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REPRESENTATION FORMULA FOR DISCRETE INDEFINITE AFFINE
SPHERES

SHIMPEI KOBAYASHI AND NOZOMU MATSUURA

ABSTRACT. We present a representation formula for discrete indefinite affine spheres via
loop group factorizations. This formula is derived from the Birkhoff decomposition of loop
groups associated with discrete indefinite affine spheres. In particular we show that a discrete
indefinite improper affine sphere can be constructed from two discrete plane curves.

INTRODUCTION

Around 1908 Tzitzeica introduced surfaces in [25]-[30], which are now called proper affine
spheres with center at the origin, with the property that the Gaussian curvature is proportional
to the fourth power of the support function from the origin. He observed that this property
is invariant under an affine transformation fixing the origin. This work is regarded as the
source of affine differential geometry of surfaces, and gives his name to the structure equation
of proper affine spheres. The reader is referred to [23] for an account of the Tzitzeica equation
within its classical context of surface theory in equicentroaffine geometry. The Tzitzeica
equation is now known to be one of the most famous soliton equations in the theory of
integrable systems ([7], [17], [31], [12]). In fact it is obtained by a so-called B-type reduction
of the 2-dimensional Toda lattice equation ([19]). The proper affine sphere can be understood
as an affine geometric analogue of the sphere, in a sense that its affine normals meet at the
origin. When the affine normals are parallel, the surface can be regarded as an analogue of
the plane, and is called an improper affine sphere. The improper affine sphere is described by
the Liouville equation, which is also known to be integrable.

It is a distinctive feature of integrable systems that we can discretize them while keeping
their integrability. For example, a discrete Liouville equation was derived in [10] using the
bilinear techniques, and the corresponding discrete improper affine sphere was introduced in
[16]. As for the Tzitzeica equation, an integrable discrete model was proposed in [3], which can
be written into the trilinear equation in terms of the 7 function. Their approaches in finding
the discrete equations belong to the theory of discrete differential geometry (DDG), which
investigates the geometric objects that are described by integrable partial difference equations,
refer to [1] for a comprehensive introduction to DDG. We expect that investigating discrete
objects may offer a better understanding way of smooth objects, and as a consequence of it,
DDG can be applied to practical use in architecture, computer vision, operations research
and so on. See, for instance, [21], [5] and [9].
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The interrelations existing between integrable systems and geometry are described by the
Gauss-Weingarten formula, because the moving frames of surfaces give the Lax pairs of soliton
equations. Besides that, it is the point that we are able to introduce a natural parameter into
the Lax pair, which is often called the spectral parameter. Thus we can investigate surfaces
from a view point of the loop group theory, which also helps us in deriving discrete counterparts
of surfaces. Indeed, on the indefinite affine spheres, the loop group discretization method has
been demonstrated in [3]. Further, we can make a use of the Birkhoff decomposition of loop
groups so as to give construction methods for special classes of discrete surfaces. For example,
discrete counterparts for the surfaces with constant negative curvature can be defined and
constructed via loop group method ([20], [13]), where a discrete analogue of separation of
variables for sine-Gordon equation ([14]) is presented.

In this paper, we give a construction method for discrete indefinite affine spheres by using
a loop group method. In particular we show that a discrete indefinite improper affine sphere
can be constructed from two discrete plane curves. The paper is organized as follows: in
Section 1, after explaining some basic notions of affine differential geometry, we prepare loop
groups associated with affine spheres. We close the section by rephrasing the representation
formula by Blaschke for improper affine spheres and illustrating some examples that may
have singularities. In Section 2, we discretize the representation formula, so that the discrete
improper affine spheres, which may have singularities, are constructed from two planar discrete
curves.

1. INDEFINITE AFFINE SPHERES

1.1. Preliminaries. Let f be an immersion from a domain D C R? to the affine space
(Rg,det). Here we use determinant function as a fixed volume element on R3. Let ¢ be an
transversal vector field to f, that is, for each (x,y) € D the vector £ (z,y) never tangent to
the surface f (D). A symmetric bilinear function h = [hyj] is defined by the Gauss formula

O2f = wi10pf + wi 0y f + hi1€,
OyOuf = wix0u f + wis0y f + h12k,
aif = w0 f + wiy0y f + haok,

where 0, = 0/0x and 0y, = 0/0y. It is easy to check that the rank of h is independent of the
choice of €. If the rank of h is 2, h can be treated as a nondegenerate metric on ID. This is the
basic assumption on which Blaschke [1] developed the affine differential geometry of surfaces.
We can define canonical transversal vector field by the properties that the induced volume
element on D coincides with the volume element of the affine metric h, namely

(1.1) det [0, f, 9y f,€)* = |hi1haa — (h12)?|,

and both 0,¢ and 0,¢ are tangent to f (D). Such a £ is unique up to sign, and is called the
affine normal field. The immersion f with the affine normal field £ is called the Blaschke
immersion, and the map F': D — GL3R, (z,y) — [0, f, Oy f, & is called a moving frame of f.
It is known that, for a Blaschke immersion f, half of the Laplacian (1/2)Af relative to the
affine metric h is equal to the affine normal field &.

For a Blaschke immersion f, the affine shape operator s = [s;;] is defined by the Weingarten
formula

0.6 = =510 f — 5210, f,
ayf = —5120, f — 8225yf-
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If the affine shape operator s is proportional to the identity, that is s = H id, then the Blaschke
immersion f is called an affine sphere. By virtue of the integrability condition, this function
H should be a constant. If H = 0 then f is called an improper affine sphere, and if H # 0
then f is called a proper affine sphere. On use of a scaling transformation of the ambient
space and a change of the orientation f — —f, we can normalize the constant H to be —1 if
H # 0. For example, a graph immersion

f(x,y) = Yy
¥ (2,y)

is an improper affine sphere with the constant affine normal field ¢ (z,y) = *[0,0, 1] if and
only if 1 satisfies the Monge-Ampére equation

(1.2) (929) (951)) — (Du0y90)* = 1.

In general, if f is an improper affine sphere, then the affine normals are parallel in R3. If f
is a proper affine sphere, then the affine normals meet at one point in R?, which is called the
center.

Let f be an affine sphere whose affine metric h has signature (+,—). We call such an f
indefinite affine sphere in short. The affine normal field may be expressed as

{=-Hf+(1+H)&,
where H € {—1,0} and & is a constant vector. By an appropriate affine transformation on
R3 we can fix & to be ©[0,0,1]. We shall employ the asymptotic coordinate systems with
respect to h, and substitute the symbols (z,y) with (u,v). As far as det F # 0, without loss
of generality we can assume that det F > 0, and define three functions w, A, B by
w=detF, A=det[0.f, 02f, ¢, B=det[d2f, Ouf, &].

We rewrite the Gauss-Weingarten formulas as

~ [Oulogw 0 —-H [0 Bwmt 0
(1.3) OF=F|Aw™ 0 0|, 0,F=F|0 Oylogw —H
0 w 0 w 0 0

The compatibility condition between these two equations, namely 8,0,F = 8,0, F, is given
by the three partial differential equations

(1.4) OpOylogw + ABw™? + Hw = 0,
(1.5) dA=0, 9,B=0.

The equations in (1.5) are clearly solved as A = A (u) and B = B (v) respectively. Equation
(1.4) is called the Tzitzeica equation if H = —1, and the Liouville equation if H = 0. It is
known that general solutions to the Liouville equation are given by two real functions of one
variables, see the formula (1.29) in Remark 1.7.

Conversely, a triad (w, A, B) of solutions to the system (1.4)—(1.5), or in other words,
a pair of the affine metric h = 2wdudv and the cubic form C' = Adu® + Bdv3, gives a
unique indefinite affine sphere up to equiaffine transformations. Since the system (1.4)—(1.5)
is invariant under a transformation

A XA, B A3B, MeRX =R\ {0},

if (w, 4, B) is a triad of solutions to (1.4)—(1.5) then (w, A>A, A™3B) is also a triad of solutions
to the same system. Therefore, there exists a family of indefinite affine spheres { f’\} that is

parametrized by A € R*, and f! is the original affine sphere f. This 1-parameter family of
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indefinite affine spheres, which we call the associated family of f, has the property that they
have the same affine metric and the same constant affine mean curvature (1/2)trs = H.

1.2. Loop group description. We define a gauged frame F of f* by
(1.6) F= [c‘)qu, O, gk] diag (A‘lw_1/2, w2, 1) :

where ¢ = —H f* + (1 + H) &. For any ((u,v),A) € D x RX, the frame F takes values in
the special linear group SL3R and satisfies the partial differential equations

(1.7) 8.F = FU, 0,F = FV,
where
[(1/2) 0, log w 0 —AHw!/?
U= AMw™! —(1/2) 0y logw 0 ,
i 0 Aw!/? 0
(1.8) - P
—(1/2) 0y logw A" Bw 0
V= 0 (1/2) Oy logw —A"'Hw!/?
A1/ 0 0

By multiplying F' by some constant matrix from the left if necessary, we can assume that
(1.9) F(0,0,)\) =id

at the base point (u,v) = (0,0). The gauged frame F' which satisfies the system (1.7)—(1.8)
with initial condition (1.9) will be called the extended frame of an indefinite affine sphere f.
Moreover one can check that the matrices U = U (\) and V =V (A) in (1.8) satisfy

(1.10) —U(=NT=TUN), —V(=NT=TV(),
(1.11) U@ )=QUNQ™, VigN=QV(NeQ,
where

01 0

T=1[10 0|, Q=dag(qq1), g=emV13

00 —H
Therefore F' must satisfy
(1.12) R (=N T =TF()),
(1.13) F(g) =QF (M) Q™

and hence the loop algebra and the loop group can be introduced ([3]) as
AslsR = {cb: S! — sl5C ‘ o) =d(N), —'B(-NT=T&(), &(g\) =Q® (XN Q" } :

ASLsR = {¢: 8" = SLsC |6 (}) =6 (N), ‘6 (-N) ' T=To(N). 6(a)) = Qo (N Q™' |.

Here the overlines mean complex conjugate, and sl3C is the Lie algebra of SL3C, that is, sl3C
is the set of trace-free matrices. It should be noted that the extended frame F' is ASL3gR-
valued function on D, because F', which is originally defined on A € R*, can be analytically
extended to C*. The subgroups

ATSLsR = {¢ € ASL3R | ¢ (A) = Y72 Ny }
ASLsR = {¢ € ASL3R | ¢ (A) = 2570 A * ey}
4



will play important roles in the following discussions, together with
AFSLsR = {¢ € ATSL3R | ¢ (A) =id+ Y50, Ay},
A;SLsR = {¢ € A"SLsR | ¢ () =id+ Y52 A Fey } .

