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Abstract

Projective symmetry groups are applied to Raman observations of the Kitaev quantum spin liquids
in spherical lattice geometries realized by Platonic and Archimedean polyhedra. Parton single ex-
citations in Kitaev spin polyhedra are characterized by double-valued irreducible representations of
their belonging projective symmetry groups, whereas parton geminate excitations relevant to Raman
scattering are decomposed into single-valued irreducible representations of the corresponding point
symmetry groups. We combine a standard point-symmetry-group analysis of the Loudon-Fleury
vertices and an elaborate projective-symmetry-group analysis of itinerant spinons against the ground

gauge fields to reveal hidden selection rules for Raman scattering in Zs spin liquids.
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1 Introduction

The Kitaev honeycomb model [1] sparked a brandnew interest in quantum spin liquids (QSLs)
[2-5]. It is exactly solvable to have a QSL ground state accompanied by Zo gauge fields, whose
excitations are fractional, decomposing into itinerant “spinons" and local gapped “visons". Jackeli
and Khaliullin [6] designed Mott insulators in the strong spin-orbit coupling limit for the Kitaev
model [see. Fig. 1], leading to many candidate materials such as NayIrOgs [7], a-LixIrO3 [8],
H3LilroOg [9], and a-RuCls [10]. The pure Kitaev model is hard to realize but often accompanied
by not only usual Heisenberg interactions, whether intralayer [11, 12] or interlayer [13-16], but
also off-diagonal exchanges referred to as the I' term [17-19]. Since fractional excitations remain
possible in such “effective” Kitaev models [4,5,20-29], inelastic-neutron-scattering [30-33], x-ray-
absorption [10], and Raman-scattering [34] measurements have been performed on them in an attempt
to diagnose QSLs. Raman spectroscopy is particularly useful in detecting spinons separately from
visons [24,25,35].

The Kitaev QSL is realizable with any lattice of coordination number three. [-LizIrO3 [36] and
~v-LixIrO3 [37], consisting of “hyperhoneycomb" [38,39] and “‘stripyhoneycomb" [40] lattices, re-
spectively, are such candidates in three dimensions. While they both exhibit gapless spinon excitations
coming from nodal rings, the degeneracy of the Fermi level strongly depends on the lattice geometry
in general. A normal Fermi surface is emergent in a “hyperoctagon" lattice [41,42], whereas it re-

duces to what they call Weyl points in “hypernonagon" [42,43] and “hyperhexagon" [42, 44] lattices.

Fig. 1: (a) Kitaev honeycomb model. Green, blue, and red bonds denote o7, 0%, 0% 0¥, and 07,07

interactions, respectively. (b) The schematic picture of the mechanism for realizing Kitaev-type

interaction in iridates [6].
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Spinon excitations may be gapped from the ground state [42]. Kitaev models in lower than two
dimensions also attract much interest. Kitaev honeycomb nanoribbons with both zigzag and armchair
edges are discussed in an attempt to optically distinguish between different topological phases [45]
and investigated with particular interest in a bulk-edge correspondence [46], i.e. a possible relation
between gapped states in the bulk and gapless states in the boundary. A Kitaev spin ladder maps onto
a one-dimensional p-wave superconductor in terms of Dirac fermions to reveal the equivalence be-
tween spontaneous global Zy symmetry breaking and emergent isolated Majorana modes [47], while
that with inhomogeneous exchange interactions exhibits coexistent different topological phases with
Majorana end states inbetween [48].

In such circumstances, Mellado, Petrova, and Tchernyshyov (MPT) [49] discuss the Kitaev spin
model in a spherical lattice geometry realized by Archimedean solids. Analyzing the projective
symmetry [50,51] of the gauge-ground Majorana fermionic Hamiltonian (cf. Sec. 3) rather than
the point symmetry of the background lattice, they claim that a parton behaves like an electrically
charged particle in a radial (monopole) magnetic field within the continuum—in the sense of a perfect
sphere—approximation. This parton has a half-odd-integral orbital angular momentum due to the
magnetic monopole located at the center of the cluster.

Motivated by the MPT theory, we present a symmetry argument of optical observations of “Kitaev
spin balls"—QSLs in a spherical lattice geometry realized by Platonic and Archimedean polyhedra
(cf. Fig. 2). Since Raman scattering within the Loudon-Fleury (LF) scheme [52-54] is mediated
by spinons in pair, we make direct-product representations out of irreducible representations of the
corresponding projective symmetry group and then decompose them into irreducible representations
again. In order to reveal how each spinon geminate excitation behaves under spatial inversion, which
is vitally important in the context of Raman scattering, we go so far as to take gauged inversion, if
any, as well as gauged rotations, into the projective symmetry. Kitaev spin balls made only of 2l-sided
polygons (I € N) require such an elaborate formulation, namely, making direct-product representations
of the extended binary polyhedral group, i.e. the double cover of the full icosahedral or octahedral

group, to obtain inversion-symmetry-definite single-valued irreducible representations.
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2 Kitaev Spin Balls
2.1 Fermionization

The Kitaev Hamiltonian (Fig. 2) reads
- Y > oo, 2.1)
A=z,y,z <m,n>x

where (o7,0),07) (I = 1,---,L) are the Pauli matrices and < m,n >, (A = z,y,%) each
run over a different set of L/2 nearest-neighbor bonds between the A components. We set this
model in various polyhedral geometries, i.e. on dodecahedral, truncated-tetrahedral, and truncated-
octahedral lattices, whose point symmetry groups are given by I, = I x C;, Tq = T + IC,T, and
Oy = O x C; = Ty x C;, respectively. J,, Jy, and J are all set to J > 0 in the following.

~ ~ N

..
@ AH

Fig. 2: Kitaev spin balls consisting of dodecahedral (a), truncated tetrahedral (b), and truncated

octahedral (c) lattices in their ground flux configurations. The ground state of the truncated octahedron
is unique, whereas those of the dodecahedron and truncated tetrahedron are both degenerate [55] with
their constituent pentagons arrangeable into either {W,, = +i; p = 1,--- 12} or {W,, = —i; p =
1,---,12} and triangles arrangeable into either {W, = +i;p = 1,--- 4} or {W), = —i; p =
1,---,4}.
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By representing the spin operators in terms of four Majorana fermions, o;* = in;*c;, with anticom-
mutation relations between them, {n% , 7"} = 26,000, {Cm,Cn} = 20n, and {n),cn} =0, and

then introducing bond operators,
A — iAo A T — 4
U<mn>y = Wity = Ucmn>y, = ~U<n,m>x; (2-2)

the spin Hamiltonian (2.1) is rewritten into

H=i] Y Y limmss Cmln. (2.3)

A=x,y,z <m,n>y

Since [lcm,n>,, 2] =0and 42, ., = 1, Gicpmn>, reads a Zs classical variable, U<y n>, = 1.

Numbering the constituent polygons of a polyhedra,p =1, - -, % + 2, we define a flux operator [1,56]
for each by multiplying its /N, spin operators in the anticlockwise manner viewed from the outside of
the polyhedron,
Wp =P = H oo
<m,n>)€p
= (=) [  tcmms,- (2.4)
<m,n>)€p

Wp also commutes with (2.3) and thus behaves as a classical variable, W, = 1 or 4 according as
N, is even or odd. A U(1) gauge flux, W, = e'?» (—m < &, < ), pierces the constituent polygon

p. Every Kitaev spin ball consists of é + 2 gauged polygons with their flux variables satisfying
Lo
p=1

to flux configurations {W,}, consisting of 2% +1 blocks of dimension 2%~ x 251, while that

W, = 1. The Hilbert space of the spin Hamiltonian (2.1) is block-diagonal with respect

of the augmented Majorana Hamiltonian (2.3) is block-diagonal with respect to bond configurations
{tu<m,n>, } aswellas {IW,}, consisting of 2" blocks of dimension 2% x 2% . Four Majorana fermions
at each site have 22" degrees of freedom, containing “unphysical states" [57, 58] to be projected out
by the operator [57-60]

i
P = lljl 5 (L niminie). (2.5)

We explain the projection operation and its effect on calculation of physical quantity in Sec. 2.2 and
Appendix B.
Once a set of the 3L /2 gauge fields {w<., n>, } is given, we have a Majorana quadratic Hamiltonian

to be solved,

i L L
jf7::§ j{: 2{:7£mncnﬂ%;

m=1n=1

}Lnn::'_7{nm/ziju<nun>x- (26)
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The real skew-symmetric matrix H can be block-diagonalized by a real orthogonal matrix ¥,

L/2
H = 3 P OHI e = cEc =i Z — C2k—1C2k;
k=1
c1 PYia - UL 1
e=| i |=| & L | =ve
cr, Yra 0 YL cr,
0 €1 ]
—&1 0
1
¢c="Wec, £ = 5 2.7
0 EL
2
—E&L 0
L L i
We recomplexify Majorana fermions,
= _ A Y SN R
Cok—1 = O + Qf, Cop = Z(Oék Oék),
L/2
c = Z(W,%qéqu + 1,2kCok)
k=1
L/2
= [(rar—1 + ithron)al, + (Yr2e—1 — ith2n) o)
k=1
s 4 i) = 53 (s + i)
Oék—202k1 iCak) 2#1 1,2k—1 T YP1,2k)Cly
= ) 1§Lj(¢ i,2n) (2.8)
o) = —(Cop—1 — 1C2k) = = 1 —1 c .
K= 5 \C2k-1 2k 5 - 1,2k—1 1,2k )Cl,
so as to obtain a diagonal Hamiltonian,
L/2 L/2
k 1
= Z > ozkozk — akak 6k <akak — —) (2.9)
with nonnegative eigenvalues £, > 0. Note that all sets of the gauge fields {u<p n>,; < M, 1 >4, <
m,n >, <m,n>,=1---, %} yielding the same flux configuration {W,; p=1,-- -, %4—2} give
the same set of eigenvalues {ex; k=1, -, é} (cf. Sec. 2.2). & can be expressed in terms of the
.‘.

bond variables v, >, , mixing coeflicients v/, ;, and quasiparticle occupation operators o oy, to act
on quasiparticle (spinon) states labeled background gauge fields {%<, >, }. Physical (unphysical)
spinon states in the ground (lowest-energy) gauge sector consist of even (odd) numbers of emergent
spinons alak. All the 2°%° gauge sectors each contain 251 physical and 25 -1 unphysical states,
each consisting of either only even or only odd numbers of spinons.

