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Chapter 1

Introduction

In 1911, superconductivity was discovered by H. K. Onnes with the disappearance of
electric resistivity of Hg observed at 4.2 K.[1] After this experiment, new findings on
superconductivity, such as the Meissner effect and the Josephson effect, were obtained
one after another. A theoretical explanation was constructed by Bardeen, Cooper, and
Schrieffer in 1957.[2] In BCS (Bardeen-Cooper-Schrieffer) theory, two electrons on the
Fermi level form a Cooper pair due to an attractive interaction at a low temperature.
The phase coherence of a number of Cooper pairs provides a gain in condensation energy,
which stabilizes the superconducting state.

A Cooper pair has internal degree of freedom because it is a composite particle con-
sisting of two electrons. Since an electron is an elementary particle having spin S = 1/2,
spin of a Cooper pair is described by either spin-singlet S = 0 or spin-triplet S = 1.
In addition to the spin state, the orbital part also characterize symmetry of a Cooper
pair. Superconductivity in a simple metal belongs to spin-singlet s-wave symmetry class,
whereas that in a high-Tc cuprates belongs to spin-singlet d-wave symmetry class. The
emergence of spin-triplet superconductivity has been discussed in several Uranium com-
pounds. Actually, the results of nuclear magnetic resonance (NMR) measurement on
heavy-fermion superconductors suggested the existence of spin-triplet Cooper pairs with
finite spin S = 1.[3, 4, 5] A group of material have attracted attention these days as various
topologically nontrivial materials such as topological semimetals, topological insulators,
and topological superconductors.[6, 7, 8, 9, 10, 11, 12] In most of the topological materials,
more than two orbital/band overlap near the Fermi level and spin-orbit interactions mod-
ify the electronic states to be topologically nontrivial. Controlling the electromagnetic
properties unique to topological materials may enable new functional devices.

Superconductivity in such a semimetal YPtBi[13, 14, 15, 16] has been considered to
be topologically nontrivial. However, because of the strong spin-orbit interaction, the
symmetry of the Cooper pair is very complicated. For instance, The strong coupling
between spin S = 1/2 and orbital angular momentum L = 1 enables an electron with
a total angular momentum J = L + S = 3/2. A Cooper pair in the superconducting
state consists of two electrons with pseudospin J = 3/2. In this thesis, we refer such a
superconductor as a J = 3/2 superconductor. The pseudospin-states of a Cooper pair
can be J = 2 quintet and J = 3 septet states in addition to J = 0 singlet and J = 1
triplet states[17, 18, 19, 20]

In this thesis, we theoretically investigate physical phenomena unique to a Cooper
pair with large angular momentum because only little has been known for the physics
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of J = 3/2 superconductors.[21, 22] In the thesis, we focus on pseudospin-quintet J=2
even-parity state which is a promising candidate of superconductivity in YPtBi. By
solving the Bogoliubov-de Gennes (BdG) equations analytically, we will discuss the spin
susceptibility, the Josephson effect, and the presence of odd-frequency Cooper pairs in J
= 3/2 superconductors.

This thesis is organized as follows. In Ch. 2, we derive a microscopic model which
describes the formation of J = 3/2 electron in the normal state. The pair potential
for pseudospin-quintet even-parity states are also explained. In Ch. 3, we calculate the
magnetic susceptibility of a J = 3/2 superconductor based on the linear response. In
Ch. 4, we investigate the Josephson effect of J = 3/2 superconductors with paying special
attention to the selection rules on Josephson current. In Ch. 5, a relation between a
quasiparticle on the Bogoliubov Fermi surface (BFS) and an odd-frequency Cooper pair
is discussed in a J = 3/2 superconductor breaking time-reversal symmetry. Finally, we
summarize the overall results in Ch. 6.
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J = 3/2 Superconductor

We explain the formation of an electron with pseudospin J = 3/2 due to strong spin-
orbit interactions and that of a Cooper pair consisting of such electrons. Luttinger and
Kohn[23, 24] derived the effective Hamiltonian for an electron in a semiconductor which
preserves cubic symmetry. This helps us to understand the electronic structures in a
half-Heusler semimetal because the semimetal also preserves cubic symmetry. We first
derive the general normal state Hamiltonian for J = 3/2 electrons and the pair potential
for an even-parity Cooper pairing. We then derive the Bogoliubov-de Gennes (BdG)
Hamiltonian by using the obtained normal state Hamiltonian and the pair potential. The
anomalous Green’s function is obtained by solving the Gor’kov equation analytically. The
results suggest that an odd-frequency pair exists as a part of the spatial uniform ground
state.

2.1 J = 3/2 Electrons in Semiconductors

The properties of semiconductors are qualitatively governed by the energy dispersion near
the band edges. In some semiconductors such as Si with the diamond cubic structure and
GaAs with the zincblende structure, the energy dispersion has a degenerate point which is
protected by symmetry of crystal structure.[25] As well as the energy modulation due to
spin-orbit couplings, this enriches physics of semimetals. In 1955, Luttinger derived the
general Hamiltonian for an electron/hole in a semiconductor preserving cubic symmetry
based on the method of invariants. Here we repeat his argument and construct the effec-
tive Hamiltonian as follows. First, we consider a semiconductor whose crystal structure
belongs to Td symmetry. Secondly, we consider an electron at a p atomic orbital which
contributes to the electronic states at the band edges and has an angular momentum
l = 1. Three conditions are necessary to derive the effective Hamiltonian,

1. The Hamiltonian is invariant under the operation of point group Td.

2. The dispersions of an electron are quadratic function of the wavenumber.

3. The Hamiltonian is decomposed into three angular momentum matrices with l = 1,
Ix, Iy, and Iz and their products.

6
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Table 2.1: Character table of point group Td.

irreps of Td E 8C3 3C2 6S4 6σd
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

Ix =

0 0 0
0 0 −i
0 i 0

 , Iy =

 0 0 i
0 0 0
−i 0 0

 , Iz =

0 −i 0
i 0 0
0 0 0

 . (2.1)

Eq. (2.1) shows the three angular momentum matrices.
From the combination of Ii matrix, nine independent terms are formed and classified

to representations of Td group as follows.

A1 : 13×3

E : I2x − I2y , I
2
y − I2z

T1 : {IxIy}, {IyIz}, {IzIx}
T2 : Ix, Iy, Iz

(2.2)

where {ki, kj} = (kikj + kjki)/2 for cyclic i, j, k. Similarly, the quadratic terms in the
component of k are classified as follows.

A1 : k2

E : k2x − k2y, k
2
y − k2z

T1 : {kxky}, {kykz}, {kzkx}
T2 : Hx, Hy, Hz

(2.3)

where Hi = (1/i)(e/c)[kj, kk]. We write the character table of the point group Td in
Table 2.1 and the product table of group Td in Table 2.2. From the condition 1)-3), the
Hamiltonian should consist of products of the above terms and they should correspond
to the representation A1. Because the representation A1 arises from the products of the
same representation as shown in Table 2.2, the effective Hamiltonian is constructed as

H = α1k
2 + α2(k

2
xI

2
x + k2yI

2
y + k2zI

2
z )

+ α3({kxky}{IxIy}+ {kykz}{IyIz}+ {kz, kx}{IzIx})
+ α4(H · I) (2.4)

Although the band structure changes by the material parameters αi, the 6-fold degeneracy
at the k = 0 point is protected by the symmetry when there is no external field (Fig. 2.1
(a)).

Spin-orbit interactions couples the spin S = 1/2 and the orbital angular momentum
L = 1 of an electron. As a result, an electron is characterized by combined angular
momenta J = 3/2 and J = 1/2. The combined angular momentum is referred to as a
pseudospin in this thesis. In most semimetals, four-fold degenerate bands with J = 3/2
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Table 2.2: Product table of irreps for point group Td.

irreps of Td A1 A2 E T1 T2
A1 A1 A2 E T1 T2
A2 A2 A1 E T2 T1
E E E A1 + A2 + E T1 + T2 T1 + T2
T1 T1 T2 T1 + T2 A1 + E + T1 + T2 A2 + E + T1 + T2
T2 T2 T1 T1 + T2 A2 + E + T1 + T2 A1 + E + T1 + T2

(a)

−1

 0

−π/2 0 π/2 (b)

−1

 0

−π/2 0 π/2

Figure 2.1: The band structure of an electron in cubic symmetry when there is no external
field, (a) without spin-orbital coupling(SOC) and (b) with SOC. (a) Each bands are
degenerate due to spin ±1/2. 6-fold degeneracy at k = 0 point is guaranteed by symmetry
but specific shape depends on the material parameters. (b) Because of SOC, 6-fold band
divides to 4-fold and 2-fold bands.

are dominant at the Fermi level. Thus, we neglect the effects of the two-fold degenerate
bands with J = 1/2. The basis of the direct product space of pseudospin J = 3/2 can be
expressed as [26] ∣∣∣3

2
,
3

2

〉
=

1√
2

[
−
∣∣∣px, 1

2

〉
− i
∣∣∣py, 1

2

〉]
∣∣∣3
2
,
1

2

〉
=

1√
6

[
2
∣∣∣pz, 1

2

〉
−
∣∣∣pz,−1

2

〉
− i
∣∣∣py,−1

2

〉]
−
∣∣∣3
2
,
1

2

〉
=

1√
6

[
2
∣∣∣pz,−1

2

〉
+
∣∣∣pz, 1

2

〉
− i
∣∣∣py, 1

2

〉]
−
∣∣∣3
2
,
3

2

〉
=

1√
2

[∣∣∣px,−1

2

〉
− i
∣∣∣py,−1

2

〉]
. (2.5)

Here, we construct the effective Hamiltonian of an electron with pseudospin J = 3/2
in semiconductor with cubic symmetry, by using the method of invariants. In this case,
the condition (3) changes and the Hamiltonian is decomposed into three 4 × 4 matrices
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with J = 3/2 and their products. The three matrices are given by

J1 =
1

2


0

√
3 0 0√

3 0 2 0

0 2 0
√
3

0 0
√
3 0

 ,

J2 =
i

2


0 −

√
3 0 0√

3 0 −2 0

0 2 0 −
√
3

0 0
√
3 0

 ,

J3 =
1

2


3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3

 . (2.6)

We summarize the algebra of the matrices and relations in Appendix. A. Sixteen in-
dependent matrices are generated by Ji and their products and are classified into the
representations of Td group as follows.

A1 : 14×4

A2 : JxJyJz + JzJyJx
E : J2

x − J2
y , J

2
y − J2

z

T1 : {JxJy}, {JyJz}, {JzJx}
Vx = {(J2

y − J2
z )Jx}, Vy = {(J2

z − J2
x)Jy}, Vz = {(J2

x − J2
y )Jz}

T2 : Jx, Jy, Jz, J̄x = J3
x , J̄y = J3

y , J̄z = J3
z

(2.7)

Then the effective Hamiltonian is constructed as

H =
∑
k

Ψ†
kH(k)Ψk,

H(k) =β1k
2 + β2(k

2
xJ

2
x + k2yJ

2
y + k2zJ

2
z )

+ β3({kx, ky}{Jx, Jy}+ {ky, kz}{Jy, Jz}+ {kz, kx}{Jz, Jx})
+ β4(HxJx +HyJy +HzJz) + β5(HxJ̄x +HyJ̄y +HzJ̄z),

Ψk =
[
ck,3/2, ck,1/2, ck,−1/2, ck,−3/2

]T
, (2.8)

where T means the transpose of a matrix and ck,jz is the annihilation operator of an elec-
tron at k with the z-component of angular momentum being jz. We delete the elements
proportional to Vi in Eq. (2.7) in the presence of time-reversal symmetry of Hamiltonian.
In this thesis, we discuss resulting physical phenomena from Eq. (2.8).

2.2 J = 3/2 Superconductor

2.2.1 YPtBi

YPtBi is a half-Heusler compound which is supposed as a J = 3/2 topological supercon-
ductor. Superconductivity in YPtBi was reported at the critical temperature 0.77 K.[27]
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Figure 2.2: The crystal structure of half-Heusler semimetals.

Half-Heusler compound is a ternary compound consisting of three different atoms (X, Y,
and Z), where X and Y are transition metals and Z is a p-block element. It has a cubic
structure classified to Td symmetry while inversion symmetry is broken (Fig. 2.2). Strong
SOC is realized when Z is an heavy atom like Bi.[28] As well as YPtBi, half-Heusler
compounds such as LaPtBi or LuPtBi are also proposed to be topologically nontrivial
material.[29, 30, 31, 32]

In the presence of the SOC, the four-fold degenerate bands appear near the Fermi
level in semimetals, which are similar to those of a semiconductor preserving cubic sym-
metry as shown in the left panel in Fig. 2.3. It is the band inversion that makes YPtBi
fundamentally different from usual semiconductors. In the presence of strong SOC, the
energy at bottom of s1/2(Γ6) bands becomes lower than that at the top of the p3/2(Γ8)
bands as shown in the right panel in Fig. 2.3.[28] As a result, the p3/2(Γ8) bands split
into two two-fold degenerate bands which are characterized by J = ±3/2 and J = ±1/2.
One band goes upward and the other goes downward as shown in Fig. 2.3. The four-fold
degeneracy at Γ point remains in the presence of cubic symmetry. For YPtBi, the band in-
version has been observed by angular-resolved-photoemission spectroscopy (ARPES).[26]
When YPtBi undergoes the transition to superconducting phase at a low temperature,
two electrons with J = 3/2 form a Cooper pair.

