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Vibration Control for Nonlinear Mechanical Systems with
Relative Information∗

Sheng Hao

Abstract

In this dissertation, vibration controllers based on relative information for nonlinear me-
chanical systems are proposed. Vibration suppression is a core concern in mechanical
system design. With the advancement of society’s informatization, the demand for vi-
bration control for information technology has grown in recent years. For decades, active
vibration reduction technologies have been employed in mechanical systems. Unfortu-
nately, most active vibration control approaches are based on the premise that all states
are precisely understood. It will be simple for sensors to observe the state if it is relative
information with a reference plane. If the reference plane, on the other hand, vibrates, it
is impossible to determine the absolute location and velocity using affordable sensors.

The key idea of the proposed controllers is to use the passivity properties of the mechan-
ical systems and skyhook strategies. Interconnection and damping assignment passivity-
based control (IDA-PBC) method is applied in most of our results due to its theoretical
advantages on energy shaping and stabilization of nonlinear systems. The content of this
dissertation is as follows.

In Chapter 1, we illustrate this study’s background and the motivation.
Chapter 2 considers the vibration control problem for the system with an external

control force. Any floating nonlinear mechanical structure with spring and damper can
be used to represent the system under consideration. The matching condition between
the controllable and desired systems is derived. We derive a control law with some limi-
tations and some free parameters. Only relative information, which is easily measured, is
used by the controller. In comparison to earlier work, we offer a novel parameter design
technique for more generalized nonlinear controlled devices. The inertia matrix of the
intended closed-loop system is determined using differential equations. The IDA-PBC ap-
proach theoretically guarantees the stability of the nonlinear closed-loop system. We have
presented a parameter selection strategy that is both efficient and effective in providing a
decent vibration suppression effect. The suggested control law achieved a virtual skyhook
damper utilizing just relative information under the specified parameter selection. The
suggested controller’s vibration impact is confirmed by simulation results for an example.

Chapter 3 considers the vibration control problem for the system with an internal
control force. We present a new nonlinear active dynamic vibration absorber control
system in which the information of the controller is not based on the world-coordinate
information. The proposed method can simultaneously control the vibrations that are
excited by a force disturbance and velocity disturbance. The control law uses only the
relative displacement and velocity of the vibration system, which can be easily measured by

∗Doctoral Dissertation, Course of Systems Science and Informatics, Graduate School of Infor-
mation Science and Technology, Hokkaido University, SSI-DT46195035, February 14, 2022.

— iii —



sensors. We revealed the equality and inequality constraints for matching the plant system
with the desired system. The numerical solutions of the partial differential equations are
not required with our proposed method. The main idea of the controller design is to convert
a nonlinear DVA system into a desired system with multiple virtual springs and dampers.
We also derived selection guidelines for the parameters of the desired system. The global
asymptotical stability is guaranteed automatically through passivity-based control theory,
although the parameter design is based on linearization.

In Chapter 4, the input-to-state stability (ISS) analysis for nonlinear systems with
multiple disturbances is proposed. For a class of nonlinear mechanical Hamilton systems
with a force noise and a velocity noise, we build an ISS Lyapunov function. The system
is divided into two types: one with a force disturbance and the other with a feedback
input and a velocity disturbance. Then, for each of those two systems, we built the ISS
Lyapunov function. The construction is based on a number of assumptions regarding the
system parameters, all of which are easily met in practice.

Chapter 5 proposes a novel IDA-PBC design for a quarter car nonlinear active sus-
pension system. We develop a feedback rule based solely on the relative displacement
and velocity of the suspension system, whereas most previous research has relied on ab-
solute data. It is calculated by obtaining the suspension system’s port-Hamiltonian form
from the dynamics of the suspension system and rewriting it using relative coordinates.
A low-cost sensor may be employed in practice with our unique controller. There is a
proposal for an IDA-PBC-based controller design for an active suspension system with a
nonlinear spring, a nonlinear damper, and mass uncertainty. Unlike other IDA-PBC im-
plementations, our approaches focus on changing the nonlinear suspension system into a
desired linear system with perfect aseismatic features, which tend to regulate the position
or velocity. We design a virtual vehicle body, an unsprung mass, and damper coefficients
in addition to a standard controller utilizing the skyhook control approach. We establish
the requirements that guarantee the suspension system’s global asymptotic stability in the
absence of model errors or disturbances, as well as parameter selection suggestions that
can assure robust stability in the face of parameter uncertainties in the mass, springs,
and dampers. Variations in passenger numbers and vehicle body loads, as well as aging
suspension parts and measurement mistakes, can all contribute to these inaccuracies.

Chapter 6 describes the conclusion of this dissertation.

Keywords:Vibration control, nonlinear system, port-Hamiltonian, passivity-based con-
trol, IDA-PBC
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Chapter 1

Introduction

1.1 Background

Vibration suppression is a core concern in mechanical system design. With the advance-
ment of society’s informatization, the demand for vibration control for information tech-
nology has grown in recent years. Many projects may fail if resonance effects are not
considered, resulting in economic losses and casualties. Power machinery such as steam
turbines, water turbines and motors, transportation vehicles such as automobiles, trains,
ships and airplanes, as well as work machines, mining machinery and construction ma-
chinery, all develop in the direction of high-speed and heavy-load, and their vibrations
are also increasingly strong, and many studies are proposed in [1,2,3,4,5]. With the
development of precision machine tools and precision machining technology, if one leaves
a calm environment with strict vibration isolation, the work will break, and the expected
accuracy goals cannot be achieved. With the development of the material industry and
the construction industry, high-strength building materials are widely used. The build-
ing’s height is constantly rising. As a result, the buildings have a significant amplitude
of several meters after being excited by wind loads, challenging to meet the comfort and
safety requirements [6,7,8].

For decades, active vibration reduction technologies have been employed in mechanical
systems. From the standpoint of vibration suppression, active vibration reduction can pro-
vide much better results than passive approaches, according to survey [9]. Unfortunately,
most active vibration control approaches [10,11,12,13,14] are based on the premise that
all states are precisely understood. It will be simple for sensors to observe the state if it
is relative information with a reference plane. If the reference plane, on the other hand,
vibrates, it is impossible to determine the absolute location and velocity using affordable
sensors.

Although the advancement of sensor technology allows for the observation of entire
information, there are certain drawbacks, such as pricey equipment and restricted fre-
quency characteristics. We may currently employ low-cost micro-electro-mechanical sys-
tems (MEMS) accelerometers, and ways for obtaining comprehensive information using
an accelerometer have been developed [15]. They will, on the other hand, generate an al-
gebraic loop, and such approaches are difficult to use in nonlinear scenarios. The absolute
information can be estimated utilizing observer approaches [16]. Still, in the nonlinear
scenario, such strategies are tough to implement, and it’s important to note that they
usually worsen performance.

1
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The automobile industry has developed many works on suspension design using robust
control methods against unmeasured external vibration during the last two decades. The
robust controller can be designed by Linear-Quadratic-Gaussian (LQG) methodology[17,
18,19,20,21],H1 technique[22,23], saturated adaptive robust control (ARC) strategy
[24] and so on. Significantly, the works based onH1 technique show good performance
on the robustness concerning the uncertainties due to sensors. Even so, to apply these
methods to nonlinear systems, we often need to solve Hamilton-Jacobi equations.

During the last two decades, the vehicle industry has produced several works on suspen-
sion design that include strong control mechanisms against unmeasured external vibration.
Linear-QuaThe robust controller can be designed by Linear-Quadratic-Gaussian (LQG)
methodology[17],H1 technique[22,23], saturated adaptive robust control (ARC) strat-
egy[24] and so on may all be used to create a robust controller. Significantly, the studies
based on theH1 approach demonstrate high resilience in the face of sensor uncertainties.
Even yet, we frequently need to solve Hamilton-Jacobi equations in order to apply these
approaches to nonlinear systems.

To avoid the Hamilton-Jacobi equations while designing the controllers for nonlinear
systems, interconnection and damping assignment passivity-based control (IDA-PBC) de-
sign approach [25], as a powerful energy shaping control method for nonlinear systems,
is widely used in nonlinear mechanical systems. The global asymptotic stability of the
system under IDA-PBC without a disturbance is guaranteed because one can naturally
design a desired Hamiltonian function as a Lyapunov function [26,27]. Although the clas-
sical PBC approach [28,29,30] can handle a wide variety of control issues, it is difficult
to tackle vibration control problems using the classical PBC technique due to a lack of
freedom in controller design. One of the advantages of IDA-PBC over other PBC tech-
niques is that we can vary the kinetic energy, which provides us a lot of flexibility when
constructing the controller. The virtual changes in inertia, elasticity coefficients or gravity
terms, and viscous resistance coefficients are represented by changes in the kinetic energy,
potential energy, and damping matrix, respectively. These variables have a direct impact
on vibration suppression. The most difficult component of the IDA-PBC design approach
is ensuring the solution of a set of partial differential equations induced by matching
dynamics.

