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Abstract

In this paper, we derive 4 dimensional supersymmetric effective theory from 10 dimensional non-
Abelian Dirac-Born-Infeld (NDBI) action corresponding to D9-brane by compactifying on 6 dimensional
facorizable tori T2 x T2 x T2. In order to preserve the only 4D N = 1 supersymmetry, we introduce the
magnetic fluxes and impose the no-tachyon constraint which is just the supersymmetric condition. We
especially consider U(3) non-abelian gauge group and break U(3) to U(1),xU(1),xU(1). by magnetic
fluxes. We adapt a symmetirized trace prescription NDBI action and focus on the only bosonic part
since fermionic part can be derived by supersymmetry. We expand the NDBI action in terms of F up
to O(F*) order in case that the compact scale is enough larger than the flux scale. We rewrite the 4
dimensional effective theory as a supergravity formulation. And then we obtain a new type of matter
Kahler metric, gauge kinetic function and superpotential. We can show that the gauge kineti function
and superpotential are consistent with previous studies. Also we derive an F-term scalar potential by
the two ways from NDBI reduction and Kéhler metric and then we confirm that it is consistent with a

supergravity formulation.
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Notation

Here is a summary for notation. The standard conventional mathematical and physical notations are

adopted.
w,v,...=0,1,2,3, four dimenaional coordinate indices
m,n,...=4,...,9 extra dimensional coordinate indices
7 extra dimensional complex coordinate indices
a, B, ... spinor indices
M,N, ... higher dimensional coordinate indices
[T 7 four dimensional tangent space coordinate indices
m,n, ... extra dimensional tangent coordinate indicies
Dy fy e extra dimensional tangent complex coordinate indices
o, B, ... tangent space spinor indices
A, B, .. gauge indices
xt four dimensional coordinate
y™m compact space coordinate
tr trace of gauge indices
(@), (r), ... torus indices.
o four dimensional Clifford generator
rM higher dimensional Clifford generator
ot Pauli matrix
o string scale
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Abbreviation

Abbreviation list in this paper.

SUSY Supersymmetry

YM Yang-Mills theory

SYM Super Yang-Mills theory
SUGRA Supergravity

DBI Dirac-Born-Infeld

NDBI Non-abelian Dirac-Born Infeld
CS Chern-Simon

WZ Wess-Zumino

KK Kalza-Klein

op Operator

vev Vacuum Expectation Value

R sector Ramond sector
NS sector Neveu-Schwarz sector

RNS Ramond-Neveu-Schwarz
GS Green-Schwarz
DDF E. Del Giudice, P. Di Vecchia and S. Fubini



1 INTRODUCTION

1 Introduction

Elementary particles are the smallest units of matter, and particle physics is the study of describing
the behavior of elementary particles. Standard Model is the most accurate theory describing microscopic
phenomena, and consistent with the experimental results with very high accuracy. However, the Stan-
dard Model is not the most unified theory that can describe the universe. For example, the Standard
Model cannot describe gravity, and the clasical gravity is described by Einstein’s theory of relativity. It
also cannot explain why the particles are classified for three generations. In addition, there are many
parameters such as mass and coupling constant that are determined only by experiments. Because of
these problems, it is believed that there is a more fundamental and unified theory than the Standard
Model which is called Beyond the Standard Model. Beyond the Standard Model must not oonly include
the Standard Model but also predict and explain phenomena that could not be explained before.

Although up to now the many theories have been proposed, string theory is the most promising. String
theory is an attractive candidate for a theory with all elementary forces including gravity and it requires
only one parameter to construct the theory. Considering the supersymmetric string theory (superstring
theory), we can obtain fermions which can be regarded as the matters such as quarks and leptons. Thus
it provide us the descriptions of all the interactions and matter such as quarks, leptons and Higgs. In
this sense, it is considered to be a theory that goes beyond the Standard Model of elementary particles.

Depending on how we introduce the supersymmetry, there are 5 types of superstring theory which are
typel, type ITA, type IIB, S0(32) heterotic string and Eg x Eg heterotic string. These theories are defined
so that the gravitational anomaly is canceled. Especially, type I and two type IIstring theories lead to
the type I and two typell supergravity respectively at low energy. These supergravity theories have the
solitonic solutions, which implys the superstring theory leads to the solitons called D-brane. From this
fact, string theory naturally incorporates non-abelian gauge groups which derived from stacks of D-branes
in type I and type II string theories. Thus the dynamics of low energy excitation on D-branes describe
the gauge theory.

However string theory is consisitent at 10 dimensional spacetime because of a conformal anomaly and
so this fact predicts extra dimensions. Thus we compactify the extra 6-dimensions with certain compact
spaces. One of the simple compact space is a torus. But the simple torus compactification is not realistic
because it leads to four dimensional non-chiral theory while Standard Model is chiral theory since left
handed spinors and right handed spinors interact differently under the Standard model gauge group
SU(3) x SU(2) x U(1). In order to realize the 4D chiral theory, it is necessary to preserve only N = 0
or N = 1 supersymmetry because N > 2 supersymmetry gives a relation between left handed spinors

and right handed spinors and these spinors belong to the same representation of Standard model gauge



1 INTRODUCTION

group.

One of ways to obtain a chiral theory in the torus compactification is to introduce non-trivial gauge
backgrounds such as gauge fluxes on the compact space which breakdown the supersymmetry. Such
compactification with magnetic fluxes can realize 4D chiral theory even though the compact space is
torus [1-4]. We explain why the supersymmetries are broken in Section 5. The number of generations is
determined by the magnitude of the magnetic flux on torus.

The other way to break the supersymmetry is orbifold projection. By considering the orbifolding and
magnetic flux same time, the several interesting mdoels have been proposed [5-7]. Indeed, the phe-
nomenologically interesting models which have three generations have been classified [8-10]. In these
models, Yukawa couplings play an important role to lead to the mass of 4D matters [11,12]. Realization
of quarks and lepton masses and their mixing angels was studied [13—-16]. Recently, their flavor struc-
ture controlled by modular symmetry is actively researched [17-22]. Thus, torus compactification with
magnetic fluxes is one of the interesting models to lead to realistic particle physics.

The low energy effective open string theory is a ten dimensional super Yang-Mills (SYM) theory. So far,
higher dimensional SYM models with magnetic fluxes have been studied [11,23]. On the other hand, the
dynamics of open string and single D-brane is described by the Dirac-Born-Infeld (DBI) action [24-26]
which corresponds to Maxwell action at low energy, and the Chern-Simons action [27-33]. However
the DBI action includes more stringy and D-brane corrections. Thus, it is important to study the
compactification of DBI action in order to ivestigate higher order corrections.

The dynamics of the stack of D-branes with open string is described by non-abelian Dirac-Born -Infeld
(NDBI) action [34,35]. They are proposed at the point of consistency such as T-duality [36-38]. At
the lowest order, the NDBI action is equivalant to Yang-Mills theory. However the corrections of NDBI
action are less-known due to the non-commutativity of gauge representation. Futhermore the effective
thoery derived from NDBI action is less-known. These facts give us a motivation to study dimensional
reduction of the NDBI action.

In this paper, we derive the 4D effective action from NDBI action with magnetic fluxes. In the following
discussions, we set the field strength H of NS-NS 2-form B to zero for simplicity. Also we ignore CS
terms because they contribute to topological terms mainly. We focus on the bosonic part of NDBI action
since fermionic terms can be found by supersymmetry.

In paticular, we derive these corrections and examine them from the viewpoint of the supergravity. In
other words, we study Kéhler potential, gauge kinetic functions and superpotential including D-terms
and F-terms. It turns out that the magnetic fluxes contribute to the Kéhler potential and gauge kinetic
functions in 4 dimensional effective theory derived from NDBI action. Whereas there are no additional

flux contributions in holomorphic Yukawa couplings in the superpotential comparing with that from super
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Yang-Mills theory. The superpotential can be read from qurtic coupling terms and the contribution of
Kéhler metric to the scalar potential is shown to be consistent with supergravity formulation.

In Section 2 and 3, we give a brief review on supersymmetric theory including super Yang-Mills and
supergravity. In Section 4, we explain the string theory and show that the supergravity theories corre-
spond to the superstring theory at low energy. In Section 5, we explain the magnetized compactification
and show the some simple models. In Section 6, we construct the higher dimensional supergravity thoery
explicitly and show that there are many solitonic solutions known as D-brane. In Section 7, we study 4D
low energy effective action derived by dimensional reduction of the NDBI action with magnetic fluxes.

The detailed calculation results are in appendix B. section 8 is devoted to our summary and diacussion.



2 SUPERSYMMETRY

2 Supersymmetry

In this section, we review supersymmetric theory that will be enough in this paper. We are interested
in the algebras, their representation, the transformation of the fields and the invariant actions. This

section follows refs [26,39-46]

2.1 Wess-Zumino Model
2.1.1 Wess-Zumino Action

Supersymmetry is a symmetry in which bosons and fermions are interchanged. In this part, before
considering supersymmetric algebra, we consider a Lagrangian containing free bosons and free fermions,

and find a symmetry that swaps bosons and fermions in such a way as to keep the Lagrangian invariant.
1 5 1 9 1=

We take 9 to be the Mayorana spinor. This action is called Wess-Zumino model. Since A and B are real

scalar fields, we will use them to define the complex scalar field:

A—1iB

= 2.1.2
v=—7% (2.12)
Using this complex scalar, the Lagrangian can be rewritten as follows:
g Lgian
£ =0,00"¢™ + 5\1'27 0¥ (2.1.3)

This Lagrangian is invariant under global O(2) symmetry because the real scalar field A, B is symmetri-
cally contained. In other words, the Lagrangian has global U(1) symmetry. This fact plays an important
role for the Lagrangian to have supersymmetry.
Now we consider a transformation that swaps bosons and fermions, with the grassmanian parameter
of the transformation being 6:
0A =&V
6B = iy’ ¥
(2.1.4)
§U = —iyte(9,A) +v'v°¢(9,B)
6V = iv"2(9,A) — v°+"2(9,B)
The Lagrangian is invariant under this transformation except for the total derivative.

The symmetry of the Lagrangian forms a group structure, so the algebra generated by this transfor-
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mation must be closed. To confirm this, we compute the two-fold supersymmetric transformation of the
fields.
[51,52]A = —21.?2’)//)518/,14 (215)

[(51, 52]3 = —2i§2’yp518pB (2.1.6)

These results show that the two-fold supersymmetric transformation for scalar fields gives a translation.

Similarly, if we consider a double transformation for the spinor field,
[51, (52]\11 = 727:52’}/“’618“\11 + iégv’)ewp”y"au‘ll. (217)

The first term on the right hand is a translation as well as a scalar field. But the second term is not a
translation. However, if the spinor field satisfies the Dirac equation v*9, ¥ = 0, the second term becomes
zero, the same result as for the scalar field.

Since invariance is a property that holds without equations of motion, it is unnatural that the algebra is
closed only if it is on-shell. Therefore, we introduce a new scalar field F, G and extend the supersymmetric

transformation of fermions.
6V = —in?e(9,A) +v°7°¢(9,B) — eF — iv°eG (2.1.8)

The transformation low of ' and G are taken as follows:

OF = igyP0,0
’ (2.1.9)
0G = —§’y5vp8pw

By dermining the transformation rule in this way, the transformation rule of [d1,ds] for A and B is
invariant. Furthermore, the extra second term in the transformation of [d1,d2] for ¢ is zero without
equation of motion. In other words, the supersymmetric transformation for the fields originally included
in the Lagrangian is a closed algebra. However, since we have introduced new fields F' and G into the
theory, we have to make sure that the algebra of transformations for these fields is closed. Indeed,

calculating the algebara, we confirm the algebra is closed for F' and G.
[61, 52]F = —2?2’)//)81(9,;1‘7 (2110)

[51, 52]G = *2?2’)//)816,;6: (2111)

In the above discussions, the Lagrangian is invariant under supersymmetry except for the total deriva-
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tive. In other words, at the level of the action, it is supersymmetric invariant by imposing appropriate
boundary conditions, but strictly speaking, the Lagrangian is not invariant. We have introduced a new
field F, G so that the algebra generated by the supersymmetric transformation is closed. So, if we consider
adding a new term to the Lagrangian to cancel this total derivative term using F' and G, we can easily

calculate that we can add the following terms;
1 1
“F? 4+ -G? 2.1.12

Thus, the Lagrangian that is supersymmetric invariant and closes the algebra of its transformations and

its transsformation low are as follows:

1 1 1— 1 1
S = / [2(5NA)2 + 5(8HB)2 + 5 Wi 0,9 + 5F2 + 5G2 d*z (2.1.13)
§A =&V
6B =ie7° ¥
§F = i&4P9,V
: (2.1.14)

6G = —&7°4*0,¥
6V = —iy?e (0,A) + 7% (0,B) — eF — i°eG
§U = iey” (0,A) — y°4* (0,B) — eF —ie7°G

One of characteristic features of this supersymmetric Lagrangian is that it contains the same number
of fermions and bosons. Since supersymmetry is a symmetry that swaps bosons and fermions, it is
intuitively consistent to have the same number of bosons and fermions.

Furthermore, the newly introduced fields F, G do not contain any kinetic terms in their action. Only
the mass term is included in the Lagrangian. Solving the equation of motion for F,G, we find that
F = 0,G = 0. Therefore, felds such as F' and G are called auxiliary fields. Solving the equations of
motion for all fields, F, G is zero, but the algebra generated by the transformation law of the spinor field
is also closed, so it is consistent.

We consider the mass terms for scalar and spinor fields. The quadratic terms of such fields that preserve

supersymmetry are written as follows:
1—
Ly = (2\11\11 + AF + BG) m (2.1.15)

AF and BG are the mass terms of A and B using the auxiliary field equations of motion F' = —mA,G =

—mB. If we add such terms to the Lagrangian, we are again left with the contribution of the total
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derivative.

The model considered above describes two scalar fields and one spinor field, and both masses of each
have to be m.

The equation of motion for the Lagrangian with the introduction of the interaction term can be sum-

marized:

OA+mF* =0, ol p+mp=0, F*+mA=0 (2.1.16)

Since this Lagrangian is of normal order, the vacuum expectation value is vanished. In other words,
even if an interaction term is introduced, there will be an equal number of bosons and fermions, and
the divergence cancels out. The Wess-Zumino model with such an interaction term can be constructed

relatively easily by considering a superfield.

2.1.2 Superalgebra of Wess-Zumno Model

In the previous section, we constructed a Wess-Zumino model in 4-dimension and found the supersym-
metric transformation laws of the fields are given by (2.1.14). These transformation laws form a closed
algebra, called the extended Lie group.

The smallest spinor in four-dimensions has four real degrees of freedom. We can describe the spinor as
a Weyl spinor which has two complex degree of freedom in 4 demensions or Majorana spinor with four
components imposed a reality condition.

Supersymmetric transformations are the symmetry that swaps bosons and fermions, and from the
point of view of group theory, they are transformations that swap representations of the Lorentz group.
In other words, we can expect that the Lorentz group and supersymmetry are non-commutative. For
this reason, we first consider the Lorentz group. The spinor field v of spin s is the 2s + 1-dimensional
representation of SU(2). Since there are three independent generators of SU(2), the required parameters
are also three. Let us write the parameters as 6,,0,, 6, respectively, and the SU(2) transformation rule
for the spinor field is given by

P — efnTng, (2.1.17)

where J,, is a (25 4+ 1) x (2s + 1) matrix, which generates the SU(2) Lie algebra. Considering the spin
1/2, J is a 2 x 2 matrix, and its representation can be written in terms of Pauli matrices. Since J, is a

generator of SU(2), the following commutation relation is satisfied

[Ji,Jj] :iffiijk» (2.1.18)
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The algebra generated by the supersymmetric transformation can be written as

[(51,52} = —2i§27”518p (2119)

Defining P, = —i0,, we obtain the following algebra:

[51,52] = 2i52’yp61Pp (2120)

Since the P, is a generator of translation, supersymmetry is a nontrivial algebra not only with the Lorentz
group but also with the translational group. In other words, supersymmetry extends the Poincaré group.

In the following, we will discuss the general supersymmetric algebra.

2.2 Superalgebra

The following important theorem is proved by Coleman and Mandula [47].

. No-Go Theorem ~

The only symmetries that make the S-matrix invariant are the following:
1. Poincaré invariance

2. Discrete symmetry C, P,T

3. Internal symmetry

J

Here, internal symmetry is a symmetry that does not affect spacetime, such as the phase transformation

U(1) or gauge symmetry. The assertion of this theorem seems to prohibit symmetries such as swapping
bosons and fermions, as we saw in the previous section. However, this theorem holds only if Lie algebras
has product structure defined by commutation relation. In other words, Clifford algebras with anti-
commutative relations do not violate this No-Go theorem. In fact, the following theorem was proven by

Haag, Lopuszanski, and Sohnius [48]

Haag-Lopuszanski-Sohnius theorem
. The only algebra with a product structure of anti-commutative relations that is consistent with

Poincaré symmetry is supersymmetry.

By considering the Clifford algebra, we can construct a supersymmetry algebra in several dimen-

sions [26,49].
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2.2.1 N =1, D =4 Superalgebra

The smallest d = 4 supersymmetry algebara would have one Weyl or Majorana spinor of supercharges.
In global supersymmetry (SUSY), quantum field theory with Poincaré and internal symmetry whose
charges are denoted by M|,,;, P, and T4 respectivly is extended to include spinor supercharges Q°,,
where « is a spacetime spinor index and ¢ = 1, ..., NV is a label of distinct supercharges.

Since the 4D spinors can be taken to be Weyl spinors, we decompose € and Q) as Weyl spinors.
Q

Then we can obtain the super-Poincaré algebra from the commutation relation of the transformations:

{QarQs} =0 @.0" =0
{QQ,QB} = QUZBP“'

(2.2.2)

This algebra is called an extended Lie algebra since it includes not only commutation relations but also
anti-commutation relations.
Next, we derive the commutation relation between Q< and M,, and P,. M,, is a generator of the

Lorentz group, and if we take the spinor representation, M,,, is represented as

. Ouv 0
M,, =i (2.2.3)
0 T
Since @, is a spinor, it obeys the same transformation rule as the spinor field:
[vaQa] = _i(gw)ng’v [Muu»aa] = _i(ﬁw)g@g (2.2.4)
Similarly, the commutation relation with P, is given by
[Py, Qa] =0. (2.2.5)

This algebra can also be seen from the fact that the supersymmetric transformation does not change the
mass of the fields. These algebras can be derived by using the Jacobi identity.

From the above, the generators of the super-Poincaré group satisfy the following algebra:

(Myuw, Mpo] =i (upMpuo = 1upMye + Nue Mup — 1ve M) (2.2.6)
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[P Jpo] =i (MupPo — Mo Pp) (2.2.7)
[P, P,] =0 (2.2.8)
{Qa,Qp} =0 (2.2.9)
{QQ,QB} =0 (2.2.10)
{Qa,Qs} =207, P, (2.2.11)
{Q“,QB} = 25" P, (2.2.12)
[Qa, Pu] =0 (2.2.13)
[Juv: Qa] =0 (2.2.14)

[ s Qal = =i (0,)2 Qg (2.2.15)

[ s Qa] = —1(5,)5 Q4 (2.2.16)

The fact that these commutation relations are actually algebraic can be confirmed by calculating the
Jacobi identity.

Finally, since the supersymmetric generator ) is a complex representation, there naturally exists a
U(1) symmetry:

[Qw R] = Qa, [Qﬂa R] = _Gﬁ (2.2.17)

This symmetry is called R-symmetry.

2.3 Representation

Next, we construct the representation of superalgebra.

2.3.1 Super-Poincaré Algebra and its Casimir Operator

There are only two Casimir operators in the Poincaré group. One is the mass operator P, P* and the
other is W,W# where W, is the Pauli-Lubanski operator. Even if we extend the Poincaré group to the
supe-Poincaré group, there are only two Casimir operators, one of which is the mass operator P, P*, the
same as the Poincaré group. The other Casimir operator is the Pauli-Lubanski operator with corrections

from supersymmetric generators:
1— .
Cy, = B,P, —B,P,, B,=W,— ZQdagﬂQB (2.3.1)

Using this operator, the Casimir operator is given by C\,, C*".

As is clear from the supersymmetric algebra, in order to define a representation of a supersymmetric

10
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algebra, we must define the number of supersymmetries, massive or massless states, and existence of
the central charges. In the following, we focus on NV = 1 SUSY and the massless states. Using Lorentz

symmetry, we choose the light cone system p, = (E,0,0, E) for massless states.

2.3.2 N =1 Massless Supersymmetry Representations

In N =1 supersymmetry, there are no central charges. Since the only supersymmetric generators are
Q, Q, there are only two states, |¢) and Q, |¢). If we consider even CPT conjugates, there are four. We

focus on the massless states. If the helicity is written by A, their helicities are given by
(MA+1/2), (=A—=1/2,—-X). (2.3.2)

Since A is an arbitrary, we can consider A such that A\, A + 1/2 are interested physycally. Since spin-1/2
fermions, scalar particles, and vector gauge fields are of physical interest, we take A to be 0 or 1/2. There
is no problem in setting A = 3, but whether it is physically important is another matter. Massless particle
with helicities greater than 2 are believed to be impossible to coupling to gravity, and have not arisen in
string theory.

First, we consider the A = 0 case. The massless supermultiplet in this case is given by
(0,1/2), (-1/2,0). (2.3.3)

The chiral fermion is included in this multiplet. Hence this multiplet is called chiral multiplet or matter
multiplet. The spin 1/2 particle is a Weyl spinor, which has two-components, so the spin-0 scalar particle
must be a complex scalar.

Next, we consider the A = 1/2 case. In this case, the multiplet is given by
(1/2,1), (0,-1/2). (2.3.4)

Since these four states are massless and the spin one particle correspond to vector field, this multiplet
contains a gauge field A,. This is why it is called a gauge multiplet. The spin 1/2 state, which is
supersymmetric with the spin-1 state, is called the gaugeino. A, is a adjoint representation of the gauge
group, and so the gaugino is also adjoint representation.

In order to obtain the spin-2 state, we consider the A = 3/2 case. The multiplet is given by

(3/2,2), (-1,-3/2) (2.3.5)

11
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Since spin-2 state describe a graviton, this multiplet is called graviton multiplet.

2.4 Superspace

In this section, in order to construct a supersymmetric action easily, we define the sparspace and
sperfields in next section.

The coordinates z* is a representation of the Lorentz group and describes spacetime. On the other
hand, the spinor 6 is a representation of SU(2), the covering group of the Lorentz group. Supersymmetry,
as we have seen in the previous discussion, is a symmetry that swaps bosons and fermions, which can be
regarded as a rotation of the coordinates z* and the spinor 8. Therefore, by considering 8 as a coordinate
in space in the same way as x*, supersymmetry is regard as just a rotation in this coordinate and we can
easily extend a theory with no supersymmetry to a theory with supersymmetry. Thus, the space-time
coordinate x* plus the 6 direction, which is the representation of SU(2), is called the superspace.

The sperspace coordinate is written as
2™ = (x,0%,04) (2.4.1)

where since # and 6 are two component spinor respectively, 2™ has 8 components.
Extending spacetime in this way, the original Poincaré symmetry of spacetime is extended to a super-
Poincaré symmetry. The super-Poincaré generators are given by a product of the Lorentz generator L(w)

and the supertranslational generator S(x,6,6):
gr(x,0,0) = S(x,0,0)L(w) (2.4.2)

Futhermore, the supertranslational generator S is given by the supersymmetry generator Q@ and @ and
translation generator P:

S(x,0,0) = exp|izh P, + i0°Qu + i@déﬂ (2.4.3)

where the reason for treating the translational group and supersymmetry as a pair instead of the Lorentz
group and supersymmetry is that the products of two supersymmetric transformations is translation.
Calculating the product of two supertranslation, the transformation law of the parameters can be read

from the coefficients of the generators and then we find

2" =gk +at +i(fotE — Eot)
0 = 0o + & (2.4.4)

?; =04+ &4
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2 SUPERSYMMETRY 2.5 Superfields

The translation group is an infinite dimensional group and there is no finite dimensional unitary
representation. One of the most common representations is to express translation generator by spatial
differentiation:

P, = —id), (2.4.5)

Since the spacetime is extended to the superspace, the generator @ is also seemed to be given by the
coordinate derivative of the Grassmann direction 9/06. However, from the supersymmetric algebra, the
product of two translations in the Grassmann direction lead to a translation in the space-time direction.
Therefore, it is necessary to modify the derivative along the Grassmann direction by adding a derivative

term in the spacetime as follows.
iQa = 0o —ic" 00
O (2.4.6)
iQ =0 +i0%ch%0,

Indeed, by using these representations to compute the commutation relations, we can confirm that super-

Poincaré algebra are satisfied.

2.5 Superfields

In the quantum field theory, fields are given by the function of space-time coordinates that obeys a
transformation law under the Poincaré group. Since we are now considering a superspace, we get the
function obeyed the transformation law under the super-Poincaré group. Since the functions depend on

the superspace coordinates, the functions can be written as
f(z) = f(z,0,0). (2.5.1)
A supertranslation on sperspace is described by
f(z) = P HERQHEQ) (). (2.5.2)
The infinitesimal transformation corresponding to this transformation is given by
Of =i(aP +£Q+£Q)f. (2.5.3)

In a field theory, fields are distinguished by a representation of the Poincaré symmetry. The fields on
a superspace can likewise be defined by a representation of the super-Poincaré symmetry.
First of all, we explain some general properties on superspace. Since we consider the functions on a

superspace, ® is a function of x, 8, 60. Since 6,6 are Grassmann, the second order is vanished. Therefore,

13



2 SUPERSYMMETRY 2.5 Superfields

we expand the field ® in 6, 4.

B(2) =C(x) + 0% Xa(2) + 047" (x) + 6> M (z) + 6" N (x)

- N co T (2.5.4)
000 T AL () + 00N () + 02058 + 020" A(x)

Since the fields in each terms depends only on z, it is a field on spacetime. Also, since 6,6 is a spinor,

we can find the representation of the Lorentz group.

Scalar C(x), M(x), N(x
Spinor  x(z), 7(x), A(x), &(x) (2.5.5)
Vector A, (z)

o
>

—~
S

S—

Since these fields are components of ® that behave as scalars under the super-Poincaré group, they swap
each other under the super-Poincaré group. In other words, they belong to the same super-Poincaré
group representation. Since the component fields swap each other, the degrees of freedom of the fermions
and bosons must coincide. In fact, the degrees of freedom of the boson and fermion are 8 respectively, so
they coincide. However, we can see that the number of fields in the Lagrangian is larger than the number
of fields in Wess-Zumino model. This implies that the field ® is a reducible representation of SUSY and

the constraints are needed.

2.5.1 Scalar Superfields

In order to construct the supersymmetric action easily, we define the scalar field. A scalar is a quantity
that transforms trivialy under a symmetry. Since we consider a superfield on a superspace, a scalar
superfield is a field invariant under the super-Poincaré group. Therefore, the scalar superfield is the field
satisfying the following conditions:

o'(2) = B(2) (2.5.6)

With this condition, we restrict the component fields derived from the expansion in (2.5.4). The parame-
ters of the transformation are regarded as small quantities, and by expanding to the first order, we obtain

the field variates as follows:

§B(2) = —i(a" Py + £*Qu + £,Q°)® (2.5.7)

Similarly, since 0, ® is also a superfield, the infinitesimal transformation is given by

5(8,P(2)) = —i(a" Py + £°Qu + €5Q")0,® (2.5.8)
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2 SUPERSYMMETRY 2.5 Superfields

In other words, ® and 9, follow the same transformation rule. However, the derivative along Grassmann
direction 0, and @ is not commutative. Therefore, 0,® is not a superfield. This corresponds to the fact
that if a supersymmetric transformation is applied twice, it becomes a translational transformation of
spacetime. In other words, the Grassmann direction is twisted. Therefore, as in relativity or gauge theory,

we need a covariant derivative:

p,0" = -0°p, (2.5.9)
The derivative satisfied this property is determined by
Do = 0o +i0" 00, (2.5.10)

Next, we consider the supersymmetric transformation law of the field that makes the supermultiplet
contained in the scalar superfield. Focusing on only the supersymmetric transformations proportional to &
in (2.5.8), and substituting the expression by the differential operator of @), we obtain the supersymmetry

transformations:

6C = Ex+ 80, dxa = 26aM + (07),5(i0,C + A,),  67% = 28°N + x*(0") 5567 (i0,C — A,.)
SM = &g — %@LXU“E, SN = EX+ %gauam
§A, =Eou )+ Mo, €+ %é“aux — %Qﬁg — £ 0, x — O,MoPVE, SN = %8M(£a@ — \ot€)

6Aa = 260 A +i(0"E,OuN — %(aﬂAuga - %(GHA,, — 0y A,) (0" )P enp
00" = 26 A +i€B (o) gy Y50, M + %8“Augd - %(aNA,, — 9,A,)FE®
(2.5.11)
Finally, the scalar superfield defined in this way is not an irreducible representation of the N = 1 super-
symmetric algebra. This can be seen from the discussion in the previous section, where there are three
fields included in the supermultiplets, including the auxiliary field, but there are nine fields included in
the scalar superfield. In addition, the supersymmetric transformation of the component field A, which

has the highest order among the component fields of the scalar superfield, is total differentiation. This

means that the addition of A to the Lagrangian is a supersymmetric invariant.

2.5.2 Chiral Superfields

Next, we consider the field on superspace including spinor.
The Chiral multiplet including additional auxiliary degree of freedom, which eventually dissappear
on-shell is given by

(C.x; N), (2.5.12)
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2 SUPERSYMMETRY 2.5 Superfields

where N is a complex scalar auxiliary field. These fields are included as a 8 term in the general superfield

(2.5.4). Therefore, we impose the constraint defined by 9/90:
Dy®=0 (2.5.13)

In order to find the chiral superfield satisfy this condition, we specifically expand ® and write it down in

term of the componet field, then we get the following fields:

Ny =0, N=0, A,=1i0,C
B . ) (2.5.14)
A= 07 ’(/}dc = _5 ”¢B(UH)Bd7 A= _1820

Forthermore, substituting this component fields in the supersymmetry transformations, the transfor-

mation laws for the chiral multiplets can be obtained as

&

5C = £h,  Sxa = 26aM +2i(0"),5E 0,0, 59" =0
SN =0, 6A, =id,xE — X0 E — EMD,y, A =0 (2.5.15)

—& <. — 1
§Y° = 0,(i€P (0,)py M — 9,C€"), SA = _182X5

From the above, by substituting these conditions into the general superfield, the chiral suprefield is
given by
_ _ i R
®(x,0,0) = C + Ox + 6>°M + i(05"80,C — %92(auxaﬂe) - 19292820 (2.5.16)

For more simple discription, we define the new coordinate y
yt =zt + o0, 7' = x* — ifoH, (2.5.17)

and this coordinate satisfies

Duy" = 0= Dug". (2.5.18)
Using this coordinate, we can write down the chiral super fields as

D(y,0) = A(y) + V200 (y) + 6°F (2.5.19)

If we expand these fields in term of x, we can realize (2.5.16).
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2 SUPERSYMMETRY 2.5 Superfields

2.5.3 Vector Superfields

In order to describe gauge interactions in SUSY theories, we introduce gauge bosons. Gauge bosons

are contained in vector multiplets and we define superfields satisfying reality condition:
V=i (2.5.20)
Expanding this condition with component fields, we can obtain the conditions for the component fields
C=Cl x=n M=N', A, =4, M=y, A=Al (2.5.21)
and write down the vector superfield in term of component fields:
V =C+0x+0x+0°NT +8°N + (00"0) A, + 020% + 001+ 020°A (2.5.22)

The fields contained in the vector superfield (2.5.22) are more numerous than those contained in the
N=1 vector supermultiplet, so it is not seems to be an irreducible representation of the supersymmetric
algebra. However, some of the fields in the vector superfield are gauge degrees of freedom that appear
by gauge transformations, and the physical component fields in the vector superfield coincide with the
vector multiplet. In order to see this, we define the superfield corresponding to gauge degree of freedom,

satisfying reality condition trivialy, and which is given by
In other words, the gauge transformation can be described as

VoV =V4+0+ ol (2.5.24)
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2 SUPERSYMMETRY 2.5 Superfields

This transformation can be written down in the component field as follows:

C—C+A+ Al
X = X+ V2

N 5 N+ Ff

2.5.25
V,, — 0, (A — AT) ( )

v

V2
1

A—A— Z62(,4+AT)

A= A+ —=0t9,

Indeed, the transformations for A, are the same usual gauge transformations for gauge fields. We can
also read from these transformation laws that some of the fields in the vector superfield are not physical
degrees of freedom.

By taking the field of the gauge degree of freedom as
C+A+AT =0, x+V2p=0, N+F =0, (2.5.26)
the vector field can be written more simplily as
V' = (008 AL, + 6°TX + 00N +6°0° A (2.5.27)

These component fields are the same as vector multiplet. The gauge of (2.5.26) such that the component
fields of the vector superfield are only physical fields is called the Wess-Zumino gauge, and we write this
vector field as Viyz.

The supersymmetry transformation for the Vyyy is given by
SeVivg = —00"05¢v, + 10205\ — i0° 05\
Using the fact that §¢ = (Q€ + Q€), we have
(EQ +EQ)Vwz # 0¢Vaw

This equation implys that WZ gauge breaks supersymmetry because the left-hand side of 6 has a first-

order term of ¢, but no such term appears in d¢Viy z.
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2 SUPERSYMMETRY 2.5 Superfields

2.5.4 Spinor Superfields

Next, in order to construct a gauge invariant action, we need to define a superfield corresponding to
field strength in the abelian case. Since the superfield containing the field strength must be supersym-
metric invariant, the differential operator must be described by the covariant differential operator D, and
from the anticommutation relation {Da,ﬁﬁ} = 2i0480,, it seems that we can apply DD to the vector
superfield. In addition, from the condition for a chiral superfield, D or D must act once more because
DDD and DDD have at most 6 or 6 terms respectively, and the chiral condition is trivialy satisfied
from DDDD = DDDD = 0. If we impose the chiral condition on DDV, the condition is a nontrivial,
and it imposes additional restrictions on the vector superfield. However, since the vector multiplet is
a irreducible representation of the supersymmetry, even if we impose a restriction on the irreducible
representation, DDV = 0 because there is no other irreducible representation other than the trivial one.
Therefore, the chiral condition must be satisfied trivially and the superfield corresponding to the field
strength is defined by

W, =—-=(DD)D,V (2.5.28)

Similarly, we can define an anti-chiral superfield W, by replacing D + D. These superfields are satisfied
with the chiral condition trivially and called spinor supefieds. These spinor fields are satisfied with the
following identity:

DaW* = DOW, (2.5.29)

We show that the spinor superfield defined in this way does indeed contain a field strength. If the
spinor superfield contains a field strength, it must be gauge invariant. In fact, if we consider the gauge
transformation of the spinor superfield, the gauge degrees of freedom are described by ® + ®*, and since
W, contains both D and D, by using the chiral condition D® = 0, the gauge degrees of freedom vanish.
Therefore, W' = W is clearly satisfied.

Therefore, the action described by W, is gauge invariant and supersymmetric invariant. This means
that even if W, is fixed in gauge, it will not affect the action, so for simplicity we take the WZ gauge
fixation. Furthermore, we use y instead of = as the coordinate system. The spinor superfield can be

written down in terms of the component fields as follows:
Weo = Ao + 200 A + (070) 0 (0A,, — 0, A,) — i0% ("0 11) (07O Na) (2.5.30)

2.5.5 Non-abelian Chiral, Vector and Spinner Superfield

In the previous discussions, the superfields were the representation of U(1) which is U(1) R-symmetry,

but more generally, we can consider superfields that are representations of non-abelian gauge groups.
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2 SUPERSYMMETRY 2.5 Superfields

The gauge transformation in the vector superfield is given by (2.5.24), and the finite transformation of

this transformation can be written as
eV eV = Vel (2.5.31)

Since from the group theoretical point this transformation rule is in general, the non-abelian gauge
transformation rule is also given by like this.
Let T be the generator of a non-abelian gauge group and assume the algebra for this gauge group is
given by
[T*, T = ifebeTe, (2.5.32)

where we choose the following normalization:
tr ToT? = §°° (2.5.33)
If we expand (2.5.31) in first order, we can obtain the infinitesimal non-abelian gauge transformation rule
5V = %[V, P — o1 + (& + @) (2.5.34)
Expanding this transformation in the component fields, we realize the transformation rules such as Yang-

Mills theory.
1 1
§5Au = 5[14“, Al +1i9,A

e = [Aa, A
' ' (2.5.35)
N =", A
0A = [A, A]
We define spinor superfield for the non-abelian gauge vector superfields.
1——
W, = —ZDDe_VDaeV (2.5.36)

Indeed, the spinor field defined in this way is transformed covariantly.

Finally, non-abelian spinor fields in the WZ gauge are given by

Wa = Aa + 2004 + ()20, (aHAV — 0,4, — ;[AH,AV]) —i0*(o") .5 (aﬁ - ;[AH,/\B]) . (2.5.37)
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2 SUPERSYMMETRY 2.6 D=4, N =1 Supersymmetric Action

2.6 D=4, N =1 Supersymmetric Action

In this section, we construct supersymmetric action with superfields.

2.6.1 Superpotential and Kihler Potential

Since the d-term of a vector multiplet is the total derivative under supersymmetry transformation, the

following action is supersymmetric invariant:
/ d*xd* 0V (z,0,0) (2.6.1)

Since the vector superfield is a superfield that satisfies the real conditions, if we take ® as the most
direct vector field and V = ®®*, we can derive the kinetic terms for the component fields of the chiral
superfield. Therefore, ®T® is called the Kihler potential.

Similarly, the F-term existed as a supersymmetric invariant component of the chiral superfield. Since
the F-term is a §2-component field of the chiral superfield ®, the following action is supersymmetry

invariant:

/ d2d200(y, 0) + / di2d*0% (4, 0) (2.6.2)

In general, the field formed by the product and sum of chiral superfields is also a chiral superfield, so any

function W (®) is also a chiral superfield. Therefore the following action is also supersymmetric:
/d4a: [/ d?OW (®) +h.c} (2.6.3)

Performing the 62 and 9 integrals of this action, we can obtain the mass terms and the interaction terms
for the component fields of ®. W (®) is called the superpotential.
From the above discussions, since the kinetic term is given by the Kéhler potential and the mass and

interaction terms by the superpotential, the general action can be written as

S = /d4:c/d49<1ﬁ<1> — /d4:1: U dOW (®) +h.c} (2.6.4)

If there are some chiral superfields ® which written as ®/, the general N = 1 supersymmetric action
is given by

S = /d4xd494K(<I>”,<I>J) — /d4w U d2ow (o7) —&—h.c} . (2.6.5)
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In order to write down this Lagrangian explicitly, we expand K and W in terms of ® such as

K((I)I7¢JT) _ Z q,h _..¢IN(I)J1T,,.(I)JJ\/IT
L dn,Jiedu (2.6.6)

W@ = dr, @1 D,
We also expand K and W in terms of # to find the Lagrangian for the component fields:

LW (A) OW(A) 1, ,*W(A)

N =W(A 0 0% | F! — 2.6.
W) = wia) + vaod S o |8 - e T (267)
* 1 M —J— 1 T 1 N
Kl gog2 =gr7F P — 591MFJMT<F1XJXK - §GMYFJ}4KFIXJXK + ZQ]?,KZXIXKXJXL
(2.6.8)
— 9170m AT O™ AT —ig X" Om X" — gyl X 0 X Om AT,
where all the component fields are the function of y™ and we have defined
g 0
7 K|, -
77 =t gar o= (2.6.9)
9 17

M
917, K Wg = 9uil T

Substituting these expansions into (2.6.5) and using the equation of motion of F, we obtain the La-

grangian for the component fields:

g 1 o
L= gr;0mATO" AT —ig X T DX + ZRﬁKZXIXKXJXL

) ) B (2.6.10)
— 5DID Wxlx? - §D7D7W*yfyj — g D;W DWW,
where we have defined
Dpx' = 0px! + T4 0, ATXE
oW

D;W = AT (2.6.11)

02w oW

DiDW=——— _ _TK 2"

1DoW = 5atgar ~ Tl gaw

2.6.2 Super Yang-Mills Theory

In this section, we explain N = 1, D = 4 Super Yang-Mills theory.

Since spinor field W, is a chiral superfield, W,W is also a chiral superfield. Thus, a supersymmetric
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invariant action can be constructed by using the F-term of the chiral superfield W, W:

[t WOWa] p02 =e tr [~2iA50%(0") 0y DX + 2050200 A

(2.6.12)
F405(0" )30 Fys + ()50, Fy (0" )10, By |
By using Firtz identities and trace properties, (2.6.12) can be rewritten as
_ 1 ;
[tr WeW,]p = tr {Qi)\J“D#A +4A% — 5 Fu " = ie”"””F#pra} . (2.6.13)
We define the complex coupling constant as
dmi O
= — 4+ — 2.6.14
T g2 + 271.’ ( )
where g is the gauge coupling constant and © is the Yang-Mills theta angle
From the above, the N=1 super Yang-Mills action without matter field is given by
N=1 1 4 2 «
Sya = g/d xIm (T/d Otr W Wa>
1 (2.6.15)

= g/cl4:cIm[TtlfV[/'o‘Woé]lr:],

and in the component fields

1 1 -
SYt = e /d%m {—4F#,,FW - iAU“DuA+2A2} -

3.2 /d4x Im[r tr WOW,]r (2.6.16)

Next, we consider the Yang-Mills theory coupled to the matter fields. The matter fields are described
by the chiral superfield. Since we would like to consider a system in which the chiral superfield ® interacts
with the gauge field, we assume that ® is an R-representation of the gauge group, and the transformation
laws are given by

> e td, o - ol (2.6.17)

Since the interaction between the gauge field and the matter field is described by 3-point function , the
following quantity contains the 3-point functions, and the coupling term, which is gauge invariant, can
be written as

ofeV @, (2.6.18)
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Indeed expanding with component fields, this term is rewritten as

Sy = / d*2d200TeV ® — / d*zd®0 [mz“b B, &, + g‘;)bc ®, 0,0, + h.c}
(2.6.19)

_ /d%[qﬂe‘/@]d - /d4x [me O,y + g‘g’c B0, D, + h.c]F,

where mg;, and gqpe are the mass matrix and the coupling constant matrix, which are fully symmetric
matrices.

From the above discussions, the N = 1 super Yang-Mills theory coupled to the matter field is described
by the following action:

SN:18i/d4xIm[Ttr WoW, ]k +/d4x[<I>TeV<I>]d — /d4x[W(<I>) + h.dp (2.6.20)
s

The F'F derived from the superpotential contributes to the scalar potential:
Vi(AT,A) = FTF = (mA + gA%)T(mA + gA?) (2.6.21)

This potential is called F-term potential. Since the d-term of W, is also an auxiliary field, it leads to a

potential

2 2
Vp (AT, A) = ngz = %[A,AT]Z, (2.6.22)

which is called d-term potential. Thus, the potential is given by
2
V(AT,A) =V +Vp =F'F + ?AQ. (2.6.23)

We construct a more general N = 1 supersymmetry theory. The renormalizable superpotential in four
dimensions includes ®3 as a maximal order, but without accounting for renormalizability, it is possible
to include the infinite order. Furthermore, we assume that the chiral superfield ® is a representation of
gauge symmetry as well as a representation of flavor symmetry. In other words, the chiral superfield has
a flavor symmetry index I, and for each I there is a different gauge representation R;. Since the kinetic
term is obtained by the d-term of the vector superfield generated from the chiral superfield, the kinetic
term can be generalized to be written in terms of the Kahler potential K. Furthermore, since the gauge
kinetic term W,W® is given by the F-term of the chiral superfield, there is a degree of freedom to insert

an arbitrary function f(®) of the chiral superfield. Thus, the most general N = 1 supersymmetry theory
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is given by

SN=1 = % d*z [Im[r tr f(RYWW,]r + [K (@Y, @7]q — [W(®) + h.d]Fr] . (2.6.24)

Since f(®) is the coefficient of the gauge kinetic term, it is called the gauge kinetic function. Also,
in order for the gauge kinetic term to be gauge invariant, the gauge kinetic function must be a adjoint

representation of the gauge group:

f(@1) = e Af(@l)er (2.6.25)

Finally, the supersymmetric invariant action need only be constructed by the F-term of the chiral
superfield and the d-term of the vector superfield, and the F-term of the general chiral superfield is given
by the superpotential. However, there is no term in (2.6.24) which is constructed by the d-term of the

general vector superfield. Therefore, the following terms can be added:
Spr = /d4x§[V]d (2.6.26)

This term is called the Fayet-Illiopoulos term.

25



3 SUPERGRAVITY

3 Supergravity

In this section, we explain the supergravity theory formally and briefly for preliminaries [45, 50-54].

We omit the explicit calculations and the reviews of Type I and Type ITA /TIB supergravity theory.

3.1 Noether Method

In order to obtain supergravity theory, we consider the local supersymmetry. In other words, the

parameter 0 of the transformation is dependent on spacetime coordinate zx,
[01(2)Q, 02(2)Q] = 201 (x)y"02(2) P, (3.1.1)

Where, @) is a generator of supersymmetry, v* is a generator of Clifford algebra and P* is a translation
generator. The commutator of two local supersymmetry transformation is a local translation, which is a
general coodinate transformation. Thus local supersymmetry leads to a theory of gravity and this theory
known as supergravity.

Let us consider the kinetic terms of Wess-Zumino model.
So = /d4x [am*am + %%w (3.1.2)

where, ¢ is a complex scalar field defined by two real scalar fields A and B as ¢ = (A +iB)/v/2 and ¥

is a Majorana supinor. This action is invariant under the glocal supersymmetry.

§A=0¥, 6B=i0yV, 6V, =—i(y"[0.(A+iv5B))0)a (3.1.3)
If we consider the local supersymmetry, Sy is no longer invariant;

05y = /d4x8#5'yp’y”[3p(A+i’y5B)]\Il = /d4x(8#§a)Jg(x) (3.1.4)

In order to obtain an invariant action, we introduce a new field 9, (x) with vector and spinor indices

and a new interaction term

S1 = —g/d4xau’yp’y“[8p(A+i’y5B)]‘l' (3.1.5)

where  is a coupling constant between ¥ and . The supersymmetry transformation of 1),,, is chosen
in order to cancel (3.1.4)

Syt = %8“%(@"). (3.1.6)
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However, Sy + 57 is also not invariant under local supersymmetry. The transformation of S; yields the

following extra terms;

— 1
551 =ik / d4xwu(x)vl,9(w) [0“148”14 - 59”“8”148,)14 +--- (3.1.7)
Here, the terms between the bracket correspond to energy-momentum tesor ©#" for the scalar field which

is obtained by varying with metric

1
59 = / d4x§5gw@””. (3.1.8)

So, we regard the coefficents of bracket in (3.1.7) as a supersymmetry transformation of a local metric

G (T),
g () = —ir(h,m0(x) +,7.0(z)) (3.1.9)

The corresponding spin 2 field which is graviton is a super-partner of gravitino v,,. Thus coupling constant
K is a gravitational coupling constant.
Continuing the above procedure until the action becames invariant, we can obtain the local supersym-

metry transformation laws

39 () = —ik(P, 1 0(x) + ¥, 7,0()) (3.1.10)
S (z) = %D”G(w), DF = 9" + %wzbaab. (3.1.11)

If we introduce the kinetic terms for gravity g,, and gravitino ¢,

1 U oo
S = /d4:1c\/§ [—MR— 56” P70 57 0p¥a | 5 (3.1.12)

ab

. is a spin connction and R is a

we obtain the supergravity action with coupling matters. Here, w
curvature which leads to Einstein equation.

The following sections, we construct a general SUGRA action with the superfields.

3.2 Superspace for Curved Space

In order to deal with the quantities on the curved spacetime, it is useful to consider the tangent space
of the curved spacetime and differential forms on it.
3.2.1 Differential Forms in Superspace

The SUGRA theory was formulated by considering local supersymmetry, which leads to the local

translation and they are regarded as the general coordinate transformations in superspace. This fact
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3 SUPERGRAVITY 3.2 Superspace for Curved Space

means that we can simplily construct the SUGRA action by using the differential forms since they are
defined on the local coordinate system.

We introduce the global superspace coordinate z™, where M = (u,a,d). Since the superspace co-

ordinates z™ includes the fermionic coordinate # and 6, exterior products in superspace are defined
by
dzM AN d2N = —()NM @V A dM (3.2.1)
MN —1 Both M and N are the Grassmann direction.
(-) = (3.2.2)
1 the others.

Then we can define the differential forms in superspace
Q=dM A AW (2). (3.2.3)

If we assume that the coefficient functions W with an odd number spinorial indeces are fermionic and
that those with an even number of spinorial indices are bosonic, we can realize the same multiplication
rules and exterior derivative as those on space-time manifold.

Next we consider the two coordinate systems y and z which are related by

yM =M (2) (3.2.4)

F(y) = F(y(z)) = ¢"F(2) (3.2.5)

If y and z represent same point in superspace, a certain quantity should take the same value. Similary,

this map ¢ induces a natural mapping between two p-forms:

Qy) = 6°9(2) (3.2.6)
The map ¢* satisfies the following properties:
1. " (Q+%)=90"Q+¢*E

2. (%) = (¢"Q)(¢7)

3. d(¢*Q) = ¢7(dQ)
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3 SUPERGRAVITY 3.2 Superspace for Curved Space

We consider the infinitesimal transformations:
M=yM M (3.2.7)

In this transfornation for 1-form W, we find

oeN

OWar(2) = =6 War(2) = Wit (2) = =€V on W () — 557

Wy (2). (3.2.8)

This can be easily generalized for arbitrary p-forms.

