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Abstract

This thesis studies new approaches to realizing the explainability of machine learning.

For the last decade, due to the remarkable progress of machine learning technologies,

complex machine learning models, such as deep neural networks, have been ubiquitous

in society. They have performed well in various prediction tasks and assisted human

users with their critical decision-making tasks in the real world, including medical

diagnoses, loan approvals, and judicial decisions. In such critical decision-making tasks,

decisions based on the predictions of machine learning models might have a significant

impact on human users. Consequently, there have been urgent demands to develop

methods for improving not only their accuracy but also their trustworthiness in recent

years. An important key to improving the trustworthiness of machine learning models

is to realize explainability, which means the ability to provide explanations of the

predictions made by the models with human users in understandable terms. Therefore,

studies on explainable machine learning have attracted increasing attention.

Existing approaches of explainable machine learning can be divided into two groups:

post-hoc methods for extracting local explanations of the individual predictions from

complex models, and methods for learning interpretable models that can provide ex-

planations of their predictions by themselves. Among these existing methods, in this

thesis, we focus on Counterfactual Explanation (CE) and decision trees, which are
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popular methods for explainable machine learning. While CE is a local explanation

method that provides perturbation vectors as “actions” for obtaining desired prediction

results from models, a decision tree is an interpretable model that consists of “if-then-

else” prediction rules expressed as a binary tree. Since both CE and decision trees are

expected to help humans obtain better insights from the models and understand the

given predictions with confidence, they have been actively studied in recent years.

However, concerns about the practicality of the existing methods for explainability

have been raised from various perspectives. For example, although perturbations given

by CE are interpreted by human users as actions for obtaining their desired decisions,

existing CE methods often fail to provide plausible actions in the sense that the users

can actually execute them. Another example is the stability of interpretation of de-

cision trees during their deployment; that is, explanations given by decision trees are

often unnecessarily significantly changed when they are retrained under additional con-

straints, such as fairness. To address these practicality issues, it is essential to explicitly

clarify desiderata that explanations should satisfy by exploring causes of the issues and

to design mathematical methods for satisfying them. Therefore, (i) identifying con-

crete desiderata of explanations from their practicality issues, (ii) formulating the tasks

of realizing explainability as optimization problems by mathematically designing ade-

quate evaluation criteria for the desiderata, and (iii) developing optimization methods

for the formulated problems are important challenges on explainable machine learning.

The aim of this study is to develop new practical frameworks of explainable machine

learning. For that purpose, (i) we first identify concrete desiderata of CE and decision

trees by exploring their practicality issues. Then, (ii) we introduce new optimization

problems for satisfying the desiderata by adequately designing objective functions and

constraints. Finally, (iii) we propose flexible and efficient optimization methods for



iii

them based on mixed-integer linear optimization (MILO), which is a sophisticated

mathematical modeling framework for solving complex optimization tasks. In this

thesis, we make three technical contributions corresponding to CE and decision trees.

In Chapter 4, we propose a new framework of CE, named Distribution-Aware Coun-

terfactual Explanation (DACE), that provides realistic actions by taking the charac-

teristics corresponding to the underlying data distribution into account. To suggest

realistic actions that human users can execute, it is desirable to evaluate the reality of

actions based on the characteristics of each prediction task, such as feature-correlations

and outlier risks over the underlying data distribution. For that purpose, we introduce

a new cost function as an objective function of CE that evaluates actions based on

the characteristics of the underlying data distribution. Our cost function consists of

the Mahalanobis distance and local outlier factor, which are a popular metric taking

feature-correlations into account and a prominent score for outlier detection, respec-

tively. Then, we propose an MILO formulation for extracting an optimal action that

minimizes our cost function. For computational efficiency, we also propose a surrogate

objective function that approximates our cost function, and show that it can dramati-

cally reduce the number of variables and constraints of our MILO formulation.

In Chapter 5, we propose another new framework of CE, named Ordered Coun-

terfactual Explanation (OrdCE), that provides not only an action but also an order

of changing its features. While existing CE frameworks provide users with perturba-

tions as actions, in practice, the required efforts of the actions depend on the order of

changing the features because there are often asymmetric feature interactions, such as

causal effects. Therefore, it is desirable to show an appropriate order of changing the

features in addition to a perturbation. To suggest an appropriate order, we introduce a

new optimization problem of CE by designing an ordering cost function that evaluates
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a pair of a perturbation and its order, called an “ordered action.” Our ordering cost

function adequately measures the required effort of ordered actions based on given prior

knowledge of the feature interactions, such as structural causal models, and determines

a reasonable order of changing the features. Then, we propose an MILO formulation

for extracting an optimal ordered action that minimizes our cost function.

In Chapter 6, we propose a new learning problem of decision trees, named Fairness-

Aware Decision tree Editing (FADE), for stabilizing their prediction and interpretation

under fairness constraints. Fairness of machine learning models has become an impor-

tant perspective in critical decision-making. If decision-makers detect unfairness in

their models during deployment, they must retrain their models under fairness con-

straints. However, the differences in prediction and interpretation between the initial

and retrained models may cause serious reliability issues. Therefore, it is desirable to

modify only those parts of their prediction and interpretation that are essentially nec-

essary to satisfy the constraints. For that purpose, we formulate a new learning task

for editing a given unfair decision tree into a fair one without significantly changing its

prediction and interpretation. We introduce two dissimilarity measures between deci-

sion trees based on the prediction discrepancy and edit distance as objective functions.

Then, we propose an MILO formulation for obtaining an optimal decision tree that

minimizes the dissimilarity with a given decision tree under the fairness constraints.

In summary, we (i) elucidate three desiderata of CE and decision trees by exploring

their practicality issues, (ii) introduce new optimization problems by mathematically

modeling the desiderata as objective functions and constraints, and (iii) propose effi-

cient and flexible optimization methods for them based on MILO. Through this study,

we contribute to a first step for developing new practical frameworks of explainable ma-

chine learning that are applicable to critical decision-making tasks in the real world.
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Chapter 1

Introduction

1.1 Background and Motivation

For the last decade, due to the remarkable progress of machine learning technologies,

complex machine learning models, such as deep neural networks and tree ensembles,

have been ubiquitous in society. They have achieved high prediction performances in

various decision-making tasks in the real world, including medical diagnoses [94, 358],

financial decisions [97, 255], and judicial decisions [24, 369]. As a consequence, there

has been an increasing trend to leverage machine learning models for such critical

decision-making tasks, which is called algorithmic decision-making [119].

In the process of algorithmic decision-making for the above critical tasks, the pre-

dictions made by models might have a significant impact on human users who are sub-

jects of the decisions. Consequently, problems concerning the trustworthiness [286,338]

of machine learning models have been increasingly attracting attention. The term

“trustworthiness” includes various perspectives, such as fairness [29, 264], account-

ability [184, 297], and transparency [208, 357]. In fact, decision-makers often recog-

1
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nize that using complex models for their tasks is risky in terms of their trustworthi-

ness [60, 161, 356]. Furthermore, there are several moves to legally regulate the use

of complex machine learning models for critical decision-making tasks (e.g., “General

Data Protection Regulation (GDPR)” by European Union [119]). Therefore, there

are urgent demands for methods that improve not only prediction accuracy but also

trustworthiness in the sense of fairness, accountability, and transparency.

To improve the trustworthiness of machine learning models, an important key chal-

lenge is to realize explainability, which means the ability to provide explanations of

the predictions made by models with human users in understandable terms [1, 121].

Such explanations help human users (1) discover novel knowledge or overlooked bugs

contained in the models [1, 183], and (2) accept the given decisions based on the pre-

dictions with confidence [85, 121]. With these advantages, they are expected to be

useful for ensuring fairness, accountability, and transparency in the development and

deployment of machine learning models. Consequently, studies on explainable machine

learning have become an emerging topic in recent years, and a number of methods for

realizing explainability have been proposed1.

Existing methods to realize explainability roughly can be categorized into two major

approaches [286]. One major approach is the post-hoc method that extracts local

explanations of the individual predictions from complex models. To help human users

understand why a certain prediction result is given by a model, local explanation

methods provide some understandable factors that are most relevant to the prediction,

such as important features [223,280] or influential training examples [189]. Among these

methods, Counterfactual Explanation (CE) [335, 344] is a popular local explanation

method that provides a perturbation vector of features for altering the prediction result

1A brief overview of existing work on explainable machine learning will be presented in Chapter 3.
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into the desired result. Because human users can interpret the perturbation, i.e., how

to change features, as an “action” for altering their decision result, they can understand

not only why certain predictions are given but also how they should act to obtain their

desired prediction results from the model. Therefore, CE can provide human users

with better insights on their decision-making tasks [233,237].

Another major approach to explainability is learning globally interpretable models

instead of complex models. Interpretable models, such as sparse linear models [325] and

rule models [49, 211, 283], are designed to be easy for humans to understand how the

models make predictions. Therefore, they can provide explanations for their predictions

by themselves, unlike complex models with a large number of parameters [121, 356].

For example, a decision tree [49, 275] is a traditional rule model that consists of a

set of interpretable “if-then-else” rules for prediction and expresses them as a form

of a binary tree structure. Due to their interpretability, decision trees have attracted

increasing attention in recent years, and there have been several studies not only on

learning accurate decision trees that are comparable to complex models [38, 149], but

also on learning under some constraints other than accuracy, such as fairness [8, 167].

While both approaches to realizing explainability have been massively studied, con-

cerns about their practicality have been pointed out for the last few years from various

perspectives [2,12,18,113,286]. One major issue is the plausibility of local explanations.

For example, although perturbations given by CE are interpreted by human users as

actions for obtaining their desired decisions, existing CE methods often fail to pro-

vide plausible actions in the sense that the users can actually execute them [202,339].

Another issue is the stability of interpretable models; that is, both the predictions

and explanations given by interpretable models are often unnecessarily significantly

changed during the deployment of them [48, 122]. These issues suggest the risk of
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providing impractical explanations that prevent human users from obtaining better

insights from models and accepting the predictions with confidence [42,161]. To apply

the existing methods for explainability to the process of algorithmic decision-making,

addressing the issues with their plausibility and stability is essential [286].

A natural way to address these practicality issues is to define criteria that quanti-

tatively evaluate explanations by taking the issues into account and to formulate tasks

of realizing explainability as optimization problems with the criteria. Namely, it is

essential to explicitly clarify “desiderata” that explanations should satisfy by exploring

causes of the issues and to design mathematical methods for satisfying the identified

desiderata [121, 258]. For the past two decades, researchers have been discussing sev-

eral desiderata of explanations from various perspectives, including not only machine

learning [99,261] but also philosophy [237] and social science [233]. However, explicitly

clarifying all the desiderata and mathematically expressing them are generally difficult

because they are often elusive and depend on each situation [85, 217, 356]. There-

fore, (i) identifying concrete desiderata of explanations from their practicality issues,

(ii) formulating optimization tasks of realizing explainability by mathematically design-

ing adequate evaluation criteria for the desiderata, and (iii) developing optimization

methods for the tasks are important challenges on explainable machine learning.

1.2 Research Goals

The aim of this study is to develop new practical frameworks of explainable machine

learning that are applicable to algorithmic decision-making. For that purpose, (i) we

identify concrete desiderata of explanations by exploring the issues with the practicality

of existing methods for explainability. Then, (ii) we introduce new optimization prob-
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lems for satisfying the identified desiderata by adequately designing objective functions

and constraints. Furthermore, (iii) we propose efficient optimization methods for them

based on mixed-integer linear optimization (MILO), which is one of the most sophis-

ticated mathematical modeling frameworks [70, 359]. Due to its flexibility, MILO has

been widely recognized as a reasonable solution for the optimization tasks regarding ex-

plainable machine learning in recent years [38,331]. By incorporating several modeling

techniques, we develop efficient optimization methods based on MILO.

1.3 Contributions

In this thesis, we make three technical contributions corresponding to explainable ma-

chine learning. We focus on CE and decision trees, which are popular methods for

realizing explainability, and study methods for improving their practicality. Each tech-

nical contribution of this thesis can be summarized as follows:

• In Chapter 4, we propose a new framework of CE, named Distribution-Aware

Counterfactual Explanation (DACE), that provides realistic actions by taking

the characteristics corresponding to the underlying data distribution into ac-

count. Existing CE methods often fail to provide realistic actions that human

users can directly refer to and execute. This is mainly because they do not suffi-

ciently take the characteristics of each prediction task, such as feature-correlations

and outlier risks over the underlying data distribution [30, 202, 259]. Therefore,

a desideratum for providing realistic actions is to evaluate the reality of actions

based on the characteristics of the underlying data distribution. To satisfy the

desideratum, we introduce a new cost function as an objective function of CE

that evaluates actions based on the Mahalanobis distance [227] and local outlier
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factor [52], which are a popular metric taking feature-correlations into account

and a prominent score for outlier detection, respectively. Then, we propose an

MILO formulation for extracting an optimal action that minimizes our cost func-

tion. For computational efficiency, we also propose a surrogate objective function

that approximates our cost function, and show that it can dramatically reduce

the number of variables and constraints of our MILO formulation2.

• In Chapter 5, we propose another new framework of CE, named Ordered Counter-

factual Explanation (OrdCE), that provides not only an action but also an order

of changing its features. Existing CE frameworks provide users with perturbation

vectors as actions for obtaining their desired prediction results. In practice, how-

ever, the required effort to execute the action depends on the order of changing

the features because there are often asymmetric interactions among features, such

as causal effects [177,178,270]. Therefore, it is desirable to show an appropriate

order of changing the features in addition to a perturbation vector as an action.

To suggest an appropriate order, we introduce a new optimization problem of CE

by designing an ordering cost function that evaluates a pair of an action and its

executing order, which we refer to as an “ordered action,” based on the feature

interactions. Given prior knowledge of the feature interactions, such as structural

causal models estimated from the dataset [262,303], our cost function adequately

measures the required effort of ordered actions and determines a reasonable order

of changing the features. Then, we propose an MILO formulation for extracting

an optimal ordered action that minimizes our cost function3.

• In Chapter 6, we propose a new learning problem of decision trees, named

2This result has been published in [171,172]
3This result has been published in [174]
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Fairness-Aware Decision tree Editing (FADE), for stabilizing their prediction and

interpretation under fairness constraints. As with explainability, fairness of ma-

chine learning models has been recognized as an important perspective in critical

decision-making [127, 264]. If decision-makers detect unfairness in their models

during deployment, they must retrain their models under fairness constraints.

However, simply retraining a model from scratch tends to result in unnecessarily

significant differences in both the prediction and interpretation between the ini-

tial and retrained models [48, 122]. Such differences can cause serious reliability

issues, such as reverse discrimination [229, 332] and malicious rationalization of

unfairness [12,13]. Therefore, when the deployed models are retrained, modifying

only those parts of their prediction and interpretation that are essentially neces-

sary to satisfy fairness constraints is desirable. For that purpose, we formulate

a new learning task for editing a given unfair decision tree into a fair decision

tree without significantly changing its prediction and interpretation. We intro-

duce two dissimilarity measures between decision trees based on the prediction

discrepancy [229] and edit distance [322, 372] as objective functions. Then, we

propose an MILO formulation for obtaining an optimal decision tree that mini-

mizes the dissimilarity with a given decision tree under the fairness constraints4.

In summary, we (i) elucidate concrete desiderata of CE and decision trees by ex-

ploring their practicality issues, (ii) introduce new optimization problems for satisfying

the identified desiderata by adequately designing objective functions and constraints,

and (iii) propose efficient and flexible optimization methods for them based on MILO.

Through this study, we contribute to the first step of developing new practical frame-

works of explainable machine learning for algorithmic decision-making in the real world.

4This result has been published in [169]



8 CHAPTER 1. INTRODUCTION

1.4 Organization

The remainder of this thesis is organized as follows. In Chapter 2, we provide basic

definitions and notations to be used in this thesis. We also provide a brief overview of

recent studies on explainable machine learning in Chapter 3. In Chapter 4, we present

DACE, which is a new framework of CE for providing realistic actions by taking the

feature-correlations and outlier risks into account. In Chapter 5, we present OrdCE,

which is another new framework of CE for providing not only actions but also an

appropriate execution order of its features. In Chapter 6, we present FADE, which is

a new learning framework for stabilizing the prediction and interpretation of decision

trees under fairness constraints. Finally, we conclude this thesis, and then, discuss the

future direction in Chapter 7.



Chapter 2

Preliminaries

In this chapter, we provide basic notations and definitions to be used in the follow-

ing chapters. Almost all the notations and definitions in this thesis follow standard

textbooks in machine learning [43,139,238,239,301].

2.1 Basic Notations

For a positive integer n ∈ N, we write [n] := {1, . . . , n}. For a proposition ψ, I [ψ]

denotes the indicator of ψ; that is, I [ψ] = 1 if ψ is true, and I [ψ] = 0 if ψ is false. For

a real number x ∈ R, the sign function sgn : R→ {−1,+1} is defined as sgn(x) = 1 if

x ≥ 0, and sgn(x) = −1 if x < 0. For a D-dimensional vector x = (x1, . . . , xD) ∈ RD

and real number p ≥ 1, the ℓp-norm ∥x∥p of x is defined as ∥x∥p :=
(∑D

d=1 |xd|p
) 1

p
.

For p = 0, we define ∥x∥0 :=
∑D

d=1 I [xd ̸= 0], which is call the ℓ0-norm of x.

9
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2.2 Supervised Learning

In this thesis, we focus on machine learning models for supervised learning problems.

Given an input domain X , an output domain Y , and a set of functions F ⊆ {f |

f : X → Y}, the aim of supervised learning is to find a function f ∈ F that minimizes

the expected prediction risk R : F → R≥0 defined as follows:

R(f) := E(x,y)∼D [l(x, y; f)] ,

where D is a joint distribution over the input and output domains X ×Y , and l : X ×

Y × F → R≥0 is a loss function that measures the difference between the prediction

f(x) and the true output y. For example, l(x, y; f) = (y − f(x))2 is the squared

loss for regression problems (Y = R), and l(x, y; f) = I [y ̸= f(x)] is the 0–1 loss for

classification problems (e.g., Y = {−1,+1}). We call a function f : X → Y a machine

learning model (or model, for short), and a set F a model class1. For a classification

(resp. regression) problem, we also call a model f a classifier (resp. regressor).

Unfortunately, it is impossible to directly compute the expected prediction risk R(f)

in practice because we cannot observe the true distribution D. Instead, we assume a

sample S = {(x(1), y(1)), . . . , (x(N), y(N))} with N ∈ N labeled examples (x, y) ∈ X × Y

that are independently and identically distributed to D. We call x ∈ X and y ∈ Y an

input instance and output label, respectively. Given a sample S, the task of supervised

learning is defined as the following optimization problem:

f̂ = argmin
f∈F

R̂(f | S) + Ω(f). (2.1)

The first term R̂ of the objective function of the problem (2.1) is the empirical risk

1In the literature of computational learning theory, a model f and a model class F is called a

hypothesis and a hypothesis set, respectively [238]
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defined as

R̂(f | S) := 1

N

∑
(x,y)∈S

l(x, y; f). (2.2)

The second term Ω: F → R≥0 is a regularization term that evaluates how complex a

model f is and avoids overfitting of f on S. We call the problem (2.1) the regularized

empirical risk minimization [238].

Hereinafter, we assume an input domain X = X1 × · · · × XD ⊆ RD for a positive

integer D ∈ N, and an output domain Y ⊆ R. We denote an input instance x ∈ X by

x = (x1, . . . , xD) ∈ X , and call each dimension d a feature.

2.3 Model Class

In this thesis, we mainly focus on a model class F based on the linear basis expansion

model [139]. A linear basis expansion model f : X → Y is expressed as the following

additive form:

f(x) =
T∑
t=1

wt · ft(x)− b, (2.3)

where f1, . . . , fT : X → R are the base learners2, T ∈ N is the total number of base

learners, wt ∈ R is a weight value of t-th base learner ft for t ∈ [T ], and b ∈ R

is an intercept. While the linear basis expansion models can be directly applied to

regression problems (Y = R), they can be also applied to classification problems (e.g.,

Y = {−1,+1}) by adequately transforming their outputs, which will be shown in

Section 2.4. In the following, we show that several well-known machine learning models

can be expressed as the linear basis expansion models.

2Generally, ft is also called a basis function [139].
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2.3.1 Linear Models

Linear models (LMs), such as the logistic regression and linear support vector machines,

are one of the most popular models [139]. An LM makes a prediction depending on

the inter product ⟨w, x⟩, i.e.,

f(x) =
D∑

d=1

wd · xd − b, (2.4)

where w = (w1, . . . , wD) ∈ RD is a coefficient vector and b ∈ R is an intercept. We

note that an LM is a special case of the linear basis expansion models such that T = D

and fd(x) = xd for d ∈ [D].

Fortunately, learning problems of LMs (w, b) ∈ RD+1 can be often solved efficiently.

For a regression problem Y = R, for example, let the loss function l and regularization

term Ω be the squared loss and squared ℓ2-norm of w, respectively. Then, an optimal

solution (w∗, b∗) can be computed analytically, which is known as the Ridge regres-

sion [139]. Another well-known example is the linear support vector machines (SVMs)

for a binary classification problem Y = {−1,+1}, whose loss function is the hinge loss

defined as l(x, y; f) = max{0, 1 − y · f(x)}. Because the learning problem of SVMs is

a convex quadratic optimization problem, it can be efficiently solved by several algo-

rithms, such as sequential minimal optimization (SMO) [266]. Generally, if l and Ω is

differentiable and convex with respect to (w, b), linear models can be efficiently learned

by gradient-based optimization methods, such as gradient descent, coordinate descent,

and stochastic gradient descent [118].

2.3.2 Decision Trees

A decision tree is a model consisting of a set of exclusive if-then-else rules expressed in

the form of a binary tree [49, 275]. It makes a prediction according to the predictive
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Figure 2.1: An example of a decision tree and its partition on the input space X = R2.

label ŷ ∈ Y of the leaf that an input instance x ∈ X reaches. The corresponding leaf is

determined by traversing the tree from the root depending on whether the statement

xd ≤ b is true or not, where (d, b) ∈ [D] × R is a pair of a branching feature and a

branching threshold of each internal node.

A decision tree with L leaves represents a partition r1, . . . , rL of the input domain

X , i.e.,
⋃L

l=1 rl = X and rl∩rk = ∅ for l, k ∈ [L] [139]. Then, a decision tree f : X → Y

can be expressed as

f(x) =
L∑
l=1

ŷl · I [x ∈ rl] , (2.5)

where L ∈ N is the total number of leaves in the decision tree f , and ŷl ∈ Y and rl ⊆ X

is a predictive label and region corresponding to the leaf l ∈ [L], respectively. We note

that a decision tree is a special case of the linear basis expansion models such that

T = L, wl = ŷl, and fl(x) = I [x ∈ rl] for l ∈ [L]. Figure 2.1 presents an example of a

decision tree and its partition on the input space X .



Algorithm 1 Top-down greedy algorithm for learning decision trees [49, 275].

Input: A training sample S ⊂ X × Y, and an impurity criterion i (e.g., Gini index for

classification or variance for regression).

Output: A decision tree f : X → Y

1: function Rec(S)

2: if a given stopping criterion met then

3: initialize a leaf node n;

4: if classification then

5: optimize a predictive label ŷ∗ ← argmaxy′∈Y
∑

(x,y)∈S I [y = y′];

6: else if regression then

7: optimize a predictive label ŷ∗ ← 1
|S|
∑

(x,y)∈S y;

8: end if

9: return a leaf node n with ŷ∗;

10: else

11: initialize an internal node n;

12: optimize a branching rule (d∗, b∗) by the following optimization problem:

(d∗, b∗)← argmax
(d,b)∈[D]×R

(
i(S)−

(
|S0|
|S|
· i(S0(d, b)) +

|S1|
|S|
· i(S1(d, b))

))
,

where S0(d, b) = {(x, y) ∈ S | xd > b} and S1(d, b) = {(x, y) ∈ S | xd ≤ b};

13: n.left← Rec(S0(d
∗, b∗)); n.right← Rec(S1(d

∗, b∗));

14: return the internal node n with (d∗, b∗);

15: end if

16: end function

17: initialize a root node r;

18: r ← Rec(S);

19: return a decision tree f with the root node r;

14
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Unfortunately, because decision trees are not differentiable due to their discrete

nature, gradient-based optimization methods cannot be directly applied, unlike linear

models. Moreover, a problem for finding a minimum-sized decision tree that mini-

mizes the empirical risk is an NP-hard problem [151,368]. Therefore, top-down greedy

learning algorithms, such as the Classification And Regression Trees (CART) [49] and

C4.5 [275], have been widely used. Algorithm 1 presents a general framework of a

top-down greedy algorithm for learning decision trees. Given a training sample S,

Algorithm 1 learns a branching rule xd ≤ b for each internal node by recursively

partitioning S depending on a given impurity criterion i, such as the Gini index

i(S) = 1−
∑

y′∈Y p
2
y′ for classification or variance i(S) = 1

|S|
∑

(x,y)∈S(ȳ− y)2 for regres-

sion, where py′ =
1
|S|
∑

(x,y)∈S I [y = y′] and ȳ = 1
|S|
∑

(x,y)∈S y, respectively [49, 139]. If

a given stopping condition, such as minimum sample size or maximum tree depth, is

satisfied, then the algorithm generates a leaf with a predictive label ŷ optimized for a

subset of the sample S that reaches the leaf.

