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ABSTRACT

It is well known that Weyl semimetals (WSMs) are classified into two types of type-I and type-II depending on whether or not they have
electron and hole pockets. Also, these WSMs have peculiar transport properties such as negative longitudinal magnetoresistance and planar
Hall effect because of a chiral anomaly. In this paper, however, we show that the chiral anomaly can cause positive longitudinal magnetore-
sistance in type-II WSMs. Here, we investigate longitudinal and transverse magnetoconductivities of time reversal symmetry broken type-I
and type-II WSMs using a tight-binding model. The model allows us to describe both types of type-I and type-II WSMs by tuning parame-
ters, and it has two Weyl points that are separated along the kx-direction. The numerical calculations of these conductivities are performed
using the Boltzmann equation including the Berry curvature. It is found that longitudinal magnetoconductivities in the x-direction can have
both positive and negative values depending on the magnitude of the inclination of a Weyl cone. This is because the zeroth Landau energy-
level becomes either a hole-like one or an electron-like one depending on the magnitude of the inclination of the Weyl cone in type-II
WSMs. These results imply that we can make a high MR-ratio device using type-II WSMs by tuning the inclination of their cones if it is
possible to change their energy bands by the application of electric field and so on.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0039554

I. INTRODUCTION

Many researchers have paid much attention to topological
materials from the viewpoint of fundamental physics1–3 and the
application to spintronics devices.4–7 Recently, many kinds of topo-
logical materials are proposed theoretically and found experimen-
tally. Weyl semimetals (WSMs) are one kind of topological
materials among them. WSMs are characterized by some pairs of
Weyl points with opposite chirality. In the momentum space, each
Weyl point can be regarded as a monopole and an antimonopole
of the Berry curvature. WSMs have linear energy dispersions near
Weyl points, which are called the Weyl cone. Weyl semimetals
(WSMs) are classified into two types of type-I and type-II8 depend-
ing on whether or not they have electron and hole pockets. In both
types of WSMs, they exhibit a characteristic electronic structure
and quantum anomaly. They are called “Fermi arc” and “chiral
anomaly,”9 respectively. The Fermi arc is an electronic state emerg-
ing on the surfaces of WSMs and connects the points where two
Weyl points are projected to the surface. Therefore, Fermi arcs are
tangent to the bulk Fermi surface projections. The 2D quantum
Hall planes perpendicular to the direction of Weyl point separation

have nonzero Berry flux through them and act like a Chern insula-
tor between these Weyl points. As a result, the Fermi arc is
regarded as the chiral edge state of the Chern insulator. This
feature can be used to detect WSMs using angle-resolved photo-
emission spectroscopy (ARPES). In recent years, it is reported that
TaAs, TaP, NbAs, and NbP10–14 are type-I WSMs and WTe2,
MoTe2, and YbMnBi2

15–17 are type-II WSMs. A chiral anomaly is
a quantum anomaly where the net chirality in the system does not
conserve. In the presence of an electric and a magnetic field, the
chiral current flows between two Weyl points due to the chiral
anomaly. It is known that the difference between the chiral chemi-
cal potentials of two Weyl cones by a chiral anomaly causes the
chiral magnetic effect.18,19 Since the current by the chiral magnetic
effect flows, the negative longitudinal magnetoresistance occurs.
The negative longitudinal magnetoresistance has been observed in
NbP, TaP, and NbAs.13–15,20,21 Moreover, in WSMs, the planar Hall
effect also occurs and has been observed in GdPtBi and TaP.22,23

Many researchers have reported that the chiral anomaly in WSMs
causes the negative longitudinal magnetoresistance. However, we
have found that the positive longitudinal magnetoresistance can
also occur depending on the tilt of the Weyl cone.
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In this study, we investigate the electronic structures of time
reversal symmetry (TRS) broken type-I and type-II WSMs.
Moreover, we investigate longitudinal and transverse magnetocon-
ductivities of them and discuss the origin of the positive longitudi-
nal magnetoresistance.

