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Abstract

We introduce new kinds of p-adic hypergeometric functions. We
show these functions satisfy congruence relations similar to Dwork’s
p-adic hypergeometric functions, so they are convergent functions. We
also show that there is a transformation formula between our new p-
adic hypergeometric functions and p-adic hypergeometric functions of
logarithmic type defined in [1] in a particular case.
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1 Introduction

The classical hypergeometric function of one-variable is defined to be the
power series

ai,...,0g > (al)k e (as)k tr
F,_ t) = o
stel (bl,...,bs_l > kzzo(bl)k"'(bs—l)k k!

where ()i denotes the Pochhammer symbol (cf. [11]). Let (a1, ..., as) € Z;
be a s-tuple of p-adic integers, and consider the series

@ a ZOO (@) (as)
— 1y-00,0s . 1)k s)k k
Fal,..-ﬂs(t)_st—l( 17.”71 ,t> = kl Tt .

k=0

This is a formal power series with Z,-coefficients. In the paper [4], B. Dwork
introduced his p-adic hypergeometric functions. Let @’ be the Dwork prime
of a, which is defined to be (a +1)/p where [ € {0,1,...,p — 1} is the unique
integer such that @ +1 = 0 mod p. Then Dwork proved his p-adic hy-
pergeometric function ZL% , (t) (Definition 4.16) satisfies the congruence

relations
Fal seensQs (t) <p"

Fbw t) =
= e

at,...,as

mod p" Zy|[t]]
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where for a power series f(t) = Y ,° ; Ant™, we denote f(t)<m = >, o0 Ant"
the truncated polynomial. As a consequence, his function is p-adically ana-
lytic in the sense of Krasner (i.e. an element of the Tate algebra, [5, 3.1]),
and one can define the value at ¢t = a with |a|, = 1. Dwork applied his
function to the unit root formula of elliptic curve of Legendre type (e.g. [8,

§71)-

Recently, M. Asakura introduced a new function which he calls p-adic hy-
pergeometric functions of logarithmic type. Let W = W(F,) denote the
Witt ring, and K=FracW its fraction field (e.g. [10, Ch II, §6]). Let

o : W{[t]] = W[[t]] be a p-th Frobenius given by o(t) = ctP with ¢ € 1+pW :

<Z aiti> ’ = Z al’ctt’P
i i

where F' : W — W is the Frobenius on the Witt ring. Then we can define
Asakura’s function ﬁéf)as (t) (see Definition 4.5 or [1, §3.1]). If we write
%‘f},,,as (t) = Gay,....as(t)/ Fay,....a. (t), these p-adic hypergeometric functions
of logarithmic type satisfy congruence relations

Gay,...as (D) <pr

F) (1)
Fal,..‘,as (t)<p"

a1,...,as

mod p"W/{[t]].

which are similar to Dwork’s. Asakura studied his functions from the view-
point of p-adic regulators. In particular, some values of ﬂéf) as(t) are
expected to be the special values of p-adic L-function of elliptic curves over

Q ([1, 85]).
In this paper, we introduce new p-adic hypergeometric functions which we
denote by g%@%(t) (Definition 2.1). Let a; = --- = a5 = a. Then our

IR

function is defined as

9 ,(1) = Ft@) /0 (1*F...a(t) — (—1) Fur.._ (D))

dt
-

Write é\\a(‘f)a(t) = é((f)a(t)/Faa(t) Our first main result is the following

ERREE)

congruence relations (Theorem 3.1)

G at) <pn

7Fa,...,a(t)<p" mod p"W/{[t]].

FL7 () =

The second main result is the transformation formula (=Theorem 4.14). Let
o(t) = ct? and 5(t) = ¢~ '#?. We will prove that

FOM) = -7,01)



in case that a € %Z, 0 < a < 1andp > N which comes from geometric
observation (see next paragraph). We then generally conjecture a formula

FD () = —Z2 Y

between 9}@ a(t) and ag‘i(?,)’a(t), which we refer to as the transformation

)

formula (Conjecture 4.12) and prove our theorem as a special case.

The strategy of the proof of transformation formula is as follows. Let IV, A
be integers with N > 2, p > N, 1 < A < N and ged(A, N) = 1. We consider
the fibration f : Y — P! over K =Frac(W) whose general fiber f=1(t) is
the projective nonsingular model of

gV = A1 = 2)A(1— (1 - )V A,
and put Xo := f1(S) where Sk := SpecK[t, (t — t?)71].

Let £ be the Ks-symbol defined in (4.14). Asakura showed that his ﬁéf)as (t)
appears in the p-adic regulator of £&. The key step in our proof is to provide
an alternative description of the p-adic regulator by our é\\a(a)a(t) A key
ingredient is the different description of X via (z,w, s9) = (1—=, tg‘*N y, o)
with

X:yV =220 -0 -1 —t))z)N-4

and R
X:wV =241 -220 -1 —-s)))N 4

with ¢ = ¢}

We also conjecture a similar transformation formula for Dwork’s hypergeo-
metric functions (Conjecture 4.18). We attach a proofin case s = 2, a € %Z,
0 < a < 1andp > N which is based on a similar idea to the above (Theorem
4.20).

This paper is organized as follows. In §2, we give the definition of %EU),a(t)
In §3, we prove the congruence relations. In §4, we give the proof of the trans-
formation formula. We also give a brief review on hypergeometric curves and
some results in [1] which are necessary in the proof.

Acknowledgement. 1 truly appreciate the help of Professor Masanori
Asakura. He gave the definition of our new p-adic hypergeometric functions
and the conjectures of transformation formulas with the aid of computer.
He also gave a lot of advice of this paper.

First published in manuscripta mathematica (to appear) by Springer Nature.
Reproduced with permission from Springer Nature.



2 Definition of %(U)a(t)

5.

Let W = W(F,) denote the Witt ring, and K=FracWW denote its fraction
field. Let o : W/[t]] — W][t]] be a p-th Frobenius given by o(t) = ct? with
cel+pW:

(Zl: aiti)g = Zi:afcitip (2.1)

where F': W — W is the Frobenius on W. Let a € Z,. Let o’ be the Dwork
prime of a, which is defined to be (a +{)/p where [ € {0,1,...,p — 1} is the
unique integer such that a +7 =0 mod p. We denote the i-th Dwork prime
by a( which is defined to be (a1 with a(®) = q.

Let

Fy,..a(t) = i (%’“)t’“ Fu, ()= i <(‘;,) ’“)St’“ (2:2)

k=0 k=0

be the hypergeometric series for a € Z,, where (a); denotes the Pochhammer
symbol (i.e. (a)y =a(a+1)---(a+k+1) when k # 0 and (o) = 1).

Put
4 p=2
T p p>s

Let I’ € {0,1,...,¢g — 1} be the unique integer such that a +1' =0 mod g.
Put
l’J
e=1—]-].
Lp
Define a power series

dt

G a(®) =177 [ Falt) = () Far (0]

oo
= Z Byt
k=0

for a € Z,\Z<o. Here we think t* to be an abstract symbol with relations
t® . 8 = t9+B on which o acts by o(t%) = P, where

=14 pu)® = Z <a>piui, ueW.

; 1
1=0

Moreover we think fot (—)% to be a operator such that

todt ot
/t:, a # 0.
0

t o
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Definition 2.1. Define

= é((za) alt
yagf.),a(t) = M7 a € ZP\ZSO-

If we write F,_ .(t) =Y Atk and Fo . .a(t)=> A,(Cl)tk, then we have

1 k+a
By — (Ak (C1pe(aD))e )

P

k+a

where A(ﬂl) =0if m #Z0 mod p or m < 0. In fact, we have é‘;(o)a(t) and
P
G\ o(t) are power series with W-coefficients from the following lemma.