2.2.2 Bogoliubov-de Gennes Hamiltonian

We explain the Bogoliubov-de Gennes (BdG) Hamiltonian which we analyze in this the-
sis. We consider even-parity pseudospin J = 3/2 superconductors which preserve cubic
symmetry. We are thinking that YPtBi corresponds to a specific case of such a material
although inversion symmetry is broken in YPtBi. This assumption is justified because
effects of breaking inversion symmetry on the band structure are totally negligible.[15]

The Bogoliubov–de Gennes(BdG) Hamiltonian is expressed in terms of the normal
Hamiltonian HN and the pair potential H∆(k) as

HBdG(k) =

[
HN(k) H∆(k)
−H∆˜ (k) −H˜ N(k)

]
, (2.9)

where X˜ (k, iω) ≡ X∗(−k, iω) represents the particle-hole conjugation of X(k, iω). Be-
cause of the high pseudospin of quasiparicles, the dimension of the state space is higher
than that of usual spin S = 1/2 electron. Therefore, the BdG Hamiltonian is expressed

10



Chapter 2

Figure 2.3: The schematic figure which describes band inversion.[26] The left figure shows
the s-like conduction band and the p-like valence band of a normal semiconductor. When
SOC is strong enough, both bands mix and result in the right figure which shows pseu-
dospin J = 3/2 conduction band with four-fold degenerate point near the Fermi level.

as an 8× 8 matrix while it is a 4× 4 matrix for usual spin S = 1/2 superconductor. The
BdG Hamiltonian preserves particle-hole symmetry,

CHBdG(−k)C−1 = −HBdG(k), C = τ1K, (2.10)

where τi for i = 1− 3 is the Pauli matrix in particle-hole space.

Normal Hamiltonian

We can adopt the general Hamiltonian in Eq. (2.8) as the normal state Hamiltonian. In
absence of external magnetic field, the Hamiltonian is rewritten as

HN(k) = a1k
2 + 2a2

∑
i

k2i J
2
i + a3

∑
i ̸=j

kikjJiJj − µ. (2.11)

The material parameters ai for YPtBi have been reported.[30, 26] The Hamiltonian in
Eq. (2.11) also can be transformed into terms in the γ matrices,

HN(k) = ε0(k) +
5∑

ν=1

εν(k)γ
ν − µ = Ek, (2.12)

with coefficients,

ε0(k) =
|k|2

2m0

, εj=1−3(k) =
|k|2

2m1

ej=1−3(k̂), εj=4,5(k) =
|k|2

2m2

ej=4,5(k̂),

m0 =
1

2

(
a1 +

5

4
a2

)−1

, m1 =
1

a3
, m2 =

1

2a2
, (2.13)

where ε(k) is a five-component vector. The definition and algebras of the γ matrices are
presented in Appendix. A. The functions eν(k̂) are defined by

e1(k̂) =
√
3k̂xk̂y, e2(k̂) =

√
3k̂yk̂z, e3(k̂) =

√
3k̂zk̂x,

e4(k̂) =

√
3

2
(k̂2x − k̂2y), e5(k̂) =

1

2
(2k̂2z − k̂2x − k̂2y), (2.14)

11
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where k̂i = ki/|k| and normalized, i.e.
∑5

ν=1 e
2
ν(k̂) = 1. Since |m0| ≥

√
6 |m1| is satisfied

in YPbBi, two bands curve upwards and the remaining two bands curve downwards.[15]
The Hamiltonian in Eq. (2.12) poses time-reversal symmetry (TRS),

T HN(−k)T −1 = HN(k), (2.15)

T = UTK, UT = γ1γ2, (2.16)

where UT is the unitary part of time-reversal operation with K meaning complex conju-
gation. Under the time-reversal operation, γν and Ji show the relation,

T γν T −1 = −UT (γν)∗ UT = γν , ν = 0− 5, (2.17)

T Ji T −1 = −UT (Ji)
∗ UT = −Ji, i = 1− 3. (2.18)

The matrix γν remains unchanged, whereas Ji changes its sign.

Pair potential

In the BCS (Bardeen–Cooper–Schrieffer) theory, superconductivity occurs because a pair
of two electrons are bound by attractive interactions between them and a number of such
electron pairs condense coherently. The superconducting order parameter called pair
potential,

∆α,β =
1

Vvol

∑
p

g(k − p)⟨cp,αc−p,β⟩ (2.19)

where cp,α is an annihilation operator of an electron, α(β) refers spin of an electron, and
g denotes the attractive interaction between two electrons. ⟨cp,αc−p,β⟩ is called pairing
correlation. The pair potential is defined as a product of the pairing correlation and the
attractive interaction supporting it. The pair potential is represented as a matrix in spin
of a Cooper pair.

The pairing correlation can be classified in terms of symmetry of the pairing correlation
under the permutation of two electrons. For conventional S = 1/2 superconductors, the
pairing correlations are classified into four classes as shown in Table2.3. The pairing of
two spin S = 1/2 electrons results in a S = 0 spin-singlet or S = 1 spin-triplet state.
Because electrons are fermions and obey the Fermi-Dirac statistics, the pairing state of
two electrons must be antisymmetric under the permutation of two electrons. In a J = 3/2
superconductor, two electrons with pseudospin J = 3/2 form a Cooper pair. In addition
to J = 0 singlet and J = 1 triplet states, pseudospin of a Cooper pair can be J = 2
quintet and J = 3 septet states as shown in Table 2.4. In this thesis, we discuss how
high-angular momentum of Cooper pairs affect physics of J = 3/2 superconductors.

In this thesis, we focus on an even-parity superconductor with time-reversal symme-
try (TRS). The pair potential has a general form[33]

H∆(k) = ηk,0UT + ηk · γUT . (2.20)

The first term refers to the pair potential of pseudospin-singlet state and the second term
refers to that of pseudospin-quintet state. The amplitudes ηk,0 and a five-component

12
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Table 2.3: Classification of Cooper pairs consisting of two S = 1/2 electrons according to
the symmetries under permutation. The frequency refers the Matsubara frequency.

Pairing Frequency Spin Parity
ESE even singlet even
ETO even triplet odd
OTE odd triplet even
OSO odd singlet odd

Table 2.4: Classification of Cooper pairs consisting of two J = 3/2 quasiparticles according
to symmetries under permutation. The singlet and quintet state are even under the
permutation and triplet and septet state are odd.

frequency pseudo-spin parity

even

singlet even
quintet even
triplet odd
septet odd

odd

triplet even
septet even
singlet odd
quintet odd

vector ηk are even in momentum and real in the presence of TRS. It is easy to confirm
that Eq. (2.20) preserves time-reversal symmetry,

T H∆(k) T −1 = H∆(k), (2.21)

by using Eq. (2.17). Because electrons obey the Fermi-Dirac statistics, the pair potential
must be antisymmetric under the permutation of two electrons forming a Cooper pair,

HT
∆(−k) = −H∆(k), (2.22)

where the permutation of pseudospin is carried out by taking the transpose of the matrix
(T).

When we also assume cubic symmetry of a superconductor, possible pair potentials
and pairing states are restricted to which can be decomposed to irreducible representa-
tions(irreps) of the cubic symmetry. We list the irreps of the point group Oh and their
basis as shown in Table 2.5. For even-parity s-wave quintet state, the pair potential
corresponding to the Eg or T2g irreps become

Eg : H∆(k) = ∆(h3z2−r2Γ3z2−r2 + hx2−y2Γx2−y2)

= ∆(h3z2−r2γ
5 + hx2−y2γ

4)UT , (2.23)

T2g : H∆(k) = ∆(lyzΓyz + lzxΓzx + lxyΓxy)

= ∆(lyzγ
2 + lzxγ

3 + lxyγ
1)UT , (2.24)

where each pair potential is characterized by the vectors h = (h3z2−r2 , hx2−y2) or l =
(lyz, lzx, lxy). We list the possible values for the vectors h and l in Table 2.6.[33]
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Table 2.5: Possible pairing states in a J = 3/2 cubic superconductors, which are de-
composed into the basis of irreducible representations (irreps) of cubic symmetric point
group Oh. Here, 14×4 × UT corresponds to a basis of singlet state, (J1,J2,J3) to triplet
states, (Γyz,Γzx,Γxy,Γx2−y2 ,Γ3z2−r2) to quintet states, and (W1,W2,W3,W4,W5,W6,W7)
to septet states, respectively.

irrep of Oh basis pairing
A1g 14×4 × UT singlet

A2g W7 = 1/
√
3(JxJyJz + JzJyJx)× UT septet

Eg (Γx2−y2 ,Γ3z2−r2) =
[
1/
√
3(J2

x − J2
y ), 1/3(2J

2
z − J2

x − J2
y )
]
× UT quintet

T1g (J1,J2,J3) =
(
2/
√
5Jx, 2/

√
5Jy, 2/

√
5Jz
)
× UT triplet

(W1,W2,W3) septet

= 2
√
5/3

[
(J3

x − 41/20Jx) ,
(
J3
y − 41/20Jy

)
, (J3

z − 41/20Jz)
]
× UT

T2g (Γyz,Γzx,Γxy) quintet

= 1/
√
3 [(JyJz + JzJy) , (JzJx + JxJz) , (JxJy + JyJx)]× UT

(W4,W5,W6) septet

= 1/
√
3
[{
Jx, (J

2
y − J2

z )
}
, {Jy, (J2

z − J2
x)} ,

{
Jz, (J

2
x − J2

y )
}]

× UT

Table 2.6: The ordering vectors which describe possible pair potentials for even-parity
s-wave superconductors given by a Landau analysis.[33]

irrep of Oh TRS TRSB
Eg (1, 0), (0, 1) (±i, 1)

T2g (1, 0, 0), (1, 1, 1)
(1,±i, 0), (0, 1,±i), (±i, 0, 1)

(1, ω±1, ω∓1), (1, ω±1, ω±2), (1, ω±2, ω±1), (1, ω±2, ω∓2)

2.3 Pairing states

Although a superconducting state is characterized by a pair potential belonging to a
symmetry class in Table 2.4, there exist a Cooper pair that belongs to different symme-
try classes from the symmetry of the pair potential. In this section, we introduce the
anomalous Green’s function which refers correlation function of Cooper pairs.

2.3.1 Green’s function

The Matsubara Green’s function is a correlation function of two annihilation/creation
operators defined by

{G(k, iωn)}αβ =−
∫ 1/T

0

dτ
〈
Tτck,α(τ)c

†
k,β

〉
eiωnτ , (2.25)

{F (k, iωn)}αβ =−
∫ 1/T

0

dτ ⟨Tτck,α(τ)ck,β⟩ eiωnτ . (2.26)

In the mean-field theory of superconductivity, a quasiparticle and a Cooper pair are
described by the normal Green’s function G(k, iωn) and the anomalous Green’s function
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F (k, iωn), respectively. Therefore, the anomalous Green’s function is zero in the normal
state.

The Green’s function for a superconducting state can be obtained by solving the
Gor’kov equation,

[
iωn −HBdG(k)

] [ G(k, iωn) F (k, iωn)
−F˜(k, iωn) −G˜(k, iωn)

]
= 18×8. (2.27)

By substituting the BdG Hamiltonian in Eq. (2.9), each Green’s function is calculated as

G(k, iωn) =
[
(iωn −HN) +H∆(iωn +H˜ N)

−1H∆˜
]−1

,

F (k, iωn) =
[
H∆˜ + (iωn +H˜ N)H

−1
∆ (iωn −HN)

]−1

. (2.28)

It is clear that for the normal state, i.e., H∆ = 0, the anomalous Green’s function is
zero. When the dispersion relation is independent of the pseudospin, i.e. HN(k) =
(ε0(k)− µ)γ0 = ξkγ

0, Eq. (2.28) is simplified to

G(k, iωn) = [H∆H∆˜ − (ω2
n + ξ2k)]

−1(iωn + ξk)γ
0,

F (k, iωn) = [H∆H∆˜ − (ω2
n + ξ2k)]

−1H∆. (2.29)

2.3.2 Odd-frequency Pairing

The pairing correlation function is defined by

fα,β(k, τ − τ ′) =− ⟨Tτcα(k, τ) cα(k, τ ′)⟩ , (2.30)

where τ is imaginary time. Therefore, the correlation function Fourier transformed in τ
is represented by the anomalous Green’s function in Eq. (2.28) so that we can investigate
pairing states in a superconductor by analyzing it. We find that [HN , H∆] ̸= 0 is required
to have finite odd-frequency correlation function, i.e., odd-frequency pair exists. An odd-
frequency pair is a Cooper pair with odd-frequency symmetry, such as a pair belonging
to OTE or OSE class for S = 1/2 superconductors in Table 2.3. In 2016, A. Ramires,
and M. Sigrist proposed the concept of superconducting fitness, which quantifies the
incompatibility between the gap and the band structure.[34] The fitness f(k) is defined
as

[HN(k), H∆(k)]
∗ = HN(k)H∆(k)−H∆(k)H

∗
N(−k)

= f(k)(iσ2). (2.31)

The authors linked the quantity of fitness to the suppression of the superconducting
critical temperature in a symmetry-breaking field. In an even-parity superconductor, it
is easy to confirm that finite fitness corresponds to the condition for the appearance of an
odd-frequency pair. Thus we can infer that the suppression of the critical temperature
is the effect of an odd-frequency pairing. Like this, odd-frequency pair tends to show
physics opposite to that of even-frequency pair.

