. HOKKAIDO UNIVERSITY

Title Two Constructions of Hopf Algebroids Based on the FRT Construction and Their Relations
Author (s) ZF, BX; Otsuto, Yudai
Degree Grantor biEEKE
Degree Name Bt (EF)

Dissertation Number HE147755

Issue Date 2022-03-24
DOI https://doi.org/10.14943/doctoral. k14775
Doc URL https://hdl.handle.net/2115/85806
Type doctoral thesis
File Information Yudai_Otsuto. pdf

kaid
e U"/Le

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




it

Two Constructions of Hopf Algebroids

Based on the FRT Construction and Their Relations
(FRT #HEBGEICE D &y 7HARE D 2 DoAEE 21 b 0 BE%RME)

AY=I N

AbiEE KRR FB R B
Kol

202 2%F3H



Two Constructions of Hopf Algebroids Based on
the FRT Construction and Their Relations

Yudai Otsuto*

Abstract

We introduce two constructions of Hopf algebroids as generalizations
of the FRT construction. We construct the Hopf algebroid A, by using a
rigid family o of elements in an arbitrary algebra L. If L is not Frobenius-
separable, then this Hopf algebroid A, is not a weak Hopf algebra. The
rigid family w of elements in an arbitrary algebra R gives birth to an-
other Hopf algebroid ${(w). The setting of this Y(w) is similar to that of
Hayashi’s (Hopf) face algebras 2(w) and of He(2((w)). We can show that
the Hopf algebroid {(w) is a partial generalization of A, by constructing
a strict Hopf algebroid isomorphism ®: $l(w) — A,.

Part 1
Introduction

Background

Many generalizations of bialgebras and Hopf algebras [14, 28] have been pro-
posed. A pioneering work is Takeuchi’s x -bialgebra [29]. These bialgebras are
modules over commutative rings with comultiplications and counits, while x -
bialgebras are defined by the utilization of modules over non-commutative rings
called base rings. Later Lu [16] also introduced the notion of left bialgebroids
(he called bialgebroids simply), which turned out to be equivalent to the notion
of xp-bialgebras in [4]. Schauenburg [22] proposed the Hopf algebraic struc-
ture on the left bialgebroid, which is called a x -Hopf algebra. Although this
x r-Hopf algebra does not have the antipode, the Hopf algebroid, introduced by
Bohm and Szlachdnyi [3], is a left bialgebroid with a bijective antipode. This
Hopf algebroid is a special case of the x p-Hopf algebra.

Hayashi introduced the notion of (Hopf) face algebras in [11, 12]. The paper
[21] showed that this is a special case of the left bialgebroid with a commutative
separable base ring. Later Bohm, Nill, and Szlachanyi [2] generalized (Hopf)
face algebras to weak bialgebras (weak Hopf algebras). Schauenburg [23] showed
that weak bialgebras are left bialgebroids with (non-commutative) Frobenius-
separable base rings. Moreover, if the left bialgebroid has a Frobunius-separable
base ring, then this is a weak bialgebra.
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We can construct bialgebras by using solutions to the quantum Yang-Baxter
equation (QYBE for short [1, 18, 30]). This way is called the FRT construction
and introduced by Faddeev, Reshetikhin, and Takhtajan [8]. Bialgebras by this
construction and their quotients give birth to all coquasitriangular bialgebras
(for example, see [13]).

There are many generalizations of this construction.

The quantum dynamical Yang-Baxter equation (QDYBE for short) was in-
troduced by Gervais and Neveu [10] in the study of the string field theory. After
the study of elliptic quantum groups by Felder [9], Etingof and Varchenko [7]
showed that solutions to the QDYBE, called dynamical R-matrices, give birth
to h-bialgebroids which are special cases of left bialgebroids. They also studied
a condition that this h-bialgebroid becomes a h-Hopf algebroid. This condition
is called rigidity.

As a set-theoretical analogue of the QYBE, Drinfel’d [5] proposed the Yang-
Baxter map (YBM for short). The FRT construction for the YBM, a special
case of the ordinary FRT construction, was mentioned in [6]

Shibukawa [24, 25] generalized the YBM to the dynamical Yang-Baxter map
(DYBM for short) whose solutions depend on the dynamical parameter. In
[27], Shibukawa and Takeuchi constructed the left bialgebroid A, by using the
DYBM. Similar to h-bialgebroids by R-matrices, if the DYBM o satisfies rigidity,
then this left bialgebroid A, becomes a Hopf algebroid with a bijective antipode
[26].

Hayashi [11] introduced construction of face algebras by using solutions to
the face-type QYBE which is defined by the utilization of the two-fold fiber
product of the quiver. Similar to ordinary FRT bialgebras, these face algebras
A (w) are coquasitriangular face algebras. In [13], Hayashi showed that the Hopf
closure He(9) exists for a coquasitriangular face algebra $) satisfying closurabil-
ity. The Hopf closure He($)) is a Hopf face algebra satisfying a certain universal
property. If a solution w to the quiver-theoretical QYBE satisfies closurability,
then the face algebra 20(w) also has the Hopf closure He(2((w)).

It is interesting to investigate relations between the two algebras A, and
A(w). Matsumoto and Shimizu [17] showed that the DYBM ¢ with a finite
parameter set A gives birth to a solution w, to the quiver-theoretical QYBE.
Because the base ring M consisting of all maps from A to the field & is Frobenius-
separable, the left bialgebroid A, is a weak bialgebra [15]. In [17], a weak
bialgebra homomorphism ¢ from 2(w,) to A, was also constructed. Although
a weak Hopf algebra homomorphism ¢’: He(2(w,)) — A, is given if the solution
wy is closuable and o is rigid, we do not know properties of ¢’ and relations
between rigidity and closuability.

Shibukawa-Takeuchi’s construction of left bialgebroids has one problem. Be-
cause the base ring is Frobenius-separable if the DYBM has a finite parameter
set A, it is difficult to get a left bialgebroid A, that is not a weak bialgebra.

In this thesis, we have two purposes. The first is to gain a simpler construc-
tion of the Hopf algebroid A, that does not have a weak Hopf algebra structure,
even if the parameter set A is finite. This research is based on a joint work [20]
with Youichi Shibukawa. We try to generalize the base ring M to an algebra
L over a commutative ring k. If R is a not Frobenius-separable k-algebra, then
the Hopf algebroid A, whose base ring M is a k-algebra consisting of all maps
from A to R does not have a weak Hopf algebra structure.

The second is to construct a Hopf algebroid 4(w) and to show relations



between H(w) and A,. In order to construct this ${(w), we use similar settings
to the construction of the (Hopf) face algebras 2(w) and He(2A(w)) in [11, 13].
We also induce a left and right bialgebroid {#(w,) := #(w) from the DYBM o
and construct a left and right bialgebroid isomorphism ®: U(wy,) — A, (see
[17]). U(w,) becomes a quiver-theoretical generalization of A, with the base
ring M. We can show that ${(w,) is a Hopf algebroid if and only if so is A,.
In [19], we generalize Hayashi’s weak bialgebra 2((w) in [13] and Matsumoto-
Shimizu’s homomorphism ¢ in [17]. The left and right bialgebroid 4(w) in this

thesis has two kinds of generators {e [ﬂ } and {e {Z] }, while 20(w) in [19] consists

of one kind of generators {e {p] }. As a result, the homomorphism ¢ in [19] is
q

not necessarily bijective.

Organization of this thesis

The thesis is organized as follows. In Part II, by using a family o of elements
in an arbitrary algebra L, we discuss the construction of the Hopf algebroid A,
and its example based on [20], which is a joint work with Youichi Shibukawa. In
Section 1, we give a brief introduction of left and right bialgebroids following [3].
If the left bialgebroid has a ring anti-automorphism satisfying certain conditions,
then this left bialgebroid becomes a Hopf algebroid. The Hopf algebroid has an
algebraic structure with both left and right bialgebroid structures. In Section
2, the left bialgebroid A, is constructed as a generalization of [26]. We need
a family o of elements in the base ring L for this construction. The condition
that o satisfies is based on the invariance condition of the DYBM. In Section
3, we show that A, is a right bialgebroid if o has a stronger condition than
that given in Section 2. We introduce the rigidity condition with respect to the
family o in Section 4. By virtue of this condition, we can construct an algebra
anti-homomorphism S, which makes the pair (A,,S) a Hopf algebroid. Since
the rigidity condition is not effective in constructing a Hopf algebroid A,, we
give a sufficient condition for o to be rigid. In Section 5, we give examples of
the rigid o. In order to show the rigidity condition, we use a sufficient condition
given in the previous section. We also introduce an example of the base ring L
that is not Frobenius-separable.

In Part III, we clarify conditions of a family w of elements in an arbitrary
algebra in order to construct the Hopf algebroid U(w). Moreover, we discuss
relations between the left and right bialgebroids #{(w) and A,. In Section 6, we
introduce a left bialgebroid {(w). Let k be a commutative ring, R a k-algebra,
and @ a finite quiver over a non-empty finite set A. We denote by M the k-
algebra consisting of all maps from A to R. If the family w of elements in R
satisfies a certain condition based on the quiver homomorphism on the two-fold
fiber product, the left bialgebroid (w) can be constructed whose base ring is M.
In Section 7, we show this Y(w) has a right bialgebroid structure if w satisfies
a similar condition in Section 6. The rigidity condition for w is given in Section
8. Similar to the rigidity for o, this w induces an algebra anti-homomorphism
S of t4(w) and the pair ($4(w), S) is consequently a Hopf algebroid. In Section
9, we show that the family w can be induced from the family o of elements
in M which satisfies a stronger condition than that of Section 3. By virtue of



these w and o, the left and right bialgebroids (w,) = U(w) and A, can be
constrcted. Moreover, we can construct a left and right bialgebroid isomorphism
®: (wy) = A,. By virtue of this isomorphism, the rigidity of w can induce
that of o and vise versa.
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Part 11
Hopf algebroid A,

In this part, we construct a Hopf algebroid A, by using a rigid family o con-
sisting of elements in the base ring. This is a joint work with Youichi Shibukawa
[20].

1 Preliminaries

In this section, we review the notion of left and right bialgebroids and Hopf
algebroids following [3].

Definition 1.1. Let A and L be associative and unital rings. A sextuplet
Ar = (A, L,sp,tr,Ap,mr) is called a left bialgebroid if the following conditions
are satisfied:

1. The maps sp: L — A and tr: L°? — A are ring homomorphisms such
that

sp(DtL(l) =t (s (1) (VU € L). (1.1)

Here L°P stands for the opposite ring of L. By using these maps s;, and
t;,, we can give the ring A an (L, L)-bimodule structure pAr. The left
and right actions A and Ay can be defined by the following;:

tA:l-a=sp(Da; Ar:a-l=tr(l)a (I € L,a € A). (1.2)

2. The triple (AL, Ar,7r) is a comonoid in the category of (L, L)-bimodules
satisfying

aptr(l) ® ap) = apy @ aggs(l); (
Ap(la) =14 ® 14 (
Ap(ab) = Ap(a)AL(b); (
mr(la) = 1z; (
mr(asp(mr(b)) = mr(ab) = m(aty (7L (D)) (
for all [ € L and a,b € A. Here we use Sweedler’s notation written by

Ar(a) = ap ® apg). The right-hand-side of (1.5) makes sense because of
(1.3).

= = = e e
N O Ut = W
S N N N N



The ring A and L are called the total ring and the base ring, respectively. In
order to avoid ambiguity, we may write Az, = (A, L, s34, t4, AL 7).

Definition 1.2. Let .AL = (A, L, SL, tL, AL, 7TL) and ‘A/L’ = (A/7 L/, SL’, tL/7 AL/7 7TL/)
be left bialgebroids. A left bialgebroid homomorphism is a pair of ring homo-
morphisms (®: A — A’,¢: L — L’) such that

spro¢==osg; (1.8)
trrogp==2otr; (1.9)
o ® =¢gomy; (1.10)
A od=(PP)oAy. (1.11)

Proposition 1.3. The map PP : AQ, A3 a®br— ®(a)@P(b) € A ®@p A
makes sense by virtue of (1.8) and (1.9).

Proof. The map @ ®: Ax A - A’ @ A’ is defined by
O ® P(a,b) =P(a) ® D(b) (a,be A).

Forany l € L, a,b € A,

3@ D(a-1,b) = d(ty()a) ® d(b)
= ®(tL(1))®(a) ® (D)
= tr/((1)2(a) ® 2(b)

Hence there exists a Z-module homomorphism ® R ®: AQ;, A — A’ ®r A’ such
that (P ® ®)(a®b) = ®(a) ® ®(b) (a,b € A). O

We next introduce the notion of right bialgebroids.

Definition 1.4. Let A and N be associative and unital rings. A sextuplet Ay =
(A,N,sn,tn,An,mN) is called a right bialgebroid if the following conditions
are satisfied:

1. The maps sy: N — A and ty: N°? — A are ring homomorphisms such
that
sn(n)ty(n') =tn(n')sn(n) (Vn,n’ € N). (1.12)

By using these maps sy and ¢y, we can give the ring A an (N, N)-
bimodule structure Y AN. The left and right actions VA and AN can
be defined by the following;:

NA:n-a=aty(n); AN:a-n=asy(n) (n€ N,ac A). (1.13)



2. The triple (N AN, Ay, my) is a comonoid in the category of (N, N)-bimodules
satisfying
SN(n)a[I] ®a? =l tN(n)a[Q]; (1.14)
An(la) =1a @ 14; (1.15)
AN(ab) == AN(Q)AN(Z)); (1.16)
n(la) = 1n; (1.17)
TN (sn(mn(a))b) = my(ab) = mn (En (7 (a))b) (1.18)
for all n € N and a,b € A. Here we use Sweedler’s notation written by

An(a) = a¥ @ al?!. The right-hand-side of (1.16) makes sense because of
(1.14).

In order to avoid ambiguity, we may write Ay = (A, N, s4, &, An, T4)-

Definition 1.5. Let Ay = (A, N, sy, tn, An,7n) and Ay, = (A, N/, snr, tnr, Ans, T )
be right bialgebroids. A right bialgebroid homomorphism is a pair of ring ho-
momorphisms (®: A — A’ ¢: N — N’) such that

sy o =Posy; (1.19)
I od=Boly: (1.20)
mn o P =gomy; (1.21)
Ay o® = (P ® P)o Ay. (1.22)

The map PR P: AN A>a®b— D(a) ® D(b) € A’ @y A’ makes sense by
virtue of (1.19) and (1.20).

Let Ar, := (A, L, s, tr,, Ar,7r) be aleft bialgebroid and S an anti-automorphism
of the ring A such that

SOtL:SL. (123)

Let N be a ring isomorphic to L°? and we fix a ring isomorphism w: L°? — N.
By the utilization of (1.23), this A becomes an (N, N)-bimodule whose left
action N A and right action A" are given by

NA:n-a=a(spow™)(n); AN:a-n=a(Sospow ) (n) (a € A,ne N).
(1.24)
Moreover, we suppose that the map S: A — A satisfies the following condition:
S(a[l])a[g] = (tL oTy, O S)(CL) (Va S A) (1.25)
The left-hand-side of (1.25) is well defined because of (1.23). By virtue of (1.23)
and (1.25), we can define two Z-module homomorphisms Sag, 4 and Sag,ya by
Sag,a: A®RLA32a®b— S(b)®S(a) € AN A; (1.26)
Sagna: AN ADa®b— S(b)® S(a) € Ay, A. (1.27)
Definition 1.6. Let Ay be a left bialgebroid and S an anti-automorphism of

the ring A satisfying (1.23) and (1.25). We assume that the Z-module homo-
morphism Sag, 4 is bijective with the inverse S;éN 4 and satisfies

Sag,aoApoS Tt =5, oALoS. (1.28)



We define Ay = Sag, 40Ar0S~ 1. A Hopf algebroid is a pair (Ar, S) satisfying
the following conditions:

(AN®idA)OAL:(idA®AL)OAN. (130)

The map S, called an antipode is unique if there exists (see Proposition 1.8).

Let (Ar,S4a) and (A%, Sa) be Hopf algebroids. A left bialgebroid homo-
morphism (®: A — A’ ¢: L — L) is called a Hopf algebroid homomorphism.
This pair (®, ¢) is called strict if ® 0S4 = Sar o ® is satisfied.

Hopf algebroids have some equivalent conditions. We introduce one of those.

Proposition 1.7. (See [3, Proposition 4.2(iii)].) Let Az be a left bialgebroid.
The following conditions are equivalent:

1. (AL, S) is a Hopf algebroid.

2. There exist a right bialgeboid structure Ay such that N is isomorphic
to L°P as rings and a Z-module automorphism S: A — A satisfying the
following conditions:

sp(L) =tn(N); tn(L) =sn(N) (as subrings of A); (1.31)
(AL ®ida)o Ay = (ida ® An) o Ap; (1.32)
(Ay ®ida) o Ap = (ida ® AL) o Ap; (1.33)
S(tratL (') = sL(1)S(a)s(1); (1.34)
S(tn(n)aty (n')) = sn(n)S(a)sy(n); (1.35)
S(ap))ag) = (s omn)(a); allS(a®) = (sp o m1)(a) (1.36)

for any I,I’ € L,n,n’ € N,a € A.

Proposition 1.8. The map S: A — A satisfying (1.31)-(1.36) is unique if there
exists.

Proof. We suppose that S’ is another map satisfying (1.31)-(1.36). For any
a € A, the counitality of (Ar,7r) and (Ax,7y) induces that

S(a) =S((tr o mr)(ag))apn)))
= S(a[l])(sL e} 7TL)(CL[2])

(1.34)

_ 1 gr( 2]
(130 (@map S (o)

_ 1]y [ ory (2]
(IEQ)S(Q[l])a[Q]S (a')

— 1y g’ (2]
o= (o o) (al)S (@)

— q/(,12] (1]
(1.35)5 (a(tn o) (a'))

=5"(a).

This is the desired conclusion. O



2 Left bialgebroid A,

In this section, we introduce a left bialgebroid A, as a generalization of that
in [26].

Let k be a commutative ring and L a k-algebra. We denote by G a group
and let T,: L — L (o € G) be a k-algebra automorphism such that

TooT,—: =idy (2.1)

for any @ € G. The symbol X means a finite set. We define the set Gen as
follows:

Gen = (L @y, L) | |{Lap | a,b € X}| {(L™Vap | a,b € X}

We denote by k(Gen) the free k-algebra generated by the set Gen. Let A,
denote the quotient of the k-algebra k(Gen) by the two-sided ideal I, generated
by the following elements:

(1) £+ & = (€ +rawer §), € — (crawrer §), & — (€ Lawer &) (Ve €
k,VE & e L @y LOP).
Here the notation & + ¢ means the addition in the k-algebra k(Gen).
On the other hand, the notation (§ +rg, e £')(€ Gen) is that of the
k-algebra L ®; L°P. The other two symbols for the scalar multiplication
and the multiplication are similar.

(2) Z Lac(L_l)Cb - 6“1’07 Z(L_l)achb - 6a,b® (Va, be X)
ceX ceX
Here () means the empty word and the symbol 6, € k (a,b € X) stands

for Kronecker’s delta symbol.