Recently, Aoki et.al[31] developed a solution that uses IDA-PBC and a device compa-
rable to a tuned mass damper (TMD)[32] on the target system. They employ the added
device as an accelerometer in the study [31], but they examine its dynamics to prevent the
algebraic loop. To convert the controlled system to the system with skyhook damper[13],
they employ IDA-PBC. Despite the fact that Aoki et al. [31] were successful in suppressing
vibrations using only local information and without an accelerometer data, the approach
only works in the linear and basic nonlinear-spring cases. Since they only consider a con-
stant inertia matrix, the solution of partial differential equations induced by matching
dynamics are simplified. But if we consider a system with a nonlinear inertia matrix, we
must deal with the partial differential equations.

To summarize, the following problems are considered in this dissertation.

1.A new vibration controller only using relative information is expected.

2.Proposed vibration controller should guarantee the closed-loop system asymptotic
stability even for nonlinear cases.

— 2 —



Chapter 1. Introduction 1.2 Preview of Chapters

3.The general solutions of the partial differential equations induced by matching dy-
namics should be derived.

4.The effectiveness of the proposed approaches should be verified by a practical exam-
ple, like suspension design.

1.2 Preview of Chapters

In this dissertation, we propose several vibration suppression controllers for nonlinear
mechanical systems. The Figure1.1at the end of this chapter shows the relationship
between each chapter.

In Chapter 1, we illustrate the background and motivation of this dissertation.
In Chapter 2, we firstly consider the vibration control problem for the system with

an external control force. Any floating nonlinear mechanical structure with spring and
damper can be used to represent the system under consideration. The matching condition
between the controllable and desired systems is derived. We derive a control law with some
limitations and some free parameters. Only relative information, which is easily measured,
is used by the controller. In comparison to earlier work, we offer a novel parameter
design technique for more generalized nonlinear controlled devices. The inertia matrix
of the intended closed-loop system is determined using differential equations. The IDA-
PBC approach theoretically guarantees the stability of the nonlinear closed-loop system.
We have presented a parameter selection strategy that is both efficient and effective in
providing a decent vibration suppression effect. The suggested control law achieved a
virtual skyhook damper utilizing just relative information under the specified parameter
selection. The suggested controller’s vibration impact is confirmed by simulation results
for an example.

Chapter 3 considers the vibration control problem for the system with an internal
control force. We present a new nonlinear active dynamic vibration absorber control
system in which the information of the controller is not based on the world-coordinate
information. The proposed method can simultaneously control the vibrations that are
excited by a force disturbance and velocity disturbance. The control law uses only the
relative displacement and velocity of the vibration system, which can be easily measured by
sensors. We revealed the equality and inequality constraints for matching the plant system
with the desired system. The numerical solutions of the partial differential equations are
not required with our proposed method. The main idea of the controller design is to convert
a nonlinear DVA system into a desired system with multiple virtual springs and dampers.
We also derived selection guidelines for the parameters of the desired system. The global
asymptotical stability is guaranteed automatically through passivity-based control theory,
although the parameter design is based on linearization.

In Chapter 4, the input-to-state stability (ISS) analysis for nonlinear systems with
multiple disturbances is proposed. For a class of nonlinear mechanical Hamilton systems
with a force noise and a velocity noise, we build an ISS Lyapunov function. The system
is divided into two types: one with a force disturbance and the other with a feedback
input and a velocity disturbance. Then, for each of those two systems, we built the ISS
Lyapunov function. The construction is based on a number of assumptions regarding the
system parameters, all of which are easily met in practice.

Chapter 5 proposes a novel IDA-PBC design for a quarter car nonlinear active sus-

— 3 —
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pension system. We develop a feedback rule based solely on the relative displacement
and velocity of the suspension system, whereas most previous research has relied on ab-
solute data. It is calculated by obtaining the suspension system’s port-Hamiltonian form
from the dynamics of the suspension system and rewriting it using relative coordinates.
A low-cost sensor may be employed in practice with our unique controller. There is a
proposal for an IDA-PBC-based controller design for an active suspension system with a
nonlinear spring, a nonlinear damper, and mass uncertainty. Unlike other IDA-PBC im-
plementations, our approaches focus on changing the nonlinear suspension system into a
desired linear system with perfect aseismatic features, which tend to regulate the position
or velocity. We design a virtual vehicle body, an unsprung mass, and damper coefficients
in addition to a standard controller utilizing the skyhook control approach. We establish
the requirements that guarantee the suspension system’s global asymptotic stability in the
absence of model errors or disturbances, as well as parameter selection suggestions that
can assure robust stability in the face of parameter uncertainties in the mass, springs,
and dampers. Variations in passenger numbers and vehicle body loads, as well as aging
suspension parts and measurement mistakes, can all contribute to these inaccuracies.

Chapter 6 describes the conclusion of this dissertation.

— 4 —
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Figure 1.1: Overview of this dissertation
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of-freedom (DOF) to collect more rich information from the relative movement measure-
ments. This method is nearly identical to carefully studying the internal dynamics of an
accelerometer. Our technique may be used in systems where the extra (nonlinear) dy-
namic structure is naturally contained, in addition to examples using accelerometers. In
some circumstances, the extra structure may have a mass that cannot be disregarded, and
its motion, even in the low-frequency range, has a phase lag.

2.2 Notation and Preliminaries

2.2.1 Notation

Notation Description
R the set of real numbers
Rn the set ofn-dimensional vectors
Rm � n the set ofm � n real matrices
0m � n them � n matrix whose elements are all zero
j � j a 2-norm
� min the minimum eigenvalue

For matrixA(x),A(x) > 0 means thatA(x) is a positive definite matrix,A(x) � 0
means thatM (x) is a semi-positive definite matrix.A? denotes the full row rank left
annihilator ofA, i.e.,A? � A = 0.

2.2.2 Port-Hamiltonian systems

The presence of a storage function fulfilling the dissipation inequality with respect to
the supply rate is well-known, and passive systems are characterized by the existence of
a storage function satisfying the dissipation inequality with respect to the supply rate.
Port-Hamiltonian (pH) systems, on the other hand, are endowed with the attribute of
passivity as a result of their system formulation. pH systems are, in reality, the result of
first-principles physical modeling. They are described in terms of a Hamiltonian function
and two geometric structures (corresponding to power-conserving connectivity and energy
dissipation, respectively), with the Hamiltonian function satisfying the dissipation criteria
theoretically. pH system is a more general physical system expression formulation which
including Euler-Lagrange systems. It is suitable for modeling and analyzing large-scale
and complex systems, including complex physical areas such as electrical, mechanical, and
thermal fluids, and has been actively researched in recent years.

A general form of pH systems is defined as follows.

Definition 1.A port-Hamiltonian system withn-dimensional state space manifoldX ,
input and output spacesU = Y = Rm , and HamiltonianH : X ! R, is given as

_x = [ J (x) � R(x)]
@H
@x

(x) + g(x)u

y = g> (x)
@H
@x

(x)
(2.1)

where then � n matricesJ (x),R(x) satisfyJ (x) = � J > (x) andR(x) = R> (x)

— 8 —



Chapter 2. Skyhook Control Strategies 2.2 Notation and Preliminaries

By the properties ofJ (x),R(x), it immediately follows that

dH
dt

(x(t)) =
@H
@x

(x(t)) _x(t) = �
@H
@x

(x(t))R(x(t))
@H
@x

(x(t)) + y> (t)u(t) � u> (t)y(t);

(2.2)

implying passivity ifH � 0.
The HamiltonianH represents the system’s total stored energy, whereasu> y represents

the externally provided power. Geometric structures on the state spaceX play important
roles in the definition of a pH system: the internal interconnection structure given by
J (x), which is power-conserving due to skew-symmetry, and a resistive structure given by
R(x), which is responsible for internal energy dissipation due to nonnegativity.

The pH formulation of standard mechanical systems directly follows from classical
mechanics. The Hamiltonian representation of fully actuated Euler-Lagrange equations in
n configuration coordinatesq = ( q1; :::; qn ) given by the2n -dimensional system

_q =
@H
@p

(q; p);

_p = �
@H
@q

(q; p) + u;

y =
@H
@p

(q; p) ( _q);

(2.3)

where the generalized forces vector and generalized velocities vector are represented byu
andy, respectively. Herein(q; p) is the state space, also known as the phase space. The
Hamiltonian functionH (q; p) is the sum of a kinetic energy and a potential energy in most
mechanical systems.