In contrast, recently, several methods for exactly minimizing the empirical risk and

size of decision trees based on modern optimization techniques, such as branch-and-

bound algorithms and mixed-integer linear optimization, have been proposed [38,149].

The recent work on learning optimal decision trees will be described in Chapter 3.

2.3.3 Tree Ensembles

Tree ensembles (TEs), such as the random forest [47] and gradient boosting decision

tree [68, 101, 181, 272], are known for their high prediction performances in machine

learning competitions. Each base learner ft is a decision tree, and thus a TE f makes

a prediction by combining the prediction results of T decision trees. Since a decision
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tree can be expressed as (2.5), a TE f can be expressed as follows:

f(x) =
T∑
t=1

wt ·
Lt∑
l=1

ŷt,l · I [x ∈ rt,l] , (2.6)

where Lt ∈ N is the total number of leaves in t-th decision tree ft, and ŷt,l ∈ Y

and rt,l ⊆ X is a predictive label and region corresponding to the leaf l ∈ [Lt] of ft,

respectively.

A key to improving the performance of ensemble models is to average many models

that have high variance but low bias [46]. Because decision trees are known to have

high variance and low bias if they are sufficiently deep, they are ideal candidates for

ensemble models [139]. One of the most popular TEs is the random forest [47] and

its variants, such as the extremely randomized trees (ExtraTrees) [112]. The random

forest is a substantial modification of bootstrap aggregation (bagging) [46]. The learning

algorithm of random forests builds a set of diverse decision trees by subsampling not

only examples but also features. Algorithm 2 presents a generic algorithm for learning

random forests. In each iteration t of the algorithm, a decision tree ft is trained with

a bootstrap sample St ⊆ S and a randomly selected features P ⊆ [D]. Each of the

decision trees is trained independently, and the random forest f makes predictions by

averaging them, i.e., wt =
1
T
for any t ∈ [T ].

Another popular TE is the gradient boosting decision tree [101]. Unlike random

forests where each decision tree is independently trained and equally averaged, the

gradient boosting decision tree sequentially optimizes a decision tree ft and its weight

wt in each step t so as to compensate the weaknesses of decision trees f1, . . . ft−1

build in previous steps. Algorithm 2 presents a generic algorithm for learning gradient

boosting decision trees. Let f (t) =
∑t

t′=1wt′ · ft′(x) be a model trained before t-th

iteration. In each iteration t of the algorithm, a decision tree ft is trained so as to fit



Algorithm 2 Algorithm for learning random forests [47].

Input: A training sample S ⊂ X × Y , a total number of decision trees T ∈ N, and

subsample sizes for examples m ∈ [N ] and features p ∈ [D].

Output: A random forest f : X → Y .

1: for t = 1, . . . , T do

2: draw a bootstrap sample St with m examples from S;

3: randomly select p features P ⊆ [D] from [D];

4: train t-th decision tree ft with the sample St and features P (e.g., Algorithm 1);

5: end for

6: return a random forest f with decision trees f1, . . . , fT ;

Algorithm 3 Algorithm for learning gradient boosting decision trees [101].

Input: A training sample S ⊂ X × Y , and a total number of decision trees T ∈ N.

Output: A gradient boosting decision tree f : X → Y .

1: for t = 1, . . . , T do

2: compute gradients g(x, y) = −∂l(x,y;f (t−1))

∂f (t−1)(x)
for (x, y) ∈ S;

3: construct a new sample St ← {(x, g(x, y)) | (x, y) ∈ S} with the gradients;

4: train t-th decision tree ft with the sample St (e.g., Algorithm 1);

5: compute t-th weight wt ← argminw∈R R̂(f
(t)
w | S), where f (t)

w (x) = f (t−1)(x) +

w · ft(x);

6: end for

7: return a gradient boosting decision tree f with decision trees f1, . . . , fT and their

weights w1, . . . , wT ;

17
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not the labels y but the gradients ∂l(x,y;f (t−1))

∂f (t−1)(x)
of the loss of the previous model f (t−1),

which is called generalized residuals [139]. Algorithms for learning gradient boosting

decision trees are implemented as several libraries (e.g., XGBoost [68], LightGBM [181],

and CatBoost [272]). These libraries are renowned for their fastness and prediction

performances in practical machine learning competitions such as Kaggle3.

2.3.4 Multilayer Perceptrons

Multilayer perceptrons (MLPs) have become increasingly common over the past decade

due to the remarkable progress of deep neural networks (DNNs) [118]. For simplicity,

we consider two-layer ReLU networks, i.e., MLPs with a single hidden layer and the

rectified linear unit (ReLU) function g(x) = max(0, x) as an activation function4. With

MLPs, each base learner ft is an output of a neuron in its hidden layers with the ReLU

function g, i.e., ft(x) = g(w(t) ·x+ b(t)), where w(t) ∈ RD and b(t) ∈ R are weight values

and an intercept with respect to the t-th neuron in the hidden layer, respectively. Then,

an MLP f can be expressed as

f(x) =
T∑
t=1

wt · g(w(t) · x+ b(t)). (2.7)

Generally, because learning problems of MLPs are non-convex optimization prob-

lems, efficiently finding optimal solutions is computationally challenging. However, un-

like decision trees and tree ensembles, the learning objective of MLPs is differentiable,

and thus efficient gradient-based optimization methods can be used. Let fθ : X → Y

be an MLP with a parameter θ ∈ Θ including wt and w
(t) for t ∈ [T ], where Θ is a pa-

rameter space. Gradient-based methods iteratively update the parameter θ depending

3https://www.kaggle.com/
4Our proposed methods presented in Chapters 4 and 5 can be extended to general multilayer ReLU

networks.



Algorithm 4 Stochastic gradient descent algorithm for learning MLPs [118].

Input: A training sample S ⊂ X × Y , a set of learning rate {ε1, ε2, . . .}, a size of

minibatch m ∈ [N ], and an initial parameter θ ∈ Θ.

Output: An MLP f : X → Y .

1: initialize a parameter θ∗ ← θ;

2: k ← 1;

3: while a given stopping criterion not met do

4: sample a minibatch Sk ⊆ S with m examples from S;

5: compute gradient estimates ĝk ← ∇θ∗R̂(fθ∗ | Sk);

6: update the parameter θ∗ ← θ − εk · ĝk;

7: k ← k + 1;

8: end while

9: return an MLP fθ∗ with the parameter θ∗;

19
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on the gradients of the empirical risk R̂ with respect to θ. One of the popular learn-

ing algorithms is the stochastic gradient descent [118] and its variants. Algorithm 4

presents a generic algorithm of the stochastic gradient descent. In each iteration k of

Algorithm 4, the model parameter θ∗ is updated depending on a given learning rate

εk and estimated gradients ĝk by a minibatch Sk ⊆ S with m examples sampled from

a given training sample S. Although a set of learning rate {ε1, ε2, . . .} is a hyper-

parameter that we must determine in advance, it is known to significantly affect the

performance of learned models. To set learning rates adequately, several strategies for

adaptively determining a learning rate εk of each iteration k during training have been

proposed, such as the RMSProp [118] or Adam [188].

2.4 Binary Classification

In the contributions of this thesis, i.e., in Chapters 4 to 6, we consider binary classifica-

tion problems as prediction tasks. Unless otherwise stated, we assume Y = {−1,+1}.

To adapt to the output domain of a binary classification problem Y = {−1,+1}, we

modify a linear basis expansion model f : X → Y so that it makes a prediction through

the sign function, i.e.,

f(x) = sgn

(
T∑
t=1

wt · ft(x)− b

)
. (2.8)

We call f an additive classifier (AC).

2.5 Mixed-Integer Linear Optimization

In this thesis, we formulate new optimization problems for realizing the explainability

of machine learning. As optimization methods for the formulated problems, we focus
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on mixed-integer linear optimization (MILO). MILO is one of the most sophisticated

mathematical modeling frameworks for solving complex optimization tasks [70, 359].

Generally, a key of MILO-based approaches is to express a given optimization task as a

(binary) mixed-integer linear optimization problem (MILO problem) defined as follows:

minimize
I∑

i=1

ci · xi +
J∑

j=1

hj · yj

subject to
I∑

i=1

ap,i · xi +
J∑

j=1

gp,j · yj ≤ bp, ∀p ∈ {1, . . . , P},

xi ∈ {0, 1}, ∀i ∈ {1, . . . , I},

yj ∈ R, ∀j ∈ {1, . . . , J},

(2.9)

where xi ∈ {0, 1} and yj ∈ R are variables to be optimized, ci, hj, ap,i, gp,j, bp ∈ R are

constants computed in advance, I, J, P ∈ N are the total number of binary variables,

real-valued variables, and constraints, respectively. While the MILO problem (2.9) is

NP-hard, several algorithmic techniques for efficiently solving the MILO problem (2.9)

have been massively studied and developed until today [70, 359]. Hence, once we

formulate a given optimization task as a form of the MILO problem (2.9), we have a

chance to efficiently obtain an optimal solution for the original optimization task by

solving the formulated MILO problem (2.9).

One key advantage of the MILO-based approaches is their modeling flexibility [70,

359]. Using the integer variables xi ∈ {0, 1}, we can exactly express discrete struc-

tures (e.g., the tree structure of decision trees, constraints on categorical features, and

non-differentiable objective functions) and handle them as constraints and objective

functions. In addition, once the optimization task is formulated as an MILO problem,

it can be efficiently solved by off-the-shelf MILO solvers, such as CPLEX [153] and

Gurobi [125]. Over the past 30 years, remarkable progress of computer hardware and

algorithmic techniques has allowed modern MILO solvers to handle large optimization
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problems including real-world applications [38, 331]. Taking advantage of their flexi-

bility and efficiency, MILO-based approaches can efficiently deal with a wide range of

objective functions and constraints without implementing designated algorithms, which

is a desirable property for explainable machine learning [59,76,257,288,333,335,341].

On the other hand, the scalability of the MILO solvers mainly depends on the size of

MILO problems, i.e., the total numbers of variables I+J and constraints P . To alleviate

the issues with scalability, several modeling techniques for efficient MILO formulation

have been massively studied [359]. By incorporating these modeling techniques, we

attempt to efficiently formulate the optimization tasks for realizing the explainability

of machine learning models.



Chapter 3

Overview of Explainable Machine

Learning

In this chapter, we present a brief overview of studies on explainable machine learning.

We provide a survey on major existing methods for realizing explainability, and also

discuss their issues that have been raised from the perspectives of their practicality.

Finally, we clarify how the contributions of this thesis relate to the previous studies.

3.1 Background

Due to the remarkable progress of machine learning techniques, complex machine learn-

ing models, such as deep neural networks (DNNs) [118] and tree ensembles [47,68,181],

have performed well in various prediction tasks for the last decade. As a consequence,

there has been an increasing trend to leverage machine learning models for decision-

making tasks in the real world, which is called algorithmic decision-making [119]. Actu-

ally, they have already achieved high prediction performances in various real decision-

23
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making tasks, including:

• Medicine: assessing the risk of disease (e.g., diabetes [254], sleep apnea [336], and

cardiovascular [358]), health care [34, 94], and medical imaging [93,370].

• Finance: assessing the risk of default in loan approvals or credit scoring [97,255,

291], fraud detection [141], and portfolio management [142].

• Criminal justice: assessing the risk of recidivism or flight of offenders [24,51,327],

and setting bail amounts [369].

In the above decision-making tasks, decisions are often critical for humans; that is,

decisions based on the predictions of the models might have a significant impact on

human users [69]. Consequently, problems concerning the trustworthiness of machine

learning models have been increasingly attracting attention [286, 338]. To emphasize

the need for the trustworthiness of machine learning models, several regulations, such

as the “General Data Protection Regulation (GDPR)” by European Union [119], “Eth-

ically Aligned Design” by IEEE [324], and “Ethics guidelines for trustworthy AI” by

European Commission [143], have been released in recent years. For example, in the

“Social Principles of Human-Centric AI” released by the Cabinet Secretariat of Japan in

March 2019 [54], they mentioned fairness [29,127,264], accountability [86,121,184,297],

transparency [85,208,357], and robustness [15,321] as perspectives that should be con-

sidered in the development and deployment of machine learning models. Under these

regulations, decision-makers must follow them to use machine learning models for their

decision-making tasks [119]. Therefore, there have been urgent demands to develop

methods for improving the trustworthiness of machine learning models in the sense of

fairness, accountability, transparency, and robustness [286,338].
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In particular, explainability has been recognized as a key to improving the trustwor-

thiness of machine learning models in the research community, and studies on explain-

able machine learning have been attracting increasing attention [1,121]. While the term

“explainable machine learning” is relatively new, issues with explainability have been

traditionally studied in various fields of artificial intelligence [337], such as expert sys-

tems [240] and data mining [261], since the mid-1970s. In the light of the technical ad-

vances in machine learning models and their applications to the critical decision-making

tasks, research papers on explainable machine learning have been exponentially in-

creased for the last five years [1], and various methods for realizing explainability, which

we will refer to as “explanation methods,” have been proposed until today. Furthermore,

to provide a better understanding of the models and their predictions, desiderata that

explanations should satisfy have been actively discussed from various perspectives, in-

cluding not only machine learning [30,85,99,217,356], but also social science [208,233],

cognitive science [20,237], law [119,297], privacy [14,234,304], human-computer inter-

action [21, 157, 179, 196, 346], and real deployment [40, 42, 271, 329, 339]. Fortunately,

there have been several exhaustive survey papers [1, 31, 61, 87, 115, 121, 215, 287] and

excellent textbooks [43,239] on explainable machine learning.

To improve the trustworthiness of machine learning models, explanation methods

are expected to play important roles to (1) discover novel knowledge or overlooked

bugs contained in machine learning models [1, 183], and (2) assist human users to

accept the predictions given by the models with confidence [121]. More specifically,

they are expected to be useful both for identifying the causes of issues with fairness

or robustness and for ensuring accountability and transparency in the development

and deployment of machine learning models. In contrast to such expectations, several

limitations regarding the practicality of existing methods have been pointed out for
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the last few years from various perspectives, such as plausibility [128, 131, 202, 251],

faithfulness [2,158], and stability [18,48,122]. These studies have revealed not only the

risk of providing misleading explanations that prevent human users from understand-

ing the models accurately [83, 113, 286], but also the risk of malicious manipulation

of explanations, e.g., for rationalizing the discrimination of models [12, 71, 105, 129].

Therefore, existing explanation methods are insufficient to fulfill their expected roles,

and there are still difficulties to apply them in real decision-making tasks [286]. In fact,

although several papers conducted user experiments to investigate whether the existing

explanation methods actually help humans, there are still a few papers that have fully

concluded their effectiveness [17, 137, 161, 163, 269]. In real deployments of machine

learning models, Bhatt et al. have reported that the existing explanation methods are

only used by model developers for debugging their models, and are not used to explain

the predictions to the human users who are subjects of the prediction [40,42,179].

This chapter provides a brief overview of studies on explainable machine learning

by elaborately selecting some important papers published recently. We review two ma-

jor approaches of explanation methods: (1) post-hoc local explanation and (2) learning

globally interpretable models, respectively. Tables 3.1 and 3.2 summarize existing rep-

resentative methods for each approach. Then, we also present some practicality issues

with them that have been raised for the last few years. Finally, we conclude this chapter

by clarifying the relation of the contributions in this thesis to the previous studies.

3.2 Post-hoc Local Explanation

A recent major approach for realizing explainability is the post-hoc extraction of local

explanations from learned complex models. Post-hoc approaches for extracting knowl-



T
ab

le
3.
1:

E
x
is
ti
n
g
re
p
re
se
n
ta
ti
ve

m
et
h
o
d
s
fo
r
p
os
t-
h
o
c
lo
ca
l
ex
p
la
n
at
io
n
.

N
a
m
e

E
x
p
la
n
a
ti
o
n

F
o
rm

E
x
p
la
n
a
ti
o
n

T
y
p
e

P
ro

c
e
d
u
re

L
IM

E
[2
80

]
F
ea
tu
re
-b
as
ed

L
o
ca
l
su
rr
og

at
e

A
p
p
ro
x
im

at
in
g
co
m
p
le
x
m
o
d
el
s
lo
ca
ll
y
b
y
li
n
ea
r
m
o
d
el
s

S
H
A
P

[2
23

]
F
ea
tu
re
-b
as
ed

F
ea
tu
re

at
tr
ib
u
ti
on

S
co
ri
n
g
ea
ch

fe
at
u
re

b
as
ed

on
th
e
S
h
ap

le
y
va
lu
e

G
ra
d
-C

A
M

[2
98

]
F
ea
tu
re
-b
as
ed

S
al
ie
n
cy

m
ap

S
co
ri
n
g
ea
ch

fe
at
u
re

b
y
av
er
ag

in
g
it
s
w
ei
gh

te
d
gr
a
d
ie
n
ts

In
fl
u
en

ce
[1
89

]
E
x
am

p
le
-b
as
ed

In
fl
u
en
ti
al

ex
am

p
le

S
co
ri
n
g
ea
ch

ex
am

p
le

b
as
ed

on
th
e
in
fl
u
en

ce
fu
n
ct
io
n

F
is
h
er

K
er
n
el

[1
82

]
E
x
am

p
le
-b
as
ed

S
im

il
ar

ex
am

p
le

E
va
lu
at
in
g
th
e
re
le
va
n
ce

of
ex
am

p
le
s
b
y
th
e
F
is
h
er

k
er
n
el

C
E

[3
4
4]

C
ou

n
te
rf
ac
tu
al

P
er
tu
rb
at
io
n

O
p
ti
m
iz
in
g
p
er
tu
rb
at
io
n
s
fo
r
d
es
ir
ed

p
re
d
ic
ti
on

re
su
lt
s

A
R

[3
35

]
C
ou

n
te
rf
ac
tu
al

P
er
tu
rb
at
io
n

O
p
ti
m
iz
in
g
p
er
tu
rb
at
io
n
s
u
n
d
er

ac
ti
on

ab
il
it
y
-c
o
n
st
ra
in
ts

T
ab

le
3.
2:

E
x
is
ti
n
g
re
p
re
se
n
ta
ti
ve

m
et
h
o
d
s
fo
r
le
ar
n
in
g
gl
ob

al
ly

in
te
rp
re
ta
b
le

m
o
d
el
s.

N
a
m
e

M
o
d
e
l
C
la
ss

L
e
a
rn

in
g
P
ro

b
le
m

O
p
ti
m
iz
a
ti
o
n

L
as
so

[3
25

]
L
in
ea
r
m
o
d
el

M
in
im

iz
in
g
th
e
sq
u
ar
ed

lo
ss

an
d
ℓ 1
-n
or
m

e.
g.
,
co
or
d
in
at
e
d
es
ce
n
t

S
L
IM

[3
33

]
L
in
ea
r
m
o
d
el

M
in
im

iz
in
g
th
e
0–

1
lo
ss

an
d
ℓ 0
-n
or
m

u
n
d
er

in
te
ge
r-
co
n
st
ra
in
ts

M
IL
O

C
A
R
T

[4
9]

D
ec
is
io
n
tr
ee

R
ec
u
rs
iv
e
p
ar
ti
ti
on

in
g
b
as
ed

on
th
e
G
in
i
in
d
ex

T
op

-d
ow

n
gr
ee
d
y
a
lg
o
ri
th
m

O
C
T

[3
8]

D
ec
is
io
n
tr
ee

M
in
im

iz
in
g
th
e
0–

1
lo
ss

an
d
to
ta
l
n
u
m
b
er

of
n
o
d
es

M
IL
O

O
S
D
T

[1
49

]
D
ec
is
io
n
tr
ee

M
in
im

iz
in
g
th
e
0–

1
lo
ss

an
d
to
ta
l
n
u
m
b
er

of
le
av
es

B
ra
n
ch
-a
n
d
-b
ou

n
d
a
lg
o
ri
th
m

C
O
R
E
L
S
[2
3]

R
u
le

li
st

M
in
im

iz
in
g
th
e
0–

1
lo
ss

an
d
to
ta
l
le
n
gt
h
of

ru
le
s

B
ra
n
ch
-a
n
d
-b
ou

n
d
a
lg
o
ri
th
m

ID
S
[1
98

]
R
u
le

se
t

M
ax

im
iz
in
g
ac
cu

ra
cy

u
n
d
er

ca
rd
in
al
it
y
-c
on

st
ra
in
ts

on
ru
le
s

S
u
b
m
o
d
u
la
r
op

ti
m
iz
a
ti
o
n

27



28 CHAPTER 3. OVERVIEW OF EXPLAINABLE MACHINE LEARNING

edge or explanation have been widely studied, such as rule extraction from complex

models [50,74,75,130,231,244], knowledge distillation of complex models [103,106,145,

373], scoring the relevance of features by permutation importance [16,47,206], feature

selection with statistical testing [116, 117, 126, 293], and representative example selec-

tion [44, 114, 185]. These approaches are designed for extracting explanations from an

entire model f : X → Y or training sample S ⊂ X ×Y . While these methods attempt

reveal “global” behaviour of f , recent post-hoc methods attempt to extract “local”

explanations of the prediction result f(x◦) for a given specific input instance x◦ ∈ X .

A main advantage of the post-hoc local explanation methods is that they can pro-

vide explanations of prediction results f(x◦) while maintaining the high prediction per-

formances of the complex models f [1]. Therefore, various methods for post-hoc local

explanation have been actively studied in recent years. Key challenges of post-hoc local

explanation methods are (i) what form of explanation to provide, and (ii) what crite-

rion to use for evaluating the explanation. Existing post-hoc local explanation methods

can be divided into three groups depending on their forms of explanation [239]: (1)

feature-based, (2) example-based, and (3) counterfactual explanation.

3.2.1 Feature-based Explanation

Feature-based explanation methods, also known as instance-wise feature selection meth-

ods, provide a score of each feature d ∈ [D] for how much the feature d contributes to

the prediction result f(x◦) of a complex model f for a given specific instance x◦. By

quantitatively evaluating the contribution of each feature to prediction results, we can

identify on which features the model f outputs the specific prediction result f(x◦) for a

given individual instance x◦. It helps to verify the validity of the predictions by f (e.g.,

whether its prediction is based on sensitive features such as gender or race [4, 264]).
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One of the major feature-based explanation methods is the local surrogate method

that learns an interpretable model for locally approximating a complex model f near

a given instance x◦. Because interpretable models can explain how they make pre-

dictions using each feature by themselves, we can understand the contribution of

each feature to the original prediction result f(x◦) through them. The most popu-

lar framework is Locally Interpretable Model-agnostic Explanation (LIME) [280] and

its variants [124, 164, 197, 268, 281, 289, 313, 375]. As its explanation, LIME provides

a surrogate interpretable model h that locally approximates the behavior of a com-

plex model f near a given instance x◦. Given an input instance x◦ ∈ X and complex

model f : X → Y , the framework of LIME can be roughly formulated as the following

optimization problem:

h∗ = argmin
h∈H

R̂x◦(h | f) + Ω(h), (3.1)

where H is a class of surrogate models h : X → Y , and Ω: H → R≥0 is a regularization

term that evaluates the complexity of h. The first term R̂x◦ : H → R≥0 is the weighted

empirical risk defined as:

R̂x◦(h | f) := 1

|N(x◦)|
∑

x∈N(x◦)

∆x◦(x) · l(x, f(x);h), (3.2)

where N(x◦) ⊂ X is a set of neighbor instances of x◦, and ∆x◦(x) = ∆(x◦, x) is the

distance between x◦ and x based on some metric ∆: X × X → R≥0 on X . In recent

literature, R̂x◦ is known as the infidelity score for evaluating the quality of surrogate

models, i.e., local explanations [158, 203, 361]. A typical choice of H and Ω are linear

models h(x) = w⊤x+b and the ℓ1-norm ∥w∥1 of w, respectively. We can interpret each

value wd of an obtained coefficient vector w = (w1, . . . wD) as a contribution score of

the feature d ∈ [D] to the prediction result f(x◦). Figure 3.1 presents an example of
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Figure 3.1: An example of an explanation provided by LIME [280].

an explanation extracted by LIME from a LightGBM classifier [181] on the German

dataset [88]. Note that a class of local surrogate models can be extended to other

interpretable models, e.g., a set of predictive rules with respect to features, which is

called Anchors [281].

Another major approach is the feature attribution method that evaluates the con-

tribution of each feature by some appropriate criterion. One of the most sophisticated

frameworks is SHapley Additive exPlanations (SHAP) [223] and its variants [67,72,192,

222,350]. In the framework of SHAP, a contribution score of each feature is evaluated

based on the Shapley values in cooperative game theory [302]. Lundberg and Lee have

theoretically shown that the scores based on the Shapley values satisfy some desirable

properties in interpreting the prediction f(x), e.g., local accuracy, missingness, and

consistency [223]. Moreover, as with LIME, SHAP is a model-agnostic method; that

is, the scores of SHAP can be calculated for any machine learning model f .

For differentiable models such as DNNs, the saliency maps [308] are also popular fea-

ture attribution methods to visualize the features that are focused by a complex model

f . These methods evaluate the contribution of each feature d based on its input gradi-

ent ∂f(x)
∂xd

of f(x◦) with respect to x◦d. The saliency maps are popular methods mainly

for image classification tasks because they can visualize a set of important features, i.e.,

pixels, by highlighting them in the input image x◦, which is easy for humans to under-
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stand. To remove noises in gradients and sharpen the highlights, several methods have

been proposed in recent years, such as GuidedBackprop [317], SmoothGrad [314], Inte-

gratedGrad [320], Epsilon-LRP [27], Grad-CAM [298], and DeepLIFT [305]. Recently,

a few recent studies have attempted to theoretically analyze the relationships between

the saliency maps and other model-agnostic methods, such as LIME and SHAP [6,223].