( ) (TdOg a)( )® 1L) ab — (f® 1L)a
(1L®Tdeg b)(f)) ab_ b(1L®f>
(F R ab = (L7 ) ab(Taegv) (f) @ 11),
(1L ® f)( )ab - (L7 )ab(lL ® Tdeg(a)(f)) (Vf € vaavb € X)
Here deg(a) (Va € X) means a collection of elements in the group G.

@) > (02 @1p)LyaLay — Y (1L ® 0%) Ley Lz (Ya,b,c,d € X).

z,yeX z,yeX
Here 0% (Va,b,c,d € X) stands for a collection of elements in the k-
algebra L.

(5) -1, ®1y.

Theorem 2.1. Suppose that the elements deg(a) € G and 0% € L satisfy

PZ(UZ@ © Tdeg(d) o Tdeg(b) = pT(OZg) © Tdeg(c) © Tdeg(a) (2'2)

for all a,b,c,d € X. Then A, is a left bialgebroid with the base ring L. Here
pi(f) and p.(f) (f € L) are maps defined by pi(f): L 3 g — fg € L and
pr(f):L>g—gf €L



We will prove Theorem 2.1 by constructing the maps sp, tr, Ap, and 7
in Definition 1.1. We first define two maps s;: L — A, and ty: L°? — A, as
follows:

st(l) =1®1g + I; (2.3)
tr() =1, @1+1, (l€L). (2.4)

These are k-algebra homomorphisms satisfying (1.1). Therefore A, has an
(L, L)-bimodule structure by the scalar multiplications as in (1.2).

The next task is to construct the (L, L)-bimodule homomorphism Aj. We
denote by I the right ideal of A, ®; A, generated by the set {t;(I) ® 14, —
la, ®sp(l) |1 € L}. The k-algebra homomorphism A: k(Gen) — A, ®j A, is
defined by

A(g) = (sL@tL)(§) (6 € L@ L™); (2.5)
Z(Lab) = ZLac+Ia ®ch+la (a7b€ X); (26)
ceX
AL ap) =D (L eb +Io @ (L7 ae + L. (2.7)
ceX

Proposition 2.2. A(1,) C I,.

Proof. We first show that A(g) € I for every generator g in I,. For the first
generator in (2), we can induce that

Z(Z Lac(L_l)cb - (sa,b@)

ceX
= Z Lad(Lil)eb + ID’ & de(Lil)ce + Io - 611.,17(114,: ® 1Aa’)
c,d,e€ X
= > LaaL e + I @ 84,0+ Iy — dap(la, @ 1a,)
d,ee X
= Laa(L™ay + 1o @ 1a, — bap(la, @ 1a,)
deX
:6a7b(1AU ® 1Aa — 1A0 X 1Aa)

=0

for all a,b € X. The proof for the other generator in (2) is similar.
If g is a generator in (3), its image of A can be calculated as follows:

A((Tdcg(a)(f) by 1L)Lab - Lab(f & 1L))

:(SL ® tL)(Tdeg(a) (f) & ]-L)(Z Lac + Icr & ch + IG‘)
ceX

- (Z Lac + Ia ® ch + Ia)(SL (24 tL)(f 0y 1L)
ceX
= Z((Tdeg(a)(f) ® 1L)Lac + 1, ® Ley + Ia) - (Lac(f X lL) + 1, ® Lep + I{,—)
ceX
- Z((Tdeg(a)(f) ® 1L)Lac + 1o @ Loy + Io) - ((Tdeg(a) (f) ® 1L)Lac + 1o ® Ly + Ia)
ceX
=0



for all a,b € X and f € L. The proof for the other three generators in (3) is
similar.

Let g be an arbitrary generator (4) in the two-sided ideal I,. For any
a,bc,d e X,

A(Y (02 @1L)LyaLey — Y (1 ® 059) LeyLaz)

z,yeX z,yeX
= Z (0ad ®10) LyyLyw + 1o @ LyaLuwp + Iy
v,w,r,yeX
— Y LegLar + Ir ® (12 ® 05%) Loy Ly + 1,
qrz,yeX
= Z tL (U;U;)LcyLaw + Ia ® Lvdeb + Ia
v,w,r,yeX
Z chLar + IO‘ X S (O—:qy)LydLmb + IO‘
q,mT,yeX
= > (twof) @ 1a, —1a, ®50(07)) (LegLar + Is ® LyaLay + I5) € I
q,r,x,yeX

The proof for the generators (1) and (5) is straightforward.
In order to complete the proof, we need to show that A(k(Gen))l> C I>. Tt
suffices to check that A(a)(tL(1)®14, —1a, ®sL(1)) € I3 for any a € Gen and

If « = (L71)ap, (2.1) and the generators (3) in I, induce that

Ala)(t (l) ®1a, —1a, ®s.(l))
Z cb 1L ® l) + Ia & (L_l)ac + IO'

ex
_Z cb+I ®(L )ac(l®1L)+Ia
ceX

= Z(IL ® Taeg(e)- (D)L Nep + Is @ (L ae + I,

ceX
— Z(Lil)cb +1,® (Tdeg'(c)_1 (Z) ® 1L)(L71)ac + 1,
ceX
= Z tr, Tdeg )) ® ]-A - ]-A & SL(Tdeg(c) (l)))
ceX

X (L Yeb + 1 @ (L7 ae + 1) € L.

The proof for the other elements « in Gen is similar. This completes the
proof. O

By using this proposition, we can define the k-module homomorphism A: A, =
A, @ Ay /I by Ala+ I,) = A(a) + Iz (a € k(Gen)).

Lemma 2.3. As Z-modules,

AO’ ®k AJ/I2 = AD’ ®L AO"

10



Proof. Since sy, and ¢, are k-algebra homomorphisms, there exists a Z-module
map F: A, ®; As — A, ®p A, such that Fla® ) = a® 8 (Va,8 € Ay).
Moreover, for any l € L, a, 8 € A,,
F((tr() ®1a, —1a, @ s.())(@® B)) =t()a® B —a®s,(1)B
= - IB—a®l -p
=aRl-f—axl -
=0.
Therefore we can conclude that F(I5) = {0} and there exists a Z-module homo-
morphism F: A, ® Ay/I2 = A; @, A, such that F(a® 8+ ) = F(a® j).
In order to construct the inverse of F', we define a map F': A, x A, —
Ay Qr Ay /Iy as follows: o
Fro, B) =a® B+ 1
for any o, 8 € A,. This F’ satisfies that

Ftr(Da, B) =tr(a® B+ 12
=tr(a®@p—(tr(l)®1a, —1a, ®s())) (@@ ) + I
=a®s())p
=F'(a,s(1)B)

Thus there exists a Z-module homomorphism F’: A, ®p A, = A, Qk As/I>
satisfying F/(a® ) =a® 8+ I (Vo, B € A,).

By the definition of F' and F’, it is clear that F” is the inverse of F. This
completes the proof. O

By the utilization of the map A A, = A, @ Ay /L2, the above lemma
induces the Z-module homomorphism Ay : A, — A, ®p A,.

Proposition 2.4. The map Ay, is an (L, L)-bimodule homomorphism.

Proof. For any a € A,, we fix an element @ € k(Gen) satisfying o = @ + I,,.
We write A(@) = @1 ® [z By the definition of A,
Ap(l-a-l)y=A((I!Na+1,)

=F(A(l®l)a) + 1)

ZF(SL(I)EU] ® tL(l’)a[Q] + IQ)

=S, (l)am X tL(l/)a[Q]

=l- (5[1] ® a[g]) .

=l F(am ®ap + L) - U

=l- AL(Q) . ll
for any [,I’ € L. This completes the proof. O

Let us construct the map 7p: A, — L. We define a k-algebra homomor-
phism : k(Gen) — Endy(L) as follows:

el = o, () (L1 € L:
g(Lab) = 5a,deeg(a);
E((L_l)ab) = 6a,deeg(a)—1 (a, be X)
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Proposition 2.5. £(1,) = {0}.

Proof. Let g be an arbitrary generator of I,,. It suffices to show that (g) = 0.
We give the proof only for the genarators (3) and (4). For any a,b € X and
felL,

E((f @ 1)L ab = (L7 ab(Taegy () @ 1))
:(;a,b(pl(f)Tdeg(a)*l - Tdeg(a)*lpl(Tdeg(b) (f)))

If @ = b, we can induce that

(P1(f)Taeg(ay-1 — Taeg(a)-1P1(Tacgv) () (1)
:(pl(f)Tdcg(a)*l - Tdcg(a)*lpl (Tdeg(a) (f)))(l)
:f,Tdeg(a)—1 (l) - (Tdeg(a)—lTdeg(a))(f),rdeg(a)_1 (l)
=0
for all l € L. Here we use the assumption (2.1) for the third equality. The proof

for the other three generators in (3) is similar.
Let us show that (g) = 0 if ¢ is a generator (4). By the utilization of (2.2),

&( Z (03d @ 11)LygLey — Z (1g ®02§)LcyLaz)

r,yeX z,yeX

Z pl(UZE)6y,decg(y)6a:,decg(a:) - Z p'f(Uz?/)éc,decg(c)5a,a:Tdcg(a)
z,yeX z,yeX

=01(02) Teg(ay Taeg(v) — Pr(028) Taeg(e) Taca(a)
=0

for all a,b,c,d € X. This is the desired conclusion. O

From this proposition, the map e(a + I,) = (a) (o € k(Gen)) is a well-
defined k-algebra homomorphism. The map 77, can be defined by

7L As D are(a)(1ly) € L. (2.8)
Proposition 2.6. The map 7, is an (L, L)-bimodule homomorphism.
Proof. For any a € A, and [,l' € L,
mp(l-a-U')y=r (1! +1,)a)
=e(l @'+ 1,)(e(a)(1L))

=e(l@l' 4+ 1,)(rL(a))
:lﬂ'L(a)l/.

This is the desired conclusion. O

Proposition 2.7. The triple (4,, Ar, ) is a comonoid in the tensor category
of (L, L)-bimodules.

Proof. We first prove the coassociativity of Ay. We assume the following two
lemmas for a moment:

12



Lemma 2.8. As Z-modules,
Aa Rk Aa Rk AO’/I3 = Aa XL AO’ XL AO"

Here I3 means the right ideal of A, ®; A, ®; Ay generated by t1 (1) ® 14, ®
1Aa — lAa ®8L(l) X lAa and 1,40 ®tL(l) (24 1Ao‘ — 1Au‘ X lAa ®8L(l) (VZ S L)

Lemma 2.9. For any a € A,, we fix @ € k(Gen) satisfying o = @ + I,. We
write A(@) = @j1) ® @jg). Then it follows that

(AL ®ida,) o Ap)(a) = ((ida, ® Ap) o Ar)(a)

S0y @ A1)y @ Ty — By @ Apzy ) @ Bz gy € I (2.9)
((Ap @ida,) o Ar)(af) = ((ida, ® Ar) o Ar)(af)
(@) © )y © )(B @ By 2 ® Bray)

— (@) @ gy, ®apy [2])(5[1] ® Bz 0] ® Blojy) € I3 (2.10)

(2]

for a, B € A,. Moreover, if a and 8 € A, satisfy (2.9), then these elements «
and (3 also satisfy (2.10).

By virtue of Lemma 2.8 and 2.9, it is sufficient to show (2.9) for the following
a € A,
lol'+1, (V,I' € L);
=< Lop+ Iy (2.11)
(L™ Yap + I, (Ya,be X).

We give the proof only for a = (L™")a + Iy (Va,b € X). By the definition of
A,

ay ®@[1] ®@[2} = Z(L_l)cb + 1o ®Z((L_l)ac)

ceX

=S L+ Lo @ (L Ve + 1o @ (L) aa + L
c,deX

=Y AL ) @ (L Naa+ 15
dEX

Uy ® gy © Of2)-

Thus Ay, is coassociative.

In order to complete the proof, let us check that the maps Ay, and 7, satisfy
the counitality. Let @ = (f @ g)wy -~ w, + I, € A, for any f,g € L and n € N.
Here w; (i = 1,2, ,n) means that

w; = Laibi; (212)
(L_l)aibi (ai,bi S X)

The definition of A induces that

Z(w) _ ZCiEX Laici + Io ® Lcib,- + Ioa (’U)i = Laibi);
ZcieX(L_l)cfzbi +1I,® (L_l)aici + I, (wi = (L_l)aibi)'
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We write (2.13) as
Z(wl) = Z w[l]ci + Io’ X w[Q]ci + Ig. (214)
c;EX
Thus,

A(e) + I =A(f © 9)A(w1) -+ Awn) + I
= Z ((f ® 1L)w[1]cl T We, + 1

Cl, o ,Cn€X
® (1, ® g)w[g]cl C e Wgle, + I,) + .
Since 7L (Lap + 1) = 7 ((L™Y)ap + 1) = daply for any a,b € X, it follows that

7TL(CY[1]) T Q2] = Z 5(11761 T 6danSL(f)(<1L ® g)w[2]01 CWi2le, + Io’)
Cl,"',CnGX
=(f ® g)wpa, - w24, + o
=a

Here we write

ai, (w; = Law,);
d; = b
bi, (wi = (L™ )a,)-

The proof for ajy) - 71 (aqz)) = a is similar. This is the desired conclusion. [

Proof of Lemma 2.8. Since sy, and {1, are k-algebra homomorphisms, there
exists a Z-module homomorphism G: A, ®; Ay @k As — As®L (A;®p Ay) such
that Ga®@ ®7) =a® (B®7) (Va,B,7 € Ay). Forany l € L, o, 8,7 € A,
Gt ®1a, ©®1a, —1a, ®sp() © 1a,)(@® B© 7))

=a-1® (o) -ae(st()f®7)

=a@l- (f®7)-a®(st()f®7)

=a® (sL()B®7) —a® (sL()B®7)

=0.
Similarly, we can also prove that G((1a, ®t.(l) ®1a, —1a, ®14, ®s.(]))(a®
B®%)) = 0. Thus G(I5) = {0} and there exists a Z-module map G: A,y A,y

Ay /I3 = Ay ®@p Ay ®p A, such that G(a®BRv+13) = Gla®B®7) (Yo, 8,7 €
Ay).

In order to construct the inverse of GG, we define a map G’;’a: A, X Ay —
Ay Qr Ay @ Ay /I3 (Va € A,) as follows:

GL(B) =a®Bey+I3 (B,7€ A,).
This G;{l satisfies that

GL(tL(DB,y) =a@t (DB @y + I3
=a@t ()@
—(la, @tr() @14, —1a, @14, @s.(D))(a@BRY) + I3
=a®ps()y+Is

=G (B, 51.(0)7)
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for all B,y € A,. Thus there exists a Z-module homomorphism G/, : A,®1 A, —
Ay ®p Ay @1, Ay /I3 (Vo € Ay) such that G (8®7) = a®BRy+13 (V8,7 € Ay).
By this fact, the map G: A, x (A, @1 Ay) 3 (,®7) = a®@ B+ I3 €
Ay ® Ay Q) Ay /I3 makes sense. We have

Gtr(ha, fey) =tL(Da® oy + I
=t (Da®pB®y
— (L) @14, @14, —1a, @s()®@1a,)(a®@B®7) + I
=a@s ()@Y +1s
:é(av SL (l)ﬂ ® ’Y)
for all o, B, € A,. By the above calculation, there exists a Z-module homomor-
phism G': A, ®1, (Ae ® Ay) = Ag @) Ay ®), Az /I3 such that G'(a® (B®7)) =

a®B®y+ I3 (Va,B,7 € A,). Since it is clear that G’ = G~1, this lemma is
proved. O

Proof of Lemma 2.9. Since Ap(a) = ap) ®@ @ for all a € A,, it is easy to
prove (2.9). Here we fix an element @ € k(Gen) satisfying « = a + I,,.

Let us check (2.10). For any «, 8 € A,, it follows that Ap(af) = 6[1]3[1] ®
a2 ]B[ 9) because aff = aff + I, = aB + I,. By using this fact repeatedly, we

can induce that Ar(apfy;) = a[l] 6 1 ® A [215[1] and A (g fg) =

[P [116[2] ®a oz[g][ ]ﬂ[ 2)ja)" Thus we conclude that

(AL ®ida,) o Ar)(aB) = ((ida, ® Ar) o Ar)(af)

1)) B11 1y © A1)y Bl gy © 1By — W11 By © Wty By © Wl gy By € I

& @y © Tnjpy @ ) By yy @ By ) © B

~—

~ (@) ® By @ Apaiy) By © Biay ) © Braypy) € I

Suppose that two elements a and 3 € A, satisfy (2.9). For any o € 4,, we
write 14 = 04[1] R« a[l] Q) — oo a[g][ ® ap2 2] € I3. It follows that

@1y © Tty © 8p) By ) © By @ By)

(%u®amm®amuﬂﬁu®5mm® 2

(%u®amm®am Xﬁu®5[u®ﬁ2ﬁ

=(apy ®E[2][ p®a apy )i + ia(Bp) ® 5[2] n® 6[2] [2]) + ialg.

According to the above calculation, we need to prove that (5[1] ® apy 0 ®

@[Q])iﬂ € I3. It suffices to prove this fact when

QU +1, (VI,l! € L);
a=4q Ly + 15;
(L™ Yap + I, (Va,be X).
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Letig =tr(1)®1a, @14, —1a, @sp()@1a, (VI € L). fa = (L") ap+1,, the
identity (Tdeg(b)—l (f) (9 Tdeg(a)*l (g))(L_l)ab + Io’ = (L_l)ab(f ®g) + IU (Vf, g <
L) induces that

@ ®@[1] ®@[2])i5
S @b +To @ (L ae + Lo @ (L7 )aa + L)
c,deX
X (tr()®@1a, @La, —1a, @sp(l) ®14,)
S LY@ + I @ (LY + Lo @ (L7 Yaa + L
c,deX
~ (L Y+ L, @ (L el @11) + 1, @ (L7 aa + I,
Z <1L ® Tdeg(c)*l(l)xL_l)cb +I,® (L_l)dc +1I,® (L_l)ad + 1
c,deX
- (L_I)Cb + IU by (Tdeg(c)—l(l) & ]-L)(L_l)dc + Ia & (L_l)ad + Ia
= Z (tL(Tdeg(c)*l(l)) ® ]'Aa ® lAa - 1Ao‘ ® SL(Tdeg(c)*l(l)) Y 1A0)
c,deX
X (L + 1, @ (LNge + Ip @ (LY ga + 1) € 1.

The proof for the other generators is similar. This is the desired conclusion.
O

Proposition 2.10. The maps Ay, and 7, satisfy the conditions (1.3)-(1.7).