H (q; p) =
1
2

p> M � 1(q)p + V (q): (2.4)

2.2.3 IDA-PBC Method

IDA-PBC shapes both the kinetic energy and potential energy of the system while preserv-
ing the structure of the pH system and finally achieves stabilization by utilizing passive
energy. Here we use an example of a simple pendulum to illustrate the mechanism, as
shown in Figure2.2. It is assumed that the support part of the pendulum is connected to
the external environment by a frictionless joint, and torque can be input to the pendulum
from the joint. Consider controlling the simple pendulum to an inverted state from the
viewpoint of energy. The simple pendulum vibrates vertically and downward when there is
no control input. This can be explained by the fact that the vertically downward direction
is the minimum energy state of the simple pendulum system. IDA-PBC initially controls
the minimum energy state of the system to be an inverted state by Energy Shaping. As a
result, it becomes a natural state in the sense that the simple pendulum makes a simple
vibration around the vertically upward direction. On top of that, a damping effect called
Damping Injection is added, and the system converges to the minimum energy state. In
other words, the simple pendulum is controlled to the inverted state. In this case, the
damping effect is the negative feedback of the angular velocity of the pendulum, which
physically corresponds to the damper and friction. In addition, the pendulum’s angular
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Energy Shaping Damping Injection

Figure 2.2: Illustration of IDA-PBC with an example of single pendulum

velocity corresponds to this system’s passive output, and since stabilization is achieved by
negative feedback, it is called passivity-based control (PBC).

The IDA-PBC approach is a strong controller design methodology for solving the sta-
bilization problem, and the dynamics with a pH form are frequently described as follows:

_x =
"

_q
_p

#

=
"
0n � n I n
� I n 0n � n

#
@H
@x

>
+

"
0n � m
G(q)

#

u; (2.5)

whereq; p 2 Rn are the generalized displacement and momentum, respectively,u 2 Rm

represents the input force, andG(q) 2 Rn � m , with rank(G)= m. Whenm < n , we say
that the controlled system is underactuated. The Hamiltonian functionH is defined as
follows:

H (q; p) =
1
2

p> M � 1(q)p + V (q);

whereM 2 Rn � n is the positive definite inertia matrix, andV 2 R is the potential energy.
Designing a static state feedback that stabilizes the target system is the control goal. In
IDA-PBC, this is accomplished by matching the pH target dynamics.

_x =
"

0n � n M � 1(q)M d(q)
� M d(q)M � 1(q) J2(q; p) � Cd(q)

#
@Hd

@x

>
; (2.6)

with the new Hamiltonian function

Hd(q; p) =
1
2

p> M � 1
d (q)p + Vd(q);

where the desired mass matrixM d 2 Rn � n is positive definite, the desired potential energy
Vd 2 R verifies

q? = argminHd(q) = argminVd(q); (2.7)

and the desired damping matrix is defined by

Cd(q) = G(q)CdpG> (q) � 0; (2.8)

withCdp a positive-definite matrix. The matrixJ2 2 Rn � n is free to the designer and fulfills
the skew-symmetry conditionJ2(q; p) = � J >

2 (q; p): For holding (2.7), two conditions need
to be satisfied.
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where! = _z is a velocity disturbance, anda = (0 ; � 1)> . Notice thatp is defined in the
world coordinate, whileq is a relative displacement vector.

Thus, the controlled object can be expressed by a port-Hamiltonian (pH) system

_x = ( J � R)
@H
@x

>
+ D! + B (u + F ); (2.15)

wherex = ( q> ; p> )> is the state, and

J =
"

O I
� I O

#

; R =
"
O O
O C

#

; C = ~C + ~Ca =
"
� 0
0 c

#

;

B = (0 0 0 1)> ;

D = ( a> � (Ca)> )> = (0 � 1 0 c)> :

Our main purpose is the vibration suppression of~q2 against the velocity disturbance
! (t) and the force disturbanceF (t). Note that~q2 � 0 meansq2 � � z(t). Since the second
element ofD is� 1, a feedforward term of! exists in the dynamics ofq2, and therefore
suppression ofp will achieve the control objective. In this study, we construct an IDA
passivity-based controller using only the relative displacementsq and velocities_q, which
can be easily measured by sensors. Note that our control law is not a function ofq andp
butq and_q, becausep is defined in the world coordinate and (2.14) includes! .

2.4 Modified IDA-PBC Method

2.4.1 Overview

The solution to the control problem indicated in the preceding part is given in this section,
which involves building an IDA-PBC-based controller. The control variables of the IDA-
PBC basic controller are relative displacementq, absolute momentap, and disturbance
signal! . A feedback rule that only requires the relative displacement,q, and the relative
velocity,_q, is produced by rewriting momentap into the form ofM ( _q+ ! ) and canceling the
coefficient of! . The following is a summary of our suggested controller’s design scheme:

Step 1:The plant system’s pH form is calculated, and it is rebuilt using relative coordi-
nates.

Step 2:IDA-PBC is used to develop the feedback law.

Step 3:The feedback law is split into two parts: relative information and disturbance.
The criteria for making the disturbance component zero have been discovered.

Step 4:To ensure suspension performance and strong stability, criteria for parameter
selection for the controller are established.

Step 5:The feedback law’s precise form is achieved.

In this section, we define the dynamics of desired system at first, and then obtain a
matching condition between the controlled system and the desired system. The matching
condition clarifies the degree of freedom in the controller design and the expression of
feedback law with free parameters as well as equality and inequality constraints.

— 13 —



Vibration Control with Relative Information Sheng Hao

Plant System
q,p,w

u
di

(q,p,w)

u
es

(q,p,w)u
ida

(q,dq,w)=

u(q,dq)+#w

#=0
u(q,dq)

Damping Injection

Energy Shaping

Closed Loop System with Proposed Controller

u
di

(q,p,w)

u
es

(q,p,w)w)=

#w

#=0
u(q,dq)

Damping Injection

Energy Shaping

ControllerController

EffectDisturbance:w

Figure 2.4: Control diagram of proposed method

2.4.2 Desired System

We construct the desired system with artificial structure matrix as follows:

_x = ( Jd(q1) � Rd(q1))
@Hd

@x

>
+ Dd(q1)!

+ Ddp(q1)p � ! + Dd! (q1)! 2 + BF;
(2.16)

where
Hd(x) =

1
2

p> M d(q1) � 1p + Vd(q1; q2) (2.17)

denotes the Hamiltonian of desired system, and

M d(q1) =
"
md1(q1) md2(q1)
md2(q1) md3(q1)

#

;

Jd(q1) =
"

O M (q1) � 1M d(q1)
� M d(q1)M (q1) � 1 J2(q1)

#

;

J2(q1) =
"

0 j e(q1)
� j e(q1) 0

#

;

Rd(q1) =
"
O O
O Cd(q1)

#

; Cd(q1) =
"
cd1(q1) cd2(q1)
cd2(q1) cd3(q1)

#

;

Dd(q1) = (0 � 1 0 d1(q1))> ;

Ddp(q1) =
"
0 0 0 d2(q1)
0 0 0 d3(q1)

#>

;

Dd! (q1) = (0 0 0 d4(q1))> :

Jd(q1),Rd(q1),Vd(q), andM d(q1) denote an artificial skew-symmetric structure matrix, a
semi-positive definite damping matrix, a potential energy, and the inertia matrix in the
desired Hamiltonian, respectively.
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2.4.3 Application of IDA-PBC Method

We can derive the expression of feedback law with equality and inequality constraints on
the parameters of the desired system by matching the dynamics of desired system with
that of controlled system as follows:

(Jd � Rd)
@Hd

@x

>
= ( J � R)

@H
@x

>
+ Bu + ( D � Dd)! � Ddp(q1)p � ! � Dd! (q1)! 2:

(2.18)
For convenience of calculations, we set

S(q1) = M � 1(q1) =
"
s1(q1) s2(q1)
s2(q1) s3(q1)

#

Sd(q1) = M � 1
d (q1) =

"
sd1(q1) sd2(q1)
sd2(q1) sd3(q1)

#

:
(2.19)

Hereafter, by omitting ‘(q1)’, we simply express them asS,Sd,si andsdi . Each side of
(2.18) is four dimensions vector. The first two components of (2.18) are already satisfied
for allx and! . We can easily derive the equality constraints of parameters by extracting
the coefficients ofp,q and their higher-order terms. By focusing on the coefficients ofp2

1,
p1p2 andp2

2 in the third component of (2.18), we obtain

sd1
0 =

jSdjs1
0

s1sd3 � s2sd2

sd2
0 =

jSdjs2
0

s1sd3 � s2sd2

sd3
0 =

jSdjs3
0

s1sd3 � s2sd2
;

(2.20)

where� 0 means the derivative with respect toq1.
The coefficients ofp1 andp2 in the third component of (5.25) derive the following

relations:

cd1(q1) =
�

jSdj
(s1sd3 � s2sd2) (2.21)

j e(q1) = cd2(q1) +
�

jSdj
(s1sd2 � s2sd1): (2.22)

The rest of the third component of (5.25) leads an equation for the potential energy

s2sd2 � s1sd3

jSdj
�

@Vd
@q1

+
s3sd2 � s2sd3

jSdj
�

@Vd
@q2

+ V 0
1 = 0 :