II. THEORY

A. TRS broken WSM model

In this paper, we utilize the following TRS broken
Hamiltonian:24

H(k) ¼ �[2m� t0( cos ky þ cos kz)

� 2tx( cos kx � cos k0)]σx

� 2t sin kyσy � 2t sin kzσz þ γ( cos kx � cos k0)σ0, (1)

where σ i are the Pauli matrices. This Hamiltonian has two Weyl
points at k ¼ (+ k0, 0, 0) and k0 is set to π=2 for simplicity. It
does not lose generality. This Hamiltonian allows us to describe
both types of type-I and type-II WSMs by tuning parameters γ. γ
is the parameter that determines the inclination of the Weyl cone.
In this model, Weyl cone can be tilted in the kx-direction. When
jγj is less than 2t, this model becomes to describe type-I WSMs.
On the other hand, when jγj is more than 2t, it becomes to
describe type-II WSMs. Since we investigate the magnetoconductiv-
ities of WSMs in this paper, we need to calculate their electronic
structures under the magnetic field. Here, we consider the case
where the magnetic field of B ¼ (B, 0, 0) is applied along the
x-direction. In this case, we can replace the wave vector of k in
Eq. (1) by taking the Landau gauge condition of A ¼ (0, 0, yB) as
follows:

k ¼ kx , ky , kz þ eBy
�h

� �
: (2)

Then, the Hamiltonian under the magnetic field is given by

H(k) ¼ � 2m� t0 2� ky
2

2
� (kz þ eBy

�h )
2

2

 !"

� 2tx 1� kx
2

2
� cos k0

� ��
σx � 2tkyσy

� 2t kz þ eBy
�h

� �
σz þ γ 1� kx

2

2
� cos k0

� �
σ0: (3)

Here, we use the long wavelength approximation. We intro-
duce the following creation and annihilation operators:25,26

a ; �[(y þ lB
2kz)=lB þ lB@y]=

ffiffiffi
2

p
,

ay ; �[(y � l2Bkz)=lB � lB@y]=
ffiffiffi
2

p
,

where the magnetic length lB ¼ ffiffiffiffiffiffiffiffiffiffi
�h=eB

p
. To derive Landau energy-

levels, we need to rewrite Eq. (3) using a and ay. This problem can

be solved using the following unitary matrix:

U ¼ 1ffiffiffi
2

p 1 1

1 �1

� �
:

As a result, the Hamiltonian can be rewritten as follows:

~H ¼ UyHU ¼ M1 þM2 ηa
ηay �M1 þM2

� �
, (4)

where

M1 ¼ 2tx(1� k2x=2� cos k0)þ 2(t0 �m)� ω(ayaþ 1=2),

M2 ¼ γ(1� k2x=2� cos k0), ω ¼ t0=l2B, η ¼ 2
ffiffiffi
2

p
t=lB:

We assume that the eigenvectors of this Hamiltonian are
fn ¼ (anjn� 1i, bnjni)T, where n is the index of the Landau
energy-level and an, bn are the normalization factors. When n is
equal to zero, the eigenvector is f0 ¼ (0, j0i)T. Then, the
Schrödinger equation Hfn ¼ Efn becomes the following one in a
matrix form:

det
Mn�1 þM2 � E η

ffiffiffi
n

p
η
ffiffiffi
n

p �Mn þM2 � E

� �
¼ 0, (5)

where E is the eigenvalue and
Mn ¼ 2tx(1� k2x=2� cos k0)þ 2(t0 �m)� ω(nþ 1=2). The fol-
lowing Landau energy-levels can be obtained by solving Eq. (5):

E0 ¼ γ 1� k2x
2
� cos k0

� �
þ t0

2l2B

� 2tx 1� k2x
2
� cos k0

� �
� 2(t0 �m), (6)

E+
n ¼ γ 1� k2x

2
� cos k0

� �
þ t0

2l2B

+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
[2tx 1� k2x

2
� cos k0

� �
þ 2(t0 �m)� nt0

2l2B
]
2

þ 8t2

l2B
n

s
:

(7)

B. Formulation of magnetoconductivity

To investigate longitudinal and transverse magnetoconductiv-
ities, we perform numerical calculations of magnetoconductivities
using the Boltzmann equation including the Berry curvature. In the
presence of the Berry curvature, the equations of motion for a
charged particle are given by

_r ¼ vk � _k �Ωk , (8)

�h _k ¼ �eE � e_r � B, (9)

where vk is the group velocity of a charged particle and Ωk is the
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Berry curvature. From Eqs. (8) and (9), we can obtain27

_r ¼ Dk vk þ e
�h
(E �Ωk)þ e

�h
(vk �Ωk)B

h i
, (10)