In Fig. 2.4, we present places where an odd-frequency Cooper pair exists. In the case of
single-band, an odd-frequency Cooper pair appears as a subdominant pairing correlation
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that localizes various places such as a vortex core, a surface, and a junction interface
to another material. The odd-frequency pairing correlations in these cases describe the
local deformation of the superconducting condensate [35]. A spin-triplet s-wave Cooper
pair generated by the exchange potential in a ferromagnet [36] is the most well-known
example of an odd-frequency pair. The exchange potential polarizes and flips the spin of
an electron, which causes the symmetry conversion between spin-singlet and spin-triplet.
At a surface of an unconventional superconductor, Andreev bound states appear due to
the sign change of the pair potential. The surface breaks inversion symmetry locally
and generates an odd (even)-parity Cooper pair from an even (odd)-parity pair in the
bulk [37, 35]. Majorana fermion which is a quasiparticle at a specialized Andreev bound
state also accompanies an odd-frequency pair.[38] As far as we know, an odd-frequency
pair exhibits paramagnetic response to an external magnetic field.[39, 40, 41] A usual
(even-frequency) Cooper pair is diamagnetic and excludes magnetic fields. Therefore, a
superconductor can maintain its macroscopic phase being uniform in real space and can
decrease the condensation energy. A paramagnetic Cooper pair, on the other hand, is
unstable thermodynamically because it causes spatial variations in the superconducting
phase.[42, 43, 44] Thus the appearance of an odd-frequency pair drastically modifies local
magnetic properties such as the surface impedance of a junction [40] and the magnetic
susceptibility of a small unconventional superconductor.[44]

In contrast to single-band superconductors, the odd-frequency pairing correlation ex-
ists as a part of the uniform ground state [45] in a multi-orbital/band superconductors,
as shown in Fig. 2.4(b). The existence of an odd-frequency pair in a uniform supercon-
ductor was pointed out in a multiband superconductor, where the band hybridization
generates an odd-frequency Cooper pair.[45] However, the nature of an odd-frequency
pair in the bulk is not yet well understood with following exceptions. An odd-frequency
pair suppresses Tc [41] because it decreases the pair density and the condensation en-
ergy. Odd-frequency pairs induced in the bulk are known to stabilize the Josephson
π-state.[46, 47]

For an even-parity J = 3/2 superconductor, pseudospin-triplet/septet pair is expected
to appear as the pairing correlations belonging to the odd-frequency symmetry class. Here,
we note the anomalous Green’s function for a J = 3/2 superconductor with pseudospin-
dependent normal Hamiltonian and pseudospin-quintet pair potential as an example case
with [HN , H∆] ̸= 0,

HN = ξkγ
0 + εk · γ (2.32)

H∆ = (ηk · γ)UT . (2.33)

It is calculated as

F (k, iωn) =

[
UT (ηk · γ) +

1

|η|
UT

{
ω2
n + (ξ−kγ

0 + εk · γ)2
}
(ηk · γ)

+
1

|η|
UT

(
iωn + ξ−kγ

0 + ε−k · γ
)
[ηk · γ, εk · γ]

]−1

. (2.34)

The odd-frequency term is proportional to the commutation term, [ηk · γ, εk · γ].
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(a) Single-band superconductor

Non superconducting segment 
Vortex core

Surface of unconventional superconductors 

in proximity structures
(SF, NS, SNS)

Majorana bound states

(Andreev bound states)

Surface? 

Proximity structures ?

(b) Multi-band/orbital superconductor

Bulk (uniform)

Bogoliubov Fermi surface

Vortex core?

Figure 2.4: Places where an odd-frequency Cooper pair exists (a) in a single-band su-
perconductor and (b) in a two-band/orbital superconductor. (a) Spatially uniform odd-
frequency pairing correlations are absent in a single-band superconductor. Therefore, an
odd-frequency pair exists as the subdominant correlations which spatially localize (b) In
two-band/orbital superconductors, an odd-frequency pair exists as a spatially uniform
subdominant pairing correlation in the bulk as well as a local deformation of the conden-
sate. A quasiparticle on the BFS appears due to extra degrees of freedom in the electronic
structure in the absence of time-reversal symmetry (will be discussed in Ch. 5).[17] The
physical phenomena caused by an odd-frequency pair in the bulk have been an open issue.
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Magnetic Susceptibility

3.1 Introduction

In 1998, the results of nuclear magnetic resonance (NMR) measurement on UP3 was re-
ported which showed spin susceptibility independent of the temperature.[3] This made
reliable the argument that UP3 is a spin-triplet superconductor. Besides, the NMR mea-
surement has been used to investigate spin-triplet superconductors with unconventional
spin-state.[4, 5] However, Frigeri et al showed that spin susceptibility of a spin-singlet
superconductor approaches to that of a spin-triplet superconductor, in the presence of
spin-orbit coupling (SOC).[48] Therefore, we expect that SOC, the origin of pseudospin,
also affects magnetic behaviors of J = 3/2 superconductors.

In this chapter, we investigate magnetic susceptibility of J = 3/2 superconductors. We
begin with the linear response theory for calculating magnetic susceptibility by using the
Green’s function. We first calculate the spin susceptibility in S = 1/2 superconductors
and discuss effects of SOC on the results. Then we show the magnetic susceptibility
in J = 3/2 superconductors and compare the obtained results with those in S = 1/2
superconductors.

3.2 Spin Susceptibility in S = 1/2 Superconductors

The magnetic moment in a S = 1/2 superconductor is defined by

m(r) =
gµB

2

∑
α,β

ψ†
α(r)σα,βψβ(r), (3.1)

where ψλ,α(r) is annihilation operator of an electron, and α, β is for spin of the electron.
Within the linear response, the magnetic moment at the time t is calculated in a time-
dependent Zeeman field H(x) as follows (Appendix. B),

mi(x) =
i

ℏ

∫ t

−∞
dt′
∫
dr′⟨[mi(x),mj(x

′)]⟩Hj(x
′), (3.2)
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where x = (t, r). The equation is rewritten by using the retarded correlation function
Qij(x, x

′),

mi(x) = −1

ℏ

∫
dx′Qij(x, x

′)Hj(x
′) (3.3)

Qij = −iθ(t− t′)⟨[mi(x),mj(x
′)]⟩. (3.4)

The retarded correlation function is represented in terms of the Green’s function.

Qij(x, x
′) = −

(gµB

2

)2∑
α,β

∑
α′,β′

σi
α,βσ

j
α′,β′ × ⟨Tτψ†

α(x)ψβ(x)ψ
†
α′(x

′)ψβ′(x′)⟩ (3.5)

= −
(gµB

2

)2∑
α,β

∑
α′,β′

σi
α,βσ

j
α′,β′

×
[
−Gβ′α(x

′ − x)Gβ,α′(x− x′)− F˜α′,α(x
′ − x)Fβ,β′(x− x′)

]
. (3.6)

In a uniform superconductor, the Fourier component is represented by

Qij(q, iωn)

=
(gµB

2

)2 kBT
ℏ
∑
ωl

∫
dk

(2π)d

× Tr
[
G(k−, iωl)σ

µG(k+, iωl + iωn)σ
ν + F˜(k−, iωl)σ

µF (k+, iωl + iωn)(σ
ν)T
]
(3.7)

where k± = k ± q/2. Spin susceptibility is calculated as

χij(q, ω) = −1

ℏ
Qij(q, iωn → ω + iδ). (3.8)

Finally, we take the limit q → 0 and iωn → ω + iδ → 0 as a Zeeman field is uniform in
space and static in time.

In this section, we assume the normal Hamiltonian

HN(k) = ξk + (λ× k) · σ = ξk +Lk · σ, (3.9)

where the last term refers to the Hamiltonian due to the spin-orbit coupling and λ rep-
resents the lack of inversion symmetry. Trivially, L−k = −Lk. The broken symmetry
yields a coupling between spin-singlet and triplet channel, but we can ignore it in the
limit of ⟨|Lk|⟩k ≪ εk.[48] Therefore, we discuss spin-singlet state and spin-triplet state
separately. The Green’s functions to calculate Eq. (3.7) are achieved from the Gor’kov
equation in Eq. (2.28).

3.2.1 Normal state

At a temperature above the critical temperature, a material is in the normal state. The
pair potential and the anomalous Green’s function is zero. The Green’s function of the
normal state for a S = 1/2 superconductor is given by

G(k, iωn) =
1

(iωn − ξk)2 − |Lk|2
(iωn − ξkσ0 +Lk · σ) , (3.10)

F (k, iωl) = 0. (3.11)
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By instituting the Green’s function into Eq. (3.7), the retarded correlation function would
be calculated. When there is no spin-orbit coupling, the normal Green’s function is
simplified to

GN(k, iωl) = − 1

iωl − ξk/ℏ
σ0. (3.12)

Then the spin susceptibility is calculated as

Qij(q, iωn) = 2δij

(gµB

2

)2 kBT
ℏ
∑
ωl

∫
dk

(2π)d
1

iωl − ξk−/ℏ
1

i(ωl + ωn)− ξk+/ℏ
(3.13)

χN = lim
iωn→0

lim
q→0

χµν(q, iωn) =
(gµB

2

)2
N0 2δµν , (3.14)

where N0 is the density of states at the Fermi level. The summation of Matsubara
frequency is carried out by using

T
∑
ωn

1

iωn − a
= nF (a)−

1

2
. (3.15)

where nF is the Fermi–Dirac probability distribution function. The spin susceptibility
is independent of the temperature, which is called the Pauli paramagnetism and is a
characteristic feature of normal metals.

3.2.2 Spin-singlet state

The spin susceptibility depends on temperature in the superconducting phase below Tc.
For an even-parity spin-singlet superconductor, the pair potential is given by

H∆(k) = d0,kiσ2, (3.16)

with d0,−k = d0,k. Then the normal Green’s function is calculated as

G(k, iωn) =
1

h20 − h21|Lk|2
(h0σ0 + h1Lk · σ) , (3.17)

h0 = (iωn − ξk)−
d20,k

(iωn + ξk)2 − |Lk|2
(iωn + ξk), (3.18)

h1 = 1−
d20,k

(iωn + ξk)2 − |Lk|2
. (3.19)

The anomalous Green’s function is

F (k, iωn) =− d0,k
f 2
0 − f 2

1 |Lk|2
(f0σ0 + f1Lk · σ) iσ2, (3.20)

f0 = ω2
n + ξ2k + |Lk|2 + d20,k, (3.21)

f1 = −2ξk. (3.22)
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From the Eqs. (3.7) and (3.8), the spin susceptibility is calculated to

χii = −
(gµB

2

)2 kBT
ℏ2

∑
ωl

∫
dk

(2π)3
×

[(
1

h20 − h21|Lk|2

)2

2
(
h20 + 2h21L

2
k,i − h21|Lk|2

)
+

(
d0,k

f 2
0 − f 2

1 |Lk|2

)2

2
(
f 2
0 + 2f 2

1L
2
k,i − f 2

1 |Lk|2
)]

(3.23)

for i = j, and

χi ̸=j = −
(gµB

2

)2 kBT
ℏ2

∑
ωl

∫
dk

(2π)3

×

[(
1

h20 − h21|Lk|2

)2

4h21Lk,iLk,j +

(
d0,k

f 2
0 − f 2

1 |Lk|2

)2

4f 2
1Lk,iLk,j

]
(3.24)

for i ̸= j.
When there is no spin-orbit coupling and the pair potential is s-wave symmetric i.e.,

d0,k = ∆, the Green’s functions become

G(k, iωn) = − iωn + ξk/ℏ
ω2
n + (ξk/ℏ)2 + (|∆|/ℏ)2

σ0 = −G(k, iωn)σ0, (3.25)

F (k, iωn) = − ∆/ℏ
ω2
n + (ξk/ℏ)2 + (|∆|/ℏ)2

iσ2 = −F(k, iωn)iσ2 (3.26)

and the spin-susceptibility is calculated to be isotropic,

χS = lim
iωn→0

lim
q→0

χij(q, iωn) = χN

∫
dξ

(
−∂n(E)

∂E

)
. (3.27)

And there is no off-diagonal susceptibility. Eq. (3.27) is rewritten as

χS = χN

β
∆
∂β∆

1 + β
∆
∂β∆

, (3.28)

where β = 1/(kBT ). This representation is called Yoshida’s function which shows the
temperature-dependence in spin susceptibility of S = 1/2 spin-singlet superconductors.
The spin susceptibility becomes small when the temperature is lower than the critical
temperature because a spin-singlet Cooper pair has no spin S = 0 (Fig. 3.1). At T = 0,
all electrons near the Fermi level form Cooper pairs so that the spin susceptibility becomes
zero, i.e., χS = 0.

On the other hand, in the presence of SOC, there can exist finite off-diagonal suscepti-
bility as shown in Eq. (3.24). However, when we assume a simple λ with only one factor,
such as λ = (0, 0, λ) which corresponds to the loss of a mirror plane (z → −z)[49], the
off-diagonal susceptibility is calculated to zero. For the same λ, the spin susceptibility
shows anisotropic behavior, χxx = χyy ̸= χzz. In Ref. [48], Frigeri et al showed that
the spin susceptibility rises with the strength of SOC and χxx(yy) = χzz/2 at the zero
temperature.
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Figure 3.1: Spin susceptibility of a spin-singlet superconductor.

3.2.3 Spin-triplet state

When it comes to a spin-triplet superconductor, a Cooper pair has spin degrees of freedom
represented by a d-vector in spin space of three dimensions. The pair potential is given
by

H∆(k) = (dk · σ)iσ2 (3.29)

where d−k = −dk. For simplicity, we assume dk ∥ λk, which is supposed for ⟨|Lk|⟩k >
kBTc.[49] Then the normal Green’s function is calculated as

G(k, iωn) =
1

h20,t − |h|2
(h0,tσ0 + h · σ) , (3.30)

h0,t = (iωn − ξk)−
|dk|2

(iωn + ξk)2 − |Lk|2
(iωn + ξk), (3.31)

h =

(
1− |dk|2

(iωn + ξk)2 − |Lk|2

)
Lk. (3.32)

The anomalous Green’s function is calculated as

F (k, iωn) = − |dk|2

f 2
0,t − |f |2

(f0,tσ0 + f · σ)iσ2, (3.33)

f0,t = 2ξk(dk ·Lk), (3.34)

f = −(ω2
n + ξ2k + |Lk|2 + |dk|2)dk. (3.35)

From the Eqs. (3.7) and (3.8), the spin susceptibility is calculated to

χii = −
(gµB

2

)2 kBT
ℏ2

∑
ωl

∫
dk

(2π)3
×

[(
1

h20 − |h|2

)2

2
(
h20 + 2h2i − |h|2

)
+

(
|d|2

f 2
0,t − |f |2

)2

2
(
f 2
0,t + 2f 2

i − |f |2
)]

(3.36)
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for i = j, and

χi ̸=j = −
(gµB

2

)2 kBT
ℏ2

∑
ωl

∫
dk

(2π)3

[(
1

h20 − |h|2

)2

4hihj +

(
|d|2

f 2
0,t − |f |2

)2

4fifj

]
(3.37)

for i ̸= j.
When there is no SOC and the pair potential is given by

dk = ∆(k)d̂, ∆(k) = −∆(−k), |d̂| = 1, (3.38)

the Green’s function is simplified to

G(k, iωn) = −G(k, iωn)σ0 (3.39)

F (k, iωn) = −F(k, iωn)(d̂ · σ)iσ2. (3.40)

In this case, the spin susceptibility of a spin-triplet superconductor is summarized to

χH∥d(0, 0) = χN

∫
dξ

(
−∂n(E)

∂E

)
(3.41)

χH⊥d(0, 0) = χN

∫
dξ

[
ξ2

E3

(
−∂n(E)

∂E

)
− ∆2

2E3
(1− 2n(E))

]
= χN , (3.42)

corresponding to the relative direction between the external fieldH and d-vector. We plot
the results as a function of a temperature in Fig. 3.2. When the magnetic field is parallel
to the d-vector, the spin susceptibility is represented by the Yoshida’s function. When
the magnetic field is perpendicular to the d-vector, the spin susceptibility is independent
of temperatures. The spin degrees of freedom of a spin-triplet Cooper pair derives the
anisotropic magnetic response.