The general solution of the above equation is

Vd(q) = P
"

q2 +
Z q1

0

s3sd2 � s2sd3

s1sd3 � s2sd2

����
q1= �

d�
#

+
Z q1

0

V 0
1 jSdj

s1sd3 � s2sd2

����
q1= �

d�;
(2.23)

whereP will be an arbitrary positive-definite function.
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By solving the forth equation of (5.25) with respect tou, we can obtain a feedback law
u = � raw (q; p; ! ). Notice that the feedback should be a function ofq and_q only. Hence,
we decompose� raw as

� raw (q; M (q1)( _q � a! ); ! ) = � (q; _q) + � rest(q; _q; ! )!:

The coefficient� rest(�) should be identically zero, and thus we decompose it again as

� rest(q; S(q1)p + a!; ! ) =
� 1(q1) + � 2(q1)p1 + � 3(q1)p2 + � 4(q1)!:

By solving� i (q1) = 0 (i = 1 ; : : : ; 4)with respect tod1(q1); : : : ; d4(q1) and applying (2.20),
we obtain additional equality constraints

d1(q1) =
1

jSj
f (s1sd3 � s2sd2)cd3(q1)

+ ( s1sd2 � s2sd1)( j e(q1) + cd2(q1)g
(2.24)

(d2(q1) d3(q1)) = g(q1) � (0 1)M 0S (2.25)

d4(q1) =
g(q1)

2
� (0 1)M 0(0 1)> ; (2.26)

whereM 0 = @M=@q1 and
g(q1) =

s2sd1 � s1sd2

s1sd3 � s2sd2
:

The control input can be written as

u = � (q; _q)

=
(s2sd3 � s3sd2)cd3 � (s3sd1 � s2sd2)(cd2 + j e)

jSj
_q1

+ ( c � d1(q1)) _q2 +
g(q1)

2
� _q> M 0_q +

@V2(q2)
@q2

+
s1sd2 � s2sd1

jSdj
�

@Vd
@q1

�
s3sd1 � s2sd2

jSdj
�

@Vd
@q2

:

(2.27)

Because of the feature of IDA-PBC, the closed-loop system is identical to the desired
system. Therefore, the asymptotic stability of zero-disturbance case can be guaranteed by
the nature of pH system. Thus, we need to ensure the positive definiteness ofM d; Vd and
Cd, and the following inequality constraints can be derived:

sd3(q1) > 0; jSd(q1)j > 0; (2.28)

s1sd3 � s2sd2 > 0; 8q1; (2.29)
jCd(q1)j > 0; (2.30)
P [� ] > 0; � 6= 0 : (2.31)

Inequalities (2.28) show the positive definiteness of the inertia matrix of the desired system.
We can showcd1(q1) > 0 from (2.29) and (2.21), and therefore (2.29) and (2.30) means
that the damping matrix of the desired system is positive definite. Because of (2.29), the
positivity of the second term of (2.23) will be automatically satisfied ifq1V 0

1 � 0. Hence,
under the constraint (2.31), the potential energy functionVd(q) is positive definite.
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We can gainsdi (q1) by solving (2.20), while the initial valueSd(0) = Sd0 is a degree of
freedom. The inequality constraints of parameters are (2.28), (2.29), (2.30), and (2.31).
The equality constraints of parameters are (2.21), (2.22), (2.23), (2.24), (2.25), (2.26), and
(2.27).

Note that the asymptotic stability is guaranteed by the positive definiteness ofM d,
Vd andCd. Therefore, stability of the numerical solution process of differential equation
(2.20) is not required when designing the control law.

In next section, we derive the guideline of parameter selection in order that we can
obtain an aseismic desired system.

2.5 Parameter Selection Guideline

2.5.1 Linear Approximation

We need to know what function all factors play in vibration dynamics in order to develop
the parameters of the desired system. The actual significance of parameters in an inertia
matrix, however, is uncertain due to the nonlinear term. As a result, we will first develop
the parameter selection guideline based on the linearly approximated systems of (2.15) and
(2.16), which define the free parameters’ low-order terms. Then we’ll use it in a nonlinear
situation. By the quadratic approximation ofH , the Hamiltonian of the linearized plant
is

HL (p; q) =
1
2

p> S0p +
1
2

(K 1q2
1 + K 2q2

2);

where

S0 =
"
s10 s20
s20 s30

#

= S(0)

K 1 =
@2V1

@q21
(0); K 2 =

@2V2

@q22
(0):

The linearized controlled object can be described as

_x =
"

0 I
� I � C

#  
diag(K 1; K 2)q

S0p

!

+
 

a
� Ca

!

!: (2.32)

The quadratic approximation ofHd can be also obtained as

HdL (p; q) =
1
2

f p> Sd0p + K d1q2
1 + K d2(q2 + hq1)2g;

where

Sd0 =
"
sd10 sd20
sd20 sd30

#

= Sd(0);

h =
s30sd20 � s20sd30

s10sd30 � s20sd20
(2.33)

K d1 =
K 1jSd0j

s10sd30 � s20sd20
; K d2 =

@2P (y0)
@y02

�����
y0=0

: (2.34)
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The linearized desired system is

_x = ( Jd0 � Rd0)
 

K d0q
Sd0p

!

+ Dw0! + BF; (2.35)

where

Jd0 =
"

O M � 1
0 M d0

� M d0M � 1
0 J20

#

; J20 =
"

0 j e0
� j e0 0

#

M d0 = S� 1
d0 =

"
md1 md2
md2 md3

#

; K d0 = diag( K d1; K d2)

Rd0 =
"
O O
O Cd0

#

; Cd0 =
"
cd10 cd20
cd20 cd30

#

Dw0 = (0 � 1 0 d10)>

2.5.2 Coordinate Transformation

The diagonalized inertia matrix can help us clarify the structure of linearized system, thus
we consider new transformed variables

q̂ = L � 1q; p̂ = L > p; (2.36)

where

L =
"
r0 � r0
0 1

#

; (2.37)

r0 =
m20

m10
= �

s20

s30
: (2.38)

To simplify the problem, we chooseSd0 such thath defined by (2.33) becomes zero, i.e.

s20

s30
=

sd20

sd30
: (2.39)

Under the new constraint (2.39),

r0 =
md20

md10
= �

sd20

sd30

is also satisfied as well as (2.38).
The coordinate of main massq2 is maintained with this coordinate transformation, i.e.

q̂2 = q2. Please recall that the control objective is the vibration suppression of the main
body. Then, the linear approximation of (3.2) can be transformed to

p̂ = L > M 0L ( _̂q � L � 1L > a! ) = M̂ ( _̂q � â! );

where

M̂ = L > M 0L = diag :(m̂1; m̂2)

m̂1 = m10r 2
0; m̂2 = m30 � m10r 2

0

â = L � 1L > a = ( � 1 � 1)> :
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Consequently, the linearized controlled object (2.32) can be transformed to
 

_̂q
_̂p

!

=
"

0 I
� I � Ĉ

#  
K̂ q̂
Ŝp̂

!

+
 

â
� Ĉâ

!

!; (2.40)

where

Ŝ = M̂ � 1 = diag( m̂� 1
1 ; m̂� 1

2 )

K̂ = L T diag(K 1; K 2)L =
"

K̂ 1 � K̂ 1
� K̂ 1 K̂ 1 + K̂ 2

#

Ĉ = L T CL =
"

Ĉ1 � Ĉ1
� Ĉ1 Ĉ1 + Ĉ2

#

K̂ 1 = K 1r 2
0; K̂ 2 = K 2; Ĉ1 = �r 2

0; Ĉ2 = c:

Under the assumption (2.39), the inertia matrix of the linearized desired system (2.35)
in the new coordinate is

M̂ d = L > M d0L = diag( m̂d1; m̂d2)

= diag( md10r 2
0; md30 � md10r 2

0);

which is also a diagonal matrix under the constraint of (2.39). The linearized desired
system is also converted into

 
_̂q
_̂p

!

= ( Ĵd � R̂d)
 

K̂ dq̂
Ŝdp̂

!