�h _k ¼ Dk �eE � e(vk � B)� e2

�h
(E � B)Ωk

� �
, (11)

where Dk is defined by [1þ e(B �Ωk)=�h]
�1. Substituting Eqs. (10)

and (11) to the Boltzmann equation, the magnetoconductivity can
be obtained as follows:28

σ ij ¼ e2τ
ð
BZ

d3k

(2π)3
Dk vi þ eBi

�h
(vk �Ωk)

� �

� vj þ
eB j

�h
(vk �Ωk)

� �
� @f (ϵk)

@ϵk

� �
, (12)

where τ is the relaxation time and f (ϵk) is the Fermi–Dirac distri-
bution function. Here, the current flows in the i-direction and an
electric field is applied along the j-direction.

III. RESULTS AND DISCUSSION

First, we show the numerical calculation results of electronic
structures of type-I and type-II WSMs, respectively. In the case of
type-I WSMs, we set the parameters tx ¼ t, t0 ¼ m ¼ 2t, and
γ ¼ 0. On the other hand, in the cases of type-II WSMs, we set the
parameters tx ¼ t, t0 ¼ m ¼ 2t, and γ ¼ +2:5t. We show the elec-
tronic structures of type-I WSMs and type-II WSMs in Fig. 1,
respectively. Henceforth, we call type-II WSMs with γ ¼ �2:5
(γ ¼ 2:5) as A-type-II WSMs (B-type-II WSMs). The A-type-II
WSMs have a pair of Weyl cones titled toward each other as shown
in Fig. 1(b). On the other hand, the B-type-II WSMs have a pair of
Weyl cone tilted away from each other as shown in Fig. 1(c).29

In all the cases of type-I, A-type-II, and B-type-II WSMs, the

value of chirality χ at k ¼ (k0, 0, 0) is equal to �1 and that at
k ¼ (�k0, 0, 0) is equal to þ1.

When the magnetic field is applied along the x-direction,
Landau energy-levels of type-I, A-type-II, and B-type-II WSMs are
shown in Fig. 2. These figures are the cross-sectional views of energy
structures along the path connecting Weyl points. Here, we are
applying a strong magnetic field of B ¼ 50 T in order to emphasize
these Landau energy-levels. The red lines indicate the zeroth Landau
energy-levels. The zeroth Landau energy-levels of type-I WSMs have
a valley at the origin with the magnetic field applied in the positive
direction of the x-axis as shown in Fig. 2(a). There exist the electron-
like zeroth Landau energy-levels. Specifically, they have positive effec-
tive mass. However, when the magnetic field is applied in the nega-
tive direction of the x-axis, the zeroth Landau energy-levels has a
peak at the origin as shown in Fig. 2(d). There exist the hole-like
zeroth Landau energy-levels. Namely, they have negative effective
mass. These results indicate that in type-I WSMs, reversing the direc-
tion of the magnetic field gets the effective mass of the zeroth
Landau energy-levels to be changed from positive to negative. On
the other hand, Figs. 2(b), 2(c), 2(e), and 2(f) show that A-type-II
(B-type-II) WSMs have the electron-like (the hole-like) zeroth
Landau energy-levels with applying the magnetic field even in either
direction of the x-axis. Specifically, the zeroth Landau energy-levels
of A-type-II (B-type-II) WSMs have the positive (the negative) effec-
tive mass, regardless of the direction of the magnetic field. On the
other hand, Fig. 3 shows Landau energy-levels of type-I, A-type-II,
and B-type-II WSMs under the magnetic field of B ¼ 50 T applied
perpendicular to the direction (y-axis) of Weyl point separation. The
red lines indicate the zeroth Landau energy-level of the Weyl cone
having χ ¼ þ1, and the blue lines indicate the zeroth Landau
energy-level of the Weyl cone having χ ¼ �1. We find that in all the
cases of type-I, A-type-II, and B-type-II WSMs, the Weyl cone
having χ ¼ þ1 (χ ¼ �1) has the zeroth Landau energy-level with
the negative (the positive) gradient under the magnetic field applied
in the positive direction of the y-axis as shown in Fig. 3(a). In con-
trast, we find that in all the cases of type-I, A-type-II, and B-type-II

FIG. 1. The electronic structures of (a) type-I WSMs (γ ¼ 0), (b) A-type-II WSMs (γ ¼ �2:5t), and (c) B-type-II WSMs (γ ¼ 2:5t). We set the parameters tx ¼ t,
t0 ¼ m ¼ 2t, and ky ¼ 0.
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WSMs, the Weyl cone having χ ¼ þ1 (χ ¼ �1) has the zeroth
Landau energy-level with the positive (the negative) gradient under
the magnetic field applied in the negative direction of the y-axis as
shown in Fig. 3(b).