The ground flux configurations of Kitaev spin balls (Fig. 2) are such that ¥/}, of every constituent
N,-sided polygon is +1, —1, or either of +¢ and —¢ according as IN,, is 4] + 2, 41, or 2 + 1 with

l € N [49,56]. With the time-reversal-invariant Hamiltonian (cf. Appendix A), the ground state

8
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is at least doubly degenerate unless all IV,,’s are even [55]. Considering that the eigenspectrum of
(2.3) depends on {tu<, >, } only through {W,} and W,,’s each commute with (2.1) as well as (2.3),
we describe the ground state, unless otherwise noted, as the spinon vacuum against a ground flux

configuration
{nx)o @ {We})o = 10), (2.10)

where we denote the xth spinon state against the gth flux configuration by [{nx}). @ {W,}),

(k=0,--- 2571 _1,¢=0,..- 251 1), allowing it to run over physical states only.
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2.2 Projection operators

We define a local gauge operator D,

A

D, = —iofo}o;. (2.11)
Although D satisfies
Dy=—iofolof =1 (2.12)
\w_/
S

in original spin space, D, has Zs eignevalues in enlarged Majorana space:
D, = —iofofo] = nin/nic; D? =1, D; = 41, (2.13)

ﬁlW’)phys = ’¢>phys> f)l|w>unphys - _‘w>unphy57 (214)
|1) phys : physical states,  [1))unphys : unphysical states.

Using ﬁl, we can define projection operator from Majorana space to spin space

L1+ D
@:H( * l). @.15)
=1

Moreover, & can be factorized as

1 -\ (1+I1.,D
Z=\g=2" 11D <—H§‘1 l) =7 P (2.16)
{iy lelly
— 1 3 — 1+H1L:1 f)l
S = 2L_1Z'HD1 ) @0:<# )
{1 leily

where Z/{ 1} indicates that the summation is restricted to half of all possible subset of site indices
[57,58,61]. . is a gage symmetrization operator; [Wp, ] =0, and & is a projection operator that
excludes completely unphysical states (cf. Appendix B).

Two states, we denote |¢)) and |¢)’), with the same flux configuration but different bond configuration

are connected by the gauge transformations:

W)y =TI D] Iv)- (2.17)
{13
Since Wp is gage invariant, [ﬁh Wp] = 0, . superimposes wavefunctions with all unequivalent

bond configurations with the same Wp configurations. Therefore, two states with different bond

configurations are connected by the following relation:

S = L |v). (2.18)

10
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Having in mind [15[, Z] = 0, all the different bond configurations are mapped to the same physical
space.

We consider expected value of the operator O that does not change the Gy, n>, Or Wp. Let ]J}
and ©)') be the states in which the complete unphysical states are excluded from Let |¢) and v'),

respectively. The expected value of O can be expressed as

(W POP)  (WFOL) (W SOS W) (| PO

WZPW)  @lrs | @een | wieawy &P
Having in mind [.7, O] = 0,
WrOLND) _ (@Bl07 D) _ @los1g) _ WO (Sicqm 19)
W) @2 @) G (Sieqn, 199)
_ <J@L@Z>, (2.20)
(D15)
<ij@y@/> _ <Jj@y@'> _ (W0 (Zie{Wp} Wi))
W7y @I @ (Siew, [90)
:M, (2.21)
Wy
WIOW) _ (@IOW") (2.22)
Wl W)

That is, the expected value is independent on the bond configurations unless an operator O changes

W, or ticyy n>, configurations.

11
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2.3 Gauge transformation

As a preliminary step to the analysis of the symmetry group of Majorana Hamiltonian, we discuss
the gauge degree of freedom of the Hamiltonian (2.3).
The gauge transformation D, which inverse the sign of 1« />, is complementary expressed by

local gauge transformation A;:

A = +1,
n — Ay,
ny = Amf, ¢ —c = A, (2.23)
n— Ay
Ucpirsy = Uy sy, = Nlicp s, Ar (2.24)

The spin Hamiltonian in enlarged Majorana space is invariant under the local gauge transformation:

JC=1Jy E Uy, >, Crey +idy E Uer >, CrCr +iJ, E U<t 1> CrCp

<L,l'>4 <Ll'>, <LlU'>.,
Gauge Transformation . N ’ . Z ~f 7y . Z N /7y
—> ZJJ; E u<l7l/>mcicl/+l<]y U<l,l/>ycicl/+/l<]z u<l’l/>zcicl/
<UL >, <>, <LU>,
=iy E Nty s, Ay Ny Ay ey +1J, E Njticy >, Ay Ajey Apey
<>, <>,
+iJ, E Ny s Ay NicgApey
<lLU>,
=iy E Uy >, crcp +idy E Uepr>, crey +iJ, E Uaps cep =, (2.25)
S <Ll'>, <LU>,

When we fix the gauge configuration {@«, »>, }, the local-gauge transformation reads ¢; — A;¢;.
This local gauge transformation for itinerant Majorana fermions reads the local gauge transformation

for bond operators:

H = iJ, E U<t >, ccr +idy E U<y s, ccy +id, E U<y >, CLCY

<Ll'>4 <L,lU'>, <lLl'>,
- /! . /! - /!
— 1y g U<l 1r>, CCp + 1y 5 U<t 1>, CCp +id, E U<y, ClCp
<,l'>4 <LlU'>y <UL,l'>,
=iy E (Mucr s, A )eey +iJy g (Mucr s, Av)acr
<Ll'>, <LI>,
+iJ, E (Mucr s, Ay)acy. (2.26)
<LlU'>,

That is, the gauge transformation ¢; — —c; corresponds to inverting all the bonds associated with the

[ site:

U<l >, = “ULY >,y U<LlU>, =7 UKLV >,s U< l>, =7 —U >, - (2.27)

12
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3 Projective Symmetry Group for Gauge-Ground Kitaev Spin
Balls

3.1 Projective symmetry operation

Characterizing Raman scattering mediated by Majorana spinons emergent in the gauge-ground
Kitaev truncated octahedron in terms of its projective symmetry group is essentially twofold: first we
go further than MPT [49] in obtaining a projective symmetry group for single Majorana eigenmodes,
i.e., construct the double cover of the O(3) superset of a pure rotation group, and then analyze
direct-product representations made of its double-valued irreducible representations.

Dodecahedral, truncated-tetrahedral, and truncated-octahedral lattices belong to the point symmetry
groups Iy, T4, and Oy, respectively. We illustrate their symmetry operations with Fig. 3. When
we consider Kitaev models on these lattices, their free Majorana fermionic Hamiltonians with given
gauge fields are not generally invariant under the point group actions of their belonging lattices. Let
us find gauged point symmetry operations of the ground gauge sectors of these Hamiltonians. We
illustrate symmetry operations of gauge-ground polyhedra with Fig. 4. Every gauge-ground Kitaev
spin ball is such that all W,,’s of N, = 0 mod 4 are —1, all W,,’s of N, = 2 mod 4 are +1, and
all W,’s of odd N, are either of +4 and —: [49]. Since the Kitaev spin Hamiltonian is time reversal
invariant, its ground state is at least doubly degenerate unless all N,,’s are even [55].

Figure 4(a) illustrates a gauged rotation of the gauge-ground Kitaev dodecahedron. Suppose we
27
3
gauge some Majorana fermions as ¢; — —c¢;, or equivalently, change the signs of their relevant

rotate it by

about one of the threefold axes m, which we shall denote by R(%’r,

n), and then

(@) T BT (©) Oy

Fig. 3: Point symmetry operations on dodecahedral (a), truncated-tetrahedral (b), and truncated-
octahedral (c) lattices belonging to the full icosahedral (Iy,), tetrahedral (T4), and octahedral (Oy,)

groups, respectively.

13
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o= 1 - 00AADE

A[R(Em)]

~

i !@\
@0
N/

Fig. 4: Gauged rotations, (gauged) inversion, and mirror operations of gauge-ground Kitaev spin balls
consisting of dodecahedral (a), truncated-tetrahedral (b), and truncated-octahedral (c) lattices, whose
symmetry groups read I, T, and E)v}l, respectively. Inversion I € I, of the gauged dodecahedron
and mirror operations 0 € T4 of the gauged truncated tetrahedron can be followed by no such gauge

operation as to recover the initial bond configuration.

14
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bonds as u«; >, — —u<irs, (A = z,y, z) (cf. Sec. 2.3), so as to recover the initial bond
configuration. When a rotational symmetry operation R(p,n) (0 < ¢ < 2m) is performed, there
exist two such local gauge operations, which we shall denote by +4 [R(p, )] with a reminiscence of
the double-valued nature of rotation operators acting on half-integral spin states. In the example of
Fig. 4(a), —A [R(3, n)] acts on two sites, while +4 [R(3F,n)] on all the rest, where we make site
assignment to £/ [R(¢, )] in accordance with SU(2) rotations. How many and which sites to operate
depend not only on the rotation axis 7 and angle ¢ but also the initial bond configuration. We have
23 +1 flux configurations { W, } including the ground two, each available from a set of 2% / 25+ =
2L=1 different bond configurations {t <, >, }. We denote a couple of these serial transformations
as +A [R(%,n)| R(3F,n) = W and —A [R(3F,n)] R(3*,n) = R(3F,n). Note that
[mr {ucmm>,} = —{u<mmn>,}, while [R(%ﬂ,n)]g {ucmm>,} = {u<mp>,}. Inthe
following, we generally denote a couple of gauged point symmetry operations +/A(P) P unifiedly as
P and distinguishably by P and P.

Figure 4(a) illustrates inversion of the gauge-ground Kitaev dodecahedron as well, resulting in all
W,’s being reversed, {W,, = +i;p=1,--- ,12} — {W, = —i; p = 1,---,12}. The constituent
pentagons each initially have a flux of 7 and all their fluxes @), are reversed into —@,, by inversion.
The flux variables W, = ¢'®» are also all reversed. Any local gauge transformation ¢; — —c; results
in reversing the signs of bonds in pair in the three surrounding polygons and therefore causes no
change in their W,’s. We find that the symmetry group of the gauge-ground Kitaev dodecahedron is
not the double cover of the full point symmetry group, I:l, but that of an SO(3) subgroup, 1. This
is the case with the gauge-ground Kitaev truncated tetrahedron as well [Fig. 4(b)]. Since a mirror
operation o € Ty reverses I¥),,’s of its four constituent triangles, its symmetry group is not ’i‘vd but T.
On the other hand, inversion causes no change in W,,’s of the gauge-ground truncated octahedron [Fig.
4(c)]. This is because the truncated octahedron consists only of 2/-sided polygons (I € N), whose
fluxes are either O or . Even though inversion reverses such fluxes as @, — —®&,,, the corresponding

flux variables W, = ¢'?