+ D̂d! + B̂F; (2.41)

where

Ĵd =
"

O M̂ � 1M̂ d
� M̂ dM̂ � 1 Ĵ2

#

; Ĵ2 = L T J20L;

Ŝd = M̂ � 1
d = diag( m̂� 1

d1 ; m̂� 1
d2 );

K̂ d = L T
"
K d1 0

0 K d2

#

L =
"

K̂ d1 � K̂ d1
� K̂ d1 K̂ d1 + K̂ d2

#

;

K̂ d1 = K d1r 2
0; K̂ d2 = K d2;

R̂d = diag ( O; Ĉd);

Ĉd = L T Cd0L =
"
Ĉd1 + Ĉd2 � Ĉd2

� Ĉd2 Ĉd2 + Ĉd3 + Ĉd4

#

;

Ĉd1 = r0cd2; Ĉd2 = r 2
0cd10 � r0cd2;

Ĉd3 = cd30 � r0cd20 � d10; Ĉd4 = d10;

D̂d = diag( L � 1; L T )Dw0 = ( � 1 � 1 0 d10)> ;

B̂ = diag( L � 1; L T )B = B:

The linearized controlled object (2.40) can be considered as a mass-spring-damper
(MSD) system with a device similar to tuned mass damper (TMD) in Fig.2.5(a). When
we ignore the difference betweenJ and̂Jd, the linearized desired system (2.41) is regarded
as an MSD system with a TMD-like device and multiple skyhook dampers in Fig.2.5(b).
Thus, in linearized case, the feedback law in this research realizes the virtual skyhook
dampers by only relative displacements and velocities.
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Hence, we choose smalld10 first, and design smallr1 and larger2 so that skyhook
damper term coefficientĈd3 is sufficiently large, because of (2.46). From the empirical
knowledge, smalld10 and largeĈd3 in Fig.2.5(b)make a good vibration suppression
effect.

The selection (2.44) makesĈd1, which is the coefficient of the skyhook damper of the
additional mass in Fig.2.5(b), negative, butjCd0j > 0 is guaranteed by a largecd30. A
larger2 also decreases the low-frequency gain fromF as

GF ~q2 (0) =
K d2

r2
: (2.47)

The above parameter selection guideline is more sophisticated than that in Aoki, et
al[31]. The parameter selection procedure is summarized as follows.

1.Choose sufficiently smalld10 > 0, sufficiently smallr1 > 0, and sufficiently large
r2 > 0. Select a small low-frequency gain withr2 andK d2 in (2.47). Then design
a positive-definite functionP [�] by (2.34). From (2.39) and (5.19),Sd0 (> 0) is
determined.

2.CalculateSd(q1) by solving the differential equations (2.20) with the initial condition
Sd(0) = Sd0.

3.Check the conditions (2.28) and (2.29). If these inequalities are not satisfied for all
q1, return to the first step and choose the parameters again.

4.Setcd1(q1) as (2.21). The values ofcd2(0) = cd20 andcd3(0) = cd30 are determined
by (2.44) and (2.45), respectively, and thenCd0 = Cd(0) > 0 is guaranteed. Choose
the high-order terms ofcd2(q1) andcd3(q1) adequately so thatCd(q1) > 0.

5.Calculatej e(q1),Vd(q), andd1(q1) by (3.10), (2.23), and (2.24), respectively.

6.Obtain the control law (2.27).

Despite the constructive nature of the design approach, the high-order terms ofcd2 and
cd3 should be selected to fulfillCd(q1) > 0. The practical meaning of the inertia matrix in
the desired system will be considerably different from that of the linear approximation case
asq1 increases. As a result, changes in the inertia matrix must be accompanied by changes
inCd(q1) distant from the origin. Largejq1j, on the other hand, frequently indicates that
the present vibration is severe, therefore it is reasonable to increase the feedback gain
whenjq1j hits a threshold. The concept of a control barrier function might be used for
this, however this is a matter for future research. The parameter selection guideline in
this chapter focuses on increasing the size of the skyhook damper term, whereas the free
parameter selection in this suggested technique can regulate not only the skyhook damper
term but also the mass and spring term. The sensitivity of the free-parameter selection
to control performance will determine how to alter those terms to suppress vibration in a
larger frequency domain, and that will be the focus of our future study.

2.6 Parameter Selection under Uncertainties

Although with the parameter selection for the case mentioned above we can obtain a
perfect aseismatic desired system, the robustness against parameter uncertainties should
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be considered. Especially in vibration suppression industry, the attenuation of damper
property and the uncertainty of damper property often worsen the vibration suppression
effect. Thus, in this section, we clarify the parameter selection for the robust controller.
We redefine the damping coefficients� andc as

� = ~� + � �; (2.48)
c = ~c + � c; (2.49)

where~� ,~c are the nominal values, and� �; � c represent the uncertainties. The control
inputu can be decomposed as

u = uc + u� + urest ; (2.50)

where

uc = ( c � d1(q1)) � _q2; (2.51)

u� =
(s2sd3 � s3sd2)cd3 � (s3sd1 � s2sd2)(cd2 + j e)

jSj
_q1: (2.52)

The ideal robust control inputu should satisfy

ec =
uc(c) � uc(~c)

uc(c)
=

� c
c � d1(q1)

� 0; (2.53)

e� =
u� (� ) � u� (~� )

u� (� )
� 0: (2.54)

The first condition (2.53) can be easily satisfied by settingd1(q1) sufficiently large. Al-
though the second condition (2.54) is difficult to satisfied directly, we can find that the vi-
bration suppression effect highly depends on the value of skyhook-damper coefficient (2.46)
in linear approximated systems. Therefore, we focus on the cancelling the uncertainty of
� in linear approximated systems. The uncertainty of� in the value of skyhook-damper
coefficient (2.46) can be described as

es� =
� �r 2

0r2(r2 � r1)
r1

; (2.55)

which can be ignored by settingr1 = r2. Thus, withr1 = r2 and large value ofd1(q1), the
controller will be robust against the uncertainty of damping term� andc.

Besides the robustness against uncertainty, we also must ensure the vibration suppres-
sion effect of the controller. Especially, a larged1(q1) is needed for the robustness to� c,
but larged10 also increases the high frequency gain fromz toq2. Although it seems like
a trade-off problem, we can recall the effect ofd10 in detail, which can be expressed as

�x = �
Gd

m̂2
( _x � ! ) = �

d10

m̂2r2
( _x � ! ): (2.56)

As long as we guarantee the small value ofGd, the high frequency gain fromz toq2 will
be safe. In addition, the effect of skyhook damperG will be ensured by setting larged10
and smallGd.

The parameter selection procedure is summarized as follows.
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1.Choose appropriate values ofd10,r1, andr2. If there is no uncertainty, choose large
r2 and smallr1,d10. If there are uncertainties ofc and� , choose larged10 andr2,
and setr1 = r2. A positive definite functionP [�] is also determined by a desired
GF ~q2 (0) with (2.47). From (2.39) and (5.19),Sd0 (> 0) is determined.

2.CalculateSd(q1) by solving the differential equations (2.20) with the initial condition
Sd(0) = Sd0.

3.Check the conditions (2.28) and (2.29). If these inequalities are not satisfied for all
q1, return to the first step and choose the parameters again.

4.Setcd1(q1) as (2.21). The values ofcd2(0) = cd20 andcd3(0) = cd30 are determined
by (2.44) and (2.45), respectively, and thenCd0 = Cd(0) > 0 is guaranteed. Choose
the high-order terms ofcd2(q1) andcd3(q1) adequately so thatCd(q1) > 0.

5.Calculatej e(q1),Vd(q), andd1(q1) by (3.10), (2.23), and (2.24), respectively.

6.Obtain the control law (2.27).

Although the design procedure is constructive, the high-order terms ofcd2 andcd3
should be chosen to satisfyCd(q1) > 0. As well as increasingq1, the practical meaning
of the inertia matrix of the desired system will differ significantly from that of the linear
approximated case. Therefore,Cd(q1) far from the origin must be varied, as well as
changes in the inertia matrix. On the other hand, a largejq1j often implies that the
current vibration is violent, and therefore it is natural to use a high feedback gain when
jq1j reaches a threshold. The concept of the control barrier function may be utilized for
this purpose, but this topic is outside the scope of the present study and will be addressed
in the future.

2.7 An Example and Simulation

In this section, we illustrate the vibration suppression effect of the proposed feedback law
by providing a numerical example. We consider a cart-pendulum system, which is one

Table 2.1: Parameters of the cart pendulum system
Parameters Symbol Unit Value
pendulum mass mp Kg 0.2
cart mass mc Kg 10
length of mass less barl m 5
viscosity dumper coefficientc N/(m/s) 2
rotational friction coefficient� N/(m2/s) 10
elastic coefficientk2 N/m 3

of the benchmark models of a 2DOF system. The model is shown in Fig.2.6, where
q1,~q2,z,F , andu denote the swing angle of a pendulum, displacement of a cart in
world coordinates, a disturbance from the basement, a force disturbance on a cart, and
an input force, respectively. The system is tested by the disturbancesz = sin( bt) and
F = 100 cos(bt) forb = 1 andb = 10.
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Figure 2.6: Cart and pendulum system.
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Figure 2.7: Time responses of the cart displacement (b = 1).
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Figure 2.8: Time responses of the cart displacement (b = 10).
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Author run simulations for the open loop system, the closed-loop system using the
suggested feedback law, and the closed-loop system using the traditional skyhook damper
approach to verify the proposed method’s effectiveness. The feedback law of skyhook
damper controller is given as

u = � Ĉd3 _~q2;

where the skyhook damper valueĈd3 is set as the same value as the one of our proposed
method. The skyhook damper approach, on the other hand, is used with the premise that
the cart’s absolute displacement and velocity are observable, but our suggested solution
simply employs relative displacement and velocity information.