3.2.2 Example-based Explanation

In contrast to the feature-based explanation methods that evaluate the contribution

of each feature d ∈ [D] to a specific prediction result f(x◦), example-based explana-

tion methods, also known as instance-based or similarity-based explanation methods,

evaluate that of each example in the training sample S for f . Roughly speaking,

example-based methods provide one or more training examples (x, y) ∈ S similar to x◦

as its explanation of the prediction result f(x◦). This type of explanation is known to

be preferable to humans because it is analogous to the way humans make decisions by

referring to their prior experiences [128,163].

To evaluate the relevance of training examples z = (x, y) ∈ S with respect to a given

instance x◦ and its prediction f(x◦) by f , several criteria, such as the influence func-

tion [32,123,189], Fisher kernel [182], and inner product between input gradients [362],

have been proposed. The main idea of these criteria is to evaluate the influence of a

training example z on the prediction result f(x◦) by approximating the difference be-

tween the prediction results for x◦ by the model trained with z and that of without z.

Taking advantage of this property, example-based explanation methods are applied to

data cleansing tasks for identifying a subset of the training examples S that increases

the loss of the trained model [135, 273]. As a variant of example-based explanation

methods, a concept-based explanation method that provides abstract concepts, such
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as stripe or dot patterns, rather than a specific example has been proposed [186].

3.2.3 Counterfactual Explanation

Both feature-based and example-based explanations provide humans with reasons why

a machine learning model f output the prediction result f(x◦) for a given specific

instance x◦. Counterfactual Explanation (CE) [344], also known as Actionable Re-

course (AR) [335], is a post-hoc local explanation method that provides humans with

not only why the prediction result f(x◦) was obtained, but also how the prediction

result f(x◦) could be changed into their desired prediction result, such as “low risk of

diabetes” or “approval of the loan.” From the perspectives of social science, such an

explanation of the “what-if” form, i.e., counterfactual [210], is known to be motivated

by how humans ask questions; that is, humans tend to ask “why event P happened

instead of some event Q,” rather than “why event P happened” [216, 233, 237, 356].

Therefore, CE has attracted increasing attention as a new framework that can provide

more constructive and preferable explanations for human users [176,318,340].

Generally, the task of CE can be formulated as the following optimization problem:

a∗ := argmin
a∈A

C(a | x◦) subject to f(x◦ + a) = y∗, (3.3)

where A ⊂ RD is a set of feasible perturbations for x◦, C : A → R≥0 is a cost function

that evaluates the required effort of a perturbation a ∈ A for x◦, and y∗ ∈ Y is a desired

prediction result. Since a perturbation a∗ alters the prediction result by a model f into

the desired one y∗, humans x◦ can interpret a∗ as an “action” for obtaining their desired

prediction result from the model f . A few examples of extracted actions by CE are

shown in Table 4.1 of Chapter 4.

CE can be seen as having aspects of both feature-based and example-based expla-
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nations in the sense that it provides a feature vector a∗ and a counter-example x◦ + a∗

as its explanation. On the other hand, unlike existing feature-based and example-based

explanation methods, CE aims to provide “actionable” explanations in the sense that

humans can directly refer to its explanation and execute it as an action [233]. For that

purpose, it is necessary that the obtained perturbation vector a∗ can be executed by

humans, unlike adversarial examples [15, 321]. Therefore, the set of feasible actions A

must be constructed by adequately taking the properties of each feature d ∈ [D] into

account [30,339]. For example, Ustun et al. have introduced two types of features that

should be constrained in the feasible actions: (i) immutable features (e.g., age or mar-

ital status) that should not be considered actionable, and (ii) conditionally immutable

features (e.g., education level) that should be actionable in only one direction, i.e., only

increasing or decreasing [335].

Key challenges of CE are (1) how to adequately design a cost function C and (2) how

to efficiently solve the optimization problem (3.3). To adequately evaluate the required

effort of actions for humans, several useful cost functions, such as weighted ℓ1-norm of

median absolute deviation [292,344], total-log percentile shift [335], and ℓ2-norm based

on structural causal models [226], have been proposed. Optimization frameworks of

existing CE methods can be roughly categorized as gradient-based [178, 241, 242, 330,

344], autoencoder [81,226,259], SAT [175], heuristic search [200,270,277,328], or mixed-

integer linear optimization (MILO) [76,257,292,335]. A few survey papers present more

detailed recent advances on CE [176,318,340].

3.2.4 Advanced Methods for Local Explanation

Amortized Explanation. Almost all the existing methods for post-hoc local ex-

planation formulate their task of extracting local explanations as some optimization
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problem, such as the problem (3.1) or (3.3). However, given multiple instances, we

need to solve the optimization problem for each instance, which often requires a large

computational cost. To resolve this issue, frameworks for the amortized explanation

have been proposed [66, 77, 162, 187, 296, 363]. For a complex machine learning model

f , the amortized explanation methods learn an “explainer” function e : X → E , which

maps an input instance x◦ ∈ X into an explanation e(x◦) ∈ E for the prediction re-

sult f(x◦) (e.g., D-dimensional vector e(x◦) ∈ RD whose d-th element represents the

contribution of the feature d to f(x◦)), from a training sample based on some criteria,

such as mutual information [66]. Once an explainer e is trained, we can quickly obtain

explanations for unseen instances without solving optimization problems.

Global Summary of Local Explanations. Explanations extracted from a com-

plex model f are often expected to help humans understand the behavior of f . How-

ever, existing post-hoc local explanation methods, such as LIME [280], are designed

for a given specific instance x◦, and it is unclear whether the obtained explanation

can be applied to other instances. Thus, it is difficult for humans to estimate the

prediction results of f for unseen instances by the obtained explanations. To resolve

this difficulty, frameworks for globally summarizing local explanations have been pro-

posed [41,108,173,212,263,278,279]. These methods can be seen as a framework that

constructs an explainer function e : X → E expressed as an interpretable form, such as

hierarchical clustering [278] or rule models [108, 173, 279]. Because these interpretable

forms provide human users with information on the regions where a specific explana-

tion can be applied, they help humans understand the behavior of f on the entire input

domain X . For example, Kanamori et al. have proposed Counterfactual Explanation

Tree (CET), which is a framework of CE that summarizes actions over the entire input
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space X by a decision tree [173]. Taking advantage of decision trees, CET can assign

a unique action to any input instance over X in an interpretable manner.

3.2.5 Plausibility Issues with Local Explanation

As shown above, various post-hoc methods for extracting local explanations have been

proposed in recent years. This has led to growing demands for methods to compare

the explanations provided by several different methods [161]. To compare different

methods, several evaluation criteria [128, 201, 202] and sanity checking methods [2, 3,

147] that validate whether the existing methods can provide plausible [131, 158, 251]

explanations for human users have been proposed.

Unfortunately, these comparison methods have revealed the issue with faithful-

ness [22, 158]; that is, existing methods often provide implausible local explanations

that do not actually reflect how models make predictions. For example, Adebayo et al.

have proposed the model parameter randomization test that compares explanations ex-

tracted from a given complex model f with explanations extracted from a model whose

parameters are randomly perturbed from f [2]. They have observed that explanations

extracted by several existing methods, such as the GuidedBackprop [317] and Guided-

GradCAM [298], were invariant before and after perturbing, which indicates that the

extracted explanations did not reflect the models f .

Another issue with existing post-hoc local explanation methods is vulnerability. To

obtain valid insights on how a complex model makes predictions, we expect that a lo-

cal explanation extracted for an instance x◦ is robust to perturbations of the instance

x◦. In other words, it is desirable to provide the same explanation for instances in

the neighborhood of x◦. Based on this desideratum, Alvarez-Melis and Jaakkola have

proposed a criterion for evaluating the robustness of post-hoc local explanation meth-
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ods based on the Lipchitz condition [18]. Given an instance x◦ ∈ X and a post-hoc

local explanation method e : X → E , where E be a set of possible explanations, the

vulnerability of e on x◦ is defined as

vx◦(e) := max
x∈Bε(x◦)

∆E(e(x
◦), e(x))

∆(x◦, x)
, (3.4)

where Bε(x
◦) = {x ∈ X | ∆(x◦, x) ≤ ε} is a set of perturbed instances with radius

ε > 0, ∆: X ×X → R≥0 and ∆E : E ×E → R≥0 are dissimilarity measures for instances

and explanations, respectively. In their experiments, they have observed that some of

the existing feature-based explanation methods, such as LIME [280] and SHAP [223],

tend to be vulnerable to small perturbations. Similar results have also been observed

for example-based explanation methods [33]. Furthermore, by taking advantage of the

vulnerability, several empirical methods for adversarially manipulating explanations

have been also proposed [82, 113, 311, 312], like adversarial examples that manipulate

predictions [15,321].

To conclude, these results have revealed that the existing post-hoc local explana-

tion methods (1) often fail to provide plausible explanations that faithfully reflect how

complex models make predictions, and (2) might be adversarially manipulated due

to their vulnerability. These facts imply that there are reliability risks in the sense

that explanations not only become meaningless for human users, but also lead them to

mislead [286]. To elucidate these issues, recently, there have been several studies on the-

oretical analyses of the existing methods from various perspectives, such as gradients of

the models [83,148,247,310,361], causalities between features [160,193], the sensitivity

of hyperparameters [110,111], convergence [109,228], out-of-distribution [138], or mul-

tiplicity [319]. However, concrete solutions for addressing these issues with post-hoc

local explanation methods still remain important challenges [286].
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3.3 Learning Globally Interpretable Models

Another line of work on explainable machine learning is learning globally interpretable

models instead of complex models. Interpretable models, such as sparse linear mod-

els [325] and decision trees [49,275], have simple mathematical structures that humans

easily understand how these models make predictions. Therefore, interpretable mod-

els can provide humans with explanations for their predictions by themselves, unlike

complex models including DNNs and tree ensembles [121,287,356].

It has been well-known that there is a trade-off between the accuracy and inter-

pretability of machine learning models [48]. Thus, a key challenge of learning inter-

pretable models is to adjust the trade-off. For a given training sample S ⊂ X × Y ,

almost all the existing methods attempt to adjust it by formulating the task of learning

interpretable models as the following optimization problem [286]:

h∗ = argmin
h∈H

R̂(h | S) + λ · Ω(h), (3.5)

whereH is a class of interpretable models h : X → Y , R : H → R≥0 is the empirical risk

of h on S, Ω: H → R≥0 is a regularizer that evaluates the complexity of h, and λ > 0

is a trade-off parameter. While Ω evaluates the interpretability of h for humans, its

definition often varies depending on the model class H or application domains [85,217].

Hence, how to define Ω is still under discussion from the perspectives of not only

theoretical analyses but also user experiments [107,150,194,265].

Because H and Ω often contain discrete nature, the problem (3.5) tends to be a

combinatorial optimization problem, and generally, finding optimal solutions for (3.5)

is often computationally challenging [151, 286, 331, 368]. Due to its non-differentiable

properties, gradient-based optimization algorithms, such as stochastic gradient descent,

cannot be directly applied to the problem, unlike learning DNNs [118]. Thus, another
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key challenge is to design an efficient optimization algorithm for the problem (3.5).

Therefore, several efficient algorithms based on modern mathematical optimization

techniques, such as branch-and-bound algorithms [10,23,149,214], Bayesian optimiza-

tion [347,353,360], and mixed-integer linear optimization (MILO) [8,38,333,334,341],

have been massively studied in recent years.

3.3.1 Sparse Linear Models

One of the most popular interpretable models is a sparse linear model. As shown in

Section 2.3.1, linear models h(w,b) : X → Y makes a prediction depending on the value

⟨w, x⟩ − b, where ⟨w, x⟩ is the inner product between an input instance x ∈ X and a

coefficient vector w ∈ RD, and b ∈ R is an intercept. The term “sparse” means that the

coefficient w has a few non-zero elements and that wd = 0 holds for many d ∈ [D]. The

sparsity of a model is known to be a reasonable measure of interpretability from the

perspective of cognitive psychology [73,232,286]. From the definition of linear models,

features d with wd = 0 do not contribute to the prediction result, and thus we can

identify a set of important features as supp(w) := {d ∈ [D] | wd ̸= 0}.

A traditional sophisticated framework for learning sparse linear models is the Least

Absolute Shrinkage and Selection Operator (Lasso) [325] and its variants, such as the

ℓ1-regularized logistic regression [207], Elastic Net [377], Fused Lasso [326], and Group

Lasso [154, 307, 364]. For learning space linear models (w, b) ∈ RD+1, Lasso solves the

following optimization problem:

(w∗, b∗) = argmin
(w,b)∈RD+1

R̂(h(w,b) | S) + λ · ∥w∥1. (3.6)

Note that the regularizer Ω is set to the ℓ1-norm of w, i.e., ∥w∥1 =
∑D

d=1 |wd|. It

is known to induce sparsity on the resultant coefficient w∗ [139, 325]. Fortunately,
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while the ℓ1-norm is not differentiable at the origin, it has a subgradient. Thus, the

problem (3.6) can be efficiently solved by several optimization algorithms, such as

the coordinate descent [100] and Least-Angle Regression (LARS) [91], when the loss

function l of the empirical risk R̂ is convex (e.g., the squared loss for a regression

problem, or the logistic loss for a classification problem).

Recently, a more interpretable variant of sparse linear models, named Supersparse

Linear Integer Model (SLIM), has been proposed [316,331,333,334,371]. Motivated by

traditional scoring systems [331], a SLIM is designed as a sparse linear model whose

coefficients wd and intercept b are constrained to be a small integer value, i.e., (w, b) ∈

ZD+1. The task of learning a SLIM is formulated as follows:

(w∗, b∗) = argmin
(w,b)∈I

R̂(h(w,b) | S) + λ · ∥w∥0, (3.7)

where I = I1 × · · · × ID+1 ⊂ ZD+1 is a set of small integer coefficients, e.g., Id =

{−10, . . . , 10} for d ∈ [D + 1]. Note that the regularizer Ω is set to the ℓ0-norm of w,

i.e., ∥w∥0 =
∑D

d=1 I [wd ̸= 0], which encourages the resultant coefficient w∗ to be sparse

more directly than the ℓ1-norm of Lasso. Compared to ordinary sparse linear models,

the SLIM can be easily understood and validated by humans because its prediction

results can be calculated through simple arithmetic without a computer [316, 331].

However, due to the discrete nature of the model class I and the non-differentiable

property of the ℓ0-norm ∥w∥0, exactly solving the problem (3.7) is computationally

challenging. To exactly solve this problem, Ustun and Rudin have proposed an efficient

algorithm based on MILO [333,334]. Table 3.3 presents an example of a SLIM trained

on the German dataset [88].



40 CHAPTER 3. OVERVIEW OF EXPLAINABLE MACHINE LEARNING

Predict “HighDefaultRisk” if SCORE > −1.

1. LoanDuration ≤ 36 −2 points

2. NoCurrentLoan = True +2 points

3. PurposeOfLoan = Repairs +2 points

4. PurposeOfLoan = UsedCar −2 points

Add points from 1–4 SCORE

Table 3.3: An example of a SLIM [333] trained on the German dataset [88].

3.3.2 Rule Models

Another popular interpretable model is a rule model. One of the standard rule models

is a decision tree [49, 275]. As shown in Section 2.3.2, decision trees consist of a set

of exclusive if-then-else rules expressed in the form of a binary tree. Given an input

instance x ∈ X , a decision tree makes a prediction according to the leaf that the

instance x reaches. The corresponding leaf is determined by traversing the tree from

the root depending on a branching rule, e.g., the statement xd ≤ b with a feature

d ∈ [D] and threshold b ∈ R. Such rule-based expression makes it easier for humans

to understand how a model h makes predictions [121].

A problem for finding a minimum-sized decision tree h : X → Y minimizing the

empirical risk R̂(h | S) on a given training sample S ⊂ X × Y is known as NP-

hard [151,368]. Hence, top-down greedy learning algorithms, such as the Classification

And Regression Trees (CART) [49] and C4.5 [275], had been popular for a long time.

Although there have been several non-greedy algorithms based on continuous relaxation

techniques, such as the gradient descent [250, 367] and probabilistic modeling [53, 96,

104,252,349], these methods have the disadvantage that they reduce the interpretability
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of decision trees by continuous relaxation of branching rules.

Recently, in contrast to them, exact methods for learning optimal decision trees

have been increasingly attracting attention. Almost all of these methods formulate the

task for learning decision trees as the following optimization problem:

h∗ = argmin
h∈HDT

R̂(h | S) + λ · ΩDT(h), (3.8)

where HDT is a set of decision trees h : X → Y , and ΩDT is a regularization term

for evaluating the complexity of decision trees, e.g, the total number of nodes [38] or

leaves [149]. As mentioned above, the problem (3.8) is a combinatorial optimization

problem, and finding its optimal solution is challenging. To solve this computationally

difficult optimization problem, several efficient approaches based on MILO [8, 38, 341,

343,376], branch-and-bound algorithms [10,149,214,230], SAT [26,245,295], and other

mathematical optimization techniques [9, 80] have been proposed. Major frameworks

for learning optimal decision trees are Optimal Classification Trees (OCT) [38] and

Optimal Sparse Decision Trees (OSDT) [149], which are based on MILO and branch-

and-bound algorithms, respectively. These studies reported that optimal decision trees

obtained by solving the problem (3.8) achieved high prediction accuracy comparable to

state-of-the-art complex models, such as the random forests [47], in several benchmark

tabular datasets. For more details of recent advances in learning optimal decision trees,

there have been a few survey papers on them [59, 156]. Figure 3.2 presents a decision

tree trained by DL8.5 algorithm [10], which is based on branch-and-bound techniques,

on the German dataset [88].

In addition to decision trees, rule models include rule lists [23,65,283,288,347,360],

rule sets [78,155,198,211,353], rule ensembles [35,36,102,235], and generalized additive

rule models [60, 62, 219, 249, 355]. Although problems for learning these models also

tend to be combinatorial optimization problems that require a large computational
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cost in general, several efficient learning methods based on mathematical optimization

techniques, such as the Bayesian optimization [347, 353, 360] and submodular opti-

mization [198], have been proposed. While Table 3.4 presents a rule list trained by

Certifiable Optimal RulE ListS (CORELS) algorithm [23], which is based on branch-

and-bound techniques, Table 3.5 present a rule set trained by Interpretable Decision

Set (IDS) algorithm [198], which is based on submodular optimization.

It is also noteworthy that decision trees are also attracting attention from the per-

spectives of their high potential representability. Taking the advantage of their inter-

pretability and representability, decision trees have been applied not only for imitating

the entire behavior of complex models, such as DNNs [205] and tree ensembles [342], but

also for other non-standard prediction problems motivated by actual decision-making

tasks (see, e.g., [39, 92, 199, 306]). A novel framework for partially replacing the pre-

dictions of complex models with that of rule models, such as rule sets [352] and rule

lists [256], has been also proposed. Moreover, the actual interpretability of the rule

models has been investigated by user studies [107,150,194,265].

3.3.3 Interpretable Neural Networks

Generally, interpretable models are often inferior to complex models, such as DNNs, for

prediction performance. Because DNNs have high representability for modeling com-

plex relationships between the input domain X and output domain Y , they have the

potential to achieve high prediction performances in several prediction tasks. However,

it is difficult for humans to understand how DNNs make predictions due to their com-

plex structure [121, 356]. To enhance the interpretability of DNNs while maintaining

their prediction performances, two approaches for learning interpretable DNNs have

been proposed in recent years.



PurposeOfLoan = NewCar

False True

False True
OtherLoansAtBank

False True
LoanDuration ≤ 36

HighDefaultRisk LowDefaultRisk LowDefaultRisk HighDefaultRisk

Figure 3.2: An example of a decision tree [10] trained on the German dataset [88].

Rule Prediction

if NoCurrentLoan = True and PurposeOfLoan = NewCar “HighDefaultRisk”

else if PurposeOfLoan = UsedCar and YearsAtCurrentHome ≤ 3 “LowDefaultRisk”

else if OwnsHouse = False and LoanDuration ≤ 24 “HighDefaultRisk”

else “LowDefaultRisk”

Table 3.4: An example of a rule list [23] trained on the German dataset [88].

Rule Prediction

if Age ≤ 29 and PurposeOfLoan = NewCar “HighDefaultRisk”

if OwnsHouse = False and LoanDuration > 24 “HighDefaultRisk”

if Age ≤ 29 and LoanDuration > 30 “HighDefaultRisk”

else “LowDefaultRisk”

Table 3.5: An example of a rule set [198] trained on the German dataset [88].
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Interpretable Network Design. Several architectures of neural networks that are

designed to be interpretable for humans have been proposed [5, 19, 25, 63, 64, 221, 253,

274,345,351,354]. For example, Two-layer Additive Risk Model [64], which is a winner

of the “FICO Explainable Machine Learning Challenge” competition [97], is a two-

layer neural network that consists of multiple linear models1. It makes predictions

by combining the output of each linear model transformed by a non-linear function.

Each linear model uses only a distinct subset of features partitioned depending on

the meanings of the features, and thus humans can understand how a specific set of

features contributes to the final prediction results of the model. Another example is

TabNet [25], which is a DNN designed for tabular datasets. TabNet can provide feature

importance scores in both global and local levels like tree ensembles [180,213,220].

Interpretability Regularizer. To extract explanations from DNNs, post-hoc local

explanation methods, such as LIME [280] or saliency maps [308] described in Sec-

tion 3.2, are often used. However, explanations extracted by these methods sometimes

conflict with domain knowledge or become unclear due to noise. To learn DNNs with

accurate and clear explanations, a framework for regularizing explanations of DNNs

has been proposed [95, 195, 204, 267, 282, 284, 285]. For any class of models F , their

framework can be formulated as follows:

f ∗ = argmin
f∈F

R̂(f | S) + λ · ΩIR(f | S), (3.9)

where ΩIR is an interpretability regularizer [267], which regularizes the quality of local

explanations extracted by post-hoc methods from a model f . The interpretability

regularizer ΩIR can be defined as various criteria, such as the infidelity R̂x(h | f) of

local surrogate models h [204,267], absolute values of the input gradients of the saliency

1The demonstration of their model is available at http://dukedatasciencefico.cs.duke.edu/.
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maps [95,284], or differences between domain knowledge and input gradients [282,285].

For example, the interpretability regularizer based on LIME is defined as follows [267]:

ΩIR(f | S) :=
1

N

∑
(x,y)∈S

min
h∈H

R̂x(h | f). (3.10)

It evaluates the average of the minimum infidelity of LIME over a given training sample

S. By minimizing ΩIR(f | S), explanation extracted by LIME from a learned model

f ∗ is expected to have low infidelity, i.e., to be high-quality local explanations.

3.3.4 Rashomon Effects in Interpretable Models

It has been known that there often exist multiple distinct models that are approx-

imately equally accurate for the same prediction task. This phenomenon, named

“Rashomon effect” by Breiman [48], has attracted much attention in recent years [13,

71, 84, 98, 129, 229, 286, 287, 299, 315]. While the Rashomon effect is related to some

areas of traditional learning theory, such as flat minima [89, 144, 146] and algorithmic

stability [45,218], it is a new practical perspective of machine learning models and their

learning algorithms [286,287].

The term “Rashomon” comes from the 1950 film directed by Akira Kurosawa,

in which four characters describe the same crime in four different ways [79]. For a

practical prediction task, similarly, there often exist multiple machine learning models

that are approximately equally accurate but provide different explanations of their

predictions. In fact, sparse linear models including Lasso have been known to often

fail in recovering important features due to correlations between features [133, 323].

Because decision trees have high variance, a small change in a training sample often

significantly changes the decision tree learned from the sample [47, 139]. These facts

imply that finding a single optimal model that minimizes the empirical risk is often
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insufficient for obtaining reliable insights on a prediction task [133].

The Rashomon effect can be regarded as either a positive or negative phenomenon.

On one hand, human users have a chance to obtain multifaceted insights on their

prediction task from a set of almost equally accurate models [286, 287]. For a model

class H, sample S, and offset value ε ≥ 0, the Rashomon set R̂ε(H | S) is defined as

R̂ε(H | S) := {h ∈ H | R̂(h | S) ≤ R̂(h∗ | S) + ε}, (3.11)

where h∗ ∈ H is an optimal model that minimizes the empirical risk R̂, i.e., h∗ =

argminh∈H R̂(h | S). Although the models in R̂ε achieve similar accuracy, they often

differ markedly in their predictions for individual inputs and thus may have different

properties [129, 286, 287]. Consequently, characterizing the Rashomon set R̂ε can pro-

vide new insights on the reliability of a certain model class H on a specific prediction

problem [286, 287]. Several criteria for characterizing the Rashomon set have been

proposed from various perspectives, e.g., interpretability [84, 98, 315], the ratio of its

volume to the model space [299], predictive multiplicity [229], and fairness [13,71]. Un-

fortunately, exactly computing the Rashomon set R̂ε still remains challenging [286,287].

