33. Table of incident numbers of [IIIj 4 : F] or [III
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10

11

12

IV23(f)
IV2()

VoL (f)

~<;S
vis(s)

v
i)
Vi)
it ()

V()
V()

Vi)
V)

IVZS(f)
VA (f)

<;S
vi()

:\noQ )
Ve (f)

IVel(f)
Vel (f)

IVe2(f)
IvV.2(f)

IVA(f)
V2(f)

IV2*(f)
IVE(f)

IVeE(f)
<mwhﬂv

in
Em mS

vl

*
A

)

TABLE 2.34. Table of incident numbers of [III 4 : F] or [III



1,5

21

IVE2(f)
IV 2(f)

V74 (f)
<.:va
~<§>Qv
()

~<;Q )
vis(s)

<qm>5
24%5
Vo)
IVI°5(f)

IVEA(S)
2me
V()
AAG)

<:S
Vi)

2.50" )
Vi)

_<wc3
IV °(f)

IVeX(f)
ve(f)

IVe2(f)
v.2(f)

N I P

IVeA(f)
V2 (f)

IVE(f)
1V *(f)

Ve (f)
IV.°(f)
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<uM>Qv

~<MmmCJ

ﬁ«; mw
B

A Fl

*

)

TABLE 2.35. Table of incident numbers of [III; 4 : F] or [III
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0,3

1,3

0,4

10

11

12

1,2,2

0,1,2

2,2,2

IVET(f)
Ve (f)

IVeR(f)
Vo (f)

Ve (f)
IV.°(f)

v, 1)
~<w_umCJ
~<wo>Qv
IVEs(f)

IV2l(f)
v.'(f)

V3 (f)
IV.2(f)

IVE3(s)
IvV.2(f)

IVa*(f)
IVA(f)

IVEs(f)
IV.°(f)

IVEe(f)
IV °(f)

IVo7(f)
IV (f)

IV2A(f)
VA (f)

1V29(f)
IV22(f)

IV20o(f)
vV.2%(f)

Vel (f)
Vel (f)

IVEo2(f)
IV."2(f)

Vo3 (f)
V" (f)

v
IV, (f)

IVEOS(f)
Ve (f)

v

*
A

)

TABLE 2.36. Table of incident numbers of [IIIj 4 : F] or [IIT
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-
(=

25

IVeT(£)
IV."(f)

IVER(S)
Ve (f)

IV22(f)
IV 2(f)

~<WM>C&
VAL
~<mw>Qv
V224 (f)

NS e Ll

IV2L(f)
V2 (f)

IV23(S)
IVE3(f)

IV2(f)
IV 2(f)

IVE(f)
V. (f)

IVeS()
V()

IVes(f)
IV.A(f)

IVY(f)
A%40))

IV2R(f)
VA (f)

IV22(f)
V2 (f)

IVo2(f)
IVC"(f)

e e

Vo2l (f)
V.2 (f)

R0
v, "(f)

IVe2(f)
IV 23(f)

V()
IV "*(f)

IVCo5(f)
IVP%(4)

TABLE 2.37. Table of incident numbers of [ITIf 4 : F] or [IIT}, : F]
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0,0,0

0,0

0,1,1

1

1

)

1

0,3

1,3

0,4

1,4

10

11

12

~<~DmﬂHv

°

IV, " (f)

Ve (f)
V.°7(f)

IV o8 ()
IV " (f)

Vi)
IV (f)

Vi)
V' (f)

IVeI(f)
v (f)

Iver2(f)
viz(y)

R
IV " (f)

V(1)
ver(f)

Ve A(f)
V5 5(f)
Ve A(f)
IV ()

IV, 4(f)

VE 4(f)
Vi 5(f)

IV 4(f)
v 5(f)
Ve 4(f)
v s(f)

IVE A(f)
vE 5(f)

IVL(f)
V(f)

a7

TABLE 2.38. Table of incident numbers of [IIIf 4 : F] or [III
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19

V)
V. "(f)

IVEoT(f)
v, (f)

R
V. " (f)

Vi)
wvive(s)

NN NN

H<-DANV

°

v,.°(f)

IVETi(f)
v, (f)

IV 2(f)
V."2(f)

~<Huuﬁ.\v

o

IV 2(f)

IV (1)
IV M(f)

Ve 5(f)

Ve 4 (f)

IV, a(f)
Ve 5(f)

V7 ,(f)
V7 L (f)
V2 (f)
i ()

IVE L (f)
V5 5(f)
IVE A(f)
e ()

IVL(f)
IV (f)

2 F)

*
A

TABLE 2.39. Table of incident numbers of [IIIf 4 : F] or [III
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0,3

1,3

0,4

10

11

12

0,0

)

0,2,2

1,1,2

IVE(£)
v ()

Ve (s)
0

IVe(s)
IVe(f)

IVE(f)
IVE(S)

V7 A(f)
V7 5(f)
IVZ A(S)
Ve s5(f)

Ve 4(f)
IV, 5(f)
IV 4(f)
Ve 5(f)

Ve a(f)

Ve 4(f)
Ve 5(f)

IVe(f)
Ve (f)

IVe(f)
IVZ(£)

: Fl

*
A

TaBLE 2.40. Table of incident numbers of [IITj 4 : F] or [III
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1,5

1,6

1,7

2,3

2,4

2,5

13

14

15

16

17

18

19

20

21

22

23

24

25

26

a

IV (f)
vV (f)

vVe(s)
e

IVe(s)
Ve (f)

S e e e

IVE(S)
IVE(S)

V2 4(f)
Ve 5(f)
IVE a(£)
Ve s(f)

Ve a(f)
Ve 5(f)
Ve a(f)
Ve s(f)

IVE(S)
ve(f)

IV2(f)
wve(s)

TABLE 2.41. Table of incident numbers of [III§ 4 : F] or [III; : F]
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1,3

0,4

1,4

10

11

12

0,0,2

0,2,2

Vo (f)
IV (f)

Ve 4(f)

e L(f)
e o (f)
e L(f)
Ve 5 (f)

V3 4 (f)
Ve 5(f)
IVE A(f)
V2 5(f)

Ve a(f)

v

*
A

TABLE 2.42. Table of incident numbers of [ITI§ 4, = F] or [III
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1,5

1,6

1,7

2,3

2,4

2,5

2,6

2,7

13

14

15

16

17

18

19

20

21

22

23

24

25

26

a

Ve (f)
Ve (f)

VS a(f)
Ve 5(f)

V5 A(f)
V5 5(f)
Ve 4(f)
~<w.mQu

IVE 4(f)
e s(f)

VS L(f)
V¢ 5(f)
VS L(f)
V¢ 5(f)

a:F]

)

TABLE 2.43. Table of incident numbers of [IIIj 4 : F] or [III
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CHAPTER 3

Singular fibers of stable maps and signatures of
4-manifolds

( joint work with O.Saeki )

1. Introduction

In [43] Saeki developed the theory of singular fibers of generic differentiable
maps between manifolds of negative codimension. Here, the codimension of a map
f : M — N between manifolds is defined to be £ = dim/N — dim M. For k > 0,
the fiber over a point in N is a discrete set of points, as long as the map is generic
enough, and we can study the topology of such maps by using the well-developed
theory of multi-jet spaces. However, in the case where k£ < 0, the fiber over a point
is no longer a discrete set, and is a complex of positive dimension —k in general.
This means that the theory of multi-jet spaces is not sufficient any more, and in
[43] we have seen that the topology of singular fibers plays an essential role in such
a study.

In [43], as an explicit and important example of the theory of singular fibers,
C* stable maps of closed orientable 4-manifolds into 3-manifolds were studied
and their singular fibers were completely classified up to the natural equivalence
relation, called the C* (or C°) right-left equivalence (for a precise definition, see
§2 of the present paper). Furthermore, it was proved that the number of singular
fibers of a specific type (in the terminology of [43], singular fibers of type III®)
of such a map is congruent modulo two to the Euler characteristic of the source
4-manifold (see [43, Theorem 5.1] and also Corollary 5.6 of the present paper).

In this Chapter, we will give an “integral lift” of this modulo two Euler char-
acteristic formula. More precisely, we consider C'* stable maps of oriented 4-
manifolds into 3-manifolds, and we give a sign +1 or —1 to each of its I8 type
fiber, using the orientation of the source 4-manifold. Then we show that the alge-
braic number of ITI® type fibers coincides with the signature of the source oriented
4-manifold (Theorem 5.5).

For certain Lefschetz fibrations, similar signature formulas have already been
proved by Matsumoto [27, 28], Endo [10], etc. Our formula can be regarded as
their analogues from the viewpoint of singularity theory of generic differentiable
maps. The most important difference between Lefschetz fibrations and generic
differentiable maps is that not all manifolds can admit a Lefschetz fibration, while
every manifold admits a generic differentiable map. (In fact, a single manifold
admits a lot of generic differentiable maps.) Furthermore, it is known that similar
signature formulas do not hold for arbitrary Lefschetz fibrations, since there exist
oriented surface bundles over oriented surfaces with nonzero signatures (see [29]).
In this sense, our formula is more general (see Remark 7.7). Our proof of the
formula is based on the abundance of such generic maps in some sense.

More precisely, our proof of the formula goes as follows. We first define the
notion of a chiral singular fiber (for a precise definition, see §2). Roughly speaking, if
a fiber can be transformed to its “orientation reversal” by an orientation preserving

291
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homeomorphism of the source manifold, then we call it an achiral fiber; otherwise,
a chiral fiber. On the other hand, we classify singular fibers of proper C*° stable
maps of orientable 5-manifolds into 4-manifolds by using methods developed in [43].
Then, for proper C'*® stable maps of oriented 4-manifolds into 3-manifolds, and
those of oriented 5-manifolds into 4-manifolds, we determine those singular fibers
in the classification lists which are chiral. Furthermore, for each chiral singular
fiber that appears discretely, we define its sign (= %1).

Let us consider two C'® stable maps of 4-manifolds into a 3-manifold which
are oriented bordant. Then by using a generic bordism between them, which is a
generic differentiable map of a 5-manifold into a 4-manifold, and by looking at the
I118-fiber locus in the target 4-manifold, we show the oriented bordism invariance of
the algebraic numbers of II1® type fibers of the original stable maps of 4-manifolds.
Finally, we verify our formula for an explicit example of a stable map of an oriented
4-manifold with signature +1. (In fact, this final step is not so easy and needs a
careful analysis.) Combining all these, we will prove our formula.

