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Vibration Control for Nonlinear Mechanical Systems with
Relative Information∗

Sheng Hao

Abstract

In this dissertation, vibration controllers based on relative information for nonlinear me-
chanical systems are proposed. Vibration suppression is a core concern in mechanical
system design. With the advancement of society’s informatization, the demand for vi-
bration control for information technology has grown in recent years. For decades, active
vibration reduction technologies have been employed in mechanical systems. Unfortu-
nately, most active vibration control approaches are based on the premise that all states
are precisely understood. It will be simple for sensors to observe the state if it is relative
information with a reference plane. If the reference plane, on the other hand, vibrates, it
is impossible to determine the absolute location and velocity using affordable sensors.

The key idea of the proposed controllers is to use the passivity properties of the mechan-
ical systems and skyhook strategies. Interconnection and damping assignment passivity-
based control (IDA-PBC) method is applied in most of our results due to its theoretical
advantages on energy shaping and stabilization of nonlinear systems. The content of this
dissertation is as follows.

In Chapter 1, we illustrate this study’s background and the motivation.
Chapter 2 considers the vibration control problem for the system with an external

control force. Any floating nonlinear mechanical structure with spring and damper can
be used to represent the system under consideration. The matching condition between
the controllable and desired systems is derived. We derive a control law with some limi-
tations and some free parameters. Only relative information, which is easily measured, is
used by the controller. In comparison to earlier work, we offer a novel parameter design
technique for more generalized nonlinear controlled devices. The inertia matrix of the
intended closed-loop system is determined using differential equations. The IDA-PBC ap-
proach theoretically guarantees the stability of the nonlinear closed-loop system. We have
presented a parameter selection strategy that is both efficient and effective in providing a
decent vibration suppression effect. The suggested control law achieved a virtual skyhook
damper utilizing just relative information under the specified parameter selection. The
suggested controller’s vibration impact is confirmed by simulation results for an example.

Chapter 3 considers the vibration control problem for the system with an internal
control force. We present a new nonlinear active dynamic vibration absorber control
system in which the information of the controller is not based on the world-coordinate
information. The proposed method can simultaneously control the vibrations that are
excited by a force disturbance and velocity disturbance. The control law uses only the
relative displacement and velocity of the vibration system, which can be easily measured by

∗Doctoral Dissertation, Course of Systems Science and Informatics, Graduate School of Infor-
mation Science and Technology, Hokkaido University, SSI-DT46195035, February 14, 2022.
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sensors. We revealed the equality and inequality constraints for matching the plant system
with the desired system. The numerical solutions of the partial differential equations are
not required with our proposed method. The main idea of the controller design is to convert
a nonlinear DVA system into a desired system with multiple virtual springs and dampers.
We also derived selection guidelines for the parameters of the desired system. The global
asymptotical stability is guaranteed automatically through passivity-based control theory,
although the parameter design is based on linearization.

In Chapter 4, the input-to-state stability (ISS) analysis for nonlinear systems with
multiple disturbances is proposed. For a class of nonlinear mechanical Hamilton systems
with a force noise and a velocity noise, we build an ISS Lyapunov function. The system
is divided into two types: one with a force disturbance and the other with a feedback
input and a velocity disturbance. Then, for each of those two systems, we built the ISS
Lyapunov function. The construction is based on a number of assumptions regarding the
system parameters, all of which are easily met in practice.

Chapter 5 proposes a novel IDA-PBC design for a quarter car nonlinear active sus-
pension system. We develop a feedback rule based solely on the relative displacement
and velocity of the suspension system, whereas most previous research has relied on ab-
solute data. It is calculated by obtaining the suspension system’s port-Hamiltonian form
from the dynamics of the suspension system and rewriting it using relative coordinates.
A low-cost sensor may be employed in practice with our unique controller. There is a
proposal for an IDA-PBC-based controller design for an active suspension system with a
nonlinear spring, a nonlinear damper, and mass uncertainty. Unlike other IDA-PBC im-
plementations, our approaches focus on changing the nonlinear suspension system into a
desired linear system with perfect aseismatic features, which tend to regulate the position
or velocity. We design a virtual vehicle body, an unsprung mass, and damper coefficients
in addition to a standard controller utilizing the skyhook control approach. We establish
the requirements that guarantee the suspension system’s global asymptotic stability in the
absence of model errors or disturbances, as well as parameter selection suggestions that
can assure robust stability in the face of parameter uncertainties in the mass, springs,
and dampers. Variations in passenger numbers and vehicle body loads, as well as aging
suspension parts and measurement mistakes, can all contribute to these inaccuracies.

Chapter 6 describes the conclusion of this dissertation.

Keywords: Vibration control, nonlinear system, port-Hamiltonian, passivity-based con-
trol, IDA-PBC

— iv —



Contents

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Preview of Chapters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Vibration Control for Systems with an External Actuator 7
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Notation and Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2.2 Port-Hamiltonian systems . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2.3 IDA-PBC Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.3 Controlled Objectives and Problem Setting . . . . . . . . . . . . . . . . . . 11
2.4 Modified IDA-PBC Method . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.4.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.4.2 Desired System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.4.3 Application of IDA-PBC Method . . . . . . . . . . . . . . . . . . . . 15

2.5 Parameter Selection Guideline . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.5.1 Linear Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.5.2 Coordinate Transformation . . . . . . . . . . . . . . . . . . . . . . . 18
2.5.3 Parameter Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.6 Parameter Selection under Uncertainties . . . . . . . . . . . . . . . . . . . . 21
2.7 An Example and Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3 Vibration Control for Systems with an Internal Actuator 31
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
3.2 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.3 Modified IDA-PBC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.3.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.3.2 Conditions for Matching Dynamics . . . . . . . . . . . . . . . . . . . 36
3.3.3 Stability Analysis with Zero Disturbances . . . . . . . . . . . . . . . 39

3.4 Guidelines for Parameter Selection . . . . . . . . . . . . . . . . . . . . . . . 40
3.4.1 Linear Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.4.2 Coordinate Transformation . . . . . . . . . . . . . . . . . . . . . . . 41
3.4.3 Parameter Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.5 Simulation Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

v



vi CHAPTER 0. CONTENTS

4 ISS Analysis for Nonlinear Systems with Multiple Disturbances 51
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.2 Preliminaries and problem formulation . . . . . . . . . . . . . . . . . . . . . 52

4.2.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.2.2 Motivation and problem formulation . . . . . . . . . . . . . . . . . . 52
4.2.3 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.3 Main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.3.1 ISS for the system with force disturbance . . . . . . . . . . . . . . . 54
4.3.2 ISS for the system with velocity disturbance . . . . . . . . . . . . . . 57

4.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5 Active Nonlinear Suspension Systems Design 61
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
5.2 Standard IDA-PBC Formulation . . . . . . . . . . . . . . . . . . . . . . . . 64
5.3 Problem Statements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5.3.1 Nonlinear Active Suspension Model with Uncertain Parameters . . . 66
5.3.2 Control Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.4 Suspension Design with IDA-PBC . . . . . . . . . . . . . . . . . . . . . . . 68
5.4.1 System modeling in pH form . . . . . . . . . . . . . . . . . . . . . . 68
5.4.2 Construction of desired system . . . . . . . . . . . . . . . . . . . . . 70
5.4.3 Conditions for matching dynamics . . . . . . . . . . . . . . . . . . . 73
5.4.4 Stability analysis with zero disturbances . . . . . . . . . . . . . . . . 74

5.5 Guidelines for Parameter Selection . . . . . . . . . . . . . . . . . . . . . . . 77
5.5.1 Robust Stability Against Parameter Uncertainty . . . . . . . . . . . 77
5.5.2 Suspension Performance . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.6 Simulation Verification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

6 Conclusion 85

Acknowledgements 87



List of Figures

1.1 Overview of this dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1 Conventional vibration suppression method . . . . . . . . . . . . . . . . . . 7
2.2 Illustration of IDA-PBC with an example of single pendulum . . . . . . . . 10
2.3 Structure of controlled object . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.4 Control diagram of proposed method . . . . . . . . . . . . . . . . . . . . . . 14
2.5 Linearized system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.6 Cart and pendulum system. . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.7 Time responses of the cart displacement (b = 1). . . . . . . . . . . . . . . . 24
2.8 Time responses of the cart displacement (b = 10). . . . . . . . . . . . . . . . 25
2.9 Time responses of the cart displacement without parameter uncertainties

(b = 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.10 Time responses of the cart displacement without parameter uncertainties

(b = 10). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.11 Time responses of the cart displacement with standard controller (b = 2) . . 28
2.12 Time responses of the cart displacement with robust controller (b = 2) . . . 28
2.13 Time responses of the cart displacement with standard controller (b = 10) . 29
2.14 Time responses of the cart displacement with robust controller (b = 10) . . 29

3.1 An example of a controlled object . . . . . . . . . . . . . . . . . . . . . . . 33
3.2 Control diagram of proposed method . . . . . . . . . . . . . . . . . . . . . . 35
3.3 Desired linearized system . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.4 Cart and pendulum system. . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.5 Vd surface. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.6 The response comparison of the absolute displacement of the cart under

frequency r = 10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.7 The response comparison of the absolute displacement of the cart under

frequency r = 100. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.8 The response comparison of the absolute displacement of the cart under

frequency r = 1000. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

5.1 Illustration of IDA-PBC with an example of single pendulum . . . . . . . . 65
5.2 Nonlinear quarter car suspension model with controller. . . . . . . . . . . . 66
5.3 Control diagram of proposed method . . . . . . . . . . . . . . . . . . . . . . 69
5.4 Desired system with several virtual springs and dampers. . . . . . . . . . . 72
5.5 Comparison of body accelerations . . . . . . . . . . . . . . . . . . . . . . . . 80
5.6 Comparison of power spectral density (PSD) of body accelerations . . . . . 80

vii



viii LIST OF FIGURES

5.7 Comparison of body displacements . . . . . . . . . . . . . . . . . . . . . . . 81
5.8 Comparison of tire deflections . . . . . . . . . . . . . . . . . . . . . . . . . . 81
5.9 Control force . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82



List of Tables

2.1 Parameters of the cart pendulum system . . . . . . . . . . . . . . . . . . . . 23

3.1 Parameters of the cart pendulum system . . . . . . . . . . . . . . . . . . . . 46
3.2 Free parameters of the proposed controller . . . . . . . . . . . . . . . . . . . 46

5.1 Parameters of suspension system . . . . . . . . . . . . . . . . . . . . . . . . 79
5.2 RMS of body accelerations . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

ix





Chapter 1

Introduction

1.1 Background

Vibration suppression is a core concern in mechanical system design. With the advance-
ment of society’s informatization, the demand for vibration control for information tech-
nology has grown in recent years. Many projects may fail if resonance effects are not
considered, resulting in economic losses and casualties. Power machinery such as steam
turbines, water turbines and motors, transportation vehicles such as automobiles, trains,
ships and airplanes, as well as work machines, mining machinery and construction ma-
chinery, all develop in the direction of high-speed and heavy-load, and their vibrations
are also increasingly strong, and many studies are proposed in [1, 2, 3, 4, 5]. With the
development of precision machine tools and precision machining technology, if one leaves
a calm environment with strict vibration isolation, the work will break, and the expected
accuracy goals cannot be achieved. With the development of the material industry and
the construction industry, high-strength building materials are widely used. The build-
ing’s height is constantly rising. As a result, the buildings have a significant amplitude
of several meters after being excited by wind loads, challenging to meet the comfort and
safety requirements [6, 7, 8].

For decades, active vibration reduction technologies have been employed in mechanical
systems. From the standpoint of vibration suppression, active vibration reduction can pro-
vide much better results than passive approaches, according to survey [9]. Unfortunately,
most active vibration control approaches [10, 11, 12, 13, 14] are based on the premise that
all states are precisely understood. It will be simple for sensors to observe the state if it
is relative information with a reference plane. If the reference plane, on the other hand,
vibrates, it is impossible to determine the absolute location and velocity using affordable
sensors.

Although the advancement of sensor technology allows for the observation of entire
information, there are certain drawbacks, such as pricey equipment and restricted fre-
quency characteristics. We may currently employ low-cost micro-electro-mechanical sys-
tems (MEMS) accelerometers, and ways for obtaining comprehensive information using
an accelerometer have been developed [15]. They will, on the other hand, generate an al-
gebraic loop, and such approaches are difficult to use in nonlinear scenarios. The absolute
information can be estimated utilizing observer approaches [16]. Still, in the nonlinear
scenario, such strategies are tough to implement, and it’s important to note that they
usually worsen performance.

1
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The automobile industry has developed many works on suspension design using robust
control methods against unmeasured external vibration during the last two decades. The
robust controller can be designed by Linear-Quadratic-Gaussian (LQG) methodology[17,
18, 19, 20, 21], H∞ technique[22, 23], saturated adaptive robust control (ARC) strategy
[24] and so on. Significantly, the works based on H∞ technique show good performance
on the robustness concerning the uncertainties due to sensors. Even so, to apply these
methods to nonlinear systems, we often need to solve Hamilton-Jacobi equations.

During the last two decades, the vehicle industry has produced several works on suspen-
sion design that include strong control mechanisms against unmeasured external vibration.
Linear-QuaThe robust controller can be designed by Linear-Quadratic-Gaussian (LQG)
methodology[17], H∞ technique[22, 23], saturated adaptive robust control (ARC) strat-
egy[24] and so on may all be used to create a robust controller. Significantly, the studies
based on the H∞ approach demonstrate high resilience in the face of sensor uncertainties.
Even yet, we frequently need to solve Hamilton-Jacobi equations in order to apply these
approaches to nonlinear systems.

To avoid the Hamilton-Jacobi equations while designing the controllers for nonlinear
systems, interconnection and damping assignment passivity-based control (IDA-PBC) de-
sign approach [25], as a powerful energy shaping control method for nonlinear systems,
is widely used in nonlinear mechanical systems. The global asymptotic stability of the
system under IDA-PBC without a disturbance is guaranteed because one can naturally
design a desired Hamiltonian function as a Lyapunov function [26, 27]. Although the clas-
sical PBC approach [28, 29, 30] can handle a wide variety of control issues, it is difficult
to tackle vibration control problems using the classical PBC technique due to a lack of
freedom in controller design. One of the advantages of IDA-PBC over other PBC tech-
niques is that we can vary the kinetic energy, which provides us a lot of flexibility when
constructing the controller. The virtual changes in inertia, elasticity coefficients or gravity
terms, and viscous resistance coefficients are represented by changes in the kinetic energy,
potential energy, and damping matrix, respectively. These variables have a direct impact
on vibration suppression. The most difficult component of the IDA-PBC design approach
is ensuring the solution of a set of partial differential equations induced by matching
dynamics.

Recently, Aoki et.al[31] developed a solution that uses IDA-PBC and a device compa-
rable to a tuned mass damper (TMD)[32] on the target system. They employ the added
device as an accelerometer in the study [31], but they examine its dynamics to prevent the
algebraic loop. To convert the controlled system to the system with skyhook damper[13],
they employ IDA-PBC. Despite the fact that Aoki et al. [31] were successful in suppressing
vibrations using only local information and without an accelerometer data, the approach
only works in the linear and basic nonlinear-spring cases. Since they only consider a con-
stant inertia matrix, the solution of partial differential equations induced by matching
dynamics are simplified. But if we consider a system with a nonlinear inertia matrix, we
must deal with the partial differential equations.

To summarize, the following problems are considered in this dissertation.

1. A new vibration controller only using relative information is expected.

2. Proposed vibration controller should guarantee the closed-loop system asymptotic
stability even for nonlinear cases.

— 2 —



Chapter 1. Introduction 1.2 Preview of Chapters

3. The general solutions of the partial differential equations induced by matching dy-
namics should be derived.

4. The effectiveness of the proposed approaches should be verified by a practical exam-
ple, like suspension design.

1.2 Preview of Chapters

In this dissertation, we propose several vibration suppression controllers for nonlinear
mechanical systems. The Figure 1.1 at the end of this chapter shows the relationship
between each chapter.

In Chapter 1, we illustrate the background and motivation of this dissertation.
In Chapter 2, we firstly consider the vibration control problem for the system with

an external control force. Any floating nonlinear mechanical structure with spring and
damper can be used to represent the system under consideration. The matching condition
between the controllable and desired systems is derived. We derive a control law with some
limitations and some free parameters. Only relative information, which is easily measured,
is used by the controller. In comparison to earlier work, we offer a novel parameter
design technique for more generalized nonlinear controlled devices. The inertia matrix
of the intended closed-loop system is determined using differential equations. The IDA-
PBC approach theoretically guarantees the stability of the nonlinear closed-loop system.
We have presented a parameter selection strategy that is both efficient and effective in
providing a decent vibration suppression effect. The suggested control law achieved a
virtual skyhook damper utilizing just relative information under the specified parameter
selection. The suggested controller’s vibration impact is confirmed by simulation results
for an example.

Chapter 3 considers the vibration control problem for the system with an internal
control force. We present a new nonlinear active dynamic vibration absorber control
system in which the information of the controller is not based on the world-coordinate
information. The proposed method can simultaneously control the vibrations that are
excited by a force disturbance and velocity disturbance. The control law uses only the
relative displacement and velocity of the vibration system, which can be easily measured by
sensors. We revealed the equality and inequality constraints for matching the plant system
with the desired system. The numerical solutions of the partial differential equations are
not required with our proposed method. The main idea of the controller design is to convert
a nonlinear DVA system into a desired system with multiple virtual springs and dampers.
We also derived selection guidelines for the parameters of the desired system. The global
asymptotical stability is guaranteed automatically through passivity-based control theory,
although the parameter design is based on linearization.

In Chapter 4, the input-to-state stability (ISS) analysis for nonlinear systems with
multiple disturbances is proposed. For a class of nonlinear mechanical Hamilton systems
with a force noise and a velocity noise, we build an ISS Lyapunov function. The system
is divided into two types: one with a force disturbance and the other with a feedback
input and a velocity disturbance. Then, for each of those two systems, we built the ISS
Lyapunov function. The construction is based on a number of assumptions regarding the
system parameters, all of which are easily met in practice.

Chapter 5 proposes a novel IDA-PBC design for a quarter car nonlinear active sus-

— 3 —
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pension system. We develop a feedback rule based solely on the relative displacement
and velocity of the suspension system, whereas most previous research has relied on ab-
solute data. It is calculated by obtaining the suspension system’s port-Hamiltonian form
from the dynamics of the suspension system and rewriting it using relative coordinates.
A low-cost sensor may be employed in practice with our unique controller. There is a
proposal for an IDA-PBC-based controller design for an active suspension system with a
nonlinear spring, a nonlinear damper, and mass uncertainty. Unlike other IDA-PBC im-
plementations, our approaches focus on changing the nonlinear suspension system into a
desired linear system with perfect aseismatic features, which tend to regulate the position
or velocity. We design a virtual vehicle body, an unsprung mass, and damper coefficients
in addition to a standard controller utilizing the skyhook control approach. We establish
the requirements that guarantee the suspension system’s global asymptotic stability in the
absence of model errors or disturbances, as well as parameter selection suggestions that
can assure robust stability in the face of parameter uncertainties in the mass, springs,
and dampers. Variations in passenger numbers and vehicle body loads, as well as aging
suspension parts and measurement mistakes, can all contribute to these inaccuracies.

Chapter 6 describes the conclusion of this dissertation.

— 4 —
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Chapter 1

Background

Chapter 3

Vibration Conrol for Systems

with an Internal Actuator

Controller Design for General Systems

Chapter 2

Vibration Conrol for Systems

with an External Actuator

Chapter 4

ISS Analysis for Systems

with Multiple Disturbances

Chapter 5

Active Nonlinear Suspension Design

Application for Practical Systems

Chapter 6

Conclusion

Figure 1.1: Overview of this dissertation
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Chapter 2

Vibration Control for Systems
with an External Actuator

2.1 Introduction

Consider the following basic linear structure like Fig. 2.1(a), where u, F , k, c, and z
represent feedback input, force disturbance, spring elastic coefficient, damping coefficient,
and floor displacement, respectively. It’s simple to suppress vibrations using active vibra-
tion control methods if we know the primary body’s absolute displacement. The skyhook
damper mechanism, as depicted in Fig. 2.1(b), functions as a virtual damper between the
main body and a fixed ceiling. We can get good control performance using this strategy.
However, owing to floor vibrations, the absolute position reference point is lost, making
obtaining the whole information of the main body, which is necessary for the skyhook
damper technique, difficult.