» remain unchanged. Any two bond configurations {t<, n>, } yielding the
same set of fluxes {IV,} can be converted to each other by local gauge operations. Inversion of the
gauge-ground truncated octahedron can be followed by two such local gauge operations as to recover
the initial bond configuration, which we shall denote by +A(I), each to act on different halves of the
lattice sites. Therefore, the symmetry groups of the gauge-ground Kitaev truncated octahedron is the
Zo-gauge extension of its full point symmetry group, 6-[;

While gauged rotations R with R € O and gauged inversions I with I € C; are all symmetry
operations of the gauge-ground Kitaev truncated octahedron, they are not necessarily commutable
because every gauge transformation A(P) is obedient to the preceding point symmetry operation P.
All the 96 X gai + ga X g6 = 384 products between the 96 elements of O and the gavi elements
of a are indeed symmetry operations of the gauge-ground Kitaev truncated octahedron, but they
quadruply count the gONh = 96 elements of 6; = O + IO0. Note further that the symmetry group

of the gauge-ground Kitaev truncated octahedron is different from that of half-integral spins in an

15
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octahedral environment, O x C; (cf. Sec. 3.2), where OcC SU(2), being a double covering group
for the pure rotation group O C SO(3), commutes with C; because inversion has no effect on any

angular momentum [62]. Therefore, we are now in position to construct the double group 6;1

16
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3.2 Irreducible representations of double groups

We denote the orders of a point symmetry group P and its double covering group P by g¥ and gﬁ,
respectively. Suppose the double cover P to be the Zy-gauge extension of P C O(3). Two group

elements P, € P and P, € P are conjugate when we find such an element PePasto satisfy
P,=PP P 3.1)
Every set of conjugate elements forms a class. The classes of the double groups of our interest read
1:{E}, {E}, {1205}, {1205}, {1202}, {12C2}, {2005}, {2005}, {15C2, 15Cs };
T {E}, {E}, {3C2,3Co}, {4Cs}, {4Cs}, {4C3}, {4C3 )
O {E} {E}, {6}, {6C4}, {302, 3C2}, {6C3, 6C3}, {8C}, {8Cs}s

5 (F}AE} {6C5, 6Ca}, {3C2, 302}, {6C3, 6Co}, {8C5}, {8Cs},
" (T, 1},{61Cy, 61C4}, {31C5, 3ICo}, {61C3, 61C4}, {8TCs}, {8ICs}.

Supposing the gthclassC, (¢ =1, - - -, n?) of P to consist of hq elements, it reads {hq Py}, {hqP,},
or {%?q, %Bq}.

The number of (complex) irreducible representations equals how many classes are in the group.
Since all the single-valued (complex) irreducible representations of P, amounting to ng, remain
unchanged in P, we find ng' — n(l? double-valued (complex) irreducible representations in P. When
we denote the ith (complex) irreducible representation of P (f’) by =; (:: ;) and its dimensionality by

dl_;i (dl:;), we have

nL=5 , neg=9 ) nL=9 s B
3 (dL)” = o = 60, () =g+ X (&) =¢"=12 (3.2)
i—1 i=1 i=n%+1
ng =4 nT=7 o ng =7 s N
(dL)* = g" =12, () =g"+ > (aF) =g"=24 (3.3)
i=1 1=1 i=ng+1
ngEE) n?ES 2 ncéES _ 2 _
(d2)* = 4© =24, () =g®+ X (d2) =¢° =148 (3.4)
i=1 i=1 i=n9+1
ndt=10 ) nOh=13 N nOh=13 ., N
R S R IR LIS
1=1 = i:n?h+1

in an attempt to determine the dimensionalities of the double-valued (complex) irreducible represen-

tations di; (i=nf+1, - ,ng"). The characters of =; are such that
Xl:;i (?) = XI;Z. (P) (i=1,-- 7”5)} (3.6)
Xz (P)=—x%2.(P) (i=ng +1,--- ,ng). (3.7)
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o)

When P and P belong to the same class, i.e., Xi_; (P) = xE (P), we immediately find

(3

X2 (P)=xE2 (P)=0(i=nf +1,--+ ,nf). (3.8)

n

The character orthogonality theorems of the first and second kinds read [62]

ne _ N B
> hxE (C)NE (Cy) = 678, (3.9)
q=1
ng B gf’
> XE (C)'NE (Cr) = =0y (3.10)
i=1 q
When we denote the &, elements of C, distinguishably as {]3(1(1), cee lgq(hQ) }, we can define structure

constants as
ha e n& he
DRFED LD PV DF- L 6.1

to have another relation,

P
nc

hahe X2 (COXE (Cr) = d2 Y hucarsx = (C)- (3.12)

—1

s=1

With Egs. (3.8), (3.9), (3.10), and (3.12) in mind, we can obtain characters of both single- and
double-valued (complex) irreducible representations of any double group P, which are listed in
Tables 1—4 with particular emphasis on the relation between P and P. In the case of Kitaev truncated
octahedron, we name the double-valued irreducible representations Gg%, %, and G 145 SO that
they signify the gerade- or ungerade-like response to a gauged point symmetry operation as well as
suggest the compatibility relations between 6;1 and its subgroup 0, G% +3 + 0= E% ®E 5 and
Gg% iOzG% iO:G%,i.e.,

XGh . (P)=x8, (P)+xB, (P); (3.13)
Xak (P) = X8, (P); xgk (I105) = V3xGt (Ch), (3.14)
Xt (P) =8, (P); xGt (IC3) = —V3xg} (Cy). (3.15)
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§3. Projective Symmetry Group for Gauge-Ground Kitaev Spin Balls

3.3 Direct-product representations of double groups

Since Raman scattering within the LF scheme [24, 52-54] is caused by spinons in pair, we make
direct-product representations out of double-valued irreducible representations of double covers P of
the corresponding point symmetry groups P C O(3). Direct-product representations of a nonabelian
group are not necessarily irreducible even though the constituent representations are irreducible. We
take interest in spinon-geminate-excitation-relevant direct-product representations _EZ ® = (i, =
n(l? +1,--- ,n?) of P, which are decomposed into single-valued irreducible representations of the

corresponding point symmetry group P,

wﬂ_@%z—xg - )

having in mind that

ar

P
nc

h

s
[I] "U

gi@éj (CQ)7 (316)

||

(1]

o
Q
wl

k=1 q=1

\E oz, (P) = X2 (PIXE (P) = X2 (PIXE (P) = = (P) (i,j =€ +1,-- ,nE). (3.17)

Direct-product representations made of the two same irreducible representations consist of symmetric

(bosonic) and antisymmetric (fermionic) parts,
505 =505 e{5e5), (3.18)

which are decomposed into symmetric and antisymmetric single-valued irreducible representations

of the corresponding point symmetry group P, respectively,

n¥® n®

= = = h . P

5 ® 5] =DI=R ) g—;xa (Ca)* X%, 2, (Ca): (3.19)
k=1 q=1

@@%—@M}Z XE (Co) Xz o 2., (Co). (3.20)

Note that characters of symmetric and antisymmetric direct-product representations are given by

gz P) =5 [xg.u?)? + xg(ﬁ)} : 3.21)

Wzoz) (P) = 5 W (P =2 (PY)]. (3.22)

We can obtain characters of any direct-product representation using Eqs. (3.21) and (3.22) as
well as (3.17), which of our interest are listed in Tables 5-8. Direct-product representations for
geminate excitations of different Majorana spinon eigenmodes are not necessarily made of different
irreducible representations but may be made of the same ones. Those made of different irreducible
representations can be decomposed into irreducible representations by Eq. (3.16), while those made
of the same ones by Egs. (3.19) and (3.20). Direct-product representations for geminate excitations of
degenerate Majorana spinon eigenmodes are also the latter case. The thus-obtained decompositions

into irreducible representations are all listed in Table 9.
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§3. Projective Symmetry Group for Gauge-Ground Kitaev Spin Balls

Table. 5: Direct-product representations made of double-valued irreducible representations of the

double group T and their characters.

_ __ — - 15C5,
Ze5 (BB} (20) (12Gs) (1307 (12C3) (2005) (2005 o0
s ®1s] 21 1 0 -3
2 2
{Iy®Is} 15 0 0 0
I;©Gs 24 -1 -1 0 0
(G3®Gs] 10 0 0 1 —2
{G%@)G%} 6 1 1 0 2
[E1®E.] 3 1++/5 1—v/5 0 -1
2 2
{E1®E,} 1 1 1 1
E,®F; 4 -1 -1 1
E%@)G% 8 1+2\/5 1_2‘/5 —1
E%(X)I% 12 _1.|_2\/§ —1_2\/5
[E;®E;] 3 1—+/5 145 0 -1
{E%@)E%} 1 1
E%®G% 8 172\/5 1+2\/5 —1
E;®l; 12 —1=/6 — 1446 0
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§3. Projective Symmetry Group for Gauge-Ground Kitaev Spin Balls

Table. 6: Direct-product representations made of double-valued irreducible representations of the

double group T and their characters.