Proof. We first show (1.3). Let a = (f ® g)wy -~ wp, + I, € A, (Vf,g € L)
defined by (2.12). By the utilization of the notation (2.14) and the fact that
Ay QpAs /s =2 Ay ®L A, as Z-modules, the image of & under Ay, can be denoted
by

Ap(a) = Z (f @1p)wpje, - wpie, + Lo @ (1L ® g)wigje, = Wizle,, + Lo

c1,,en€X

Since the generators (3) induce that (1 ® Taeg(a)—2 (f)) (L™ )ap — (L1 )ap (12 ®
f) €1, for all a,b € X, we have

aptL(l) @ ap
= ) (fel)wge - we, (1281 + 1, @ (1L ® 9w, -+~ Wle, + 1o
Ciy,en€X
Z (f® 1L)w[1]01 o Wen o (1r® Teg(cp)an (l))w[l]cn + 15
c1, - ,cn€X
® (1L & g)w[Q]cl T W2le, + IU
> t(Taeg(enm © -+ © Tacg(en)an)D)(f @ L )wpye, - wiyge, (1 ® 1) + I,
Cc1,,cn€X
® (1L & g)w[Q]cl T W2le, + IU
> (Fe1)wue w1 @ 1) + I
Cc1,,cn€X
0y SL((Tdcg(cl)ql ©---0 Tdcg(cn)qﬂ)(l))(lL & g)w[Q]cl T Wi2le, + Ia
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= Z (f@1)wpye, *  Wie, (1L 1) + I

c1,,cn€X
® (]-L by g)w[Q]cl ((Tdeg(cQ)‘IZ ©--+0 Tdeg(cn)‘ln )(l) ® 1L)w[2]cz e w[Q]cn + Icf
= Z (f@1)wpje, = Wije, + Lo @ (12 @ g)wizye, *+ Wizle, (@ 11) + I5

c1,r,en€X

=ap) @ asc(l)

for any [ € L. Here ¢; (i = 1,--- ,n) means that

' _L (wl = (L_l)aibi)'

Thus (1.3) is proved.

Since A is a k-algebra homomorphism, it is easy to check (1.4).

Let us show (1.5). For any « € A,, we fix @ € k(Gen) such that a« =@+ I,
and write A(@) = @) @ ajg. It follows that Ap(a) = @ ® @y. Since
af =aB + I, =aB + I, for any a, B € A, the right-hand-side of (1.5) can be
calculated as follows:

Ar(@)Ar(B) =ap By © @By
F(a ]/3[1] ® A By + I2)
F(A(@p) + I)
F(A
Ap(a

(())
p)-

Thus Ay, is multiplicative.

Because ¢ is a k-algebra homomorphism, the proof for (1.6) is straightfor-
ward.

Finally we show (1.7). The first equality of (1.7) can be calculated as follows:

mr(asp(mL(8))) (5(04 e(rr(B) @1 +1,))(11)

for all o, 8 € A,. The proof for the second equality of (1.7) is similar. This is
the desired conclusion. O

By virtue of Propositions 2.7 and 2.10, the sextuplet A, = (Ay, L, sp,tr, Ap,7r)
is a left bialgebroid.

3 Right bialgebroid A,

In this section, we show that A, is a right bialgebroid under the condition
(3.1) implying (2.2).
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Theorem 3.1. Suppose that the elements deg(a) € G and a‘czfi’ € L satisfy

Tdeg(a)*l © ,-Tdeg(c)*1 © pl(o—gg) = ,I‘deg(b)*1 © T’deg(d)*1 © pT(O—Zg) (31)
for all a,b,c,d € X. Then A, is a right bialgebroid with the base ring L°P.

The k-algebra homomorphisms are defined by spor = ¢, and tr.» = sy, (for
s and tr,, see (2.3) and (2.4)). Since these maps satisfy (1.12), the k-algebra
A, becomes an (L°P, L°P)-bimodule via (1.13).

Let us construct the map Aror. We denote by 15 the left ideal of A, ®% A,
whose generators are spop (1) @14, — 14, ®tror(l) (VI € L°P). For the k-algebra
homomorphism A defined by (2.5)-(2.7), we can also induce the proposition
below.

Proposition 3.2. A(I,) C I}.

Proof. Let us prove that A(g) = 0 for every generator g in I,. We give the
proof only for the generators (4). The calculation of Proposition 2.2 induces
that

A (02 @1L)LyaLay — Y (11 ® 05%) Loy La)

r,yeX z,yeX
= Y (1.®0%)LegLar + 1o @ LygLay + I,
q,r,z,yeX
— Y Leglar + 1o ® (07 @ 1) LyaLay + I
q,r,x,yeX
= Z chLar(lL X (Tdeg(,r)—l o Tdeg(q)—l)(afé/)) +1,® Lyszb + 1
q,rz,yeX
- Z chLar +1,® Lydeb((Tdeg(z)*l © deeg(y)*1 )(Ufg) ® 1L) + Iy
q,rx,yeX
= Z chLar(]-L & (Tdeg(w)*l © Tdeg(y)*l)(afg)) +1,® Lydeb + 1,
q,mT,yeX
- Z chLar +1I,® Lyszb((Tdeg(;c)*l © Tdeg(y)*1 )(Ufg) ® 1L) + I
q,rx,yeX
= Z (chLar + Ia oy LydLacb + Ia)
q,mz,yeX

X (SL""((jjdeg(ac)*1 © Tdeg(y)*l)(afg)) ® 1A<r
- 1AU ® 7’/'L‘”’(<Tdeg(rc)*1 o Tdeg(y)*l)(afg))) € Ié

for any a,b,c,d € X. Here we use the generators (3) for the second equality
and (3.1) for the third equality.

The proof for I5A(k(Gen)) C I is similar to that for A(k(Gen))Iy C Is.
This completes the proof. O

Therefore the k-module homomorphism A’: A, 3 a + I, — Ala) + I} €
Ay ®r Ay /T is well defined. Similar to the proof for Lemma 2.3, we can induce
the following lemma.

Lemma 3.3. As Z-modules,

Ay @) Ag JT5 2 Ay Qpov Ay
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By using this lemma, we can construct the Z-module homomorphism Ajop: A, —
Ay Qpor Ay. This Apepr is an (L°P, L°P)-bimodule homomorphism.
B We next construct the map 7por: A, — L°P. The k-algebra anti-homomorphism
e’ k(Gen) — Endy(L°P) is defined by
gl = p()p-(1) (1,1 € L);

,(Lab) =0dq deeg(a)—H
7/((L 1)ab) = 0q bLdeg(a) (a,b € X).
Proposition 3.4. £/(I,) = {0}.

Proof. We show that £/(g) = 0 if ¢ is a generator (4) of I,. By the utilization
of the condition (3.1),

8> (0 ®11)LyaLay — Y (11 ® 0%) Loy Lay)

r,yeX z,yeX
= Y GesTaeg(a)-1 Oy.aTaes(y)-1 Pr(058) = D bawTacg(a)-1 0ey Taeg(e)— p1(00e)
z,yeX z,yeX
=Tueg(v)-1 Tacg(d)-1 Pr(050) = Taeg(a)-1 Taeg(c)-1 P1(T0a)
=0
for a,b,c,d € X. This is the desired conclusion. O

The above proposition induce the k-algebra anti-homomorphism by e'(a+
I,) =¢'(a) (o € k{Gen)). The map mpor: A, — L°P is defined by

Tror: Ay D ar e'(a)(1) € L°P. (3.2)

This is an (L°P, L°P)-bimodule homomorphism.

The triple (Ay, Apor, Tror ) is a comonoid in the tensor category of (L°P, LP)-
bimodules satisfying (1.14)-(1.18). The proof is similar to that for Propositions
2.7 and 2.10. Therefore the sextuplet A, = (A, L°P, Spop,tror, ALop, Trop) IS a
right bialgebroid.

Proposition 3.5. The right bialgebroid A, has the left bialgebroid structure
in Section 2.

Proof. We have only to prove that (3.1) induces (2.2). Let a, b, ¢, and d be
arbitrary elements in X. By the utilization of (3.1),

(Tacg(a)—1 © Taeg(e)-1 © p1(0o))(12) = (Taegv)-+ © Tacg(ay—+ © pr(oee))(1L)-
This formula is equivalent to
(Theg(a)-1 © Taeg(e)-1)(002) = (Taeg(v)-1 © Taeg(a)-1)(000). (3.3)
By virtue of (3.1) and (3.3), we can caluculate that
Titeg(e) © Teg(a) © Tacg(a)-1 © Taeg(e)-1 © P1(T4e) © Tacg(d) © Tateg(s)
=Tueg(c) © Taeg(a) © Taeg(v)~1 © Taeg(a)-1 © r(0oe) © Taeg(a) © Taeg(n)
=Tueg(c) © Taeg(a) © Pr(Taeg(v)-1 © Taeg(a)-1 (042))
=pr(Taeg(e) © Tacg(a) © Taeg(v)-1 © Taeg(a)-1(762)) © Taeg(e) © Taeg(a)
=pr(00%) © Taeg(c) © Taeg(a)-
This completes the proof. O
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4 Hopf algebroid A,

This section deals with a sufficient condition under which the left and right
bialgebroid A, becomes a Hopf algebroid with a bijective antipode.

Suppose that the k-algebra A, satisfies the condition (3.1). Then this A,
has the left and right bialgebroid structures introduced in Sections 2 and 3. Let
a(’fg € L (a,b,c,d € X) be a collection of elements which composes the two-sided
ideal I, of A,.

Definition 4.1. The family o = {J?fi’}a,b’cydex is called rigid if the following
conditions are satisfied:

For any a,b € X, there exist x4, Yap € A, such that

S UL b + Io)Tae = Y 2en((L )ae + 1)

ceX ceX

- Z(ch + Ia)yac

ceX

- Z ycb(Lac + Io’)

ceX
=0aplA,.
Proposition 4.2. The elements x4, and y,;, are unique if there exist.
Proof. For any a,b € X, let x4 and 2/, be elements in A, satisfying
Z((Lil)d’ +1o)tac = Z x,cb((Lil)ac +15) = bapla,.
ceX ceX
It follows that

’ /
Tab = E Oa,dTap

deX

= Z x:ib((L_l)cd“‘IU)xac

c,deX

= E 6b,cxac
ceX

= Tab-
The proof for the uniqueness of y,;, is similar. O

We can construct a k-algebra anti-automorphism S: A, — A, by using the
rigid o.

Proposition 4.3. The following conditions are equivalent:
1. o is rigid;

2. There exists a unique K-algebra anti-automorphism S: A, — A, such
that

(4.1)

S(feg+l,)=9gxf+1, (f,gel);
S(Lap + Ip) = (LY ap + I, (a,b€ X);
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Proof. We first show that the condition 2 implies 1. For any a,b € X, the
elements x5 and y,p are defined by 24, = S((L™1)ap + 1) and yap = S~ H(Lap +
I,). By the utilization of the generators (2) in I,

ablA ZS ac+I ( )cb+Ia))

ceX

=Y S(LYeb + Io)S(Lac + I)
ceX

- Z ich - ac + I )
ceX

The proof for the other identities in Definition 4.1 is similar.

Let us suppose that the condition 1. The k-algebra homomorphism S: k(Gen) —

AZP is defined by

(&) = (&) (€L LP);
(Lab) = (L Hap + I
S((L™Yap) = 2ap (a,b € X).
Here ¢ means the k-algebra homomorphism defined by ¢: L ®; LP > f ® g —
g® f+1, € AP. We prove that S(I,) = {0}. Since this map S is a k-algebra
homomorphism, it is sufficient to show that S(a) = 0 for every generator « in
I,.

Let o be an arbitrary generator (3) in I,. Since (Tyegp)-1(f)®@12)(L™")ap—
(L Y (f®1L) € 1, for any a,b € X and f € L,

0= Z Tpa(Taegy-1 (F) @ 1) (L™ Nap + Io — (L7 ap(f @ 11) + I5)Tea

a,beX
= Z 5c,bxbd(Tdeg(b)*1 (f) & ]-L + Ia) - Z (;a,d(f (24 1L + Io)l'ca
beX acX

:xcd(Tdeg(c)_l(f) ®1p + Icr) - (f ®1p + Io)xcd
for all ¢,d € X. Thus, for any a,b € X and f € L,
S((1L @ L e — (L7 ap(1L © Taeg(a)(f)))

:xab<f & 1L + Io’) - (Tdeg(a) (f) 02y 1L + Io)l‘ab
=0.

The proof for the other three generators in (3) is similar.
We give the proof for the generators (4) in I,. By virtue of the generators
(2), (3), and the condition (3.3),

0= > (L Yera+I) (L Y)yre + 1)

a,b,c,de X
x (D (03 ®1L)LyaLay — Y (1®0%) LeyLax) + 1)
z,ye X r,yeX

X ((Lil)br’ + IU)((Lil)dy/ + Ia)
= Y Gy (L e LYoo @ 1) + 1,

a,c,x,yeX
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- Z 5m,:c”5y,y”(]—L & (Tdeg(a:)—1 © Tdeg(y)—l)(UgZ))(Lil)br’(Lil)d?/ + Iy

b,d,x,ye X
= > el L a0 ©11) + I,
a,ceX
- Z bar (L )dy’ +15)
b,deX

X (12 ® (Taeg(d) © Taeg(s) © Taeg(a)-1 © Taeg(yry-1) (00 ) + Is)

Z (Lil)x”a(Lil)y”C(U(f;y, ®1L) + 1,
a,ceX

— > (@ (L Dy (1L @ 0l ) + 1,

b,deX

for all ’,y', 2" y" € X. Thus,

0= Z (L_l)w”a(L_l)y C( ® 1L) + Iy

a,ceX
- Z (L7 )bﬂcl(L7 ) (1L®U 1 //)+Io.
b,deX
:?( Z (].L ® O—Cf;y/)Ly”cLz”a —_ Z (O’gﬂl/y,, ® IL)Ldy’be’)-
a,ceX b,de X

The proof for the generators (1), (2), and (5) is straightforward. Therefore
the k-algebra homomorphism S(a + I,) = S(a) is well defined.
_ In order to construct the inverse of S, we define a k-algebra homomorphism
S’ k(Gen) — A% as follows:
(&) =v(&) (§€ L@y L),
(Lab> = Yab;
(L™ "ab) = Lap + Iy (a,b € X).

Q « «

Similar to the proof for S, we can induce that S’(I,) = {0}. Thus the k-algebra
homomorphism S’ (a + I,) = S’(a) makes sense.

Let us check that S 0§ = S05" =idy,. We give the proof only for (S o
S) (LY ap+1s) = (L Hap+1s (Va,b € X). Since dapla, =Y cx S (Tac)(Lep+
1), it follows that

Sl((Eab) = Z S/(xac)éb,c

ceX

= > 8'@ac)(LeaL)a + 1)

c,deX

3 S LY ea + Lo)Tac) (L7 ap + 1)

c,deX

> Gaa((L™)an + 1)
deX

= (L_l)ab +Ia

for any a,b € X. Thus the map S is a k-algebra anti-automorphism.
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The uniqueness of S can be induced by the uniqueness of x,;,. This is the
desired conclusion. O

The left and right bialgebroid A, becomes a Hopf algebroid with the an-
tipode S constructed by Proposition 4.3.

Theorem 4.4. Let S be a k-algebra anti-automorphism of A, defined by the
rigid o. Then the pair (A,,5) is a Hopf algebroid for N = L°P and w = idy,.

Proof. The proof for (1.23) is straightforward by the definition of S.
Let us show (1.25). For any f,g € L, let a = wyjwy - w,(f ® g) + I, € A,
(for the definition of w;, see (2.12)). We write

AL(wi + Ia) = Z We, +1,® Wi2)e, + I,. (42)
c;eX

Here wyy), and wyy)., stand for

w _ Laicia w _ Lcibi; (wl = LCLLbL)a
T E e T L e (@i = (L an,):

By using the notation of (4.2), we can calculate the left-hand-side of (1.25) as
follows:

S(am)a[z] = Z S(f@lL-i-Ig)S(’w[n]cn +Ia)---S(w[1]c1 + 1)

X (Wajey - - Wigge, (1L ® g) + I).

Since o is rigid, it follows that > . cx S(wyje, )Wige;, = Oasp:1a,. Thus we
conclude that S(ap)ajg = da,p, - 5%, b, (1L ® gf) + I,. For any a,b € X,
5a,deeg(a) =0q bldLTdeg(a)
=c Z CEcb ac + I, ))Tdeg(a)
ceX

:g(xab)Tdeg(a) -1 Tdeg(a)
:E(xab) .

Thus the right-hand-side of (1.25) can be calculated as follows:

(tpomp 0 S)(a) =tr(e(g® [+ I)e(S(wn + 1o)) - - e(S(w1 + 15))(11))
=0a1 by Oan b tL(9f)
:5a1,b1 5an, bn (1L ® gf)
Therefore (1.25) is proved.
We next check (1.28). It is clear that ngj@)NAa: A; ®p Ay D a®b —

S7Hb)® S a) € Ay @N A, is an inverse of Sa_g a4, by virtue of (1.23). We
assume the following lemma for a moment:

Lemma 4.5. For any a,b € X,

xab Z ZTac & Teb; (43)
ceX

yab Z Yeb & Yac- (44)
ceX
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For any f,g € L, let a = wiws - w,(f ® g) + I, € A,. Here w; is defined
by (2.12). By the utilization of (4.4) in Lemma 4.5,

AL(S_l(’LU‘ +1,) = ZcieX Yeib; O Yaseq (wi = Lap,);
Zc,;EX Lawi +1, ® LCibi + 1y, (wi = (Lil)aibi)‘

We write Az(S™ wi + I5)) = Yo cx 21)e; @ Z[2)e;- For the left-hand-side of
(1.28),

(Sa,@.4, ©Ar oS ") (a)

= > Sa,eea (9@ 10+ )2, - 21je, ® (1L ® f + 1)z e, 2(2)c)
c1, e €X

= Z Ziey - Zpje, (f @ 1L +15) @ Zpje, -+ - Zpje, (1L ® g + I5).
C1,...cn€X

Here Zjj1., = S(251c,) (j = 1,2). This Zjj;, satisfies that

LCi i + IU? Laici + Iaa Lan
Zpje; = { ’ Z2)e, = { ( o)

i

w; = i)
(L_l)llici + IU? (L_l)cibi, + IU7 (w’i = (L_l)aibi)'

On the other hand, because we assume (4.3) in Lemma 4.5,

Zc,;GX(Lil)Cibi +1,® (Lil)aici + 1y, (U)Z = Laib');

AL(S(w; + 1)) = :
L( ( )) {Zciex ZTaze; @ Tegbys (w% = (L_l)aibi)’

Let Ap(S(wi +15)) = > .ex zfl]cj ® 2(y,- The right-hand-side of (1.28) can
be calculated as follows: '
(SZ:®NAH oAyp o0 S)(a)

= > Silena (@@ 1L+ 1)z, 2o, ® AL @ F+ 10) 2o, #aje,)
Cc1, e €X

= Z Z[/2101 "'Z[/2]cn(f® I+ 1) ®Zf1]cl "'Z[/llcn,(lL ®g+1s).