EARA)

Lemma 2.2. We have
B, eW, Vke ZZO'

Proof. If k #1 mod p, then k+a # 0 mod p. Hence we have

Ay,
k_k:—i-ae

For k =1 mod p, we write k + a = p™m with ptm. Then

kta n—1
cr =c ™=1 modp"

since ¢ € 1 4+ pW. So if we can show
A = (—1)56A(ki mod p"
P
then By € W. Indeed, for any p-adic integer o € Z, and n € Z>; we define

{a}n = H (a+1i—1).

ph(ati—1)

Using [1, Lemma 3.6], one have

(a) _ <<a'>pr ,)1{a}k (a M {a}
o) ) W (D

o= ()

Therefore we obtain




Since k +a =0 mod p”, we have that {a}; = {—k}r mod p”. Therefore

{a}r _ {—k}s
{1he {1}
I (k+i-1)
1<i<k
_ pl=kFis1)
= T
1<i<k
i
k
= [[(-1) = (0¥ ¥P) mod pm.
=1
i

Now we claim (—1)k~F/P) = (—1)e.

e For p > 3, write £k = + bp. Then
k—|k/p|=1+bp—|l/p+b]l=e+blp—1)=e mod 2.

Therefore (—1)F~*/Pl = (—1)°.

e For p =2, write k +a = 2"m, 2{m.

(1)If n = 1, we have (—1)k—k/P) = (—1)e,

(2)If n > 2, we have k + a = 0 mod 4. Therefore k
L € {0,1,2,3} is the unique integer such that a + L
k = L + 4b, then

L mod 4 where
0 mod 4. Write

k—|k/2| =L+4b— |L/2] —2b=e mod 2.
Again, we obtain (—1)F=/P) = (—1)e.

Therefore

This completes the proof. O

3 Congruence Relations

For a power series f(t) = > ,° ; Ant™, we denote f(t)<m = >, o, Ant" the
truncated polynomial. Then we have the following theorem which we call
the congruence relations of ﬂa@ (t).

A

Theorem 3.1. Let a € Zy\Z<o and suppose ¢ € 1 + qW. Then

G at) <pr

a,.,.,a(t)<p”

Z,(0) (t) =

[

mod p" W{[t]]

for alln € Z>g.



Corollary 3.2. If a") = a for some r > 0, where (—)\") denote the r-th
Duwork prime, then

r—1
yagf.),a(t) € W<t7 t_la h(t)_1>’ h(t> = H Fa(i),,.‘,a(i) (t)<P
1=0

is a convergent function, where W (t,t= h(t)~1) := lim(W/p"[t,t =1, h(t)"Y]).

Proof. Tt suffices to show that modulo p"
1
Fa a(t)<pr

lies in W/p"[t,t=1, h(t)~!]. From Dwork congruence [4, p.37, Theorem 2],
we have

Fos a(t)<p
Fo..olt)<p = 0.0(t)<p mod pZ,[[t]].
[ )]
<p™
Thus one has
Fae a(t)epn = Fao a(t)<p [F (tp)} . mod pZ ],

Using Dwork congruence again, we obtain
Fa,... @ (t) <p |:Fal7“' 7al (tp):|
<p™

2
=Fy alt)<p [F (tp)} 2 [Fa(2>7,_. Lo (P )} mod pZ,|[t]].
<p <p™
So by applying Dwork congruence inductively, we have Fy ... 4(t)<pn is con-
gruent to

7 n—1
Fopoa(t)<p [Fau),...,au) (t” )] : [Fam—l),...,a(n—l)(tp )}

<pi+1 <pn

modulo pZy|[[t]]. Since both sides of the equation are polynomials, pZ,|[t]]
can be replaced by pZy[t]. Now we use the fact that for any F(x) € Zy[[t]],
one has

F@) il = (F@lapil,s, ) = (FOges) mod szl

Then by induction, we have

i p
[Fam el (P )} = [Fam e al® (t)<p:| mod pZy|t]
k) ’ <p7,+1 )

Therefore we have Fy, ... 4(t)<pn is congruent to

7 n—1

p

p
: |:Fa<"*1>7... 7a(n71) (t)<pi| mOd pr[t]

Fa,--~ 7a(t)<p e |:Fa(l), 7a(i) (t)<p]
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So we can write

Fye alt) <pr

7 n—1

p p
=Foa(t)<p- Fa(i)7...7a(i)(t)<p} [Fa(”*l),---,a<"*1>(t)<p +py(t)

for some g(t) € Zp[t]. Then considering (Fj... 4(t)<pn)~t modulo p", we see
that it lies in W/p™[t, =1 h(t)~1]. O

3.1 Proof of Congruence Relations: Lipschitz Functions and
Congruence Relations for By /A

Here we introduce a notion called Lipschitz functions.

Definition 3.3. Let W be the Witt ring of F,. A function f : Zso —
Frac(W) is called Lipschitz if it takes values in W and p®*|(n —m) implies
pI(f(n) = f(m)) for any n,m,s € Zxo.

Remark 3.4. Generally, one can define Lipschitz functions as functions
from X to K where K denote a complete extension of Q, and X C K is a
subset with no isolated point and satisfy

[f (@) = FW)lp < Mz —ylp
for some constant M and x,y € X (See [9, §5.1]). In our case, M = 1.

In this section, we fix a € Z,\Z<p. The main result of this section is the
following lemma.

Lemma 3.5. The function defined by k — By /Ay is Lipschitz.
Before proving Lemma 3.5, we need some preliminary lemmas.

Lemma 3.6. Polynomial functions are Lipschitz. The sums and products
of Lipschitz functions are Lipschitz.

Lemma 3.7. Lemma 3.5 can be reduced to the case o(t) =tP, i.e., c = 1.

Proof. Suppose the function defined by n +— By, /A, is Lipschitz. Let By, be
the coefficients of G7) o(t) with respect to ¢ = 1. Then

3

At

BO
ne = (—1)set! <(n + a)A—Z - 1>

8



is also Lipschitz by Lemma 3.6. Observe that

o n+a A(,}Z
&:Bn—l—(—l)se'ﬂ cr —1 Tl‘
An An n+a An
So to prove n +— B,/A, is Lipschitz, it suffices to prove n — L/Z_l is

Lipschitz(here the value is 0 when p 1 n). Write ¢ = 1 4 kq for some k € W.
Then for those n with p|n, we have

1 (14+k)™P -1 1 (n/p\,; ;
c B q 1 n/p\ . i ;
= _né_1<i>k‘q.

n n

c/P—1
n

1 | o
— <n1/p> k¢ = — <n2/p> k'¢" mod p™

niy 1 no (3

So to prove n +> is Lipschitz, it suffices to show that

for n1 = no mod p™. For i = 1, they are equal. Suppose i > 2, we have

L (ni/p\,;: (m ny kiq'
= Ko=(2-1).. [ 2 —is1 .
=) ()

By [13, §5.1 p.49], we know

vp(il) < p—
Thus we have o
qul
>1
Up( le ) -

Therefore
(nl_1>...<nl_i+1> ,‘q E<n2—1>~-<n2—i+1> ,'q mod p™
p b vp p b vp

Therefore, the result follows. ]

Lemma 3.8. Assuming o(t) =tP, lemma 3.5 can be reduced to s = 1.



Proof. Assume that s = 1, o(t) = t? and suppose we have proved that
n — By/A, is Lipschitz. Then n A(ni /A, is also Lipschitz (see the

p
proof of Lemma 3.7). Now for arbitraty s € Z~¢, we have the function

S

1 (AZ - ((D"’A(nl))s)

n r—>n T i
LA (AL s (1Al g
— P p
n-+a A, A A,
7=0
s—1 /(-1 eA(nl, J
7=0
is also Lipschitz by Lemma 3.6. O

By Lemma 3.7 and Lemma 3.8, from now on, we assume that o(t) = t” and
s=1.

Lemma 3.9. Ifa+ 1= cp™ withp/)c, then

B
2 = Up(at ) =9 (L+D) = —(y(1+1) +) mod ",

where 1, (z) is the p-adic digamma function and =, is the p-adic Euler con-
stant ([1, §2.2]).

