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Chapter 1

Introduction

1.1 Spontaneous symmetry breaking and Nambu—Goldstone mode

Symmetry is a universal concept that underlies physics, and it leads to the law of conservation of systems. For exam-
ple, uniformity of space (translational symmetry) conserves the momentum of a system, while isotropy (rotational
symmetry) leads to the law of conservation of angular momentum.

When symmetry is broken, physical properties change qualitatively. Iron is paramagnetic above the Curie
temperature but becomes ferromagnetic below it, and the direction of magnetization does not change even when
the external magnetic field is set to zero. In this case, the rotational symmetry in the spin space is broken from the
macroscopic point of view, while the microscopic Hamiltonian has symmetry. Therefore, the system spontaneously
breaks its symmetry.

Spontaneous symmetry breaking (SSB) is closely related to phase transition phenomena. In the ordered phase,
where the symmetry is lowered, a gapless excitation (massless mode) called Nambu—Goldstone (NG) mode appears
based on Goldstone’s theorem [1]. Goldstone’s theorem is a fundamental theorem on excitations in systems with
spontaneously broken continuous symmetry. In systems with broken continuous symmetry, the physics remains
nontrivial in the whole low-temperature phase due to the presence of NG modes, which implies that correlations
decay algebraically. The emergence of NG modes leads to singularities in various physical quantities. For example,
the divergence of the transverse component of the susceptibility at zero magnetic fields corresponds to the infrared
(IR) divergence of the transverse fluctuation of the ordered variable, which can be explained as a consequence
of Goldstone’s theorem. On the other hand, the longitudinal component is considered finite as in the disordered
phase. However, Schwabl et al. [2], and Patashinskii et al. [3] have shown that the longitudinal component of the
susceptibility also diverges at zero fields. It was later found that this behavior is because the magnetic field applied
parallel to the spontaneous magnetization is also coupled with phase fluctuations [4]. This indicates that in the
ordered phase where NG modes appear, the correlation length defined in the disordered phase always diverges to
infinity.

1.2 Functional renormalization group with Goldstone’s theorem I

The perturbation expansion, which is widely used to analyze many-body problems, becomes useless with the
appearance of the NG modes. For example, in the vicinity of second-order phase transition, it is well known that
the perturbation expansion from the mean-field approximation breaks down due to the infrared (IR) divergence [5].
It is necessary to incorporate the effects of fluctuations beyond Gaussian fluctuations for describing the long-distance
behavior of the correlation functions, as is the case in renormalization group theory.

Functional renormalization group (FRG) [0, 7, 8, 9, 10, 11] is one of the methods to incorporate fluctuations
for systems with avoiding IR divergence. In this method, we first introduce an infrared cutoff A in the momentum
part of the Euclidean action. Next, we derive the renormalization group equations obeyed by the thermodynamic
potential and the n-point vertex when a small amount varies A. By solving the differential equation down to A = 0,
we obtain the exact thermodynamic potential and n-point vertex.

In the spontaneously broken phase, the emergence of finite order parameters produces the non-trivial relation
between vertices, and this can be concluded according to the proof of Goldstone’s theorem I. In recent years, Kita
[12] formulated the FRG combined with Goldstone’s theorem I [1] for studying the BEC phase at finite temperatures.
The advantages of this formulation are that (i) it guarantees that the excitation in the system is in massless mode



and (ii) it dramatically reduces the number of renormalization group parameters. Although this method was initially
formulated for the finite-temperature BEC phase, it can be extended to other systems with continuous symmetry.
Therefore, it is possible to analyze the ordered phase in a non-perturbative manner.

1.3 Motivation and Present Study

The introduction of cutoff in the FRG can effectively study the ordered phase where NG modes appear. We will
investigate the role of spontaneous symmetry breaking and NG mode. In this thesis, we consider the classical
O(N) model for N > 1 close to the critical point of the second-order phase transition. The order parameter and
the three-point vertices are finite in the ordered phase. How will their existence affect the fixed points? We will
find that the fixed points emerge such that they have different coupling constants between the longitudinal and
transverse fluctuations. Next, as we have already seen above, the zero-field susceptibility (static susceptibility) and
correlation length diverge even in the temperature range away from the critical point in the ordered phase with
NG modes. It follows that the critical exponents associated with them cannot be defined. How can we recover the
scaling laws that are usually held in this case? We will see that by introducing a length scale, called the Josephson
length [13], the conventional scaling laws are restored.

This thesis is organized as follows. Chapter 2 summarized the effective action and the functional renormalization
group that we use in this thesis. Goldstone’s theorem is the key, and we determine the renormalization group
parameters according to the derived identities. In chapter 3, we investigate the critical fixed points of the classical
O(N) model. Numerical analysis of the renormalization group equations in the spontaneous symmetry-breaking
phase shows that, in dimensions lower than the upper critical dimension, (i)fixed points appear for which the three-
point vertex function is finite, and (ii)the value of the critical exponent is different from that of the fixed points
obtained in the symmetric phase. Finally, we conclude and summarize those results in chapter 4.



Chapter 2

Formulation

This chapter summarizes the functional renormalization group that satisfies Goldstone’s theorem I [12].

2.1 Effective Action

Here, we consider a system described by action S[¢] with a bosonic field ¢;(x). In chapter 3, ¢;(x) will be an
N-component real field (j =1,---,N) and z is d-dimensional space coordinate. The following will be abbreviated
using & = (j,z) as in ¢(&). The grand partition function is given by

= [ Plotess |-sla1 - 5 [ denepote)|. (21)
Successive differentiation of —3~11n Z[n] in terms of n yield
10InZ _ &
-8 510 = (8(£)),, = 2(¢) (2.2)
and 2107
a1 n — N (P! = /.
5 s =~ (900D, — 2OBE)) = GE.€) = e (2:3)

The notation (---) , represents the expectation value in the presence of the external field n(§). Subsequently, we
perform the Legendre transformation

r[@) = —f 'l Z[y) - / deB(€)r(¢). (2.4)

We obtain the first derivative of I'[®] with respect to ® as

BN
= = — , 2.5
o =" 2:5)
where we have used the chain rule 5 ey 8
I 7l 2.6
5B (€) / - 5®(€) on(&) 20
Substitution of Eq. (2.5) into Eq. (2.6) yields
620 [®] )
" - = — 2.7
/ “ D(£)0D(E") 577(5”) 50 (&) 27

where we have replaced (§,&’) by (£',£") for later convenience. Operating it on Eq. (2.2), we obtain

vl OD[®] 2z ,
] 55 (€00 (en aniena@ &) 28)




It is convenient for later purposes to introduce the matrix T by

=(2) _ 72 N o
I =T (§,§)Z7~. (2.9)
( >§,5/ 6P (£)0D(¢')
Using Egs. (2.3) and (2.9), we can express Eq. (2.8) concisely as
% =-G¢ (2.10)
The emergence of a finite expectation at n = 0, an order parameter,
®(¢) = 2(9) (2.11)
n=0
signals a spontaneously broken symmetry. It is obtained from the stationary condition of the effective action,
oT[®]
—0. 1
6 0 (2.12)
Writing R R
(&) = (&) + 0(&) (2.13)
we expand ['[®] in terms of ¢ as
617 e 761’7,) 7 7
] + Z dé; - dfn—¢(§1) (&) (2.14)
with 5T (@)
T, &) = (2.15)

0D(&r) -+ 0P(En)

Therefore, I'[®] is the generating functional of the one-particle irreducible vertices. We note that '™ has a
symmetry under the permutation for arguments (&1, - ,&,) by definition. It follows from Eq. (2.5) that

rME) =0 (2.16)

holds. From Eq. (2.10), we also obtain
L =—_g (2.17)

where G~! is the inverse matrix of G at = 0 given in Eq.(2.3). With Eq. (2.17), it is convenient to express E(Q)
in Eq. (2.10) as

G= —[ (2)} (Q‘l - 6£(2))71 (2.18)
Substituting Eq. (2.14) into Eq. (2.5) and noting Eqgs. (2.13) and (2.16), we obtain
rn+1) & -

e = / ey [t G ) e (219)

which vanishes for ®(£) — ®(¢). Also substituting Eq. (2.14) into Eq. (2.9), we obtain an expansion of 6T'? in Eq.
(2.18),

(n+2) .. -
STC) (61, 6) = / des - / Qg L2 ) Gy Gy (2.20)

n!



2.2 Goldstone’s Theorem 1

Suppose the action S[¢] has a specific continuous symmetry X. The effective action F[@] is then invariant under
the operation of the field ® belonging to X [1]. By imposing this symmetry to I'[®], we derive the identity between
vertices [12]. We will use these constraints to parametrize in the renormalization group study. Here we focus
on the case of O(3) symmetry for simplicity (the following results are easily extended to O(N) for any N > 1).
Rotation of ® can be written generally as R;;®;, where summation over repeated arguments is implied. Particularly,
infinitesimal rotation by &6, around the axis k can be described by 573% = —€;100%.

Action I'[®] is invariant under the transformation

with ) i ) ~
§®; = —€iju P00k = —€iji (D) + 0;)00k = —00LRE (D, + &5). (2.22)
This invariance can be written as —9I'[®’ /89k‘0 =0, i.e.,
Z 5@ Z1]1 [ Ji (Rl) + qgjl (Rl)] =0. (223)

171 R1

Substituting Eq. (2.14) into this equation, we obtain

1—\(”"!‘1) (RlaRQa"' 7Rn+1)

= > THRORS, [0 (R) + o (R +Y D0 D - Y, e (2.24)

1171 R1 n=11i1j1 Ry i2R2 int1Rnt1

x RE L [@4, (R1) + ¢4, (R1) 64, (R2) -+ Gy (Ruyn).-

Noting that 6 can be chosen arbitrarily, we conclude that the coefficient of the terms nth order in ¢ should be equal
to zero. The zeroth-order identity is given by

1
3" T (R)RE, @R, =0,
151 R
which is certainly met due to Eq. (2.16). The first-order identity is

(1) k -
Z Fjl (R1 ]1l1 + Z lejg R17 R2)Rj2i2 (I>R2,i2 =0. (225)
j i2j2 Ro

Substitution of Eqs. (2.16) and (2.17) yields

ZG (R, R,)R*®(R,) = (2.26)

This is a direct consequence of Goldstone’s theorem. Let us differentiate Eq. (2.25) with respect to ®g, ,,. The
resulting equation can be written using Eq. (2.15) as

(2) (2) (3)
Zrm(m,m ko Zrm Ry, Ry)RE Z Iy (R, Ry, R)RE, ®p, i, =0. (2.27)

J1 1353 R3

Similarly, differentiation of Eq. (2.27) for ®g, ;, yields

Zr<3) (Ry, Ry, R3) M+ZF(3) (Ry, R», R;) J212+ZF(3) (Ry, Ry, R3)RE

Jiizts 117213 111233 J3t3

. (2.28)
+ Z r; Rl,R2,R37R4)Rj4¢4(I)R4,i4:0~

1112934
igja Ry

We obtain identities for n(> 4)-point vertices are obtained by successive differentiation of Eq. (2.24) with respect
to ®.