C1,...cn€X

Here Z[/j]ci _ 571(%]&_) (j = 1,2). For the element Z[/j]cﬂ

! . Lcibi + IO'? ! _ Laici + IG’7 (wl = Laibl);
Wee “ VL Varer + Loy B V(L ey + Low (w5 = (L7 ar0)-

Thus we have proved (1.28).
The proof for the identities (1.29) and (1.30) is similar to that for the co-
multiplicativity of Ap. This completes the proof. O

Proof of Lemma 4.5. We prove (4.3). Let a and b be arbitrary elements in
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X. The rigid ¢ induces that
Z ((Lil)db + Ia)xae & ((Lil)cd + Icr)xec

c,d,e€X

= (L ap + Io)Tag @ daela,
d,e€eX

=> (L Nap + Ip)Taa ® 14,
deX

:6a,b(1Aa ® 1AU).
We fix Tqp € k(Gen) such that x4, = Tap + I Since Y c v Tep (L™ )ae — a0 €
1, Proposition 2.2 induces that
12 BA Z xcb - ac - 6(1 b@)
ceX

= > A@) (L i+ Lo ® (L7 ad + In) — dap(la, ® 1a,).
c,deX

Thus we can conclude that

ATa) + 2= 00 cATa) + I

ceX
= Z Z(xicb)(((L_l)d’c + Ia)xae ® ((L_l)c’d’ + Ia)xea) +1Is
c,c’ d'eeX
= Z Z(xicb(L_l)c’c)(xae ® xec’) + 1o
c,c’eeX
- Z (Gb,r (14, ®14,) + ') (Tae ® Teer) + I
c'eeX
= Zxae®xeb+12
ecX

Here o = Z(ZCGX T (L) e — 0p.r0) € Iz, Since A, @1 Ay /o 2 A, @1, Ay
as Z-modules, (4.3) is proved.
The proof for (4.4) is similar. O

Definition 4.1 is not a practical condition to construct examples of Hopf
algebroids A,. We introduce a sufficient condition for rigidity. For all a,b,¢,d €
X, we write

54 = Tace(a)— (0ed) € L. (4.5)
Proposition 4.6. If the following conditions are satisfied, then o is rigid.
1. For any a,b,c,d € X, there exists i,(5)% € L such that

Y @) e = Y G4 ix(5)0 = Guwbylr. (4.6)

a,beX a,beX

2. For any a,b € X, we define Qup, Qp, Q7,, and Q7 € L by

Qu = D i(6)ih; Qu=) i*(f?')f;“i;

ueX ueX
T /I/ T
ab - deg(b) 7’* ab = deg(a)—1! 7/* ) )
ueX ueX
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Then there exist @}, Q" Q7 ", and Q;" € L such that

ab
Y Qu@y =Y Q. 'Qu
beX beX
_ Z Q// 1 Z Q/// /// 1 _ 5a (']-L- (4.7)
beX beX

Proof. For any a,b € X, we define x,; and y,p as follows:

Zab = D, (Que ® Q) Lea+ Lo (4.8)
c,deX

= D> QU ® Qi) Lea + I (4.9)
c,deX

vab = D, (Qip' ® Qo)L ea + I (4.10)
c,deX

= > (@®Qu T e+ L. (4.11)
c,deX

It suffices to prove that

> T(L7Yae + Io) = Sasla,; (4.12)
ceX
D AL Ner + )Ty = Sapla,; (4.13)
ceX
Z Scb(Lac + Ia) = 5a,b1Aa; (414)
ceX
Z(ch + IU>S¢/M - 6a,b1Ao (415)
ceX

for all a,b € X. Here Ty, T0,, Sap, and S, (a,b € X) stand for the right-

ab’

hand-side of (4.8)-(4.11), respectively. We give the proof only for (4.12). The
following lemma plays an important role in this proof.

Lemma 4.7. For any a,b,c,d € X,

S @) E Lyt I = Y (L ®68) Las (L) + I,

z,yeX z,y€X

By using (4.6) and Lemma 4.7, we can induce that

> (14(6)5 @ 6 Laa( L)y + Lo

a,b,z,yeX

= Y (0o @ 1) (L elya+ 1o
a,b,x,yeX

:Z(gvmé’y _)CCE yd+I
z,y€X

:<L_1)chud + Ia
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for any ¢,d,u,v € X. The generators (2) in I, induces that

6a,b1Aa = Z (L_l)auLub + IO’
ueX

= Z (Z*(6)Z§ ® 1L)(1L ® &gZ)Lcw(L_l)yd + Iy

c,du,x,ye X

(Qdc ® 1L)(1L ® o-a:ya,)LCCE(J ) d + o
Y
c,d,x,yEii

for all a,b € X. Thus, by the utilization of (4.6),

1L @ QuutIo =Y bap(l ®@i.(6)f + 1)
a,beX

= Z (lL ® &ggi*<&)l?:)(Qdc ® 1L)ch(L_1)yd + I
a,b,c,d,x,ye X

Z 6u,w6v7y(Qdc ® 1L)Lca:(L_1)yd + Ia
c,d,x,yeX

Z (Qdc X 1L)Lcu(L_1)vd + IO'
c,deX

for all u,v € X. Therefore, for any a,b € X, (4.7) induces that

Sapla, =Y (10®Qu ) (1L ® Qau) + I
ueX

= 3 (1:®Q)(Quc® L) Lew(L ™ Vaa + I
c,d,ueX

=SS (Que® Q) Lew + I) (L™ Vaa + 1)

deX cyueX

=Y Ta((L™aa + 1o).

dex
This is the desired conclusion. O

Proof of Lemma 4.7. Let a, b, ¢, and d be arbitrary elements in X. By the
utilization of the generators (2) and (4) in I,

Z (L_l)cz(agz ®1p)Lya + Iy
z,yeX

= Y T Yelom? @ 1) LyaLanw (L + L,
x,x’y,bleX

= > (L e ®0%%) LayLaw (L7 )y + I
z,x’y,bleX
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Thus the generators (2) and (3) induce that

Z (&ZZ ® 1L)(L_1)01Lyd + IO'
z,yeX

= Z (Lil)cr(gg‘yg & 1L)Lyd + 1,
z,yeX

= Z (L_ )cm(lL ® U )LzyLaz (L_l)b’b + IO'

z,x’y,beX

= > (12 ® Taeg(oy-+ (05D)(L ™ ew Lay Laar (L7 )y + I

z,x’y,beX

> (1L ®F5) Law (L )y + I
z' b eX

This completes the proof. O

5 Examples

In this section, we construct a rigid ¢ by using the sufficient condition in
Proposition 4.6. Moreover, we present a ring R that is not Frobenius-separable.
By virtue of these ¢ and R, A, becomes a Hopf algebroid that does not have a
weak Hopf algebra structure.

Definition 5.1. A non-empty set QG endowed with a binary operation is called
a quasigroup if the following conditions are satisfied:

1. For any b,c € QG, there uniquely exists the element ¢ € QG such that
ab = ¢;

2. for any a,c € QG, there uniquely exists the element b € QG such that
ab=c.

Here the juxtaposition stands for the binary operation on QG. We write ¢/b for
the unique element a € QG in the condition 1, and a\c for the unique b € QG
in the condition 2.

Let QG be a finite quasigroup satisfying |QG| > 2 and M a set with a

ternary operation p: M x M x M — M. We assume the following conditions:
QGL) [QG] = [M];
QG2) p(a, p(a,b,c), p(p(a,b,c),c,d)) = pla, b, p(b, c,d)) (Ya, b, c,d € M);
QG3) u(u(a,b,c),e,d) = p(p(a,b, u(b, c,d)), ub,c,d),d) (Va,b,c,d € M);
QG4) for any b,c,d € M, there uniquely exists a € M such that u(a,b,c) = d;
QGS5) for any a,c,d € M, there uniquely exists b € M such that u(a,b,c) = d;

) d

QG6) for any a,b,d € M, there uniquely exists ¢ € M such that p(a,b,c) =
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Example 5.2. Let M be an abelian group satisfying |M| > 2. The ternary
operation pu: M x M x M — M is defined by

pla,by,c) =a—b+c (a,b,ce M).
This p satisfies (QG2)-(QG6).

Let k be a commutative ring satisfying 0 # 15 and R a k-algebra. We
denote by L the k-algebra consisting of all maps from H := QG to R. The
multiplication on L is defined by the pointwise multiplication.

We fix a bijection 7: QG — M. For all a,b,c,d € X, the map O'gg € Lis
defined by

g, (c=m" (u(m(X), m(Ab), 7((Ab)a)))\((Ab)a))
oed(\) = and d = \\7 " (u(m(A), (Ab), w((Ab)a))); (5.1)
Or, (otherwise).
We denote by G the opposite group consisting of all bijections on the set H.

Let X := QG and the element deg(a) € G (a € X) is defined by deg(a)(A) =
Aa (A € H). For any a € G, we define the k-algebra automorphism by T,,(f) =

foa.
For any a,b,c,d € X, the map 0% € L is defined by 0zr%(\) = 0% (A) 128 (\d).
Here 12%()\) stands for an invertible element in the center of R.

Proposition 5.3. The elements 5% € L defined by (4.5) satisfy the following
conditions.

1. For any A € H and (¢,d) € X x X, there uniquely exists (ag,bp) € X x X

such that
be 1gr, ((a,b) = (ao,bo));
Ugd()‘) _ (( ) ] ( ))
Or, (otherwise).

Here (ag, bo) = (A\7 1 (), (\/d)c)\7 " (x)), and € M means the unique
solution to the equation p(w(A/d), w((A/d)c),x) = w(A) (see (QGH)).

2. For any A € H and (a,b) € X x X, there uniquely exists (¢o,dp) € X x X

such that
1 = :
5_2;()\) _ R; ((Ca d) ' (607d0))7
Or, (otherwise).

Here (co,dp) = (771 (y)\((Ma)/b), 71 (y)\N), and y € M is the unique
solution to the equation u(y, 7((Aa)/b), 7(Aa)) = 7(A) (see (QG4)).

Proof. We give the proof only for 1.

Let us check that 52‘;2()\) = 1g if (ag,b0) = AN\71(x), ((\/d)c)\7~1(z)).
The fact that by = ((A/d)c)\7 "1 (x) deduces 7= 1(x) = ((A\/d)c)by. Thus it fol-
lows that p(m(A/d), w((A/d)c), w(((A/d)e)bo)) = u(m(A/d), m((A/d)c), z) = 7(A).
For ayp € X, we can calculate that

ag =\\7"1(z)
=A\(((A/d)c)bo)
=1~ (u(r(A/d), w(A/d)e), m(((A/d)e)bo)))\((A/d)c)bo).
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The equality (A/d)d = X induces that d = (A\/d)\A. By using this fact, we
compute
d =(A/d)\A
=(\/d)\7 = (u(r(A/d), w((A/d)e), m(((\/d)c)bo))).-
Thus 62°5(A) = 0225 (A/d) = 15 is satisfied.

In order to complete the proof, we need to prove that (a,b) = (ag,bo) if
5% (A\) # Og. The definition of 5% deduces that 625(\) = 1g if 525()\) # Og.
From (5.1), it is easy to induce that A = (A\/d)d = 7= (u(r(A/d), 7((\/d)c),
w(((A/d)c)b))). Moreover,

a =1 (u(r((A/d)), 7((A/d)c), w((A/d)e)b)))\((\/d)e)b))
=A\(((A/d)e)b).
By the utilization of the assumption (QG6), the unique elements x € M satisty-
ing pu(r(A/d),m((A/d)e),z) = w(A) is = w(((A\/d)c)b). Therefore we can con-
clude that b = ((\/d)e)\m~(z) = by and a = A\(((A\/d)c)b) = \\7~1(x) = ao.
This is the desired conclusion. O

Theorem 5.4. The family op = {URgdb}a’b’c’dex satisfies (3.1). Moreover, this
o is rigid.

Proof. We first prove (3.1). In order to show this fact, the following lemma
plays an important role.

Lemma 5.5. For a,b,c,d, f, A € QG, we suppose that (a,c) = (f\\, (A/b)/d)\[).
Then (A/a)/c = (A/b)/d is satisfied.

Proof. By the utilizaition of the assumption that (a,c) = (f\\, (A/b)/d)\f),
(((A/b)/d)e)a =(((A/0)/d)((A/)/D\F))(F\N)

=AW
=\

Here we use o’ (a’\b') =V (Va', b’ € QG) for the second and third equality. Thus
(Ma)/e = (A/b)/d. O
Since I2¢((\/a)/c) is a centeral element of the k-algebra R, we have
(Taes(a)1 © Taes(e)-1 © P1(0Rae)) () N) = oge((Va) /) Iee (A a)/e) f((Aa)/c),
(Taeg(s)-1 © Tacg(@)-1 © Pr(orae)) (F)(A) = oat(A/0) /)2 (A/b)/d) F((A/b) /d)
for all f € L and A € H. Thus it is sufficient to show the following facts:

gat((Ma)/c) = 1p = (Aa)/c = (A/b)/d;
aet((Ma)/c) =0k = 002((A/b)/d) = Or.

Let us show the first assertion in (5.2). By the utilization of o%¢((\/a)/c) =
1r and (5.1),

a =" (u(r((Aa)/c),w(((Aa)/c)d), n(((A/a)/c)d)D))\((((A/a)/c)d)b),
¢ = ((Ma)/e)\r ™ (u(m((Aa)/c), w(((Aa)/c)d), 7(((A/a) /c)d)b))).

(5.2)
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Lemma 5.5 induces that (((((A/a)/c)d)b)/a)/c = (A/a)/c. Therefore (A/a)/c =
(A\/b)/d.

For the proof of the second claim in (5.2), we have only to check the following:

obd((\/a)/c) = 1R, if a4((A\/b)/d) = 1g. The proof is similar to that for the
ﬁrst one.

Finally we show that op is rigid. It suffices to check that op satisfies (4.6)
and (4 7). By the definition (4.5), 6r%4(\) = 59%(A\)I%(\). The elements
i.(6r)% € L (a,b,c,d € X) are defined by i.(5r)%(A) = 592 (A\)I42(\) L.

In order to complete the proof of (4.6), the following lemma plays an impor-
tant role.

Lemma 5.6. 1. Let ¢,d, ¢/, d’, A € QG. We denote by ag, bo, aj, and b}, the
elements in QG satisfying ab"‘()\) = 52,2,()\) = 1g. If (e,d) # (¢, d),
then (ag,bo) # (ag, bp)-

2. Let a,b,a’,b',\ € QG. We denote by ¢, do, ¢, and dj, the elements in
b c

QG satisfying cho N =¢ ad) 9(A\) = 1g. If (a,b) # (', V), then (co,do) #
(607 dt )

Proof. We give the proof only for 1 and show its contraposition. We suppose
that (ag,bo) = (ag, b)) The elements ag, b, aj, and b can be denoted by

(a0, bo) =(A\7 " (2), (\/d)e)\7 " (2));
(ag, bo) =(AN\7 =1 (), (A/d))\m ™ (2")).
Here x and 2’ are unique solutions to the following equations:
p(r(A/d), m((A/d)c),x) = m(A) = p(x(A/d), x((A/d)c), ).
The fact that ag = af, induces that © = z’. In addition, we compute that
(A/d)c = (A\/d')c’ because by = b and ((\/d)c)by = 7 1(z) = 7 1(2/) =
((A/d")c" )b Thus,

m(A)

u(r(A/d), w((A/d)c), )

= p(r(A/d),w((A/d)c), 2")

p(r(A/d'), m((Ad)c), z).

By using the condition (QG4), we can conclude that A/d = \/d’. Thus we cal-

culate that A = (A\/d)d = (A\/d")d’ = (\/d)d'. By the definition of quasigroups,
it follows that d = d’. For ¢ = ¢/, we compute

¢ =(\d)\((\d)e)
—(VAN (M)

/
=cC.

This is the desired conclusion. O

By the utilization of Proposition 5.3 and Lemma 5.6, the condition (4.6)

is satisfied: Y i.(0r)%" GrYS = Y Or% ix(0R)SS = Ouwwly..1r. For the
a,be X a,beX
proof of (4.7), we use the following lemma.
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Lemma 5.7. 1. Let ¢,d, A € QG. We denote by ag and by the elements in
QG satisfying &szl()\) = 1R. ag = by is equivalent to ¢ = d.

2. Let a,b, A € QG. We denote by ¢g and dg the elements in QG satisfying

~Zfi‘; (A) = 1g. ¢p = dp is equivalent to a = b.

Proof. We will show 1. Suppose that ¢ = d and we denote by xz(€ X) the
unique solution to the equation u(mw(A/c),m(A),z) = w(A). Then the element by
can be calculated as follows:

bo =((A/c)e)\m ™" (x)
=\ (2).

Thus we conclude ay = by. Conversely, we assume that ag = by. This fact
induces A = (A/d)c. Since (A/d)\X = (A/d)\((A/d)c), d = c is proved.

For the proof of 2, we can calculate that co = dy = 7~ !(y)\A when a = b.
Here y € M means the unique solution to the equation u(y,7(\),7(Aa)) =
7(A). If cg = do, then 77 1(y)\((Aa)/b) = 7~ (y)\A. Thus we can induce that

(Aa)/b = 771 (y) (" y)\((Aa) /b)) = 71 (y)(m " (y)\}) = A. By using the
identity Aa = Ab, we can induce that a = A\(A\b) = b. This completes the
proof. O

By virtue of Lemma 5.7 and its proof, we can calculate that

Qras(N) = D i(GR)1A) = dan Il T NN,

u

m A\t _
Qras () =D in(GR)(N) = dap i\ () 2N

u

.~ u Aa)\7 " (') a —

Qhas(A =2Tdeg<b u(aR)zu)(A)=6a,bI§M§\\rl&,§a<Aa> g
an ! Aa —
QN ZTdeg GR)UIN) = dapls 1 NS (M a) 7!

Here z,2',y,y € M stand for the unique solutions to the following equations,
respectively:

M(W()‘/a)vﬂ( )7 ): 7‘—()‘) M(W()‘>77T(/\a)7xl> = 7T()‘a')5
u(y, m(A), m(Aa)) = 7(A);  pu(y', (A a),7(X) = (N a).

Thus the four elements QR;b( ) =6apll” BN (N, ’R;é( ) = 0a, W (@) “(N),

a1 (y)\A MNr=1(z) a
e b(V) = S IO\ 5 (M), and QE L) = 8l TN (Ma) sat-
isfy the condltlons (4.7) in Proposition 4.6. O

Corollary 5.8. A, is a Hopf algebroid.

OR

Finally, we give a k-algebra R that is not Frobenius-separable. This R makes
A, a Hopf algebroid that is not a weak Hopf algebra.

Let k be a field and Ms(k) the matrix algebra consisting of all 2 x 2 ma-
trices. We denote by R C My (k) the k-subspace spanned by the basis {1 =
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1 0 1 0 1 -1 .
(O 1) ,e1 = (1 0) S = (1 1)} For all a,b, ¢, d, f,g € k, we can induce
that

(al + bey + ca)(dl + fer + ga)
=adl + (af +bd + bf)e; + (ag + bg + cd)a. (5.3)

Thus this R becomes a k-subalgebra of Ms(k). We note that the k-algebra R
is not commutative because ae; =0 # a = eja.

Proposition 5.9. This R is not a Frobenius-separable k-algebra.

Proof. Let us check that R is not a Frobenius k-algebra. It suffices to prove
that there exists a non-zero left ideal included in Ker(¢) for any k-linear map
¢:R—k.

Since (5.3) is satisfied, J, p, := k(ae; ®ba) is a left ideal of R for any a,b € k.
We will prove that Ker(¢) N Jy,1 # {0} for any k-linear map ¢ : R — k. Let us
suppose that this assertion is false. Because Ker(¢) is a k-submodule of R,

3= dll’nk R
> dimy, Ker(gb) D J171
>2+2=4>dim; R.
This is a contradiction.

For 8 € Ker(¢) N J1,1\ {0}, kB(C Ker(¢)) is thus a non-zero left ideal of R.
This completes the proof. O

Part III
Hopf algebroid 4(w) and relations
with A,

In this part, we construct a Hopf algebroid ${(w) by using a rigid family w
consisting of elements in the base ring. Moreover, the family o in Section 4
satisfying the condition (9.1) induces the family w. We can construct a left and
right bialgebroid {l(w,) := (w) and a left and right bialgebroid isomorphism
®: U(w,) — Ay by using this w. The map ® induces that the rigidity of o is
equivalent to that of w.