Similarly subalgebras A*slsR, A~ sl3R and Afsl3R, A, s[3R are defined. We note that & €
AFEsI3R have the expansion @4 (\) = .72 | A**®y, where double signs correspond.

Proposition 1.1. Let F'(\) = 322 AF, € ASL3C satisfy the twisted condition (1.13).
Then coefficient matrices of F (\) are of the form

0 0 =x 0 x 0
F3; = diag (*a*a*)a F3l+1 =|* 0 0f, F3l+2 =10 0 x
0 = 0 * 0 0

for all integers [.
Proof. Because QF (A\) Q™! = Y okez NeQFLQ~! and
Fgh) =) MNg"Fe=>)_ <)\3ZF31 + NPy + >\3l+2q2F31+2> ;
keZ I€Z
we have Fy = QF3Q 7", ¢Fy11 = QFy 11 Q7" and ¢°Fyp0 = QF312Q7 " O
We now recall Birkhoff decomposition theorem for the loop group ASL3R.

Theorem 1.2 (Birkhoff decomposition [8], [22]). The respective multiplication maps
AFSL3R x A"SL3R — ASLsR  and A, SL3R x ATSL3R — ASL3R

are diffeomorphisms onto its images. Moreover, the images A SLsR - A~SL3R and A, SL3R -

ATSLsR are both open and dense in ASL3R, which will be called the big cells.

Roughly speaking, Theorem 1.2 says that for almost all ¢ € ASL3R, there uniquely exist
pairs (g4,9-) € AFSL3R x A~SL3R and (§_, g+ ) € A;SLsR x ATSL3R such that
(1.14) 9=9+9- = G-g+-
The following theorem has been proven for indefinite proper affine spheres (H = —1) in [,

Proposition 5.2 and Theorems 7.1, 6.1]. Here we show a proof which is valid for both H = —1
or H=0.

Theorem 1.3. Let f be an indefinite affine sphere, and (u,v) € D be its asymptotic coor-
dinates. Consider the Birkhoff decompositions for the extended frame F near (u,v) = (0,0)
as

(1.15) F=F.F_=G_Gy,

where F,. € AFSLsR, F_ € A~SL3R, G+ € ATSL3R and G_ € A;SL3R. Then Fy and G_
do not depend on v and u respectively, and their Maurer-Cartan forms are given as

(1.16) F'dFy =¢,, GZ'dG_ =¢_,
where
0 0 —Ha 0 o 0
(1.17) Ex=X|B 0 0 |du, =210 0 —Hp|dv.
0 o 0 p 0 0

Here the functions o, 8 depend only on u, and p, o only on v. Moreover, a and p have no
zeros near the base point (u,v) = (0,0).
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Conversely, let (§+,&-) be a pair of 1-forms as (1.17), and (F+,G_) be a pair of solutions
to the linear ordinary differential equations

(1.18) dF, = F &,, dG_ = G_¢

with the initial condition Fy (0,\) = G_ (0,\) = id. Define Vi € A}SL3R and V_ € A~SL3R
by the Birkhoff decomposition for G_'Fy near (u,v) = (0,0) as

(1.19) G'Fy =V, V!,

and write F = FLV_ =G_V,. Then there exists a diagonal matriz D = diag (d, d-!, 1) with
some non-vanishing function d = d(u,v) such that Dy YED, where Dy = Dl (uv)=(0,0)5 5
the extended frame of an indefinite affine sphere f with the cubic differential C = o du? +
p*o dvd. In particular, in case of proper affine spheres (H = —1), the third column of Dy 'EFD
directly gives the position vector of f.

Remark 1.4. The pair of 1-forms defined in (1.17) will be called the pair of normalized po-
tentials for an indefinite affine sphere. It should be noted that the resulting indefinite affine
sphere which is constructed from a pair of normalized potentials would have singularities
where G'F is outside of the big-cell for the Birkhoff decomposition.

Proof. Let F be an extended frame, and define Fy and F_ by (1.15). Therefore we have
F, = FF~! and so that

F{'oF =F F'0,(FFZ") = (FL.V = 9,F_) F_,

where V' is given by (1.8). Since V takes values in A7s[3R, the right-hand side takes values

in it. Moreover since Fy takes values in AJSL3R, the left-hand side takes values in Afsl3R.

Thus we have FJ:18UF+ = 0, which shows that F; does not depend on v. Similarly 9,G_ = 0.
Next, we compute FJ:ldRr and G~'dG_. We have

F{'dFy = F_F Y4 (FF_") = (F_.U - 9,F_) F~'du

where U is given by (1.8). Since U has the form U = U° + A\U! and F_ takes values in
A~SL3R, we have

& =F YdF, = (X°+ X1 du
Here X? = 0 because &, should be a Afsl3R-valued 1-form. The twisted condition (1.11)
implies that X' have the form

0 0 I13
Xl=lazer 0 0},
0 xT32 0

where z;; are some functions in u. Further the twisted condition (1.10) implies that z13 =
—Hx3s. Thus we have (1.17) on setting o = x32 and § = x9;. If we write F_ and its inverse
as

Fo=I"4+x"1'+.... Fl=Jg'4x1jt4+...,
where id = FLF~" = 1070 + A= (19 + 17 J%) + - -, then we in particular have 1°J° = id.
Further, from the twisted conditions (1.13) and (1.12), it follows that

1" =diag (i,i7', 1), J'=diag(i™',i,1),
6



where 4 is some function in (u,v) with no zeros. Noticing that AX' = (F_U — 9,F_) F~', it
is easy to see that X! is computed as

0 0 —Hiw/?
XL =710 = [Ai 2wt 0 0 ,
0 iwl/? 0

which shows that o = 35 = 7w'/? has no zeros. Similarly we can show that p has no zeros.

Conversely let F. and G_ be the solutions of (1.18) with initial condition F (0,\) =
G_ (0,\) = id and consider the Birkhoff decomposition near (u,v) = (0,0) as (1.19) with
Vy € AFSLsR and V_ € A~SLgR. Then the Maurer-Cartan form of F' = F,V_ = G_V, is
computed as

(1.20) FYF = (F, V) N d(FyV) =V (e, Vo 44V,
(1.21) FUE = (G_Vy)  d(G_Vy) = VIV +dVy).

We write
Vo=Ky+ X 'Ki+-, Vi=Lo+X'Li+---
with the matrices
Koy = diag (k,k™',1), Lo =diag (k™' k1),

where k is some function in (u,v) which has no zeros. Noticing that V is AfSLsR-valued, it
follows from (1.20)—(1.21) that F~!dF is given by

0 0 —Ha
F9,F=X\Ly|B 0 0 |Ko,

0 « 0

0 o 0
F19,FE=X"110 0 —Hp| + Lod,Ko.

p 0 0

We introduce a gauge D = diag (d, d—1, 1), then F = F'D satisfies that

0 0 —Hok 1d™! d=1o,d 0 0
F719,F = \ | pk2d? 0 0 + 0 —d~'9,d 0],

0 ak=1dt 0 0 0 0

0 od?2 0 d='0,d + k~10,k 0 0
F'9,F=Xx1|0 0 —Hpd|+ 0 —d10,d — k" 10,k 0

pd 0 0 0 0 0

We define w, A, B by

w:%, A=a%8, B=)p’o.
If necessary changing u — —u and/or v — —v, we can assume w > 0, and choose d = p_1w1/2.
It is easy to check that these matrices F~'0, F and F~19,F coincide with (1.8). Thus Dq~'F,
where Dy = D|(y)=(0,0), satisfies Do~ 'F (0,0,)\) = id, and hence is the extended frame of
some indefinite affine sphere. O
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1.3. Indefinite improper affine spheres. When H = 0, there exists an integral formula in
terms of four functions of one variables, which is known as the Blaschke representation. We
first show a fundamental lemma.

Lemma 1.5. Let H = 0. Then the pair of solutions (F,G_) to the system (1.16) and (1.17)
with the initial condition Fy (0, \) = G_ (0, \) = id s explicitly given by

1 0 0 1 Als 0
(1.22) Fo=|X 1 0, G_=1 0 1 0],
Me a1 2 lro a2 1

where a, b, ¢, r, s, t are defined as
(1.23) cmu)— Auauodk, b@o—iéuﬁ&ﬁdh cuo—iéua@ﬂﬂQﬂdh
(1.24) " (v) = /Ovp(k) dk, s (v) = /Ova(k) dk, t(v) = /Ovr(k)a(k) dk.

Moreover, if 1 — bs # 0, then Vi € AFSLsR and V- € A~SL3R, defined by the Birkhoff
decomposition of G_'F, as (1.19), are given as

1 0
(1.25) Vi=|Ab(1—bs) " 1 0f,
X2c(1—bs)™" A(a(1—bs)+cs) 1
[ (1—bs)™" Als 0
(1.26) V.= 0 1—bs 0
AL r+bt(1—bs)") A2 1

Proof. Tt is easy to check that Fy, G_ in (1.22) satisfy (1.16) and (1.17) with H = 0, and
Fi(0,\) = G_(0,\) = id. The loops Vi, V_ in (1.25), (1.26) clearly belong to A}SL3R,
A~ SL3R respectively. Because F'yV_ = G_V,, the decomposition (1.19) holds. O

The condition 1 — bs # 0 in Lemma 1.5 means that GZ'F, belongs to the big cell of the
Birkhoff decomposition.