Next, we show the numerical results of magnetoconductivities.
Note that we have to calculate the magnetoconductivities in both
the plane (the xy-plane) including the direction where Weyl points
are separated and the other plane (the yz-plane) without including
that in order to investigate the influence of chiral anomaly originat-
ing from Weyl points. Also, we perform the numerical calculations
of the magnetoconductivities under the external magnetic field of 3
T throughout the paper. First, we show the numerical results of the
magnetoconductivities in the xy-plane including the direction where
Weyl points are separated. Figure 4 shows the longitudinal magneto-
conductivities σxx under the magnetic field of B ¼ (Bx , By , Bz) ¼
(3 cos θ, 3 sin θ, 0) T in the xy-plane. Here, θ is the angle between
the x-axis and the external magnetic field. The black lines, blue lines,
and red lines show the longitudinal magnetoconductivities of type-I,
A-type-II, and B-type-II WSMs, respectively. The solid curves repre-
sent the positive values, and the dotted curves represent the negative
values. As shown in Fig. 4(a), it is found that the longitudinal mag-
netoconductivities (magnetoresistances) increase (decrease) as the
direction of the magnetic field becomes more aligned to that of the

electric field in both type-I and A-type-II WSMs. This phenomenon
is well known and caused by the chiral anomaly and the chiral mag-
netic effect. However, it is found that the longitudinal magnetocon-
ductivities (magnetoresistances) of B-type-II WSMs decrease
(increase) as the direction of the magnetic field becomes more
aligned to that of the electric field. Although the chiral anomaly also
exists in B-type-II WSMs, the opposite phenomenon is occurring
concerning the magnetoconductivity. We consider the reason why
the opposite phenomenon occurs.

First, we consider the longitudinal magnetoconductivities
under the magnetic field applied in the positive direction of the
x-axis. In both type-I and A-type-II WSMs having the electron-like
zeroth Landau energy-levels, under both the electric and magnetic
fields applied in the positive direction of the x-axis, the electron
carrier at the right Weyl cone sinks into the bulk to the negative
direction of the x-axis, on the other hand, the electron carrier at
the left Weyl cone moves up from the bulk to the negative direction
of the x-axis. As a result, the chiral chemical potential of the left
Weyl cone is higher than that of the right Weyl cone. However, in
the B-type-II WSMs having the hole-like zeroth Landau energy-
levels, under both the electric and the magnetic field applied in the
positive direction of the x-axis, the electron carrier at the right
Weyl cone moves up from the bulk to the negative direction of the

FIG. 2. Landau energy-levels of (a) type-I WSMs (γ ¼ 0), (b) A-type-II WSMs (γ ¼ �2:5t), and (c) B-type-II WSMs (γ ¼ 2:5t) under the magnetic field of
B ¼ (50, 0, 0) T. Landau energy-levels of (d) type-I WSMs (γ ¼ 0), (e) A-type-II WSMs (γ ¼ �2:5t), and (f ) B-type-II WSMs (γ ¼ 2:5t) under the magnetic field of
B ¼ (�50, 0, 0) T. The red line indicates the zeroth Landau energy-level.
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FIG. 3. (a) Landau energy-levels under the magnetic field of B ¼ (0, 50, 0) T and (b) Landau energy-levels under the magnetic field of B ¼ (0, �50, 0) T for all type-I,
A-type-II, and B-type-II WSMs. All the parameters are the same as in Fig. 2. The red lines indicate the zeroth Landau energy-level of Weyl cone having χ ¼ þ1, and the
blue lines indicate the zeroth Landau energy-level of the Weyl cone having χ ¼ �1. The red and blue lines exchange depending on the direction of the magnetic field.