With the help of an accelerometer, we can get all the information we need. A static
loop is created via direct feedback of the acceleration signal, and a drift issue is generated
by integrating the acceleration signal to acquire the velocity. Although filtering techniques
can alleviate the static-loop problem, the frequency-domain design is frequently necessary
due to the filter’s undesirable phase lag.

As a result, this chapter presents a novel vibration-suppression control based solely
on relative data. We suppose that the controlled item has an extra mechanical degree-

zF ck

u

(a) Basic structure

zF ck

u

(b) Skyhook system

Figure 2.1: Conventional vibration suppression method
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of-freedom (DOF) to collect more rich information from the relative movement measure-
ments. This method is nearly identical to carefully studying the internal dynamics of an
accelerometer. Our technique may be used in systems where the extra (nonlinear) dy-
namic structure is naturally contained, in addition to examples using accelerometers. In
some circumstances, the extra structure may have a mass that cannot be disregarded, and
its motion, even in the low-frequency range, has a phase lag.

2.2 Notation and Preliminaries

2.2.1 Notation

Notation Description
R the set of real numbers
Rn the set of n-dimensional vectors
Rm×n the set of m × n real matrices
0m×n the m × n matrix whose elements are all zero
| · | a 2-norm
λmin the minimum eigenvalue

For matrix A(x), A(x) > 0 means that A(x) is a positive definite matrix, A(x) ≥ 0
means that M(x) is a semi-positive definite matrix. A⊥ denotes the full row rank left
annihilator of A, i.e., A⊥ · A = 0.

2.2.2 Port-Hamiltonian systems

The presence of a storage function fulfilling the dissipation inequality with respect to
the supply rate is well-known, and passive systems are characterized by the existence of
a storage function satisfying the dissipation inequality with respect to the supply rate.
Port-Hamiltonian (pH) systems, on the other hand, are endowed with the attribute of
passivity as a result of their system formulation. pH systems are, in reality, the result of
first-principles physical modeling. They are described in terms of a Hamiltonian function
and two geometric structures (corresponding to power-conserving connectivity and energy
dissipation, respectively), with the Hamiltonian function satisfying the dissipation criteria
theoretically. pH system is a more general physical system expression formulation which
including Euler-Lagrange systems. It is suitable for modeling and analyzing large-scale
and complex systems, including complex physical areas such as electrical, mechanical, and
thermal fluids, and has been actively researched in recent years.

A general form of pH systems is defined as follows.

Definition 1. A port-Hamiltonian system with n-dimensional state space manifold X ,
input and output spaces U = Y = Rm, and Hamiltonian H : X → R, is given as

ẋ = [J(x) − R(x)] ∂H

∂x
(x) + g(x)u

y = g>(x)∂H

∂x
(x)

(2.1)

where the n × n matrices J(x), R(x) satisfy J(x) = −J>(x) and R(x) = R>(x)
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By the properties of J(x), R(x), it immediately follows that

dH

dt
(x(t)) = ∂H

∂x
(x(t))ẋ(t) = −∂H

∂x
(x(t))R(x(t))∂H

∂x
(x(t)) + y>(t)u(t) ≤ u>(t)y(t),

(2.2)

implying passivity if H ≥ 0.
The Hamiltonian H represents the system’s total stored energy, whereas u>y represents

the externally provided power. Geometric structures on the state space X play important
roles in the definition of a pH system: the internal interconnection structure given by
J(x), which is power-conserving due to skew-symmetry, and a resistive structure given by
R(x), which is responsible for internal energy dissipation due to nonnegativity.

The pH formulation of standard mechanical systems directly follows from classical
mechanics. The Hamiltonian representation of fully actuated Euler-Lagrange equations in
n configuration coordinates q = (q1, ..., qn) given by the 2n -dimensional system

q̇ = ∂H

∂p
(q, p),

ṗ = −∂H

∂q
(q, p) + u,

y = ∂H

∂p
(q, p) (q̇),

(2.3)

where the generalized forces vector and generalized velocities vector are represented by u
and y, respectively. Herein (q, p) is the state space, also known as the phase space. The
Hamiltonian function H(q, p) is the sum of a kinetic energy and a potential energy in most
mechanical systems.

H(q, p) = 1
2p>M−1(q)p + V (q). (2.4)

2.2.3 IDA-PBC Method

IDA-PBC shapes both the kinetic energy and potential energy of the system while preserv-
ing the structure of the pH system and finally achieves stabilization by utilizing passive
energy. Here we use an example of a simple pendulum to illustrate the mechanism, as
shown in Figure 2.2. It is assumed that the support part of the pendulum is connected to
the external environment by a frictionless joint, and torque can be input to the pendulum
from the joint. Consider controlling the simple pendulum to an inverted state from the
viewpoint of energy. The simple pendulum vibrates vertically and downward when there is
no control input. This can be explained by the fact that the vertically downward direction
is the minimum energy state of the simple pendulum system. IDA-PBC initially controls
the minimum energy state of the system to be an inverted state by Energy Shaping. As a
result, it becomes a natural state in the sense that the simple pendulum makes a simple
vibration around the vertically upward direction. On top of that, a damping effect called
Damping Injection is added, and the system converges to the minimum energy state. In
other words, the simple pendulum is controlled to the inverted state. In this case, the
damping effect is the negative feedback of the angular velocity of the pendulum, which
physically corresponds to the damper and friction. In addition, the pendulum’s angular

— 9 —



Vibration Control with Relative Information Sheng Hao

Energy Shaping Damping Injection

Figure 2.2: Illustration of IDA-PBC with an example of single pendulum

velocity corresponds to this system’s passive output, and since stabilization is achieved by
negative feedback, it is called passivity-based control (PBC).

The IDA-PBC approach is a strong controller design methodology for solving the sta-
bilization problem, and the dynamics with a pH form are frequently described as follows:

ẋ =
[
q̇
ṗ

]
=
[
0n×n In

−In 0n×n

]
∂H

∂x

>
+
[
0n×m

G(q)

]
u, (2.5)

where q, p ∈ Rn are the generalized displacement and momentum, respectively, u ∈ Rm

represents the input force, and G(q) ∈ Rn×m, with rank(G)= m. When m < n, we say
that the controlled system is underactuated. The Hamiltonian function H is defined as
follows:

H(q, p) = 1
2p>M−1(q)p + V (q),

where M ∈ Rn×n is the positive definite inertia matrix, and V ∈ R is the potential energy.
Designing a static state feedback that stabilizes the target system is the control goal. In
IDA-PBC, this is accomplished by matching the pH target dynamics.

ẋ =
[

0n×n M−1(q)Md(q)
−Md(q)M−1(q) J2(q, p) − Cd(q)

]
∂Hd

∂x

>
, (2.6)

with the new Hamiltonian function

Hd(q, p) = 1
2p>M−1

d (q)p + Vd(q),

where the desired mass matrix Md ∈ Rn×n is positive definite, the desired potential energy
Vd ∈ R verifies

q? = argminHd(q) = argminVd(q), (2.7)

and the desired damping matrix is defined by

Cd(q) = G(q)CdpG>(q) ≥ 0, (2.8)

with Cdp a positive-definite matrix. The matrix J2 ∈ Rn×n is free to the designer and fulfills
the skew-symmetry condition J2(q, p) = −J>

2 (q, p). For holding (2.7), two conditions need
to be satisfied.
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1. Necessary extremum assignment: ∇qHd(q?) = 0.

2. Sufficient minimum assignment: ∇2
qHd(q?) > 0, which indicates that the Hessian of

the function at the equilibrium point is positive.

By equating the right-hand sides of (2.5) and (2.6), we obtain the matching equation

G⊥(x)
[
∇qH − MdM−1∇qHd + J2M−1

d p
]

= 0, (2.9)

and explicit expression of the control input

u =
(
G>G

)−1
G>

(
∇qH − MdM−1∇qHd + J2M−1

d p
)

− RdG>∇pHd, (2.10)

The structural matrix is unaltered in the original PBC technique; that is, J = Jd.
We may also adjust the kinetic energy by considering the new artificial structure matrix,
giving us a lot of flexibility in selecting the desired Hamiltonian Hd. The requirement
to solve nonlinear partial differential equations (2.9) is the fundamental disadvantage of
IDA-PBC. Because a closed-form solution of the matching equation is seldom found, it
is required to assess whether the desired goal dynamics can be achieved. The IDA-PBC
approach is used to build an active DVA controller in the next section, with extra matching
requirements for the disturbance terms taken into account.
Remark 2. For the general position control problem, like controlling crane, we usually only
need to ensure the passivity and the equilibrium point, which can be achieved by classical
PBC method. However, in vibration control problem, we have to consider the frequency
response from disturbances, which varies by the setting of mass, springs, and dampers.
If we can shape the kinetic energy, that means we can change the mass parameter of
plant system, this will help us while suppressing the vibration. For instance, skyhook
damper control, as a famous vibration control strategy, can be realized by classical PBC
technique. The designed dissipation matrix represents the designed skyhook damper,
which can suppress the vibration in limited frequency domain. However, if we can design
the desired kinetic energy, which determined by mass parameter, the vibration suppression
effect in frequency domain will be extended.

2.3 Controlled Objectives and Problem Setting
We define a class of port Hamiltonian systems with force and velocity disturbances in
this section, which are typically encountered in vibration suppression problems. In our
study, we added a nonlinear extra mass to the main body, as shown in Fig. 2.3(a), where
q1 represents the additional mass’s relative displacement and q̃2 denotes the main body’s
displacement in world coordinate. The system is a component of a managed object, but
it is not the actual target system.

We can receive the absolute information of the primary body indirectly because the
extra mass is aroused by the absolute movement of the main body. The main purpose of
an accelerometer is to obtain absolute information from another device; consequently, this
added mass serves the same purpose as an accelerometer. We investigate the dynamics
of the added mass to prevent the algebraic loop caused by the direct feedback of the
acceleration signal. In addition to examples using accelerometers, our technique may be
used in systems with naturally occurring extra dynamic structure.
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q1

q2~

(a) Floating system

q1
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@q2
2

z
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c u
F

(b) Controlled object

Figure 2.3: Structure of controlled object

We suppose that there is a symmetry on the change of q̃2, from which Noether’s theorem
[33, 34, 35, 36] derives a law of conservation of momentum with regard to the movement
of the whole mass in the q̃2 direction. According to the symmetry, the Hamiltonian of
this system is not the function of q̃2, i.e. the inertia matrix and the potential energy only
depend on q1. Consequently, the Hamiltonian of the system of Fig. 2.3(a) can be written
as

H̃(q1, p) = 1
2p>M(q1)−1p + V1(q1)

M(q1) =
[
m1(q1) m2(q1)
m2(q1) m3(q1)

] (2.11)

p = M(q1)
(

q̇1
˙̃q2

)
, (2.12)

and the friction coefficient matrix becomes C̃ = diag(µ, 0), where µ > 0 is the friction
coefficient of the additional movement. The positive-definite matrix M(q1) is the inertia
matrix, V1(q1) is the potential energy of the internal structure, and p is the generalized
momentum. We assume that V1(q1) is positive definite with respect to q1. The law of
conservation of momentum of the basic structure is p2 = m2(q1)q̇1 + m3(q1) ˙̃q2 = const.
We assume that there exists an interconnection between the motion of q1 and q̃2, and thus
m2(q1) 6= 0.

By adding a potential force V2(q2) and a damping term cq̇2 with respect to the relative
movement between the main body and a vibrating object, a force disturbance F , and a
control input u, we obtain the controlled object like Fig. 2.3(b). We assume that the
control force and the force disturbance act on the main body. The Hamiltonian of the
controlled system is

H(p, q) = H̃(q1, p) + V2(q2)
q = (q1, q2)>, q2 = q̃2 − z(t),

(2.13)

where z and q2 denote the displacement of the vibrating object and the relative displace-
ment of main body from the object, respectively. We let the additional potential V2(q2)
be positive definite with respect to q2 as well. The definition (2.12) of p can be rewritten
as

p = M(q1) (q̇ − aω) , (2.14)
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where ω = ż is a velocity disturbance, and a = (0, −1)>. Notice that p is defined in the
world coordinate, while q is a relative displacement vector.

Thus, the controlled object can be expressed by a port-Hamiltonian (pH) system

ẋ = (J − R)∂H

∂x

>
+ Dω + B(u + F ), (2.15)

where x = (q>, p>)> is the state, and

J =
[

O I
−I O

]
, R =

[
O O
O C

]
, C = C̃ + C̃a =

[
µ 0
0 c

]
,

B = (0 0 0 1)>,

D = (a> − (Ca)>)> = (0 − 1 0 c)>.

Our main purpose is the vibration suppression of q̃2 against the velocity disturbance
ω(t) and the force disturbance F (t). Note that q̃2 ≈ 0 means q2 ≈ −z(t). Since the second
element of D is −1, a feedforward term of ω exists in the dynamics of q2, and therefore
suppression of p will achieve the control objective. In this study, we construct an IDA
passivity-based controller using only the relative displacements q and velocities q̇, which
can be easily measured by sensors. Note that our control law is not a function of q and p
but q and q̇, because p is defined in the world coordinate and (2.14) includes ω.

2.4 Modified IDA-PBC Method

2.4.1 Overview

The solution to the control problem indicated in the preceding part is given in this section,
which involves building an IDA-PBC-based controller. The control variables of the IDA-
PBC basic controller are relative displacement q, absolute momenta p, and disturbance
signal ω. A feedback rule that only requires the relative displacement, q, and the relative
velocity, q̇, is produced by rewriting momenta p into the form of M(q̇+ω) and canceling the
coefficient of ω. The following is a summary of our suggested controller’s design scheme:

Step 1: The plant system’s pH form is calculated, and it is rebuilt using relative coordi-
nates.

Step 2: IDA-PBC is used to develop the feedback law.

Step 3: The feedback law is split into two parts: relative information and disturbance.
The criteria for making the disturbance component zero have been discovered.

Step 4: To ensure suspension performance and strong stability, criteria for parameter
selection for the controller are established.

Step 5: The feedback law’s precise form is achieved.

In this section, we define the dynamics of desired system at first, and then obtain a
matching condition between the controlled system and the desired system. The matching
condition clarifies the degree of freedom in the controller design and the expression of
feedback law with free parameters as well as equality and inequality constraints.
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Figure 2.4: Control diagram of proposed method

2.4.2 Desired System

We construct the desired system with artificial structure matrix as follows:

ẋ = (Jd(q1) − Rd(q1))∂Hd

∂x

>
+ Dd(q1)ω

+ Ddp(q1)p · ω + Ddω(q1)ω2 + BF,

(2.16)

where
Hd(x) = 1

2p>Md(q1)−1p + Vd(q1, q2) (2.17)

denotes the Hamiltonian of desired system, and

Md(q1) =
[
md1(q1) md2(q1)
md2(q1) md3(q1)

]
,

Jd(q1) =
[

O M(q1)−1Md(q1)
−Md(q1)M(q1)−1 J2(q1)

]
,

J2(q1) =
[

0 je(q1)
−je(q1) 0

]
,

Rd(q1) =
[
O O
O Cd(q1)

]
, Cd(q1) =

[
cd1(q1) cd2(q1)
cd2(q1) cd3(q1)

]
,

Dd(q1) = (0 − 1 0 d1(q1))>,

Ddp(q1) =
[
0 0 0 d2(q1)
0 0 0 d3(q1)

]>

,

Ddω(q1) = (0 0 0 d4(q1))>.

Jd(q1), Rd(q1), Vd(q), and Md(q1) denote an artificial skew-symmetric structure matrix, a
semi-positive definite damping matrix, a potential energy, and the inertia matrix in the
desired Hamiltonian, respectively.
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2.4.3 Application of IDA-PBC Method

We can derive the expression of feedback law with equality and inequality constraints on
the parameters of the desired system by matching the dynamics of desired system with
that of controlled system as follows:

(Jd − Rd)∂Hd

∂x

>
= (J − R)∂H

∂x

>
+ Bu + (D − Dd)ω − Ddp(q1)p · ω − Ddω(q1)ω2.

(2.18)
For convenience of calculations, we set

S(q1) = M−1(q1) =
[
s1(q1) s2(q1)
s2(q1) s3(q1)

]

Sd(q1) = M−1
d (q1) =

[
sd1(q1) sd2(q1)
sd2(q1) sd3(q1)

]
.

(2.19)

Hereafter, by omitting ‘(q1)’, we simply express them as S, Sd, si and sdi. Each side of
(2.18) is four dimensions vector. The first two components of (2.18) are already satisfied
for all x and ω. We can easily derive the equality constraints of parameters by extracting
the coefficients of p, q and their higher-order terms. By focusing on the coefficients of p2

1,
p1p2 and p2

2 in the third component of (2.18), we obtain

sd1
′ = |Sd|s1

′

s1sd3 − s2sd2

sd2
′ = |Sd|s2

′

s1sd3 − s2sd2

sd3
′ = |Sd|s3

′

s1sd3 − s2sd2
,

(2.20)

where ∗′ means the derivative with respect to q1.
The coefficients of p1 and p2 in the third component of (5.25) derive the following

relations:

cd1(q1) = µ

|Sd|
(s1sd3 − s2sd2) (2.21)

je(q1) = cd2(q1) + µ

|Sd|
(s1sd2 − s2sd1). (2.22)

The rest of the third component of (5.25) leads an equation for the potential energy

s2sd2 − s1sd3
|Sd|

· ∂Vd

∂q1
+ s3sd2 − s2sd3

|Sd|
· ∂Vd

∂q2
+ V ′

1 = 0.

The general solution of the above equation is

Vd(q) = P

[
q2 +

∫ q1

0

s3sd2 − s2sd3
s1sd3 − s2sd2

∣∣∣∣
q1=τ

dτ

]

+
∫ q1

0

V ′
1 |Sd|

s1sd3 − s2sd2

∣∣∣∣
q1=τ

dτ,

(2.23)

where P will be an arbitrary positive-definite function.
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By solving the forth equation of (5.25) with respect to u, we can obtain a feedback law
u = αraw(q, p, ω). Notice that the feedback should be a function of q and q̇ only. Hence,
we decompose αraw as

αraw (q, M(q1)(q̇ − aω), ω) = α(q, q̇) + αrest(q, q̇, ω)ω.

The coefficient αrest(·) should be identically zero, and thus we decompose it again as

αrest(q, S(q1)p + aω, ω) =
α1(q1) + α2(q1)p1 + α3(q1)p2 + α4(q1)ω.

By solving αi(q1) = 0 (i = 1, . . . , 4)with respect to d1(q1), . . . , d4(q1) and applying (2.20),
we obtain additional equality constraints

d1(q1) = 1
|S|

{(s1sd3 − s2sd2)cd3(q1)

+ (s1sd2 − s2sd1)(je(q1) + cd2(q1)}
(2.24)

(d2(q1) d3(q1)) = g(q1) · (0 1)M ′S (2.25)

d4(q1) = g(q1)
2 · (0 1)M ′(0 1)>, (2.26)

where M ′ = ∂M/∂q1 and
g(q1) = s2sd1 − s1sd2

s1sd3 − s2sd2
.

The control input can be written as

u = α(q, q̇)

= (s2sd3 − s3sd2)cd3 − (s3sd1 − s2sd2)(cd2 + je)
|S|

q̇1

+ (c − d1(q1))q̇2 + g(q1)
2 · q̇>M ′q̇ + ∂V2(q2)

∂q2

+ s1sd2 − s2sd1
|Sd|

· ∂Vd

∂q1
− s3sd1 − s2sd2

|Sd|
· ∂Vd

∂q2
.

(2.27)

Because of the feature of IDA-PBC, the closed-loop system is identical to the desired
system. Therefore, the asymptotic stability of zero-disturbance case can be guaranteed by
the nature of pH system. Thus, we need to ensure the positive definiteness of Md, Vd and
Cd, and the following inequality constraints can be derived:

sd3(q1) > 0, |Sd(q1)| > 0, (2.28)
s1sd3 − s2sd2 > 0, ∀q1, (2.29)
|Cd(q1)| > 0, (2.30)
P [σ] > 0, σ 6= 0. (2.31)

Inequalities (2.28) show the positive definiteness of the inertia matrix of the desired system.
We can show cd1(q1) > 0 from (2.29) and (2.21), and therefore (2.29) and (2.30) means
that the damping matrix of the desired system is positive definite. Because of (2.29), the
positivity of the second term of (2.23) will be automatically satisfied if q1V ′

1 ≥ 0. Hence,
under the constraint (2.31), the potential energy function Vd(q) is positive definite.
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We can gain sdi(q1) by solving (2.20), while the initial value Sd(0) = Sd0 is a degree of
freedom. The inequality constraints of parameters are (2.28), (2.29), (2.30), and (2.31).
The equality constraints of parameters are (2.21), (2.22), (2.23), (2.24), (2.25), (2.26), and
(2.27).