Proof. ‘Case I:p# 2‘
First, if [ = 0, then e =1 = 0. Therefore we have

By By } ey
A= == (1)) =0
and
Ypla+1) —Pp(1+1) =1p(0) — (1) =0 mod p".
If [ # 0, then

Z: a—li-l(l - (_1)ei)

)

10



Arranging the formula above and using a + [ = ¢p™, we obtain

. N 1.2
(1= ) = (O Ty i

=0 1L (o)

1<k<I
= (—1)l<1—|— Z cz) mod p*"
1<k<l
1
= (—1)l<1 +cp" Z k:> mod p*"

1<k<I

) (14 @+ D +9))

Therefore, we have

B
1-— cp”Xl = (—1)leD (1 +ep"(Pp(1+1) + yp)) mod p?".
l
Since we assume p is odd, e is equal to [. Hence
By n
A =—(Yp(1+0)+v) =vpla+l) —1(1+1) modp

from the formula in [1, (2.13) and Theorem 2.4].

CaseH:sz‘

Again, we have

By 1 1

2l 1— (-1 67).

A a—i—l( ( ) A
(1) For a = 2"¢ with 2 /¢, we have [ = 0. Hence

B By 1 1

=== ()9 = 5= (1),

If n > 2, then I’ = 0 and e = 0. Therefore, we obtain
B
A—O =0, Ypla)—¢p(1)=0 mod p"
0
by [1, (2.13) Case II].
If n =1, then I’ =2 and e = 1. This implies

By, 1
20 (-1 =1 P
1 20( (—1)) mod

and

11



Yp(a) —p(1) = Pp(2¢) — Yp(0) =c=1 mod 2.

Hence, in both cases, we have

ii =ypla+1) —¢Yp(1+1) modp".

(2) For a + 1 = 2"¢ with 2 /¢, we have [ = 1. This implies

B, B 1 1 1
et 1— (1)) = = (1 — (=1)°).
A A a+1( ( )A1) 2”0( ( )a)

If n > 2, then !’ =1 and e = 1. We obtain

By 1
2Mc— 14+ -
cAl ( + CL)
1
= 1—
( 1 —2”c)

=1-(1+2"%)=—-2"c mod 2*",
which implies

B
A—i = -1 mod 2™

Also, we have

Ypla+1) —¥p(2) = Yp(0) —Yp(2) = -1 mod 2.

If n =1, then I’ = 3 and e = 2. We have

B 1
2c0 = 1
“A +<1—20)

=1+ (1+2c) mod4

=0 mod 4.
Hence, we get

Bi_ 0 mod2

—_— = jant .

A ©

On the other hand, we have

Ypla+1) = p(2) = ¥p(2¢) — ¥p(2)
=c—1
=0 mod 2.

12



Lemma 3.10. If k =1+ bp™ with p | b, then

B, B
— == dp™.
1= 4, mod p

Proof. Again, we write a + [ = ¢p™ with p fc.

‘Case I:m+# n‘
We have
1- (a—i—l—i—bpm)w
+bp
:(_1)614’(”1’an
Apyppm

09 _qye Lerbom

=) el

_ il)e{l}z L+ Gy {Lgpm
{a}l {1}bpm {a+l}bpm

(—l)ei(l —bp™ (Ypla+1) —Yp(1+ l))) mod p*™

Ay
(1= @+ D7) (1= 8" (e + ) = b1 +1)))  mod p

N

(=

where (x) and (*x*) follow from [1, Lemma 3.6] and [1, Lemma 3.8], respec-
tively. By arranging the equation above, we obtain

B m B
1— (a+1+bp™=22" =1 (a4 )= — bp™ (Ypla + 1) — ¢p(1 +1))
Ay bpm Ay

modulo p?™ when n > m (modulo p"*™ when n < m). Hence we obtain

(@ + i) = ) = (B lat ) = w1+ 0) ).

Apyppm
Therefore, by Lemma 3.9, we have

Bl _ Bl+bp7”

Ay Appppm

a+ 1+ bp™ = 0 mod p?™, when n > m
(

n-—+m

(mod p"™", when n < m).

Bl+bpm Bl
———=—=0 modp™
Appppm Ay

in both cases since ordy(a + 1+ bp™) is m if m < n (n if n < m).

\CaseH:m:n‘

13



We write a +1 = ¢p™, k =1+ bp™ and a + k = (b + ¢)p™ = dp™ ™™ with
p [ d. Here we can assume m’ > 1; otherwise, use the method in Case I.
Then

Al ,
By By _ L= (D s~ - (14
Al+bp7’L Al Cdpm+m/ .
We claim that the numerator
A(l) B )
C[l - (—1)6 bp ] —dp™ [1 _ (_1)67] =0 mod p2m+m )
Abpm+l 1

‘(1)pisodd0rm22.‘

First, we calculate Aé;ln,l /Appm ;. We have that

(1)
At (L _ (U {14+ Ty 1 {1+ L
Appryr {abipppm {ali{a+ym  A{a+ ym

and
{1 + l}bpm
{a + l}bpm
7
1+HI<i<bp™+1
o pfi
[[ (ep™+i)
1<i<bp™
pfi
1<i<bp™  bp™ <i<bp™+l
pfi pfi . 1
I ¢ [T (p™+14)
1<i<li 1<i<bp™
ol pfi

(dp™*t™ —a — 1 41)

= 1l <1+clpm/i>l<i<l I

y m
1=i<bp 1<i<l

pfi
Since p is odd, or m > 2 and p} i, we have that

H (Hclpm/z): H (1+clpm/z'>(1+cpm/1(bpm—i))

m

1<i<bp™ 1<i<t?]

where bp"™ — i # 4. Since

14



H (1+clpm/z'>(l—|—cpm/1(bpm—i)) - HW =1

™ 114 :
1<ictz” P (v

2m—+m/’

modulo p , we obtain

dpmt™ —a — 141
{1+ epm _ 1§1_z‘[§l( )

{a+l}bpm B H i

2m-+m/

mod p

—~
—_
~—
~
~
I
[u
~
I
—

(—l)l [(—dpm’Lm/)—la + l<§!_ 1)/2 + ((;‘)l} mod p2m+m/.

Multiplying A% on both sides, we get

(1)
Abp'”‘1 (_1)l

Wla+1(1—1)/2 /
= A _ J.m+m 2m—+m
Aprns A [ LF (=dp™) 0 } mod p
Il rla+1(0—-1)/2
= (-1)'|1 AL S e
(1) [t gy )
rla+1(1-1)/2 /
E(—1)’[1+(—1)’(—dp”“m)—a+ (zv )/} mod p*" ™
since ﬁ = (-1)! mod p™ (use a = —I mod p™).

For 1/A;, since

(a); _ —cp™(+1)1/2+ (-D  —cp™(1+1)
! Il 20l —1)!

+ (—1)l mod p*™,

1 I (1) .
— = o = (DT
A (a1 (-t

cpm(l+1)
2(1—1)!

2m

mod p

15



Hence the numerator

el = (1 G a1 (1) ]
. dpm, Al(,;)m—1
=—b+(-1) < _CAbpm+l>
m P+ 1 s 2la +1(1—1
=—b+ (- ( )b + dp 2p[(l(— 1)']) + e(dp™* )2(l(!) ))
m+m’c
=—b+ (- < S (2l(a+l))>

(( ) 1)(e+l)) mod p2m+m"

Since p is odd or p = 2(m > 2), we have e = [. Hence (—1) + (—1){¢t) = 0.
So we have the numerator is congruent to 0 modulo p>™™ . And this implies
By _ B

A—kzzl mod p"".

‘(2)p:2andm:1.‘

Write k = [+ 2b,a + 1 = 2¢,a + k = 2(b+ ¢) = 2"*1d with 2 fbc. Then

AD 1 {1+ D

Ay A {a+ Dpam

L[] | [y
1+ c2m/i !

A .
1<i<b2m

ofi

_ 1 1 o (@ —d2m™m), 24n
=4 G52 Y < I mod 2.

(Note: Only the term (ﬁc/b) is different from case (1)).
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Again, we have

c2(l+1) b
su-1 B3 50) (D'~

(=b) + (—-1)° [(—1)1012" + d2"

b
b+ 2c

(-b) + (—1)° [(—nw o

2la+1(1—1)
2(1!)