This Chapter is organized as follows. In §2 we give some fundamental definitions
concerning singular fibers of generic differentiable maps, among which is the notion
of a chiral singular fiber. In §3 we recall the classification of singular fibers of
proper C® stable maps of orientable 4-manifolds into 3-manifolds obtained in [43].
In §4 we present the classification of singular fibers of proper C'* stable maps of
orientable 5-manifolds into 4-manifolds. In §5 we determine those singular fibers
in the classification lists which are chiral. Furthermore, for each chiral singular
fiber that appears discretely, we define its sign by using the orientation of the
source manifold. In §6 we prove the oriented bordism invariance of the algebraic
number of ITI® type fibers. This is proved by looking at the adjacencies of the chiral
singular fiber loci in the target manifold. In §7 we investigate the explicit example
of a C™ stable map of an oriented 4-manifold into a 3-manifold constructed in
[43]. In order to calculate the signature of the source 4-manifold, we will compute
the self-intersection number of the surface of definite fold points by using normal
sections coming from the surface of indefinite fold points. This procedure needs
some technical details so that this section will be rather long. By combining the
result of §6 with the computation of the example, we prove our main theorem.
Finally in §8, we define the universal complex of chiral singular fibers for proper
C® stable maps of 5-manifolds into 4-manifolds and compute its third cohomology
group. This will give an interpretation of our formula from the viewpoint of the
theory of singular fibers of generic differentiable maps as developed in [43].

The authors would like to express their thanks to Andras Szlics for drawing
their attention to the work of Conner-Floyd. They would also like to thank Goo
Ishikawa for his invaluable comments and encouragement.

2. Preliminaries

Let us begin by some fundamental definitions. For some of the definitions of
the singular fibers, the equivalence relations among them refer to Chapter 2,3 and
[43].

DEFINITION 2.1. Let § be a C° equivalence class of a fiber of a proper smooth
map in the sense of Definition 2.1 in Chapter 1. For a proper smooth map f :
M — N between smooth manifolds, we denote by F(f) the set consisting of those
points of N over which lies a fiber of type §. It is known that if the smooth map
f is generic enough (for example if f is a Thom map [13]), then F(f) is a union of
strata of N and is a C° submanifold of N of constant codimension (for details, see
[43, Chap. 7]). Furthermore, this codimension x = k(§) does not depend on the
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choice of f and we call it the codimension of §. We also say that a fiber belonging
to § is a codimension & fiber.

Let us introduce the following weaker relation for (singular) fibers.

DEFINITION 2.2. Let fi : (M, (fi)~'(vi)) = (Ni,%:) be proper smooth map
germs along fibers with n = dimM; and p = dim N;, ¢ = 0,1, with n > p. We
may assume that N; is the p-dimensional open disk Int D? and that y; is its center
0,i=0,1. We say that the two fibers are C° (or C*®) equivalent modulo regular
fibers if there exist (n — p)-dimensional closed manifolds F;, i = 0, 1, such that the
disjoint union of fy and the map germ mo : (Fo x IntDP, Fy x {0}) = (IntD?,0)
defined by the projection to the second factor is C° (resp. C*°) equivalent to the
disjoint union of f; and the map germ m : (Fy x IntDP, Fy x {0}) = (IntD”,0)
defined by the projection to the second factor.

Note that by the very definition, any two regular fibers are C'°° equivalent
modulo regular fibers to each other as long as their dimensions of the source and
the target are the same.

For the C° equivalence modulo regular fibers, we use the same notation as in
Definition 2.1. Then all the assertions in Definition 2.1 hold for C° equivalence
classes modulo regular fibers as well.

The following definition is not so important in this paper. However, in order
to compare it with Definition 2.4, we recall it. For details, refer to [43].

DEFINITION 2.3. Let § be a C° equivalence class of a fiber of a proper Thom
map. Let us consider arbitrary homeomorphisms ¢ and ¢ which make the diagram

(F~H(Uo), F1 () —2— (F1 (1), 71 (v)

] I
(Uo,y) — (U1,y)

commutative, where f is a proper Thom map such that the fiber over y belongs to
%, and U; are open neighborhoods of y. Note that then we have ¢(F(f) N Uo) =
F(f)NU;. We say that §F is co-orientable if  always preserves the local orientation
of the normal bundle of F(f) at y.

We also call any fiber belonging to a co-orientable C° equivalence class a co-
orientable fiber.

In particular, if the codimension of F coincides with the dimension of the target
of f, then ¢ above should preserve the local orientation of the target at y.

Note that if § is co-orientable, then F(f) has orientable normal bundle for every
proper Thom map f.

The following definition plays an essential role in this paper. Compare this
with Definition 2.3.

DEFINITION 2.4. Let & be a C° equivalence class of a fiber of a proper Thom
map of an oriented manifold. We say that ¥ is achiral if there exist homeomor-
phisms @ and ¢ which make the diagram

(F1(Uo), f W) —2—= (F1(Uh), F71 ()

(2.1) fl lf

(UO) y) £ ) (U17 y)
commutative such that the homeomorphism ¢ reverses the orientation and that the
homeomorphism

(2.2) elz(nnue = S(F) NUo = F(f) N UL
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preserves the local orientation of F(f) at y, where f is a proper Thom map such
that the fiber over y belongs to §, and U; are open neighborhoods of y.

Note that if the codimension of § coincides with the dimension of the target
of f, then the condition about the homeomorphism (2.2) is redundant. Note also
that the above definition does not depend on the choice of f or y.

Moreover, we say that § is chiral if it is not achiral.

We also call any fiber belonging to a chiral (resp. achiral) C° equivalence class
a chiral fiber (resp. achiral fiber).

Furthermore, we have the following.

LEMMA 2.5. Suppose that the codimension of § is strictly smaller than the di-
mension of the target. Then § is achiral if and only if there exist homeomorphisms
@ and ¢ making the diagram (2.1) commutative such that the homeomorphism ¢
preserves the orientation and that the homeomorphism (2.2) reverses the orienta-
tion.

PrROOF. Let f: (M, f~(y)) — (NN, y) be a representative of §. Let us consider
the Whitney stratifications M and N of M and N respectively with respect to
which f satisfies certain regularity conditions [12]. We may assume that y belongs
to a top dimensional stratum of . By our hypothesis, the dimension k of this
stratum is strictly positive. Let A be a small open disk of codimension k centered
at y in N which intersects with the stratum transversely at y. Set M’ = f~1(A).
Note that f' = f|p : M’ — A is a proper Thom map.

By the second isotopy lemma, we see that the map germ f : (M, f~1(y)) —
(N,y) is C° equivalent to the map germ f’ x idgx : (M’ x Rk,f’_l(y) x 0) —
(A x R* y x 0). Since k is positive, it is now easy to construct orientation re-
versing homeomorphisms ¢ and ¢ making the diagram (2.1) commutative such
that the homeomorphism (2.2) reverses the orientation. Then the lemma follows
immediately. This completes the proof. O

We warn the reader that even if a fiber is chiral, homeomorphisms @ and ¢
making the diagram (2.1) commutative may not satisfy any of the following.

(1) The homeomorphism ¢ preserves the orientation and the homeomorphism
(2.2) preserves the orientation.

(2) The homeomorphism @ reverses the orientation and the homeomorphism
(2.2) reverses the orientation.

This is because f~1(U;) may not be connected.

For example, a regular fiber is achiral if and only if the fiber manifold admits
an orientation reversing homeomorphism. The disjoint union of an achiral fiber and
an achiral regular fiber is clearly achiral. The disjoint union of a chiral fiber and
an achiral regular fiber is always chiral.

In what follows, we consider only those maps of codimension —1 so that a
regular fiber is always of dimension 1. Note that every compact 1-dimensional
manifold admits an orientation reversing homeomorphism. Therefore, for two fibers
which are C° equivalent modulo regular fibers, one is chiral if and only if so is the
other. Therefore, we can speak of a chiral (or achiral) C° equivalence class modulo
regular fibers as well.

3. Singular fibers of stable maps of 4-manifolds into 3-manifolds

In this section, we consider proper C'* stable maps of orientable 4-manifolds
into 3-manifolds and recall the classification of their singular fibers obtained in [43].

The characterization of proper C* stable maps of 4-manifolds into 3-manifolds
is obtained in Chapter 1, Proposition 2.2.
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In the following, we assume that the 4-manifold M is orientable. Using Propo-
sition 2.2 in Chapter 1, Saeki obtained the following classification of singular fibers
[43].

THEOREM 3.1. Let f: M — N be a proper C* stable map of an orientable
4-manifold M into a 3-manifold N. Then, every singular fiber of f is C* (and
hence C°) equivalent modulo regular fibers to one of the fibers as in Figure 3.1.
Furthermore, no two fibers appearing in the list are C° equivalent modulo regular

fibers.

Remark 3.2. In Figure 3.1, k denotes the codimension of the relevant singular
fiber in the sense of Definition 2.1. Furthermore, I* II* and III* mean the names
of the corresponding singular fibers, and “/” is used only for separating the figures.
Note that we have named the fibers so that each connected fiber has its own digit
or letter, and a disconnected fiber has the name consisting of the digits or letters of
its connected components. Hence, the number of digits or letters in the superscript
coincides with the number of connected components that contain singular points.

Remark 3.3. For proper C* stable maps of 3-manifolds into the plane, a simi-
lar classification of singular fibers was obtained by Kushner, Levine and Porto [22],
although they did not mention explicitly the equivalence relation for their classifica-
tion. Their classification was in fact based on the “diffeomorphism modulo regular

fibers”.

4. Singular fibers of stable maps of 5-manifolds into 4-manifolds

In this section we present the classification of singular fibers of orientable 5-
manifolds into 4-manifolds.

We note that we alreadly have the characterization of proper stable maps of
5-manifolds into 4-manifolds: Proposition 4.1 in Chapter 2, and the diffeomorphism
types of a neighborhood of a point in its corresponding fiber: Lemma 4.4 in Chapter
2.

Then by an argument similar to that in [43, Chap. 3], we can prove the follow-
ing, whose proof is left to the reader.