Theorem 1.6. Let «, 3, p, o be functions in one variables, and define a, b, ¢, r, s, t by
(1.23) and (1.24). Let Fy, G_, Vi, V_ be the loops given by (1.22), (1.25), (1.26), and
define F by F = FLV_ = G_V,. We assume that o, p, 1 — bs have no zeros. Then there
exists a diagonal matrix D = diag (d, a1, 1) with some function d such that Do YED, where
Do = Dl(y)=(0,0), i the estended frame of some indefinite improper affine sphere f. The
data solving the integrability condition (1.4)—(1.5) with H = 0 are given as

(1.27) w=(1-bs)ap, A=da’B, B=jpo.
Moreover, the associated family of f is given by the representation formula

Aa+ A2 (rs—t)
(1.28) = A2 (ab—c)+ A"ty 7
ar — (ab—c) (rs — t) + X3 [ a(k)e(k) dk + X723 [ p(k)t(k) dk

where A € R*. All indefinite improper affine spheres are locally constructed in this way.
8



Proof. First a straightforward computation shows that Maurer-Cartan form of F is given by

0 0 0
F1o,F =V'a,Ve = [ A3 (1 — bs) 2 0 0| =0,
i 0 Aa(l1—bs) O
- [bo (1 —bs) ™" Ao o]
F1o,F=Vv719,V. = 0 —bo(1—bs)™" 0| =V.
L Al 0 0

Next we take a diagonal gauge D = diag (d, a1, 1). Then the Maurer-Cartan form of F = F'D
is given by

Oy logd 0 0
F'9,F =D Y (UD+9,D) = |\3d*(1 —bs)">  —d,logd 0],
i 0 Aad=1 (1 —bs) 0
[bo (1 — bs) ™" + 9, logd A lod 2 0
F'9,F = DY (VD +9,D) = 0 ~bo (1 —bs)"" — dylogd 0
I A tpd 0 0

If necessary, changing u — —u and/or v — —v, we can assume (1 — bs) ap > 0. Then setting
(1.27) and
J— (I—-bs)ap w!'/?
p p’
this system accords with (1.7)—(1.8). To obtain the representation formula (1.28), we consider
an another diagonal gauge D = diag ()\ wl/ 2, A1t/ 2, 1) as introduced in (1.6). Therefore

F = FD satisfies that

i ~ [dulogw 0 0 i [0 APBw™t 0
F7'9,F = [MAw™t 0 0|, F'9F=1[0 09,logw 0
0 w 0 w 0 0

Thus F is a family of moving frames of indefinite improper affine spheres. The moving frame
F can be computed explicitly as
B . A A"2ps 0
F=G_V,DD = Aab A lp 0
(Me+bt+r(1—bs))a (A 3t+es+a(l—bs))p 1

Since the moving frame is defined by F = [(9u A, 002, 50], we integrate the first column of F
by u and have

Aa x
= A2 (ab—c) + 1y,
ar — (rs —t) (ab—c) + N [ a(k)c(k) dk z

where x, y, z are some functions in v. Therefore from the second column of F', we have

A"2ps z
Ailp = 6vf>\ = y,
(A3t +es+a(l—bs))p ar' — (rs —t) (ab—c) + 2

Therefore v
r=A2(rs—t), y=\lr, z= )\3/ p(k)t(k) dk,
0

which shows (1.28). O
9



Remark 1.7. For given functions A and B, it is known that a general solution to the Liouville
equation (1.4) with H = 0 is represented as

(1.29) w (1, v) = (/qub(k)dk—/ov@/;(k) dk) (-‘W)W,

where ¢ and 1 are arbitrary functions with no zeros in one variables.

Corollary 1.8 (Representation formula). Let v1, v2 be plane curves defined on intervals Iy,
15 respectively. Assume that both the intervals contain 0. Then the map

(1.30) fu0) = [’n (u) + 72 (v)] ,

z (u,v)

where the height z is defined by
(131) = (u0) = det b () 72 (o) + [ det [ (6)of ()] e = [ et ra () 24 ()
0 0

is an indefinite improper affine sphere with the affine normal *[0,0, 1], which is parametrized
by the asymptotic coordinates (u,v) € D = Iy x Iy. Its affine metric h = 2w dudv and cubic
form C = Adu® + B dv® are given by

w=det [y (u),7, (v)], A=det [y (u),7 ()], B=det[y (v),7;(v)].
b

The singular set of f is S = { (u,v) ED‘ det | 71( ),y
family of f is given by the transformation

R = A0
it 0 /\2 T, 72 0 A71 Y2
where A € R*. Conversely all indefinite improper affine spheres can be locally constructed in
this way.

(v)] =0}. Moreover the associated

Proof. First, introducing functions p = ab — ¢ and ¢ = rs — ¢, we rephrase (1.28) as

Ao+ A "%g
(1.32) = Np 4+ XLy ,
ar — pg + A3 f(? (ap’ — a'p)dk — A3 fov (gr' — ¢'r) dk

where we use the identities
ac=dc+a(ab — )
=a® —ad +dc
=ap’ —d'p,

and pt = ¢'r — qr'. We note that a (0) = p(0) = ¢(0) = r(0) = 0. We then consider an
equiaffine transformation of f* as

y i 1 0 0 Aag + )\72(]0 i
fr= 0 1 O f*+ | Npo+A7tro
Ao = Npo Aap — A 2o 1 aopro — poqo |
where ag, rg, po and g are some constants. A straightforward computation shows that
) i a4+ A2 i
= D :

ar —pg + NP [ (ap’ — a'p) dk — A2 [ (¢ — 'F) dk |
10



where @ = a + ag, p=p+po, § = ¢+ qo and 7 = r + 9. Thus we obtain (1.30) on writing

ww= 3l =1

p(u)
Since 1 and 7y are arbitrary, (1.30) gives the all improper indefinite affine spheres. g

The formula (1.32) is exactly the same that is represented in [!, p. 216]. In contrast
to the Blaschke’s proof which utilized the Lelieuvre’s formula, our proof is based on the
decomposition of the extended frame.

Remark 1.9. The representation formula (1.30) is also formulated in [6] with their concern in
computer vision. They have given a geometric interpretation of the height function (1.31) as
follows. Consider the curves 27, and 279, and fix two points 27y, (u) and 272 (v) arbitrarily.
We assume both v and v are positive for simplicity, and denote by {2 the region enclosed by
the union of four curves

Cy: [0,0] 2 k> 279, (k)

Co: [0,1]5 kv 27 (u) + K (291 (1) — 292 (v),
C3: [0,u] 2 k— 2y (—k +u),

Cy: [0,1] 3 k= 271 (0) + Kk (272 (0) — 271 (0)) .

Then the value |z (u, v)| gives the area of the region 2. We will again mention this fact in a
simplified case, see Example 2.

We illustrate some examples of indefinite improper affine spheres by using the representation
formula (1.30). The resulting surfaces usually have singularities, and hence are sometimes
called indefinite improper affine maps, which were introduced in [18] for non-convex improper
affine surfaces as an analogue of convex ones [15].

Ezample 1. Let P and R be smooth functions in one variables. We substitute graphs

u

= |ply| =]

into the representation formula (1.30), and have an indefinite improper affine sphere

u+ R (v)
(1.33) f(u,v) = v+ P’ (u)
(u+ R (v) (v+ P (u) = 2(P(u) + R (v) + P' (u) R (v))

Its dataisw = 1—P" (u) R” (v), A = P" (u), B = R" (v). It describes a subclass of indefinite
improper affine spheres that may have singularities. In view of singularity theory it is known
that a cuspidal cross cap, which is one of the typical singularities as well as cuspidal edges or
swallowtails, never appear on indefinite improper affine spheres. See [15] and [11] for details.
Especially we set R = 0 so that we have a smooth indefinite improper affine sphere

(1.34) f(u,v) = w ,
uw — 2P (u)

where w = v+ P’ (u). Further, the most simplest choice P = 0 gives the hyperbolic paraboloid,
or the choice P (u) = (1/6) u3 gives the Cayley surface. It is known that if the affine metric
of an indefinite improper affine sphere is flat then it is locally of the form (1.34).

11



Ezample 2. If 1 is the same as 2, we write them as v, the formula (1.30) becomes

_ (W) +7(v)
(1.35) f(u,v) = [ 2, ) } ,
(1.36) 2 (u,v) = det [y (u),v (v)] +/ det [y (k),~' (k)] dk.

It has the data
w = ‘det ['y’ (u),v (v)] , A=det [’y’ (u),y" (u)] , B = —det [’y’ (v),~" (U)] .

A geometric interpretation of the function (1.36) is given in [5], which is called the inner area
distance in their language. Here we briefly explain what it is. Consider the curve 2+, and fix
two points Gy and (G1 on its image arbitrarily. We write

Go = 27 (u) = 2 [“(“)}, Gr = 27 (v) = 2 [‘L(”)},

p(u) p(v)

and assume u < v for simplicity. We denote by €2 the region bounded by the union of two

curves, the arc Cy: [u,v] 2 k — 27 (k) and the line segment Cy: [0,1] 3 k — G1+k (Go — G1).

Then, by the Green’s theorem, the area of {2 C (]RQ, (x, y)) is computed by the line integral
1 v

3 Jopse, = [ (O )+ o ()

1

+/0 — (@) + k() -p©))(a(u)—a(v))dk
1

+/0 (a(v) + K (a(u) —a(v))) (p(u) —p(v)) dk

= —z(u,v).

Namely, the representation formula (1.35) says that, at the midpoint of the line segment
connecting 27 (u) and 27 (v), the height z (u,v) is given by the signed area of the region (.
We also note that it is found in [5] that, when ~ is closed, we can introduce new variables z,
y and v by the graph expression of (1.35) as

. (;’j 1= ['y SO Zf”)]
Y

S0 as to obtain a solution to the Monge-Ampére equation with the Dirichlet boundary condi-
tion

(1.37) (020) (02) — (020,0) = —1, |, =0,

where I' denotes the region bounded by the closed curve 2. We can readily verify (1.37) by
a direct computation as follows. From the definition of new variables we have that

Outp = det [y (u) = (v), 7 (u)] ,
Outp = det [y (u) — v (v),7 (v)],
and the differential relation [0y, 0] = [0z, 0y] [¥' (v),7 (v)]. This implies that

=16 ] ew-re.

12



and hence we have the Hesse matrix of ¢ as

o] 2 23] - ot e e,

where

Therefore the determinant of Hesse matrix of v is identically —1 bacause det M (v,u) =
—det M (u,v). Thus the formula (1.35) also provides us with a construction method of solu-
tions to (1.37). Now we illustrate some examples by taking several closed curves =.

(1) First one is given by the circle

which leads to

COS U + COS v COS T COS Y
f(u,v) = sinu + sinw =2| cosxsiny |,
u—v —sin (u — v) x — cosxsinx

where x = (u —v) /2 and y = (u + v) /2. Its data is
w=sin(u—v), A=1 B=-1

Therefore f has singularities at S = { (u,v) € R* | u=v (mod m)}.

2
.
af \
‘ ‘
\ | !
s i
‘ /
ﬂ&\ |

FIGURE 1. An indefinte improper affine sphere f (0 <z < 7/2, -7 <y < 7)
over the region enclosed by 2+.
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FIGURE 2. Left: an indefinite improper affine map f, which is a series of
surfaces in Figure 1, joined along cuspidal edges and at cone points. Right:
the graph of w, which gives the affine metric of f apart from S.