According to the proposed guideline of parameter selection in section 5, we firstly set
smalld10, smallr1 and larger2 asd10 = 2,r1 = 15 andr2 = 1000. Since a small low-
frequency gainGF ~q2 (0) is preferred, we design the part of the desired potential energy
functionP [�] asP [
 ] = 5 
 2, so thatGF ~q2 (0) = 0 :005. By settingcd2(q1) = cd20 and
cd3(q1) = cd30, we can ensure that the inequality constraints (2.28), (2.29) and (2.30) are
satisfied.

We analyze the displacements of the main body~q2, whose vibration should be damp-
ened, using simulations. Figures2.7and2.8depict the temporal responses of the cart
displacement in open-loop system and closed-loop system, respectively, whenb = 1 and
10. One can observe that in the closed-loop system with the suggested controller, the
main structure vibration is well controlled, whereas the open-loop approach has only a
little vibration suppression impact. Nevertheless, there is no discernible difference in per-
formance between the skyhook damper approach and the suggested method. As a result,
we were able to demonstrate that the suggested approach can accomplish the same suc-
cessful vibration reduction performance as the skyhook damper method without the need
for world-coordinate measurements.

To verify the parameter selection guideline, considering parameter uncertainties, pro-
posed in Section2.6, we use the suggested controller to simulate the open-loop and closed-
loop systems, with disturbances ofz = sin( bt) andF = 100 cos(bt) forb = 1 andb = 10,
respectively, with initial state ofq(0) = 0 andp(0) = 0 . We analyze the displacements of
the main body~q2, whose oscillation should be reduced, using simulations.

We first verify the vibration suppression effect without parameter uncertainties. Thus,
we set� � = � c = 0. We choose free parameters of the controller asr1 = 100,r2 = 1000,
d10 = 2,P [
 ] = 5 
 2,cd2(q1) = cd20, andcd3(q1) = cd30. The temporal responses of the
cart movement in the open-loop system and closed-loop system, respectively, are shown in
2.9and2.10. One can observe that in the closed-loop system with the suggested controller,
the main structure vibration is well controlled, whereas the open-loop approach has only
a little vibration suppression impact.

Author chose free parameters liker1 = r2 = 1000000 andd10 = 2000, and standard
parameters liker1 = r2 = 1000000 andd10 = 2000. Author set� � = � 9 and� c = � 1,
implying that the true values of damper parameters aremu = 1 andc = 1, respectively,
to test robustness against� andc uncertainty. The actual parameters�; c are used in
the dynamics of experiment model, whereas the nominal values~�; ~c are used in the feed-
back law. Figures2.11and2.13depict the temporal response of cart displacement in an
open and closed loop system, respectively, using a conventional controller that disregards
uncertainties. Figures2.12and2.14depict the temporal response of cart displacement
in an open loop and closed loop system with a robust controller that takes uncertainties
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Figure 2.9: Time responses of the cart displacement without parameter uncertainties
(b = 1).
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Figure 2.10: Time responses of the cart displacement without parameter uncertainties
(b = 10).
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Figure 2.11: Time responses of the cart displacement with standard controller (b = 2)
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Figure 2.12: Time responses of the cart displacement with robust controller (b = 2)

— 28 —



Chapter 2. Skyhook Control Strategies 2.7 An Example and Simulation

0 1 2 3 4 5 6 7 8 9 10

Time[s]

-5000

-4000

-3000

-2000

-1000

0

1000

c
a
rt

m
o
v
e

Closedloop
Openloop

Figure 2.13: Time responses of the cart displacement with standard controller (b = 10)
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Figure 2.14: Time responses of the cart displacement with robust controller (b = 10)
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into account. As shown by these figures, the controller created by ignoring uncertainties is
unable to suppress vibration, but the controller created by using a robust design effectively
suppresses vibration as predicted by the proposed hypothesis.

2.8 Conclusion

We solved the vibration suppression problem of the general pH system in this chapter
by inventing the IDA-PBC controller. Any floating nonlinear mechanical structure with
spring and damper can be used to represent the system under discussion. The matching
condition between the controlled system and the desired system has been demonstrated.
We demonstrate a control law with various free parameters and limitations. Only relative
information, which is easily measured, is used by the controller. In comparison to earlier
work [31], we offer a novel parameter design technique for more generalized nonlinear
controlled devices.

The inertia matrix of the intended closed-loop system is determined using differential
equations. The IDA-PBC approach theoretically guarantees the stability of the nonlinear
closed-loop system. We have proposed an efficient parameter selection scheme achieving a
good vibration suppression effect. Under the proposed parameter selection, the proposed
control law realized a virtual skyhook damper using only relative information. Simulation
results for an example verify the good vibration effect of the proposed controller.
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Chapter 3

Vibration Control for Systems
with an Internal Actuator

3.1 Introduction

Since the concept of a dynamic vibration absorber (DVA), otherwise known as a tuned
mass damper (TMD), was introduced in [37], it has been widely utilized in vibrating
mechanical systems during the past few decades. Theories and applications with respect
to the use of DVAs have been developed in buildings, bridges, suspension systems applied
in automobiles, space robot arms, and many other engineering systems [38,39,40].

Roughly speaking, a basic passive DVA is an additional /inertia structure linked to a
vibrating system with a spring and viscous damper. A DVA generates a force equal and
opposite to the exciting force, and the excited vibration can then be absorbed/suppressed
by the DVA. Owing to their simplicity and efficacy, passive DVAs are widely used in many
applications, where a balance of certain factors occurs, e.g., mass, spring, and damper,
of the DVA. However, the vibrations may become more violent if the factors are out of
balance. In particular, the deterioration of the vibration absorption performance will be
significant when the ratio of the DVA mass to the system mass is small. In addition to
the aforementioned problem, a passive DVA is ineffective when the vibrating system is
excited by multiple frequencies, which is a common occurrence, e.g., tall buildings under
seismic forces and wind. Accordingly, several solutions have been developed by researchers,
including the use of multiple DVAs [41,42,43,44], to reinforce the effect of perturbation
cancellation and robustness, although it is still challenging to solve such cases that include
varying excitation frequencies. Nonlinear elements are considered in [45] and [46] for
solving multiple frequencies, although the analysis of nonlinear phenomena and dynamic
behaviors is not straightforward. Consequently, the application of passive DVAs is simple
and effective; in practice, however, the effect of vibration suppression remains insufficiently
explored.

By utilizing actuators, sensors, controller, and additional energy sources, active DVAs
can achieve a better vibration suppression performance and resolve the aforementioned
problems. The active DVA’s difference from the passive DVA is that we can change the
imposed force between the DVA and the primary system according to the different con-
trol strategy. Active DVA controllers using frequency domain approaches ([47]), optimal
control theory ([48,49,50]),H1 control theory ([51]), and Fuzzy theory ([52]) have been
reported in previous studies. Moreover, methods considering the robustness with respect
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to modeling and sensing were reported in [53]. However, few studies have focused on
the cost of the sensors. When the exogenous displacement vibration affects the system,
the controllers of previous studies utilize world-coordinate information, but have ignored
the fact that the information obtained from low-cost sensors is often based on relative
coordinates. Requiring the absolute displacement and velocity of a vibration may lead to
expensive sensors or high cost calculations such as with a disturbance observer technique.

By contrast, although nonlinear DVAs, e.g., a pendulum TMD ([54]), bidirectional
TMD ([55]), and tuned liquid column damper (TLCD) ([56]), can offer a more powerful
vibration suppression effect than linear DVAs, the controller should consider the nonlin-
earity of the DVAs as well. During the past decades, many active nonlinear DVAs designed
by [57,58,59] have been proposed. A limitation with respect to the cost of the sensors
still exists; meanwhile, solving the Hamilton-Jacobi partial differential equations becomes
another difficulty(e.g., the existence of analysis solution) when we try to apply some of
these theories.

As a powerful energy shaping control method for nonlinear systems, IDA-PBC[25] is
widely used in mechanical nonlinear systems. The global asymptotic stability of the sys-
tem under IDA-PBC without a disturbance is theoretically guaranteed because a desired
Hamiltonian function can be naturally designed as a Lyapunov function. Although the
classical PBC technique can solve wide range of control problem, as a result of lacking
freedom for designing controller, it is difficult to solve vibration control problem by using
the classical PBC technique. Different from other PBC technique, one of the advantages
of IDA-PBC is that we can change the kinetic energy, which gives a big degree of freedom
for designing controller. The changes in the kinetic energy, potential energy, and damping
matrix represent the virtual changes in the inertia, the elasticity coefficients or gravity
terms, and the viscous resistance coefficients, respectively. These parameters directly in-
fluence the vibration suppression effect. The crux in the design procedure of IDA-PBC is
how to ensure the solution for a set of partial differential equations caused by matching dy-
namics. A vibration control method for a general nonlinear two degree-of-freedom (DOF)
system based on IDA-PBC was recently proposed by [31,60]. However, the feedback law
proposed by [31,60] is not suited to an active DVA because it assumes that the actuator
is attached to the targeted vibrating object and is not set between the vibrating object
and DVA-like structure. Though their study utilize the dynamics of additional structure
like other DVA studies, their main objective is to use it as a sensor, not to use it as DVA.
Consequently, their additional structure do not have any functions that can absorb the
vibration. The vibration energy is totally suppressed by the control force, which does not
influence the dynamics between the control object and the additional structure. Further-
more, the previously proposed technique requires numerical solutions of partial differential
equations to obtain a new inertia matrix.