= = — 3C5, _ _
Ze5 (B B} o, U0} (e 1R o)
GP eGP 3 ~1 0 0
(6P eGP} 1 1 ei3m e=iim
G(§2)®E1 4 0 e i e 8™
2
B QE,] 3 -1 0 0
{E%®E1} 1
cPec® 4 0 1 1
2 2
GY@E, 4 0 e'3" e'a"
2
GYea] 3 -1 0 0
{G{c} 1 1 eidm e i5m

Table. 7: Direct-product representations made of double-valued irreducible representations of the

double group O and their characters.

an Yald
Eef (B 8 o) ooy Gy R o) sal
[E; ®E;] 3 1 -1 -1 0
{E1®E; } 1 1
E%®Eg 4 —2 0 0 1
[Es QE;] 3 1 -1 -1 0
{B;®E; )} 1 1 1
G%®E% 8 0 -1
Gg@Eg 8 0 -1
(G ®Gs] 10 0 ) )
{G3Gs} 6 0 2 2 0
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§3. Projective Symmetry Group for Gauge-Ground Kitaev Spin Balls

Table. 8: Direct-product representations made of double-valued irreducible representations of the

double group (f)\;1 and their characters.

jat - 7= {60_47 {30_27 {6@7 -
—1 —=J {E} {E} 6@} 3@} 60_5} {803} {8@}
G ®Gyys 16 0 0 0 —2
[Gg% ®Gg%] 10 0 -2 -2 1
{GS ® G} 6 0 2 2 0
8 @Gz 16 0 0 0 -2
Gg§ ® GY 16 0 0 0 1
(GY ® GY] 10 0 —2 —2 1
{GY ®GY} 6 0 2 2 0
2 2
— — {77 {61—6’47 {31—6’27 {6@7 T
Gg% & G%+g 0 0 0 0 0
(G ® G§] -2 0 2 -2 1
2 2
{Gg% ®Gg%} 2 0 -2 2 2
G% & G%+g 0 0 0 0 0
Gg; ® GY 0 0 0 0 -3
(GY ® GY] —2 0 2 —2 1
{G} @ G} 2 0 -2 2 2
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§3. Projective Symmetry Group for Gauge-Ground Kitaev Spin Balls

Table. 9: Direct-product representations made of double-valued irreducible representations =; ® = i
(i,j =nf +1,-- C) and their decompositions into single-valued irreducible representations =
(k=1,---,nE), which are doubly or singly underlined when they are relevant to inelastic (Raman)
or elastic (Raylelgh) light scatterings, for various double groups P. Note that =, of P is nothing but

Ek of P.

P §Z®§3 @kék:@kgk
Is @15 {Ajo2(T ]e2(Ts|oGle{G}oHo2{H}

Ig ®G% Tl@T2@2G@QE
G: ®Gs {A}o[T:]®[To]®[G]e{H}

E1 @E; {A}®[T4]
i E, ®F; G
E1®Gs T:0H
E:1®ls T6GeH
E; ® E; {A}e [T,
E:®G;  Tp8H
E:®ls Ti1oGoH

G(2) ® G(Q) {(EW} [T
G(Q) ®E;  E®er

= E1 ® E1 {A}o[T]
G(l) @ G<2> AeT
G(l) SF, EMaT
G(l) ® G(l) {E?}o[T]

Eé@E; {Ai}@[Ty]

2

E% ®Eg AQ@E
6 Eg ®Eg {&}@[Tl]
G% ®E% EoT eT,
G% ®Eg EeT eTs

Gs ®Gs {A1}@[As)e{E}@2[T1] [T, {T2}

G;+§ ® G%+g {E}@{Alu}@[AZg]@{AZu}@[Tlg]®[Tlu]@{%}@[T%]
Gg ® G1 +3 %@Eu@Tlg@Tlu@%@TZu

M \

o., G% ® G {A1g} O[A2e] D{EW} &[T 1) B[ T10] D{Tog } ®[T2u]
Gu ®Giys Eg@E@T1g8T10®Tog®Toy o
Gg% ® Gg ALu®As, @B BTy @ Ty, @ Toy & Ta,
1OG)  {Al®[As] {8 [Tig®[T1] &{Tog} &[Ta]

l\J
I\J\U‘
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§3. Projective Symmetry Group for Gauge-Ground Kitaev Spin Balls

3.4 PSG characterization of Majorana excitation spectra

The projection operator that extracts the components of an irreducible representation =, from the

arbitrary function is defined as follows:

A
P:i:ﬁ [XE, (Pi)]* Py (3.23)
k=1

When the projection operator is applied to the Majorana fermion basis ¢, we get a symmetry-definite

Majorana fermion basis ¢=¢ which is characterized by the irreducible representation =;:

[ o ] ‘1
€2 ¢ _ _ L
Zi . _ PE; c _ | & _ =5 ~= _ p
P=ic = P=1 3 | =1 ¢ =c 7, ¢t = E @/Jm-cj. (3.24)
. : o
€L ~=;
- - c
L “L

Using the result of the above projection operation, we can define a unitary transformation U that

diagonalizes the Hamiltonian into irreducible representation blocks:

C1 C1
C2 C2
H=lcicaez -e|H| B | =[cieaes - cL]UTU’HUTU €3

X
[
[\)

AN /
—[010203"'%

HE . (3.25)
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§3. Projective Symmetry Group for Gauge-Ground Kitaev Spin Balls

Furthermore, when the unitary transformation U, which makes each block completely diagonal, is

applied,
H ="t = UUHUTUC
_ = -
o
- [aJ{ ab af - aTL/Q] h gléj ‘)‘.3 . (3.26)
| @L/2 |
er”
5i‘“
i 5 |

Each matrix element of Eq. (3.26) is the eigenvalue of one-quasiparticle excited state. Therefore, the

eigenvalues in each block are characterized by the irreducible representations of their block. Since

P=-P (3.27)

and

X2 (P) = xE (P)

i

(3.28)

[n

for single-valued irreducible representations, every projection operator for single-valued irreducible

representations is vanish,
PEi=0(i=1,2,...,n%), (3.29)

and the gauge-ground Hamiltonian does not contain single-valued irreducible representations.
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2) ~
NGRCIPSPIES R rre JRC TS
4
) o3 (2) B, 2 4—\/3(; Gs Gz
N = G

0

Fig. 5: Majorana excitation spectra of Kitaev spin balls consisting of dodecahedral (a), truncated-

tetrahedral (b) and truncated-octahedral (c) lattices in their ground flux configurations. The eigenen-

ergy, multiplicity, and irreducible representation are specified beside each eigenlevel.

Figure 5 shows Majorana excitation spectra of the Kitaev polyhedra. Each excitation spectrum are
characterized by double-valued irreducible representations of its belonging double-covered group P.
The Majorana spinon spectrum of the gauge-ground E)vh Kitaev polyhedron thus consists of three
quadruplets 3 x 4 = L/2 [see Fig. 5 together with Eq. (2.9)]. If we employ o [49] in this context, we
have two doublets, E 1 and E 5, instead of the quadruplet G 145, and they look accidentally degenerate
with each other. Only the full symmetry group CTh can reveal the necessary quadruplet. All the L/2
Majorana spinon eigenmodes of the gauge-ground T and T Kitaev polyhedra are also describable with
double-valued irreducible representations of their projective symmetry groups [see Fig. 5 together
with Eq. (2.9)]. The former consist of a sextuplet of I 5 and a quadruplet of G 3, while the latter consist

of three doublets of G(;), G(;), and E 1, where the 4-dimensional real irreducible representation G 3

splits into the 2-dimensional complex ones G(;) and G(;) due to the pure imaginary Hamiltonian (2.9).
2 2
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§4. Majorana-Spinon-Mediated Raman Scattering

4 Majorana-Spinon-Mediated Raman Scattering
4.1 Raman response of the Kitaev quantum spin liquid

Raman scattering is inelastic light scattering probing magnetic correlations between photon absorp-
tion and emitting process [52,63]. In the Kitaev model, unlike the dynamical spin correlations, Raman
scattering does not excite fluxes but pairs of Majorana fermions (cf. Sec. 4.2). We can calculate
scattering intensity exactly and probe Majorana fermion excitation directly.

Raman scattering intensities of Kitaev models have been discussed from two perspectives in pre-
vious theoretical studies. The first point of view is polarization dependence. Just like the Kagome
antiferromagnet [64], the Kitaev honeycomb model has no polarization dependence. The polarization
dependence is weak even if the perturbative Heisenberg interaction is added to the Kitaev Hamilto-
nian [24]. Therefore, it has been speculated that the weak polarization dependence may be a feature
of the quantum spin liquid state [24].

Another point of view is how fermionic spinon excitations appear in Raman scattering intensity.
Since Raman scattering is a visible light scattering process, Raman scattering intensity at absolute
zero reflects the Majorana pair excitations with zero momentum. Therefore, the Raman scattering
spectrum indirectly reflects the Majorana excitation spectrum [24,65]. On the other hand, Raman
scattering intensity at finite temperatures can be fit to a fermionic thermal occupation function [25].
This thermal behavior is inconsistent with the bosonic excitation that reflects the magnon excitations
in conventional magnetically ordered systems. Raman scattering experiment is conducted on the
candidate of the Kitaev honeycomb model, a-RuCls [34]. Although this candidate material is

magnetically ordered at absolute zero, it shows a fermionic temperature dependence in the scattering

T T T T

B Tesc /e J

sc
€in
L > >
’J—f eSC

I(w) (arb. units)

1 1 l 1

0 2 4 Aw/J 8 10 12

Fig. 6: Raman scattering intensity /(w) of the Kitaev honeycomb model in the ground flux configu-
ration. Raman scattering intensity is independent of the incident polarization vector e;, and scattered

polarization vectors eg..
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§4. Majorana-Spinon-Mediated Raman Scattering

intensity as well. This peculiar temperature dependence could be evidence of the Majorana spinons.
We analyze the features of the Raman intensity of the Kitaev spin liquids by two types of group

analysis. We use point symmetry group analysis to discuss whether vanishing polarization dependence

is true feature of quantum spin liquid states. Moreover, we use projective symmetry group analysis to

discuss how projective symmetry of spinons appears in Raman scattering intensity.
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§4. Majorana-Spinon-Mediated Raman Scattering

4.2 Raman intensity at absolute zero: Point-symmetry argument

We first discuss the Raman scattering intensity at absolute zero. The ground-state Raman scattering

intensity of a Kitaev gauged lattice within the LF scheme [24,52-54, 65] reads

]_ > 170t _ 1t
I(w) = 27ThL/ (Ole™n He™ n
X =—J Z Z €in - mn esc : dmn)ai\no_?x\

A=z,y,z <m,n>x

=1J Z Z €in * mn esc ' dmn>ﬂ<m,n>kcmcn7 (41)

A=x,y,z <m,n>x

>ei“’tdt;

r LY

where e, = ‘[ef, el ei] = [sin¥, cos gin, sin Yy sin i, cos Jiy| and ese = [, eV, eZ] =

in “in in]
[sin ¥y, COS i, sin Viy, sin @iy, cos Vi, | are the polarization vectors of incident and scattered lights,
respectively, while d,,,, = r,, — r, are the lattice vectors with r,, and r,, being the positions of

neighboring sites. For later analysis, we reexpress % in a Cartesian coordinate system as follows:

X = Z Z el el R" = ‘e Rexe, 4.2)

H=2,Y,2 V=T,Y,Z

RM = —J Z Z dmn rynn Om n’

A=z,y,z <m,n>x

— V oy
=1iJ § E dmn mn¥<m,n>,CmCn

A=z,y,z <m,n>x
L/2 L2

=1J Z Z Z Z dmn 7Vnnu<m n>x

A=z,y,z <m,n>x k=1k’'=1
X [(Vm,26—1 + ithm, Qk)% + (Ym,2k—1 — 1Wm 2k )0k
X [(Vn,2k—1 + wn,m)a;t/ + (V2 —1 — W 2k )i | 4.3)

where R = [R*"] is the matrix representation of the Raman operator in Cartesian coordinates.
When we identify the ground state with Eq. (2.10) without specifying its gauge fields
H{u<m,n>x}oery, it belongs to P rather than P. If we recognize the ground state by its gauge
fields, [0) = Hnxho @ [{u<mn>,})o). for instance, with [{ni})x ® Hucmn>,})qer)
being the rth spinon state (k = 0,---,2% — 1) against the ¢(r)th bond configuration
[q(r) = 2 g+ riq = 0,---,25%L — 1,7 = 0,---,25"1 — 1], |0) chosen in the aug-
mented Hilbert space is no longer invariant under every symmetry operation of P but belongs to its
Zo-gauge extension P. Therefore, when the ground state belongs to the double group P, it is useful

to write the Raman operator (4.1) as [63]

dgi
7= Z FE RE =SS EERE.. 44)
i i =1
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§4. Majorana-Spinon-Mediated Raman Scattering

where EI;.” (E:Ei: u) is the uth polarization-vector basis function for the _EZ (=) irreducible repre-

. = P P . . . . /
sentation of P (P), Rfi:u (Rz,.,,) is the symmetry-definite LF vertex accompanying it, and >, runs
over the LF-active irreducible representations. The LF-active irreducible representations =; of P,
which are necessarily real and single-valued and therefore equal to the irreducible representations =;
of the corresponding point symmetry group P.

Within the LF formulation, the nonvanishing vertices and corresponding basis functions read

xr T Y Ly Z L2z xrxT yy ZZz
EI _ ET _ th _ eineSC + eineSC + eineSC RI _ RT _ ROh _ R + R + R

Al T AL T Al T ) Al T VAL T OTVMAl T \/_ )
3

V3
I T On 2e§,6ec — CinCsc — e?negc I T Oy 2R** —R*™ — RYY
Eyy = Epy = Egla = , Rua = Rga =Rg)a = ;

V6 V6

I _ T _ 0, _ Cn€l —€nel 1 _ T _p0, _ RYY—-RY
EH:2 - EE:Z - EEg:Q - \/§ ’ 7?’H:Q - 7?’E:Q - 7?’Eg:Q - \/§ ’
I _ T _ 0. _ el tehel 1 _ T _ 0, _ RYWAHRY
EH:B - ET:l - ETthzl — %7 RH:S - RT:I - ,R’Tglgzl - T?
Yy z zZ LY Yz 2y
1 _ T _ O _ Gin®sc + €inCsc I _ pT _ p»pOn __ R+ R
EH:4 - ET:2 - ETghg:Q - T’ RH:4 - RT:2 - ,R’Tglg:Z - Ta
I T o €inCsc T €ines I T O R** +R™*
EH:5 = ET:3 = ETth:3 - %7 RH:E) - RT:?) - ,R/Tzlgzg - T
4.5)
for the i, ’f‘, and 6; gauged polyhedra, and, for reference,
Egsv _ eimnesmc + e?negc Ecﬁv . e?negc _ e?negc ECGV - eirnegc + 6?ne§c
1:1 - \/5 ) E221 - \/§ ? E222 - \/5 Y
R(A:f?/l - V2 ’ Rngj:vl - NG ’ Rg;:VQ = NG (4.6)

for the two-dimensional (/3\6; gauged honeycomb of triangular geometry [64—67]. In the spherical

lattice geometry realized by Platonic and Archimedean polyhedra, all the vertices of the identity

Oh

A, commute with the corresponding Hamiltonians
1g: b

representation, such as RY. o RY. uo and R
and therefore reduce to elastic (Rayleigh) scattering. This is the case with RACIG:VM as well. Since
RHY = RYH within the LF scheme, all chiral terms such as

R*¥Y — RY*
—\/5 )

Rfijl = 4.7)

are apparently disappears.
Since the ground state (2.10) is invariant under every symmetry operation of P, every expectation

value between Raman vertices of different symmetry species for it goes to zero [63,65,66],

1 e 170t I3 t .
/ 0l F RE e FRE _ |0)eitdt

2whL |_ e
_ Qe [T SRR R0y ety
onhl | . i i
=010 12, (W), (4.8)
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§4. Majorana-Spinon-Mediated Raman Scattering

and [ gz_: W) (=1, dgi) no longer depend on p [24,29,64,65]. While the Raman spectra of
gauge-ground Kitaev polyhedra are analyzable with direct-product representations of their projective
symmetry groups P, they can be classified by irreducible representations of the corresponding point
symmetry groups P. Substituting the irreducible decomposition of the Raman operator % (4.4) into
the LF expression of the Raman intensity (4.1) and taking account of the spectral degeneracy within

each multidimensional irreducible representation, we have

g, dZ,
-ET LS R [ miﬁf@ FRE e FRE,LI0
i, |
IO / S e R, 2..10)
=3 Z (EE.) 1B, (w). (4.9)
i op=1

We write the Raman vertices in Cartesian coordinates (4.5) and then in terms of spinon operators
(4.3). Having in mind that a;|0) = 0 and discarding Rayleigh terms, we can express I (w) by Fermi’s

golden rule,

_122 —

! — o° dteWt22
I(‘U):Z Z(Egi:u) /_Oo orhL Z Z

<{W }| ® <{nk}|fR’I5)l,u|O>

—;z W X / )

eiftngi:ue_i%t H{ni})s ® ’{Wp}>q

L
1=k<k’'=
9%+l
X o ({WpH{Wp 1 aa {Wpt{Wp Ho
q=0
<{nk}|73P | al,af [{ni}oo ({neHararRE | [{nk})o
Zithl{ucm nsy Yoy Kk =R Hucm,n>y Yo(r)

— —Z Z =, M Z ‘(0|akak/72 . } 5 — &k — 5k/), (410)

— L
1=k<k/=%

where RE ‘ are the gauge-ground LF vertices.
=i {u<m,n>>\}0(7‘)

We may be reminded that the above is not the case with any single spin operator. Unlike the Raman
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(a) {Wpi)o = (b) o | iWp}ho =>(c) 0,0, {Wy})o

Fig. 7: Actions of the spin operators o7 = ic,n; (b) and 0;,0; = —il<m,n>,CmCn (C) ON the
gauge-ground Kitaev dodecahedron [{IV,})¢ (a) in the context of calculating the dynamic structure

factor (4.11) and Raman scattering intensity (4.10).

response, visons (Fig. 7) as well as spinons are involved in the dynamic spin response [68, 69]

L
1 o ; 176t i t .

m,n=1

L 25Tl 19511

Oodt iwt ol
:/_OOQWehLZ Z Zeq(m n)

m,n=1 q=0 k=0
it it
< o{({WpH @ o({ni}le ™™ opme™ 7 [{ni})e @ KWy })q
X o({Wp @ w({niHonl{nk o ® [{W})o. (4.11)
Indeed 0<{nk}|a};ak\{nk}>o =0(k=1,---,L), but the spinon operator o, and therefore vacuum

state [{ny})o depend on the background flux configuration |[{W,}),. We denote those against an
excited flux configuration |{W},}) 40 by o and |{n} })o distinguishably from «;, and |[{ny})o against
{Wp})o inEq. (4.11). Since spinons in an excited flux sector reads a linear combination of spinons in
the ground flux sector, o, = fol (X kO + vk,/,kajﬂ) (K =1,---, L), and their vacuum |{n} })o
reads a linear combination of the ground-flux-sector spinon vacuum and/or excited states, i.e. either
a linear combination of |{n})o, 04,1104,12 H{nx o> 0‘210‘2204230424 [{nk})o, - - - or that of 04,11 {nx o>
alla,iga,is I{nx})o, -+, we can exactly calculate the dynamic structure factor (4.11) as well [69].
In higher dimensions, Eq. (4.11) is hard to calculate for sufficiently large systems, with excited flux
configurations |{ W}, }) 420 being no longer invariant under the primitive translation, but we can employ
a Dyson equation instead to accomplish the thermodynamic-limit calculation [68, 69].

Figure 8 shows the polarized Raman spectra of gauge-ground Kitaev spin balls with light polarization
vectors varying within the zy plane. The polarization dependence of the intensity is very weak in the
dodecahedron but significant and individual in the truncated tetrahedron and octahedron. The former
observations are similar to the case with the honeycomb Kitaev QSL [24].