Similarly to the spin-singlet state, when we consider simple λ such as λ = (0, 0, λ),
the off-diagonal susceptibility is calculated to zero. In Ref. [48], Frigeri et al showed that
the spin susceptibilities of spin-singlet and triplet superconductor becomes similar with
large SOC strength. Both superconductors show weaker anisotropic behaviors than that
of a spin-triplet superconductor with no SOC.

3.3 Magnetic Susceptibility in J = 3/2 Superconduc-

tor

For a description of J = 3/2 superconductors, we have applied the pseudospin represen-
tation by the combination of spin and orbital angular momentum. This brings us the
general effective Hamiltonian, but also prevent us from the investigation of spin suscep-
tibility. Here, we newly define the magnetic moment of a J = 3/2 superconductor in the
pseudospin representation,

m(r) =
µB

2

∑
α,β,λ

ψ†
λ,α(r)(g1Jα,β + g2J̄α,β)ψλ,β(r),
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Figure 3.2: Spin susceptibility of a spin-triplet superconductor. The red(black) line refers
to the spin susceptibility when the magnetic field is parallel(perpendicular) to the d-
vector.

with J̄α = J3
α, from the general Hamiltonian in Eq. (2.8). The parameter g1 and g2

depend on materials. Through similar derivation in the previous section for S = 1/2
superconductors, the magnetic susceptibility is calculated as

χij(q, iωn) = −
(µB

2

)2 kBT
ℏ2

∑
ωl

∫
dk

(2π)d

× Tr
[
G(k−, iωl)

(
g1J

i + g2J̄
i
)
G(k+, iωl + iωn)

(
g1J

j + g2J̄
j
)

+F˜(k−, iωl)
(
g1J

i + g2J̄
i
)
F (k+, iωl + iωn)

(
g1J

j + g2J̄
j
)T]

. (3.43)

We notice that the definition of magnetic susceptibility includes the effects of orbital sus-
ceptibility. We calculate the magnetic susceptibility of an even-parity J = 3/2 pseudospin-
singlet and -quintet superconductor. By comparing the results with that of a S = 1/2
superconductor, we study the magnetic response of a material described by the pseudospin
representation.

3.3.1 Normal state

For simplicity, we assume internally isotropic normal Hamiltonian, HN = ξkI0 with unit
matrix I0 in pseudospin space, in this chapter. Then the Green’s function in the normal
state is

GN(k, iωl) = − 1

iωl − ξk/ℏ
γ0, FN(k, iωl) = 0. (3.44)
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By substituting the Green’s function into Eq. (3.43), the magnetic susceptibility is calcu-
lated as

χN = N0

(µB

2

)2
KN

ij

KN
ij = Tr

[(
g1J

i + g2J̄
i
) (
g1J

j + g2J̄
j
)]

=

(
5g21 +

41

2
g1g2 +

365

16
g22

)
δij. (3.45)

The susceptibility is independent of the temperature and shows the feature of Pauli para-
magnetism, even the specific value is different from that of a S = 1/2 superconductor.
In this section, we use the same index χN to refer to the magnetic susceptibility in the
normal state.

3.3.2 Pseudospin-singlet state

The pair potential of a pseudospin-singlet superconductor is given by

H∆(k) = ∆(k)UT , ∆(k) = ∆(−k). (3.46)

Then the Green’s functions are calculated as

G(k, iωn) = −G(k, iωn)γ
0 (3.47)

F (k, iωn) = −F(k, iωn)UT , (3.48)

described by the same coefficients in Eq. (3.26), despite of the different pseudospin space.
Therefore, Yoshida’s function is satisfied also in a J = 3/2 pseudospin-singlet supercon-
ductor,

χS = χN

β
∆
∂β∆

1 + β
∆
∂β∆

. (3.49)

The results are reasonable because a pseudospin-singlet Cooper pair has no spin and does
not contribute to the magnetic susceptibility.

3.3.3 Pseudospin-quintet state

The pair potential for a pseudospin quintet state is given by

H∆(k) = ∆(k)(η · γ)UT , ∆(k) = ∆(−k). (3.50)

The Green’s function is calculated as

G(k, iωn) = −G(k, iωn)γ
0, (3.51)

F (k, iωn) = −F(k, iωn)(η · γ)UT , (3.52)

F˜(k, iω) = −F∗(k, iωn)UT (η · γ), (3.53)

where we have used the relation

((η · γ)UT )
∗ = UT (η · γ). (3.54)
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The anomalous Green’s function is described by the vector η in five-dimensional pseu-
dospin space. By substituting the Green’s functions to Eq. (3.43), the susceptibility is
calculated as

χµν(q, iωn) = −
(µB

2

)2 kBT
ℏ2

∑
ωl

∫
dk

(2π)d

×
[
G(k−, iωl)G(k+, iωl + iωn)K

N
µν + F∗(k−, iωl)F(k+, iωl + iωn)K

A
µν

]
,

(3.55)

where KN
µν is defined in Eq. (3.45) and

KA
µν = Tr [

(
g1J

µ + g2J̄
µ
)
η · γ

(
g1J

ν + g2J̄
ν
)
η · γ]. (3.56)

We find mainly two features of the magnetic susceptibility in a pseudospin-quintet
superconductor. Firstly, we find anisotropy of the magnetic susceptibility, χxx ̸= χyy ̸=
χzz, as shown in Fig. 3.3 (a) where we choose the direction of η at random. The anisotropy,
however, is weaker than that of a S = 1/2 spin-triplet superconductor with no SOC in
Fig. 3.2. Below Tc, the diagonal term χii with i = x, y, z decreases from its value in the
normal state but the susceptibility remains finite at T = 0. Indeed, it is possible to choose
η to be symmetric under the cyclic permutation among x, y and z so that the magnetic
anisotropy vanishes. In Fig. 3.3 (b), we show the susceptibility for η = (1, 1, 1, 0, 0). In
this choice of η in pseudospin space, there is no particular direction in three dimension
and the susceptibility is independent of the direction of a magnetic field. Secondly, the off-
diagonal components of the susceptibility are finite in the superconducting state whereas
they are zero in the normal state as shown in Fig. 3.3. Thus the off-diagonal magnetic
response derived from the anomalous Green’s function is a typical property of a pseudospin
quintet superconductor.
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Figure 3.3: Magnetic susceptibility of a pseudospin-quintet superconductor. The material
parameters is chosen as (g1, g2) = (1, 1). The pair potential is described by 5-dimensional
vector, (a) η = (1, 2, 1, 3, 1)/4 and (b) η = (1, 1, 1, 0, 0)/

√
3, respectively. The solid lines

refer diagonal elements and the dotted lines refer off-diagonal elements of the tensor χij.

The two main features of the magnetic susceptibility originate from the contribution by
orbital angular momentum in pseudospin. The high pseudospin results in the anisotropy
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of magnetic susceptibility, but at the same time, spin-orbit coupling makes it weaker as
discussed in Sec. 3.2. The magnetic field H is in three dimension, whereas the η is in
five dimension. Thus the two vectors are not properly aligned always and this property
partially explains the weak anisotropy. The non-trivial value of off-diagonal element is
specific result in J = 3/2 superconductors. The magnetic moment can be finite in the
direction perpendicular to the external magnetic field. Even the off-diagonal term can be
finite also for a S = 1/2 superconductor with SOC as shown in Eqs. (3.37) and (3.24), it
disappears for probable examples.

Finally, we briefly discuss the effects of material parameters (g1, g2) on the magnetic
susceptibility. We choose (g1, g2) = (1, 0) and (0, 1) in Fig. 3.4 (a) and (b), respectively.
The parameter choices do not make any qualitative difference in the results. Thus we
conclude that the two features discussed above is independent of material parameters.
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Figure 3.4: Magnetic susceptibility of a pseudospin-quintet superconductor with different
choice of the material parameters, (g1, g2).

3.4 Summary

We investigated the magnetic susceptibility of J = 3/2 superconductors in the pseudospin
quintet states. We calculated the magnetic susceptibility within the linear response to
an external magnetic field. We found mainly two features in the magnetic susceptibility:
the weak anisotropy of the response and the existence of off-diagonal response in three
dimensional space of magnetic fields. A Cooper pair at high-angular momentum J = 2
is described by a five-dimensional vector η in pseudospin space. Namely, the dimension
of the space in magnetic field and that in pseudospin do not match to each other. This
mismatch is the the origin of the two characteristic feature in the magnetic susceptibil-
ity. Thus we also concluded that most of superconductors in pseudospin-quintet state
commonly show the two characteristic features.
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Josephson Effect

4.1 Introduction

The Josephson effect is a fundamental property of superconductors through the tunneling
of Cooper pairs. We discuss the Josephson effect in a superconductor / insulator / su-
perconductor(SIS) junction consisting of two superconductors.[50] The Josephson current
flows from one superconductor to the other via the insulator. The current is dissipationless
and originated from the superconducting phase difference of two superconductors.

Just below the superconducting transition temperature Tc, the current-phase (I − φ)
relationship,

I = I1 sinφ− I2 sin 2φ, (4.1)

is realized in all Josephson junctions consisting of time-reversal symmetry respecting
materials. The phase difference is given by φ = φL−φR for the superconducting phase of
the one(the other) superconductor, φL(φR), respectively. The Josephson current reflects
sensitively the pair potentials in two superconductors. Especially, selection rule, a rule
which determines whether the lowest order Josephson current I1 flows or not, considers
the relative symmetry of Cooper pairs in the both sides. The second term I2, on the other
hand, is nonzero for most of the Josephson junctions.

In this chapter, we investigate how the enriched pseudospin-state of a J = 3/2 su-
perconductor effects the selection rule on the Josephson current. Therefore, we consider
only the lowest order term, I1 sinφ. Before we investigate J = 3/2 superconductors, we
present the method to calculate the Josephson current and the selection rule for a junction
of two S = 1/2 superconductors. This gives a fine reference to study the selection rule of
two J = 3/2 superconductors. Then we will make clear the selection rules among even-
parity J = 3/2 superconducting states. The effects of a pseudospin-active interface on
the selection rule are discussed as well as those of odd-frequency Cooper pairs generated
by pseudospin-dependent band structures.
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Figure 4.1: The schematic view of a SIS Josephson junction.

4.2 Josephson Current in S = 1/2 superconductor

4.2.1 Current formula

We introduce the method to calculate Josephson current in terms of the Green’s function.
We shows a schematic view of a SIS junction in Fig. 4.1. The interface is located at x = 0
and the Josephson current would flows in the x direction. The Hamiltonian of the SIS
junction consists of three components,

H = HL +HR +HT , (4.2)

HT =
∑
β,γ

(tγβc
†
γcβ + tβγc

†
βcγ), (4.3)

where HL(HR) is the BdG Hamiltonian of the left(right) superconductor. HT is a tun-
neling Hamiltonian which describes the tunneling between two superconductors, where
β = {p, s}(γ = {k, s′}) is a combined index for an electron in the left(right) supercon-
ductor. To satisfy the Hermicity of the Hamiltonian, t∗βγ = tγβ is required.

The electric Josephson current through the junction is derived by the linear response
theory with respect to the tunneling Hamiltonicn, HT .[51] The result is expressed as

I = −2e ImT
∑
ωn

∑
k,p

′
Tr
[
t∗−p,−k F˜R(k, iωn) tk,p F

L(p, iωn)
]
, (4.4)

where T refers the temperature, Tr means the summation over the pseudospin space, FL(R)

is the anomalous Green’s function of the left(right) superconductor. tk,p is a matrix with
the tunnel elements, {tk,p}s,s′ = tβγ. The tunnel event happens between two states on the
Fermi surface : one is a state at kF p̂ in the left superconductor and the other is a state
at kF k̂ in the right superconductor. The coefficients ti are real numbers for i = 0 − 3.
The summation

∑′
k is carried out over k for kx > 0. The current formula in Eq. (4.4)

is modified under the assumption that the tunnel elements are independent of the wave
numbers as

tk,p = T+ δk̂,p̂, T± = t0 ±
3∑

i=1

tiσi, (4.5)

where δk̂,p̂ implies the presence of the translation symmetry in the direction parallel to
the interface. The element t0 denotes the tunnel amplitude preserving spin, whereas ti
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Figure 4.2: The amplitude of the Josephson current between two spin-singlet supercon-
ductors plotted over the temperature.

for i = 1− 3 refers to a Zeeman field that couples the angular momentum of an electron.
The coefficients ti for i = 0− 3 are material dependent. The complex conjugation of the
hopping element is represented by

t∗−k,−p = −(iσ2)T+ (iσ2) δk̂,p̂ = T− δk̂,p̂. (4.6)

The Josephson current in Eq. (4.4) is transformed to

I =2e Im
∑
k,p

′
eiφ T

∑
ωn

Tr
[
T′ FR(k,−iωn)T+ FL(p, iωn)

]
δk̂,p̂, (4.7)

T′ = (iσ2)T−(iσ2)
−1 = t0 + t1σ1 − t2σ2 + t3σ3. (4.8)

where F (k, iωn) = F(k, iωn)iσ2. For a while, we consider s-wave superconductors with
simple band structure as HN(k) = (ε0(k) − µ)I2×2. We also assume that the tunneling
Hamiltonian is independent of spin, i.e. T± = t0I2×2.