In this study, our objective is to design a novel active DVA using IDA-PBC. In partic-
ular, we focus on the following:

1.We suppress the vibration excited by multiple disturbances.

2.We suppress the vibration by using only the relative displacement and velocity of
the vibration system.

3.The partial differential equations generated by the nonlinearity of controlled object
should be easily calculated, or the existence of the solution should be ensured.
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Figure 3.1: An example of a controlled object

The controlled object is under the velocity disturbance, which can be considered as the
velocity of the base or ground, and the force disturbance simultaneously. Our strategy to
cancel the excited vibration is using IDA-PBC to convert the controlled system into a de-
sired system whose linearized structure includes a skyhook damper(see, e.g., [10,15,61]).
By tuning the skyhook damper coefficient, the vibration suppression effect can be en-
hanced. We derive the guidelines for the parameter selection of the newly desired Hamil-
tonian system such that the controller can effectively suppress the vibration. Although
the parameters of the controller are designed from the point of view of a linearized sys-
tem, the global asymptotic stability of a nonlinear system is automatically guaranteed by
using passivity-based control theory, which is an advantage of our method. Because the
vibration of DVA is excited by the absolute motion of vibrating main mass, the absolute
information of vibration can be obtained indirectly by utilizing the motion of DVA. With
respect to the partial differential equations generated by the nonlinearity, we derive the
conditions that can help us avoid a part of partial differential equations. And also we
achieve the general solution of the rest of partial differential equations.

The rest of this paper is structured as follows: Section 2 presents the problem formu-
lation and preliminaries. Section 3 defines the structure of the desired system and derives
the constraints of the parameter design. Section 4 shows guidelines for the parameter se-
lection. The effectiveness is confirmed through a numerical example in Section 5. Finally,
provide some concluding remarks in Section 6.

3.2 Problem Formulation

Herein, we consider a general nonlinear 2 DOF mechanical system under velocity and
force disturbances, which can be as shown in Fig.3.1. The pH system described in local
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Figure 3.2: Control diagram of proposed method

3.3 Modified IDA-PBC

3.3.1 Overview

The solution to the control problem indicated in the preceding part is given in this section,
which involves building an IDA-PBC-based controller. The control variables of the IDA-
PBC basic controller are relative displacementq, absolute momentap, and disturbance
signal! . A feedback rule that only requires the relative displacement,q, and the relative
velocity,_q, is produced by rewriting momentap into the form ofM ( _q+ ! ) and canceling the
coefficient of! . The following is a summary of our suggested controller’s design process:

Step 1:The plant system’s pH form is calculated, and it is rebuilt using relative coordi-
nates.

Step 2:IDA-PBC is used to develop the feedback law.

Step 3:The feedback law is split into two parts: relative information and disturbance.
The criteria for making the disturbance component zero have been discovered.

Step 4:To ensure suspension performance and strong stability, criteria for parameter
selection for the controller are established.

Step 5:The feedback law’s precise form is achieved.

In this section, we define the dynamics of desired system at first, and then obtain a
matching condition between the controlled system and the desired system. The matching
condition clarifies the degree of freedom in the controller design and the expression of
feedback law with free parameters as well as equality and inequality constraints. One of
the advantages of this study is that our methods focus on transforming the plant system
into a desired system with ideal aseismatic properties, while most applications with IDA-
PBC tend to control the position or velocity by designing a desired Hamiltonian function
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and the control input

u =
�
G> G

� � 1
G>

� @H
@q

+ C
@H
@p

+ D!

� M dM � 1 @Hd

@q
+ ( J2 � Cd)

@Hd

@p

+ Dd! + Dd! ! 2
�

:

(3.5)

Note that the equation (3.4) is a set of partial differential equations for kinetic and potential
energies, and the feedback law. The matching condition for the momentap leads to the
partial differential equations for the kinetic energy, and the remainder derives the partial
differential equations of the potential energy, which is independent of the termp.

We define

S(q1) = M � 1(q1) =
"
s1(q1) s2(q1)
s2(q1) s3(q1)

#

;

Sd(q1) = M � 1
d (q1) =

"
sd1(q1) sd2(q1)
sd2(q1) sd3(q1)

#

;
(3.6)

for simplicity of the calculations. By extracting the second-order term ofp in the equation
(5.2), we determine that one of the following equality constraints needs to be satisfied:

md2(q1)m3(q1) � md3(q1)m2(q1) = 0 ; (3.7)
s0

d1 = s0
d2 = s0

d3 = 0 ; (3.8)

where� 0 indicates the derivative with respect toq1. The controller designer should choose
one of the conditions, (3.7) or (3.8). Clearly, choosing (3.8) will avoid further complications
caused by a nonlinearity, and thus the desired inertia matrix is selected as follows:

M d =
"
md1 md2
md2 md3

#

:

This desired inertia matrix setting can satisfy the condition (3.7). By extracting the
first-order term ofp in the equation (5.2), we obtain the following:

cd3(q1) = c [s3(q1)md3 + s2(q1)md2] ; (3.9)

cd2(q1) = c [s3(q1)md2 + s2(q1)md1] � j e(q1); (3.10)

and from the terms of! and! 2 we have

d2 = c; d4 = 0 :

The partial differential equation with respect to the potential energy is obtained as

a(q1)
@Vd
@q2

=
@V2
@q2

� b(q1)
@Vd
@q1

;

a(q1) = md2s2(q1) + md3s3(q1);
b(q1) = md2s1(q1) + md3s2(q1):

(3.11)
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where

Vd0(q) =
1
2

� k2a0

b2
0

q2
1 +

2k2

b0
q1q20 + kP q2

20

�
;

a0 = a(0); b0 = b(0); q20 = q2 � (a0=b0)q1;

kP =
@2P (q20)

@q220
(0):

The linearized desired system is described as follows:

_x = ( Jd0 � Rd0)
 

K dq
Sd0p

!

+ Dw0! + B1F; (3.22)

where

Jd0 =
"

O M � 1
0 M d

� M dM � 1
0 J20

#

; J20 =
"

0 j e0
� j e0 0

#

;

j e0 = j e(0); Dw0 = (0 � 1 d10 c)> ; d10 = d1(0; 0);

Rd0 =
"
O O
O Cd0

#

;

Cd0 =
"
cd10 cd20
cd20 cd30

#

=
"
cd1(0) cd2(0)
cd2(0) cd3(0)

#

;

K dq = ( @Vd0=@q)> ;

K d =
"
a0(a0kP � k2)=b2

0 � (a0kP � k2)=b0
� (a0kP � k2)=b0 kP

#

:

3.4.2 Coordinate Transformation

Considering that a diagonalized inertia matrix can simplify the analysis of a desired lin-
earized system structure, we transform the state coordinates into the following:

q̂ = L � 1q; p̂ = L > p; L =
"
r0 � r0
0 1

#

; (3.23)

where m20

m10
=

md20

md10
= r0 > 0; (3.24)

is a newly defined equality constraint. We then have the following:

p̂ = L > M 0L ( _̂q � L � 1L > 
! ) = M̂ ( _̂q � 
̂! );

where

M̂ = L > M 0L = diag( m̂1; m̂2);

m̂1 = m10r 2
0; m̂2 = m30 � m10r 2

0;


̂ = L � 1L > 
 = ( � 1 � 1)> :
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Figure 3.3: Desired linearized system

Note that the coordinates of the controlled objectq2 are fixed under this coordinate trans-
formation. The inertia matrix of the desired linearized system in the new coordinates is
also diagonalized in the same way:

M̂ d = L > M d0L = diag( m̂d1; m̂d2)

= diag( md10r 2
0; md30 � md10r 2

0):

The desired linearized system in a port-Hamilton form is also transformed into the follow-
ing:

 
_̂q
_̂p

!

= ( Ĵd � R̂d)
 

K̂ dq̂
Ŝdp̂

!