=(-b) + (-1)° [(—l)ldQ” — ¢

TS

o

2(l+1)

)(=1) + d2”72(l _—

b+ 2¢

+ c(d2'™™)

b
] mod 4 - 2" (since =1 mod 2)
b+ 2c
—1)!
b+26)( )}

| e

(=b) + (—1)t+D [d2” ity

Observe that e + 1 is odd. This is because if = 0, then I’ =2 and e = 1. If
[ =1, then I’ =3 and e = 2. Hence, we have

()= (D)~ (b+e- o)

b+ 2c
_ (=2)(b+¢)?
(b4 2¢)
=0 mod4-2™.
Therefore, we have

B, B

— = d 2.

A, - A mo

O

Now we can start the proof of Lemma 3.5 with the assumption o(t) = tP
and s = 1.

(proof of Lemma 3.5). If k #1 mod p, then

&_ 1
Ak_k‘—i—a'

So the result follows. Suppose £k =1 mod p. We write a+1 = ¢p™, k = [+bp™
with p J be. Tt is enough to prove the lemma for the case ¥ = k + p™ and
for any m’ € N.

‘Case I: m'ﬁm‘

This follows from Lemma 3.10 since we have k = ¥ = mod p™ .
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Case II: m' > m and n # m or n = m with ord,(k +a) =m

We have
By
Al
A,
= (_1)6T,:

1— (K +a)

= (-1)° {1}l+bpm+pm’
{Lippm 11+ 14 09"}

{a}iyppm {a+1+bp™}
_ (_Ue(Al(;;)m—l) ‘ ({1 + 1+ bpm}pm/ {1}pm, >

= (-1

Al+bpm {1}1;’"/ {a + 1+ bpm}pm/
_ By, m’ m
= (1= ) ) (12" WU 1+ b)) )

(1 — pm/ (Ypla+1+bp™) + ’yp)) mod p2m,

(1- Gk a)ﬁ) (1 9™ (o1 + 1+ b™) = (e + L+ bp™)) )

Ay
© (1 — (k+a)§’;) (1_pm’§§) mod pm

where (x) follows from [1, (2.13)] and Lemma 3.9 when p # 2 or m > 2. For
p=2,m =1, (x) follows from

Pp(1+1+2b) — Pp(a+1+2b) = (1 +1) —Pp(a+1) mod 2.

Therefore one has

1. By
1—(k+a+p™
( )Ak/

By, ' By , By, B; -
=1-—(k — —p" — 4+ p™(k d pmtm
(+a)Ak Pt (HL)AkAz mod p

B IB * /
=1—(k+ a)—k —p™EL mod pttm (n* :=min{n,m}).
Ap A

(k—i—a)(iz — i:) = m/(Bk/ — @) =0 mod p"*+ml.

Ak’ Al
By assumption in Case II, we have ord,(k + a) = n*. Hence we obtain our

result
Bk _ Bk/

Ay T Ay

ml

mod p
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Case III: m' > m and n = m with ord,(k + a) > m

In this case, we write a +1 = cp™, k =1+ bp™, k+a = (b+c)p™ = dp"™™
and k' = k + p™ with m > 1,n > 1,p [ bed. Then

PONS a0

—p™ 4 (=1)°| (dp™ T+ p™ ) — (dpt) L
Bk" B % _ p ( ) ( P p )Al+bpm ( P ) Al+bpm+pm'
A Ay (dp™*n 4 pm)dpmtn

We claim that the numerator is congruent to 0 modulo (dp™*™ + p" )pmTT
p™ . For simplicity, we denote the numerator by (%). First, we consider

(1) For m' < m + n, we have that
e

b=t =1 AL
Al+bpm+pm’ {a}l+bpm+pm/
and
{1}l+bp7n+pm/
{a}l+bpm+pm’
I1 )
1<i<l+bp™ +p™
. pfi
I1 a+1+bpm+p™ —i
1<i<l+bp™ +p™
pfi
i
1 m m/_ l+bpm+17m
_ H _ (_1)l+bp +p =]
T (dp et ) fi
1<4<l+bp™+p™
pfi

This is congruent to

!/ 1 m —
(1 (" ™) Y Z) R
1<i<l4bpm4pm

pfi

modulo (dp™t" 4 p™ )p™ since m' < m +n and p™ ' (p—1) =0 mod 2.
It equals

[1 + (dp™ 4 P ) (W (1 + L+ bp™ + p™) + yp)} (— 1)+t =D,

Therefore we have
(1)
Abpm—1+pm/—1

A = [LHE@ ™ Y (L™ 4™ ) y) | (-1 D)

l+bpm +p7n/
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mod (dpm+n +pm/)pm/
Similarly, we can derive
A(l)

m—1 m=1(p— m+ny, m
= [ dp™ ™ (e (1+Hbp™) ) | () D mod (dp™)p
l+bp™

’

Hence, (x) is congruent to
_pm’ + (_1)(e+l+bpm_1(p71)) . (pm’ + (dpm+n +pm’>dpm+n (d’p(l 41+ bpm)
—¢A1+l+bﬂ”+ﬂﬁﬁ>

modulo p™ ™ (gpmtn 4 pm’y,

Furthermore, since m’ > 2 we have
Pp(L 4+ 14 bp™) = p(1 + 1+ bp™ —|—me) mod p™ .

Therefore, (*) is congruent to

pm’<1-—(—1)@+*”wm1@—1”>.

Now we discuss case by case.
e If p is odd, then (—1)(cH+op" 1(p=1) — 1,

o If p = 2,m > 2, then (—1)(F¥" 7 (0=1) = (—1)(H) = 1 (e = I since
m > 2).

o If p =2 m = 1, then (—1)H+Y) = 1 since it can again be divided into
the following two cases:

[=0,'=2,e=1,b=1 mod 2
I=1,'=3,e=2,b=1 mod 2.

Hence, (x) is congruent to 0 modulo pmtntm’ (dp™t"+ pm/), and this implies

Bk . Bk’
Ak o Ak”

ml

mod p

We obtain the first case.
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(2) For m’ > m + n, we have

(1)
i
Al+bpm+pm’
_ {1}l+bp’”+17m'
; {a}l+bpm+pm'
A,();Ll ({1 LA bp™ Y >
{a+1+bp™}

Al+bpm

1
AL ({1—+l—+bpm}pm/ {1}, >
B Ao+ l+bpm}

_Al+bpm
1)

A m—1 ! /
2 (1 " (1 + 1+ ™) + vp)) <1 — " (Upla+ 1+ bp™) + %))
l+bp™

modulo p*™. Since m’ > m +n and ¢p(a + 1+ bp™) +7, =0 mod dp™*™,
the formula above is congruent to

(1)

bpm—l m/ m
L 141+ bp™) + )
ALy < p (wp( p™) 'Yp)
modulo (dp™t" + p™ )p™' .

Substituting this result into (), we have

, A
(5) = =p™ + (—1) 2 (1= ™ (1 L+ bp™) + 3 )
Apgppm
modulo (dp™*™ + p )pm/.

Now we calculate the term Al();zn,l [ Al ppm.
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Since we have

A0

bpmf 1

Al+bpm

_ {1}l+bpm
{a}l+bpm
. (Z)
| <i<T b a+1+bp™m—i
pfi

1 1 m—1/_
= = (=) D)
(I =)V

1<i<l+bp™
pfi

< 11 1_dplm+n/i>(_1)e (=)= — (1) vp)

1<i<l+bp™

pfi

(_1)6 <1 + dpm+n <¢p(1 L1+ bpm) +’Yp)) mod (pm+n)2’

we obtain

(¥) = —p™ +p™ (1 +dp™t <¢p(1 14 bp™) + ’Yp)) (1_

dp™ " (1 + 1+ bp™) + %))
=0 mod (dp™t" + p™ )pmtrp™.
Hence, again, we obtain

Bk _ Bk/
Ak- o Ak/

m/

mod p

Now we prove that By/Ar € W. For k #1 mod p, By/Ar =1/(k+a) € W.
For k=1 mod p, it follows from A4; € Z; and

By _ B od
A, — 4, Moor

3.2 Proof of Congruence Relations: End of the Proof

Here we follow the method used in the paper [1, §3.5] where M. Asakura
prove the congruence relations of p-adic hypergeometric functions of loga-
rithmic type.