Note that the asymptotic stability is guaranteed by the positive definiteness of Md,
Vd and Cd. Therefore, stability of the numerical solution process of differential equation
(2.20) is not required when designing the control law.

In next section, we derive the guideline of parameter selection in order that we can
obtain an aseismic desired system.

2.5 Parameter Selection Guideline

2.5.1 Linear Approximation

We need to know what function all factors play in vibration dynamics in order to develop
the parameters of the desired system. The actual significance of parameters in an inertia
matrix, however, is uncertain due to the nonlinear term. As a result, we will first develop
the parameter selection guideline based on the linearly approximated systems of (2.15) and
(2.16), which define the free parameters’ low-order terms. Then we’ll use it in a nonlinear
situation. By the quadratic approximation of H, the Hamiltonian of the linearized plant
is

HL(p, q) = 1
2p>S0p + 1

2(K1q2
1 + K2q2

2),

where

S0 =
[
s10 s20
s20 s30

]
= S(0)

K1 = ∂2V1
∂q2

1
(0), K2 = ∂2V2

∂q2
2

(0).

The linearized controlled object can be described as

ẋ =
[

0 I
−I −C

](
diag(K1, K2)q

S0p

)
+
(

a
−Ca

)
ω. (2.32)

The quadratic approximation of Hd can be also obtained as

HdL(p, q) = 1
2{p>Sd0p + Kd1q2

1 + Kd2(q2 + hq1)2},

where

Sd0 =
[
sd10 sd20
sd20 sd30

]
= Sd(0),

h = s30sd20 − s20sd30
s10sd30 − s20sd20

(2.33)

Kd1 = K1|Sd0|
s10sd30 − s20sd20

, Kd2 = ∂2P (y′)
∂y′2

∣∣∣∣∣
y′=0

. (2.34)
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The linearized desired system is

ẋ = (Jd0 − Rd0)
(

Kd0q
Sd0p

)
+ Dw0ω + BF, (2.35)

where

Jd0 =
[

O M−1
0 Md0

−Md0M−1
0 J20

]
, J20 =

[
0 je0

−je0 0

]

Md0 = S−1
d0 =

[
md1 md2
md2 md3

]
, Kd0 = diag(Kd1, Kd2)

Rd0 =
[
O O
O Cd0

]
, Cd0 =

[
cd10 cd20
cd20 cd30

]
Dw0 = (0 − 1 0 d10)>

2.5.2 Coordinate Transformation

The diagonalized inertia matrix can help us clarify the structure of linearized system, thus
we consider new transformed variables

q̂ = L−1q, p̂ = L>p, (2.36)

where

L =
[
r0 −r0
0 1

]
, (2.37)

r0 = m20
m10

= −s20
s30

. (2.38)

To simplify the problem, we choose Sd0 such that h defined by (2.33) becomes zero, i.e.
s20
s30

= sd20
sd30

. (2.39)

Under the new constraint (2.39),

r0 = md20
md10

= −sd20
sd30

is also satisfied as well as (2.38).
The coordinate of main mass q2 is maintained with this coordinate transformation, i.e.

q̂2 = q2. Please recall that the control objective is the vibration suppression of the main
body. Then, the linear approximation of (3.2) can be transformed to

p̂ = L>M0L( ˙̂q − L−1L>aω) = M̂( ˙̂q − âω),

where

M̂ = L>M0L = diag.(m̂1, m̂2)
m̂1 = m10r2

0, m̂2 = m30 − m10r2
0

â = L−1L>a = (−1 − 1)>.
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Consequently, the linearized controlled object (2.32) can be transformed to(
˙̂q
˙̂p

)
=
[

0 I

−I −Ĉ

](
K̂q̂

Ŝp̂

)
+
(

â

−Ĉâ

)
ω, (2.40)

where

Ŝ = M̂−1 = diag(m̂−1
1 , m̂−1

2 )

K̂ = LT diag(K1, K2)L =
[

K̂1 −K̂1
−K̂1 K̂1 + K̂2

]

Ĉ = LT CL =
[

Ĉ1 −Ĉ1
−Ĉ1 Ĉ1 + Ĉ2

]
K̂1 = K1r2

0, K̂2 = K2, Ĉ1 = µr2
0, Ĉ2 = c.

Under the assumption (2.39), the inertia matrix of the linearized desired system (2.35)
in the new coordinate is

M̂d = L>Md0L = diag(m̂d1, m̂d2)
= diag(md10r2

0, md30 − md10r2
0),

which is also a diagonal matrix under the constraint of (2.39). The linearized desired
system is also converted into(

˙̂q
˙̂p

)
= (Ĵd − R̂d)

(
K̂dq̂

Ŝdp̂

)
+ D̂dω + B̂F, (2.41)

where

Ĵd =
[

O M̂−1M̂d

−M̂dM̂−1 Ĵ2

]
, Ĵ2 = LT J20L,

Ŝd = M̂−1
d = diag(m̂−1

d1 , m̂−1
d2 ),

K̂d = LT

[
Kd1 0

0 Kd2

]
L =

[
K̂d1 −K̂d1

−K̂d1 K̂d1 + K̂d2

]
,

K̂d1 = Kd1r2
0, K̂d2 = Kd2,

R̂d = diag (O, Ĉd),

Ĉd = LT Cd0L =
[
Ĉd1 + Ĉd2 −Ĉd2

−Ĉd2 Ĉd2 + Ĉd3 + Ĉd4

]
,

Ĉd1 = r0cd2, Ĉd2 = r2
0cd10 − r0cd2,

Ĉd3 = cd30 − r0cd20 − d10, Ĉd4 = d10,

D̂d = diag(L−1, LT )Dw0 = (−1 − 1 0 d10)>,

B̂ = diag(L−1, LT )B = B.

The linearized controlled object (2.40) can be considered as a mass-spring-damper
(MSD) system with a device similar to tuned mass damper (TMD) in Fig. 2.5(a). When
we ignore the difference between J and Ĵd, the linearized desired system (2.41) is regarded
as an MSD system with a TMD-like device and multiple skyhook dampers in Fig. 2.5(b).
Thus, in linearized case, the feedback law in this research realizes the virtual skyhook
dampers by only relative displacements and velocities.
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Figure 2.5: Linearized system

2.5.3 Parameter Design

We define mass ratios
r1 = m̂d1

m̂1
= md10

m10
, r2 = m̂d2

m̂2
. (2.42)

The values r1 and r2 are positive, if and only if Sd0 > 0.
From the definition (2.42), the inequality constraint (2.30) can be rewritten as

|Cd0| = µd10r1r2 − [cd20 − µr0(r1 − r2)]2 > 0. (2.43)

From the view point of energy, the small dissipation matrix is unsuitable for the control
objective. Thus, we set cd20 as

cd20 = µr0(r1 − r2), (2.44)

which maximizes |Cd0| for fixed r1 and r2. Hence, positive r1, r2, and d10 make Cd0 and
Md0 positive definite, and the asymptotical stability of the linearized desired system is
guaranteed. We will design d10, r1, and r2 such that |Cd0| is sufficiently large, under the
new constraint (2.44).

Under the assumptions (2.39) and (2.44), we obtain

cd30 = r2d10 + µr2
0(r2 − r1)2

r1
. (2.45)

The value of skyhook-damper coefficient of the main body becomes

Ĉd3 = d10(r2 − 1) + µr2
0r2(r2 − r1)

r1
. (2.46)

Obviously, large d10, r2 and small r1 can make skyhook damper coefficient (2.46) be large.
However, large d10 will lead to an increase in high frequency gain from z to q2, because
d10 indicates the damping coefficient between the vibrating object and the main body, as
seen in Fig. 2.5(b).
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Hence, we choose small d10 first, and design small r1 and large r2 so that skyhook
damper term coefficient Ĉd3 is sufficiently large, because of (2.46). From the empirical
knowledge, small d10 and large Ĉd3 in Fig. 2.5(b) make a good vibration suppression
effect.

The selection (2.44) makes Ĉd1, which is the coefficient of the skyhook damper of the
additional mass in Fig. 2.5(b), negative, but |Cd0| > 0 is guaranteed by a large cd30. A
large r2 also decreases the low-frequency gain from F as

GF q̃2(0) = Kd2
r2

. (2.47)

The above parameter selection guideline is more sophisticated than that in Aoki, et
al[31]. The parameter selection procedure is summarized as follows.

1. Choose sufficiently small d10 > 0, sufficiently small r1 > 0, and sufficiently large
r2 > 0. Select a small low-frequency gain with r2 and Kd2 in (2.47). Then design
a positive-definite function P [·] by (2.34). From (2.39) and (5.19), Sd0 (> 0) is
determined.

2. Calculate Sd(q1) by solving the differential equations (2.20) with the initial condition
Sd(0) = Sd0.

3. Check the conditions (2.28) and (2.29). If these inequalities are not satisfied for all
q1, return to the first step and choose the parameters again.

4. Set cd1(q1) as (2.21). The values of cd2(0) = cd20 and cd3(0) = cd30 are determined
by (2.44) and (2.45), respectively, and then Cd0 = Cd(0) > 0 is guaranteed. Choose
the high-order terms of cd2(q1) and cd3(q1) adequately so that Cd(q1) > 0.

5. Calculate je(q1), Vd(q), and d1(q1) by (3.10), (2.23), and (2.24), respectively.

6. Obtain the control law (2.27).

Despite the constructive nature of the design approach, the high-order terms of cd2 and
cd3 should be selected to fulfill Cd(q1) > 0. The practical meaning of the inertia matrix in
the desired system will be considerably different from that of the linear approximation case
as q1 increases. As a result, changes in the inertia matrix must be accompanied by changes
in Cd(q1) distant from the origin. Large |q1|, on the other hand, frequently indicates that
the present vibration is severe, therefore it is reasonable to increase the feedback gain
when |q1| hits a threshold. The concept of a control barrier function might be used for
this, however this is a matter for future research. The parameter selection guideline in
this chapter focuses on increasing the size of the skyhook damper term, whereas the free
parameter selection in this suggested technique can regulate not only the skyhook damper
term but also the mass and spring term. The sensitivity of the free-parameter selection
to control performance will determine how to alter those terms to suppress vibration in a
larger frequency domain, and that will be the focus of our future study.

2.6 Parameter Selection under Uncertainties
Although with the parameter selection for the case mentioned above we can obtain a
perfect aseismatic desired system, the robustness against parameter uncertainties should
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be considered. Especially in vibration suppression industry, the attenuation of damper
property and the uncertainty of damper property often worsen the vibration suppression
effect. Thus, in this section, we clarify the parameter selection for the robust controller.
We redefine the damping coefficients µ and c as

µ = µ̃ + ∆µ, (2.48)
c = c̃ + ∆c, (2.49)

where µ̃, c̃ are the nominal values, and ∆µ, ∆c represent the uncertainties. The control
input u can be decomposed as

u = uc + uµ + urest, (2.50)

where

uc = (c − d1(q1)) · q̇2, (2.51)

uµ = (s2sd3 − s3sd2)cd3 − (s3sd1 − s2sd2)(cd2 + je)
|S|

q̇1. (2.52)

The ideal robust control input u should satisfy

ec = uc(c) − uc(c̃)
uc(c) = ∆c

c − d1(q1) ≈ 0, (2.53)

eµ = uµ(µ) − uµ(µ̃)
uµ(µ) ≈ 0. (2.54)

The first condition (2.53) can be easily satisfied by setting d1(q1) sufficiently large. Al-
though the second condition (2.54) is difficult to satisfied directly, we can find that the vi-
bration suppression effect highly depends on the value of skyhook-damper coefficient (2.46)
in linear approximated systems. Therefore, we focus on the cancelling the uncertainty of
µ in linear approximated systems. The uncertainty of µ in the value of skyhook-damper
coefficient (2.46) can be described as

esµ = ∆µr2
0r2(r2 − r1)

r1
, (2.55)

which can be ignored by setting r1 = r2. Thus, with r1 = r2 and large value of d1(q1), the
controller will be robust against the uncertainty of damping term µ and c.

Besides the robustness against uncertainty, we also must ensure the vibration suppres-
sion effect of the controller. Especially, a large d1(q1) is needed for the robustness to ∆c,
but large d10 also increases the high frequency gain from z to q2. Although it seems like
a trade-off problem, we can recall the effect of d10 in detail, which can be expressed as

ẍ = − Gd

m̂2
(ẋ − ω) = − d10

m̂2r2
(ẋ − ω). (2.56)

As long as we guarantee the small value of Gd, the high frequency gain from z to q2 will
be safe. In addition, the effect of skyhook damper G will be ensured by setting large d10
and small Gd.

The parameter selection procedure is summarized as follows.
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1. Choose appropriate values of d10, r1, and r2. If there is no uncertainty, choose large
r2 and small r1, d10. If there are uncertainties of c and µ, choose large d10 and r2,
and set r1 = r2. A positive definite function P [·] is also determined by a desired
GF q̃2(0) with (2.47). From (2.39) and (5.19), Sd0 (> 0) is determined.

2. Calculate Sd(q1) by solving the differential equations (2.20) with the initial condition
Sd(0) = Sd0.

3. Check the conditions (2.28) and (2.29). If these inequalities are not satisfied for all
q1, return to the first step and choose the parameters again.

4. Set cd1(q1) as (2.21). The values of cd2(0) = cd20 and cd3(0) = cd30 are determined
by (2.44) and (2.45), respectively, and then Cd0 = Cd(0) > 0 is guaranteed. Choose
the high-order terms of cd2(q1) and cd3(q1) adequately so that Cd(q1) > 0.

5. Calculate je(q1), Vd(q), and d1(q1) by (3.10), (2.23), and (2.24), respectively.

6. Obtain the control law (2.27).

Although the design procedure is constructive, the high-order terms of cd2 and cd3
should be chosen to satisfy Cd(q1) > 0. As well as increasing q1, the practical meaning
of the inertia matrix of the desired system will differ significantly from that of the linear
approximated case. Therefore, Cd(q1) far from the origin must be varied, as well as
changes in the inertia matrix. On the other hand, a large |q1| often implies that the
current vibration is violent, and therefore it is natural to use a high feedback gain when
|q1| reaches a threshold. The concept of the control barrier function may be utilized for
this purpose, but this topic is outside the scope of the present study and will be addressed
in the future.

2.7 An Example and Simulation
In this section, we illustrate the vibration suppression effect of the proposed feedback law
by providing a numerical example. We consider a cart-pendulum system, which is one

Table 2.1: Parameters of the cart pendulum system
Parameters Symbol Unit Value
pendulum mass mp Kg 0.2
cart mass mc Kg 10
length of mass less bar l m 5
viscosity dumper coefficient c N/(m/s) 2
rotational friction coefficient µ N/(m2/s) 10
elastic coefficient k2 N/m 3

of the benchmark models of a 2DOF system. The model is shown in Fig. 2.6, where
q1, q̃2, z, F , and u denote the swing angle of a pendulum, displacement of a cart in
world coordinates, a disturbance from the basement, a force disturbance on a cart, and
an input force, respectively. The system is tested by the disturbances z = sin(bt) and
F = 100 cos(bt) for b = 1 and b = 10.
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Figure 2.6: Cart and pendulum system.
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Figure 2.7: Time responses of the cart displacement (b = 1).
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Figure 2.8: Time responses of the cart displacement (b = 10).
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Author run simulations for the open loop system, the closed-loop system using the
suggested feedback law, and the closed-loop system using the traditional skyhook damper
approach to verify the proposed method’s effectiveness. The feedback law of skyhook
damper controller is given as

u = −Ĉd3 ˙̃q2,

where the skyhook damper value Ĉd3 is set as the same value as the one of our proposed
method. The skyhook damper approach, on the other hand, is used with the premise that
the cart’s absolute displacement and velocity are observable, but our suggested solution
simply employs relative displacement and velocity information.

According to the proposed guideline of parameter selection in section 5, we firstly set
small d10, small r1 and large r2 as d10 = 2, r1 = 15 and r2 = 1000. Since a small low-
frequency gain GF q̃2(0) is preferred, we design the part of the desired potential energy
function P [·] as P [γ] = 5γ2, so that GF q̃2(0) = 0.005. By setting cd2(q1) = cd20 and
cd3(q1) = cd30, we can ensure that the inequality constraints (2.28), (2.29) and (2.30) are
satisfied.

We analyze the displacements of the main body q̃2, whose vibration should be damp-
ened, using simulations. Figures 2.7 and 2.8 depict the temporal responses of the cart
displacement in open-loop system and closed-loop system, respectively, when b = 1 and
10. One can observe that in the closed-loop system with the suggested controller, the
main structure vibration is well controlled, whereas the open-loop approach has only a
little vibration suppression impact. Nevertheless, there is no discernible difference in per-
formance between the skyhook damper approach and the suggested method. As a result,
we were able to demonstrate that the suggested approach can accomplish the same suc-
cessful vibration reduction performance as the skyhook damper method without the need
for world-coordinate measurements.

To verify the parameter selection guideline, considering parameter uncertainties, pro-
posed in Section 2.6, we use the suggested controller to simulate the open-loop and closed-
loop systems, with disturbances of z = sin(bt) and F = 100 cos(bt) for b = 1 and b = 10,
respectively, with initial state of q(0) = 0 and p(0) = 0. We analyze the displacements of
the main body q̃2, whose oscillation should be reduced, using simulations.

We first verify the vibration suppression effect without parameter uncertainties. Thus,
we set ∆µ = ∆c = 0. We choose free parameters of the controller as r1 = 100, r2 = 1000,
d10 = 2, P [γ] = 5γ2, cd2(q1) = cd20, and cd3(q1) = cd30. The temporal responses of the
cart movement in the open-loop system and closed-loop system, respectively, are shown in
2.9 and 2.10. One can observe that in the closed-loop system with the suggested controller,
the main structure vibration is well controlled, whereas the open-loop approach has only
a little vibration suppression impact.

Author chose free parameters like r1 = r2 = 1000000 and d10 = 2000, and standard
parameters like r1 = r2 = 1000000 and d10 = 2000. Author set ∆µ = −9 and ∆c = −1,
implying that the true values of damper parameters are mu = 1 and c = 1, respectively,
to test robustness against µ and c uncertainty. The actual parameters µ, c are used in
the dynamics of experiment model, whereas the nominal values µ̃, c̃ are used in the feed-
back law. Figures 2.11 and 2.13 depict the temporal response of cart displacement in an
open and closed loop system, respectively, using a conventional controller that disregards
uncertainties. Figures 2.12 and 2.14 depict the temporal response of cart displacement
in an open loop and closed loop system with a robust controller that takes uncertainties
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Figure 2.9: Time responses of the cart displacement without parameter uncertainties
(b = 1).
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Figure 2.10: Time responses of the cart displacement without parameter uncertainties
(b = 10).
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Figure 2.11: Time responses of the cart displacement with standard controller (b = 2)
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Figure 2.12: Time responses of the cart displacement with robust controller (b = 2)
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Figure 2.13: Time responses of the cart displacement with standard controller (b = 10)
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Figure 2.14: Time responses of the cart displacement with robust controller (b = 10)
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into account. As shown by these figures, the controller created by ignoring uncertainties is
unable to suppress vibration, but the controller created by using a robust design effectively
suppresses vibration as predicted by the proposed hypothesis.

2.8 Conclusion
We solved the vibration suppression problem of the general pH system in this chapter
by inventing the IDA-PBC controller. Any floating nonlinear mechanical structure with
spring and damper can be used to represent the system under discussion. The matching
condition between the controlled system and the desired system has been demonstrated.
We demonstrate a control law with various free parameters and limitations. Only relative
information, which is easily measured, is used by the controller. In comparison to earlier
work [31], we offer a novel parameter design technique for more generalized nonlinear
controlled devices.