+ D̂d! + B̂1F; (3.25)

where

Ĵd =
"

O M̂ � 1M̂ d
� M̂ dM̂ � 1 Ĵ2

#

; Ĵ2 =
"

0 r0j e0
� r0j e0 0

#

;

Ŝd = M̂ � 1
d ; K̂ d = L > K dL; R̂d =

"
O O
O Ĉd

#

;

Ĉd = L T Cd0L

=
"

r 2
0cd10 r0cd20 � r 2

0cd10
r0cd20 � r 2

0cd10 r 2
0cd10 � 2r0cd20 + cd30

#

;

D̂d = diag :(L � 1; L T )Dw0 = ( � 1; � 1; r0d10; c � r0d10)> ;

B̂1 = diag :(L � 1; L T )B1 = B1:

Consequently, the desired linearized system (3.25) can be roughly regarded as the system
shown in Fig.3.3, which is a desired main massm̂d2 connected with a DVA-like device

— 42 —



Chapter 3. DVA-like Controller 3.4 Guidelines for Parameter Selection

m̂d1 and multiple springs and dampers, where

ĉd1 = c � r0d10; ĉd2 = r 2
0cd10 � r0cd20;

ĉd3 = cd30 + r0d10 � r0cd20 � c; ĉd4 = r0cd20 � r0d10;
ĉd5 = r0d10:

We aim to suppress the vibrations excited by disturbancesf andz by adjusting the spring,
mass, and damper terms of the desired system. How to adjust these terms to gain a desired
system with a good vibration suppression performance and analyze the sensitivity from
the design of the free parameters used to the control performance is described in the next
section.

3.4.3 Parameter Design

For the sake of convenience of the parameter design presentation, we define the mass ratios
as follows:

r1 =
md1

m10
=

md2

m20
; (3.26)

r2 =
m̂d2

m̂2
=

md3 � md1r 2
0

m30 � m10r 2
0

=
md3 � m10r1r 2

0
m30 � m10r 2

0
; (3.27)

wherer1 andr2 are positive to maintain the positive definiteness ofM d. Under the
definitions in (3.26) and (3.27), the matching conditions are rewritten as follows:

cd10 =
r1(2cd20 � d10r2)

r0(r1 � r2)
(3.28)

cd20 = � j e0 (3.29)
cd30 = cr2 (3.30)

k̂d1 =
r1kP � k2

r1 � r2
; k̂d2 =

r1(r2kP � k2)
(r1 � r2)2 (3.31)

k̂d3 = � (1 � r2=r1)k̂d2: (3.32)

Here, we selectd10,cd20,r1,r2, andkP as free parameters for designing the desired
linearized system. The linearized control input is expressed as follows:

u = � _q1 +
(2cd20 � d10r2)

r0(r2 � r1)
_q1 � d10 _q2 + k1q1

�
r1r2(r2kP � k2)

r 2
0(r1 � r2)2 q1

+
� r2(k2 � r1kP )

r0(r2 � r1)
�

k2

r0

�
q2:

(3.33)

The inequality constraint (3.20) can be rewritten as follows:

jCd0j =
cr1r 2

2 [r0(r2 � r1)d10 + cr1]
r 2

0(r2 � r1)2

�
�

cd20 +
cr1r2

r0(r2 � r1)

� 2
> 0:

(3.34)
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From the perspective of skyhook systems ([10]), it is natural to set a large value of
the skyhook damper coefficientĉd3 to enhance the vibration suppression/isolation effects.
Observe that the high-frequency gain from the ground disturbancez to the absolute dis-
placement of the main mass is determined byĉd1 and̂cd5. Becauseĉd1 + ĉd5 is a constant
c, we let

0 � r0d10 � c; (3.35)

and thusĉd1 � 0 and̂cd5 � 0 are held. The obvious way to enlarge the value ofĉd3 is
increasing the values ofr2 and� r0cd20. A small dissipation matrix is unexpected for the
sake of the energy dissipation, and thus we propose the following:

cd20 = �
cr1r2

r0(r2 � r1)
; (3.36)

andcd10 then becomes

cd10 =
r1r2 [2cr1 + r0 (r2 � r1) d10]

r 2
0 (r2 � r1)2 ; (3.37)

which maximizesjCd0j for fixed values ofr1 andr2. Note that (3.37) is positive as long
asjCd0j > 0. Hence, under (3.36) and (3.34),Cd0 > 0 is satisfied.

With (3.36),jCd0j becomes

jCd0j =
r 2

2
4r 2

0
�
( � 2c

(r2=r1 � 1)
+ d10r0

� 2
� r 2

0d2
10

)

:

We know that a positive(r2=r1 � 1) makesjCd0j positive, andr1 � r2 enlargesjCd0j,
whereas the feedback coefficients will go toward infinity asr1 ! r2. Thus, we recommend
that we can setr1 to hold2c=(r2=r1 � 1) � r0d10, i.e.,r2=r1 � 2c=(r0d10)+1 . The potential
energy of desired systemVd0 is positive when

k2

r2
� kP (3.38)

is satisfied. Because the low-frequency gain from the force disturbancef to the absolute
displacement of main mass is fixed at1=k2, we focus herein on the design of the high-
frequency gain. The design of the resonance frequency should be considered when selecting
the potential energy parameterkP .

To summarize the previous discussion, the following are recommended for a parameter
selection in a linear case:

1.Larger2.

2.r2=r1 � 2c=(r0d10) + 1 .

3.Positivec � r0d10.

4.Positivecd20 = � cr1r2=f r0(r2 � r1)g.

The parameterd10 value will influence the vibration fromz to relative displacementsq̂1
and̂q2, but the vibration suppression performance will be mainly determined by the value
of skyhook damperĉd3.

Consequently, the parameter for our nonlinear DVA controller should be designed
through the following steps:
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q2
= q2 + z
~

z

q1

l

¡ ¹q1_

K2

c
F

u

mc

mp

Figure 3.4: Cart and pendulum system.

1.Select a sufficiently large value ofr2, and chooser1 such thatr2=r1 � 2c=(r0d10)+1 .
The value ofM d is derived using (3.26) and (3.27). The value ofCd0 is determined
through (3.37), (3.36), and (3.30).

2.The values ofd10 andkP are adequately selected such thatc � r0d10 andVd0 are
positive.

3.Design a positive functionP [�].

4.Setcd3(q1) as (3.9). Choose the high-order terms ofcd1(q1) andcd2(q1).

5.Check the condition (3.16). If the condition is not satisfied, return to step 1.

6.Calculatej e(q1) andVd(q) using (3.10) and (3.12), respectively.

7.Obtain the control input by substituting the parameters into (3.15).

Note that the global asymptotical stability of the nonlinear system is always guaran-
teed with this parameter selection procedure, although the parameters are designed by
considering a linearized system.

3.5 Simulation Result

In this section, we illustrate the vibration suppression effect of the proposed feedback law
by providing a numerical example. We consider a cart-pendulum system, which is one
of the benchmark models of a 2DOF system. The model is shown in Fig.3.4, where
q1,~q2,z,F , andu denote the swing angle of a pendulum, displacement of a cart in
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Table 3.1: Parameters of the cart pendulum system
Parameters Symbol Unit Value
pendulum mass mp Kg 10
cart mass mc Kg 10
length of mass less barl m 1
viscosity dumper coefficientc N/(m/s) 10
rotational friction coefficient� N/(m2/s) 2
elastic coefficientk2 N/m 10

Table 3.2: Free parameters of the proposed controller
Parameters Value
r1 3
r2 10
kP 1
d10 10

world coordinates, a disturbance from the basement, a force disturbance on a cart, and
an input force, respectively. The system is tested by the disturbancesz = sin( rt ) and
F = 10 cos(rt ). We set frequencyr as10; 100, and1000to see the vibration suppression
performance under different disturbance frequencies. The potential energy of the plant
system is

V = V1(q1) + V2(q2) = mpgl(1 � cosq1) +
1
2

kq2
2: (3.39)

The parameters of the controlled object are set as indicated in Table3.1. For the sake of
embodying the nonlinear property of the discussed model, the initial state values of the
controlled system are set asq1 = �= 3; ~q2 = 0 ; _q1 = 0, and_~q2 = 0.

According to the guidelines of the parameter selection summarized in Section3.4.3, we
first design the free parameter as shown in Table3.2. Regarding the potential energy of
the desired system, there exists a domain with respect toq1 , which is determined as

q1 2 QL =
 

�
r1 (mc + mp)
r2mc + r1mp

;
r1 (mc + mp)
r2mc + r1mp

!

: (3.40)

The positive functionP is set asP = kp(q2 � � (q1))2. Then we obtain the desired potential
energy functionVd(q) from (3.12). In order to facilitate the understanding of the integral
expression in the positive definite and proper performance, the 3D surface figures are
shown in Fig.3.5. We observe that the potential energy functionVd(q) is positive definite
and proper on the space ofQL � R. Furthermore,Vd(q) increases infinitely whenq1 closes
to the domain limit, which means that there exists a virtual huge force pushing back the
system to the origin when the system displacement becomes large. Hence, the restricted
space is positively invariant for finite disturbances. The high-order terms ofcd1(q1) and
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