In the gauge theory, the differential forms are not only covariant under general coordinate transforma-
tions but also under gauge group which is a compact Lie group or Lorentz group. If the representations
of the element of the gauge group are given by X where a and b are the gauge indices, p-forms Q¢
transform as

= QP X¢ (), (3.2.9)

where a = 1,..., L = dim G is a gauge index.

But, exterior derivatives do not transform as tensor:
dQ) = QdX 4+ dQX (3.2.10)

Thus we must introduce a connection in order to cancel out the first term. The connection are defined
as Lie algebra valued 1-form

¢ = d2M el (2)iT", (3.2.11)

where T" is a generator of Lie algebra corresponding to the gauge group GG. The connections obey the
following transformation law:

¢ =X"1pX — X ldX. (3.2.12)
Thus we define the covariant derivatives as

DO = dQ + Q¢
(3.2.13)

0
= dzjwl A A dzjwp A dzN ((9ZN + Qﬁ?VZTT) WMp--<7]\/[1 (Z)

The curvature and the covariant derivative of a tensor are the only tensorial quantities. Higher derivatives
lead to identities because of the property dd = 0 which called Bianchi identities. The curvature is given
by

F=dp+¢ANo, (3.2.14)
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3 SUPERGRAVITY 3.2 Superspace for Curved Space

and is a Lie algebra valued 2-form
1
F= §dzM A dzN Frps(2)iT" (3.2.15)

Since the tensorial quantities are only the cuvature and the covariant derivative of a tensor, there are
two ways to obtain Bianchi identities. First type Bianchi identities are found from the covariant derivative
of a tensor such as

dDQ) = QOF — DN (3.2.16)

These can be rewritten as

DD = QF. (3.2.17)

The second type Bianchi identities are found from the curvature such as
dF = ¢F — F¢, (3.2.18)

which can be written as

DF = 0. (3.2.19)

If we rewrite (3.2.19) in terms of the components, we find
DrEny + (—)L(N+M)DNFML + (—)M(N+L)DMFLN =0. (3220)

3.2.2 Local Coordinate System

Next we localize the supersymmetry to obtain SUGRA theory. The supersymmetric transformations

depend on space-time coordinate:

ot — 2t +i(0otE(x) — E(x)a"0)

(3.2.21)
0% — 0% +£%(x).
These transformations generate a general coordinate transformations in supersupace:
M M = MM () (3.2.22)
The gauge field corresponding to local Lorentz is vielbein EX defined by
EM — g:ME,M (3.2.23)
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3 SUPERGRAVITY 3.2 Superspace for Curved Space

where index M represent the representation of local Lorentz which is a vector index in local superspace

coordinate system. Since this is a 1-form, the SUSY transformation law is given by

Z/M _ ZM —fM(Z)

Ny y Ny (3.2.24)
SE, - =—¢LoLE, " — (OuER) B,
Also FM transforms under the local Lorentz
SEM = ENL M (2). (3.2.25)
The vielbein and its invese satisfy
E ME N — 5 N
Mo (3.2.26)

EME M =6,

With the vielbein, we can rewrite the superspace coordinate to its local coordinate and wherever possible
we choose the local coordinate since it is flat.

The connection of the local Lorentz ¢ has a Lorentz indices defined by
¢=dMon, b= dypt (3.2.27)
This connection transform under the local Lorentz group as
0¢ = [¢, L] + dL. (3.2.28)

From the previous section, there are two tensorial quantities. One of them is the covariant derivative

of the vielbein

T4 = DEM = dpM + ENg M, (3.2.29)

which is called torsion and we can rewrite explicitly with the coefficient
Tynr M = ONE AL — ()VM oy B 4 ()N p Ny M gMNp Ny M (39 30)
We also rewrite the torsion to the local coordinate

M M
Ty, M= (_)M(M+L)ELMEMNTNM M (3.2.31)
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3 SUPERGRAVITY 3.2 Superspace for Curved Space

Whereas the other of them is curvature tensor defined by
R =d¢+ ¢¢, (3.2.32)

and its components are given by

- N . v ; N (3.2.33)
- (_)NM5M¢NM* + (_)N(M+M+L)¢MM7¢NL T (_)M(MJFL)‘ZSNMTbML e

The curvature tensor and the derivative of tensor should satisfy the Bianchi identities

DrM = DDEM = ENR\M
= (3.2.34)
DR =0

First, we focus on the first Bisnchi identity. Since the local coordinate is a flat space, the connection ¢
equals to zero and the torsion along spacetime coordinete becomes 0. Thus the non-vanishing comopo-
nents of the torsion are given by

T, Bﬁ = 2o Bﬁ. (3.2.35)

We notice that these solutions are in the local coordinate system not in superspace.

With R, G, Wag, defined by

DsR =0 (3.2.36)
D°G,; =DyR! (3.2.37)
DaWpys =0 (3.2.38)

a 1. 5 5
D*Wags + 5i(DgsGi + DypG) =0 (3.2.39)
(Gaa)" = Gaa (3.2.40)
(Waﬁw)T = Wd,ém (3.2.41)

the general solutions of the first Bianchi identity in the supersupace are given by the following

1 . . i
a _ = 4= 2V a B 5, K
Tl = 10u" Ov T55'v"y’ Tlé = 220lé
1 . 1
a — e a ) - & — e é
TBN = _iaﬁ GTB66 , T(Seéa —QZeﬁeﬂR, Tép —iaﬁ CTLE
. _ )
Tseea = —2265766@]% , Télg = (TieeT(;Lég7 Tseca = Z(eﬂG(Le) — SGMGi — 3657€Ga7€'
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3 SUPERGRAVITY 3.3 Superfield on the Curved Space

e 17 é & { « 17 fo— 7 «
Tzi: = _iaﬁfTiﬂ T@ = S(eﬂ — 36(§AG¢ - BE&G@), Tﬂf = ZUE@UZMT&;W;
(P Y N g -
T&;'yf‘ya _QESJWM — 56&(6570‘73156117 + eﬂDéGéi) + ieﬂ(DQGﬂ_F DlG@)
— 1 8 N
T&S'y"yd = —QGQWm — 56&(6@@56117 + Eﬂ'DéGéf) + 5 ﬁ(DQGﬂ_F DlGM) (3.2.42)

Rﬁ"/ea = 4(66766B + Eyeeéa)RTa Ré'yéo'c = R(;A-Ym =0

1 s
Ré"yea = _(EéiGﬂ+ G@Gg), Re;uioz = _iaﬁﬂRe'y"yéa

. g1 )
Refy;ﬂsa = Z(EﬁeE + GQEﬁ)'DQGi* + = *(Gﬂpg + Eﬂpl)Ggi

5 (€cyDs + €5D5)Gasy + 5
1_ 4y e i
Reuéd = _EO_L" Re’y"yéa’ Re'yf’yéd = 4ZGQW@ + i(eﬁDQGﬂ + eﬂDQGﬁ)
L_ 3 . — _
Reépsa = fjﬁﬂRéW;a, Revisa = dicesWeya + 5 (645 DiGas + €50 DeGisy)
1_ 44
Ré,uia ) HiRé'y*/Sa
. R S _ i _
eviba = eggya + ceatss) DGy~ + 5 (eeyDs + €45D5)Gra + 5 (€5 Da + €aDy )G g
]‘7 ée— 668 —_
RMV’YQ = ZagiaziReé&;’ya’ Reé&;'ya = 2€§X65"/a - 26@ edya
1
Xysea = —Z(DlW@ -+ cycric perm)
1 . 1 — —
+ (€ya€es + €5aey) {—QRRT + 3G G + I—G(DEDBRT - D”DPR)}
1 ,
U s = Z(GQGQ+ G,5Gey) + %(DﬂGi+ cycric perm)
1 — .
+3(D4(DalGs + DeGlog) + (0 < ) (3.2.43)

(3.2.44)

and the other components of the first Bisnchi identities vanish. Thus the torsion and the curvature are
given by W, G, R and from those definitions, W is a chiral superfield with symmetric indices and R is a

chiral superfield. We notice that the second Bianchi identities are automatically satisfied.

3.3 Superfield on the Curved Space
3.3.1 Supergravity Multiplet

The vielbein transforms under the general coordinate transformation and local Lorentz transformation

as

SE\ M = —Dye — 8T M+ B LM, (3.3.1)
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3 SUPERGRAVITY 3.3 Superfield on the Curved Space

where the §# = # = 0 component of ¢ corresponds to gauged supersymmetry. As well as Wess-Zumono
gauge, by using this gauge transformation we gauge away the degree of freedom of F MM and find =0 =0

components are given by
M
By (2Dlg—go=| 0 5,2 0 . (3.3.2)

Thus e and @ generate a supergravity multiplet.

Simirally, from the transformation law of the connection

Sdpar = —ERpyr™ + Gaa L™ — (5)MAEDL By K — oy Ly (3.3.3)

we find the § = # = 0 component of the connection is

N

¢HMM(Z)|9:§:0 = w“M*(xL ¢QA lo—g—0 =0 (3.3.4)

If we assume tortion free geometry, the connection w, Mﬂ can be expressed by veilbein e and we can
realize the general relativity.
Futhermore by considering the transformation of # = § = 0 components ¢ of (3.3.1), we find the local

supersymmetry transformations

depr = i(1huotC — Cotap,,)

. 1 o a 1 v — \«
(Wjuﬁ — —QD#C a Zeuﬁ {3M(eau<) + bEC* + 31%(CUV0#)}

SM = —((o15 Yy + iy, — i), M) (3.3.5)
Obge = C5{4¢a51a7 T 1 Ga mﬂ — oM Vaas + Z(iﬁaippbéid‘*‘ wﬁgbﬂ - wéc&pbaﬁ)}
=5 {3 v 1 v o, i P P P
- {4¢670a + ZGL%W + 5 waa(s - Z(¢@*6@+ wﬁfbﬂ - ¢577bﬂ) ,

where M and b are the auxiliary fields which correspond to 62 or 7 component fields of E, in other

words, the § = § = 0 component fields of R and G, respectively.

3.3.2 Superfields on the Curved Space
Chiral Superfield

Chiral superfields were defined by SUSY covariant derivative D,, in (2.5.13) in flat space. In the curved
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3 SUPERGRAVITY 3.3 Superfield on the Curved Space

superspace, we define chiral sperfield by replacing D,, to D,

Dad =0, (3.3.6)

where this definition is local since we define the chiral suprefield with local operator Ds. We can find the

component fields from the coefficients of 6:

A= ¢’|07070
1
Xa = EDQ(MO:?:O (3.3.7)
1
F= —ZDQD%I%H
From
60 = —¢MDy, o, (3.3.8)

we can also obtain the supersymmetry tansformation laws
64 = —V2x,
. =B A
Xa = —V2uF V20, ("D, A (3.3.9)

\@bﬂxg — i\@ﬁmxc‘> ,

oF

1 —&
—5VEM (e + 0

=

where we have defined

D,A=e} (8MA - \}ﬁzpfxa) (3.3.10)

Vector Superfield

Next, we define vector superfield. Since vector superfield is defined without derivative, its definition is

the same as flat space:

V=V (3.3.11)

As well as the definition of chiral superfield, the component fields of vector field can be obtained such as
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3 SUPERGRAVITY 3.3 Superfield on the Curved Space

those of flat space by replacing the covariant derivatives:

i — (3.3.12)
M= 1(7)* a — DaD )V‘efezo
1, — —G&
N = E(Df g"‘Dg )V‘ezézo
1 _
Vas = —i[Dga DQ]V|9:570

Spinor Superfield

Finally we would like to define spinor superfield. Since spinor superfield is a chiral superfield, it should
satisfy the chiral condition

DWa = 0. (3.3.13)

Futhermore in a flat space, spinor superfield is defined with three covariant derivatives and the covariant

derivative satisfies anti-commutation relation

{Da, D2} = —Ray™". (3.3.14)
Thus spinor field is defined by
([
Wy = fZ(DED* —8R)D,V, (3.3.15)
whose component fields are given by
Aa = iWalp_g—_g
(3.3.16)

1 (6%
D = —5D*Wals_g-

The gauge degree of freedom is given by a chiral field A and the gauge transfrmation is
SV = A+ AT, (3.3.17)

and this transformation law keeps W invariant.
Global Grassmann Variable
In the above discussion, we define the superfields and those transformation by using Grassmann coordi-

nates 6. In the following discussion, in order to simplify the calculations we introduce a new Grassmann
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3 SUPERGRAVITY 3.3 Superfield on the Curved Space

coordinates © defined by
D = A(z) + V20%\ o () + OO, F(z) (3.3.18)

and define the supersymetry transformation as
60 = —nM(z,0)0®. (3.3.19)

This is a same formulation as the flat spacetime supersymmetry in 2.5.13. The components fields A, x
and F are defined by covariant derivative D and so if we expand the superfield in term of 6, (??) is not
derived. Therefore we redefine the global superspace as 2™ = (2#,0%,0,). Since O is also a grassmanian

variable, we expand 7™ in terms of ©:
™ (@, 0) = 1(g) (x) + O%n(g)a () + O Oan(y) (). (3.3.20)
Substituting this expression into (3.3.19) and comparing with (3.3.9), we find the relations between 7

and &:
n* = 2i0c"( + 00, 5"0"(

n% = (¢ —i0a Yy (3.3.21)
M~ o 1 VaYe] et ” 1 o =V ”
02 { T 0+ (et — i (D)5 - 505 (0,5 00) ).
In order to construct local supersymmetric invariant action, we define the superfield A called chiral

density transforming to total derivative:
SA = =y (MM A(—)M). (3.3.22)
This is useful because the product of chiral density and chiral superfields becames also chiral density:
SAD = —0p (™M AD(—)M). (3.3.23)
Thus we can easily construct a local supersymmetric action such as
S = / d*zd?OAf(D) (3.3.24)

where f is a arbitrary function of chiral superfields ®.
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3.4 Supergravity Action
3.4.1 Minimal Chiral Supergravity

In a flat space, the general renormalizable Lagrangian for the only chiral superfields is given by
_ 1 1
L= /d29d292<b}<b1 + |:/ d%6 (a[@[ + im[.](I)I‘I),] + 3g[JK(I)1<I)J(I)K> + h.C.:| . (3.4.1)

where if we carry out the @ intagration, the first term is rewritten as DD@}@ 7. In this section, we extend
this model to curved space which is called the minimal chiral supergravity model.
First we consider the invariant action involving the only supergravity multiplet which is given by the

product of chiral density £ and the curvature R

6
Lsuagra = - /dQG)SR +h.c.
(3.4.2)

11 1 1 vos (— — = -
=€ [—2R — §|M‘2 + gbﬁbﬁ—f' 56” P ('(/};;,UVDpwU - quVDpwg)] )

where k2 = 871Gy is a gravitational coupling constant and in the following we set & to 1, lN)M has been
defined by
Du¢ua = 8una + /lz[}p,ﬁwuﬂav (343)

and R is a curvature tensor for the 4 dimensional spacetime.

We can easily extend (3.4.1) to the supergravity action by replacing
60— 0O, d*0— d’e28, DD — DD —8R. (3.4.4)
This gives the action in curved superspace:

1 1
L :/d2®2€ [—31{ — g(DD — 8R)<I>}<I>I — g(DD — 8R)(CI<I>1 +61<I>J})
(3.4.5)
91K

+d+a[@[+%@]®(]+ (I)I(I)J(I)K:| + h.c.

This Lagrangian describes the minimal chiral supergravity model.
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3.4.2 General Chiral Model

In this section, by extending (2.6.5) to local supersymmetry, we find the general chiral supergravity

model. Applying (3.4.4) to (2.6.5), we obtain the general chiral supergravity model
1 — 2
L=— /d2@2€ [z(m) —8R)e™ T K(®®) L .217(3)| + h.c. (3.4.6)
K

where if we expand with x2, we realize the minimal chiral model. If we carry out the © integration and

substitute the equation of motion of F’, we find
Vi(®F, &7) = e"iK (K17 D W D;W™* — 362|W ), (3.4.7)

which is called F-term potential.

The function g;5 can be regarded as a geometric way: if we regard the scalar fields A’ ,ZJ parametrize
a complex manifold, the Kéahler metric is the metric on this manifold.

Kahler metric determins kinetic terms and it is defined by the holomorphic and anti-holomorphic
derivatives of the Kahler potential. Thus Kahler potential has a uncertainty of holomorphic and anti-
holomorphic functions

SE (0!, 37) = F(@!) + F(T') (3.4.8)
which F(®?) is an arbitrary holomorphic function of ® and this deformation is called Kihler deformation.
Since the Christoffel symbol and the curvature tensor of K&hler manifold are defined by Kéahler metric,

those are invariant under the Kéahler deformation. However the U(1) connection is not invariant:

i
D.x" = D, — §8M(ImF)XI
i i ; (3.4.9)
Dby — Dy, + §8M(Im F)i,

In order to remain the supergravity action invariant, the Kahler deformation must induce Weyl rotation

for the spinor fields,

XI N €§ImFXI

. (3.4.10)
’(/}M s e 2 Im pr«'

With these rules, kinetic terms are invariant under the Kahler-Weyl deformation.
Since the supergravity Lagrangian has a contribution e, their invariance is not automatic under the
Kéhler-Weyl deformations. If we impose Kéhler-Weyl deformation invariant to the scalar potential, the

superpotential must transform as

SW (@) = e FE@Oy (7). (3.4.11)
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Since Lagrangian includes cuvature tensor of curved superspace, we need to cancel out the additional

terms induced by the Kéhler-Weyl deformations. For this purpose, We define super-Weyl transformation

SE =S+ DB/

B i o (3.4.12)
OB = (28 - D) B + iEMﬁ(eaﬁ) 2D,
where X are chiral superfields.
The super-Weyl transformations of the matter fields are also given by 3:
0P = wid
(3.4.13)

SV =uw'(Z+2)V,

where w and w’ are the Weyl weight for the superfields. Using these super-Weyl transformations, the

Lagrangian transforms to
6L = / d?e2¢ [i(m) —8R)(Z +X)e K3 ¢ GEW] +h.c. (3.4.14)
Whereas the Lagrangian transforms under Kahler-Weyl deformations
5L = /d2@2€ [;(DD — 8R)(F + F*)e K/3 FW] +h.c. (3.4.15)

Therefore if F' = 6%, the supergravity Lagrangian is ivnariant. This fact means that superspace Kéahler-
Weyl deformations induce local Weyl rotations of the component fields.
We take F(®7) to
K2F(®1) = log W (1), (3.4.16)

then supergravity action only depends on one function
® = k*K + log |W|?. (3.4.17)
This function is called Kahler function.

3.4.3 Gauge Invariant Supersymmetric Theory

The general supersymmetric Lagrangian for chiral superfields in flat superspace is given by (2.6.5).
In this section, we extend this Lagrangian to gauge invariant Lagrangian. The Lagrangian (2.6.5) is

Kahler-Weyl invariant and this deformation induces super-Weyl transformations which are defined by
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chiral superfield ¥. Thus by gauging Kéhler-Weyl transformation we introduce the gauge symmetry.
Under the isometry group G, K and W transform as

0K = [e@ X + @ X*(I)| K
(3.4.18)
W = D x@w,

where X (®) are the Killing vectors.In order to keep the action invariant, the variation of W must vanish.

Whereas the variation of K dose not need to vanish and it can be written as
OK = W F@) 4 (0 _je(l@) — x(@ypla) (3.4.19)

where F(@) = X(@K 4+ D) From this expression, the real part of (3.4.19) is just a Kahler transfor-
mation, while the imaginary part correspnds to Killing potential D(®) which is not invariant. Indeed

introducing superfield A(® whose lowest component €(®)| the variation of the Lagrangian is given by
5L = —i / d20d%0° (A — AT@)p(@), (3.4.20)
In order to cancel out this term, we introduce the following additional term:
6T = (A — AT@)p(@), (3.4.21)
Thus gauge invariant Lagrangian is given by
L= /d26d2§ (K(qﬂ,@“) +r(q>f,¢>“,v<a>)) + /dQHW(d)I) +h.c. (3.4.22)

Considering the constraint that I' transforms as (3.4.21) and if there is no gauge invariance, I'(®7, &1/, 0) =

0, we find the I explicitly
1
T(®7, a1 V@) = / dae(1/DaV @ XWXy 0) pb), (3.4.23)
0
The transformation laws under the local isometries G are given by

60! = A x 1@ (57 (3.4.24)

§eV = —AT@OP@eV 4 eV A@p(@) (3.4.25)
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The Lagrangian (3.4.22) leads to the following scalar potential:

1 —
Vjscalar = §g2D(a)2 + gUDIWD7W*~ (3426)

The first term is known as D-term potential.
X (@ and D@ depend on the gauge group. If G = U(n), they are given by X/(®) = —iT}a)IaJ and

D@ = g7 47  and hence I' can be written as
!, ot vy = /d29d25q>T(eV —1)®. (3.4.27)

3.4.4 Gauge Invariant Supergravity

In the previous section, we fonud that the gauge invariant theory is constructed by introducing the

counterterm I' to Kéhler potential K

r— /d2@25 [3(D2 _ 8R)67%[K(@,@T)JrF({),CbT,V)]
8

1 (3.4.28)
+@H(ab)(¢)W(G)W(b) + W(®)| +h.c.
where we have defined the field strength as
1
W, = WOT® = 7(2)2 —8R)e VDye". (3.4.29)

Since the Lagrangian is described by superfields, the local supersymmetric invariance is manifest.
However the gauge symmetry is not manifest in this Lagrangian. In order to confirm the gauge

invariance, we consider the gauge transformations

SK = A pla)  Af(@) pila) _ i[A(“) _ AT(G)}D(G)
60 = i[A(®) — Af(@)]p(@) (3.4.30)
SW = A*X@WW.
where F(*) = X(@ K +iD(®_ Then we find the non-vanishing terms
1

bal = / ?028 [—8(92 — 8R)[AWF@) AT pi@))e=(KAD/3 L A X@OW | 4 he.  (3.4.31)

The gauge transformation is derived from Kahler transformation and hence in order to keep the La-
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grangian invariant, we should carry out the super-Weyl transformation same time
Swi = / d?e2¢ B(DZ —8R)[E 4 T|e~E+D/3 L 62P| 4 h.c. (3.4.32)
Thus we find that the non-vanishing terms are canceled if
L@ p@
3= 6A Y (3.4.33)

X@ = _pla), (3.4.34)

The second condition is derived from the superpotential term and this is a non-triviral constraint for the
gauge invariance.

The scalar potential is given by

1 —
Vicalar = 5g2F<a>2 + X g" (DyW)(DyW)* = 3|W . (3.4.35)

The first term is D-term potential depending on the gauge group, and the second term is F-term potential.

In this paper, this formula for the potential plays an impoptant role.
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4 STRING THEORY

4 String theory

In this section we review a string theory briefly [26,55].

4.1 Point Particle Action
4.1.1 Classical Action

First, we consider a point particle propageting in D-dimensional Minkowski spacetime. The trajectory
of the particle is a one-dimensional object, which is called wirld line. The relativistically invariant action

is given by the length of the world line:

g 7m/d57 (4.1.1)

where m is the mass of the particle. Let the spacetime coordinate be z*,;u = 0,1, ..., D — 1, then the line
segment is

ds? = n,,dztdz”, (4.1.2)

where 7, = diag(—1,1,...,1) is the Minkowski metric. Furthermore, if we take 7 to be the parameter

along the world line, the action is rewirtten as

S = —m/dﬂ/—x'“x'VnW. (4.1.3)

The motion of the particle is determined by maximizing the action. This can be seen by examining
§2L/6x" 6z .
We consider the reparameterisation 7 — 7/ = f(7) in this action. Since this transformation only

changes the way to measure the coordinate, the coordinates x* should be invariant:
ot — M (1) = 2H (7). (4.1.4)

That is, z#(7) behaves as a scalar under this transformation and the action should be invariant. In fact,

if we consider the infinitesimal reparameterisation
=1 f(r), (4.1.5)
the infinitesimal transformation of z* is given by

dzt = 2’ (1) — ¥ (1) = f(r)z". (4.1.6)
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4 STRING THEORY 4.1 Point Particle Action

If we use this transformation rule and calculate §5, we find that S = 0. Such a transformation where
the parameters of the transformation (in this case f(7)) depend on the coordinates is called a local
transformation, and the symmetry is called local symmetry. If there are the local symmetries, the action
has a non-trivial relation (constraint) between the variables. The reparameterisation is a local symmetry,
and the corresponding global symmetry is a translational symmetry along the world line.

The constraint is a relation between coordinates. The canonical form is used as a method in order to
find the constraints. By performing canonical transformation, we can find whether there are constraints
or not. If there are some relations between the variables, there is a loss of rank in the Jaccobi matrix,
and the determinant becomes zero. In other words, when the determinant is zero, a constraint exists.
Therefore, we use the canonical form of the Lagrangian.

The canonical conjugate corresponding to x* is determined by

oL mat

Pt = = —
81‘“(7) A /—xly‘xl’nﬂu

This system contains one constraint, because Jacobi matrix has the zero-determinant. Indeed, this p*

(4.1.7)

satisfies a non-trivial relation

p'pu+m? =0. (4.1.8)

This relation is a constraint corresponding to the reparameterization. The Hamiltonian in this system is
H=p's, —L=0. (4.1.9)

Since the reparameterisation is a local translational symmetry and the corresponding color symmetry is a
time translational symmetry, the Hamiltonian is included in the constraint. This means that the motion
of the particle is completely determined by the constraint.

Next, we construct an action that is classically equivalent to this nonlinear action (4.1.3). The action
(4.1.3) has the field a*, Lorentz symmetry of spacetime, and reparameterization invariance. If these
symmetries are present and the fields satisfy the same equations of motion, the action is classically
equivalent. Here we use Noether method to construct a gauge-invariant theory. In this method, we
consider the action which has the global symmetry and make the global symmetry parameter dependent
on spacetime. Finally we construct the gauge theory. Since the color symmetry of the reparameterization

is a time-translational symmetry, we first write down the action with these symmetries.

1
Lo =y, (4.1.10)
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4 STRING THEORY 4.1 Point Particle Action

This Lagrangian is invariant under the Lorentz and time-translational symmetries as requested:
T—oT14+a; ¥ -zt +ait. (4.1.11)

Next, let the parameter a* be a*(7). In fact, if we perform this transformation

1 d (1 d
Ll da (1., d
0Lo 50" E, + I <2ax x“d7'>' (4.1.12)

Thus it is no longer invariant. So, we introduce the new term consisted of the infinitesimal quantity &
and the new field :

T .

im,bxﬂxu. (4.1.13)

Futhermore we define the new field transformation
0 = a/k. (4.1.14)
Then
0L, = 0Ly + 1/{@/}:’0“:’0 = —1 Yvait e, — lnwi(ai’*i ) (4.1.15)
1= ot 3 w| = 2n n—gRY o ) 1.

Since k is an infinitesimal quantity, Lq is now invariant at the zero order of k. To make it invariant to

the first order of x, add at) to 6 and add L; to

i’i2w2*®ufbu (4.1.16)

and if we write this as Lo, then

1
SLy = Zm%%i«%“ (4.1.17)

and became invariant at first order in k. This sequence of processes has a certain regularity. By repeating

this infinitely many times and defining exp{(—kv)} = e, we get

1
Ly = ie*%%u (4.1.18)

This Lagrangian is completely invariant under reparameterization. The transformation rule for the field

e follows from the transformation rule for :

de = ed + aé. (4.1.19)

46



4 STRING THEORY 4.1 Point Particle Action

Since this action describe a massless particle, we can introduce a mass term

S = / (;e_lj:“j;“ - em2> . (4.1.20)

By substituting the equation of motion for the field e into the action (4.1.20), and eliminating e, we
realize the original action (4.1.3). Also, as is clear from the form of this action, this action can describe
massless particles.

This action is also invariant under the following transformation:
ozt =w! e =2ed,w", (4.1.21)

which is called a conformal transformation. This symmetry is obvious since it is included reparameteri-

zation symmetry.

4.1.2 BRST Quantization

In quantum theory, two variables form a pair and satisfy a commutation relation. If there are the
constraints in classical theory, the variables are not independent and which means that one variable
appears in multiple pairs. Therefore, if we carry out a quantization, it is necessary to handle constraints
well. One way is to write down the classical theory with completely independent variables. The other way
is to derive all the states in the quantum theory and pick up only those states that satisfy the constraints.
Since the former is generally difficult because it requires solving the constraints, the latter is used here.

The system we are considering now has reparameterisation invariance, and so the corresponding con-
straints exist. The corresponding color symmetry is time-translation invariant, which means that the
Klein-Goldon equation is included in the constraints. Therefore, the constraint condition is sufficient to

impose on the state in quantum theory.
Ghost Action

In the following, we explain a way of quantization by replacing the local symmetry to a global symmetry
by introducing ghost fields. The original action is given by (4.1.20). This action has a reparameterization
invariant (4.1.6), (4.1.19). The symmetry parameter f depends on 7. So we formally consider this
parameter f(7) as a field

f(T) = Ac(7) (4.1.22)

Since f is real and has no index, ¢(7) is a real scalar field. Also, since f is Grassmann even, the product

of A and ¢(7) should be Grassmann even. We take each of them to be a Grassman-odd. Thus, ¢(7) is
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4 STRING THEORY 4.1 Point Particle Action

a Grassmann-odd scalar field, which is called a ghost field. This replacement allows us to define a new
transformation.
d

ozt = Ae(m)z", de= %(Ac(r)e) (4.1.23)

This transformation is a global symmetry, called BRST symmetry. In other words, by introducing a new
field ¢(7), we are able to create a global symmetry corresponding to the original local symmetry. While
the local symmetry must be fixed, the BRST symmetry is a global symmetry and so can be treated as such
in quantum theory. Since the BRST transformation is regarded the reparameterisation symmetry, the
action is BRST-invariant automatically. Also, since the form of the action remains unchanged, the action
still has a reparameterisation symmetry. Therefore, in order to fix the reparameterisation symmetry, we

introduce a gauge fixing term.

S97 = / dr\loge (4.1.24)

This term breaks the reparameterisation symmetry.

Since new fields ¢ and A are introduced in the procedure here, we consider the properties of these fields.
Since the ghost field ¢ is related to & by the BRST transformation, the ghost field ¢ is dynamical. In
order to describe the kinetic terms, we introduce a b-field that is Hermitian by product with c. Since c is
grassmann odd, it obeys the anti-commutation relation by statistical properties, and b is also a grassmann

odd scalar field. Using ¢ and b, we write down the kinetic terms as in the spinor field
boc (4.1.25)

Since the ghost field is coupled to gravity from the BRST transformation of e, we replace it with the

covariant derivative

S9h = — / drbD,c (4.1.26)
dloge
D.c=é¢+ I (4.1.27)

From the above discussion, the action for the ghost field is
) 1
SBRST — georig 4 gof 4 goh — /dT |:2(€_1.’EMLICH —m?e) + Aoge — bD..c (4.1.28)

This action is no longer reparameterisation invariant. But the existence of a BRST symmetry corre-
sponding to this local symmetry is also nontrivial due to the kinetic term for the ghost field and gauge
fixing term.

We now consider the BRST transformation law of the field. First, the transformations for x and e are
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4 STRING THEORY 4.1 Point Particle Action

determined by replacing the parameter f with c. Second, since A is a Lagrangian multiplier, it does not

lead to the dynamical fields as a transformation. Therefore we set
SpA = 0. (4.1.29)

Since the ghost field ¢ is a parameter of local symmetry in origin, we only need to look at the change in

the parameter. If we carry out the double reparameterisation to x, we find
fiz=—fif2+ f2f1. (4.1.30)
Therefore the transformation law for the ghost ¢ is given by
dopc = (Ac)é, (4.1.31)

and this can be rewritten as

dgc = —%{c, ¢} (4.1.32)

The remaining field b is uniquely determined by keeping the action BRST invariant:
opb = A\ (4.1.33)
From those transformation laws, we can rewrite the action S9/ + S9" to
§9F 4 g9k — / drép(bloge). (4.1.34)

Since S°7% is BRST invariant due to reparameterisation invariance, and S97 + S9" is clearly invariant
due to nilpotency, SERST is BRST invariant.

If we calculate the equation of motion for A and take it on-shell, we obtain

, 1 1
Gfinal — /dr <2i“abu - 5m2 - bc‘) . (4.1.35)
Ghost Number Symmetry

Here, if we consider the transformation to replace the fields b and ¢

c—b, b—rg, (4.1.36)
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4 STRING THEORY 4.1 Point Particle Action

the action is invariant. This is because the field ¢ and b are arbitrarily introduced. Thus we can suppose

0O(2) = U(1) symmetry and scale transformation is inclided in O(2) symmetry:
b—e %, c—ée (4.1.37)

Indeed the action is invariant under this transformation. If we examine the Poisson brackets of ¢ and b,

we find
{c,b} =1, {b,b} =0={c,c} (4.1.38)
If we set a1 = ¢,as = b, then
{ai, aj} = gij (4139)
0 1
g= . (4.1.40)
1 0

This algebra form a Clifford algebra if the metric is d;;. By diagonalizing g;; and complexfing b and c,
we realize U(1) algebra. Thus the conserved charge Qy, corresponding to this transformation is called

ghost charge and defines the ghost number of the field.
BRST Charge

The conserved charge corresponding to the BRST symmetry is given by
Qp = c(p* +m?). (4.1.41)

This means that the constraint for the reparameterisation is actually a conserved charge. Also, Q% = 0
is satisfied, and the BRST charge satisfies nilpotency. In other words, the fields have the property of

becoming zero after double BRST transformations.
Quantization

Quantization is performed by the Derac rule. The Poisson brackets for the fields are
{a",p"} =" {c,b} = 1. (4.1.42)

The Hamiltonian is

H =p*>+m? (4.1.43)

This is proportional to QQp since Hamiltonian is the conserved charge for translation which is a color

symmetry corresponding to the reparameterisation. Replace the Poisson brackets with the commutation
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relation

[z#, p"] =", {c,b} =i

and we adopt following expressions for these relations:

u I 1 i
= — —i—
) p Oh
.0
c—c, b—i—.
dc

(4.1.44)

(4.1.45)

Futhermore by using these expressions, we can rewrite the BRST charge and define a quantum state:

QB = C(_a2 + m2)7

U =U(z,c).

Expanding by ¢ and using Grassmann property of the ghost field, we find

U(z,c) = P(x) + cp().

The constraint is given by the BRST charge because it is inherently a constraint:

QU = 0.

That is
(—0* +m?)Y = 0.

From the nilpotency, the wave function ¥ has a ambiguities:

U — U+ Qpx.

(4.1.46)

(4.1.47)

(4.1.48)

(4.1.49)

(4.1.50)

(4.1.51)

Therefore, the degrees of freedom of ¢ can be eliminated using y. In fact, the degrees of freedom of Qpx

correspond to the gauge degrees of freedom, and the arbitrariness of the gauge symmetry is expressed by

the nilpotency.

The ghost fields are the Grassmann fields and BRST transformation swaps Grassmann even fields and

Grasmann odd fields, so we regard BRST symmetry as a kind of supersymmetry. Thus we can use the

superspace formalism [56].
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4.2 Super Particle
Here, we introduce supersymmetry to describe fermions. At this point, we find that there are two ways

to introduce supersymmetry. We explain them respectively.

4.2.1 Supersymmetry for the World Line

We introduce fermions by imposing supersymmetry on the point-particle action (4.1.10) [57,58]. There
are two bosonic parameters, 7 and u. Here, we impose a supersymmetry on 7 and introduce the corre-
sponding fermion x*. Since 7 is one-dimensional, the Clifford algebra is one-dimension and its representa-
tion is also one-dimensional. In other words, the spinor x* is one dimensional spinor. The supersymmtric
action is given by

Wzé/mwmﬁwa (4.2.1)

There two global symmetries in this action. One of them is a global supersymmetry
ozt =idext, ox! = dle. (4.2.2)
The other is a time translation symmetry
oxt =azt, Oox" =ax". (4.2.3)
These two transformations form a closed algebra
) d
051, 0s2] = Zieze1—— (4.2.4)

In other words, by applying the double supersymmetric transformation, a time translation is induced.
Since the parameter 7 is not physical and the supersymmetry is also not physical, this supersymmetry is

not observable.
Local Supersymmetry
By using the Noethor method for the supersymmetry, we obtain the local supersymmetric action:

1
ﬁ:i/mw%%w4wmfm4wﬂ@% (4.2.5)

where from (4.2.4) time-translation is automatically localized and so e and ¢ are the gauge fields for the

reparameterisation and local supersymmetry. Thus there are two local symmetries: One of them is a
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local supersymmetry
Sat =idex", Ox = (" —ikpx*/2)ee !

(4.2.6)
de =ikey, O =2k
The other is a Reparameterisation
ozt = kit, ox = kx"*
4.2.7)
d d (
oe = —(k 0y = —(kv).
€ dT( e)ﬂ w dT( ,lzb)

4.2.2 Brink-Schwarz Particle

In the previous discussion, we introduced supersymmetry for the bosonic parameter 7. Here we intro-

duce supersymmetry for the p [59,60]. The supersymmetric transformation is
ozt =gk x®  ox%4 =¢%, de=0. (4.2.8)

A is the spinor index and runs to 2%/P. We assume that the spinor is a Majorana. The index a is
the index for internal symmetry, and for N supersymmetry, a = 1,...,N. These transformations are
spacetime supersymmetry and so obversable. In order to construct an invariant action under spacetime

supersymmetry, we introduce a invariant quantity under supersymmetric transformation:
I = &t — i xe. (4.2.9)
Using this quantity, we can construct the super-Poincaré invariant action easily:
1 14
S = 3 drIIHIIn,,,. (4.2.10)

Since this action can be constructed by just replacing the z* with II, we can easily obtain the action with

reparameterisation symmetry and local supersymmetry.
1 —1yrueTTY
S = 3 dre” 1I*II"n,, (4.2.11)
The equations of motion are given by

I* =0, ~-MHy=0, (4.2.12)
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From (v -1I)%? = II? = 0, the degree of freedom of v - Il becomes half, i.e., the matrix ~ - II is a
(2P72/2) x (2P/2/2) matrix. Furthermore, from ~ - IIx = 0 and (4.2.9), X always appears as a quantity
multiplied by +, the physical degrees of freedom of x are also halved. This implies that there is some
constraint on .

In fact II* is not only supersymmetric invariant variable. Futhermore we can use the different su-
persymmetric invariant variable at each point because the action is trivially invariant as long as II* is
supersymmetric. In other words, II* should be invariant under certain local symmetries. Indeed, this

action is invariant under this symmetry
oxt =iy yHox®, Ox* =iytIIL, e = —dex" K, (4.2.13)

which is called the x symmetry [61]. From these transformation laws, §II* = —2y+y* Alx. Thus the
action constructed by new supersymmetric variable II'* = II# + 6II* is also invariant trivially. Since
k is a Grassmann parameter, the transformation is a kind of supersymmetry. However, since x% is a
spacetime spinor, there is no spinor on the worldline. In other words, it is not an ordinary local world line
supersymmetry. This x symmetry is a common transformation between spacetime supersymmetry and
world line supersymmetry. Indeed some part of the reparameterisation and x symmetry form a closed
algebra.

In the following, we calculate the algebra more explicitly. Given the second-order transformation of
the k symmetry

a 3 aéb . aéb
[61,8a]X" = (2imus5X v - Py RY + iy - pr§X KY) — (1> 2) (4.2.14)

and we can see that the algebra is not closed in the off-shell. If we impose the equation of motion

v - px = 0, the first term becomes zero, so
[61, 02)x® = iv*p,k'® + (equation of motion) (4.2.15)

K = 4k3%KE — (1 2) (4.2.16)

Since the k¥ symmetry is a subgroup of local supersymmetry, there is a reparameterisation corresponding
to Kk symmetry:

ox® = Xx%, ox* =ixy*ox®, de=0. (4.2.17)

the canonical momentum for x is
=iyt (4.2.18)
This variable satisfies 7¢ = 0 in the on-shell. This means that there is no canonical variable for x, and

X
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no canonical commutation relation can be imposed on . This is why the Brink-Schwarz supersymmetric
particle is difficult to carry out canonical quantization. However, it can be canonically quantized by light

cone quantization, where the constraint is completely removed.

4.3 Classical Bosonic String

4.3.1 Bosonic String Action

We extend the action for the point particle to an arbitrary dimensional object. If the dimension of the
object is n, the action is given by the n 4+ 1 dimensional world volume generated by the object through

time evolution. Since the area is given by the outer product of the tangent vectors, the action is

S = T/ d”+1§\/— det(9p 210527 G ), (4.3.1)
M

where T is a parameter of mass dimension [M]"+1.

A simple extension of the linearized action of a point particle is

s=—3 / "€ Vgg°? (€) G (2)Da Dga” (432)

The g.p is the metric on the world volume, and the G, is the metric on spacetime.

This action has a reparameterisation symmetry, and g.g is the corresponding gauge field. The g,z
has (n + 1)(n 4+ 2)/2 components, and the parameter of the reparameterisation invariance is the (n + 1)
components. In other words, the independent degrees of freedom of g,p are n(n + 1)/2. Therefore, if
n > 0, the gauge field gos cannot be removed. However, if there are other gauge symmetries, g,g can be
fixed completely.

But there is a another local symmetry for the metric called Weyl symmetry:

Jap — A(U)ga6~ (433)

and the action transforms

i(n — [e%
V99aps — AT /gg08, (4.3.4)

Thus, if n = 1, the action is Weyl invariant. This means that the gauge field g,s can be fixed comletely.
String Action

Therefore we consider the action describing the motion of a one-dimensional object which is just a string.
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For simplicity, we consider a flat spacetime.

1
2ma!

S = /d2§\/—det8ax“85x”nm, (4.3.5)

This action is known as Nambu-Goto action. Here £% gives the coordinates of the world sheet, o = 0, 1.

We rewrite it in canonical form for quantization. First, we define the canonical variable for z*:

oL
- 80,x,

pt (4.3.6)

Examining the Jacobian §L/60,x"dp” of this transformation, we find its determinant is zero. Therefore,
the system has local symmetry.
In order to rewrite this action linearly, we examine the symmetry of the action. The local symmetry

is a reparameterisation

£ = £9(¢) (4.3.7)

Under this transformation, the space-time coordinates are scalar. Now let’s consider a certain reparam-

eterisation:

T+o— f(rto). (4.3.8)

In this transformation, the action is invariant trivialy, and this transformation is called conformal trans-

formation.

(€)= 2"(§) (4.3.9)

The global symmetry is a Poincaré symmetry
(&) = Abz¥ (&) + a*. (4.3.10)
a* and A% are the parameter for the translation and Lorentz transformation respectively and A% satisfies
N Ay AT = 1pr. (4.3.11)

In order to obtain the action which is equivalent to Nambu-Goto action (4.3.5), we consider the action

with global Poincaré symmetry

S = —a/dzfaax’jagmynaﬁ (4.3.12)
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and by using Noether method we can obtain ' :

1
dra!

S =_ / B2E/=gg™? Dot D" 10y - (4.3.13)

This action is called the Polyakov action, and there is Weyl symmetry:

9ap (&) = A&)gap (&) (4.3.14)

(&) = 2 (8) (4.3.15)

4.3.2 Equation of Motion and Constraints

The equations of motion and the boundary term are given by

90 (V=99*"952") =0 (4.3.16)
o v 1 yo ”w v
Oax" 0" Ny — 59089 Oyt 05x" Ny =0 (4.3.17)
[V=g9"P9sa"]; =0. (4.3.18)
We define the constraint as T, g:
1
Top = Oax" 02" Ny — §gaﬁgw&y:p”&,x”nﬂy =0. (4.3.19)

Also, since reparameterisation includes time translation, T,g is also a generator of time translation.
Furthermore, since g, is also the gauge field for the Weyl symmetry, the constraint for the Weyl symmetry
can be described by Tig:

9P Tos = 0. (4.3.20)

The action has reparameterisation invariance and Weyl invariance, and there are three gauge param-
eters. Therefore, we can impose three gauge conditions. Since ¢g®? is symmetric, it has 3 degrees of

freedom, so we take the metric of the world sheet to be flat.

Gap = Nap (4321)

1In general, using Noether method, in addition to the symmetric metric g®#, a term proportional to the antisymmetric
tensor €®# appears, but it disappears because the spacetime metric is flat and symmetric.
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With this condition, the equations of motion and constraints become
Ozt =0, (4.3.22)

1
Top = Oa" 02" Ny — inaﬁavx“a"’x”nw =0. (4.3.23)

Here, the conformal transformation cannot be fixed by this gauge-fixing condition because it keeps the
action invariant trivially. Those transformations are the 7 + ¢ — f(7 &+ o) transformations, and each
transformations are commutable. Since we can regard 7+ o directional local transformation as the 7 — o
directional global transformation, thus these symmetries are called semi-local symmetry. In fact, in the
Lorentz gauge, we can see that only one gauge can be fixed using these two semi-local transformations.

Therefore, even though the gauge is fixed, the constraint remains.
1
Too = Th1 = §(gb“33” + 2™ E Y+ a2 )N (4.3.24)

T01 = TlO = i‘“x/ynwj (4325)

The Poisson brackets are given by

{z#(0),2"(0")} = 0= {p"(0),p"(0")} (4.3.26)

{z"(0),p"(0")} = n"6(0 — o). (4.3.27)
The Solutions

Next, we solve the equations of motion. The boundary condition is

L?(;;I;W)M#K =0 (4.3.28)

There are two possible boundary conditions which are the Lorentz covariant. In the following discussion,
letu=71+ocandv=7—o0.
One of them is

2# (o) = z(o + 2m). (4.3.29)

which describe the closed string. Here we have taken the string to be —m ~ 7. The solution is independent

in the v and v directions.

ot = aff (u) + 2 (v) (4.3.30)
n p / p
zh (u) = % + o/%u + i% Z % exp{(—inu)} (4.3.31)
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p i o —— akt
zhy(v) = % + O/%U + 4/ ) Z 7” exp{(—inv)} (4.3.32)

g" is the center of the string and p* is the momentum of the center. The third term is a sum of the
oscillators and represents the amplitude from the center. Since z* is real, o*, = . Substituting these

solutions into the Poisson brackets, we obtain

{O‘ﬁ,vo‘;’n} = *in5n+m,0nm/ (4333)
{al, @} = —indnym,on™ (4.3.34)
{an, o} =0. (4.3.35)
The other posibility is
Do = 0|7, (4.3.36)

which describe the open string. This boundary condition is known as the Neumann boundary condition
and indicates that a right-moving oscillations bounce off the boundary and move to the left. Therefore,

left-moving and right-moving are not independent.
1 ,LL . o/ 1 —inu —inv
o =qg* + V2o (u+v) +1i —Zfaﬁ(e +e7') (4.3.37)
2 2 2
Similarly, substituting into Poisson brackets
{a, ay,} = —indp4m on™” (4.3.38)
In addition to this, the Dirichlet boundary condition is also possible, but it is not Poincaré covariant.

4.3.3 Conformal Algebra

Rewrite the constraint condition Ti,s and find the algebra generated by the constraints.

T10 = T01 = i‘l?l =0 (4339)
1
Too =Ty = 5(:# +2%) =0 (4.3.40)
Rewriting with v and v, we get
1
T:t:t = §(T00 + TOI) = Bixaix (4.3.41)
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Ty + is 0 from the constraint condition for Weyl symmetry . The constraints for reparameterisation are
i%h =i =0 (4.3.42)

In general, the energy conservation law in a two-dimensional field theory is

87T++ + 8+T7+ - 0 (4343)
04T __+0-T,_=0 (4.3.44)
If the Weyl invariance exists, 74— = 0. Therefore, the conservation law is -7, = 0. Here, if we

consider the function f(u), it satisfies d_ f = 0. Therefore, since d_ fT ; = 0 is satisfied for any function

f(w), fTy4 is also preserved. The corresponding charge is

Qr = /daf(u)T++ (4.3.45)

and since f is arbitrary, there are the infinite number of the charges.

In string theory, since T is a constraint, Q5 is also a constraint. This means that there are infinite
constraints. This is because the Weyl symmetry and the gauge fixation of the reparameterisation are not
complete, and the conformal symmetry remains.

We carry out Fourier expansion

1 1 v
L, = /d0T++ = 5 Zaﬁnan—mnw) (4346)

2ma!

_ 1 1
L, = / doT__
2o 2

and we obtain the infinite number of constraints. In other words, the string has an infinite number of gauge

v (4.3.47)

I
I
Q
3%
o)
i
s
3
=
N

symmetries. Also, these constraints can be regarded as global currents. This can be interpreted as saying
that any local conformal transformation can be expressed as a sum of infinite global transformations.

The L,, and L,, are independent and have the same algebraic structure, respectively.

{Ly, L} = —i(n —m)Lpym (4.3.48)

4.4 Quantum Bosonic String

Next we consider the quantization of string theory. As mentioned above the semi-local symmetry,

conformal symmetry, could not be fixed. There are two ways to deal with this conformal symmetry.
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One is to quantize the infinete chages and impose them on the quantum states. The other is to fix the
gauge by combining the two semi-local symmetries into a complete local symmetry. In particular, there
are two more methods for the former, old covariant quantization and BRST quantization. These two
quantizations do not fix conformal symmetry, and conformal symmetry remains in quantum theory. This

is why it is called gauge-covariant quantization.