The inertia matrix of the intended closed-loop system is determined using differential
equations. The IDA-PBC approach theoretically guarantees the stability of the nonlinear
closed-loop system. We have proposed an efficient parameter selection scheme achieving a
good vibration suppression effect. Under the proposed parameter selection, the proposed
control law realized a virtual skyhook damper using only relative information. Simulation
results for an example verify the good vibration effect of the proposed controller.
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Chapter 3

Vibration Control for Systems
with an Internal Actuator

3.1 Introduction

Since the concept of a dynamic vibration absorber (DVA), otherwise known as a tuned
mass damper (TMD), was introduced in [37], it has been widely utilized in vibrating
mechanical systems during the past few decades. Theories and applications with respect
to the use of DVAs have been developed in buildings, bridges, suspension systems applied
in automobiles, space robot arms, and many other engineering systems [38, 39, 40].

Roughly speaking, a basic passive DVA is an additional /inertia structure linked to a
vibrating system with a spring and viscous damper. A DVA generates a force equal and
opposite to the exciting force, and the excited vibration can then be absorbed/suppressed
by the DVA. Owing to their simplicity and efficacy, passive DVAs are widely used in many
applications, where a balance of certain factors occurs, e.g., mass, spring, and damper,
of the DVA. However, the vibrations may become more violent if the factors are out of
balance. In particular, the deterioration of the vibration absorption performance will be
significant when the ratio of the DVA mass to the system mass is small. In addition to
the aforementioned problem, a passive DVA is ineffective when the vibrating system is
excited by multiple frequencies, which is a common occurrence, e.g., tall buildings under
seismic forces and wind. Accordingly, several solutions have been developed by researchers,
including the use of multiple DVAs [41, 42, 43, 44], to reinforce the effect of perturbation
cancellation and robustness, although it is still challenging to solve such cases that include
varying excitation frequencies. Nonlinear elements are considered in [45] and [46] for
solving multiple frequencies, although the analysis of nonlinear phenomena and dynamic
behaviors is not straightforward. Consequently, the application of passive DVAs is simple
and effective; in practice, however, the effect of vibration suppression remains insufficiently
explored.

By utilizing actuators, sensors, controller, and additional energy sources, active DVAs
can achieve a better vibration suppression performance and resolve the aforementioned
problems. The active DVA’s difference from the passive DVA is that we can change the
imposed force between the DVA and the primary system according to the different con-
trol strategy. Active DVA controllers using frequency domain approaches ([47]), optimal
control theory ([48, 49, 50]), H∞ control theory ([51]), and Fuzzy theory ([52]) have been
reported in previous studies. Moreover, methods considering the robustness with respect
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to modeling and sensing were reported in [53]. However, few studies have focused on
the cost of the sensors. When the exogenous displacement vibration affects the system,
the controllers of previous studies utilize world-coordinate information, but have ignored
the fact that the information obtained from low-cost sensors is often based on relative
coordinates. Requiring the absolute displacement and velocity of a vibration may lead to
expensive sensors or high cost calculations such as with a disturbance observer technique.

By contrast, although nonlinear DVAs, e.g., a pendulum TMD ([54]), bidirectional
TMD ([55]), and tuned liquid column damper (TLCD) ([56]), can offer a more powerful
vibration suppression effect than linear DVAs, the controller should consider the nonlin-
earity of the DVAs as well. During the past decades, many active nonlinear DVAs designed
by [57, 58, 59] have been proposed. A limitation with respect to the cost of the sensors
still exists; meanwhile, solving the Hamilton-Jacobi partial differential equations becomes
another difficulty(e.g., the existence of analysis solution) when we try to apply some of
these theories.

As a powerful energy shaping control method for nonlinear systems, IDA-PBC[25] is
widely used in mechanical nonlinear systems. The global asymptotic stability of the sys-
tem under IDA-PBC without a disturbance is theoretically guaranteed because a desired
Hamiltonian function can be naturally designed as a Lyapunov function. Although the
classical PBC technique can solve wide range of control problem, as a result of lacking
freedom for designing controller, it is difficult to solve vibration control problem by using
the classical PBC technique. Different from other PBC technique, one of the advantages
of IDA-PBC is that we can change the kinetic energy, which gives a big degree of freedom
for designing controller. The changes in the kinetic energy, potential energy, and damping
matrix represent the virtual changes in the inertia, the elasticity coefficients or gravity
terms, and the viscous resistance coefficients, respectively. These parameters directly in-
fluence the vibration suppression effect. The crux in the design procedure of IDA-PBC is
how to ensure the solution for a set of partial differential equations caused by matching dy-
namics. A vibration control method for a general nonlinear two degree-of-freedom (DOF)
system based on IDA-PBC was recently proposed by [31, 60]. However, the feedback law
proposed by [31, 60] is not suited to an active DVA because it assumes that the actuator
is attached to the targeted vibrating object and is not set between the vibrating object
and DVA-like structure. Though their study utilize the dynamics of additional structure
like other DVA studies, their main objective is to use it as a sensor, not to use it as DVA.
Consequently, their additional structure do not have any functions that can absorb the
vibration. The vibration energy is totally suppressed by the control force, which does not
influence the dynamics between the control object and the additional structure. Further-
more, the previously proposed technique requires numerical solutions of partial differential
equations to obtain a new inertia matrix.

In this study, our objective is to design a novel active DVA using IDA-PBC. In partic-
ular, we focus on the following:

1. We suppress the vibration excited by multiple disturbances.

2. We suppress the vibration by using only the relative displacement and velocity of
the vibration system.

3. The partial differential equations generated by the nonlinearity of controlled object
should be easily calculated, or the existence of the solution should be ensured.
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Figure 3.1: An example of a controlled object

The controlled object is under the velocity disturbance, which can be considered as the
velocity of the base or ground, and the force disturbance simultaneously. Our strategy to
cancel the excited vibration is using IDA-PBC to convert the controlled system into a de-
sired system whose linearized structure includes a skyhook damper(see, e.g., [10, 15, 61]).
By tuning the skyhook damper coefficient, the vibration suppression effect can be en-
hanced. We derive the guidelines for the parameter selection of the newly desired Hamil-
tonian system such that the controller can effectively suppress the vibration. Although
the parameters of the controller are designed from the point of view of a linearized sys-
tem, the global asymptotic stability of a nonlinear system is automatically guaranteed by
using passivity-based control theory, which is an advantage of our method. Because the
vibration of DVA is excited by the absolute motion of vibrating main mass, the absolute
information of vibration can be obtained indirectly by utilizing the motion of DVA. With
respect to the partial differential equations generated by the nonlinearity, we derive the
conditions that can help us avoid a part of partial differential equations. And also we
achieve the general solution of the rest of partial differential equations.

The rest of this paper is structured as follows: Section 2 presents the problem formu-
lation and preliminaries. Section 3 defines the structure of the desired system and derives
the constraints of the parameter design. Section 4 shows guidelines for the parameter se-
lection. The effectiveness is confirmed through a numerical example in Section 5. Finally,
provide some concluding remarks in Section 6.

3.2 Problem Formulation

Herein, we consider a general nonlinear 2 DOF mechanical system under velocity and
force disturbances, which can be as shown in Fig. 3.1. The pH system described in local
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coordinates is given in the following form:

ẋ =
[
q̇
ṗ

]
= (J − R)∂H

∂x

>
+
[

γ
D

]
ω + BF +

[
02×1

G

]
u,

J =
[

O I
−I O

]
, R =

[
O O
O C

]
,

C =
[
µ 0
0 c

]
, (µ ≥ 0, c ≥ 0)

B = (0 0 0 1)>, G = (1 0)>,

D = (0 c)>, γ = (0, −1)>

(3.1)

where q = (q1, q2)> is the relative displacement of the DVA, and the relative displacement
of the vibrating main mass, p = (p1, p2)>, is the vector of generalized momenta, which is
defined in the world coordinate. In addition, Hamiltonian H(q, p) denotes the total energy
of the system, ω(t) = ż is the velocity disturbance, F (t) is the force disturbance, and u(t)
is the control input force. Here, J , R, µ, c, D, B, and G denote the skew-symmetric
structure matrix, resistive structure matrix, damping coefficient of the displacement q̇1,
damping coefficient of the displacement q̇2, velocity disturbance matrix, force disturbance
matrix, and input matrix. The description of Hamiltonian function is given as follows:

H(q, p) = 1
2p>M(q1)−1p + V1(q1) + V2(q2),

M(q1) =
[
m1(q1) m2(q1)
m2(q1) m3(q1)

]
,

p = M(q1) (q̇ − γω) ,

(3.2)

where the positive-definite matrix M(q1) is the inertia matrix, V1(q1) ≥ 0 is the potential
energy of the DVA, and V2(q2) ≥ 0 is the potential energy of the vibrating system. It is
assumed that the second potential V2(q2) is positive definite with respect to q2 and satisfies
∂V2/∂q2 6= 0 (q2 6= 0). Notice that there exists a mismatch between the coordinates of p
and q, and therefore p = M(q1)q̇ is no longer satisfied.

Our control objective is to suppress the vibration of the main mass, i.e., the absolute
displacement of main mass q̃2 → 0. With a normal IDA-PBC design procedure, we will
obtain a controller based on the states q and p. However, p defined by (3.2) includes ω,
and we aim to design a controller that only uses the relative displacements q and velocities
q̇.
Remark 3. Please note that the control input force u is set between the DVA q1 and the
main body q̃2, while the difference from the study of [62, 60] is that they set the control
input u at the same place as force disturbance F . This difference illustrates that their
researches ignore the dynamics of actuator. Though their study utilize the dynamics of
additional structure like other DVA studies, their main objective is to use it as a sensor,
not to use it as DVA. An obvious example is that their proposed methods can suppress the
vibration with very small mass of inner structure q1, in other words, the vibration energy is
suppressed by the force from outside (control input force). Thus, their additional structure
do not have any functions that can absorb the vibration. Furthermore, the previously
proposed technique requires numerical solutions of partial differential equations to obtain
a new inertia matrix.
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Figure 3.2: Control diagram of proposed method

3.3 Modified IDA-PBC

3.3.1 Overview

The solution to the control problem indicated in the preceding part is given in this section,
which involves building an IDA-PBC-based controller. The control variables of the IDA-
PBC basic controller are relative displacement q, absolute momenta p, and disturbance
signal ω. A feedback rule that only requires the relative displacement, q, and the relative
velocity, q̇, is produced by rewriting momenta p into the form of M(q̇+ω) and canceling the
coefficient of ω. The following is a summary of our suggested controller’s design process:

Step 1: The plant system’s pH form is calculated, and it is rebuilt using relative coordi-
nates.

Step 2: IDA-PBC is used to develop the feedback law.

Step 3: The feedback law is split into two parts: relative information and disturbance.
The criteria for making the disturbance component zero have been discovered.

Step 4: To ensure suspension performance and strong stability, criteria for parameter
selection for the controller are established.

Step 5: The feedback law’s precise form is achieved.

In this section, we define the dynamics of desired system at first, and then obtain a
matching condition between the controlled system and the desired system. The matching
condition clarifies the degree of freedom in the controller design and the expression of
feedback law with free parameters as well as equality and inequality constraints. One of
the advantages of this study is that our methods focus on transforming the plant system
into a desired system with ideal aseismatic properties, while most applications with IDA-
PBC tend to control the position or velocity by designing a desired Hamiltonian function
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with a new equilibrium point. We aim to obtain the ideal aseismatic properties through
designing the mass, spring, and damper parameters of the desired system on the basis of
priori knowledge for vibration suppression. The structure of desired system is designed as

ẋ = (Jd(q1) − Rd(q1))∂Hd

∂x

>

+
[

γ
Dd(q1, q̇)

]
ω +

[
02×1

Ddω(q1, q̇)

]
ω2 + Bf,

(3.3)

and the Hamiltonian of desired system is given as

Hd(x) = 1
2p>Md(q1)−1p + Vd(q1, q2),

q∗ = arg min Vd(q) = 0,

Md(q1) =
[
md1(q1) md2(q1)
md2(q1) md3(q1)

]
,

where

Jd(q1) =
[

O M(q1)−1Md(q1)
−Md(q1)M(q1)−1 J2(q1)

]

J2(q1) =
[

0 je(q1)
−je(q1) 0

]
, Rd(q1) =

[
O O
O Cd(q1)

]

Cd(q1) =
[
cd1(q1) cd2(q1)
cd2(q1) cd3(q1)

]
Dd(q1, q̇) = (d1(q1, q̇) d2(q1))>,

Ddω(q1) = (d3(q1) d4(q1))>.

The matrix Cd(q1) is assumed to be smooth with respect to q1. Note that the controlled
system (3.1) includes a friction coefficient c alike the original IDA-PBC method in Section
2.1. Therefore, the new damping matrix Cd in this chapter is not limited to the form
of (2.8). The original friction term will be enhanced by the proposed feedback so that a
virtual skyhook damper is realized.
Remark 4. Note that the desired system with ideal aseismatic properties should be stable
at origin, otherwise the vibration suppression of plant system cannot be achieved even the
desired system has perfect aseismatic properties. Thus, we design the equilibrium point
of the desired system be at origin, so that the plant system will be successfully stabilized
at origin when the desired system is stabilized at the equilibrium point.

3.3.2 Conditions for Matching Dynamics

In this subsection, we derive the matching conditions and the expression of the feedback
law with relative states q and q̇. By equating the right-hand sides of (3.1) and (3.3), we
obtain the matching equation

G⊥(x)
[
−∂H

∂q
− C

∂H

∂p
+ Dω

]
=

G⊥(x)
[
−MdM−1 ∂Hd

∂q
+ (J2 − Cd) ∂Hd

∂p
+ Ddω + Ddωω2

]
,

(3.4)
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and the control input

u =
(
G>G

)−1
G>

(
∂H

∂q
+ C

∂H

∂p
+ Dω

− MdM−1 ∂Hd

∂q
+ (J2 − Cd) ∂Hd

∂p

+ Ddω + Ddωω2
)

.

(3.5)

Note that the equation (3.4) is a set of partial differential equations for kinetic and potential
energies, and the feedback law. The matching condition for the momenta p leads to the
partial differential equations for the kinetic energy, and the remainder derives the partial
differential equations of the potential energy, which is independent of the term p.

We define

S(q1) = M−1(q1) =
[
s1(q1) s2(q1)
s2(q1) s3(q1)

]
,

Sd(q1) = M−1
d (q1) =

[
sd1(q1) sd2(q1)
sd2(q1) sd3(q1)

]
,

(3.6)

for simplicity of the calculations. By extracting the second-order term of p in the equation
(5.2), we determine that one of the following equality constraints needs to be satisfied:

md2(q1)m3(q1) − md3(q1)m2(q1) = 0, (3.7)
s′

d1 = s′
d2 = s′

d3 = 0, (3.8)

where ∗′ indicates the derivative with respect to q1. The controller designer should choose
one of the conditions, (3.7) or (3.8). Clearly, choosing (3.8) will avoid further complications
caused by a nonlinearity, and thus the desired inertia matrix is selected as follows:

Md =
[
md1 md2
md2 md3

]
.

This desired inertia matrix setting can satisfy the condition (3.7). By extracting the
first-order term of p in the equation (5.2), we obtain the following:

cd3(q1) =c [s3(q1)md3 + s2(q1)md2] , (3.9)
cd2(q1) =c [s3(q1)md2 + s2(q1)md1] − je(q1), (3.10)

and from the terms of ω and ω2 we have

d2 = c, d4 = 0.

The partial differential equation with respect to the potential energy is obtained as

a(q1)∂Vd

∂q2
= ∂V2

∂q2
− b(q1)∂Vd

∂q1
,

a(q1) = md2s2(q1) + md3s3(q1),
b(q1) = md2s1(q1) + md3s2(q1).

(3.11)
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We achieve the general solution of (3.11) as

Vd(q) = Vd1(q) + P (q2 − ξ(q1)),

Vd1(q) =
(∫ q1

0

1
b(s)

∂V2
∂q2

∣∣∣∣
q2=q20+ξ(s)

ds

)∣∣∣∣∣
q20=q2−ξ(q1)

,

ξ(s) =
∫ s

0

a(q1)
b(q1) dq1.

(3.12)

Assumption 5. Vd(q) is a positive definite smooth function and proper on the space of
q.

A function such that inverse images of any compact set is also compact is said to be
proper. A proper and positive definite function on a Euclidean space is always radially
unbounded.
Remark 6. At the state where b(q1) = 0, the value of Vd(q) may diverge. However, by
restricting the state space the positive definiteness and properness in the new space are
often satisfied. Please see the example in Section 5. In the rest of paper, the term “global”
will be used for the globality in the restricted state space.

With respect to the feedback law u = αraw(q, p, ω), notice that the feedback law should
be a function of q and q̇ only, and thus we decompose the feedback law as follows:

αraw (q, M(q1)(q̇ − aω), ω) = α(q, q̇) + αrest(q, q̇, ω)ω,

where the term of αrest(·) should be zero. By rewriting it as

αrest(q, q̇, ω) = α1(q, q̇) + α2(q, q̇)ω,

and resolving αi = 0 (i = 1, 2) with respect to d1(q1, q̇) and d3(q1) and applying (3.8), the
following is given:

d1(q1, q̇) =cd1(q1) [m2(q1)sd1 + m3(q1)sd2]
− [je(q1) − cd2(q1)]
· [m3(q1)sd3 + m2(q1)sd2]

−
[
(m1(q1)m2(q1)q̇1 + m2(q1)2q̇2)s′

1

+ ((m2(q1)2 + m1(q1)m3(q1))q̇1

+ 2m2(q1)m3(q1)q̇2)s′
2

+(m2(q1)m3(q1)q̇1 + m3(q1)2q̇2)s′
3

]
,

(3.13)

d3(q1) = − 1
2
[
m2(q1)2s′

1

+2m2(q1)m3(q1)s′
2 + m3(q1)2s′

3

]
.

(3.14)

With these equality constraints, we obtain the following feedback law:

u = α(q, q̇) = µq̇1 − [cd1(q1), 2cd2(q1)] Sdp̃

+ 1
2 p̃>S′p̃ + ∂V1

∂q1
− ∂Vd

∂q
S(q1)(md1, md2)>,

(3.15)

where p̃ = M(q1)q̇, which is defined in the local coordinates.
Note that all the partial differential equations that occur in the parameters derivations

are easy to calculate and do not depend on the numerical solutions.
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3.3.3 Stability Analysis with Zero Disturbances

The asymptotic stability of the origin of the closed-loop system with the null disturbances
is guaranteed under several conditions.

Proposition 7. With the designed control input u, the origin of the system (3.1) with zero
disturbances (ω = 0, F = 0) is globally asymptotically stable if the following constraints
and the Assumption 1 are satisfied:

md1md3 − m2
d2 > 0, md1 > 0

cd1(q1) > 0,

c [s3(q1)md3 + s2(q1)md2] cd1(q1) − cd2(q1)2 > 0,

(3.16)

Proof. We consider the desired Hamiltonian function Hd as a Lyapunov candidate func-
tion, which is described as follows:

Hd(q, p) = 1
2
(
p>M−1

d p + Vd

)
, (3.17)

Since Vd is positive definite, Hd is positive definite when Md is positive definite. Md > 0
is equivalent to {

md1 > 0,
detMd > 0,

(3.18)

which can be satisfied by r1 ≥ β. The time derivation of the desired Hamiltonian function
Hd is given as follows:

Ḣd = − ∂Hd

∂x
Rd

∂Hd

∂x

>

= − ∂Hd

∂p
Cd

∂Hd

∂p

>

= − p>M−1
d CdM−1

d p

(3.19)

Here, Ḣd ≤ 0 holds when Md and Cd are positive definite. In addition, Cd is positive-
definite when {

cd1(q1) > 0,
c [s3(q1)md3 + s2(q1)md2] cd1(q1) − cd2(q1)2 > 0,

(3.20)

are satisfied.
It can be concluded that if (3.16) is satisfied, Hd(x) is positive definite and Ḣd is

negative semi-definite as (3.19), and consequently Hd is monotonous decreasing. Therefore,
all the positive trajectory are included in compact set, i.e., x(t) ∈ {x | Hd(x) ≤ Hd(0)}
(t > 0), which means Ḧd(x(t)) = −2p>M−1

d Cd(q1)M−1
d ṗ−p>M−1

d (∂Cd(q1)/∂q1)M−1
d p · q̇1

is bounded. From Barbalat’s Lemma, one can conclude that Ḣd → 0 (t → ∞), i.e., p → 0
(t → ∞). Since the system is zero-state observable for the velocity output, i.e., q ≡ 0
if q̇ = M−1p ≡ 0. From the invariance principle, the system is global asymptotically
stable.
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Remark 8. For a nonlinear system with disturbances, the input-to-stability (ISS) [63]
should be considered. Although asymptotically stable linear systems are always ISS, we
cannot conclude ISS property from GAS property for nonlinear systems by considering the
Hamiltonian as ISS Lyapunov function, since the Hamiltonian is not a strong Lyapunov
function; that is, the time derivative of the Hamiltonian is negative semi-definite. In
[31], Aoki et al. have shown the ISS property for a specified case, but a construction of
ISS Lyapunov function for general pH system is expected. Therefore, one of our future
work is to construct an ISS Lyapunov function for general nonlinear pH system under
disturbances.