Here we prove it in a more general setting.
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Lemma 3.11. Let a € Zy\Z<o and let By, € Zy, for n € Z>o. Suppose the
map n — Bp/Ay is a Lipschitz function. Put B(t) := >.7° ( Byt". Then
there are Dwork’s congruences for B(t)/Fy,... o(t); that is

= ;p mod p"W{[t]]

for all n € Z>y.

If we can prove this lemma, then by Lemma 3.5 we obtain the congruence
relations for our hypergeometric functions.

Put S,, := Ziﬂ»:m AijipnBj — AiBjpn for m € Z>p. We claim that S,,, =0
mod p" for n € Z> since Lemma 3.11 is equivalent to for any n,m € Z>,
Sm =0 mod p". First, we need the following lemmas.

Lemma 3.12. We have
B,
Sm= Y (AigpmAj— AiAj+pn)f mod p".
i+j=m J

Proof. We compute

Bjipn
Sm: Z Ai+p"Bj_AiAj+p" J+p

i+j=m Ajipr
= Z AHpnBj—AiAjern% mod p" (Lipschitz)
i+j=m J
B.
= > (i 4y — Aidjipm) 2
1+7=m
O
Lemma 3.13. We have
_ (1) 4D (1) 4 Ai Aj B n
Sm= D (AL Al = ALl AL p ) T g 4, medr
i+j=m Li/p) “*Li/p)
Proof. By Lemma 3.12, we know that
Bj n
Sm= Y (AipnAj — AiAjypn)—E mod p
i+j=m J
YOG T RC))
S <Az+p"AWpJAU/pJ - A9+p"ALi/pJALj/pJ) A A B
A; A M 40 A
itj=m 7 Aliso) Al
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By [1, Lemma 3.8|, we have

e e
A A ) At Al
A, - “li/pl+pnb A = li/pl+pnt

mod p".

Since Ai/A(L;;pJ,Aj/AS)/pJ and Bj/A; are all in W ([1, Lemma 3.8] and

assumption), we have S,, is congruent to

1 4@ (1) (1) A, A;j B .
D AL Al e = A Al ) @4, Mol
T Li/p) i)
L]
Now we start the proof of Lemma 3.11.
(proof of Lemma 3.11). Put
A; . .. A o
%= A(i,j) = AE”AE.”, A*(i, ) = AG, i4p™ )= A(i, j+p )
L</p]

B(i,j) == A*(li/p], Li/p))-
Put m = pt + 1 with [ € {0,1,--- ,p — 1}. Then we have

. B, n
Sm= Y Bli.j)ag;> modp
i+j=m J
p—1 [(m—i)/p]

] . Bmf i+k
Z Z B(i+ kp,m — (i + kp))qz-+kpqm_(i+kp)M
=0

i—0 Am—(i+kp)
t 1 B (i)
= Z B(i+kp,m — (i + kp))qi-i-k:me—(i-i-k:p)Aip
E—0 i—=0 m—(i+kp)
== B (i+kp)
+> ) B(i+kp,m— (i + kp))Q¢+kpqm_(i+kp)A%p
k=0 i=I+1 m—(i+kp)
Py
t l
By itk )
= A*(k,t—k) < QitkpQm—(i+k Hp)
;) iz(; P (i+kp) A, (ikp)
t—1 p—1 B (i+kp)
+ A*(k‘,t — k- 1) < Z Qi+kamf(i+kp)‘Amizp > .
k=0 i=1+1 m—(i+kp)

Qk

We show that the first term vanishes modulo p™.
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It follows from the assumption and [1, Lemma 3.7] that By /A, g € W for
all k € ZZO and

; B By A
k=k modp ﬁA—ZEA—z,,qkzqk/ mod p*.

Therefore, we have
k=k modp’ = Py=Py modpt. (3.1)

Then one can write

nfl_l

> A*(k,s— k)P = P, ( > Ar(ks - k)> mod p".
k=0

i=0
Let us recall Lemma 3.12 in [1].
Lemma 3.14. For all m,k,s € Z>o and 0 <1 < n, then
> AAje = AjAi e =0 mod pl

i+j=m
i=k mod p"—!

Using this lemma, we obtain (x) is 0 modulo p. Hence, by (3.1) again, we
can write

(%)

ZA*(k,s—k)PkE Pz-< Z
k=0

A*(k,s — k)) mod p”.
1=0 k=i mod p"—2
It follows from Lemma 3.9 that () is 0 modulo p?, so

pn—3_1

ZA*(k,s—k)PkE Z R( Z A*(k,s—k)) mod p".
k=0

=0 k=i mod p"—3
Continuing the same discussion, we have
S S
> A*(k,s—k)Py=> A*(k,s—k)Py=0 mod p".
k=0 k=0

Similarly, we can show the vanishing of the second term
s—1
ZA*(k, s—k)Qr=0 mod p".
k=0
Hence S,,, =0 mod p™. This is the end of the proof. O
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4 Transformation Formulas

In this section, we will introduce two conjectures and prove these conjec-
tures in a particular case. The first one is “Transformation Formulas be-
tween p-adic hypergeometric functions ﬁaa)a (t) and p-adic hypergeometric
functions of logarithmic type” which will be discussed in Section 4.3. The
second one is “Transformation formula on Dwork’s p-adic Hypergeometric
Functions” which is discussed in Section 4.4.

4.1 Hypergeometric Curves and Hypergeometric Curves of
Gauss Type

The main reference of this section is [1, §4.1, §4.2, §4.6]

4.1.1 Hypergeometric Curves

Let W = W (F,) be the Witt ring of F, and R = Wt, (t —t*)71]. Let N > 2
be an integer and a prime p > N. We denote by ]P’}%(Zo, Z1) the projective
line over R with homogeneous coordinate (Zy, Z1). Then we define U to be

SpecR[u,v]/(1 —u™)(1 —oN) —t) c Y :=TU

where Y is the closure in }P’}% X P}%. It is called a hypergeometric curve over R.
The morphism Y — SpecR is smooth and projective with connected fibers
of relative dimension one and the genus of a geometric fiber is (N — 1)2.

Lemma 4.1. There is a morphism
? : ? — IP%/V = ]P’Il/V(To,Tl)

of smooth projective W -schemes satisfying
(1) Let S := SpecR = SpecW|t, (t — t*)7'] C P}, with t := T1/Tp. Then
Y = fﬁl(S) — S is the hypergeometric curve.

(2) The morphism f has a semistable reduction at t = 0. The fiber D :=
?71(75 = 0) is a relative simple NCD, and the multiplicities of the components

are one.
Proof. This is [1, Lemma 4.1]. O

Let K = FracW(F,). For a W-scheme Z and a W-algebra R, we write
Zr =7 xw R. The group un(K) x pun(K) acts on Y in the following way

[C,V]-(m,y,t):(gx,yy,t), (CaV)EMNXMN-
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One has the eigen decomposition

N-1N-1
Hig(Yi/Sk) = @ @HdR (Yic/Sk)(i, 4)

i=1 j=1

where H (Yx/Sk)(i,j) denotes the subspace on which (¢, v) acts by mul-
tiplication by ¢“27 for all (¢,v). Then each eigenspace Hp (Yx/Sk)(i,7) is
free of rank 2 over O(Sk). Put

J
a;:==1-— N bj:=1- N’ (4.1)
g1 ji=N g Nyi=1
o= N—= _ dr=-N—2_(d 4.9
wlv] 1 _ xN xz 1 o yN y7 ( )
and )
Mij = TN 1 i T Nt gt =Nyd=N=1gy (4.3)

for integers 4, j such that 1 < 4,5 < N — 1. Then they forms a O(Sk)-free
basis of Hjp (Yx/Sk)(i,7) ([2, Lemma 2.2]).

Let

o0

€ K[[t]

=0
be the hypergeometric series. Put
1

.. o — z+b .. . ..
mwmv Mg = —t(L = )" (Fy, p (Dwi g+ bjFa,p,(6)ni)-

(4.4)

Wij =

Lemma 4.2. Let V;; be the connection on the eigen component H” =
K((t)) ®0g Hig(Yic/SKk)(i, ). Then KerV, ; = K, ;. Moreover let V; ; be
the connection on H; j/K((t))7;,; induced from V; ;. Then KerV; ; = Kw; ;.