2.3 Functional Renormalization Group

Now we introduce cutoff A. The partition function with cutoff A can be expressible as

Zalil = [ Dlglexs [—SAM -5 dfn(f)aﬁ(&)} . (2:29)
The effective action is given by
CAfd) = 5 ' Zolo) ~ [ de@a(€)n(e) (2.30)
where 5(€) = 1 (x) obeys -
g = O (2.31)

so that it also has A dependence. However, the dependence can be dropped when considering the first-order

derivative OAT'A[®]. Sp in Eq. 2.29 is expressed as

Salel = Slo] + 5 [ de [ dg'o(©)Ra (€106 (232

The second term is an additional cutoff term and R denotes a regulator function. Although the choice of regulator
is arbitrary, it has the following common properties [6, 7]:

lim Ry =00 (2.33a)
A—o0
/1\1% Ry =0. (2.33b)
The first property implies
Alim LA[®] = S[P], (2.34)
— 00

that is, it coincides with the classical action in the UV regime. On the other hand, the second property implies

lim T [®] =T[@). (2.35)

Therefore, solving the partial differential equation for the functional I'y down to A = 0, we obtain an effective
action describing the low-energy state. We also consider Rx(&,€') = Ra(€',€). The introduction of the regulator
creates a cutoff dependence for the free-propagator:

Goa(6.€) = Gyl (€,€) — Ra(€,€). (2.36)

To derive the RG equation for T'z[®], let us differentiate Eq. (2.30) with respect to A,
OATA[B] = ~5 7 Onln Zn ~ [ dn(©)0n2al€) (2.37)

The first term on the r.h.s. of the equation can be expressible in terms of the functional JI'y as

_ 1, -
— 5 laA anA = 7%TI'QA

_ e n 1 ~ _ -
Gy (‘E(AQ)QA) 5T(A2)] —5(@r+ )" (OnGoy) (®a + ) (2.38)
n=0
with G = G, (0AGgr ) G- Substituting Eq. (2.38) into Eq. (2.37), we obtain

Gt ey (re,) o

n=0

1 .
— 8AFA = fTI“QA

. n %@A +@)T (0rGor) (Ba + ) + / dén(§)0a P (). (2.39)




2.4 Equation for Vertices

Let us substitute Egs. (2.14), (2.19), and (2.20) into Eq. (2.39) and equate the coefficients of O((d®)™) on both
sides. In accordance with I'™ on the left-hand side, we should symmetrize the right-hand side in terms of the

arguments in the process. We thereby obtain
—or(, - ) =W, n) (2.40)
with 1 = &;. Functions W for 1 < n < 4 are given by

1
W) = T (1 1)0r8a(1) + 55 DI (1)G + (9aCat) B (2.41a)

1 .
WP (1,2) = TP (1,2,1)0, @4 (1) + %Trﬂf)(l, 2)G,
@ (2.41b)
—TrZF (p1)GALY (p2)Gy + OnGoA (1,2)

1 .
w®(1,2,3) = —T(1,2,3,1)0,®a (1) + —BTrF(S)(l,ZB)QA

1 1 .
+ %TY* [E%)(plaPQ)QAEE\?’)(plS) + I (p)GA Y (p27p3)} Gy (2.41c)

TrZF(S) (p1)Ga F (p2)GA (pB)G

WiV (1,2,3,4) = —T)(1,2,3,4,1)0,®,(1') + %Trzgfj)(l, 2,3,4)G

1 1 .
+ o5 Ta Z |:£5\5)(p17p27p3)QA£§\3) (p1) + T (01)GALY (b2, p3, pa) | G

QZF( (p1,p2)GALY (p3, p1) G
(2.41d)

(2)
+iTriZ[< "p1)GALY (02)GALY (9. p1) + L (91)GALS (b2 p3)GALY (p4)
P

AT (01, 02)GALY (03)GAL Y (pa) | G

TrZF(g) (P)GALY (p2)GALY (p3)GALR (p4) G-

Here we denote [E("“) (&1, &n)lee = L+ (g, ... &, &,€"). They are expressible diagrammatically as Fig.
2.1.

In the following chapters, we will analyze the spontaneously broken phase by combining the renormalization
group equations for vertices given by Eq. (2.40) with Goldstone’s theorem I from the previous section.



w —e _Q
(1b)

A >b<>é>©<

Figure 2.1: Diagrammatic expressions of ngnj)ljn for 1 <mn < 4. A line with a dash (dotted line with a dash)
denotes G, (Oy®y).

(4e)
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Chapter 3

Classical O(N) model at Critical Point

Using dimensional analysis, n-point vertices I'™ have a dimension of dim[I'™] = d — n x % (we assign the

scaling dimension 1 to momenta), where d is a dimension of the system. If dim[F(”)] > 0, the vertex is considered
relevant in the context of the renormalization group. In particular, in the case of d = 3, since I'®) is marginal term
dim[F(6)] = 0, the lower order vertices will be relevant. This implies that, whereas only the four-point vertices are
relevant in the symmetric phase, three-point vertices also become relevant in the spontaneously broken phase. New
fixed points are expected to emerge with the increase in the number of relevant parameters. We apply the FRG
formulated in the previous chapter to the O(IN) symmetric model to see the prediction.

We consider a d-dimensional system with O(N) symmetry defined by the action

s=p [t (31708 + Plok + Liglt) 3.)

where ¢ is an N-component real field, rg is a mass parameter, and gy > 0 is a coupling constant. We assume N > 2
and d > 2. Expanding ¢; such as

0(R) = <= D 0y k)R, (3.2)
2 K

where N, is the number of site, and substituting them into Eq. (3.1), we obtain

4N, §i ki--k
1-ka

S=p —% > SR HO(k)os (k) + 3= D" D7 65 (k)b (k2)oy (ko) (ki) ssimaimio | - (3:3)
j.k
with HO (k) = —(k® + ro).

3.1 Mean-Field Description

Let us express the field ¢;(k) as
¢;(k) = @;(k) + d;(k). (3.4)
Here ®,(k) is a Fourier component for ®(¢) defined by Eq. (2.11) with £ = (j,7). In homogeneous system, we can

choose the order parameter as
(k) = N)/?6;N0k 02, (3.5)

where factor /N, has been incorporated for k = 0 so as to cancel the prefactor in Eq. (3.2). ® is defined by

_ 0InZy
¢=- dnn(0) 30

n=0

and corresponds to the spontaneous magnetization in spin systems. The corresponding action can be written in
powers of ® as

4
S=> 5, (3.7)

n=0

11



with S7 = 0 due to the momentum conservation law. We can write down the other terms on the right-hand side as

5= [~ )0 + Lo'] (3.8a)

S 1 ~ _ -

5 = =5 2 2GR (k)6 (k) (3.8b)

ik

S P - - ~

EB - ]5701/2 D Okitkaths, 005 (k1) (kz)dn (ks) (3.8¢)
a J kikaks

S _ _ - _

34 = 4?37 D D Gkrtkathaths00; (k)65 (k2) by (k) by (Fea) (3.8d)

b i kika
with )

HJ('?’)(’C) = HO(k)b;5 — go®* (855 + 20,5 85n) (3.9)

The mean-field description of the phase transition is given solely in terms of Sy which can be written as

_ BgoNa o\ o\
So = - l(qﬂ + g()) - (g()) ] . (3.10)

Near the second-order phase transition, rg is expressible as

2T — Ty
a? TCO ,

Tro =

(3.11)

where a is the lattice spacing and T¢q is the transition temperature given by the mean-field approximation. Mini-
mizing Eq. (3.10), we obtain the mean-field order parameter @,

0 tro >0

by = Irol v <0 (3.12)
g0

We also introduce the non-interacting Green’s function C;‘o = (Gowjj/),
Goiy(k) =HO (k)3;5 — go®F (8550 + 20505 n)

0,55’
o —(k2 + To)(sj‘j/ trog > 0 (313)
— (K +2Jro|0;n)0;50 1m0 <0

We also define the longitudinal and transverse propagators for the spontaneously broken phase (1o < 0) as follows:

1
Go, = ,
K2+ 2lro| (3.14)
1
G07t - ﬁ

In terms of perturbation expansion, the zeroth order of self-energy can be regarded as Efo)(k) ~ |rg|. Now, we
consider the one-loop correction to the self-energy, which comes from S5 and Sy. It is shown diagrammatically
in Fig. 3.1. The left-hand side diagram has a finite contribution, while the right one gives a contribution to the
self-energy for the longitudinal component ¥(k) in the infrared limit k — 0 as follows [14, 5]:

2(1)2
k) ~ (N = DB S Go(q)Gos(k + )
a 5 (3.15)

~ (N — 1)g5@5|k|**

and diverges due to transverse fluctuations for d < 4. This fact gives a scale at which the perturbation expansion

would break down. The wavelength scale kg can then be determined from Efo)(k) ~ El(l)(k) for |k| ~ kg, and the
correlation length &g = kél is called the Ginzburg correlation length [14].

12



Figure 3.1: Diagrammatic representation for one-loop correction to the self-energy. The solid (dashed) lines are
Gl,j;i(k) (®o) and vertices are go. The left (right) hand side diagram comes from S4(S3).