THEOREM 4.1. Let f: M — N be a proper C stable map of an orientable
5-manifold M into a 4-manifold N. Then, every singular fiber of f is C° equivalent
modulo regular fibers to one of the fibers as follows:

(1) the suspension of a fiber appearing in Theorem 3.1, or

(2) a disconnected fiber IV©*00, TyO001 TyO.0LL TyoLLL TyLLLL Ty0.0.2,
voL2 pybl2 [y003 1yol3 pyLl3 pyod [yos [y0s 1yo7 yos8
Ty iV1,5 IV’l,e IV1:7 IVI‘S’IV“ I’Vz,s I’Vs,s I\’/o,o,a iVo,1,a’IV1,1,’a
VP, TVEe Tv2e Tv3e Tvee, Tvoe, Tvod Ivoe vhe Ivhe, orIvhe,
or
one of the connecte ers as depicted in Figure 3.2.

3 f th d fib depicted in Fi 3.2

Furthermore, no two fibers appearing in the list (1)—(3) above are C° equivalent
modulo regular fibers.

For the fibers as in Theorem 4.1 (1), we use the same names as those of the cor-
responding fibers in Theorem 3.1. Note that the names of the fibers are consistent
with the convention mentioned in Remark 3.2. Therefore, the figure corresponding
to each fiber listed in Theorem 4.1 (2) can be obtained by taking the disjoint union
of the fibers in Figure 3.1 corresponding to the digits or letters appearing in the
superscript. For example, the figure for the fiber IVO%%! consists of three dots and
a “figure 8”.
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FIGURE 3.1. List of singular fibers of proper C* stable maps of
orientable 4-manifolds into 3-manifolds
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vk I\ ™ A% ve
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FIGURE 3.2. List of codimension 4 connected singular fibers of
proper C'® stable maps of orientable 5-manifolds into 4-manifolds

In Figure 3.2, we did not use “/” as in Figure 3.1, since the depicted fibers are
all connected and are easy to recognize.

Note also that the codimensions of the fibers in Theorem 4.1 (1) coincide with
those of the corresponding fibers in Theorem 3.1. Furthermore, the fibers in The-
orem 4.1 (2) and (3) all have codimension 4.

Remark 4.2. The result of Theorem 4.1 holds for the classification up to C*°
equivalence as well. As a consequence, we see that two fibers are C° equivalent
if and only if they are C* equivalent (for related results, refer to [43, Chap. 3]).
This should be compared with a result of Damon [9] about stable map germs in
nice dimensions.
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FIGURE 3.3. Orientations of the four arcs incident to a singular point

FIGURE 3.4. Cyclic order of the three singular points

5. Chiral singular fibers and their signs

In this section we determine those singular fibers of proper stable maps of
oriented 4-manifolds into 3-manifolds which are chiral. We also define a sign (= +1)
for each chiral singular fiber of codimension 3.

Let us first consider a fiber of type ITI®. Let f : (M, f~1(y)) = (N, y) be a map
germ representing the fiber of type III® with f~!(y) being connected, where M is
an orientable 4-manifold and N is a 3-manifold. We assume that M is oriented.
Let us denote the three singular points of f contained in f~(y) by gq1, g2 and gs.

Let us fix an orientation of a neighborhood of y in N. Then for every regular
point ¢ € f~!(y), we can define the local orientation of the fiber near ¢ by the
“fiber first” convention; i.e., we give the orientation to the fiber at ¢ so that the
ordered 4-tuple (v,v1,vs,vs) of tangent vectors at ¢ gives the orientation of M,
where v is a tangent vector of the fiber at ¢ which corresponds to its orientation,
and vy, ve and v are tangent vectors of M at ¢ such that the ordered 3-tuple
(dfq(v1), dfg(va), df4(vs)) corresponds to the local orientation of N at y. Note that
the set of regular points in f~!(y) consists of six open arcs and each of them gets
its orientation by the above rule.

Each singular point ¢; is incident to four open arcs. We see easily that their
orientations should be as depicted in Figure 3.3 by considering the orientations
induced on the nearby fibers.

For each pair (gi,q;), ¢ # j, of singular points, we have exactly two open arcs
of f~1(y) which connect g; and g;. Furthermore, the orientations of the two open
arcs coincide with each other in the sense that one of the two arcs goes from ¢; to
g; if and only if so does the other one. Then we see that the orientations on the
six open arcs define a cyclic order of the three singular points ¢1,¢2 and g3 (see
Figure 3.4). By renaming the three singular points if necessary, we may assume
that this cyclic order is given by (g1, g2, ¢3).
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f(D2) f(Dy)
£(Ds)”"]

FIGURE 3.5. Vectors w; normal to f(D;) pointing toward w

Let D; be a sufficiently small open disk neighborhood of ¢; in S(f). Since the
multi-germ (f|s(s), f~'(y) N S(f)) corresponds to the triple point as depicted in
Figure 1.2 (4) in Chapter 1, the images f(D1), f(Dz) and f(Ds) are open 2-disks
in N in general position forming a triple point at y. They divide a neighborhood
of y in N into eight octants. For each octant w, take a point in it and count the
number of connected components of the regular fiber over the point. It should be
equal either to 1 or to 2 and it does not depend on the choice of the point (for
details, see [43, Figure 3.6]). When it is equal to k (= 1,2), we call w a k-octant.

Choose a l-octant w. Let w; be a normal vector to f(D;) in N pointing toward
w at a point incident to that octant, i = 1,2,3 (see Figure 3.5).

We may identify a neighborhood of y in N with R3. Then the local orientation
at y corresponding to the ordered 3-tuple of vectors (w1, w2, wg) depends only on the
cyclic order of the three open disks f(D:), f(D2) and f(D3) and is well-defined,
once a l-octant is chosen. Then we say that the fiber f~1(y) is positive if the
orientation corresponding to (wj,ws, w3) coincides with the local orientation of N
at y which we chose at the beginning; otherwise, negative. We define the sign of
the fiber to be 41 (or —1) if it is positive (resp. negative).

LEMMA 5.1. The above definition does not depend on the choices of the fol-
lowing data, and the sign of a 13 type fiber is well-defined as long as the source
4-manifold is oriented:

(1) the l-octant w,
(2) the local orientation of N at y.

ProoF. (1) It is easy to see that any two adjacent octants have distinct num-
bers of connected components of their associated regular fibers; i.e., a 1-octant is
adjacent to 2-octants, but never to another 1-octant, and vice versa. Therefore, in
order to move from the chosen l-octant to another 1-octant, one has to cross the
open disks f(D;), f(D2) and f(Ds) even number of times. Every time one crosses
an open disk, the associated normal vector corresponding to that open disk changes
the direction, while the other two vectors remain parallel. Therefore, after crossing
the open disks even number of times, we get the same orientation determined by
the associated ordered normal vectors.

(2) If we reverse the local orientation of N at y, then the regular parts of fibers
get opposite orientations. Therefore, in the above definition, the cyclic order of
the three singular points is reversed. Hence, the resulting local orientation at y
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determined by the three normal vectors is also reversed. Thus, the sign of the fiber
is well-defined. a

For a fiber which is a disjoint union of a ITI® type fiber and a finite number
of copies of a fiber of the trivial circle bundle (i.e., for a fiber equivalent to a 1
type fiber modulo regular fibers), we say that it is positive (resp. negative) if the
II13-fiber component is positive (resp. negative). We define the sign of such a fiber
to be +1 (or —1) if it is positive (resp. negative).

Remark 5.2. It should be noted that if we reverse the orientation of the source
4-manifold, then the sign of a I1I® type fiber necessarily changes.

COROLLARY 5.3. A fiber equivalent to a 18 type fiber modulo regular fibers is
always chiral.

Proor. Ifitis achiral, then a representative of a 112 type singular fiber and its
copy with the orientation of the source 4-manifold being reversed are C° equivalent
with respect to an orientation preserving homeomorphism between the sources (i-e.,
with respect to a homeomorphism ¢ as in the diagram (2.1)). Let us take local
orientations at the target points so that the homeomorphism between the target
manifolds (i.e., the homeomorphism ¢ in the diagram (2.1)) preserves the orienta-
tion. Then by our definition of the sign, we see that the two 1118 type fibers should
have the same sign, which is a contradiction in view of Remark 5.2. Therefore, the
desired conclusion follows. This completes the proof. d

Let us now consider the other singular fibers appearing in Theorem 3.1. By
using similar arguments, we can determine the chiral singular fibers among the list.
More precisely, we have the following.

PROPOSITION 5.4. A singular fiber of a proper C* stable map of an oriented
4-manifold into a 3-manifold is chiral if and only if it contains a fiber of type 1%,
117 or ITI%.

PRroOF. For fibers of types III° and 117, we can define their signs as for a e
type fiber. Therefore, they are chiral. Details are left to the reader.

For the other fibers, we can find homeomorphisms ¢ and ¢ as in Definition 2.4.
For example, let us consider a I1? type fiber. Let f : (M, f~'(y)) — (N,y) be a
proper smooth map germ representing a fiber of type 112, and let ¢; and g2 be the
two singular points contained in f~1(y), both of which are indefinite fold points.
We fix orientations of M and N near f~!(y) and y respectively. Then the regular
part of f~1(y) is naturally oriented by the “fiber first” convention.

It is easy to show that the involution of f~Y(y) as in Figure 3.6 reverses the
orientation of the regular part of f~1(y). Note that this involution fixes the two
singular points ¢; and g2 pointwise.

By §3, there exist coordinates (z;,y:, zi, w;) and (X,Y, Z) around ¢;, ¢ = 1,2,
and f(g;) = y respectively such that f is given by

(x1,y1,21,w1) = (z1,91, 21 — wi)
around ¢, and by
(22, Y2, 22, w2) > (22, 25 — w3, Bo)
around ¢o with respect to these coordinates. Then we may assume that the above
involution is consistent with the involutions defined by
(21,91, 21, w1) = (21, Y1, =21, W)
around ¢; and by
(22,92, 22, w2) = (T2, Y2, —22, 22)
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FIGURE 3.6. Orientation reversing involution of a II? type fiber

around ¢q2. Then we can extend this involution of a neighborhood of {¢1,¢2} to a
self-diffeomorphism @ of f~1(U) for a sufficiently small open disk neighborhood U
of y in N so that the diagram

Uy = (U
is commutative, by using the relative version of Ehresmann’s fibration theorem (see
[6], [23, §3], [5, §8.12], [43, §1]), where idy denotes the identity map of U. Note
that the diffeomorphism ¢ thus constructed is orientation reversing. Hence, the
fiber f~1(y) is achiral according to Definition 2.4.
We can use similar arguments for the other fibers to show that they are achiral.
Details are left to the reader. a

Let us now state the main theorem of this paper. For a closed oriented 4-
manifold, we denote by o(M) the signature of M. Furthermore, for a C'™ stable
map f : M — N into a 3-manifold N, we denote by ||ITII*(f)|| the algebraic number
of III® type fibers of f; i.e., it is the sum of the signs over all fibers of f equivalent
to.a III® type fiber modulo regular fibers.