4.4.1 Old Covariant Quantization

The Weyl symmetry and reparameterisation symmetry were removed by fixing the metric to flat. In

this fixation, the Polyakov action is given by

T
S=-3 /d2§80‘x6ax. (4.4.1)
Furthermore, an additional condition
(z+2)?=0 (4.4.2)

This condition is a constraint corresponding conformal symmetry.
Since the string states were described in the previous section by o, ¢*,p*, we replace their Poisson

brackets with commutation relations.
[adh, ] = 1y m on™™ (4.4.3)

[¢",p"] = in"” (4.4.4)

We use the creation and annihilation operator as a way to express these commutation relations, and take

the state to be an eigenstate of p*:
ak0,p) =0,n >0, af|0,p) =p"[0,p), (4.4.5)

where, from the algebra generated by the creation and annihilation operator, the negative norm states
are exist:

0]a,a%|0) = —n. (4.4.6)

m

However, we see later in the discussion that it is removed due to the constraint of conformal symmetry.

Next, we describe the constraints with operators. Unlike in classical theory, we must define the order
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since o/t is noncommutative.

ooy, m>n
ok = (4.4.7)

v b
apol n>m

It can be seen from the commutation relation that this kind of ambiguity peculiar to quantum theory
appears only in Ly:

1 o0
Ly = 505(2) + ; Q_pOipy. (4.4.8)
Under this rule, the constraint is
L, = L e : 4.4
n — 5 . Zamanfmnll’/ : ( : 9)

With this ambiguity, L,, generates an algebra different from the classical theory.

The Virasoro algebra generated by the Poisson brackets in classical theory is
{Lm,Ln} = 5 Xk: ko —kkin + 5 Xk:(m — k) m gm0 = i(m —n) Ly (4.4.10)

The Virasoro algebra in quantum theory can be obtained directly by using the Wick decomposition or

argebraic properties. The Virasoro algebra in quantum theory is

Bn(nZ — )dntmo (4.4.11)

[Lna Lm] = (n - m)Ln-i—m + 12

L, is called Virasoro generator. Here D denotes the dimension of spacetime. Since all of these Virasoro

generators corresponded to constraints in classical theory, we should impose all generators on the states:
L,y =0. (4.4.12)

However, the solution is only ¥ = 0. In fact, the state generated by L,, n < 0 represents the gauge

degrees of freedom [26]. Lg is written down

1
Lo = §p2 + N (4.4.13)
N = Zaﬁa’innw (4.4.14)
0
and expressed as p* = —i0*, p?> = —0? and then L is the Klein-Gordon equation for mass N. In other
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words, Lg is an energy operator. From the commutation relation between Ly and the other generators,
LoL, =L,(Lo—mn) (4.4.15)
and since the energy of the state multiplied by L, (n > 0) goes down infinitely, we impose
L,py=0, n>0. (4.4.16)
Also, L, (n < 0) generate a zero-norm state, but the energy is given by
Loy = 11 Lo + 1. (4.4.17)
Therefore, in order to set this zero-norm state to a vacuum, we take
Lo— Lo—1 (4.4.18)

The zero-norm state corresponds to the gauge degrees of freedom, and since L_; |¢) corresponds to the
gauge degrees of freedom of the massless boson, we need to make this state massless. Therefore, the

condition to be imposed on the state is
(Ln = dn0)p =0,n >0 (4.4.19)

This condition is called the Virasoro condition. String theory is determined by this condition.
Spectrum

Next we find the spectrum of the open string [62-64]. The states of the string are generated by o,

and is a function of z*:
) = {p(x) +iALa ) + iAo, + hyaa” ) + ..} 0). (4.4.20)
If we impose the Virasoro conditions, we obtain the following equations:

Lo—1 (/> +1)p=0= (/0> — (s — 1))A5 = (/0> = 1)h,, = ...
’ g ! (4.4.21)
Lyso OMA, =0=—V20/ 0"y, + AL = 2V20/ 0" A2 + 'V = ...

From these equations, as we expected, the constraint L, = 0 (n > 0) corresponds to the gauge fix

condition of the gauge field.
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We see the first few states.
10} This field is a tachyon because the mass is negative.

A" Spin 1 massless vector field.

H,, Spin 2 massive tensor field. This is a massive gravity.

Al Massive spin 1 gauge field. This field corresponds to the trace part
of h,, by using the gauge fixation condition, and can be taken to

zero using the gauge degrees of freedom.

The masses of higher-order fields are given by m,, = (1/a’)(n — 1). The tachyon appears at the lowest
order. This fact is caused from the vacuum of the bosonic string being not taken correctly.

In a closed string, the theory is determined by the two Virasoro conditions generated by L,,, L,,, and the
two are independent. Thus, it is given by the direct product of two open strings. Since a#,at generate

the states which are the functions of the coordinates, we expand the string state in term of the basis

) = (¢p(x) + huoty + ka4 hat @y + hla, + ko,

(4.4.22)
+ kfwa’ila,lu + lfwaﬁla’il +...)10)
By imposing the Virasoro condition as in the open string, we obtain the equations:
ht =kF = hi = ki = k‘fw = lfw =0 (4.4.23)
(/0% 4+ 4)p = 0?hopy = 0 (4.4.24)
0"hyy = 0"hy, = 0. (4.4.25)

Thus ¢ at level 0 is a tachyon and h, is a massless symmetric tensor representing gravity. Higher levels

are massive states.
Physical States and Virasoro Condition

The Fock space of string theory is constructed by o, , but since the metric is Minkowski, the norm is

not positive definite. However, the Virasoro condition

(L — by 0) [) = 0 (4.4.26)

restrict that space and lead to a physical state. Since the number of these conditions coincides with the
number of af, we can restrict it to the positive definite Fock space.

The Virasoro algebra in quantum theory is given by (4.4.11). This result shows that L_q, L1, Ly form
an closed sub-algebra with no anomaly and is isomorphic to SU(1,1) or SL(2,R).
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Next, we consider the condition for removing negative norm physical states. If the space of a positive
norm and a negative norm exist in Hilbert space, there exists a zero norm space at the boundary between
the two of them. Therefore, we consider the zero-norm state. In the following, we only consider them
for open strings. Since closed strings are generated by the direct product of open strings, the extension
is easily.

Let |0; k*) be the ground state with momentum k*. If we impose the Virasoro condition Ly = a, we
find o’'k? = a. Next, we consider the first excited mode. Such a state is ¢-a_1 |0; k#). Similarly, imposing

2 = a — 1. Furthermore, imposing L; = 0, we get ¢ - k = 0. With

the mass-shell condition, we have ok
this constraints, there are D — 1 independent components of k#. If the momentum k* is physical and
timelike, k2 < 0. Therefore, a < 1 must satisfy.

In particular, if the boundary a = 1, the first excited mode is massless and the ground state is tachyonic.
The L; = 0 condition corresponds to the covariant gauge condition 9" A, = 0. This constraint removes
the negative norm states and gives D — 2 transverse positive norm states and longitudinal zero norm
states.

It can be shown that in field theory the zero-norm states do not contribute to the S-matrix due to
current conservation laws and gauge symmetry. The first excited mode at a = 1 is the null state, and

there exits infinitely. Let ¢ be any physical state that satisfies the Virasoro conditions, and let 1 be a

spurious state that is orthogonal to all physical states and satisfies the mass-shell condition.

(Ply) =0 (4.4.27)

Since the fock space is generated by L,, we can expand the states in term of L,

W) =Y L_p|xn)- (4.4.28)

n>0

This is shown in a simple way. If ¢ is a spurious state, the operator O = [¢) ()| annihilates all states.

Therefore, if we take any operator as X,,, then

O=> X L, (4.4.29)
n>0

Therefore, we believe that 1) can be expanded by Virasoro generators.

Since v satisfies the mass-shell condition,

(Lo —a+n)|xn) = 0. (4.4.30)
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Here, L,, (n < —2) can be expressed by the Virasoro algebra by the commutation relation of L_; and

L_5. Thus,
[y = Lo1|x1) + L2 |x2) (4.4.31)

Let us assume that this spurious state satisfies the Virasoro condition:

(@l¥) =0,  (Lm — dm,0)[¥) =0. (4.4.32)

In this case, the norm of 1 is zero.

Let’s calculate the spurious state.

) = L_1]X) (4.4.33)

Then, the Virasolo condition is
LX) =0, (Lo—a+1)[x)=0 (4.4.34)
If we take a = 1, the Virasoro condition for L; is
Ly |¢) =2Lo[x) =0 (4.4.35)

Thus, v is a physical and zero-norm spurious state. This result does not change no matter how many
times L_1 is applied to ¥, so there are infinite number of zero-norm states.

Next, consider the spurious state with L_5 applied:

) = (L2 +~L% ) |X) (4.4.36)

Taking a = 1, from the mass-shell condition,
(Lo +1)[x) =0. (4.4.37)

In order for ¢ to be the zero norm, the Virasoro condition must be satisfied. Since L, (n > 2) can be
described by L; and Lg, all we should confirm are Ly 1)) = La|1) = 0. From these two equations, we
obtain the equations 3 — 2y = 0 and D/2 — (4 + 6v) = 0. Solving these equations, we get v = 3/2 and
D = 26. From the above, there is no negative norm state when a = 1 and D = 26. Since sprious states
represent gauge degrees of freedom, above process corresponds to require the gauge transformation to be
consistent.

In old covariant quantization, we can remove the negative norm state from the physical state, and the
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Fig. 1: The state A transits to A’ with emission of the on-shell.

intercept a and dimension D are determined so that the gauge transformations is consistent. However, as
can be seen from (4.4.11), the conformal anomaly has not disappeared. In fact, if we consider quantum
theory, i.e., 1-loop corrections, using the physical state of the positive norm obtained by old covariant
quantization, we find that the theory is not consistent. The old covariant quantization is not a consistent

quantization.
Vertex Operator and Physical States

We can obtain the physical states with scattering the string. In other words, since the scattering
of a string is a physical phenomenon, the states absorbed or emitted by such a phenomenon are of
course physical. Futhermore vertex operator is important to construct the physical states in light cone
quantization and prove the no-Ghost theorem.

The scattering of strings is described by the separation or merger of strings. For the simplest scattering,

we consider the case where a propagating string separates into two and one of them propagates to infinity:

A— A +B. (4.4.38)

This process is a scattering process where string A emits string B and transitions to string A’. String
A and A’ are off-shell because they are generally internal lines in the scattering process. On the other
hand, string B propagates to infinity and can be observed at the infinity point, so it must be on-shell.

This scattering can be described by applying the vertex operator to the end of string A. Thus we insert
the local operator at 0 = 0. We map a vertex operator to each on-shell physical state |¢). By considering
this vertex operator, we can examine the physical state indirectly.

We consider the local operator V' (o, 7) on the open string Hilbert space. For the simplicity, we take
o =0

A(r) = A0, 7). (4.4.39)
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The time evolution operator is the Hamiltonian, and the Hamiltonian is included in the Virasoro con-
straint:

Lo — a. (4.4.40)

By using this operator, we can eliminate the time 7-dependence of the operator:

A(T) = e A(0)eiTEo (4.4.41)

where e %7 vanishes because it is clearly commutative with the operator A. The conformal transforma-
bility of a vertex operator is determined by its conformal weight, and if the conformal weight of A(7) is

J, then
J
Al(r) = (j:/) A(T) (4.4.42)

Considering the infinitesimal transformation 7 — 7/ = 7 + €(7),
SA(T) = —e— — JA—. (4.4.43)

As an explicit conformal transformation, the parameter of the transformation of the Virasoro generator
L,, is € = ie"™" so

[Lon, A(T)] = ™7 (—z'ddT + mJT) V(7). (4.4.44)

Fourier expansion of V is

A(r) = i Ape” T, (4.4.45)

Substituting this expression into the commutation relation, then we obtain
[Lin, An] = [m(J — 1) — n]Apn. (4.4.46)

This commutation relation is similar to Virasoro algebra. The vertex operator A defined in this way
plays an important role in the proof of the No-gohst theorem.

In the above discussion, in order to obtain physical states, we introduced operators with certain confor-
mal weights corresponding to those states. In the following, we construct the physical states by applying
various operators to the physical state.

First, the physical state on which the vertex operator acts is written as |¢), which must satisfy the
Virasoro condition:

(L, — adno)|6) =0, n<0. (4.4.47)
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Considering the vertex operator A(7) of conformal weight 1, from (4.4.46)
[Lim, Ao] =0 (4.4.48)

is satisfied. Therefore

) = Ao |9) (4.4.49)

also satisfies the Virasoro condition and is therefore a physical state. |¢) is string A in the diagram, Ag
is the vertex operator corresponding to the state of string B that is emitted from the end of ¢ = 0, and
|¢"y = Ag|o) corresponds to string A’. Therefore, the conformal weights of the vertex operators of the
open strings are consistent with J = 1.

In the following, we investigate a more explicit form of the vertex operator. We consider the case where

a string is emitted from o = 0 at time 7. Let k* denote the momentum change at this time:
V(k,0,7) =V (k,7). (4.4.50)

This vertex operator is the operator corresponding to the state of string B to be emitted, and it changes

the momentum of string A by k. Applying the momentum operator P, to the state |¢) with momentum
Dy gives

Pulé) = puld) (4.4.51)
and the vertex operator changes the momentum of this state by k,, which is
Pu(V1)) = (pu — k)V |9) - (4.4.52)
As V satisfying these properties, we can use the coherent state:
Vet (4.4.53)

Since V acts at time 7 and position o = 0, it emits or absorbs k* in spacetime coordinates X*(0, 7).
Since X* contains a#,z*,p" in the on-shell, and not all of them are commutative, we define them with

a normal ordered:
V(k,7) =: k=)

s N o0 , (4.4.54)
= exp (k . Z Oé;nel’n‘r> ezk-q(T) exp <_k- . Z O‘;"eln'/‘)

1 1
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If we define without normal ordering, the contribution of the constant term e ¥ % derived from the
commutation relation is added.

Next, we derive the conformal dimension of the vertex operator V(k, 7). The conformal dimension of a*
is zero. Therefore, the conformal weight of the function f(z*) is also zero in general. The exception is the
case f(z*) has a singularity. For example, consider two functions f(z),g(x). If f and g are renormalized
with different energies, fg is singular. In other words, there is a short-range singularity in the operator
product expansion of fg. In fact, : #*(7)z,(7) : has no fixed conformal weight. Since the vertex operator
V' also contains a normal ordering, it seems that the conformal weight is not fixed, but in fact it can be
uniquely determined. This means that the vertex operator has a short-range singularity.

In order to find the conformal weights, we calculate the commutation relation between the Virasoro
generators L,,:

[Lon, V(k,7)] = ™7 (—z‘jT + ;mk2> V(k,T) (4.4.55)

Thus, the conformal weight of V is k2/2. Here, we can obtain the anomaly dimension of €’*'* by computing
the two-point function, which is k2/4 for closed strings and k?/2 for open strings. It is the scattering of
open strings, and it is consistent with the anomaly dimension being k2?/2. In the following, we consider
vertex operators with certain conformal weights.

The lowest energy state is the tachyon, which has a mass of k2. Since the vertex operator V corresponds
to a physical state, we first consider the case where k? = 2. In this case, the conformal weight is J = 1.
Of course, this vertex operator is now the operator describing the emission or absorption of a tachyon of
mass M? = —2.

Next, we consider the case where k? = 0. The conformal weight of the vertex operator is J = 0. The
condition for the state after the emission V' |¢) to satisfy the Virasoro condition and become physical is
the case that the conformal weight of V' is J = 1. In other words, it is not possible to obtain the physical
states if J = 0. In order to generate a vertex operator with J = 1 at k? = 0, we apply an operator with
ik-x

conformal weight 1 to : e :. We use t* as the conformal weight 1 operator. Since the vertex operator

V' must be Lorentz invariant, we introduce a vector ¢, and define it as follows:

X
Ve(k,7)=¢- Ee””. (4.4.56)

Thus V¢ does not have a short-range singularity by choosing ¢ so that ¢ - & = 0, and hence there is no
need to impose a normal ordering. Since the condition ¢ - k = 0 is satisfied, (* can be interpreted as a
polarization vector. Therefore, (4.4.56) corresponds to the massless meson emission of the polarization
vector (V.

The conformal weight of the operator V; defined by (4.4.54) is J = —1. Since the physical vertex
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operator is J = 1, we must apply an operator of conformal weight 2 to V4. Since the conformal weight of
£+ is 1, we define

¢Miaydy, explik - x] (4.4.57)

and then we obtin the vertex operator with J = 1. If k,,- (" = tr { = 0 is not satisfied, this equation must
have normal ordering. This condition is consistent with the polarization tensor condition for massive spin
two states. Therefore, it is a symmetric traceless tensor for SO(D-1). Apart from this state, Z* is also a
J = 2 operator, so

Vi = nuXte™* (4.4.58)

is also a J = 1 operator. The state corresponding to this vertex operator has spin 1 and is the state
with the polarization vector n,. If , - k* = 0 is satisfied, the sum of this vertex operator and the vertex
operator of (4.4.57) is the total derivative:
—i—(n X:e*® ) = (=i i+ ik &) et (4.4.59)
This vertex operator describes the emission of the zero-norm state L_17n - «_;1|0;k). In other words,
the vertex operator of massive spin 2 has an ambiguity of Y. It follows from the requirement that this
ambiguity does not change the physics that D = 26.
We consider the more general case of k2 = —n. The conformal weight of the vertex operator defined
by (4.4.54) is J = k?/2. And for the state V |¢) after emission to be a physical state, it should be J = 1.
Therefore, the product of (4.4.54) and the operator J = 1 — k?/2 must be the vertex operator. Since

d" X" /dr™ is an operator of J = n, the vertex operator for general k? = —n takes the following form:
Cf(E, E, ., x™)etk (4.4.60)

Finally, we consider the vertex operator for the zero-norm state. Since the zero-norm state is a gauge
transformation degree of freedom, it is a physical state. Therefore, it is described by V(k,7) with J = 1.
Here, in old covariant quantization, the spurious state is described as L_; |A), and the conformal weight

of |\) was zero. So we suppose that the vertex operator for spurious states can also be described by the

J = 0 operator. Therefore, if W is an operator with conformal weight 0 and containing e***, we can
assume that the vertex operator for the zero-norm state is as follows:
aw (k
V(k,7) = —i% = [Lo, W (k, 7). (4.4.61)
T

Let k2 = 0, W = %X then V(k,7) is the emission operator for the massless vector meson of the
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polarization vector k*.

4.4.2 Light Cone Quantization

The Polyakov action is invariant under reparameterisation and the Weyl symmetry, and these local
symmetries are fixed by taking the metric flat. However, two semi-local symmetries are not completely

fixed. This is due to a special parameterisation
Tto—= f(rxo). (4.4.62)

The Polyakov action is trivially invariant under those transformations, and those transformations are
not fixed. Those transformations are called conformal symmetry. For example, the transformation
7+ 0 — f(r+0) is a local symmetry in the 7 + o direction, but it is independent of 7 — ¢ and so can be
regarded as a global symmetry in that direction. Also, as we will see later, the two semi-local symmetries
together work the same as the local symmetry. In old covariant quantization and BRST quantization,
the constraints corresponding to these semi-local symmetries (Virasoro conditions) are quantized and
imposed on the states to construct the physical states. Here we completely solve the Virasoro condition

at the classical level, and quantize only the phisical indipendent degrees of freedom.
Light-Cone Gauge

First, we change the coordinate system to make it easier to deal with the semi-local symmetry:

T+o=¢F (4.4.63)

1 .

+ D—-1 0\ i .

T = T +az),2i=1,..D— 2. 4.4.64
Vol ) (4.4.64)

The metric under this world sheet coordinate is
=1, gt =n"t=-1 (4.4.65)
and the residual symmetries 7+ 0 — f(7 £+ o) are
& — (%) (4.4.66)
which completely separates the two. From this equation, f(£T) can be regarded as the parameter of

reparameterisation in the £+ direction, while the £~ direction can be regarded as a constant. Thus those
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transformations are called semi-local symmetry. The equations of motion and constraints are

Oox Ox

oex oe= ~°

02z
OE+OE~

The conformal transformation for z% is

ot oxrt

— pen 2 s ) 56

The solution to the equation of motion is
ot =28(0) +er + 1T (EN) +ET(ET)
From conformal symmetry, we can use f and g to fix [T and 7. In other words, we impose
v (r,0) = 2 (0) + cr.
2 Using this condition and substituting it into the Virasoro constraint, we obtain

(42 )2 =0— (2~ +a"") = (2" +2)2/2p".

(4.4.67)

(4.4.68)

(4.4.69)

(4.4.70)

(4.4.71)

(4.4.72)

From these equations, we can see that x~ is completely determined by x’ except the ambiguity of the

integration constant. In other words, 27 and = are removed by the light cone gauge. The solution of

the equation of motion for x~ is
T =xy +p TH1 E 1 a- e "7 cosno
0 n "

Substituting in the constraint

B 1 D—-2 oo B B
o, = o\ 2 :z: t—adno |, ag =Dpg-

i=1 m=—

27 and xt satisfy the same equations of motion. With this gauge-fixing condition,

string coordinates are considered time in this system.

no
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Here, considering the constraint of n = 0, from (Lo — a)y) = 0, we find

M? = (2pTp~ —p'p') =2(N —a)

- (4.4.75)
N = Zzozl ainazz
This shows that oy and p~ are equal. Also, p* o, satisfies the Virasolo condition:
D -2
pTon,pToy ] =(m—n)pta,,., + STH (m® —m) +2am| 6mn. (4.4.76)

Thus, we find that the independent states of the string are given by the transverse mode af,. The
independent variables are

2'(1,0), P(1,0),q" (1), p* (7), (4.4.77)

where P? is the canonical momentum, ¢~ is the center of mass, and p* is the total momentum in the +
direction. The Hamiltonian is

H=-2dp"p. (4.4.78)
Quantization

In the old covariant and BRST quantization, the equations of motion were included in the constraints,
so there was no need to impose equations of motion in quantum theory, only constraints. In the light cone
quantization, the constraints no longer exist, and there are no conditions to be imposed on the quantum
state. However, if we consider a system with constraints, we need to impose the non-contradiction

condition that the constraints do not develop in time direction:
{gt+ptr, Hy =p" =0 (4.4.79)

Rewriting p*, we get
pt=—H/2dp” (4.4.80)

This non-contradiction condition is not solved and must be imposed on the state in quantum theory.:
H|T) =0. (4.4.81)

Poisson brackets are

{2(0), P (")} =6 (0 = 0"), {a",p"}=1, (4.4.82)
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and mode expansion of x* gives

{al,al} = —ind" 8, 1m0 (4.4.83)

According to the Dirac rule, we replace the Poisson brackets with a commutation relation:
[z'(0), PP (0")] = i6% (0 — '), [q ", pT] = 1. (4.4.84)
Rewriting the no-contradiction condition with the operator
(—/9® —i0; — M?) ¥ =0. (4.4.85)

This is just the Schrodinger equation.

Thus, by fixing the conformal symmetry in gauge, the constraint conditions are completely solved and
only the independent degrees of freedom are quantized. Since the constraints include equations of motion,
there should be no constraints or equations of motion imposed on states in quantum theory. However,
a non-contradiction condition associated with gauge fixation must be imposed on the state in quantum

theory, and this conditional expression leads to Schrédinger equation.
Lorentz symmetry

Due to the gauge fixation of T, 1 and x~ have been removed, and only z* is now an independent
degree of freedom. Therefore, the Lorentz symmetry of spacetime has become nontrivial. By requiring
the spacetime Lorentz symmetry, we can derive D = 26 and a =1

There are two ways to require the Lorentz symmetry. One is to require the massless representation
in Poincaré group is consistent [55]. The other is to confirm the Lorentz argebra is close [26]. Here we
explain the former way.

The theory is invariant under the Lorentz group SO(D), but only the SO(D-2) symmetry is trivial for the
first excited state of, |0;p) generated by independent oscillators. In general, the massless representation
of the Poincaré group corresponds to the SO(D-2) irreducible representation, while the massive spin
states correspond to the SO(D-1) irreducible representation. Therefore, in order to construct a Lorentz
invariant string theory, the first excited state must be massless, and hence a = 1. From this requirement,
we can obtain D = 26.

We see this more explicily. If we calculate the ordering of generators in Ly specifically:

1 D-2 oo ] ) 1 D—-2 oo ) ) D—9 [eS)
2 Zl Z alpoy, = ) Zl Z al Lo, 5 Zln (4.4.86)
=1 n=-—o0 i=1 n=—00 n=
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Since the second term on the right-hand side is divergent, we regularize it by the zeta function ¢ = > n™*

(converges at Res > 0). In this case, s = —1, and the value of the zeta function is {(—1) = —1/12.

Therefore, the second term is
D-2
24

(4.4.87)

and this must match —a = —1, so D = 26. Since L is a Hamiltonian, this means that the energy of the
vacuum is divergent. However, since only the difference in energy matters, the zero point of the vacuum

can be chosen freely. This regularization corresponds to setting a value with respect to an infinite value.
Physical State

We fix the gauge symmetry in the light cone gauge and describe the physical state with physical degrees
of freedom.

The ground state of open string is described by |0;p), which is a tachyonic state with negative mass
o’ M? = —1.

The first excitation modes after gauge fixation is o’ ; |0;p). This state is a massless vector boson and
the degrees of freedom are 24 for the transverse component. Therefore, this state belongs to the multiplet
of SO(24).

The mass is o/ M2 = 1 and the states are
a’y|0;p), alial |0;p) (4.4.88)

The second state has the corresponding symmetric tensor since o’ ;’s are commutative each other, and
so the degrees of freedom of the state are D — 2 and (D — 2)(D — 1)/2, respectively. Since these two
states belong to the same multiplet, they have a total of (D — 2)(D + 1)/2 degrees of freedom. This
number is equal to the degrees of freedom of the symmetric traceless representation [ [ | of SO(D-1).
This representation is called the spin-2 representation.

In the light cone gauge, the positive norm Hilbert space is constructed to be trivial. Lorentz symmetry
is guaranteed at D = 26. In the massive case, the Lorentz invariance is nontrivial because it is an SO(D-
1) multiplet. However, the SO(25) multiplet can be made from the SO(24) multiplet, and thus we find
Lorentz invariance is preserved.

Next we consider the third level states. The mass of the states at this level are o/ M? = 2, and the
states are

O‘i—3 05 p) , 041204{1 Ip; 0), 041;1@]7104’21 |0; p) (4.4.89)

The total number of degrees of freedom for these states is 24 + 576 + 2600 = 3200, which is the sum of
the third-order fully symmetric traceless representation of SO(25) [ [ [ ] (2900 representation) and the
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second-order antisymmetric tensor H (300 representation).

The mass of fourth level is o/M? = 3 and the degrees of freedom are the sum of SO(25) [ [ [ [ |

(20150 representations), | (5175 representations), | | | (324 representations) and 1 representation
(25,620).

The maximum spin of the states belonging to mass M is given by n = o/M? + 1. The n-th order

symmetric traceless tensor representation of SO(25) is
alty -l [0;p) (4.4.90)

If we decompose in the SO(3) subgroup, there is only one spin-n term, which is the highest spin state at
this mass level.

The states for closed string can be easily generated from the states of open string. In light-cone gauge,
the independent excited modes are described by !, and @!,. Since Ly = Lg (level matching condition)
is satisfied from the Virasoro condition, the energy of the right-handed and left-handed oscillations must
be equal:

N =N. (4.4.91)

The mass of the closed string is

o M? = 4(N - 1) (4.4.92)

and the closed string state is given by the direct product of the open string states.
The ground state is a tachyonic since o/ M? = —4.

The mass at first level is a massless o/ M? = 0, and the states are
Q) =o' @ | |0;p). (4.4.93)

Since this state can be written as a direct sum of the first excited modes of the open string, the tensor
representation of this state is the tensor product of the massless vector representation of SO(24). Since
the direct product representation is not necessarily irreducible, we decompose this state irreducibly. In
order to obtain the irreducible representation, we check the transformability of the representation. First,
it can be divided into the symmetric component [2%) and the antisymmetric component |Q[ij]> 3. This
anti-symmetric component is the antisymmetric second-order tensor of SO(24). The transformation of
the symmetric component differs depending on whether the term is proportional to the metric or not.

The term proportional to the metric is the trace component, which is the massless scalar (dilaton)

3Since the product of right-moving and left-moving state is arbitrary, there are Zs symmetry. This symmetry is an
automorphism. Thus we can decompose the direct product representation into symmetric part and anti-symmetric part.
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representation of SO(24). The last remaining symmetric traceless component is the massless spin-2
particle, which describes gravity.

The mass of second level is given by o/M? = 4 and the states are given by the direct product of the
second excited mode of the open string. The representation of the second excited mode of the open
string is the symmetric traceless representation of SO(25) Dj, and the direct product of the two is
[ [ l®[ | | By decomposing this Young diagram according to the usual rules, we can obtain the

irreducible representation.
Unoriented String

The closed string are described by left-moving generator of, and right-moving generator @’. Strings
described by the right- and left-moving generators are called orientable string, and such a string theory
is called the Shapiro-Virasoro model. Similarly, strings that cannot distinguish between right-moving
and left-moving generators are called unorientable. The quantum unorientable string state is described
by a wave function ¥(z) that is invariant under the Q dual ¢ — —¢. The Q dual is a transformation
that makes the right-moving and left-moving coincide, actually swapping of, and @',. Also, by imposing
invariance under the Q dual, right-moving and left-moving become indistinguishable, and the antisym-
metric components of the tensor vanish. The unorientable string theory can be obtained by imposing 2

duality on the orientable string theory.
Relations between Light-Cone and Old Covariant in Quantum Theory

At the classical level, the relation between the old covariant quantization and the light-cone quantization
is obvious: gauge-fixing conformal symmetry or not. At the quantum level, however, the relation between
these formalizations is nontrivial.

First of all, we briefly summarize the old covariant. The states generated by the harmonic oscillator
o, are imposed a constraint, the Virasoro condition. The physical state is obtained as the state that
satisfies the Virasoro condition. Thus the general formula for the physical states are nontrivial.

The purpose here is to obtain a general expression for the physical states. The reasons that we have
not considered the general physical states are that the states are generated by «.,, but the constraints are
described by L,,, which is given by a nonlinear sum of «,. In other words, we cannot know whether a state
satisfies the Virasoro condition without actually computing it. To solve such a problem, we construct
generators that are commutative with L,. This means that we define the other Fock-space basis which
are L, and the remaining D — 1 generators inspite of af!. In this way, the generators at a new basis
have a clear commutation relation with L,,, and these generators are used to generate the physical states.

These generators are called DDF (Del Giudice, Di Vecchia and Fubini) operators [55,65]. The excited
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states generated by the DDF operator have a clear commutation relation with L,,, which makes it easy
to determine whether they are physical or not, and hence we can obtain a general expression.

First of all, we consider a generator A, such that there is a one-to-one correspondence with o, and
assume that these generators produce a spectrum. Since the Virasoro conditions give one condition for
each n, the algebra generated by the spectral generators (the spectral algebra) has D — 1 generators for
each n. The theory also requires a longitudinal wave mode A, .

The vacuum of the bosonic string theory is a tachyon: |0;pg). Also, for the gauge transformation to be
consistent, it has to be a = 1, D = 26. Then the mass in the vacuum state is p3 = 2. By using Lorentz

symmetry, we choose the following system:
py =1, pg=-1, py=0. (4.4.94)
Furthermore, we introduce the null vector k*
ky =—1, ki=ki=0 (4.4.95)

Then k% = 0, ko - po = 1 is satisfied. The mass of the state is generally given by the Virasoro condition
for n =0:

o M? =N —1. (4.4.96)

The momentum such that this mass-shell condition is satisfied is
p' =ply — Nkj (4.4.97)

and a state with such a momentum is called a possible state.

Next we find the expression of A*. The purpose is to construct a generator of the Fock space such that
the commutation relation with L,, is tirivial. Since o/ generates the states, we expect that we can replace
at by the vertex operator V corresponding to the state. The vertex operator V defined by (4.4.56) is a
periodic function of 27 in 7 except for the exp(ik - pr) factor which appears from the p#7 term in the
expansion of the on-shell string z¢(0,7). If k* = nk{, p- k = n, and so the exp(ik - pr) factor is also
periodic. We consider the massless vector vertex operator with k*. The vertex operator corresponding
to transverse polarization is

Vi = (nko,7) = i (r)e®" () (4.4.98)

This operator is periodic in the subspace generated by the possible states of the Hilbert space. The V*

corresponds to the transverse state of the massless vector, and n describes the excited level of the state.
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Since there is no 7-dependence in the generators that form the Fock space, we integrate (4.4.98) with 7:

Ai 1 2m

n:g B

Vi(nko,T)dr (4.4.99)

These operators are called DDF operator and correspond to af,.
In the following, we focus on the commutation relations with L,, and A;. First, since the vertex operator

V' is an operator of conformal weight J = 1, we find

Lo, V()] = —i L

imTV ()Y 4.4.100
I (e ) ( )

Integrating both sides by 7, from the periodicity of the vertex operator we find
[Lom, AY] = 0. (4.4.101)
And from the commutation relation with Lo, we find
[N,Al] = —nA°. (4.4.102)

Therefore, the states defined by
Al AT |05 po) (4.4.103)

—n1

always satisfy the Virasoro condition, and the mass of this state is given by N = > UE
Next we consider the commutation relation between A%. To find the commutation relation between

Al we calculate the commutation relation of &. The on-shell & is
F(r) = ale ™, (4.4.104)

and then we find
(X (11), X7 (r2)] = 276"96' (11 — 72). (4.4.105)

Using this commutation relation, we obtain the following commutation relation:
[A5, AL = 16ij0mn.0- (4.4.106)

From these commutation relations, the states generated by A from the tachyonic vacuum are physical
states because these satisfiy the Virasoro condition. In light cone quantization, the physical states are

generated by !, so A! is the operator corresponding to af. This A% simplifies the handling of the
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Virasoro condition, and general physical states can be written down as states with A’ acting on them.
This DDF operator plays an important role in the proof of the No-Ghost theorem.

As you can see, the zero-norm states correspond to the time directional component and this contribution
determine the spacetime dimension. In other words, we can construct higher dimensional theory by

considering multi-time configuration [66,67].

4.4.3 BRST Quantization

Next we perform BRST quantization [68], where local symmetries are treated as global symmetry

(BRST symmetry). The action of the bosonic string is

1

st = - [ Peva 0, 05, (4.4.107)

This action has two-dimensional reparameterisation symmetry:
0z = f¥0ux", 0gap = [70yGa + Oaf 9v8 + 08f 7 Gary (4.4.108)

This local symmetry is rewritten into a global symmetry using the BRST formulation.
Introducing BRST Symmetry

First, we replace the parameter of the local symmetry with the ghost field ¢ and define the transfor-
mation law for z# and gag.

o= Ac® (4.4.109)

With this replacement, the coordinate dependent parameter becomes ghost field and that transformation
parameter becomes global. This global symmetry is known as BRST symmetry.
Next, since the local symmetry can be described by the global symmetry, BRST symmetry, we introduce

a gauge-fixing term to fix the local symmetry:

1 =
59 = —;/d2§/\a,e(x/fgg"‘ﬁ —V=95""), (4.4.110)

where § represents a fixed metric. The BRST transformation for Ay is 0.
To construct the kinetic term for the ghost field ¢, we introduce an anti-ghost field b, and we define its
BRST transformation so that the action is invariant. Also from the algebra of reparameterisation, the

transformation law for c is given by

Obap = Aap, dc = Ac70yc”. (4.4.111)
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With the covariant derivative as D%, the final action is

GBRST _ gorig | g9f | g9h (4.4.112)

1
S9h = = /dzﬁs/—gbag(Do‘cﬁ +DPe™ — g*P D¢, (4.4.113)
s

If we set ¢*% = n*? and Aap on-shell, we can obtain

1

St = —
4o

1
- /d2§na58ax“8gx”77m, - /d2§ba5(8o‘cﬁ + 0% —n*Po,cY) (4.4.114)

Here, as before, the local symmetry is not completely fixed, and which is conformal symmetry. In other
words, there are two conformal symmetries in this action: the conformal symmetry in the reparametriza-
tion invariance and the Weyl invariance, and the conformal symmetry in the BRST symmetry. Here BRST
symmetry corresponding to Weyl symmetry and reparameterisation except for comformal symmetry was

broken by integrating out A,g.
Equation of Motion

The equations of motion are given by
D’ =0, 950 =0, 9P 4 0% —n*Poc =0 (4.4.115)

There are various possibilities that Lorentz covariant boundary condition satisfies the surface term.

One is the periodic condition corresponding to closed string:
(o) = 2" (0 4+ 21), bap(c) = bag(o +27), P(0) = cP(o+2n) (4.4.116)
The other is the Neumann condition corresponding to open string:
0;xt =0, bip=0, c'=0 (4.4.117)

Calculating the Poisson brackets, we obtain

{bo1(0), ¢ (o)

(4.4.118)
{c°(2),boo(0”)

=

For xz# it is the same result in the old covariant quantization.

In order to treat open and closed strings equally, we fold the open string so that it satisfies the boundary
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condition at o = 0.

o) =(~o ct(o) = —ct(—0o
(0) = (—0) (o) (—0) (4.4.119)
boo (o) = boo(—0) bo1(0) = —bo1(—0)
Futhermore, if we rewrite
clo)=c"+ct =ct
(@) (4.4.120)
b= —2(boo + bo1) = —4b+,
the boundary condition for the open string becomes
o(m) = c(=m), b(m) = b(—), (4.4.121)

and then it is just the boundary condition for closed string. To extend the range of o, we impose

c(o) =c(o+2n), bloc)="0blo+2n) (4.4.122)

Using these expressions, the anti-commutation relations are given by

{b(0),c(c")} = 2iméd(c’ — o)

(4.4.123)
{b,0} ={c,c} =0
Since we have imposed periodicity on b and ¢, the mode expansions are
(o) =Y cpe™™? (4.4.124)
0 .

b(o) =iy bue ™. (4.4.125)

Substituting these mode expansions into the anti-commutation relations, we obtain
{en;em} = {bn,bm} = 0,{Cn,bm} = Intm.o- (4.4.126)

Quantization

Next we consider the representation that satisfies these algebras. We adopt the creation and annihila-
tion operators and the representation in SU(2) since by and ¢y form a two-dimensional Clifford algebra

with indefinite metric.
col+) =0,b |[+) = |-)

(4.4.127)

83



4 STRING THEORY 4.4  Quantum Bosonic String

Since it is an indefinite metric, the norm is
(£|£) =0, (+|-)=(—|+)=1. (4.4.128)

The states are generated by the creation operators o, b_, and c_, and the basis is given by |+).

Thus
Ix) =v|+)+o|-). (4.4.129)

For closed string theory, we take the direct product of these states. Also, since by and ¢y are commutative

with the Hamiltonian, we can take |£) as the ground state.
Constraints and Virasoro Conditions

The above discussion so far is only to determin the properties of the state space, not the physical
conditions. In quantum theory, it is the constraint conditions and the equations of motion that determine
the state.

The constraint conditions can be calculated as
1
Top = O™ 0" 1y — inagamuax”nw + 40/ {(bary0¢7 + bpy0ac”) + (07bug)cy } (4.4.130)

By modal expansion, we define the Virasoro generators and calculate the commutation relation. Since
the Virasoro generators for z is already given, we focus on the ghost part. The constraints for the ghost
part are

T4) = —i[Letpbyy +0petbyiy |30 b+ b (4.4.131)

By mode-expanding these conditions, we can obtain the Virasoro generators corresponding to the ghost
part:
[ee]
L© = Z [m(J — 1) — n)bpmtnCn, (4.4.132)

where J is the conformal dimension, which is 2 for b and -1 for c¢. The ordering is still required only for
m = 0.

The commutation relation generated by the Virasoro generators for ghosts is

[Lg,j), L;ﬂ = (m —n)LE,, + A (Mo in (4.4.133)
A¢(m) = 1% [1-3K*]m® + %m, k=2J—-1 (4.4.134)
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For J = 2, we have

A¢(m) = é(m —13m?) (4.4.135)

Thus, the Virasoro algebra for the whole action is given by a combination of the conformal transfor-

mations of BRST symmetry and regidual symmetry. If we define

Ly = L% + L9 — adp.0, (4.4.136)
then
D—-2 , ,

[Ly, Lin] = (n—m)Lpypn + n(n

3 —Dpsmo- (4.4.137)

The second term on the right-hand side is a comformal anomaly, and its existence breaks conformal
symmetry in quantum theory. Therefore, by taking D = 26, we eliminate the anomaly and make the
symmetry in the classical theory and the quantum theory coincide. This means that the comformal
transformation derived from the reparameterisation and the conformal transformation from the BRST

symmetry can be performed spontaneously.
Physical States

In old covariant quantization, the Virasoro generators are the constraints, and the physical states satisfy

(Ly, — adn1) |x) = 0. (4.4.138)

The basic idea is the same for BRST quantization, but since we introduced ghost and anti-ghost fields,
we need to consider a larger Fock space.

the Virasoro algebra in general dimensions has an anomaly, so the property Q2 = 0 is nontrivial. Also,
the ghost number operator U has an ambiguity due to the order of the operators. In BRST quantization,

the action has BRST symmetry, so the corresponding charge for open strings is

: 1@l :
Qp = Zc_n (Ln - 2L_n25n,0) . (4.4.139)
Similarly, the ghost number operator for open is
oo
U= > e mbp:. (4.4.140)

For closed strings, we can incorporate the left-moving contributions.
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The BRST current is

B _ (@ , Ln
JP =2c" (T++ + 2T++) : (4.4.141)
The ghost number current is
Jy=ctb . (4.4.142)
Of course, these currents obey the conservation laws:
0_JP =0_Jp =0. (4.4.143)
The corresponding charges are given
1 us
Qp=+ [ do(JE+J5) (4.4.144)
271— 0
1 s
U= / do (Jy +J.) (4.4.145)
27T 0

In order to confirm the nilpotency, we calculate Q% explicitly:
5 1 1
Qp=3{Q.Q} =5 > ([Lms Ln] = (m = n) L yn) c—mcn (4.4.146)

— 00

Therefore, if D = 26 and a = 1, this charge satisfies the nilpotency. This means that the conformal

anomaly cancels out. Indeed if we use the relation

Ly, ={Q,bm}, (4.4.147)

and nilpotency, then

[Lim, Q] = {Q, b}, Q] = 0. (4.4.148)

So, using these equations, we find

[Lvan] = [Lm7 {Q7 bn}] = {Q7 [Lm7 bn]}

= (m - TL) {Q» bm+n} = (m - TL)Lm+n

(4.4.149)

and the anomaly has disappeared.
Since a charge corresponding to a symmetry is the generator of the transformation, the transformation
law for the field Y is in general
Y =[2Q,Y]. (4.4.150)
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Specifically, the transformation laws of the fields are

SXH = MeT0 . X+ Ae” O X+ 4.4.151

dct = Aeto et 4.4.152
O0byq = 2iNTy 4 4.4.153

4.4.154

—~ o~~~
O ~—

5Ty = 0.

Next, we consider the ambiguity of the ghost number operator:

1

U=
2

o0
(Cobo — boCo) + Z (C_nbn — b_ncn) . (44155)
n=1
If we act on the ground state |£), we find that the eigenvalue is +1/2. Therefore, the ghost numbers of
all eigenstates are half integers.

@ is conserved current in this system and the constraint. Therefore, we impose
Qlx) =0. (4.4.156)

Thus, the physical state is distinguished by a BRST cohomology class with a ghost number. Since the
physical states do not contain ghost fields, we assume that they are proportional to the ground state |+),
which has no ghost excitations. From the action, since the ghost field and the anti-ghost field do not
exist symmetrically, the ground state |+) and |—) are not same states. Indeed the conformal weights of
the ghost field and the anti-ghost field are different. Therefore, we need to consider which ground state

should be adopted. Since |+) is a ground state, it satisfies the following condition.
nlX) =balx) =0, n>0 (4.4.157)

These conditions can be interpreted as ghosts and anti-ghosts not being included in the state. Considering

the state of |—), from by |—) = 0, we have
0=0Qlx) = <CO (Lga> —~ 1) +> an;‘”) X) (4.4.158)
n>0

and which is equal to the Virasoro condition in old covariant quantization. On the other hand, if we
adopt the ground state of |+), |x) vanishes due to cg, so the first term in the above equation vanishes,

and as a result, all the Virasoro conditions are no longer obtained. From the above, the physical state of
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the bosonic string is a cohomology class with ghost number -1/2.

From the nilpotency, there is ambiguity in the physical states:

IX) + Qg IA). (4.4.159)

This second term corresponds to the degrees of freedom of the gauge transformation. Indeed, the second

term is a physical and zero-norm state:
(AQTQIA) = 0. (4.4.160)

4.5 Superstring Theory for RNS Formalism

We introduce fermions by imposing a supersymmetry on the theory. Supersymmetry is a symmetry
that swaps spinor indices to vector indices. Polyakov action is given by (4.3.13), where there are two
types of vector indices: p for spacetime and « for the world sheet. Therefore, there are two ways to
introduce supersymmetry into string theory. One is to impose supersymmetry on the spacetime index u,
called the Gree-Schwarz formalism. Since this is a spacetime symmetry, we only need to make a global
supersymmetry. The other is for the world sheet index « and is called the RNS formalism. Since the
world sheet is a local object, we need to impose local supersymmetry. However, since the symmetry
we observe is that of spacetime, in RNS formalism we must impose a certain projection. Under this
projection, the two theories coincide. In this section, we start with the RNS form, which is relatively

easy to handle.

4.5.1 Classical RNS Formalism

Global World Sheet Supersymmetry

In RNS formalism we impose a supersymmetry on the index « on the world sheet. Since the world
sheet is two-dimensional, the dimension of the Clifford algebra is two-dimensional, and the dimension of

the spinor representation is also two-dimensional:
=1 e : (4.5.1)

Since p = 1,..., D, we introduce D two-dimensional spinors. Futhermore in order to match the off-shell

degrees of freedom of the bosons and fermions, we introduce D bosons N#. The action with global
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supersymmetry is
1 i ; 1
/ d2¢ (—Zaaac?@ax” — XA+ 2N“N”) : (45.2)

where x,, is the spinor representation of the world sheet Lorentz group SO(1,1) and the vector represen-
tation of the space-time Lorentz symmetry SO(1,D-1). The super partner x, can be taken to Majorana
spinor:

X =x""’ (4.5.3)

The action describes a field theory in two dimensions, and in this sense SO(1,D-1) is an internal symmetry.

Also, the action is invariant under global off-shell supersymmetric transformations of the world sheet.
oxt =ext, ox" = —iv“ 0 a e, (4.5.4)

The € is a parameter for supersymmetry and Majorana fermion. This action is invariant under world
sheet global supersymmetry and two dimensional Poincaré symmentry, and the conserved currents for

these symmetries are

Top = Onz! Oz, + %E#’y{aﬁﬂ}w# — (trace of first term and second term) (4.5.5)

1
J, = 57/37%/}“3535#- (4.5.6)

Since supersymmetry and two dimensional Poincaré symmetry act on the world sheet, the index of current

is for the world sheet. Also, T,z is clearly traceless, and if we choose light cone coordinates, we obtain
T+, == T,+ == O (457)

Local Supersymmetry

Next we use consider the local supersymmetry. By using Noether method, we obtain the local super-

simmetric action:

1 2 1 Ry} anﬂ 0 1 IK— K2_ B
_ - TR v__ ° v ZNHENVY o p JTpe’ o~ B LV )
S 2m,/d 56{ 5 e 0p2" — SX"Y X" + 5 + a0 VXV = etV XX ( as
(4.5.8)
Also we obtain the transformation laws:
St = e, Syt = —in e(Dat” — X' e
(8 X 7e( X" 7 (45.9)

562‘ = =217y, 0o = Ve
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where 1), is a gauge field for local supersymmetry, e,* is a gauge field for the reparameterisation and V,

is the spin connection.
Symmetries
We used the Noether method for the global world sheet supersymmetry and introduce the local super-

symmetry for the world sheet:

ozt = jex* ox = (¥* Dozt + NH)e SNH = jey* Dy x"

(4.5.10)
del = iKEY* Yy 6o = %Dae

Dozt = 0t — Fapo X" Dpxp= (Dpat — §7* Do’ + N*) g (4.5.11)

Since the double supersymmetric transformations induce a reparameterisation symmetry, there is a two-

dimensional reparameterisation invariant:

66?1 = fﬁaﬁez + &Xf’geg 6waA = fﬁaﬁwaA + 8afﬁw5A

(4.5.12)
ozt = fﬁaﬁx“ oxly = fﬁﬁlg)(‘z ONH = fﬁﬁﬁN“
Also from the super algebra, there is a two-dimensional local Lorentz transformation
5ea:_waeb (Sa :lwabaBa
) Otl b o w A 4( ’y b)Aw B (45.13)
X'y = (W™ van) EX%
As bosonic string theory, this action has also Weyl symmetry
Sel = Aed 1y = A1,
“ & e =320y (4.5.14)
bzt =0  Ox" = FAx" ONH=—ANH
Finally, the following symmetry is induced:
0o = 7af (4.5.15)

This symmetry follows from the identity of the two-dimensional Clifford algebra, and is necessary for the
superconformal symmetry to form a closed algebra. This symmetry is called S-symmetry. This action is
not invariant under the spacetime supersymmetry.

Using these symmetries, we can set

et =6, ¢=0. (4.5.16)

Equation of Motion
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The equations of motion and constraints are given by
Ozt =0, 0%ax" = (4.5.17)

Tap = Oaxt Opa" Ny + %X“’w@ax”mu + WTﬂ(avxuavwv + X" 07 Vo X ) = 0 (4.5.18)
J* = 0Pypaty Xy, = 0
And the boundary term is

X'y X w5 = 0. (4.5.19)

Since x is a representation of the two-dimensional Clifford algebra, we can write it down in Weyl spinors:

(XM ox” = X ox )l = 0. (4.5.20)

Although there are several possibilities of boundary conditions that satisfy this boundary term, there are
only two that do not give a non-trivial solution. Those are the Ramond sector and the Nieve-Schwarz
sector. For open string,

(R)  x4(m) = x-(m)

(NS) x4+ =—x-(m)

(4.5.21)

and for closed string
Xe(m) =xi(=m)  (R)

(4.5.22)
Xi(m) = —xi(=m) (NS).