Second example is given by the square

(u) = |cos u| cos u
T = sinu|sinu | -

We have that det [y (u),~ (u)] = |sin2u| for u € R\ (7/2) Z, which follows from

o () = 2 [— |cos u| sin u} o (u) = 208 2u [— sign (cos u)] ’

|sin u| cos u sign (sinu)
where
1 (x>0
signz =<0 (x=0)
-1 (z<0).

It is convenient for the following discussion to interpret 7/ (k) = 0 and ~" (k) || v (k)
for all k € (w/2)Z. It holds for all u € R that

2

where we denote by [u] the ceiling of u, that is, the smallest integer greater than or
equal to u. Thus we have for u,v € R\ (7/2) Z that

. 09
/ |sin 2k| dk = [ -‘ _ sign (sin2u) (cos 2u + sign (sin 2u)) ,

|cos u| cos u + |cos v| cosv
f(u,v) = | [sinu|sinu + [sinv|sinv | ,
z (u,v)

where
z (u,v) = |cos usinv|cosusinv — |cos v sin u| cos v sinu
+ [(2/m) u] — (1/2) sign (sin 2u) (cos 2u + sign (sin 2u))
— [(2/m)v] + (1/2) sign (sin 2v) (cos 2v + sign (sin 2v)) .
Its data is A = B =0 and
w =4 (—|cosusinv|cosvsinu + |cosvsinu|cosusinv).
14



The singular set S is a checkerboard

S = {(u,v) € R?

2
uEgZ or UEgZ or [;u—‘

-2
T

A

Q

o

-

|
4
|
|
2|
|
|
0\
|
-2
-4

Y

/0

0

FIGURE 3. An indefinite improper affine map f (left), and its affine metric w (right).

(3) Last example is given by the curve

(1) = cos u 1/2 + cos?u
T = 2sinu ’
We have det [y (u),7' (u)] = (3 + 2sin® u) cos® u and hence
“ 5 5) 1
(1.38) /0 det [y (k) ,~' (k)] dk = 5 sinu+ o sin3u — m sin 5u.
Therefore
(14 (1/2)cos2u)cosu+ (1 + (1/2) cos2v) cosv
f(u,v) = sin 2u + sin 2v ,
z (u,v)
where
z (u,v) = —cosucosv (sinu — sinv) (3 4+ 2sinusinv)
5 1
+ B (sinw — sinwv) + o1 (sin 3u — sin 3v) — 0 (sinbu — sin 5v) .
Its data is
w = — (sinwu — sinv) (4 + 8sinusinv + 3 cos 2u cos 2v) ,

1
A= 5 (19 — 8 cos 2u + 3 cos 4u) cos u,

1
B= ) (19 — 8 cos 2v + 3 cos 4v) cos v.

The singular set of f is S = 57 U S, where
S1={(u,v) ER* |v=wu (mod 27), v=—u+7 (mod 27)},
Sy = {(u,v) € R? ‘ 4 + 8sinusinv + 3 cos 2u cos2v = 0} .
15



The sets S1 and Sy consist of lines and circlelike curves, respectively. The surface is
compact and of genus 1.

FIGURE 4. An indefinite improper affine map f (left), and its affine metric w (right).

2. DISCRETE INDEFINITE AFFINE SPHERES

In the previous section we derived Theorem 1.3 and Corollary 1.8 which offer a Weierstrass
type representation formula of indefinite affine spheres. Based on a technique of decom-
positions of the loop group, we shall generalize this formula to discrete case, and obtain a
Weierstrass type representation formula for discrete indefinite affine spheres.

2.1. Definitions. Let f: Z? — R3,(n,m) + f™ be a map. We call f a discrete indefinite
affine sphere if it satisfies the following two properties ([3], [2], [L0]):

(1) Every five points f™, f™_,, f™*! lie on a plane.

(2) The line £ connecting two points fﬁfll + fm and 7, + fim ! satisfies either of the
following two conditions:
(a) All the lines /™ meet at one point in R3.
(b) All the lines ¢ are parallel to each other.

A discrete indefinite affine sphere f is said to be proper if it satisfies the condition (2a), or
improper if (2b).

If f is a discrete indefinite affine sphere, the vector f;’fll == frHl o fmoig parallel to
the discrete affine normal

m m—+1
(2.) g = I
where & is a constant vector. Here we set H = —1 if f is proper, and H = 0 if f is improper.
Without loss of generality we can fix & to be '[0,0,1]. Taking into account a continuum
limit, we introduce positive numbers € and §, which play a role of lattice intervals. In view of
this it may be better to regard f as a map f: €Z x §Z — R3, and hence entries of f depend
on € and §. We define

+ (1+ H) &,

B mo fm fm+1 _ fm

mo— n+1 n n n g

" € ’ o o
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We suppose that det 1:" ™ £ 0, then there exist functions w, A, B such that
(2.2) S = 20"+ b (wn —wit +5£wm o — St Am fat = fm
' €2 ewmn 9 ol € wm )
fn}:il_ n+1 fm+1+fm
(2.3) = =wn'&n's
€l
P et/ R B 1 St A € ™ S A et
62 wm € dwm 9 “n )

Equations (2.2) and (2.4) are consequences of the property (1). See [3, p. 118] or [16, Propo-
sition 3.4] for a proof. Throughout the paper we further impose on f the volume condition

- 2w
det /" = ——%—
S wm’
which can be regarded as a discrete analogue of (1.1). We write
2
2.5 m_ _~
(25) In =9 esH wm
to have expressions w;'g" = det F " and

Aﬁgr’?:det[ S R 4 R’ 5 531} ,

€ ’ €2
n (52 bl (S b
From the compatibility condition among (2.2)—(2.4), it follows that w, A, B satisfy the system
1 +1wm+1 L

TL

(26) wal wm T T Al + EdAn—‘rlB'rTj_l = 0,
+1 1 +1 1

(2.7) gt A = g AR, o B = g B

Indeed, the matrix FT’L“ varies according to the system

mo __ pmyprm rm+1 _ myrm
(2'8) n+1_FnUn? Fn _FnVn7
where coefficient matrices are computed as

n+1 m 7L+l m

wm In+1 0 _62 (1 + wm gn+1)

rTm A Am
= n+1 2H “nt1

(2.9) U, g, 1 —e2ftegm |

m 1 3H
| € An+19n+1 Wn gm T € An+lgn+1

r Bm+1 1 2H Berl 1
1 020 o gmt -0 w;n ZH'
~m ZLJA P
(2.10) Vii=10 Cramgn Tt =0 (14 “n wit L gm1
1 H
&uzl 52377ln+lg771n+1 o 53 B7T+lg21+1

The compatibility condition UV = VUMt s (2.6)-(2.7). Therefore the system (2.8)-
(2.10), or equivalently (2.2)—(2.4), has a solution if and only if (2.6)—(2.7) hold. The system
(2.6)—(2.7) is a discrete analogue of the system (1.4)—(1.5), and hence called the discrete
Tzitzeica equation if H = —1, or the discrete Liouville equation if H = 0. Since this system
(2.6)—(2.7) is invariant under the transformation
A™ s N3A™ B™ s AT3B™, X € R¥,
17



the discrete affine sphere f has 1-parameter family, which we call the associated family of f.
The associated family preserves w.

2.2. Loop group description. In order to derive a representation formula for discrete indef-
inite affine spheres, we use decomposition techniques of loop groups. To begin with, following
[3], we describe the discrete indefinite affine spheres in terms of the loop groups. We set

A 0 eH/2
(2.11) FM=F"| 0 Xwrg™ ™ 6H/2
0 0 1

Then the map F' is SLsR-valued, and satisfies the system
(2.12) m,=FErur, FErtl=Erve,

where U and V' are computed as

[ Wni 190, H 3 H m 2
o — A9 (€A) _?m (eA)” —HeA
(2.13) Uy = ATV g €N W 0 ’
2 Wy "
- Anm+1gTT+1 (6/\) Wit 19n1 €A 1
[ 1 E{{Hrl 6)\_1 0
9n wpt wimgnm
2 1\ 2 B:{hﬁi m ,m 1\ 3 _
(214) V= | =G @) an (A1) g - s (0071)7 —HuwgroaT!
m—41
WA~ B (A1)’ 1

The consistency of (2.12), that is, UTV,™ | = VUMt is of course given by (2.6)—(2.7). By
multiplying F' by some constant matrix from the left if necessary, without loss of generality

we can assume that
(2.15) F) =id

at the base point (n,m) = (0,0). The family of gauged frames F defined by (2.11) with
the initial condition (2.15) will be called the extended frame of discrete affine sphere f. The
extended frame F is obviously a ASLzR-valued map. Conversely, if the matrices U, and V'
have similar entries as (2.13) and (2.14) respectively, then they give the extended family of
discrete indefinite affine spheres. In fact we have the following proposition, which has been
shown for the discrete indefinite proper affine spheres (H = —1) in [3, Theorem in Section 6].

Proposition 2.1. Let U™ and V™ be matrices which depend on a parameter X\ € R* as

Up =U, .+ AU, + XUz, + XU

n,m?

2.16 _ _ o _ _
(2.16) Vi =V o+ AV ATV ATV

Here coefficient matrices U' and V', which are labeled by the index i (0 <i < 3), have the
entries

TY,, = ding (a2, w2, 1), T2, = ding (— (1/2) (ut2,) 62, 0, 0),

n,m n,m»
77,13 H, 22 13 )2
I TR N 0, () 0
Un,m = |Unm 9 0 13 0 5 Un,m = 0 0 0f
13,21
0 U U 0 U Ui 0 0



and

Vo = diag (v, 1/0a, 1), V3, = diag (0, = (H/2) (v3,)" 022, 0),

n,m? n,m n,m n,m7
12
1 0 Fnym 023 2 H ! 2 ! !
iV _ k72 _ 11 23
Vin=| 0 0 ) Via= Bl @2)7 0 ol
23 .12
UpomVn'm 0 0 0 UpmUnom 0

with some functions u?', v'2, and nowhere vanishing functions u'3, u??, v, v?3, and a

constant H € {—1,0}. If U and V satisfy the relation UTV™, , = VUM for all A, then
there exist a map F and a gauge D such that

(1) F satisfies the system F"'y = FmU™, Fmtl = FV™ and
(2) (Dg)_IFﬁDgL is the extended frame of some discrete indefinite affine sphere.