Our objective is to design the parameters of the desired system such that it has an
ideal aseismatic property, whereas the design procedure is under the matching conditions
(3.9), (3.10), (3.12), (3.13), and stability conditions (3.16). Here, we select md1, md2, md3,
cd2(q1), d1(q1, p), and P (·) as free parameters, and the other parameters cd1(q1), cd3(q1),
je(q1), and Vd(q) with the control law u will then be derived after we design the free
parameters. The guidelines on how to design the free parameters are introduced in the
next section.

3.4 Guidelines for Parameter Selection

3.4.1 Linear Approximation

To clarify the relation between each parameter and vibration suppression performance, the
energy interpretation of the desired system should be clearly shown, whereas the practical
meaning of parameters in the given matrix is uncertain because of the nonlinear term.
Hence, we first derive the parameter selection guidelines for the linearly approximated
system, which determines the low-order terms of the free parameters.

Through a quadratic approximation of H, the Hamiltonian of the linearized controlled
system is given as follows:

HL(p, q) = 1
2p>S0p + 1

2(k1q2
1 + k2q2

2),

where

S0 =
[
s10 s20
s20 s30

]
= S(0)

= M−1
0 =

[
m10 m20
m20 m30

]−1


k1 = ∂2V1
∂q2

1
(0), k2 = ∂2V2

∂q2
2

(0).

We have the following dynamic of the linearized controlled object system:

ẋ =
[

0 I
−I −C

](
diag(k1, k2)q

S0p

)

+
(

γ
−Cγ

)
ω + B1F + B2u.

(3.21)

Similarly, we have the quadratic approximation of the desired Hamiltonian Hd:

HdL(p, q) = 1
2p>Sdp + Vd0(q),
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where

Vd0(q) = 1
2

(
k2a0
b2

0
q2

1 + 2k2
b0

q1q20 + kP q2
20

)
,

a0 = a(0), b0 = b(0), q20 = q2 − (a0/b0)q1,

kP = ∂2P (q20)
∂q2

20
(0).

The linearized desired system is described as follows:

ẋ = (Jd0 − Rd0)
(

Kdq
Sd0p

)
+ Dw0ω + B1F, (3.22)

where

Jd0 =
[

O M−1
0 Md

−MdM−1
0 J20

]
, J20 =

[
0 je0

−je0 0

]
,

je0 = je(0), Dw0 = (0 − 1 d10 c)>, d10 = d1(0, 0),

Rd0 =
[
O O
O Cd0

]
,

Cd0 =
[
cd10 cd20
cd20 cd30

]
=
[
cd1(0) cd2(0)
cd2(0) cd3(0)

]
,

Kdq = (∂Vd0/∂q)>,

Kd =
[
a0(a0kP − k2)/b2

0 −(a0kP − k2)/b0
−(a0kP − k2)/b0 kP

]
.

3.4.2 Coordinate Transformation

Considering that a diagonalized inertia matrix can simplify the analysis of a desired lin-
earized system structure, we transform the state coordinates into the following:

q̂ = L−1q, p̂ = L>p, L =
[
r0 −r0
0 1

]
, (3.23)

where
m20
m10

= md20
md10

= r0 > 0, (3.24)

is a newly defined equality constraint. We then have the following:

p̂ = L>M0L( ˙̂q − L−1L>γω) = M̂( ˙̂q − γ̂ω),

where

M̂ = L>M0L = diag(m̂1, m̂2),
m̂1 = m10r2

0, m̂2 = m30 − m10r2
0,

γ̂ = L−1L>γ = (−1 − 1)>.
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Figure 3.3: Desired linearized system

Note that the coordinates of the controlled object q2 are fixed under this coordinate trans-
formation. The inertia matrix of the desired linearized system in the new coordinates is
also diagonalized in the same way:

M̂d = L>Md0L = diag(m̂d1, m̂d2)
= diag(md10r2

0, md30 − md10r2
0).

The desired linearized system in a port-Hamilton form is also transformed into the follow-
ing: (

˙̂q
˙̂p

)
= (Ĵd − R̂d)

(
K̂dq̂

Ŝdp̂

)
+ D̂dω + B̂1F, (3.25)

where

Ĵd =
[

O M̂−1M̂d

−M̂dM̂−1 Ĵ2

]
, Ĵ2 =

[
0 r0je0

−r0je0 0

]
,

Ŝd = M̂−1
d , K̂d = L>KdL, R̂d =

[
O O

O Ĉd

]
,

Ĉd = LT Cd0L

=
[

r2
0cd10 r0cd20 − r2

0cd10
r0cd20 − r2

0cd10 r2
0cd10 − 2r0cd20 + cd30

]
,

D̂d = diag.(L−1, LT )Dw0 = (−1, −1, r0d10, c − r0d10)>,

B̂1 = diag.(L−1, LT )B1 = B1.

Consequently, the desired linearized system (3.25) can be roughly regarded as the system
shown in Fig. 3.3, which is a desired main mass m̂d2 connected with a DVA-like device
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m̂d1 and multiple springs and dampers, where

ĉd1 = c − r0d10, ĉd2 = r2
0cd10 − r0cd20,

ĉd3 = cd30 + r0d10 − r0cd20 − c, ĉd4 = r0cd20 − r0d10,

ĉd5 = r0d10.

We aim to suppress the vibrations excited by disturbances f and z by adjusting the spring,
mass, and damper terms of the desired system. How to adjust these terms to gain a desired
system with a good vibration suppression performance and analyze the sensitivity from
the design of the free parameters used to the control performance is described in the next
section.

3.4.3 Parameter Design

For the sake of convenience of the parameter design presentation, we define the mass ratios
as follows:

r1 = md1
m10

= md2
m20

, (3.26)

r2 = m̂d2
m̂2

= md3 − md1r2
0

m30 − m10r2
0

= md3 − m10r1r2
0

m30 − m10r2
0

, (3.27)

where r1 and r2 are positive to maintain the positive definiteness of Md. Under the
definitions in (3.26) and (3.27), the matching conditions are rewritten as follows:

cd10 = r1(2cd20 − d10r2)
r0(r1 − r2) (3.28)

cd20 = −je0 (3.29)
cd30 = cr2 (3.30)

k̂d1 = r1kP − k2
r1 − r2

, k̂d2 = r1(r2kP − k2)
(r1 − r2)2 (3.31)

k̂d3 = −(1 − r2/r1)k̂d2. (3.32)

Here, we select d10, cd20, r1, r2, and kP as free parameters for designing the desired
linearized system. The linearized control input is expressed as follows:

u =µq̇1 + (2cd20 − d10r2)
r0(r2 − r1) q̇1 − d10q̇2 + k1q1

− r1r2(r2kP − k2)
r2

0(r1 − r2)2 q1

+
(

r2(k2 − r1kP )
r0(r2 − r1) − k2

r0

)
q2.

(3.33)

The inequality constraint (3.20) can be rewritten as follows:

|Cd0| = cr1r2
2 [r0(r2 − r1)d10 + cr1]

r2
0(r2 − r1)2

−
(

cd20 + cr1r2
r0(r2 − r1)

)2
> 0.

(3.34)
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From the perspective of skyhook systems ([10]), it is natural to set a large value of
the skyhook damper coefficient ĉd3 to enhance the vibration suppression/isolation effects.
Observe that the high-frequency gain from the ground disturbance z to the absolute dis-
placement of the main mass is determined by ĉd1 and ĉd5. Because ĉd1 + ĉd5 is a constant
c, we let

0 ≤ r0d10 ≤ c, (3.35)

and thus ĉd1 ≥ 0 and ĉd5 ≥ 0 are held. The obvious way to enlarge the value of ĉd3 is
increasing the values of r2 and −r0cd20. A small dissipation matrix is unexpected for the
sake of the energy dissipation, and thus we propose the following:

cd20 = − cr1r2
r0(r2 − r1) , (3.36)

and cd10 then becomes

cd10 = r1r2 [2cr1 + r0 (r2 − r1) d10]
r2

0 (r2 − r1)2 , (3.37)

which maximizes |Cd0| for fixed values of r1 and r2. Note that (3.37) is positive as long
as |Cd0| > 0. Hence, under (3.36) and (3.34), Cd0 > 0 is satisfied.

With (3.36), |Cd0| becomes

|Cd0| = r2
2

4r2
0

·
{( 2c

(r2/r1 − 1) + d10r0

)2
− r2

0d2
10

}
.

We know that a positive (r2/r1 − 1) makes |Cd0| positive, and r1 ≈ r2 enlarges |Cd0|,
whereas the feedback coefficients will go toward infinity as r1 → r2. Thus, we recommend
that we can set r1 to hold 2c/(r2/r1−1) ≈ r0d10, i.e., r2/r1 ≈ 2c/(r0d10)+1. The potential
energy of desired system Vd0 is positive when

k2
r2

≤ kP (3.38)

is satisfied. Because the low-frequency gain from the force disturbance f to the absolute
displacement of main mass is fixed at 1/k2, we focus herein on the design of the high-
frequency gain. The design of the resonance frequency should be considered when selecting
the potential energy parameter kP .

To summarize the previous discussion, the following are recommended for a parameter
selection in a linear case:

1. Large r2.

2. r2/r1 ≈ 2c/(r0d10) + 1.

3. Positive c − r0d10.

4. Positive cd20 = −cr1r2/{r0(r2 − r1)}.

The parameter d10 value will influence the vibration from z to relative displacements q̂1
and q̂2, but the vibration suppression performance will be mainly determined by the value
of skyhook damper ĉd3.

Consequently, the parameter for our nonlinear DVA controller should be designed
through the following steps:
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q2
= q2 + z
~

z

q1

l

¡ ¹q1_

K2

c
F

u

mc

mp

Figure 3.4: Cart and pendulum system.

1. Select a sufficiently large value of r2, and choose r1 such that r2/r1 ≈ 2c/(r0d10)+1.
The value of Md is derived using (3.26) and (3.27). The value of Cd0 is determined
through (3.37), (3.36), and (3.30).

2. The values of d10 and kP are adequately selected such that c − r0d10 and Vd0 are
positive.

3. Design a positive function P [·].

4. Set cd3(q1) as (3.9). Choose the high-order terms of cd1(q1) and cd2(q1).

5. Check the condition (3.16). If the condition is not satisfied, return to step 1.

6. Calculate je(q1) and Vd(q) using (3.10) and (3.12), respectively.

7. Obtain the control input by substituting the parameters into (3.15).

Note that the global asymptotical stability of the nonlinear system is always guaran-
teed with this parameter selection procedure, although the parameters are designed by
considering a linearized system.

3.5 Simulation Result
In this section, we illustrate the vibration suppression effect of the proposed feedback law
by providing a numerical example. We consider a cart-pendulum system, which is one
of the benchmark models of a 2DOF system. The model is shown in Fig. 3.4, where
q1, q̃2, z, F , and u denote the swing angle of a pendulum, displacement of a cart in
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Table 3.1: Parameters of the cart pendulum system
Parameters Symbol Unit Value
pendulum mass mp Kg 10
cart mass mc Kg 10
length of mass less bar l m 1
viscosity dumper coefficient c N/(m/s) 10
rotational friction coefficient µ N/(m2/s) 2
elastic coefficient k2 N/m 10

Table 3.2: Free parameters of the proposed controller
Parameters Value
r1 3
r2 10
kP 1
d10 10

world coordinates, a disturbance from the basement, a force disturbance on a cart, and
an input force, respectively. The system is tested by the disturbances z = sin(rt) and
F = 10 cos(rt). We set frequency r as 10, 100, and 1000 to see the vibration suppression
performance under different disturbance frequencies. The potential energy of the plant
system is

V = V1(q1) + V2(q2) = mpgl(1 − cos q1) + 1
2kq2

2. (3.39)

The parameters of the controlled object are set as indicated in Table 3.1. For the sake of
embodying the nonlinear property of the discussed model, the initial state values of the
controlled system are set as q1 = π/3, q̃2 = 0, q̇1 = 0, and ˙̃q2 = 0.

According to the guidelines of the parameter selection summarized in Section 3.4.3, we
first design the free parameter as shown in Table 3.2. Regarding the potential energy of
the desired system, there exists a domain with respect to q1 , which is determined as

q1 ∈ QL =
(

−r1 (mc + mp)
r2mc + r1mp

,
r1 (mc + mp)
r2mc + r1mp

)
. (3.40)

The positive function P is set as P = kp(q2 −ξ(q1))2. Then we obtain the desired potential
energy function Vd(q) from (3.12). In order to facilitate the understanding of the integral
expression in the positive definite and proper performance, the 3D surface figures are
shown in Fig. 3.5. We observe that the potential energy function Vd(q) is positive definite
and proper on the space of QL ×R. Furthermore, Vd(q) increases infinitely when q1 closes
to the domain limit, which means that there exists a virtual huge force pushing back the
system to the origin when the system displacement becomes large. Hence, the restricted
space is positively invariant for finite disturbances. The high-order terms of cd1(q1) and
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Figure 3.5: Vd surface.

cd2(q1) are designed as follows:

cd1(q1) =
{

cd10 (cd10 > c̃d1)
c̃d1(q1) (otherwise)

cd2(q1) = cd20

where

c̃d1(q1) = d10 + [je(q1) − cd2] [m3(q1)sd3 + m2(q1)sd2]
m2(q1)sd1 + m3(q1)sd2

,

which is derived from (3.13). The positivity of |Cd(q1)| will be guaranteed by the above
definition.

To verify the performance of the proposed method, we conduct simulations for the open
loop system, the closed loop system using the proposed feedback law, and the closed loop
system using on-off groundhook damper controller ([64]). The on-off ground hook control
law can be described as

u =
{

−con ˙̃q2, ˙̃q2q̇1 ≥ 0
0, ˙̃q2q̇1 < 0.

(3.41)

Note that the utilization of on-off groundhook controller requires the measurement of ˙̃q2
— absolute velocity of the cart —, while the proposed controller only requires the relative
information. For comparison, we choose the groundhook damper coefficient con and the
skyhook damper term ĉd3 of the desired system as the same value, i.e., con = ĉd3 =
142.8571.

Fig. 3.6, 3.7, and 3.8 show the times histories of cart displacement for open loop system,
system with proposed controller, and system with on-off ground hook controller in the case
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Figure 3.6: The response comparison of the absolute displacement of the cart under fre-
quency r = 10.

of the disturbance frequencies r = 10, 100, 1000, respectively. We can observe that there
is a vibration peak during the first second, which is caused by the initial up swing of
the pendulum. The groundhook damper controller obtains a good vibration performance
under low frequency r = 10. It works worse when the system is tested under high frequency.
By contrast, the cart displacement performance under the proposed method is better
than that of the groundhook damper controller and open loop system. From the above
figures, we can conclude that the proposed controller can improve the vibration suppression
performance with only relative displacement and velocity information.

3.6 Conclusion

We presented a new nonlinear active DVA control system, in which the information of the
controller is not based on the world-coordinate information. The proposed method can
control the vibrations that are excited by a force disturbance and velocity disturbance
simultaneously. The control law uses only the relative displacement and velocity of the
vibration system, which can be easily measured by sensors. We revealed the equality
and inequality constraints for matching the plant system with the desired system. The
numerical solutions of the partial differential equations are not required with our proposed
method. The main idea of the controller design is to convert a nonlinear DVA system into
a desired system with multiple virtual springs and dampers. We also derived selection
guidelines for the parameters of the desired system. The global asymptotical stability is
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Figure 3.7: The response comparison of the absolute displacement of the cart under fre-
quency r = 100.

guaranteed automatically through passivity-based control theory, although the parameter
design is based on a linearization. The effectiveness of our controller was confirmed through
simulations for a cart-pendulum system. Our future study will be to find guidelines for
the choice of potential energy parameter kP under consideration of the vibration modes.
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Figure 3.8: The response comparison of the absolute displacement of the cart under fre-
quency r = 1000.
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Chapter 4

ISS Analysis for Nonlinear
Systems with Multiple
Disturbances

4.1 Introduction

In the decades after [65] first established the concept of input to state stability (ISS), it has
been widely used in the nonlinear control field. Two basic approaches to system stability
were fused to form the concept of ISS: the state space method, often known as Lyapunov,
and the operator approach. The fundamental characteristic of ISS is that if the inputs
are consistently tiny, the state must also be small. The main material and latest efforts of
ISS were introduced in the survey article [66]. Constructing an ISS Lyapunov function is
one of the most commonly used methods for determining whether the controlled system is
ISS. Furthermore, by creating ISS Lyapunov functions, an essential approach known as the
ISS small gain theorem [67, 68, 69, 70] may readily assure connectivity of numerous ISS
systems. As a result, when considering the ISS attribute of a controlled system, creating
ISS Lyapunov functions is frequently significant [71, 72, 73, 74].

Interconnection and Damping Assignment Passivity-Based Control (IDA-PBC) ([25])
has, on the other hand, been widely used in mechanical systems as a potent energy shaping
control approach for nonlinear systems. Aside from parameter uncertainty resilience, the
system’s global asymptotic stability (GAS) under IDA-PBC without disturbance is always
assured since the Hamiltonian function may be naturally built as a Lyapunov function.
When examining a nonlinear mechanical system with external matched or unmatched
disturbances, however, IDA-PBC could not guarantee the ISS property by treating the
Hamiltonian as an ISS Lyapunov function, because the Hamiltonian is always set to semi-
positive definite.

Several approaches that use IDA-PBC to reject disturbance or reduce vibration to solve
this issue have been documented in the literature. The ISS Lyapunov function may be
built in a specific way based on the characteristics of the considered system, such as the
one described by [31], but a design method for the generic port Hamiltonian (pH) system
is expected. [75] proposed an ISS Lyapunov function with respect to a pH system with PI
controller. A class of nonlinear pH system with disturbance and a nonlinear disturbance
observer are studied by [76], and the authors construct an ISS Lyapunov function for the
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augmented system consists with pH system and disturbance estimation error system is
constructed. Despite the fact that many authors have done investigations [77, 78, 79, 80],
the design of a general pH system has yet to be fully explored.

We will create an ISS Lyapunov function for a class of nonlinear pH systems under
a force and velocity disturbance without addressing any plant system operations in this
chapter. With this study result, we can not only simplify asymptotic stability analysis
of nonlinear pH systems, but we can also integrate the study findings with the ISS small
gain theorem to explore system stability in a broader context.

The remainder of the paper is listed below. In Section 2, we introduce our problem
formulation and preliminaries. In Section 3, we state our main research result. In Section
4, we verify our result through a simple numerical example.

4.2 Preliminaries and problem formulation

4.2.1 Preliminaries

Before stating our construction of ISS Lyapunov function, we firstly need to recall a
preliminary theorem.

Theorem 9. Considering a system

ẋ = f(x, u, t), (4.1)

where f : Rn ×Rm × [0, ∞) → Rn is locally Lipschitz in x and u and piecewise continuous
in t, if there exist a function VS(x, t):Rn → [0, ∞) satisfying

Vm(|x|) 6 VS(x) 6 VM (|x|),
∂VS
∂x f(x, u, t) 6 −α(|x|) + β(|u|),

where α(|x|) is a class K∞ function and β(|u|) is a class K function, then we say system
(4.1) is input-to-state stable (ISS).