FIG. 4. (a) The longitudinal magnetoconductivities σxx of type-I WSMs (γ ¼ 0), A-type-II WSMs (γ ¼ �2:5t), and B-type-II WSMs (γ ¼ 2:5t). (b) and (c) The B-linear
components and the quadratic-B components of longitudinal magnetoconductivities, respectively. The magnetic field of B ¼ (3 cos θ, 3 sin θ, 0) T is applied in the
xy-plane, where θ is the angle between the x-axis and the magnetic field. The black, blue, and red lines show the longitudinal magnetoconductivities of type-I, A-type-II,
and B-type-II WSMs, respectively. The solid curves represent the positive values, and the dotted curves represent the negative values.
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x-axis, on the other hand, the electron carrier at the left Weyl cone
sinks into the bulk to the negative direction of the x-axis. As a
result, the chiral chemical potential of the left Weyl cone is lower
than that of the right Weyl cone. Therefore, we find that the chiral
anomaly causes the opposite phenomenon depending on whether
the WSMs have the electron-like zeroth Landau energy-levels or
the hole-like zeroth Landau energy-levels. The current by the chiral
magnetic effect is given as follows:19,30

jc ¼
e2

h2
ΔϵB, (13)

where Δϵ is the difference between the chiral chemical potentials of
the Weyl cone with a chirality of χ ¼ þ1 and the Weyl cone with a
chirality of χ ¼ �1. Note that in all the cases of type-I, A-type-II,
and B-type-II WSMs, the value of chirality at the right Weyl point
of k ¼ (k0, 0, 0) is equal to �1 and that at the left Weyl point of
k ¼ (�k0, 0, 0) is equal to +1. The values of Δϵ of type-I and
A-type-II WSMs are positive. However, those of B-type-II WSMs
are negative. We find that the signs of the values of Δϵ are deter-
mined by whether these WSMs have the electron-like or the hole-
like zeroth Landau energy-levels. From Eq. (13), we find that in
both type-I and A-type-II WSMs (in the case of the positive Δϵ),

the electric current flows in the same direction as the magnetic
field. On the other hand, we find that in B-type-II WSMs (in the
case of the negative Δϵ), the electric current flows in the opposite
direction to the magnetic field. This is why B-type-II WSMs show
the positive longitudinal magnetoresistance with the magnetic field
applied in the positive direction of the x-axis. Second, we investi-
gate the longitudinal magnetoconductivities under the magnetic
field applied in the negative direction of the x-axis. The values of
Δϵ of A-type-II WSMs are positive with the magnetic field applied
in the negative direction of the x-axis since they have the electron-
like zeroth Landau energy-levels. On the other hand, those of
type-I and B-type-II WSMs are negative since they have the hole-
like zeroth Landau energy-levels. As a result, type-I and B-type-II
WSMs show the negative longitudinal magnetoresistance. Then,
A-type-II WSMs show the positive longitudinal magnetoresistance.

Since A-type-II (B-type-II) WSMs have the electron-like (the
hole-like) zeroth Landau energy-levels regardless of the direction of
the magnetic field, the values of Δϵ are positive (negative). As you
can see from Eq. (13), in A-type-II (B-type-II) WSMs, the current
flows in the same (opposite) direction as (to) the magnetic field.
On the other hand, since type-I WSMs have the electron-like (the
hole-like) zeroth Landau energy-levels with the magnetic field
applied in the positive (the negative) direction of the x-axis, the

FIG. 5. (a) The transverse magnetoconductivities σxy of type-I WSMs (γ ¼ 0), A-type-II WSMs (γ ¼ �2:5t), and B-type-II WSMs (γ ¼ 2:5t). (b) and (c) The B-linear
components and quadratic-B components of transverse magnetoconductivities, respectively. The magnetic field of B ¼ (3 cos θ, 3 sin θ, 0) T is applied in the xy-plane,
where θ is the angle between the x-axis and the magnetic field. The black, blue, and red lines show the transverse magnetoconductivities of type-I, A-type-II, and
B-type-II WSMs, respectively. The solid curves represent the positive values, and the dotted curves represent the negative values.
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values of Δϵ are positive (negative). Since the signs of the values of
Δϵ are the same as the sign of the magnetic field, these signs cancel
each other in Eq. (13). As a result, type-I WSMs show the negative
longitudinal magnetoresistance regardless of the direction of the
magnetic field. In addition to these type-I and type-II WSMs, there
also exist type-III WSMs31–33 lying at the transition between type-I
and type-II WSMs. The model Hamiltonian that we utilize in this
study can become type-III WSMs when we set the parameters
tx ¼ t, t0 ¼ m ¼ 2t, and γ ¼ +2t. These type-III WSMs also show
the positive longitudinal magnetoresistance.