However, an algorithmic framework of enumerating models with distinct interpretations

in non-increasing order of their learning objective has been proposed for various models,

such as the Losso [133,134], decision trees [290], rule sets [132], and SVM [170]. Human

users are expected to be able to choose their preferable model from the Rashomon set

in the sense of consistency of its interpretation with their prior knowledge or some

properties, e.g., sparsity, fairness, or robustness [286,287].

On the other hand, the Rashomon effect can be also considered as the issue with

the stability of interpretable models [35, 36, 90, 122, 323]. For example, Guidotti and

Ruggieri have empirically analyzed the stability of the interpretations of interpretable

models, and observed that there have been several accurate decision trees with various
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interpretations for a single prediction task [122]. Similar concerns have been also

discussed in the context of feature selection [140, 165, 248]. Furthermore, recently,

some studies have revealed the reliability issues with the multiplicity of explanations

caused by the Rashomon effect [12,13,129]. Aı̈vodji et al. have proposed a framework,

named fairwashing, for making an unfair complex model seems fair by enumerating

interpretable surrogate models that locally approximate the behavior of the complex

model and satisfy fairness constraints [12]. In their experiments, they have succeeded

in learning rule lists that approximate given complex models well and satisfy fairness

constraints, although the complex models were unfair. These results indicate the risk

that undesirable behavior of machine learning models is rationalized by explanations

provided by interpretable models intentionally chosen from the Rashomon set [13, 71,

129]. Therefore, to apply interpretable models to actual decision-making tasks, taking

the Rashomon effect in them into account and addressing their stability issue have

been recognized as important challenges in recent years [286,287].

3.4 Conclusion

In this chapter, we presented a brief review of recent techniques for explainable ma-

chine learning. We described two major approaches to explainability, i.e., post-hoc

local explanation methods and learning globally interpretable models. Existing ex-

planations methods reviewed in this chapter are summarized in Table 3.6. As their

practicality issues, which have been revealed for the last few years, we also provided

recent discussions on the plausibility issues with post-hoc local explanation methods

and the Rashomon effect in interpretable models, respectively.

As shown in this chapter, while several methods for realizing explainability have
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Table 3.6: Summary of existing methods for explainable machine learning.

Approach Method / Model Representative Reference

Local explanation

Local surrogate [197,280,281,289,313,375]

Feature attribution [67,72,192,222,223,350,351]

Saliency map [27,298,305,308,314,317,320]

Influential example [32,123,182,186,189,362]

Counterfactual explanation [175,242,257,259,328,335,344]

Amortized explanation [66,77,162,187,296,363]

Summary of explanation [41,108,173,278,279]

Interpretable model

Sparse linear model [154,207,307,325,326,364,377]

Sparse linear integer model [316,331,333,334,371]

Decision tree [8, 10,38,49,149,214,341]

Rule list / Rule set [23,288,347,360] / [78,198,353]

Rule ensemble [35,36,60,102,235,355]

Interpretable NN [19,25,63,64,253,274,345]

Interpretability regularizer [95,204,267,282,284,285]

been developed, several issues with existing explanation methods that might prevent

them from being applied to real decision-making tasks have been raised. Nevertheless,

there have been certainly a few studies reporting that the existing explanation methods

actually help decision-makers in their tasks [60, 196, 209, 224]. Therefore, identifying

the issues with the practicality of the existing explanation methods and developing

methods for addressing these issues are critical research directions going forward.

Motivated by the discussions in this chapter, the remainder of this thesis aims

(i) to identify the issues and desiderata with the existing explanation methods, (ii) to
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introduce optimization problems for satisfying the desiderata by addressing the issues,

and (iii) to propose solution methods for them based on MILO. The relations of the

contributions in this thesis to the previous studies are summarized as follows:

• In Chapters 4 and 5, we focus on Counterfactual Explanation (CE) [344] described

in Section 3.2.3. CE is one of the post-hoc local explanation methods that show

both why undesirable predictions are given and how users should act to obtain

their desired prediction results [233,237]. Since CE provides a perturbation vec-

tor for altering the prediction result of a machine learning model into the desired

result, human users can interpret it as an “action” for obtaining their desired

prediction result. However, existing CE methods often fail to provide realistic

actions in the sense that the users can actually execute them [339]. To adequately

evaluate the reality of actions, several criteria have been proposed from various

perspectives. For example, while Laugel et al. have introduced the notion of

connectedness to determine whether the obtained action is plausible [201, 202],

Karimi et al. have proposed the intervention framework for taking the causal

effects between features into account [177]. This line of these studies is related to

the plausibility issues with other post-hoc local explanation methods described in

Section 3.2.5. However, these previous studies have introduced only new math-

ematical models of CE, and they have not proposed solution methods for them.

In Chapters 4 and 5, we propose new frameworks of CE for providing realistic

actions. In contrast to previous studies, we propose not only new mathematical

models of CE but also solution methods for them based on MILO.

• In Chapter 6, we focus on decision trees, which is one of the most popular inter-

pretable models described in Section 3.3.2. As mentioned in Section 3.3.4, there

often exist multiple interpretable models that are approximately equally accurate
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but provide different predictions and explanations for the same prediction task,

which phenomenon is called “Rashomon effect” [48]. In real deployments of ma-

chine learning models, we may face the problem of the Rashomon effect; that is,

when decision-makers are required to update their models due to some reasons,

e.g., dataset shift [276] or issues with fairness [127, 264] or robustness [15, 321],

they retrain their models and often obtain new models that are unnecessarily sig-

nificantly different in their prediction and interpretation from their initial mod-

els [122]. As shown in Section 3.3.4, such differences between the initial model

and retrained model can cause serious problems regarding the reliability of de-

ployed models, such as the risk of fairwashing [12,13,129]. To address this issue,

we introduce a new framework for stabilizing the predictions and explanations

of interpretable models under given constraints. In particular, we formulate a

post-processing task of modifying a given decision tree so as to satisfy fairness

constraints without significantly changing both its prediction and interpretation.

Then, we propose a solution method for the formulated task based on MILO.



Chapter 4

Distribution-Aware Counterfactual

Explanation

Post-hoc explanation methods for machine learning models have been widely used to

support decision-making. Counterfactual Explanation (CE), also known as Actionable

Recourse, is one of the post-hoc explanation methods that provide a perturbation vector

that alters the prediction result obtained from a classifier. Users can directly inter-

pret the perturbation as an “action” to obtain their desired decision results. However,

actions extracted by existing methods often become unrealistic for users because they

do not adequately consider the characteristics corresponding to the data distribution,

such as feature-correlations and outlier risk. To suggest an executable action for users,

we propose a new framework of CE, which we refer to as Distribution-Aware Counter-

factual Explanation (DACE), that extracts a realistic action by evaluating its reality

on the empirical data distribution. Here, the key idea is to define a new cost function

based on the Mahalanobis distance and the local outlier factor. Then, we propose a

mixed-integer linear optimization approach to extracting an optimal action by mini-

51
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mizing the defined cost function. Experiments conducted on real datasets demonstrate

the effectiveness of the proposed method compared with existing CE methods.

4.1 Introduction

Complex machine learning models, such as deep neural networks and tree ensembles,

are widely applied to critical decision-making tasks (e.g., medical diagnoses, judicial

decisions, and loan approvals). While these models have achieved high prediction ac-

curacy, they often suffer from a lack of explainability [1, 233]. If the decisions based

on machine learning models might have a significant impact on individuals, decision-

makers must provide explanations of the decisions to assure users of their correct-

ness [119]. Consequently, post-hoc methods for extracting explanations of individual

predictions from complex machine learning models have attracted considerable at-

tention [189, 223, 280, 281]. Such extracted explanations help users understand given

decisions based on complex model predictions and accept them with confidence [121].

To provide users with better insights, post-hoc methods need to show both why

their undesirable predictions are given and how users should act to obtain their desired

prediction results [85,233]. Counterfactual Explanation (CE) [344], which is also known

as Actionable Recourse [335], is one of the post-hoc explanation methods that satisfy

these requirements. Consider an example on the FICO dataset [97], which is a dataset

of actual Home Equity Line of Credit (HELOC) applications. The task of the dataset

is to predict whether individuals will default on their HELOC based on their livelihood,

such as credit histories. Imagine a situation that a user with current status x◦ receives

an undesired prediction f(x◦) ̸= y∗ for a target label y∗ from a trained classifier f ,

which means that the user is predicted as “high risk of default” by the classifier. CE
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attempts to provide the user with a perturbation vector a as an “action” so that current

status x◦ can be changed to obtain the desired outcome, i.e., f(x◦ + a) = y∗, which

means “low risk of default.”

To achieve this, existing CE methods find an optimal solution a∗ ∈ A of the fol-

lowing optimization problem:

a∗ := argmin
a∈A

C(a | x◦) subject to f(x◦ + a) = y∗,

where A is a set of feasible actions, i.e., perturbation vectors, and C is a cost function

that measures the required efforts of an action a. This problem is related to adversarial

examples [321] in the sense that it finds a perturbation a that alters the output of a

classifier f . In the context of CE, a perturbation a is interpreted as a required action

for a user x◦ to obtain the desired prediction result y∗. Therefore, the action suggested

by CE should be executable for users. In this chapter, we focus on this characteristic

property of CE and discuss how to provide a realistic action that users can directly

refer to and execute.

A key to extracting realistic actions is to design a cost function C that considers

the characteristics of the data distribution [30, 202, 259]. While several useful cost

functions, such as the total log-percentile shift (TLPS) [335], have been proposed,

we demonstrate that such previously proposed cost functions often extract unrealistic

actions. Figure 4.1 shows actions a (yellow arrows) extracted using the TLPS from ran-

dom forest classifiers trained on the FICO dataset, and these modified instances x◦+a

(yellow triangles) on the feature space of the dataset. The features “MSinceOldest-

TradeOpen,” “AverageMInFile,” “ExternalRiskEstimate,” and “PercentInstallTrades”

indicate the months passed from the oldest trade, the average history length of trades,

the consolidated risk estimation from other credit bureaus, and the percentage of trades

paid in installments, respectively. Table 4.1(a) shows the actual values of the extracted
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Figure 4.1: Two-dimensional illustrations of actions extracted on the FICO dataset.

Blue (resp. red) regions represent decision regions of random forest classifiers whose

prediction results are “low (resp. high) risk of credit”. The yellow and green arrows

represent actions for the input instances (red diamonds) extracted by TLPS and the

proposed DACE, respectively.
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Table 4.1: Examples of CE extracted on the FICO dataset. These actions provide

users how to change their feature values such that they are predicted as “low risk of

default” from the classifier learned on the dataset.

(a) TLPS [335]

Feature to Change Action MD LOF

“MSinceOldestTradeOpen” 30 → 126 (+96) 4.39 1.93

“ExternalRiskEstimate” 65→ 77 (+12) 1.35 7.92

(b) DACE (ours)

Feature to Change Action MD LOF

“MSinceOldestTradeOpen” 30 → 109 (+79)
1.11 1.17

“AverageMInFile” 20 → 46 (+26)

“ExternalRiskEstimate” 65 → 76 (+11)
1.40 1.04

“PercentInstallTrades” 90 → 58 (-32)
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actions. It is evident that these modified instances x◦+a are located in the region pre-

dicted as “low risk of default” by the classifiers in Figure 4.1; therefore, users can obtain

their desired outcome by changing each feature according to the suggested actions in

Table 4.1(a). However, we argue that these actions are not realistic for users from the

following two perspectives corresponding to the characteristics of the empirical data

distribution:

• Feature-correlation: Because each feature is often dependent on other features,

i.e., having non-zero correlation, the cost of changing a value with respect to a

feature should be evaluated depending on both the amount of its difference and

relation to other features. In Figure 4.1 (top), it seems unnatural to increase only

“MSinceOldestTradeOpen” without increasing “AverageMInFile” because these

features are correlated.

• Outlier risk: By simply minimizing the cost of a, there is a risk that its modified

instance x◦ + a becomes an outlier of the data distribution. In Figure 4.1 (bot-

tom), it seems unrealistic to increase “ExternalRiskEstimate” without decreasing

“PercentInstallTrades”, because there are no training instances near x◦ + a.

Based on the above observations, our research goals are (i) to model the reality of an

action as a cost function C, and (ii) to propose a method to optimize C for extracting

realistic actions.

4.1.1 Contributions

In this chapter, we propose a new framework of CE, named Distribution-Aware Coun-

terfactual Explanation (DACE), that extracts a realistic action for users. Our contri-

butions can be summarized as follows:
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• We propose a new cost function based on the Mahalanobis distance (MD) [227]

and Local Outlier Factor (LOF) [52] to evaluate the reality of actions. MD is a

metric that captures the relationships between features, and LOF is a popular

outlier score that measures how unusual a given instance is by using k-nearest

neighbors (k-NN).

• We formulate the problem of finding an optimal action according to our cost

function as a mixed-integer linear optimization (MILO) problem, which can be

solved by modern MILO solvers, such as CPLEX [153]. For computational ef-

ficiency, we show that if we use ℓ1-norm based MD and 1-NN based LOF for

the cost function, the number of variables and constraints of the problem can be

reduced dramatically.

• By experiments on real datasets, we demonstrate the effectiveness of DACE com-

pared to existing methods, including TLPS [335], MAD [292,344], and PCC [28].

Table 4.1(b) and the green arrows in Figure 4.1 show the actions extracted by our

DACE. These results suggest that the MD and LOF of actions well reflect the feature-

correlations and outlier risks, respectively, and that DACE can extract realistic actions

in the sense of these properties.

4.1.2 Related Work

Several post-hoc methods for generating explanations from complex models have been

proposed [189,223,239,280,281]. Counterfactual Explanation (CE) [344], also known as

Actionable Recourse [335], is one of the post-hoc methods that has attracted attention

in recent years. Existing CE methods can be categorized as gradient-based [178, 241,

344], autoencoder [81, 226, 259], SAT [175], heuristic search [200], or mixed-integer
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linear optimization (MILO) [76, 174, 292, 335]. In this chapter, we focus on MILO-

based methods, which can directly handle non-differentiable models over possibly non-

continuous features, such as random forests over categorical features. Our results

extend existing MILO-based methods to deal with nonlinear cost functions such as

MD and LOF.

Some recent studies have pointed out issues with existing post-hoc explanation

methods, e.g., lack of robustness [113, 286], privacy risks [14, 234], and unrealistic as-

sumptions [30,260,339]. With respect to CE, various metrics to evaluate the reliability

of actions have been proposed. Laugel et al. introduced the notion of the connected-

ness of an action to exclude a meaningless action that transfers a given instance to an

empty decision region containing no training instances [202]. They also pointed out

that most existing CE methods can generate non-connected actions. Note however

that their connectedness and our criterion are incomparable. Actually, in Figure 4.1,

all actions are connected; however, some are classified as bad according to our criterion.

Another criterion, called proximity [201] for CE, is related to the LOF. To the best

of our knowledge, our method is a first attempt to optimize proximity, compared to

previous studies that only proposed the criterion.

4.2 Preliminaries

4.2.1 Mahalanobis Distance

The Mahalanobis distance (MD) [227] is a popular metric in statistics and metric

learning [191]. For two vectors x, x′ ∈ RD and a positive semi-definite matrix M ∈
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RD×D, MD dM : RD × RD → R≥0 between x and x′ is defined as follows:

dM(x, x
′ |M) :=

√
(x′ − x)⊤M(x′ − x).

Since M is positive semi-definite, M can be decomposed as M = U⊤U , where U ∈

RD×D. Thus, dM(x, x
′ |M) can be also expressed as follows:

dM(x, x
′ |M) = ∥U(x′ − x)∥2,

where ∥ · ∥p denotes the ℓp-norm.

In statistics, the inverse matrix of the covariance matrix Σ of the distribution where

x and x′ follow is often used as M . The MD dM(x, x
′ | Σ−1) with Σ−1 is scale-invariant

and considers the feature-correlations [225].

4.2.2 Local Outlier Factor

We assume a metric space (X ,∆) and a set of N instances X ⊆ X . As a metric

∆: X×X → R≥0 on X , we consider ∆(x, x′) =
∑D

d=1 ∆d(xd, x
′
d), where ∆d : Xd×Xd →

R≥0 is some dissimilarity measure of the feature d ∈ [D]. We omit them if it is clear

from the context.

The local outlier factor (LOF) [52] is a prominent outlier score based on the local

densities of instances [7]. To define the LOF, we first introduce some notations. For

an instance x ∈ X and a positive integer k ∈ [N ], let Nk(x) ⊆ X be its k-nearest

neighbors (k-NN) on X. Let dk(x) be the distance ∆ between x and its k-th nearest

instance, i.e., dk(x) = maxx′∈Nk(x) ∆(x, x′). For x, x′ ∈ X , the k-reachability distance

of x with respect to x′ is defined by rdk(x, x
′) := max{∆(x, x′), dk(x

′)}. The k-local

reachability density of x is defined by lrdk(x) := |Nk(x)|/
∑

x′∈Nk(x)
rdk(x, x

′). Then,



60CHAPTER 4. DISTRIBUTION-AWARE COUNTERFACTUAL EXPLANATION

the k-LOF of x on X is defined as follows:

qk(x | X) :=
1

|Nk(x)|
∑

x′∈Nk(x)

lrdk(x
′)

lrdk(x)
.

4.3 Problem Statement

4.3.1 Action and Action Set

Let f : X → Y and x◦ = (x◦1, . . . , x
◦
D) ∈ X be a classifier and a given instance, re-

spectively, such that f(x◦) = −1. We define an action for x◦ as a perturbation

vector a ∈ RD such that x◦ + a ∈ X and f(x◦ + a) = +1. A candidate action

set A = A1 × · · · × AD is a finite set of feasible actions such that 0 ∈ Ad and

Ad ⊆ {ad ∈ R | x◦d + ad ∈ Xd} for d ∈ [D]. For d ∈ [D], we denote Id = |Ad|.

Depending on the type of the feature d ∈ [D] and the classifier f , we can often

determine each Ad automatically [76,335]. For example, if xd is a feature representing

“age,” then we construct Ad such that ad ∈ N∪{0} holds for any ad ∈ Ad because “age”

is represented as a positive integer value and its value cannot be decreased. If xd is an

immutable feature (e.g., “gender”), then we set Ad = {0}. If xd is a real-valued feature,

we first set a bounded interval [amin
d , amax

d ] such that [x◦d + amin
d , x◦d + amax

d ] ⊆ Xd based

on the training dataset. Then, we construct Ad as a grid with some discretization

step ε > 01 such that Ad ⊆ [amin
d , amax

d ] and amin
d , amax

d ∈ Ad. When f is an LM,

this discretization procedure is guaranteed to have no effect on the feasibility of the

actions [335]. It is also noteworthy that when f is a TE, we can automatically determine

Ad depending on the branching thresholds b of the internal nodes of the decision trees

f1, . . . , fT whose branching feature is d [76].

1In our implementation, we choose ε such that |Ad| = 100.
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4.3.2 Cost Function

We introduce a new cost function CDACE : A → R≥0 as a score to evaluate whether an

action is realistic for users. Given a positive semi-definite matrix M ∈ RD×D, set of N

instances X ⊆ X , positive integer k ∈ [N ], and trade-off parameter λ ≥ 0, we define

CDACE with respect to an input instance x◦ ∈ X as follows:

CDACE(a | x◦) := d2M(x
◦, x◦ + a |M) + λ · qk(x◦ + a | X),

where

• d2M(x
◦, x◦ + a | M) is the squared MD between the input instance x◦ and its

modified instance x◦ + a, and

• qk(x
◦ + a | X) is the k-LOF of x◦ + a on X.

We can adjust a trade-off between the MD d2M and k-LOF qk of an obtained action a

by tuning the parameter λ.

4.3.3 Problem Definition

Our aim is to find an action a ∈ A that alters the prediction result f(x◦) and minimizes

CDACE(a | x◦). This problem can be defined as follows.

Problem 1. Given a classifier f : X → Y , input instance x◦ ∈ X such that f(x◦) = −1,

action set A, positive semi-definite matrix M ∈ RD×D, set of N instances X ⊆ X ,

positive integer k ∈ [N ], and trade-off parameter λ ≥ 0, find an action a∗ ∈ A that is

an optimal solution for the following optimization problem:

minimize
a∈A

CDACE(a | x◦) subject to f(x◦ + a) = +1.

By solving the above optimization problem, we obtain an action a that takes care

of feature-correlations and outlier risk on the empirical distribution.
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4.4 MILO Formulation

In this section, we propose an MILO formulation to solve Problem 12.

4.4.1 Basic Ideas

While our proposed cost function CDACE is nonlinear and has a discrete structure due

to Nk(x
◦+a), we can exactly formulate Problem 1 as an MILO problem using standard

modeling techniques on integer optimization [359]. However, to linearize the nonlinear-

ity and discreteness, this naive formulation requires O(I2+N2) auxiliary variables and

constraints, where I :=
∑D

d=1 |Ad|, and preliminary experiments demonstrated that

this formulation was computationally infeasible on standard datasets.

To avoid introducing O(I2 +N2) auxiliary variables and constraints, we introduce

a surrogate objective function ĈDACE that approximates our cost function CDACE and

optimize it instead of CDACE. Our main ideas are (i) fixing k = 1 for the LOF qk(x
◦+a)

of CDACE, and (ii) replacing the MD d2M of CDACE with ℓ1-norm based Mahalanobis

distance (ℓ1-MD) d̂M defined as

d̂M(x, x
′ |M) := ∥U(x′ − x)∥1,

which is based on the fact that d2M can be expressed as d2M(x, x
′ | M) = ∥U(x′ − x)∥22.

Overall, we define a surrogate objective function ĈDACE of CDACE as follows:

ĈDACE(a | x◦) := d̂M(x
◦, x◦ + a |M) + λ · q1(x◦ + a | X).

In the rest of this chapter, we formulate the following problem as an MILO problem

instead of Problem 1:

minimize
a∈A

ĈDACE(a | x◦) subject to f(x◦ + a) = +1.

2For details of the general techniques on integer optimization used in this chapter, see, e.g., [359].
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First, we introduce binary variables πd,i ∈ {0, 1} for d ∈ [D] and i ∈ [Id], which

indicate that the action ad,i ∈ Ad is selected (πd,i = 1) or not (πd,i = 0). Then, πd,i

must satisfy the following constraint:

Id∑
i=1

πd,i = 1, ∀d ∈ [D]. (4.1)

By using πd,i, each element of an action a = (a1, . . . , aD) ∈ A can be expressed as

ad =
∑Id

i=1 ad,i · πd,i. In the following, we formulate the objective ĈDACE(a | x◦) and

constraint f(x◦ + a) = +1 using linear constraints of πd,i.

4.4.2 Surrogate Objective Function

ℓ1-norm based MD (ℓ1-MD). From the definition of the ℓ1-MD, d̂M(x
◦, x◦+a |M)

can be expressed as follows:

d̂M(x
◦, x◦ + a |M) = ∥Ua∥1 =

D∑
d=1

|⟨Ud, a⟩| ,

where Ud = (Ud,1, . . . , Ud,D) is the d-th row vector of U . We introduce variables δd ≥ 0

for d ∈ [D] such that δd = |⟨Ud, a⟩|. Then, d̂M(x◦, x◦ + a |M) can be expressed as

d̂M(x
◦, x◦ + a |M) =

D∑
d=1

δd,

with the following constraints:

− δd ≤
D∑

d′=1

Ud,d′ ·
Id∑
i=1

ad′,i · πd′,i ≤ δd, ∀d ∈ [D]. (4.2)

The ℓ1-MD d̂M is not exactly the same as the original MD d2M, however, we show the

approximation ratio of d̂M with respect to d2M in the following proposition.
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Proposition 1 (Approximation Ratio). Let a∗, â ∈ RD be two vectors such that a∗ =

argmina∈RD d2M(x
◦, x◦ + a | M) and â = argmina∈RD d̂M(x

◦, x◦ + a | M), respectively.

Then, dM(x
◦, x◦ + â |M) ≤

√
D · dM(x◦, x◦ + a∗ |M) holds.

Proof. Let U ∈ RD×D be a matrix such thatM = U⊤U . By the definitions, dM(x
◦, x◦+

a | M) and d̂M(x
◦, x◦ + a | M) are expressed as dM(x

◦, x◦ + a | M) = ∥Ua∥2 and

d̂M(x
◦, x◦ + a | M) = ∥Ua∥1, respectively. From the properties of ℓp-norm, ∥Uâ∥2 ≤

∥Uâ∥1 and ∥Ua∗∥1 ≤
√
D · ∥Ua∗∥2 hold. From the definitions of a∗ and â, ∥Uâ∥1 ≤

∥Ua∗∥1 holds. By combining these inequalities, we have ∥Uâ∥2 ≤
√
D · ∥Ua∗∥2, which

is equivalent to dM(x
◦, x◦ + â |M) ≤

√
D · dM(x◦, x◦ + a∗ |M).