THEOREM 5.5. Let M be a closed oriented 4-manifold and N a 3-manifold.
Then, for any C™ stable map f : M — N, we have

o(M) = [UI*(f)]| € Z.

The proof of Theorem 5.5 will be given in §7.

Since for an oriented 4-manifold, the signature and the Euler characteristic
have the same parity, we immediately obtain the following, which was obtained in
[43].

COROLLARY 5.6. Let M be a closed orientable 4-manifold and N a 3-manifold.
Then, for any C*™ stable map f : M — N, the number of fibers of f equivalent to a
13 type fiber modulo regular fibers has the same parity as the Euler characteristic

of M.

Note that in the proof.of our main theorem, we do not use the above corol-
lary. In other words, our proof gives a new proof for the above modulo two Euler
characteristic formula.
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6. Cobordism invariance of the algebraic number of III® type fibers

In order to prove Theorem 5.5, let us first show that the algebraic number of
I1I® type fibers is an oriented cobordism invariant of the source 4-manifold.

Let us begin by a list of chiral singular fibers of proper C* stable maps of 5-
manifolds into 4-manifolds. We can prove the following proposition by an argument
similar to that in the previous section.

ProPOSITION 6.1. A singular fiber of a proper C* stable map of an oriented 5-
manifold into a 4-manifold is chiral if and only if it is C° equivalent modulo reqular
fibers to a fiber of type 111°, 117, 1118, TVOS TvO7 IvO8 Tvbhs TybL7 1vi8 Tvio)
IV, IVEZ TV IV Ve IVP or IVE.

For example, in order to show that the fibers of types IV, IV? and IV? are achi-
ral, we can use the symmetry of order 6 of an indefinite D4 point as in Remark 4.2
in Chapter 2. The proof of Proposition 6.1 is left to the reader.

Note that for each chiral singular fiber of codimension 4, we can define its sign
(= 1), as long as the source 5-manifold is oriented. In what follows, we fix such a
definition of a sign for each chiral singular fiber of codimension 4 once and for all,
although we do not mention it explicitly.

Let § be a C° equivalence class modulo regular fibers. For a proper C*® stable
map f : M — N of an oriented 5-manifold M into a 4-manifold N, we denote
by F(f) the set of all y € N over which lies a fiber of type §. Note that F(f)
is a regular C*° submanifold of N of codimension «(F), where «(J) denotes the
codimension of the C° equivalence class modulo regular fibers .

In general, if § is chiral, then §(f) is orientable. For § = 1%, we introduce
the orientation on ITI3(f) as follows.

Take a point y € ITI3(f). Note that the singular value set f(S(f)) near y con-
sists of three codimension 1 “sheets” meeting along ITI®(f) in general position. Let
Dy be a small open 3-disk centered at y in N which intersects II1%(f) transversely
exactly at y and is transverse to the three sheets of f(S(f)). Put M’ = f~1(D,),
which is a smooth 4-dimensional submanifold of M with trivial normal bundle and
hence is orientable. Let us consider the proper smooth map

h= .ﬂf‘l(Dy) M - Dy,

which is a C'® stable map by virtue of Proposition 2.2 in Chapter 1. Note that the
fiber of h over y is of type ITI%. Let M" be the component of M’ containing the
III® type fiber.

Let Qv be the orientation of M" with respect to which the III® type fiber
is positive. Then let @, be the orientation of the normal bundle v to M"” in M
such that O, @& Oy is consistent with the orientation of the 5-manifold M. By the
differential df : TM — T'N at a point in M, O, corresponds to a normal direction
to Dy in N at y. Now we orient ITI®(f) at y so that this direction is consistent with
the orientation of ITII3(f).

It is easy to see that this orientation varies continuously with respect to y €
I113(f) and hence defines an orientation on ITI3(f).

Now let § be the C° equivalence class modulo regular fibers of one of the
codimension 4 fibers appearing in Proposition 6.1; i.e., § is a chiral singular fiber
of codimension 4. Note that §(f) is a discrete set in N. Take a point y € F(f) and
a sufficiently small open disk neighborhood Ay, of y in N. We orient the source
5-manifold so that the fiber over y gets the sign +1. Then Ay N IIIS( f) consists
of several oriented arcs which have a common end point at y. Let us define the
incidence coefficient [III® : §] € Z to be the number of arcs coming into y minus
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the number of arcs going out of y. Note that this does not depend on the point y
nor on the map f.

Remark 6.2. Let § be the C° equivalence class modulo regular fibers of a
codimension 4 achiral singular fiber. Then we can define the incidence coeflicient
[III8 : §] € Z in exactly the same manner as above. However, this should always
vanish, since the homeomorphism ¢ as in (2.1) reverses the orientation of Ay N

I3(f).

LEMMA 6.3. The incidence coefficient [III8 : 3] vanishes for every C° equiva-
lence class modulo regular fibers § of codimension 4 that is chiral.

PrOOF. Tt is not difficult to see that for y € F(f), A, NII3(f) # 0 if and only
if F=1V%8 IVY8 or IV'®. Furthermore, for each of these three cases, the number
of arcs of Ay N IIIS(f) is equal to 2 and exactly one of them is coming into y. Thus
the result follows. a

Remark 6.4. The above lemma shows that the closure of ITI®(f) is a regular
oriented 1-dimensional submanifold of N near the points over which lies a chiral
singular fiber of codimension 4. However, the closure of IIIS( f), as a whole, is not
even a topological manifold in general. For example, suppose that f admits a IV??
type fiber. Then the closure of III®( f) forms a graph (i.e. a 1-dimensional complex)
and each point of Isz(f) is a vertex of degree 8, i.e. it has 8 incident edges.
Furthermore, four of them are incoming edges and the other four are outgoing
edges.

Let us recall the following definition (for details, refer to [7].)

DEFINITION 6.5. Let N be a manifold and f; : M; — N a continuous map of a
closed oriented n-dimensional manifold M; into N, ¢ = 0,1. We say that f; and f;
are oriented bordant if there exist a compact oriented (n + 1)-dimensional manifold
W and a continuous map F : W — N x [0, 1] with the following properties:

(1) OW is identified with the disjoint union of —My and M;, where —M,
denotes the manifold My with the reversed orientation, and
(2) Flm, : M; = N x {i} is identified with f;, =0, 1.
We call the map F : W — N x [0, 1] an oriented bordism between fy and fj.

Note that if My = My, and fy and f; are homotopic, then they are oriented
bordant. Furthermore, if the target manifold N is contractible, then f; and f;
are oriented bordant if and only if their source manifolds My and M; are oriented
cobordant as oriented manifolds.

For a given manifold N and a nonnegative integer n, the set of all oriented
bordism classes of maps of closed oriented n-dimensional manifolds into N forms
an additive group under the disjoint union. We call it the n-dimensional oriented
bordism group of N.

Note that in the usual definition, an oriented bordism is a map into N and not
into N x [0,1]. However, it is easy to see that the above definition is equivalent to
the usual one.

As a consequence of Lemma 6.3, we get the following.

LEMMA 6.6. Let N be a 3-manifold and f; : M; — N a C* stable map of a
closed oriented 4-manifold M; into N, 1 = 0,1. If fo and fy are oriented bordant,
then we have

I (fo) Il = [T (f1)1].
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PrOOF. Let F : W — N x [0, 1] be an oriented bordism between f; and fi.
Take sufficiently small collar neighborhoods Co = My x [0,1) and €y = My x (0, 1]
of My and M; in W respectively. We may assume that

Flpoxpoey = Joxidpe), and
Flax(i-e11 = fixida—ey

for a sufficiently small ¢ > 0. Furthermore, we may assume that F' is a smooth map
with F~1(N x (0,1)) = IntW. Then by a standard argument, we can approximate
F by a generic map F’ such that F'|c,uc, = Flcouc, and that F/|pw : IntW —
N x (0,1) is a proper C* stable map. In the following, let us denote F’ again by
F.

By Lemma 6.3, we see that the closure of IIIB(F) is a finite graph each of whose
edge is oriented. Furthermore, for each vertex lying in N x (0, 1), the number of

incoming edges is equal to that of outgoing edges. Furthermore, its vertices lying
in N x {0,1} have degree one and they coincide exactly with the union of

I(F)N (N x {0}) = II13(fy) and
IM3(F)N (N x {1}) = TIB(f).

Therefore, by virtue of Remark 5.2 we have

— {2 (fo) Il + [P (2)1] = O,

since OW = (—=My) U M;. Hence the result follows. a

By combining Lemma 6.6 with a work of Conner—Floyd [7], we get the following.

PROPOSITION 6.7. Let N be a 3-manifold and f; : M; — N a C* stable map
of a closed oriented 4-manifold M; into N, i = 0,1. If My and M, are oriented
cobordant as oriented 4-manifolds, then we have

|[III%(fo) || = |[II%(f1)]].

ProoF. Recall that the oriented cobordism groups €2, of n-dimensional man-
ifolds for 0 < n < 4 satisfy the following:

Q, = 0, n=1,2,3,
Z, n=0,4.

Furthermore, the 4-dimensional oriented bordism group of N is isomorphic to

Z Hp(N; %)

pt+q=4

modulo (odd) torsion [7, §15]. Therefore, if the 4-dimensional manifolds M, and
M, are oriented cobordant, then mfy and mf; are oriented bordant for some odd
integer m, where mf; denotes the map of the disjoint union of m copies of M; into
N such that on each copy it is given by f;, 1 =0, 1.

Thus by Lemma 6.6, we have

m||U(fo)l| = m|[II*(f1)l,

which implies the desired equality. This completes the proof. a
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7. An explicit example

In this section, we study an explicit example of a C* stable map of a closed
oriented 4-manifold with nonzero signature into R3. Combining this with Proposi-
tion 6.7, we will prove our main theorem of this paper.