3.2 Parametrization

Let us expand the vertices as

F(n) (Rla ) n

Jiin

STT Gy, k) e U Rtk ) (3.16)

Jiin
ki---kn

N;L 1

The order parameter ®g ; can also be written in terms of ® in Eq. (3.4) as ®g j = $d;,,. The Fourier coefficients

satisfy TV (K, -+ k) 0 Oy 4ty 0 With T4 (0) = 0 from Eq. (2.16). It follows from Egs. (2.14) and (3.16)

that the zeroth-order expressions of the four-point vertices are given in terms of Eq. (3.3) by

84S
T (K1, ka, ks, ka) = N,
susasssn (W Ko R oa) =N s V50 o) () (3.17)
= 2905}, j2jsja Oker +ka+ks-+ka,0-
with
Sjrjajsis = 051j20jsja + 05145 0jaja T 0j1ju0jajs- (3.18)

Noting this fact and incorporating possible anisotropy between the longitudinal and transverse components, we
model T, . (ky, ko, ks, k) as

3132]3]4
4
T8 e ks ks ka) =2[ge (1 — 85, 8) (1 — 0,n) (1 — 0jn) (1 — 87,
+ glléj1N6j2N6j3N5j4N (319)

+ g0 Y (1= 85 NI (L= 65, N85, N Oy, NS 12 Ok s s 0
P

In the following, we denote the longitudinal component j = N as z, while the transverse components j # N as

z,7,---. We also focus on the case of N = 3 as well Sect. 2.2.1. Finite elements of T') are
T (K1, k2, ks, k) = 6910k, 1 ky+katka 00 (3.20a)
T8 (k1 ko, ks, ka) =T (K1, ko, ks, k1) = 60¢00k, 4y +katka 05 (3.20b)
F;(;lx)yy(k k27 k?n 4) 2 tt6k1+k2+k3+k4 0, (320C)
T (ki ko, kg, ka) = yyzz(k17 ko, ks, ki) = 20140k, +ky+ks+ka,0- (3.20d)
Equations (2.25), (2.27), and (2.28) are transformed into
2
ZFBZ (o, O>R§2TL =0, (3.21a)
J2
(2) k (2) k k
erlj (—k, k) Rijin + ZF —k. k) RJ j2 T _Z J1J2] —k k’O)Rjén(I)’ (3.21b)
Vi
k k
ZF] J23s (R, ko, ka) R 5, + ZFJU Js (1, k2, k3) RJ i T ZFJIJZJ kl’k2’k3)Rjéj3
jl (4) (321C)
= - Jm]s] (kl,kg,kg,O)Rjin(I).
4
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We also consider the infinitesimal rotation R?®. = ¢; . ;. with J3 = y in Eq. (3.21). Equation (3.21c) gives the
J1J2 J1J233
finite three-point vertices as follows

T®), (ki ko, ks) =T, (k1 k2, ks) = 21 Pk, +ky+ks.0, (3.22a)
TG (K1, k2, ks) = 2(2ge + 916) POk, +ks-+ks 05 (3.22b)

whereas the other elements vanish, i.e.,

0= Fmajw(kl’k2 k3) yyu(k17k2ak3) F,(zz)w(kth’k?)) Fiz)y(kl’ka’k?’) F(I:;)y(kl’k27k3) (3 22C)
=T00 (k1 ko, ks) = T4, (K, Ko, k)
Equation (3.21b) with Egs. (3.20) gives the two-point vertices as follows
PO (kiko) =T (ko) T2 (ke ka) = 200870, 4ks.0 + T3 (e, k2) (3:230)
T2 (k1 ko) = T2 (ki ko) =T (ky, ko) = 0. (3.23b)
From Eq. (3.21a), we obtain
I{2(0,0) = I{(0,0) = T{)(0,0) = I'7)(0,0) =0, (3-23¢)

which means that the transverse propagator is gapless, in agreement with Goldstone’s theorem.
We now see whether the n-point vertices with n > 4 are relevant or not. The equation for n = 5 is given by

(4) (4) (4)
ZFJNNSM (kl’kQ’k3’k4 Jl“ Zrluﬂsu kl’kQ’k?”k‘l J2l2 ZF1112J314 kl’kQ’k3’k4)RJﬂs
(3.24)

11921374 1112%3%475

+ZF(4) (k1 ko ks ka)RE, + S 10 khkz’k;g’164,())7zj.52.5<1>i5 —0.

i5J5ks
Setting k =y and (i1, i2,143,%4) = (z, 2,2, 2), (y,y, ©, 2), (¢, 2, 2, z) with ®; = §;,®, we obtain finite elements of T'(®)
as follows:

6
D0), . (k1 ko, ks, kg, 0) =308 (i, ko, ks, ks, 0) = a(glt = tt)0ky + kot s +ks,05
(3.25)

6
0. (ki K, k3, k4, 0) = g(gn — 01t )0k +ka+ks+ka,0-

Next, we consider the equation for n = 6 and set k = y and (iy,49,143,14,15) = (v, 2z, z,2,2), (y,y,2,2, ),
(y7y7y’y7x)7 (x7x7yayaj)7 (.f,x,l‘,Z,Z), (y7yaxazvz)7 (Z‘,Z,Z,Z,Z) Wlth (I)l = 51,2@ and j 7& x,Y,z. Finite elements
of T®) can be written as

30
F:(vﬁz)a::rmz(kh k27 k37 k47 07 O) = @(glt - gtt)6k1+k2+k3+k4,0>

6
an::rxyy(k17 k27 k3a k4a 0 0) (1)2 (glt - gtt)6k1+k2+k3+k4,07
©) 2
Dy (s k2, k3, k4,0,0) = 2 (916 = Gtt)0ky +katkstka,05 (3.26)
F:(Eﬁzv)wzzz(kh k27 k3’ k4’ 0’ O) - 3F:(E6av)yyzz(kl7 k27 k3a k4a 0) 0)
6
=32 (391 — 516 + 20t ) Ok + ke + ks +K,05
Dinezzz (b1, ko, k3, ke, 0,0) = — @(gu = G16)Okey +ka kg +k,0-
3.3 Functional Renormalization Group
We now introduce a cut off A so that Goa ;;(k) is given in terms of Eq. (3.13) by
Gonjj' (k) = Go 57 (K)O(k — A). (3.27)
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We still have degrees of freedom in the parameters for r® (—k, k) for j # N. We parametrize two-point verices as

Agj
@ (K k) = —(23 k% 4+ 00)d,0 : symmetric phase (3.28)
33’ —(25'k? +2A76;N)d;;  : symmetry broken phase '
with Ay = ga®3. 24 is a renormalized factor and defined by
21(2)
LTl = _lw ) (3.29)
A 2 k>

k=0

This parameterization in the spontaneously broken phase satisfies Goldstone’s theorem I. Since the system is
isotropic in the symmetric phase of ® = 0, we parametrize vertices according to Eq. (3.17) as

4
D8 iaioie = 2908 )1iaiaia Ok ks thyhs.0- (3.30)

in the symmetric phase.

3.3.1 Equations for vertices in momentum space

The functional renormalization group equations are given by

—0aTY) o (ery e k) = WA (R K. (3.31)

Noting that W (™)’s are proportlonal t0 Oky +--+k,,,0 a0d W( ? additionally to d;, ;,, we can write down their non-zero
elements for n =1,--- ,4 as follows

Wi(0) = —T1.(0,0002@4 + 5 BlNa T (0)Ga (3.32a)
W, (ke k) = =T, (- k,k,0>8A<I>A+25N T, (k)G 3 T () GAT ) ()G 2)
+ 0rGg, (k)
W,(\3j)132]3(k1,k27k3) F%)Jlamz(kl’kz’k3’0)aAq)A + QﬁlN TrI‘Ef)thJs (klak2ak3)é/\
+225N Trl f‘si)]'pljp2(kp1;kp2)GAF(3) (kpg)é/\ (3.320)
25N TYZF(S) p ) OALY, (kp, )GATY) (kpa)éA
WAL, usass (k. oz, s, o)
- _r@ljmm(l@l,kQ,kg,k4,0)aAcI>A + 251NaTrf5€)jlj2j3j4(k1,kg,kg,k4)é,\
QﬂN IZ (5»)Jp1Jp2Jp3 kl’l’kpwkps)éf\fgi)jm(kpz;) +f5\3,)jm (Fp,)Ga F(s,)jpszsm(kpmkpgvkm)]éA
2ﬁN ( ) - AXL’)J.“]-”( P pZ)GA A,Jpsjp (kp?”km)é/\
+ 358, 2{ Wi (i R )OADR, (e JOAT, (k) + D0, (R )OATS) ) (b ki JOATSY (k)
+F<‘” e )GATD, (R )GARY), | (R k)] Gia
+5 BN TrZP(g) p)GALY), (R )GATY), () OATY) (K, )G
(3.32)
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3.3.2 RG flows for parameters

Now we derive the RG flow equations for parameters. The derivation of the renormalization group equations for
the parameters is given in appendix A.

Symmetric Phase

First, we consider the symmetric phase of &5 = 0, where functions W/(\n) for n = 1,3, -+ vanish identically. The
flow equations for o5 and ga are derived from Wj(?)(O, 0) and Wj(f?z Jsia (0,0,0,0), respectively. It is convenient for
discussing the fixed point to introduce the scaling parameters defined by

- _ - _JKa2
a] =A 2ZIAC)’A, ai EAd 4#9/\ (333)

with Kg = Sq/(2m)¢ (Sq: surface area of d-dimensional unit sphere). RG flow equations for ; and g are then given
by

8161 = (2 —m)& — (N +2)Gy, (3.34a)
O = (4 —d —2m)g — GF (N +8)GF, (3.34b)

where 9 = —Adr, Gy = (1+64)7 ", and 7, is a flowing anomalous dimension defined by
m = —0;1nzy, (3.35)

which gives an anomalous dimension n = lim 7. The expression for 7; is given as follows:
l—o0

1 1
7 :/ dtK(1,t)gi_, exp (—2/ dt'm/> (3.36)
0 1—t

(4= D@D (™) + e (7). (3.37)

with 1
K(,t) =6(N +2)———F

(L2) ( )d(l +45y)

The derivation of 7; and 7 is discussed in the Appendix B.

Spontaneously Broken Phase

Next, we focus on the spontaneously broken phase. To convenient we introduce the dimensionless parameters
defined by

~ Ky22
Fr=ni2 g2 g = ataleik 3.38
I Koo 200 Gt 5 g (3.38)
RG flows for parameters are given as follows:
007 = (d—2+m)P? — (N —1)Giy — (2+ ;) Gy, (3.39a)
- - 1 = - = ~
O1Gy = (4—d — 277l)9tt,l — 7~gt2t,l [u(2+ a;) — 36] G — tht,l[(N - 1)G%,l +2+ al)gGil]» (3.39b)

27,

3 _ 1 . B
Ay = (4 —d —2m)Gw,1 + oA Gea2(N = 1)(1 = a) Gy + [(2 = 381 + 3cu) (2 + ) — 661 G
l

— GRlIN = 1)(Bas —2)G2, + (98, — 200 — 4)(2 + )G (3:39c)
+ 4gt2t,lAl[(N - 1)é§,l +(2+ 041)36?,1],
~2
_ ) g - - -
Agus = (4 —d —2m)gng — 225 (N — 1)(B) — a0)Gog — G2 [(N — 1) [4(81 — o) + oF] G2, + 952G
A, (3.39d)

+ 875 AN = DauGyy + 32+ ) BiGY ] — 8 AT (N — DG + (2+ an)* Gy,

where o; = Gio.1/Gtets B = Gui/dees DN = Giea®?, and Gy = 1, Giy = (1 +2A;)~1. Consider the RG flow in the
vicinity of the symmetric point gyt = gix = gn. Substituting oy = 8; = 1 into the r.h.s. of Egs. (3.40), (3.40), and
(3.40), we obtain ) )

Ngeeq = (4 —d —2m)Geey — Got[(N — 1)GE, + 9G],
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Ndiea = (4 —d —2m)die, — Ge (N — DGE, + 9GE]
+ 4§t2t,lAl[(N - 1)631 + 27éil]a

gy = (4 —d —2n)gug — oo [(N — 1)C~*'t2,l + 9él2,l]
+ 8§t2t,lAl[(N - 1)631 + 27@13,1] - 8§t2t,lAl2[(N - 1)631 + 8léﬁz]a

Comparing with Fig. 2.1, we can see that the RG flow of gy, is dominated by the contribution from (4d), while
the flow of Git; (gu,) has also contribution(s) from (4e) (and (4f)). From the diagrammatic representation of (4e)
and (4f), the difference between the coupling constants may be caused by the three-point vertices.