1-Local Outlier Factor (1-LOF). From the definitions of qk and lrdk, 1-LOF of

x◦ + a can be expressed as

q1(x
◦ + a | X) = lrd1(x

(n∗)) · rd1(x◦ + a, x(n
∗)),

where n∗ = argminn∈[N ] ∆(x◦ + a, x(n)), i.e., N1(x
◦ + a) = {x(n∗)}. Because n∗ and

rd1(x
◦+a, x(n

∗)) vary depending on x◦+a, i.e., the variables πd,i, we need to formulate n∗

and the value of rd1(x
◦ + a, x(n

∗)) by linear constraints of πd,i. We introduce variables

νn ∈ {0, 1} and ρn ≥ 0 for n ∈ [N ] such that νn = I
[
x(n) ∈ N1(x

◦ + a)
]
and ρn =

rd1(x
◦ + a, x(n)) · I

[
x(n) ∈ N1(x

◦ + a)
]
, respectively. Then, q1(x

◦ + a) can be expressed

as a linear form of ρn as follows:

q1(x
◦ + a | X) =

N∑
n=1

lrd1(x
(n)) · ρn,

with the following constraints:

N∑
n=1

νn = 1, (4.3)
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D∑
d=1

Id∑
i=1

(c
(n)
d,i − c

(m)
d,i ) · πd,i ≤ Cn · (1− νn), ∀n,m ∈ [N ], (4.4)

ρn ≥ d1(x
(n)) · νn, ∀n ∈ [N ], (4.5)

ρn ≥
D∑

d=1

Id∑
i=1

c
(n)
d,i · πd,i − Cn · (1− νn), ∀n ∈ [N ], (4.6)

where c
(n)
d,i = ∆d(x

◦
d+ad,i, x

(n)
d ) and Cn is a constant value for the big-M constraint [359]

such that Cn ≥ maxa∈A∆(x◦+a, x(n)), respectively3. Note that lrd1(x
(n)), c

(n)
d,i , Cn, and

d1(x
(n)) are constant values because they can be computed when X and A are given.

Constraints (4.3) and (4.4), which are based on the statement νm = 1 ⇒ ∀n ∈ [N ] :

∆(x◦+a, x(m)) ≤ ∆(x◦+a, x(n)), are the constraints for expressing the nearest instance

of x◦+a. Constraints (4.5) and (4.6) represent k-reachability distance rdk(x
◦+a, x(n)).

4.4.3 Base Learner Constraints

We introduce variables ξt ∈ R for t ∈ [T ] such that ξt = ft(x
◦ + a), where ft is the

t-th base learner of f . From the definition of the AC, the constraint f(x◦ + a) = +1 is

equivalent to the following linear constraint of ξt:

T∑
t=1

wt · ξt ≥ b. (4.7)

We express the constraint ξt = ft(x
◦ + a) by linear constraints of ξt and πd,i because

ft(x
◦ + a) depends on the value of a, i.e., the variables πd,i. In the following, we show

how to express ξt when f is a linear model (LM), tree ensemble (TE), or multilayer

perceptron (MLP).

3Since we assume ∆d(x, x
′) =

∑D
d=1 ∆d(xd, x

′
d), we can determine the value of Cn as Cn =

maxa∈A ∆(x◦ + a, x(n)) =
∑D

d=1 maxad∈Ad
∆(x◦

d + ad, x
(n)
d ) =

∑D
d=1 maxi∈[Id] c

(n)
d,i .
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Linear Models. From the definition of the LM, T = D and fd(x
◦ + a) = x◦d + ad for

d ∈ [D]. Thus, we can simply express the base learner of the LM as follows:

ξd = x◦d +

Id∑
i=1

ad,i · πd,i, ∀d ∈ [D]. (4.8)

Tree Ensembles. Each base learner ft of the TE is a decision tree. Recall that a

decision tree ft with Lt leaves represents a partition {rt,1, . . . , rt,Lt} of the input domain

X and can be expressed as ft(x) =
∑L

l=1 ŷt,l · I [x ∈ rt,l]. To express ξt = ft(x
◦ + a), we

can utilize the following decision logic constraint proposed by Cui et al. [76]:

ϕt,l ∈ {0, 1}, ∀t ∈ [T ],∀l ∈ [Lt], (4.9)

D · ϕt,l ≤
D∑

d=1

∑
i∈I(d)

t,l

πd,i, ∀t ∈ [T ],∀l ∈ [Lt], (4.10)

Lt∑
l=1

ϕt,l = 1, ∀t ∈ [T ], (4.11)

ξt =
Lt∑
l=1

ŷt,l · ϕt,l, ∀t ∈ [T ], (4.12)

where I(d)t,l = {i ∈ [Id] | x◦d + ad,i ∈ r
(d)
t,l } and r

(d)
t,l is the subspace of Xd such that

rt,l = r
(1)
t,l × · · · × r

(D)
t,l . Here, the variable ϕt,l is an indicator variable such that ϕt,l =

I [x◦ + a ∈ rt,l] represented by Constraint (4.10). Constraint (4.11) ensures that the

modified instance x◦ + a is assigned to exactly one leaf of ft. Because I(d)t,l , Lt, and ŷt,l

can be computed when f and A are given, they are constants.

Multilayer Perceptrons. Each base learner ft of the MLP is an output of the t-th

neuron with the ReLU activation function, i.e., ft(x + a) = max{0, gt(x + a)}, where

gt(x) := w(t) · x+ b(t). Therefore, we need to extract the positive part of ft(x
◦ + a) as
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Table 4.2: Numbers of variables (#Vars) and constraints (#Consts) required for the

exact formulation of Problem 1 (left) and our formulation (4.17) (right). Note that

I ≥ D from the definition of I, and that our formulation (4.17) optimizes ĈDACE, i.e.,

ℓ1-MD d̂M and 1-LOF q1 rather than CDACE, i.e., d
2
M and qk for k > 1.

#Vars #Consts

d2M O(I2) O(I2)

Nk O(N2) O(N2)

qk O(N2) O(N2)

#Vars #Consts

d̂M O(D) O(D)

N1 O(N) O(N2)

q1 O(N) O(N)

ξt. To express ξt = ft(x
◦+ a), we can utilize the MILO formulation to count the linear

regions of the MLP as proposed by Serra et al. [300]. We can extend their constraints

to address our problem as follows:

µt ∈ {0, 1}, ξ̄t ≥ 0, ∀t ∈ [T ], (4.13)

ξt ≤ Gt · µt, ∀t ∈ [T ], (4.14)

ξ̄t ≤ −Ḡt · (1− µt), ∀t ∈ [T ], (4.15)

ξt = ξ̄t +
D∑

d=1

w
(t)
d ·

Id∑
i=1

ad,i · πd,i + Ft, ∀t ∈ [T ], (4.16)

where Ft, Gt, and Ḡt are constants such that Ft = ft(x
◦), Gt ≥ maxa∈A ft(x

◦+ a), and

Ḡt ≤ mina∈A ft(x
◦ + a), respectively. These values can be computed when f and A

are given. The variable νt indicates whether ft(x
◦ + a) is positive, and ξ̄t represents

the negative part of ft(x
◦ + a). Constraint (4.16) represents ξt = max{0, ft(x◦ + a)}.

Note that the above constraints can be extended to a general MLP with more than

two hidden layers as with the work by Serra et al. [300].
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4.4.4 Overall Formulation

Finally, we show our overall formulation as follows:

minimize
D∑

d=1

δd + λ ·
N∑

n=1

lrd1(x
(n)) · ρn

subject to Constraint (4.1− 4.7),
Constraint (4.8), if H is a LM,

Constraint (4.9− 4.12), if H is a TE,

Constraint (4.13− 4.16), if H is a MLP,

πd,i ∈ {0, 1}, ∀d ∈ [D],∀i ∈ [Id],

δd ≥ 0, ∀d ∈ [D],

νn ∈ {0, 1}, ∀n ∈ [N ],

ρn ≥ 0, ∀n ∈ [N ].

(4.17)

Table 4.2 presents the total numbers of variables and constraints required for the

naive exact formulation of Problem 1 and our formulation (4.17). Note that the former

formulation optimizes our proposed cost function CDACE exactly, while the latter formu-

lation optimizes our surrogate objective function ĈDACE instead of CDACE. Table 4.2

shows that our formulation (4.17) reduces the number of variables and constraints

dramatically compared to the exact formulation. In our preliminary experiments, we

confirmed that our formulation (4.17) succeeded to obtain optimal solutions for the

instances that the exact formulation did not, and the obtained solutions by the for-

mulation (4.17) had better quality in terms of the original objective function CDACE.

Therefore, we utilize the formulation (4.17) to extract actions for computational effi-

ciency.
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As with existing MILO-based methods [292, 335], our formulation can be (i) ef-

ficiently solved by off-the-shelf MILO solvers, such as CPLEX [153], (ii) applied to

an algorithm for enumerating distinct actions as its subroutine, and (iii) customized

by adding constraints desired by users. To summarize the above advantages, we can

obtain actions that satisfy user-defined constraints without implementing designated

algorithms. In the following, we show two concrete examples of additional constraints

to improve the practicality of the obtained action.

Categorical Features. Because datasets often include categorical features, actions

suggested by CE must also consider them. We assume that all the categorical features

are one-hot encoded by preprocessing. Let G ⊆ [D] be a set of features that represents

a one-hot encoded categorical feature with |G| categories, i.e., Xd = {0, 1} for d ∈ G

and
∑

d∈G xd = 1 for any x ∈ X . To maintain the structure of a categorical feature, the

modified instance x◦+a also must satisfy it, i.e.,
∑

d∈G(x
◦
d+ad) = 1. Since

∑
d∈G x

◦
d = 1

and ad =
∑Id

i=1 ad,i · πd,i for d ∈ G, we have

∑
d∈G

(x◦d + ad) =
∑
d∈G

x◦d +
∑
d∈G

ad

= 1 +
∑
d∈G

Id∑
i=1

ad,i · πd,i.

Therefore, the constraint
∑

d∈G(x
◦
d + ad) = 1 can be expressed by the variables πd,i as

follows:

∑
d∈G

Id∑
i=1

ad,i · πd,i = 0.

Sparsity Constraint. In the context of CE, sparse actions are preferred from the

perspective of interpretability [344]. To improve the sparsity of the obtained action,
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we can add constraints corresponding to the number of features changed by the action.

For a positive integer B ∈ [D], we consider the constraint ∥a∥0 ≤ B, which states that

the maximum number of features to be changed by an action a is less than or equal to

B. This constraint can be expressed as the following linear constraint on πd,i:

D∑
d=1

∑
i∈Īd

πd,i ≤ B,

where Īd = {i ∈ [Id] | ad,i ̸= 0}, which can be computed when A is given.

4.5 Experiments

To investigate the effectiveness of DACE, we conducted experiments on real datasets

in which we compared its performance with that of existing CE methods. All the code

was implemented in Python 3.7 with scikit-learn and IBM ILOG CPLEX v12.104.

All experiments were conducted on 64-bit macOS Catalina 10.15.6 with Intel Core i9

2.4GHz CPU and 64 GB memory. In addition, a 600 second time limit was imposed

for obtaining the solution.

4.5.1 Experimental Setting

We used four real datasets: FICO (D = 23) [97], German (D = 61), WineQuality

(D = 12), and Diabetes (D = 10) [88] datasets, where D is the number of features.

For the German dataset, we transformed each categorical feature into a one-hot encoded

vector. We randomly split each dataset into training (75%) and test (25%) instances,

and trained ℓ2-regularized logistic regression classifiers (LR), random forest classifiers

4All the code and scripts are available at the following repository: https://github.com/kelicht/

dace.
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(RF) with T = 100 decision trees, and two-layer ReLU network classifiers (MLP)

with T = 200 neurons, on each training dataset. Then, we extracted actions for test

instances that had received undesired prediction results, such as predicted as “high

risk of default” from each classifier. For the interpretability of extracted actions a, we

imposed the sparsity constraint ∥a∥0 ≤ B with B = 4 for all datasets and methods.

Baseline Methods. We compared our proposed method (DACE), which approxi-

mately optimizes our proposed cost function CDACE by optimizing our surrogate objec-

tive function ĈDACE, to three existing methods. The main difference between DACE

and existing methods is a cost function to be optimized. One cost function is the

total log-percentile shift (TLPS) [335] that evaluates actions based on the cumulative

distribution functions estimated from training instances. Another cost is the weighted

ℓ1-norm based on the inverse of median absolute deviation (MAD) [292, 344]. In ad-

dition to these costs, we also compared our DACE with the weighted ℓ2-norm based

on the Pearson’s correlation coefficients (PCC) proposed by [28] to generate imper-

ceptible adversarial examples. Note that we excluded an exact MILO formulation for

optimizing CDACE from baselines because it often failed to obtain good solutions within

600 seconds in our preliminary experiments.

Evaluation Scores. To compare the qualities of obtained actions a, we measured

(i) the MD dM(x
◦, x◦ + a | Σ−1), where Σ is the covariance matrix estimated from

the training instances X, (ii) the 10-LOF q10(x
◦ + a | X+) on the training instances

X+ ⊆ X labeled as the target label (e.g., “low risk of default”), and (iii) running time

to solve each MILO problem. The MD dM(x
◦, x◦ + a | Σ−1) can measure the effort to

execute an action a by considering the feature-correlations [225]. k-LOF qk(x
◦+a | X+)

represents the risk that the action a leads x◦ to be an outlier on the instances with the
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target label. We evaluated whether actions extracted by the baselines and DACE are

realistic for users in terms of the above criteria.

4.5.2 Comparison with Existing Methods

We compared the actions extracted by DACE with those extracted by the baselines.

We set λ = 1.0 for the FICO and Diabetes datasets and λ = 0.01 for the German

and WineQuality datasets. These parameters were selected based on the sensitivity

analyses described below.

Table 4.3 and Table 4.4 present the average MD, 10-LOF, and running time for

each classifier and dataset. As shown in Table 4.3, we can observe that DACE achieved

lower MD and 10-LOF than those of the baselines regardless of classifiers and datasets.

Figure 4.2 presents scatter plots between MD and 10-LOF of each obtained action. We

can see that DACE stably achieved lower MD and 10-LOF than the baseline methods.

These results suggest that DACE stably obtain more realistic actions than the baseline

methods by considering feature-correlation and the risk of leading to an outlier.

Regarding the average running time shown in Table 4.4, DACE was definitely slower

than the baselines. However, Table 4.3 and Figure 4.2 also indicates that DACE stably

found actions of better quality in terms of both MD and 10-LOF within 600 seconds,

which is a reasonable calculation time. From these results, the effectiveness of DACE

has been confirmed on real datasets, and we also argue that our proposed method is

favorable when decision-makers and their customers require the quality of an action.

4.5.3 Sensitivity Analysis of Trade-off Parameter

Finally, we show the sensitivity of λ in ĈDACE on LR classifiers. Figure 4.3 presents

the average MD and 10-LOF of obtained actions a for each λ. We can see that there
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is a trade-off between MD and LOF of actions obtained by DACE with respect to the

value of λ. Consequently, we need to select λ depending on whether a user emphasizes

the preference or reliability of an action. In other words, by varying the value of λ,

we can obtain several distinct actions that have diverse characteristics in terms of MD

and LOF. As mentioned in [242, 335, 344], suggesting multiple actions may help users

for referring to as their future guidelines. Figure 4.3 indicates that by varying λ, we

can obtain several actions that have diverse characteristics in terms of MD and LOF.

4.6 Conclusion

In this chapter, we proposed a new framework of CE, named Distribution-Aware CE

(DACE), for extracting a realistic action by considering the empirical distribution

on labeled examples. We introduced a new cost function based on the Mahalanobis

distance (MD) and the local outlier factor (LOF), and then proposed an efficient MILO

formulation to approximately optimize the cost function. By experiments, we confirmed

the effectiveness of our proposed method by comparing with existing methods.

Discussion. A critical challenge of CE for providing realistic actions is to adequately

design a cost function C. However, it is difficult to select the cost function that

satisfies all requirements that users desire [339]. As demonstrated in Figure 4.1, our

cost function CDACE can quantitatively evaluate the reality of actions by taking into

account feature-correlations and outlier risk. On the other hand, it has the following

limitations:

• The MD included in CDACE is a metric based on linear relationships between

features [191, 225]. Therefore, CDACE cannot accurately capture nonlinear rela-
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tionships and asymmetric interactions, such as causal effect. In particular, the

causal effect is one of the most important topics in recent studies on CE, and

several methods that take into account causal effects between features have been

proposed [174,178,226].

• Recently, a framework for enumerating distinct actions has been proposed to

allow users to choose an action among the enumerated actions according to their

preferences [242,292,335]. To enumerate actions, we must solve the optimization

problem for extracting an action multiple times as a subroutine. Because CDACE

often requires more running time to be optimized than existing cost functions as

shown in Table 4.4, we need to develop another efficient enumeration algorithm

designated for CDACE.

Future Work. In the future, we plan to devise a more efficient MILO formulation,

and extend it to deal with other reliability criteria of CE, such as connectedness [202].

It would also be interesting to learn a matrix M that well reflects the properties of a

given instance and data distribution [191]. To clarify in which situation it would be

most effective to use our DACE, we also plan to conduct further detailed experiments

on the situations where our assumptions do not hold, e.g., where correlations between

features are low or nonlinear. It is also important for future work to conduct user-

experiments to qualitatively evaluate the usability of actions extracted by our DACE.



Chapter 5

Ordered Counterfactual

Explanation

Post-hoc explanation methods for machine learning models have been widely used to

support decision-making. One of the popular methods is Counterfactual Explanation

(CE), also known as Actionable Recourse, which provides a user with a perturbation

vector of features that alters the prediction result. Given a perturbation vector, a user

can interpret it as an “action” for obtaining one’s desired decision result. In practice,

however, showing only a perturbation vector is often insufficient for users to execute the

action. The reason is that if there is an asymmetric interaction among features, such

as causality, the total cost of the action is expected to depend on the order of changing

features. Therefore, practical CE methods are required to provide an appropriate order

of changing features in addition to a perturbation vector. For this purpose, we propose

a new framework called Ordered Counterfactual Explanation (OrdCE). We introduce

a new objective function that evaluates a pair of an action and an order based on

feature interaction. To extract an optimal pair, we propose a mixed-integer linear

79
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optimization approach with our objective function. Numerical experiments on real

datasets demonstrated the effectiveness of our OrdCE in comparison with unordered

CE methods.

5.1 Introduction

Complex machine learning models such as neural networks and tree ensembles are

widely used in critical decision-making tasks (e.g., medical diagnosis and loan approval).

Thus, post-hoc methods for extracting explanations from an individual prediction of

these models have been attracting much attention for the last few years [189,223,280,

281]. To provide a user with a better insight into future improvement, a post-hoc

method needs to show not only why undesirable predictions are given, but also how to

act to obtain a desired prediction result [85, 233].

One of the post-hoc methods that show an action to obtain the desired outcome

is Counterfactual Explanation (CE) [344], also known as Actionable Recourse [335].

Consider an example of a synthetic credit loan approval dataset shown in Figure 5.1.

Imagine a situation that a user receives an undesired prediction f(x◦) ̸= y⋆ for a target

label y⋆ from a trained model f , which means denial of credit loan, on an instance

x◦ related to one’s current livelihood. We want to provide the user with advice a on

changes of features such as “Income” and “JobSkill” so that the user can change one’s

current status x◦ to obtain the desired outcome f(x◦ + a) = y⋆ [335].

To achieve this goal, most of the existing CE methods find a perturbation vector

a∗ ∈ A, called an action, as an optimal solution of the following optimization problem:

a∗ := argmin
a∈A

Cdist(a | x◦) subject to f(x◦ + a) = y⋆,
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Name Range

x1 ”Education” 1, . . . , 5
x2 ”JobSkill” 1, . . . , 10
x3 ”Income” 10, . . . , 100
x4 ”WorkPerDay” 4, . . . , 10
x5 ”HealthStatus” 1, . . . , 10

1

(a) Features

Education

JobSkill

Income

WorkPerDay

HealthStatus

1.00

6.00 4.00 −0.50

(b) Causal DAG

Figure 5.1: Features and the causal DAG of our synthetic credit loan approval dataset.

The task is to predict whether an individual’s credit loan will be approved. We labeled

each individual depending on one’s values of “Income” and “HealthStatus”.

where A is a set of feasible perturbation vectors, and Cdist is a cost function that

measures the required efforts of a, such as TLPS [335] and DACE [171]. Table 5.1

presents examples of actions extracted from a logistic regression classifier trained on

our credit approval dataset in Figure 5.1. A user can obtain one’s desired outcome by

changing each feature according to the suggested perturbation vectors in Table 5.1.

In practice, however, showing only a perturbation vector a∗ is often insufficient for

users to execute the action due to interaction among features [270]. In the previous ex-

ample, as shown in the causal DAG in Figure 5.1(b), we have an asymmetric interaction

“JobSkill” → “Income”, which means that increasing one’s “JobSkill” has a positive

effect on increasing “Income” while the opposite does not. From these observations,

we see that it is more reasonable to increase first “JobSkill” and then “Income” than

the reverse order. Thus, practical CE methods are required to provide an appropriate

order of changing features in addition to a perturbation vector a∗.

To achieve this requirement, we propose a novel CE framework that returns a pair

(a∗, σ∗), called an ordered action, of a perturbation vector a∗ and a permutation σ∗
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of features that advises a user to change features in that order. We assume that the

feature interaction is represented by an interaction matrix M , whose element indicates

the linear interaction between two features, such as correlations, causal effects, or given

by some prior knowledge. Roughly speaking, we consider the following optimization

problem:

(a∗, σ∗) := argmin
a∈A,σ∈Σ

Cdist(a | x◦) + γ · Cord(a, σ |M)

subject to f(x◦ + a) = y⋆,

where Cord is a new cost function for determining an order of changing features, Σ is

the set of all permutations of the features perturbed by a, and γ > 0 is a trade-off

parameter.

5.1.1 Contributions

Our goal is to extend the CE framework so that it provides an ordered action by taking

into account feature interaction. Our contributions are summarized as follows:

1. As a new framework for CE, we propose Ordered Counterfactual Explanation

(OrdCE) that provides an ordered action, i.e., a pair of a perturbation vector and

an order of changing features. For that purpose, we introduce a new objective

function that evaluates the cost of an ordered action based on a given interaction

matrix M .

2. We formulate the problem of finding an optimal ordered action as a mixed-integer

linear optimization (MILO) problem, which can be efficiently solved by modern

MILO solvers such as CPLEX [153]. Our formulation works on popular classifiers,

such as linear models, tree ensembles, and multilayer perceptrons. In addition,



Method
Action

“Income” “WorkPerDay” “HealthStatus”

DACE +4 +1 +3

TLPS +5 0 0

Table 5.1: Examples of actions extracted by the existing CE methods on the credit

approval dataset in Figure 5.1.

Method Order Feature Action

OrdCE + DACE

1st “HealthStatus” +3

2nd “WorkPerDay” +1

3rd “Income” +4

OrdCE + TLPS
1st “JobSkill” +1

2nd “Income” +6

Table 5.2: Examples of ordered actions extracted by our OrdCE on the credit approval

dataset in Figure 5.1.

83
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the formulation can be combined with any existing cost function used in MILO-

based CE methods, such as TLPS [335] or DACE [171].

3. We conducted numerical experiments on real datasets and compared the perfor-

mance of our OrdCE with previous CE methods. We confirmed that (i) our MILO

approach obtained better ordered actions than baselines within practical compu-

tation time, and (ii) the obtained orders were reasonable from the perspective of

feature interaction.

Table 5.2 presents examples of ordered actions extracted by OrdCE on the credit

approval dataset in Figure 5.1. These orders of changing features are consistent with

the causal DAG shown in Figure 5.1(b). For example, the ordered action extracted

by OrdCE + DACE indicates increasing “WorkPerDay” before “Income”. This order

is more reasonable than its reverse order because “WorkPerDay” has a positive effect

on “Income”. In addition, in the result of OrdCE + TLPS, the total number of the

changing features increases from that of the unordered TLPS in Table 5.1. However,

because “JobSkill” has an effect 6.00 on “Income” as shown in Figure 5.1(b), changing

“JobSkill” by +1 naturally causes an increase of “Income” by +6. Thus, it is expected

that the user completes the ordered action suggested by OrdCE + TLPS with only

changing “JobSkill” at the 1st step. Our OrdCE can find such an appropriate order

by optimizing a perturbation vector and an order simultaneously. In summary, we see

that our method presents a reasonable ordered action, which helps a user act to obtain

the desired outcome.
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5.1.2 Related Work

The existing CE methods can be categorized into gradient-based [178, 241, 344], au-

toencoder [81, 226], SAT [175], or mixed-integer linear optimization (MILO) [76, 171,

292, 335]. Since our cost function is non-differentiable due to the discrete nature of

a permutation σ over features, we focus on MILO-based methods, which can directly

handle such functions.

Most CE methods provide only a perturbation vector as an action. To the best

of our knowledge, FACE [270] and OAS [277] are the only exceptions that consider a

sequence of actions. FACE provides a sequence of training instances as a path from a

given instance to the target instances in a neighborhood graph. However, FACE does

not take into account feature interaction and does not determine the execution order

of features. On the other hand, OAS provides a sequence of actions, which is related to

classical planning [246]. There, the costs of candidate actions are static and irrelevant

to their order, while in OrdCE, the costs dynamically depend on the previously chosen

actions due to their interaction. It is also noteworthy that Bertsimas et al. studied how

to determine an order of features to improve explainability in linear regression [37].

5.2 Problem Statement

5.2.1 Action and Ordered Action

Let f : X → Y and x◦ = (x◦1, . . . , x
◦
D) ∈ X be a classifier and a given instance such

that f(x◦) = −1, respectively. We define an action for x◦ as a perturbation vector

a ∈ RD such that f(x◦ + a) = +1. An action set A = A1 × · · · × AD is a finite set

of feasible actions such that 0 ∈ Ad and Ad ⊆ {ad ∈ R | x◦d + ad ∈ Xd} for d ∈ [D].
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As mentioned in Chapter 4, we can determine each Ad depending on the type and

constraint of the feature d ∈ [D]. For example, a feature representing “Age” must be

a positive integer and cannot be decreased. We define the perturbing features of an

action a as supp(a) := {d ∈ [D] | ad ̸= 0}. For K ∈ [D], we write A≤K := {a ∈ A |

|supp(a)| ≤ K}.