As with bosonic strings, closed strings are given by the direct product of open strings, so we focus on
only the open string

We define the following field:

1 Mo O<o<m
V(o) = — x4(0) (4.5.23)
Y| xt(-0) —m<0o<0
Using this notation, the boundary condition is
UH(r) = UH(—m R
() = Wr(—1)  (R) w5

Uh(r) = —T(x) (NS)
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From these conditions, the solution is a mode expansion of ¥ using the light cone coordinates:

U=, die T (R)

- (4.5.25)
U =3 bﬁe‘mf (NS).
and then the Poisson brackets and constraints are
at,dv } = —in"dptm R
{bﬁ’bz} = —iﬁ””5r+s,o (NS)
Gr =Y a_pbrin NS
> o (V5) (4.5.27)
Fn - Z a—’rndn-i-nL (R)
The algebra generated by the constraints are given by
Ly, L,}=—in—m)Lpim {Ln,Frn}t=—i(—m+2)F,1m
(L} = =i(n=m) Lo {Lns P} = =i (- + %) Foy .
{Fo+Fn}=—-2iLnim
for Ramond sector and
Ln;Lm. :*in*anm LnaGm =—i(5—r Gnr
{LosLn} = =in =)L {LnsGon} = =i (§ = 1) G 1529)

{Gm Gs} = _QiLr+s

for NS sector.

For the closed string, we use these sectors independently for left-moving and right-moving.
4.5.2 Old Covariant Quantization
Virasoro conditions

First, we replace the Poisson bracket of the bosonic field in the commutation relation and the Poisson

bracket of the fermionic field in the anti-commutation relation:

[a%, O‘;In] = n6n+m,0nl“/

{dk,dy } = =i 0pnsmo  (R) (4.5.30)
{b’r‘, bg} = —i" 6450 (NS)

Since these operators are non-commutative, we can redefine the constraint using the normal order and
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recompute the commutation relation. For R sector, we find

[Ly, L) = (n = m)Lpsm + 2n(n® = 1)0psmo  [Lns Fn) = — (—m+ %) Foym

: (4.5.31)
{Fn + Fm} = 2Ln+m + %n25n+m,0

where the anomaly term is different from the bosonic string anomaly D/12. This is because there is a
contribution from the local supersymmetry.

Similarly for NS Sector, we find

[L'ruLm] = (n - m)Ln+m + %n(ng - 1)6n+m,0; [L’ru Gm] = - (% - 7") GnJrr

O G —or D2 1)4 (4.5.32)
{ rs s} =2Lr4s+ 35 (’/‘ 4) r+s,0

From these commutation relations, Ly, Lo and G41/2 make an OSp(1|2) subalgebra.
These equations form an algebra different from the classical theory because of the superconformal
anomaly. The existence of this anomaly shows that the symmetry that existed in classical theory is

broken in quantum theory.
Spectrum

Next we derive the spectrum of the open string for each sector. The Virasoro condition for the zero

mode is
Lo=L% + L8 or L + L (4.5.33)
and we use - - -
N=> o mam, N = rb b, N'= md_mdn, (4.5.34)
1 1/2 1
p? = -—M? (4.5.35)

then the Virasoro condition for these zero modes is
o/ M? = N + const. (4.5.36)

This condition is called the mass shell condition because it corresponds to the equation of motion.
From [ag, ap] ~ —1 and {dp,do} ~ —1, there are ghost modes, and these modes are the cause of the
superconformal anomaly. Since the anomaly for gauge symmetry breaks the unitarity of the theory, we
must remove the superconformal anomaly by setting D and a appropriately as well as the bosonic string.
In particular, if @ and D are critical values enough to just eliminate the ghost, a zero-norm state exists,

and this zero-norm state plays the role of a gauge degrees of freedom.
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In the following, for simplicity, we consider only the NS sector. The R sector can be calculated in the
same way as the NS sector. Let |0,k) be a ground state satisfying k? = 2a which is followed from mass
shell condition. Consider the excited state |¢) = G_1/20,k). if we impose the mass-shell condition, we
find k%/2 = a — 1/2. Here, the basis of the state space is a_,, d_,, and b_,., so |¢) is not the first excited

state. If we calculate the norm of this state, we find

(¢|¢) = 0. (4.5.37)

Therefore, |¢) is a zero-norm state (spurious state). We impose the remaining Lo and G, Virasoro
conditions on this state. The condition with the smallest value in n and r is » = 1/2. Thus, the Virasoro

condition of i1, is imposed on the first excited state:
G1/2(G-1/20,k)) = 0. (4.5.38)

From this condition, we find a = 1/2. Now, if ’gi~)> is a physical state that satisfies all the Virasoro
conditions, we can see that the same argument holds if we replace |0, k) with ‘45>

Next, we consider [¢) = (G_3/2 + AG_1/2L_1) ‘q~5> If we impose Virasoro condition

G3/2 ‘¢> - 0, Gl/g |¢> = 0, (4539)

we find A =2 and D =10

Higher-order states and Virasoro conditions can be generated by the product of G/, and G435/, so
there is no need to consider them. The G_; /2‘¢~>> and G_j3 /2’q~5> used in this calculation correspond to
the gauge degrees of freedom. Also since ’q~5> is an arbitrary physical state, the gauge degrees of freedom
are infinite dimensional, which is the same as the gauge transformations in field theory.

Next we derive the Virasoro conditions for the states generated by the basis «, d and b of the Fock

space. + We discuss the states in each sectors sepalately. For NS sector, the constraints are

G, |®) =0 r>0
(Ln—(sn’())|q)>:0 7120

(4.5.40)

Since the only independent variables are zfj, p*, o and b¥

n T

we reparesent p* as derivative and oft as

creation and annihilation operators. Expanding the state of the general string with the creation operators,

4The previous discussion was about the Virasoro condition for zero-norm (spurious) states, and the discussion that
follows is about the Virasoro condition for non-zero-norm states. The difference is whether they are generated by o, b and
dor by L, G and F.
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we find
. , 1 .
|®) = (¢(z) + iak B, + zb‘jl/2AM + §bﬁl/2b,1/QSW +...)10) (4.5.41)

The conditions for the Fock space are

a0,py =0 n>0

(4.5.42)
b10,p) =0 r>0
We impose constraints on this state. Focus on the lower order, for Ly — 1/2
P+ Dp=0 0?4, =0
( )¢ ! (4.5.43)

(/0?—3)Su =0 (/0*-1)B,=0

2

and gives the Klein-Gordon equations for each field. From these conditions, ¢ is a tachyon and A* is a
massless vector. For G/, we find
0*A, =0

: (4.5.44)
V22/9S,, — B, =0

These conditions are regarded as the gauge condition. The calculations we performed to find D and a

are, for example, for the first excited mode, that the gauge transformation is given by
0 B |0, K) = i By 0, K) + G 12| (4.5.45)

and we have calculated the conditions for this gauge-fixed state to be physical.
Next we consider the R sector. The states are constructed in the same way as in the NS sector, but it
cannot be expressed by the creation and annihilation operators because dfj cannot be paired with creation

and annihilation. Therefore, we need to express the algebra generated by df) in a different way.
{ds,dy = (4.5.46)

Since this algebra has the same form as the 10-dimensional Clifford algebra, we represent it with a spin
on the state. That is, the degrees of freedom generated by df correspond to the spinor degrees of freedom

so the R sector is a fermion. The constraints are

Ful¢)=0 n=0

(4.5.47)
L.|¥)=0 n>0
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Since the general string state has the spinor index €, we expand this state like

|0)e = {Ae(@) + 019 (2) + d” () + ..} [0:p) - (4.5.48)
The conditions for the Fock space are

al|0;p) =0 n>0

: (4.5.49)
dh10;p) =0 n>0

From the condition on Fy, we find

Budix =0

. (4.5.50)
Vo', dipl = v7 —Va'd,dgk = b

These are now the Dirac equations for each field.

As you have seen in bosonic string theory, by considering the multi-time configuration, we can realize
less than 10 dimensional superstring thoery. In [69], the author proposed the 442 dimensional super-
string theory as two-time physics. Also Since local supersymmetry reduces the comformal anomaly, by
introducing the extended local supersymmetry such as N = 2 or N = 4, we can also realize less than 10

dimensional superstring theory [55].

4.5.3 Light-Cone Quantization

Superstring theory is an invariant theory under reparameterisation, Weyl symmetry, and world sheet
local supersymmetry, and we fixed these local symmetries using gauge-fixing conditions. However, this
gauge fixing could not fix the superconformal symmetry which makes the action trivially invariant. In
old covariant quantization, we dealt with this superconformal symmetry by quantizing it and imposing
constraints on the quantum states. Here we quantize only the physical degrees of freedom by imposing
an light cone gauge condition to solve the super-Virasoro condition. In the old covariant quantization,
D =10 and a = 1/2 was found by imposing the consistency of the gauge transformation of the quantum
state after the quantization. In the light cone quantization, the dimension D and the intercept a could not
be determined in the same way as in the old covariant quantization, because there is no superconformal
symmetry in quantum theory, but they could be determined by imposing consistency with the spacetime

Lorentz symmetry in quantum theory.
Light Cone Gauge

As in the bosonic string theory, we fix the reparameterisation invariance and the Weyl invariance by
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imposing a conformal gauge for the world sheet metric g: gog = 1as. Since this gauge condition leaves

the theory with conformal symmetry, we further impose the light cone gauge condition:
Xt(o,7)=at +ptr (4.5.51)

In addition to these symmetries, the action is invariant under local world sheet supersymmetry. Therefore,

one more gauge condition must be imposed:
P =0 (4.5.52)

Since local supersymmetry forms a closed algebra with conformal symmetry which is superconformal
algebra, we have to confirm the consistency with the gauge condition for conformal symmetry (4.5.51).

If we consider the global supersymmetric transformation (4.5.51), we find
SXteyt =0 (4.5.53)

and thus there is no contradiction.

Next, in order to simplify the calculation under the light cone gauge, we use the light cone coordinates:
:t 1
ot =71+0, 0r= 5(67 +0,) (4.5.54)

ot =740, 0r= %(37 +0,) (4.5.55)

Also in order to treat fields with 0% as a variable equivalently, we define the following field:

Wiot) 050

P (oF) = (4.5.56)
Yt (oc7) o<0
The constraints for the superconformal symmetry are

Jy=v9-0,X=0

+=v - (4.5.57)
Tiq = (0:X)° + 59 - 049 = 0.
Substituting the gauge condition (4.5.51), (4.5.52) into these constraints, we find

= =9Y'0; X"

V= ey (4.5.58)

O X~ = (04 X0, X" + S9i0 )

97



4 STRING THEORY 4.5 Superstring Theory for RNS Formalism

Furthermore, Fourier expansions of X and v are
1 &S] ) .
- _ i 7
by = — g o _ by

- 1 & = i i — n i i adn,0
a, = T Z Ly, O Z (r— 5) sby by | — o

=1 m=-—00 T=—00

(4.5.59)

From these expressions, pTa, and pTb, have the same form as the super-Virasoro generators, so we
find the super-Virasoro algebra obtained by old covariant quantization. However, since the old covariant
quantization is made with o instead of o, we have to replace D in the anomaly term in the old covariant

with D — 2:

A(m) = ?(m3 —m) + 2am
(4.5.60)
D-2(, 1
B(r)zT (T —4> +2a

As in the bosonic string theory, we require the D dimensional Lorentz symmetry, we obtain D = 10,a =

1/2 .

4.5.4 Spacetime Supersymmetry and GSO Projection

We derived the spectrum of the string in RNS formalism, and all of these spectra are supersymmetric
invariants on the world sheet. However, the world sheet is not physical. In other words, the supersym-
metry of the world sheet is not observable if considering the effective field theory of point particles at
low-energy. In order for supersymmetry to exist in the low-energy effective theory, string theory must
be supersymmetric not only in the world sheet but also in spacetime. In order to impose spacetime su-
persymmetry on RNS string theory, we extract a spectrum from the spectrum of RNS string theory that
satisfies the spacetime supersymmetry. In other words, by imposing a projection on the spectrum, we can
construct a theory in which spacetime supersymmetry and world sheet supersymmetry are compatible.
The NS sector represents bosons, the R sector represents fermions, and these degrees of freedom must be
equal on-shell due to the spacetime supersymmetry. With the above manifest, we construct a spacetime
supersymmetric string theory.

Secondly, the RNS form of string theory is not a consistent theory even for D = 10 and a = 1/2 at the
following points.

One of them is the exist of tachyon. Since the NS sector contains tachyon and the vacuum is unstable,
it is better to remove them by this projection. In principle it is possible to extract the state so that it
contains a tachyon as long as the spacetime supersymmetry can exist.

The other is the statistical nature of particles. The " is a spinor on the world sheet and is a Grassmann
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odd. However, " is a boson of spacetime Lorentz symmetry. In other words, the boson state |¢) is a
commutative state, but ¥* |¢) is anti-commutative, even though it is a boson. To solve this problem, we
can keep only the even-acting states of ¥* and remove the odd-acting states of ¥* by a projection. This
requirement leads to the x symmetry.

In order to satisfy these two requests, the projection must contain an operator that counts the number
of 1" which means the number of b, such a measure is G-parity. We define the operator (—1)% to count
the G-parity. Since we want to consider the low energy effective theory, we require that the projection
leaves massless particles. Therefore, we define (—1)¥ = 1 for massless particles, and remove the state

where (—1)f = —1 and then

(=) F (i |B)) = (=1) ™ (pF - pln | @)). (4.5.61)

This projection is called GSO projection. In fact the RNS string theory imposed the GSO projection
is invariant under spacetime supersymmetry. Indeed, under the GSO projection, a spin 3/2 particle
remains, which is coupled to a spin 1/2 charge. Since the spin 1/2 charge is a supersymmetric charge,
this spin 3/2 particle is a gauge field for the spacetime supersymmetry. In the following, we specifically
investigate RNS superstring theory, which imposed the GSO projection.

The massless spectrum in the NS sector is b, |0; k), so it is a vector particle. On the other hand, the
massless spinor is a state that satisfies the super-Virasoro condition Fy |[¢)) = 0. The ground state |9)) is a
spinor. Since Fp [¢) = 0 is a Dirac equation, we write u“(k) as the solution for the Dirac equation where a
is the spinor index, and k is the momentum. If supersymmetry exists in the theory, these states must form
a multiplet. If we denote the coefficient of b, |0; k) as A,,, A,, has 10 components. Of these, the physical
degrees of freedom are the eight transverse components. On the other hand, [¢) is a 10-dimensional
spinor, and its degrees of freedom are complex 21%/2 = 32. However, for D = 10, the spinor can be taken
to be a Mayorana-Weyl spinor, so the degrees of freedom are real 16 components. Furthermore, by the
Dirac equation, only 8 degrees of freedom are physical degrees of freedom. Therefore, in the on-shell, the
degrees of freedom of bosons and fermions coincide in 8 components.

In order to confirm this, we first consider the Majorana condition. The massless Dirac equation is
I'“d,9 = 0. If all components of the gamma matrix are real or imaginary, we can impose a condition
that makes 9 real and this spinor is called a Majorana representation.

If D = 10, we can construct a representation such that all the components of the gamma matrix are
imaginary. In this case, I'’ is antisymmetric and the remaining gamma matrices are symmetric. In
general, we can create a Majorana fermion for D = 2, 3,4 mod 8.

Of the 10 gamma matrices, the 8 components I'* correspond to the transverse components. These
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form the Clifford algebra for SO(8), which is a subalgebra of SO(1,9). If we denote the generators of the
Clifford algebra as v%,i = 1, ..., the algebra is {7¢,77} = 26%. Here, 4* is a real symmetric 16 x 16 matrix.
By using the Clifford algebra for SO(8), we construct the Clifford algebra for SO(1,9), {T#,T"} = —2n**.
Using the 16 x 16 matrix 7% and the 2 x 2 Pauli matrix o, the 32 x 32 matrix I'* can be constructed as
follows:

FO :O'2®116, Fl =7 ®’}/Z, Fg :i0'3®116. (4562)

We adopt the representation of the Pauli matrix such that o1, 03 are real and o5 are imaginary. Then all
components of I'* are imaginary. Therefore, we can impose the Majorana condition.
Next, we confirm that we can impose the Weyl condition in 10 dimension . Whenever the spacetime

dimension D is even, we can define a chiral matrix:
[y =1%..19 (4.5.63)
This chiral matrix satisfies the following properties:
{T1,T#} =0, (Tn)?=1 (4.5.64)
The eigenvalues of this matrix are &1 from (I'11)% = 1:
T =9 (4.5.65)

The eigenvalue +1 is called the chirality. Since the eigenvalues are given like that, we can construct the

projection operators
1+£Ty,

5 (4.5.66)

which leave only spinors with a certain chirality. Spinors with a defined chirality are called Weyl spinors.

Next, we consider the conditions under which the Weyl condition can be imposed on the Majorana
spinors. Since the gamma matrix has all components as imaginary numbers, I'11, which is created by
multiplying an imaginary number by an even number of times, is a real matrix. This shows that the
Majorana and Weyl conditions are consistent. In other words, we can take i to be a real spinor with
positive chirality. In contrast to the 10-dimensional case, in the 4-dimensional case, the Majorana and
Weyl spinor can be defined, but they cannot be taken to be real Weyl spinor because 5 is imaginary. In
this way, the only dimension where the Weyl and Majorana conditions are consistent is if D = 2mod 8
from the general theory of Clifford algebra.

If D = 10, the Majorana-Weyl spinor is a real 32/2 = 16 component. If we impose the Dirac equation
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I' - 0¥ = 0 on this Majorana-Weyl spinor, the 8 component is related to the other 8 components by
the Dirac equation. Therefore, the physical degree of freedom of on-shell ¢ is 8 components. Since this
degree of freedom is equal to the degree of freedom of the on-shell gauge field A*, ¢ and A, can form a
supermultiplet.

From the above discussion, we found that the D = 10 massless fermion takes on the Majorana-Weyl.
This means that it forms a massless supermultiplet. The Weyl condition means that the spinor, which
is an R-sector ground state, is an eigenstate of I'y;. The extension of this Weyl condition to the Weyl

condition for fermions at an arbitrary mass level can be defined by
Pp =T (=) ddn = (—1)F. (4.5.67)

Since this definition is a Weyl condition that can be imposed on fermions of an arbitrary mass level, Pg
satisfies

{Pg,d"} =0. (4.5.68)

Also, since ¥* in the R sector is linear in d*, we find
{Pr,¥"} =0 (4.5.69)

Futhermore, Pg satisfies (Pr)? = 1, indicating that it is a projection operator.

On the other hand, the GSO conditions imposed on the state of the NS sector are
Pys|o) =1¢), Pys=(-1)E=2t=t = (T, (4.5.70)

In fact, the even-order mass in the NS sector is given by \/m , which is not present in the R
sector. This operator satisfies PJ%,S =1, and Pyg makes the masses equal for bosons and fermions, and
removes the tachyons.

From the above, the massless sector forms a supermultiplet, and in order for the theory to have
supersymmetry, the Weyl condition must be imposed to the R sector, which is, if we write |¢) for any

R-sector state, given by

Pr|¢) = 14) (4.5.71)

Of course, we can also impose a Weyl condition of Pg |t)) = — |¢) that leaves the opposite chirality. This
Weyl condition is a GSO projection, as it is an operator that removes half of the chirality.

Here, the Weyl condition of (4.5.71) does not imply the removal of positive chirality at all mass levels.
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Any state belonging to the R sector is written as

Ay, din ) (4.5.72)

—m1

From the GSO condition (4.5.71), the chirality of the ground state |a) is positive. If Pg is applied to
this state, Pgp = (—1)f = (=1)". In other words, we are left with positive chirality for n = 0, negative
chirality for n = 1.

Specifically, we consider imposing the GSO condition on massive fermions. Since I'1; is not commutative
with i['-0+4m, the massive spinor representation of the Lorentz group cannot be taken to be a Weyl spinor.
However, in string theory, since the commutation relation with the Dirac operator Fy is {Pg, Fo} = 0,
the GSO projection can be imposed on massive spinors. We consider the first excited fermionic state
a’ 1|0y ut and d', |0) uz in light-cone string theory. From the GSO condition for the R sector Pgr, u;

and ug must be Majorana Weyl spinors with different chirality:
Phuy =wr, Tiug = —up (4.5.73)

Putting these two spinors together, we can create a Majorana spinor, which is an irreducible massive
representation of the Lorentz group.

A necessary condition for the theory to maintain supersymmetry is that the degrees of freedom of the
fermions and bosons be equal at each mass level. By the Weyl condition, the degree of freedom of a
massless fermion is 8, which is the same degree of freedom as the physical massless vector. By counting
up the degrees of freedom of fermions and bosons at higher mass levels, we can confirm that they are
consistent at each level [26].

Next, to see that the projection operators are consistent with the RNS superstring theory, we can
investigate the commutation relations, since superstring theory is completely determined by constraints.

Indeed we find the commutativities:

{PN57GT‘}:0 [PN57Ln]:0

{Pgr,F,} =0 [Pr,L,]=0 (4.5.74)

Thus, there is no contradiction. Also, the projection operator extracts a spacetime supersymmetric
transformation from the world sheet local supersymmetric transformation, and this symmetry is just the

K symmetry.
Closesd String Spectra and TypellA / II B String Theory

Finally, we use the above results to derive the spectrum of the closed string. Since the closed string
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is multiplied by the direct product of the open string, there are four sectors of states: (NS,NS), (NS,R),
(R,NS), and (R,R). In these sectors, fermions are (NS,R) and (R,NS). The constraint conditions for each

sector are
G, l¢) —Gr|p) =0r>1/2
1 B 1 (4.5.75)
(Ln — 56%0) [¢) = (Ln — 5571,0) |¢) =0n =0
for (NS, NS). Considering the condition for n = 0, we find
|6) = {6+ ", )b 1ol + -} [0) (4.5.76)
(@*+1)p=0, 0", =0, 0%,=0 (4.5.77)

From the conditions, ¢ is a tachyon and [, is a massless second-order tensor. By decomposing ., we
obtain the traceless symmetry h,, corresponding to gravity, and the antisymmetric second-order tensor
B,,, and the scalar ¢ of the trace part, which belongs to the SO(D-2) representation.

Next we consider the (NS, R) sector and (R, NS) sector:

6)e = (02 othpe + ) 10) (4.5.78)
Oudyp” = 0Mepy = 0. (4.5.79)

If we divide 1, into scalar and gamma traceless parts, we obtain
% = 1[}# =+ dO;L)\; dg'LZ),u = 0. (4.5.80)

Substituting in the condition

dbap, = 9", =0

(4.5.81)
OpdhX =0
The Qﬁu represents the gravitino.
Finally we consider the (R,R) sector:
|0)es = {Ses + -1 10), (4.5.82)
(0u§))? S5 = (Oudf)} Sery = 0. (4.5.83)

Next, we impose a GSO projection condition on each of the left- and right-moving objects to give the

spectrum a spacetime supersymmetry. For the (NS, NS) sector, since this sector contains tachyons, we
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impose Pyg = 1. For the (NS, R) sector, we impose Pygs = 1 to leave the massless state. For the
right-moving R sector, there is no request, so Pr = £1 are possible.
Similarly for the (R,NS) sector, we impose Pyg = 1 and Pr = +1. Here, there are two ways to project
the R sector in (NS,R) and (R,NS): the same chirality and different chirality in (NS,R) and (R,NS).
For the (R, R) sector, there is also no request at all for the way Pg is taken. Since S.s belongs to the

representation of Clifford algebra, expanding it in the gamma matrix gives

S=C'F+T,C'FF+T,,C ' F" 4+ T,,,C ' FMP 4T, C L EWPE 4T, O FHRVPRe

(4.5.84)
+ Tppe[11C1GHP5 + 1,011 C7 1 G*P + T, 111 C'G* + T, I'1C'G* + T11C7 G
If we impose the projection condition Pr = £1 and Pr = +1, then we obtain

F=+4G, F!==xG", FWW =4+G", F"P =xGM"’
1 (4.5.85)

FrYeE — iGHVpH, FHi-Hs — igeul-<~M10FH6mu10

F =G, FF=FGI, FW =xGM, FWP=gxGH?r
(4.5.86)

HYpK HVPK pieps — 11 pa.pio
F =FG , F 5 = i5e Fus..‘um

There are two possible combinations of the values of Pr and Pg: the same chirality or different
chirality. The first possibility is (Pr, Pr) = (1,1). The fields that are consistent under this condition are

Fr FRvP FrE1--B5  The constraints are

B Fr b =
(4.5.87)

aVFMmMn =0, n=13,5

The superstring theory constructed under this projection condition is called the TypellB string.
Second Possibility is (Pg, Pr) = (1,—1). A consistent field is F, F*¥, F**P%_The constraint conditions

for these fields are

B Frtin =
(4.5.88)

OF, =0, n=0,24

20
The superstring theory constructed using this projection condition is called the TypellA string.
TypellA/IIB string is invariant under 10-dimensional N = 2 supersymmetry.
In the above discussions, we distinguish the left-moving and right-moving modes. But since the world

sheet is not observable, there is no requirement to make a distinction. Therefore, in addition to the GSO
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projection, we can impose an orienting symmetry which is {2-duality on the RNS string theory.

ok b At ~at, b dl (4.5.89)
Due to this symmetry, the left-moving and right-moving sectors must have equal chirality. Therefore, this
symmetry can only be imposed on TypellB string theory. And the theory resulting from this is called a
Typel string.

From the above discussions, we have constructed three types of supersymmetric string theories in space-
time. In order for these theories to be consistent as string theories, they must not contain superconformal
anomaly and also must be modular invariant. Type ITA /TIB theories satisfy these requirements, and Type
I theories satisfy the requirements by including open strings in the theory. It is also possible to create a
theory that satisfies these requirements without spacetime supersymmetry as a condition for GSO pro-
jection, and it is called TypeOA /0B theory [26]. Phenomenological model from TypeOA /0B theory was
proposed [70].

4.6 Superstring in Green-Schwartz Formalism

In the RNS formalism, we introduced a spinor for the world sheet index «. In low energy effective
theories, where the string is regarded as a point particle, the world sheet can no longer be observed
and the supersymmetry is no longer visible. Therefore, the supersymmetry in the low-energy effective
theory is nontrivial. This corresponds to the fact that spacetime supersymmetry does not exist in the
RNS formalism and thus we imposed the GSO condition on the RNS formalism and realize tachyon-free
theory. This operation is equivalent to imposing a spacetime supersymmetry on the RNS formalism,
which means the spacetime supersymmetry exists in the final string theory. In other wards, in RNS
string theory, the spectra are the representation of the world sheet local supersymmetry, and the these
states is also a representation of the spacetime supersymmetry by GSO projection. This corresponds
to extracting the states satisfying spacetime supersymmetry from the states satisfying world sheet local
supersymmetry. As a result, the spectrum of RNS string theory becomes a theory with space-time local
supersymmetry.

In this section, we construct a theory with spacetime local supersymmetry at first step [71]. The pro-
cedure is similar to that of the Brink-Schwartz superparticle theory. First, we impose a global spacetime
supersymmetry, and then we find the local supersymmetry can be exist. The superstring theory con-
structed in this way is called the Green-Schwartz formalism, and we see that it is equivalent to the RNS

formalism from group theoretic reasons.
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4.6.1 Green-Schwartz Formalism

This formalism imposes a global sapace upersymmetry on the Polyakov action. First, the fermions of
spacetime are denoted by 6%, where A is the spinor index of spacetime and i is an internal index where

we impose the maximum supersymmetry, ¢ = 1,2. The supersymmetric transformations are
80" = ¢, Sxt = ielyre7 (4.6.1)
where €’ is a parameter of symmetry. We define the invariant variable under SUSY thistransformation:
1" = Daa’ — i 10,07 (4.6.2)

If we replace the d,z# of the Polyakov action by this variable, we can obtain trivially a supersymmetric

invariant action.

1
Sy = o /de\/ —ggaﬁﬂﬁﬂémw (4.6.3)

Here, the IT we just defined is not unique as a global supersymmetric invariant variable. Also we can
choose a different variable II' for each point as long as it is globaly supersymmetric invariant. That is,
II has a certain gauge symmetry II — II’, and should have a symmetry that mixes z# and 6* in II. Thus
we define the following transformation:

Szt = 6 4567

, _ (4.6.4)

00" = 2iyH 1L, oKk,
This symmetry is called k symmetry. And the corresponding symmetry for translation is of course the
local Poincaré symmetry. This forms a closed algebra with xk-symmetry. In order for the action to have

this symmetry, it needs to be modified

Sy = % / AP i (0" 7" 00" — 07" 902) + 0 100007 D302}y (4.6.5)

The action S = S7 + S5 describes the Typell A superstring theory. We can also see that Ss does not
contribute to the energy-momentum tensor 7,3 of the world sheet because it does not depend on Vh.

Since we introduce the new additional term Sy, we should confirm the Lorentz symmetry and the global

spacetime N = 2 supersymmetry. Indeed, if D = 3 and 6 is Majorana, D = 4 and 6 is Majorana or Weiyl,

D =6 and 60 is Weyl, or D = 10 and 6 is Majorana-Weyl, the superstring theory can exist. This result

is different from bosonic strings, which can exist in any dimension. By considering quantum theory, we

can see that superstring theory can exist only in D = 10 as well as in RNS formalism.
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Kk Symmetry

We constructed the action in GS form using an invariant variable II under a global supersymmetric
transformation. This supersymmetric invariant field II is not unique, and there are different supersym-
metric invariant fields II’. This naturally induce a gauge symmetry, II — II’, since either IT or II’ can
be used at each point. This symmetry is called the x symmetry, and this symmetry was a fermionic
symmetry. The transformation rule for this symmetry was also given by (4.6.4).

From the above discussion, the parameter of k£ symmetry has the three indices: the spacetime spinor
index a, the world sheet vector index a because it is an SO(2) vector on the world sheet, and the
R-symmetry index ¢ = 1,2. Since the two-dimensional Lorentz group SO(2) is isomorphic to U(1),
the SO(2) vector is a reducible representation and the irreducible representation is a one-dimensional
representation. The irreducible representation is the self-dual and anti-self-dual part of the vector. So,

we define the following projection operator:
PP = 1 (haﬁ + éxﬁ) . (4.6.6)
We can confirm the following properties and Piﬂ are the projection:
PP hg, PY = PO, (4.6.7)

PP hg PY° = 0. (4.6.8)

Pi‘ﬁ extract the irreducible representations from the reducible representation. The first property means
that the representation remains the same even if the projection operator is applied to the irreducible
representation. The second property means that it is not possible to extract the other irreducible repre-
sentation from the irreducible representation.

Let us apply this projection operator to x***. Here, there are two world sheet vectors, £'® and k2%,
because of the doublet under the R-symmetry. Since ! and 2 are equivalent under R-symmetry, we

impose the anti-self duality condition on ! and the self duality condition on x? without losing generality:
k' = Pk}, (4.6.9)

k2 = PP i3 (4.6.10)

From these conditions, ¢ = 1 corresponds to the right-moving mode and 7 = 2 to the left-moving mode.
Next we confirm that the x symmetry is a special spacetime local supersymmetry. In general, supersym-

metry forms a close algebra with local Poincaré symmetry. Therefore, there exists a bosonic symmetry
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in the local Poincaré symmetry, i.e., the reparameterisation that forms a close algebra with x symmetry.

Such a symmetry can be found as follows:

50' = VhP*? 950"\, 362 = VhPP 9562\,
(4.6.11)
SXH = iAyH1504, §(VhheP) =0
Equation of motion
The equations of motion derived from the action in GS formalism are obtained as
1 5

Mo My = Shash™IL, - 15 (4.6.12)
v T PP 950" =0 (4.6.13)
v T, P$P956% = 0 (4.6.14)
Oa[VA(h*P05 X" — 2P0 11 950" — 2i PY7 5711 0,460%)] = 0 (4.6.15)

The first equation corresponds to T, = 0. Although these equations are also nonlinear,we can derive a

free field theory by light cone gauge fixing.
Types of Superstring Theory

In D=10 superstring theory, the spacetime fermion coordinates 6 has to be Mayorana-Weil spinors.
This fact means that the specific chiralities are defined for 6',62. There are two ways to define the
chiralities. The first is if the two Majorana-Weyl spinors have the same chirality, and the other is if
they have different chiralities. In closed string theory, the boundary condition is the periodic boundary
condition. Therefore, in closed strings, 8! and #? are independent of each other, and two different ways
of taking the chirality are possible. On the other hand, when considering open strings, ' and 62 must
coincide at the end of the string and therefore must have the same chirality.

In the case of open string, the supersymmetry drops from N = 2 to N = 1, since the two fermionic
coordinates coincide at the boundary. This is why it is called Type I superstring theory. By assigning
a charge to the end of the string, we can construct the N = 1 super Yang-Mills theory with quantum
numbers for any classical group. This method of assigning charge to the end is called Chan-Paton’s
method. It will be shown in later section that in classical theory any gauge group can be realized, but in
quantum theory the only consistent gauge group is SO(32). Also, is the gauge group is an orthogonal or
symplectic group, the string is unorientable. Therefore, the open string superstring theory is the Type

I theory with SO(32) gauge symmetry. This theory describes the interaction between open and closed
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string that are not orientable. Type I theory are inconsistent in quantum theory without the existence
of closed string. This is because if the end of open string join together, it forms closed string. Since the
quantum number exists at the end of the open string, the closed string cannot have quantum numbers,
and thus form a singlet of the gauge group.

Next, we consider the theory of closed string. Since 8! and #? are independent, they can have different
chirality. Since the propagation directions of #' and 62 are opposite, the orientation can be determined
by the chirality. Therefore, the closed string can be oriented. Furthermore, N = 2 supersymmetry is
preserved since the two fermionic coordinates are independent. Since the supersymmetric transformation
is given by 60 = €, the two supercharges have different chirality from each other. The closed string
theory that takes the opposite chirality is called Type IAtheory. This Type IIA theory is a non-chiral
theory because it treats the two chirality symmetrically. Also, since string do not have end, it is not
possible to introduce a gauge group.

Finally, consider the case where two Majorana-Weyl spinors are taken to the same chirality. In this
case, since we cannot distinguish between 6! and 62, we can construct two theories. One is a unorientable
closed string theory by Q duality. The other is to construct an orientable theory without imposing 2
duality. The unorientable theory corresponds to the closed string theory that emerges from Type I theory.
In other words, unorientable closed string theory are conosistent with Type I superstring theory. On the
other hand, there is no such restriction in the orientable case. In the orientable theory, there are now two
supercharges with the same chirality. This is why it is called Type IIB superstring theory. This Type IIB
theory is a chiral theory because it deals with only one chirality. Also, like Type IIA theories, Type 1IB

theories cannot introduce a gauge group.

4.6.2 Light Cone Quantization

As in the RNS formalism, we can carry out the three ways to quantize this theory. In old covariant
quantization, the conformal symmetry left by gauge fixation is quantized without gauge fixation, and
the physical state is obtained by imposing the Virasoro constraints on the quantum state. In such
quantization, the state had gauge symmetry in quantum theory and the gauge degrees of freedom were
constructed by the Virasoro generators. In the BRST quantization, the reparameterisaton was replaced
to BRST symmetry. Both of these quantizations are called covariant quantizations because they can
treat gauge symmetry in quantum theory. On the other hand, in light cone quantization, the conformal
symmetry is fixed by the light cone gauge, and only the physical degrees of freedom are quantized. In
this kind of quantization, conformal symmetry does not exist in quantum theory.

As can be seen from the example of Brink-Schwartz superparticle, the GS formalism contains nonlinear

terms in the action, and the canonical commutation relations cannot be well set up. Therefore, the GS
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formalism cannot be quantized covariantly, and can only be quantized by taking an light cone gauge.

Using the results of the RNS formalism, we assume that D = 10. In this case, the two spinors 6!, 6?2
in the action are the Mayorana-Weyl spinors. Superstring theory in GS formalism for D = 3,4,6 can
be discussed in the same way as for D = 10. However, in these dimensions, [J'~, J7~] # 0, and then it
breaks the Lorentz symmetry. In the case of D = 10, we can consider two cases: one where 61,62 are
taken to the same chirality, and the other where they are taken to different chirality.

The local symmetries of the GS formalism are reparameterisation, Weyl invariance, and x symmetry.
We use these gauge symmetries to fix the degrees of freedom of the field. First, using reparameterisation

and Weyl invariance, we set

Gap = Nag- (4616)

The equations of motion cannot be linearized by adopting such a gauge fixation condition. The remaining
gauge symmetries after this gauge fixation are conformal symmetry and x symmetry.
First of all, we consider fixing the x symmetry. Since the xk symmetry is fermionic, we can drop the

1 k2 of the k symmetry

degrees of freedom of the fermionic fields 8, #2. In addition, since the parameters x
satisfy the anti-self-duality and self-duality conditions respectively, we have half the independent degrees
of freedom, respectively. Therefore, the degrees of freedom of the fermionic field 84 can also be fixed to
half

o' =0=1"6 (4.6.17)
_ L

V2

where I'* is the light cone component of the gamma matrix and satisfy

r* (T° £ 19) (4.6.18)

T2 =0= (")~ (4.6.19)

These gauge-fixed conditions make the equations of motion of z+ and z? free field equations.

Finally, the conformal symmetry is fixed by the light cone gauge

vt (r,0) =q" +ptT (4.6.20)

The 10 dimensional Dirac spinor has 32 complex components, and by the Majorana-Weyl condition it
has 16 real components. In addition, the light cone gauge fixation for £ symmetry reduces 6° components
to real 8 degrees. On the other hand, the symmetry that is trivially preserved in the light cone gauge
fixation is the rotations for the transverse eight components. In other words, § can be regarded as an

8 dimensional spinor representation of the transverse rotation group SO(8). More precisely, it is the 8
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representation of Spin(8). The rank of the SO(8) Lie algebra is 4, and the Dynkin diagram is as follows:

where v represents the SO(8) vector representation and s and ¢ represent the spinor and anti-spinor
representation respectively. This Dynkin diagram is invariant under the central point axis-rotation. This
means that the physics is invariant even if we regard the vector representation as a spinor representation.
Similarly, it means that we can consider spinors as vectors. In fact, both spinors and vectors are real
8-components, and there is no contradiction. Such an interchange of representations is an automorphism,
and the symmetry is called a triplicity. There are 3! = 6 ways to interchange spinors and vectors due
to triplicity, interchanging the vector index ¢, j, k with the spinor index a,b,c and the anti-spinor index
a,b,ec.

In the following, we denote S for the eight independent components of the 16-component Majorana
spinor A4 that satisfy the fixed condition. The I't appearing in the fixed condition always contributes
to the action and the equations of motion together with p, . Also since the spinor index is contracted as
AT'*f, it depends on the equations of motion in the form of \/pTr 9. Therefore, if we denote \/pTr 0 as S,

from the fixiation condition, we can replace as

Vptot — S or 51

(4.6.21)
Vpto? — 5% or §%4,

A theory with S and S? at the same chirality is a Type I or Type IIB theory, and a theory with different
chirality is a Type IIA theory. In the following calculations, we focus on Type I or Type IIB theory with
the same chirality. Type IIA can be calculated in the same way.

The equations of motion are rewritten using the above gauge fixiation conditions. From I'T0 = 0, we
have

OTH9,0 =0, p# — (4.6.22)

This equation is trivial for y = +. For g = 4, by insertin 1 = (I'*I'"T'"I'"I'")/2, we confrim this

equation. Substituting these equations into the equations of motion, we find
(02 -93)H)X' =0, (4.6.23)
(0r +0,)S" =0, (4.6.24)
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(0 — 05)5% = 0. (4.6.25)

These equations are consistent with the equations for X?, 1’ and 1/13_ in RNS formalism. This fact
is obvious from the triplicity in the eight representations of SO(8). In other words, the SO(8) vector
representation 1% is simply replaced by the SO(8) spinor representation 53(2).

The action in the light cone gauge that leads to these equations of motion is given by
1 ; R
Ste=—3 / d*o (TaaXZaaXZ - %s yaaasa> , (4.6.26)

where, we have defined S¢ = (5%, 52%) and describe in the world sheet two-component Majorana spinor.
The S'® and S?? are one-component world sheet Majorana spinors, corresponding to the right- and left-
moving modes, respectively. Here, #°® is a spacetime spinor and a world sheet scalar. Therefore, S must
be a world sheet scalar in general. However, after the light cone gauge fixation, the remaining world sheet
scalar components for a world sheet spinor.

The quantum theory for the spacetime coordinate z* can be constructed in the same way as before.

The quantization for S can be carried out by imposing the canonical anti-commutation relation:
{S%(a,7),8(c",7)} = w6*6¥ 5(0” — o) (4.6.27)

Next, we expand S in a mode such that the boundary conditions are satisfied. In the open string case,
the two fermions are related to each other at the end of the string. In this case, N = 2 supersymmetry is
broken to N =0 or N = 1 supersymmetry. Since we hope there are zero modes in the mode expansion
of S, we require that N = 1 supersymmetry be preserved. The boundary condition for S satisfying such
a requiring is

ste(0,7) = 5%(r,0), (4.6.28)
Sta(x, 1) = 8% (m, 7). (4.6.29)

Since the global supersymmetry transformation is given by (4.6.1), ¢! and €2 are related to each other by
the supersymmetry transformation of this boundary condition. In other words, the number of indepen-
dent supersymmetric parameters is reduced and supersymmetry is broken. Therefore, only the N = 1
supersymmetry is preserved, giving the Type I theory. Furthermore, from the boundary conditions, we
know that S! and S? must have the same chirality. We can also impose a boundary condition that
changes the sign of the right-hand side of the boundary condition. However, imposing such a boundary

condition would completely break the supersymmetry.
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Modal expansions of S satisfing the open string boundary condition are

1 & :

Sl (g, 7) = 7 > Spemimir=e), (4.6.30)
1 & ,

52 (g,7) = 7 > Sgemimirte), (4.6.31)

0 is a Majorana-Weyl spinor, so it satisfies the real condition
Se, = (ST (4.6.32)
Substituting these modal expansions into the anti-commutation relation, we find
{Sis S0} = 6" 4n.0. (4.6.33)
Similarly, we can also consider closed string by considering the periodic boundary conditions:
S§4%(g, 1) = S0 + 7, 7). (4.6.34)
Expanding to satisfy this boundary condition, we find
S'(o,7) =) S (=), (4.6.35)

S = (0,7) =Y Spe 2t (4.6.36)

As you can see from these expressions, S! and S2 are consisted from independent S and S, respectively.
Since S! and S? are independent, they can have different chirality. In this case, it is a Type IIA theory. Of
course, right-moving and left-moving can be distinguished by their chirality, so they are always orientable.
In the case of Type IIB, since left-moving and right-moving have the same chirality, we can eliminate the

orientation by imposing €2 duality, and the resulting theory is a Type I closed string theory.

4.6.3 Equivalence between RNS Formalism and GS Formalism

The equivalence of the RNS form and the GS form can be shown as follows. First, the action under

the light cone gauge fixation in the RNS formalism is given by

Sle= —% /d%(@aXiaaXi — i 0a?). (4.6.37)
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In the GS formalism, the fermionic degrees of freedom are described by the spacetime spinor S*. On the
other hand, in the RNS formalism, they are described by the spacetime vector 1*. In other words, the
difference is a representation of the group.

The relation between these two formalizations can be said to be the relation between the spacetime
spinor S® and the spacetime vector 1)¢. Therefore, we consider the bosonization of .

The first step is the bosonization of the world sheet spinor 1*. The bosonization can be performed by

expressing the fermionic current by the derivative of a scalar field:
P01 = B
VT ’

1 o -3 o
ﬁe 63,6’(/)2 =Yy 1/J4a

1 —5
ﬁeaﬁaﬁ% =1 ’Y%/Jﬁa

1 —7
apB — a8
ﬁe 65¢4 ¢ Y ’(/J .

(4.6.38)

Next, we rewrite it by a linear combination of scalar fields ¢:

71 = 5 (61 + 62 + 65+ 0u),

01 = 5(61 + 62— b5 — b,

2 (4.6.39)
o1 = §(¢1 — ¢2 + ¢3 — P4),

1
o1 = §(¢1 — 2 — @3+ Pa).
Finally, since ¢ is a spacetime boson, we fermionize it to a spacetime fermion:

L0, =y
L0505 = 598,
L0505 = 579 S°,

ﬁeaﬁ@g(m = §7VO‘SS.

(4.6.40)

The spin(8) transformability of S* obtained in this way is non-trivial. The SO(8) currents used in this
bosonization are the four on the right-hand side of (4.6.38). These four generators are commutative.
Therefore, these four generators are maximal commutative subalgebra, which is Cartan subalgebras.
By the 1/2 factor in (4.6.39), we find that the quantum number, which is an eigenvalue of the Cartan
subalgebra of S* defined by (4.6.40), is a half-integer. Therefore, S® transforms as a spinor under SO(8).

In fact, S® transforms as the spinor representation 8, while the 8, representation can be made by
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changing some of the signs of (4.6.40). This fact can be rigorously proven by examining the bosonization
formula for ) ~ ei¢’ [26].

The bosonization of fermions in infinite volume can be done relatively directly. However, if the volume
is finite, it becomes more complicated because of the existence of boundaries. In other words, bosonization
and fermionization do not change the expression of the Lagrangian, but they do change the boundary
conditions. By examining the representations of the S and v, we find the Lagrangian in GS formalism
automatically describes the boson and fermion in the same supermultiplets. On the other hand, in RNS
formalism, these bosons and fermions correspond to the states generated by the quantization of the
field satisfying the boundary conditions. Thus, in the GS formalism, the string spectra can be obtained
directly from the Lagrangian field, while in the RNS formalis, it is obtained as a state produced by a
field satisfying the boundary conditions.

4.6.4 Super-Poincaré Group

In the RNS formalism, the action do not have spacetime supersymmetry, but it is derived by imposing
a GSO projection on the states in the quantum theory. On the other hand, the GS formalism imposes
spacetime supersymmetry on the action, which makes the spacetime supersymmetry easier to understand
than the RNS formalism. In the following discussion, we omit the R-symmetry index ¢ for the simplicity.

In the light cone gauge, the ten dimensional spacetime Lorentz symmetry is not obvious. Thus the
spacetime supersymmetry is not also obvious after light cone gauge fixation. Indeed, if we consider the
supersymmetric transformation d6 = ¢ for the gauge fixing condition 't = 0 , we obtain I'te # 0 and
so does not preserve the supersymmetry. In other words, the gauge-fixing condition is a condition for
fixing the x symmetry, but the fixing condition may also fix the supersymmetry of the spacetime, which
is global. Therefore, we divide € into two components, one satisfying I'"e¢ = 0 and the other not, and
investigate the supersymmetric transformation law

First we consider the € satisfying I'te = 0. A ¢ that satisfies I'"e = 0 also satisfies €y’ = 0. There are

eight components of € that satisfy these conditions, and if we write them as 7, then

50 = € — 65°\/2pTn°
} (4.6.41)
ozt =iel'"0 — 6 X' =0

Therefore, the action after the light cone gauge (4.6.26) is invariant under this transformation. This
means that the symmetry which cannot be fixed by the gauge-fixing condition I't# = 0, is given by n. In
fact, if we consider § — 6 + ¢, then I'T@’ = I't¢ = 0, and the degrees of freedom of @ given by 7 are not
fixed.
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Next we consider the € for I'"e # 0 Similarly, €, which does not satisfy this condition, also has eight
components, and these correspond to the spinors e in the 8, representation. These components are the
part ot the global spacetime supersymmetry which is broken by the fixation condition on the gauge s
symmetry. Since we hope the spacetime supersymmetry to exist in the theory after the gauge fixation,
we have to construct a global spacetime supersymmetry that is not broken by the fixation condition
of '@ = 0. Then we use the x symmetry. Since the theory is invariant under x symmetry, it is also
invariant under global k symmetry (color symmetry), where & is trivially regarded as a constant. This

color symmetry is used to modify the spacetime supersymmetry:

60 = €+ 2T - I k", (4.6.42)

By acting I'" on both sides and setting the constant k to be zero, we can obtain a global spacetime
supersymmetry that cannot be broken by gauge fixation. In order to see the transformation rule in more

detail, we rewrite (4.6.42) in terms of S* satisfying the fixation condition as follows:

58 = —ip- Ox'yl . et/ 2pT, (4.6.43)
Sxt =241 . €S /\/2p+. (4.6.44)

Here, ' is not the gamma matrix, but the Clebsch-Gordan coefficients that relates the three 8D repre-
sentations of spin(8). Of course, the action after gauge fixation is invariant under the spacetime super-
symmetric transformation given in this way. Also, by considering €% as a parameter of the 8-dimensional
supercharge, the transformation law for z% in (4.6.44) can be regarded as a supersymmetric transformation
law in two-dimensional field theory.