3.4 Results and Discussion

3.4.1 Fixed point

First, we find the non-trivial (not Gaussian) fixed points. The fixed point is obtained by setting the Lh.s. of RG
equations zero. We have to also obtain the expressions for n = llim 7. In the symmetric phase, only (4d) in Fig.
—00

2.1 contributes to the anomalous dimension, while there are contributions from (3c), (3d), (4e), and (4f) in addition
to (4d) in the spontaneously broken phase. For the latter, we will partially incorporate the contributions from
(3c), (3d), and (4d) (see Appendix B for expressions of each term). The critical fixed point can be determined by

whether A, is finite or not. Here the subscript * denotes the value at the fixed point.
First, we consider the case of d < 4. Using e-expansion for € = 4 — d, we obtain

= — 7 <€

. N+2 [1 (N 4 2)%(8N3 + 370N?2 4+ 1117N + 5498) ]

T 2(N +39) 4(N + 8)3(8N2 + 2N +17)
N 1 N +2 152N?2 + 542N + 2681
gtt*:N+86[1+(N+8)2 SN2 2N 1 17 } (5.41)
Qx| _ ~ 2(N +26)(N +2)? 4N = 37| 3 '
[gu*] =G (8N2 4+ 2N + 17)(N + 8)3 [8N - 34} €
N+2
TN T8z

This result shows that the difference between g;; emerges at the order of O(e®). Since the contribution of (4e) in
Fig. 2.1 is of the order of O(e3) below d = 4, this difference is considered to be caused by the three-point vertices.
In this model, we also found that there is no isotropic fixed point satisfying git« = i« = gu« 7# 0 (so-called O(N)
symmetric fixed point) with P, # 0. On the other hand, the fixed point in the symmetric phase can be described

as follows:
N+2 { (N+2)(N+10)6}

T 2(N + 8)2

1 (N +2)(N +9)
 N+2

1= SN e

Thus, the anomalous dimension coincides with that of the symmetric phase on the order of €2.

Next, we focus on the case of d = 3. Figure 3.2 shows the N dependence of the fixed point at d = 3. This result
clearly shows an anisotropy between coupling constant for finite N. In particular, the anisotropy is enhanced with
decreasing N because the contribution of longitudinal fluctuations increases relatively. For large N, the fixed point
is given by

~ 4—d—-2n _ 4—d—2n
Av=—a———, Gt = ——,
d_2+77 Jtt N
o e {14 4A? - (1 16(1 + A,)3A2 (3.43)
S U IEY. S R 2+ 3A.)(1+2A,)2 )"

that is, all coupling constants vanish in N — oo, while A, is finite. Figure 3.3 shows the N dependence of 7.
We can see that the value of 7 increases with N decreasing. This enhancement is also seen in the fixed point
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Figure 3.2: N dependence of the non-trivial fixed point at d = 3. We also plot the fixed point g, for symetric phase.

describing the ordered phase (®, — o) [15]. On the other hand, it is known that in the BEC phase starting from
U(1) symmetric model, the sum of the contributions of (4e) and (4f) in Fig. 2.1 is negative for d < 4. Therefore,
incorporating these effects may change the behavior of the anomalous dimension and may be consistent with the
results obtained in the symmetric phase. We have also checked that 1 vanishes with O(1/v/N) at d = 3 both
analytically and numerically due to the term proportional to ! (see Appendix B). This behavior is different from
the result of the 1/N expansion method used in calculating critical exponents [16, 17]. However, it turns out that
this behavior is regulator-derived (See Appendix C). We also plot the results for N = 1,2,3 obtained by other
field theoretical approaches that reproduce the values of universality class with high accuracy. The anomalous
dimensions we obtained are very different from the results of the universality class, even for the symmetric phase.
However, the latter result is close to the value of the universality class by considering I'(®) and the linear term of
', which are marginal terms in the case of d = 3 [18].

3.4.2 Flow of correlation functions

Here, we solve the renormalization group equations and investigate the momentum dependence of the correlation
function from its behavior. One can retrieve the momentum dependence of Ga—o(k) at finite k by stopping the RG
flow at A = |kl|; that is, Gar=o(k) =~ Ga~i (k) [11].

Figure 3.4 shows A = Age™! dependence of G5 (A) = —(z; 'A% + o) and ;. When approaching a critical fixed
point, 7; becomes constant, giving an anomalous dimensional 7. In this regime, G (A) behaves as

G (A) ~ A%, (3.44)

As the RG flow leaves the critical fixed point and approaches the disordered fixed point, 7; begins to decay. The
scale A at which the RG flow leaves the critical fixed point gives the correlation length of the system: A = ¢71.
Since £ < oo in the disordered phase, G5 approaches a constant value. £ diverges at T = T, and we can define the
critical exponent as & o |T' — T,| 7.

On the other hand, it was complicated to evaluate the flowing anomalous dimension using the sharp momentum
cutoff in the ordered phase, so we re-derived the renormalization group equation using the additive type cutoff and
solved the RG equation (See appendix C). Figure 3.5 shows A = Age~" dependence of Gis(A) = — (2 "A%+28;1A4)
and 7;. In the critical regime, G; and G) shows the same momentum dependence such as

Gl (A) ~ Gt (A) ~ A%, (3.45)

However, the RG flow leaves the critical fixed point and approaches the ordered fixed point, the behavior of both
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Figure 3.4: Flow of the correlation function G;(A) for O(3) at d = 3 in the disordered phase. The black solid line
is the flowing anomalous dimension. The parallel dotted line is A = £¢~1, where £ is the correlation length.
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changes as
G (M) ~ A% Gl (A) ~ A2 (3.46)

and () also diverges in the IR region. This region is called the Goldstone regime, where the effective action between
NG modes vanish as seen Fig. 3.6. This behavior has been obtained in previous studies of FRGs in the O(N)
model [20, 21]. As in the case of the disordered phase, the length scale in the ordered phase £’ can be defined by
the momentum scale where the behavior of the correlation function changes. This length scale £’ = £ is called the
Josephson length, and it separates the critical regime from a regime dominated by NG modes [13, 14].

A= é-/—l

1x1071°

1x102°

1x10°%0

1x107%

Ordered
(Goldstone regime)

1x1028 1x102° 1x10°18 1x10™

A/

Critical

1x10°°

e L L L T S

1x10® 1

Figure 3.5: Flow of the correlation function G (A) and Gia (A) for O(3) at d = 3 in the ordered phase. The parallel
dotted line is A = ¢’~!, where ¢’ = £ is the Josephson length [13].

3.4.3 Scaling laws in ordered phase

As we have seen, although the longitudinal correlation function diverges in the IR region in the spontaneously
broken phase [3], we can define the characteristic length scale £; in the critical regime of the spontaneously broken
phase [14]. Since £; diverges at T = T, we can define the critical exponent for £y as &5 ~ |T — TC|_’/ [13].

We now investigate how the conventional scaling law is given when the critical exponent of the Josephson length
can be defined. The critical exponent for the order parameter is defined by ®(T) ~ |T' — T.|?. The scaling law can

be derived by the context of the renormalization group [22, 23]. The scale dependence of ® has been given by
ZA =~
(D?\ ~ mq)l(flf\)~

Here, we consider A — 0 with &’A = 1. Since z behaves as zy ~ A" in the critical regime, we obtain

3 oc AT (3.47)
Assuming that ¢ =&; o« |T — TC|7’/7
o2 ~ g;(df%n) x |T = Tp|(@=2tmV, (3.48)
Finally, we obtain
28 =(d—2+n)/ (3.49)

and this is a well-known hyper-scaling law.

20



100000

1x10°

1x1071°

1x1071®

1x102°
Goldstone Critical
1x108 ‘ ‘ ‘ ‘
1x1028 1x102° 1x1071® 1x10°10 1x107° 1
A/Ag

Figure 3.6: Flow of the coupling constants gita (red), gita (green), and gy (blue) for O(3) at d = 3 in the ordered
phase. The parallel dotted line is A = ¢'~1, with ¢’ = ¢&;.

3.4.4 Correlation length exponent

It can be seen that the conventional scaling law can be recovered by defining the critical exponent of the Josephson
length. Now we analyze the RG flow for A, in the ordered phase near the fixed point obtained before subsection and
focus on the Josephson length exponent. This exponent can be obtained from the behavior of A; by (i) linearizing
the RG equation around a fixed point and (ii) finding the eigenvalues and eigenvectors of the linearized equation
[5].
For d < 4, we obtain
, 1 1IN+2

VNVN2+4N+86 (3.50)
in the leading order of e. Since the anisotropy between coupling constants appears on the order of €3, the values of
the critical exponents at lower orders are consistent with that of the symmetric phase.

Figure 3.7 shows the result of v,/ at d = 3. We find that the results for anisotropic fixed points are different
from those obtained for isotropic fixed points appearing in the symmetric phase. For large NV, v/ is close to (d—2)~*
and reproduces the result of the non-linear sigma model (or spherical model) [24] and large-N limit [14]. Our results
for the spontaneously broken phases are also close to those obtained by FRG with derivative expansion [21, 25].
On the other hand, although the results for the symmetric phase are far from the universality class values [5], they
can be improved by considering higher-order couplings [26].