4.2.2 Selection rule

We summarize the selection rule of the Josephson current between two S = 1/2 supercon-
ductors. The results clearly show how the selection rule reflects the relative symmetry of
pair potentials in two superconductors. As the most simple case, we assume a Josephson
junction between two s-wave spin-singlet superconductors represented by pair potentials
which are identical to each other, H

R(L)
∆ = ∆iσ2 e

iφR(L) . Then the Josephson current is
calculated from Eq. (4.4),

ISS =
π∆

2eRN

tanh

(
∆

2T

)
sinφ, (4.9)

R−1
N =4× 2πe2 (N0t0)

2 , (4.10)

where RN is the normal resistance of the junction. The expression of the current is
identical to the Ambegaokar-Baratoff’s formula (Fig.4.2).[52] Finite Josephson current
flows if there exist the difference between two superconducting phases but trivially, does
not flow at the temperature higher than the critical temperature.
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We also consider a junction between two spin-triplet superconductors. With pair
potentials H

L(R)
∆ (k) = ∆(d

L(R)
k · σ) iσ2 eiφL(R) , the Josephson current is calculated as

ITT =I1

〈
dL
k · dR

k

〉
k̂

dl dr
sinφ, (4.11)

dl(r) =

√〈{
dL(R)(k̂)

}2
〉

k̂

(4.12)

where ⟨⟩k refers the average over the Fermi surface,

⟨X⟩k̂ =
1

π

∫ π

0

dθ sin2 θ

∫ π/2

−π/2

dϕ cosϕ X(k̂), (4.13)

where kx = kF sin θ cosϕ > 0, ky = kF sin θ sinϕ and kz = kF cos θ. There are two kinds
of selection rule which determine possible Josephson coupling: one is the selection rule
for spin and the other is that for orbital. The former is about to the relative symmetry of
spin-state. If the spin-states of two superconductors are perpendicular to each other, i.e.,
dL
k ⊥ dR

k , the Josephson current does not flow. The later is applied to the orbital state.
Even though the spin states are not perpendicular, the average in Eq. (4.11), ⟨dL

k · dR
k ⟩k̂,

can be zero due to the orbital degrees of freedom. This selection rule is also applied to a
junction of two spin-singlet superconductors, if the pair potential is not isotropic.

The two Josephson junction we discussed consists of two superconductors with pair
potentials corresponding to the same angular momentum on both sides, singlet-singlet
junction and triplet-triplet junction. A junction between superconductors corresponding
to different angular momentum derives interesting results. Basically, with magnetically
inactive insulator, no Josephson current flows because the pairing states on both sides are
perpendicular each other in the spin-state. However, finite current can flow by adopting a
magnetically active insulator for Josephson coupling.[53] Fig. 4.3 refers a junction between
superconductors with the pair potentials

HL
∆(k) = (dk · σ) iσ2, (4.14)

HR
∆(k) = ∆s,k iσ2e

−iϕ. (4.15)

Using the tunneling perturbation theory, the Josephson current is calculated as

I ∝ d ·M cosϕ. (4.16)

The lowest order term is proportional to cosϕ because TRS is broken. The magnetization
M in the insulator acts to change the spin-state of tunneling Cooper pairs and relaxes
the selection rule. However, when the magnetization is perpendicular to d-vector, the
action does not derive any Josephson coupling between pairing states and Josephson cur-
rent does not flow. The amplitudes of the magnetization do not affect the selection rule,
which only concerns the existence of finite current.
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Figure 4.3: A schematic view of a Josephson junction consisting of spin-triplet/singlet
superconductors and a magnetically active insulator at z = 0.[53] α is the angle between
the d-vector and the magnetization M in the insulator.

4.3 Josephson Current in J = 3/2 Superconductor

In the previous section, we checked that the selection rule deeply related with symmetries
of Cooper pairs in the case of S = 1/2 superconductors. However, in the case of J =
3/2 superconductors, the possibility of pseudospin-quintet and septet pairs makes the
relation complex. Even-parity Cooper pair can be in pseudospin-quintet state as well
as pseudospin-singlet state so that the effect of the high angular momentum of quintet
should be investigated. In this section, we will make clear how the selection rule changes
for the Josephson junction between two even-parity J = 3/2 superconductors. We also
show the effects of a magnetically active junction interface to the selection rule. Finally,
we discuss subdominant pairing correlations generated by odd-frequency pairs.

4.3.1 Selection rule

Basically, we can use the current formula derived in the previous section to calculate the
lowest order term of Josephson current. We extend the formula to deal with J = 3/2
pseudospin space with the assumption

tk,p = T+ δk̂,p̂, T± = t0 ±
3∑

i=1

tiJi. (4.17)

Then the Josephson current in Eq. (4.4) is calculated as

I =2e Im
∑
k,p

′
eiφ T

∑
ωn

Tr
[
T′ FR(k,−iωn)T+ FL(p, iωn)

]
δk̂,p̂, (4.18)

T′ = UTT−U
−1
T = t0 + t1J1 − t2J2 + t3J3, (4.19)

where F (k, iωn) = F(k, iωn)UT . For a while, we consider s-wave superconductors with
simple band structure described by HN(k) = (ε0(k)−µ)γ0 and the tunneling Hamiltonian
independent of pseudospin, i.e. T± = t0γ

0.

Two pseudospin-singlet states

When both superconductors of a Josephson junction are in pseudospin-singlet state, the
Josephson current is expected to satisfy the Ambegaokar-Baratoff formula.[52] When both

32



Chapter 4

superconductors have s-wave pair potentials,

HL
∆(p) = ∆LUT , HR

∆(k) = ∆RUT , (4.20)

the Josephson current in Eq. (4.18) is calculated to

ISS =8e t20 sinφT
∑
ωn

K(iωn). (4.21)

The summation over momentum is carried out as follows,

K(iωn) =
∑
p

′ ∆L

(∆L)2 + ω2
n + ξ2p

∑
k

′ ∆R

(∆R)2 + ω2
n + ξ2k

δk̂,p̂, (4.22)

=

〈∫
dξkN0

(∆L)2 + ω2
n + ξ2k

∫
dξkN0

(∆R)2 + ω2
n + ξ2k

∆L∆R

〉
k̂

, (4.23)

=
πN0√

ω2
n + (∆L)2

πN0√
ω2
n + (∆R)2

×∆L∆R. (4.24)

The summation over the momentum is decomposed into two parts. One part is the
summation over its amplitude |k|, which can be replaced by the integration over ξk.
The density of states at the Fermi level is denoted by N0. The details of the integral is
summarized in Appendix. C. The other part is summation over the direction of k on the
Fermi surface for kx > 0. The Fermi momentum is obtained from ε0(kF )−µ = 0. Finally
the Josephson current is calculated as

ISS =I0 sinφ, (4.25)

I0 =
π

eRN

T
∑
ωn

(
∆L√

ω2
n + (∆L)2

)(
∆R√

ω2
n + (∆R)2

)
, (4.26)

R−1
N =4× 2πe2 (N0t0)

2 , (4.27)

where RN , the normal resistance of the junction, is modified because of the high degrees
of freedom. As the most simple case, we assume that the amplitudes of the two pair
potentials are identical to each other, ∆L = ∆R = ∆. Then the Josephson current results
in

ISS =
π∆

2eRN

tanh

(
∆

2T

)
sinφ. (4.28)

The expression of the current is identical to the Ambegaokar-Baratoff’s formula and the
same result with the spin-singlet/singlet SIS junction of two S = 1/2 superconductors. It
is because pseudospin-singlet Cooper pair has spin-zero, just like a spin-singlet pair.

Two pseudospin-quintet states

We discuss the Josephson effect in a junction consisting of two superconductors in pseudospin-
quintet states. In contrast to pseudospin-singlet pair, quintet pair has finite angular mo-
mentum 2 and its pseudospin-state is described by a five-dimensional vector η and the γ
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matrices. First, we consider a junction of two s-wave pseudospin-quintet superconductors
given by

HL
∆(p) = ∆L(ηL · γ)UT , HR

∆(k) = ∆R(ηR · γ)UT . (4.29)

By substituting the anomalous Green’s function in Eq. (2.29) to Eq. (4.18), the Josephson
current is calculated as

IQQ = I0
(
ηR · ηL

)
sinφ. (4.30)

The result indicates that the Josephson current is given by the scalar product of two
vectors, i.e. IQQ ∝ ηL · ηR, which describes the selection rule due to the pseudospin
configuration of Cooper pairs. Josephson current cannot flow between two superconduc-
tors when two η vectors are perpendicular each other, for example, that of Cooper pairs
corresponding to different representations in Table 2.5. The selection rule for quintet
states is similar to that in two spin-triplet superconductors of S = 1/2 electrons, but the
former is severer. This is because two vectors can be orthogonal to each other more easily
in higher dimension.

Additionally, we study a case with two J = 3/2 superconductors in which pair poten-
tials are anisotropic in the momentum space,

HL
∆(p) = (ηL

p · γ)UT , HR
∆(k) = (ηR

k · γ)UT . (4.31)

The Josephson current is calculated as

IQQ = I1

〈
ηR
k · ηL

k

〉
k̂

ηRηL
sinφ, (4.32)

I1 =
π

eRN

T
∑
ωn

ηR√
ω2
n + (ηR)2

ηL√
ω2
n + (ηL)2

, (4.33)

ηL(R) =

√〈(
η
L(R)
k

)2〉
k̂

. (4.34)

The average of
〈
ηR
k · ηL

k

〉
k̂
on the Fermi surface leads to additional selection rule for the

pair potentials depending on orbital. For example in a case of ηL
k ∝ e1(k̂) and ηR

k ∝
e2(k̂), the Josephson current vanishes irrespective of relative pseudospin configurations
of Cooper pairs in the two superconductors because of the selection rule in momentum

space
〈
e1(k̂)e2(k̂)

〉
k̂
= 0.

Singlet-quintet states

There is a new possibility of J = 3/2 superconductors that a Josephson junction consists
of two even-parity superconductors with pair potentials of different angular-momenta.
The model is given a junction where a pseudospin-singlet s-wave superconductor is on
the left and a pseudospin-quintet superconductor is on the right side. The pair potentials
are

HL
∆(p) = ∆LUT , HR

∆(k) = ∆R(η · γ)UT . (4.35)
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The vector η is normalized vectors in five-dimensional pseudospin space, i.e.,
∑

ν=1−5 |ην |2 =
1. When the tunneling elements are independent of pseudospin T± = t0γ

0, the lowest
order of the Josephson current vanishes by the selection rule due to the pseudospin con-
figuration of Cooper pairs. Because pseudospin of a Cooper pair is J = 0 in a singlet
superconductor, whereas it is J = 2 in a quintet superconductor, the pseudospin states
are orthogonal to each other.

For finite Josephson current, we switch on a weak Zeeman field to make the interface
magnetically active. Then the tunnel elements become pseudospin dependent and can
have finite ti(≪ t0) for i = 1− 3 in Eq. (4.5). The Josephson current is calculated as

ISQ =
2
√
3t1t3η3 +

√
3(t21 + t22)η4 − (t21 − t22 − 2t23)η5

2t20
× I0 sinφ. (4.36)

Although the lowest order current can have finite value because of the Zeeman field, the
contributions of ν = 1, 2 terms vanish. As far as we study, the current-phase relationship is
sinusoidal even if a Zeeman field breaks time-reversal symmetry. The results in Eq. (4.36)
imply a possibility of π-junction caused by a magnetically active interface. Also, we find
the second order terms in the coefficient ti of the Josephson current as a feature of J = 3/2
superconductors. The second order implies that a magnetic field affects a Cooper pair
twice during the tunneling. The reason can be explained by considering two facts that
the difference in angular momentum of Cooper pairs is δJ = 2 and that Ji matrices in
the tunneling Hamiltonian can change the angular momentum only by δJ = 1 for each
operation. Therefore, a Zeeman field affects a Cooper pair twice during the tunneling to
compensate for the difference in the angular momenta of Cooper pairs. In contrast, the
Josephson current between S = 1/2 spin-singlet and triplet superconductor is calculated
as Eq. (4.16). Thus the current is written in the first order terms in the coefficients of the
spin-dependent tunneling Hamiltonian. This implies that a single operation of a Zeeman
field can couple the Cooper pairs with the difference of the angular momentum, δS = 1.
This model clearly features the effect of high-angular momentum of a pseudospin-quintet
pairs by the resultant severer selection rule.

4.3.2 Josephson Current via Odd-frequency Pair

In this section, we have assumed that electronic structures are independent of pseu-
dospin, i.e., HN(k) = (ε0(k)−µ)γ0. As we showed by the anomalous Green’s function in
Eq. (2.34), the Hamiltonian depending on the pseudospin generates odd-frequency Cooper
pairs. Here, we discuss Josephson current carried by odd-frequency pair. For simplicity,
we consider a superconductor which normal Hamiltonian and pair potential have one
pseudospin-dependent term respectively and they are described by

HN(k) = ε0(k)− µ+ ελ(k) γ
λ, H∆(k) = ηk γ

νUT . (4.37)

When λ = ν, HN(k) and H∆(k) commute to each other. Then no odd-frequency pairing
appears in the anomalous Green’s function. When we consider a Josephson junction
between such two superconductors, the selection rule in Eq. (4.32) remains valid.

In other hand, the selection rule should be modified when HN(k) and H∆(k) do not
commute in each superconductor, i.e. λ ̸= ν. In this case, the anomalous Green’s function
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is calculated as

Fνλ(k, iωn) = F (0)
ν (k, iωn) + δFνλ(k, iωn), (4.38)

F (0)
ν (k, iωn) = − 1

ξ2k + ω2
n + η2k

ηkγ
νUT , (4.39)

δFνλ(k, iωn) = −2iωn
ελ(k)

(ξ2k + ω2
n + η2k)

2
ηkγ

νγλUT . (4.40)

The details of the derivation are shown in Appendix D. Here we assumed |ελ| ≪ |ε0| for
simplicity. This assumption does not change the symmetry of the correlations. The extra
term δFνλ describes an unusual Cooper pairing correlation belonging to odd-frequency
symmetry. Since both ελ(k) and ηk are even-parity functions, δFνλ(k, iωn) is also an
even-parity function. The product γνγλUT suggests that δFνλ is symmetric under the
permutation of two pseudospins. To meet the requirement of the Fermi-Dirac statis-
tics of electrons, δFνλ must be odd under the permutation of imaginary times as shown
in Eq. (4.40). As a result, δFνλ is confined to be an odd function of the Matsubara
frequency.[54] We investigate the Josephson current via an odd-frequency pair described
by Eq. (4.40) and changes of the selection rule.