In [43, Chap. 6], Saeki constructed an explicit example of a C* stable map f :
M — R3 of a closed 4-manifold M with exactly one III® type fiber such that f has
only fold points as its singularities. Recall that M is diffecomorphic to CP242CP?
if we ignore the orientation. We would like to orient M and determine the sign of
this II1® type fiber.

In fact, by Proposition 6.7, we already know that there exists a constant ¢ such
that the algebraic number of III® type fibers is ¢ times the signature of the source
oriented 4-manifold (for details, see the argument in the proof of Theorem 5.5
below). In the above-mentioned example, the algebraic number of ITI® type fibers
is equal to &1, and the signature of the source 4-manifold is equal to £1. Therefore,
this constant ¢ should be equal to &1. Thus, for the proof of our main theorem, it
suffices to determine the sign of the constant c.

This procedure might seem easy, but in fact it is not. As a matter of fact, the
construction of the above example in [43] was already very complicated, although
the example itself seems to be a natural one. Therefore, in this section, we carefully
study the example and determine the sign of the constant ¢. We will describe
the argument in details, since the technique in this section can be very useful
in determining the self-intersection number of the surface of singular point set in
general situations. At the end of this section, we give a new proof of the self-
intersection number formula based on our study.

In the construction given in [43], the orientation of the source 4-manifold M
was not given explicitly. Here, we first orient the source 4-manifold so that the e
type fiber gets the positive sign, and then determine the signature of the source
4-manifold with respect to the chosen orientation.

LEMMA 7.1. If we orient the source 4-manifold M of the above example so that
the II1® type fiber is positive, then the signature of M is equal to +1.

ProOF. In general, let f : M — R3 be a C™ stable map of a closed oriented
4-manifold into the 3-dimensional Euclidean space which has only fold points as its
singularities. In view of a result in [42] (see also [35] or [37]), we have

(7.1) 3o (M) = So(f) - So(f),

where So(f) denotes the surface of definite fold singularities of f, and So(f) - So(f)
denotes its self-intersection number (or equivalently, its normal Euler number) in
M. Therefore, in order to determine the signature of the source 4-manifold of the
explicit example mentioned above, we have only to compute the self-intersection
number So(f) - So(f).

Let us first consider the III® type fiber and denote the three singular points
in it by q1, g2 and ¢3 as in Figure 3.4. Furthermore, we orient the regular part of
the ITI® type fiber so that it corresponds to the cyclic order (g1, g2, ¢3) of the three
singular points.

The image f(S(f)) of the singular point set of f around the point y corre-
sponding to the III® type fiber consists of three sheets f(D;), f(D2) and f(Ds),
where D; is a small disk neighborhood of ¢; in S(f), ¢ = 1,2,3. We may assume
that the three sheets f(D1), f(D2) and f(D3) are situated as in Figure 3.5 and
that the “front octant” w in the figure is a 1-octant; i.e., the fiber over a point in
the octant is connected.
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attach

FiGURE 3.7. Boy surface P

Let w; be a normal vector to the i-th sheet of f(S(f)) in N pointing toward
w at a point incident to that octant, i = 1,2,3. We orient R3 so that the ordered
3-tuple of vectors (w;, wa, w3) is consistent with the orientation, i.e., R3 is endowed
with the “right-handed orientation” in the usual sense.

Now we orient the source 4-manifold of f so that the regular part of the ITI®
type fiber gets the orientation as indicated in Figure 3.4 in the sense of §5 by the
“fiber first” convention. Then the sign of the III® type fiber is equal to +1.

Recall that So(f) consists of three 2-spheres 5’0, Sy and gz, and that the surface
S1(f) of indefinite fold points is a real projective plane whose image P = f(S1(f))
is the Boy surface in R3 (see Figure 3.7). Furthermore, the embedded 2-sphere
So = f(So) surrounds the Boy surface, and the disjoint 2-spheres S; = £(5;) and
Sy = f(S2) are contained in the bounded region of R3\ P so that S; surrounds S,
(for details, see [43, Chap. 6]).

We have obviously a continuous map hg : Sp x [0,1] — R? with the following
properties:

(1) h0|S.3><{0} = ids0 0 Sy X {0} — Sy.

) holsox(0,1) is a diffeomorphism onto the region bounded by Sy and P.

) ho(So X {l}) =P.

) holsex{1} is a homeomorphism outside of a 1-dimensional subcomplex Co
of Sy as depicted in Figure 3.8. The image ho((So \ Co) x {1}) coincides
with the complement of the multiple point set of the Boy surface P in P.

Set B = ho(So x [0,1/2]). Then N(S;) = f~'(B) can be identified with a
normal disk bundle v to 5’0 in M. In order to calculate the self-intersection number
S-Sy in M , let us consider the disk bundle 7y over Sy which is obtained from vq by
identifying the antipodal points on each disk fiber. In other words, the Sl—bundle
01y associated with the disk bundle ¥y corresponds to the R P-bundle associated
with the real 2-plane bundle afforded by vy. Note that the self-intersection number
of the zero section of vy is equal to one half of the self-intersection number of that
of 170.

Let us construct a section of the S1-bundle 07 associated with 7y over a certain
subset Xg of Sy. More precisely, for each point  of Xg, we will choose a pair of
antipodal points on the circle fiber of dvy over & continuously with respect to Z so
that the projection restricted to the set of all these points is a double covering map
onto X’o, where 9 is the S'-bundle associated with the disk bundle vp.
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Co

FIGURE 3.8. 1-Dimensional subcomplex Cj on the 2-sphere Sp

f7 (ho(z,1/2)) F~1(ho(z, 1))

FiGURE 3.9. Two points on a regular fiber near a singular fiber of
type I!

Let N(Co) be a regular neighborhood of Cj in Sp. Set Co = f~1(Co) and
(Co) F~Y(N(Cy)). Note that Cj is a 1-dimensional subcomplex of Sy and that
(C'o) is a regular nelghborhood of Cy in Sy. We will first construct a section of

the S'-bundle 87 over So \ IntN(Co)(C Xo) as follows.

Take a point # € S \ IntN(Co) and set = f(&) € So. Then ho(z,1) € P
is the image of a unique indefinite fold point. Therefore, f~(ho(z,1/2)) can be
considered as a nearby fiber of the fiber over ho(z, 1), which is of type I', and hence
we can take a pair of two antipodal points on f~!(ho(x,1/2)) canonically as in
Figure 3.9. We can thus construct a continuous section of 97y over each component
of So \ IntN (Cp).

Let us consider the twelve bands embedded in N (Cp) as in Figure 3.10, where
each band is homeomorphic to [—1,1] x [—1, 1]. Each band is also considered to be
a 1-handle attached to Sp \ IntN (Co) along {-1,1} x [~1,1]. We orient the core
of each band as in the figure, where a core is an arc properly embedded in a band
corresponding to [—1,1] x {0}. The subset Xo is the union of Sp \ IntN(C ~) and
the twelve bands. Let us extend the section of 7 over Sg \ Int N (Co) constructed
above through the twelve bands as follows.

Take a band and let & be its core. Set @ = f(&). Since o’ = ho(a x {1/2})
is close to the transverse double point of f(S(f)) as in Figure 1.2 (2), the regular
fibers over the two points Jo’ are close to a [1%-fiber. Furthermore, the pairs of
antipodal points on the circle fibers over the two points J& associated with the
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FIGURE 3.10. Twelve bands in N(é’o)

a I12-fiber

FIGURE 3.11. Two pairs of antipodal points

above-constructed section of 87 over So \ IntN (C’g) are situated as in Figure 3.11.
Let us extend the section of 9vg over So\IntN(C'o) through & so that when one goes
along @ in the direction indicated as in Figure 3.10, the pair of antipodal points
on the circle fibers of dvy gets the rotation through the angle 7/2 in the positive
direction of regular fibers. Then we can naturally extend the section to the band.
We apply this construction to all the twelve bands to get a section of d#y over Xo.

The complement of IntX, in Sy consists of ten 2-disks: six rectangular disks
corresponding to the edges of Co and four hexagonal disks corresponding to the
vertices of C’g Note that the bundle 7y over each 2-disk A is trivial, and using a
trivialization, we can define the degree of the above-constructed section over JA.
The self-intersection number of the zero section of g is then equal to the sum of
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FiGURE 3.12. Three pairs of antipodal points

these “degrees” over the boundaries of the ten 2-disks. Note that here So should be
oriented so that its orientation together with the orientation of the 2-disk fiber gives
the orientation of the total space. Since we have oriented the source 4-manifold by
the “fiber first” convention, we see that the induced orientation Og, on Sy should
satisfy that the “outward normal” plus Og, is consistent with the right-handed
orientation of R3. Hence g, is the “left-handed” orientation when viewed from
outside (see Figure 3.10). Here we adopt the convention that the figure of N (Co)
(Figure 3.10) is consistent with that of N(Cp) viewed from outside.

It is easy to see that for each of the six rectangular 2-disks of Sy \Int)zo, the
degree of the section of diy over its boundary is equal to —1, since when we go
around its boundary in its positive direction, the pair of antipodal points on the
circle fibers of dvg rotates through the angle —.

Let us now consider the contribution of each of the other four regions of Sy \
Int X, that are hexagonal. The image H by hq(*,1/2) of its f-image is close to the
triple point y of f(S(f)) and it lies in a l-octant (see Figure 3.5). When we go
along the boundary of the hexagonal disk H from a point near the sheet f(D1) to
another point near the sheet f(D2), the pair of antipodal points on a circle fiber
of dv corresponding to the sheet f(D;) makes a rotation through the angle /3
as in Figure 3.12, since the sign of the I1I® type fiber is positive. Therefore, the
degree of the section of dir over the boundary of the hexagonal disk is equal to +1,
since when we go around its boundary in its positive direction, the pair of antipodal
points on the circles fibers of dvg rotates through the angle 7 (see Figure 3.12).

Thus the sum of the degrees is equal to

(=1) -6+ (+1)-4=—2.

Therefore, the self-intersection number of the zero section of 7y is equal to —2 and
that of vg is equal to —2/2 = —1.