The effect of “anisotropy” in spin systems on critical phenomena has been studied in the past. In the Heisenberg
magnet on a cubic lattice, it exists due to the effect of the crystal field. In general, the critical exponents are identical
in both phases because the RG equations are identical in the symmetric and spontaneously broken phases [5]. Nelson
[27] was the first to propose a counterexample using the O(2) model at d = 3. He argued that anisotropic such
as cubic [27, 28] or hexagonal [27, 29] perturbations induce the modification of the exponent of the susceptibility
in the low-temperature phase even though they are irrelevant. F. Léonard and B. Delamotte [30] argued further
and found that the asymmetry of the critical exponent may appear when the continuous symmetry of the system
is spontaneously broken and reduced to a discrete symmetry, where there are no NG modes so that the correlation
length is finite even in the spontaneously broken phases. However, in FRG, the RG equations obtained according
to the vertex expansion are different for each phase. Therefore, the inconsistent of critical exponents on both sides
may be universal, regardless of whether the symmetry drops to discrete or not.

The exponents of the correlation length and magnetic susceptibility in the Heisenberg model are obtained with
high accuracy by Monte Carlo (MC) simulation [31]. Due to the divergence of the correlation length in the low-
temperature phase [3], it is difficult to evaluate the exponents in the low-temperature phase using finite-size Monte
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Carlo simulations. Indeed, MC simulations in Ref. [31] are only available for the disordered phase.
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Chapter 4

Summary and Conclusion

In this thesis, we have analyzed the phases with spontaneous symmetry breaking. The appearance of NG modes
leads to singularities in various physical quantities, such as the divergence of susceptibility.

In chapter 2, we have summarized a formulation of FRG that satisfies Goldstone’s Theorem I. Goldstone’s
Theorem I gives an identity between the vertices of a spontaneously broken phase, leading to a reduction in the
number of RG parameters.

In chapter 3, we have studied the O(N) symmetric model. The transverse fluctuations correspond to the NG
modes in the ordered phase, which is extremely difficult to analyze using the usual perturbation expansion method
due to IR divergence. We derived the RG equations to include the fluctuations in the ordered phase. Solving the
RG equation in the ordered phase, we found that an anisotropic fixed point appears. This anisotropy is enhanced
with decreasing O(N). The longitudinal component of the correlation function also diverges due to the coupling
to the phase fluctuation. Although the correlation length cannot be defined in the ordered phase in the same way
as in the disordered phase, the characteristic length scale £; emerged. This length scale is called the Josephson
length, and it diverges at the critical point. It was found that the conventional scaling law can be recovered by
introducing a critical exponent of Josephson length. The analysis around this fixed point revealed that the critical
exponent has a different value from the result obtained from the RG equation in the symmetric phase. This result
implies that the spontaneous symmetry breaking itself is the mechanism that gives rise to the asymmetry of the
critical exponents in both sides of the second-order phase transition.
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Appendix A

Derivation of RG Equations in O(N)
Model

Here we derive the RG equations for parameters defined in chapter 3.

A.1 Symmetric phase

In the symmetric phase of ® = 0, the system is isotropic, and functions W for n = 1,3,--- vanish identically.
The vertex FE\‘L) can be parametrized as

4)

A,j1j275374 (kla k2, k?S, k?4) = 29A8j1j2j3j45k1+k2+k3+k4,0 (Al)

with 8j1j2j3j4 = 6j1j2 6j3j4 + 6j1j3 5]‘247‘4 + 6j1j46j2j3' Note that it satisfies

Zsjljéjzjs = (N + 2)6j1j2 (A.2a)
J3
Zsjlj2j5j68j5j6j3j4 = (N + 4)5j1j2 §j3j4 + 25j1135j2j4 + 25j1j45j2j3 (A'Zb)
JsJe
Z (Sj1j2j5j68j5j6j3j4 + Sj1j3j5j68j5j6j2j4 + $j1j4j5j5$j5j6j2j3) = (N + 8)Sj1jzj3j4 (A'2C)

JsJe

Substituting Eq. (A.1) into Eq. (3.32b), we can transform W(?) as

K A1 ZA
WS (0,0) = (N +2)ga —2 A3
Substituting Eq. (A.1) into Eq. (3.32d) and using Eq. (A.2), we can also transform W,g%j)-jjj (0,0,0,0) as
4 1 :
WiY.15(0,0,0,0) = 12(N + 8)¢3 N 3" Galky)Ga(ky). (A.4)
a ks
Substituting Eq. (A.3) into —OzLY) . (k, —k) = W\ (—k,k) with TC) . (<K, k) = ~Gg) . - (k) + .5 (k)
we obtain -
Kgza Ao~
— 9oy = (N +2 . A5
Ao = (N +2)ga 5 AZiaron (A.5)
Also substituting it together with Eq. (A.1) into —8AI‘E\4’)MJ-].(O, 0,0,0) = W/@jjj(Q 0,0,0), we obtain
1 KN4t 22
— Oagn = WA1,,(0,0,0,0) = —(V +8)g} = ! (A6)

8 (A2 + zp00)?"
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A.2 Spontaneously broken phase

Equation (3.32a) for the spontaneously broken phase can be transformed as

1 N-1 . gitA
Wl(\y)(o) = 0j29taPa —O\D} + BN, kZchA(kl) + <2 + gttA> N, Z GIA k1) 1

It follows from the stationarity condition WI(G; (0) = 0 that the order parameter obeys

gttA

N—1 : gitA 1 :
—0xa% = NN G (k) - (2 ; ) Con () (ATa)
o St i et

Next, Eq. (3.32b) can be transformed as

W (—k, k)

= - 5jz(29ttA + Giea)On DX

+ 05 g N Z = DguaGia (k1) + 3gnaGia (k)]

493 .
jzﬂNA Z [ 1) g4 7 Gon(k1)Gia (K + K1) + (2000a + 9104)>Gia (k1) Gia (k + kl)}
(A.7h)
-(1- 5jz)gttA6Aq>A

+ (1 - 6jZ)BLN Z {(N +1)geeaGia (k1) + gltAG’lA(h)}
a k]

4gt2tA(I)?\

+ (1 —9;2) N,

Z [GtA(kl)GlA(k + k1) + Gia(k1)Gia(k + kl)}
k1
+ 8AG5A1(I<:)

Wl( )(~k, k)
- (29ttA + g164)Oa D3

+3 N Z ~ DguaGua(ky) + 3guaCia (k1)

4‘1) .
A { 1) g2 AGiea(k1)Gia(k + K1) + (2900a + giea)>Gia (k1) Gia (K + k1)}

(

ATc
Jrfp"l\C*YoA( ) ( )
— = (29ttA + g164)Oa P37

k—0

+3 N Z ~ DguaGua(ky) + 3guaCia(ky)

+ oo B 30 [0V = DG t)Gunth) + Cans + ana *Ginr) G

Wt‘i)(—k, k)

= - gttAaA(I)?\
1 . .
BN, Z {(N + 1)geeaGea (k1) + gltAGlA(/ﬁ)}
a

(A.7d)
A9un®h > [GtA(kl)GlA(k + k1) + Gia (k1) Gia (k + kl)}
k1
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We can transform GtA(k) — C;’m(k) in Eq. (A.7b) as
: s ZA ZA
- =———3(k—A)—Sd(k—A
GlA(k) GtA(k) k2 4+ 29ttA¢%2A ( ) k2 ( )
QQttA(I)%Zi
= - S(k—A
k2 (k2 + 291 P% 2a) ( )
= — 29aPXGea (K)Gia (k)I(k — A)

= 29un®} |Gia(R)Ca (R) + CGia (k) Gia (k)

Hence, we obtain

Gia(k) — Gia (k)

g = A.8
Gia(k)Cha (k) = Gia(K)Gia (k) = Tun 2 (A.8)
Using it, one can show that w2 0,0) = 0 is certainly satisfied by Eq. (A.7b) as follows
tA
WY (0,0)
N -1 . (2 +
_ _ ( ﬁN)gttA ZGtA(kl) QttA gieA) ZGIA k1)
a kl
+ 3N ) {(N+ 1)gteaGia (k1) +gltAG1A(k1)} (A.9)
1

2 2 .
N 895% 3" Gea(k1)Gia (k)
a kl

=0.

The equation for the parallel component is given by 8AF )( k k) = I/Vl(f)(—k,k) Substituting F( )(0,0) =
2gt:A®% and Eq. (A.7b), we obtain

— OAGeen
_ giA 2 Dgiea 3gua .
T 202 A+ 2@3\51\7 Z Grlkn) + 55 3, 28N, Z Gialkr)
2(N —1)g? . 2946 +
4 2N~ i 5 N:gtm %:Gm(kﬂGtA(h) + —( g“g Nag“A ZGM k1) Gia (k1) (A.10)

gttA

1 .
= |:3911A — M(Qgtm + gltA)] W ; Gia (k1)

+ 2(N — 1)gt2tA
BNa

2(2g¢0A + Git)?

ZGtA<k1)GtA(k1) + BN,

k1

Z Gia(k1)Gia (k1)

We note that the same conclusion as obtained below can be reached by Eq. (3.32¢) with (j1, jo,Jj3) = (z,x, 2),
(332d) Wlth (jlanaj3aj4) = (as,x,x,x), (m,x,y,y).
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Next, we consider Eq. (3.32¢) for (j1, jo,j3) = (x,z, 2) and (41, J2,J3) = (2, 2, 2) with (k1, k2, ks) = (0,0,0).
W(3)

ANzxxz

- 1 gttA
S § k1)
<I>A6N Gua(kr)

gitA 1 2 gltA - gttA
- k k1)
+ [39111\ (5 + a0 tA) glm} A kgl Gia(ky) + ——= A E Gia (k1)

Z [ (N + 1)gZ A Gea (k1) Gea (k1) + giea (2geea + gltA)GlA(kl)GlA(kl)}

(0,0,0)

(A.11)

mv

¢ .
+ 16% Z Gualk)Gia (k)

2gua + g1ea) PR <
+ 249?3/}\[ : Z Gia(k1)Gip (1) + 24gttA( gti/;’xN L ZGtA(kl)G?“(kl)’
a k1

)

AN,zzz

= Gen(kr) + 22 (2gua + g1a)Cia (k
‘I)ABN Z[ D) gieaGea (k1) Joen (294t + g1ea) Gia( 1)]

(000)

12¢> A (A.12)

Z [ — 1)geagieaGea (k1) Gia (K1) + 3gua (2geea + gltA(kl))GlA(kl)GlA(kl)]

24<I> Q-
Y. 2 (V= 1) Gua (k)G (k1) + (2000 + 1) Gia (k1) Gy (R )