Proof. Because of the relation UTV™, | = VUM ! the existence of F is clear. We fix a
positive number €, and set

F"=F"D" D= diag( ] € e/unm, ) .
Then F satisfies F'" 1= = F"U™ and Fm+1 EVT ) where
Uy =Dy Umor,

— 13 22
u, E U mUn
ntl,m )\SH 13 ,21 .13 H)\Q ,m Hel
13,22 Up mUnmUnt1,m —tiie
un,mun, 2 + un+1 m
21 ’lL13 ’lL13 22
. A n m=n,m“ n4+1,m n,m-=n,m 0
B €2 I )
13 .21 .13 1
)\2 Up mUn,m n+1l,m )\eun,mun,m 1
_nm n,m mrl,m —Dp
L € un+1,m
m __ m\—1 77m nym+1
Vit =(D) VDY
- 11 13 2,12
n mUn ,m—+1 € vn,m 0
13 13 13
Uy ) )‘un,mun,m-&-l 9
13 13 11 23 13 13 12 23 23
_ Hun mUy m+1vn m(vn,m) un,m H Yn,mUn m( nm) H nmvnm
- |77 2.2 13 i1~ 2 3 -
2 1 23 AZe 13 uvL,m+1vn,m 2 Ay n m+1 Ae
12 23
Un,mvn,mun,erl EUn,m n,m 1
2,13
L Ae A un,m+1

Next we fix a positive number § and introduce sequences w, A, B by
o1l 423 13

m Up mvn mun ;m+1
wn = N
€
and
13 21 13 12 23
Am o unfl,munfl,mun,m Bm o €v n,m— 1vnm 1 m
n = 3.m , n = 52,13 “n
€ 9n un,m

where g is defined by (2.5). Therefore the matrices U and V)" are written as

3.3H H\2.2.m
ﬁ — A% An+1gn+1 _?A ery  —HeA
m __ m
U, = )\eAannH Ty 0 ;
m
G An+1gn+1 Aer)! 1
i 1 §Bmt1 0
hv’@n AwmwmTtpm
v | Bty w0 B e ey
n 2 >\2 n 2 )\3 m+1 9
dwi™ 623m+1 1
22w ;Ln+l
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where

13 13 22
m_ _ UYnm o m_ UnmUnm
hy = uld i T'n = 713
n,m+1 n+1 m

We note that the condition UTV™ "= = VU™t is equivalent to

(2.17) Urvi, = viruyt,
which implies that
wm
hm — gm’ /’,,m — n .
" " Wit 19n41
In fact, comparing the (2,2)- and (3, 2)-entries of the both sides of (2.17), we have

Sgny A B gyt

i+ = :
hn+lwn+1wn+1 (gn )

m+1 rm o 669"4-1‘4 n—:_ll _ TZH—I .

! " hn—&—lwn—&—lw;n—:rll 9n

Then it immediately follows that h should be g. Further, from (1,2)- and (3,2)-entries of
(2.17), we have

g,THBZfll (2—€edH (1 +r)wi ) witt _ 2r7 Wi
Zw;’{l—:rlle-Fl m—+1 g;lnw%n (2 _ €6H( + Tm) n—‘,—l)
gm B (2 — €0 H (147w ) wi _
20‘)2":1—1le+1 m+1 -

which implies that 'w;" 190" | = w;'. Thus U}" and V" become exactly the same as (2.13)

and (2.14). We conclude that (Dg)f1 F™ is the extended frame of some discrete indefinite
affine sphere. O

We are now in position to state one of the main theorems of this paper, which is a discrete
analogue of Theorem 1.3.

Theorem 2.2. Let € and § be positive numbers, and F: 7Z? — ASL3R be the extended frame
of a discrete indefinite affine sphere with the discrete affine normal (2.1). By the Birkhoff
decomposition, we decompose E" near (n,m) = (0,0) as

(2.18) F'=Fr F =G, .Gt

n,m- n,m n,m>="n,m?

where F,f, € AfSLsR, F, € A"SL3R, G, ,, € A;SL3R and G}},, € ATSL3R. Then F*
and G~ do not depend on m and n, respectively, that is, they satisfy that

+ _ t+ - (2
Fn,erl - Fn,m? Gn+1,m - Gn,m'

We write F,f for Fif,, and G, for Gy, so that we have the ordinary difference equations

(2.19) Fia=Fi&, Go=Gné,
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with

2.20) ) 1 — S (n1)?Bn1(€N)? =5 (ang1)?(eA)? —Happie
2.20 - Brg1eA 1 0 :
Q1 Bn41(€X)? Qpi1€A 1
[ 1 0m+16)\_1 0
221) €= |~ om2ON 1 Hopr(pmi 20N —HpmiaoA~ |,
Pm+16A71 Omt1Pm+1(6A1)? 1

where functions a, B depend only on n, and o, p only on m. Moreover oy # 0 and py, # 0 for
alln and m.

Conversely, let ay, By be functions depending only on n, and o, pm functions depending
only on m. Assume that o, and pp, have no zeros. Let F, and G,, be solutions to the
system (2.19)~(2.21) with the initial condition F = Gy = id. Define V,f,, € AfSLsR and

V.m € A™SL3R by the Birkhoff decomposition for (G) ' FF near (n,m) = (0,0) as
(2.22) (G;z)_l ij_ = Vn—t_m (Vn_,m)_l ’

and write F;L" = F;Vn_’m = G%Vn‘fm. Then there exists a diagonal matriz D) such that

(Dg)f1 Fg”D,T is the extended frame of a discrete indefinite affine sphere f]'. In particular,
in case of discrete indefinite proper affine spheres (H = —1), the third column of the extended

frame (Dg)_1 F,TD;” directly gives the position vector of f)*.

Proof. Let F be an extended frame, and define F'* and F~ by (2.18). Therefore we have
Fo = Fom (F, )71 and so that

n,m

-1 _ -1 _ —1 _ — —1
(F;Li:m) Fn+,m+1 = Fn,m (F:Ln) F;;rz—i—l (Fn,m+1) = Fn,mV;Ln (Fn,m—l—l) )
where V™ is given by (2.14). The left-hand side takes values in A SL3sR and the right-hand
side takes values in A7SLsR. Thus (anm)f1 F;mH = id. Similarly (G;m)f1 Gri1m 18
identity matrix. Therefore F™ and G~ do not depend on m and n, respectively.
Next, let us compute (Fn*)f1 F", and (G*)f1 G, 41 It is straightforward to see that

m

(F+)71 F++1 =k, (Fﬁn)*l TTH (F7L_+1,m)_1 = FimUﬁn(FJH,m)_la

n n n,m

where U is given by (2.13). Since U™ has the form U7 = S%_, AU and F,, takes
values in A~SL3R, we have

&F = (FH) 7T FEL = X044 AX)E 4 2X2 4 A3X3,

n n

With the expansions

Fnim = I?L,m + A71‘[71L,m + )‘72]2,771 + )‘73]2,171 +
(Fwni,m)i1 = Jg,m + )‘71J711,m + A72‘]721,771 + Aist,m +ee
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it is easy to see that X9, X! X2 X3 are computed as

Xg = Ig,mUT?Z,szJrl,m + I?%,mUEL),mJZ+1,m + IZ,mUEL),mJ}LJrI,m + Ig,mUS,mJ2+1,m
+ Ig,mUEL,mJELJrI,m + IrlL,ng,,mjrlerl,m + Iz,mUTQL,m‘]2+1,m
+ I?L,melz,m‘JrlL—l—l,m + IrlL,qui,mjg-l—l,m + IT()L,mUT(L),mJ1(1)+1,m7

X% = Ig,mUS,mJg-l-l,m + ITIL,mUS,mJTIH—Lm + I?L,mUng,mJS—l-l,m
+ Ifg,ng,mJ'rlz—i-l,m + I'rlz,mUT%,mjg—l—l,m + Ig,mUé,m‘]g—s—l,m’

XrQL = Ig,mUS,mJ}L-l—l,m + I’rll,mUr?,mJT?-&—l,m + I’S,mUz,m‘]g—Fl,m’

X’r?z = Ig,ng,m‘Ig-‘rl,m'

From Proposition 1.1, every one of {I%m,Jg’m,Ig,m,Js’m}, {L}L,m"]?}b,m}? {I%,m,Jg’m} has
the following form

0 = 0 0 0 =
diag (x, *, x) , 0 0 x|, * 0 0],
* 0 0 0 = 0
respectively. Since & takes values in A} SL3R, thus X, = id. Noticing that U, ,,, U?,., U3 ,

are given by (2.13), it readily follows that the coefficients X* have the form

0 0 =z 0 z2 0
X2 = diag (2,},0,0), Xp=1[22' 0 0|, X:=|0 0 0],
0 32 0 20 0

where z,] are some functions in n. Thus we have

L4 Mgl AZgl2 Agl3

et =1 a2t 1 0
A2zt Ax3? 1

We now consider the twisted condition (1.12), namely *¢ (—=\)T¢ (\) = T. It is easy to see
that the twisted condition is equivalent to the system

213 — 132

n n

231 — 21,32 o H ($32)2’ 21— g(x32)2x21'

n n Ln Zy, __5 n
Thus we have
3H (,.32\2 21 2H (,.32\2 32
1-A 7(9%) To —A 5(1:”) —AHxs,

&r = Az2! 1 0
A2p21 32 32 1
and the expression (2.20) on rewriting 232 = e, 1 and 22! = €3,,1. We write P (i,7) for

the (i, j)-entry of a matrix P, and show that a1 has no zeros as follows. We compute x32,
r12 and X?(2,2) so that we have

(2.23) x)? =e(-2+€HI} ,(3,1) 7,
(2.24) x, =€ HI), (1,1)C),
2
(2.25) X2,2) = ( —mg—— +€HI ,(2,1) — 2¢I2,.(2,3) | O,
I m(1,1) ’ ’

where we set
1+ anmbgjg—i-l,m(l: 1)J1}0+1,m<17 2)
2amJ0 , (1,1)

n “n+1lm

W™ gm

m _ “nt+lIn+tl m o __ Am m m o__

0% wm 75 07 bn - An+lgn+17 Cn -
n

22



Because of the condition X2(2,2) = 1, expressions (2.23) and (2.25) imply that z}? has
no zeros if H = 0. When H = —1, expressions (2.24) and (2.25) imply 232 # 0 because
Tl = —(H/2) (ac?f)% Similarly, (G’fn)*1 G,,,+1 can be computed as in (2.21) with a nowhere
vanishing function p,.