Proof. See [1, Proposition 4.3, Corollary 4.4]. O

Let (i,7) = (q/r,q'/r") € Q? such that ged(r, N) = ged(r', N) = 1 and ¢, ¢
are not divided by N. Then we define

Hig(Yi/SK)(i, ) = Hip(Yi /SK)(i0, o) Wiyj = Wigjos** +71ij = Thio,jo
(4.5)
where 7g, jo are the unique integers such that 1o =¢ mod N, jo=j mod N
and 1 <1g,j0 < N.
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4.1.2 Hypergeometric Curves of Gauss Type
Let A, B be integers such that 1 < A, B < N and gcd(A4, N)=gcd(B, N)=L1.

Let f: Y — P! be a fibration over K (K = FracW (F,)) whose general fiber
Y; = f71(t) is the projective nonsingular curve associated to the affine curve

yN =21 —2)P1 - (1 - t)x)N P,

We call X a hypergeometric curve of Gauss type. This is a fibration of curves
of genus N — 1, smooth outside ¢t = 0,1, 00. Put Sk := SpecK[t, (t — t?)7!]
and Xo := f~1(Sk).

Let [¢] : X0 — X0 be the automorphism given by

[, ,1) = (2.¢ My, 1)
for any N-th root of unity ¢ € uy = pun(K). We denote

Hig(Xo/Sk)(n) = {z € Hip(Xo/Sk) | [(lz = ("2,¥¢ € pn}-
Then one has the eigen decomposition

N-1
Hg(Xo/Sk) = @) Hir(Xo/Sk)(n)

n=1
of 0(Sk)-module and each eigen space is free of rank 2.

A basis of H}z(Xo/Sk)(n) ([2, Lemma 2.5]) is given by

dx T
A B n—1-B
n=x (1 — "(1—(1-— "—, n = ———————Wn
1= @ (1= )P (1= (1= ) e
where 4 B
n n
Ap = |—], Bp:=|—
%) )
Let
_[-nA b —-nB
ap 1= N yOn +=
where {z} := 2z — [z]. Put
- 1 ~ a
Wp 1= F, . (t)wn’ n = _t(l _t) n+bn( én,bn(t)wn+bjFan,bn(t)77n)-

(4.6)
which form a K ((t))-basis of K((t)) ® Hiz(Xo/Sk).

Let Y/S be the hypergeometric curve in §4.1.1. Then we have the following
lemma.
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Lemma 4.3. ([1,84.6])Let ga p be the automorphism of Yi/Sk given by
gap : (u,v) = (Bu, C&Av) for a fized primitive N-root of unity in uyn(K).
Let G = (ga,B) C Aut(Yx/Sk) be the cyclic group of order N. Then the
quotient Yg := Y /G by G is isomorphic to the curve X : yN = 24(1 —
2)P(1 — (1 —t)x)N=B. The quotient map p : Y — X is given by

(u,0) — (2,y) = (N, w41 = u= V)" F)
which is a S-morphism (i.e. t— t).

Put

~ * ~ *
Wnp = E g WnAnB, Tin= E 9 "mAnB-
geG geqG

Lemma 4.4. Using the notation above, we have

WnAnB = P* (wn)y "mAnB = p*(nn) (47)
anA,nB = P* (a}n)y ﬁnA,nB = p*(ﬁn) (48)
Wn = Np*(wn), = Np*(nn). (4.9)

Then we see that the pull-back p* satisfies
p(Hig (Xo/Si)(n)) = Hig(Yie/Sk)(nA,nB), 0<n<N  (4.10)
and the push-forward p, satisfies

Hl:(Xo/Sk)(n) (i,j) = (nA,nB) mod N

0 otherwise

p«(Hig(Yic/Sk) (i, 5)) = {

(4.11)
for 0 < 7,5 < N. One has

pe(WnanB);  Px(MnanB) (4.12)
form a basis of Hlz(Xo/Sk)(n) and

P px(WnanB) = NwnanB-
from (4.10), (4.11) and p.p* = N.

4.2 Review of paper [1]

In this part, we will give a brief review of what we need in the paper [1]. First,
let us recall the definition of p-adic hypergeometric functions of logarithmic

type.
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Definition 4.5 (p-adic hypergeometric functions of logarithmic type).
Let s > 1 be a positive integer. Let (a1,--- ,as) € Zy, and (a},--- ,a}) where
a}; denotes the Dwork prime. Let o : W([t]] — W/[t]] be the p-th Frobenius
endomorphism given by o(t) = ct? with ¢ € 1 + pW. Then we define the

p-adic hypergeometric functions of logarithmic type féa) - a.(t) to be

1,7 ,0s

1
Fo o | (@) o (a4, - p~ " log(c)+

¢ ooy dt
| Forien®= P 0T

where 1, (z) is the p-adic digamma function( [1, §2.2]), ~, is the p-adic
Euler constant ([1, §2.2]) and log(z) is the Iwasawa logarithmic function.

Definition 4.6 (cf. [6, 3.1.1]). Let W = W(k) where k is an algebraic
closed field with chark > 0. Define

W<t1a"' 7t7’L> = @W/pn[tl, 7tn]

= {Za;tl e Wllt1,-- -, tnl] ’ larl, = 0 as |I| — oo}
I
Wlty, - tn]l = {Zaﬂfl € W{lt1, -+, tn]] ‘ Ir > 1 such that
I

larlprl = 0 as |I| — oo}.

Furthermore, if

A:W[tlv'” 7tn}/(f17"' 7f7“)7
we define the weak completion of A to be
AV = Wity ' (L ).

Definition 4.7. Let F : W — W be the p-th Frobenius. Then o : At — Af
is called a p-th Frobenius if

e 0 is F-linear (o(ax) = F(a)o(z),a € W,z € Al)
e 0 mod p on AT/pAT ~ A/pA is given by x — aP.
Let o be a p-th Frobenius on W/t, (t — t?)~!]" which extends on K¢, (t —
)7 = K @ W[t, (t — t2)71T. Write Xg, = Xw xw F, and S, =
Sw Xw Fp. Then the rigid cohomology groups
r.ig(XFp/SFp)

are defined. We refer the book [7] for the theory of rigid cohomology.

The required properties are the following.
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e The cohomology group H?

rig(XFp/SFp) is a finitely generated ¢ (Sk)!-
module.

e (Frobenius) The p-th Frobenius ® on Hr.ig(XFp/ Sﬁp)(depending on o)

is defined. This is a o-linear endomorphism:
(f(t)2) = o(F(1))D(x), for & € H3y (X /S5 ), (1) € O(Sk)'.

e (Comparison) There is the comparison isomorphism with algebraic de
Rham cohomology,

¢: HYy(Xg, /S7,) = Hip(Xo/Sk) ®(s,) O(Sk).
Theorem 4.8. Let o be a p-Frobenius on 0(Sk)t such that o(t) = ct? with
c € 1+ pW. Then there exists an exact sequence
0 — O(Sk)" ®p(s,) Hir(Xo/Sk) — O(Sk) @5,y Me(Xo/Sk)
— 0(Sg)T —0

endowed with

o Frobenius ®-action which is o-linear

o Fil' C M¢(Xo/Sk) (Hodge filtration) with

O(Sk)' @p(s,) Fil' Me(Xo/Sk) = 0(Sk)!

In particular, from this isomorphism, there exists a unique lifting e¢

m ﬁ(SK)T Xo(Sk) FﬂOMg(Xo/SK) of 1 € ﬁ(SK)T

Proof. Recall U = SpecR[u,v]/((1—u™)(1 —vV) —t) C Y := U where Y is
the closure in Pk x P}, For (v1,15) € un(W) x un (W), put

u—1 v—1

et = { b e m3tow)).

U—1vo v— 1y
Then according to [3, §2.6], we have the 1-extension

0 — H'(Y/S)(2) — Mgy, 1)(Y/S) — Og — 0 (4.13)
in the category of Fil-F-MIC(S, o).