6 Left bialgebroid U(w)

In this section, we introduce a left bialgebroid (w) (cf. [13, 19]).

Definition 6.1. Let A be a non-empty set. A quiver over A is a set ) endowed
with two maps s,t: Q — A. These maps s and t are called the source map and
the target map, respectively.

For any m € Zx, the fiber product Q™ is defined by Q) := A, Q) := Q,
and QU :={g = (q1,-.,9m) € Q™ | (gi) = 5(¢i41),1 < Vi <m—1} (m > 1).
Each QU™ (m > 0) is also a quiver over A with s(q) = s(q1), t(¢) = t(¢,). For
QO we define 5 and t by 5 = t = idy.
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Let R be a k-algebra and ) a finite quiver over a non-empty finite set A.
We define the set AQ as follows:

2Q = (e k) Jfel'] 1 & Zonpa € @ L[] 1 m € Zoopa e @,

We denote by k(AQ) the free k-algebra generated by AQ. Let w {c Z b} (V(a,b), (e, d) €

Q(Q)) be a collection of elements in R. The symbol J,, stands for the two-sided
ideal of k(AQ) whose generators are:

(A) £+ & = (£ +rawrer §), € — (¢ rewror §); €& — (€ Rawror §) (Ve €
k. V¢, €' € R®y RP).
Here the notation £ 4+ £ means the addition in the k-algebra k(AQ). On
the other hand, the notation (4 rg, rer&’)(€ Gen) is that of the k-algebra
R ®) R°P. The other two symbols for the scalar multiplication and the
multiplication are similar.

o T D P'p
(B) eM M Ou(p)5(6)Ot(a), s(q)e[ } H [ } 750 01(").5(0) € [q’q]

(Vm,n € Zso,¥p,q € QU™ ,Vp', ¢ € Q™).

o 5 LRf]- 2] 5 sl

ueQ(m) AEA weQ(m) PN
(vm € {0,1},Vp,q € Q™).

D) (r® r')em —e m rer), (rer)e [ﬂ —'ém (r@r’) (Vr,r' € R,Ym €
Z>0,¥p,q € Q).

R ICHR o R o B R
(V(a,b), (c,d) € Q).

(F) 0— > eH,(b—lR@lR.
A HEA H

We denote by M the k-algebra consisting of all maps from A to R. The
following theorem is satisfied:

Theorem 6.2. If the following conditions are satisfied, then the quotient {(w) :=
E(AQ)/Jw is a left bialgebroid with the base ring M.

w {czb} € Z(R);

. 6.1
s(a) # s(c) or t(b)#t(d):w[cdb} =0. (6-1)

Here Z(R) means the center of R.
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We will prove Theorem 6.2 by constructing the maps sys, tyr, Ans, and 7y
in Definition 1.1. We first define the maps sy; and t); as follows:

sulh= 3 <f<A>®1R>em T B 6.2)
A HEA

) = X (e fe|}] +3 (€ a1 (6.3
A uEA

It is easy to check that these sp; and ¢ are k-algebra homomorphisms and
satisfy (1.1). Thus (w) becomes an (M, M)-bimodule by virtue of the action
(1.2).

Let J, denote the right ideal of {U(w) @3 U(w) generated by s (f) @ Lyw) —
Lyw) @ sm(f) (Vf € M). In order to construct Aps, we define the k-algebra
homomorphism V: k(AQ) — $(w) @ t(w) as follows:

V(€) = x(&) (€ € Rey RP); (6.4)

VP - > [ﬁ] aumel!] +au (6.5)
ueQ(m

V(’é[ﬂ) =y 'ém + ®’ém + 3w (M€ Zso,p,q€ Q™). (6.6)
ueQ(m)

Here the symbol y means the k-algebra homomorphism defined by x: R®; R°P >
rRr = (r@lp+Juw) ® (1r @1 + Ju) € U(w) @ Ww).
Proposition 6.3. V(J,) C Jo
Proof. We first prove that V(a) € J for any generator a of J,,.
Since V is a k-algebra homomorphism, it is easy to check this fact if a is an

arbitrary generator of (A).
For the generators (B), we can calculate that

~[p]~ p’}
Vie| |e
( [q} [q’ )
_fu'w] _[p'p] .
= > 5t<u'>,s<u)5t<q'>,s<q>e{ : } +Jw®5t<p'>,s<p>5t<u'>,s<u>e[ : } +Jw
q q u'"u
ueQ™
W eQ™
[ - |p'p] .
=) s Ot@)s@) D e[ , } + Juw ®e{ ] + Jw
q4q v
veQ(m+n)
= ~_[p'p
=V (8¢(p'),5(p) Ot(a'),5(a) € [q,q} )

for any m,n € Zsq,p,q € QU™,p', ¢’ € QM. The proof for the other generator
is similar.

Let us check that V(a) = 0 if a is a generator (C). We assume the following
lemma for a moment:

Lemma 6.4. For any A\, u € A,



For any m € {0,1},p,q € Q"™),

7S ALels] e el
|

ueQ(m) AEA
_[v] Tu] -~ __[p] [ .
= > el le| | +Iuee| le| |+Iu
ul |v v| |q

w,v,v’ €Q (M)
A jz
) , e + 311) X e|: :l + Jw
bt D M t(p)

A HEA

o] o]

A UEA

By the definition of the right ideal Js,

> (em +3w)®(eL(” ] + Jw) + T

A UEA p)
;AtM(a#) ® (e[t(‘;)} +3w) + 3
:% Ly ® 501 (5,) (e L(‘;)} +3u) + 95

Here §) € M (VA € A) is defined by x(n) = 6x,, (1 € A). On the other hand,
Lemma 6.4 induces that

> (e[t(:])} +3w)®(é’mem F30) + T

ve@(™
TEA
- ) -
= Y i) ® @ HQH T 3u)+
veQUm) q
_ p ~
= Z Tsi(w) ® 501 (0g(0))( e[} H + Jw) + T2
ve@(m) v
-y 1u(w)®([ } [p] H )+,
'UGQ("”)
AEA
= Z 1n(w)®(§[p}e{ﬂ+3w)+32
v g
veQ(m)
A ~ ~
=0pg > Lu(w) ® |y * )+
XeA
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Thus we can conclude that V( Z 'é[p}e{u] — p,q Z e[ A ]) € Jy. The
et Ll la oo )
proof for the other generator is similar.
We will show that V() = 0 for any « in the generators (D). For all r, 7’ € R,
m € Zso, p,q € QU™

V((rer)e m —e m (rer))

q q

== (r@lR)em +3w®(1R®r')e{Z] +Ju

ueQ(M)

-y e[ﬂ(r@lR)+J’w®e[2](1R®r’)+3w

,UGQ('m)
=0.

The same proof works for the other generator.
For the generators (E), we can calculate that

B

(z,y)€Q® ]

> arew o a]elel’]

(z,y)€Q™
=X [

U
e 2] +vumelt]e
(z.y),(u,0)€EQM

| :

= X eltlell] taus e eyl tle)!] +au
[
|

1o

(z,y),(u,0)€EQM

- Z (lg@w
(#,y),(u,0)€Q®
.
_ Z e{ o
U
(@,y),(u,0)€Q® .
r a b N U Y N
— E t]v[(W zyv] )e e +Ju Qe ed +Juw
(z,y),(u,0)€Q® - A Y c
al [b] . ’
_ Z exe +dw®SM(W|:xyv:|ﬁ)e
(z,y),(u,v)€Q® -

= Z (tar(w [mzv)h)@)lu(w)—1u(w)®3M(W [mZv} ))

(z,),(u,0) QM

x (e[ﬂeﬁj + Ju ®emem +3w) € I

for any (a,b), (c,d) € Q®?. Here ry € M (Vr € R) is defined by ry(\) =7 (\ €
A). Thus V(a) € J; is satisfied for any « in the generators (E).
The first generator of (F) induces that

— A A
V(@ — Z e|:/.l/:|) = ]-L[(w) X 111(111) - Z e|:7_:| + Jw ®e|:7—:| + Jw-

A pEA A, TEA
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By using the definition of Jo, we can calculate that

> (em +3u) ®(em +3w) + T2

A, TEA
= Z tM((ST> ® (e|:7—:| +3w) + j2
w,TEA H
p
= Z Ly(w) ® SM(5T)(9[ ] + Jw) + T2
w,TEA K
T T ~ ~
= Z ]-il(w) ® (e|:)\:|e|: :| +Jw) + Jo
A, T HEA K
T ~
= Z Lit(w) ®(e{ ] + Jw) + T2
w,TEA H

=Lu(w) ® Lu(w) + J2.

Here we use the generators (B) for the fourth equality and the generators (F) for
the fifth equality. The proof for the second generator of (F) is straightforward.
Therefore V(o) = 0 for any generator « of J,,.

In order to complete the proof, we need to check that V(k(AQ))Jy C Ja. It
suffices to check that V() (tas(f) @ Ly(w) — lugw) @ sm(f)) € Iz for any a € AQ
and f € M.

We assume that « = r @+’ (Vr,r’ € R). The generators (F) and the identity
(1.1) induce that

V(@) (tar(f) @ Lsgw) — Luqw) @ sar(f))
=((r®@ 1 +Juw) @ 1r @7 + Ju)) (tm (f) @ Luqw) — Luw) @ sm(f))
=(sn(ry) @ tar(r)) (tar (f) @ Ligw) — Latqw) @ snr(f))
=sn(r3)tar (f) @ tar(ry) — s (ry) @ tar(ry)sne(f)
=tar(f)sar(ry) @ tar(ry) — sn(ry) @ sar(f)tar(ry)
=(tam(f) © Liw) — Laaqw) @ sar(f)) (sar(rg) @ tar (1)) € T
for any f € M.
Ifa=¢e {p] (Ym € Z,Vp,q € Q(m)), then it follows from Lemma 6.4 and the

q
generators (D) and (F) that

V(@) (tar (f) @ L) — Luw) @ sm(f))

(> ém +3w®am + )

ue@(m)

(S (re S]] + 3081w~ 3 1ty () 9 13| +00)

PWTISHIN T,YEA

S (1r o Fsw)) m e am -y

ueQ(m)

-y (gm +3w®(f(5(u))®13)6{5] + 3

ueQ(m)
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= % (Ol )0) © Ly — Ly ® s (T )E] ] + 2w 8] +3.)

u€Q(m)
€Js.

The proof for a« = e {p] is similar. This is the desired conclusion. O
q

Proof of Lemma 6.4. By virtue of the generators (C) and (F), it follows that

Ly(w) = Z e{ﬂ +Jw = Z e[ﬂé[l} + Jw- For any A\, pu € A,

T,YEA

I

>,

>

3

>

¥

)

]
——
= >
—_

™
1
8 2
| IS

+

[

g

T,vEA 7
R ML AR
T,vEA g T
A
This completes the proof. O

_ By using this proposition, we can induce that the k-module homomorphism
V(a4 Jw) = V(a) + J2 (o € k(AQ)) is well defined.

Lemma 6.5. As Z-modules,
(w) @k Ww) /T = U(w) @ar hw).

Proof. We can prove this isomorphism by using the two maps J: {(w) ®p
Uw)/T2 2 a®@PL+Ty = a® P € Ww) @y UWw) and K: U(w) @y Mw) >
a®B = a® B+ Ts € U(w) @ h(w)/Ty. The proof is similar to that of Lemma
2.3. O

By virtue of the map V and the above lemma, we can induce the Z-module
homomorphism Aps: U(w) — U(w) ®p U(w).

Proposition 6.6. The map Ay, is an (M, M)-bimodule homomorphism.

Proof. For any o € U(w), we fix an element @ € k(AQ) such that o = @+ Jy.
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We write V(@) = aj1] ® @y). For any o € Y(w) and f,g € M,

Ap(f-a-g)

- ¥ Al 1oe|

A p, T, VEA

A

/J +3w)((13®g(7))em +Jw)a)

- > AM<<<f<A>®g<u>>eH 3u)a)

A UEA

1

= X AU e )] + 3wy © (e s e 7] + 2 + 3

A,p,TEA

> (W o te] ] + 3w @ (1n e gGte| ] + 3w

Ap,TEA

S @l © e + 3w o (n e gure| ] + 3.

A\, T, VEA

Ap,T,VEA

T

S () 1] + dulaty @ sau (6 )(1n sl

] + Juw)q2

=su(f)ap @ tar(9)a

=f-

Ap(a)-g.

This completes the proof. O

The next task is to construct mps: U(w) — M. We define the k-algebra
homomorphism ¢: k(AQ) — Endy (M) as follows:

EE) = (6 (¢ € Ry B 6.7)
E(e[ﬂXf): o f ()16 (6.8)
i@ [ﬂ J(F) = Gpaf(5(@))s0e) (f € Mym € Zso,pig € Q). (6.9)

Here the map ¢: R ®; R°? — Endy(M) is a k-algebra homomorphism defined
by ¥(r@r')(f) =ryfry (r,r' € R).

Proposition 6.7. ((J.,) = {0}.

Proof. Let f be an arbitrary element in M. Since the map 5 is a k-algebra
homomorphism, it suffices to show that ¢ () = 0 for any generator a of J,,.

It is easy to prove ¢ (a) = 0 for an arbitrary generator a in (A).

We suppose that « is a generator (B). For any m € Z>g, p,q € QM.

@ |"[e[ )y =@ rtste i

ql ¢
=04(q').5(q)Op.a0p" ' F(5(d'))10u(q);

/
~\PP
C(5t(p’),s(p)(st(q’),s(q)e[ ] )(f) =04pr),5(0)0t(a"),5(a)OpraOp.a £ (5(q'))46¢(q) -

P
qq
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If p = q and p’ = ¢, then we can deduce that s(p) = s(q) and t(p t(q')
It is easy to show that &, 40, = 0if p # g or p’ = ¢’. Thus C [ ] [Z]

/
d¢(p),s(p) Ot(q") 5(q)e[ p}) = 0. The proof for the other generator is similar.
q'q
For the generators in (C), we can calculate that

A Bt

ueQ(m) AEA

= % bl U @)bin) = Gt 3 b Vi

u€Q(m) AEA
= Z St(u),t(q) Op,udu,q.f (8(0))40s(u) — Op,q f(8(P))10s(p)
ueQ(m)

=0p,q(f(5(2))10s(q) — F(5(P))10s(p))

for any m € {0,1}, p,q € Q™). If p = ¢, then s(p) = s(¢). Thus we can
deduce that f(s(p)) = f(s(q)) and J4¢p) = ds(g)- Similarly, we can show that

~ ~|p u
A3 elo) -t el -
ueQ(m) q AEA

Let « be the first generator of (D). For all r,v' € R, m € Z>g, p,q € Q"

e =rarel?| - H M)

q
761, q’l’ﬂf( (q) s5( pq(rﬁf’rﬁ) t( )) #9%(q)

)#0s(
p,q((rf(t(q))f )ués(q (rf(t(q)r")40s(q))

The proof for the second generator of (D) is similar.
We assume that « is an arbitrary generator in (E). Since w [c Z b} is a

central element in R for any (a,b), (c,d) € Q®,
o= X dwles]otmelTu)
(z,9)€Q@
SID SERC(LPE RN N 10
(z,y)€Q®

= Y 5I’65y,d(w[ajy}f(f(d)))u&(c)

(z,9)eQ®

- Z da zéby W zy :| ﬁas(a)
(z,y)€Q®

= [ o] A0t - W[ab J SO
Here we use the calculation of the generators (B) for the first equality. If

w [a . d} # 0, then s(a) = s(c) and t(b) = s(d) are satisfied. Thus the proof for
the generators (E) is completed.
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For the generators (F), it follows that

-y emm = Y b ()il

A\ HEA A HEA
=f = F(N)ox
AeA
=f-f
=0.

The proof for ) — 1z ® 15 is straightforward. This is the desired conclusion. [J

Therefore the k-algebra homomorphism ¢: #(w) 3 a+J, — ((a) € Endy (M)
makes sense. The map s is defined by mr(a) = ((a)(1ar) (a € h(w)).

Proposition 6.8. The map 7y is an (M, M)-bimodule homomorphism.

Proof. For any « € {(w) and f,g € M,

mi(farg) = 3 ml((FO) ®g(u))em T 3u)a)

A HEA

=3 <((f(A)®g(u))em + Jw) (mar (@)

A pEA

= > SaufNgmar (@) (1)s0,9(1);

A pEA

= Z f(/\)uTrM(OZ)()\)ﬁ(SAg()‘)ﬂ

AEA

= " ((frar(a)g)(M))z0x
AEA

=fru(a)g.

This is the desired conclusion. O

Proposition 6.9. The triple (4(w), Ay, 7ar) is a comonoid in the tensor cat-
egory of (M, M)-bimodules.

Proof. The proof for the coassociativity of Ay, is similar to that for A,.

Let us show that Ay and 7 satisfy the counitality. It is sufficient to prove
that ((ma @ idg(w)) 0 Anr)(a) = a = ((idgw) ® Tar) 0 Apr) (). Here o stands
for the element in $(w) written by

(T ® r')e D1 s D2 e P2n—1 El:p27L:| T (610)
191] 42 [92n—1] [92n
(r ® r’)e Y41 s b2 |P2n-1 F T (6.11)
o = 141 |92 Ld2n—1 ]
(’I" ® 7’/)6 b1 e b2 - Pan—1 e |:p2n:| +3w7 (612)
191] |42] 142n—1 ] qon
(7'®T‘/)6 b1 e D2 ...3 P2n—1 +:‘w (613)
191] |92 [92n—1 |
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for any r,r" € R, i € {1,2,---,2n}, m; € Z>o, pi, i € Q™). We give the proof
only for (6.10). Since V is a k-algebra homomorphism, it follows that

q1 q2 q2n—1

V(rere {m] e [pz] e {p%l} e {p%

q1 q2

= ) (® 1R)e[§j’é[u2} e {m"—l

U2n—1

q2

UL, U2n

By the definition of ¢, we can induce that

>, |P
(e M )(02) = 0p.q0x t(q)0s(q);

>~ P
(e [q] )(0x) = 5p,q5>\75(q)5t(q)

q2n

(e )T 7@ 7)) TP v

q2n—1

~ W
{ﬂjtsw

)

|

® (1R ® Tl)e |:’U/1:| s |:p2:| P |:u2n1:| fé»[an
q1 U2 q2n—1

U2n,

q2n

e

q2n

|

(6.14)

(6.15)

for any m € Zsq, p,q € QU™, X € A. By using (6.14) and (6.15) repeatedly, we

can calculate that

T (ap)) - op

1

= % Coome]n e[ cefr

q2

UL, ,U2n

. (]-R ® 7"’)8 |:’U/1:| ° |:p2:| e |:u2n1:| s |:p2n:| + 370
q1 U2 q2n—1 U2n,

= Y (rolie m N [u] e {p

U2n—1

1 q2

UL, U2n—1
. (IR ® ’/‘/)e |:U1:|é«|:p2:| e |:u2n—1:|~e«|:p2n:| s

q1 () d2n—1 q2n

pt T | P\ F | U2 <~ | U2n—2
= Y St Crotnde]n e[ e
. 1 q2

UL, ,U2n—2
. (]-R ® ’l"l)e |:’U,1:| ° |:p2:| e |:p2n1:| s |:p2n:| + 3w

q1 u2 q2n—1 q2n

= Z 6{(‘12”)7t(p2n71)65(17217,71)15((1271.72)

U, ,U2n—3

U2p—1

|

q2n

)i

qo2n—2

< (Ere e i@ |2+ dle 77 (o)

U2n—3

(por)e {“1]5 [pz] s [pznz} o {pan} s {Pzn

q2n

q1 U2 q2n—2 q2n—1

|

=0t(gan),t(pan—1)08(p2n_1),5(g2n_2) " " O5(ps),s(g2) Ot(g2),t(p1) SM (T0s(py) )

< (1n ®T/)e{p1}é{p2] ._.e|:p2n1:|fev|:p2n:| L3
q1 q2 q2n—1 q2n
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=0t(qzn),t(p2n—1)05(p2n—1),5(g2n—2) " Os(ps).5(a2) Ot(a2), t(p1)
‘< (re r/)e{pl}fé{lb] ._.e|:p2n1:|6|:p2n:| L
q1 q2 q2n—1 q2n
For any m,n € Z>o, p,q € Q™, p',¢ € Q™, Lemma 6.4 induces that

AP s Sl

AEA HEA

=eH [ o> H’b o] -

MEA

p p
=0s(q),5(p")€ [q} {q’] +Ju-

Thus we can conclude that o = my(aq) - apz. The same proof works for
a = aqy) - T (ajg)). This completes the proof. O

Proposition 6.10. The maps Aj; and 7 satisfy the conditions (1.3)-(1.7).