4.2.2 Motivation and problem formulation

First, we consider n degree of freedom mechanical systems without disturbance modeled
in pH form as

ẋ =
(

q̇
ṗ

)
= (J − R0)∂H

∂x

>
+
(

0
G(q)

)
u,

y =G(q)> ∂H

∂p

>
,

(4.2)

with

J =
[

0 In

−In 0

]
, R0 =

[
0 0
0 R(q)

]
,

where x = (q, p) is the state, q, p ∈ Rn are the generalized positions and momenta,
respectively, u ∈ Rm, (m ≤ n)denotes control input, R ≥ 0 is a disspation matrix, G ∈
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Rn×m is a full rank matrix. The Hamiltonian function H ∈ R is the total energy of the
system, which is given as

H(q, p) = 1
2p>M−1(q)p + V (q), (4.3)

where the positive definite matrix M(q) ∈ Rn×n is the inertia matrix and V (q) is the
positive-definite potential energy. We assume that the Hamiltonian function H(x) has a
minimum point at x = 0. According to the passivity of the Hamiltonian system, it is easy
to show that the system with the feedback law

u = −Csy (4.4)

is asymptotic stability at the point x = 0 when H(x) is positive definite and the system
is zero state detecable.

By contrast, if there exists a force disturbance d on the same channel of input u, and
a velocity disturbance that can expressed as

p = M(q)(q̇ + aw), (4.5)

where a ∈ Rn×m, and w ∈ Rm, m < n is the velocity disturbance, the system (4.2) becomes

ẋ = (J − R0)
(

∂H/∂q
∂H/∂p

)
+
(

0
G(q)

)
(u + d) +

(
−a

R(q)a

)
w

y = G(q)> ∂H

∂p

>
,

u = −Csy.

(4.6)

For controlling such a disturbed mechanical system, the input to state stability (ISS)
property should be ensured. For linear systems, GAS always imply ISS, however, this
property does not hold when we consider nonlinear systems. Although the Hamiltonian
function can be used as Lyapunov function for proving GAS, it is not able to become an
ISS Lyapunov function. Thus, we need to construct an ISS Lyapunov function for the
system (4.6).

4.2.3 Assumptions

For the systems we discussed in this chapter, the following preliminary assumptions are
needed.

Assumption 10. Since the potential energy V (q) is a positive definite function, it can
be decomposed as

V (q) = 1
2v>(q)v(q, ) (4.7)

where v(q) is diffeomorphic. Here we assume that the matrix

K̄(q) = K(q)> + K(q)

is positive definite, where

K(q) = ∂v(q)
∂q

.

Note that (∂V (q)/∂q)> = K(q)v(q) holds with this assumption.
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Assumption 11. We assume that R(q) and M−1(q) are both bounded, i.e.,

0 6 Rm(|q|) 6 R(q) 6 RM (|q|), (4.8)
0 6 M−1

m (|q|) 6 M−1(q) 6 M−1
M (|q|). (4.9)

4.3 Main result
The construction issue for system (4.6) is investigated in two parts. Firstly, we construct
the ISS Lyapunov function for the system with w = 0. The construction of this part is
based on the general system under the aforementioned assumptions, which are easy to be
satisfied in practice. Secondly, we construct the ISS Lyapunov function for the system
with d = 0. The construction of the second part is based on the system with another
assumption, which will be introduced in Section 4.3.2 later. It seems easy to prove that
if the system Σ1 : ẋ = f(x) + g(x)d and the system Σ2 : ẋ = f(x) + h(x)w are both
ISS, the combined system Σ3 : ẋ = f(x) + g(x)d + h(x)w is ISS with a simple condition.
Unfortunately, the ISS Lyapunov function for the system Σ3 is not able to be constructed
by adding the ISS Lyapunov function for the system Σ1 and the one for the system Σ2
together. Since the total energy of the system Σ3 is different from the one of Σ1 and
Σ2, the property for ISS Lyapunov function will not hold when the discussed system is
changed. Herein, we use the following assumption:

Assumption 12. If the system Σ1 : ẋ = f(x)+g(x)d and the system Σ2 : ẋ = f(x)+h(x)w
are both ISS, the combined system Σ3 : ẋ = f(x) + g(x)d + h(x)w is ISS as well.

The condition derivation for the above assumption is our future work.

4.3.1 ISS for the system with force disturbance

Consider a general port-Hamilton mechanical system with force disturbance:

ẋ =
(

q̇
ṗ

)
=
(

O I
−I −R(q)

)(
∂H
∂q
∂H
∂p

)
+
(

0
G(x)

)
d. (4.10)

The Hamiltonian is described as

H = 1
2p>M−1(q)p + V (q). (4.11)

We consider the ISS Lyapunov function candidate

H̃ = 1
2 [p + D]> M−1 [p + D] + V (q) − 1

2D>M−1D, (4.12)

where

D = µ
(
q>q + 1

)− 1
2 M(q)q, (4.13)

V (q) − 1
2D>M−1(q)D > 0, (4.14)

and µ is a small positive constant. Then the ISS Lyapunov function candidate H̃ can be
rewritten as

H̃ = H + µΞ(q)p, µ > 0, (4.15)
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where

Ξ(q) = 1√
q>q + 1

v(q)>. (4.16)

The time derivative of Ξ is

d

dt
Ξ = d

dt

(
1√

q>q + 1
v(q)

)>

= q̇>Θ(q)>,

(4.17)

where

Θ = (−qq> + (q>q + 1)I)
(q>q + 1)

3
2

v(q) + 1√
q>q + 1

K(q). (4.18)

Assumption 13. We assume that Θ(q) is bounded, i.e.,

Θm 6 Θ(q) 6 ΘM (4.19)

Theorem 14. Suppose that those assumptions are satisfied, then the nonlinear system
(4.10) is ISS with respect to the force disturbance d at the point x = 0.

Proof. The time derivative of ISS Lyapunov function candidate H̃ is calculated as

˙̃H =Ḣ + µΞ(q)ṗ + µq̇>Θ>p

= −
(

∂H

∂p

)>
R(q)∂H

∂p
+
(

∂H

∂p

)>
G(x)d

+ µΞ(q)
(

−∂H

∂q
− R(q)∂H

∂p
+ G(x)d

)
+ µ

(
∂H

∂p

)>
Θ>p

= − p>M−1R(q)M−1p + p>M−1G(x)d

+ µΞ(q)
(

−1
2

∂p>M−1(q)p
∂q

− ∂V (q)
∂q

− R(q)M−1p + G(x)d
)

+ µp>M−1Θ>p

= − 1
2p>M−1RM−1p + 1

2[G(x)d]>R−1G(x)d

− 1
2
[
pM−1 − R−1G(x)d

]>
R
[
pM−1 − R(q)−1G(x)d

]
+ µ

1√
q>q + 1

v(q)>
(

−1
2

∂p>M−1p

∂q

−R(q)M−1p − Kv(q) + G(x)d
)

+ µp>M−1Θ>p

Since the third term is negative definite, we obtain the inequality as below through dividing
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K into K1 + K2 + K3,

˙̃H 6 − 1
2p>M−1R(q)M−1p + 1

2[G(x)d]>R−1G(x)d

+ µ
1√

q>q + 1

(
−1

2v(q)> ∂p>M−1(q)p
∂q

− v(q)>R(q)M−1p − v(q)> (K1 + K2 + K3) v(q)

+ v(q)>G(x)d
)

+ µp>M−1Θ>p,

Here we use K1 and K3 to complete the square on v(q)>R(q)M−1p and v(q)>G(x)d, then
we obtain

˙̃H 6 − 1
2p>M−1R(q)M−1p + 1

2[G(x)d]>R−1G(x)d

+ µ
1√

q>q + 1

{
− 1

2v(q)> ∂p>M−1(q)p
∂q

− 1
2v(q)> (K1 + 2K2 + K3) v(q) + E + F + U

+ 1
2 [G(x)d]> K−1

3 G(x)d
}

+ µp>M−1Θ>p,

where

E = −1
2
[
v(q) + K−1

1 R(q)M−1p
]>

K1
[
v(q) + K−1

1 R(q)M−1p
]

,

F = 1
2
[
R(q)M−1p

]>
K−1

1 R(q)M−1p,

U = −1
2
[
v(q) − K−1

3 G(x)d
]>

K3
[
v(q) − K−1

3 G(x)d
]

,

K = K1 + K2 + K3.

For the negative definite term E and U , we have

˙̃H 6 − 1
2p>M−1R(q)M−1p + 1

2[G(x)d]>R−1G(x)d

+ µ
1√

q>q + 1

{
− 1

2v(q)> ∂p>M−1(q)p
∂q

− 1
2v(q)> (K1 + 2K2 + K3) v(q) + F

+ 1
2 [G(x)d]> K−1

3 G(x)d
}

+ µp>M−1Θ>p
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By contracting the second order terms on p, the above inequality can be rewritten as

˙̃H 6p>
[
−1

2M−1RM−1 + µ (L + φ − S)
]

p

− µ

2
√

q>q + 1
v(q)> (K1 + 2K2 + K3) v(q)

+ 1
2[G(x)d]>R−1G(x)d

+ µ

2
√

q>q + 1

{1
2 [G(x)d]> K−1

3 G(x)d
}

,

(4.20)

where

L(q) = M−1Θ>,

Φ(q) = 1
2
√

q>q + 1
M−1RK−1

1 RM−1,

S̃(q)ij = v(q)> ∂Mij(q)−1

∂q

S(q) = 1
2
√

q>q + 1
S̃.

(4.21)

Since L, Φ, and S are bounded due to assumptions 1-3, it is obvious that there exists a
sufficiently small µ satisfying

−1
2M−1RM−1 + µ (L + φ − S) < 0. (4.22)

Therefore, we obtain the class-K∞ functions

α(|x|) = λmin

(
−1

2M−1RM−1 + µ (L + φ − S)
)

|p|2

+ µ

2
√

q>q + 1
λmin (K1 + 2K2 + K3) |v(q)|2,

(4.23)

β(|d|) = 1
2λmax

((
G(x)>R−1G(x)

)

+ µ

2
√

q>q + 1
G(x)>K−1

3 G(x)
)

|d|2,

(4.24)

satisfying

˙̃H ≤ −α(|x|) + β(|d|).

Therefore, H̃ becomes an ISS Lyapunov function, and so the ISS property for the system
(4.10) has been shown.

4.3.2 ISS for the system with velocity disturbance

If we consider a case that only q is measurable, a class of Hamiltonian system can be lin-
ear in the unmeasurable state p through a coordinate transformation (q, P ) = (q, T >(q)p).
This property is fully determined by the inertia matrix M(q); and the system is called
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”Partially Linearizable via Coordinate Changes” (PLvCC). As introduced in ([81, 82, 83]),
linear property of P simplify the observation and control problems. Here we focus on a
large subset of PLvCC mechanical systems, which is developed by [83]. The following
assumption, which is uniquely determined by inertia matrix M(q), is needed in this sub-
section.

Assumption 15. We assume that there exist a full rank matrix T ∈ Rn×n that is deter-
mined from

M−1(q) = T (q)T >(q),

where T satisfies

n∑
j=1

[Ti, Tj ] T >
j = −

 n∑
j=1

[Ti, Tj ] T >
j

>

, i = 1, 2, ..., n, (4.25)

with a standard Lie bracket [Ti, Tj ] = ∂Tj

∂q Ti− ∂Ti
∂q Tj , and we say that M(q) ∈ ST ⊆ SP LvCC .

Ignoring the force disturbance d, the dynamics (4.6) with M ∈ ST in the coordinates
(q, P ), where P = T >p, becomes

q̇ =TP − a(q)w

Ṗ = − T >(q)
[
K(q)v(q) + G(q)CsG>TP + R(q)(TP − aw)

]
,

(4.26)

where the Hamiltonian function is expressed as

H(q, P ) = 1
2P >P + V (q). (4.27)

Herein, we construct an ISS Lyapunov function for the disturbed system (4.26).
We consider the ISS Lyapunov function candidate

H̃ = H + µΞ(q)P, (4.28)

where

Ξ(q) = v(q)>
(
T (q)>

)−1
. (4.29)

The time derivative of Ξ(q)> can be expressed as

d

dt
Ξ> = Θ(q)q̇, (4.30)

where
Θ(q) = ∂T (q)−1v(q)

∂q
= ∂T (q)−1

∂q
v(q) + T (q)−1K(q).

Note that the symbols Θ and Ξ, which is used in this part, are different from the
symbols used in the previous subsection.

Theorem 16. Suppose that those assumptions are satisfied, then the nonlinear system
(4.26) is ISS with respect to the velocity disturbance w.
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Proof. The time derivative of ISS Lyapunov function candidate H̃ is calculated as
˙̃H =Ḣ + µ ·

[
ΞṖ + P >Θq̇

]
=Ḣ + µ ·

[
−v(q)>

(
K(q)v(q) + GCsG>TP + RTP − Raw

)
+ P >Θ (TP − aw)

]
= − P >T >GCsG>TP − P >T >RTP

+ P >T >Raw − v(q)>K>aw

+ µ ·
[
−v(q)>Kv(q) − v(q)>GCsG>TP − v(q)>RTP + v(q)>Raw

+P >Θ (TP − aw)
]

= −
[
P > v(q)>

]
X

[
P

v(q)

]
+
[
P > v(q)>

]
Y aw,

where

X =
[

T >GCsG>T + T >RT − µΘT (µ/2)T >GCsG> − (µ/2)µT >R
(µ/2)T >GCsG> − (µ/2)µT >R µK

]
, (4.31)

Y =
[

T >R − µΘ
−K> + µR

]
. (4.32)

We decompose X as

X = L − µQ, (4.33)

where

L =
[
T >GCsG>T + T >RT 0

0 0

]
,

Q =
[

ΘT −(1/2)T >GCsG> + (1/2)µT >R
−(1/2)T >GCsG> + (1/2)µT >R −K

]
.

Since L is positive semi-definite, it is possible to decompose it as L = B>B. Due to
Finsler’s lemma [84, 85, 86], the following two statements are equivalent:

B>B − µQ > 0, (4.34)

B⊥>
QB⊥ < 0, (4.35)

where

B =
[
T >GCsG>T 1/2 T >RT 1/2

0 0

]
.

Since the inequality (4.35) can be satisfied by K > 0, the positive definiteness of X is
ensured by K > 0. Consequently, for the state x = (P, v(q))> and the input r = aw, we
obtain the following inequality:

˙̃H = −x>Xx + x>Y r

= −1
2x>Xx − 1

2
[
x − X−1Y r

]>
X
[
x − X−1Y r

]
+ 1

2r>Y >X−1Y r

≤ −1
2x>Xx + 1

2r>Y >X−1Y r

≤ −1
2λmin(X)|x|2 + 1

2λmax(Y >X−1Y )|r|2,
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which satisfy the condition of ISS Lyapunov function. Therefore, H̃ becomes an ISS
Lyapunov function, and so the ISS property has been shown.

4.4 Conclusion
This paper proposed constructing an ISS Lyapunov function for a class of nonlinear me-
chanical Hamilton systems with a force disturbance and a velocity disturbance. We divided
the discussed system into a system with a force disturbance and a system with a feedback
input and a velocity disturbance. Then we constructed the ISS Lyapunov function for
those two systems, respectively. The construction is based on several assumptions for the
system parameters, while those assumptions are easy to be satisfied in practical applica-
tion. There is a problem that the constructed ISS Lyapunov functions are for the divided
systems, and the relation between the ISS property of divided systems and the one of the
total system needs to be analyzed theoretically, which is our future work.
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Chapter 5

Active Nonlinear Suspension
Systems Design

5.1 Introduction

Passive suspension systems are widely recognized for adopting passive ways to provide vi-
bration isolation and absorption, such as changing the strength of springs and dampers or
adding dynamic vibration absorbers [32]. Active suspension systems, on the other hand,
use actuators, sensors, controllers, and extra energy sources to suppress road-excited vibra-
tions and can achieve superior vibration suppression performance than passive suspension
systems. A suspension system’s performance is usually assessed in terms of ride comfort,
road holding ability, rattling space size, and dynamic tire force, according to [9]. Among
these needs, handling the trade-off between ride comfort and vehicle road holding ability
is a crucial challenge in creating the controller for an active suspension system.

The skyhook (SH) control approach, which successfully reduces the resonant peak of
a sprung mass (vehicle body) to increase ride comfort, has been widely investigated and
utilized in automobile applications ([10, 12, 61]). Some SH control-based active suspen-
sion systems that use the information of an unsprung mass and road profiles have been
developed to extend the vibration isolation effect to 5,Hz (4–8,Hz), which is considered the
most sensitive vibration frequency range of the human viscera and vertebral system ac-
cording to International Standardization Organization 2631, and to improve the vibration
isolation effect [87, 88]. These proposed solutions, on the other hand, not only complicate
the control rules, but also necessitate the installation of sensors to monitor the suspension
state in detail. Furthermore, the vibration of the sprung mass is commonly set as the
control aim of an SH controller; hence, using an SH controller without adaptation will
decrease the vehicle’s road handling performance. To overcome this problem, different
control strategies have been developed, including modified SH approaches [89, 90, 91] and
active force control [92, 93].

Although the aforementioned approaches can provide a significant vibration reduction
impact, they need precise monitoring of all states. In actuality, certain measured states
involve disruptions owing to sensor and actuator dynamics errors.

Robust suspension controllers based on a linear-quadratic-Gaussian methodology [16,
94, 95, 96], H∞ control technique [22, 23], adaptive fuzzy control [52], iterative learning
control [97], and saturated adaptive robust control strategy ([24]) have been proposed
to improve vehicle performance in the presence of system uncertainties. However, there
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are few researches on the cost of sensors. In prior investigations, when a system was
subjected to an external displacement vibration, the controllers used world coordinate in-
formation, ignoring the fact that information collected from low-cost sensors is typically
based on relative coordinates. Using a disturbance observer approach, obtaining the ab-
solute displacement and velocity of a vibration may necessitate costly sensors or multiple
calculations. To conclude, a novel active suspension controller based solely on relative
information must be developed in order to use a low-cost sensor.

Another drawback of the aforementioned research is that the active suspension system
control design is based on linear models, which simplifies the controller design calcu-
lation process. These approaches cannot be directly applied to nonlinear instances in
general; nonetheless, most components, such as springs and dampers, have nonlinearities
in practice. [98, 99] created a number of controllers based on nonlinear suspension models,
including nonlinear stiffening springs and piece-wise linear dampers. Ensuring the global
asymptotic stability (GAS) of a nonlinear system is one of the challenges of applying the
linear state feedback rule to nonlinear systems. The asymptotic stability of nonlinear con-
trolled systems is ensured by the dissipative features of Euler—Lagrange (or Hamiltonian)
systems [100, 101, 102]. The GAS of closed-loop systems is no longer guaranteed with
a linear state feedback, which is developed based on linear approximations, because the
feedback destroys the structures of Hamiltonian systems. For the regulation of nonlin-
ear systems, approaches that retain the structures of Hamiltonian systems are necessary.
Alternatively, the GAS requires certain Hamilton—Jacobi partial differential equations,
which might be difficult to solve [103, 104, 105].

As a result, while building an active suspension system, two key challenges need be
addressed. The first is its suitability for use in nonlinear situations. The suspension con-
troller, on the other hand, solely utilizes relevant information. Because this technique may
be readily applied to nonlinear systems and retains the structure of generalized Hamilto-
nian systems, IDA-PBC methods [106] are used to construct the controller. Many design
techniques, including as derivation of the feedback law, assurance of the GAS, disturbance
attenuation, and robustness against parameter uncertainties, have been well acknowledged
for nonlinear physical systems employing an IDA-PBC for equilibrium stabilization issues
[107]. Sandoval et al.[108], for example, suggested an IDA-PBC-based controller for a class
of mechanical systems with dynamic friction that are underactuated. Researchers showed
how to use a nonlinear observer to adjust for friction, and how to attain asymptotic stabil-
ity with a few criteria. For underactuated mechanical systems with matched disturbances,
Romero et al. presented the robustification of IDA-PBC. An external regulator (such as a
nonlinear proportional, integral, or derivative controller) was added to IDA-PBC to pro-
tect the closed loop’s equilibrium from being altered. As described in [109, 110], there
have been a slew of additional recent research regarding IDA-PBC disturbance rejection.
Aoki et al. [31] concentrated on changing a plant system into physically separate systems
with optimal anti-vibration qualities, rather than managing the displacement or speed
as in prior investigations. Despite the fact that the vibration was successfully controlled
in [31], the proposed system was a linear model with an external control force, thus the
movement of the actuators had no bearing on the one of the target system. Furthermore,
the effects of nonlinear springs and dampers on vibration suppression were not studied,
and the control purpose was distinct from that of the suspension design. As a result,
applying [31] to suspension design is problematic.