We introduce an ordered action for OrdCE. An ordered action is a pair of a pertur-

bation vector a ∈ A=K for some K ∈ [D] and a permutation σ = (σ1, . . . , σK) ∈ [D]K

of the perturbing features supp(a), which suggests perturbing the features supp(a) in

that order. We denote by Σ(a) the set of all permutations of supp(a), and call σ ∈ Σ(a)

a perturbing order of a.

5.2.2 Interaction Matrix

Practically, causal relationships are usually unknown in advance, and we need to es-

timate them. Since linear causal models can be estimated properly in practical set-

tings where hidden common causes are included [303], we assume the feature inter-

action is linear. We assume that the feature interaction is represented by a matrix

M = (Mi,j)1≤i,j≤D, which we call an interaction matrix. Each element Mi,j represents

the linear interaction from i to j, that is, when we perturb a feature xi to xi+ ai, then

xj is perturbed to xj +Mi,j · ai. We can compute Mi,j explicitly with causal effect

estimation methods [159,262,303] or some prior knowledge of domain experts.

From a given causal DAG estimated by, for example, DirectLiNGAM [152,303], we

can compute an interaction matrix as follows. Let B = (Bi,j)1≤i,j≤D be the adjacency

matrix of the estimated causal DAG. By reordering the order of the nodes, we can

assume that B is a strictly upper triangular matrix. Here, LiNGAM considers a model

expressed the following structural equations: xj =
∑

i∈paB(j)Bi,j · xi + ej, where ej is
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a continuous random variable that has non-Gaussian distributions and is independent

of each other, and paB(j) ⊆ [D] is the set of features that are the ancestors of j on the

estimated causal DAG. Then, we obtain

M = I +
D−1∑
k=1

Bk.

5.2.3 Cost Function

As a score to evaluate the required effort of an ordered action (a, σ), we introduce a new

cost function COrdCE as follows. Given an input instance x◦ ∈ X , an interaction matrix

M , and a trade-off parameter γ ≥ 0, we define COrdCE for a pair of a perturbation

a ∈ A and its order σ ∈ Σ(a) as

COrdCE(a, σ | x◦,M, γ) := Cdist(a | x◦) + γ · Cord(a, σ |M),

where Cdist and Cord are distance-based and ordering cost functions, respectively. The

former evaluates the required effort of a perturbation vector a, and the latter determines

a perturbing order σ of a.

Distance-based Cost Function

As with the existing CE methods, we utilize a distance-based cost function Cdist to

evaluate the required effort of an entire perturbation a. For simplicity, we assume Cdist

as the following form:

Cdist(a | x◦) =
D∑

d=1

distd(ad | x◦d),

where distd : Ad → R≥0 is a cost measure of the feature d that evaluates the effort

to change x◦d to x◦d + ad, such as the total-log percentile shift [335]. Note that our
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optimization approach can adapt to other types of existing cost functions, such as

ℓ1-Mahalanobis’ distance [171]. While these useful distance-based cost functions have

been proposed, they do not deal with a perturbing order σ ∈ Σ(a).

Ordering Cost Function

To extend CE so as to deal with a perturbing order σ = (σ1, . . . , σK) ∈ Σ(a), we

introduce an ordering cost function Cord as the following form:

Cord(a, σ |M) =
K∑
k=1

cost(k)(aσ1,...,σk
|M),

where aσ1,...,σk
:= (aσ1 , . . . , aσk

) and cost(k) is a cost for each k-th perturbation aσk
. We

define cost(k) as a function that depends not only on the perturbation of σk at the k-th

step but also on the previously perturbed features σ1, . . . , σk−1 ∈ supp(a) since the

actual amount of a perturbation of a feature is affected by the values of other features

that interact with it. Note that we assume that the previously perturbed features are

unaffected by the following perturbation, which is based on the intervention in causal

models [262].

To define cost(k), we introduce a parameter ∆(k) = ∆(k)(aσ1,...,σk
| M), called the

actual perturbation, as the amount of change on xσk
that we actually need to obtain a

desired perturbation. Then, the resulting perturbation aσk
is equal to the sum of ∆(k)

and the effect of the previous perturbations ∆(1), . . . ,∆(k−1). Formalizing this idea, we

have the following conditions on ∆(k) for k = 1, 2, 3:

aσ1 = ∆(1),

aσ2 = ∆(2) +Mσ1,σ2 ·∆(1),

aσ3 = ∆(3) +Mσ2,σ3 ·∆(2) +Mσ1,σ3 ·∆(1).



5.2. PROBLEM STATEMENT 89

Generally, we have aσk
= ∆(k) +

∑k−1
l=1 Mσl,σk

· ∆(l). For any k ∈ [K], we inductively

obtain

∆(k)(aσ1,...,σk
|M) = aσk

−
k−1∑
l=1

Mσl,σk
·∆(l)(aσ1,...,σl

|M).

By using ∆(k), we define cost(k) as follows:

cost(k)(aσ1,...,σk
|M) :=

∣∣∆(k)(aσ1,...,σk
|M)

∣∣ .
In practice, since each feature has a different scale, we multiply each ∆(k) by a scaling

factor sσk
> 0, such as the inverse of its standard deviation.

5.2.4 Problem Definition

Our aim is to find an ordered action (a, σ) that minimizes the cost COrdCE. This

problem can be defined as follows.

Problem 2. Given an additive classifier f : X → Y , an input instance x◦ ∈ X such that

f(x◦) = −1, an action set A, an interaction matrix M ∈ RD×D, K ∈ [D], and γ ≥ 0,

find an ordered action (a, σ) that is an optimal solution for the following optimization

problem:

minimize
a∈A≤K ,σ∈Σ(a)

COrdCE(a, σ | x◦,M, γ)

subject to f(x◦ + a) = +1.

By solving the above optimization problem, we obtain an ordered action (a, σ) that

accords with feature interaction.

5.2.5 Concrete Examples

To study the cost function Cord and objective function COrdCE, we present concrete

examples to observe behavior of these functions in the same setting as Section 5.1.
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Our synthetic credit loan approval dataset consists of five features x1, . . . x5 presented

in Figure 5.1 in Section 5.1. As an interaction matrix, we take the matrix M whose

element Mi,j represents the average causal effect from a feature i to j. As described

previously, M = (Mi,j)1≤i,j≤5 is calculated from the adjacency matrix of the causal

DAG in Figure 5.1(b) as follows:

M =



1 2 3 4 5

1 1 1 6 0 0

2 0 1 6 0 0

3 0 0 1 0 0

4 0 0 4 1 −0.5

5 0 0 0 0 1


.

In the examples below, we use Cord with scaling factors sd > 0 (d ∈ [D]):

Cord(a, σ |M) =
K∑
k=1

sσk
·
∣∣∆(k)(aσ1,...,σk

|M)
∣∣ .

First, we show an example to observe the behavior of the ordering cost function

Cord in the following Example 1.

Example 1. Consider a perturbation a = (0, 0, 4, 1, 3) and its perturbing orders σ =

(4, 3, 5) and σ◦ = (5, 4, 3). We compare the values of our ordering cost function Cord

for the two ordered actions (a, σ) and (a, σ◦).

For (a, σ), the actual perturbations ∆(k) can be calculated as follows:

∆(1) = 1− 0 = 1,

∆(2) = 4−M4,3 ·∆(1) = 0,

∆(3) = 3−M3,5 ·∆(2) −M4,5 ·∆(1) = 3.5.
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Thus, the value of Cord for (a, σ) can be calculated as

Cord(a, σ |M) = sσ1 · |∆(1)|+ sσ2 · |∆(2)|+ sσ3 · |∆(3)|

= s4 + 3.5s5.

Similarly, the value of Cord for (a, σ◦) can be calculated as

Cord(a, σ
◦ |M) = sσ◦

1
· |∆(1)|+ sσ◦

2
· |∆(2)|+ sσ◦

3
· |∆(3)|

= s4 + 3s5.

Because sd > 0 for all d ∈ {1, . . . , 5}, Cord(a, σ |M) > Cord(a, σ
◦ |M) holds. 2

In the above example, the ordered action (a, σ) suggests increasing the values of

“WorkPerDay”, “Income”, and “HealthStatus” in this order. The other ordered action

(a, σ◦) suggests increasing the values of “HealthStatus”, “WorkPerDay”, and “Income”

in this order. Since “WorkPerDay” has a negative causal effect to “HealthStatus”, the

perturbing order σ◦ is more reasonable than σ from the perspective of the feature

interaction. The above example indicates that we can obtain an appropriate order of

its perturbing features by minimizing Cord.

Next, we show an example to observe the behavior of the objective cost function

COrdCE in the following Example 2.

Example 2. Consider the same setting as Example 1 and two feasible ordered actions

(a, σ) and (a◦, σ◦) with

a = (0, 0, 6, 0, 0), σ = (3),

a◦ = (0, 1, 6, 0, 0), σ◦ = (2, 3).

We compare the values of our objective function COrdCE for the two ordered actions

(a, σ) and (a◦, σ◦).
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For (a, σ), the actual perturbations ∆(k) can be calculated as follows:

∆(1) = 6− 0 = 6.

Thus, the value of COrdCE for (a, σ) can be calculated as

COrdCE(a, σ | x◦,M, γ) = c3 + γ · (sσ1 · |∆(1)|)

= c3 + γ · 6s3,

where c3 = dist3(6 | x◦3) > 0.

Similarly, the value of COrdCE for (a◦, σ◦) can be calculated as

COrdCE(a
◦, σ◦ | x◦,M, γ) = c2 + c3 + γ · (sσ◦

1
· |∆(1)|+ sσ◦

2
· |∆(2)|)

= c2 + c3 + γ · s2,

where c2 = dist2(1 | x◦2) > 0.

Now we assume 6s3 − s2 > 0. Then, we obtain the following result:

COrdCE(a, σ | x◦,M, γ) > COrdCE(a
◦, σ◦ | x◦,M, γ)

⇐⇒ γ · (6s3 − s2)− c2 > 0

⇐⇒ γ >
c2

6s3 − s2
.

Hence, if 6s3−s2 > 0 and γ > c2/(6s3 − s2), then COrdCE(a, σ | x◦,M, γ) > COrdCE(a
◦, σ◦ |

x◦,M, γ). 2

In the above example, the ordered action (a, σ) suggests increasing only “Income”.

The other ordered action (a◦, σ◦) suggests increasing the values of “JobSkill” and “In-

come” in this order. The total number of the changing features of the latter ordered

action is greater than that of the former. However, a user is expected to complete the
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latter ordered action with only changing “JobSkill” since increasing one’s “JobSkill”
has a positive effect on increasing “Income” as mentioned in Section 5.1. From the

above example, we see that we can adjust a trade-off between the required effort of an

entire perturbation a and each step ∆(k) by tuning the parameter γ.

5.3 MILO Formulation

In this section, we formulate our problem for finding an optimal ordered action as an

MILO problem.

5.3.1 Basic Constraints

For d ∈ [D], we set Ad = {ad,1, . . . , ad,Id} and ad,1 = 0. First, we introduce binary

variables πd,i ∈ {0, 1} for d ∈ [D] and i ∈ [Id], which indicate that ad,i ∈ Ad is selected

(πd,i = 1) or not (πd,i = 0) as in the previous MILO-based methods [171, 335]. Then,

πd,i must satisfy the following constraints:

Id∑
i=1

πd,i = 1, ∀d ∈ [D]. (5.1)

By using πd,i, we can express a perturbation for each feature d as ad =
∑Id

i=1 ad,i · πd,i.

Note that πd,1 = 1 indicates that a feature d is not perturbed since ad,1 = 0.

To express an order of perturbing features, we introduce binary variables π
(k)
d,i ∈

{0, 1} for d ∈ [D], i ∈ [Id], and k ∈ [K], which indicate ad,i ∈ Ad is selected as the k-th

perturbation; that is, π
(k)
d,i = 1 if ad,i ∈ Ad is selected in the k-th step, and π

(k)
d,i = 0

otherwise. Then, π
(k)
d,i must satisfy the following constraints:

πd,i =
K∑
k=1

π
(k)
d,i , ∀d ∈ [D],∀i ∈ [Id]. (5.2)
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We also introduce binary variables σk,d for k ∈ [K] and d ∈ [D] that indicate whether

the feature d is perturbed in the k-th step. We impose the following constraints on

σk,d:

σk,d = 1− π(k)
d,1 , ∀k ∈ [K],∀d ∈ [D], (5.3)

K∑
k=1

σk,d ≤ 1, ∀d ∈ [D], (5.4)

D∑
d=1

σk,d ≤ 1, ∀k ∈ [K], (5.5)

D∑
d=1

σk,d ≥
D∑

d=1

σk+1,d, ∀k ∈ [K − 1]. (5.6)

Constraint (5.4) allows that we can perturb each feature at most once. Constraint (5.5)

imposes that we can perturb at most one feature in each step. Constraint (5.6) is a

symmetry breaking constraint on σk,d.

5.3.2 Objective Function

Our objective function COrdCE consists of Cdist and Cord, which we express with the

program variables π
(k)
d,i and σk,d.

Distance-based Cost Function

From our assumption of Cdist, it can be expressed as follows:

Cdist(a | x◦) =
D∑

d=1

Id∑
i=1

K∑
k=1

cd,i · π(k)
d,i ,

where cd,i is a constant value such that cd,i = distd(ad,i | x◦d). Note that our MILO for-

mulation can adapt to other existing cost functions such as DACE [171] and SCM [226].
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Ordering Cost Function

Since Cord is non-linear due to a permutation σ, we need to express it by linear con-

straints of the variables. We introduce variables ζk for k ∈ [K] such that ζk = |∆(k)|.

Then, Cord can be expressed as follows:

Cord(a, σ |M) =
K∑
k=1

ζk.

Moreover, for k ∈ [K] and d ∈ [D], we introduce variables δk,d ∈ R to express ζk =

|
∑D

d=1 δk,d|. Then, δk,d must satisfy δk,d = ∆(k) if σk,d = 1, and δk,d = 0 if σk,d = 0. We

can linearize these non-linear constraints as follows:

δk,d ≥
Id∑
i=1

ad,i · π(k)
d,i − ϵk,d − Uk,d · (1− σk,d), ∀k ∈ [K],∀d ∈ [D], (5.7)

δk,d ≤
Id∑
i=1

ad,i · π(k)
d,i − ϵk,d − Lk,d · (1− σk,d), ∀k ∈ [K],∀d ∈ [D], (5.8)

Lk,d · σk,d ≤ δk,d ≤ Uk,d · σk,d, ∀k ∈ [K],∀d ∈ [D], (5.9)

ϵk,d =
k−1∑
l=1

D∑
d′=1

Md′,d · δl,d′ , ∀k ∈ [K],∀d ∈ [D], (5.10)

− ζk ≤
D∑

d=1

δk,d ≤ ζk, ∀k ∈ [K], (5.11)

where ϵk,d is an auxiliary variable such that ϵk,d =
∑k−1

l=1 Mσl,d · ∆(l) for k ∈ [K] and

d ∈ [D]. The constant values Lk,d and Uk,d are the lower and upper bounds of δk,d.

These values can be recursively computed from the interaction matrixM and the action

set A as follows:

Lk+1,d = Lk,d − max
d′∈[D]\{d}

max
∆∈{Lk,d′ ,Uk,d′}

Md′,d ·∆,

Uk+1,d = Uk,d − min
d′∈[D]\{d}

min
∆∈{Lk,d′ ,Uk,d′}

Md′,d ·∆,
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where L1,d = minad∈Ad
ad and U1,d = maxad∈Ad

ad.

5.3.3 Base Learner Constraints

We introduce variables ξt ∈ R for t ∈ [T ] such that ξt = ft(x
◦ + a), where ft is

the t-th base learner of f . From the definition of additive classifiers, the constraint

f(x◦ + a) = +1 is equivalent to the following linear constraint of ξt:

T∑
t=1

wt · ξt ≥ b. (5.12)

We express the constraint ξt = ft(x
◦ + a) by linear constraints of ξt and πd,i because

ft(x
◦ + a) depends on the value of a, i.e., the variables πd,i. In the following, we show

how to express ξt when f is a linear model (LM), tree ensemble (TE), or multilayer

perceptron (MLP).

Linear Models

From the definition of LM, T = D and fd(x
◦ + a) = x◦d + ad for d ∈ [D]. Hence, we

can simply express the base learner of the LM as follows:

ξd = x◦d +

Id∑
i=1

ad,i · πd,i, ∀d ∈ [D]. (5.13)

Tree Ensembles

Each base learner ft of the TE is a decision tree. To express ξt = ft(x
◦ + a), we can

utilize the following decision logic constraint [76, 171]:

ϕt,l ∈ {0, 1}, ∀t ∈ [T ],∀l ∈ [Lt], (5.14)

Lt∑
l=1

ϕt,l = 1, ∀t ∈ [T ], (5.15)
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D · ϕt,l ≤
D∑

d=1

∑
i∈I(d)t,l

πd,i, ∀t ∈ [T ], ∀l ∈ [Lt], (5.16)

ξt =
Lt∑
l=1

ŷt,l · ϕt,l, ∀t ∈ [T ], (5.17)

where I
(d)
t,l = {i ∈ [Id] | x◦d + ad,i ∈ r

(d)
t,l } and r

(d)
t,l is the subspace of Xd such that

rt,l = r
(1)
t,l × · · · × r

(D)
t,l .

Multilayer Perceptrons

Each base learner ft of the MLP is an output of the t-th neuron with the ReLU

activation function, i.e., ft(x + a) = max{0, w(t)(x + a) + b(t)}. Hence, we need to

extract the positive part of w(t)(x + a) + b(t) as the output of the t-th base learner ξt.

To express it, we can utilize the following constraints proposed by Serra et al. [300]:

νt ∈ {0, 1}, ξ̄t ≥ 0, ∀t ∈ [T ], (5.18)

ξt ≤ Gt · νt, ∀t ∈ [T ], (5.19)

ξ̄t ≤ Ḡt · (1− νt), ∀t ∈ [T ], (5.20)

ξt = ξ̄t +
D∑

d=1

w
(t)
d ·

Id∑
i=1

ad,i · πd,i + Ft, ∀t ∈ [T ], (5.21)

where Ft, Gt, and Ḡt are constants such that Ft = w(t)x◦ + b(t), Gt ≥ maxa∈Aw
(t)(x+

a) + b(t), and Ḡt ≥ −mina∈Aw
(t)(x + a) + b(t). The variable νt indicates whether

w(t)(x+ a) + b(t) is positive, and ξ̄t represents negative part of w(t)(x+ a) + b(t). Note

that the above constraints can be extended to a general MLP with more than two

hidden layers [300].
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5.3.4 Overall Formulation

Finally, we show our overall formulation as follows:

minimize
D∑

d=1

Id∑
i=1

K∑
k=1

cd,i · π(k)
d,i + γ ·

K∑
k=1

ζk

subject to Constraint (5.1–5.12),
Constraint (5.13), if H is a LM,

Constraint (5.14–5.17), if H is a TE,

Constraint (5.18–5.21), if H is a MLP,

π
(k)
d,i ∈ {0, 1}, ∀k ∈ [K],∀d ∈ [D],∀i ∈ [Id],

σk,d ∈ {0, 1}, ∀k ∈ [K],∀d ∈ [D],

δk,d,∈ R, ∀k ∈ [K],∀d ∈ [D],

ζk ∈ R, ∀k ∈ [K].

(5.22)

As with the existing MILO-based methods [171, 292, 335], our formulation can be

(i) handled by off-the-shelf MILO solvers, such as CPLEX [153], and (ii) customized

by additional user-defined constraints, such as one-hot encoded categorical features

and hard constraints for ordering (e.g., precondition [277]). In summary, we can obtain

ordered actions that satisfy user-defined constraints without implementing designated

algorithms.

For computational complexity, Problem (5.22) includes K times more variables and

constraints than in the unordered one. Thus, solving (5.22) is equal to or more difficult

than unordered ones. However, in the context of CE, sparse actions are preferred from
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the perspective of interpretability [344]. Therefore, it is sufficient to choose small K

for obtaining sparse actions.

5.3.5 Post-processing and Partially Ordered Actions

When some perturbing features have no interaction, changing the order of such features

does not affect the cost Cord. For example in Figure 5.1(b), the cost of the ordered action

[“Education” → “WorkPerDay” → “JobSkill”] is the same as that of [“WorkPerDay”

→ “Education”→ “JobSkill”] because “WorkPerDay” has no effect to the others. Thus

the ordered action can be reduced to the partially ordered action [“WorkPerDay”] and

[“Education”→ “JobSkill”]. Suggesting such a partial order helps a user to execute an

ordered action. We provide a post-processing algorithm that computes a partial order

of the perturbing features from an ordered action and an interaction matrix.

An ordered action may be reduced to a partially ordered action, which is a pair

(a,≤) of a perturbation vector a ∈ A and a partial order ≤ on supp(a). Here, we give

a procedure to construct a partially ordered structure ≤ from an interaction matrix

M and an ordered action (a, σ). If a perturbing order σ′ of a is consistent with the

obtained partial order ≤, the ordered action (a, σ′) has the same ordering cost Cord

with that of (a, σ).

An ordered action can be expressed in the form of a path structure like Figure 5.2(a),

where each node indicates a perturbing feature. In this path structure, changing a

feature i should be executed after changing all its ancestors pa(i) and not after any

its descendant. A partially ordered action is expressed in the form of a DAG like

Figure 5.2(d), and a change in a feature satisfies the same condition as above. Note

that even if a causal DAG is given, the DAG of a partially ordered action is not

necessarily a subgraph of the causal DAG.
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3 4 1 2 6

(a): Path structure for a given ordered action

3 4 1 2 6

(b): Transitive closure of (a)

3 4 1 2 6

(c): Remove the edges with no interaction from (b)

3 4 1 2 6

(d): Transitive reduction of (c)

Figure 5.2: Algorithm for obtaining a partially ordered action.

Algorithm

We give an algorithm to obtain a partially ordered action from an ordered action and

an interaction matrix M . The procedure is as follows:

1. Construct a path that represents the perturbing order of a given ordered action.

2. Compute the transitive closure that represents the total order of the perturbing

features.

3. Remove an edge from i to j if there is no interaction between i and j, that is,

Mi,j =Mj,i = 0.

4. Compute the transitive reduction that represents a partially ordered action.

Here, a transitive closure of a directed graph G is a directed graph that has an edge

from i to j if and only if there is a directed path from i to j in G. Also, a transitive
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reduction of a directed graph G is a directed graph with the fewest number of edges

whose transitive closure is the same as the transitive closure of G. For a finite DAG,

its transitive closure and its transitive reduction are uniquely determined and can be

computed in polynomial time [11,120,243].

We show that our algorithm can output a desired partial order of perturbing features

for a given ordered action. For this purpose, we see that the ordering cost Cord of an

ordered action only depends on its partially ordered structure obtained by the above

procedure. If i is not an ancestor of j on the DAG of a partially ordered action, then

Mi,j =Mj,i = 0. Thus, the actual perturbation in the k-th step is calculated as follows:

∆(k)(aσ1,...,σk
|M) = aσk

−
k−1∑
l=1

Mσl,σk
·∆(l)(aσ1,...,σl

|M)

= aσk
−

∑
l=1,...,k−1
σl∈pa(σk)

Mσl,σk
·∆(l)(aσ1,...,σl

|M),

where pa(j) ⊆ supp(a) denotes the set of ancestors of a feature j on the DAG of the

partially ordered action. That is, the ordered action (a, σ′) has the same ordering cost

Cord as that of (a, σ) if σ′ is consistent with the partially ordered structure obtained

from (a, σ).

5.4 Experiments

In this section, we conducted experiments on real datasets to investigate the effective-

ness and behavior of our OrdCE. All the code was implemented in Python 3.7 with

scikit-learn and IBM ILOG CPLEX v12.101. All the experiments were conducted on

64-bit macOS Catalina 10.15.6 with Intel Core i9 2.4GHz CPU and 64GB memory,

1All the code is available at https://github.com/kelicht/ordce.
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and we imposed a 300 second time limit for solving.

5.4.1 Experimental Setting

We randomly split each dataset into the train (75%) and test (25%) instances, and

trained ℓ2-regularized logistic regression classifiers (LR), random forest classifiers (RF)

with T = 100 decision trees, and two-layer ReLU network classifiers (MLP) with

T = 200 neurons, on each training dataset. Then, we extracted ordered actions for

test instances that had been received undesired prediction results, such as predicted as

“high risk of default” from each classifier.

Distance-based Cost Functions

As a distance-based cost function Cdist, we used four existing cost functions: the

total log-percentile shift (TLPS) [335], weighted ℓ1-norm of median absolute devia-

tion (MAD) [292,344], ℓ1-Mahalanobis’ distance (DACE) [171], and distance based on

structural causal models (SCM) [226]. The former two are norm-based cost func-

tions that evaluate actions for each perturbing feature independently. The latter

two are interaction-aware cost functions that evaluate actions by considering feature-

correlation and causality, respectively.