Two identical superconductors

We first consider a junction that consists of two identical superconductors described by
Eq. (4.37) and a magnetically inactive barrier with tunnel elements tk,p = t0γ

0δk̂,p̂. By
substituting the Green’s function in Eq. (4.38) into Eq. (4.18), the Josephson current is
calculated as

I =2e t20 sinφT
∑
ωn

∑
k,p

′
Tr
[
FR(0)
ν (k,−iωn)FL(0)

ν (p, iωn) + δFR
νλ(k,−iωn) δF

L
νλ(p, iωn)

]
,

(4.41)

=I0 sinφ

(
1−

⟨ελ(k)⟩k̂
8η2

)
. (4.42)

The details of the derivation are shown in Appendix D. The Josephson current is domi-
nated by the first term of Eqs. (4.41)-(4.42) carried by an even-frequency pair. An induced
odd-frequency pair carries the Josephson current at the second term in Eqs. (4.41)-(4.42).
The contribution of an odd-frequency pair is negative, which is derived from the order of
pseudospin matrices in the second term as Tr[γν γλ γν γλ] = −4. Namely, the coupling
between the induced odd-frequency pairing correlations stabilizes the π-state rather than
the 0-state because an odd-frequency pair favors phase difference across the junction due
to its paramagnetic property.[46] When the amplitude of odd-frequency correlation in
Eq. (4.40) exceeds that of even-frequency component in Eq. (4.39), the junction may un-
dergo the transition to the π-state. However, such a superconducting state is impossible
because an odd-frequency Cooper pair is thermodynamically unstable.

Two different superconductors

The junction we consider should be always the 0-state because the even-frequency pairing
correlations dominate the Josephson current, as shown in Eq. (4.42). However, it also
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proposes a possibility of a π-junction in the system consisting of time-reversal symmetric
components only, if the dominant term could be deleted. In such a context, we construct
a junction to delete the dominant term by the severer pseudospin selection rule and simul-
taneously for subdominant Josephson current to flow. We choose its left superconductor
described by Eq. (4.37) and the right superconductor described by

HN(k) = ε0 − µ+ εν(k)γ
ν , H∆(k) = ηRk γ

λUT . (4.43)

The anomalous Green’s function of the right superconductor is described by

Fλν(k, iωn) = F
(0)
λ (k, iωn) + δFλν(k, iωn). (4.44)

The Josephson current in this junction is calculated as

I =2e t20 sinφT
∑
ωn

∑
k,p

′
Tr
[
FL(0)
ν (p, iωn)FR(0)

λ (k,−iωn) + δFL
νλ(p, iωn) δF

R
λν(k,−iωn)

]
,

(4.45)

=
π

eRN

⟨ελ(k) εν(k)ηRk ηLk ⟩k̂ sinφ× T
∑
ωn

ω2
n

{ω2
n + (ηR)2}3/2{ω2

n + (ηL)2}3/2
. (4.46)

The positive sign of the trace is derived from the order of pseudospin matrices as Tr[γν γλ γλ γν ] =
4. The first term in Eq. (4.45) vanishes due to the pseudospin selection rule as expected.
The second term is carried by induced odd-frequency and its sign is determined by the
momentum dependence of the pair potentials. However, it is calculated as positive or zero
if the momentum dependence is s-wave or d-wave symmetric. Unfortunately, we cannot
draw any physical picture of why an odd-frequency pair stabilizes the 0-state. Even so,
the result of the 0-junction is reasonable, because all the parts of the Josephson junction
preserve time-reversal symmetry. The superconducting phase should be uniform at the
ground state of such a junction.

4.4 Summary

We discussed the Josephson effect of a J = 3/2 superconductor preserves time-reversal
and inversion symmetries simultaneously. In the presence of inversion symmetry, J =
0 pseudospin-singlet and J = 2 pseudospin-quintet state are possible. The Josephson
current within the tunnel Hamiltonian description is calculated in terms of the anomalous
Green’s functions on either side of a junction. We found that the Josephson selection rule
for quintet states is stricter than that for well-established S = 1 spin-triplet states because
of the higher angular momentum of Cooper pairs. A magnetically active junction interface
relaxes the selection rule and enables the Josephson coupling between a pseudospin-singlet
J = 0 superconductor and a pseudospin-quintet J = 2 superconductor. We also discussed
a Josephson current carried by odd-frequency pairing correlations which are generated
by the complex commutation relations among pseudospin tensors. We find that the odd-
frequency pairing correlation favors the π-state as long as it is a subdominant pairing
correlation in a superconductor. The 0-junction stabilized by odd-frequency Cooper pairs
is an open question for further researches.
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Bogoliubov Fermi Surface

5.1 Introduction

Although gapped energy spectra of superconductors, quasiparticle states can exist in
the subgap energy region, such as a quasiparticle state at nodes of an unconventional
superconductor, that at a vortex core[55, 56], and a zero-energy state at a surface of a
topologically nontrivial superconductor[57, 58]. A quasiparticle on the Bogoliubov Fermi
surface (BFS) is one of the subgap state in a superconductor which breaks time-reversal
symmetry spontaneously.[17, 33] In 2017, Agterberg et al showed that line or point nodes
of even-parity multi-band superconductors with broken TRS inflates to 2-dimensional BFS
(Fig. 5.1).[17] The key ingredient is interband pairing, which is expanded to internally
anisotropic pairing.[33] Especially, they showed that the existence of BFS is guaranteed
topologically if the superconductor preserve charge-conjugation and parity symmetry. The
properties of a quasiparticle on BFS have attracted much attention followed by research
on time-reversal symmetry breaking superconducting state in a number of unconventional
superconductors. At present, however, the physics of a quasiparticle on the BFS has not
been explored yet.

Research on the BFS is proposed its existence for a J=3/2 superconductor, because of
the high degrees of freedom originated from the spin-orbit coupling. In this chapter, we
discuss BFS in a J = 3/2 superconductor and the properties of a quasiparticle on it. First,
we explain the stability of BFS in an even-parity J = 3/2 superconductor. We focus on
the relation between a quasiparitlce on BFS and an odd-frequency pair, because several
researches have showed the relation between an odd-frequency pair and subgap states.
It has been established in a single-band superconductor that a low-energy quasiparticle
below the superconducting gap accompanies an odd-frequency Cooper pair.[54, 37, 8] In a
two-band/orbital superconductor, the existence of the BFS enhances the subgap spectra
in the density of states. Therefore, a quasiparticle on the BFS is considered to generate an
odd-frequency Cooper pair. We will show that this reasoning is correct. Finally, we show
that the chirality of an odd-frequency pair inherits to a quasiparticle on the Bogoliubov
Fermi surface.
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Figure 5.1: Bogoliubov Fermi surfaces (orange) of the superconducting kz(kx + iky)
state.[17] The gray sphere and the red line/dots refer the normal-state Fermi surface
and the line/point nodes, respectively. BFS appears as inflated from the nodes.

5.2 Bogoliubov Fermi Surface in J = 3/2 supercon-

ductors

5.2.1 Stability of BFS

We introduce the method to examine the existence of BFS in an even-parity J = 3/2
superconductor, before we investigate a quasiparticle on BFS. We assume the general
Hamiltonian in Eq. (2.12) and the even-parity pair potential in Eq. (2.20). Notice that
the elements of vector η are complex generally, for TRSB pair potential. Also, we adopt
the index[33]

εk =(εk,0 − µ, εk), η
k
= (ηk,0,ηk),

⟨a, b⟩ =a0b0 − a · b. (5.1)

for five-dimensional vector ε and η. The most direct method to investigate BFS is to find
zero-energy spectrum by the calculation of eigenvalues. However, it is uneasy because of
the high-degrees of freedom and the complex factors of TRSB pair potentials.

Therefore, Pfaffian of the BdG Hamiltonian is used instead to examine the existence
of BFS. Since zeros of the Pfaffian give the zeros of the excitation spectrum, the sign
change of Pfaffian at a certain region in the Brillouin zone indicates the existence of
quasiparticle states there. Because Pfaffian is non-negative for the normal state and a
continuous function for k, we conclude that the existence of negative value refers that of
BFS. A general expression of Pfaffian is given in Ref. [33]

P (k) = (⟨εk, εk⟩ − ⟨η
k
, η∗

k
⟩)2 + 4|⟨εk, ηk⟩|

2 + ⟨η
k
, η

k
⟩⟨η∗

k
, η∗

k
⟩ − ⟨η

k
, η∗

k
⟩2. (5.2)

Then the topological invariant is defined by

(−1)l = sgn [P (k−)P (k+)], (5.3)
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where k−(k+) refers to momenta inside(outside) the Fermi surface, respectively. When
the sign of Pfaffian changes across the surface, i.e., l = 1, it is a topologically non-trivial
BFS.

Unfortunately, it is not easy to obtain the analytical expression for the solutions of
P (k) < 0. We focus on a promising case of

εk · ηk = 0, (5.4)

under which the intraband pair potentials have nodes on the Fermi surface [33]. The
Pfaffian in such case is represented by,

P (k) =
(
ϵk,+ ϵk,− + |η⃗k|2

)2 − 4
∑

n>m>0

|ηk,n|2 |ηk,m|2 sin2 (ϕk,n − ϕk,m) , (5.5)

ϵk,± =ξk ± |εk|, ηk,n = ηRe
k,ne

iϕk,n , (5.6)

where ϵk,± = 0 characterizes the Fermi surface in the normal state, ηRe
k,n is a real function

and ϕk,n represents a phase of the n th component. The Pfaffian can be negative when the
second term dominates the first one. Although the first term is positive, the components
of εk can decrease the first term to be smaller than |ηk|2. The second term remains finite
only when the pair potential consists of more than one component and the relative phase
of them ϕk,n−ϕk,m remains finite. It is easy to confirm that such a superconducting state
breaks time-reversal symmetry T ∆(k) T −1 ̸= ∆(k). Therefore, BFS can exist only in
the superconducting states with time-reversal symmetry breaking.

5.2.2 BFS and odd-frequency pair

We examined the existence of BFS for even-parity J = 3/2 superconductors via the
Pfaffian. Then we found that BFS can exist for superconductors of TRSB pair potentials
with node and internal degrees of freedom corresponding to pseudospin-dependent normal
Hamiltonian and quintet pairing. On the other hand, we know that [ηk · γ, εk · γ] ̸= 0
is required for odd-frequency pair to appear from Eq. (2.34). The comparison between
two conditions shows that the existence of a quasiparticle on BFS guarantees that of an
odd-frequency pair. We can induce that odd-frequency pairing is a broader concept than
the formation of BFS.

In the following, we analyze an induced odd-frequency pair in a J = 3/2 supercon-
ductor with BFS using the correlation function. The correlation function of the induced
odd-frequency pair is calculated as below. We assume that the temperature is near the
transition temperature Tc so that the relation |ηk| ≪ Tc holds true. Within the first order
of |ηk|/Tc ≪ 1, the anomalous Green’s function in Eq. (2.28) is calculated to be

F (k, iωn) =Feven(k, iωn) + Fodd(k, iωn), (5.7)

Feven(k, iωn) =
−1

ZN

(
ω2
n + ξ2k − |εk|2

)
ηk · γ UT , (5.8)

Fodd(k, iωn) =
−iωn

ZN

[ηk · γ, εk · γ]− UT , (5.9)

ZN =(ω2
n + ϵ2k,+)(ω

2
n + ϵ2k,−). (5.10)
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where we consider a case

εk · ηk = 0, (5.11)

under which the interband pair potentials have nodes on the Fermi surface. The first term
Feven belongs to pseudospin-quintet even-parity symmetry class and is linked to the pair
potential. The second term Fodd belongs to odd-frequency symmetry class and satisfies
the relations,

Fodd(k,−iωn) =− Fodd(k, iωn), (5.12)

Fodd(−k, iωn) =Fodd(k, iωn), (5.13)

FT
odd(k, iωn) =Fodd(k, iωn). (5.14)

Specifically, we analyze three practical cases of superconductors with pair potentials break-
ing time-reversal symmetry listed in Table. 2.6.[17]

Eg pairing order

We consider the time-reversal symmetry breaking pair potential with h = (1, iχ) for an
Eg symmetry. The pair potential is given by

∆(k) =∆(Γ3z2−r2 + iχΓx2−y2) = ∆(γ5 + iχγ4)UT , (5.15)

where χ = ±1 indicates chirality of the pair potential. The corresponding odd-frequency
pair is given by substituting Eq. (5.15) to the odd-frequency component in Eq. (5.9),

Fodd(k, iωn) =
−iωn∆

ZN

[
γ5 + iχγ4, εk · γ

]
− UT . (5.16)

This equation is decomposed into the irreducible spin matrices in Table 2.5[59]. The
details are relegated to Appendix D. The odd-frequency pairing correlation is represented
as

Fodd(k, iωn) =
−2iωn∆

ZN

×

{
χ√
5

[
εk,2J1 + εk,3J2 − 2εk,1J3 + iχ

√
3(εk,3J2 − εk,2J1)

]
− χ

2
√
5

[
εk,2W1 + εk,3W2 − 2εk,1W3 + iχ

√
3(εk,3W2 − εk,2W1)

]
+
χ

2

[√
3(εk,2W4 − εk,3W5) + iχ(εk,2W4 + εk,3W5 − 2εk,1W6)

]
+ χ(εk,5 + iχεk,4)W7

}
. (5.17)

The resulting odd-frequency pairing correlation consists of triplet(Ji terms) and septet(Wi

terms) states. An induced odd-frequency pairing correlation inherits the chirality χ of
the pair potential. The second line in Eq. (5.17) describes chiral odd-frequency triplet
pairs. All the remaining terms describe chiral odd-frequency septet pairs. The emergence
of the odd-frequency septet pairs features superconductivity of j = 3/2 fermions. It
would be worth mentioning that the last term is proportional to an octopolar magnetic
order parameter coming from the time-reversal-odd gap product [33]. Therefore, chiral
odd-frequency septet pairs are related to a nonunitary pairing state.
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T2g pairing order (chiral state)

In the case of T2g symmetry, time-reversal symmetry breaking states are classified into
two types: chiral state l = (1, iχ, 0) (χ = ±1) and cyclic state l = (1, ω, ω−1) (ω = ei2π/3).
They are sixfold and eightfold degenerate, respectively.[33] We first examine odd-frequency
pairs associated with the chiral state, whose pair potential is given by

∆(k) =∆(Γzx + iχΓyz) = ∆(γ3 + iχγ2)UT . (5.18)

We find that the resulting odd-frequency pairing correlation in such a chiral superconduc-
tor

Fodd(k, iωn) =
−iωn∆

ZN

[
γ3 + iχγ2, εk · γ

]
− UT , (5.19)

also inherits the chirality of the pair potential. The odd-frequency pairs can be decom-
posed into triplet and septet pairing states as

Fodd(k, iωn) =
−2iωn∆

ZN

×

{
χ√
5

[
− εk,1J2 − (εk,4 +

√
3εk,5)J1 − iχ(εk,1J1 − (εk,4 −

√
3εk,5)J2)

]
+

χ

2
√
5

[
− 4εk,1W2 + (εk,4 +

√
3εk,5)W1 − iχ(4εk,1W1 + (εk,4 −

√
3εk,5)W2)

]
+
χ

2

[
(εk,5 −

√
3εk,4)W4 − iχ(εk,5 +

√
3εk,4)W5

]
+

χ√
5
(εk,3 + iχεk,2)(J3 + 2W3)

}
. (5.20)

The last term in Eq. (5.20) is proportion to 4J3
z − 7Jz, which again describes the time-

reversal-odd gap product.