We develop a novel IDA-PBC design for a quarter car nonlinear active suspension
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system, noting that an IDA-PBC design has seldom been employed in nonlinear active
suspension systems with model uncertainties. We developed the main concept of [31] and
converted the plant system into a desired system with multiple SHs and ground dampers.
IDA-PBC may be used to implement the primary notion of SH control as an energy
shaping tool. We use the features of the energy shaping approach to adjust the sprung
and unsprung masses in addition to the damping term, in order to increase the vibration
suppression effect. In [111], a preliminary study of this research is described, in which a
linear suspension system with no model uncertainty is employed and assessed. Although a
pilot investigation suggested that IDA-PBC may be used in nonlinear suspension systems,
the complete controller was built and calculated using a linear suspension model. In
contrast to [111], we used a nonlinear suspension system with model uncertainty in this
study. Furthermore, the approach given in this chapter is more advanced than the previous
one, allowing for greater flexibility in parameter design while also maintaining strong
stability against parameter uncertainty in terms of mass., springs, and dampers. The
main contributions of this study are summarized as follows:

• We develop a feedback rule based solely on the relative displacement and velocity of
the suspension system, whereas most previous research has relied on absolute data.
It is calculated by obtaining the suspension system’s pH form from the dynamics of
the suspension system and rewriting it using relative coordinates. A low-cost sensor
may be employed in practice with our unique controller.

• There is a proposal for an IDA-PBC-based controller design for an active suspension
system with a nonlinear spring, a nonlinear damper, and mass uncertainty. Our
approaches focus on changing the nonlinear suspension system into a desired linear
system with perfect aseismatic features, unlike other IDA-PBC implementations,
which tend to regulate the position or velocity.

• We design a virtual vehicle body, an unsprung mass, and damper coefficients in
addition to a standard controller utilizing the SH control approach.

• We establish the requirements that guarantee the suspension system’s GAS in the
absence of model errors or disturbances, as well as parameter selection suggestions
that can assure robust stability in the face of parameter uncertainties in the mass,
springs, and dampers. Variations in passenger numbers and vehicle body loads, as
well as aging suspension parts and measurement mistakes, can all contribute to these
inaccuracies.

The following is how the rest of the paper is organized: The basic notion of the IDA-
PBC standard is provided in Section 2. The problem statements and control goals are
briefly introduced in Section 3. In Section 4, we look at how to utilize IDA-PBC to
construct a control rule that simply takes into account relative displacement and velocity.
In Section 5, we give advice for choosing the control law’s parameters to achieve stable
stability and suspension performance. Section 6 discusses the performance evaluation of
the proposed controller using numerical simulations. Section 7 concludes with a few closing
words.
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5.2 Standard IDA-PBC Formulation
The IDA-PBC approach is a strong controller design methodology for solving the stabi-
lization problem, and the dynamics with a pH form are commonly described as follows:

ẋ =
[
q̇
ṗ

]
=
[
0n×n In

−In 0n×n

]
∂H

∂x

>
+
[
0n×m

G(q)

]
u, (5.1)

where q, p ∈ Rn are the generalized position and momentum, respectively, u ∈ Rm is the
control input, and G(q) ∈ Rn×m, with rank(G)= m. The controlled system is underactu-
ated when m < n. The Hamiltonian function, H, is defined as follows:

H(q, p) = 1
2p>M−1(q)p + V (q),

where M ∈ Rn×n is a positive-definite inertia matrix and V ∈ R is the potential energy.
The goal of the control is to create a static state feedback loop that will stabilize the
controlled system. The IDA-PBC design technique is divided into two steps: energy
shaping and damping injection.

u = ues + udi.

Figure 5.1 shows an example of a simple pendulum to outline the mechanism. It is assumed
that the support part of the pendulum is connected to the external environment by a
frictionless pin joint, and torque can be input to the pendulum from the pin joint. Consider
controlling the simple pendulum to an inverted state from the viewpoint of energy. When
there is no control input, the simple pendulum vibrates vertically and downward. This
can be explained by the fact that the vertical downward direction is the minimum energy
state of the simple pendulum system. IDA-PBC initially controls the minimum energy
state of the system to be an inverted state by Energy Shaping. As a result, it becomes a
natural state in a sense that the simple pendulum makes a simple vibration around the
vertically upward direction.

On top of that, a damping effect called Damping Injection is added, and the system
converges to the minimum energy state. In other words, the simple pendulum is controlled
to the inverted state. In this case, the damping effect is the negative feedback of the angular
velocity of the pendulum, which physically corresponds to the damper and friction. In
addition, the angular velocity of the pendulum corresponds to the passive output of this
system, and since stabilization is achieved by negative feedback, it is called passivity-based
control (PBC).

Energy shaping step The fundamental idea is to match the controlled system with a
desired system using a new connectivity matrix and energy function while keeping
the whole system’s pH form in a closed loop. This is described as follows:

ẋ =
[
0n×n In

−In 0n×n

]
∂H

∂x

>
+
[
0n×m

G(q)

]
ues =

[
0n×n M−1(q)Md(q)

−Md(q)M−1(q) J2(q, p)

]
∂Hd

∂x

>
,

(5.2)

with the new Hamiltonian function,

Hd(q, p) = 1
2p>M−1

d (q)p + Vd(q),
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Energy Shaping Damping Injection

Figure 5.1: Illustration of IDA-PBC with an example of single pendulum

where the desired mass matrix, Md ∈ Rn×n, is positive definite, and the desired
potential energy, Vd ∈ R, verifies

q? = argminHd(q) = argminVd(q). (5.3)

The matrix, J2 ∈ Rn×n, is available to a designer and fulfills the skew-symmetry
condition, J2(q, p) = −J>

2 (q, p). For holding (5.3), two conditions need to be satis-
fied.

1. Necessary extremum assignment: ∇qHd(q?) = 0.
2. Sufficient minimum assignment: ∇2

qHd(q?) > 0, which indicates that the Hes-
sian of the function at the equilibrium point is positive.

If Md, Vd, and J2 are provided, we can derive the following:

ues =
(
G>G

)−1
G>

(
∇qH − MdM−1∇qHd + J2M−1

d p
)

=G+
(
∇qH − MdM−1∇qHd + J2M−1

d p
)

,

from the matching equation (5.2).

Damping injection step The second step is to design a damping injection controller
udi, which can be expressed as follows:

udi = −RdG>∇pHd,

where Rd is a positive-definite matrix. With the damping injection controller, udi,
asymptotic stabilization of the desired equilibrium is ensured.

Therefore, the pH system in (5.1) can be transformed into the desired pH system, which
is described as

ẋ =
[

0n×n M−1(q)Md(q)
−Md(q)M−1(q) J2(q, p) − Cd(q)

]
∂Hd

∂x

>
, (5.4)

using the control law, u = ues + udi, where

Cd(q) = G(q)RdG>(q) > 0, (5.5)
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Figure 5.2: Nonlinear quarter car suspension model with controller.

is the dissipation matrix if and only if the following matching equation holds:

G⊥(x)
[[

0n×n In

−In 0n×n

]
∂H

∂x

>
−
[

0n×n M−1(q)Md(q)
−Md(q)M−1(q) J2(q, p) − Cd(q)

]
∂Hd

∂x

>
]

= 0. (5.6)

The primary disadvantage of IDA-PBC is that it requires the use of (5.6) to solve nonlinear
partial differential equations. Because a closed-form solution of the matching equation is
hard to discover in most cases, it is required to assess whether the desired goal dynamics
can be achieved.

5.3 Problem Statements

5.3.1 Nonlinear Active Suspension Model with Uncertain Parameters

We explore a quarter car nonlinear active suspension model, as illustrated in Fig. 5.2. The
dynamics of this model may be represented by the following equations, which are based
on Newton’s second law:

msz̈s = − Fcs(żs, żu) − Fks(zs, zu) + u,

muz̈u =Fcs(żs, żu) + Fks(zs, zu) − Fct(żu, ż0) − Fkt(zu, z0) − u,
(5.7)

where ms denotes the quarter car body mass, mu is the unsprung mass (e.g., tire and
wheel), and zs and zu are the vertical displacements of the sprung and unsprung masses,
respectively, z0 is the road displacement input and u is the actuator input force. The

— 66 —



Chapter 5. Suspension Systems Design 5.3 Problem Statements

nonlinear suspension spring force, Fks, and the nonlinear suspension damper force, Fcs,
are defined as

Fks(zs, zu) = ks(q1)q1, (5.8)
Fcs(żs, żu) = cs(q̇1)q̇1, (5.9)

and the tire elastic force, Fkt, and the tire damper force, Fct, are expressed as

Fkt(zu, z0) = ktq2, (5.10)
Fct(żu, ż0) = ctq̇2, (5.11)

where q1 = zs − zu, q2 = zu − z0, kt is the tire stiffness, ks is the stiffness of the spring
between the tire and the chassis, and cs and ct are the damping coefficients of the sus-
pension and tire, respectively. Parameters ms, mu, cs, ct, ks, and kt are determined as
uncertain parameters, and their nominal values are defined as m̃s, m̃u, c̃s, c̃t, k̃s, and k̃t.
The uncertain parameters are assumed to be bounded as

msmin ≤ ms ≤ msmax,

mumin ≤ mu ≤ mumax,

csmin ≤ cs ≤ csmax,

ctmin ≤ ct ≤ ctmax,

ksmin ≤ ks ≤ ksmax,

ktmin ≤ kt ≤ ktmax.

(5.12)

The above bounded uncertainties may be caused by the variations in the passenger number
and vehicle body load, aging of the suspension parts, or measurement errors.

5.3.2 Control Objectives

We consider the following aspects when designing the control law for the suspension sys-
tems:

1. Ride comfort: The ride comfort performance can be evaluated by the sprung mass
acceleration, z̈s.

2. Road holding ability: The dynamic loads of the tire should be limited to provide a
firm, uninterrupted contact of the wheels to the road, i.e., the tire deflection should
fulfill the inequality,

ktq2 < (ms + mu) g. (5.13)

As a result, the tire deflection, q2, may be used to assess road holding capability.

3. Robust stability in the face of parameter variation: We use the following parameters
to assess the influence of parameter uncertainties on stability:

δ = u(ms, mu, cs, ct, ks, kt) − u(m̃s, m̃u, c̃s, c̃t, k̃s, k̃t)
u(m̃s, m̃u, c̃s, c̃t, k̃s, k̃t)

.
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As a result, the goal of this research is to use a feedback rule that solely uses relative
information to reduce the sprung mass acceleration, z̈s, and tire deflection, q2, at the
same time. The approach should ensure strong system stability in the face of parameter
uncertainties in the mass, springs, and dampers, which can be produced by changes in the
passenger number and vehicle body load, suspension part aging, or measurement mistakes.
After the controller is developed, the parameter δ should converge to zero.

5.4 Suspension Design with IDA-PBC
The solution to the control problem indicated in the preceding part is given in this sec-
tion, which involves building an IDA-PBC-based controller. The control diagram for the
suggested technique is shown in Figure 5.3. The control variables of the IDA-PBC basic
controller are relative displacement q, absolute momenta p, and disturbance signal ω. A
feedback rule that only requires the relative displacement, q, and the relative velocity, q̇, is
produced by rewriting momenta p into the form of M(q̇ + ω) and canceling the coefficient
of ω. The following is a summary of our suggested controller’s design scheme:

Step 1: The plant system’s pH form is calculated, and it is rebuilt using relative coordi-
nates.

Step 2: IDA-PBC is used to develop the feedback law.

Step 3: The feedback law is split into two parts: relative information and disturbance.
The criteria for making the disturbance component zero have been discovered.

Step 4: To ensure suspension performance and strong stability, criteria for parameter
selection for the controller are established.

Step 5: The feedback law’s precise form is achieved.

5.4.1 System modeling in pH form

We must restate the plant dynamics in the same way since the IDA-PBC approach de-
mands the mentioned systems to be written in a pH form. Furthermore, because the
state of displacement only employs relative values, the resultant feedback rule can only be
described using relative state data. First, we define the target system’s momentum vector
as follows:

p̃ =

p0
ps

pu

 = M

ż0
żs

żu

 ,

where M = diag. (m0, ms, mu) represents the inertia matrix, and m0 denotes a temporary
value of the ground mass for further explanation. The following is a formula for calculating
the total energy of the plant system, including ground motion:

H̃ (x̃) = 1
2

(
pM−1p> + 2

∫
ks(τ)τ |τ=zs−zu +kt (zu − z0)2

)
, (5.14)

where the state vector, x̃, is defined as

x̃ = (z0, zs, zu, p0, ps, pu)> .
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Figure 5.3: Control diagram of proposed method

Thus, the pH system including the ground motion is described as

˙̃x =
[
03×3 I

−I −C̃

]
∂H̃

∂x̃

>

+
[
03×1

G̃

]
u + eE, (5.15)

where E is a virtual force acting on the ground, C̃ denotes the damping matrix, and

C̃ =

 ct 0 −ct

0 cs −cs

−ct −cs ct + cs

 , G̃ =

 0
1

−1

 , e =

0
0
1


Because we require a form that is independent of ground mass m0, we remove the first
and fourth row equations from (5.15) and replace m0ż0 with p0 to get a pH subsystem
that is free of ground dynamics:

˙̄x =
[
02×2 I

−I −C̄

]
∂H̄

∂x̄

>

+
[
02×1

Ḡ

]
u + Dω, (5.16)

where

x̄ = (zs, zu, ps, pu)> ,

H̄ (x̄, z0) = 1
2

(
pM̄−1p> + 2

∫
ks(τ)τ |τ=zs−zu +kt (zu − z0)2

)
,

M̄ =
[
ms 0
0 mu

]
, C̄ =

[
cs −cs

−cs ct + cs

]
, Ḡ =

[
1

−1

]
, D̄ = (0 0 0 ct)> .

In (5.16), we regard z0 and ż0 as independent external disturbance signals. Because one of
our goals is to use just relative displacement and velocity, it will be easier to develop the
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control rule if the system’s configuration is characterized by relative displacement. The
state vector is modified as follows: x = (q, p)> , where

q =
[
q1
q2

]
, p =

[
p1
p2

]
= M

[
q̇1

q̇2 + w

]
, w = ż0, M =

[
ms ms

ms ms + mu

]
.

Thus, the pH subsystem can be redescribed as

ẋ =
[
q̇
ṗ

]
= (J − R)∂H

∂x

>
+ Dw +

[
02×1

G

]
u, (5.17)

where

H(q, p) = 1
2p>M−1p + V, V = 1

2

(
2
∫

ks(q1)q1 + ktq
2
2

)
,

J =
[

O I
−I O

]
, R =

[
O O
O C

]
, C =

[
cs(q̇1) 0

0 ct

]
,

G = (1 0)>, D = (0 − 1 0 ct)>.

In contrast to the original IDA-PBC technique outlined in Section 2, the controlled system
in (5.17) contains the damping matrix, C. As a result, in this work, the required damping
matrix, Cd, is not confined to the form (5.5). The suggested feedback enhances the initial
damping term, resulting in the implementation of a virtual SH damper.

5.4.2 Construction of desired system

Our approaches focus on changing a nonlinear suspension system into a desirable linear
system with optimal aseismatic features, which is one of the study’s benefits. Most IDA-
PBC applications, on the other hand, tend to regulate the position or velocity by creating
a desired Hamiltonian function with a new equilibrium point. As illustrated in Fig. 5.4,
we suggest a method for constructing a desired system with numerous virtual springs and
dampers.

Energy shaping As illustrated in Section 5.2, the main concept of IDA-PBC is to design
a desired system with a new interconnection matrix and a new energy function, which
can satisfy the following energy shaping equation:

J
∂H

∂x

>
+
[
02×1

G

]
ues =

[
0n×n M−1(q)Md(q)

−Md(q)M−1(q) J2(q, p)

]
∂Hd

∂x

>
, (5.18)

where J2 =
[

0 je

−je 0

]
. Because the desired system’s inertia matrix has the same

structure as the plant system’s and the mass parameters are configurable, we can
readily examine the motion of the desired mass. The below is a technical definition:

Md =
[
mds mds

mds mdu + mds

]
.

The mass ratios are defined as follows for the sake of parameter design:

r1 = mds

ms
, r2 = mdu

mu
. (5.19)
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During the modeling of the desired system, we discovered that by making the po-
tential energy structure equivalent to that of the plant, i.e. Vd = 1

2
(
kd1q2

1 + kd2q2
2
)
,

and preventing the mass ratios to have the same values, i.e., r1 6= r2, the given Md

and Vd cannot hold the matching equation in (5.18). As a result, we add a linked
term to the required potential energy in the following way:

Vd(q) = 1
2
(
kd1q2

2 + kd2q2
1 + kd3(q1 + q2)2

)
= 1

2q>Kdq,

Kd =
[
kd2 + kd3 kd3

kd3 kd1 + kd3

]
,

finally, the control input for energy shaping may be stated as

ues(q, p) =G+
(
∇qH − MdM−1∇qHd + J2M−1

d p
)

=ks(q1)q1 − r1(kd2 + kd3)q1 − r1kd3q2 − je

mur2
(p1 − p2).

(5.20)

Damping injection The dissipation matrix and disturbance coefficients of the desired
system are now shown. The dampers are placed to the same position as the springs
to modify the motion, which includes the spring terms, kdi. We also add two SH
dampers, mds and mdu, to the required masses. As a result, we match the controlled
system with the intended system, whose structure is given in Fig. 5.4. The desired
system with an artificial structure matrix is constructed as follows:

ẋ =
[
q̇
ṗ

]
= (Jd − Rd)∂Hd

∂x

>
+ Ddω, (5.21)

where
Hd(q, p) = 1

2
(
p>M−1

d p + Vd(q)
)

,

denotes the total energy of the desired system, and

Md =
[
mds mds

mds mds + mdu

]
, Jd =

[
O M−1Md

−MdM−1 J2

]
, J2 =

[
0 je

−je 0

]
,

Rd =
[
O O
O Cd

]
, Cd =

[
cd2 + cd4 + cd5 cd4 + cd5

cd4 + cd5 cd1 + cd3 + cd4 + cd5

]
,

Dd = (0 − 1 cd5 cd1 + cd5)>.

The artificial skew-symmetric structure matrix, positive semi-definite damping ma-
trix, potential energy, and inertia matrix in the desired Hamiltonian are denoted
by Jd, Rd, Vd(q), and Md, respectively. Thereafter, the damping injection force is
calculated by matching the dynamics, which includes the dissipation matrices and
disturbance coefficients, as follows:

−R
∂H

∂x

>
+ Dw +

[
02×1

G

]
udi = −Rd

∂Hd

∂x

>
+ Ddω. (5.22)
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Figure 5.4: Desired system with several virtual springs and dampers.
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From the above equation, the damping injection force is obtained as

udi(p, ω) = cs
mu + ms

msmu
p1 − cs

1
mu

p2 − (cd2 + cd4 + c5)mur2 + cd2msr1
msmur1r2

p1

+ cd2
mur2

p2 + cd5ω,
(5.23)

and the total control input, u = ues + udi, is expressed as

u(q, p, ω) = ks(q1)q1 − r1(kd2 + kd3)q1 − r1kd3q2 − je

mur2
(p1 − p2)

+ cs
mu + ms

msmu
p1 − cs

1
mu

p2 − (cd2 + cd4 + c5)mur2 + cd2msr1
msmur1r2

p1

+ cd2
mur2

p2 + cd5ω.

(5.24)

5.4.3 Conditions for matching dynamics

Another benefit of this research is that the suggested control rule is based on relative
displacement and relative velocity, both of which are easily monitored by low-cost sen-
sors. As a result, we’ll show you how to get the feedback legislation in terms of relative
information.

By matching the dynamics of the desired system with those of the controlled system,
the following equation for the feedback law with equality and inequality constraints of the
parameters of the desired system may be derived:

(Jd − Rd) ∂Hd

∂x

>
= (J − R) ∂H

∂x

>
+ B2u + (D − Dd)w. (5.25)

By removing the coefficients of q1, q2, p1, p2, and ω, the matching equation may be reduced
into the following equations.