The self-intersection numbers S; - S; and Sy - Sy can be computed by a similar
method as follows. Let v; be the normal disk bundle to S;in M ,1=1,2. We can
construct the continuous map h;, i = 1,2, for f(S;) = S; satisfying the properties
similar to those for hg. Then we take the 1-dimensional complexes C; and C;,

their regular neighborhoods N(C;) and N(Cj) respectively, and the twelve bands
in S;, i = 1,2, as above, and define X; to be the union of S; \ IntN (C;) and the
twelve bands. Then we can construct a section of dv;, i = 1,2, over X; by using
an argument similar to that for d0g. (Note that in the present case, we use v;
itself, rather than its associated R P!-bundle.) More precisely, let us consider the

regular fiber over the point h;(z,1/2) for a point & € Si\ IntN(C;) with z = f(&).
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&

S (hi(2,1/2))
£y
7 (hi(z, 1))

FIGURE 3.13. Two points on a regular fiber which are on distinct
connected components

D=

a II%-fiber

FIGURE 3.14. Two pairs of points

It consists of two circles #; and ¢ and we can take a pair of points which lie on
distinct components as in Figure 3.13.

We can extend this section through the twelve bands as in the case of Sy. Let
us compute the sum of the degrees of the section over the components of §X;. First
note that the orientation on S; is the “left-handed” orientation when viewed from
instde. Then the contribution of each rectangular region is equal to +1, since when
we go along the core of a band, the chosen point on a connected component of a
regular fiber gets the rotation through the angle 7 (see Figure 3.14).

As to the other four hexagonal regions, they correspond to the triple point
of f(S(f)). When we go around the boundary, the chosen point gets the rota-
tion through the angle —27 (see Figure 3.15). Hence its contribution to the self-
intersection number is equal to —1. ~

Therefore, the self-intersection number S; - S; is equal to

(+1) -6+ (~1)-4=2

fori=1,2.
Thus the self-intersection number of So(f) in M is equal to

SO(f)'SO(f):SO'S'O‘I’Sl'§1+5'2'5~'2:—1+2+2:3.

Therefore, the signature of the source 4-manifold is equal to +1 according to the
formula (7.1). In other words, the source 4-manifold M is oriented diffeomorphic
to 2CP?{CP2. This completes the proof of Lemma 7.1. a

Let us now proceed to the proof of our main theorem of this paper.
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FIGURE 3.15. Three pairs of points

PROOF OF THEOREM 5.5. Let us fix a 3-manifold N. For a closed oriented
4-manifold M and a C* stable map f : M — N into N, let us consider the integer

Y(M, f) = |[II3(f)]].

By virtue of Proposition 6.7, 1 depends only on the oriented cobordism class of M.
Therefore, 1 induces a map
E : Q4 — 7
of the 4-dimensional oriented cobordism group to the additive group of integers.
This is clearly a homomorphism.
Recall that €4 is an infinite cyclic group generated by the class of oriented 4-
manifolds with signature +1. In other words, the signature induces an isomorphism

c:Q4 > 7Z.

Let us consider the explicit example f : 2CP24CP2? — R3 given in Lemma 7.1.
By composing it with an embedding R3 < N, we get a C* stable map of an
oriented 4-manifold of signature +1 into N. This stable map has exactly one III®
type fiber, whose sign is equal to +1. Therefore, the homomorphism

Yool Z—>7Z

sends +1 to +1 and hence is the identity. Thus we have ¢ = 1. This completes the
proof. a

We have a direct consequence of our main theorem as follows.

COROLLARY 7.2. Let M be a closed oriented 4-manifold and N a 3-manufold.
Then every C™ stable map of M into N has at least |o(M)| singular fibers of type
I,

For example, if M is the underlying real 4-dimensional manifold of the complex
K3 surface, then every C* stable map of M into a 3-manifold has at least 16 fibers
of type IIT%, although no explicit example of such a map is known. Construction of
an explicit example can be an interesting problem.

Our study of the explicit example gives a new proof to the following formula,
which has been proved in [35, 37].

COROLLARY 7.3. Let f : M — N be a C*® stable map of a closed oriented
4-manifold M into an orientable 3-manifold N. Then we have

S(f) - S(f) = 3o(M),

where S(f) - S(f) is the self-intersection number of the surface of singular point set
of fin M.
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Note that the formula (7.1) follows from Corollary 7.3. We give a proof to the
above corollary without using the formula (7.1).

ProoF oF COROLLARY 7.3. It is not difficult to show that the self-intersection
number S(f) - S(f) is an oriented cobordism invariant of the source 4-manifold M
(for this, use the argument as in [37, Proof of Lemma 3.2] together with a result
of [7] as in the proof of Proposition 6.7). Therefore, there exists a constant ¢ such
that

S(f) - 5(f) = Bea(M)
holds for any C® stable map f of a closed oriented 4-manifold M into an orientable
3-manifold N.

For the explicit example f studied above, we have! S(f) - S(f) = %3 and
30 (M) = £3. Therefore, the constant ¢ must be equal to 1.

On the other hand, by a result of Sakuma [47] we have

S(f) - S(f) =30(M) (mod 4).
Therefore, the constant ¢ must be equal to +1. This completes the proof. O

Recall that Sadykov [37] proved Corollary 7.3 by a characteristic class argument
together with Sakuma’s result [47].
Now some remarks concerning our result are in order.

Remark 7.4. For a closed oriented 4-manifold M, let ny and n_ be arbitrary
integers such that o(M) = ny — n_. Then does there exist a C'° stable map
f : M — N that has exactly ny positive singular fibers of 1% type and n_
negative ones? The authors do not know the answer to the question.

Remark 7.5. In [39] Saeki proved that if f : M — N is a C* stable map of
a closed oriented 4-manifold into a 3-manifold with only definite fold singularities,
then o(M) = 0. This follows from our main theorem as well.

Remark 7.6. The technique used in this section to determine the self-intersection
number of the surface of definite fold points may be generalized in a more general
setting. This might give a new direct proof of our main theorem.

Remark 7.7. It is known that there exist oriented surface bundles over oriented
surfaces with non-zero signatures (for example, see [29]). This means that we
cannot expect a similar signature formula for C* stable maps of closed oriented
4-manifolds into surfaces.

Note that if the fiber genus g < 2, then there is a signature formula for Lefschetz
fibrations in terms of singular fibers [27, 28]. We also have a similar formula for
hyperelliptic Lefschetz fibrations of any genus [10]. It may be possible to prove these
formulas by using our main theorem as follows. Let M be a Lefschetz fibration over
a surface B, and consider a line bundle N over B. Note that N is a 3-manifold.
Then we can consider a generic map f : M — N which makes the diagram

M%N

Lo

B —— B
commutative, where the vertical arrows are relevant fibration maps. In other words,
we consider a generic family of fiberwise functions. By applying our Theorem 5.5
to f, we might be able to get a signature formula for certain Lefschetz fibrations.

IWe know that S(f)-S(f) = 30(M) = 3: however, in order to show this, we used the formula
(7.1). Here we are proving the corollary without using (7.1).
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8. Universal complex of chiral singular fibers

In [43], the universal complex of singular fibers was introduced as a refinement
of Vassiliev’s universal complex of multi-singularities (see [50] or [15, 34]), and
it was shown that its cohomology classes give invariants of cobordisms of singular
maps in the sense of Riményi and Sziics [36]. In this section, we study the universal
complex (with integer coeflicients) of singular fibers corresponding to chiral singular
fibers and give an interpretation of our main theorem in terms of the theory of
universal complex of singular fibers.

We can define the universal complex of chiral singular fibers for proper C'*°
stable maps of oriented 5-manifolds into 4-manifolds by exactly the same procedure
as in [43] as follows.

For x with 3 < k < 4, let C* be the free Z-module generated by the C°
equivalence classes modulo regular fibers of chiral singular fibers of codimension «.
Note that rankC?® = 3 and rankC* = 14 according to Proposition 6.1. Since there
exist no chiral singular fibers of codimension « # 3,4, we put C* = 0 for k # 3,4.
Note that for & = 4, we take the C° equivalence classes modulo regular fibers of
chiral singular fibers with positive signs as generators, and we consider those with
negative signs to be —1 times the corresponding class with positive sign.

The coboundary homomorphism ds3 : C2 — C* is defined by

53(8)= ) [6:3]8
k(F)=4
for every generator & of C3) where [& : J] € Z is the incidence coefficient which
can be defined by exactly the same method as for [ITI® : §] (see §6). Note that all
the other coboundary homomorphisms d,, k # 3, are necessarily trivial.

We call the resulting cochain complex (C*,d,)x the the universal complex of
chiral singular fibers for proper C'*° stable maps of oriented 5-manifolds into 4-
manifolds. Note that its unique cohomology group that makes sense is its third
cohomology group, and is nothing but the kernel of the coboundary homomorphism
3.

Then we get the following.

ProprosITION 8.1. The 3-dimensional cohomology group of the universal com-
plex of chiral singular fibers for proper C* stable maps of oriented 5-manifolds into
4-manifolds is an infinite cyclic group generated by the C° equivalence class modulo
regular fibers of I11® type fibers.

ProOOF. Recall that we have exactly three C° equivalence classes modulo reg-
ular fibers of chiral singular fibers of codimension 3, namely, ITI°, 117 and II13,
by Proposition 6.1. By Lemma 6.3, the incidence coefficients involving I118 are all
zero and hence III® is a cocycle. On the other hand, for the other two equivalence
classes of chiral singular fibers, we have, for example,

[II°, v # 0, [1I1°, 1V =0,

[, v =0, [II°,1V'° £ 0.
Therefore, a linear combination of ITI°, III” and III® is a cocycle if and only if the
coefficients of IIT° and III” both vanish. Therefore, the kernel of the coboundary

homomorphism d3 is infinite cyclic and is generated by ITII®. This completes the
proof. O

According to Proposition 8.1, we can interpret our main theorem (Theorem 5.5)
as follows. The 3-dimensional cohomology class represented by the cocycle III® of
the universal complex of chiral singular fibers for proper C* stable maps of oriented
5-manifolds into 4-manifolds gives a complete invariant of the oriented cobordism
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class of the source 4-manifold. In particular, for N = R3 it gives a complete
invariant of the oriented bordism class of a C'*° stable map of a closed oriented
4-manifold into R3.

For related discussions, see [43].

We also see that the fiber which satisfies the property as in Theorem 5.5 should
necessarily be the fiber of type ITI%. This explains the reason why the ITI® type fiber
appeared in the modulo two Euler characteristic formula in [43] (see Corollary 5.6
of the present paper).