T2g pairing order (cyclic state)

Next, we consider the cyclic pair potential l = (1, ω, ω−1),

∆(k) = ∆(Γyz + ωΓzx + ω−1Γxy)

= ∆(γ2 + ωγ3 + ω−1γ1)UT , (5.21)

which yields the odd-frequency pairing correlation,

Fodd(k, iωn) =
−iωn∆

ZN

[
γ2 + ωγ3 + ω−1γ1, εk · γ

]
− UT . (5.22)
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The pairing correlation function involves the phase factors. The results of the decompo-
sition are given by

Fodd(k, iωn) =
−2iωn∆

ZN

×

{
i√
5

[
(εk,4 +

√
3εk,5)J1 + ω(εk,4 −

√
3εk,5)J2 − 2ω−1εk,4J3

]
− i

2
√
5

[
(εk,4 +

√
3εk,5)W1 + ω(εk,4 −

√
3εk,5)W2 − 2ω−1εk,4W3

]
− i

2

[
(εk,5 −

√
3εk,4)W4 + ω(εk,5 +

√
3εk,4)W5 − 2ω−1εk,5W6

]
+

i√
5

[
εk,1(J2 + 2W2)− εk,3(J3 + 2W3) + ω(εk,2(J3 + 2W3)− εk,1(J1 + 2W1))

+ ω−1(εk,3(J1 + 2W1)− εk,2(J2 + 2W2))
]}

, (5.23)

which consists of both the triplet and septet components.

5.3 Summary

We discussed a quasiparticle on the Bogoliubov Fermi surface (BFS) focusing on the
relation with an odd-frequency Cooper pair in a J = 3/2 superconductor which breaks
time-reversal symmetry. By solving the Gor’kov equation analytically, we showed that
a quasiparticle on BFS in a J = 3/2 superconducor accompanies an odd-frequency pair
characterized by chirality. By comparing the conditions of existence of an odd-frequency
pair and the BFS, we found that odd-frequency pairing is a broader concept than the
formation of the BFS. Also, the symmetry of odd-frequency Cooper pairs is analyzed in
detail by taking realistic pair potentials into account in a cubic superconductor. As a
result, we found odd-frequency pairs accompanied by the BFS are pseudospin-triplet and
septet pairs characterized by the chirality of the pair potential.
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Conclusion

We theoretically studied the physics of J = 3/2 superconductors, where strong spin-orbit
interactions make possible a pseudospin J = 3/2 electron on the Fermi surface. In the
superconducting states in such a material, a Cooper pair consists of two electrons with
pseudospin J = 3/2. As a result, the pseudospin of a Cooper pair are classified into a
pseudospin J = 2 quintet and J = 3 septet states, as well as J = 0 singlet and J = 1
triplet states. The purpose of this thesis is to make clear physics unique to a Cooper pair
with such a high angular momentum.

In Ch. 2, we first derive the normal state Hamiltonian for a pseudospin J = 3/2
electron which is described by five 4 × 4 γ-matrices anticommuting one another. In
superconducting states, we assume the pair potential belonging to pseudospin-quintet
even-parity symmetry class because it is a candidate of the order parameter realized in a
half-Heusler semimetal YPtBi. In this thesis, we solve the Gor’kov equation analytically
by using the algebra of γ-matrices and obtain both the normal and the anomalous Green’s
functions. On the basis of the solutions, we discuss the magnetic susceptibility, the
Josephson effect, and the relation between a subgap quasiparticle and an odd-frequency
Cooper pair.

In Ch. 3, we calculated the magnetic susceptibility of an even-parity J = 3/2 super-
conductor by substituting the obtained Green’s function into the linear response formula.
The magnetic susceptibility showed weak anisotropy due to the high angular momentum
of the pseudospin-quintet state. We also found finite off-diagonal elements in the suscep-
tibility tensor, which is a result of strong spin-orbit couplings. These are considered to
be common features to even-parity J = 3/2 superconductors.

In Ch. 4, we discussed the selection rule of a Josephson junction between two J =
3/2 superconductors which preserve time-reversal symmetry and inversion symmetry. To
calculate the Josephson current, we applied the linear response theory with respect to
tunnel Hamiltonian between the two superconductors. As a result, the Josephson current
is represented in terms of the anomalous Green’s functions on either sides of the Josephson
junction. The Josephson selection rule for the quintet states in J = 3/2 superconductors
states is stricter than that for the spin-triplet states in S = 1/2 superconductors. This
conclusion is also derived from the high angular momentum of a Cooper pair. We also
found that a magnetically active junction interface relaxes the selection rule and an odd-
frequency pair can carry a subdominant Josephson current.

In Ch. 5, we showed in an even-parity J = 3/2 superconductor that a quasiparti-
cle on the Bogoliubov Fermi surface accompanies an odd-frequency pair. We conclude
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that odd-frequency pairing is a broader concept than the formation of the Bogoliubov
Fermi surface by comparing the conditions for their appearance. All the Cooper pairing
correlations are characterized by the chirality of the pair potential because time-reversal
symmetry breaking is a necessary condition for the appearance of a quasiparticle on the
Bogoliubov Fermi surface. Our analysis indicated that the induced odd-frequency pairing
correlations belong to pseudospin-triplet even-parity and pseudospin-septet even-parity
symmetry classes.

Finally, we have discussed physical phenomena unique to a Cooper pair having large
angular momentum throughout this thesis. Although there are a number of material pa-
rameters in Hamiltonian, our conclusions are insensitive to the parameter choices. There-
fore, the characteristic properties discussed in this thesis can be found in most J = 3/2
superconductors.
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Algebra of J = 3/2 Angular
Momentum

We list algebra of J = 3/2 angular momentum and γ matrices which stem from them.
Also, we calculate trace of those matrices for convenience. As the angular momentum
matrices, J obey the commutation relations,

[J1, J2] = iJ3,

[J2, J3] = iJ1,

[J3, J1] = iJ2.

Traces of multiples of J calculated as

Tr[Ji] = 0

Tr[JiJj] = 5δij,

Tr[JiJjJk] =


5
2
i i, j, k = (1, 2, 3)

−5
2
i i, j, k = (1, 3, 2)

0 otherwise

.
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γ matrices are defined in pseudo-spin space as

γ0 = ρ0σ0

γ1 = (JxJy + JyJx) /
√
3 =


0 0 −i 0
0 0 0 −i
i 0 0 0
0 i 0 0

 = ρ2σ0

γ2 = (JyJz + JzJy) /
√
3 =


0 −i 0 0
i 0 0 0
0 0 0 i
0 0 −i 0

 = ρ3σ2

γ3 = (JxJz + JzJx) /
√
3 =


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

 = ρ3σ1

γ4 =
(
J2
x − J2

y

)
/
√
3 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 = ρ1σ0

γ5 =
(
2J2

z − J2
x − J2

y

)
/3 =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 = ρ3σ3.

The pseudospin matrices can be expressed in terms of γj,

J1 =
−i
2

(√
3γ2 γ5 + γ1 γ3 + γ2 γ4

)
=

1

2
(
√
3ρ0σ1 + ρ1σ1 + ρ2σ2), (A.1)

J2 =
i

2

(√
3γ3 γ5 + γ1 γ2 − γ3 γ4

)
=

1

2
(
√
3ρ0σ2 − ρ1σ2 + ρ2σ1), (A.2)

J3 =
i

2

(
γ2 γ3 + 2 γ1 γ4

)
=

1

2
(ρ0σ3 + 2ρ3σ0). (A.3)

The matrices γν(ν = 1− 5) anti-commute with each other,

γiγj + γjγi = 2γ0δij.

Note some relations :

γ1γ2γ3γ4γ5 = −14×4(
5∑

ν=1

∆νγ
ν

)2

=

(
5∑

ν=1

∆2
ν

)
14×4.
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where 14×4 is the identity matrix. Traces of the γ matrices are calculated as

Tr ρiσj = 4δi0δj0

Tr γi = 0

Tr γiγj = Tr

i⧹j γ1 γ2 γ3 γ4 γ5

γ1 γ0 iρ1σ2 iρ1σ1 −iρ3σ0 iρ1σ3

γ2 − γ0 −iρ0σ3 iρ2σ2 iρ0σ1

γ3 − − γ0 iρ2σ1 −iρ0σ2
γ4 − − − γ0 −iρ2σ3
γ5 − − − − γ0

= 4δij

Tr γiγjγk = 0

For the composition (i, j, k, l) such that i ≤ j ≤ k ≤ l,

Tr γiγjγkγl = 4, for (i = j = k = l) or (i = j < k = l).

For the composition (i, j, k, l,m, n) such that i ≤ j ≤ k ≤ l ≤ m ≤ n,

Tr γiγjγkγlγmγn = 4,

for (i = j = k = l = m = n) or (i = j = k = l < m = n), or (i = j < k = l < m = n).

Also, we consider the third order factor, J̄i = J3
i .

J3
x =

1

8


0 7

√
3 0 6

7
√
3 0 20 0

0 20 0 7
√
3

6 0 7
√
3


=

1

8
(7
√
3ρ0σ1 + 13ρ1σ1 + 7σ2ρ2) =

−i
8
(7
√
3γ2γ5 + 13γ2γ3 + 7γ2γ4)

J3
y = − i

8


0 7

√
3 0 −6

−7
√
3 0 20 0

0 −20 0 7
√
3

6 0 −7
√
3 0


=

1

8
(7
√
3ρ0σ2 + 7ρ2σ1 − 13ρ1σ2) =

i

8

(
7
√
3γ3γ5 − 7γ3γ4 + 13γ1γ2

)
, (A.4)

J3
z =

1

8


27 0 0 0

0 1 0 0

0 0 −1 0

0 0 −27


=

1

8
(14ρ3σ0 + 13ρ0σ3) =

i

8
(13γ2γ3 + 14γ1γ2) (A.5)

48



Appendix B

Linear Response Theory

We summarize the general expression of observable in the presence of time-dependent
potential. Consider an expectation value of an observable O at time t,

⟨O⟩t = ⟨ψ|U †OU |ψ⟩,
U(t) = e−iHt/ℏ

In Schrödinger picture, all operators are considered to remain constant, whereas state
vectors evolve with time according to

|ψ(t)⟩S = U(t)|ψ(0)⟩S
OS(t) = OS(0).

Schrödinger equation is

iℏ
∂|ψ⟩S
∂t

= Ĥ|ψ⟩S. (B.1)

On the other hand, in Heisenberg picture, all state vectors are considered to remain
constant at their initial values, whereas operators evolve with time according to

|ψ(t)⟩H = |ψ(0)⟩H
OH(t) = U †(t)OHU(t).