(r1 − r2)kd2 + r1kd3 = 0
r2kd1 + r1kd3 = kt

ct

mu
= −(je + cd5 + cd4)mur2 + (je − cd1 − cd3)msr1

msmur1r2

− ct

mu
= je − cd1 − cd3

mur2
ct = cd1 + cd5

Herein, we select cd2, cd4, cd5, kd2, r1, and r2 as temporary free parameters, and the other
parameters are obtained from the following equations:

r1kd3 = (r2 − r1)kd2

kd1 = kt + (r1 − r2)kd2
r2

je = −cd4 − cd5

cd1 = ct − cd5,

cd3 = (r2 − 1)ct − cd4
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By substituting the previous equations and p = M(q̇ −aω) into u, we obtain the following:

u(q, q̇, ω) = ksq1 − r2kd2q1 + (r1 − r2)kd2q2 + csq̇1 − cd2 + cd4 + cd5
r1

q̇1

+ r2(−cd2 − cd4 − cd5) + r1(cd2 − cd4 − cd5)
r1r2

q̇2 + θω,

(5.26)

where

θ = (r1cd5 − cd5 − cd4 − cd2)r2 + r1(cd2 − cd4 − cd5)
r1r2

. (5.27)

If θ is zero, we can express the feedback law in terms of the relative displacement and
velocity. Thus, by solving θ to zero for cd2, we obtain the following additional condition:

cd2 = (r1r2 − r1 − r2)cd5 − (r1 + r2)cd4
r2 − r1

(5.28)

With these equality constraints, we obtain the following feedback law:

u(q, q̇) = (ks − r2kd2)q1 + (r1 − r2)kd2q2 + csq̇1 − (r2 − 2)cd5 − 2cd4
r2 − r1

q̇1 − cd5q̇2. (5.29)

Remark 17. It is difficult to solve and create the required potential matrix and dissipation
matrix if the potential matrix and dissipation matrix are nonlinear. Because the non-
linearity of the desired potential matrix and the dissipation matrix must often cover the
nonlinearity of the original system. Our suspension system (ks and cs) has nonlinearity
in the actuated coordinates (q1 and p1), but linear parameters in the underactuated coor-
dinates (q2 and p2). Only the parameters on the underactuated coordinates are included
in the matching equations produced by the underactuated attribute. As a result, the
required suspension model may be built linearly.

5.4.4 Stability analysis with zero disturbances

As advantages of using IDA-PBC is that the controller can achieve asymptotic stability
by considering the desired Hamiltonian function as a Lyapunov function.

Theorem 18. The origin of the system in (5.17) with zero disturbances (z0 = 0) is globally
asymptotic stable if the following constraints are satisfied:

r1 > r2 > 0
kd2 > 0.

cd4 + cd5 = ctr1r2
r1 − r2

,

cd5 < 0

r2 <
2r1ct + r1cd4

r1ct + cd4
.

(5.30)

Proof. We consider the desired Hamiltonian function, Hd, as a Lyapunov candidate func-
tion, which is described as follows:

Hd(q, p) = 1
2
(
p>M−1

d p + q>Kdq
)

, (5.31)
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For the positive definiteness of Hd, Md and Kd should be positive definite, i.e.,{
mds = r1ms > 0,
detMd = r1r2msmu > 0 (5.32)

{
kd2 + kd3 = r2kd2

r1
> 0,

detKd = ktkd2
r1

> 0
(5.33)

We observe that the constraint in (5.32) can be satisfied by r1 > 0 and r2 > 0. With
r1 > 0 and kd2 > 0, (5.33) is ensured.

The time derivation of the desired Hamiltonian function, Hd, is expressed as follows:

Ḣd = − ∂Hd

∂x
Rd

∂Hd

∂x

>

= − ∂Hd

∂p
Cd

∂Hd

∂p

>

= − p>M−1
d CdM−1

d p

(5.34)

Here, Ḣd ≤ 0 holds when Md and Cd are positive definite. In addition, Cd is positive
definite when

cd2 + cd4 + cd5 > 0, (5.35)

det Cd = r2ct
r1r2cd5 − r1(cd4 + cd5)

r2 − r1
− (cd4 + cd5)2 > 0 (5.36)

are satisfied. Herein, if we set

cd4 + cd5 = ctr1r2
r1 − r2

, (5.37)

(5.36) can be rewritten as r1r2
2ctcd5

r2−r1
> 0, which can be ensured by

r1 > r2 > 0, cd5 < 0 (5.38)

or

r2 > r1 > 0, cd5 > 0. (5.39)

According to the SH theorem [10], a large positive value of the SH damper term, cd4,
enhances the vibration suppression effect on the sprung mass, mds. However, a large
positive cd4 leads to a negative cd5 when r2 > r1 > 0 holds. Thus, we select (5.38) to
satisfy (5.36). With the conditions in (5.28), (5.37), and (5.38), the constraint in (5.35) is
equivalent to

r2 <
2r1ct + r1cd4

r1ct + cd4
(5.40)

for a fixed r1 and cd4.
It can be concluded that if (5.30) is satisfied, Hd(x) is positive definite and Ḣd is

negative semi-definite as (5.34). Since Cd is positive definite, from Barbalat’s lemma
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∂Hd/∂p = M−1
d p → 0 (t → ∞), i.e., q̇ = M−1p → 0 (t → ∞). Note that the desired

system is linear, and hence, the uniform-continuity condition for Barbalat’s lemma is
fulfilled. Because Vd(q) is quadratic and positive definite with respect to q, the system
is zero-state observable for the velocity output, i.e., q ≡ 0 if q̇ ≡ 0. From the invariance
principle, the system is globally asymptotically stable. Because our desired system is
constructed as a linear system, the global property is natural.

We can also design the desired system as a nonlinear system, i.e., making Kd and Cd

as functions with respect to state x. We assume that the new potential function, Vd(q),
derived from the nonlinear Kd is radially unbounded and satisfies ∂Vd/∂q 6= 0 (q 6= 0).
Under these assumptions, the zero-state observability is also satisfied, and therefore, the
GAS property can be shown.

Remark 19. We can establish that the system is input-to-state stable (ISS) [63] since
the desired system, which is identical to a closed-loop system, is linear and coefficient
Dd is a constant vector. Our findings may be used to situations involving nonlinear
desirable systems. The input-to-stability should be addressed for a nonlinear system with
disturbances. Although asymptotically stable linear systems are often ISS, treating the
Hamiltonian as an ISS Lyapunov function does not allow us to deduce the ISS feature from
the GAS property for nonlinear systems. Because the Hamiltonian is always semi-positive
definite, this is the case. In [31], Aoki et al. demonstrated the ISS feature for a specific
scenario; nonetheless, building of the ISS Lyapunov function is expected for a universal
PH system. As a result, one of our future research projects will focus on developing an
ISS Lyapunov function for generic nonlinear pH systems with disturbances.

When creating the parameters for the intended system, we must keep in mind that all
parameters must adhere to the equality requirements, which are described as follows:

kd3 =
(

r2
r1

− 1
)

kd2

kd1 = kt + (r1 − r2)kd2
r2

je = −cd4 − cd5

cd1 = ct − cd5,

cd2 = (r1r2 − r1 − r2)cd5 − (r1 + r2)cd4
r2 − r1

cd3 = (r2 − 1)ct − cd4

cd5 = ctr1r2
r1 − r2

− cd4,

(5.41)

as well as the inequality constraints,

r1 > r2 > 0
kd2 > 0
cd5 < 0

r2 <
2r1ct + r1cd4

r1ct + cd4
.

The proposed system has 11 parameters that must be developed using the seven equality
constraints in (5.41). Thus, we select r1, r2, kd2, cd4 as free parameters, and determine the
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other parameters from the equality constraints in (5.41). Finally, we have the following
feedback law:

u = (ks − r2kd2)q1 + (r1 − r2)kd2q2

+ csq̇1 + r1r2(r2 − 2)ct + r2(r2 − r1)cd4
(r1 − r2)2 q̇1 −

(
ctr1r2
r1 − r2

− cd4

)
q̇2,

(5.42)

which converts the system in (5.17) into the desired system in (5.21) with equality con-
straints (5.41). Moreover, if (5.30) holds, the origin of the controlled system with zero
disturbances is the GAS.

5.5 Guidelines for Parameter Selection

5.5.1 Robust Stability Against Parameter Uncertainty

Despite the fact that we have demonstrated the GAS of the controlled system with minimal
disturbance, one of our major contributions is to assure robust stability in the face of
parameter uncertainties in the mass, springs, and dampers. Variations in the number of
passengers and the vehicle body weight, as well as the age of suspension elements and
measurement mistakes, can all contribute to these inaccuracies.

The following parameters are used to assess robust stability against parameter uncer-
tainties:

δ = u(ms, mu, cs, ct, ks, kt) − u(m̃s, m̃u, c̃s, c̃t, k̃s, k̃t)
u(m̃s, m̃u, c̃s, c̃t, k̃s, k̃t)

. (5.43)

Noticeably, the control input, u, (5.42) is independent of M and kt, i.e.,

u(M) = u(M̃, k̃t).

The suggested controller is robust against mass parameter and tire stiffness parameter
uncertainties in particular, and robustness against mass parameter uncertainties is the
most crucial indicator when building a robust suspension system. The controller may be
broken down into:

u(q, q̇) = u1(q̇1) + u2(q̇2) + u3(q1) + u4(q2),

where

u1 = csq̇1 + r1r2(r2 − 2)ct + r2(r2 − r1)cd4
(r1 − r2)2 q̇1

u2 = −
(

ctr1r2
r1 − r2

− cd4

)
q̇2

u3 = (ks − r2kd2)q1

u4 = (r1 − r2) kd2q2.

The nonlinear coefficients ks(q1) and cs(q̇1) are assumed to be limited in this paper. As
a result, robust stability may be attained by calculating the sensitivity of the controller
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to the uncertainty of the parameters. The following is how we define sensitivity, which
should be near to zero:

e1 = u1(cs, ct) − u1(c̃s, c̃t)
u1(cs, ct)

≈ 0, (5.44)

e2 = u2(ct) − u2(c̃t)
u2(ct)

≈ 0, (5.45)

e3 = u3(ks) − u3(k̃s)
u3(ks) ≈ 0. (5.46)

The sufficient conditions of (5.44) are
r1 − r2

r1|r2 − 2|
cd4 � ct, (5.47)

r2
r1 − r2

cd4 � cs(q̇1). (5.48)

The sufficient condition of (5.45) is
r1 − r2

r1r2
cd4 � ct. (5.49)

The sufficient condition of (5.46) is

r2kd2 � ks(q1). (5.50)

For instance, when ks(q1) = 10 sin(q1), cs(q̇1) = 10 sin(q̇1), and ct = 1, by setting r1 =
10.1, r2 = 0.1, cd4 = 104, kd2 = 103, one can satisfy the conditions in (5.47),(5.48),(5.49),and
(5.50).
Remark 20. When the nonlinear coefficients ks(q1) and cs(q̇1) are unbounded, additional
requirement for robust stability in the global sense must be considered. We define the error
between the controller with nominal parameters and the one with unknown parameters
as ue = δ1(q1) + δ2(q̇1) for a controller with uncertain parameters k̃s(q1) and c̃s(q̇1). The
errors produced by the uncertainty of ks(q1) and cs(q̇1) are δ1(q1) and δ2(q̇1), respectively.
Robust stability is ensured when the time derivation of the Lyapunov function, Hd, satisfies

Ḣd = −p>M−1
d CdM−1

d p + p>M−1
d Gue < 0. (5.51)

5.5.2 Suspension Performance

Because the free parameters are r1, r2, kd2, and cd4, we can design the damper terms of
the suspension system like other conventional controllers using the SH control strategy.
Moreover, we can design the values of the spring, kd2, virtual vehicle body mass mds, and
virtual unsprung mass mdu to improve the suspension performance.

As previously mentioned, our aim is to decrease the sprung mass acceleration, z̈s, and
the tire deflection, q2, simultaneously. Considering the empirical knowledge of the SH
system [10], we expect that large cd4 and mds will enhance the vibration suppression/iso-
lation effects with respect to the sprung mass, mds. For the tire deflection, q2, a large cd1
should be selected. We rewrite cd1 in (5.41) as

cd1 =
(

1 − r1r2
r1 − r2

)
ct + cd4, (5.52)
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Table 5.1: Parameters of suspension system
Parameters Symbol Unit Value
Sprung mass ms Kg 500
Unsprung mass mu Kg 50
Spring stiffness ks N/m 30,000
Suspension damping coefficient cs Ns/m 2,000
Tire damping coefficient ct Ns/m 200
Tire stiffness kt N/m 300,000

and we observe that selecting 0 < r2 < 1 and a large r1, cd4 lead to a large cd1.
As a result, the criteria for selecting the appropriate system’s parameters are 0 < r2 < 1

and a big r1, as well as cd4. The other parameters are chosen by the equality criteria, and
the aforementioned parameter configuration automatically satisfies the inequality con-
straints that assure the intended system’s asymptotical stability.

Remark 21. Setting a big r1 and a small r2, from the perspective of the desired system,
makes the virtual vehicle body and virtual unsprung mass (usually the tire structure)
heavy and light, respectively. A hefty body is well recognized for suppressing vibration,
whereas a small unsprung mass is well known for following the undulations of roadways.
In general, controlling a hefty body necessitates a considerable lateral force, which may
surpass the tire capacity. Our feedback law, on the other hand, only examines the vertical
direction, therefore the intended system’s horizontal performance will remain unchanged.

5.6 Simulation Verification

In this part, we show how we used simulations to verify the suspension effect of the
feedback rule. Table 5.1 lists the parameters of the controlled suspension system. The
nonlinear spring force and damper force have the following mathematical expressions:

Fcs = cs

(
q̇1 + q̇3

1

)
(5.53)

Fks = ks

(
q̇2 + q̇3

2

)
(5.54)

In the case of an isolated bump, the vertical road displacement input, z0(t), is described
as

z0(t) =
{

A
2 (1 − cos(2πv

L t)), 0 ≤ t ≤ L
v

0, t > L
v ,

where A denotes the bump height, L is the bump length, and v is the velocity of the
passing vehicle. We let A = 0.08,[m], L = 5 [m], and v = 12.5 [m/s]. The disturbance
signal of the controlled suspension system in (5.17) is the derivation of z0, i.e.,

ω(t) =
{

πAv
L sin(2πv

L t), 0 ≤ t ≤ L
v

0, t > L
v .
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Figure 5.5: Comparison of body accelerations
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Figure 5.6: Comparison of power spectral density (PSD) of body accelerations
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Figure 5.7: Comparison of body displacements
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Figure 5.9: Control force

The simulation results of the active suspension with the proposed controller were com-
pared with those of a passive suspension and an active suspension with the SH damper
controller. The SH damper control law can be described as

u = −cshżu.

To compare the two controllers, we set the SH damper coefficients of the conventional and
suggested controllers to the identical values. We select cd4 = csh = 2000, and r1 = 100,
r2 = 0.1, and kd2 = 20. The matching equations are used to calculate the additional
parameters of the desired system. When compared to the open-loop and SH damper
systems, the major aims of our study—-sprung mass acceleration and tire deflection—-
were significantly improved.

The time response comparison of the vertical acceleration of the sprung mass under
varied control inputs is shown in Figure 5.5. The temporal response of the vertical dis-
placement of the sprung mass under varied control inputs is shown in Figure 5.7. It is clear
that the SH control input improves the body displacement performance over the passive
system. The body acceleration under the SH control input, on the other hand, is ineffec-
tive. We can see from Figure 5.6, which shows the power spectral density (PSD) of the
sprung mass acceleration, that in the frequency range of 4–8 Hz, the performance under
the SH control is the same as the passive one. The suggested solution, on the other hand,
outperforms the SH control and passive systems in terms of body acceleration. The root-
means-square (RMS) of the acceleration under a bumpy road disturbance is compared in
Table 5.2. The time response comparisons of tire deflections under various control inputs
are shown in Figure 5.8. The active control force of the suggested controller is shown
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Table 5.2: RMS of body accelerations
Controller z̈s Changes
Passive 1.0126 -
Skyhook damper 0.9468 6.5 %
IDA-PBC 0.1891 81.3 %

in Figure 5.9, and we can see that it is less than 2500 N, which is the usual evaluation
value of a control force [99]. Using simply relative displacement and velocity information,
the suggested controller can increase ride comfort and road holding performance, as seen
in the figures above. Furthermore, because the maximum force is less than the control
force’s standard evaluation value, the magnitude of the control force corresponds to a real
situation [99].

5.7 Conclusion
We present a novel IDA-PBC design for a quarter car nonlinear active suspension system
in this chapter. First, we use relative coordinates to obtain the pH form for the quarter
car nonlinear active suspension system. We get the requirements that ensure the feedback
only utilizes the relative displacement and velocity after calculating the feedback law using
IDA-PBC. Following that, parameter selection instructions for the controller are offered
in order to achieve suspension performance and strong stability. We may easily set the
parameters according to the rules, ensuring GAS and control performance. Finally, we run
many simulations to test the suspension’s performance. The maximum force is less than
2500 N, which is the usual control force assessment value [99]. The focus of our future
research will be in two directions. One way is to create an ISS Lyapunov function for a
nonlinear pH system that is subject to perturbations. The second goal is to apply our
technology to either a half- or full-suspension system.
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Chapter 6

Conclusion

In this dessertation, vibration controllers based on relative information for nonlinear me-
chanical systems are proposed. The key idea of the controllers is based on the passivity
properties of the mechanical systems and skyhook strategies. Interconnection and damp-
ing assignment passivity-based control (IDA-PBC) method is applied in most result, due
to its theoretical advantages on energy shaping and stabilization of nonlinear systems.

We solved the vibration suppression problem of the general pH system in Chapter 2 by
constructing the IDA-PBC controller. Any floating nonlinear mechanical structure with
spring and damper can be used to represent the system under consideration. The matching
condition between the controlled system and the desired system has been demonstrated.
We demonstrate a control law with various free parameters and limitations. Only relative
information, which is easily measured, is used by the controller. In comparison to earlier
work, we offer a novel parameter design technique for more generalized nonlinear con-
trolled devices. The inertia matrix of the intended closed-loop system is determined using
differential equations. The IDA-PBC approach theoretically guarantees the stability of
the nonlinear closed-loop system. We have presented a parameter selection strategy that
is both efficient and effective in providing a decent vibration suppression effect. The sug-
gested control law achieved a virtual skyhook damper utilizing just relative information
under the specified parameter selection.

In Chapter 3, we presented a new nonlinear active DVA control system, in which
the information of the controller is not based on the world-coordinate information. The
proposed method can control the vibrations that are excited by a force disturbance and
velocity disturbance simultaneously. The control law uses only the relative displacement
and velocity of the vibration system, which can be easily measured by sensors. We revealed
the equality and inequality constraints for matching the plant system with the desired
system. The numerical solutions of the partial differential equations are not required with
our proposed method. The main idea of the controller design is to convert a nonlinear DVA
system into a desired system with multiple virtual springs and dampers. We also derived
selection guidelines for the parameters of the desired system. The global asymptotical
stability is guaranteed automatically through passivity-based control theory, although the
parameter design is based on a linearization. The effectiveness of our controller was
confirmed through simulations for a cart-pendulum system.

We built ISS Lyapunov functions for a type of nonlinear mechanical Hamilton systems
with a force and velocity disturbance in Chapter 4. The system under consideration
was split into two parts: one with a force disturbance and the other with a feedback
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input and a velocity disturbance. Then, for each of those two systems, we built the ISS
Lyapunov function. The construction is based on a number of assumptions regarding the
system parameters, all of which are easily met in practice. The created ISS Lyapunov
functions have an issue in that they are for split systems, and the relationship between
the ISS property of divided systems and the one of the entire system has to be studied
theoretically, which is our future study.

A novel IDA-PBC design for a quarter car nonlinear active suspension system was
suggested in Chapter 5. First, we use relative coordinates to obtain the pH form for the
quarter car nonlinear active suspension system. We get the requirements that ensure the
feedback only utilizes the relative displacement and velocity after calculating the feedback
law using IDA-PBC. Following that, parameter selection instructions for the controller are
offered in order to achieve suspension performance and strong stability. We may easily set
the parameters according to the rules, ensuring GAS and control performance. Finally,
we run many simulations to test the suspension’s performance. It will be instructive to
see how our strategy works with a half- or full-suspension system.
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