Remark 8.2. If we can realize the proof of our main theorem as mentioned in
Remark 7.6, then that would imply that III® is a cocycle of the universal complex
(see [43, §12.2]). That is, it might be possible to prove that ITI® is a cocycle without
even classifying the singular fibers.
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CHAPTER, 4
Singular fibers and characteristic classes

( joint work with O.Saeki )

1. Introduction

Let f: M — N be a smooth map between smooth manifolds. For a singular
value y € N of f, the singular fiber over y means the map germ

(1.1) Fo(M, 7)) = (N,y)

along the set f~1(y). Note that f~!(y) has positive dimension in general if the
codimension k = dim N — dim M of f is negative.

Instead of considering the map germ (1.1) along the whole inverse image of a
singular value, we can also consider the multi-germ

(1.2) fo(M,Sy) = (N,y)

along Sy = f~(y) N S(f), where S(f) is the set of singular points of f. Note
that if f is proper and generic, then Sy is a finite set of points.  For a given
(contact) equivalence class @ = (a1, @2,...,a,) of multi-germs, let a(f) be the
closure of the set of points #; in the source manifold M such that for some points
T2,23,...,2 in fT1(f(z1)) C M with z; # zj for 1 < i < j < r, the map
germ f : (M, {z1,23,...,2,}) — (N, f(z1)) is in the equivalence class a. Fur-
thermore, set @(f) = f(a(f)). Then, according to Kazarian [19], a(f) (or &(f))
represents a Zs-homology class of closed support and its Poincaré dual is expressed
as a polynomial of the characteristic classes of the forms w;(f*TN — T M) and
F*fwr(f*TN — TM) (resp. fiwi(f*TN — TM)), where w; is the i-th Stiefel-
Whitney class, wr = wj,w;, - -w;, for a multi-index I = (41,42,...,%), f*TN —
TM is the formal difference bundle, TM (resp. T'N) is the tangent bundle of M
(resp. N), and fi is the Gysin homomorphism in the cohomology. Furthermore,
the polynomial expressions are unique in the sense that they do not depend on a
particular proper generic map f. Note that the proof of this fact depends on the
existence of a universal space, whose cohomology ring plays the key role.

In this Chapter, we consider the corresponding cohomology classes determined
by the topological type of map germs of the form (1.1), instead of multi-germs
as in (1.2). Recall that in [43] Saeki has developed a theory of singular fibers
of generic differentiable maps. Since the existence of a universal space has not
been clarified until now in the context of singular fibers, we do not know if the
corresponding universal expression in terms of the characteristic classes exists for
singular fibers. However, for some explicit singular fibers, we will show that such
universal expressions do exist.

For the terminology of this Chapter, refer to Chapter 1, 2 and 3.

This Chapter is organized as follows.

In §2, we first recall the signature formula we generalize this formula for proper
Thom-Boardman generic maps f : M — N of codimension —1. In order to ob-
tain a generalization, we should work with integer coefficients rather than the Zo-
coefficients. For this reason, we will work with oriented maps. Recall that a smooth
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318 4. SINGULAR FIBERS AND CHARACTERISTIC CLASSES

map between smooth manifolds of negative codimension is an oriented map if the
regular parts of the fibers are consistently oriented (see also [2]). In this situation,
we will show that the Poincaré dual to the homology class represented by the clo-
sure of the I1I%-locus coincides with fip1 (M) modulo torsion, where p; is the first
Pontrjagin class (Theorem 2.5). See also Remark 2.7.

In §3, we give some speculations concerning the general behavior of singular
fibers and the associated characteristic classes, based on Kazarian’s results [19].

The authors would like to thank Toru Ohmoto for various important comments
and stimulating discussions. They would also like to thank Andrés Sziics for indi-
cating Atiyah’s paper [2] to them.

2. A generalization of the signature formula

Recall the following definition.

DEFINITION 2.1. A smooth map f : M — N between smooth manifolds is
sald to be Thom-Boardman generic if its jet extension j"f : M — J"(M,N) is
transverse to all the Thom-Boardman strata for all » (for details, see [4]), and f

restricted to its Thom-Boardman singular sets is in general position (for details,
see [14, Chap. VI, §5]).

Let us first consider singular fibers of proper C'* stable maps of oriented 4-
manifolds into 3-manifolds. In Chapter 3, we have seen that the singular fiber of
type III® (see Figure 3.1) is chiral. In fact, we can define a sign (= =+1) for each
singular fiber of type I1I® by using the orientation of the source 4-manifold. For a
C° stable map f of a closed oriented 4-manifold into a 3-manifold, we call the sum
of the signs over all singular fibers of f of type III® the algebraic number of III®-type
fibers of f and denote it by |[IIT3(f)||. Note also that each point of ITI®(f) C N has
its own sign, and then III®(f) can naturally be regarded as a 0-dimensional Z-cycle
of N.

In Chapter 3, we have proved the following.

THEOREM 2.2. Let M be a closed oriented 4-manifold and N a 3-manifold.
Then, for any C™ stable map f : M — N, the algebraic number of I1I3-type fibers
of f coincides with the signature of M. In particular, if N is also oriented, then

three times the Poincaré dual to the 0-dimensional Z-homology class represented by
II8(f) coincides with fipy (M) in H3(N;Z).

Remark 2.3. By using the universal complex of chiral singular fibers (see §8
in Chapter-3) we see that the fiber which satisfies the property as in Theorem 2.2
should necessarily be the fiber of type ITI®.

Let us recall the following definition.

DEFINITION 2.4. Let f: M — N be a smooth map between smooth manifolds
with dim N —dim M < 0. Such a map f is oriented if the fibers of f restricted
to the complement of the singular point set is consistently oriented. For another
equivalent definition, which works also for nonnegative codimension maps, see [2].

In what follows, by III® we also denote the equivalence class with respect to
the C° equivalence modulo regular fibers represented by a singular fiber obtained
by an iterated suspension of a singular fiber of type 1118,

Let f : M — N be a proper oriented map of an n-dimensional manifold into an
(n — 1)-dimensional manifold which is Thom-Boardman generic. Then we see that
the set III3( f) consisting of those points in N over which lies a singular fiber of
ITI%-type is a codimension three regular submanifold of N. Furthermore, its normal
bundle in N is naturally oriented in the following manner. Let B3 be a normal slice
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of IIIS(f); i.e. it is a closed 3-disk fiber of a closed tubular neighborhood of ITI%( f)
in N. Let y be the intersection point of B? and IIIs(f). We may assume that B>
is transverse to f. Then B = f~!(IntB?) is an orientable 4-manifold, since f is an
oriented map, and f|z : B — IntB? is a proper C* stable map whose fiber over y
is of type III®, where IntB® = B3\ dB3. We orient B so that the III®-type fiber
over y gets the sign +1. Since the regular parts of the fibers of f|g are consistently
oriented, this induces an orientation of B3. This means that IIIS( f) is co-oriented.

Therefore, if the closure of IIIS( f) is a co-oriented cycle of codimension 3 of N,
then it represents a homology class of closed support in HS_,(N;On), where On
denotes the orientation local system of N. Note that then its Poincaré dual lies in
the usual cohomology group H3(N;Z).

Then we have the following.

THEOREM 2.5. Let f : M — N be a proper C* map of an n-dimensional
manifold into an (n — 1)-dimensional manifold which is Thom-Boardman generic.
Furthermore, we assume that f is an oriented map. Then the closure of IIIS(f)
forms a co-oriented cycle of closed support in N, and three times the Poincaré dual
to the homology class represented by it coincides with fipy (M) modulo torsion in
H3(N;Z) (when M is closed, in H3(N;Z)), where py(M) € H*(M;Z) denotes the
first Pontrjagin class of M.

ProoF. Let T denote the closure of IIIS( f). The fact that T represents a
co-oriented cycle of N of closed support follows from [43, Proposition 12.11] and
Theorem 2.2 together with the fact that the signature vanishes for oriented null-
cobordant 4-manifolds.

Since the cycle T is co-oriented, we see that it represents a homology class
[T] € H:_,(N;On). We denote by [T]* € H3(N;Z) its Poincaré dual. In order to
prove that

3[T)* = fip1(M) (modulo torsion)
in H3(N;Z,), it suffices to show

BT, ) = (firr(M),7)

for every v € H3(N;Z) by virtue of the universal coefficient theorem.

By [49], there exists a closed oriented 3-manifold A and a smooth map a : A —
N such that vy = a.[A], where [A] € H3(A;Z) is the Z-fundamental class of A. We
may assume that the image of A does not intersect the strata of T' of codimension
greater than or equal to 4, and that A is transverse to the strata of T' of codimension
3. Furthermore, we may assume that a is transverse to f.

Set ~

M ={(z,t)e M x A : f(z) = a(t)},

which is a smooth closed 4-manifold, since f and a are transverse to each other.
Let us consider the following commutative diagram:

MM

f l lf

A —2 5 N,
where @ (or f) is the projection to the first (resp. second) factor restricted to
M C M x A. Note that A is oriented and the regular fibers of f are also oriented,
since f is an oriented map. Therefore, M is also oriented.

Furthermore, if a is generic enough with respect to T, then f is a C™ stable
map. Therefore, by Theorem 2.2 we have

(2.1) Fipr (M) = 3[II(f)]"
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in H3(A;Z), where [III3(f)]* € H3(A;Z) is the cohomology class Poincaré dual to
the 0-dimensional Z-homology class represented by IIIB( -
On the other hand, since

(2.2) GITT, ) = GITT", ax[A])
is equal to the algebraic intersection number of 3[7] and a, we see that (2.2) is

equal to 3||TII(f)||. By (2.1), this is equal to (fip1(M), [A]).
We need the following lemma.