Three products of Green’s functions in Eq. (A.11) can be transformed as

Gia(k)Gia(K)Gia (k) = +

Gia(k)Cia(k)  Cua(k) — Gua(k) (A.13)
3gtea PR 1297, @3 7

where +(—) is result for j =1(t). On the other hand, we have

gltA

(0,0,0) — 213 aAch. (A.14)

Trrz

— Oa 3

zz2 (07 0, 0):| = _2©A8AgltA -
Substituting Egs. (A.11), (A.12) and (A.14) into Eq. (2.40) for n = 3, we obtain

- aAgltA

(N —1)(geea — 91ea)
= G (k1)
@?\,BN Z oa (k1)

[\D\H

{49“1\ + 5914 — 9gua + 3(giea — gnn) tA} 25N, Z Cha (k)
3

gt A

1
+2(N = 1)(3g1a — 29ttA)9ttAW Z Gin(k1)Gia (K1) (A.15)
a g

1 .
+2(99ua — 2016 — 4geta) (2tea + gltA)ﬁT > Gia(k1)Gia(kr)
a

12(N — 1103 B2 < . 12(2gua + 9168 PR < -
+ ( )9iiA AZGcA(kl)GfA(kaL (2916 + giea) AZG1A(’€1)G12A(’€1)~

BN. & BN, -

The same equation is obtained from Eq. (3.32d) with (j1, jo, j3,j4) = (x,x, 2, z). Finally, we consider Eq. (3.32d)
for (ji1,j2,73,74) = (2, 2,2, 2) and (kq, k2, ks, ks) = (0,0,0,0). Noting that the left-hand side of Eq. (3.31) for this
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case is —GAI‘%)ZZZZ(O, 0,0,0) = —69Agua, We consider %Wﬁizzz (0,0,0,0) and transform it as follows,

W/(\%izzz (0’ 07 O’ 0)

12(N — 1)(gua — 91ta) .

- - 2 Z GtA(kl)
OX BN, ™

12(N —1) [4 - + g7 )

+ ( ) [ gttAﬁ(Zg\;lA gen) gltA] ZGtA(kl)GtA(kl)
a Ky
10847 .
% > Gialk1)Gia (k)
a g

144(N —1)®% : A.16

PO S g2 (e ()G ()G (1) ) S
a P
43202 ) :
BN > [ga (k1) + 2geea (k1) 2gua (k1) Gia (k) Gia (kv ) Gia (i)
a Iy

192(N — 1)d% .

+ PR S )G ()G ()G () o k)
a ey
19293 A .
BN > lgna(kr) + 2gua (k1) * Gia (k1) Gia (k1) Gia (k1) Gia (K1 )

k1
Substituting Eq. (A.16) into —Oxgna = %Wﬁimz, we obtain

Q(N —1)Kgza d—3
3
N - 1)K ;22 _
- % [4gualgua — gial + gia] A47°
9K 422 N9—5 [ A2 r
B A A2+ 2gttA(I)?\ZA

8(N — 1)D2 K423 _

( )ﬁ = AthtAgltAAd 7 (A.17)

A2 r

—OAgua = — [gua — g1ea]A

2403 K23 A7
+ %[le + 29ttA]2911A {

B A? + 29ttA(I)iZA
8(N —1)03 Kq24 _
_ ( ) A Agh Ad—O
B
804 Kyzi A0 . [ A2 r
_ ZTATTARATT 12 - =
3 (9164 A A2+ 2g0n @221
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Appendix B

Evaluation of Anomalous Dimension for
O(N) Model

RG equations include the flow of the anomalous dimension. To evaluate it, we have to include the momentum
dependences of T'(™)
The flowing anomalous dimension is defined by

2)
Azy PW, (=K, k)
A= —AdyInzyt = —oAZ TAwe BB (B.1)
2 ok o
The key quantity W/(fa)m(—k7 k) is given by
Wia(—hkk) = 3 WA (k. k) + 0aGo (K). (B.2)
a=a,b,c
with
Wi~k k) = — T (k. k. 0)9,8x
T (—k,k,0) : Gin (B.3a)
= _ Aema T N = DGk + (24 22 Gia(kn) |
AT O = Canthn) + (24 22 ) Gy )|
b .
W/(\Q'r?c( QﬁN ZZF%)Jmﬁjl k7k7_k1’k1)G/\,j1j1(k1)
ki J1
(B.3b)
. 4 .
5 ST 08 (kb —ka k) Gen (k) + T8, (—k ke, —ker k1) Gia (k) |
@ k1 J1(#2)
WAQ;L( k,k) @’N ZZ Amm —k, ki, k — k)l Amm(k’—kla—k+kl)GA,ju‘l(kl)GAmz(k—kl)
k1 Jjij2
1 (3) (3) :
BN ZFA zzz(_k ki, k— kl)FA,mzL’z(k7 —ki,—k+ kl)GtA(kl)GlA(k - kl) (BSC)
Zr —k ke — Ky, k)T (K, —k + ki, —k1)Gia (k1) Gea (k — k).
BN Amz ) LR)UL 2o 1, —k1)Gia(R1)Gia 1
Let us express
Ff’)xu(kb ko, k3) =2guAPAOk, +kotks,0 T 5FA )uz(kh ko, k3), (B.4a)
D8 i (s Koy ks ka) = [2gea (1= 852) (14 2050) + 200007210k, ka0 + 0TS (Kr Ko, ks, ka)  (B.Ab)
with 6F§€mz(0 0,0) = 0 and 5F§fmjj (0,0,0,0) = 0 by definition. We also introduce 5W/(le g (ky,--- ,ky) for
n=3,4 as
— 06O i (ke k) = WS (ke k). (B.5)
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From this definition, 5W1§?}1._jn(k17 .-+, ky) can be expressed as

6W/(\3:vwz (k’lv ks, k3) = W/(\Sg)m (klﬁ ko, k3) W/(\B;zz(o 0, 0)7 (B'Ga)
OWA (ke ke ke ka) =W (K, ko, ks ka) — Wi (0,0,0,0). (B.6b)

(0,0) = 0, we obtain expressions of W[§2§2(—k, k) in terms of 6T as

Also noting w?

ANxx

a (SFE\S) (—k,k,O) . JitA
W (k) =~ e 2 SV = )Gl + (24 22 ) Gua ) (B.72)
a k1
2b 4 4 -
WD (ko k) = 52 D0 D [0y (b~ k) = 6T (0,0, —ka k)| Gl (k)
25 ki i(#2) (B.7b)
|:5F§\4)zxzz( k.k,—k, kl) - 51—‘5\4,)1’122 (07 0, ki, kl)] GIA(kl)}

¢ 492\ D3
WAL (ko k) = Rt Y [Cr(k)Gia(k = k) + Gia (k1) G (e — k) = 2Ca (k1) Gua (k)|

4 <I>
gttA A Z [5F(3)

Azxz

—k, k1, k — k1)Gia(k1)Gia(k — k1)

+ 5FA J:xz( k7 k— kla kl)GlA(kl)GtA(k — kl)

. B.7
26F[§3)a:wz(0’ k1, —kl)GtA(kl)GlA(h)} (B.7c)
1 .
e 2 AT (o = )G (k) Gun (s — K
k1
+ 0T, (ks k = R k) Cia (k1) Gra (k — k)
wrfxzz(()? _kl’ kl)]2G1A(k1)GtA(kl)}
Now we neglect terms of second order in 61‘5{3)
The Green’s functions are given by
ZA
Ga(k) = —20(k —A), Gia(k) = ————2 O(k—A). B.8
A(K) =~ 300k~ A), Ginlk) = 6l — ) (B3)
We also make a change variables
A
k=kA, |=—In—
nAO
«@ A «@ 71
WA (ko k) = WG (<K K),
4—npAd—d
(n) _BONAT ) i) (1 —
TN jyowg (R1s o Rn) = Tzlz\érl,jl---jn(klv k)i (n=3,4), (B.9)
4—nA3—d
(n) _ B(bA A ir(n) L. L - —
WA, (k1o k) —Tziémh,%(kl,--- k) (n = 3,4),
o2 — Kazah™ 5, pAre
- ﬁ la GijA = KdZIQ\ Gij,l-
Using them, we can express the flowing anomalous dimension as
1 PW, 2 (—k, ke
m= - # . (B.10)
2 a=a,b,c Ok? k=0
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Here, we changed ny — n;.

, o
n= lim ny = % 4 WOC Mg k. k) ’~ . (B.11)
A=0 a=a,b,c ok k=0
The expression of Wl(ii)( k, I;:) are obtained as
W2 (—k, k) = 75r13> (—k, k,0) [(N—1)+(2+al) L } (B.12a)
,TT rTz 1+2Al
. | dk - . S . -
Wi (k. k) = / a0l = 1) & S [AT(Y, (kb —ka k) — T2, (0,0, ke k)|
’ (27T) Kd . ’ ’
J#= (B.12b)
LY (i — k) — 0T (0,0, ke R }
1+2Al |: l,a::rzz( 1, ) lzxzz( 1 1)i|
~ ~ ~ dN ~ L L _— I L. —_—
2 f k) = f4gtt,lAl/d7§15(klfl) Oletkl-1) 1 O(k+kf-1 _ 1
’ (2m) Ky |k 4+ k12 +2A;  1+24;  |k+k)? 1424,
- k- S k+k|—1
—4Al/7d16(k 1) o) (k oy e — ey QU R = 1)
(2m)4 K4 |k + k1| + 24, (B.12c)
N L 1 k+ k| —1
L OTD (o — oy o) — QU R = )
’ 1+ 24, |k + kl‘Q
. - 1
o0 (0, &y, k _ ]
A,zxz( 1 1)1 + 2Al
with Al = gmléf and a;§ie,i1/Gee,;- The vertices 5f‘l(n) can be integrated formally
SB)E T T : € 3 [ ‘Plt @) —t], ~ ~
oF (kl,kg,kg,):/ dt exp <1+§>t—§/ dt'ny 5Wl Ve, ek, e k), (B.13)
0 l—t
~ ~ ~ ~ ~ l l ~ ~ ~ ~
ST (ky, ko, ks, koy) :/ dt exp (et?/ dt’nt/> WM (e ky, e kg, e ks, e hy). (B.14)
0 -t
W2 can be transformed into
. - . 1 - .
W (—k, k) = -5 [(N ~1)+24a.)G / pyer= 2néwogﬁm( Ak, \E, 0) (B.15a)
- I B ) Ay - “ S
W (—k, k) :,/ > / SW L (—Nk, ke, —ky, MK )
’ 2 Jo e | emiK,’ j(%; i (B.15b)
G OW D (— N, Ak, — Ny, Ak ) — (K — 0)}
. - o dik; - O(k+ki|—1)  ~ O(k+ki|—1)
W) (—k k)= —4 *A*/ildk—l AU 4G — G
oz =k, F) o TR [T S ey S W AT 1
1 d7.
- dX Ak -
can [ [
- - - O(k+ ki —1) (B.15¢)
SW (N, Mky, =Mk — Mky) —— 2
ooa:xz( 1 1)|k—|—k1‘2+2A*
T k+ki|—1
LD, (N A — N, Moy ) G, DUR TRl = 1)
Ik + Ky |2
W), (0, — Nk, Akl)él*} .
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B.1 Symmetric phase

In symmetric phase, finite contributions of 5T () is only §W @) W2, (—k, k) is given by

sy, 5oy 101 dk, . @ . 5 "
Wl,m(k,k)21”[/(%)%5(@1);[5%%( Rk, ki k) = 0T, (0,0, )|

! l
0T (e, ) :/ dt exp (et 2/ dt’nf,/> W (e ey, e ha).
0 1—t

Function W( )

Azzzx

(—k,k,—k1, k1) can be transformed as

Wi oo (ko k1. k1) = (200)2 (N + 8) [xa(k + K1) + xa(k — k1) + xa(0)]

with

(k) = 513 Gala)Galk + q).