Baseline Method

To the best of our knowledge, there is no existing method that determines a minimum-

cost perturbing order. Even if an ordered action is consistent with a given causal DAG

M , it is not necessarily optimal with respect to our objective function COrdCE(a, σ |

x◦,M, γ) = Cdist(a | x◦) + γ ·Cord(a, σ |M), since Cord depends not only on the causal
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direction but also on the amount of the resultant perturbation. As a baseline, we

proposed a greedy algorithm (Greedy), which consists of the following two steps:

1. Extract a perturbation vector a⋆ by optimizing Cdist.

2. Determine a perturbing order σ of a∗ by solving the following optimization prob-

lem for k iteratively:

σk = argmin
d∈supp(a⋆)\{σ1,...,σk−1}

∣∣∣∣∣a⋆d −
k−1∑
l=1

Mσl,d ·∆(l)

∣∣∣∣∣ .
This procedure greedily selects a perturbing feature that has the smallest cost in

each step.

To compare OrdCE with Greedy, we measured the average values of the distance-

based cost Cdist, the ordering cost Cord, and the objective function COrdCE over the

ordered actions obtained by those two methods.

5.4.2 Experimental Results

Comparison with Baseline

We used four real datasets: FICO (D = 23) [97], German (D = 40), WineQuality

(D = 12), and Diabetes (D = 8) [88] datasets, where D is the number of features.

For German dataset, we transformed each categorical feature into a one-hot encoded

vector. For each dataset, we estimated the adjacency matrix of a causal DAG by the

DirectLiNGAM algorithm [152,303], and computed an interaction matrix M from the

adjacency matrix (see Section 3). We set γ = 1.0 and K = 4.

Tables 5.3 and 5.4 present the average of the objective function COrdCE and the

ordering cost Cord for extracted ordered actions, respectively. From Tables 5.3 and 5.4,
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Insulin

Glucose SkinThickness

BMI

0.09 0.05

0.04 0.16

Figure 5.3: Subgraph of the causal DAG of the Diabetes dataset estimated by the

DirectLiNGAM algorithm [152,303].

we can observe that OrdCE always achieved lower COrdCE and Cord than Greedy

for all datasets and classifiers. Especially, in MLP and TLPS on FICO dataset, the

averages of COrdCE and Cdist given by OrdCE are 1.57 and 0.84, respectively, which

were less than half of those obtained by Greedy.

Next, we examine the ordered actions given by OrdCE to confirm the practicality.

Table 5.5 presents examples of ordered actions extracted from the RF classifier on the

Diabetes dataset, and Figure 5.3 presents a subgraph of the estimated causal DAG of

the dataset. In both cases of TLPS and DACE, our OrdCE output ordered actions

that accords with the directed edges in the causal DAG in Figure 5.3. On the other

hand, the action extracted by Greedy with DACE, the order is not consistent with

the causal DAG. From these results, we confirmed that OrdCE succeeded in obtaining

a reasonable perturbing order from the perspective of the causal DAG. In addition, for

TLPS, the perturbation given by OrdCE is different from that given by Greedy. This

difference is caused by the effect that OrdCE optimizes a perturbation vector and its

order simultaneously.

Regarding the computation time, OrdCE was certainly slower than Greedy be-



Method Order Feature Action Cdist Cord

Greedy 1st “BMI” -6.25 0.778 0.828

OrdCE
1st “Glucose” -3.0

0.825 0.749
2nd “BMI” -5.05

(a) TLPS [335]

Method Order Feature Action Cdist Cord

Greedy

1st “BMI” -0.8

0.716 0.825
2nd “SkinThickness” -2.5

3rd “Glucose” -8.5

4th “Insulin” -32.0

OrdCE

1st “Insulin” -32.0

0.716 0.528
2nd “Glucose” -8.5

3rd “SkinThickness” -2.5

4th “BMI” -0.8

(b) DACE [171]

Table 5.5: Examples of ordered actions extracted from the RF classifier on the Diabetes

dataset.
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cause OrdCE exactly solved Problem 2. The result of computation time for each

distance-based cost function, i.e., TLPS, DACE, MAD, and SCM, is shown in Table 5.6.

In MLP and TLPS on FICO dataset, the average computation times of OrdCE and

Greedy are 183 and 12.6 seconds, respectively. For other datasets, OrdCE is within

1.38–120 times slower than Greedy. However, Tables 5.3 to 5.5 indicate that OrdCE

found better ordered actions in terms of COrdCE and Cord than Greedy within 300

seconds, which is a reasonable computation time.

Sensitivity Analysis of Trade-off Parameter

To examine the sensitivity of the trade-off parameter γ, we observed Cdist and Cord

of ordered actions extracted from LR classifiers by varying γ. Figure 5.4 presents the

average values of Cdist and Cord for each value of γ and each dataset. We can see trade-

off relationship between Cdist and Cord. As mentioned in previous work on CE [242,344],

suggesting multiple actions is helpful for diversity. By varying γ, we can obtain several

distinct ordered actions that have diverse characteristics in terms of Cdist and Cord.

5.5 Conclusion

We proposed Ordered Counterfactual Explanation (OrdCE) that provides an optimal

pair of a perturbation vector and an order of the features to be perturbed. We intro-

duced a new objective function that evaluates the required cost of a perturbation vector

and an order, and proposed a MILO formulation for optimizing it. By experiments

on real datasets, we confirmed the effectiveness of our method by comparing it with a

greedy method.

As future work, we plan to conduct user-experiments to evaluate the usability
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of our OrdCE. In this study, while we assume the causal relationship is linear, our

cost function has the potential to deal with non-linear relationships, which sometimes

appear in the real world [262]. Therefore, it is also interesting for future work to develop

a method for optimizing our cost function with non-linear causal relationships.





Chapter 6

Fairness-Aware Decision Tree

Editing

In the application of machine learning models to decision-making tasks (e.g., loan

approval), fairness of their predictions has emerged as an important topic in recent

years. If decision-makers detect unfairness in their models during deployment, they

must modify the models to satisfy constraints on a specific discrimination criterion.

However, simply retraining a model from scratch under fairness constraints may raise

serious reliability issues caused by differences in prediction and interpretation between

the initial model and retrained model. In this chapter, we propose a post-processing

framework, named Fairness-Aware Decision tree Editing (FADE), that converts a given

biased decision tree into a fair decision tree without significantly changing it in terms

of its prediction and interpretation. For this purpose, we introduce two dissimilarity

measures between decision trees based on the prediction discrepancy and edit distance.

We propose a mixed-integer linear optimization formulation for minimizing the dissim-

ilarity measures under fairness constraints. Numerical experiments on real datasets

113
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demonstrate the effectiveness of our method in comparison with existing methods.

6.1 Introduction

In the application of machine learning models to decision-making tasks, such as loan ap-

proval, there have been increasing concerns about the fairness of the predictions [127].

If the predictions are unfair, which means that there is disparity of the predictions

between groups defined by sensitive attributes (e.g., gender or race) [29], the models

are no longer usable in decision-making tasks, even if they achieve high accuracy. To

avoid such disparity of predictions and achieve model fairness, a number of methods

for evaluating the disparity [4,55,136,366] and training fair models [167,168,365] have

been proposed.

If decision-makers identify unfairness in their deployed model, they must modify

the model so as to satisfy constraints on specific discrimination criteria, such as de-

mographic parity (DP) [55]. However, in various situations of real applications (e.g.,

dataset shift [276]), there still remain many difficulties in eliminating the disparity from

deployed models [348]. In the following, we demonstrate that simply retraining a model

from scratch under fairness constraints raises serious reliability issues. We consider an

out-of-sample deployment scenario [335], which is a special case of the dataset shift, on

the German dataset [88]. A decision-maker deploys the decision tree presented in Fig-

ure 6.1(a) to predict whether individuals will default on their loan. However, because

the training dataset does not include individuals under 25 years old, the decision tree

turns out to be unfair to young individuals in terms of DP. The decision-maker then

retrains it from scratch to be fair with respect to individuals’ age using an existing

method [167]. Although the retrained decision tree presented in Figure 6.1(b) achieves
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lower DP than the initial decision tree, we argue that there are serious reliability issues

from the following two perspectives:

• Prediction: To satisfy fairness constraints, the prediction results of some indi-

viduals must be changed. Previous research indicated a risk of prediction conflicts

between an initial model and retrained model [229, 332]. In Figure 6.1, 26% of

individuals receive different prediction results from the retrained decision tree

than the initial decision tree.

• Interpretation: There are often representational differences between the initial

decision tree and retrained decision tree, which implies differences in their inter-

pretations. These differences may cause problems regarding the vulnerability of

model interpretation [122], such as fairwashing [12]. In Figure 6.1, the prediction

rules of four out of seven nodes in the retrained decision tree differ from those of

the initial decision tree.

Based on the above observations, we aim to edit a given biased decision tree h into

a fair decision tree h∗ without significantly changing it in terms of its prediction and

interpretation. Roughly speaking, we consider the following optimization problem:

minimize
h∗

Γ(h, h∗) subject to ∆z(h
∗) ≤ θ,

where Γ is a dissimilarity measure between decision trees, ∆z is a discrimination cri-

terion, and θ is a discrimination threshold. Our research goals are (i) to introduce

dissimilarity measures Γ between decision trees based on the above two perspectives,

and (ii) to develop a method for minimizing Γ(h, h∗) under fairness constraints on

∆z(h
∗).
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6.1.1 Contributions

In this chapter, we propose a post-processing framework, named Fairness-Aware De-

cision tree Editing (FADE), that edits the prediction rules of nodes of a given trained

decision tree to satisfy fairness constraints without significantly changing the decision

tree. Our contributions can be summarized as follows:

• To evaluate the degree of change from a given decision tree to its edited one,

we introduce two dissimilarity measures between decision trees based on the

prediction discrepancy [229] and edit distance [322,372].

• We formulate the problem of finding an optimal edit operation according to

the proposed dissimilarity measures under fairness constraints as a mixed-integer

linear optimization (MILO) problem, which can be efficiently solved by off-the-

shelf MILO solvers, such as CPLEX [153].

• By experiments on real datasets, we confirmed that decision trees edited by our

method achieve comparable accuracy and fairness with a few edits to that of

decision trees trained by an existing method for learning fair decision trees [167].

Figure 6.1(c) presents a decision tree edited by the proposed FADE method. The

ratio of conflicting predictions is reduced to 15%, and only one node in the initial

decision tree (Figure 6.1(a)) is edited. This result suggests that (i) FADE can transform

a biased decision tree into a fair one with several changes in terms of its prediction

and interpretation, and (ii) the edited decision tree achieves comparable accuracy and

fairness to the retrained decision tree.
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6.1.2 Related Work

Fairness in Machine Learning. According to Hajian [127], existing methods for

achieving model fairness can be divided into three groups: pre-processing [57, 166],

in-processing [167, 168, 365], and post-processing [56, 348] approaches. Our method is

most closely related to post-processing approaches, which adjust already trained models

under fairness constraints based on a discrimination criterion, such as demographic

parity [55] or equal opportunity [136]. In particular, Kamiran et al. proposed a post-

processing algorithm that modifies the predictive labels of leaves of a trained decision

tree to satisfy fairness constraints [167]. Our approach can be regarded as an extension

of their approach, as we edit not only leaves, but also internal nodes.

Decision Trees. With respect to interpretability, a decision tree is one of the most

standard interpretable models. Top-down greedy approaches (e.g., CART [49]) are

popular methods for training decision trees. In contrast, several non-greedy methods

that are either based on MILO [8, 38, 341] or branch-and-bound algorithms [10, 149]

have recently been proposed. Our approach is based on MILO methods, and can be

regarded as their extension to determine how to edit an already trained decision tree to

be fair. It should also be noted that Carreira et al. proposed a modifying method for

decision trees that aims to enhance their accuracy and interpretability [58]. However,

in contrast, our method aims to enhance their fairness.

6.2 Preliminaries

In this chapter, as in most studies on decision trees [10, 149], we assume that all

features are binary-valued; that is, X = {0, 1}D. For a continuous feature, we can
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encode it into some binary features by the existing discretization techniques, such as

bucketization [10, 149].

6.2.1 Another Expression of Decision Trees

As shown in Chapter 2, a decision tree h : X → Y is a classifier that consists of a

set of if-then-else rules expressed as a binary tree structure [49]. It makes a prediction

according to the predictive label ŷ ∈ Y of the leaf that an input instance x ∈ X reaches.

The corresponding leaf is determined by traversing the tree from the root depending

on whether the statement xd = 1 is true or not, where d ∈ [D] is a branching feature

of each internal node. Figure 6.2 presents an example of a decision tree.

We denote the set of all nodes in a decision tree h by T = {1, . . . , T}, where the

nodes are indexed by a pre-order traversal. Let L, I ⊆ T represent sets of internal

nodes and leaves in h, respectively. Note that |L| = |I| + 1 holds since h is a binary

tree. For a node t ∈ T , we denote the set of internal nodes on the path from the root

to t by At ⊆ I. Then, h can be expressed as follows:

h(x) =
∑
l∈L

ŷl · ϕl(x),

where ŷl ∈ Y is the predictive label of a leaf l and ϕl : X → {0, 1} is the leaf indicator

function that indicates whether an input x reaches l. We can express ϕl as

ϕl(x) = I
[(∧

i∈A(L)
l

(xdi = 0)

)
∧
(∧

i∈A(R)
l

(xdi = 1)

)]
,

where di ∈ [D] is the branching feature of an internal node i, and A
(L)
l , A

(R)
l ⊆ Al are

the sets of left and right branching nodes on the path from the root to l, respectively.

We denote a set of decision trees H ⊆ {h | h : X → Y}.
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6.2.2 Discrimination Scores

In the context of fairness-aware machine learning, we consider a sensitive attribute

z ∈ {0, 1}, such as gender or race [127], in addition to the input domain X and output

domain Y . In this chapter, let a tuple (x, y, z) of an input instance x = (x1, . . . , xD) ∈

X , output label y ∈ Y , and sensitive attribute z ∈ {0, 1} be an example, and the set

S = {(x(n), y(n), z(n))}Nn=1 be a sample with N examples. The aim of fairness-aware

machine learning is to obtain a classifier h : X → Y whose predictions are fair with

respect to the sensitive attribute z.

To evaluate the fairness of a classifier h with respect to the sensitive attribute z,

we focus on demographic parity (DP) [55], which is a major discrimination criterion

based on statistical parity. Our method can also be extended to other criteria based on

statistical parity, such as equal opportunity [136]. The values of these criteria approach

1 if the predictions of h tend to be unfair for z, and they approach 0 if the predictions

tend to be fair.

We say that a classifier h satisfies DP if P (H(x) = 1 | z = 1) = P (H(x) = 1 |

z = 0), where P is the probability over the joint distribution on (z, h(x)). Because

we cannot observe, we instead define the DP score ∆z : H → [0, 1] using the empirical

probability P̂ on a given sample S as follows:

∆z(h | S) :=
∣∣∣P̂ (h(x) = 1 | z = 1)− P̂ (h(x) = 1 | z = 0)

∣∣∣ .

6.3 Problem Statement

In this section, we formally define our Fairness-Aware Decision tree Editing (FADE)

problem.
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6.3.1 Dissimilarity Measure Between Decision Trees

To evaluate the dissimilarity between a given decision tree and its edited one in terms of

its prediction and interpretation, we introduce two dissimilarity measures Γ: H×H →

R≥0 for decision trees.

Prediction Discrepancy

One dissimilarity measure is the prediction discrepancy (PD) proposed by Marx et al.

to evaluate predictive multiplicity in a classification task [229]. PD represents the ratio

of individuals whose prediction results are changed if the initial classifier h1 is replaced

by another classifier h2. In equation, PD between h1 and h2 is defined as follows:

ΓPD(h1, h2 | S) =
1

|S|
∑

(x,y,z)∈S

I [h1(x) ̸= h2(x)] ,

where S is a given sample. PD can be regarded to evaluate the functional dissimilarity

between two classifiers on S.

Edit Distance

The second dissimilarity measure is the edit distance (ED) [322, 372], which is a stan-

dard dissimilarity measure between labeled ordered trees. The ED between two labeled

ordered trees T1, T2 is defined as the minimal length of the sequence of edit operations

required to transform T1 into T2. Three edit operations are available: insertion, dele-

tion, and relabeling.

By regarding the branching features di ∈ [D] and predictive labels ŷl ∈ Y as node

labels, decision trees can be viewed as labeled ordered binary trees with node labels

Σ = [D]∪Y . Let e(h1, h2) = ⟨e1, . . . , eM⟩ be a sequence of edit operations to transform
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h1 into h2. Then, the ED between h1 and h2 is defined as follows:

ΓED(h1, h2) = min
e(h1,h2)

 ∑
e∈e(h1,h2)

cost(e)

 ,

where cost(e) ≥ 0 is the cost of the edit operation e.

Let ϵ be a special blank symbol not in Σ, and let Σϵ = Σ ∪ {ϵ}. Then, each edit

operation e corresponding to nodes t1 and t2 can be expressed as a pair of their labels

(s1, s2), where s1, s2 ∈ Σ ∪ {ϵ} are the node labels of t1 and t2, respectively [190].

We can express e by (i) (ϵ, s2) for inserting a node with a label s2, (ii) (s1, ϵ) for

deleting a node with a label s1, and (iii) (s1, s2) for relabeling a node with a label s1

by another label s2. We define the cost of e by cost(e) = dist(t1, t2), where dist(t1, t2)

is some dissimilarity measure between the labels of nodes t1 and t2. In this chapter,

for simplicity, we assume that the unit cost dist(t1, t2) = I [s1 ̸= s2].

6.3.2 Edit Operation for Decision Tree

As edit operations for a given initial decision tree h ∈ H, we consider deletion and

relabeling. For h, let H∗(h) ⊆ H be the set of edited decision trees h∗ from h that

satisfy the following five conditions:

C1. There exists an edit sequence e(h, h∗) consisting of deletion and relabeling oper-

ations to transform h into h∗.

C2. All internal nodes i and leaves l of h∗ have a branching feature di ∈ [D] and

predictive label ŷl ∈ Y as their node labels, respectively.

C3. All internal nodes i of h∗ have two child nodes each: left(i) and right(i).
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C4. For any leaf l of h∗, there are no duplicate branching features for the internal

nodes in Al.

C5. For any internal node i of h∗, not all leaves included in its subtree have the same

predictive label.

C2 and C3 serve to maintain the model structure of an edited decision tree h∗, while

C4 and C5 prevent h∗ from including redundant nodes.

6.3.3 Problem Definition

Our goal is to reduce the discrimination score ∆z of a given decision tree h by editing

its branching features and predictive labels without significantly changing it. Using Γ

and H∗(h), this problem can be defined as follows.

Problem 3 (FADE problem). Given a sample S, a decision tree h, a dissimilarity

measure Γ, and a discrimination threshold θ ∈ [0, 1], find a decision tree h∗ that is an

optimal solution of the following optimization problem:

minimize
h∗∈H∗(h)

Γ(h, h∗) subject to ∆z(h
∗ | S) ≤ θ.

By solving the above optimization problem, we obtain an edited decision tree h∗

that satisfies the fairness constraint ∆z(h
∗ | S) ≤ θ with minimum change with respect

to the dissimilarity measure Γ(h, h∗).

6.4 MILO Formulation

In this section, we propose an MILO formulation of our FADE problem1.

1For the details of techniques of MILO formulation in this chapter, see, e.g., [359].
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6.4.1 Decision Tree Constraints

To express the edit operations for each node, i.e., deletion and relabeling (C1), and

the edited decision tree h∗ ∈ H∗(h), we first introduce some program variables. We

introduce variables ζt ∈ {0, 1} for t ∈ T , which indicate whether a node t is deleted

(ζt = 0) or not (ζt = 1). For an internal node i ∈ I and leaf l ∈ L, let d∗i ∈ [D]

and ŷ∗l ∈ Y be their node labels in h∗, respectively. For i ∈ I, we introduce variables

αi,d ∈ {0, 1} for d ∈ [D], which indicate whether d∗i = d. Similarly, for l ∈ L, we

introduce a variable λ+l ∈ {0, 1} (resp. λ
−
l ∈ {0, 1}), which indicates whether ŷ∗l = 1

(resp. ŷ∗l = 0). We also introduce a variable λ+i ∈ {0, 1} (resp. λ−i ∈ {0, 1}) for i ∈ I,

which indicates whether all leaves included in the subtree of i have the predictive label 1

(resp. 0). To satisfy the conditions mentioned in Section 6.3.2, we impose the following

constraints on these variables:

D∑
d=1

αi,d = ζi, ∀i ∈ I, (6.1)

λ+l + λ−l = ζl, ∀l ∈ L, (6.2)

ζi ≤ ζji , ∀i ∈ I, ji = max(A
(R)
i ∪ {0}), (6.3)

ζl = ζil , ∀l ∈ L, il = max(A
(R)
l ∪ {0}), (6.4)∑

i∈Al

αi,d ≤ 1, ∀l ∈ L, d ∈ [D], (6.5)

0 ≤ ζright(i) + 2 · λ∗i − λ∗left(i) − λ∗right(i) ≤ 1, ∀i ∈ I, ∗ ∈ {+,−}, (6.6)

ζi ≤ 1− (λ+i + λ−i ), ∀i ∈ I, (6.7)

ζ0 = 1, (6.8)

where left(i) ∈ T (resp. right(i) ∈ T ) is a left (resp. right) child node of i, and ζ0 is

a dummy variable for notational convenience. Constraints (6.1–6.4) represent C2 and
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C3, while constraints (6.5–6.7) represent C4 and C5. Note that ji, left(i), right(i) for

i ∈ I and il for l ∈ L can be computed when h is given.

6.4.2 Fairness Constraints

To express the fairness constraint ∆z(h
∗ | S) ≤ θ, we must first express the output

h∗(x(n)) of an edited decision tree h∗ for each input instance x(n) in a given sample

S. We introduce indicator variables ϕl,n ∈ {0, 1} for l ∈ L and n ∈ [N ] such that

ϕl,n = ϕ∗
l (x

(n)), where ϕ∗
l : X → {0, 1} is the leaf indicator function of a leaf l in h∗.

We also introduce auxiliary variables ψi,n ∈ {0, 1} indicating whether x(n) satisfies the

branching rule of i ∈ I, i.e., ψi,n = I
[
xd∗i = 1

]
. From the definition of the leaf indicator

function in Section 6.2.1, we can express ϕl,n as

ϕl,n =
∏

i∈A(L)
l

(1− ψi,n) ·
∏

i∈A(R)
l

ψi,n.

These non-linear constraints can be linearized as follows:

ψi,n =
D∑

d=1

αi,d · x(n)d , ∀i ∈ I, n ∈ [N ], (6.9)

Il · ϕl,n ≤
∑

i∈A(L)
l

(1− ψi,n) +
∑

i∈A(R)
l

ψi,n, ∀l ∈ L, n ∈ [N ], (6.10)

∑
i∈A(L)

l

(1− ψi,n) +
∑

i∈A(R)
l

ψi,n ≤ Il · ϕl,n + Il − 1, ∀l ∈ L, n ∈ [N ], (6.11)

where Il is a constant value such that Il = |Al|, which can be computed when h is

given. Constraint (6.9) represents ψi,n = I
[
xd∗i = 1

]
, while Constraints (6.10) and

(6.11) represent ϕl,n =
∏

i∈A(L)
l
(1 − ψi,n) ·

∏
i∈A(R)

l
ψi,n. For maintaining the model

structure of h∗ with respect to S, the variables ϕl,n must also satisfy the following
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constraints:

ζl ≤
∑
n∈[N ]

ϕl,n, ∀l ∈ L, (6.12)

ϕl,n ≤ ζl, ∀l ∈ L, n ∈ [N ], (6.13)∑
l∈L

ϕl,n = 1, ∀n ∈ [N ], (6.14)

Constraints (6.12) and (6.13) are the constraints for preventing h∗ from having redun-

dant leaves that no input instance in S reaches. Constraint (6.14) imposes that each

input instance is assigned to exactly one leaf of h∗.

Here, we express the fairness constraint using ϕl,n, and show that ∆z(h
∗ | S) can

be expressed as the summation of the values of the DP score in each leaf of h∗.

Proposition 2. For z̄ ∈ {0, 1} and S, let Nz̄ = {n ∈ [N ] | z(n) = z̄}. Then, we have

∆z(h
∗ | S) =

∣∣∣∣∣∑
l∈L

λ+l ·
N∑

n=1

cn · ϕl,n

∣∣∣∣∣ ,
where cn = z(n)

|N1| −
1−z(n)

|N0| .