LEMMA 2.6. We have ~
a*p1 (M) = p1 (M)
in H4(M;Z).
ProoF. Note that the product map
fxa:MxA—->NxN
is transverse to the diagonal
Av={(y,9) €N xN :ye N}

and that (f x a)~*(Ay) = M. Let us denote by va, the normal bundle to Ay in
N x N. Then we have

T(M x Al = TM ® ((f x a)ljr) vay

and hence

pr(T(M x A)lgr = pu(M) + ((f x )l37)"P1(vay) € H(M;Z)

On the other hand, we see that
p1(T(M x A))|yy = @ pi(M) + F*pi(A) € H*(M,Z)

holds. Note that the cohomology class p;(A) vanishes, since A is a 3-dimensional
manifold and H*(4;Z) = 0.
Let us consider the following commutative diagram:

M (fxa)lxr An

il I
A —2 5 N,
where m2 : Ay — N is defined by ms(y,y) = y for (y,y) € An. Since w3 is a

diffeomorphism, there exists a unique class z € H*(N;Z) such that p; (va,) = m5z.
Then we have

((f x a)ljg)*Pr(van) = ((f x a)|5r)" w3z
0

since a*z € H*(A;Z) vanishes.
Therefore, we have
@*p1 (M) =pi1(M) (modulo torsion).
This completes the proof of Lemma 2.6. d

By the above lemma we have

(fipr (M), [A ]>—<f'a p1(M), [A])
a® fip1(M), [A])
—(fspl( ), ax[A]).
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Therefore, we have
BT, 7) = (fip (M), 7).
This completes the proof of Theorem 2.5. O

Remark 2.7. By a straightforward calculation, we see that
fipi(M) = —fipi(f*TN = TM),
where f*TN — TM denotes the formal difference bundle.

3. Universal complex of singular fibers and some speculations

In [43], Saeki introduced the notion of a universal complex of singular fibers.
In this section, we give several conjectures related to a “theory” suggested by the
results of the previous sections.

For the theory of the universal complex of the chiral singular fiber with coeffi-
cients in Z, refer to Chapter 3 §8 or [44, §8].

In the following, for a multi-index I = (i1, 12, ..., ), We put

wy = w’ilw’; . -wf{‘ and pr= P?’Llpiz2 e 'Pizn-

Theorems 2.5 suggest the following.

Conjecture 3.1. For any cohomology class a of the universal complex of chiral
singular fibers for proper oriented 7-maps of (n + 1)-dimensional manifolds into
(p + 1)-dimensional manifolds, there exists a universal polynomial P, (pr, p;) such
that for any proper oriented 7-map f : M — N of an n-dimensional manifold into
a p-dimensional manifold, ¢ (s* @) coincides with Py (fipr (M), p;(N)) in H*(N;Z)
(when M is closed, in H}(N;Z)) modulo torsion, s* is the homomorphism induced
by suspension.

Note that the cohomology classes of the forms
Po(fipr (M), w;(N))
are easily seen to be bordism invariants for maps f into a fixed target manifold N.

In fact, we have the following.

LEMMA 3.2. Let N be a smooth manifold. Two continuous maps f; : M; - N,

i = 0,1, of closed n-dimensional manifolds are unoriented bordant if and only if
(fo)rwr(Mo) = (f1)rwr(My) in H;(N;Zs) for every multi-index 1.

ProoOF. It is known that f; and f; are unoriented bordant if and only if

(3.1) (£3¢ — wi(My), [Mo)2) = (fi¢ — wi(My), [Mi]2)
holds for all multi-indices I and for all { € H*(N;Zs), where [M;]s € H,(M;;Zs)
denotes the Zo-fundamental class of M;, i = 0,1 (see, for example, [7, (17.2) The-
orem]). Note that we have
(¢ — wi(M;), [Mil2) = (f7 ¢, wi(Mi) ~ [Mi]s)

= (C, (i)« (wr(M;) ~ [Mi]2))

= (¢, ((fi)iwr(M;)) ~ [N]a),
where [N]y € H5(N;Zs) is the Zy-fundamental class of N of closed support, and
(fi)rwr(M;) € HZ(N;Zs). Therefore, (3.1) holds for all { € H*(N;Zs) if and only
if

(fo)rwr(Mo) = (f1)rwr (M)

in H(N;Zs). This completes the proof. O
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We also have a corresponding lemma for oriented bordisms (see [7, (17.5) The-
orem]).

Compare Conjecture 3.1 with the results obtained by Kazarian in [19]. In view
of Kazarian’s results together with Remarks 2.7, it may be conjectured! that P, is
a polynomial of fipr(f*TN —TM). Note that these types of characteristic classes
are called Landweber-Novikov classes and play an important role in the theory of
bordisms (for details, see [19] and the references therein).

Let f : M — N be a Thom-Boardman generic map. Let us denote by gz(f)
(C M) the set of singular points which are contained in a fiber of type III%. In
other words, 3%(f) = f~1(III3(f)) N S(f), where S(f) denotes the set of singular
points of f.

Congecture 3.3. Let f : M — N be a proper C* map of an n-dimensional
manifold into an (n — 1)-dimensional manifold which is Thom-Boardman generic.
Furthermore, we assume that f is an oriented map. Then the closure of 3%( f) forms
a co-oriented cycle of closed support in M, and the Poincaré dual to the homology
class represented by it coincides with

n(M)=—-p(f*TN -TM)
modulo torsion in H*(M;Z).
It is probable that we can construct a universal source complex of singular

fibers corresponding to the above types of strata in the source manifolds, taking
into account the singular fibers in which the relevant points are contained.

1For this conjecture, probably we need to assume that the equivalence relation among the
singular fibers in question should be based on the contact equivalence.
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Further developments

In this Chapter, we state the further research topics of the singular fibers of
differentiable maps.

1. Cobordism invariants in terms of the singular fibers

The author is interested in the characterization of the cobordism invariants of
manifold not mod 2 Euler number because all of the mod 2 results in this thesis
is mod 2 Euler number. The unoriented cobordism group of a 5-manifold does
not vanish and the generator of it is not a mod 2 Euler number (for details, see
[30]). So, this cobordism invariant may be characterized in terms of the singular
fibers of stable maps. But, there are some difficulties. First difficulty is that
the completely characterization of the stable maps of 6-manifolds into 5-manifolds
of type Proposition 2.2 in Chapter 1 do not obtained. The second difficulty is
that in order to characterize the cobordism invariant of manifolds in terms of the
singular fibers of the stable maps, we must construct stable maps such that the
corresponding homology class of it is not vanish. We note that the stable maps are
dense in the mapping space, but the construction of stable maps is very difficult
(for details, see [21] and [43, §6]). The first difficulty may overcome if we restrict
the singularities of such maps. The second difficulty may overcome if we construct
universal map as Rimariy and Szfics [36]. If we can overcome these difficulties, the
theory of the singular fibers of differentiable maps will develop further in higher
dimension. We pose the following conjecture.

Congecture 1.1. Let f : M — N be an oriented Thom-Boardman generic
map of oriented n-manifold into (n — 1)-manifold. Then the equivalence classes of
(4¢ — 1)-cycle fibers (as shown in Figure 5.1) are represent the cohomology classes
of the cochain complex of the singular fibers of such maps. Furthermore, for the
equivalence class F of (41 — 1)-cycle fibers, the closure of F(f) forms a co-oriented
cycle of closed support in N, and the Poincaré dual of such classes is coincide with
fiP;(M) modulo torsion in H'~(N,Z): namely

fiPi(M) = [F(f)]* € H~Y(N,Z) modulo torsion,

where P;(M) denote the i-th Pontrjagin classes of M and fi denote the Gysin
homomorphism induced by f.

2. Applications to the surface bundles

In recent work with Saeki [46], we apply the theory of the singular fibers
of differentiable maps for the characterization of the topology of oriented surface
bundles. More precisely, we consider following situation. Let X, be a connected
closed orientable surface, 7 : £ — B a fiber bundle whose fiber is ¥, and structural
group is DifftT,, where Difft¥, denote the group of orientation preserving self-
diffeomorphisms on ¥4, and let f : £ — R be a generic function on E. For y € B,
we denote by f, the restriction of f to the fiber over y. We denote X(f) C B the
set of points y € B such that f, is not a stable Morse function. Here, we call the
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FIGURE 5.1. n-cycle fiber

function g : S — R on surface S the stable Morse function if all critical points of f
are non-degenerate, and they have distinct values. In this situation, we characterize
the degeneracy of a function in terms of the singular fibers of differentiable maps.
Then we have the following Theorem: Let B be a closed n-manifold, 7 : £ — B be
a oriented Xg-bundle (g > 2) over B, and f : E — R be a generic function. Then
the closure of HIS(TA‘, f) forms a co-oriented cycle of closed support in B, and three
times the Poincaré dual to the (n — 2)-dimensional homology class represented by
it coincides with e1(7) modulo torsion in H%(B;Z): namely

3e1(m) = [I113(n, f)]* € H*(B,Z) modulo torsion,

where HIS(TI‘, f) is the set of point y € B such that the function f, = f|z-1(y) has
just one III8 type singular fiber and e () is the first MMM class for the X4-bundle
7. Here, the i-th Morita-Mumford-Miller class (or MMM class for short) e;(7) for
oriented Xy-bundle 7w : E — B is defined as follows. Let e(T,) € H?(E;Z) be Euler
class of vector bundle T, — E, where T, — E 1s the oriented subbundle of TE — F
which is the tangent bundle along the fiber (this is oriented vector bundle of rank
2). Then the i-th MMM class of 7 : E — B is defined by e;(m) := m(e(Ty)'t!) €
H?(B;Z), where m : H*(E;Z) = H*?(B;Z) is Gysin homomorphism induced
by 7 (for details, see [31] and [32]). This result demonstrates the wide range of
applications of the theory of the singular fibers of differentiable maps. Note that
for the study of the topology of the fiber bundles, the method to take the generic
functions on the total space was introduced by Kazarian [16] [17] and [18]. For
the study of Yg-bundles, we pose the following conjecture.

Congecture 2.1. Let # : E — B be a oriented Yg-bundle over n-manifold,
f 1 E — R be a generic function. Then for (2 + 1)-cycle (as shown in Figure 5.1)
fiber F the closure of F(m, f) forms a co-oriented cycle of closed support in B.
Furthermore, we have the i-th MMM class of 7 is coincide with the (2¢ + 1) times
the class represented by Poincaré dual of F(, f) in H*(B";Z) modulo torsion:
namely

ei(m) = (2i + 1)[F(m, f)]* € H*(B, Z) modulo torsion,

where F(m, f) is defined as I118(r, f).

The author is also interested in the characterization of topology of S-bundles
by the Kazarian’s method, where S possibly non-orientable closed surface. Note

that in that case we may consider the global condition in such bundles like the “two
colorable”.
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