The spectral degeneracy within each multidimensional irreducible representation [65] is the case

with Kitaev spin balls as well. Considering the QSL ground state (2.10) is invariant under every
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Fig. 8: Spinon excitation energies ¢ and Raman intensities /(w) of Kitaev spin balls consisting of
dodecahedral (a), truncated-tetrahedral (b), and truncated-octahedral (c) lattices in their ground flux
configurations, where J-function peaks are Lorentzian-broadened by 0.05.J [59]. For the incident

T

polarization (5 we observe various scattered polarizations (2, ) (1 =0,1,2), each consisting

505 )
of peaks attributable to direct-product representations of the projective symmetry groups I, T, and
6;1 (fi ® = ; in Table 9) on one hand and containing one or more irreducible representations of the

point symmetry groups I, T, and Oy, (B, = in Table 9) on the other hand.

symmetry operation P € P, the Raman response with Pe;, = €;, and Pes. = €y, which we
shall denote by I(w), should remain the same as I(w) with ey, and ey, where we denote the matrix
representation in Cartesian coordinates for a point symmetry operation P by P. With Eq. (4.1) in
mind, a point symmetry operation of the Raman operator reads
enRée=H= Y. Y. e PUHRIPIVE
wv=e,y,z u v =x,9,2

Z el R (P)el, = 'einR(P)esc, (4.12)

M7U:a"7y7z

and therefore, we have an intensity

~ o0 dt eiwt zﬁ‘c"t
I(w) :/ o e "

)

B P p O dt et ikt ~p _ it ~p
=303 (22,) | SR e RE (P FRE L (P)0)

dg,
- Z Z ) = Z/ > (BEL) B u(w). (4.13)

. . . . . . 2
Arbitrary polarization vectors e;;, and e yield arbitrary coefficients (Egi: u) and therefore demand
that T E. pw)=1 E. ,.(w) for every Raman-active mode =; : pi. It is instructive to review the Raman-

active E5 symmetry species of the Cg,, honeycomb lattice [65] on the zy plane. The threefold rotation
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about the 2 axis of the polarization vectors reads converting the Raman operator into

@xm(czs(z)) 7§$y<03(z))
RY*(C5(z))  R**(Cs(z))

_1 V3 zT T _1 V3
= 5 A 2 2 (4.14)
_¥3 _1 RYT R V3 _1
2 2 2 2
Then the Raman vertices of Eo symmetry species behave as
5 R (Cy(z)) — R¥(C( ) V3
CaRiey = Ripen (Ca(z) = ©) v (2) Qjov - LREy. @19)

The Raman response of the Kitaev honeycomb QSL remains unchanged against the symmetry operation

C3(2) € Cey,
Cov Cov > dt e it 5 Cgy — it ;5Cg,
IE2;1(W) = 03(Z)IE2:1(W) = kL (Ole RE 1(03(2)) g RE2:1(C3(Z))|O>
1 CGv 3 Cﬁv
= 11 (W) + Tea (@), (4.16)

and therefore, we find that Ig o (w) = Ig C6V % (w). Next we consider rotating the T and Oy, polyhedra

by about the [111] axis, which reads convertmg the Raman operator into

(
CsinR = | RY(Csa11)) R¥™(Cs(111)) Ry2(03(111)
R**(

R*(C3111)) R*™(Cs111)) R** 03(111)

0 1 0 R**  R¥™ RT*F
=0 0 1 RY*  RYY RY2
1 00

1

R*(C3a111))  R™(Ca(111)) R Cs(111))
)
)
1
0 “4.17)
0

0
1

They each have the two Raman-active symmetry species E/E, and T /Ty, and the corresponding

Raman vertices behave under the threefold rotation as

2R (Cs(111)) — R*(Csa11)) — RY(Csann))

O, __ Oy
03(111)RE//E}1 = Rg//Eglzl(C?’(nl)) - NG
_lRT/Oh \/gRT/Oh

E/Eg:1 + "9 "VE/Eg:2’

7€xy(cs(nl)) + 7éym(cs(ul)) _ T/On

T/Oy T/Oy
03(111)RT;T21g 1= RT;T; 1(03(111)) =

\/§ - T/TQgZQ’
RY #(C )+ R* v(C )
T/Oy, ~T/Oy 3(111) 3(111)) _ 5T/O
03(111)RT/T21 2 = RT/Tz 2(03(111)) V2 RT/Tth :3
ﬁzm(c )—f-ﬁ,m(c )
T/Oy T/Oy 3(111 3(111 T/O
C':’>(111)RT//T21 3= RT;T; 3(03(111)) = () /3 iy, RT;Tghg:l' (4.18)

The Raman responses of these Kitaev polyhedral QSLs are invariant under their common symmetry

operation C'3(111),

T/O T/O, 1l T/0 3 T/0
IE//E;1(W) = 03(111)IE//E H(w) = ZIE//E;l(w) + 4IE//E (W),
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T /Oy T Oy T/0O
I o (UJ) C’3(111) T//TQ 1(“)21 o (w),

T/Tag:1 T/T2g:2

T/O _ T/Oy __ ;T/O
IT/T;;Q(W) = 03(111)IT/T2 o(w) = IT/T;;::s(w)?

T/O T/O T/O

T//T;;:?)(w) = 03(111)IT//T2 a(w) = IT//T;;:l(w)’ (4.19)

T/O T/Oy T/Oy, T/O T/O
and therefore, we find that IE//E ") = IE//E %5 (w) and IT//Tl (w) = IT//T "o (w) = IT//T;‘ 5(w).
For the Raman-active H symmetry species of the Kitaev dodecahedral QSL as well, we can similarly
find the spectral degeneracy I, () = Ih5(w) = I3 () = Iy (w) = Is(w).

Now that Eq. (4.9) reduces to

dgi dP
=3 (B, IE Z Z (EE.)", (4.20)
i p=l1 pn=1

how many Raman-active modes are possible in the lattice geometry is most decisive of whether and

how the scattering intensity depends on the light polarization.

For polarization vectors in the zy plain, Ui, = Y. = 5 with varying ¢;, and @, we have
2
Cov
Z <EE26:M> 5’
pn=1

pn=1 pu=1
_ COSZ ((Pin - QOSC) + COSQ(SDin + Sosc)
= 6 5 ,
3 3 )
T \2 (0] 2 sin ((Pin + Spsc) .
Z (ET:,u) = Z (ETghg:,u> = 2 ) (421)
pn=1 p=1

hence the perfect depolarization of Raman scattering in a honeycomb QSL. While the 1 gauged
dodecahedron also has one and only Raman-active multidimensional irreducible representation and
all the three relevant direct-product representations of T contain this H mode, the sum of its five
basis functions no longer reduces to a constant, resulting in similar shapes peaked at the three fixed
frequencies fw/2.J = 2, 1 4 /6, 21/6 but different weights varying as Eq. (4.21) of the polarized
spectra. The T and 6;1 gauged polyhedra each have two Raman-active modes to yield spectra peaking
and weighing differently according to the light polarization. Such observations are also the case with
]E)\QL harmonic honeycomb Kitaev QSLs in three dimensions [42,65].
In Eq. (4.20), we have

2
1
Z <Eg26vu) = — sm 2 9, sin? Vg (4.22)

n=1
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for the two-dimensional honeycomb lattice,
> 1
Z EH W =5 [2 cos ¥y, cos Vge — sin Py, sin Ve cos(pin — gosc)]2
p=1

+ = [sin Qgin sin ﬁsc COS(QOin + SOSC)]2
+ — [sin ¥y, sin Vg sin(pin + @sc)]Q

+ = (sin ¥y, sin @iy, cos Y + cos Vi sin Iy sin gpsc)2

NI RN~ N ~N| -

+ —(cos ¥, sin Vge €08 pge + sin iy, oS iy COS ﬁSC)Q (4.23)

for the dodecahedral lattice, and

2 2 >
Z (ngf = Z (ES;N> =3 [2 cos Py, cos Vge — sin Py, sin Ve cos(pin — cpsc)]Q
p=1 p=1

1. .
+ 3 [sin ¥y, sin Y. cos(pin + @sc)]z )

3 3
1
Z (ET g0 Z < TOth u) ) [sin Jin sin Ve sin(pin + SDSC)]Q
pn=1 pn=1
1, . . . . 2
+ 3 (sin Yy, sin i, cos Vge + cos Py, sin P sin @gc)
1
+ 5 (cos Vi sin Ve COS Qg 4 sin Yy oS @iy €08 e ) (4.24)

for the truncated tetrahedral and octahedral lattices. For the honeycomb lattice, we take interest only

in the polarization vectors parallel to the plain,
2

> (58

p=1

=, (4.25)

N | =

ﬁin:'ﬂsc:%
and find no polarization dependence of the Raman response within the LF scheme. For the dodec-

ahedral lattice, even if we restrict the polarization vectors to the zy plain, the Raman response still

exhibits weak polarization dependence even within the LF scheme,

5

2 (E%m)2| = & co(om — oue) 5, (4.26)
w=1 Iin=Dsc=%

i.e., the spectra peak exactly the same but weigh differently according to the light polarization. For

the truncated tetrahedral and octahedral lattices, even if we consider the Raman scattering within the

LF scheme and restrict the polarization vectors to the zy plain, we have two Raman-active symmetry

species to find strong polarization dependence of the spectra,

1

== COS2(90in — Psc) F

1
6 5 COSQ(SDin + Psc),
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Xi: ETu i:( ngu>

i.e., spectra peak and weigh differently according to the light polarization. Note in this context that

1
=3 sin? (Yin + Psc ), (4.27)

’19110:1959:% 19in:79sc:%

we do not have any accidental degeneracy, i.e., neither I, (w) equals IT., (w) nor I]gg " (w) equals

o
IT; 1 (w).
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4.3 Raman intensity at absolute zero: projective-symmetry argument

The T and 6;1 gauged polyhedra each have three spinon modes to yield geminate excitations of
3 +3Cy types. There are 6 pair-spinon-resonant frequencies in them each. In the case of T, one of
them, {E% ® E% }(hw/2J = 21/2), is a Rayleigh channel, while all the rest contain the Raman-active
E (detectable with ;, &= 5. # 5) and/or T (detectable with s, + s 7# 0, 7) modes, where the two-
dimensional real irreducible representation E = E(Y) @ E(2) splits into two one-dimensional complex
ones, E(V) and E(?), bringing nonvanishing Raman intensities at all the six frequencies but Aw /2J =
2v/2. In the case of ONh, all the direct-product representations contain the Raman-active Ty, mode
(detectable with ¢;,, + ¢sc # 0, 7), bringing nonvanishing Raman intensities at all the six frequencies.
On the other hand, only the three direct-product representations Gg% QG 148 (hw/2J = 1+ \/W),
G ®Gyy g (w/2] =1+ V4+V3).and G§ ® GY (hw/2J = V4 = V/3+ V4 + /3) contain
another Raman-active mode E, (detectable with ¢i, + g 7# %). In this context, we should pay special
attention to the geminate excitations labeled {Gg% ® Gg%} (hw/2J = 27/4 —+/3) and {G% ® G%}
(hw/2J = ZM). If we describe this gauged polyhedron in terms of O, rather than f)vh, these
two direct-product representations degenerate into {Gs ® Gs} = {A1} ® {E} & {T3} (see Table
9) to cause misunderstanding as if outgoing photons of ps. = i, brought nonvanishing Raman
intensities at the two frequencies fiw/2J = 2v/4 F v/3 as well. Under the pertinent CTh description,
the Raman intensities at the two frequencies fiw/2.J = 2/4 F /3 in the gauged truncated octahedron
purely belongs to the T'o, symmetry species, because they are mediated by spinon geminate excitations
belonging to the direct-product representations { G§ @ G% } and { G ® GY }, both of which decompose
into {A15} B{E,}®{Ta}, 1., the Raman-active2T2g, iF-Raman2-inact2ive A4, and Raman-inactive
Ey (ir;ead of Raman—Eve Eg) symmetry species (see Table 9).