Moreover, Figs. 4(b) and 4(c) show B-linear components
and quadratic-B components of the longitudinal magnetocon-
ductivities, respectively. In this study, we can ignore the third
and higher order components of the magnetic field B since they
are estimated to be very small. The longitudinal magnetoconduc-
tivities of type-I WSMs have only the quadratic-B components
as shown in Fig. 4(c). The longitudinal magnetoconductivities of
type-I WSMs show the cos2 θ dependence resulting in the aniso-
tropic magnetoresistance (AMR). This angle-dependence origi-
nates from the fact that the magnetoconductivity is proportional
to the square of the magnetic field parallel with an electric field.
Note that an electric field is applied along the x-direction in this
calculation. Then, the magnetic field parallel with an electric
field is 3 cos θ T. It is experimentally observed that the AMR of
Cd3As2

34 and Na3Bi
35 behaves as the square of the magnetic

field parallel with an electric field. On the other hand, the

longitudinal magnetoconductivities of A-type-II and B-type-II
WSMs have both of the B-linear and quadratic-B components as
shown in Figs. 4(b) and 4(c). We find that the B-linear compo-
nents are dominant.

These origins can be explained by the Onsager reciprocity
relations. The original Hamiltonian of Eq. (1) does not have TRS.
However, in this study, we perform the numerical calculations in
the low-energy region. In the low-energy region, we can transform
Eq. (1) into the following Hamiltonian:

H(kx + k0, ky , kz) ¼ +(2t sin k0)kxσx � 2tkyσy � 2tkzσz

+ (γ sin k0)kxσ0: (14)

When γ is equal to zero, the TRS recovers in the above
Hamiltonian. According to the Onsager reciprocity relations
σ ij(B) ¼ σ ji(�B), the B-linear component of magnetoconductivity
is forbidden when TRS holds. Note that the Onsager reciprocity
relations hold only when the system is time reversal invariant. As a
result, the magnetoconductivities of type-I WSMs (γ ¼ 0) do not
have B-linear components. On the other hand, those of type-II
WSMs (γ = 0) have B-linear components.

Therefore, the longitudinal magnetoconductivities of
A-type-II and B-type-II WSMs behave as cos θ and � cos θ,36

respectively. Depending on whether the positive or negative

FIG. 6. (a) The longitudinal magnetoconductivities σyy of type-I WSMs (γ ¼ 0), A-type-II WSMs (γ ¼ �2:5t), and B-type-II WSMs (γ ¼ 2:5t). (b) and (c) The B-linear
components and the quadratic-B components of longitudinal magnetoconductivities, respectively. The magnetic field of B ¼ (0, 3 cos θ, 3 sin θ) T is applied in the
yz-plane, where θ is the angle between the x-axis and the magnetic field. The black, blue, and red lines show the longitudinal magnetoconductivities of type-I, A-type-II,
and B-type-II WSMs, respectively.
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longitudinal magnetoresistance occurs, the sign of the dependence
of cos θ of longitudinal magnetoconductivity changes.

Figure 5 shows the transverse magnetoconductivities σxy

under the magnetic field of B ¼ (3 cos θ, 3 sin θ, 0) T in the
xy-plane. At first sight, we find that the transverse magnetoconduc-
tivities of type-I WSMs do not have B-linear components of them.
Next, we find that the quadratic-B components of transverse mag-
netoconductivities of type-I WSMs show the sin 2θ dependence
leading to the planar Hall effect. It is well known that the planar
Hall effect is caused by a difference between the conductivity paral-
lel with the magnetic field and that perpendicular to the magnetic
field. The difference between the conductivities is considered to
originate from the negative longitudinal magnetoresistance.
Specifically, the σxx is enhanced by the negative longitudinal mag-
netoresistance. Thus, the difference between the conductivities
arises. As a result, the transverse magnetoconductivities of type-I
WSMs show the planar Hall effect according to the equation in the
reference.37 On the other hand, the transverse magnetoconductiv-
ities of A-type-II and B-type-II WSMs have the B-linear compo-
nents as shown in Fig. 5(b). We find that the B-linear components
are dominant in type-II WSMs. As a result, the transverse magne-
toconductivities of A-type-II (B-type-II) WSMs behave as sin θ
(� sin θ). The transverse magnetoconductivities of A-type-II

(B-type-II) WSMs decrease when the magnetic field is applied in
the negative (the positive) direction of the y-axis. However, in the
transverse magnetoconductivities, the decrease of the magnetocon-
ductivities is a part of the planar Hall effect, which does not mean
the positive longitudinal magnetoresistance.