By the above discussions, we have shown that the GS formalism in the light cone gauge is a spacetime
supersymmetric invariant, and we have obtained its transformation law. Next, we investigate the sym-
metry algebra by using the transformation rule of spacetime supersymmetry. From the general theory
of supersymmetry algebra, we can obtain a translational transformation law by performing two super-
symmetric transformations. Of course, since the supersymmetric transformation is a transformation law
after fixing the light cone gauge, the resulting translational transformation law is also after the light cone
gauge:

[01,82] = £ 0ua’ + d’, (4.6.45)
[61,60] 5% = €20, 5°. (4.6.46)

Here, we have used the equation of motion for S, ~-35% = 0, in deriving these transformation laws,
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so these variational observations are on-shell. Also, the translational parameter £ is defined by the
supersymmetric parameter

£ = —2i6(1)’}/a€(2) (4.6.47)

And the constant term a’ represents the translation of the transverse coordinates:
at = V2@t — /opMyic?), (4.6.48)

The supercharge corresponding to the supersymmetry n?, %, which is also conserved in the light cone

gauge fixation, can be derived using Noether’s theorem. The supercharge corresponding to n® is

Q" = (2p")'/25g, (4.6.49)
and the supercharge for € is
Q" = (p") i Y S e, (4.6.50)

Each of these is an 8-component Majorana-Weyl spinor. Combining these to form a 16-component

Majorana spinor ), and calculating the algebra:

{Q,Q} ~ (1 £I1)I - p. (4.6.51)

Computing the algebra in Majorana-Weyl spinor, which is an irreducible representation of spin(8), we

have the following

{Q% Q") =2p™o® (4.6.52)

{Q, Q" = V2riup' (4.6.53)

{Q,Q"} = 2H5™ (4.6.54)

H= p% ((»")?+2N) (4.6.55)

N = i (o0l +mS®,,5%) (4.6.56)
o

As can be seen from these expressions, H is the Hamiltonian under the light cone gauge. Since the vacuum
expectation values of the boson and fermion cancel because of supersymmetry, the normal ordering is
obvious and is omitted from the notation. Furthermore, H = p~ from the mass-shell condition.

Next, we consider the spacetime Lorentz generators. The covariant Lorentz generators for the spinor
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0 before gauge fixation are by, J* = b, v*":
0 — 0 = b0 (4.6.57)

This transformation rule keeps the gauge fixing condition invariant for J%,.J*+% J*~. Therefore, it can
be broken by gauge fixation only for J—¢. Then, by using the color symmetry corresponding to the global
spacetime translation symmetry £ and the x symmetry, we derive Lorentz generators that are preserved

under the gauge-fixing condition. First, we find the covariant Lorentz generators before gauge fixation

JHY = Y 4 B 4 K (4.6.58)
M = xhp” —a¥pt (4.6.59)
— 1
B = Z E(aﬁna; —a”,al) (4.6.60)
n=1

If we take the light cone gauge, the ™ direction is fixed and therefore o, = 0. Therefore, EFt = 0.

Furthermore, solving the Virasoro condition for ™~ in the light cone gauge gives

Lo~ ( . N
a= o7 2 (a;_ma:n + <m - 2) SZ_me;l> . (4.6.61)

is obtained. As can be seen from this expression, oy = p~ = H is satisfied. Similarly, if we calculate

K" we obtain

K+ =0,
Ki — Kéj,

. 1 &

1— __ ) 4662
K™= ST KY o, ( )

. 00
K = =1 2 Sk St
—0oQ

If we calculate the algebra of a,, and K, we see that they form the same algebra. This result is the

)
same as the result in the RNS formalism if S¢ is replaced by d’,. This is because the RNS formalism and
the GS formalism are related by the triplicity of SO(3). In fact, if we calculate [J¢~, J7~], it is nonzero
in general, but by taking D = 10, it becomes zero and we recover the space-time Lorentz algebra.

Using the above results, we derive the super-Poincaré algebra. In the previous discussion, the algebra

between supersymmetric generators and the Lorentz algebra have been calculated. The remaining com-

mutation relation for super-Poincaré algebra is that between Lorentz generators and supercharges. Since
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the commutation relation between Lorentz generators and supercharges conserved after the light cone
gauge is consistent with the result in the classical theory, we only need to calculate the commutation

relation between J~* and supercharges:

[T, Q] (4.6.63)

= E’Yéa ‘.
Finally, we list the functional forms of the super-Poincaré generators. In particular, the Type IIB case

is enumerated and given as follows:

P = /OW doPl(o,7), (4.6.64)

H= 2;p+ /O i do[n®(P1)? + (X")? —iS*SY 4 i528%] (4.6.65)
Q4= 22 [ doss, (4.6.66)

1= %(zﬁ)*“2 /OW do(y'S))4(nPL — XV, (4.6.67)

Q5 = %(p*)*l/2 /OW do (7' So)* (7Pl + X, (4.6.68)
Pi(o,7) = %Xi(a, r) =iz Xifm) (4.6.69)

4.6.5 Spectrum

Since the quantum theory of the GS formalism is quantized by light-cone quantization, all quantum

states are physical.
Spectrum of Open String

Since the open string boundary condition leads to only one boson-fermion pair, only N = 1 supersym-
metry is preserved. The introduction of the Chan-Paton factor allows us to have a charge at the end
of the open string, which introduces gauge symmetry into the theory. The U(n) group is introduced for
orientable open strings, while the SO(n) or USp(n) group is introduced for non-orientable strings. The
massless states are the adjoint representation of these gauge groups. The specific gauge groups will be
introduced in the next section. We do not consider these gauge symmetries here. In the following, we
investigate each mass level.

First we consider the massless sector. In the RNS formalism, the lowest order was the tachyon, since
there was no spacetime supersymmetry. However, in the GS formalism, there is a spacetime supersym-

metry, so there are no tachyons. Therefore, the ground state is a massless state. In the RNS formalism
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of light-cone quantization, the massless boson is given by bi_1 /2 |0). On the other hand, the fermionic
ground state was described by a 16-component Majorana-Weyl spinor by degeneracy of di. Further-
more, the equation of motion leaves only the 8. representation of spin(8) as a physical degree of freedom.
Thus, both bosons and fermions have 8 degrees of freedom, corresponding to the D = 10, N = 1 super
Yang-Mills theory.

Similarly, we investigate the massless sector in the GS formalism. In spin(8) notation, the ground state
is degenerate by {Sg,S¢} = d9°. From the triplicity of SO(8), the representation of this algebra can be
expressed in Clifford algebra

s~ | O T (4.6.70)

Yai 0
As can be seen from the fact that the index is ¢,a and can be expressed in block diagonal, this repre-
sentation space is 8, + 8.. In other words, it can be obtained by two supermultiplets in RNS formalism.
We write |¢g) for the 16-dimensional multiplet of massless ground states in the Fock space. The massless
ground state |¢p) consists of eight boson degrees of freedom 8,, and eight fermionic degrees of freedom 8..
We write each degree of freedom as |i) and |a). The normalization of the ground state of these bosons

and fermions is defined as follows:

(ilj) = 65, (alb) = 4, (4.6.71)

Using the ground States, we can create the identity operator:
I =13) (i| + |a) {a] . (4.6.72)
To investigate the properties of the operator S§, we use the Filtz identity:

1 1
S5k = 5158, 58} + 5158, 58,

1 1 - N (4.6.73)
= §5ab + 1*65572&5'61’)’%-
From this identity, the independent tensors that can be created by Sg are the only 6 and
R = Loy g 4.6.74
0 = 12070 (4.6.74)

It can be seen that the tensor Réj defined in this way is equal to the expression of z'Kéj . Therefore, the

commutation relation generated by Réj can be calculated as follows:

[R{, REN = 6" RY* — 6" Rl + 67" RY — 67" R (4.6.75)
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This is obvious from the fact that Kéj is a Lorentzian generator. Since R(i)j is a Lorentzian generator
for spin, it rotates the spin state. In particular, since the spin generated by S§ is the direct sum of the

vector ¢ and the spinor index a, it rotates the degenerate states of the boson and fermion, respectively

RY k) = 67 |i) — 6% |5) (4.6.76)
i | 1 ij |
Ry’ la) = =575 b> (4.6.77)

Since S§ is the spinor generation operator, we can change the boson index ¢ to the fermionic index &

1 .
S6 1a) = —=Yaa 1)

\? ‘ (4.6.78)
5o li) = 3 Vaa |a)

To make the calculation easier to perform, we map the wavefunction to these states. In the light cone
coordinate system, the 16-component Majorana-Weyl spinor can be represented by (u%,u%). The Dirac
equation in the light cone coordinate system can be written as follows:

Etu® + ikt =0
' o (4.6.79)
Emu +y..k'u" =0
Here, since k* = i9/0x~ from the quantization condition, it is not the time derivative in the light cone
coordinate system. Therefore, the first Dirac equation should be regarded as a constraint condition, not
an equation of motion. Solving the first conditional equation for u®, we obtain
a_ L iyt 4
u® = = Yaak'u (4.6.80)
From this equation, u® is represented by u?, so actually imposing the Dirac equation halves the degrees
of freedom of the Majorana-Weyl spinors. Substituting the equation (4.6.80) into the remaining Dirac
equation yields the Klein-Gordon equation. The state |u) is given by the ground state |a) and the wave

function u® from the constraint:

) - (4.6.81)

On the other hand, the wavefunction for a vector state with vector index i is the Klein-Gordon equation
k? = 0 and the polarization condition

¢H(k)ky, =0 (4.6.82)
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is described by the polarization vector ¢#(k), which satisfies Light cone gauge
(t=0 (4.6.83)

Solving the polarization condition for {~, we obtain

- L i
(" = = (k)K" (4.6.84)
Therefore, the only independent gauge field components are the transverse components. Also, from this

equation, the vector state |¢) is

€)= 13) ¢ (k). (4.6.85)

From the general super Yang-Mills theory, we can find the supersymmetric transformation law for the
massless field

a Z* a
DA, = Sely (4.6.86)

Since the field is now a free field in the light cone gauge, the linear limit of the supersymmetric transfor-
mation law corresponds to the supersymmetric transformation law for the physical wave function. So, in
order to keep the light cone gauge fixed AT = 0 under the supersymmetric transformation invariant, we

consider performing the gauge transformation simultaneously with the supersymmetric transformation:
i
dAF = 5%1““1/) + OHA, (4.6.87)

1
0 = —ZF,“,F“”E. (4.6.88)
Choosing the gauge parameter A so that A" = 0, we find

_ by
A= =g s, (4.6.89)

Thus, the supersymmetric transformation for the physical gauge field A° is as follows:

pi 1t
2p+eF Y. (4.6.90)

SAI = %EF%/; —i

On the other hand, the transformation rule for ¢ does not change at the linear level.
Consider the above discussion from the SO(8) perspective. The 10-dimensional spinor could be taken
as a real 16-component Majorana-Weyl spinor. The 16-component Maynor-Weil spinor, which is a su-

persymmetric parameter, can be divided into two real 8-component spinors 1%, €%, from the requirement
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that the gauge-fixing condition is consistent with spacetime supersymmetry. We found in the previous
discussions that the supersymmetric transformation corresponding to € need a correction from the global
x symmetry. From such a splitting of the SO(10) spinor in terms of SO(8), the SO(8) Dirac spinor is the
28/2 = 16 component, so the SO(10) Majorana-Weyl spinor can be regarded as an SO(8) Dirac spinor.
The n%and € are the SO(8) Majorana-Weyl spinor. From the real 16-component SO(8) spinor e, the real
8-component spinor 77 and € can be obtained by the projection condition

| - PR a

§FF€N777 §FF6N6. (4.6.91)
Similarly, the gaugino ¢ can be decomposed. Then the supersymmetric transformation (4.6.88), (4.6.90),
which is consistent with the light cone gauge fixation condition, can be decomposed into the eight-
component spinors 7* and €% of SO(8). The transformation rules for the wave functions ¢ and u are
obtained from identifying of ( ~ A and u ~ 1.

These transformation rules can be derived by considering how supersymmetry is realized in the massless

multiplet states |¢) and |u). First, we found that the supersymmetric generators are

Q" = (2p")'/25g, (4.6.92)

Q% = (p") " *yian' S5 (4.6.93)

Thus the supersymmetric transformation corresponding to n® can be calculated as follows

0Q [u) = n"aa i) u' (k) =€), (4.6.94)

1°Q%[¢) = n*(2kT) 241, 1a) ¢ (k) = |a) . (4.6.95)

The ¢ and @ are wave functions obtained by the n supersymmetric transformation and are defined from

the calculation results as follows:

= v anul(k), (4.6.96)
a® = n "kt CH(E). (4.6.97)

These expressions are consistent with the results obtained from the super-Yang-Mills theory. Similarly,

computing the transformation for Q%, we obtain the following result:

QY 1¢) = |ay, (4.6.98)
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€Q [u) = ‘§> , (4.6.99)
i = Loy )ihicl + Leacip (4.6.100)
ut = (€7 \/56 , .6.
G = Leing oy V2 i (4.6.101)

V2 k*
These results are likewise consistent with those in the super-Yang-Mills theory.
Next we consider the massive sector. The excited open string state is obtained by applying the creation

operators o', and S, to the ground state |¢g). The number of fermions at all levels is the same as

n

in the RNS formalism. Half of the states at each level are fermions, so the number of states is equal to

i
—n

the number of states obtained by applying o’ ,, and d’ ,, to the eight-component ground state. Since the
spacetime supersymmetry in the GS formalism is required in classical theory, the number of bosons is
equal to the number of fermions, which is consistent with the GSO projected states.

In the following, we concretely construct the states. The first excited states are

alyldo), S%ylo)- (4.6.102)

The |¢g) had a total of 16 components because it contains the spin(8) vector representation 8, and the
spinor representation 8.. Therefore, the bosons and fermions in the first excited modes have 8 x 16 = 128
degrees of freedom each. The massive state of SO(10) is a representation of the small group SO(9) of
the Poincaré group. Decomposing the first excited state into an irreducible representation of SO(9), the
boson is

128 = 44 @ 84 (4.6.103)

and the fermions are spin 3/2 multiplet. These supermultiplets generated by bosons and fermions are the
same as the multiplet in 11D supergravity theory. This is because the on-shell massless multiplet in 11D
supergravity theory belongs to the S0(9) representation. In general, the D-dimensional massive multiplet
is in the SO(D-1) representation, which is equivalent to the D+1 dimensional massless representation.

The second excited states are

0‘22 |Po),  S%51¢0) aiflajfl |Po) Sglsgl [b0) ailsgl |bo) - (4.6.104)

The total number of degrees of freedom for these states is 2304. Expressing as a direct product of the
spin(9) representation, we find

23049 ® ((44 + 84) + 128). (4.6.105)
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This is an N = 1 irreducibe massive supermultiplet. °. In general, an irreducible supermultiplet can be
described by a tensor product of fundamental supermultiplet containing any irreducible spin representa-
tion. In this present case, (44 4+ 84 + 128) is the fundamental massive supermultiplet.

If we calculate the degrees of freedom for the third excited state as well as the first and second excited

states, we find that it has 15,360. These states are described by two supermultiplets
(44 +16) ® (44 + 84 + 128). (4.6.106)

Thus, as the mass level increases, the number of states increases exponentially. On the other hand, the

magnitude of the maximum supermultiplet increases linearly.
Spectrum of Closed String

The closed-string spectra are described by the left-moving and right-moving sectors.

The massless sector is given by the direct product of two ground states |¢g) x ‘q~50>. Since left-moving
and right-moving are independent in closed string theory, two theories can be constructed by taking
whether two Majorana-Weyl spinors are the same chirality or at different chirality.

If the two chirality are different, we can distinguish between left-moving and right-moving, so 16 x 16 =
256 modes appear. These spin(8) representations are given by the direct product of two super Yang-Mills
multiplet with different chirality

(8, +8.) ® (8, +8;)=(1L+28+35,+8,+56,)5 + (85 + 8. + 565+ 56.)r (4.6.107)

These are of course consistent with the particles contained in Type IIA supergravity theory. Also, Type
IIA theory is obtained by the S* compactification of D = 11 supergravity theories.

If we take the left-moving and right-moving sectors to have the same chirality and do not impose a 2
duality on the left and right sectors, we obtain 256 modes. These modes are given by the direct product

of two super-Yang-Mills multiplet with the same chiralities
(8,+8.)®(8,+8.)=(1+28+35,+1+28+35.)p+ (8 + 8; + 56,4+ 56,)r (4.6.108)

These expressions are consistent with the particles contained in the Type IIB supergravity theory. Unlike
Type IIA theory, they cannot be obtained by dimensional reduction in higher dimensional theory because
type IIB theory has a same chirality. The 35, is gravity, and the 35, is a self-adjoint fourth-order

antisymmetric tensor.

5(4.6.105) is of course not an irreducible representation of spin(9), but it is an irreducible representation of the N=1
supersymmetric algebra
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n the case of Type IIB theory, the distinction between left and right can be eliminated because left-
moving and right-moving have the same chirality. In other words, we can impose the interchange sym-
metry (Q-duality) on |¢p) and ’gz~50> on TypellB. If we take the direct product of two super-Yang-Mills
multiplet with the same chiral and impose the left-right symmetry as in Type IIB

[(8y+8c) @ (8, +8¢)|sym = (8u X 8u)sym + (8y X 8c) + (8¢ X 8c)antisym = (1 + 28 + 35,) 5 + (85 +565)
(4.6.109)
These expressions are consistent with the particles included in Type I supergravity theory.

Next, we calculate the massive closed string spectra. From the Virasoro condition Ly = Lo, the left-
moving and right-moving excitations must be the same. This means that the position of the origin of
the closed string coordinate o is arbitrary. Therefore, the closed string at level n can be obtained by
the tensor product of the two open string states of level n. Here, the massive open string multiplet has
no chiral, so the massive multiplet of Type ITA and Type IIB are completely same. The only difference
between these two theories is the massless sector.

Specifically, if we calculate the first excited state,
(44 + 84 + 128) ® (44 + 84 + 128). (4.6.110)

Therefore, the degree of freedom of the closed string first excited mode is (256)2. Since each factor is an
N =1 massive multiplet, the tensor product is an N = 2 massive multiplet. This means that the N =2
supersymmetry of the closed string acts independently on the two factors, left-moving and right-moving.

Since there is no chiral distinction between left and right in the massive sector, we can impose the )
duality and calculate the Type I multiplet. In this case, the total number of degrees of freedom of the
field obtained is (256)2/2. Of course, since left-moving and right-moving are considered identical, only

the N = 1 supersymmetry is preserved.

4.6.6 Covariant Quantization

If we consider covariant quantization in GS formalism, a problem arises. In the GS formalism, the
structure of the phase space is complicated by the presence of k symmetry and the constraint for reparam-
eterisation that form a closed algebra with it. However, it can be quantized by using Dirac’s quantization
method.

In order to quantize by using Dirac’s method, it is necessary to classify the constraints into two
types [56]. Since the constraint conditions are current, they form an algebra. If the algebra created

by the constraints is closed by itself, it is called a first-class constraint condition. Virasolo generators
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and super-Virasoro generators are first-class constraints because they form algebras that are closed by
themselves. RNS formalism and bosonic string can be covariantly quantized by old covariant quantization
and BRST quantization. In old covariant quantization, the constraints are quantized and imposed on the
string state space as weak conditions ®. In BRST quantization, which is a modern covariant quantization,
gauge symmetry is treated covariantly by introducing FP ghosts. These covariant quantizations are
generally effective only for systems with first-class constraints. On the other hand, constraint conditions
that do not for a closed algebra are called second-class constraint conditions. The product structure
of the algebra of constraint conditions in classical theory is a Poisson bracket. In Dirac’s method, the
product structure is achieved by replacing Poisson brackets with Dirac brackets.

In the GS formalism, there are second-class of constraints in addition to the first-class of constraints.
The first-class of constraints is the super-Virasoro generators. The second-class of constraints are derived
from the x symmetry, and the constraints give an expression for the relation between the Grassmann
coordinate 6" and its conjugate momentum Pj. This can be done by considering the map from 64 to
P;* and making sure that the map is not a bijection. Therefore, all we whould is to perform a Legendre

transformation from the Lagrangian to the Hamiltonian. The conjugate momentum Pg is

.S

Py=—+ 4.6.111
6 68—,—91 ( 6 )

From this definition, P} is given by the other variables X#, P*, " and their derivatives. If we calculate
the fermionic constraints, we find that half of those fermionic constraints are first-class constraints. Those
first-class constraints are non-trivial commutation relations with the Virasoro generators T,g, resulting
in an expantended Virasoro algebra. In other words, it is a super-Virasoro algebra. The other half of
the fermionic constraints is the second-class constraint. If we do not take these facts into account, and
replace the commutation relations generated by all fermionic constraints by Dirac brackets, that bacames
singular. In fact, if we calculate the commutation relations of the fermionic constraints in Dirac brackets,
the equations of motion appear in the denominator. Therefore, the constraint conditions must be treated
separately in the first and second-class.

In handling the constraint conditions, we found that we have to perform quantization by dividing
them into the first and second-class, but the problem arises that we cannot perform such division of the
constraint conditions covariantly. In other words, even if we try to perform the quantization covariantly,
the covariance is lost due to the classification of the constraints. Specifically, the parameter of the
fermionic transformation is a real 16-component Majorana-Weyl spinor, and there is no 8-dimensional

irreducible representation at D = 10. However, half of the fermionic constraints are of the second-class,

6The constraint is on all n Virasoro generators, but only n > 0 Virasoro generators are imposed as constraints on the
quantum state
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and the transformation parameters corresponding to these constraints are real 8-component spinors.
Therefore, in D = 10, the constraint conditions cannot be divided into first and second-class constraint
conditions, and the parameters corresponding to these constraint conditions are not covariant unless they

are dropped into the spin(8) of the transverse components.

4.7 Non-Abelian Gauge Symmetry

The unified theory that best describes the real world is the Standard Model, which is an SU(3) xSU(2)xU(1)
gauge theory. Therefore, for superstring theory to describe the real world, the theory must have non-
commutative gauge symmetry. However, the local symmetries of string theory are the only reparameteri-
sation invariance and local supersymmetry. In other words, there is no noncommutative gauge symmetry
in superstring theory that we have constructed so far.

There are two possibilities for superstring theory to describe the real world. The first is that the
4 dimensional low-energy effective action derived from the string theory has non-commutative gauge
symmetry. The second is that there is a theory that allows the string theory to have non-commutative
gauge symmetry in 10-dimension. In the latter case, the gauge symmetry existing in ten dimensions is
broken into its subgroups by compactification to a four-dimensional theory. In this section, we consider
theories where string theory has non-commutative gauge symmetry. The breaking of the gauge symmetry
by compactification will be discussed later.

There are two more types of theories where the superstring theory has non-commutative gauge sym-
metry. The first is the method of inducing noncommutative gauge symmetry by adding charge to the
end of open string. This method does not allow for a charge on the closed string. The other method is

to add charge to the string itself, which is called a heterotic string.

4.7.1 Chan-Paton Method

Whether or not it is possible to have a charge on the string depends on the type of string theory. In the
superstring theories, open strings exist only in Type I theories, so Type I theories are the only theories
that can introduce noncommutative gauge symmetry. On the other hand, Type Iltheories have N = 2
supersymmetry and cannot be coupled to open string because of having N = 1 supersymmetry. This
method to give U(2) or U(3) gauge symmetry to open strings in bosonic string theory was proposed by
Chan and Paton.

Let G be any semi-simple Lie group and R be any representation of it. Let N be the dimension of
the representation R. Assume that one end of the open string is transformed by the representation R
and the other end is transformed by the complex conjugate representation R. Since the dimension of

the representation R is n, each end of the open string is degenerate to n-weight. Therefore, there are
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n? possibilities for open strings. If R is a complex representation, it is an orientable open string because
each end can be distinguished. On the other hand, if R is a real representation, we can take the open
string to be unoriented.

We calculate the spectra produced by such an open string in detail. From the results of the bosonic

string, the mode expansion of z* is

2 (0, 7) =q" +p'T+i Z E(—l)"a;e”” cosno, (4.7.1)
n#0

and it is normalized by o € [0, w]. By reversing the parametrization by o, the end of z%(c, 7) are swapped:

_ o 1 o
(r—o,7)=q¢ +p'T+1 Z E(fl)"a;e*”” Cos no (4.7.2)
n#0

Therefore, the reversal of the direction of the open string is
al — (=1)"a! (4.7.3)

If there is no Chan-Paton factor, the string state |A) is simply a state in Hilbert space. However, if each
end is a representation R or R, the transformation index a,b = 1, ...,n of the gauge group G is required,
and the string state is written as ’A; a,5>. We take the o = 0 point of the open string to be R and the
o = 7 point to be R.

Thus, the string spectrum is given by |A; a,5> and is degenerate to n? weight. The massless vector
particle has to be transformed into a adjoint representation under the gauge group. Thus, if |A;a,5>
describes a massless state, the quantum number a and b do not take all values in n? ways, but are
restricted to the adjoint representation. If G = U(N), R = N, a and b are index of the N-representation
and N, respectively, and the N x N-representation is automatically the adjoint representation. However,
for the general gauge group G, the R x R representation must be imposed requirements since it contains
other representations than the adjoint representation. If R is a real representation, there is no longer any

need to distinguish between the end of open string, and we can impose invariance under ¢ — ™ — o;
{A(afl); ba) =¢ |A((fl)"ai); a,b) (4.7.4)

Here, ¢ = +. A string satisfying this condition is called a non-orientable string. Since the state

|A(a;); b7a> is generated by o’ , if we write the number operator as N and the eigenvalue of N for

n’
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the massless state as Ny, then
N |A(a;);b,a> = (n — Np) ‘A(ail);b, a) (4.7.5)
Thus, rewriting (—1)™ with the operator
IA;a,b) = £(=1)V N0 |A; b, a) (4.7.6)

In the following, we consider a concrete semi-simple Lie group.

First we considering the case G = SO(N) and R = N, and the fundamental representation N is a real
representation, so N = N. The coefficients of the condition (4.7.6) must be negative because the adjoint
representation is an antisymmetric matrix. In the bosonic string, the ground state is a tachyon, so the
massless state was given by N = 1. Therefore, ¢ = 1. On the other hand in superstring theory, the ground
state is a massless state, so N = 0. Therefore, e = —1. Consider the states at general level N, or mass
a'M. At even level N =even, ¢(—1)N¥~! = —1 from Ny = 1 in bosonic string, while ¢(—1)¥=% = —1 in
superstring theory. Similarly, considering N =odd, both bosonic string and superstring theory transform
as symmetric tensors under SO(N).

Next we consider the case where G = USp(N). Taking R as the fundamental representation, R # R
since R is a complex representation. The adjoint representation of USp(N) is the symmetric part of the
two direct product representations of the R-representation; [R X R]sym. Therefore, contrary to the case
of SO(N), we can take ¢ = —1 for bosonic string and € = 1 for superstring. Also, contrary to the SO(N)
case, it is symmetric at N =even and antisymmetric at N =odd.

Thus, for a gauge theory to be consistent, the massless vector particle must be a adjoint representation
of the gauge group. So we write )\fl5 for the N x N anti-Hermitian matrix representing the algebra of
the gauge group G. Here, i = 1,....,n. In general, the matrix A is a subset of a set of all anti-Hermitian
matrices because of some restriction. All N x N anti-Hermitian matrices form a U(N) group. If the
anti-Hermitian matrix is a real matrix, then it is SO(N). Therefore, the gauge group G represented by
an anti-Hermitian matrix is a subgroup of U(N). In particular, we assume that the gauge group G is a
normal subgroup of the U(N) group.

The condition on A representing the gauge group G is obtained from the consistency of the theory.
We use the fact that massless particles appear in any M-particle tree amplitude. The massless vector
particle obtained by scattering must of course be a adjoint representation. In the Yang-Mills theory, if
the algebra [A\?, \/] becomes A\* again, then the massless vector particle obtained by scattering is also a
adjoint representation. This means that A represents the algebra of the gauge group G. On the other

hand, in the case of Type I superstring theory, restrictions are imposed on G and the representation R.
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Fig. 2: M-point function

To see this concretely, let A(1,...., M) be the M-particle tree amplitude for open strings. We assume that
the open strings have no quantum numbers for the gauge group. The amplitude A has a cyclic symmetry
that replaces the M external lines. Let the gauge quantum numbers of the particles be the matrices

A1, ..., Apr The tree amplitudes for open strings with quantum numbers can be written as follows
T(1, ., M) =Y tr(ArAa)A(L ., M) (4.7.7)

Here, the summation is performed about the different factors under the (M — 1)! replacement. The
fundamental amplitude A(1, ..., M) has poles in the channels consisting of cyclic continuous external lines

and no poles in the other channels. The residues of these poles have a simple factorization property

1

A(L ooy M)~ —— > AW, .., P, X)A(X,P +1,.., M) (4.7.8)
X

m2

s=—(k  +- +kp)? (4.7.9)

where X can take all possible masses m. The Feynman diagram for this channel can also be written
as (4.7.1) The factorization of (4.7.8) must be unitary in order for the theory to be consistent. This
requirement impose a restriction on the matrix A. In the amplitude T, there is a term A(P,...,1, P + 1)

in addition to the term (4.7.8) that gives the pole of the mass s. Specifically, the terms that give the
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mass s are the following four cases:

tr( A1 ApApg1. Ay A(l,...,. P, X)A(X,P+1,...

)

(4.7.10)

JA( ) M)
Ape A AP 1A ) AP, oy 1, X)AX, P+ 1, ..., M),
tr(A1...ApAys.. )\p+1)A(1,...,P X)A X, M,. P+1),

JA( ) )

( (
( (
( (
( (

tI‘)\P /\1)\1\/1 >\P+1AP XAXM P+1

Because of the cyclic symmetry of the amplitude A, the Feynman diagrams are all on the same world
sheet. Therefore, the amplitudes of these terms all have the same value. However, since the Type I theory
satisfies the condition (4.7.4), the only difference between each amplitude due to the difference in € is the

sign. Since each external line is a string spectrum and each is generated by o, from (4.7.4)
A1, ., N) = [J(e(=D)M)A(N, ..., 1) (4.7.11)

must be satisfied.
Assuming that all M external lines are massless vector particles, N; = 0, and since this is superstring

theory, e = —1, then we find
A(P,..,1,X) = (-1)PTA(1, ..., P, X). (4.7.12)
Therefore, the sum of the four terms in (4.7.10) is as follows:
tr[( A1 Ap — (=1)FAp. A1) Apgr A — (DM P Ap)A(L, ., P X)A(X, P41, ..., M). (4.7.13)

Using the trace property, we decompose this trace into two parts for particles 1,..., P and for particles

P+1,..,M:

tr[( A1 Ap — (=) Ap M) Apyr A — (DY P A0 Ap)]

=> (A A = (DA A Al r AL (Ap 1A = (—D)M P A Ap ). (4.7.14)
Such a decomposition is only possible if A\, is a complex N x N matrix normalized by tr(A,A\8T) = 0as-
If A\ = (A1..Ap — (—=1)P \p... forms a subspace of the all N x N matrices, the validity of (4.7.14) becomes
more complicated. For example, if A1,...,\p are the arbitrary real antisymmetric matrices, A is also an
antisymmetric matrix. Then, since A\, # 0, A\, is also restricted to be an antisymmetric matrix.

The unitarity condition restricts the number of particles of massless vector particles appearing as poles
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of T' to the adjoint representation of the gauge group to which the external line belongs. More generally,
the quantum number of any pole of T should correspond to a particle of the spectrum. Moreover,
two factors in the residues should describe the amplitude T. From the above considerations, the non-

contradiction condition is that all matrices defined as
A=A Ap — (=D)PAp ). (4.7.15)

are satisfied by being the N x N anti-Hermitian matrices A\’ that represent the gauge group.

Consider the case where P = 2. Then A = A\; AdaAaA; = [A1, Ag], and as long as ) is a representation of
the gauge group, A = f12;;, so the no-consistency condition is satisfied.

In the general case P > 2, the restriction is stronger, and the gauge group G and the representation
R are restricted. Such restrictions on groups and representations due to unitarity do not occur in field

theories, due to the existence of cyclic symmetry in string theory.
Restrictions on Gauge Groups and Representations

In the above discussions, we found a restriction on the representation matrix A of the gauge group.
Here, we derive a general solution to this condition. We denote by L, the linear space created by the
anti-Hermitian matrix \;, which is a closed algebra. The algebra formed by A is formally written as
[\, \] = X\ without the index. The anti-commutation relation of anti-Hermitian matrix {A\, A} = p is
Hermitian matrix. These matrices u describe the possible quantum numbers at mass level N=odd 7 .

More generally, the possible Hermitian matrix p can be written as follows
=M. p+ (—1)FAp.. A (4.7.16)

We denote Ly, for the linear space formed by this Hermitian matrix. Also, the anti-commutation relation
of the Hermitian matrix is a Hermitian matrix, so {y, u} = u,forming a closed algebra.

Next, consider the linear space L formed by all matrices p, which can be decomposed into L, + Ly. In
other words

p =ap+ bA. (4.7.17)

The condition for an open string to have a quantum number of a noncommutative gauge group was
that A form a closed algebra. Since A\ forms a closed algebra by the commutation relation, but the

anti-commutation relation forms a Hermitian matrix pu, it is non-trivial whether A\ forms a closed algebra

"The (—1)F factor in the definition of \ is originally given by Hf;l(e(fl)Ni), and in the massless case e(—1) = —1,
SO Hf:il(—l)i = (—1)P*1. In superstring theory, the massless state is N = 0, so for N=odd, the (—1)¥ factor in the
definition of X is replaced by (—1)F+1.
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by the anti-commutation relation. So we can say that XA is a closed algebra if the L is closed. Thus we
comfirm

pipa €L, “pi,ps€L. (4.7.18)

In other words, not only L,, but also L must be a Lie algebra.
From the above, we can find the possible Lie algebras as L. The general solution to this problem is

given by Wedderburn’s theorem [72].

Theorem. Wedderburn’s Theorem

The irreducible complex closed algebra is the matrix algebra GL(n,C).

Thus, if a,b € C, the anti-Hermitian matrix A generates a Lie algebra U(N). If a,b € R, it is a real form of
GL(n,C). By this theorem, it is known that there are only two possible Lie algebras in real form. One is
SO(N), the anti-Hermitian part L, of the real form GL(n,C). The other is U(2N) 8. The anti-Hermitian
part of U(2N) is USp(2N) ?. From the above, the only possible matrices are N x N matrices such that
the elements are real, complex, and quaternions.

From the above analysis, it is clear that only classical Lie groups are consistent with Chan-Paton’s
method. Exceptional groups such as Eg are not included. Furthermore, since U(N) for complex matrices,
SO(2N) for real matrices, and USp(2N) for pseudo-real matrices, these are all fundamental representa-
tions. Thus, strings are not orientable in SO(2N) and USp(2N), but are orientable in U(N). 10 .

In fact the U(N) case is not consistent with the quantum theory at one-loop order in superstring
theory. If we consider a nonplanar 1-loop diagram, this diagram shows the transition from open strings
to closed strings. In other words, the ends of the open strings join to form the closed strings. In the
case of U(N) open strings, the string has an orientation, so the closed string obtained by the transition
also has an orientation. From the discussion of superstring theory, orientable closed strings have N = 2
supersymmetry, while unorientable closed strings have N = 1 supersymmetry. Since an open string can
only have N = 1 supersymmetry, it cannot be coupled to a closed string with N = 2 supersymmetry.
In other words, closed strings cannot be created consistently from orientable open strings. Therefore,
there is an anomaly in U(N) open string theory and we have to choose SO(2N) or USp(2N) as the

noncommutative gauge group.

8U(2N) is complex in general, but is noncompact if taken real

9USp(2N) is the algebra of N x N-matrices whose field is quaternions

10Tn the real representation, R = R, which can be taken as unorientable, but in the complex representation, R # R,
which always determines the orientation. In other words, the orientation of the string is determined by the U(1) charge
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4.8 Heterotic String Theory

String Theory is completely deteremined by the Virasoro Constrains. These constrants are independent
as left- and right-moving. Thus we construct the left-moving string theory and right-moving string
separetely and consistently. In other word, we can construct the theory whose left-moving sector is a
bosonic string and right-moving sector is a superstring heterotically. In order to obtain the gauge theory,
we need a additional bosonic degrees. So we can use the extra 16 dimensional coordinate z*, i = 1,...,16
from bosonic strgin to realize the gauge symmetry.

We begin by considering the simplest compactification, the S* compactification of bosonic string theory.
Then, we consider a more general d-dimensional compactification, and construct a (26 — d) dimensional
theory. We will also see that the theory obtained by the compactification automatically reproduces the
noncommutative gauge symmetry. The extra 16 degrees of freedom of the left-moving boson coordinates
can be torus-compactified to reproduce SO(32) symmetry and Eg X Eg symmetry.

The construction method using this compactification makes the Fg x Fg symmetry easier to understand
than the construction method using current algebra [55]. Furthermore, it can be shown that SO(32) theory

and Fg x Fg correspond to two even-self dual lattices on a compactified 16-dimensional space.

4.8.1 S'-compactification

First of all, we consider the simplest S!-compactification.

The bosonic string theory is a consistent theory at D = 26, and we consider compactifying the spatial
dimension of this theory by S!. Since the spatial dimension one is S*, the coordinate satisfying equivalence
relation

x =z + 27 Rn, (4.8.1)

where R is a radius of S' and n is an arbitrary number. In this relation, the solotion of the equation of

motion for the periodic boundary condition is given by

_ i 1 —2in(T—o0) ~ —2in(t+40)
X(o,7)=a+pr+2Lo+ 5;05 [ane + ape ) (4.8.2)
where
m
p= R L=nR, neclZ. (4.8.3)

The constant m can only take integer values due to the uniqueness of the wave function '!.

Also, the n introduced by the equivalence relation represents the winding number. If n £ 0, then

1 Considering the wavefunction e*P* by the equivalence relation of  ~ x + 27 R, we have e’P* ~ eP*e2T PR Since z and
x + 27 R represent the same space-time point on S, the wave function at that point must be uniquely determined. Thus,
pR=m¢cZ
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the string X* is a soliton. In other words, in an uncompactified theory, there is no integer n and no
soliton like state. In fact, if we consider the limit of R — oo, the compactified space S' can no longer
be regarded as a compact flat space and is therefore equivalent to the original non-compactified space,
but the soliton state diverges in energy due to this limit. This can be physically interpreted as the string
tension increases as the string tightening space increases, and the energy diverges. Such a solitonic state
exists even if the compact space is not S, and it exists if the manifold exists after a non-contractible
loop. In other words, it is enough if the first fundamental group m; is nontrivial.

The mode expansion (4.8.2) can be decomposed into left-moving and right-moving modes:

X(0,7) = Xgr(1r —0) + Xp(T + 0), (4.8.4)
Xp(r—0) =z, + (13 - L) (t—0)+ i > Lo e2inr=0) (4.8.5)
2 2 n ’
n#0
_ p i L —2in(t+4o0)
XL(T+U)—mL+(§+L) (T—‘rO‘)—‘riZgane o . (4.8.6)
n#0
Calculating the Virasoro condition 71 = 0 = T__, and in particular the n = 0 Virasoro generator

corresponding to the equation of motion is calculated as

L= L (L, ) oy P (4.8.7)
0=5|3P g 8.
= 171 5, p'p
Lo==(=p+L|+N L 4.8.8
o= 3 (Goee) el (185

where
o0
N =Y (", anu+a_, +ay), (4.8.9)
n=1
N => (8", + G pnin). (4.8.10)
n=1

and since the Virasolo condition is for a bosonic string theory
Lo =1= Ly, (4.8.11)

where the index p is the index of the uncompactified spacetime Lorentz symmetry, u = 0,...,24. On
the other hand, o, and &,, are oscillators in the compact space direction. We can rewrite the Virasoro

condition using the relation (4.8.3) and recombine the linear combination of the left and right Virasoro
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conditions as follows:

Lo Nt N2+ T R (4.8.12)
T arz T o
N — N =pL = mn. (4.8.13)

The fourth term is the momentum in the compact space direction. The momentum of the string in the
compact space direction can no longer be observed, it is observed as the mass of the particle. The fifth
term depends on the number of wraps and represents the energy due to the wraps, which means that
the increased tension due to the wrapping of the string in the compact space direction is converted into
the mass of the particle. In a closed string, there is no reference point for the string length parameter,
0. This means that any point on the closed string can be parameterized as ¢ = 0. In fact, consider an

operator that translates the parameter o by oq:
U(oo) = exp [2i(N — N = pL)ao (4.8.14)

Then U(og) = 1 for physical string states satisfying the Virasoro condition, and the physical state does
not depend on the way the origin of ¢ is taken.

Consider the 25-dimensional theory obtained by compactification. The vacuum in the original 26-
dimensional theory is labeled by the Casimir operator of the Poincaré group. In the 25-dimensional
theory, the vacuum is also labeled by the Casimir operator of the Poincaré group in 25-dimensional
spacetime. Since p?° is given by the integer m, the vacuum in the 25-dimensional theory is labeled by
n,m,p*. As before, the momentum p# label is omitted and written as |m, n).

First we consider the massless states;

Y m? 2 2

N+N—2+W+nR =0 (4.8.15)
As can be seen from this equation, there are various possibilities of N, N, m,n such that the state is
massless. One of them is the case N + N = 2. There are the three patterns N = 2,J\7 = 2 and
(N,N) = (1,1), and the momentum and number of wraps are m = n = 0 from the Virasoro condition.
Then, from the other Virasoro condition (4.8.13), only the case (N, N) = (1,1) is possible. Furthermore,
from the number operators (4.8.9) and (4.8.10), we can see that there are four possible combinations such
that N = N = 1;

Considering the 25-dimensional oscillator o |, @" | for both left and right as a combination of generators
with N = N =1;.

at,a”,10,0) (4.8.16)
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This state is the spectrum of a typical closed string, as it has appeared in previous discussions. That is,
it can be decomposed into symmetric, antisymmetric, and trace components, with the symmetric part
being 25 dimensional gravity.

Next we can use o, , &_, or a_,,a" . The states generated in this case is
a' a@-10,0), a—_1a",]0,0). (4.8.17)
To make it easier to understand the left-right symmetry, we can rewrite the linear combination
(aja_1 £a_1a",)0,0). (4.8.18)

These states are included in o’ ;&”; |0) in the 26-dimensional theory before compactification. In other

words, it is g2°*, B?>* if written as a component of a field in 26 dimensions.

Finally, consider the particles produced by the oscillators in the compact space direction together:
05_164_1 ‘0, 0> (4819)

This state is the g?°2° component in the 26-dimensional theory.

Second possibility is (N, N) = (1,0) From the second Virasoro condition (4.8.13)
1-0=mn (4.8.20)
The integer solution satisfying this equation is
(m,n) = (£1,+1) (4.8.21)
Therefore, the massless states in the (1,0) case are
ol |+, 1), aoq |£1,41). (4.8.22)
Furthermore, substituting the first one into Virasoro condition (4.8.12), we find
0=1-2+— 4+ R (4.8.23)
4R?

Solving this equation, we have R? = 1/2. Here, we used a system of units where o/ = 1/2, so in general,

R? = o/. Thus, the size of the compact space can be taken to be arbitrary, but only for a special size
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R = v/« does such a massless mode appear. If R deviates from v/«/, these states become massive modes
or tachyonic modes '2.
The third possibility is (N,N) = (0,1). Calculating this case in the same way as (1,0), we find

mn = +£1, so the massless states are
aly|+1,F1), a_q1|£l.F1). (4.8.24)

Also, m? =n' =1,s0 R?> = /.
Final possibility is (N, N) = (0,0) Substituting (0,0) into the two Virasoro conditions, we find

m22

T n*R? =2, (4.8.25)

mn = 0. (4.8.26)

Therefore, m = 0 or n = 0. Substituting this solution into the first Virasoro condition, we find

m2

2= —
4R?’

or 2=n?R% (4.8.27)
Such m, n is determined depending on R. In particular, for R? = 1/2, (m = £2,n = 0) or (m = 0,n = £2,
so the states are

14£2,0), [0, 42). (4.8.28)

Here, from a physical point of view, massless vectors must be coupled to conserved currents, and for
any R, there are two kinds of massless vectors appearing in (1,1), which are commutative massless vector
fields, and thus U(1),xU(1) g symmetry appears. Since these massless vector states are states included
in gravity in 26-dimensional theory, the U(1);,xU(1)g symmetry is a subgroup of the 26-dimensional
general coordinate transformation. Furthermore, in the case of R? = o/, there are 8 more degrees of
freedom for massless scalars and 4 more degrees of freedom for massless vectors, so the corresponding
symmetries ppear. Specifically, by computing the current algebra, we can find that the U(1),xU(1)g
symmetry is extended to SU(2); xSU(2)p symmetry 3.

In fact in the case R? = o’ the massless scalar field is also in the representation of SU(2)xSU(2)x.
There are a total of 9 degrees of freedom in the massless scalar field, and these form a (3,3)-representation

of SU(2)xSU(2).

128ubstituting R? = 1/2 + ¢ into (4.8.12) gives M ~ 1 — 2§, so if the compact scale is smaller than the string scale,
tachyons remain. In other words, the negative vacuum energy in the bosonic string is canceled out by the energy due to
the tension of the string wrapped around the compact space

13Compact spaces are fiber bundles on manifolds, and in the general R case, the fibers are S, so the U(1) symmetry
with S1 group manifold is realized
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If we consider non-orientable (Zs-projective or Q-duality) closed strings, only SU(2) appears because
the distinction between left-moving and right-moving sectors disappears. Also, only 6 degrees of freedom
remain for massless scalars due to this 2 duality, and these are the (145) representations of SU(2).

4.8.2 General Dimension Compactification

We extend the S' compactification to the arbitrary dimensional compactification:

/2a/ ! 1 .
Th = qf + Tyaf(T+0) iy T Y —ale T

(4.8.29)
/ ' V2o _ ey 1_ —in(t—0o
xersz*‘TQé(T—U)‘H\/?ZEO‘ie (

Let the respective compact spaces be TP = RD/Q’/TAL and Tgl = RD//Q’R’AR. Also, if we set the number

of wrappings as L and Lfé, respectively, the boundary conditions are

e (r+o+2n) =al(r4+0)+2nLL

) ) ) (4.8.30)
zh(r— 0o —21) = xh (1 — o) + 2nL%.

By substituting the solutions into these conditions, we obtain

a/

S PLRE Ar R (4.8.31)
Also, from the univalence of the wave function,

a/

?pLR S A*L,R' (4832)
Thus, each lattice is self-dual. The Viasoro condition for L is

1 & 1 & 2

M? = _ 24z 2y Z(N+N-2
52 1)’ + 5 ) (or)* + (N + ) .

D D’

LIS ) - Y on)] = (¥ - )

The massless states in 4D theory are given as the following. The scalar massless states are given by

ol @’ |0,0) (4.8.34)
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On the other hand, the vector massless states are

ol @ ,10,0) o*,@’)]0,0) (4.8.35)

’

These states are gauge fields of [U(1).]P x [U(1)g]"".
at, ’w% =2,w} =0) o, ’w% =0,w} =2) (4.8.36)
These states are gauge fields for the noncommutative group.

4.8.3 Heterotic String

We take the left-moving sector as a bosonic string and the right-moving sector as a superstring theory,
and construct a 10-dimensional string theory by compactifying the left-moving sector in 16 dimensions.
In the right-moving sector, there are scalars 2, and fermions ¢, and in the left-moving sector, there are
scalars zff and a:i The compact space is a vector bundle, which leads to a gauge group with the torus
lattice as the root lattice. The dimension of the vector bundle is 16, and the lattice is a self-dual Euclidean
even lattice. The only such root lattice is SO(32) or Es x Eg, and on such a lattice the gravitational
anomaly is canceled by Green-Schwartz mechanism [55,73-76]. In order for // and z'; to constitute a

single consitente theory, we take their zero modes to be equal.

o =g + Bl (T +0) +iy /G Y take e (4.8.37)
zhy = qlp + ¥ 220‘/&6”(7' —0) +i4/ %’ > %age*i"(T*”
af = = 2§(0), oy =,z = aff +al (4.8.38)

Since % is a 10-dimensional spinor, it can be taken to be a Majonara-Weyl. Therefore, the Weyl

condition

Ys'p =~k (4.8.39)

is satisfied. The compact space coordinate xl exists on a SO(32) or Eg x Eg root lattice on a 16-

dimensional self-dual Euclidean even lattice and

b (r+o+2n)=al(r+o0)+2nLt (4.8.40)
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is satisfied. The solution is

2 !/ ! 1 .
T =qp + 2a b (T4 o) +1iy %Eﬁa,ﬂeﬂ”““’) (4.8.41)

Since the constraints are independent for the left- and right-moving sectors, we can use the constraints

for each of them. The result shows that there is no tachyon in the lowest level state.
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5 Magnetized D-Brane

Here we summarize the torus compactification with magnetic fluxes. Our model can correspond to the
D5-brane system as wel as D9-brane. In this section, we note 10 dimensional coordinate as 2™, M =
0,...,9, 4 dimensional coordinate label as p = 0, ..., 3, and extra dimensional coordinate as m = 4,...,9

since torus has a flat metric.

5.1 Kalza-Klein Reduction

The computation of 4 dimensional spectrum in compactifications is based on the Kalza-Klein ap-
proach [77,78]. Since massless fields are counted by topological invariants of compactification (Index
Theorem, see also [79]), their number is unchanged under the continuous deformations. In the following
we consider the KK compactification of various 10d fields to 4d on a compact 6d manifold Mg. We keep

the discussion general and restrit to the torus, magnetized torus case in the next section.

5.1.1 Scalar Fields

Consider a free 10d scalar ¢(x™) on My x Mg. The generalized Fourier decomposition is an expansion
oz, y™) Z%d )¢a(x"), (5.1.1)

where the 6d scalars ¢f,(y™) are the eigenfunctions of the 6d laplacian Ay, with eigencalues — ),
Since 10 dimensional d’Alembertian can be decomposed to Oyoq = Agg + D4, the equation of motion in

10 dimension for free scalar fields becomes
(Oaa — AXF)hy(2") = 0 (5.1.2)
Hence, the eigenvalue A*) plays the role of the squared 4d scalar mass. If Ay = 0, ¢fjrli is a massless field.