Conversely, let (F,7, G,,) be a pair solutions of (2.19) such that " = G; = id. We write

3 3
&= NXI &= AUV,
=0 j=0

where coefficient matrices X7 and Y7/ are defined by (2.20) and (2.21). Consider the Birkhoff
decomposition of (G;) ' Fi near (n,m) = (0,0) as (G;,) ' Fi = Viim (anm)fl and define
E™ = FiVi,, = G Vi, We express

0 0
- = —J K7 + J MY
Vn,m - Z A Kn,m? Vn,m - Z A Mn,m'
J=0 J=0

Their inverses are

o0 o0

(Vi) ' = S, (Vi) = SONNG.,
j=0 j=0

with K9, L9, =id and MJ, = N{  =id, and for all j > 0 it holds that

n,m=n,m

Jj+1 Jj+1
S KL =0, Y My N =0
k=0 k=0

n,m~n,m nm* nm

Namely the matrices L/*! and N7*! are computed as

Ly =—L0 K} Ly

n,m*nm=nm>

L%L,m = _Lg,m (K72L,m - Kl LO Krlz,m) L?L,m’

n,m*~n,m
Li,m = _Lg,m (Kg,m - K%,mL%,ng,m - K'rQL,ng,mKTIL,m
+K'rlz,ngL,mK71L,mL9z,mK7lz,m) L'(r)z,m’
Né,m = _M’i,m?

2 2 2
Nn,m - _Mn,m + (M%,m) )
3
NT:)L),WL = _Ms,m + Mgb,mMg,m + M?%,mMrlz,m - (Mrlz,m) ’

and so forth. Further, from the twisted condition (1.12), it holds that

(—1) ‘L T =TK) (=1) ‘NI T=TM;,,

for all 7 > 0. In particular, setting j = 0, we have that

K0, = diag (K7, 1/k, 1), L%, = (K%,.) 7",
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where k is some sequence which has no zeros. For higher j, we have that

[0 fﬁ}fm 0
K'rlz,m = 0 0 _%K%}m )
_fi?&m 0 0
[ 0 0 H(krs3, —rl2,653L)
K2 = |- (W3L)° 0 0 ,
0 Ko, 0

3 1 m\2 .22 H 31 m .32 12 31 22 33
Kn,m - dla‘g <(kn ) /in,m + Eﬁn,m (2kn Hn,m - ’k';n,m’%n,m) ) ’%n,ma "in,m) )

[ 0 0 —H,uf?m
My, = pt, 0O 0
n,m Hn,m 39 )
L 0w 0
- 2
2 0 _% (,u;qu) 31 0 21 ,,32
Mn,m - 0 0 H (:U’n,m - Mn,m:un,m) )
i 0 0

. H
M}, = diag <uﬁm7 T 5#% (2p3 = w2l i) ui’f’m) :

and so on. Here k% and pu% are some sequences in n, m. Now we are ready to compute the
Maurer-Cartan form of F'. As for (F[Ln)leﬂl, we have
(2.26) (

)71 AZLr—Li-l = (Vn—t_m)_l Vnt—l,m’
(2.27) (Fp)

) ' ATTH = (‘/’r;m)i1 g?irvn_-I—Lm'

Comparing these two expressions, it readily follows that there exist matrices such that

«

m
n

m
n

~

(BB = id+AD,, + A202,, + X°U2 ..

n

Similarly, from

(2.28) ( Agl)_lﬁ7§n+1 = (Vn_,m)_l Vn:m+1’
(2.29) (B B = (Vi) T Vit

we have that
020 I U TANED S 7 R D N /A
From (2.27) and (2.29), it readily follows that the coefficient matrices are of the form

0 0 =x 0 = 0

(2.30) Utn=1|% 00, U2,=10 0 0|, UZ, =diag(x,0,0),
_0 * O_ | * 0 0_
[0 % 0] 0 0 0]

(2.31) Vie=10 0 %, VZ.=|« 0 0|, V32, =diag(0,x0),
E 0 0_ _O * O_



and VT?m is diagonal. On the other hand, from (2.26), we have

A~

1 _ 1 1
Un,m - Mn—l—l,m + Nn,m
_ 1 1
- Mn—l—l,m - Mn,m

0 0 —Hul?

n,m
u%lm 0 0 ,
0 u?, 0
Uz,m = M72L+1,m + erL,mMrlerl,m + NrQL,m
= M721+1,m - MT2L,TTL - MrlL,mUrlz,m
2
0 —E@) o
(2.32) =10 0 HuZ, |
ull 0 0

n,m
3 3 1 2 2 1 3
Un,m - Mn+1,m + Nn,mMn+1,m + Nn,mMn+1,m + Nn,m
_ 3 3 1 772 2 77l
- Mn+1,m - Mn,m - Mn,mUn,m - Mn,mUn,m

I 11 22
(2.33) = diag (un’m, Une s *) ,
where
13 _ .32 32
Upm = Bnt1m = MPnmo
21 21 21
Upm = Bnt1m = MPnmo
23 _ 31 31 32 21
Upm = MPnt1m = Pnom = HntlmUnm
31 _ 31 31 32 21
Unm = Hntim = Pnm = HnmUn m
1 _ 11 11 32 32 13 21
un,m - :un—l—l,m - lun,m + (H/2) iun,m (Mn—&—l,m + un,m) un,ma

22 _ 11 11 32 31 31 23
un,m - :un—l—l,m - lun,m + (H/Q) iun—l—l,m (/'Ln—&—l,m - Mn,m + un,m) .

Similarly, from (2.28), we have

70 0 0 : k;LnJrl k;”l,n
Vn,m = Ln,mKn,m+1 = diag Em k,erl 1),
n n
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and hence we have that

anm:LO K m+1+L Knm+1

s n

= Lg,m (Krlz,erl - Krlz,mvr?,m>
0
0

v}fm 0
23
= B 0 —Hu'p|,
km
h v, 0 0
72 __ 70 2 1 1 2 0
Vn,m - Ln,mKn,m—H + Ln,mKn,m+1 + meKn,m—i-l
_ 70 2 2 Y70 1 yr1
- Ln,m (Kn,erl - Kn,mvn,m - Kn,mvn,m>
0 0 Hvj3,
_ H kPt o 23 \2
(2.34) = |=5 % (m)” O 0 |,
32
0 Upom 0

3 _ 710 3 1 2 2 1 3 0
Vn,m - L Kn m+1 + Ln,mKn,m+1 + meKn,m—i-l + Ln,mKn,m—i-l
_ 70 3 3 /0 2 g1 1 Y2
- Ln ,m (Kn m+1 Kn,mvn,m - Kn,mvn,m - Kn,mVn,m)

22
(2'35) - dlag ( n mo Un,ma *) )
where
12 12
1)12 _ nm+1 nm
n,m m~+17
kgt kn
m
23 _ kn 31 31
Un,m - k?m—H a2 m+1 Hn,m’
m—+1 m
13 _ kn 32 kn 32 31 12
Un,m - Lm Kn,erl m—+1 n m | ~ Fp m+1vn m>
" kn
m
32 _ .32 o kn 32 31 12
Un,m - ﬁn,erl m+1""n,m ﬁn,m n,m>
n
km+1 H fem fm
11 _ "™ km+1 — kMg 22 4+ = 31 32 . n 32 + n 13
Un,m - Lm Kn m+l n n m 2 /in,erl Kn,erl m—+1 Hn,m m—+1 Un,m )

22 __ k:l,n (km+1 E7 22 ) + H 31 32 _ krT 32 + 32
Un,m - km+1 Kn m~+1 " Vn n m 9 5 Bn Kn,m—i—l km+1 K‘n,m Un,m .
n n

For H # 0, comparing (2.32) and (2.30), we have u2%, = 0, which implies u3!, = u}? u2! .
For H = 0, by using (2.27), we have v}, = u}3 u %lm Comparing (2.33) and (2 30) we have
u?fm = 0, which implies
H H
u%:m = 92 M??m (Nn+1 m + U}L?m) uilm - 5:“’?3#1 m (Hn+1 m :U’%}m)
H H 2
= ? (:u?za—l,m - u711?m) (Mia—l,m + u}fm) u%}m - ? (/’Li%i-l,m) u%}m
H 2
Y (Unm)” U
For H # 0, comparing (2.34) and (2.31), we have v}3 = 0, which implies v}2, = v23 v}? .
For H = 0, by using (2.29), we have v3% = v v }fm Comparing (2.35) and (2.31), we have
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11 _ . . .
Upm = 0, which implies
m m m
22 __ _E kn 31 32 _ kn 32 + E 31 32 _ kn 32 + 32
vn,m - 9 1.m+1 ’%n,m-‘,—l Kn,m-‘,—l m+1 K‘n,m 9 Kn,m K“n,m—i—l m+1 Hn,m Un,m
kn kn kn
m m
_ E kn 31 31 32 kn 32 + E 31 .32
- 9 m+1 ’in,m—&—l - 'V”'n,m Kn,m—i—l T m+l 'V”'n,m 9 '%n,mvn,m
kn, kr,
H H
— 23 32 31 12 31 .32
- _Evn,m (vn,m + Hn,mvn,m) + Eﬁn,mvn,m
_ E ( 23 )2 12
- 9 Un,m n,m:

Finally, again from (2.27) and (2.29), we have

2 2
(u13 )2: € (an+1) <

n,m km
n

12
Em + fﬁn-‘rl’%nJrl,m) )
n+1

2 kM 2
(Ur%?m) = kmn+1 52 (Pm+1) (1 + 60‘m+1'u72’:m+1) .
n

On the other hand, a straightforward computation shows that (2,2)-entry of the constant
coefficient with respect to A for (F")"'F™ | and (1, 1)-entry of the constant coefficient with
respect to A for (E)~1E™+1 can be respectively computed as

1 eaHrD,, 1 12
1= <2 YT (k;”ﬂ +6’8”+m"“’m> ’

el 5pH 2
07 = (14 25 ) (1 b))
n

Thus 1/ + €Bpi16% 1, and 14 60y 41420, have no zeros near (0,0), which implies
that u,’,, and v23 never vanish near (n,m) = (0,0).