In an attempt to describe partons in Kitaev truncated octahedron, MPT [49] restrict their symmetry
argument to gauged rotations R C SU(2) = Spin(3), i.e. double covers of pure rotation groups
R C SO(3), because they employ projective symmetry groups with the aim to characterize an
itinerant parton as a charged particle in quantized orbital motion, and therefore need the isomorphism
SU(2)/Zs = SO(3). For partons emergent in a gauged truncated octahedron, they consider gauging
the subgroup O of the full octahedral group Oy. On the other hand, in order to describe spinon
geminate, rather than single, excitations in the context of Raman scattering, we construct and have to
construct the double cover of Oy, C O(3) [70] instead of that of O C SO(3). It is not until we analyze
the projective symmetry of Majorana spinons to the fullest extent that we can correctly understand

Raman scattering in a time-reversal-invariant gauged polyhedron.
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4.4 Raman intensity at finite temperatures

Taking the Kitaev dodecahedron as an example, we see the effect of Raman scattering intensity at

finite temperature. The Raman scattering intensity at finite temperature reads [25, 35]

]_ o0 3 t 17t .
Iw) = 5 / ("7 Re "7 B)reitdt, (4.28)

— 00

where (A)T is a thermal expectation value of operator A. If we fix a bond configuration and diagonalize

Majorana Hamiltonian, we can express Raman operator in terms of quasi-particles:

L/2

= Z [( 1L2k—1 — W oK) + (Y1 2k—1 + i¢z,2k)aﬂ , (4.29)
k=1
| L

R = 3 Z iJ(€in - dimn)(€sc - pn)Ucm n>,

N
x> [(wm,2k—1 — 1Wm oK)k + (Ym,26-1 + iwm,2k)az]
N
0 (AT
k=
| X
=3 Z [Ck,k;’ (2@20&1@/ — 5k,k'> + Dy kg + Dk»k’alal/] : (4.30)
L
Crp = Z iJ (e - dmn)(€sc - dmn) (Vm.26—1 — Wm 2k) (Vn,2k—1 + 1Wn2k7), 4.31)

Dy = Z iJ(€in - Amn)(€sc - Arn) (Vm,26—1 + 1Wm 2k) (Vn 2k —1 + 10, 287 ). (4.32)

m,n=1

Using Bloch-de Dominicis theorem for fermion operator

<Aééﬁ>T = (AB) 7 (CD)y = (AC) (BD)p + (AD) 1 (BC)rp, (4.33)
then,
. L/2 % | o y
I(w) = SThL / dt ei“’t |:4Ok,k“ Ck/,km <€ Mﬁm oz,te* Zkft e Mhﬁ Q. e Mhm oglt,akm)T

k.k/ k" k1 =1" "
i ;. it
+DZ’/,]§Dk’,k”’<€ Rare hoe h qpre R oz,t,oz,t,,,)

:
.

i i it
+Dk,k”DI:’”,k’<e hage e n a,t,,e h ak/al/>T

:
:
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L/2
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1 L/2
=3I > [2?k,k0k’,k’ (ot aw)p (ad an)p 8(hw)
kok!=1 Rayleigh term
+2|Chpe [* {afn) p (1= () )6 (B + e — &)
+ [ Dy () g (o ) g 0 (R + e + )
+ [ D (1 = (e an) ) (1 = (ol an)p)d(hw — e — o). (434)

First term of Eq. (4.34) is the Rayleigh term and thus don’t contribute Raman scattering process.
Since <O|a,tak\0> = 0, Raman scattering intensity at absolute zero only comes from the last term of
Eq. (4.34), that is, Majorana-geminate excitation modes. In contrast, at finite temperatures, Raman
intensity reflects Majorana creation and annihilation process occurs in addition to pair-creation process.
This creation and annihilation process can be detectable in fermionic I' independence of integrated
Raman intensity process [25].

Figure 9(a) shows I(w) as a function of temperature. As soon as visons are thermally excited,
Wp configurations breaks the symmetry of I and the Majorana Hamiltonian is no longer belongs to
1. However, The flux state in which the symmetry is broken is degenerated so that the symmetry I
is restored. Therefore, as a result of taking the thermal average, the polarization dependence of the
Raman scattering intensity of group P is maintained.

Figure 9(b) shows I (w) of various polarization vectors at kg7 = 0.2.J. The peak structure seen at
absolute zero has almost disappeared, but the polarization dependence of I in Eq. (4.26) is maintained,
i.e., the spectra peak exactly the same but weigh differently according to the light polarization.

Vison excitations can be measured by the parameter [39,71]

22“—1 9% —1_

w=gz S e el e © (1) @439)
q=0 k=0

2%+l 1951

Z Z AWl @ wi{{na e P [{ni})w @ {Wp})g (4.36)
q=0 s k=0
5| 2

(4.37)
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Fig. 9: Thermodynamic quantities of the Kitaev dodecahedron. (a) I (w) at various 7' with (¢, ¢in) =
(4,0) and (s, psc) = (?jf,ﬂ); where e, = (1,Yin, pin) and ese = (1, Jsc, psc); (b) I(w) at
kT = 0.2J with (Vin, i) = (5,0) and Vsc = 3, psc = T, 5,7 (c) Specific heat C' and the
flux-sum magnitude wp as functions of 7.

and observed through specific heat. Figure 9(c) shows their temperature dependences. wp = 1
without any vison at absolute zero, while wp = 5040,/2048/12 = 0.205078125 with visons emerging
at random in the 7" — oo limit. At kg’ = 0.2, visons are almost fully excited and therefore the
symmetry-definite Raman scattering intensity peaks melt away. Matter fermions are excited at much

higher temperatures. Specific heat is thus doubly peaked with increasing temperature.
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§5. Summary and Discussion

S Summary and Discussion

We have analyzed the Raman scattering intensity in the Kitaev quantum spin liquid from two
viewpoints, point symmetry group and projective symmetry group. Vanishing polarization dependence
seen in the Kitaev honeycomb model and the Kagome antiferromagnet is due to the two-dimensional
three-fold rotational symmetry. Point symmetry group analysis shows that the polarization dependence
in the quantum spin liquid depends on their lattice (cf. Table 10). Vanishing light polarization
dependence of Raman scattering is not necessarily for quantum spin liquids. Quantum spin liquids on

lattices with multiple Raman active modes can have strong polarization dependence.

Table. 10: Projective symmetry group and polarization dependence of the Kitaev honeycomb model

and Kitaev spin balls

model projective symmetry group polarization dependence
honeycomb 6:3; no
dodecahedron 1 little
truncated tetrahedron T strong
truncated octahedron 6vh strong

If a Kitaev quantum spin liquid has strong polarization dependence, the projective symmetry of
spinons can be seen in the Raman scattering process through the selection rule. Two spinons excited
states is characterized by the direct-product representation of projective symmetry group of Majorana
spinons. The direct-product representation consists of single-valued irreducible representations of
the Zo gauge extension of the point symmetry group. This single-valued irreducible representations
correspond to those of original point symmetry group. If the intermediate state consists Raman
inactive mode only, the state is Raman inactive. In addition, for Kitaev models with even-sided
polygons only, it is necessary to consider the gauge expansion of point symmetry groups C O(3)
to determine whether it is Raman activity or not. In the Kitaev truncated octahedron, the Raman
scattering intensity actually reflects the (,)vh This result indicates that the symmetry of Majorana
spinon may be highlighted by analysing the polarization dependence.

Our approach to Raman observations of QSLs is feasible regardless of whatever geometry and
dimension. For instance, let us discuss about two-dimensional Kitaev diamond-square lattice [72].
The diamond-square lattice is of Py = Cy, point symmetry [see Figs. 10(a) and (b)]. Since
diamond-square lattice consists only of even-sided polygons, the gauge-ground Kitaev diamond-
square lattice belong to gauged point group 6; as well as the case of Kitaev truncated octahedron.

The isotropy group of k in the first Brillouin zone Py, consists of symmetry operations P such that

Pek=k+ K=~k (5.1)
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with K being 0 or a reciprocal lattice vector. The Zo-gauged k-point symmetry group 1/32 keeps
the k,; block of the gauge-ground Majorana Hamiltonian invariant. Under the Fourier transformation
for primitive translation of the lattice, f’v;c should consist of primitive-translation-invariant gauged
point symmetry operations, i.e., PN;c may be written as PN6 with Py C Pg. Pg equals the full point
symmetry group of the background lattice P,,, and reads C,,. Figure 10(b) shows that the gauge
transformations /A(C} ) recover the initial ground gauge configuration but break the primitive translation
symmetry. Thus, every Py is limited to a proper subset of Pg, Py C Py, for the diamond-square
lattice. We show in Fig. 10(c) how Py and f’vg, read at high symmetry points of the diamond-square

reciprocal lattice. ﬁ, becomes C\Q; even at the highest symmetry points I' and M. The thus-defined

(2) 64/% (b) o W= @@

Ty

(C) Y P’ Y

(xy) - / V\V'!/'M V\ HVH
Pk:\:,11,',4'_02(:1:)_(.3\2(%)/_CZ(:I:)_\A,?L PO 62(2)] Gy CQEZ;
Cay) Ca) Cay) C2(a) Coy) Ca) Coa)
X v(zy) Ly v(zy) X/ V\f(’v'//r} —
@)~ Ca(@)—C1v —Co2(a)—E2(2) Gy @) Cyz) I oy ke
F| \ |X /F X p; k
xT
Coy) C2(a) C2x) C2¢p) C2y) /Cz<a) Co@)
! v(zy) | v(ab) _ v(ab)
C1y—Ca(ey—C2(2Ca(ey—Cxs C2(z) G Ca(z)
Y M Y