Proof. We first show (1.3). It is equivalent to show that

(@) @ @)t (f) ® Ligw) — Luqw) @ sm(f)) € Iz (6.16)

for any o € U(w). Here we fix @ € k(AQ) satisfying o = @ + J,, and write
V(a) = (1) ® a[g). Because V is a k-algebra homomorphism, it is sufficient to
show (6.16) for any o € AQ. Thus the proof is similar to that of V(k(AQ))J2 C
Js.

Since V and ( are k-algebra homomorphisms, it is easy to prove (1.4) and
(1.6).

The proof for (1.5) is similar to that for A,. B

Let us check (1.7). For any «, 8 € {(w), we fix elements @ and 5 in k(AQ)
such that o = @ + J,, and B = B + Ju.

muasss(mn (8) = X m@lman(HO) @ e +u)

A pEA H
= Y E@E (AN @ 1)ie [ ]>><1M>

A pEA

= Y o ul@ ru (B)(N):d,0)

A EA

=Y C@)(mar(B)(N)g0n)

AEA
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={(@)(mm(B))

=7 (af).
The proof for w(aty (7ar(8))) = m(e3) is similar. This is the desired conclusion.
O
Tt follows from Propositions 6.9 and 6.10 that the sextuplet U(w) = (U(w), M, spr,

tar, Anr, mar) is a left bialgebroid.

7 Right bialgebroid (w)

In this section, we show that the left bialgebroid {(w) has a right bialgebroid
structure under the condition (6.1) in Theorem 6.2.

Theorem 7.1. If the condition (6.1) is satisfied, then L(w) is a right bialge-
broid.

Let M denote the k-algebra consisting of all maps from A to R. We define
two maps Spror and tpsor by Spror = tar and tpror = sy (for sy and tyy, see
(6.2) and (6.3)). Because these spsor and ¢psor satisfy (1.12), the k-algebra LU(w)
has an (M°P, M°P)-bimodule structure via (1.13).

We next construct the map Ajpsor. The symbol J, means the left ideal of
U(w)@pU(w) whose generators are spzor (f) @ 1g((w) —Lsi(w)@tarer (f) (Vf € MOP).
The k-algebra homomorphism V defined by (6.4)-(6.6) satisfies the following
proposition.
Proposition 7.2. V(J,) C 7%

Proof. We first prove that V(a) € J% for any generator a of J,,.
The proof for the generators (A), (B), (C), (D), and (F) is similar to that
for Proposition 6.3.
For the generators (E), we can use the calculation of Proposition 6.3 and it
> imowl e

follows that
c| |d z| Y
(z,9)€Q®@

S
(lr®w [1Zv])emem +3w®emem +Ju

(z,9)eQ®

2.

(z.y),(u,v)€EQM

T ) ~
— Z (S e +Juw ® ( |: ® 1R e . + Jw
(z,y),(u,0)eQ®@ - L
al T u ’
Z eLe (1R®w[my +\Sw®e[c} |::|+‘S1U
(z,y),(u,v)EQ® . ]
‘0l T z
_ Z eae :|+3w®e|:x]e[y:|(w[u y}@lR)_’_sw
B -U C d v

(z,9),(u,0)€QM

>

(z,),(u,0) QR

|

Il

]+3w)sMop(w[w;‘v]ﬁ)®e{
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a b u v ,
_ Z e|: :|e|::|+:‘w®(e|: :|e|::|+3w>tMop(W r v )
(z,y),(u,0)eQ® r Yy c d { Y h
a b N u v R
= > (el le|, | +Iuwe| [e] | +Tu)
(z,y),(u,v)EQ® Y

X (8 ppor (W [wzvh) ® Lyt(w) — Lagw) @ taror (W [”” : ”h)) €7

for any (a,b),(c,d) € Q®. Therefore we conclude that V(o) € 34 for any
generator of J,.

In order to complete the proof, we need to prove that J,V(k(AQ)) C Tj.
It suffices to check that (spzer (f) ® Lyw) — Lu(w) @ tarer (f)) V() € T4 for any
a € AQ and f € M.

The proof for a = r @ v’ (¥r,r’ € R) is similar to that of Proposition 6.3.

Ifa= E[p] (Ym € Z>0,Vp,q € Q(m)), the generators (D) and Lemma 6.4
q >

induce that
(sazor () @ Ly(w) — Luqw) @ tarer (f)) V()

=( Z (Ir® f(/\))né[)\} + Juw ® L) — Z L) @ (f(7) ® lR)EP] + Jw)
A LEA K T, YEA g
x ( ’é[u]+3w®’é[p]+3w)
uEEQ(:"W q Y

Z(M®WWW{

UEQ(m’)

- @] + 3w ® (Ftw) © 1r)E || + 3
PyECH )
B ~[u ~(P| | ~
_u%;m(e M Fvee M T Ju)
X (saror (f (H(1))g) @ L) — Lsqw) @ tarer (f(H(w))g)) € Tp.

U
q

p

sl v
u

The same proof works for o = e {p} (Ym € Z>0,Vp,q € Q(m)). This completes
q >

the proof. O

_ By using the above proposition, we can define the k-module homomorphism
V' t(w) 3 a+ Juw — V(a) + 75 € hw) Q@ U(w)/T5. Similar to the proof of
Lemma 3.3, we can induce the following lemma.

Lemma 7.3. As Z-modules,
(w) @k Mw) /Ty =2 W(w) @ pror U(w).

This lemma induces the Z-module homomorphism A pzop : U(w) — U w)@ prop
U(w). This Apger is an (M°P, M°P)-bimodule homomorphism.
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In order to construct the map myor: A, — MP°P, we need the k-algebra
anti-homomorphism ¢’: k(AQ) — Endy(M°P) defined by

¢'(€) =9'(€) (€€ Ry RP) (7.1)

&(e [ﬂ )(F) = 00 F(5(0))eB) (7.2)

5/(6[5})@— D)0y (f € Mym € Zoopg e Q) (1.3)

Here the map ¢’: R ®) R°? — Endy(M°P) is a k-algebra anti-homomorphism
defined by ¢'(r @ 1')(f) = ryfry (r,r' € R).

Proposition 7.4. {'(J.,) = {0}.

Proof. Let f be an arbitrary element in M. It suffices to show that ¢/(a) =0
for any generator of J,,.
The proof for the generators (A) is straightforward.
We give the proof for the generators (B). We have
5 =[P <[P 5 =[P
c@ ey =t @@
:5’:(11’),5(q)5p7q6P’H’f(t(q))ﬁ&s(q’);

: _[p'p
¢"(Oe(p),5() Ot(q'),5(a) € [q, q} () =61(p7),5(0)0(a"),5(0)Op.aOp'a f (4()) 105 (q7)

for any m € Zso, p,q € Q™). If p = gand p’ = ¢/, it follows that 5(p) = s(¢) and
t(p') = t(¢'). We suppose that p # q or p’ # ¢’. Then it follows that &, 40y ¢ =
/ /
0. Therefore we conclude that (’(e {p],é[p/} = O4(p'),5(p)Ot(q),5(q) € {p/p}) = 0.
q q aq
Similar considerations can apply to the other generator of (B).
Let a be an arbitrary generator in (C). For any m € {0,1}, p,q € Q™),

I A BT SE N T

AEA
(@ [ﬂ J(F(5)ebiny) — Sy (s(0)ebecr

=04(p),1(q)0p.a S (5(P))19s(q) — Op.a S (5(P))19s(p)-
If p = g, then s(p) = s(¢g) and t(p) = t(q) are satisfied. We can deduce that

dp.g = 0if p # g. Thus (’(a) = 0 is proved. The proof for the other generatos
is similar.
If v is a generator in (D), we can calculate that

&trarel!] —el?| e

dr(e [fj Y fre) — 8paC(r © ) (F(5(0))ebia)

=0p,q((r' f(s(0))r)s0u(q) — (' f(s(2))r)s0ue))
=0.
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for any m € {0,1}, p,q € Q™). The same proof works for the other generator
of (D).
Let a be an arbitrary generator in (E). For any (a,b),(c,d) € Q®), the

central element w [c Z b} € R induces that

= X lw (e v]orme o

(z.9)€Q®
- c b
- X e [« e[
(z,9)€EQ® Y
= Y abalfGs@)w [ v])da
(z9)€Q®
= > Gaebiy(w [ ] S
(z,1)€Q®

=(w [} a] F(s(e))sbuny — (w [ a] F(5(a)))bicr

Here we use the calculation of the generators (B) for the first equality. If
w [a Z d} # 0, then s(a) = s(c) and t(b) = t(d) are satisfied. Thus the proof for
the generators (E) is completed.

The proof for the generators (F) is similar to that for Proposition 6.7. This
completes the proof. O

By using the above proposition, we can define the k-algebra anti-homomorphism
¢ w) 3 a+ Ty — (o) € Endpg(M°P) (o € k(AQ)). The (M°P, M°P)-
bimodule homomorphism 7o : $(w) — M°P is defined by

Tuer(a) = ¢'(a) (1) (a € U(w)).

The triple (4(w), Apgor, Tarer) is & comonoid in the tensor category of (M P, M°P)-
bimodules satisfying (1.14)-(1.18). The proof is similar to that for Propositions
6.9 and 6.10. Therefore the sextuplet {(w) = (L(w), M P, $prop, tagor, Apsor, Tagor)
is a right bialgebroid.

8 Hopf algebroid (w)

In this section, we introduce a condition with respect to w [c Z b} € R (V(a,b),

(c,d) € Q). This condition makes {(w) a Hopf algebroid with a bijective an-
tipode.

Definition 8.1. The family w = {w [ ¢ |}(,1) (c.ajeqe is called xigid if the

following conditions are satisfied:

For any m € Zx¢ and p,q € Q™) there exist X, ,,Y, , € A, such that
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weqem 4 weQ(m
tp)] |~
=0pq Y \ } + Ju; (8.1)
AEA -
~[p] , ~ u] | o~
Xu w) = w u
IR NG EERES SRR
uGQ(m) uEQ(m) -
[ A
=0pq Y€ } + Juwi (8.2)
e =)
_[v] .
Z Xu,q(e{ ] + Jw)Xpo = Xp,g (8.3)
ueQ(m Y
v] .
Z Yuq(e LL] + Jw)Ypo = Ypgq- (8.4)
u,vEQ(M)

Proposition 8.2. The elements X, ,,Y,, € $(w) satisfying (8.1)-(8.4) are
unique if there exist.

Proof. For any non-negative integer m, let p and ¢ be arbitrary elements in
Q™. We give the proof only for the uniqueness of Xp,q- Suppose that the
elements X, 4, X, , € t(w) satisfy the conditions (8.1)-(8.3). By the utilization
of Lemma 6.4, (8 1), and (8.3),

~|v ~ ~| % ~
S ua]!] 5[] 5

u,v,y,2€Q(M) Yy
_ tw)] |~ =[] L~
_ Z Xu7q(z5y)ue \ +3w) @] 7] + Tu) X
u7y,z€Q("”) AEA Y
SRR ) 3L W EERICI EE AR
q t(u) U p;
u7zeQ(m) AEA
|z R
— Z X“’q(e{u] + Juw)Xp 2
u,z€Q(m)
=Xp.q-

On the other hand, the identities (8.1) and (8.2) induce that

g CHEERERC HERRES
Tk, et el T30t 30
v,yeQ™
_A%E:A [ }—Fgw)X;’q(e[t(l];)} +3Jw)

Thus we can conclude that X, , = Z e[ ()\J +Juw) X (e [t(p)} + Jw). The



A t
proof for X == Z e[ } + Juw) X, (e{ (p)] + Juw) is similar. Therefore
T 5(q)
JHEA
Xpg =X, 4 O
Proposition 8.3. The following conditions are equivalent:
1. w is rigid;

2. There exists a unique k-algebra anti-automorphism S: {l(w) — U(w) such
that

Srer+Ju)=rQr+J, (Vr,r' € R);

Sle Ej +1o) = E[ﬂ + 3w (¥Ym € Zxo, ¥p,q € Q™). (8.5)

Proof. We first suppose that the condition 2 holds. For any m € Zx, p,q €
Q™) the elements X,,, and Y, , € {(w) are defined by X, , = S(€ [p} + Jw)
q

and Y, , = S !(e E] + Ju). We write p = (p1,--- ,pm) for any m € Z>( and

p € Q™). By using Lemma 6.4 and the generators (B) and (C) repeatedly, we
can calculate that

= o] 2o

weQ(m
el
ueQ(m ul g
S sl AP o]
UL, Um €Q Um uy Q1 dm
~|Pm ~| P2 A U9 U, N
:61 1 Se co.e e e ...e +1Jw
o /é;\ ( Lm} LQ] [f(m)] [qz} {qm} )
U, Um €EQ
~|Pm ~|P2| |u2 U, N
:61 1 Se DN e BRI =Y +Jw
o u27"wZUmEQ ( |:um:| |:’U,2:| |:QQ] |:Qm:| )
A
=001 Opr Z S(e[ ] + Jw)
t
b0 3 e{ (f)] 3
PYSN

Similar considerations can apply to the proof of (8.2). In order to prove (8.3),
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we can calculate that

u,veQ(m) “
3 s
:ug% snaste] g [oly] +30
o
o]
:Xp,q

The proof for Y, 4 is similar. Thus w is rigid by these X, ; and Y}, ,.
Conversely, we suppose that the condition 1 holds. The k-algebra homomor-
phism S: k(AQ) — U(w)°P is defined by

S =H(E) (€ R®R™);

)=o)

S(e {p]) =Xpq (M EZ>p,p,q€ Q(m)).

Here H means the k-algebra homomorphism defined by H: RQ R? 2 r @71
" @7+ Ju € UW(w)°P. We will show that S(J,) = {0}. It suffices to prove that
S(a) = 0 for any generator a of J,,.

The proof for the generators (A) is straightforward.

For the generators (B), we can calculate that

/

= [p] [P P
S(e M e u = O4(p),s(p')Ot(q),5(¢")© qu] )

/

[P <[p o' .
=e [q,]e[q} — 04(p),s(»")Ot(q),5(a") € qu] +Jw

=0.

for any m € Z>g, p,q € Q™. On the other hand,
< ~[P]~[P ~[p'p
S(e M e M = O4(p'),5(p)Ot(a").5() [q,q] )
=Xp.q' Xp.a = Ot(p'),5(p)Ot(a"),5(0) Xp'p.a'a-
: _ t(p) _ A
It is easy to see that X, , = Z X, q(e +Juw) = Z(e s(q) + Juw)Xp.q

AeA >‘ AeA
for any m € Z>o, p,q € Q™). For non-negative integer m and n, let p,q € QU™

51



and p/, ¢’ € QM. If (p’) = s(p) and t(¢') = s(q), we have

,U/

_[v'v N
Z 5t(“')xs(u)ét(v')ﬁ(v)XWuvq/q(e L/u} +Jw)Xp/7v/Xpm
U,UGQ(M')
'U/,’UIGQ(H)
~ |V ~ = 1}’ N
= Z Se(ury,s(u) Xu'u,q'q(€ " + Juw)(€ o 4+ J0) Xpr v Xp o
w0eQ(™
u' ' e@™
s ~ t)] |~
8.1) Z Se(p'),s(u) Xpru,q'q(€ u} +Jw)(e[ 5 + Juw) Xpo

AEA -
w0eQ(m™

(

~|v
= Ot(n Xpuaol€ + Juw) X
Lemma 6.4 Z t(p’),s(u) <> p'u,q q( u dw) p,v
AEA -
U,UEQ(m)

tp)] |
: Z Oi(p),5(p) Xp'poaa(€ [ A\ +Jw)
AEA -

=04(p'),5(p) Xp'pa’g
=Xppq'q-

In addition, it follows from (8.2) that

_[v'v R
Z 5t(u/),5(u)6t(v’),5(’u)Xu’u,q’q(e |:UI’U,:| + Jw)Xp’,U’Xp,v

u,vEQ(m)
’U,I,UIGQ(”)
!/
~| Vv ~
= E : XU’mq’q(e[ / } + Juw) Xpr v Xp,o
uu
u,UGQ("”
u,,’L)IEQ(n)

t(u)=s(u),t(v")=s(v)

IC A RSB

AEA
=Xp g Xpq-

Suppose that t(p’) # s(p) or t(¢') # s(¢). By using (8.2) and Lemma 6.4, we
can induce that

_|v o[ -
Z XU’7q’Xu,q(e L] +\5w)(e[ ]+Jw)Xp’,v’Xp7v

u
u,peQ ™
’LL/,’U/EQ(H)
A e k7 R
— Z Xu’,q/(e s(q) +dw)(e o +\jw)Xp/,v’Xp,q
AEA
UIJJ/EQ(")
[ N

= Z Ot(v),5(q) Xur,q' (€ o + Juw) Xp' v Xp,q

’U/,UIEQ(">

A N

=04(¢),5(a) Z(e s(q’) + Juw) Xpr g Xp.g

AEA
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=0t(¢),5(q) Xp' .0’ Xp.a-

Similarly, the following identity is satisfied:

_|v ] R
Z Xu/,q’Xu,q(e |:’U,:| +Jw)(e |:U/:| +1Jw)Xp’,1)’X o (St(p’),s(p)Xp/,q’Xp,(I'
u,veQ(™)
u',v'EEQQ(")

We can also calculate that

P R '
Y. Xugle L(q)} +Jw)(@ [U,} + 30) X Xpg

AEA
u/{l//EQ(n)
A N t(p' N
= E , Xp’,q/(e{ } erw)(e{( )] + Juw) Xp.q
8.1) o s(q) J
=Xp' g/ Xp,q-

Therefore X, o X}, ¢ — 0¢(p7),5(p)0¢(q"),5(q) Xp'pq'q = 0 is satisfied.
By the definition of rigidity of w, S(a) = 0 is clear for any generator (C).
Let o be an arbitrary generator in (D). By the definition of J,,,

Slre ’"')eﬂ - eﬁ (rer) =8 ﬂ (" @r) - (' @) m 3
q q q q
=0
for any r,7" € R, m € Z>q. For the second generator of (D), we have
(o r|”] -3 | o)
=Xpg(r' @7+ Jw) — (' @7+ Ju) Xp g

=) Xp4e [t(f)] +3u0)(” @7 +Juw) = Y (M @7 +Ju)(e [5)\ } +Jw)Xpg

AEA AEA (q)
t
= > Xu,q(r’®r+:sw)(6p,ue[ (f)] +Jw)
AEA
ueQ(”l)
)\ ~ / A~
- Z (6v,q€ 5(v) + Juw)(r ®T+dw>Xp,v
AEA
,UGQ(WL)
v
= Xuo @1+ Ju E[]—&-JwXU
(8_1),(8_%%@ af )@, [+ 3w Xs,
_|v
- > Xw(e{ ] +30) (7 @7+ Fu) X
u,veQ(m) u
/ e R A P ~
= Z Xug((r@r)e —e€ (r'er)+ Juw) Xpw
wEO™ U U
=0.
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Let us prove that S(a) = 0 is satisfied if « is a generator in (E). We define

a collection of elements w [c J b} (a,b,¢,d € Q) in R as follows:

W [c a b} _ {W [C Z b} . ((a,b), (c,d) € Q¥));
Wicy 0, (otherwise).