Function W(4)

A w;zjyy( k,k,—kq, k1) can be transformed as

@

A zxyy

(—k,k,—ki, k1) = (291)° 2xa(k + k1) + 2xa(k — k1) + (N 4+ 4)xA(0)] .

It follows that

N +2
Z Wi s = 3(N +2)(29a)° {XA(kml) +yalk — k) + xa(0)] .
xa(k) can be transformed by
Ky22 N5 1 g i sin?2 ¢ Kgz2 N4=5
xa(k) = — A <2d7 / do ——— = A xi1(k).
B 1+Ul\fF(T) 0 14067+ k? + 2k cos6 B
with cos ék = —l;:/ 2. Performing the scaling, we obtain

DLW g R ) (k= 0) = 12N + 20 [+ Frl) + (e = R l) — 250y

Sine X(|k 4 k1|) and X(|k — k1) yield the same contribution, we obtain

11 dky - ! L
= — — 1 - 2 !
M= 5 / (27r)de6(k1 ) /0 dt exp <6t /lit dt'n,

2
X 6~ [(WVI
0k? =

—t7 —t7 —t7 —t7 4 —t7 —t7
) gy (—e R e e —e ey e thy) — S (0,0, —¢ ky e tkl)}uﬂ:o

e : 92 s
:6(N+2)1+&l/0 dt exp (et—Q/l tdt'm,> i el (i—u(e t|lg—i—k:1|)>lzcl

l l
= / dtK (1,17, exp [ —2 / dt'ng |,
0 I—t
et 2

(&
51 Ok2

where

K(1,t) = 6(N +2) (Famele ™I+ ki),

with

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)



The integrand of the k1 integral can be transformed as

32
(Xi—t(e” |k+k1\)>
8 2 k:l “::‘:O
= (e7'N_, (e (1 — cos® ;) + e~ cos? 91)2;’775(64»’:6 (B.27)
1
1 _ ot~ _
= 2 [ e R + e (e )]
by using
1
2 —_— -
(cos® 0) Rt
Finally, we obtain
1 C(d—3)t ~ _ _(d—2)t ~ _
K(0) = 6(N +2) 35— (= 1)em@5 (") + e @D (7). (B.28)
In the case of d = 3,
i _ _ 1 1 1 Fis
2 ! ton ty _ - _ B.29
let( )+ € Xi— t( ) 1 +&l—t |:2 (1 I e_t)Q +6'l—t [(1 _|_€—t)2 +&l—t]2:| ) ( )
that is,
1 1 1 1 oy
K(,t)=2(N+2)—— | I _ B.30
(L2) ( )l—i—al 1+, {2 (I+et)2+6-¢ [(1—&—64)2—!—01_,5]2} ( )
Substituting them into Eq. (B.24), taking limit [ — oo and changing the variable ¢ = —In A\, we obtain
7 :gf/ dtK (oo, t)e 2"
0
1-— A+2
=(N+2 dAN?" B.31
N+ )9*(1 [277 / L+ +JJ (B.31)
A+2
2(N +2)g d)\/\Q"
+2AN+ +5.)3 / [(1+N)2 45,2

Solving this nonlinear equation with RG equation, we obtain 1 ~ 0.106 for n = 3, n =~ 0.104 for n = 2, and n ~ 0.101
for n = 1. The result for n = 1,2 coincides with that of Refs. [32, 18]. On the other hand, just below the critical
dimension d < 4, we reproduce the well-known result for the O(N) symmetric theory,

3(N +2)2 /1 _ » N+2
N ———— [ dA A+ AW N = ———— B.32
2 0 B )+ A)] 2(N +8)2° (B.32)
N+2
by substituting . = _2(N7++8)6 and §, = ¥ ir -

B.2 Spontaneously broken phase

Now we evaluate the anomalous dimension in the spontaneously broken phase. We note that, in our parametrization,
contributions from W®® and W vanish because they are independent of external momentum. We will only
partially include the contributions from 2a, 2b4d, 2c0 and 2c3c. We also consider only the result for taking | — co.

B.2.1 2a contribution
First, we consider 2a contribution given by Eq. (B.15a). We write down 5W/(\3])1 o (K1, ky) as follows:

6W1(\3;?rz(k17 k2, ks3)
=4guagua®a {{xu (k1) + xu(k2) + x1t (k1) + x16(K2)] Oky+ka+ks,0 — 4x01(0) }
+ 4N + 1) g a®a [xee (k3)0k, +ko+ks,0 — Xet(0)]

+ 4g16A (2g6n + g16a) P [X11(E3)0k +ko+ks,0 — X1(0)]

(B.33a)
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WY (ky, ko, ks)

ANzxz

=895 A @ { X100 (K1, —ka) + Xu1e (Kay —k3) + Xa1 (K1, —k3)]0ky + kot ks.0 — X166 (0, 0) — 2x116(0,0)}

+ 897 A (290 + g1ea) @2 { Ixen (k1 —k2) + X101 (2, —ks) + X101(k1, —k3)]0k: +ka+ks,0 — Xt11(0, 0) — 2x161(0, 0) }.

Here we have introduced

xij (k) = ﬁ Z Gir(q)Gia(k + q) = xi(—k)

Xkij(k1, k2) = 5N Z Gia(@)Gin (g + k1) Gia(q + k2) = xuij(—k1, —ka) = xuji(ka, k1),

and also used x;;(0) = x;i(0).

2a-3c contribution
We have already derived the analytic expression of & Wf’;gﬁz
(k,—k,0), we obtain

O, (k. K, 0) =872, . [Rualk) + X1e(k) — 2% (0)]

where

- 197
Xij (k) = _Gi*/o dbi fo(61) !

1+ k2 + 2k cos by + 25jIA*

fo(0) = fo( )blnd 2, f0<g>=\/;;((%21)-

with

It follows that

1
. - ~ - ) N N
WS (~k, k) = ~4gh.0n [(N = 1) + 2+ a.) i / e [RaOE) + X(Ak) — 2%a(0)|
0

with a, = Git+/ge+. Differentiating twice it with respect to k and setting k=0 subsequently, we obtain

1 2 ~
(2a3(’) _
F 277gtt*Gl*oz* {(N 1)+ (24 ax) Gl*} [4 d—dGy. + 4G1*} )

where we have used as follows:

2a-3d contribution

Function W(gd)

Azrz(—k,k,0) can be transformed as

W (—k, k,0)

Azxzxz

~3 gﬂ(DAA3 d ﬂ
=38 tt*(I) KdZA Kdzf’\Ad—7 et (ks k) + 2xue(k, 0) — xate (0, 0) — 2x41¢(0, 0)]

3 = fOAASTY B

+ 855, @2 TR (24 ay) W[th(k, k) +2x1u(k, 0) — xtn(0,0) — 2x101(0, 0)].
Xkij (K1, k2) can be expressed as
K 2,3 Ad77 ~ B B
inj(k1;k2) dATGk*Qbij(klakQ)
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(B.33b)

(B.34a)

(B.34b)

(k1, ko, k3). Performing the scaling and setting (k1, ko, k3) =

(B.35)

(B.36)

(B.37)

(B.38)

(B.39)

(B.40)



with i ) ) )
s (K kz)z/dd@(g(dl_ ) O(ki+qi|—1) O(k2+gi[—1)
o (2m)¢Kq |1+ q1|? + 200 A [k2 + G1]% + 205 A,

Performing the scaling,

= ¢5i(ka, k1 ). (B.41)

OWED,.. (k. k. 0) = 8588, { Gruous (k. k) + 201k, 0) + (2 + ) [én(k, k) + 20140, k)|

~ (B.42)
—(k — 0)} .
It follows that . o 3 .
WD (k. k) = — 453, A. [(N = 1)+ 2+ a.) G|
LA G e, \k) + 261 (MK, O (B.43)
x Om{ 10t (Ake, Ak) + 2¢1 (K, 0) .
T2+ a) {@lwé, AE) + 2G1 du (O, 0)} (N> 0)} .
Performing the differentiation with respect to k and setting k=0, we thereby obtain
p(2a3d) — _ l#gfmd*l +2A,Gh. {(N -1+ 2+ a.) él*}
x |2(6 — d) — dGy, +4G2 + G (2 + o) [4 —d—2dGhs + 12@12*“ .
Result of 2a contribution
Collecting all 2a contributions Eqgs. (B.38) and (B.44), we obtain
1 2 ~ ~
(20) _2__ = 52 N-—-1 2
10 = g e G [(V = )+ (24 00) G
x {oz* [4 —d—dCy, + 4@12*} —A, {2 (6 — d) — dGy, + 4G2 + G, (2 + @) (4 —d—2dCy. + 12@12*)} } .
(B.45)
B.2.2 2b contribution
Next, we consider 2b contribution given by Eq. (B.15b).
2b-4d contribution
Function W/(f;lijj(—h k,—k1,k1) can be transformed as
WAt (K ki k) = (20000)” (N + Dl (k + k1) 4 xee(k = k) + x1e(0)]
(B.46a)

2
+ (g:j\) [xu(k + k1) + xn(k — k1) + XH(O)]} :

2
W/(\‘ff;yy(fk, k,—ki, k1) = (2gu4)2 {Q[Xtt(k + k1) + xue(k — k)] + (V + 3)xt:(0) + <zhi> Xll(O)} . (B.46b)
tt

Wi (k,—k,ki,—k1)