5.1.2 p-Form Fields

Next we consider the p-form fields C,(z) like gauge fields with gauge invarince C, — C), + dA,_1.
The gauge invariant field strength associated with gauge field C), is given by

F=dcC, (5.1.3)
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5 MAGNETIZED D-BRANE 5.1 Kalza-Klein Reduction

and Maxwell action is

) (dC, dC)

D+ 1 i i . ~
= /1\/[ g 11, . g P+1]p+1Fi1...ip+1Fj1,,,jp+l W (514)

2p!

where we define the inner product (,) for (p+1)-forms. The field equation derived from (5.1.4) is
d'dC =0 (5.1.5)

where dt is the adjoint of d.

We assume the following decomposition:
Cp(z™) = cq(y™)en(a?), p=n+q (5.1.6)

where we implicitly denote the wedge product, KK labels k& and subindices 10d, 6d and 4d since we can

find them from each coordinate. The kinetic term operator for 10d p-form can be decomposed to
Ajoq = (dd" + d'd) x, + Aua (5.1.7)
In order to obtain massless fields, we solve the zero mode equation of 6d g-form:
(dd" + dd) xycq(y™) =0 (5.1.8)

Since this kinetic operator is positive define, zero mode must satisfy dec, = 0, chq = 0. This fact implies
that the g-form fields ¢, with zero eigenvalue are harmonic forms. There are one-to-one correspondence
between harmonic g-form and g-cohomology class. Thus the number of zero modes of g-forms in X is
given by Betti number b,(Xg) which is defined topologically.

The bottom line is that since the number of massless fields is defined topologically, the counting cannot
change by continuous deformations like the adding interactions. Thus it is sufficient that we consider the
only free field.

Substituting (5.1.6) into (5.1.4) with (5.1.7) and (5.1.8), we obtain the 4d action:

n+1

4) _ i1j intidn —
s = 2n! /g g i B =

(dC,,dC,)
2(n!)?2

(5.1.9)

where F' = dc,, propagating on M.
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5 MAGNETIZED D-BRANE 5.1 Kalza-Klein Reduction

5.1.3 Spinors

We consider the 10d spinors 194. In compactification ansatz there are components of the form

Pr0a(z™) = xea(y™)aa(z"). (5.1.10)

Their representations of 4d and 6d Lorentz group follow from the below decomposition:
SO(10) — SO(6) x SO(3,1), 16 = (4,2)+ (4,2) (5.1.11)

where 2,2’ are the left- and right-handed spinor respectively in the 4d Lorentz group.
The 10d kinetic operator is the Dirac operator /Digq including the 10d spacetime derivative, spin
connection and gauge connection. Focussing on (4,2) component, we can decompose the 10 Dirac

operator to

Droa = Deat+ Daa- (5.1.12)

Thus the number of 4d massless left-handed Weyl fermions is determined by the 6d zero mode equation

Deaxed(y™) = 0. (5.1.13)

Similary, in (4, 2’) the Dirac op can be fuctorized as

Dioa =Dl Dlg, (5.1.14)

and the number of 4d massless right-handed Weyl fermion is given by the 6d zero mode equation for

t
D
5.1.4 Metric

In KK compactifications the 10d metric gy;n can be decomposed like

guMN = ) (5.1.15)

and leads to various 4d fields.
The componet g, corresponds to a scalar field in X¢. Thus the zero mode equation can be obtained
as well as a scalar fields case. Therefore the 10d graviton leads to a unique 4d graviton. The components

gun lead to 4d vector bosons which are also 6d vector boson. The component g, is corresponts to 4d
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scalar fields.

5.2 N =1 SYM and its Compactification
Let us consider D = 10, N = 1 supersymmetric Yang-Mills theory (SYM), which corresponds to low
energy effective action of the open string of superstring theory. Its Lagrangian density is given by

1 MN i AT M
Lsym = 7@ tr{F F]\/[N} + ? tr{)\F DM/\} (5.2.1)

where the tr is trace for the adjoint representation of gauge group G. The field strength Fj;n and

covariant derivative D), are defined as
FMN :8MAN—8NA]V[—i[AM,AN] (522)

Darh = O\ — i[Aar, ). (5.2.3)

Ay is 10 dimensional geuge field and ) is a Majorana-Weyl spinor whose degree of freedom is 219/2/2 =
16 and transforms as the adjoint representation of G. This action is also invriant under the gauge
transformations

Ay — Ay 4+ O A+ i[A, A]V[] (5.2.4)
A= A+ i[A N (5.2.5)

where A is a gauge degree of freedom on adjoint of G.

5.2.1 Dimensional Reduction

In order to obtain a D = 4 theory at low energies, we should compactify the D-4 dimension with
compact manifold Mp_y4, so that we obtain Standard Model at lower energy than compactification scale
M.,.

In order to construct the symmetry breaking model G — H, we denote the elements of Cartan sub-
algebra in G as U and the other elements as e, and the basis of G can be chosen to (Ua)§» = 04i0q; and

(€ab)ij = aidp;. By using these notations, the gauge field Ay; and the spinor field A decomposed to

Anr = B4 Uy + Wikea (5.2.6)
A =1U, + U, (5.2.7)

Due to hermiticity of the U(N) generators, Bys and 7 to be real and W = (W) wab = (¥be)*. By
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substituting these decompositions into the Lagrangian (5.2.1), we find

L =LY + Lo spoms + LY (5.2.8)
1
£ = 35 tr{Dy Wy DMWY — Dy WyDNWM — iGN [WM, W] (5.2.9)
1
EBA—point = @ tr{[WMa WN][WJWa WN}} (5210)
) 1
£y = 2% tr{(Dy Wy — DyWar) WM, WN]} — 12 tr{Gun G} (5.2.11)
and
Lo=L0 + Ly + LY (5.2.12)
= 2’? tr{TM ¥ — TTM By, U] (5.2.13)
1 T~ M
Lry = Q—QQtr{\Iw (W, U1} (5.2.14)
o) = 3 tr{xT Onrx — iXTM (W, W] — i0TM Wy, 1]}, (5.2.15)
where we have defined
Gun = 0uBN — OnBu (5.2.16)
DyWy = 0uWn —i[Bar, W (5.2.17)

Let us compactify this theory with a D — 4 dimensional manifold M p_4 with dimensional reductions
in the following two steps. First we decompose the D-dimensional fields into 4 dimensional Poincaré
representations like B, — By, Bf'. Although the Poincaré invariance restricts a non-vanishing vevs

along the p directions, we can give non-vanishing vevs along the i directions:
Bf(«™) = B; (y) + Cf (=) (5.2.18)

W (™M) = Wab(y) + & (™) (5.2.19)

where we define the fluctuations around the vevs Bj (y), W;

b(y) as C2(xM), ®¢°(xM) respectively. These

non-vanishing vevs generally break gauge invariance. In the following discussions, we consider the case

—ab
W, (y) =0.

Since we are interested in the Yukawa couplings in the lower dimensional theory, we focus on the
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following terms:

1

»C](gl) _ @( lIl\/IN o G?WN) ((WMab)*WNab _ (WNab)*WMab) (5220)
1
= 5z [(Du W) (DMWN)™ — (Dy W )" (DY W )] (5.2.21)
g
1
LB 4-point = 5 (WapWRew Medyy Nda _ yyyabyysbeyy Nedyyy Mda] (5.2.22)
h = ;?WMFM(DM\IJ)‘”’ (5.2.23)
L (=abonrbdgda 530 Mpprea g be
Lry =55 (T M whwe - T M W wte) (5.2.24)

Substituting (5.2.18) and (5.2.19) into these terms, they can be rewritten as

LY = Lpyin + LY
.
- 5
1 ab\* a 2 ab\* [/ MJj Hia ab\* [ 7t a
- 352 (D) (D @) + (Dy@5) (DI) — (D, @) (D'WHe)

_(Diq);zb)* (Dg (biab)} + E](?)l)

(Glilj o ny) ((q)iab)*q)jab o ((I)jab)*q)iab)
(5.2.25)

~ 1 ) . ) . ~
EBA—point = £4—p0int + EBA—point = ﬁ [(I)?bcbgcq)zcdq)]da - @gb@?chjcd@zda} + EBA—point (5226)

LW = gt gab LGt f,gab 5.2.27
F 292 v o + 292 ( )

. 1 /ab b i
Loy =Ly +Ly =55 (\I' Prigtdgde br’cbgaxlf”C) + Ly, (5.2.28)

where the £ terms are irrelevant terms for the following discussions and we have defined D; =0; — igB;.
Notice that since ®® and U are off-diagonal components in the adjoint representation, these fields are
bifundamental representations of gauge group U(1), x U(1),. This means that the covariant derivative
act as

D08 = ;% — iBi W™ + iB,W". (5.2.29)

LB xin and E%l) contain all the possible terms in ®; and ¥ that lead to effective mass terms.
The second step is KK expansion of D dimensional fields and splits the 4 dimensional coordinates

and the compact space coordinates dependence. Spinor fields can be decomposed into the product of 4
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dimensional spinor and the extra dimensional spinor:
(g Z v ® Y (y) (5.2.30)

As well as spinor fields, the scalar fields can be decomposed into

D (z ng . (y). (5.2.31)

We choose the y-dipendent fields to the eigenfunctions for the internal wave operators:
i Dp_s2" = m,y2® (5.2.32)

7L’L

Ap_apl = M7 05 (5.2.33)

From the discussions in 5.1, the eigenvalues m,, and M, ; are directly related to the 4 dimensional masses

for the fields 2 and goff,’i. Indeed by applying this equations, we find
iv° Dax? = —mpx® (5.2.34)

Aupth = M2 0%, — 2i /M (G2 — Gyt (5.2.35)

where in order to get canonical kinetic terms, the D — 4 dimensional fields must satisfy

g7 [ dP et () 65 ) = Gucd (52.36)
M
9" / 7T W) 0 () = ducua (5:2.:37)

Since the scalar mass has the corrections from non-vanishing vevs, the correspondence between the scalar
and the spinor with same masses are broaken. Thus the fluxes break the supersymmetry.

By functional integration of massive fields, we can obtain the 4 dimensional effective field theory
including the lightest modes. The massless fields in 4 dimensional theory are given by U(n,) gauge
bosons A% (a;) which derived from KK expansion of By, the gaugino A\, derived from 7, the scalar c{*
derived from C® and bifundamental spinor y&’. From the mass term in (5.2.35), the remained fields goffl

may be massive, massless or tachyonic depending on the fluxes.
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Substituting the above reductions into Ly, 4 dimensional Yukawa coupling terms can be written by

1 — b i a —a. a
Sv=g 3 |( [ o tweriairive) [ deetins
1LIK - M (5.2.38)

_ b ; — -
— ( / dP =ty Tqﬁ?‘,‘ﬁ%%) / d4wx}‘b<p3?ix?€}
M
5.2.2 Magnetic Fluxes and Supersymmetry

The above discussion is general in the sence that it dose not depend whether the supersymmetric
or not. If we would like to consider SYM theory coupled to gravity, it may be useful to consider the
compactifications preserving N = 1 supersymmetry in the effective theory. In this part, we derive the
conditions for preserving the supersymmetries.

We consider D = 10 SYM theory compactified in My, coupled to N = 1 SUGRA and put the
assumptions H = 0 = d¢ for simplicity, where H is a field strength of 2-form field in NS-NS sector and
¢ is a dilaton. Since the SUSY parameters are spinor, in order to get the supersymmetric theory in the
lower dimensional effective theory, it is enough that spinor exists without contradiction whose statement
leads to SUSY conditions.

In order to get the spinor consistently in 4 dimensions, this spinor should be defined uniquely. But
since 10 dimensional spinor ¢ is non-trivialy transformed under SO(10) and 7 is also transformed under
SO(6) non-trivialy, there are many posibilities for the supercharges at each point in 4 dimensions. Thus

we need the covariantly constant spinor in Ma,,:

Ve, &(y™) =0 (5.2.39)

This condition implies that the compact manifold Mo, is a Ricci-flat Kéhler manifold.

Futhermore, if the supersymmetry is preserved, the supersymmetry keeps the vacuum invariant:
QI =0 (5.2.40)

This condition leads to

0= (Q[{Q, ¢} [Q2) = (59 |) , (5.2.41)

where 9 is an arbitrary fermionic operator. Thus in classical limit, we find

§1p = 0. (5.2.42)

150



5 MAGNETIZED D-BRANE 5.2 N =1 SYM and its Compactification

If we regard v as a gaugino, this condition becomes
oY ~T™F,, =0, (5.2.43)

and this implies

Fii=F==0, gﬁFﬁ =0. (5.2.44)

5.2.3 Yukawa Couplings

These unwanted feature in torus compactification can be avoided by two approaches. First, we introduce
a non-trivial expectation values (vev) for the gauge fields. Second, we impose an obifold projection. In
this section, we choose the first approach.

Since we interested in preserving Poincaré invariance in the four-dimensional spacetime, we introduce
non-vanishing vevs (A,,(z)). These vevs reduce gauge group G to the subgroup H C G commuting with
the subgroup J which contains vevs. Also, these vevs modify the wave operator. Thus supersymmetries
are broaken and we obtain chiral theory. Therefore we find that magnetized Mg compactifications with
(Frn) # 0 lead to D = 4 chiral theories with reduced gauge group.

In addition, we obtain the degenerated chiral fermions ¢; which can be regarded as generations of the
fermion. In order to obtain canonical kinetic terms, we impose normalization condition for the internal

wavefunctions

| vttt = (5.2.45)
M

/
as well as bosonic wavefunction.

Finally, the kinetic term of spinor A in D = 10 SYM Lagrangian leads to four-dimensional Yukawa
couplings

Yije = /M Uyl L fabe (5.2.46)
6

where fupc are structure constant of the initial gauge group G.

In order to compute the Yukawa couplings (5.2.46), we need explicit expression for the internal
wavefunctiont);. This wavefunction corresponds to massless modes.

In the following sections, we consider the 8 cases which are clasified with whether abelian or non-abelian
gauge group, including Abelian Wilson line or non-Abelian ones and 72 or general tori T2". Also we

discuss the masses of the zero-modes in each cases.
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5.3 Magnetized Torus with Abelian Wilson Lines

In the following, we compute the wavefunction involving Wilson lines on magnetized T2 in U(1) and

U(N) gauge theory.

5.3.1 Abelian Gauge Theory

First, we explain T2 geometry. T? is obtained by the identification
z~z4+1l, ze~z4T (5.3.1)

where, z = y4 +7y5 and 7 € C is the complex structure moduli of 72. We introduce an abelian magnetic

flux such that [, F = b,

b i
F=-ld:ndz, 7=ImT (5.3.2)
Tr 2
This flux can be derived from
b _
A(z) = — Im((Z + §)d=z). (5.3.3)
27’[

These expressions are general solution and ( is a constant called Wilson line. This vector field should be

well-defined on the torus, but its torus translations are

b
A(z+1)=A(z) + 5 Imdz = A(2) +dxa
Z’ (5.3.4)
A(z+71)=A(2) + 5 Im7dz = A(z) + dxe.
TI
So, we identify these translations with the gauge transformations A — A + dy;.
Next we consider any complex field ¢(z) with U(1) charge ¢. Its torus tranlations are given by
Bz + 1) = 11 C4(2)
, (5.3.5)
Bz +7) = 0:(2)
and for the consistency, these translations are also regarded as the gauge transformations.
Considering a contractible loop in T2, we obtain Dirac’s charge quantization condition
b
— =M e Z. (5.3.6)

2

In order to obtain the explicit wavefunction, we solve the Dirac equation. Dirac operator and two-
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dimensional spinor with U(1) charge ¢ are given by

: j 0 0—q¢2M(z+¢ {0 -Df
Zﬁ2=£ o B FTO) _, (5.3.7)
O+ a5 (2+¢) D 0
U(z,%) = v (5.3.8)
b

So, we obtain the two Dirac equations
Dy, =0, Diy_=0. (5.3.9)

If M > 0, ¢4 is only well-defined and if M < 0, ¢_ is so. Thus by introducing a non trivial flux M, one
chirality spinor is autmatically selected. In the following, we assume M > 0.

The wave functions satisfying with Dirac equation and the boundary condition (5.3.5) are given by

g
W (2) = NjelmaM O = g q?f (qM(z+C),qM7) §=0,...,M—1 (5.3.10)

where, N is a normalization factor

2T1M 1/4
and 6 is a Jacobbi theta-function defined by
a . 2 .
0 (V7 7_) _ em(a+l) 762wz(a+l)(u+b) (5_3.12)
. >

l€Z

Since v, is degenerate, we realize a generation structure.

If M <0, we get the same result for ¥_
5.3.2 Non-Abelian Gauge Theory
Here, we consider a more general setup. Explicitly, we describe a U(N) gauge theory broken to

[1; U(V;) by introducing the following magnetic fluxes

MiIn, x N,
ﬂ- .

MyIn, «N

n n
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where, In_ xn,,a =1,...,n denotes the N, x N, identity matrix with ZZ:1 N, = N. Due to the boundary
condition, M, must be integer. This flux is induced by the gauge field,

MiIn, xnN,
A(z) = —— Im(zdz) (5.3.14)
T
M,In, xnN,

Fr=— : (5.3.15)

In this case, the gauge group U(2) is broken to U(1),xU(1),. The corresponding vector fields are given
by
T [ Ma (Z + Ca) 0

A= (5.3.16)
211 0 mb(z + Cb)

as well as A,. The Dirac operator is given by

, {0 —-Df i 0 0+ A,
i D=1 =—_ (5.3.17)
D 0 TR\9+4. 0

Since a two-deimensional spinor is a adjoint representation of U(2), each of chiral spinors is given by the

matrices,

v = (M) weo [ P (5.3.18)

(o Cy Dy

Hence we obtain the Dirac equations for zero-modes

0A O+ v (2 4+ () B
Dy =(aR)"| ’ ( 2”,( b)) =0 (5.3.19)
(0 32(:+ ) C4 D,
where we defined
Iy =mg—my #0
(5.3.20)

Cab = (maCa - mbe)/Iab

1_ is given by ¥_ = 1/11. From (5.3.19), A and D, should be holomorphic functions. Furthermore due

to the periodic boundary condition, AL, D+ must be constant. Since Dirac equations for B and C are
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almost the same as U(1) case, they have to be of the form
By =Pl (1,2 4 (ap), Oy = 10 (1,2 + Cab). (5.3.21)
If Iy > 0, By can only be present as well as C_

5.3.3 Eigenfunctions of the Laplace Equation

In this part, we show that the eigenfunction (5.3.21) is not only for Dirac equation but also for the
Laplace equation. Thus these eigenvalues correspond to scalar mass and depend on the Kéhler moduli

of compactification. In order to prove this, we compute the squared Dirac op:

21',Fz72 0
(i D) =A4 | B . (5.3.22)
0 (2#1%;2

Applying the laplacian to the ab sector wavefunctions, we obtain these eigenvalues

27T|Iab|
A

[ A
=,/ ——D .3.24
CTN am| Ly (5.3.24)

the eigenfunctions and the eigenvalues for the laplacian are given by

A¢j’i1ab _ wj,ifab. (5323)

By defining the harmonic operators

piEles = (Dyrypitla (5.3.25)

‘Iab|
A

Ar =21 (27 +1) > 0 (5.3.26)

However, this is not just the mass eigenvalues. From (5.2.35), the mass matrix is given by

A —4imria
M= A, (5.3.27)
dim st A
and its eigenvalues are given by
3 Iab
Ar= A dn—. 5.3.28
e (53.28)

From this expression, there is one tachyonic scalar mode which corresponds to no fermionic spectrum.

This fact means that the supersymmetry is broken completely.
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5.4 Magnetized T?" with Abelian Wilson Lines

In this section, we attempt to extend magnetized torus compactifications to higher dimensional torus
T2 which is factorized as

T?" ~ T2 x ... x T2 (5.4.1)

Let us consider the constant magnetic flux F' breaking U(N) — U(1)". This implies the magnetic flux
on T2 is given by

T (r)

Fozr =F — my (5.4.2)

zz

In the following, we focus on N = 2 case. As well as the T2 case, we decompose the Dirac operator

into the holomorphic part and anti-holomorphic part:

iD=iY I"D,—i» T"Df (5.4.3)
T T
S w (mIEr )
Dy =0y + 505 - (5.4.4)
2Im mb (ZT +<g)

The spinor ¥ in the compact spase T2" is a 22"/2 = 2" components spinor. We decompose this spinor to
the spinors on each torus T2 which are denoted Ye1 . en where € = £1. In this notation, the zero-mode

equation on T7? is given by
DM/Jelw_’en = 0, ET = 1
(5.4.5)
D:[l[}el,“.,e" = Oa € =-1
The wavefunctions of 2n-dimensional fermions can be obtained by solving the equation (5.4.5) and the

torus boundary conditions, which are given by

(1) ‘1(7')‘
const | g Map
w&ly'w,fn = (1‘) |I(7‘)| e (Iab ) (546)
HT 6_6r blgn(l(r))/l/} const
where sign(]éz)) is a sign of I ) and ¢ , DI are defined by
i1 ™1 1) OO ) e )
Wl e = i L (7)o gy e < (w T () o gab)) . (5.4.7)

Therefore, we find 2"~! numbers of U(1), x U(1), gauginos associated to the constant wavefunctions,

and I; =[], |IC(£)| numbers of chiral fermions associated to chiral fermions in the bifundamental repre-
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sentation of U(1), x U(1)y.
Just as in the T2 case, the wavefunctions (5.4.6) are not only the eigenfunctions of Dirac operator, but

also of Laplacian. In contrast T2 case, there are no tachyonic mode discussed the following section.

5.5 Magnetized Torus with Non-Abelian Wilson Lines

In this section, we consider the general symmetry breaking U(N) — [[,(n:), >, ni < N.

5.5.1 Gauge Symmetry Breaking

First let us consider the T? case and U(N) gauge group. The magnetic flux F and the gauge field A
transform in the adjoint represention of U(N) and F' is given by

m M
Fro=—"_1Iy. 5.1
Imr N N (5:5.1)
Consider a field @ in the fundamental representation of U(N). In contrast to the abelian Wilson line

cases, Wilson lines can be arbitrary elements of U(N). Thus the most general transformation is given by

D(2) = V(2)P(2) = X, d(2) (5.5.2)

where
x1(2) = N”I]\Ii Im(z + )1y (5.5.3)
x2(2) = NﬂIj\riT Im7(z+ ()In (5.5.4)

and w; are constant element of SU(N).
In order to confirm the consistency between gauge transformations and the homology of T2, we consider

the contractible loop:
Qe+ )0 (2 4+ 14+ 7)Q(2 + 1) (2)®(2) = B(2). (5.5.5)
The left hand of this condition is rewritten as
w;lwflwng =e>™FINIy, ke (5.5.6)

Thus M = kmod N must be integer which correspond to Dirac’s charge quantization condition.
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The w; is the representation of SU(N) and can be chosen to

M
1
— 27i/N,...,e2 (N =1/N M _ 1
w1 = Q = diag(1,e ro ), we=P¥ = (5.5.7)
1
or

w1 = QM, Wy = P. (558)

The gauge field A,, transforms in the adjoint
Ay =wi A = weAwy (5.5.9)

Thus A, must be a diagonal N x N matrix with only P = g.c.m.(N, M) independent elements and we
find that magnetic flux breaks U(N) gauge group to U(P).

If M =SN,S €Z, k=0 and we can take w; = wy = 1. Also if P = N, the gauge group is going to be
U(N) that is no rank reduction.

5.5.2 Wavefunctions on 72

Let us consider F' to be sum of two irreducible representations

JQZ:WZdmg<nhf%7n%L%>,na+nb:]V (5.5.10)
T n np

Im o

This flux can be regarded as two fluxes F, and F}, on the same 7% which correponds to the gauge group
U(n,) and U(ny) respectively, and magnetic quanta m, and m; respectively.

Thus due to the magnetic fluxes, the gauge group U(N) is broken to U(p,) x U(py) where p, =
g.c.d.(ng, my). If my x ng, then there are no non-abelian Wilson lines and the gauge group is give by
U(ng) x U(ny). From the discussion of the previous section, the wavefunction of fermion in this case
transforms in (ng,7p) if Inp > 0. In the following discussions, we focus on p,, < 1, and p, = pp = 1.

The gauge fields corresponding to (5.5.10) are given by

T Ta (Z + Ca)lna

Az = AST® = Tta
2ImT %(ZJer)Inb
(5.5.11)
e (24 Q)ln
A= AT = -2 e G H O, _
mr %(ZJF Cb)Inb
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The Dirac equation for the spinorial component vy is

A D+ Zov (2 4 ¢p)) B

D¢+ — (7TR)_1 a ; + ( 2111’1:( a )) + _ 0 (5512)

(0 o (= + Cw)) O D,
where we have defined
Iy = —ngmyp + npmg # 0 (5.5.13)
= 1,
Lp=—" (5.5.14)
NagMp
(o = (T0MaCa ~ NamGo) (5.5.15)
Iab

The Dirac equation for ¥ _ is quite same in the previous section without the exchanging I, — I.p. The
boundary conditions and Dirac equation restrict A and Dy to have to be constant matrices associated

to U(1)s x U(1), gauginos. On the other hand, By and Cy have to be of the form

N et Tt (z4+Can) Im(=+Gan) g ) (5.5.16)

respectively, where £(z) is an arbitrary holomorphic matrix-valued function and N is a normalization
factor. Futhermore by imposing the periodic boundary condition and computing the normalization

factor, we find the fermionic zero-mode wavefunctions for chiral fields transforming in the bifundamental

representation:
B, =& O =@ e =1 |1 (5.5.17)
. 2Tm 7|1, ol :
(@J,Iab)kmkb _ (Hlj”) 1/461%@3(2-‘1{@)Im(Z+Cab)§(z)g€7aI’akbb (5.5.18)
(ijIab)ll =@ | Ter " e | (2 4 Cap)ap, TLapnams) (5.5.19)
’ 0

These solutions are exclusive and chosen by the sign of I,:

By < 00 < I, > OLeft-handed fermions in (1,-1) ofU(1), x U(1)y ( )
5.5.20
Ct < 00 & Iy < OLeft-handed fermions in (-1,1) ofU(1), x U(1)p

The solutions of anti-particles 1_ are given by the hermitian conjugate respectively.
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5 MAGNETIZED D-BRANE 5.6 Magnetized T?" with Non-Abelian Wilson Lines

5.5.3 Eigenfunctions for Laplacian

As well as the T? case, the wavefunctions (5.5.18) are also the eigenfunctions for the Laplace operator.

By simillar computation in the previous section, we find

27T|jab|

Pirtlar —
A

APITlar — 4

27Tfab
5.5.21
- (5.5.21)

and same eigenvalue without the replacement I, — I,,. Computing the mass matrix, we find the lightest

scalar mass is tachyonic: _
|Iab‘
A

mg = —2x (5.5.22)

Thus there is also no supersymmetry as well as abelian Wilson line cases.

5.6 Magnetized T?" with Non-Abelian Wilson Lines

In this section, we extend T2 with non-abelian Wilson lines to the higher dimensional tori.

5.6.1 Gauge Symmetry Breaking

The most general constant magnetix flux associated to U(N) gauge group is given by

N4
Fij =27 J

1 5.6.1
NCL,L'(ZJ' N ( )
where n;j = —nj;. T?" is equivalent to the quotient space R*" /A, where A = {z € R*"|x = n;a’;n € Z*"}
and we have defined {z € R?*"|0 < x; < a;} and a; = ||a’||. From (5.6.1), the boundary conditions on a

field ® transforming in the fundamental representation of U(N) are of the form
B(x) = Qi(x)®(x) = X @ d(2), (5.6.2)

where we have defined

massxd
n;

xi(@) = "= ey Iy, (5.6.3)

and w; are the constant elements of SU(N). The consistency condition is given by contractible loop:

Qe+ a)Q (2 + a; + a;)Q (2 + a;)Q(z)D(z) = B(2) (5.6.4)

J 7
This condition leads to

-1, -1 omici; /N _
Wi w; wiw; =e micij/ In, c¢ij €Z, mn;;=c;; mod N. (5.6.5)
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5 MAGNETIZED D-BRANE 5.6 Magnetized T?" with Non-Abelian Wilson Lines

By using SU(N) constant matrices P and @ such that PQ = QPe* /N w; can be chosen to
w; = PQY%, st €Z (5.6.6)
and the condition (5.6.5) can be rewritten as
tis; —t;s; =n;; mod N. (5.6.7)

If we consider the fluxes which don’t satisfy this consistency condition, the initial gauge group U(N)
is broken to [[, U(P;). Then flux (5.6.1) can be splited to a direct sum of more fundamental fluxes
corresponding to gauge group U(P;) and each flux satisfies (5.6.7).

5.6.2 Factorized Torus

Let us consider the factorized tori and a constant magnetic flux F' on them. Also we deal with F to be a

(1,1)-from on each T2. This allows us to specify F' in terms of 2n integer numbers (N, M) r =1, ..., n

such that
N = H N
i (5.6.8)
Nor—1,20 = NO . NE=D ) D) ()
Then the components of the magnetic flux are written as
M)
Forer = sy sy I (5.6.9)

T Ims™ N®

and the boundary conditions for a scalar field ® in fundamental representation are given by 2, = e*X"w,

defined by

M)
X2r—1(2) = ————=Im(z" + (")In
N@) Im 7(r)
(5.6.10)
_ WM(T) I =(r) (.7 ™[
er(Z)—m m7" (2" 4+ (") I

Since the rank of gauge group U(N) is decomposed to (5.6.8), @ is decompoed to the bifundamental
representations @) pm where k =1,..., N and k() =1,..., N are the label of the field components.

Also the constant elements w; of SU(N) are splited to the constant elements of each gauge group U(F,):

wor—1 = Iy @ Iye-1) ® QM"” @ Ineeny @ - @ Iy
(5.6.11)

wor = Iy @ @ Inew-1) @ PR Inwty @+ @ Inm
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5 MAGNETIZED D-BRANE 5.6 Magnetized T?" with Non-Abelian Wilson Lines

Here @ and P are the generalization of (5.5.7) to N x N() matrices. By introducing such flux, the
gauge group U(N) is broken to [], U(P")), where P(") = g.c.d. (N, M ™).

In the following discussions, we focus on the case that F' is a direct sum of two fundamental fluxes:

Forsr = # diag (:; T)) In,, ((:)) INb> , N, = Hngp (5.6.12)
Then the Dirac operator is given by
i D= iZFFDT —iy T"Df (5.6.13)
_ T mi) m(?')
D, =0, + T diag (ng) (2" + ("), nl(} o (2 + Cb)INb> (5.6.14)

Also we decompose the 2n dimensional spinor to the tensor product 9.1 .». We can find the solution

of the Dirac equation as well as the previous section:

const 1,0 X @j(r)’ll‘(‘z)l
i Yer s(1(m r Xer
¢61,~.,6" = ( ) |I( )l ’ (Iab) (56.15)
[L;6_.. SID) R, oL const
where we have defined
I ) N L AT

and &L as in (5.5.10). The tensor product means

‘(7‘)’ I(T) ‘(7‘)’ [[(17‘)
(@cpir 'ab') =11 (cbiT s '> . (5.6.17)
(5 #0)

T T kl(lr) ;kg(f)

5.6.3 Laplace Eigenvalues and Masses

() (7™
As well as the previous sections, @7, Mav'l i not only the eigenfunction of Dirac operator, but also of

() () o |1 () |7
(o) - (2 2 ) @ 5619

By considering the harmonic operator, the higher order eigenvalues are given by

Laplace operator:

i)
Afsmy, 27‘(‘2 |A( (257 +1), s eN. (5.6.19)
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5 MAGNETIZED D-BRANE 5.7 Yukawa Couplings

On the other hand the eigenvalues of mass matrix are given by

Moy, =27 (Z ij(g) (25 £ 1)+ 2 jf%))) . (5.6.20)

The lightest scalar modes are obtained for s(") = 0. In the T case, these modes correspond to tachyons.
This fact implies that there are no N = 1 SUSY configurations. But from the expression (5.6.20), since
the mass is given by the sum of the contributions from the fluxes on each torus, the scalar can be
massless, massive or tachyonic, depending on the values of the fluxes. In the T case, the lightest scalars
are massless or tachyonic. Finally in the T2 x T2 x T? case, the lightest scalar mode can be massive,

massless or tachyonic. Thus by choosing the fluxes such that (5.6.20) equals to 0, we can realize the

N =1 SUSY, which is just a supersymmetric conditions.

5.7 Yukawa Couplings

In the previous sections, we find the wavefunctions in the various cases. In this section, we compute

the 3-point functions by using (5.2.46) in the various models.

5.7.1 T2 Models with Abelian Wilson Lines

In order to obtain non-trivial Yukawa couplings, we need three gauge factors allowing for three different
types of bifundamental matter fields. For the simplicities, we consider the 72 model first and following

magnetic fluxe:

Foo = ™ diag (mafna, Mo mz) (5.7.1)
T Ng Ny n

where n, € Nt m, € Z,a = a,b,c. If p, = g.c.d.(ny, my), the initial gauge group U(N) is broken to
U(pa) x U(py) x U(pe). If we define

Ing = —namg + ngmq
. s (5.7.2)
Iaﬁ = —,
Nangp
the I,p's trivialy follow the relation
fab + fbc + fca =0 (573)

This relation implies that one of |I~a5| is bigger than the other two. In the following, we take this to Iye.

There are two posibilities of the wavefunction depending on whether the sign of I,. is positive or
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5 MAGNETIZED D-BRANE 5.7 Yukawa Couplings

negative. From the results of the previous sections, the wavefunction ¥ which is gaugino is given by

wo [V (5.7.4)
W
const Pilas 0
Yy = 0 const 0 Iy <0
@Jrlea PR lev  const
‘ (5.7.5)
const 0 Hrlac
Yy = | ®blea  const DFle Tpe >0
0 0 const

where 1 = (1) and const = A~1/2. The chiral wavefunctions ®//e5 j = 0, ...,|I,5| — 1 have been
found.
By applying the general form (5.2.46) to T2 model, we obtain the Yukawa couplings involving chiral

massless fermions in this model:

[ astzutonlomval), [ dsdziav_iorvo) (5.7.6)
T2 T2

where these couplings are CPT conjugates each other and ¢i are the wavefunctions of the bosonic
fluctuations contained higher dimensional gauge field Ay; with helicity 1 in the internal coordinates.
Since the eigenfunctions of Dirac and Laplace operator are the same, we find the Yukawa couplings

involving left-handed fermions is given by

Gabed [pa d2dZ tr{@1 e dirlea (Bh1) Ty F <0

}/ijk‘ = . . + ~
Oaved [ro dzdz tr{®H1vaiTac (QFTec) 1} [ > 0

(5.7.7)
where g is a gauge coupling constant and we have defined o4, = sign(fabfbcfca). In D = 4 physics,
this term leads to the couplings between two chiral fermions with opposit chiralities transforming in the
(PasDy);s (Pa,P.) bifundamental representations and complex tachyon in the (py,D,).

Above discussions are general in the 72 models. Let us first consider the abelian Wilson lines which
mean (N, Ma) = Na(l,8q), Sa € Z. Then the initial gauge group U(N) is broken to U(n,) x U(np) x
U(ne),ng +np+n. = N and the degeneracy of chiral fermions in (n,,7g) is given by ia,g = 5o —5p. Also

the matrix-valued wavefunction ®*7e# is reduced to a product of n, X ng matix and the wavefunctions
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5 MAGNETIZED D-BRANE 5.7 Yukawa Couplings

Yiles defined as (??). Thus the Yukawa couplings are rewritten as
Yije = Uach/2 dZdzdji’Iab (z+ Cab)wj’lm (2 + Cea) <wk’ICb (z+ ch)) (5.7.8)
T

where we have chosen I, negative and the abelian Wilson lines (g are defined by (??) with the substi-
tutions my — sq,lag — faﬂ.

In order to compute (5.7.8), we use the following formula:

0 Wl (zl,TN1)~9 m (2:277—N2)
0 0
r+s+Nim Nor—N1s+NiNam
= Z 9 N1+N2 (21+ZQ,T(N1+N2)) X 9 NINQ(NI—HVQ) (ZlNgfngl,TNlNQ(N1+N2))
MEZLN| +Ngy 0 0
(5.7.9)
In this case, by substituting
r= 7;7 s = ja Nl = ~abv N2 = icaa 21 = (Z + Czb)fabz 22 = (Z + Cca)jca (5710)
and using the relation (5.7.3) we find
i . 2Im 7)V4 | IypIeq iin o
¥ ,Iab(z)wj,fw (2) :( 1/2) b Z ¥ +it+1ab ’ch(z)
A Ibc ’I’TLEZI"
T (5.7.11)
Teqi=IapjtIgplcam L
x 0 ~laplpclea (0, T|IabIbcIca)~
0

where we set ( = 0 for simplicity. In this expression, the theta factor in the right hand side is no longer
dependent on z, hence it may be fatored out from the integration. Futhermore the theta functions form
orthonomality system. Thus the integrand in Yukawa couplings (5.7.8) is given by two theta functions

and it can be carried out easily:

¢=0 2 Im T 1/4
Y = A2

Similary, we can obtain the Yukawa coplings with abelian Wilson lines. Here we define the following

~ ~ 1
Iab-[ca
fbc

/4 j k 7
— L+ ) /1, - - -
0 (Ica Ibc>/ b 0, 7| LapIpelcal) (5.7.12)
0
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5 MAGNETIZED D-BRANE 5.7 Yukawa Couplings

quantities:

Coz = SOtCDU gaﬁ = é:a - 5/3, C = ~abé:c + jbcéa + fcaé:b

. . 1oz 5.7.13)
ik . .. ¢Imé (
Ojix ==—+—=—+—=—, H = 2mi|Ip1pe ], —
ijk i + A + Ibcv (CaT) 7”‘ ablbe ca| Tm 7
Then the Yukawa couplings with non-abelian Wilson lines are given by
- . 1/4
21 VA T ool - Sl - - - .
E]k = Oabed ( 1’1’;7’) E GH(C’T)/29 ik (<,7—|IabIbcIcaD (5714)
A Ibc 0

We can obtain similar results for fbc > 0.

5.7.2 T2 Models with Non-Abelian Wilson Lines

Next, we consider the non-abelian Wilson lines such that p, = g.c.d.(no, ms) = 1 < n,. The chiral

fields are given by (5.5.18) and the integral (??) are rewritten as

NgNpNe

Y;jk _ Uabcg/ dzdz Z ¢i,1ab¢j7[ca (¢k,ch)*’ (5715)
T2 =1

.
where ¢}, e
as

is the componets of ®*/=# and we have used the boundary conditions and assumed g.c.d.(n4, ny, ) =
1. However since ¢§’II“5 the extra z-dependent factors except theta function, the computation of this in-
tegral is harder than abelian case. But if we fix [ = 0 by using the boundary condtions and integrate

over a torus of complex structure n,nyn.7 instead of performing the summation over [, we can find

~ o~ 1/4
Iabléa

Ibc

2Im7>1/4

51k ~
mjk:aabcg( b 20| | G oLl (5.7.16)

where we have defined Za = My, This expression (5.7.16) is quite simillar to the abelian Wilson lines

case.

5.7.3 General Tori

Finally, let us compute the Yukawa couplings for 2n dimensional tori. In the particular case that T2"
can be factorazed as T2, the chiral matter wavefunctions are given by (5.4.6) in abelian Wilson lines or

(??) in non-abelian Wilson lines. Futhermore, the integral (5.2.46) is also decomposed to the integrals
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over the each torus T2. Thus the Yukawa couplings for factorizable 72" are given by

n =(r) 7 1/4 (r)
Yijk = Oabe () sl T2 | TR (LU DG ) (5.7.17)
J 7];[1 (A(r))2 Il(r) +12(7‘) 0 b b
—(s ~ —=(s)
where if O'l(lz)c = —1, we must perform the substitutions J(*) — J( ) and (®) — ¢ . The quantities with

the label (r) defined the quantities without (r) on T2

5.7.4 Yukawa Couplings in Supersymmetric Description

In this section, we attempt to understand Yukawa couplings as a 3-point function ina N =1,D =4
supersymmetric theory. The Yukawa couplings can be given by the factors and the trilinear coupling
Wijk of the superpotential:

Vijk = (Kap Kpe Kea) /252 Wi50, (5.7.18)

where K is the Kéhler potential and we have defined K,g = 8a55aﬁK which are come from the normal-
ization of the kinetic terms of chiral fields in the a8 sector.

We apply the general formula(5.7.18) to (5.7.16) and we find

n (r)

Oujic | = r
Wi =[]0 Sk (D, 70| Ly | D 1D 1) (5.7.19)
r=1
n r o V2
_ 2Im7™M)Y2 | [V a0
(KapKpeKea)'eX = g2 L 2 e (5.7.20)
a c Tl;ll A 11(7) +Iz(7“)
where in (5.7.20) we have ignored phase factors and defined
0 = o1 0 7o) - ()7 Suk (5.7.21)
ab “be “ca Im T(T) LN
Futhermore if we define the supergravity fields as
n (’I”)
ReS = (2m) " 'g~2 A (5.7.22)
st 4m
(r)
ReT(™ — (gﬂ)—lg#““r (5.7.23)
T
ReU") =TIm 7", (5.7.24)
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then (5.7.20) can be rewritten to

n 1/2
2 — (M 1/2 o
(Kap KoK ea) e = T(th S I (U(T> + T )) Ao

2w
r=1

fl(r)fér)

L2 (5.7.25)
i+ Iy

We can see that is are no Re T(") dependence in (5.7.25) and the only explicit dependence on the Wilson
lines c;éf) through the H() factor. These Wilson lines can be regard as the vev’s of the scalar fields in

the adjoint representation of each gauge group and hence belong to D = 4, N = 1 chiral multiplets.
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6 D-BRANE

6 D-Brane

Supergravity theory is a supersymmetric theory that includes gravity as the highest spin. String theory
is closely related to supergravity theory because it contains gravity and is invariant under the spacetime
supersymmetry. The supersymmetric algebra is determined by only the dimension of spacetime and
the type of spinors. Thus supergravity theory must correspond to the superstring theory because of
supersymmetry algebra. Since string theory is ten-dimensional, only three types of supersymmetric
algebra in ten dimensions are possible, and there are three types of supergravity theories. There are
three kinds of supergravity theories, and each of them corresponds to Type IIA, Type IIB, and Type
I superstring theories. Due to the strong restriction of supersymmetry, the solutions of supergravity
theories coincide with those of string theories. As a result, we can obtain solitonic solutions of the string
as a solution of the supergravity theory. This solitonic solutions are known as brane. In this section, we
construct the higher dimensional supergravity theory, and show that there exist strings and branes as

solutions of supergravity theories.

6.1 High Dimensinal Supergravity
6.1.1 Eleven Dimensinal Supergravity

The theory of supergravity consists of representations of supersymmetric algebras that contain gravity.
Consider a four-dimensional supersymmetric algebra, and a representation such that the highest spin
is 2. Since the supersymmetric algebra corresponds to a Clifford algebra, we can give a representation
with up or down helicity 1/2. Since the highest spin is 2, the maximum helicity is 2 and the minimum
is -2. Therefore, there must be at most eight supercharges. From the irreducible representation of
the four-dimensional Clifford algebra, the spinors are the four Majorana components. Therefore, the
four-dimensional maximum supergravity theory has N = 8 and a total spinor components is 32. Since
the lower dimensional supergravity theory is given by the compactification of the higher dimensional
supergravity theory, the spinors of the higher dimensional theory must have at most 32 components.
Since the highest dimension with a real 32-component spinor is 11-dimensional, the highest dimensional
supergravity theory is 11-dimensional.

The 11-dimensional supersymmetric algebra is
{Qm Qg} = (FMC_l)ag.PM + (FMNC_l)agzMN + (FMNPQRC_I)QBZMNPQR. (6.1.1)

The local symmetries of 11D supergravity theories are general coordinate transformation and supersym-

metry, and the corresponding gauge fields are gravity eﬁﬂ and gravitino v,,. We consider the respective
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6 D-BRANE 6.1 High Dimensinal Supergravity

degrees of freedom. The irreducible representation of the Poincaré group is determined by the equation
of motion, which determines the mass of the particle, and coincides with the irreducible representation of
the small group, which keeps it invariant. Since these fields are massless, the irreducible representation
of the Poincaré group is given by the irreducible representation of the small group SO(D-2). The gravity
guv is a symmetric traceless tensor, and the on-shell degrees of freedom are (D —2)(D —1)/2—1in D
dimensions. On the other hand, the gravitino has a vector and a real spinor component and is given by
(D — 3)2P/2= 1y where r takes 2 for the Dirac spinor, 1 for the Majorana, and 1/2 for the Majorana-
Weyl. Thus, If D = 11, gravity has 44 degrees of freedom and the gravitino has 128 degrees of freedom.
Because of supersymmetry, the degrees of freedom of the boson and fermion must match on-shell, so
we need to add the boson by 128-44=84 degrees of freedom. The only representation of SO(11-2) with
84 boson degrees of freedom is the third-order antisymmetric tensor A,,,.,,,. Therefore, the action of

11-dimensional supergravity theory is

e e
:ER(Q(BJ/J)) BT

1 A SN A
_ @6511(¢#17”1~~H6w#2 + 1277[,“37#4#51/)#6)(F#3_”#6 + Fly ) (6.1.2)
4 2R

(12)"

e— 1 A
L B PP = 535,77 D, (5(2 4+ )

2

F

H5-.-H8

A

M1..-f11
€ F#l

Ry %) HoH10M11

Fpy s = 40),, A

H2p3pia]

FH1~~H4 = FH1~~,U«4 + 3'%11@[”17;1«2#31##4]

. 1y— (6.1.3)
Qumn = Qumn - Zﬁllwu’menwA
Q= QO (0) + k(@ 7 )
= umn(e) + 5’@11(%%%1 — Y, YmWPn + ¢n%¢m)7
where Q) is the usual spin connection. Also we have defined
1 mn
D, ()¢, = (0, — ZQ“ Vnn ) Uy - (6.1.4)
The local supersymmetric transformations are
dey," = rk11ey"
3_
5‘4#1#2#3 = *567[,111”21/%3] (6.1.5)
1 A 1 V...V Vi V2Vsla) I
611)# = ?HDN(Q)E + @(’Y,ul ‘- 86#17 2 4)}7‘1/1”-1’46'
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6 D-BRANE 6.1 High Dimensinal Supergravity

The gauge transformation is

A — 30, A (6.1.6)

K123 #2#3]'

This action can be constructed by the several methods [26,80]. The only coupling constant in this action

—9/2

has is k11, and its dimension is [M] . We can also remove k1 from the supersymmetric transformation

rule by the following scale transformation.

-1 -1
Yu = K11 Vs Apipops = K11 Apapops (6.1.7)

Since the action is invariant under this transformation except for the overall factor, 11 does not contribute

to the equation of motion and has no physical meaning at the classical level.

6.1.2 Typell A Supergravity Theory

Next we construct a 10-dimensional supergravity theory. There are two types of maximal N = 2
supersymmetric algebras in 10 dimensions, TypellA or TypellB. In addition, Typel existed as an N =
1 supersymmetric algebra. The representation dimension of the 10-dimensional Clifford algebra is 32
components. Therefore, the spinors can be taken to be Majorana-Weyl, and the spinors are real 16-
component. Since we have constructed the 11 dimensional supergravity, we use the method of dimensional
reduction to obtain the action of 10-dimensional supergravity theory. It can be seen that all 32 components
of the supercharge are conserved, which leads to a 10D N = 2 supergravity theory. Also, since chirality
is induced by compactification, the theory derived is Type ITA.

We compactify the x'? direction of the 11-dimensional supergravity theory to S?.
210~ 210 o 210 = 219 4 2R (6.1.8)

The notation for space-time indexing is i = 0,...,10 and g = 0, ..., 9. Fourier decompose the x'° direction

according to the Kalza-Klein method, leaving only the zero modes:

D=11: eznv Aﬂlﬂzﬂs’ w;la (6 1 9)
D=10: eL”7BM, 0, Appsnsy Auipss Vuas Aa-
Decomposing the action of the 11D supergravity theory under this expansion, we obtain
L=L8+LF (6.1.10)
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1 . . 1
LB — - 0'/2F FHiba om0 R FHi-p
2‘%%0 [eR(w(e)) 1266 M. 366 JTERTE
1
4ee3<’/4FM Frakz _ 768 oot (6.1.11)
1
+ 2(12)2 e OE L pa Fug s Apopno |
FM1H2 = 28[#1‘4#2]
FMleNS = 38[M1A,u2u2] (6.1.12)
Fospa = 4(8[H1A-~H4] + A[#lFN2#3#4])
4e 1— 1- V2—
LY = g | 750w D sy = 529" Dud o S22, g0

1 — — 1~ 3—
i %60/4 {—1/)#1’}’“1'”“6'@0#2 o 12w#37M4M5¢u6 + ﬁ)\,yll,ymusmuadjm + 4)\’}/11’)#3”'”6)\} Fﬂs-»-#a

1 B _
— o€ I, — G e — DR Fg
7i 30 /4 E 11 H ooy +2E“3 11¢u4+ix muamw 5)\ 11, papa )
e wmY Y 2 Y 8 2 Flisp,
16 V2
+4-th order |

(6.1.13)

The supersymmetric transformation rules are also given by decomposing the 11-dimensional transforma-

tion rules
de,, = ey "y (6.1.14)
_ _\/ixfylle (6.1.15)
o /4 — 3v2< = 1
§A, = 7 4 e+ Ny e Ay, = €72 {— Weyp 6.1.16
" {1/1#7 1 Y€} A g o { w[#ﬂ“?w 2@7,““26} ( )
—0/4 /2 11
6‘4#1#2#3 = {31/];117112#36 + 2\/>)"7 7#1#2#36} + 3e” { A #1’(/};127#3 e + 2\[14[#1)‘%1#2#3 6}
(6.1.17)
2 4 3 1
0N =—D, 0"y He_ 2 _gdo/dymrag vivy T U/Q'VVIVZVJGFszVs
4 16v/2 12v2° (6.1.18)
* 96\/5 0/47y1VWBWVHEFVWQV::.M + (4 %)
1 30/4 (. v1iv2 v Va\a, 11 1 —0/2(ViVavs v1 vavs 11
(S’lpu :DNE — @e ('YM - 146# Yy )’Y 6F‘Vll/z - @e (pr, - 95;1, Y aé 6F’VIV2V3 ( )
6.1.19
1 2 N
+ e M = gy R, 4 (43K)

128 3 M
We now consider the fields that exists in a Typell A theory. The field strengths that exist are of order
2, 3, and 4. If we consider the duality of the field strengths, they are 6th, 7th, and 8th order. In other
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6 D-BRANE 6.1 High Dimensinal Supergravity

words, the TypellA theory contains p = 1,2, 3,5, 6 and 7-order gauge fields. In the TypellA string theory,
p = 2,6 appear in the NSxNS sector, while p = 1,3,5,7, appear in the RxR sector. If we consider the
scalar field o as a p = 0-order gauge field, the strength of the field is first-order, and the dual gauge field
is eighth-order. Therefore, it contains gauge fields other than the 4th order.