Thus, coefficient matrices U,]Lm, ‘A/}{m satisfy the assumption of Proposition 2.1. Therefore
by Proposition 2.1 there exists a diagonal gauge D, such that (Dg)_1 PAZ”D,T is the extended

frame for some discrete indefinite affine sphere. O

Remark 2.3. In case of discrete proper affine spheres (H = —1), the functions A" and B)"* do
not have simple expressions among the functions oy, Bn, pm and o,. On the other hand, in
case of discrete improper affine spheres (H = 0), they are simply represented as (2.44) below.

2.3. discrete indefinite improper affine spheres. For the rest of this paper, we shall be
concerned only with discrete indefinite improper affine spheres (H = 0). Equations in (2.7)

are simplified as

m+1 _ m m+1 __ m—+1
An+1 - “in+41> Bn+1 _Bn )

which indicate that A and B depend only on n and m, respectively. Hence we write A,, for
A and By, for B)'. Thus the discrete Liouville equation (2.6) is written as

(2.36) w;njllwnm — Wi w4 €5 An 41 Bt = 0.

We now introduce a notation of summation of a sequence x as

" D k=1 Tk (n=1)
Zk =10 (n=0)

0
7Zk:n+1 Lk (n < *1) .
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It holds for all integers n that

YopTr — szl:bk = x,,

Bk — Y pwko = —wo,
and hence Y ) (z, — 2x—1) = Tn, — 0. In particular we have a formula of summation by parts
(2.37) Yonk (Uk — Yr—1) = —Z0Yo + Tn¥Yn — D_p (Th — Th—1) Yr—1,

which holds for all integers n. Then the ordinary difference equations (2.19) can be explicitly
computed as follows.

Lemma 2.4. Let H = 0. Then the pair of solutions (F,7, G,,) to the system (2.19)—(2.21)
with the initial condition Fd" = G, =id is explicitly given by

1 0 0 1 smA”L 0
(2.38) Ff=1|b,A 1 0|, G,=| 0 1 0],
en N2 ap) 1 P ALt A2 1

where a, b, ¢, r, s, t are defined as

n n n
(2.39) Ap = Ezkak’ by, = €Zkﬁk7 Cp = Ezkakﬁlw

(2.40) Tm = (52:,0]% Sm — (5ZI:nO'k, tm = 5Z:Tk0'k.

Moreover, assume 1 — bysm # 0, and define V,\,, € AfSL3R and V,,, € A“SL3R by the
Birkhoff decomposition of (G;L)_1 Ff as

(2.41) (G EE =V, (Vi)
Then VT are explicitly given as
i 1 0 0
(2.42) Vir = | b (1= bpsim) ' A 1 of,
Len (1 — bngm)_1 A2 (an — 8m (anby —cp)) X 1
[ (1-— bnsm)_1 smA”L 0
(2.43) Vim = 0 1 =bnsm 0
(rm F bty (1 — bnsm)*) AU A2 1

Proof. 1t is easy to check that matrices (2.38) satisfy the system (2.19)—(2.21) with H = 0
and F,” = G; = id. The decomposition (2.41) is also easily checked. O

Theorem 2.5. Let €, § be positive numbers, and «, 3, p, o be functions in one variables, and
Ft, G=, VT, V™ be the loops given by (2.38), (2.42), (2.43). Define a, b, ¢, r, s, t by (2.39),
(2.40), and F by 13'771" = F,janm = G%anm. We assume that sequences o, p and 1 — bs have
no zeros. Then there exists a diagonal matriz D] such that (Dg)_l E™D™ s the extended
frame of some discrete indefinite improper affine sphere f, whose data solving the discrete
Liouville equation (2.36) are given as

(244) wz@ = (1 - bnsm) An+1Pm+1, An = an—l—lanﬁn, Bm = Pm+1PmOm-
Moreover, the associated family of f is given by the representation formula

Aapn + A2 (TSm — tm)
(245) fTTLn = A2 (anbn - Cn) + Ailrm >
antm — (anbn — n) (Fmsm — tm) + A3€X_pakcr—1 + X738 prtr—1
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where A\ € R*. All discrete indefinite improper affine spheres are locally constructed in this
way.

Proof. First a straightforward computation shows that Maurer-Cartan form of F' is computed
as

(F;Ln)_l A;L?:LH = (vni,m)i1 éj{vn_-ﬁ—l,m

1 0 0
Bn
= (1—bn$m)(1+—lbn+1$m)€)\ 1 0],
% (6>\)2 ant1 (1 —bpsm) e 1
- -1z -1 ._
(F;’Ln) F:Z’H‘l = (Vn—t_m) gTrL‘/n—i,_m—s—l
B 1_bn m —1
T Ulm—li_l(S)\ 0
—OnSm-+1
N (1 bo ) m 2 0
_ww‘_l Pm4+10m+1 (5)\_1) 1

Next we take a diagonal gauge D) = diag(d}',1/d",1) so that the Maurer-Cartan form of
Fm = Fmpm s

B dy'iq
ot 0 0
n
ma—1 pm Br1dpy 1 dyt dr
(£") ntl = (pbnsm)(kbnﬂsm)e)‘ ar., O,
an+1ﬁn+ld:{1+1 2 an_,_l(lfbnsm)
T ey (€N) B ex 1
r AP 1 bpsm Om+1 -1
A7 T—bpSmi1 d:;‘“d;né)‘ 0
my—1 pm+1 _ 4 1=bnsmi1
(Fn) Fn - 0 dgﬁ*‘l 1—bnsm 0
Pm+1(1_bn5m)dzL+l -1 Pm+10m+1 -1 2
| AT P (A H" 1

This should be compared with (2.13)—(2.14) with H = 0, thus we have (2.44) and

At = (1 — bpSm) Qnt1.

To obtain the formula (2.45), we consider an another diagonal gauge as introduced in (2.11).
Namely, setting F* = F}" D" where D] = diag ()\, A twm 1), we have

QAn+42 1—bn+15m 0 O
~ 1~ Qn+1 1-bpsm .
(2.46) (B Er = %/\3 1 0| =Uy"
_an+2an+1ﬁn+1€2)\3 Un+1Pm+1 (1 - bnsm) e 1
B Im+1Pm -3
1 1 anHJ(’ll_b:;m) oA 0
[ —Llrm+l _ m 1=bpsm —
(247) (B TR = 0 pos2(busmil) | =V,
| ¥n+1Pm+1 (1 - bnsm) o pm+2/0m+10'm+152)\73 1

Of course this pair of matrices (ﬁ,’L”, f/,{”) accords with (2.9) and (2.10). The frame F can be
computed explicitly as

Fm =G V.t DMD™ = [v™, w™, &,

mYnm*~n n o
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where

A
U;n = Qp+t1 bn)\2 )
" = bn (TmSm — tm) + a3
[ S A2
wy" = Pmt1 At
| an — Sm (anbn — cn) + ti A3

By definition of the moving frame, we have
PN /S N S ]
Hence, noticing (2.37), apbp = 0 and the relations
anbn — cn = anby, — € papfi
= anby — > jag (by — br—1)
=k (ag —ap_1)bx
=€y pagbr_1
and Ty, Sy — ty, = 0y PrSk—1, it follows for all integers n and m that
= £
= 2% (e = feo) + 250" (o = fa71)
= eXp R+ i

A 8171/\72
= EZZ Qy bk,1A2 —|—5Z;n Pl AL
Cl_1 A3 an — 81-1 (anby — ) + 1A 73

Aan + A2 (PSm — tm)
= )\2 (anbn — Cn) + )\_lrm
anrm — (apbn — cn) (TmSm — tm) + )\36220%%_1 + A_gézlmpltl_l

Thus we have the representation formula (2.45) up to equiaffine transformations. O

Remark 2.6. For given functions A,,, By, and positive constants e, §, it is known that a general
solution to the discrete Liouville equation (2.36) can be expressed as

m — €00+ D g Ardrdr—1) +3 (g0 + 330" Bitiyi-1)

n i
Pnm
where ¢ and 1 are arbitrary functions with no zeros in one variables, and pg and g are
arbitrary constants. See, for example, [24]. On the other hand, our formula (2.44) tells that

a general solution also has an expression

n A m B,
o = anapmin (1- @3 ST,

kagprar =1 pryipr
where o and p are arbitrary functions with no zeros in one variables. As the most simplest
solutions, by setting ¢ =1 = a = p =1 and py = qo = 0, these formulas give an additive one
wi' =€y Ak + 0y ;" B; and a multiplicative one w]' =1 —€dy . Ary ;" By, respectively.

We conclude this paper with one of our main results, which offers a representation formula
using two discrete plane curves for a discrete indefinite improper affine sphere.
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Corollary 2.7 (Representation formula). Fiz positive numbers € and 6. For maps a,p: €Z —
R and q,7: §Z — R, set
a
) 2
n m

Then the map

1 2
(2.48) e
n
where
(2.49) et = det [yg, ] + 3 det [yhop ] = Y det [471, 97

is a discrete indefinite improper affine sphere with the affine normal *[0,0,1]. Its data solving
the discrete Liouville equation (2.36) is

L — dot | 1L = Yn Tt = Yom
n i € ) 5 )

r~1 1 1 1
i -7 Tn — Vn—

An:det n+1€ n’_ - €2n 1:|7
r 2 2 2 2

- Ym — YTm—-1 Tm+1 — Tm
B, = det _— 52 , 5 ] .

Moreover the associated family of f is given by the transformation

A0 A20

1 1 2 2

v |:O )\2:| o Y= |: 0 )\—1:| Y

where A € R*. Conversely all discrete indefinite improper affine spheres can be constructed
i this way.

Proof. First, introducing functions p, = anb, — ¢, and ¢, = T Sm — tm, we rephrase (2.45)
as
Xap + A" 2qm
(2.50)  fm = App 4+ A" ry, ,
anTm — Pndm + N2 p (ak—1pK — akpr—1) — XD 0 (PkQk—1 — Tk—1Gk)
where we use the identities
€apcp—1 = (ap — agp—1) cp—1

= axcr—1 + ax—1 (€arBr — cx)

= apcp—1 + agar—1 (b — br—1) — ar_1ck

= Qg—1Pk — QkPk—1,

and Spptr—1 = Th—1qk — "kqx—1- Note that ap = pg = qo = r9 = 0. We then consider an
equiaffine transformation of f)"* as

) 1 0 0 Aag + A "2qo
fn = 0 1 O fi' 4+ | A%Po+ A" 17|,
Ao — A%po Aag — A2 1 aoTo — Podo
where ag, 7o, po and §o are some constants. A straightforward computation shows that
. A, + A2
f:@n = )‘2~n+)\717zm )

anTm — PnGm + N3¢ (Ak—1Pk — @rPr—1) — XD p (FrGe—1 — Tr—1qk)
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where a, = a, + @o, Pn = Pn + D0y Gn = qn + Go and 7 = r + 7y. Thus we obtain (2.48) on

writing ) )
1 a 2 q
Tn = |:Z§Z:| P (e |:;::| .