Fig. 10: (a) Kitaev diamond-square lattice of ground flux configurations. The diamond-square lattice
of C,4, point symmetry with primitive cells enriched by dotted lines. Gauge-ground Kitaev diamond-
square is characterized by (/3\4;. (b) Gauged rotations of gauge-ground Kitaev diamond-square lattice.
C4 can be followed by no such gauge transformation as to recover the initial bond configuration with
the primitive translation vectors remaining unchanged. (c) k-point symmetry groups (isotropy groups
of k) Py at high symmetry points k of the diamond-square reciprocal lattice, each consisting of
symmetry operations Pg. Zy-gauged k-point symmetry groups f’vjc under the Fourier transformation
for primitive translation of the lattice, i.e. 1/;’, at high symmetry points k, of the diamond-square
reciprocal lattice, each keeping the k, block of the Fourier-transformed gauge-ground Majorana
Hamiltonian invariant. We specify the principal axis 7 for n-fold rotations and/or the normal vector
o for mirror operations and replace the usual Schonflies notation C,,(7yy(») by C") for the sake of

n(r)
saving space.
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§5. Summary and Discussion

projective symmetry group of the Zs-gauged diamond-square lattice reads L A 6;,, where L is a
two-dimensional translation group. Eigenspectra of the gauge-ground Kitaev diamond-square lattice
are no longer discrete but consist of continuous bands. The “momentum-locked" spinon geminate
excitations are distinguished and identified by light polarizations and direct-product representations of
L AP [73]. We can identify emergent spinons singly by combining a standard point-symmetry-group
analysis of the Raman vertex in the real space and an elaborate projective-symmetry-group analysis
of Raman-scattering-mediating Majorana spinons in the reciprocal space. A more detailed analysis of
the Raman scattering response of the planar Kitaev model is discussed in Ref. 72.

Another extension of our approach is going beyond the LF vertices [26,27]. In the T Kitaev
spin ball, the direct-product representation {E% ® E%} is Raman-inactive within the LF scheme (cf.
Table 9), but an E 1 multiple direct-product representation may become Raman active in higher-order
scatterings to visualize the Majorana spinon spectrum in a wider range. Optical observation of partons

in QSLs will be even more attractive with the language of projective symmetry.
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Appendix A Time Reversal Symmetry for Kitaev Model

We define time-reversal operator © for Majorana fermions. Spin operator is antisymmetric with

respect to O:
00,07 = —0. (A.1)
Then, time-reversal operation for Majorana fermions and bond operators are expressed by

00~ =, One ! =, (A2)
@fb<l’l/>>\@_1 = @inl)\nﬁ@_l = —iﬁl)\m)) = _a<l,l’>>\- (A3)

On the other hand,

. W, : for even-sided polygons,
ew,t={ °F (A4)
—W,  :for odd-sided polygons.
U(1) gauge fluxes Wp = ¢! of odd-sided polygons inverse under time reversal operation. Although

the spin Hamiltonian is time-reversal symmetric, that is,

00 = Y > 5Oopon0 ' = > ) 100,000,007

A=z,y,z <m,n>x A=z,y,z <m,n>x
A A A A
= E E Irn(—oy,)(—0op) = E E Jyopon =, (A.5)
A=z,y,z <m,n>x A=z, y,z <m,n>x

flux states may be changes under the time-reversal operation.
Including the empty set, let {W},} ) and {W,},) be the set of eigenvalues of even-sided and
odd-sided polygons, respectively. Assuming [{W,}) = {Wpte), {Wpt)) and E{W,}) =

E({Wp}(e)» {Wp} (o)) are the eigenvectors and eigenvalues of spin Hamiltonian, respectively,
Wl {Wp}) = AWRHE(Wp 1) KWp}) = E{W,}). (A.6)

Considering time-reversal symmetry of spin Hamiltonian [Eq. (A.5)],

=
E({W,}) = (W, HA W, }) = ({(Wp o~ e~ o{W,}) = ({W,} | {W,} )
= (W} [EQWR} W) = EQW,} ), (A7)
E({Wp}(e)» {Wp}(o)) = E({Wp}a)v {Wp}a)>- (A.8)

Therefore, the Kitaev model with odd-sided polygons are degenerate with {—W,} ) for a certain
{Wp}(0). This degeneracy comes from the spontaneous time-reversal symmetry breaking of the

system.
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Projection Operator Eliminating Unphysical States

Appendix B
States

Projection Operator Eliminating Unphysical

We consider & in projection operator. Take a linear combination of original Majorana fermions

c; so that the Hamiltonian is a 2 x 2 block diagonalized. Using the real symmetric matrix ¥, ¢; and

resulting ¢; is expressed as follows:

[61,69,. ..

L
G =Y e,

=1

Considering the L! permutations of ¢;,
L

[[a=
=1

(=)

P

|

Assuming L is an even number,

L
[[a= 7 Z H CP(1)CP(2) """ CP(L)
=1 I'=1
1 L
_ P 5 & ;
T (=) Z wP(l)JP(l)wP(Q)alP(z) e .wP(L)le(L)ClP(l)CZP(Q) T
P Ilpy,lp(2)slpy=1
1 L
_ P - - -
Tl (=) Z ¢P(1)alP(l)¢P(2)7lP(2) o .¢P(L)7ZP(L)CZP(1)CZP(2) “Clpr
TP li,la,....lp=1
1 P - - -
il > o) Z V1 ¥2te VL Clp Cpe) 7 Clpy
TP li,lo,.. ln=1
1 ,,
- Z H Vi, Z ey Clpg)  Clp
ll,lg, lL 1m=1
- Z H Vi, P (k) Z YeppyCrip)  EPPL))
P k=1
P~ o~ -
— I Z . H U, pr(r) (=) 162w Cr
P P k=1
L)2

L
= Z(_)Pl H Ui, pr(k)C1Ca - - -
P k=1

L] = le1, e, ...

1
o 2=

éL = det(‘Il

7CL]\II7
L

cr =Y .
=1

L

)P H Cp();

=1
1 even permutation,

—1 odd permutation.

~—
I t~
A z
>

@) [ ] 26162
k=1
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Appendix Projection Operator Eliminating Unphysical States

We rewrite ¢; to quasi-particle o,

1 F1

a =3 (Cok—1 +iCok), oy = 5 (Cok—1 — iCok) , (B.5)
o1 = Qp +a, o = —iag —ial), (B.6)
Con1Car = —i(ag + ol ) (o —ial) = i(1 — 2alan), (B.7)
and then,
L
Hcl = det(W¥ L/2 H Qakak (B.8)
=
Next, we consider
L
H minini s nzes - mEninicr. (B.9)

We first move ¢; to the right,

x Y z X Yy zZ X Yy zZ x Y zZ
mmmer - -Np_oNp_oNr—2CL—2Nr 1N 1ML 1CL-1NNLNLCL
3, . x, Y =z x Y z x Y z x Y =z
(=1 ninimicy - n{_anf _oMi—oCL—20L 1M 1ML —1MLN ML CL—1CL

= (=1 nininicr 0 _on?_omi _omi_im¥_imi _mininicr—scr—_icr
L

= (=) it - ng ot _omi ot i _imi_minini [ [ e
=1

L
D T wimtng - nf_omi—omf_mi—anini | [ @
=1 =1
L L
= (=02 ] nintng - nf _omi—oni mimi—mi [ [ e
I’'=1 =1
L
= (=) 2T wfndni - nf _ond_inini—omi—mi [ [ @
I'=1 =1
L L
1)ér-+os H . H it TT win Hcl, (B.10)
I'=1 1""=1 "=1
- 3
¢1zz3n=§L( -1), Zn—— L-1) (B.11)
n=1

L L
11D =] H e, H W Hcl (b1 + b2 = 2m,m € 7). (B.12)
=1

r=1 =1 =1
We sort 77 so that 7" forms i<, »~, . Then, the phase factor = 41 is generated depending on the
geometric structure of the system. Therefore, & is expressed as follows:

1+ 12, Dy

N
1
QOZT—:5 1+ (-) det H Ucmon>y H(1—204204k)]

<m,n>y k=1
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Appendix Projection Operator Eliminating Unphysical States

The state in which the eigenvalue of # is 0 is a completely unphysical state. The terms oz,ta % exclude

either even or odd particle excited states as physical states and the other as unphysical states.

We show that the physical Majorana fermion excitation number does not change under the local

gauge transformation. Let W be the matrix that 2 x 2-block diagonalizes the Hamiltonian:

A = %tc?[c - %th:txqu@c - %taga (B.13)
‘¢ =[c1,¢0,...,00-1,01), '€= [¢1,C0,. .., Cr—1,0L]
C 0 o i}
—&1 0
1
E=YHD = 3 (B.14)
0 EL
2
—EL 0
L L i
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Appendix

Projection Operator Eliminating Unphysical States

If the adjacent sites of site [ site are [4, l2, [3, the gauge transformation to the [ site is expressed as

G

Cl,

AlZ

Cl2

CZ3

H =

C

)
Cl

1

Cly

Clg

a

Cl1

CZ2

013

Cll o s Cl2 S cls
0 0 0
0
1
0
1
0 0 1
H = ANHA;,
Cl e cll CZQ
0 H,y Hoy
—H; 0
—H> 0
—H
Cl « o Cll .« o o Cl2
0 —H; —H>
H, --- 0
Hs 0
Hs
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Cl3

Clg

_H3

(B.15)
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Appendix Projection Operator Eliminating Unphysical States

H’ can be diagonalized by ¥’ = A, ¥

A = St e = SleAHAe = = oW W AHAY We
2 2 2 \\/ ~

_ 2 ~'tx1: NN H AT = S eHEE d seee. (B.19)
M~~~ —
=1 =1 =£
Having in mind
det(P) = — det(P’), (B.20)

the projection operator changes as follows by the local gauge transformations:

1
:@025

N
1+ (—1)%det(® H Ucmn>, H(l — 204,10%)]

<m,n>x k=1

local gauge trasformation 1

2

N
14 (—1)%det(®) H Uy > H(l - QQLak)]
<m,n>x k=1

N
1
=z |t+ (—D)%(~1)det(®)(-1) ] temms, [JO - Qa,tak)]
L <m,n>x k=1
1 B N
=5 [1+ (-1 )0det(® ) H> U, kHl(l - 204,10%)] = . (B.21)
L m,n>x

Therefore, the projection operator does not change under the gauge transformation, and the number of

excited fermions that is unphysical does not change either.
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