6.1.3 TypellB Supergravity Theory

There existed a TypellB supersymmetric algebra created by Majorana-Weyl spinor with the same
chirality. Therefore, we can construct a supergravity theory corresponding to this algebra. The super-

symmetric algebra is

{Q4, Q%) = (PoymC 1 apd? P™ + (P-3nC ™ apZy)

+ (pr)’mlmzmgc_l)aﬂeij Zmimams =+ (Pf')/ml...mgj C_l)a[-}Zml"'msij,

(6.1.20)

where, Z}3,Z1 | is symmetric about i,j. Also, i,j = 1,2 are the index of SO(2) symmetry because it
mixes two Majorana supercharges. In other words, the supersymmetric algebra with SU(1,1) symmetry
is broken to SO(2) symmetry by the Majorana condition. In the following, we treat Q' and @Q? as
SO(2) ~ U(1) by combining them into a complex supercharge. The off-shell component fields are an
irreducible representation of the supersymmetric algebra:

€ Aw ¢ Bups Vap A (6.1.21)
¢ is a complex scalar, A, is a complex vector, and B,,, .« is a self-dual real field and so its action cannot
be written down. Therefore, there is no action in TypellB supergravity theory, and it is described by
equations of motion. The equations of motion are invariant under general coordinate and supersymmetric
transformations, and all terms in each of the equation of motion must have the same U(1) charge. The
U(1) charge of the component fields are

Component Fields €} A, ¢ Bupx Yap Aa

(6.1.22)
U(1) Charge 0 2 4 0 1 3

Firs we consider the scalar field . Since the U(1) symmetry comes from SU(1,1), the scalar field is

given by the nonlinear representation:

1 — 1 0,,pot*
— = [ dPzpP, P = = [ dPptT— T | 1.2
2/ il 2/ TU—ppr)? (6.1.23)
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6 D-BRANE 6.1 High Dimensinal Supergravity

Therefore, the equation of motion is

D, P" = 0. (6.1.24)

Consider the contributions from other fields. The U(1) charge of ¢ is 4, and the geometric dimension

is 2. The only pair that has the same U(1) charge and geometric dimensions is F, Frikzps - By

K123

determining the coefficients by invariance, we obtain

1
DtP, = éFulﬂmtsFM#ZHS' (6.1.25)

Next we consider the vector field A,,,. The equation of motion for A, involves D*3F), ,,,,.,. The U(1)
charge of this quantity is 2 and its geometric dimension is 2. Quantities with the same dimension and

charge are F Pt and G, ... 5 FH314#5 . Therefore, the equation of motion is

H1p2 3

D F, - _F

Hip2 3 u5F“3”4M5- (6.1.26)

123 M.

i
P — LG
6

Finally we consider the vector field B, .. ,,. This field is self-dual and no quantity has the same U(1)

charge and dimension. Therefore, B,,, .. ,, is only subject to the self-duality condition.
GH1-~~H5 = *G/u...,usv G =dB (6127)

The remaining fields such a gravitational belong to the NSxNS sector in the string theory and are
the same as in Type IIA. By using Noether method, we can obtain the transformation law for TypellB
supergravity theory.

By considering 11-dimensional E7; gauge theory, we can easily realize typell A and typell B supergravity

theory [26,81-84]. Also its reduction theory was given in [85].

6.1.4 Typel supergravity theory

TypellA/IIB theories are based on N = 2 supersymmetry in 10 dimensions. There is an N=1 algebra

as a supersymmetric algebra in 10 dimensions.

{Qa,Q5} = (PeymC ™ apP™ 4+ (Piymy..ms O™ Hap 2™ (6.1.28)

Q. is the Majorana-Weyl spinor, and the component fields are

€ns Oy Apws Yaps Ao (6.1.29)
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6 D-BRANE 6.2 Brane Solutions

The action of this theory can be seen by considering the relationship between TypellB string theory and
Typel string theory. In other wards, we can apply the € projection to the spectrum of the TypellB

theory without distinguishing the orientations.

6.2 Brane Solutions

As mentioned at the beginning of this section, it can be seen that due to the strong restriction of
supersymmetry, supergravity theory gives solutions of superstring theory. This is because the solution in
string theory is perturbative, whereas the supergravity theory solution is non-perturbative. Therefore,
the string’s non-perturbative effect can be given by supergravity theory. One such solution is the brane
solution.

Supergravity theory is a theory that describes the interaction between gravity and scalars, gauge fields,

fermions, etc. The action is generally given by

S = 2;% /de\/Tg(R - %a%am - Eig%nileawwmmmFﬂl---#i). (6.2.1)

The equations of motion are
R = %5’”¢au¢> + Ziﬁeam(”if’jﬂ’\z”%i VAo Am, — TB :;655\1_“,\“ FAveAn, (6.2.2)
Ou(V/—ge P Frrz-Ani = ( (6.2.3)
\/%au(\/fg(?#(p) -3 z‘gi!ewFM___M FAvAn =, (6.2.4)

This action does not include the Chern-Simons term, but we can see that it does not contribute to the

brane solution. Also, there is a dual field in the strength of each field:

V—geBiOFH by — 7(17 _1ni)!e"l""‘"i”l""’D—"i FVl---”Dfn,;' (6.2.5)
The equation of motion for the dual field can be obtained by substituting (6.2.5) into the corresponding
equation of motion.

In the following, we investigate the p-brane solution with p + 1-dimensional volume. Let ¢, z;, j =
0,...,p be the coordinates on the p-brane. Also let the coordinates perpendicular to the p-brane be
yp,b=1,.....,d, d = D—p—1. In order to find the p-brane solutions, we impose the following assumptions:
(1) The brane is stationary in space-time. (2) The brane has SO(p) symmetry. (3) The brane is time-

reversal invariant.

From the assumption (1), we find that the metric is independent of ¢ and x;. Since the spacetime has
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6 D-BRANE 6.2 Brane Solutions

Lorentz symmetry, the direction orthogonal to the brane has SO(D-p-1) symmetry from assumption (2).

Therefore, the spacetime metric has the following form:
ds® = —B%dt* + C*S8_, da? + E°Sldy? + F*(S1yadya)’. (6.2.6)

B, C, E and F are functions of r = y/y2 only. Since the orthogonal direction is isotropic, it is usefull to

use polar coordinates:

Yo =rsinfq...sinf, 1cosb,, a=1,...d—1

(6.2.7)
Yqg =rsinfy...sinfy_1.
Substituting into the line segment (6.2.6), we find
J=p
ds® = —B*dt* + C* Y da + E* (dr® +r?dQ]_,) + F*rdr®. (6.2.8)
j=1

By performimg the general coordinate transformation for r and using the contribution of the third term,

we can eliminate the fourth term:

Jj=p d
ds® = —Bdt* + C*» da} + E* Y (dya)®. (6.2.9)

j=1 a=1

Since the p-brane couples to the (p+1)-form gauge field, it is subject to the same restrictions as the
metric:

th'lmipa = Eil...ipaaA(T’). (6210)

Next we consider the p-brane solution with these properties. The Ricci tensor for this metric is

R, :E—z{—Zayaaya InB-> 0 ulnBGya\IJ} (6.2.11)

Ry = E%] {—Zayaaya InC -3 d,n Caya\ll} (6.2.12)

Ry =F? {— Z 0Oy, Oy, ¥ + 0y, In £0,, ¥V + 0, In £0,, ¥ — 0, In BO,, In B
—pdy, mCy, nC — (d —2)dy, W Edy, nE — 64> 0,0, InE (6.2.13)
— 8} )0, nEY,, W},

where we have defined ¥ =In B+pInC + (d —2) In E. We will see later that this ¥ is a quantity related
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6 D-BRANE 6.2 Brane Solutions

to the conservation condition of supersymmetry.

For simplicity, we first consider the case of ¥ = 0. The Ricci tensor in this case is

1 d—1
th = E2{—(lnB)”— - (lnB)'—(lnB)/\I//}
. 1 " d—-1 / NG
Ti=—<—(1 i) — 1 — (1
R o { (InCy) " (InC) — (InC)Y'¥' 3§

1 d—1 1
yo _sb . "o o ! !
RY 6a2{ (InE) " (nE) — (InE)'V T\Il}

yaybi ! 1 ’ Ny 2
+ 2 E2{ U +T\IJ +2(ln E)'9' — (In B)

—p(InC)? - (d - 2)(In E)"?}

In the polar coordinate,
0y, 0
R =202 R — Ry + Ry, RY = Ry0P,
or yp o

where a, 8 =1, ...,d — 1. Maxwell’s equations are then

ir <6a¢ (BC’”E)A (Er)d_lA(r)’) =0

This equation is easily solved:

. . = €, . _a¢
Ftnwhﬂ’ - 611"'ZPBCPE€ (ET)d_l .

Substituting this solution into the dilaton and Einstein equations, we find

d

dr

d—2 Q?
(d—1) T2 —app—2(d-2)
{7" (InB) } 2(D—2)e E T

2
4 {r(dfl)(ln C’)/} _ 4=z e 90 p—20d=2) Q

ar 2(D—2) O
- (9 B)) — (- 2) (mEY) — (0 B)) ~ p((nCY)?
EPANE B &
di‘i {(r<d1>(1n By} = 2(’;_12)122(‘1%“(52;_1

d a Q?
@ @1 g\ _ G po2(d-2) —ao
AU S R
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(6.2.14)

(6.2.15)

(6.2.16)

(6.2.17)

(6.2.18)

(6.2.19)

(6.2.20)

(6.2.21)

(6.2.22)

(6.2.23)

(6.2.24)



6 D-BRANE 6.2 Brane Solutions

In order to solve these equations, we assume that the p-brane has not only the Lorentzian symmetry
SO(p) in space, but also the ISO(1,p) symmetry. This assumption leads to B = C. Also, from ¥ = 0,

the equations for B and FE are equal, and the resulting equations are

d _ P+l oo —as @F
—{(r ey} = 5= P e e (6.2.25)
(D —-2)(d—2) 2 1 2 1 —ap ;—2(d—2 Q2
oy E))" =5 (&) = 5e B )W’ (6.2.26)
d a Q?
et (d—1) 41 __Z —2(d—2) ,—ad
= {r & } SE e T (6.2.27)
and then we obtain the solutions:
B=N"U-2/VEp _ NyE+tD)/V
(6.2.28)
e? — Na(D72)/VFl_1ml_p -+ @dﬁj\f*l’
r
where we have defined )
V=(@p+1)(d-2)+ 5a?(D—z)
(6.2.29)

1 A Q|
d—2\/2(D—2)ri-2

N=1+

The symmetry in this theory is I.SO(1, p) x SO(d).
In the case of the dual field F, the coupling is a (D — p — 4)-brane, and the solution can be obtained
by the replacements a -+ —a, p - D —p—4, d = p+ 3.

Next we consaider the more general case such ¥ # 0. In this case, we also assume ISO(1,p) x SO(d):
C=B, &¥=pBrt2pi? (6.2.30)
Using Einstein’s and dilaton’s equations, we can construct the equations for ¥ only

(Y _ 1
du du |

-
(d— 2)rd—2

(6.2.31)

U= —

This equations are easily solved, and if we impose asymptotic flatness as a boundary condition, we obtain
2 2(d—2)
U=l (1 - (“) ) —In (1 - (T—O) ) . (6.2.32)
ug r
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6 D-BRANE 6.2 Brane Solutions

Substituting this ¥ into the dilaton and Einstein equations, we find B and E:

(1= (ro/m?)

(1 + (ro/r)(d‘g)) (6.2.33)
InE = e pi % In <1 - (T)(d_m) + EZt;; In (1 + (T:>(d_2)) + a((pEL_lg)éﬁ

Also by substituting these equations into the dilaton equation and solving

(d-2)

InB=-
" a(D —2)

¢+ In

e = ¢ TP T (wey) ~HEEREE (6.2.34)
where we have defined
— <1+(“/U0)>
2v , L= (u/uo) (6.2.35)
Cp = Q .
D -2
and T'(v, c) is a differential equation
ar\®
<dv) = 2ce” 4 const. (6.2.36)

These are the general p-brane solution.

6.2.1 Brane Solutions for 11D Supergravity Theory

Eleven-dimensional supergravity theory has 3-form gauge fields and do not contain dilaton. The Chern-
Simons term was not taken into account, but since the contribution of this term is ineffective because of
the ISO(p) xSO(d) symmetry assumption, the results of the previous discussions can be used. Therefore,
since there are 2-brane solutions and no dilaton, a = 0. Substituting D = 11,d = 8,p = 2,a = 0 into the

previous result, we obtain V = 18, so

ds* = N272/3(—dt2 +da} + da3) + Nzl/?’(dyf o dyd), (6.2.37)
where
0 .1 .
Ft12a = Zl:aiyaNQ , 1= 1, ceny 8 (6238)
Q|
No=1+—. 6.2.39
2 + 66 ( )

This solution is called the M2 brane solution.
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6 D-BRANE 6.2 Brane Solutions

The solution for the dual field strength Fis 5-brane, and substituting D = 11,d = 5,p = 5,a = 0, we

obtain
ds® = N3 3 (—di® + da? + ...+ dad) + N23(dy? + ... + dy?), (6.2.40)
where
Figo= LN (6.2.41)
1...6a — aya 5 s
Q|
Ny =1+ 5. 6.2.42
5 + 3,3 ( )

Other solutions to the 11D supergravity theory are the pp-wave solutions, K-K monopole solutions, and

AdSy x S7 solutions.
6.2.2 Brane Solutions for 10D Supergravity Theory
Since there are two types of 10D supergravity theories, we investigate them separately.
Typell A supergravity theory

There are p = 2,4,6, and 8-rank field strengths in the RxR sector, including the strength of the dual
fields, and p = 3 and 7-rank field strengths in the NSxNS sector. The bosonic action of TypellA is

1 1 e s 1,
LB = W%O[eR(w(e)) — Eee /QZ?HIMM‘LFV“mll'4 — gee F‘Ml___MgF"ul'”'u3
1 1
- 16636/4F;L1H2F#1#2 - 568“08“0 (6.2.43)
1
+ 2(12)2 6#1'”#10FM1-~~H4FM5-~MSAH9M10]

From this action, the dilaton coefficients a are for gauge fields with p = 1,2 and 3,

3—p 1, R-R.
ap+2=77( 5 )7772 . NS-NS (6.2.44)

Thus, D =10, p=0,...,6, and using apy2, we find the brane solutions using the results of the previous

section. For all p in this case, V = 16, and the brane solution is given by

4s? =Ny T/ (@) + (doa)? + -+ + (o, )
(6.2.45)
+ NP (dyn ) -+ (dya)?)
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6 D-BRANE 6.2 Brane Solutions

where
Q|
N,=14 ——F—— 6.2.46
Pt (7T—p)yr™r ( )
Ay pp=%(N T -1). (6.2.47)

Since the gauge field in the NSxNS sector is p = 2,6, there are 1-brane and 5-brane solutions. The
1-brane is coupled to the 2-form gauge field and is a string solution. In other words, string theory is a
theory that describes the motion of a 1-brane solution coupled to a 2-form gauge field (gravity). This
1-brane is called the FI brane. The 5-brane is also called the NS5-brane. Since there are p = 1,3,5,7-
form gauge fields in the RxR sector, there are p = 0,2, 4, 6-branes. The brane that couples to the RxR
sector gauge field is called the Dp-brane. Here, the 8-brane has not been derived, but is included in the

framework of TypellA theory. Since the 8-brane couples to the 9-form gauge field, the action is
/ d0zdete (F, ..., F110) (6.2.48)
If we take the dual of the strength of this field, then

Fltl'“ltlo = €pyeepao G (6'2'49)

and so this action is a constant. In other words, by including the cosmological constant term, we can

derive the 8-brane. This theory is called Ramond theory.
Typell B supergravity theory

Since the only difference between ITA and IIB is how the chirality of the R sector is chosen by the GSO
projection NSxNS sector is the same as in 2A theory. The RxR sector contains p = 0, 2,4, 6, 8-form
gauge fields including its dual. Therefore, there are p = —1,1,3,5, 7-brane solutions 4. As well as the

Typell A theory, we find

d82 — (Np)—('?—P)S (—(dt)2 + (d$1)2 4ot (dl'p)Q) + (Np)(p+1)/8 ((dy1)2 + .4 (dyd)Q) , (6250)

where
Q|
Ny=14 ———— 6.2.51
R e (0231
4 The brane for p = —1 is just a 0 dimensional object because p represents only a spacial dimension and do not include

a time direction.
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Al p==EN 1 -1 (6.2.52)

A brane that exists in the RxR sector is called a Dp-brane, as is TypellA. The p = —1 brane is an
instanton because it exists only at one point in spacetime. There are two types of 1-branes, the FI brane
and the D1-brane. These two branes are coupled to each other with different 2-form gauge fields, and
these two gauge fields are complex conjugate. Therefore, the two branes form a SU(1,1) doublet. The

D9 brane has not been derived, but the it is just a spacetime.

6.3 Brane Dynamics

The brane solutions were obtained by solving the supergravity equations. For the 11-dimensional
supergravity theory, there are M5-branes and M2 branes. For the 10D supergravity theory, there were F'1
brane, NS5 brane, and D branes. From the point of view of supergravity theory, string theory is a theory
that describes the motion of the 1-brane solution, and its quantum corrections describe the other brane
solutions. In the following we consider the motion of brane solutions. First, we consider the dynamics of

brane solutions by the NSxNS sector, and then we consider brane solutions for the R xR sector.

6.3.1 Bosonic Brane

As in string theory, we consider the case of bosons only. The construction of the action can be done
by generalizing the construction method of string theory. Let the background spacetime manifold be M
and its coordinates be X2 n =0,...,D — 1. The p-brane moves through M, creating a world volume of
dimension p 4+ 1. Let this manifold be M and its coordinates be £™, m = 0, ..., p, and the index of the
tangent space coordinates of M be a,b,c,... and the tangent space coordinates of M are a,b.c, .... Since

the world volume created by the p-brane is given by X2(£") and its action is given by the volume

S = —T/dp“f\/— det{gmn} (6.3.1)

Imn = On X"0m X gmn, (6.3.2)

weher T is the tension of the brane. This action has the reparameterization invariant on each of the

manifolds M and M.

Xy X (XR)en — n (6.3.3)

g = QXM = X™(g) (6.3.4)
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Also, since the p-brane couples to the p+1-form gauge field

g / A (6.3.5)

can be added. This term has gauge symmetry in addition to the previous symmetry. The number of
parameters in the world sheet reparameterisation is p+1, and we take the static gauge using this local
symmetry. As n = (n,n’).

X" =¢€", n=0,..,p (6.3.6)

In other words, we divide the background spacetime into coordinates parallel to the brane and coordinates
orthogonal to the brane. The dimension of the direction perpendicular to the brane is D —p— 1, and the
field depends on X", which followed from the assumption used to find the brane solution in the previous
section and determines the position of the brane. Also, due to the gauge fixation by the p-brane, the

translational symmetry is broken and X " s regarded as the corresponding Gold boson.

6.3.2 Superbrane

In order to impose supersymmetry on bosonic p-branes, we use a superspace formalism. Let M be the
world volume created by the superp-brane, the coordinates of M be £, n = 0, ..., the coordinates of M be
ZN = (X2 62 and the tangent space coordinates be N, M, A, B for the tangent space coordinates. The
motion of the brane is given by ZX(£"). The brane that is given only by Z2(£7) is called a Typel brane.
In general, there are vector fields and so on in the world volume, and SO(1,p) symmetry is nontrivial.

An arbitrary superbrane action is

S=51+5,
(6.3.7)
Sy = —T/dp“E —detg,,, +- -
9mn = 5nZN3mZMgﬂMgNM = EQMEQMHQE, (638)

where, gy is not the metric for the background spacetime, since the super field E has a Grassmann
odd component. The coupling term with the gauge is

Sy =¢q / AP R g, X ™0, XMt Ay,

T Mptl

toe (6.3.9)

My

Since supersymmetry is imposed on the background spacetime, this action is invariant under reparameter-
isation and local supersymmetry on M and reparameterisation on M. In addition, it is supersymmetric

in the world volume as well as in the string theory of GS formalism, so it has k symmetry. Due to
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the x symmetry, half of the spinor component is zero by gauge fixing. Such a gauge fixation is called
a super-static gauge. Since the theory has supersymmetry on the world volume, the boson and fermion

degrees of freedom coincide.
Eleven-dimensional supergravity theory

The branes in this theory are M2 and M5 branes. For the M2 brane, the number of scalar fields is
11-2-1=8 and The number of fermionic fields is 32/2/2=8 due to the super-static gauge and the on-shell
condition. Therefore, the degrees of freedom coincide. Also, there are no other fields in the world volume,
so it is a Typel brane.

On the other hand, for M5 branes, the boson field is 11-5-1=5 and the fermion field is 32/2/2=8.
Therefore, the boson has 3 degrees of freedom less. This is consistent with the degrees of freedom if there
is a second-order self-dual antisymmetric tensor in the 6-dimensional brane volume. Therefore, the M5

brane is not a Typel brane.
Typell A Supergravity Theory

The branes that exist in this theory are p = 0,1,2,4,5,6-branes. The p = 1, 5-brane couples to the
gauge field in the NSxNS sector, while the p = 0,2,4,6 brane couples to the gauge field in the RxR
sector. By counting the degrees of freedom, F1 brane is the Typel brane, and is called the fundamental
string in particular.

NS5 branes are obtained by compactifying the M5-branes in 11D supergravity theory. The remaining

p =0,2,4, and 6-branes are D-branes, which require a gauge field in the world volume.
Typell B supergravity theory

NSxNS sector is the same as TypellA. The branes that couple to the gauge field in the RxR sector
are p = —1,1,3,5, 7-branes, all D-branes.
6.3.3 Typel Brane

First, we consider the Typel brane. The corresponding branes are a M2 brane in 11 dimension and a

F1 brane of dimension 10. The motion of these branes is given only by Z¥(X™ ©%). The action is

S=51+5; (6.3.10)
S = —T/d”“g\/— det grm
T ) (6.3.11)
10 1 A 1 P
So =~y [ TR0, I, 0, T By,
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gnnr = ESEYma (6.3.13)
1 A A N, N
R 1)!E A NETPTIBy a L =dZPT N NAZT BN, N, (6.3.14)

This action has a reparameterisation invariance in superspace. That is, it is invariant under spacetime
reparameterisation and local supersymmetric transformations of spacetime. This action describes only
the motion of the brane and does not determine the geometry of the background spacetime. In addition

to the field E and the spin connection, the field strength for the gauge field B
H=dB (6.3.15)

contributes to the geometry of the background. The curvature and torsion of the background superspace
satisfy the Bianchi identities, and likewise the field strength satisfies the Bianchi identities. Consider the

case where the background superspace is flat. The components of torsion and field strength are

Tf@ =1 ('chil)a

L (6.3.16)
Hopa,.a, = —i(—1)37~ 1 (a0, C71) g
the other components are vanished. Since the field strength is a complete form,
dH =0 (6.3.17)
is satisfied. From this equation,
dO7,dOdO~1 " bir-14Q = ( (6.3.18)

must hold regardless of the type of spin. In other words, a Typel brane exists if the spinor satisfies
this condition. For example, if p = 2, D = 11 for the Majorana spinor, and p = 1, D = 10 for the
Majorana-Weyl spinors.

Next we consider the x symmetry of the action.

§ZNE% =0
- (6.3.19)
§ZNEY = (141562,
where L r-2)o—1)
—1)z(P=2)(p—-1 " “
I — (1)1 Mg, 7N By .. .anpﬂZNPHE&P:QM.A.%H (6.3.20)

(p + 1)' —det Gim
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Since this matrix I' satisfies ['2 = 1, (1 £T')/2 are the projection operator. There is a (1 + I')« in the
transformation law, which indicates that only half of the components of the parameter k contribute to
the transformation law. In other words, always half of the spinor component can be removed by gauge

fixing of the x symmetry.

6.3.4 D-Brane

We consider D-brane that exist in 10 dimensions. In the case of Typel branes, the degrees of freedom
coincide with X™ and #¢ in the on-shell. However, the D-brane coincides by introducing a gauge field
A, on the world volume. Therefore, we extend the Typel brane action to include a gauge field on the

world volume. The action was given by Dirac [86] and, Born and Infeld [26]:

Sppr = —T/dp+1§\/— det (gnm + cFum). (6.3.21)

This action is invariant under general coordinate transformations. Expanding the action, we obtain

2 4 4
/= det (gnm + cFnm) = v/— det (grm) <1 + %anF"m - %F;F;FgFg + g—Q(anF"m)Q n )

(6.3.22)

In addition to the usual Maxwell term, there is a higher order term.

Actions such as k symmetry are
S =T, / L™/~ et (G + Forr). (6.3.24)
where ¢ is the dilaton and
Fpm = 2w Fyypy + Bum

(6.3.25)

By = (0X™/0E™) (0X™/OE™) .
By is a pullback of the massless 2-form belonging to the NSxNS sector in the background spacetime.
Also, S; contains only all the fields in the NSxNS sector, which is the same in TypellA and TypellB.
Since A, is a U(1) gauge field, the transformation rule is §A,, = 9,A. On the other hand, 6 By, = 9 Ay,
and we can take the gauge transformation of F,,,, to zero.
The coupling term between the brane and the gauge field is C' as a pullback of the gauge field in the
R xR sector

Sy = q/ {Cnem} NG, (6.3.26)

where ¢ is the charge that the brane has, and G is the quantity created by the Riemann curvature.
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6 D-BRANE 6.3 Brane Dynamics

6.3.5 Non-Abelian DBI Theory

The DBI action (6.3.21) describes the dynamics of open string whose ends exist on a single D-brane.
The DBI action for abelian gauge leads to abelian gauge theory. We extend the single brane action
(6.3.21) to the stack of D-branes. We consider the stacks of N D-branes. This configuration corresponds
to the Chan-Paton factor. Thus the open string is a representation of a non-Abelian gauge group.

But it is ambigious for non-abelian gauge. In [34], the author proposed the DBI action for the non-
abelian gauge. We call this action the non-abelian DBI (NDBI) action.

Non-Local string theory which means there a massive states tower implies that the low energy effective
theory for massless modes is an infinite power series of all order in Regge slope a’. This applies to the
tree-level Lagrangian L.g for the gauge fields in the open bosonic or type I string theory. In the abelian
case, all terms in the action depending on the field strength Fj;y without its derivatives sum up into the

Dirac-Born-Infeld (BI) action:

LDBI = —Tp€_¢\/d€t<gMN -i-T_lF‘]w]\[)7 T_1 = 271a’. (6327)
where M, N, .. stand for the (p + 1)-dimensional world volume indices, gpsn is the pull-back of the bulk
metric to the D-brane and ¢ is the 10 dimensional dilaton field. 7}, is the brane tension which satisfies

T _ 2t 2w
P lg-‘rl - (27Ta/1/2)p+1

where [, is the string length. The ablian case corresponds to the open string on a single D-brane derivative
corrections have been discussed.
In non-abelian case which corresponts to a stuck of D-brane, the tree-level effective theory from the

open string theory can be expressed as an expansion of the field strength and its covariant derivatives:
Leg = tr (agF? + ayFD*F + apF* + a3F>D*F +---) = Ly + O(DF) (6.3.28)

where Fyyn = O AN —On Ay +i[Anr, An] and we have defined L is the part of containing no covariant
derivatives. In the following discussions, we address the Lg corresponding to the DBI action.

In the abelian case, the derivative terms and non-derivative terms can be separated with no unam-
biguity. Whereas in the non-abelian case, this is not true since due to the relation [Dps, DN|Fkr =
[FyN, Fir], some derivative terms may become non-derivative terms and vice versa. In order to resolve
this unambiguity, we deal with all [F, F] terms as DF terms. In other words, [F, F)| terms are not in Lp.
Futermore, by assuming DF terms much smaller than the magnitude of F', we focus on Lp part. We call

L Non-abelian Dirac-Born-Infeld (NDBI) action.
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6 D-BRANE 6.3 Brane Dynamics

We streightforwardly extend the DBI action to NDBI action like

CF = »CNDBI = —Tp6_¢ Str \/det(gMN + TﬁlFMN), (6329)
where Str is the symmetric trace in the fundamental representation of the gauge group and defined by

1
str(Ty---T,) = i tr[Ty - - - T, + (permutations)]. (6.3.30)

T, is the brane tension and defined by T, = 27 /I?*! for the type II string theories. Although we can
also consider the antisymmetric trace part, it gives the sum of traces of odd powers of F' which always
contain a factor of [F, F|. Thus anti-symmetric part is not included in NDBI Lagrangian.

In the o/*order, the action becomes

tr [F]%/[N

SNDBI = — Tp/dp+1£e¢(27m/)2
4

(2ma’)?
3

1 1
_ZFMNFNMFLKFKL - 8FMNFLKFMNFLK> + 0(0/4)}

1
(FMNFNLFKMFLK + §FMNFNLFLKFKM (6.3.31)

where we have defined FiysnvFun = g5 ¢Vl Fyrn Ficr, for the simplicity. We adopt tr (T“Tb) = % ag

the normalization of gauge group generator.

6.3.6 M-theory

In 11-dimensional supergravity theories, there were M2 brane and M5 brane. The M2 brane is a Typel
brane because the degrees of freedom coincided only with scalar and fermionic fields and did not require
a vector field on the world volume. However, the M5 brane, coupled with its dual field strength, requires
a vector field in the world volume. Because of the translational symmetry and supersymmetry breaking,
the fields of the M5 brane have a self-dual second-rank antisymmetric gauge field in the world volume in
addition to the 5 scalar fields and the 16-component spinors as Goldstone particles. We decompose the

bosonic index of the M5 brane field into the brane direction and the direction orthogonal to the brane:
n=(n,n). (6.3.32)

With this gauge fixation, SO(1,10) is decomposed into SO(1,5) xSO(5). The spin group Spin(1,10) be-
comes Spin(1,5)xSpin(5). From Spin(5)~USp(4), the M5 brane has Spin(1,5)xUSp(4) symmetry.
The motion of the M5 brane is described by the embedded coordinates X and ©< plus the 2-form
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6 D-BRANE 6.3 Brane Dynamics

gauge field B,,,,. Taking the stationary gauge, X™ = £™, n =0, ..., 5, and there are five scalar fields X"
These scalar fields are the singlet of SO(5) and Spin(1,5), and is represented by the 2-rank antisymmetric
tensor representation ¢;; of USp(4). Also, By, is a singlet of SO(5) because it exists on the world volume.
Consider the decomposition of the spinor ©<. Since it is 11-dimensional, it is a 32-component spinor,

and if we divide the index into Spin(1,5) and Spin(5), then
a=(a,a). (6.3.33)

The a and o have 16 components each. Since o’ is an internal symmetry index, we use the following
notation

a—a, o =i (6.3.34)

a =1,2,3,4 is a index of Spin(1,5) and ¢ = 1,2,3,4 is a index of USp(4). Using x symmetry, we take
©% = 0. That is, the remaining spinor components are ©%. This fixation eliminates the spinors on the
M5 branes and leaves only the orthogonal spinors. Since the orthogonal direction is six-dimensional, the
spinors are symplectic-Majorana with the index USp(4). It can also be taken to be a Weyl spinor since
it is even dimensional. Therefore, the spinor has eight components. The equations of motion for the M5

branes with taking a super stationary gauge fixation are

GV, V. X =0
(6.3.35)
GV Hypg = 0

Here, a,b,c = 0,...,5 are the indexes of the tangent space to the world volume, a/,b = 6, ...,10 are the
indexes of the tangent space in the orthogonal direction. If the background spacetime is flat and the

stationary gauge is taken, the world volume metric is
Imn = NMmn + O X anXb Oarpy - (6336)

The covariant derivative is defined by the Levitivita connection for the vector field T,,

VoTo = 0Ty — T2, T,
o (6.3.37)
% = 000X 0, XY g™ 6urty
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6 D-BRANE 6.4 String on D-Brane

The G™" is not the inverse of the metric, but contains the contribution of the gauge field:
G = ()il ()
m? = 6 — 2h4.qh"? (6.3.38)
a c —1\4
Hypnp = €fnenes (m™)" hapa
H,np is the field strength of the background gauge field B, and is not self-dual, but H,p. induced into

the world volume is self-dual in the world volume. These equations of motion and fields can be derived

by considering the superembedding form.

6.4 String on D-Brane

The string we have considered in section 4 only with the condition satisfying the Poincaré invariance.
However, it turns out that the boundary term can also be satisfied by using the Direchlet boundary con-
dition, where the end of the string is fixed. This boundary condition breaks the translational symmetry.

6.4.1 Bosonic D-Brane

Classical String

First, for simplicity, we consider the bosonic string.

1

— 2 —_apf o v
S Tno /d EV—99%7 0ax" 08 " Nysy (6.4.1)

By taking a variant of this action, we obtain the constraints, equations of motion, and boundary terms:

Top =0

0A/6 (Dpzt) =0 (6.4.2)
p_ 0A —
O <5ac 5(8a-x“)) 0

As a condition for satisfying this boundary term, we can take the Direchlet boundary condition z™u|piy =
const.

Now consider the p-brane and let ¢ = 0, ...., p. In this case, the orthogonal direction is y = p+1,...D—1.
If both ends of the open string are fixed to p-brane, the orthogonal motion of the string is fixed. The

boundary conditions correspond to the Neumann boundary condition (N) in the brane direction and the
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6 D-BRANE 6.4 String on D-Brane

Direchlet boundary condition (D) in the orthogonal direction:

13 Hw
8&(770)202%(7,ﬂ; p=0,1...,p
Oo oo
Ba” " (6.4.3)
W(T’O)_O_W(Tﬂm p=p+1,....,.D—1

Since the orthogonal direction coordinates represent the position of the brane, we denote its coordinates

as at. If the ends of a string are on the same brane, the Direchlet condition is

2’ (1,0) = a" =z*(1,7), p=p+1...... D—1. (6.4.4)

The existence of this p-brane breaks the Lorentz symmetry SO(1,D-1) into SO(1,p) xSO(D-p-1). Also, if

there are two parallel branes and the ends of the string are on each brane:

2’ (r,0)=ay, at(r,m)=dy,u=p+1....D—1 (6.4.5)

We can also consider other cases where the two branes are not parallel. For example, if four branes D,

exist in the 01236 direction and four branes Dy exist in the 01456 direction, the boundary condition is

as follows: St
%(T,O):O, 1=0,1,2,3,6
ag
. (6.4.6)
s (1,0) = 0; w=457...,D—-1
-
oxH
ai(mr)zo, 1=0,1,4,56
g
Je. (6.4.7)
a—(r,ﬂ):O: w=223"7...,D—1
-

In the following, we investigate the solutions to the general equations of motion. First, we introduce

the distance f#(7) between the two branes:

(1, m) —zt(7,0) = — fF (7). (6.4.8)

Also we transform the spacetime coordinates:

(1, 0) =zt (r,0) + f*(1)0. (6.4.9)

The boundary condition for this field is

ZH(1,0) = 2t (7, ) (6.4.10)

191



6 D-BRANE 6.4 String on D-Brane

and can be treated as a closed string. From this condition, we can carry out Fourier expansion and

rewrite it in the original field:

(1, 0) = zb (1) + Z k(T e 4 Z yﬁ(T)eim + f*(1)o. (6.4.11)
nez r€Z+4i

Substitute this into the equation of motion we obtain the solution:

2 (r,0) =a"(0) + k*(0)z + 1*(0 \/> Z e~ 7 4 dﬁ(())e*inz) 1

n
n (6.4.12)
+ 4/ o Z (c"(())e*"2 + é“(O)e*”E) 1
2 <z+} ' ' "

Since we have already obtained the solution wiith both ends of the string are (N) in a certain spatial
direction, in the following we investigate the solution if Direchlet boundary conditions are included in
the boundary conditions. In the following, we denote the direction having Direchlet boundary condition
at 0 =0, mas Dy and D,

First we consider the case u € Dy, i € D,. This simply shows that both ends of the string are Direchlet

boundary condition. From af — af = — f#m, we have a¥ = —a#, ¢t = ¢ = 0,k* = —I", so
1 at n — a1 —inz —inz
' (r,0) =af + 2—( —ai)(z—2)+i 52—@2(6 —e ') (6.4.13)
7r n

From this solution, there is no central momentum because there is no term proportional to 7, and the

center of mass is fixed.

Next we consider u € Ny, € D, At this time, k* = [# = =ak =0, so
i R 73 . O/ 1 O —irz —Iirz 6 4 14
xt(r,0) =af +i 5 Z ;cr()(e +e %) (6.4.14)
rez+i

Finally we consider y € Ng, p € Dy, then k* =" = a¥ = a# =0, and so

n

/ 1 , o
o (1,0) = af +iy/ % Z ;CT(O) (e7* —e7"7). (6.4.15)

reZ+i
These solutions only consider the case where the two branes are parallel or orthogonal. In general, the
boundary conditions for cases where the two branes intersect are more complicated. There are several
realistic models, which called intersect D-brane model, are proposed and its theory is dual with the

magnetized compactification model [78].
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Quantum String

From the above discussions, we obtain the classical solutions. In order to consider the quantum theory,

we calculate the Poisson brackets and replace them with commutation relations:

[aﬁ, avm} = nnuvdner,Oﬂ [Cﬁﬂ C:} = “7“”5r+s,0- (6'4'16)

The constraints are
L,w=0 n>1, (Lo—a)y =0, (6.4.17)

where the contribution of the half-integer oscilations exists due to the boundary condition:

L, :% Z Z : O‘Mmazfmnl“’

uwveEN—-NorD—D meZ

DS Sl

w,ve€N—DorD—N SGZ+%

(6.4.18)

Considering an N-N or D-D string described by integer modes only:

)= {(b(x“) + Y At D ¥ eu(at) + } Y. (6.4.19)
VEN-N v€D-D

The z* in the D-D direction is a constant and since the brane is in a stationary gauge, so a* = &#, u €
(N-N direction). Therefore, ¢, A, and ¢* are the fields on the D-brane. Futhermore, since p is split into
D-D and N-N direction, the Lorentz group SO(1,D-1) is split and SO(D-p-1) xSO(1,p). Therefore, these
fields on the brane have the internal symmetry of SO(D-p-1). If we impose the Virasoro condition on
these states, we find that ¢ is a tachyon, A, is a massless vector on the world sheet, and ¢, is D —p—1
massless scalas. We also obtain a Lorentz covariant gauge-fixing condition 0" A,, = 0 from Ly = 0.

If there are N parallel D-branes labeled 4,j = 1, ..., N, there are N2 possible open strings. We denote
[¢, j] when the end at 0 = 0 is D; and the end at o = 7 is D;, If we consider an unoriented string such
as a Typel string, [i,j] = [j,4]. Also, If there are two ends on a same brane, a} = a}. This theory is the

Yang-Mills theory of U(N) gauge group coupled to 26 — p — 1 scalars.

6.4.2 Super D-brane

We extend the discussion to superstring theory. From section 4, x-symmetry is important for finding
the supra-D brane. In the RNS formalism, supersymmetry is introduced to the world sheet, and by
imposing the GSO projection, the theory obtain x symmetric. On the other hand in the GS formalism,

K symmetry is naturally introduced to the classical action. For this reason, we use the GS formalism in
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the following discussion. Also, for convenience, we treat the RNS formalism as the classification of the
string spectrum.
Since the dimension of superstring theory is 10-dimensional, we take the spinors to be Majorana-Weyl.

Ifn we take the gauge fixed condition gos = naged’, the boundary conditions are

1oz (Hlp +1 (917H8001 — 927/18092))
+{ Ty (<i87007) — idpar (8,00 — 87,60°) (6.4.20)

0 1060 0 1502 — B 4156187, 0002} = 0,

where

I = Opat — i A0 (6.4.21)
We investigate the boundary conditions for each term. The first term is

Szt My, + i (07,000 — 627,000%)) . (6.4.22)

The first term in the bracket, éx*0,2,, equals the boundary condition of the bosonic string and vanishes
in Direchlet boundary condition because the whole is proportional to dz*. Imposing Nuemann baoundary

condition at o = 0, we obtain
(0'4" 000" — 0°4"000°) — (0" 7010 + 0°4*916%) =0, p € Ny (6.4.23)
The second term is
1L, (—i@jv“éej) — iBpz* (9%591 - 927M592) 0 100010 1507 — 01460 0y, 0007 (6.4.24)

The conditions at ¢ = 0 are
16 41501 + 841502 =0,  pe Do

. 9 (6.4.25)
6~4"50" — 0 450> =0,  p e Ny
Since #' has an internal index i, let 62 = Py0':
l")/y' + po"Y‘“’PQ =0, w e Dy
(6.4.26)

Y —Py"Py=0, € N

Here, we use the Majorana condition.

0

If we set the direction p = 0, ...., p to Nuemann conditions and Py = P, it is automatically satisfied.
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Therefore, we only need to consider the first term. At o = 0, the first term of Nuemann condition is
vanished by imposing

0502 = —Py0,0". (6.4.27)

The same is true for ¢ = 7. From the above, we find that the end of the open string exists on the D-brane

and couples to the RxR sector.
Supersymmetry

From the point of view of the supergravity, we have seen that supersymmetry was broken by branes.
To confirm this, we will investigate supersymmetric transformations at the boundary of an open string.
The supersymmetric transformation is

50" = €. (6.4.28)

If we carry out this to the boundary conditions,
¢ = Py Pe, (6.4.29)

where ¢! is a 10-dimensional Majorana Weyl spinor, so it has 16 components. From this condition, if the
branes are parallel, Py = Py, so the condition is obviously satisfied. However, if the branes are different,
the conditional is nontrivial, so the parameter degrees of freedom are halved to 8 components. Applying
the supersymmetric transformation to the boundary of x* gives

=0, MEDO

§ at|,_y=ie! [’Y” + 1507”130} 91|o‘:0

(6.4.30)
50y at|,_o = ie™! [w - Pm/”PO} 9,0',_, =0, peny

These conditions are satisfied by setting Py = v%P.

Next, we consider the x symmetry. If we carry out the transformation to the boundary condition,
Pofy“H,m/@lo‘ = ’}/“HMQKQO‘. (6.4.31)

This condition is satisfied if
10

k0 = ePyr®, kM = —ePyr*. (6.4.32)

Thus, the transformation rule for £ symmetry becomes simple

601 = 20y 1L, 0K (6.4.33)
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0 €D
st =4 s (6.4.34)
2i0 4601 pe N
To find the degrees of freedom of the open string states, we take the light cone gauge. In other words,

using conformal symmetry,

vt (r,0) =2t +2a/ptT. (6.4.35)
Also, as a gauge fixation for the x symmetry,

7ot = 6. (6.4.36)

The spinor is then decomposed into S* = % (1 + 701) 0. Here, there is no sign arbitrariness for this gauge
fixation because of the condition on the symmetry parameter x.

The equation of motion is

92 —92) x" =0, ©w#0,1
(6 - 1) (6.4.37)
(Do +01) 0t =0 (09 —01)6%=0
The solution for x* is already given. The solutions for the spinors are
S = Z S,:Le_in(T_o-) + Z ST!‘e—in(T—a')
" " (6.4.38)
SQ — Z Siefin(TJro’) + Z Szefin(tJrJ)
If we impose a boundary condition on these solutions, we obtain
S2 = PyS}t S2 = P,S}t
e P L at o = 7. (6.4.39)
S2 = PS5l $2 = _p.g!
Putting these together, we find
S!=p;tP.S, S!'=-PylP.Sk (6.4.40)

From (PyP;1)? =1, PyP ! is given by the gamma matrix or 1. Also if it is given by a gamma matrix,
Tr(PyP7t) = 0, which can be divided into three ways as follows: (1) PoP;t = 1. (2) PoP;t = —1.
(3) Half of the eigenvalues of PP, ! are +1 the others are -1. In (1) and (2), the D-branes are parallel.
In (3), they are not parallel and there is a D-N or N-D boundary condition. The quantum states are
and from their commutation relations, these states are represented by the

generated by a#, St  S1

—ryM—n>
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generated annihilation operator and the Clifford algebra representation. Here the half of the spinor is
fixed by the gauge fixation of the x symmetry, and these generators cannot generate the states with
all helicities. This means that they are not CPT self-conjugate. Therefore, we need to introduce other
supergravity multiplet.

First we consider the Py = P,. This means that the two ends of the string exist on D-branes that
are parallel to each other. The conservation condition for supersymmetry is trivially satisfied, and all 16
components of the parameters are remained. At this point, the possible boundary conditions are N-N or
D-D. The independent oscillation modes of z* have 8 components, and the spinors have 16/2 = 8 degrees
of freedom from the gauge-fixing condition of x symmetry in Majorana-Weyl. Therefore, the degrees of
freedom are matched in the boson and fermion, and so the vacuum energy is zero.

In Py = — Py, the supersymmetry conservation condition only has a trivial solution: ! = 0. Therefore,
the theory has no spacetime supersymmetry. The scalar field has 8 components as before, and the spinors
are generated by S! and have 8 components.

Final case is that PyP;! is given by gamma matrix. In this case, in addition to N-N and D-D,
there are also N-D and D-N as boundary conditions. The N-N and D-D directions are gormed by

L
ol

and the N-D and D-N directions are formed by c#. The fermionic oscillator has 8 components
each of S! S! but they are reduced to 4 components each due to the boundary conditions. From the
supersymmetry conservation condition, the supersymmetry parameter is 16/2=8 components because
there is one conditional expression. However, since S§ has 4 components, the dimension of the Clifford
algebra generated by its anti-commutation relation is 4, and the spinor component generated by S¢ has
only 4 components. This is due to the fact that half of the spinors are fixed by the x symmetry, as

mentioned before. To form the supermultiplet, all we need is to add a conjugate multiplet.
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7 NDBI Action with Magnetic Flux

In this section, we perform the flux compactification of NDBI action, and show that the 4 dimensional

effective theory is consistent with the supergravity theory.

7.1 Magnetized Torus Compactification

First we consider the NDBI action for N stack D9-brane on M, x T%. In addtion, we assume the

factorizable tori T6 = Hle T?. Then ten dimensional metric is given by

3
dsto = st +12 ) gl dy™dy" (7.1.1)
=1
(i)
. |1 T
g = (7.1.2)

Th RIE

where 7(?) is the modulus on i-th torus 7 and Tg) and Tl(i) are the real part and imaginary part of 7()

respectively. This torus is normalized by the string length

0 < y2it2,y2i43 <1 (7.1.3)
We choose the complex coordinate on T}

zi = Yoire + TVyoips (7.1.4)
Then, ten dimensional metric is rewritten as

ds3y = e**ds? + 12 Z e*7idzdz;, (7.1.5)
i=1
and we can read the metric on the 77 from (7.1.5)

2620'7j
gﬁ = ZST(SU' (716)

The area of i-th torus is given by

A = 20020 = /(). (7.1.7)

Thus the factor €27 is the volume of T7.
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In order to describe the Einstein frame in 4 dimensions, we introduce the 4 dimensional dilation ®:
1 20: (1)
d=¢— ilogHe T (7.1.8)

where ¢ is the 10D dilaton.
In the following part in this paper, we focus on the D9-brane and factorized torus Hle T(Qi) with

magnetic fluxes. D9-brane NDBI action is given by

Snoer = —Ty / d"*X e~ Str /= det(gun + 2ma’ Frn), (7.1.9)
M4><H? T(Q,L.)

and the flux of each torus takes integer M,

/ F2i+2,2i+3 =27 M® (7.1.10)
T2

Thus, the backgraund field strength is given by

N (27 M®
27,712

This backgraound field flux can be rewritten as the differential form

P i(2r M)

27'1(1)13

and corresponding gauge field is given by

1(2) = @Im(@d%) (7.1.13)

In this paper, we chose 3-stack D9-brane and so U(3) geuge. In order to break U(3) — U(1), x U(1)p X

U(1)., we introduce the following fluxes:

M
M® = M . (7.1.14)
()
M.
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So, the non-abelian DBI action reduced to

3
27 o
SNDBI = — T d*z/=gae*® (H/ d921+2dy2i+362017—}>
s i=1 /T2

(7.1.15)
x e~ ? Str \/7 det(gMN + 27TO/F]MN),
where, the integrand has been reduced to
\/— det(Gyn + 27/ Fyn) = V—94 H géi) Str \/— det(é% + 27Tcu/GMKFKN)7 (7.1.16)
and we have used
géi) _ 6201:7.1(1'). (7.1.17)

This action can be expanded by (6.3.31).