Let & := Zi]i_ol(ggﬁ)*f(yl, vy) € KM(O(U)) which is fixed under the action
of G, so that G acts on M¢(Y/S). Taking the fixed part of (4.13) by (ga,B),
we have a 1-extension

0 —— HYY/S)(2) —— M(Y/S)¢ —— 05 —— 0
H M
By Lemma 4.3, it follows
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[ ) HdR ~ H&R(Xo/SK)
o Hyg~ O(Sk)' ® Hig(Xo/Sk)

o Fil'Hyr = Fil'"™H;(Xo/Sk) where Fil* in the right denotes the
Hodge filtration. In particular, Fil’ Hgg = 0.

Therefore there is a unique element e¢ € FilOMg which is a lifting of 1 €
O(Sk). O

Let 1 <n < N—1be an integer and A, B be integers such that 1 < A, B < N
and ged(A, N)=ged(B,N)=

Put
L —nA b L —nB
ME=UN OTUN

where {2} := x — [z denotes the fractional part. Let

[e.9]

€ Zy[[t]
=0

be the hypergeometric power series. Put
et = (1= )Y Fy i, (1) M.
Using the group G in Lemma 4.3, we define

~ * unlt * _unit
Wn = E :g WnAnB, €n E g €pa nB:
geG geG

Let e¢ be the unique lifting of 1 in the above theorem.

Lemma 4.9.

7&)”.

%:1—u"ﬂu—yf%dh
Proof. Let £ := Zivol gA g&(v1,v2) with

g@hw)_{x_l,y_l}. (4.14)

T—v1 Y — vy

Following from the compatibility of the connection with respect to the pull-
back, we have

N-—1
Z gAB eE V17V2)>
=0
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Then by [1, §4.4 (4.25)], we have

N—-1N-1
(1—v(A—vy?)dt
V (€t m)) = —dlog(E(v1,12)) = — NI Wi
i=1 j=1
So we have
N-1 A
v(ef) = (gZ7B)zv(ef(V1,l/2))
i=0
N—1N-1 i —j
Q- )1 -17)dt *
SR IR RLE NS
=1 j=1 gelG
N-1 _ —nB
11— ™)1 —v, ™) dt
== ( ! 117(2 2 ) 7 Z g WnAnB
n=1 gelG
(=™ (1 — vy B dt
= — —Wn,

O]

Lemma 4.10. Assume o is given by o(t) = ct? with ¢ € 14+ pW. Let h(t) =

| F ) o) (t)<p where s is the minimal integer such that (angrl), bﬁfﬂ))

(an,by) for alln € {1,2,--- N — 1}. Then

N-1 —nA —nB
B (1-v )(1 — v ) (o R
ee— Pleg) =~y L T, (0
n=1

modulo SNV K (8, (t — t2) 71 h(t) " )elmit,

Proof. See [1, Theorem 4.19]. O

4.3 Transformation Formula

Let a; € Z,(0 < ¢ < r —1) and put h(t) := H:;& Fo, ... a;(t)<p, where
Fy, ... a;(t) is hypergeometric power series. Then there is an involution

W WL R — W b)), w(f(0) = £,
This follows from the following proposition.

Proposition 4.11. (1) Let a € Zy,. Let F(t) := Fy,... o(t)<p mod p. Then
F(t) = (1)t F(t7Y) in Fpt] where 1 is the degree of F(t) which equals the
unique integer in {0,1,--- ,p — 1} such that a +1 =0 mod p.

33



(2) Let a; € Zpy(0 < i <1 —1) and put h(t) = [[/=g Fa,.
there is a ring homomorphism

wn s WP LT R T = WP [t T AT, f(6) = fETY.

a;(t)<p. Then

)

(3) There is an involution

w: Wt L h)™ — W, LR, w(f@) = fiE.
Proof. (1)Write

l s
_ (@)i\" s
F(t)_}g()(i! t'.
Since F(t) = F,,... o(t)<p mod p, we have (a); # 0 mod p and (a);+; =0

)

mod p. That is, we have a +1 =0 mod p.
Ifl=17+ j, then

@ C0 (D) = () = SR = 0 oay,

7! 7! 1

() = (5] e

tEEY = (=) F(@).
(2) Observe that it is enough to show that
h(t™) € (W/p"[t,t™ h(t) )™

Therefore, we have

This implies

An element is a unit in W {t,t=% h(t)~!) if and only if it is a unit modulo
pWt,t=1, h(t)~1]. So if we can prove h(t 1) is a unit modulo pW [t,t=1, h(t) 1],
then we are done. Put
Fi(t) .= Fy, ... 0;(t)<p mod p.

From (1), we have

Fi(t) = i Fy(t~1)
where [; is the degree of F;(t). Hence we have
+¢li
Fi(t)
in W/p[t,t=1, h(t)~1], i.e., F;(t) is a unit in W/p[t,t~1, h(t)~!]. Since h(t) is
the product of Fj(t), it is also a unit.

Fi(tfl)fl —

(3) w is defined by using wy, in (2) in the following way:
w: Wttt R) ™ — WL AT, (fu() = (Wi fult)).

By (2), w is well-defined and also it is an involution. O
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Conjecture 4.12 (Transformation Formula between tg%ff.),a(t) and
%(a)a(t)) Let o(t) = ct? and 5(t) = ¢ 'tP. Let a € Z,\Z<o and the rth
Dwork prime a\") = a for some r > 0. Put h(t) := [[}_ 1F (D <ps
then R

Tl a(t) = ~F0 oY)
in the ring W {t,t=1 h(t)~1) where ,/a(a) (t71) is defined as w(F, (U)a(t))

)

and ﬁaff.)va(t) s the p-adic hypergeometric functions of logarithmic type.

Before moving to the next theorem, we prove, as an example, that this
conjecture is true modulo p.

Example 4.13. By Theorem 3.1 and [1, Theorem 3.3|, we know that

70 = Gy z@) g1y - Gilhall)e

ool mod pW{[t]].

Let F(t) = Fy... o(t)<p, G(t) = G o(t)<p and G(t) = G). 4(t)<p mod p.

Then by Proposition 4.11, one has

Git) Gt G(t) Git™Y)  G() + (—D)BEG )
F(t)+F<t—1)_(—1)’StlF(t—1) F@=t) (=R

We claim that G(t) + (=1)5¢/G(t™1) = 0 mod p. Indeed, since

By 4 B
Bk = AkIZ, Bk = Akf: =0 modp

when | +1 <k <p—1, we have G(t) = Ei:o Byt* and G(t) = Zﬁzo Byt
Thus

G(t)-i—( lstl ZBktk ls ZB[ ktk Z <Bk+(_1)ls§lk) t*

=0

Then for 1 < k <[, we have
~ 1
Bi+(-1)¥Bj_; = 74_(_1)157]{ =< <Ak—(—1)l8Al_k> =0 mod p.

When k& = 0, we have

BO =+ (—1)l5§l
—s(pla) + ) = og(e) — (+1)° 1y (4= < (-1
A Ea
=s(p(a) + ) — (=125 — p~log(e) + (~1) D =,



Write ¢ = 1+ pz and a + | = dp™ with p{d. Then

1 Cysler) € qys(etl) L
p-log(e) + (=1)7 —— = (=1)7—— modp.
So we obtain
Bo+ (=1)#B;
AL —(=1)*
=s(Pp(a) +7p) + (—1) Yt

D s(Wp(=1) + 1) — (tbp(1+1) +,) mod p

where (x) follows from [1, (2.13)] and imitate the proof of Lemma 3.9. Since
Yp(—1) = Yp(1 +1) (cf. [1, Theorem 2.4 (2)]), we obtain

Bo+ (-1)*B;=0 mod p.

Recall a,, = {—nA/N} in Section 4.2. Let r € Z>1 be a number such that

aq(f) = a,. We will prove a special case of Conjecture 4.9 in this section.

Theorem 4.14. Let o(t) = ct? and 5(t) = ¢~ 't*. Put h(t) = [}, F o o (t)<p
Then . 7
F0) (1) =—Z,) 1)

an,an An,an
in the ring W {t,t=1 h(t)~!) where F L) (t) is the p-adic hypergeometric

n,an
functions of logarithmic type.