By the definition of rigidity of w,

1 " :L,//
"5 e
a,b,c,deQ a

I
g
Q

o ) Y
x (& mam +Jw)
- £ el el MR
- % anewea R fel el Jepfel] o
b,c,d,ye@

x’ "M Tz s(x R
5 wein o T

AEA a
a,beq
c A d c

_ Z 5t(a:"),5(y”)(1R®E[$” Hd:|)e|: :|g|: :|E|: :| +3w

AEA v ’t(y”) Y !

c,deEQ

Zl _ y// _ :L,//
= Z Se(a),8(y") Os(a) s(a') (W {’1 . y] ® 1R)e[ b}e[a} + Jw
a,beqQ
y € ~|d].|¢c N

= D SO i (e © w [« S a)yel’, e | T

e, deQ Y

for any 2/, ', 2", and y” € Q. By virtue of the generators (D), we conclude that

S((x,y%:Qb)(w [a : y} ®1lg)e [ﬂ e m - (:r,y)ze:Q@)(lR o [I ; d} )e B] © Llj)
R BRL U
- 5 el el el

(z9)€EQ®

= D S (1R & W [“ b
z,y€qQ

~|b|l-|a .
= D des@dste,se) (W [zyd] ®1R)e{ }e{ } + Juw
z,y€Q

—
~—
[N
—



=0.
for any (a,b), (c,d) € Q™.

The proof for the generators (F) is easy because 5{ ] +Jw =€ [/ﬂ + Ju 1S
=5(

A
1
satisfied for all A, u € A. Therefore the map S(a + Jy) a) (a € k(AQ)) is

well defined. o
In order to construct the inverse of S, the k-algebra homomorphism S”: k(AQ) —
$(w) is defined by

S'(§) = H(g) (£ € R®R™);

Se[?]) = Vi

Similar to the proof for S, we can show that 5(J,) = {0}. Hence the map
S+ Juw) = 5'(a) (« € k(AQ)) also makes sense.
Finally, let us prove that this S’ is the inverse of S. We give the proof only

for (S/ o S)(6|:Z:| +3w) = 6|:§:| +Jw (vm € Z207vpaq S Q(m))
(S0 5)(& [fj 1 3u) =5'(X)

=y 5v,qs’((eLA } +Juw) Xp,0)

T
= 3 S (Xp) (B Zer(ﬂ +3u)
veQm XeA
_ W%m) S'(Xp0)(e m g m +3w)
Wg(m) S(E m +3u) Xp0) (@ m + )
:%S’( [t(f)} +3w)(ém + Jw)
Z[t&)Hﬂ o
=e B] + Jw

The same proof works for (S o S’)(e E] +Juw) =€ []q)] + Jw. This is the desired

conclusion. O

By the above proposition, we can construct a k-algebra anti-automorphism S
if w is rigid. The left and right bialgebroid 4{(w) has a Hopf algebroid structure
by virtue of this S.
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Theorem 8.4. Let S be a k-algebra anti-automorphism of ${(w) defined by the
rigid w. Then the pair (U(w), S) is a Hopf algebroid for N = M° and w = id .

Proof. We prove this theorem by using Proposition 1.7.

(1.31) is obvious because spror = tps and tpror = Spy.

By the definition Ajp; and Apsop, the proof for (1.32) and (1.33) is similar
to the coassociativity of Ap.

Let us show (1.34) and (1.35). Because the map S is a k-algebra homomor-
phism, we have only to check that S oty = spr and S o sp; = ty;. By using
Lemma 6.4 and the generators (D) of J,,, we have

(Sotu)(f)= 3 s<<1R®f<A>>em 1 3.)

A HEA

- ¥ e[ umein

A EA

=Y (e 1R)em + 3w

A HEA
=sum(/f)
for all f € M. The proof for S o sy; =ty is similar.
For (1.36), we give the proof only for a = (r@r’)e {pl} e {pQ] coee [anl} e {pzn] +
Q1 q2 q2n—1 q2n
Jw (rr' € Ryi € {1,2,---,2n},m; € Z>0,pi,¢ € Q™). By using the gen-
erators (C) and (D) of J,,, Lemma 6.4, and the condition (8.2) repeatedly, we
have

S(app)a
= Y Funan @7 400 K@ o) +3)
ul"“ 7u2’71 UQn_l UI
« (e {m}é{pz} e |:u2n—1:|é«|:p2n:| (1 @) + Ju)
q1 Uz q2n—1 U2n,
~|P2n—-1 ~
=0py.,q1 Z Xuizn,q2n (€ |:u " ] +Jw)  Kuz g
AEA 2n—1
U2, ,U2n
A pz] |:u2n—1:|~|:p2n:| ’
X (e e --e e 1 R7r7r) 4+ Juw
( L(pﬁ] [Uz don—1 U2n ( n ) )
~|P2n—1 ~
:5171,1116’((1)1)#(?2) Z Xu2n1q2n (e [u2 1] + Jw) te Xug,th
u27"‘ 7u2n n-

—~

x (& {Pﬂ e |:u2n—1:|é~|:p2n 1r ®1'r) + Ju)
Uz q2n—1 U2n |
:51914115192@2 5t(1)1)7t(p2)

S s N AP

AeA U2n—1 | us
Uz, ,U2n
w1 _
X (e{p‘ﬂ ...e[ n 1]e[p2" (1r@7'7) + Juw)
us q2n—1 U2n |



=0p1,q10p2.0> 5t(p1),t(pz)55 (p2),5(p3)

XS Xupn(® [p} £ 30) @ H )

U2n—1 us
U3, ,U2n
X (e |:p3:| ...e [u%l]é[m”} (]—R X 7"/7") + 310)
us qon—1 U2n
=0p1,91 " * Opanazn Ot(p1),t(p2) Os(p2),5(ps) * ** Os(p2an—2),5(p2n—1) Ot(pan—1),t(p2n)
A
X 1R®r’re[ ]+3w.
Sanermel ) ]+

By the definition of ¢’, we can calculate that
z p
C’(e |:q:| )((5,\) = 5p,q5)\,5(q)5t(q); (86)
5~ P
(e [q] )(0X) = 0p.g0x 1(q) Is(q) (8.7)

for any m € QU™ p,q € Q™) X € A. Thus (8.6) and (8.7) induce that
(8pgop © Taror)(a)

—san @ 0)0@ |2 e [Py 0@ | hte | yan)

q2n q2n—1 q2

=6y, 50100 (C'(r @ 1) (& [pQ”] ) (e [”2"‘1} ). {'(e {p 2] )(0¢(a1)))

qon qon—1 q2
Y =~ | P2 z P2n—1 z p3
:5p1,q15p2,q25£(q1),t(q2)5M°P(C’(r ® r’)C’(e{ n:| )C/(e{ n } ) .. .C/(e[ :| )(55(q2)))
q2n d2n—1 g3
=0p1a1 " Opang2n Ot(ar), ta2) O5(a2),5(as) ** * O5(g2n—2),5(a2n—1) Ot(qan—1),t(azn)
X Snop (5s(q2n)(7ﬂ/7a)ﬁ)~

. A N
Sinco 110 (Bt (1'7)2) = 1t Gty (7)) = (L'l 2 [ 43, =

AEA
, A
Z(lR ®r're [
AEA s(pZn)
(SMop e} Tl'Mop)(a).
The proof for allS(al?l) = (sps 0 mar)(a) is similar. Therefore (U(w),S) is a
Hopf algebroid. O

] + Juw if p2n = gon, We can conclude that S(aj))apg =

9 Relations between (w) and A,

In this section, we construct a left and right bialgebroid $(w,) := (w) by
means of o. This $(w,) is isomorphic to A, as Hopf algebroids (cf. [17, 19]).

Let R be a k-algebra and G a subgroup of the opposite group consisting of
all bijections on a finite set A. We can define a right group action of this group
G on the set A: da = a(A) (A € A,a € G). Let L := M. For any a € G, we
define the map T, : M — M as follows:

To(H)X) = f(Aa) (f € M, A € A).
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The map T, (a € G) is a k-algebra automorphism such that T, o T,—1 = idyy.
We use the symbol o = {Ugg}a’b’c,dex as a collection of elements in M satisfying
the following conditions.

{agg(A) € Z(R) (VA€ AVa,b,c,d € X); 01)

MAdeg(d) deg(b) # Adeg(c) deg(a) = ab4()\) = 0.
Here Z(R) is the center of R.
Proposition 9.1. The condition (9.1) implies (3.1).
Proof. The left hand side of (3.1) induces that

(zjdeg(a)_1 ° deeg(c)_1 o pl( bg))(f)()‘)
(Tdeg(a) 10 Tdeg(c) 1)( bd )(/\)
:Tdeg(c)_l( ac )(Adeg( ) 1)
=(0gef)(Adeg(a) " deg(c) ™)
=0qe(\deg(a) " deg(c) 1) f(Adeg(a) " deg(c) )
for any f € M and A € A. On the other hand, the right hand side of (3.1) can
be calculated as follows:
(Tdeg( b)—1 © jjdeg(d)*1 © pT(UZEcl))(f)()‘)
=(foae)(Adeg(b) " deg(d) ")
=oge(Adeg(b) ™" deg(d)™!) f(A deg(b) " deg(d) ")
Here we use the first condition in (9.1) for the second equality.
If Adeg(a)~tdeg(c)™! = Adeg(b) ! deg(d)~!, then we can deduce (3.1).
Let us suppose that Adeg(a)~!deg(c)™! # Adeg(h)~* deg(d)~!. Since the
map deg(a) is bijective for any a € X,

a)"tdeg(c)™! # Adeg(b) ! deg(d) !
1 deg(d g deg(b) ?é st ! deg(d) ! deg(d) deg(h)

= Mdeg(a)™t deg(c) ™ deg(d) deg(b ) 7& A deg(a)*1 deg(c) ™! deg(c) deg(a).

By using the second condition in (9.1), we can conclude that
abd(\ deg( ) Ldeg(c)™t) = 0. From X\ # Adeg(b) ! deg(d)~* deg(c) deg(a), the
1dent1ty obd(Ndeg(b) "t deg(d)~!) = 0 is also induced. O

From Proposition 9.1, we can construct the left and right bialgebroid A, by
using o in (9.1).

Now, we construct the left and right bialgebroid Y(w) by o. The quiver Q
over A is defined by

Q:=AxX;s(\z)=X t(\z)=Adeg(z) (A€ Az € X). (9.2)
and we set
(Na) b
W {(M,C) (A’J))} = 01040 (N) (9.3)
(1'.d)

for all (A, a), (X', ), (i, c), (1, d)) € Q).
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Proposition 9.2. The definition (9.3) satisfies the condition (6.1).

Proof. For any ((\,a),(\,b)), ((11,¢), (1, d)) € QP we can deduce that
W [(mc) e (X,b)} € Z(R) by virtue of 052()\) € Z(R).
(w',d) )
Let us show that w | (w.e) ~ (Vb) | = 0 under the condition of s(A\ a) #
s(p,c) or (N, b) # t(y/,d). Fl(rgrﬁ)Kronecker’s delta symbol in (9.3), it is easy
to show that w | (u.c) e (A’,b)] =0if s(\, a) # s(u, c).

(')
We assume that t(A';d) # t(u',d). The definition of the fiber product of @
(9.2) induces that

t(\,b) = Adeg(a) deg(b) and t(u',d) = pdeg(c) deg(d).

(>\7a)

If A = p, then we can conclude that JZ‘Z()\) =0and w |:(M,c) (A’,b):| = 0.
(1',d)

This completes the proof.

By virtue of this proposition, we can construct the left and right bialgebroid
(w,) := U(w) by using the setting of A,.

From now on, we discuss relations between A, and (w,). The k-algebra
homomorphism ®: k(AQ) — A, is defined by

B(&) = p(&) (£ € Ry RP); (9.4)

[C m) = (Ja(p) @ Os(q)) Larys **~ Ly + Lo (m € Zizo,p,q € QM) (9.5)
— |p _ _
‘1)(0 |:q:| ) = (L 1)l‘mym s (L 1)w1y1 (6s(q) ® 65(;0)) + 1. (96)

Here ¢ means the k-algebra homomorphism defined by ¢: R ® R? 3> r ®
= rg®@ry+ I, € Ay and we write p = ((A1,21), -+, (Am, 2n)) and ¢ =
((:U'la yl)v T (/imvym))'

Proposition 9.3. ®(J,,) = {0}.

Proof. We have only to prove that ®(«) = 0 for every generator of J,,.

Since ® is a k-algebra homomorphism, the proof for the generators (A) is
straightforward.

We will give the proof for the generators (B). By using the generators (3) of
1, repeatedly, we can induce that

= [p p’}
d(e e
( M {q’ )
=(0s(p) ® Os(q)) Lzrys = * Liyn (Os(pr) @ Os(q)) Lty -+ Lty + Iy
=(0s(p) ® 05(g)) (Fs(p) deg(arm)~ 1 deg(e1)~1 @ Os(q’) deg(ym)~1 - deg(y1)~1)
X Layyy o Ly Lty o Lty + 1o
=0s(p) deg(w1)-+ deg(wm),5(p") O5(q) deg(y1)--- deg(ym ) 5(¢")

X (8s(p) ® ds(g)) Lavrys -~ Ly Lty Lagyr, + 1o

ndn
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=0u(p).,5 () 0t(a),5(a") (Os(p) © Os(q)) Larys =+ Ly Liagg -~ Layy, + Lo
5 pp’
Z‘I’(5t(p>,s<p/>5t<q>,s<q’>e[ ,])-
qq

for all m,n € Zxo, p = (A1, 1), , Ay Tm)),
Q(m)v p= (A, 21), 0, (A, 7)) @ = (1), 94
same proof works for the other generator of (B).
Let us show that ®(a) = 0 if « is any generator (C). We give the proof only

for m = 1. Let p = (\,a) and ¢ = (u,b) € Q. By virtue of the generators (2)
and (3) of I,

q= ((Mhyl)"" a(,u’maym)) €
)7"' 7(Ngzay;n)) S Q(n) The

% 3 el e e[
ueQ(m) q NeA
= (03 ®0:)Lac(L™")eb(0p ® 6:) + I — 6.0 (0x @ 1as + 1)
TEA
ceX
= Z(a)\audeg(b) deg(a)~?! ® 57’)Lac(L71)cb + 1, — 5p,q(6>\ ®1m+ Ia)
TEA
ceX

=0, 11 deg(b) deg(a)~10a,b(0x @ Lar + I5) — 0 10a,p(0x @ 1ar + Ir).
If a = b, it follows that pdeg(b)deg(a)™t = pdeg(a)deg(a)™ = u. The proof
for the other generator is similar.

Since (ry @ r{)Lap + Io = Lap(ry @ 74) + I and (ry @ r{)(L™ap + I =
(LY ap(ry @ ré) + I, for any r,7’ € R, a,b € X, it is easy to give the proof for
the generators (D).

Let « be an arbitrary generator in (E). We denote by ((u,a), (¢',b)) and

((1,¢), (7', d)) arbitrary elements in Q). By using the definition of w in (9.3),
the generators (3), and (4) of I,,, we have

_ (\z) A, N,
( Z (w [(Wl) (/\',y)] ®1gr)e [( ;E)} e {( , Z)})
((}\73))7()\/72/))6(2(2) (Mlyb) (T7 C) (T ’ )

= Z 6A7#(0—17)J;(>‘)ﬁ5)\ ® 5T)LIC(5>\ deg(x) & 57 deg(c))Lyd + 1,

AEA
z,yeX

= Z (Ug:(/l)ﬁ(sﬂ & 6T)LatcLyd + 1
z,yeX

(0 @6:) > (0fe @ 1ar)LueLya + I
z,yeX

:(5H« ® (57—) Z (lM ® Uzg)LawLby + I
z,yeX

On the other hand,

el )

(), (V9))€Q® ')

= Z 6/\,7(6N Y 5AUZ;(T)ﬁ)Law(6H deg(a) @ oA deg(z))Lby + I
AEA
z,yeX

|
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= Y (6, ®6,0%(7):) Lax Loy + I

z,yeX

=0, ®67) > (I ®05) Laz Loy + L.
z,yeX

Thus we can conclude that ®(a) = 0 for an arbitrary generator in (E).
Since Z 0y = 1p, it is easy to give the proof for the generators (F). This

A€eA
is the desired conclusion. O

The above proposition induces the k-algebra homomorphism ®: $(w,)
a+Jw = P(a) € A, (o € K(AQ)).

We next construct a map from A, to $(w,). The k-algebra homomorphism
O: k(Gen) — (w,) is defined by

(&) = x(§) (€M epM?) (9.7)
raY _ e (A?a’) ~ .

G(Lab) - )\%e:A |:(,U,7 b):| + Jws (98)
O((L YY) = A%A’é{((z’,z))] + Juw (a,b e X). (9.9

Here x stands for the k-algebra homomorphism defined by x: M ® M°? >
Al
fegm 3 (O ®9(u))eu T3 € Uy

A pEA
Proposition 9.4. ©(I,) = {0}.

Proof. We prove only for the generators (1)-(5) of I,.

Because © is a k-algebra homomorphisms, the proof for the generators (1)
is straightforward.