7.2 Supersymmetry Condition
In order to obtain supersymmetric gauge theory in 4 dimension, we must impose the supersymmetry
condition for the background fields on the complex manifold:

)

where these conditions are defined as up to O(F?). In other words these expressions are not sufficient at
O(F™),n > 2. But in this paper we focus on O(F*) and (7.2.1) are correct at this order.
By substituting (7.1.11) into first condition in (7.2.1), we find

3 s
M
Eﬂ yiG) (7.2.2)

The second condition is automatically satisfied if we consider the diagonal flux (7.1.14).

From these conditions, we can obtain the supersymmetry condition:
+—2 b — (7.2.3)

This condition is same as the no-tachyon condition. Then the massless scalar modes exist and 4D N =1

supersymmetry remains unbroken at least in the a — b sector. For the simplicity, we introduce the flux
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7 NDBI ACTION WITH MAGNETIC FLUX 7.3 The Zero Mode Wavefunctions

per unit area;

(7.2.4)

7.3 The Zero Mode Wavefunctions

In order to obtain the zero mode wave functions for the gauge boson, we consider the 10 dimensional

spinor which is a super partner of the gauge boson Aj;:
A0 = \(10), (7.3.1)

By the compactification with T2 x T2 x T2, the SO(10) spinor is decomoposed into the irreducible
representations of SO(2):

)\0 = )\+++, )\1 = )\Jr,,, )\2 = )\,+,, /\3 = )\,,+7 (732)

where + denotes the eigenvalues of each SO(2). Also the 10 deimensional gauge field Ap; can be decom-

posed into

A/u A217 A227 A23~ (733)

If N =1 SUSY is preserved in 4 dimensional theory, A, and Ao form a vector multiplet V. Futhermore
the A,, and A; form a chiral multiplets ®;. The zero mode wavefunctions for the bosons have the same
functional forms as the super partner fermions. Thus the zero mode functions for the chiral multiplets

®, are given by

O, (z,y) = Z CID?’I‘*‘3 (z)® gbf’laﬂ (y) + massive modes, (7.3.4)
A
ATogp 2 A D
¢; " (y) = H (bi,Tf “(yr), (7.3.5)
r=1
W)
and qb?Tg s (y,) is given

AL () (r=i,1") > 0)

A0 1) ECRTANIG] ,7 ‘Zéf)
G2 =4 @AMl 2y (r £4,1) < 0) (7.3.6)
0 (others)

where © and © are B, and C, with (,s—0 respectively in the Section 5. A" = 0,1, ..., |Igﬁ) — 1] is the

index of flavor on each torus and A =0, ...,|l,5| — 1 is the total flavor index.

201



7 NDBI ACTION WITH MAGNETIC FLUX 7.4 U(3) Gauge Theory

In the following discussion, we fix the sign of the fluxes without loss generality:

19 >0, 190 <¢
L2 >0, ;"% <o (7.3.7)

I >0, 1V <o,

7.4 U(3) Gauge Theory

In this paper, we focus on the bosonic parts due to supersymmetry. Due to the flux, the U(3) gauge
symmetry breaks down to U(1), x U(1), x U(1)., and the following fields which are the fluctuations of

10 dimensional gauge fields remain massless fields:

T

ap = ab  Qm = abe |. (7.4.1)

al‘jﬁ depends on not only 4 dimensional coordinate x but also the compact space coordinates y. Thus we

carry out Kalza-Kelin reductions such as

Ai(2)02 (y)da
Uy, = Bi(x)o(y)dia | » (7.4.2)
Ci(z) 5% (y)dis

where ¢?B = qﬁf‘”’ . Since a%%¢’s are in diagonal component, these fields associated with U(1)q,p,crespectively.
Since A, By, and Cy, are in off-diagonal component, these are bi-fundamental scalar fields under U(1), X
U(1)yxU(1).. We asign the charge to these scalar fields like (Q,, Qp, Q) = (1,—1,0),(0,1,—1),(-1,0,1).

From the fact in privious section, we focus on the zero modes and the remaining zero modes in 4
dimension are only

Ay, BY, C%. (7.4.3)

Futhermore according to (7.3.7), the zero mode of ¢f"8 on the compact space are given by

W 7 2)

o = OANIY (2)) @ OAPLE (29) © OADLY) (25)
GE0 = OBV () & 0PI (1) © OB (2y) (744)

gSee — QCW, I (21) ® QC®, 12 (22) ® QC I (23).
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7 NDBI ACTION WITH MAGNETIC FLUX 7.5 Effective Action

7.5 Effective Action

In this section, we derive 4 dimensional effective action from 10 dimensional NDBI action with magnetic
flux compactification.

According to Ref [87], we introduce the closed string moduli fields as

s=e H e TI(i)
t = 67%20%[(1') (7.5.1)
U; = Tl(l)
where ¢ denotes the 10D dilaton field. From (7.1.8), s is the 4 dimensional dilaton, ¢; are the area which
means those are the Kédhler moduli and u; are the imaginary part of the complex structure moduli of
T2. In combination with axions decended from R-R tensors, the above moduli are complexified and we
denote each moduli as dilaton S, Kéhler moduli 7; and complex structure moduli U;. In this notation,

the Kihler potential for these closed string moduli K(® is given by [78]
3 3
KO — _ log(S +S) — Zlog(Ti +T;) — Zlog(Ui +U;). (7.5.2)

i=1 i=1

Thus, (7.1.15) is rewritten as

3
2
SNDBI = —j /d4$\/ —g4€4¢) <H/ dy2i+2dy2i+3> s Str \/— det(d% + QWQ/QMKFKN) (753)
T2

1
Ls i=1
7.5.1 Gauge Couplings

U(1)ap,c gauge couplings is obtained from the coefficient of the gauge kinetic term such as

1 4 1 a \2
Sip> 5 [ d o ) (7.5.4)

where f,, is the field strength for the 4 dimensional gauge fields a,. According to appendix B, the gauge

coupling is given by

(7.5.5)
= s = TRMIM; — TpM Mg — TP Mg M},

where we use the SUSY condition in the second line. This result is equal to the gauge coupling [88-91],

because the contribution of the flux for the gauge kinetic term is factorized as tr F? 5u. This result is

203



7 NDBI ACTION WITH MAGNETIC FLUX 7.5 Effective Action

regarded as the real part of a holomorphic gauge coupling f,:
fo=8-TyMIMP® — TG — T MDA, (7.5.6)

So the situation is same to the brane models, which the gauge coupling is given as the volume of the
magnetized extra dimension.

We notice that this expansion in fluxes is assumed that the compact scale is enough larger than the
flux scale which means s > ti\Méj)Mék”(i # j # k). Thus the gauge coupling becomes weak for the large

vevs of moduli.

7.5.2 Kahler Metric

The Kahler metric is obtained from the coefficient of the charged matters kinetic terms;
2rSNDpBI D — / d*a\/—g2Z%,| D, A (7.5.7)

where A is a any charged matter and 4D covariant derivatives have been defined as D#A‘f = (0, +iaj, —

iaﬁ)A?. According to Appendix B, the explicit form is given by

ab = 2t; <k1_[1 m) Hzif%)fai) [1 - %(ngj)m((lk) " 2m£j)m£k) ! mgj)mgk) " mgj)mgk)) (7.5.8)
=G, [1(13(2m(3)m( )+2m m(k)+m(1)m(k)+m,(f) fl))] , (#j#k)
G apiis a normalization factor and defined by
" <,€Hl VI ) Hlif%m e (o)) (7.5.9)
where aiib) is defined by )
_ i /4
= 2 B (H: ) .

al b) is a scale factor for the matter field A; such as A; — a( )A sz is the metric for the effective

theory derived from 10D SYM with magnetized torus. As expected, the contributions from the each T7?

are symmetric with the torus labels.
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This result can be also written with comlexfied moduli and intersection numbers as

Zh, =Gl x |1+ W(Iﬁ?]ﬁb) 3MWD M) — 3M,§J>M,§’“>)} (i j#k) (7.5.11)

3 i
Gib_ H |IC(Lb)
T+T i VUe+ U ) \ T 119

Since s > t;| MW M®)|, the Kihler metric Z!, is positive definite in SUSY theory.

(7.5.12)

7.6 Quartic Couplings in Supergravity Description

We confirm that the quartic couplings obeys the SUGRA description. From the privious section, the
F-term potential is given by

Vi = eX[g" (DW)(DyW)* = 3|W ) (7.6.1)

If we assume that the Kihler metric (7.5.8) is correct, A; BoA; By terms are included in F-term potential
Vr.
D-term potential in U(N) gauge theory is given by

1 2
Vo = 3¢ (a*%}”%’) . (7.6.2)

In the 4D effective thery, the U(N) gauge group was broken to U(1), x U(1), x U(1). and so the generator
T is a diagonal matrix. Thus |A4;|* terms are included in Vp.

Since the F-term potential is given by the superpotential which is restricted as a holomorphic function,
it is also restricted. On the other hands D-term is given by (7.6.2) and so it is less restricted. Thus we
focus on the only A;ByA; By scalar potential term which is related to the Yulawa coupling.

As seen (7.5.7), the matter fields kinetic terms are not canonical. In order to get physical coupling
constants, we redefine the scalar fields as A; — A;/ \/Z .

Appendics B, we can obtain the F-term pottential:

e 112 ,a ¢ Al,ab B bc

Vi 32;29 11522 (1)) (Oéz(j)) /dﬁy\f& b(b]lEé,b gbflsx, b(b]lEE b
7.6.3

1 (1),,(2) (1), (1) (1),,(2) (1),,(2) A7A BB LB ( )

X 1+6{2m‘1 my” +2my ' mg’ +my'm +mgmy } A} A, By Bs

()

where we have carried out the rescale A3 — a((l?A‘f and BY — a7 BE. The contributions of fluxes can
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7 NDBI ACTION WITH MAGNETIC FLUX 7.6 Quartic Couplings in Supergravity Description

be described by Kéhler metric in (7.5.11) and (7.5.12):

2G3,¢® 1T 93, (1)\2
— (a

a ¢ A .ab B be —A' =B _p’
VeS| R RN A R P (7.64)

Futhermore in order to rewrite this expression as SUGRA formula (7.6.1), we define the lowest Kéahler

potential as
KO _ 1

== 7.6.5
27St1t2t3U1UQ’U,3 ’ ( )
and then (7.6.4) can be written as
eK(O) NGH K<°>/2 3D_ ¢04(1b)041(,2)a£a) A,ab ,B,bc A ,ab B ,b A7A 5B LB
Ve o ab Vhe / yV/gadiatgiieghlab Bl ATV BIBE  (7.6.6
z3, V911922933 Vs ! ' ! id BBy ( )

In order to construct superpotential W, we evaluate the integral in (7.6.6). First, we split the integral

to two integrals such as
A,ab Bbe A.ab B ,b
/dﬁy\/id’ o oy

A ab B be 1
Sy /GadabgBbe / 6y P B Sy—y.
/ VI ! b V96

(7.6.7)

Since ¢A b and (b?’bc are given by theta function, we can use the formula for the theta finction (??), and

thus (7.6.6) can be rewritten as the squared form:

e Ve K /2 30— ¢O‘(b)az(,2)a§3) A,ab B,b <c i A7A BB o
Ve O 2 ab “be By [ged PPl pS | AMAT B, BY (7.6.8)
z, N Voo o
By defining the Yukawa coupling such as
Vige = V2e K@ /2530 ¢O‘Ezb)az(f;)agi) \/;(w ab 4B bc¢C' ca
ABC = V2e d®y ’ '
V911922933 b
3 (7.6.9)
= 2 H WA(r)B(r)C(r),
r=1
we find the superpotential
W= YiscA}BCS. (7.6.10)
AB,C
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Then the F-term potential (7.6.8) is

K
(& -
Vi D —3 > (OcsW)(DcsW). (7.6.11)
ca (C

This expression is just the same as (7.6.1).
Since ¢’s are given by the theta function, from the discussion in Section 5 we can find the Yukawa

coupling explicitly:

[BDID | =CO 1) 1+m M 1 180
- (1) 7(1) (1) = 1 1
_ 1’y 1) () r2
WAU)BU)C(U =0 Hay Ipe' Lea (O,ZU1|Iab Ibc Ic(a)D (7.6.12)
0

O ACIE) |em D 1D 1)
- (2) 7(2) 7(2) = 2) (2
- &2 () 7(2) 7(2
Wi peoe =0 o Toe 1o (0,0, |15 L2 T2))) (7.6.13)
0

[ADID |~ BOUD m @10 1) T
3 ) 1(3) 7(3) = 17(3) 1(3) 1(3

Wae pe o =0 Ly Ty Ioa (0,iUs| IS 1P 1)), (7.6.14)

0

and
A = B0 OO O] =0, 1) -1

cedgp

B® = A® £ ¢® 4 @12 m® =0, 1 —1 (7.6.15)

C® = A® 4 B® L@ 1) ® —o 13 1.

)

Thus the Ké&hler metric is consistent with supergravity theory.
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8 Summary and discussions

We have considered the model which the initial gauge group U(3) breaks to U(1),xU(1),xU(1). by
magnetized brane model described non-abelian Dirac-Born-Infeld (NDBI) action. We carried out the
dimensional reduction and obtained the series of fluxes up to O(F*) order. Then we found that flux
corrections gave the symmetric contributions and its correction to the gauge couplings, the matter Kahler
metrices and scalar quartic couplings. The gauge couplings realized the privous works. The additional
flux corrections appear in the Kéhler metrices in a flavor independent way. And also we confirmed
that the contributions of the matter Kéhler metric to the F-term potential derived from NDBI action is
consistent with the supergravity theory. Futhermore we derived the holomorphic superpotential from the
F-term potential, and we confirmed it is consistent with the privious work.

Phenomenologically the Standard model is realized with the multiple stacks of D-branes on which
quarks or leptons are living defferently, and the matter Kéhler metric on a D-brane is defferent from
a matter Kéhler metric on the other D-branes. This differences could explain mass difference between
quarks and leptons.

Calculating the higher order flux corrections for the D-term, we found that there are SUSY breaking

terms in NDBI action. We propose several posibilities to explain why supersymmetry is broken.

1. Kahler potential (7.5.8) is not suitable.

In this calculation of D-term, we assumed the Kahler potential is correct.
2. Non-perturbative effect is needed.
3. There are further corrections.

4. NDBI action proposed by [34] is not correct.

This NDBI action is supposed that DF' terms not affect the D-brane dynamics.

In this paper, although we considered the magnetized compactification model, there are several possi-
bilities of manifold such as Calabi-Yau, Orbifold and so on. Beside these famous manifolds, we can also
consider the non-compact space comopactification. In [92], 5-dimensional Yang-Mills theory is compact-
ified by one dimensional interval. It may be interesting model derived from 6 dimensional Yang-Mills
thoery by compactifing by Disck.

We constructed the compactification model by using the NDBI action. In the section 4, we have
proposed several higher dimensional unified thories such as Type0A /0B, multi-time theory and E-theory.

By using these higher dimensional theory, we can construct new phenomenological models.
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A Formulas for supersymmetry

A.1 Integration and derivabtive on supersupace

The differential operator for fermionic coordinates is defined as follows, as is the operator for spacetime

coordinates:
9 o9 (A.1.1)
o9 09"

The raising and lowering of the indexes of these differential operators are performed by Levi-Chivita

Da

symbol €,g.
Next, we define the integral with respect to the fermionic coordinates. The integral is defined by

Berezin integral. With 6 as the one-component Grassmann, the Berezin integral is defined as follows:

/deo =1, /de =0 (A.1.2)

The any functions depend on 6 can be expanded to

f(0) = fo+0f (A.1.3)

Integrating this function, we obtain

/def(e) =fi (A.1.4)

This result is equal to the 6 derivative of f(6). In other words, integration is equivalent to differentiation.
Also, since arbitrary functions on superspace do not contain terms of 66, df /df is always of zero order in

0. Thus the following equation is satisfied:

daf(6) _
/deW =0 (A.1.5)

Futhermore, the Berezin integral is invariant under any translation of the Grassmann coordinate 6:
[aos6)= [ ao+ )10+ ¢) (A.1.6)
The delta function §(6) is defined by

sy=4 1 =0 (A.1.7)
0 040

Since any function f(6) is a linear function of 0, and § = 0 leaves only a constant term that is not
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proportional to 6, delta function is expressed to
0(0)=0. (A.1.8)

Using the Berezin integral defined above, we define the Grassmann integral in N = 1 superspace.
In superspace, there are a total of four Grassmann coordinates, 0, 60s. Therefore, each of the integral

measures can be considered up to the second order.

A.2 Isometries and Kahler manifold

In this appendix, we explain the isometries of Kahler manifolds.

Let us consider a curve A on the manifold M described by real coordinates z* = z%(t) where t is a
parameter along the curve and a differentiable function f : M — R. Then the directional derivative of f
along the curve is defined by

df dz' Of _
priarear Xf (A.2.1)

The operator X has a direction as §/0z° where dz’/dt are its components and so X is called vector. This
vector can be defined for arbitrary curves on M. Thus the components dz?/dt are the functions on M.
The other words, if a set of continuous functions X? on M, we always possible to find a set of curves

x'(t) as solutions to ‘
dz*
dt

= X! (A.2.2)

Since the solutions for these equations are unique, these curves can never cross.

Therefore we have seen that sets of space-filling curves are one-to-tone correspondence with vector
fields X.

If we consider the automorphism ¢; : M — M, it induces a map between vectors in tangent space.
The induced map allow us to compare the vectors ar different points along the curves. In order to see
this statment, we consider the two points z* and z’* which denote the coordinates at p and p’ respectively
and vector field Y which is described with the components Y?(z) at p’ and Y?(z’). Then the relation

between Y (x) and Y (z') is given by

Vi(z') = ?9; Vi (2(z')), (A.2.3)

which is called Lie transport. The Lie-transported vector field

Y =Yi(2) 82” (A.2.4)
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is defined for all points p’ along the curves. If we consider the infinitesimal transport z/* = 2 + X*6t,

(A.2.3) can be written as

Vi) = i)+ Plyig -

oxI oxI

XI5t. (A.2.5)
Since Y and Y are defined ar the same points, we can define the Lie derivattive:

; Yi(2') — Yi(z)) 0 0 . _

YyY=lm ——=X'—Y'-YV' —X'"=[X,Y] A2
(£xY) 5130 ot w7 O X, Y] (4.2.6)

This definition can be extended to the general tensorial quantities. The Lie derivative of the metric is

given by
(£x9)ij = ViX; + V; X5, (A.2.7)

where we have defined V;X; = 0; — I‘%Xk.
Since Lie derivative describes the variation of the Lie transport, the vanishing Lie derivative means

that the vector fields are invariant. Thus if the metric is invariant, then
(£x9)ij = ViX; + V;X; = 0. (A.2.8)

In this case, X generates an isometry of the manifold M and X is called Killing vector field and (??) is
known as Killing equation.
Killing vectors generate the continuous symmetries on tha manifold which close into the isometry.

Indeed, we can see that the Lie bracket of two Killing vectors becomes another killing vector
[(x (@) x ()] = _ pabe x(e), (A.2.9)

where f¢ are the sturucture constants of the isometry group G.
In the following, we focus on Kéhler manifolds and denote the metric as g;; and its coordinetes as

a’a*’. Then the vector fields are given by

0

Oa’ (A.2.10)

, )
X+ = x ) (g~
(CL )aa*l

X)) = X (q)

Since the X (@ is a holomorphic function, the non-trivial Killing equations are given by

VX 4 v, X = o)
2.11
VX 4 v x @ =0,
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On the Kahler manifolds, V;X; = 0;X; — gsz;‘?f X, = 0 and so the first equation is automatically

satisfied. The second equation is written as

905" X)) + 9,70:(g" X) = 0, (A.2.12)
and the solution can be given by
. D(a)
g X = iaa -
N (A.2.13)
i(a) 0D
gle = —1 6&*7: .

D(® ig a function of @ and a* and called Killing potential. Since the Killing vector X is determined by
the derivative of D(®)| there is a constant arbitrarity D(®) — D@ 4 (@) This transformation is related
to the Fayet-Iliopoulos D-term.

Futhermore by inverting the relations (A.2.13), we can obtain the Killing vectors in terms of the Killing

potentials
x#a) — ;17 D@
Y 83“*] (A.2.14)
x*ie) — igﬁ—.D(“).
dat

The fact that X*(*) must be a holommorphic imposes a constrant on the D(®).
The Killing vectors independently generate representations of the isometry group G which means that

each generators independently obey the commutation relations.
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B The calculation result of the dimensional reductions

In this appendix, we show the exact calculation results of the dimensional reduction of non-abelian

DBI action:

2 N2 2 \2 1
(2ma) tr | Py FMN — ( 7T§Y ) (FMNFRNFMLFRL + 5FMNFRNFRLFML

Lyppr = —Tpe?

1 1
(FJ\INFMN)2 o 8FMNFRLFMNFRL>:|

4
(B.0.1)
In this calculation, we use the following trace properties
tr(A+ B) = tr(A) + tr(B) (B.0.2)
tr(ABC) = tr(BCA) (B.0.3)
The field strength configuration and the torus metric are defined by
Fyun ~ 0yay +iglay, an) = Dyan,  Fpp 2 fon +ig[am, ax) (B.0.4)
(@) 204 () e
1(2n M) wie*7imlt i .
G = 27’[@ 5@‘ = lz 5@‘, s m( ) = my = m&)(;a/g (BO5)
Me
a®® A
Ay, = ae | = B, | =a%’, a,= diag(aﬁ,aﬁ,ai). (B.0.6)
afr(rl Cm
g7 = 2e72715,; (B.0.7)

We defin the U(1), field strength as Fyj, as well as U(1)p, U(1)..
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FMNFMN

FMNF]WN

= F F" +2F,, F'" 4+ Fpp "
3

|F4‘2+4Ze 201D alD a; +8l4 (m(z))Z

=1 =1

Ze_zal a;, a5 + 89226—2(m+03)[a %][apaz]

)

+16g l

(B.0.8)
|F4\2+4Ze_2‘“ |D,Ai* + |DuBi|* + |D,.Ci|?) +8 Z > (m

=1 i=1 a=a,b,c
3
Q —20; i i [ i
16975 > e ((m® = mp ) A + (mf)? = mO) B> + (m? —mD)[Cif?)
S =1

+ 169226_2(0i+0'j) (|Ai|2|Aj‘2 + |Bi|2|Bj|2 + |Ci|2|Cj|2

.7
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FMNFKNF]VILFKL
FynFRENFMEFre g, (B.0.9)
= FHVFpVFHUFpU (BOIO)
+ 2F, FY™FPPF,, + F,p F""FP™F, 4 F,. F,,FPm "W (B.0.11)
+ 2Fpn (FP™EFY"F,, + F,, FF™F™) + F,,, (FPmFY™ + FYm i) B, (B.0.12)
+2F, FI"FH ™y + Fyy (FFF™E, + Fy F™ FF) (B.0.13)
+ Fp FTMF™F, (B.0.14)
= F, FPFroF,, (B.0.15)
+4Y e F,, {F* (Dya;Dya; + Dya;Dya;) + Dya; F™" DPa; + DPa; ¥ D,a;} (B.0.16)
i
+ 16il£2F“” Z e~ 2im (D,a;D,a; — Dya; D, a;) (B.0.17)
s i
+8igh Yy " e 7t {[a;,a5] (DyazDyaj — Dya;Dyaz) + (DyazDyaj — Dya;Dya;) ai, agl}
]
(B.0.18)
+8ig Y ([ai, aj) D a; D" aj Fpy, + [, ;) D'a; D" a; F ) (B.0.19)
,J
+8ig > ([ai, a;]F, D"a; D" a; + [@;, @;] F D" a; D" a;) (B.0.20)
4,J
+4Y e 2499 (2D,a;D"a; D, a; D¥ a5 + 2D, a;D,a; D" a; D az + 2D,a; DY a;D*azDya; - (B.0.21)
]
+DuaiDya;D“ajDVan + DNCL{DV(ZZ‘D'U'CLJ*-DV&J') (B022)
2
25, T i _ _
+ 32 Z e 2 1l—4(m( N%(D,a;D"a; + D,a;D"a;)? (B.0.23)
T —2(oi+o; i A i A
+ lfigl—2 Ze Hoitos) [(m(J)[ai, az] + [ai,aj]m( N\DHa;D,a; + (mY[a;, a] + [a,;,ajf]m( ))D“a;‘Dual}
S 27‘7
(B.0.24)
+ 164> Z e 2oitoitor) ([a;, ag][as, az|D"a D az + [ak, a5][ay, a;D"apD,a;) (B.0.25)
igk
— 1692 Z e~ 2oitoiton) ([ay, a;)[ai, a;) D ax D,a; + ay, a;)[@i, @k D"a@y,D,a;) (B.0.26)
i.gk
- 16g (;) ZG_Q(UH_UJ) ([aj, ai]m(i)D“EjDHEi - [Ej,ﬁi]m(i)D“ajD#ai) (BO??)

(]
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- 1692 Z e 2(oitotor) ([alﬁaj][ajaai}DuakDMai + [ak7 aj][ai,aj]D“a;cDuai) (B028)
64,k
— 8¢° Z e 2(0ito+or) ([ak,a;) D" arlai, a;)Dya; + [ak, aj| D ag[a;, ax|Dya;) (B.0.29)
W4,k
—8g (;) 3 et ([aj, a;)D*a;m VD, a; — [aj,ai]Dﬂajm(i)DﬂaO (B.0.30)
s i
—16g% Y e 2 toiton) ([ay, @)D  ayfa;, @) Dyas + lax, a;) D aglai, a1 D) (B.0.31)
i4.k
— 8¢ Y e 2 titow) ((ay @] DG [ai, aj) Dytik + [a, aj) Dyas[a:, ax) D ) (B.0.32)
04,k
—8 ( ) Z e~ ore) ([aa a;]Dya;m') D"a; — [a;, @] Dya;m'Y D'a ) (B.0.33)
— 8g2 Z 6_2(ai+0-7+0k) ([ak,aj]Duai[aj,ai]D#ak + [ak, aj]Duai[ai,aj}D#ak) (B.0.34)
ij k
+ 16— Z e~ 2m® Dra;m D D a; (B.0.35)
+ 8972 Y e ot (m(k)D“ag‘ i, a7]Dyaz + lai, aj]D”ajm(i)Duaz) (B.0.36)
S 17]
+8¢2 Z e~2oitastor) g, az] D*aglay, a;]Dya; (B.0.37)
ij k
+ 16— Ze‘Qa’m(l)D a;mW DFas (B.0.38)
+ 16912 z]:e 2(01+01) W (D al[aj7 z]D a7+ D az [CL“ J]D”ag> (B039)
+ 1692 Z e~ 2(oitotok) [ak, aj]Duai [aj’ a;]D“aE (B.0.40)
id.k
4 ) . 3 .
~16 (12> > (m)* —64g (12> > e 71 (m)¥ai, af] (B.0.41)
™\ 4 A ,
— 164 (12) Z o2oi+o;) ((m(z)) +mDmNa;, a5] + (mOmI + (m)?)[a,, a?]) (B.0.42)
s iJ
™\ , ,
_ 3942 (12> 3 e 2t gy, agfmas, ag] (B.0.43)
s i

—16¢° ( = > 1™ +mY)ak, alla;, agllai, az] + (m™ +mD)[a;, ag)[ak, a5l as, a5 (B.0.44)
ls i,k

— 169" [as, ag][ax, ajllas, afl[a;, a;] (B.0.45)

— 16 (2)42(%“) - 649( ) gZe 204 (m®)3[ay, ag] (B.0.46)

i
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2
— 16¢° <l7; > et ((m@))2 +mOm@ 4 mOm 4+ (m<ﬂ’>)2) la;, az][a;, a3 (B.0.47)
T 2 . . . .
~ 16¢° <l) > e 2ot (mDag, am® + mOfag, ajm®) lai, aj] (B.0.48)

m ) ) ;
— 1643 (12 Z e 2(oitojtor) ((m(’) + m(k)) ([aj,ag] [a, ajf] [ai, az] + [ak, a;][a;, a;-] [aj,ag]) (B.0.49)
s N
—16g" Y e 2Ottt oy gl (a;, aglar, azllai, ag] (B.0.50)
1,5,k,1
+16g" Y e 2etetental[ ay ey, axllar, ai[@;, @) (B.0.51)
i,5,k,l
- 32¢° < = ) Y eoteiton) G, g [a;, almYm) (B.0.52)
s i.j
~32¢° (f) > e 2t et g, o, ;] (mfas @] + s, adm ) (B.0.53)
s i,k
_ 3294 Z 2(0itoj+ortor) [aJ, al} [al, ak] [a], ak] [a“ al] (B.0.54)
i,7,k,l
s (7)) et ol n) (B.0.5)
— 324" ( )Ze”(“ﬁ%“k)[ak ail[a;,a;] (m<k>[aj,ak} + [aj,ak}m@) (B.0.56)
1,5,k
—32¢" Y e Moot oy, a]fa;, @il fax, @llay, @) (B.0.57)
i,7,k,l
~ 32" ( > Z “2otemOay, a;lm® [ay, @) (B.0.58)
105" () 32 et (o )l )+ ol an 4 o) )
i,k
(B.0.59)
— 164" Z e~ 2oitostontod) g, @ laz, ap)las, @)[a;, @) (B.0.60)
1,5,k,1
_ 1694 Z 6*2(0'i+0'j+0'k+0'1)[al’ak] (a;, a:)[ax, @)[a;, @] (B.0.61)
i,7,k,l
= F/J,VFPVFMUF;JU (BOGQ)
+4) e [(Fg Fret 4 FPROFY 4 FPROFS 4 FY FEeP) Dy, A;DVA; + (perm)] (B.0.63)
(T —20; i va % v e
— 167 (lg) ;6 2 [(mg)F” + ml() bl b) D,A;D,A; + (perm)} (B.0.64)
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— 16ig Z 6_2(Ui+aj) [{FHWI (AiZj — éjC,) + F'w/b (BZEJ - ZJAz) } DMAijZi + (perm)} (B065)

0,J
+ 8ig Z (F%, + F5,)(A;B; — A;B;)D"B;D"A; + (perm) (B.0.66)
+ 8ig Z (El, + Fy,)(BiA; — BjA;) D" A;D" B, (perm) (B.0.67)

+8) 6_2(0i+‘73’) [(D"B;D,B; D, A;D"A; + D,B;D"B;D,A;D"A; + D"B;D"B;D, A; D" A;) + (perm)]

]
(B.0.68)
+8) 27t [|D, A; D" A;|* + (perm)] (B.0.69)
i,J
™\ ; i
+ 162672@ <l2> [((mgp)? + (M) D, Ai? + (perm) (B.0.70)

+ 169 ( > Z 672 (oito;) |:{ m( R + m(J))( Bj — Z]Az) + (m((;) + m((lj))(Asz — 5301)} DMAJ'D/'LZZ' + (perm)}

(B.0.71)

+169% Y e 2Ot ot [{9] A2 A Ay — (BB, + CiC;) A Ay (B.0.72)
4,4,k

_(ngk + Cjék)AiZj + |Bj‘23i§k + |CJ|20161€} D“AkDuZi + (perm)] (B_0_73)

— 322" e 2oitoiton) (B. B, C,C; — |C;|>B; By — | B;|2CiC, + B;ByCiC,) D" A; D, Ay, + (perm
J J J J J J I
1,5,k
(B.0.74)

—169( ) Ze*(”ﬁ”ﬂ [(AB A;Bj)mYD*B;D,A; + (B;A; — A;B;)m) D" A;D,,B; | + (perm)
& i.J

(B.0.75)
— 164> Z e 2(0i+] +ok) (|4,1*4;B, — A;BxC,;C; — A;A; Ay B; + A,B;C,;C;) D* Ay D, B; + (perm)
1,9,k
J (B.0.76)
— 169> Y e 2otoitor) (A, B;C;C; — |B;|* AB; — A;ByCiC; + A;B;B;By,) D, By D"4; + (perm)
~
; (B.0.77)
—16g° > " e 2toton) (A;B;C;Cy — A;B;C;Cx — A;BiCiC; + |C5*A;By,) D, By D" A; + (perm)
1,9,k
J (B.0.78)

— 8¢ < ) Z e 2(@ita) ((A ;B; — A;B;)D"*B;m )Duzi + (BjA; — EiZi)D“Ajml(f)DuBi) + (perm)
& i,9

(B.0.79)
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— 1692 Z 6_2(gi+aj+ak) (ZJEZBJEIC — |Aj|2Zi§k — \BJ|2Z;€§1 + ZiAjZkEj) DMA}CDMBZ' + (perm)

4,5,k
(B.0.80)
—16g2Y e 2@itoitor) (1B, 12 AL B; — A;A; Ay B; — A;B; B, By, + |A;|>A; By) D,,A; D" B, + (perm)
g J J J J J J g
i,k
(B.0.81)
— 1692 6_2(gi+aj+ak) C, QZkAi — Zchlé — ZBZCGIC + ZBC,@k D AkDHEi + (perm)
J J J J J 1= H
4,5,k
(B.0.82)
— 89 <Z;) Z 672(Ji+0j) ((A]BZ — AlB])DluEzmIEL)ZJ —+ (EJZZ — Elzl)D#Alml(f)D”Bj) + (perm)
S Z,J
(B.0.83)
— 892 e~ 2(oitojtar) A;B;B:Bi —|A; QZiEk —|B; 2Zk§i + A;A.AL.B;) D,A,D"B;. + (perm)
J J J J J J H
4,5,k
(B.0.84)
— 892 Z 672(0i+0j+0k) (AkB7|B]‘2 — AlszkB] — AjBiEjBk + A7|AJ|2Bk) D/LZkDMPi + (perm)
i,j,k
(B.0.85)
2
T —20; i (%)
e <l> Sl DAL + (perm) (B.0.56)

T —2(0i+0; i j 7T N R W) A i
+ 89 <l2) Z e 2(oi+0;) H(m}()) — m((i]))AiAj + ml(lj)BiBj — mé )CZC]} D#AjDuAi + (perm)}
S ‘,]‘

(B.0.87)
+ 892 Z 6_2(01+”j+0k) [(B,§7A3Zk — BiEjCjék — |AJ|2A1Z1€ + AiZjCjék) D/LA;CDMZi + (perm)]
i,k
(B.0.88)
™ —2(0;+0; ) A A
+ 16g (ZQ> > e 2ot [(B;B; — A;A;)D, A;D"A; + (perm)| (B.0.89)
S Z,]
+ 1692 Z 6_2(m’+a"+ak) [(AleBJEJ - ‘Aj|2AZZk7 — CléjCJEk + CléjAjZk) DuAkD“Zi + (perm)]
i,k
(B.0.90)
m\* ;
— 16 (12> Z [(mg))4 + perm} (B.0.91)
s i
\° j (4)
— 64g (z2> Y e [((mg”)i” — (m{! )3) | Ai|? + (perm) (B.0.92)
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~ 164* < ) 2672 oitos) H (m{D)? 4+ (mU)2 — (mz(f))Q _ (ml(;j))2 + 2mDml) — 2m§“m§”}AjE T (perm)}

(B.0.93)
2
m —2(oi+0o; j j i j )
- 329’ (l) > et [(m@)2 4+ (m)?) |4 4512 = 2 (mf))? + (mf)?) A BB
s/ i
(B.0.94)

—2(oi+oj+o i j i j k
— 164> <12> Z e~ Hoitoiton) [(mg) +m 4 2mP — mé) - ml(f) - QmZ() )) |A;|%|A;1?| A (B.0.95)
i,k

+4 m(l) + m(j) + m(k) AP AALB; By — 4 (ml) +m@) +mP ) |4;24;4,C;Ck + (perm
Mg a a J J

(B.0.96)
—Gag" e Aorteutonton [| 4,2 A2 Ay P AP — 2| Ail?| A2 AvA (BB + CrCh) (B.0.97)
i,7,k,l
+2|Ai|2AjZk|Bl|QBk§j + AiZjAkZZEiBijBl + (perm)] (B098)
4 3
i m —20; i '
~16(5) X ()" + enmy) — o9 () 3 e [ (1) - () 4 + (per)]
(B.0.99)
4
_ —2(oito0;) (%) ()2 (@) 2
1642 <12> zj:e H(ma +m@)2 + (mlD 4 m{ )}|A\ 14, (B.0.100)
fQ(m;(f) + m}()j))QAiZjEiBj + (perm)} (B.0.101)
T 4 . . . .
—10g? () e [(n 4 (mf?) + (2 + (7 ) 1414, (B.0.102)
2) 4
—2 ((m{M?2 + (mP)?) A;4;B;B; + (perm) (B.0.103)
b b 144§D p
_ —2(aitos+on) [ (@) 4 O 2
3247 (ZQ>Ze 57 [ () 4 m@ +m)) Al 4, Al (B.0.104)
1,5,k
+2 ((ml(f) + ml(f) + mg ))EjBk — (m{ +m{) + m{(lk))éjCk) |A;|*A; Ay + (perm)} (B.0.105)
+ 164> Z e~ 2otostonton) (|4, 2| A; 2| A2 [Cl? + | Ai?| Ak |* By BiC;C)) + (perm) (B.0.106)
1,5,k,1
— 1692 Z e~ 2lotostonton) (| A, |2 A Ay (BLB,.C;Cy + BB;Ci,C)) (B.0.107)
i,,k,1
+‘Ai|2AjZk|Bl|2Ck€j =+ |Ai‘2AjZk§jBk|Cl|2 — 2AiZjAkZlBj§k€iCl) =+ (perm) (BOIOS)
2
— 6442 <;) 3" e 2ot Om) (|42 By[? — AiA; B B;) (B.0.109)
S 'L,]
- 6493 (;;) Z 6_2(0i+0j+0k)m£j) (ZZA]C|B]|2CZ€]€ —ZiAjEjBkCiék (BOllO)
s/ G4k

220



B THE CALCULATION RESULT OF THE DIMENSIONAL REDUCTIONS

—ZiAkEjBiCjék + |AJ‘2§1.B]€CZ€;€ — |AJ|2‘Bl|2‘Bk|2 + ZJAk|BZ|2Bj§k) (BOlll)
—Gag" Y e Aovtestonto) (_ A4 A A B BCiCy (B.0.112)
©,7,k,l
+|AI|*A;A; B;BrCiCy + |Ai|*A;A; By B;C1,C; — | Ai|’| Ai|* B;B,.C;Cy) (B.0.113)
2
w22 () Dot (D)2 + (f)2) (AFIB; - AZBiB) + (perm) (B.0.114)
S Z,J
— 32¢° (;) D e Hoteiton) (—(mg” +m)| A2 |42 Bi|? + 2m$) | A ?AjA BBy (B.0.115)
S/ 4,k
—(m) +mP) (4;4;B;BxC;Cy + AiZjEinéij)) + (perm) (B.0.116)
_ 3294 Z 6*2(0'i+0'_7'+0'k+0'l) (_‘Ai|2|Aj|2‘Ak‘2|Bl‘2 +AiZj|Ak|2|Al‘2EiBj (B.O.117)
i,7,k,l
+Aj|Ak|2Zl(§iBlCi6j + BzﬁjézCl) - QAZZJAkZIEZBjékCl) (B0118)

2
+ 3247 (;) Z e 2(0it;) (m,(f)mgi) + mgj)méj)) (A;A;B;B;j — |A;|*|B;|?) + (perm) (B.0.119)
s/ i

— 16¢° <l7;) Z e loitaitor) (—(mff)) +m + mlIm)|A;*B;BrCiCr — (m{Y + mF)A; A;| Ak CiC;

57 4.k

(B.0.120)

+(m£i) + mgk))\Ai|2|Ak|2|Cj|2 + (mgi) + mflk)) (ZiAjEjBkékCi + AiZijEkaéi)) + (perm)

(B.0.121)

- 1694 Z 6_2(ai+aj+gk+al) (—AiZjAkZZEiBjEkBl + 2AiZjAkZl§iBj6kOl (B.0.122)
ikl

*|Al|2ZkAi(§iBj6jCk +C;C;B;By) + ‘AkPAiE‘BjFéiCk) (B.0.123)

—16g* e 2oitoitonton) (_ A A; A A B By By By + 2A;A; Ay A B; B;Cy.C) (B.0.124)
ik,

—|Al|2ZiAk(Ci€ij§k + B;B;C;Cy) + \Az|2AiZk\Bj|2§¢Bk) (B.0.125)
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FMNFRNFRLFML
FynFEN Frpp ML (B.0.126)
= F\ F"PF,,F°" + 4F, F"PF,,, F™" (B.0.127)
+ 4F F™F, F™ 4+ 2F,,,, F™ F,,, F"" (B.0.128)
+ 4F, F™ M Fo FF 4 F FF Fy B (B.0.129)
= F,, F"PF,, F" (B.0.130)
— 8> e 2 F,, F"" (Dya; D'a; + D,a; D" a;) (B.0.131)
+ 164 < lg) Z e~ 2:mD (D@ F,, D a; — D"a;F,, D"a;) (B.0.132)
+ 16ig z 204930 g, @;] (D a; Fy D" aj — D*a, F,, D"a@;) (B.0.133)
+ 1629 Z E_Q(UH_Uj) ([ai7 aj]D”EZ—FWD”Ej + [EZ-, aj]D“aiFwD”aj) (B0134)
g
+ 8 Z 8_2(0i+{7j) (DuaiD,,EiD”ajD“dj + DuaiDl,EiDl,ajD“aj + DNEiD,,aiD”de“aj + DMEiD,,aiD”ajD“Ej)
4,J
(B.0.135)
2 .
+ 32 ( 12) > e 2i(m)*(Dya; D'a; + Dya; DV a;) (B.0.136)
+32g <2> Ze Hoitoi) () {[a;,@;]D,@iD"a; + D,a;D"@ } (B.0.137)
S i ]
+32g <;) > e 20t [a;,q,) (m) D,a; D a; + mY) Dyya; D'a; ) (B.0.138)
S i,j
+ 3292 Z e Aoitostor) [aj,ak] ([ai,aj]DMaiD“ak + [ak,ai]D“aiD,ﬁj) (B0139)
N
- 3292 Z 672(0i+0j+0k) ([ﬁk,aj”ai, aj]DMEiD“ak + [ak, aj][ﬁi,aj]DuaiD’uak (B.0.140)
i,7,k

+[ak,aj][ai,ﬁj]D#EiD“Ek + [ak,aj][ai,aj]D#EiD“ak + [aj,ﬁk} [Ej,ai]D#aiD“ak + [Ej,ak][ajﬁi}D#aiD“ak)

(B.0.141)

- 32g (;) 26_2("”‘”) ([aj7ai]m(i)D#E¢D“Ej +mY[a;,a;]D,a; D a; (B.0.142)
s i,j

+mW(a;, a;|Dya; D" a; + [aiﬁj]m(i)DuaiD”aj) (B.0.143)
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4 2
™ 0\? a
+16 <z4) 1+ 64 (z2> (m®)" fas,ai
N\ 2
+ 64 (;;) 2 E 6_2 G7+UJ (m(J)) [auaj][a‘.ﬁal}
+32 (;) : § e 20 m W a;, @;lm e, @)

7T —2(oito — —
o (P) 228 20t mDa;, @) [ak, @) [ay, ax)

+1694 Z 672(0i+aj+0k+al)[ajyal][ak:’Ej][ai7ak][al,ail]

i,7,k,l
- 4

+16 (P) > (m)*
- 3

+64 (P) gZ(m( Nai, @]
s i
- 2

SIS Y AR A
S Z,j
T 2 . .

s ( z ) @S 2ot o, 7, Jm D a;, )
S Z,j

#0158 X o Ol oy o ]
S 7,k

+16g* Y em2ortertental; qjla;, axllax, @)lar, @)

il
2 .
woig? (5 ) e et ol
2y
7T o toiton) (e — N - _ _
+ 64g° (P) D em2oitoston) ([ak7ai][ai7aj]m(”[ak,aj] + [ak,ai}[amaj][ak,aj}m(’“)>
$7 4.k
+ 644" Z e~ Hoitoirontol g @ai, aj)lar, a;)ar, ax)
i,7,k,1
2 . .
+oag <Z2) Y e 20t gy, ag)mWfa;, ajim
i

™ 4oito . 1= = i Ni= — _
— 644° <l2) Z e~ 2oitostor) ([a]z,aj][ak,aj][ak,ai]m( ) + [ai,aj]m(J)[aj,ak][ak,ai])
s/ gk
—Gag" Y7 et g afag, @@, @llar. @)
ikl

+ 32¢* Z e~ Hooitontal) g, g [a;, ar)ax, ai) [, a;)
i3kl
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(B.0.144)

(B.0.145)

(B.0.146)

(B.0.147)

(B.0.148)

(B.0.149)

(B.0.150)

(B.0.151)

(B.0.152)

(B.0.153)

(B.0.154)

(B.0.155)

(B.0.156)

(B.0.157)

(B.0.158)

(B.0.159)

(B.0.160)

(B.0.161)
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+ 64g° (lQ) Ze* 719 [, aj)[a;, ;] (m®)? (B.0.162)
s i,j
m —2(oitoj+toy - = - - = - i
+ 64g° <12) > et <[%aj][aj»ak]m(k)[ak,ai] + [ai,aj}[aj,ak][ak,ai}m(”) (B.0.163)
$7 4,4,k
+ 644" Z e~ Hoitosrontal) g, ail[@;, arllar, @)ar, @i (B.0.164)
i,k,1
= F, FYPF,,F" (B.0.165)
-8 Z e 27 [(FS,F"P" + F5,F¥"") D,A;D"A; + (perm)] (B.0.166)
— 16¢ <12> Z e 2 [(m&i)Fﬁu + m(Z)F[}D> DFA; DV A; + (perm)] (B.0.167)
+ 16Zg Z 672 7ito;) [((Cléj - Alzj)Fﬁy + (AZZJ - BZEJ)F;LV) DHAjDVZi] (B0168)
2]
+16ig Yy e 27+ ((A;B; — A;B;)F), D" B;D"A; + (B;A; — B;A;)F}, D" A;D"B;) + (perm)
1)
(B.0.169)
+16) e ) [|D,A;D, Aj|* + D, A; D, A; D" B;D"B; + (perm)] (B.0.170)
4,J
+ 32 ( ) Ze 20 [ 2 4 (m{")?)| D, A + (perm)} (B.0.171)

+329 <l) Do) [((mg“ + @) (A4, — TiCy) + (mf) +m?) (BiB; — A;A;)) Dy ADM A + (perm)|
(B.0.172)

- 329 (12> 26_2(0l+01) ( () — m((;')) ((AZBJ — AjBi)DHZiDHFj + (ZZE Z E )DHAZ‘D“BJ‘)
,J

(B.0.173)
—32g° ) e 2t (4;4(B; By + C;Cr) + A Au(BiB; + CiC)) (B.0.174)
.7,k
—|4;*(BiBi — CiCy) — A Aw(|B;]* — |Cj[)) DA D" Ay (B.0.175)
— 3247 Z e 2(oitoitor) (A;A;AxB;j — |A;|AxB; + A;B;B; By, — Ay|B;|°B; (B.0.176)
i3,k
+(AkBj - AJBk)Cléj + (AjBZ‘ - AlBJ)éjCk) DMEZ‘DMZ]C (80177)
— 32¢°2 Z e—2(0ito+o1) (ZZ-A]-Z;CEJ- _ Zi\Aj\QEk +A;B:B,B), Zj|Bj|2§k (B.0.178)
i3,k
—|—(21§J — ngi)Cjék + (ZJE;C - ZkEJ)6,CJ> DHAiD/LBk (B0179)
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— A2 AP A AL CLCy + |Ai 1P A By |* B;C;C
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)
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Here, the octanal coupling terms like ZiAkBiFjFZCjékCl are not invariant under the each U(1)

symmetry which derived from F; F5;, Fi Fj;.
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B.1 Expressions for the Quartic Scalar Potentials

In the following, we derive the quartic scalar potentials. From the calculous results, there are three
type quartic potentials such that A;|2, |A;|?|Bs|? and A; A3B1 Bs.
B.1.1 |A|* Potential

The |A;|* terms appear only in the D-tem potential like g4|ai*t?jaj|2. Substituting Kéhler potential
(7.5.8) into (7.6.2), we can obtain the D-term potential;

1 1
o=y [1 — 1 { )2+ )2 4+ () + (D) + ()2 + <m§;°’>>2}] AP (BLY

However this D-term potential is not equivalent to |A;|* term of NDBI reduction (??). In order to be

same (?77) and (B.1.1), the overall factor of (??) should have following non-trivial flux contributions:

dGA ab|4 1

JYYIT @ M2 @) @2 (3) _, (8))2
(fdﬁg‘fizb‘)Q 6 a my, ) (m my”) (m my )} (B.1.2)

a a

B.1.2 |A;|?B2|* potential

We construct |A;|?|B;|? potentials and compare to the result (??). This term appear in both F-term

and D-term potential. According to general expressions () and () and Kéahler potential (7.5.8), F-term
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and D-term are given by

L LA PO W _
Ve = 219 ,{ (1) _ M) _ WD) 9, (132
F 27st1tatsulUsUs GEL%J)GI()?G%) 2 { + 3 Mg "My, my, "M me'Mmg (me)

= @ + P m® — mEn® - 2m)?
mPm? — P m® o mPm® —2m?) || | 1B
(B.1.3)

and

Vp = é {—1 + = {(mél))Q + (m£2>)2 + (m£3>)2}} | A1 || Bo)? (B.1.4)

From these potentials, the F-term potential is included in (??) up to the ovarall factor. But the D-term
potential does not included (??) even if we use the SUSY conditions. Without the overall factor, the
defference between D-term potential and (7?) is

—2mPm® —2mPm® — i (m® = m®) +m? () = m) +mg? (P +m®). (B.1.5)

C a

B.1.3 A,A,B,B, potential
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