Before giving the proof, we need some settings. First, we assume A = B
and let tév = t. Then we have two descriptions of the quotient curve Y /Sk
(Lemma 4.3):

(i) Yo ~ X with coordinates (x,y, to),

X:yV =220 -0 -1 —-t))z)N4
(i) Yo ~ X with coordinates (2, w, so),
X:wN =2401-2)21 - (1—s))z)N-4
where z =1 —x,w = tf)‘_Ny,so = to_l.

Lemma 4.15. Assume G is given by o(t) = ¢ 't with ¢ € 1 + pW.
Let h(t) = I1,,—o F ) yom) (t)<p where s is the minimal integer such that
(a,(fﬂ),b%yrl)) = (an,by) for alln € {1,2,--- N —1}. Then
N-1 —nA —nB
(1—v")(1=1vy"") =5 N
ce—Bleg) = ) 2T, (s)@n
=1

3

modulo 271272—11 K{t, (t —t2)~1 h(t)~1)eunit,
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Proof. We consider the quotient map (Lemma 4.3) Y5 ~ X in coordinate
(z,w,s0). From the coordinate (z,w,sp), let eé( be the unique lifting in
Theorem 4.8. We write e¢ for e? via the change of coordinate (z,w, sg) =

(1—w, t64_N Yty 1), and @ is the Frobenius action which is &-linear. Write

N—-1 _nA _nB

e 1 — V l—v ~ ~(n ~

e~ -y ?é 2" B (1) + B (t0)n (4.15)
n=1

in K((t)) ® Hix(X/Sk). We apply the Gauss-Manin connection V on
(4.15). Since V® = OV and

N— 1 —nA
1— vy ™) dt
§ g )( V2 )t £ (Nw),

n=1

from Lemma 4.9 and change of coordinate (z,w, sp) = (1 — x,tOA_Ny,tal),
we have

N-1 _,—nA _,,—nA .
N_’;(ll e (4.16)
- & N ~ V(E£n) (tO)&jn + Eén) (tO)ﬁn)'
n=1

By [1, Proposition 4.7], we have (&) = p~ o, mod K((tg))7, where m

is the unique integer in {1,2,..., N — 1} such that pm =n mod N.

Therefore
N 1 —nA —TLA
(1= (1 —vy ") gldt -
LHS of (4.1 E t E,(t)— (% F,, (t — A,
So 6) 2 N (t) ( ( )) ; AW

On the other hand, it follows from [1, Proposition 4.3], we have

N-1 —nA —nAy 373(n)
(1 =071 —vy ") dE; - ~
RHS of (4.16) n§:1 N 0t dt N, mod K((to))mn

Thus .

dE™ 1y () — (19 F(1))”
a ‘

Namely, we have

/\(n) t adt
—E)"(ty) = C + / tm Fy (t) — (8% F(t)) n
0
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for some constant C € K and with ¢t = #)Y. We claim that this con-
stant C' is 0. Indeed, since E (tg) /F,(t)) is an overconvergent function,
Egn)( to)to N /Fu () is also overconvergent.

If C = 0, then Egn)(to)taNa"/Fn(tév) - 7,0 (t) is a convergent function

n,0n

by Corollary 3.2. If there is another C’ such that E§ )(to)to Nan g (8) is
a convergent function, then after subtraction, we have
Clto Nan
Fo(ty)

This is a contradiction (as it is shown in the proof of [1, proof in Theorem
4.9]). So C must be 0. Therefore we have

€ K(to, (to — t5) ", h(t)) ™).

N-1 —nA
. ~ 1—v 1—uv" 5 o -
- Beg = 3, LU= 50 (1), mod T
n=1

Now we write everything back to coordinate (z,w, s¢). Since KerV is gener-
ated by {7,} over K (Lemma 4.2) and KerV contains in KerV via change
of coordinate, we have

N-1 —nA
- - 1— 1— -
of —aeh =y Lm ])V<2 v )[A;n (55 ) Nw, mod .
n=1

in coordinate (z,w, sg). Therefore from Lemma 4.4, we have
N— 1

1—v," & EEIN
cc — @ _ )( 2 )/\( )bn(t Yo

an7
n=1

modulo SNV K (t, (t — %)~ h(t)1)elt™it. This completes the proof. O
Using these lemmas, we can prove Theorem 4.14.

(proof of Theorem 4.14). By Lemma 4.10, we know

N-1 —nA nA
N =)A= ™) - ~
ec —Dleg) = > 1 2 2 [ = F, ()]dn (4.17)
n=1
modulo SNV K (t, (t — t2) 71, ()~ 1)enit,
Also, by Lemma 4.15, we have
N-— —nA —nA
1 2] 1-—-v, 5 TN
ee — Dleg) = Z >( )[3@7&73&"@ H]on (4.18)
n=1
modulo SNV K (t, (8 — #2)71 h(t) " 1)eit,
Comparing equations (4.17) and (4.18), we have
T (£) = FL, (7).
This completes the proof. ]
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4.4 Transformation formula on Dwork’s p-adic Hypergeo-
metric Functions

In this section, the settings are the same as in Section 4.3. First, let us recall
the definition of Dwork’s p-adic hypergeometric functions.

Definition 4.16 (Dwork’s p-adic hypergeometric functions). Let s >
1 be an integer. For (ay,--- ,as) € Ly, Dwork’s p-adic hypergeometric func-
tion is defined as

Fare as() = Fa e 0, (8) [ Fp . ()

ar,,as
where Fy, ... o,(t) and Fy .. o (t) are hypergeometric power series.

Remark 4.17. We have Dwork’s p-adic hypergeometric function belongs to
W(t, f(t)~1) where

N
f&=1] B . o) (t)<p
i=0
and N is an integer such that

{F o  ot)pli€lzot={Fun  o{)<p|i=01,- N}
1 »rs 1 Us

with f(t) = f(t) mod p (consequence of Dwork’s congruence).

Conjecture 4.18 (Transformation formula on Dwork’s p-adic Hy-
pergeometric Functions). Suppose a; = --- = a5 = a. Let | is the unique
integer in {0,1,--- ,p— 1} such that a+1=0 mod p. Then

ﬁDw,a(t) = ((_1)875)[‘@!3‘7@@_1)'

a,--

Remark 4.19. From Proposition 4.11, we have Conjecture 4.18 holds mod-
ulo p.

We have the special case of Conjecture 4.18.

Theorem 4.20. Let a € %Z, 0<a<1landp>N. We have

FEN(H) = FDI (),

a,a
where 1 is the unique integer in {0,1,--- ,p—1} such that a+1=0 mod p.

Proof. Let o : W][t]] — W/[[t]] be the p-th Frobenius given by o(t) = ¢,
and let ® be the p-th Frobenius induced by o on K ((t9)) @ Hig (Y/S) where
Y/S is the hypergeometric curve in §4.1.1. By [1, Proposition 4.7], the p-th
Frobenius  induces a map with

(p(&p*InA,pflnA) = pilanA,nA mod K((t))ﬁnA,nA-
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Let m = p~'nA mod N with 1 < m < N —1 and k = nA mod N with
1 <n <N —1. Then we have

1 (t° _ _
q’(wpflnA’pan) =p 1 )wnA,nA =p 119-‘\3%”(15) 1WnA,nA (4.19)
Fi.(t)
where a,, = {—nA/N}.
Therefore we obtain
O(Wpy,) = p_lﬁ(g‘f’an (t)_lfun. (4.20)

Recall that we have two description of Y/G. From the coordinate (z,w, sg),
one has
O(@) =p LEZPY (sH) 1. (4.21)

an,an

By using (z,w, sp) = (1 — x,té‘_Ny,tal), we obtain
B(—tGy) = p LEPY (7 TH =t D (4.22)

Gn,an

On the other hand, we have

O (—t"w,,) = (—tp“m)pflfngan t)"1@, (4.23)
since ®(t) = t* and (4.20). Then comparing (4.22) and (4.23), we obtain
the result. ]
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