ANzxxzz

= (N + 1)(2gttA>2.Zl%Xtt(O) + 3(2gttA)2@% (O)
tt

GttA GetA X (B.46¢)

2
- (2gn)? (glA) Dk + ) + v (k — t) + xa(k + k) + xae (k — o))

ttA
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It follows that

2
(9 G (L p ke —ky k) AN
32;‘6; wa m” ke, ki k) W MZZ( b 1)A2 + 2g14A 3 20
N +1
=3(N + 1)(2gttA)2 [Xtt(k + k1) + xee(k— k1) + Xtt(0)
2
+ (2g5ea)* (?ﬁ) Ixu(k+ k1) + xu(k — k1) + (N — 1)xu(0)] (B.47)
tt
2 GltA 2 A2 2 GitA JlA v
F(N+ 1) 0)— AR g2 AN gy AR
( ) gttA) Gtt Xtt( )A2 + 2gttA(I)?\ZA (2g11a) GttA gtA a )A2 + 2gttA(I)?\ZA

ZAA2
A2+ 29ttA(I)?\ZA

2
+ (29ttA)2 (Lgltf\) [xti(k + k1) + xu(k — k1) + xi6(k + k1) + xa.(k — k1))
tt

Performing the scaling,

Zé’WMd) ]:: ];:,7]:51,’;31) +él*5wgﬁmz2(ik7k’ikl’kl)

o] l.L]]
J#z
=12(N + 1)g7,, [fm(l’% + k1|) + Xee (| — Foa|) — 2)~Ctt(0)}
9 (B.48)
gt (22) [@alf-+ Rl + 5alf — ) ~ 2000
ttx
+ 47,02 [Ra (e + Fal) + X — ) + 0 + ) + e[ — Fal) — 450(0)]
From this result, we obtain
1 dJ,
- d\ d*k ~
WD (—k, k) =492, / / L6k —1)
00, Tx ) * 14e—2n 2V
0 A (2m) | d (B.49)
N +1 ———— | XM+ Ky ]) + 202G xa (N k + k —>\—>0}.
{ |30+ 0+ 02 g Rk Bl 2026 O+ ) - 00
Here we used ~
Xij(A) = Grexij(A)- (B.50)
This contribution to the anomalous dimension is given by
(@) _ 222 H (N+1)+ 1~] F{Y + 202G, F) ] (B.51)
a7’ (1 +2A,)?
with
(2) ! d\ ~/ ~1
Fi~ = A2 [(d = xi;(A) + )‘Xij(/\)] . (B.52)

B.2.3 2c contribution

Finally, we focus on the 2¢ contribution given by Eq. (B.15¢). The first term on the r.h.s. of Eq. (B.15¢) yield the
following contributions:

0 =2 A [X3(0) + X5t (0)]
2 A, 4 (B.53)
= = “Gie—— |4 —d— G [d— = .
™" 1A, [ 1 ( 1+2A*)]
We focus on the second term on the r.h.s. of Eq. (B.15c¢).
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2c-3c contribution

We have already derived the analytic expression of s o) (K1, k2, k3). Performing the scaling, we obtain

Azzz
oW, . (k1 ko, k)
=450 { [Ralh) + Ru (ko) + Xulk) + R (k2)| 0, 4100 — 470(0)} (B.54)
AN + DG [ (R8T, kg kg0 — Xt (0)] + 4520 (24 ) [Xu(Rs)0, 45, 450 — X0(0)]
The 2c-3c contribution is given by
WEDD (k. k)
1
= — 1632, A. /0 %

1 & - -
— = - % 2
+ i+ 2A*)2a*/0 do 7, o (61) Xee (A\/l +k —|—2kc0591)

- 193 - .
+ Graa / d91f;;)t(91)>2t1 ()\\/1 + k2 4 2k cos 91>
0

& = =
(N + 1)/ d01f,~€71(01)>2tt ()\\/1 + k2 + 2k cos 91)
0

_ 37 . .
+ Gy (24 ay) / df: f; 1 (01) X1 (/\\/1 + k2 + 2k cos 01)
o :

mzA)za*Xtt (O)Xtt (];3) (B‘55)

ol

)+

1 . .
+ {N +1+ ma* (2+ a*)] Xt (0) X1 (

= o [Ru) + Grxu (V) = 26170 (0)] Ru (k)
= Ghe(N + 1) [%ae(A) = Xt (0)] Ko ()

1 ~ ~ _ ~
" aa, e P e ) = a0 xe®)
O [X“(/\iq) + él*f(tt(/\l%) ] +22£* )Ztt(o):| th(/;)

— Gl {th()\];) + él*f(tt(/\];’) - 2@1*5(“(0)} )Ztt(];)

—Ghe [eve [ (V) + X1 (A) = 2% (0)] + (V + 1) [Ree(A) = Xee (0)] + e (2 + ) [xu(A) — 211(0)]]} ~
Let us differentiate twice it with respect to k and setting k = 0. We thereby obtain

c3c 8~ A*
g = - Sgp e
d7 14 2A,

5 A 4 ()
x[(N+1+a*G1*) [4 d— Gy, <d 1+2A*>}Fm

_ 1 _
—2(N 1+ a) GRS + 5 (N 41+ a.G) FY

- ~ 4 0
+ o, [1—&—(24—(1*)6'1*] [4—d—G1* (d— 1+QA*>} Ft(l) (B.56)

—2a, [1 + (24 ay)

1 ~
} FY+ 50 [1 + (24 ay) Gl*} Ft(ﬂ

(14 2A,)2
+ 252, _a, A—d—Gn(d- §
e T Y. N E R T 7 1 1+2A,

A 1 T 2 1 2 2
st e 0 G e (00 )
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with
1
0 dA 5 B
Flg '= /0 \l+e—27 X (A) = x5 (0)],

1
(1 _ d\
R ]

B.2.4 Result

We partially include the contributions from Wo(f%)z and approximate 7 as follows:

~ ,'7(2(1) + 77(2b4d) + 77(2(:0) + ,'7(2c3c).

At d = 3, each term of the r.h.s. are given by

1 2 ~
(2a) _ = _

X [a* (1 — 3G + 4@12*) —A, [12 — 3G +4G2 + G 2+ o) (1 —6G + 12@%‘*)” ,

(12) }

9 - -
77(2b4d) Sgtt* [[3(1\7 +1)+ aiG%*} Ft(f) + 20[36'1*Ft
2 - ~ ~
100 = 2o b G (1-3Gi. +4GF)
(2¢3¢) _ §~2 A CNT'
n = Sgtt* * U]«

X [(N +1+ Oé*él*) (1 — 3G, +4G? ) Ft(to

—2(N+1+ay) Gl*Fm + - (N +1+ Oé*Gl*> Ft(f)

+a. [1+(2+a.) Gl (1—3Gl*+4G ) (©

—2a, [14—(2—&—04*)“;5*)2] 5
8 1

+ gmgtt*

Ft(jn) (n=0,1,2;j =t,1) defined by Egs. (B.52), (B.57a), and (B.57b) can be expressed as

R =15 -a-m (v + 0 -vi+ ) -1).

1 - - 1 ! A2T(\ + 2
Ft(12) = — ~Gi. (1 _ 2Gl*) [ _/ d)\#
2 2n Jo (14 N)2+2A,

~ ! A2\ +2)
+<1—G1*>/0 d)\[(l—l—/\)Q-l—i:?A*P’

1 1
FY = Yoy —2 )1 g
tj

1_277 4 1+2(5j1A* 21+25j1A*

1 1 3 1 1
FY = ——I|1+— | 4-—— 4+ F
21—n| 4 14265 A, 224 5A,

where 9 (z) is a digamma function.
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A «@ Gl* (1 - 367’1* +4é12*) + ngtt*A Q*Gl*

FY + a* {1 + (24 ay) Gu} F(2)]

(B.57a)

(B.57b)

(B.58)

(B.59a)

(B.59b)

(B.59¢)

(B.59d)



Appendix C

RG Equations in the Case of Litim
Regulator

This appendix summarizes the renormalization group equations used to analyze the flow of correlation functions in
the ordered phase. Here, we choose Rp(k?) = leAzR(k2/A2) as the regulator. In particular, we adopt the Litim
regulator [33]:

R(z) =(1—2)0(1 — z). (C.1)
The advantage is that the momentum integration can be carried out analytically. The cutoff dependent propagator
and corresponding single-scale propagator are

1

Cialk) = - [Fj(i)(k’ k) = 7lek2 +26;.A0 + Ra(k) (C28)
Gia(k) = OnRa(k)G3y (K) (C.2b)
with Ap = gy4a®3. Using the Litim’s cutoff,
Ra(k) = (1 —dk0)2y (A = K*)O(A* — k) (C.3)
and
— AOARA(K) = (1 = 0.0)[=2 +ma (1 — K2 /A?)] 2 " APO(A® — k), (C4)
where ny = —AdxInz; ! is a flowing anomalous dimension.

Since the derivation is almost the same as Appendix A, we only write down the final expressions for the
dimensionless RG equations:

(d+2—7]1)

- - ) ~
08} = (d =2+ )8 — =L |(V -1+ 2+ ) G| (C.5a)

algtt,l = (4 —d— 277l)§~]tt¢l

o 2(d+2—m) [eu+ ) =3B~ _ 243 (C.5b)
9,1 d(d+2) 2R, Gi +2(N —1)+2(2+ )Gy,
O,y =4 —d—2m) G
o 2(d+2—mn) |: 1—o (2—‘1-3041—351)(2-}-041)—651 =9
+ i (N = 1) —— + ~ Gi,
tod(d+ 2 ’
(d+2) A ) 20, (C.50)
42 {(N —1)(2 - 3ay) + (4 + 200 — 98)(2 + al)Gil}
+128, [(N = 1)+ 2+ @)’y |
Oigny =4 —d—2m)guy
o 2d+2-m) [B— s
~oq 2O [y ) 4 [ a0 + BN -0 +957GE] (os)

— 127, [al(N — 1)+ 382+ al)Qéﬁl} +16A7 [(N —1)+(2+ az)“@izﬂ
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. 8% =
m= gtt,ZgAlGil- (C.5e)

Now, if we find the fixed point of this RG equation when IV is sufficiently large, we obtain the following result:

=, 2N _ o dd—d) 1 4-d
@*—m7 Gtr = — N A*_m’
? 2(42 (C.5f)
o1 SE-d? o AU dNE - 16d472)
’ (6—d)(d—2)" """ (8 —d)(6 — d)2(d — 2)2
and L
":% (C.5¢)

This result indicates that the 1/v/N dependence seen in the result for the sharp momentum cutoff is a non-physical
consequence of the regulator dependence.
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