Next, we investigate whether or not longitudinal magnetoresis-
tances show the positive values when both the electric and mag-
netic fields are applied perpendicular to the direction of
Weyl point separation (i.e., in the yz-plane). Figure 6 shows the
longitudinal magnetoconductivities σyy under the magnetic field of
B ¼ (0, 3 cos θ, 3 sin θ) T in the yz-plane. Here, θ is the angle
between the y-axis and the external magnetic field. At first sight,
we find that all the longitudinal magnetoconductivities of type-I,
A-type-II, and B-type-II WSMs do not have B-linear components
of them. Next, it is found that the longitudinal magnetoconductiv-
ities of type-I, A-type-II, and B-type-II WSMs increase as the direc-
tion of the magnetic field becomes more aligned to that of the
electric field, regardless of the inclination of Weyl cone γ.
Moreover, these magnetoconductivities behave like the AMR. Like
the cases of the longitudinal magnetoconductivities σxx , we can
explain the numerical results in Fig. 6 utilizing Eq. (13). First, we
consider the case where both the electric and the magnetic field are
applied in the positive direction of the y-axis. The electron carrier

FIG. 7. (a) The transverse magnetoconductivities σyz of type-I WSMs (γ ¼ 0), A-type-II WSMs (γ ¼ �2:5t), and B-type-II WSMs (γ ¼ 2:5t). (b) and (c) The B-linear
components and the quadratic-B components of transverse magnetoconductivities, respectively. The magnetic field of B ¼ (0, 3 cos θ, 3 sin θ) T is applied in the yz-plane,
where θ is the angle between the x-axis and the magnetic field. The black, the blue, and red lines show the transverse magnetoconductivities of type-I, A-type-II, and
B-type-II WSMs, respectively. The solid curves represent the positive values and the dotted curves represent the negative values.
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at Weyl cone having χ ¼ þ1 moves up from the bulk to the nega-
tive direction of the y-axis; on the other hand, the electron carrier
at the Weyl cone having χ ¼ �1 sinks into the bulk to the negative
direction of the y-axis. As a result, the values of Δϵ are positive
since the chiral chemical potential of the Weyl cone having χ ¼ þ1
(χ ¼ �1) increases (decreases). From Eq. (13), we find that in
all the cases of type-I, A-type-II, and B-type-II WSMs, the magne-
toconductivities increase since the electric current by the chiral
magnetic effect flows in the positive direction of the y-axis. Next,
we consider the case where the electric field is applied in the posi-
tive direction of the y-axis and the magnetic field is applied in the
negative direction of that. The electron carrier at the Weyl cone
having χ ¼ þ1 sinks into the bulk to the negative direction of the
y-axis, on the other hand, the electron carrier at the Weyl cone

having χ ¼ �1 moves up from the bulk to the negative direction of
the y-axis. As a result, the values of Δϵ are negative. The electric
current by the chiral magnetic effect flows in the positive direction
of the y-axis since the signs of both the values of Δϵ and the mag-
netic field cancel each other in Eq. (13). Therefore, we find that in
all the cases of type-I, A-type-II, and B-type-II WSMs, the longitu-
dinal magnetoconductivities increase when the magnetic field is
applied in both the positive and negative direction of the y-axis.