The Heisenberg equation of motion is

dOH

dt
=

1

iℏ
[OH , H] +

∂OH

∂t

In interaction picture, state vectors evolve through the Schrödinger picture, but oper-
ators evolve through Heisenberg picture. Consider the case where the total Hamiltonian
is given by

H = H0 + V (t) (B.2)

where H0 is the unperturbed Hamiltonian and V (t → −∞) = 0. The state vectors and
the operators are represented as

|ψ(t)⟩I = eiH0t/ℏ|ψ(t)⟩S. (B.3)
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The time-dependence of an observable is expressed using the Heisenberg’s picture as

O(t) = eiHt/ℏOe−iHt/ℏ, (B.4)

which obeys the Heisenberg’s equation of motion,

∂

∂t
O(t) =

i

ℏ
[H,O(t)]−. (B.5)

The quantum state in the interaction picture obeys

iℏ
∂

∂t

{
eiH0t/ℏ|χ(t)⟩

}
= H

{
eiH0t/ℏ|χ(t)⟩

}
. (B.6)

We find the equation of motion

∂

∂t
|χ(t)⟩ = − i

ℏ
VI(t)|χ(t)⟩, VI(t) = eiH0t/ℏV e−iH0t/ℏ. (B.7)

The solution is given by

|χ(t)⟩ = |χ(t→ −∞)⟩ − i

ℏ

∫ t

−∞
dt1VI(t1)|χ(t1)⟩. (B.8)

Here we assume that |χ0⟩ = |χ(t→ −∞)⟩ is the eigenstate of the unperturbed Hamil-
tonian and that we have known details of |χ0⟩. The solution is obtained approximately
by

|χ(t)⟩ ∼ |χ0⟩ −
i

ℏ

∫ t

−∞
dt1VI(t1)|χ(t0)⟩+

(
i

ℏ

)2 ∫ t

−∞
dt1VI(t1)

∫ t1

−∞
dt2VI(t2)|χ(t0)⟩+ · · ·

(B.9)

The observable at t is then represented by

⟨χ(t)|O(t)|χ(t)⟩ ∼ ⟨χ0|
[
1 +

i

ℏ

∫ t

−∞
dt1VI(t1)

]
O(t)

[
1− i

ℏ

∫ t

−∞
dt2VI(t2)

]
|χ0⟩. (B.10)

It is calculated by

⟨χ(t)|O(t)|χ(t)⟩ ∼ ⟨χ0|O(0)|χ0⟩ −
i

ℏ

∫ t

−∞
dt1⟨χ0| [O(t), VI(t1)] |χ0⟩ (B.11)

in the first order of the perturbation. This equation describes the linear response of
superconductors to perturbation.
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Table for Integrals, Summations and
Constants

Here we summarize formulas of integral and summation over the Matsubara frequency,
used in this paper.∫ ∞

−∞

dx

x2 + a2
=
π

a
,

∫ ∞

−∞

dx

(x2 + a2)2
=

π

2a3
, (C.1)

T
∑
ωn

1

ω2
n + a2

=
1

2a
tanh

( a

2T

)
, (C.2)

T
∑
ωn

ω2
n

(ω2
n + a2)3

=
1

16a3

[
tanh

( a

2T

)
− a

2T
cosh−2

( a

2T

)
+ 2

( a

2T

)2 tanh
(

a
2T

)
cosh2

(
a
2T

)] , (C.3)

≈ 1

16a3
tanh

( a

2T

)
. (C.4)

The last equation is approximated in case T ≪ a. The average of functions in Eq. (2.14)
over the Fermi surface give constants,〈
e21(k̂)

〉
k̂
=

3

10
,
〈
e22(k̂)

〉
k̂
=

1

8
,
〈
e23(k̂)

〉
k̂
=

1

4
,
〈
e24(k̂)

〉
k̂
=

7

32
,
〈
e25(k̂)

〉
k̂
=

5

32
,

(C.5)〈
e1(k̂) eλ ̸=1(k̂)

〉
k̂
=
〈
e2(k̂) eλ ̸=2(k̂)

〉
k̂
=
〈
e3(k̂) eλ ̸=3(k̂)

〉
k̂
= 0,

〈
e4(k̂) e5(k̂)

〉
k̂
=

√
3

32
.

(C.6)
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Odd-frequency Pairing

Here we first derive the anomalous Green’s function in a superconductors in the presence of
pseudospin-dependent dispersion. Then we show the derivation of the Josephson current.
When a superconductor is described by Eq. (4.37), its anomalous Green’s function is
calculated as

Fνλ(k, iωn) =
[
−ηkγν +

(
iωn + ξk + ελ(k) γ

λ
)
(ηkγ

ν)−1 (iωn − ξk − ελ(k) γ
λ
)]−1

,

= −
[{

η2k + ω2
n + ξ2k − ε2λ(k)

ηk
γ0 − 2iωn

ελ(k)

ηk
γλ
}
γν
]−1

,

≈ − ηk
η2k + ω2

n + ξ2k
γν − 2iωn

ελ(k)ηk
(η2k + ω2

n + ξ2k)
2
γνγλ. (D.1)

At the last line, we assumed |ελ(k)| ≪ |ε0(k)| for λ = 1 − 5. The second term refers an
odd-frequency pairing.

We construct a Josephson junction with the left superconductor described by Eq. (4.37)
and the right superconductor described by

Ek = ε0(k) + ερ(k) γ
ρ − µ, Dk = ηk γ

κ, (D.2)

with ρ ̸= κ. When an insulator is magnetically inactive i.e. T = t0γ
0, the Josephson

current becomes

I =2e t20 sinφT
∑
k,p

′
Tr
[
F0
ν(k,−iωn)F0

ν(p, iωn) + δFνλ(k,−iωn) δFνλ(p, iωn)
]
δk̂,p̂ (D.3)

=8e t20 sinφT
∑
ωn

[∑
k,p

′ 1

(ηRk )
2 + ω2

n + ξ2k

1

(ηLp )
2 + ω2

n + ξ2p
ηRk η

L
p δνκδk̂,p̂

−4ω2
n

∑
k,p

′ εRρ (k)

{(ηRk )2 + ω2
n + ξ2k}2

εLλ(p)

{(ηLp )2 + ω2
n + ξ2p}2

ηRk η
L
p (δλρδνκ − δλκδνρ)δk̂,p̂

]
(D.4)

As shown in the equation, there are two cases where finite Josephson current is allowed,
ν = κ, or λ = κ and ν = ρ simultaneously. The condition ν = κ corresponds to the
selection rule I ∝ qL · qR.
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For the case ν = κ, the Josephson current is calculated as

I =8e t20 sinφT
∑
ωn

[∑
k,p

′ 1

(ηRk )
2 + ω2

n + ξ2k

1

(ηLp )
2 + ω2

n + ξ2p
ηRk η

L
p δk̂,p̂

−4ω2
n

∑
k,p

′ εRρ (k)

{(ηRk )2 + ω2
n + ξ2k}2

εLλ(p)

{(ηLp )2 + ω2
n + ξ2p}2

ηRk η
L
p δλρδk̂,p̂

]
(D.5)

=
π

eRN

sinφT
∑
ωn

[
1√

(ηR)2 + ω2
n

1√
(ηL)2 + ω2

n

⟨ηRk ηLp ⟩k̂

−ω2
n

1

{(ηR)2 + ω2
n}3/2

1

{(ηL)2 + ω2
n}3/2

⟨εRρ (k)εLλ(p)ηRk ηLp ⟩k̂δλρ
]
. (D.6)

If we assume ηR = ηL = ∆, the Josephson current is simplified as

I =
π∆

2eRN

tanh

(
∆

2T

)[
⟨ηRk ηLk ⟩k̂

∆2
−

⟨εRρ (k)εLλ(p)ηRk ηLp ⟩k̂
8∆4

δλρ

]
sinφ. (D.7)

The first term is equivalent to the Josephson current without the pseudospin-dependent
dispersion, Eq. (4.32). The second term represents the Josephson current carried by
induced odd-frequency pairs in the two superconductors. It is finite for λ = ρ, where
symmetries of both superconductors are identical. Its negative sign is derived from
Tr[γνγλγνγλ] = −4.

For λ = κ and ν = ρ, the Josephson junction consists of two superconductors described
by Eq. (4.37) for the left and Eq. (4.43) for the right side. The Josephson current is
calculated as

I =
π

eRN

sinφT
∑
ωn

[
ω2
n

1

{(ηR)2 + ω2
n}3/2

1

{(ηL)2 + ω2
n}3/2

⟨εRρ (k)εLλ(p)ηRk ηLp ⟩k̂
]

(D.8)

=
π∆

2eRN

tanh

(
∆

2T

) ⟨εRρ (k)εLλ(p)ηRk ηLp ⟩k̂
8∆4

sinφ. (D.9)

For the last line, we assumed ηR = ηL = ∆. The positive sign is from Tr[γν γλ γλ γν ] = 4.
Finaly, we summarize the decomposition of odd-frequency pairing correlation function

into triplet and septet components in j = 3/2 superconductors with cubic symmetry. We
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used the following relations

γ1γ2 UT = − i√
5
(J2 + 2W2), γ1γ3 UT =

i√
5
(J1 + 2W1),

γ1γ4 UT = − i√
5
(J3 − 2W3), γ1γ5 UT = iW6,

γ2γ3 UT = − i√
5
(J3 + 2W3),

γ2γ4 UT =
i√
5
J1 −

i

2
√
5
W1 + i

√
3

2
W4,

γ2γ5 UT = i

√
3

5
J1 −

i

2

√
3

5
W1 −

i

2
W4,

γ3γ4 UT =
i√
5
J2 −

i

2
√
5
W2 − i

√
3

2
W5,

γ3γ5 UT = −i
√

3

5
J2 +

i

2

√
3

5
W2 −

i

2
W5,

γ4γ5 UT = −iW7, (D.10)

in Eqs. (5.17), (5.20), and (5.23).
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and Shou Cheng Zhang. Tunable multifunctional topological insulators in ternary
heusler compounds. Nature materials, 9(7):541–545, 2010.

[31] W. Al-Sawai, Hsin Lin, R. S. Markiewicz, L. A. Wray, Y. Xia, S.-Y. Xu, M. Z. Hasan,
and A. Bansil. Topological electronic structure in half-heusler topological insulators.
Phys. Rev. B, 82:125208, Sep 2010.

[32] Di Xiao, Yugui Yao, Wanxiang Feng, Jun Wen, Wenguang Zhu, Xing-Qiu Chen,
G. Malcolm Stocks, and Zhenyu Zhang. Half-heusler compounds as a new class of
three-dimensional topological insulators. Phys. Rev. Lett., 105:096404, Aug 2010.

[33] PMR Brydon, DF Agterberg, Henri Menke, and C Timm. Bogoliubov fermi surfaces:
General theory, magnetic order, and topology. Physical Review B, 98(22):224509,
2018.

[34] Aline Ramires, Daniel F. Agterberg, and Manfred Sigrist. Tailoring Tc by symmetry
principles: The concept of superconducting fitness. Phys. Rev. B, 98:024501, Jul
2018.

[35] Yasuhiro Asano, Yakov V. Fominov, and Yukio Tanaka. Consequences of bulk odd-
frequency superconducting states for the classification of cooper pairs. Phys. Rev. B,
90:094512, Sep 2014.

[36] F. S. Bergeret, A. F. Volkov, and K. B. Efetov. Long-range proximity effects in
superconductor-ferromagnet structures. Phys. Rev. Lett., 86:4096–4099, Apr 2001.

[37] Y. Tanaka and A. A. Golubov. Theory of the proximity effect in junctions with
unconventional superconductors. Phys. Rev. Lett., 98:037003, Jan 2007.

[38] Yasuhiro Asano and Yukio Tanaka. Majorana fermions and odd-frequency cooper
pairs in a normal-metal nanowire proximity-coupled to a topological superconductor.
Phys. Rev. B, 87:104513, Mar 2013.

57



Chapter D

[39] Y. Tanaka, Y. Asano, A. A. Golubov, and S. Kashiwaya. Anomalous features of the
proximity effect in triplet superconductors. Phys. Rev. B, 72:140503, Oct 2005.

[40] Yasuhiro Asano, Alexander A. Golubov, Yakov V. Fominov, and Yukio Tanaka. Un-
conventional surface impedance of a normal-metal film covering a spin-triplet su-
perconductor due to odd-frequency cooper pairs. Phys. Rev. Lett., 107:087001, Aug
2011.

[41] Yasuhiro Asano and Akihiro Sasaki. Odd-frequency cooper pairs in two-band super-
conductors and their magnetic response. Phys. Rev. B, 92:224508, Dec 2015.

[42] Ya. V. Fominov, Y. Tanaka, Y. Asano, and M. Eschrig. Odd-frequency superconduct-
ing states with different types of meissner response: Problem of coexistence. Phys.
Rev. B, 91:144514, Apr 2015.

[43] S. Mironov, A. Mel’nikov, and A. Buzdin. Vanishing meissner effect as a hallmark
of in˘plane fulde-ferrell-larkin-ovchinnikov instability in superconductor˘ferromagnet
layered systems. Phys. Rev. Lett., 109:237002, Dec 2012.

[44] Shu-Ichiro Suzuki and Yasuhiro Asano. Paramagnetic instability of small topological
superconductors. Phys. Rev. B, 89:184508, May 2014.

[45] Annica M. Black-Schaffer and Alexander V. Balatsky. Odd-frequency superconduct-
ing pairing in multiband superconductors. Phys. Rev. B, 88:104514, Sep 2013.

[46] Akihiro Sasaki, Satoshi Ikegaya, Tetsuro Habe, Alexander A. Golubov, and Yasuhiro
Asano. Josephson effect in two-band superconductors. Phys. Rev. B, 101:184501,
May 2020.

[47] Dakyeong Kim, Shingo Kobayashi, and Yasuhiro Asano. Josephson effect of super-
conductors with j = 3

2
electrons. Phys. Rev. B, 103:184516, May 2021.

[48] P A Frigeri, D F Agterberg, and M Sigrist. Spin susceptibility in superconductors
without inversion symmetry. New Journal of Physics, 6:115–115, sep 2004.

[49] P. A. Frigeri, D. F. Agterberg, A. Koga, and M. Sigrist. Superconductivity without
inversion symmetry: Mnsi versus cept3Si. Phys. Rev. Lett., 92:097001, Mar 2004.

[50] B.D. Josephson. Possible new effects in superconductive tunnelling. Physics Letters,
1(7):251 – 253, 1962.

[51] Gerald. D Mahan. Many-Particle Physics. Plenum Press, New York, 1990.

[52] Vinay Ambegaokar and Alexis Baratoff. Tunneling between superconductors. Phys-
ical Review Letters, 10(11):486, 1963.

[53] PMR Brydon, Wei Chen, Yasuhiro Asano, and Dirk Manske. Charge and spin su-
percurrents in triplet superconductor-ferromagnet-singlet superconductor josephson
junctions. Physical Review B, 88(5):054509, 2013.

[54] V. L. Berezinskii. New model of the anisotropic phase of superfluid he3. JETP Lett.,
20:287, 1974.

58



Chapter D

[55] C. Caroli, P.G. De Gennes, and J. Matricon. Bound fermion states on a vortex line
in a type ii superconductor. Physics Letters, 9(4):307–309, 1964.

[56] GE Volovik. Vortex motion in fermi superfluids and the callan-harvey. JETP Lett,
57(4), 1993.

[57] L. J. Buchholtz and G. Zwicknagl. Identification of p-wave superconductors. Phys.
Rev. B, 23:5788–5796, Jun 1981.

[58] Jun’ichiro Hara and Katsuhiko Nagai. A Polar State in a Slab as a Soluble Model
of p-Wave Fermi Superfluid in Finite Geometry. Progress of Theoretical Physics,
76(6):1237–1249, 12 1986.

[59] Igor Boettcher and Igor F. Herbut. Anisotropy induces non-fermi-liquid behavior
and nematic magnetic order in three-dimensional luttinger semimetals. Phys. Rev.
B, 95:075149, Feb 2017.

59