Let us give the proof for the generators (2). By the utilization of the gener-
ators (B), (C), and Lemma 6.4,

_ B (A a)] [N c)} N
© Looe(L™ Y ) = e(’ el | +Juw
QL) = 22| 08| (i)
A\ ' €A
_(/\,a)l'Xdeg(C)y{(/\’,C)} N
— e e e + Jw
c;( L(k, )] [ deg(b)] [ (', )
A\ ' €A
[(A,a)] 'M’deg(b)y{(k’m)} ~
= e e e +\Ju)
C;( L(k,c) ] [N deg(e)] (1, D)
A\ ' €A
(/\,a)y{(k’w)} N
= O deg(a).u deg(b)Op,\ € e + Jw
C%;{ Adeg(a),u’ deg(b)Op,A [(,u,c) (,u’,b)
AN ' €A
(/\,a)y{ (1, €) ] N
= e e +\5w
c;{ {(um) (Adeg(a) deg(b)~',0)
A UEA
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Al
=0ap Y 5A,Adeg(a>deg<b>le[ ] + Jw
A el H

for any a,b € X. If a = b, then Adeg(a)deg(h)~! = Adeg(a)deg(a)™ = X is
satisfied. Thus @(Z LaC(L_l)Cb —d4.60) = 0 is proved. The same proof works

ceX
for the other generator of (2).

For the generators (3), we calculate that
O((f @ 1) (L™ ab — (L™ ab(Taeg) (f) ® 1ar))
= X sweweJal ] o

!
N pl L5 0)

S g{”’ a)} (f(' deg(b)) ® 1R)em + Ju

v, W EN (V’ b)

- B e[l

AN €A
~|\7,a) |~ V, 5
- X gtraeye | yE]L] <o
7,7 W EN 7 '
~ A/aa‘ N
nsen ',
. , ~ (7—7 a‘) N
S G (7 deg(t) @ 10)8 Lu, bJ e

T,0,7 W EA

= Y (f(i deg(h) @ 1p)e {(X/’ ‘;i] + 3w

Noen (u,
_[(rya)] .
- 3 deno) o 108 ()] +

T,vEA
=0.

Here we use Lemma 6.4 and the generators (D) for the second equality, and
the generators (B) for the third equality. The proof for the other generators is
similar.

Let « be an arbitrary generator in (4). By using the generators (B), (E),
and the definition (9.3), we can calculate that

O( ) (02 @ 1as)LyaLay)

z,yEX
- X erwemelle[ gl h] o

AV, Ty MEA

- e o[ 9] [(Adeg(y), 2)] | -
_w)yze:x( ac ()\) 0y lR) |:(’u7d):| |:<Mdeg(d)7b):| + Jw
A pEA
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v (A,y)} [(/\deg(y)w)}
— Sxs(0®Y(N) @1 + Jw
3 anstezr el e LU0 2
B\, nEA
(Ay) (/\,y)} [(Adeg(y),x)] N
= (8:) (Adeg(y),2) | ® 1 T
xge:x (W{ (B deg(c),a) = ] r)e [(u,d) © (pdeg(d), b) Y
BAHEA
(k,) (636):| {(6deg(c),a)} ~
— lR@W | () (1 deg(d).b) + Juw-
WZE:X( " W{ " desm) ])e[(&y) “l(Adeg(y),x)] Y
B EA

for any a,b,c,d € X. On the other hand,

o( Z (1M®022)Lcy[/aw)

z,yeX
SRR W R

AV, Ty, mEA

= % araotie| > Ole| MY 4y,

z,yeX (M?y) (:u deg(y)vx)
A pEA
— 5 1 bd |:()\,C):| {()\deg(c),a)} Fu
R I ) R
B, uEN
@D (Ayc)] [(A deg(C),a)] ~
= 1 R e , w-
E,yzejx (r&w [(# K (1 deg(y),x) (7 dee(® b)} Je {(u,y) © (ndeg(y), ) t
B pneEN

Therefore we can conclude that ©(a) = 0.
The proof for the generator (5) is straightforward. This completes the proof.
O

By virtue of the above proposition, we can define the k-algebra homomor-
phism ©: A, > a+ I, — O(«a) € Ww,).

Theorem 9.5. (®,id;) and (©,idys) are left and right bialgebroid isomor-
phisms.

Proof. We first check that © o ® = idg,,). Since the maps ® and © are
k-algebra homomorphisms, it suffices to prove that (0 o ®)(a) = . Here a €
(wy) means that

r@r +Ju (r,7" € R);

s

o= e +\}'IU;

e +3w (mEZZOapaqu(m))

TR

Suppose that « = r @ 1" + J,, (Vr,r’ € R). By the definition of the generators
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(F) of J., we can conclude that

(©0®)(r@7r' +Ju) =O(rs @7} + I,)

= Z (r®r’)e{ﬂ + Jw

AuEA
=r @' + Ju.

For any m € Zsg, p,q € Q™ let o = E[p} and we write p = (A1, z1), -, (A, Tm))
B q

and ¢ = ((u1,v1)s 5 (m,Ym)). The generators (B) and Lemma 6.4 induce
that

(eoq))(é[ﬂ + )

:6((L71)Imym T (Lil)myl (55(q) ® 55(17)) + 1)

RN (S I i i S

e X [

SIPIC i IR SIC el Ziiyﬁ

I IL ] D DI P A o ] B
SO DI ] D DI | o AR AP X

-5 [7; ] + 3w

The proof for a = e {p] + Ju is similar. Thus © o ® = idy(,,,) is proved.
q
We next show that ® 0 © =id,, . For any f,g € M,
Al L &
(@oO)(f@g+1)= > S(fM)@gme| | +3u)

ApEA

= Y Fe @ g(w)eSu + L

A pHEA
=fRg+1,.

On the other hand, we can calculate that

@o0)Lu+ 1) = 3 ate| 0]+ 3.)

i (11,0)
=Y (6x®0u)Lap + I,
A pEA
:Lab + Ia
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for all a,b € X. The proof for (® 0 ©)((L™Y)up + I,) = (L7 1)ap + I, is similar.
This concludes that ® o © =idy, .
Let us prove that the pair (0,idy;) is a left bialgebroid homomorphism.
For (1.8), we have

(©o0sip)(f) =O(f @ 1ar + L)
- ¥ W te])] +a

A HEA
U(wes
=37 (f)

for any f € M. The same proof works for (1.9).
We show (1.10). Let a = (f ® g)wy -+~ wn + Iy € Ay (Vf, g € L) defined by
(2.12). For any a,b € X,

5 e [ 3= 5 ot

b
A HEA H A pEA

=046 Z O

XeA
=0a,p1m;

w,) ~| (A, a ~
Z 7TL]\;( 0)(6 |:(( ):| +\sw> - Z 5)\,,u6a,b6,udcg(b)

b
A e . b) ApeA

=0a,b Z O deg(b)
AEA

=0a,p10m-
Thus it follows that

(747 0 @)() = 3 G+ B C(FN) @ (1)) m )(Lar)

A EA

=0arbr " Oa b D (F9)(N)56x

A€A
:§a1,b1 te 6am,bmfg'

On the other hand, it follows that (Lap)(1a) = E((L™Yap)(1ar) = Saplns
and we hence conclude that 747 () = 84,6, -+ 0a,, b, fg. Thus the map ©
preserves the counit.

We will give the proof that © satisfies (1.11). The following lemma plays an
important role in order to complete the proof.

Lemma 9.6. Let a and g be elements in A, satisfying

(©®©) o A7) (a) = (AN 0 ©)(a); (9.10)
(©®0) o AL7)(B) = (AN 0 ©)(8). (9.11)

Then these « and 3 also satisfy

(0 ®0) 0 A7) (af) = (AN 0 ©)(aB) (9.12)
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By virtue of Lemma 9.6, it is sufficient to show that ((©@ ® ©) o Aﬁf)(a) =
(Aﬁf(w”) 00)(a). Here this « is defined by (2.11). fa = f®@g+1, (Vf,g € M),

(AN 0 0)(f @ g+ I,)

= 3 AEUW @] +3.)
A HEA
- AE@(f(» @ 1n)e N 30 (e gue] ] +3
= X e )] +3u) 6 (o atue[[] 3.
- ¥ e ] s r e ge|T] +3.)
= Y (f(M)@1g)e m +3Juw ® (1r @ g(p))e m + Jw
A, EA

=0(f@1ly+1,) 01y @g+1I,)
=(©0@0)o AN )(f @ g+1,),

Suppose that a = (L™ 1) + I, (Va,b € X). It follows from Lemma 6.4 that

(@3 o)L+ 1) = 3 A @[ ()] +30)

ceX
A HEA

= Y tM(5Tdeg(c))(5[Eu’b))}+Jw)®e

ceX
A u, T, VEA

" 5 ] el

i%ef[&iiﬂ R (1R

=Y O((L er +15) @ O((L ™ ae + 1)

ceX
=((©®©©) 0 AJF) (L™ ap + L)

The proof for « = Ly + I, is similar. Therefore the pair (0,idys) is a left
bialgebroid homomorphism.

We can also show that (0,ids) is a right bialgebroid homomorphism in a
similar way.

Finally, let us prove that the pair (®,idys) is a left and right bialgebroid
homomorphism.
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We give the proof for (1.8). Since the map © is bijective,

u(wa) _ Ay
®os,, =P o O osyy
_JAs
=SM -

The proof for (1.9)-(1.11) and (1.19)-(1.22) is similar. This is the desired
conclusion. O

Proof of Lemma 9.6. Forall o € A,, we fix an element @ € k(Gen) satisfying
a=a+ 1, Let A(@) = ap @ apy. Since Af/j’(a) = Qi) ® Q[g), the left hand
side of (9.10) can be calculated as follows:

(0 ® )0 Ajy)(a) =(0 ® ©)(ay) @ ap)
=0(ap)) ® @( 2])
For any 7 € U(w, ), we similarly fix elements 77 € k(AQ) satisfying n = 7 + Ju.

By the notation of V(%) = 7] ® g, it follows that Ail\l/f(w")(n) =Ty ® 7Ny For
the right hand side of (9.10), we hence conclude that

(A3 0 ©)(a) = O(a); ® O(a)y-

Therefore the conditions (9.10) and (9.11) are equivalent to

O(ap)) ® O(ap)) — O(a)y ® O(a);y € J2; (9.13)
O(B) ® O(B) —O(B) @ O(B)g € T2 (9.14)
In a similar way to the proof of Lemma 2.7, we can write A%7(af) =

@B @ APy Thus (©©O) o AR )(afB) = O(a1))O(Bpy)) ®9(0l[2])9(/5[ 1)
Since (Ai\l}w”) 0 0)(aB) = 0(a)0(8)y ® O(a)yO(B)y, (9.12) is equivalent
to

(O(an) ® @(5[2]))(@(3[1]) ® @(B[z]))
— (O(a) (1) ® O(a);9)(O(B) (1) ® O(B) ) € T2 (9.15)

Let us suppose that « and € A, satisfy (9.13) and (9.14). For all a € A,,
we write jo = ©(ap)) ® O(dz) — O(a);;; ® @( )iz € J2. It follows that

(©@n)) ® O(a@)))(0(B1) © OBy
— (0(a)y) @ O(a);4)(O(8)y ® O(
=(0(an) ® O(@))(0(By) ®
— (0(@n)) ® (@) — ja)(O(By) @ O(By) — js)
=7a(O(Bp)) ® O(B)) + (O(apn)) @ O(@2))is — jads-

e

Thus it suffices to prove that (O(aj;))®0O(ay))js € Jo. Let jg = tu(w")(h)@)
L(w,) = Lutquw,) ® Sw(w“)(h) (Vh € M). Since © is a k-algebra homomorphism

and A% +F satisfies (1.5), we have only to show the above fact for a € A, defined
by (2.11).
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Suppose that o = f ® g + I, (Vf,g € M). The identities (1.1), (1.8), and
(1.9) induce that

(O(apy)) ® O(ap))js
<<s$<f>> Ot (9))) (35" (B) ® L) — Lutguy) @ 53,7 ()
=53 () @ 55 (@) (E ) (1) © L) — Luqun) @ $3,°7 ()

=5y (Ntar" () © 65 (9) = 537 (1) @ 1" (9)shs " (k)
“““v’(h) s () @ 65 g) = s () @ sy (W) (9)

=3 () @ L,y — ity ® 5347 (W) (53 () @ 317 (9)) € T
Let o = (L7Y)ap + I, (Va,b € X). Lemma 6.4 induces that

(9(5[1]) ® O(a[g))Js
=S (OUL™er + o) @ O((L ™) + 1))

ceX
U(we U(wes
X (E3") (h) @ Lygw,) — Luguw,) @ 535" (B)

02 i) rawelg] o

ceX A\u,7,vEA

(Y (ipe h(n))em 3 ® Lu(0) — Ly, ® (h(7) ® 1R>em +30)

v,mEA
= A %GA(IR @ h()))e Kz Zﬂ +30® E[EZ ZH + 3w
-G m 3] 30 ® (h() © 1)8 HZ Zﬂ 3

On the other hand,

Ll We W(we
(t5t )(Tdeg(c) 1(h)) ® Lygw,) — Lsiw,) @ St )(Tdeg(c)*l(h)))

Z@ cb"’l ) ®@((L_1)ac+lo))
ceX
=( Z (1r ® h(ndeg(c)™1))e P] + Juw ® Ly (w)
v,neEA N

— ly(uw,) @ (h(ydeg(c) ) @ 1g)e m + Jw)

<X w] raee]l]

ceX
A umvEA
- %M(llz oo o]+, 03[0 43,
- [8 z;] + 30 ® (h(v) ® 1R)8 H; ‘Cﬂ + 3



Therefore we can conclude that (©(aj)) ® ©(q|g))js € J2. The proof for
o« = Ly + I, is similar. O

Theorem 9.7. o is rigid if and only if w is rigid.

Proof. We first suppose that w is rigid. For any a,b € X, the elements x4
and y,p are defined by

Tab = Z (X (), (b)) Yab = Z D(Y(xa),(ub))
A HEAN A HEA
For all A, u € A, Lemma 6.4 induces that
~ A A
elel] oSl o
ol LT ol

:6)\# Z e |:i:| + Jw-

TEA

~|A
Similarly, we can prove that Z e {T] e[ ] +Jw =0 Z e {T} 4+ Jw- On the
uwl |7 ’ A
TEA TEA
other hand,

SARH SRy A

T,VEA TEA

=e + Jw
1

A
for any A, € A. Thus we can conclude that X, , = e[ } + Juw (VA u € A).
i

~[A
The proof for Y} , = e{ } + Jw is similar.
i

Since Xy ¢ Xpr g7 = Ot(p),5(0)0t(q),5(") Xpp'.aq’ A0 Yp g Ypr g = Ot(p),5(p)Ot(q").5(0) Yo' poa'a
(Ym,n € Zso,Yp,q € QU Vp',q" € Q™) in the proof of Proposition 8.3, we
can calculate that

S+ I = Y W@ 3K 0)

ceX ceX (”’ b)
A, T VEN

= 3 e(Ee m Zﬂ e m +30) X (r.0).(v.0))

ceX
A, T, VEN

= Z (51,1)\(;7“”@((6 |:E;\’z§:| +3w)X(T,a),(V,C))

ceX
A, T, VEA

— Z @((6[&21;;} +3w>X(p,a),(A,C))

ceX
A pEA

S TDIRIC [“ def(a)] +Ju)

A peN

:6a,b1Ag
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for any a,b € X. Here we use Lemma 6.4 for the third equality.
On the other hand,

T7a ~
Z ycb(Lac + Io') = Z (I)(Y(A,c),(y,b) (e |:((l/ C):| + \jw)>
ceX ceX ’
A, vEA
7] [(r,a)] |
= d
> (Yu,c),(u,b)(eMe{(%cj+Jw))
ceX
A, vEA
T7a ~
= Z 5u,/\6r,u¢)(yv()\,c),(u,b) (e |:((V C;:| +Jw))
ceX ’
A u, T VEA
(m,a)] |
= ‘I’(Y(A,c),w,b)(*{(A X +Jw))
ceX ’
A pEA
deg(a
ST @(e{“ Ag( )] 4 3w)
A uEA
:5a,b1A6~

The proof for the other identities is similar.
Let us suppose that o is rigid. We give the proof only for (8.1) and (8.3). For
any m € ZZO, b= ((Alval)a T 7()‘maam))’ and ¢ = ((;ul,bl)? T a(,u'mabm)) €

Q™) we set
Xp.q =0((0s(p) @ Os(q) + Lo)Tarby *** Tayb, )3
}/P»q :@(yambm o Yar by (65(q) oy 65(])) + Ia))~

We will check (8.1). p = ¢ is equivalent to A\; = p1 and a; = b; for all
i €{1,---,m}. Thus the generators (3) induce that

= ] 2o

u€Q<m>

= Z @(((L_l)cmbm o (L_l)qln (55(q) ® (57) + Ia)

TEA
c1,,em€X

X (65(;)) ® 67‘ + Io)xalcl t -Ta,,ncm)
:65(17)75('1) Z 9(((L_1)Cmbm T (L_l)clln (55(q) ® 1M) + Io’)xalcl T xamcm)

C1, 0 ,em E€X
=0s(p),5(q) Z 9(((5t(Q) ® 1M)(L71)Cmbm T (Lil)clh +15)%are,  Tamen)
c1, ,em €X

:6>\1,IA15G1751 e 5a7n7b7n@(6t(q) ® 1M + IU)
t
Sy e{ (Aq)} + Ju.

AEA
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On the other hand,

~|P ~
Z Yu’q(e[u} + Juw)
uEQ(m)

= Y OWenb  Yerny (Fu(q) ® 0r + 1)

TEA
Cc1, o ,em €X

X <6s(p) & 67’)La1c1 to Lamcm + IU')
—0s(p),s(q) Z G(ycmbm o Yerby ((65(1)) ® 1M)Lalcl T Lamcm + Io'))

C1yemEX
—09s(p),s(q) Z @(ycmbm o Yerby (Lalcl T Lamcm (5t(p) ® 1M) + IU))
c1,,em €X

:5>\17H15a1751 e §am7bm®(6t(1?) ® lM =+ IO')

tp)] | ~
- pﬁqze[ A :| +\S’U)
AEA
Thus (8.1) is proved. The same proof works for (8.2).

Finally we show (8.3). By using the calculations of the proof for Proposition
4.3 and (8.1), we can calculate that

v -
> Xual®]l] 20X,

u,veQ (™)

= Y SuXugle F(f )] +3u)

A€A
weQ(™

= Kpale| V] +0)

AEA
= Z Xp.aXt(p),2
AEA
:@((55(1)) ® s(q) + I5)Zasby - - Tanby, (5t(p) ® 1y +15))
:@((65(p) X (55((1) =+ Ig)xalbl - xa'm.b'm,)
=X

P,
The proof for (8.4) is similar. This completes the proof. O

Theorem 9.8. If ¢ is rigid, then these (®,idss) and (©,idy,) are strict Hopf
algebroid isomorphisms.

Proof. It is sufficient to show that © o Sa, = Sy(w,) 0 ©. For any f,g € M,
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Lemma 6.4 induces that

(S 0O F @9+ 1) = 3 S (f (u))em )

A pEA
=Y e fm)e[ﬂ 3,
A pEA
:@(g ® f+ Io)
=(0054,)(f®g+1s).

Let a and b be arbitrary elements in X. It follows that

(Suten 2OV N+ = 3 St @[] +30

A HEA

= > X(na)ud)

A pEA
= > O((0r @0+ I)an)
A HEA
:®(xab)
:(@OSAU)((L_l)ab'i'Ia)'

The proof for (© o Sa,)(Lab + I5) = (Sg(w,) © ©)(Lab + I5) is similar. This

completes the proof. O
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