Next, we investigate how the transverse magnetoconductivities
σyz behave when the longitudinal magnetoconductivities of type-I,
A-type-II, and B-type-II WSMs show only the positive values.
Figure 7 shows the transverse magnetoconductivities σyz under the
magnetic field of B ¼ (0, 3 cos θ, 3 sin θ ) T in the yz-plane. At first
sight, as with the longitudinal magnetoconductivities σyy , we find

FIG. 8. The three-dimensional wire-frame plots of the magnetoconductivities (a) σxx , (b) σxy , (c) σyy , and (d) σyz of the A-type-II WSMs. The magnetic field of
B ¼ (3 sin θ cosw, 3 sin θ sinw, 3 cos θ) T is applied, where θ is the angle between the z-axis and the external magnetic field and w is the angle between the x-axis and
the projected component of the external magnetic field on the xy-plane. The red curves show the positive values, and the blue curves show the negative values.
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that all the transverse magnetoconductivities of type-I, A-type-II,
and B-type-II WSMs do not have B-linear components of them.
Next, it is found that the transverse magnetoconductivities of
type-I, A-type-II, and B-type-II WSMs behave like the planar Hall
effect, regardless of the inclination of Weyl cone γ. Furthermore,
we have discovered that the direction of the inclination of the Weyl
cone is largely related to the existence of the B-linear component of
magnetoconductivity. Note that in this study, Weyl cone is tilted in
the kx-direction. The magnetoconductivities σxx and σxy have the
B-linear components. On the other hand, the magnetoconductiv-
ities σyy and σyz do not have the B-linear component. Only the
magnetoconductivity in the direction where the Weyl cone is tilted
has the B-linear component.

Finally, we show the three-dimensional wire-frame plots of
the magnetoconductivities of the A-type-II WSMs under the mag-
netic field of B ¼ (3 sin θ cosw, 3 sin θ sinw, 3 cos θ) T in Fig. 8.
Here, θ is the angle between the z-axis and the external magnetic
field and w is the angle between the x-axis and the projected com-
ponent of the external magnetic field on the xy-plane. The red
curves show the positive values, and the blue curves show the nega-
tive values. This 3D wire-frame plots allow us to understand the
behavior of magnetoconductivities by the direction of the magnetic
field at a glance.

IV. CONCLUSION

In this study, we have elucidated the origin of the positive
longitudinal magnetoresistance. The A-type-II WSMs under the
magnetic field applied in the negative direction of the x-axis and
the B-type-II WSMs under the magnetic field applied in the
positive direction of the x-axis show the positive longitudinal mag-
netoresistance as shown in Fig. 4(a). The positive longitudinal mag-
netoresistance occurs under the following three conditions:

• The TRS has to be broken due to the inclination of the Weyl
cone. When the TRS is broken, the magnetoconductivity can
have the B-linear component, which is usually forbidden by the
Onsager reciprocity relations.

• The electric field has to be applied in the direction where Weyl
points are separated. Note that in this study, we have applied the
electric field in the direction where the Weyl point with a chiral-
ity of χ ¼ þ1 is the starting point and the Weyl point with a chi-
rality of χ ¼ �1 is the end point.

• The magnetic field has to be applied “in the opposite direction to
the electric field” or “the same direction as the electric field”
depending on whether the WSMs have “the electron-like” or
“the hole-like” zeroth Landau energy-levels. If the WSMs have
the electron-like zeroth Landau energy-levels under the magnetic
field applied in the opposite direction to the electric field like
A-type-II WSMs, the electron carrier moves in the opposite
direction to the electric field. The difference between the chiral
chemical potentials of the left Weyl cone with χ ¼ þ1 and the
right Weyl cone with χ ¼ �1 becomes a positive value. As a
result, the current by the chiral magnetic effect flows in the same
direction as the magnetic field. When the magnetic field is
applied in the opposite direction to the electric field, the positive
longitudinal magnetoresistance occurs in the above situation. On
the other hand, if the WSMs have the hole-like zeroth Landau

energy-levels under the magnetic field applied in the same direc-
tion as the electric field like B-type-II WSMs, the hole carrier
moves in the same direction as the electric field. The difference
between the chiral chemical potentials of the left Weyl cone with
χ ¼ þ1 and the right Weyl cone with χ ¼ �1 becomes a nega-
tive value. As a result, the current by the chiral magnetic effect
flows in the opposite direction to the magnetic field. When the
magnetic field is applied in the same direction as the electric
field, the positive longitudinal magnetoresistance occurs in the
above situation. From these above results, we can conclude that
not only the negative longitudinal magnetoresistance but also the
positive longitudinal magnetoresistance can occur due to chiral
anomaly in WSMs. Moreover, it is implied that we can make a
high MR-ratio device using WSMs if it is possible to tune the
inclination of the Weyl cone by the application of the electric
field and so on.
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