Since ! and 42, are arbitrary, (2.48) gives the all improper indefinite affine spheres. O

Remark 2.8. We recall that the height function z defined by (1.31) satisfies 9,0,z (u,v) =
det [v] (u) ,74 (v)]. As a discrete analogue of this, the sequence z defined by (2.49) satisfies a
difference equation

(2.51) ZTTJ:T - ZqT-;—l - quH + 2, = det [%14-1 - ’Y}N %2n+1 - ’Yg@] .

In particular, if € = § and v} = ~2 for all i € Z, then z satisfies 2! = zfﬂ =0 forallz e Z,

and then every zfﬂ can be fast computed by using the recurrent relation (2.51). Iterating

this, we can obtain all the values z]* numerically. Refer to Example 4 for specific examples,
where we explicitly calculate z as a function in (n,m).

We fix positive numbers € and § arbitrarily to illustrate examples of discrete indefinite
improper affine spheres by taking several discrete curves.

Ezxample 3. Let P, and R,, be arbitrary sequences which possibly depend on € and ¢ respec-
tively. We denote by AP and AR the forward differences of them, that is,

Pn —Pn m - m
APn:L, ARm:M.

€ 1)
We substitute discrete curves
1 en 2 ARm
= AR, T | em

into the representation formula (2.48), and have a discrete indefinite improper affine sphere

en + AR,
fm = om+ AP,
(en + AR,,) (0m + AP,) —2(AP,) (ARy,) — Poy1 — P, — Rppv1 — Ry

Its data is
wit =1 =€ 2072 (Paya — 2Puy1 4 Po) (Rmy2 — 2Ryt + Rin)
Ay, =€ 3(Pyys—3Pyi1 + 3P, — Py_1),
By =63 (Rms2 — 3Rm41 + 3Rm — R—1) -

Ezample 4. We illustrate discrete counterparts to those surfaces given in Example 2. Fix
positive numbers ¢qp, g2 arbitrarily and introduce positive numbers

01 = 2arctaun (Eq1> , Oy = 2arctann <5q2> .
€ 2 0 2
(1) First example is given by the discrete curves
1 [cos (Qlen)] 9 [cos (025771)}
o Isin (bren) |7 ™ |sin(620m) |
Substituting these into the representation formula, we have

cos (f1en) + cos (620m)
= sin (f1en) + sin (f20m)
—sin (A1en — 620m) + nsin (61€) — msin (629)

32



The data solving the discrete Liouville equation (2.36) are given by constants

8

1 3

An = 3 Sin3 <Eel> COS (501> - 6q1 PR

€ 2 2 (4+ e2q%)

) ) 1643

Bm - _% Sin3 (92) COS <02> = —Lﬂ,
2 2 (4+02g3)
and a sequence
m 4q192
w

€ 0
= in (-0 (2n+1) — 02 (2 1)).
n \/4+62q%\/4+52q§sm<2 1(2n+1) 5 2 (2m + ))

Therefore f is singular if n, m satisfy

€01 (2n+1) =602 (2m+1) (mod 2m).

(d) ¢ =2tan (7/4)

(e) ¢ =2tan (7/6)

(f) ¢ =2tan (7w/12)

FIGURE 5. Discrete indefinite improper affine spheres f]* with e = =1 and

q = g1 = @2, which exhibit cone points. The figures in upper line show views
from the top.

(2) Second example is given by

1 ||cos(01en)|cos (Qlen)]

2 |cos (B20m)| cos (620m)
n | |sin (O1en)| sin (B1€n)

m = | |sin (O26m)| sin (026m)
We assume that both the images of 4! and 42 contain four points

<ol <]
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which we can always achieve by choosing ¢1, g2 appropriately. By virtue of this as-
sumption, we are able to assume that 0 < #1e < 7/2 and cos (61€ (n — 1)) cos (61en) >
0 and sin (f1e (n — 1)) sin (f1en) > 0. Therefore the differences of v! can be written
into simple forms as

_lcos f1e(2n—1) sin 01e(2n—1)
Lyl =2sin(h1€) ’ ’
Tn T Tn—1 1 . Bre(2n—1) f1e(2n—1)
sin =25 cos =5

Hence we have that
det [3h_y, 78] = det [12,7 = 71_y] = sin (61€) fsin (61 (2n — 1))].

Further, on choosing the parameter ¢; as

2t T
= —tan —
@ RN

with a positive integer N1, which is equivalent to setting 61¢ = 7w/ (2N7), it holds for
all n € Z that
2k—1)=w

n n T
2 4 (1) = 2 sin 2N, 2N,

n 1 nmw
_ - _ (_1\ln/N1]
{N1J+2<1 (-1) cos 1>.

Here |[u] is the floor of u, that is, the greatest integer less than or equal to u. We
apply the same discussion as above to 72, and set go = (2/d) tan (7/ (4N3)) to have

sin

nm nm mT mmT
‘cos aN; | COS oy T [COS 5 | COS orr
m
= s nm s nm s mm : mm
fn ‘Slnm‘slnm—‘— Slnm‘slnm ?
Zn'

m
Z’I'L

_ N iy M7 N i MT | oipy AT MT | o3y DT mm
= ’COS 2N, sSin 2N3 ‘ COS 2N, sSin 2Ny sSin 2N, COS 2Ny ‘ Sin 2N, COS 2N

+ [N%J — LN%J — % ((—1)W/N1J cos jr — (—1)Lm/N2J coS %) .
Its data is
A = Zsin? 5= ne NiZ
0 n g le7
B —Zsin! 5= m e NoZ
0 m & NoZ,

2n+)7 . (2m+1)7w
N, SN,
(2n+1)m (2m+1)w
N, COS TN,

(2n+1)m (2m+1)m
N, O8N,

)

0 (n,m) €S
= 2 o o . (2ntD)7 . (2m+1D)7w
5 SIin g sin 57z sin “S5 5= sin “=5 (n,m) & S.

m

Wn

S A ST (
= 5 Sin 537 sin 53~ <‘cos

2n+D)7w . (2m+1)7w
— COS N, Sin 4N,

The singular set S consists of integer points in a checkerboard, that is

S={(n,m)e 72 | [n/N1] = |m/Na| (mod 2)}.
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FIGURE 6. Discrete indefinite improper affine spheres f]* with e = =1 and
N = N; = Ns. The figures in upper line show views from the top.

(3) Third example is given by

2
’}/71L — cos (91671) 1/2 -+ cos (91671) 2

B 1/2 + cos? (B26m)
2sin (f1en) » T = 008 (620m) 2sin (620m)
We have
det [vp_1,7n] = 2 (3 + 2sin (f1en) sin (01 (n — 1))) sin (61¢/2)

- cos (A1en) cos (A1e (n — 1/2)) cos (bre (n — 1)),
and hence
Z: det ['711—17 '7,%] = c; (01€) sin (61en) + c2 (61€) sin (3601en)
+ c3 (A1€) sin (50;€n) .

Here the coefficients are given as

3+ 6cost + cos2t
c1(t) =

4 )
)
) —
ez (t) 8 (1 + 2cost)’
1
3 (t) =—

8(1+2cost+2cos2t)
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This should be compared with (1.38). We have
(14 (1/2) cos (201€n)) cos (61en) + (1 4+ (1/2) cos (2020m)) cos (620m)

= sin (201€en) + sin (2620m)
Zn'
where
2" = — cos (f1en) cos (f20m) (sin (f1en) — sin (f20m))

- (3 4 2sin (f1€n) sin (A20m))
+ ¢1 (01€) sin (1en) — ¢1 (020) sin (H20m)
+ co (01€) sin (3601en) — co (020) sin (3020m)
+ c3 (01€) sin (501en) — c3 (029) sin (5020m) .
Its data is given as
A, = 4e3sin® (01€/2) cos (61€/2) (a1 (1€/2)
+ a9 (61€/2) cos (201€n)
+ a3 (61€/2) cos (461€n) ) cos (61en)
By, = — 4677 sin® (020/2) cos (025/2) (a1 (025/2)
+ as (020/2) cos (26020m)
+ a3 (626/2) cos (4020m) ) cos (626m) ,
W™ = —4e 157 sin (01¢/2) sin (620 /2) (4Di7m
+ 8D721,m sin (O1€ (n + 1/2)) sin (020 (m + 1/2))
+ ?)Df’l,m cos (f1€ (2n + 1)) cos (626 (2m + 1)) ),

where
ay (t) =7+ 9cos2t + 2 cos 4t + cos 6t,
as (t) = —6 — 2 cos 2t,
as (t) =1+ 2cos2t
and
1 _ 34cos(bie€) 028 . 01e(2n+1) 3+cos(020) f1e . 028(2m+1)
Dy, = =1 cos 3~ sin 5 — 7 oS =3¢ sin —=—5——,
2 _ 34-cos(629) O1e _: 916(2n+1) _ 3+COS(016) 625 - 025(2m+1)
Dy, = =77 cos 5 sin 5 1 oS 3% sin ——5——,
3 _ 142cos(bi€) 025 ;. 01e(2n+1)  1+42cos(026) O1€ i, 620(2m+1)
Dy, = =5 cos 55" sin 3 3 Cos 75° sin =—5——.
Especially if we choose the parameters g, g2 so as to be
7
O1e =020 = —
N
with a positive integer N, then w is factorized as
m __ 4 ;.2 7 ™ . m(2n41) . mw(2m+1) m
Wy, = — sin Wcosw<sm SN — Sin =5y wm,
m __ T . w(2n+1) . w(2m+1)
W, = (3+cos N) (1 + 2s8in =55 sin =5

+ (1 + 2cos %) coS W(QJT\L,H) coS W(WK,H).
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10.

11.

12.

13.

14.

The singular set S = 51 U S3 is given by
S1={(n,m)eZQ‘mEn(mod2N), =-n+N-1 (modZN)},
Sy ={(n,m) ez | W) =0}.

FIGURE 7. Discrete indefinite improper affine spheres f;* with e = § = 1.
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