Proof. From the definitions of DP ∆z and decision tree h∗, we have

∆z(h
∗ | S) =

∣∣∣∣∣
∑

n∈N1
h∗(x(n))

|N1|
−
∑

n∈N0
h∗(x(n))

|N0|

∣∣∣∣∣
=

∣∣∣∣∣∑
l∈L

I [ŷ∗l = 1] ·
N∑

n=1

cn · ϕ∗
l (x

(n))

∣∣∣∣∣
=

∣∣∣∣∣∑
l∈L

λ+l ·
N∑

n=1

cn · ϕl,n

∣∣∣∣∣ .
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We introduce variables δl ∈ [−1, 1] for l ∈ L such that δl = λ+l ·
∑N

n=1 cn ·ϕl,n, which

contain non-linear constraints on the variables δl, λ
+
l , and ϕl,n. From Constraint (6.2)

and −1 ≤
∑N

n=1 cn · ϕl,n ≤ 1, we can linearize them by the following linear constraints:

− λ+l ≤ δl ≤ λ+l , ∀l ∈ L, (6.15)

N∑
n=1

cn · ϕl,n − λ−l ≤ δl ≤
N∑

n=1

cn · ϕl,n + λ−l , ∀l ∈ L. (6.16)

Note that cn is a constant value because it can be computed when S is given. From

Proposition 2, the constraint ∆z(h
∗ | S) ≤ θ is equivalent to

∣∣∑
l∈L δl

∣∣ ≤ θ. It can be

expressed as the following linear constraint of δl:

− θ ≤
∑
l∈L

δl ≤ θ. (6.17)

6.4.3 Objective Function

We introduce a variable γ ≥ 0 to express γ = Γ(h, h∗), which is the value of the

objective function of Problem 3 to be minimized. In the following, we express PD and

ED by linear constraints on program variables.

Prediction Discrepancy

As with ∆z(h
∗ | S), we show that PD ΓPD(h, h

∗ | S) can be expressed as the summation

of the PD values in each leaf of h∗ as follows:

ΓPD(h, h
∗ | S) = 1

N

N∑
n=1

∑
l∈L

I
[
h(x(n)) ̸= ŷ∗l

]
· ϕl(x

(n))

=
1

N

∑
l∈L

(
(1− ŷ∗l ) ·

N∑
n=1

h(x(n)) · ϕl(x
(n)) + ŷ∗l ·

N∑
n=1

(1− h(x(n))) · ϕl(x
(n))

)

=
1

N

∑
l∈L

(λ−l ·N
+
l + λ+l ·N

−
l ),
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where N+
l =

∑N
n=1 h(x

(n)) · ϕl(x
(n)) and N−

l =
∑N

n=1(1− h(x(n))) · ϕl(x
(n)) for l ∈ L.

Based on the above result, we introduce variables γl ≥ 0 for l ∈ L such that

γl = N+
l · λ

−
l +N−

l · λ
+
l , which is the value of PD in l. Since the values of N+

l and N−
l

depend on the value of ϕl(x
(n)), they include non-linear terms of the variables ϕl,n, λ

+
l ,

and λ−l . We can linearize these non-linear constraints as follows:

N−
l −N · λ

−
l ≤ γl ≤ N−

l +N · λ−l , ∀l ∈ L, (6.18)

N+
l −N · λ

+
l ≤ γl ≤ N+

l +N · λ+l , ∀l ∈ L, (6.19)

N+
l =

N∑
n=1

h(x(n)) · ϕl,n, ∀l ∈ L, (6.20)

N−
l =

N∑
n=1

(1− h(x(n))) · ϕl,n, ∀l ∈ L. (6.21)

Note that h(x(n)) is a constant value because they can be computed when h and S are

given. Finally, we can express γ = ΓPD(h, h
∗ | S) by the following constraints:

γ =
1

N

∑
l∈L

γl. (6.22)

Edit Distance

To formulate the ED ΓED(h, h
∗), we extend the formulation proposed by Kondo et al.

to address our FADE problem [190]. They proposed an integer linear optimization

formulation for computing ED between given two trees by utilizing Tai mappings [322].

A Tai mapping M between two labeled ordered trees T1 and T2 is a subset of T1 × T2
satisfying the following three conditions for any (t1, t2), (u1, u2) ∈M :

C6. (One-to-one mapping) t1 = u1 ⇐⇒ t2 = u2,

C7. (Preserving ancestor) t1 <anc u1 ⇐⇒ t2 <anc u2,
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C8. (Preserving sibling) t1 <sib u1 ⇐⇒ t2 <sib u2,

where t <anc u (resp. t <sib u) indicates that a node t is an ancestor (resp. to the left)

of a node u. For a Tai mapping M , the cost of M is defined as

cost(M) =
∑

(t1,t2)∈M

dist(t1, t2) +
∑

t1∈Mdel

dist(t1, ϵ) +
∑

t2∈Mins

dist(ϵ, t2),

where Mdel = {t1 ∈ T1 | ∀t2 ∈ T2 : (t1, t2) ̸∈ M} and Mins = {t2 ∈ T2 | ∀t1 ∈

T1 : (t1, t2) ̸∈ M}, which are the sets of deleted and inserted nodes, respectively. Tai

proved that the ED between T1 and T2 is equivalent to the minimum Tai mapping

cost, which indicates that the ED can be computed by finding a minimum-cost Tai

mapping instead of finding a minimum-cost sequence of edit operations transforming

T1 into T2 [322]. Based on this result, we formulate ΓED(h, h
∗) by expressing cost(M)

by program variables and minimizing it.

To express a Tai mapping M between h and h∗, we first introduce variables µt1,t2 ∈

{0, 1} for t1, t2 ∈ T that indicate whether (t1, t2) ∈ M . Since M is a Tai mapping,

µt1,t2 must satisfy the following constraints [190]:

µt1,t2 ∈ {0, 1}, ∀t1, t2 ∈ T , (6.23)∑
t2∈T

µt1,t2 ≤ 1, ∀t1 ∈ T , (6.24)

∑
t1∈T

µt1,t2 = ζt2 ∀t2 ∈ T , (6.25)

µt1,t2 + µu1,u2 ≤ 1, ∀((t1, t2), (u1, u2)) ∈ T<anc , (6.26)

µt1,t2 + µu1,u2 ≤ 1, ∀((t1, t2), (u1, u2)) ∈ T<sib
, (6.27)

where T≺ = {((t1, t2), (u1, u2)) ∈ T 2×T 2 | t1 ≺ u1 ⇍⇒ t2 ≺ u2} for a binary relation

≺∈ {<anc, <sib} on T , which can be computed when h is given. Constraints (6.24)
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and (6.25) represents C6 (one-to-one mapping), while Constraint (6.26) and Con-

straint (6.27) represents C7 (preserving ancestor) and C8 (preserving sibling), respec-

tively.

Next, we show that cost(M) can be expressed as the summation of the costs in

each node. In our Problem 3, since we consider deletion and relabeling as our available

edit operation (C1), Mins = ∅ and
∑

t2∈Mins
dist(ϵ, t2) = 0 hold. From the definitions

of Mdel and µt1,t2 , we obtain

cost(M) =
∑

(t1,t2)∈M

dist(t1, t2) +
∑

t1∈Mdel

dist(t1, ϵ)

=
∑
t1∈T

∑
t2∈T

dist(t1, t2) · µt1,t2 +
∑
t1∈T

dist(t1, ϵ) ·

(
1−

∑
t2∈T

µt1,t2

)

=
∑
t1∈T

(
1 +

∑
t2∈T

(dist(t1, t2)− 1) · µt1,t2

)
.

Note that dist(t1, ϵ) = 1 from the definition of dist.

We introduce variables γt1 ≥ 0 for t1 ∈ T such that γt1 = 1 +
∑

t2∈T (dist(t1, t2) −

1) · µt1,t2 . They include non-linear constraints because the value of dist(t1, t2) depends

on the node labels of t2, i.e., the variables αt2,d if t2 ∈ I, and λ+t2 and λ−t2 if t2 ∈ L.

From the definition of µt1,t2 and Constraint (6.25), we can express γt1 as follows:

γt1 =

1 if
∑

t2∈T µt1,t2 = 0,

dist(t1, t
∗) otherwise,

where t∗ ∈ T such that satisfies µt1,t∗ = 1. From these observations, we can linearize

the above constraints on γt1 by the following constraints:

γt1 ≥ 1−
∑
t2∈T

µt1,t2 , ∀t1 ∈ T (6.28)
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γt1 ≥ dist(t1, t2)− U · (1− µt1,t2), ∀t1, t2 ∈ T (6.29)

dist(t1, t2) =


ŷt1 · λ−t2 + (1− ŷt1) · λ+t2 if t1, t2 ∈ L,∑

d∈[D] I [dt ̸= d] · αt2,d if t1, t2 ∈ I,

1 otherwise,

∀t1, t2 ∈ T , (6.30)

where U ≥ 0 is the upper bound of dist(t1, t2), and we can set U = 1 from the definition

of dist. Finally, we can express γ = ΓED(h, h
∗) by the following constraints:

γ =
∑
t∈T

γt. (6.31)

6.4.4 Overall Formulation

Finally, our overall MILO formulation can be expressed as follows:

minimize γ

subject to Constraint (6.1–6.17),Constraint (6.18–6.22), if Γ = ΓPD,

Constraint (6.23–6.31), if Γ = ΓED,

αi,d ∈ {0, 1}, ∀i ∈ I, d ∈ [D],

ζt ∈ {0, 1}, ∀t ∈ T ,

λ+t ∈ {0, 1}, ∀t ∈ T ,

λ−t ∈ {0, 1}, ∀t ∈ T ,

γt ≥ 0, ∀t ∈ T ,

ϕl,n ∈ {0, 1}, ∀l ∈ L, n ∈ [N ],

δl ∈ [−1, 1], ∀l ∈ L,

γ ≥ 0.
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The total numbers of variables and constraints excluding those for Γ are both O(|L| ·

(N + D)). For Γ = ΓPD (resp. Γ = ΓED), O(|L|) variables and constraints (resp.

O(|T |2) variables and O(|T |4) constraints) are additionally required.

As with existing MILO-based methods [8,38,341], our formulation can be efficiently

solved by off-the-shelf MILO solvers, such as CPLEX [153], and customized by adding

constraints that users desire. Consequently, we can obtain an optimal edited decision

tree under not only fairness constraints but also user-defined additional constraints

without implementing designated algorithms.

Additional Constraints. Our FADE problem includes no constraints on the pre-

diction error of an edited decision tree h∗. To improve the practicality of the ob-

tained decision tree, we can add constraints corresponding to the empirical risk to

our formulation. We denote the empirical risk of a classifier h on a sample S by

R̂(h | S) = 1
N

∑
(x,y,z)∈S I [y ̸= h(x)]. For a parameter ε ≥ 0, we consider the constraint

R̂(h∗ | S) ≤ (1 + ε) · R̂(h | S), which states that the increase in the empirical risk of

an edited decision tree h∗ must be within 100ε % of the initial decision tree h. This

constraint can be expressed as follows:

ρl ≥ 0, ∀l ∈ L

R∗
l −N · λ∗l ≤ ρl ≤ R∗

l +N · λ∗l , ∀l ∈ L, ∗ ∈ {+,−},

R+
l =

N∑
n=1

y(n) · ϕl,n, ∀l ∈ L,

R−
l =

N∑
n=1

(1− y(n)) · ϕl,n, ∀l ∈ L,

1

N

∑
l∈L

ρl ≤ (1 + ε) ·R(h | S).
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These constraints are derived by replacing h(x(n)) and γl in Constraints (6.18–6.21),

which are the constraints for expressing PD ΓPD, with y
(n) and ρl, respectively. In our

experiments, we added the above constraints into our overall formulation.

6.5 Experiments

In this section, we conducted experiments on real datasets to evaluate our proposed

FADE method. All code was implemented in Python 3.7 with scikit-learn and IBM

ILOG CPLEX v12.10, and all experiments were conducted on 64-bit macOS Catalina

10.15.6 with Intel Core i9 2.4 GHz CPU and 64 GB memory. In addition, a 5-hour

time limit was imposed for obtaining the solution.

6.5.1 Experimental Setup

We consider out-of-sample deployment settings [335], where a classifier is trained on

a biased dataset and is deployed on individuals who are not included in the training

dataset. We investigate the behavior and effectiveness of FADE in such scenarios. To

reproduce this setting and apply FADE to it, we performed the following procedures:

1. Divide a training sample S into S0 and S1, where Sz̄ = {(x, y, z) ∈ S | z = z̄} for

z̄ ∈ {0, 1}.

2. Train a decision tree h on the biased sample S0

3. Edit h on the entire training sample S by FADE.

In our preliminary experiments, we confirmed that procedures (1) and (2) often in-

creased the DP values of the initial decision trees h. We trained the initial decision trees
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h by CART [49] with a maximum depth of 4. We denote the method that optimizes

ΓPD (resp. ΓED) as the dissimilarity measure Γ by FADE-PD (resp. FADE-ED).

Datasets. We used the German (N = 1000, D = 31) [88] and COMPAS (N =

6167, D = 17) [24] datasets, which are standard benchmarking datasets in the context

of fairness in machine learning [127]. The task of the German dataset is to predict

whether individuals will default on their loan, while the task of the COMPAS dataset

is to predict whether individuals will reoffend within 2 years. The sensitive attributes z

represent whether the individuals are young adults (Age < 25) for the German dataset,

and whether they are African-American for the COMPAS dataset.

Baseline Method. To evaluate the performance of the decision trees edited by our

method, we compared them with decision trees trained by the discrimination-aware

decision tree (DADT) algorithm [167] on the entire training sample S as the Base-

line method. DADT is an in-processing method for learning fair decision trees. In its

training process, branching features are selected based on the specific criterion that

considers not only class labels y but also sensitive attributes z. In addition, the predic-

tive labels are optimized under the constraint on the DP value of the trained decision

tree for a given threshold θ.

6.5.2 Experimental Results

Sensitivity Analysis of Discrimination Threshold

To evaluate the behavior of our proposed framework, we show the sensitivity of the

threshold θ for the discrimination score ∆z(h
∗ | S) in our optimization problem. Fig-

ure 6.3 presents Γ(h, h∗) between an initial decision tree h and its edited one h∗ for
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Figure 6.3: Sensitivity analysis of discrimination threshold θ in our optimization prob-

lem.
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each θ. It can be seen that both PD and ED between h and h∗ monotonically increased

as θ decreased. This indicates that as the constraint corresponding to a discrimination

score ∆z became stronger, it became more difficult to edit a biased decision tree h into

a fair decision tree h∗ with fewer changes with respect to the dissimilarity Γ(h, h∗).

Performance Comparison with Baseline

Next, we compared the performance of decision trees edited by FADE with Baseline.

We set θ = 0.01, ε = 0.2 for the German dataset and θ = 0.1, ε = 0.3 for the COMPAS

dataset. We measured the average empirical risk R̂ and DP ∆z. We also report the

average values of PD ΓPD and ED ΓED between the initial biased decision tree trained

by CART and decision trees obtained by each method.

Table 6.1 presents the results of 10-fold cross validation. Although our FADE edited

biased decision trees, their empirical risk and DP were only approximately 3% lower

than those obtained by Baseline. In addition, we can also see that FADE achieved lower

PD and ED than those obtained by Baseline. For example, in the German dataset, the

test risk, test DP, PD, and ED given by FADE-ED were 0.298, 0.066, 0.172, and 1.0,

respectively, which were comparable to or less than those obtained by Baseline. These

results indicate that our proposed method FADE can convert biased decision trees into

fair decision trees without significantly changing them.

Computational Complexity. Whereas FADE-ED often succeeded in finding an

optimal solution within the predefined time limit, FADE-PD did not for either the

German or COMPAS datasets. Actually, the average running time of FADE-ED was

187 seconds on the German dataset and 4786 seconds on the COMPAS dataset, while

that of FADE-PD was 18000 seconds on both the German and COMPAS datasets since
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FADE-PD never succeeded in finding optimal solutions within 5-hours. These results

seem counterintuitive because the total number of variables and constraints included

in FADE-PD is less than that in FADE-ED as shown in Section 6.4.4. These results

indicate that minimizing PD ΓPD under the fairness constraint with respect to DP ∆z

is more computationally difficult than ED ΓED.

Edited Rules. Finally, we present examples of branching features edited by FADE in

Table 6.2, which displays pairs of replaced branching rules to eliminate discrimination

from the initial decision trees. These results can help decision-makers to identify the

causes of unfairness in their deployed models, and suggest ways to eliminate them [4,

264].

6.6 Conclusion

In this study, we proposed a fairness-aware post-processing method for converting a

trained decision tree into a fair decision tree without significantly changing it in terms

of its prediction and interpretation. For this purpose, we introduced two dissimilarity

measures between decision trees based on the prediction discrepancy and edit distance,

and proposed a mixed-integer linear optimization approach for optimizing them under

fairness constraints. Through experiments on real datasets, we confirmed the effective-

ness of our method by comparing it with an existing in-processing method for learning

fair decision trees.

In future work, we plan to develop a more designed dissimilarity measure between

decision trees by considering the depth of nodes in the decision trees and the dissim-

ilarity between the node labels. In addition, it would be interesting to extend our

method to more general tasks of editing machine learning models [236, 294, 309]. For



Table 6.2: Examples of edited branching features by FADE.

(a) German dataset

Initial Rule → Edited Rule

Job Skill ≤ 2 → Duration ≤ 10

Duration ≤ 10 → Credit Amount ≤ 3368

Duration ≤ 10 → Checking Account ≤ 2

Checking Account ≤ 1 → Housing = Rent

(b) COMPAS dataset

Initial Rule → Edited Rule

Priors ≤ 1 → Charge Degree = Felonies

Priors ≤ 3 → Juvenile-Misdemeanors ≤ 0

Age ≤ 31 → Juvenile-Felonies ≤ 0

Juvenile-Felonies ≤ 0 → Age ≤ 27
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example, recently, Sinitsin et al. proposed a model editing framework of DNNs; that

is, modifying the parameters of a trained DNN so as to improve its prediction perfor-

mance for a given test sample, while maintaining that for the training sample [309].

It is interesting for future work to incorporate the hearts of our framework, i.e., min-

imizing the dissimilarities in prediction and interpretation under fairness constraints,

into their framework for DNNs. Extending our framework to other settings of machine

learning, such as online learning [374] or transfer learning [323], is also an interesting

future direction.



Chapter 7

Conclusions

7.1 Summary

The aim of this study was to develop new practical frameworks of explainable machine

learning for algorithmic decision-making. In this thesis, we focused on Counterfactual

Explanation (CE) and decision trees, which are popular approaches for explainable ma-

chine learning, and developed three methods for improving their practicality based on

mixed-integer linear optimization (MILO). We summarize each technical contribution

of this thesis as follows:

• In Chapter 4, we proposed a post-hoc local explanation method, named Distribution-

Aware Counterfactual Explanation (DACE), that provides realistic actions for

users. To suggest a realistic action, it is desirable to evaluate actions by taking

into account the characteristics corresponding to the underlying data distribution.

For that purpose, we introduced a new objective function of CE that evaluates

the reality of actions based on feature-correlations and outlier risks by the Ma-

halanobis distance and local outlier factor. Then, we proposed an efficient MILO

141
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formulation to approximately optimize the cost function. Experimental results

demonstrated the effectiveness of our method compared to existing CE methods.

• In Chapter 5, we proposed a new framework of CE, named Ordered Counterfac-

tual Explanation (OrdCE), that provides not only an action but also its order

of changing features. To make actions easier for users to execute, it is desirable

to show not only a perturbation but also an appropriate order of changing the

features based on asymmetric interactions among features, such as causal effects.

For that purpose, we introduced an “ordered action,” which is a pair of a per-

turbation and an order of changing the features, and designed a new objective

function of CE that evaluates the required effort of ordered actions based on fea-

ture interactions estimated in advance. Then, we proposed an MILO formulation

for extracting an optimal ordered action that minimizes our cost function. By

experiments on real datasets, we confirmed the effectiveness of our method.

• In Chapter 6, we proposed a post-processing framework, named Fairness-Aware

Decision tree Editing (FADE), that modifies a given unfair decision tree into a

fair one without significantly changing its prediction and interpretation. When

interpretable models are retrained during their deployment, it is desirable to

modify only those parts of their prediction and interpretation that are essentially

necessary to satisfy given constraints. For that purpose, we introduced two dis-

similarity measures between decision trees based on the prediction discrepancy

and edit distance as objective functions. Then, we proposed an MILO formula-

tion for obtaining an optimal decision tree that minimizes the dissimilarity with a

given decision tree under fairness constraints. Experimental results demonstrated

the effectiveness of our method compared to existing learning methods.
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Overall, we made three technical contributions to explainable machine learning in

this thesis. Through this study, we (i) elucidated three concrete desiderata of CE and

decision trees by exploring their practicality issues, (ii) introduced new optimization

problems for satisfying the identified desiderata by mathematically modeling them as

objective functions and constraints, and (iii) proposed efficient and flexible optimization

methods for the formulated problems based on MILO. We believe that the results in this

thesis contribute to the first step of developing new practical frameworks of explainable

machine learning for algorithmic decision-making in the real world.

7.2 Towards the Future

For future work, we would like to improve our proposed methods from the perspectives

of their efficiency, extensibility, and usability. Important future work related to this

work is listed below.

• Efficient Optimization: By experiments on real datasets, we often observed the

computational difficulties of our proposed methods based on MILO. In general,

the scalability of MILO-based methods mainly depends on its size of formulation,

i.e., the total number of variables and constraints. Therefore, we plan to devise

more efficient MILO formulations in the sense of their total number of variables

and constraints. It is also interesting future work to reduce our formulated tasks

to other mathematical optimization problems rather than MILO problems. For

example, SP-LIME [280] and Anchor [281], which are popular post-hoc local

explanation methods, propose efficient algorithms for their optimization tasks of

extracting explanations by incorporating the existing techniques of submodular

optimization and multi-armed bandit, respectively. Therefore, we will consider
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developing efficient algorithms by incorporating other mathematical optimization

techniques into our optimization tasks.

• Model Extension: In this thesis, we identified a few desiderata that the expla-

nation provided by each existing method should satisfy, and proposed objec-

tive functions or constraints based on each desideratum. To develop a practical

framework for explainable machine learning, we need to extend our mathematical

frameworks to support a wider class of objective functions and constraints based

on other desiderata. For that purpose, it is essential to systematically identify not

only (1) what kinds of actual desiderata are expressed as concrete objective func-

tions or constraints, but also (2) how they can be optimized [85, 99, 217, 261].

Therefore, it is important for future work (1) to systematically classify the

desiderata of explanations depending on their properties, and (2) to develop

methods for efficiently formulating them as objective functions and constraints

of MILO problems. Moreover, creating new practical forms of explanation that

can provide human users with more meaningful insights by extending and com-

bining the existing methods, i.e., post-hoc local explanation and interpretable

models, is also interesting for future work1.

• User Study : In practice, explanations provided by our proposed methods are

finally evaluated by human users. Therefore, it is important for future work

to conduct user experiments to investigate whether our methods can actually

help human users. In fact, several papers on explainable machine learning pub-

lished recently often include user experiments to evaluate the usability of their

1To tell the truth, we have already developed a new framework of CE that globally summarizes

actions assigned to instances over the entire input space with decision trees, which will be published

in [173].
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proposed explanation methods (e.g., [66, 108, 198, 279]). The number of papers

comparing the effectiveness of existing popular methods by conducting massive

user experiments is also increasing for the last few years [17, 137, 161, 163, 269].

Following these previous studies, we plan to conduct user experiments to qualita-

tively evaluate the actual usability of explanations provided by our methods, and

to improve our methods based on the results. Furthermore, it is important to

clarify new desiderata of explanations through user experiments, which is crucial

for future research on explainable machine learning. In this study, we identified

a few desiderata based on the issues discussed by previous studies or our empir-

ical observations on benchmark datasets. In practice, however, the desiderata of

explanations for human users often depend on each situation, e.g., type of the

decision-making task or preference of the human users [85,217,356]. Therefore, an

important future direction of this study is to identify hidden desiderata through

user experiments, and to attempt to mathematically model them.
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[22] Marco Ancona, Enea Ceolini, Cengiz Öztireli, and Markus Gross. Towards better

understanding of gradient-based attribution methods for deep neural networks.

In Proceedings of the 6th International Conference on Learning Representations,

2018. Available at https://openreview.net/forum?id=Sy21R9JAW.

[23] Elaine Angelino, Nicholas Larus-Stone, Daniel Alabi, Margo Seltzer, and Cynthia

Rudin. Learning certifiably optimal rule lists. In Proceedings of the 23rd ACM

SIGKDD International Conference on Knowledge Discovery and Data Mining,

pages 35–44, 2017.

[24] Julia Angwin, Jeff Larson, Surya Mattu, and Lauren Kirchner. Ma-

chine Bias ― ProPublica. URL: https://www.propublica.org/article/

machine-bias-risk-assessments-in-criminal-sentencing, 2016. Accessed

Dec. 20th, 2021.
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Klaus-Robert Müller, and Wojciech Samek. On pixel-wise explanations for

non-linear classifier decisions by layer-wise relevance propagation. PLOS ONE,

10(7):1–46, 2015.

[28] Vincent Ballet, Xavier Renard, Jonathan Aigrain, Thibault Laugel, Pascal

Frossard, and Marcin Detyniecki. Imperceptible adversarial attacks on tabular

data. In Proceedings of the NeurIPS 2019 Workshop on Robust AI in Finan-

cial Services: Data, Fairness, Explainability, Trustworthiness and Privacy, 2019.

Available at https://arxiv.org/abs/1911.03274.

[29] Solon Barocas and Andrew D. Selbst. Big data’s disparate impact. California

Law Review, 104(3):671–732, 2016.

[30] Solon Barocas, Andrew D. Selbst, and Manish Raghavan. The hidden assump-

tions behind counterfactual explanations and principal reasons. In Proceedings of

the 2020 Conference on Fairness, Accountability, and Transparency, pages 80–89,

2020.

[31] Alejandro Barredo Arrieta, Natalia Dı́az-Rodŕıguez, Javier Del Ser, Adrien Ben-
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