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Abstract

In this paper, we derive 4 dimensional supersymmetric effective theory from 10 dimensional non-

Abelian Dirac-Born-Infeld (NDBI) action corresponding to D9-brane by compactifying on 6 dimensional

facorizable tori T 2 × T 2 × T 2. In order to preserve the only 4D N = 1 supersymmetry, we introduce the

magnetic fluxes and impose the no-tachyon constraint which is just the supersymmetric condition. We

especially consider U(3) non-abelian gauge group and break U(3) to U(1)a×U(1)b×U(1)c by magnetic

fluxes. We adapt a symmetirized trace prescription NDBI action and focus on the only bosonic part

since fermionic part can be derived by supersymmetry. We expand the NDBI action in terms of F up

to O(F 4) order in case that the compact scale is enough larger than the flux scale. We rewrite the 4

dimensional effective theory as a supergravity formulation. And then we obtain a new type of matter

Kähler metric, gauge kinetic function and superpotential. We can show that the gauge kineti function

and superpotential are consistent with previous studies. Also we derive an F-term scalar potential by

the two ways from NDBI reduction and Kähler metric and then we confirm that it is consistent with a

supergravity formulation.
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Notation

Here is a summary for notation. The standard conventional mathematical and physical notations are

adopted.

µ, ν, ... = 0, 1, 2, 3, four dimenaional coordinate indices
m,n, ... = 4, ..., 9 extra dimensional coordinate indices
i, j, ... extra dimensional complex coordinate indices
α, β, ... spinor indices
M,N, ... higher dimensional coordinate indices
µ, ν, ... four dimensional tangent space coordinate indices
m,n, ... extra dimensional tangent coordinate indicies
i, j, ... extra dimensional tangent complex coordinate indices
α, β, ... tangent space spinor indices
A,B, ... gauge indices
xµ four dimensional coordinate
ym compact space coordinate
tr trace of gauge indices
(i), (r), ... torus indices.
γµ four dimensional Clifford generator
ΓM higher dimensional Clifford generator
σµ Pauli matrix
α′ string scale
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Abbreviation

Abbreviation list in this paper.

SUSY Supersymmetry
YM Yang-Mills theory
SYM Super Yang-Mills theory
SUGRA Supergravity
DBI Dirac-Born-Infeld
NDBI Non-abelian Dirac-Born Infeld
CS Chern-Simon
WZ Wess-Zumino
KK Kalza-Klein
op Operator
vev Vacuum Expectation Value
R sector Ramond sector
NS sector Neveu-Schwarz sector
RNS Ramond-Neveu-Schwarz
GS Green-Schwarz
DDF E. Del Giudice, P. Di Vecchia and S. Fubini

v



1 INTRODUCTION

1 Introduction

Elementary particles are the smallest units of matter, and particle physics is the study of describing

the behavior of elementary particles. Standard Model is the most accurate theory describing microscopic

phenomena, and consistent with the experimental results with very high accuracy. However, the Stan-

dard Model is not the most unified theory that can describe the universe. For example, the Standard

Model cannot describe gravity, and the clasical gravity is described by Einstein’s theory of relativity. It

also cannot explain why the particles are classified for three generations. In addition, there are many

parameters such as mass and coupling constant that are determined only by experiments. Because of

these problems, it is believed that there is a more fundamental and unified theory than the Standard

Model which is called Beyond the Standard Model. Beyond the Standard Model must not oonly include

the Standard Model but also predict and explain phenomena that could not be explained before.

Although up to now the many theories have been proposed, string theory is the most promising. String

theory is an attractive candidate for a theory with all elementary forces including gravity and it requires

only one parameter to construct the theory. Considering the supersymmetric string theory (superstring

theory), we can obtain fermions which can be regarded as the matters such as quarks and leptons. Thus

it provide us the descriptions of all the interactions and matter such as quarks, leptons and Higgs. In

this sense, it is considered to be a theory that goes beyond the Standard Model of elementary particles.

Depending on how we introduce the supersymmetry, there are 5 types of superstring theory which are

typeI, type IIA, type IIB, S0(32) heterotic string and E8×E8 heterotic string. These theories are defined

so that the gravitational anomaly is canceled. Especially, type I and two type IIstring theories lead to

the type I and two typeII supergravity respectively at low energy. These supergravity theories have the

solitonic solutions, which implys the superstring theory leads to the solitons called D-brane. From this

fact, string theory naturally incorporates non-abelian gauge groups which derived from stacks of D-branes

in type I and type II string theories. Thus the dynamics of low energy excitation on D-branes describe

the gauge theory.

However string theory is consisitent at 10 dimensional spacetime because of a conformal anomaly and

so this fact predicts extra dimensions. Thus we compactify the extra 6-dimensions with certain compact

spaces. One of the simple compact space is a torus. But the simple torus compactification is not realistic

because it leads to four dimensional non-chiral theory while Standard Model is chiral theory since left

handed spinors and right handed spinors interact differently under the Standard model gauge group

SU(3) × SU(2) × U(1). In order to realize the 4D chiral theory, it is necessary to preserve only N = 0

or N = 1 supersymmetry because N ≥ 2 supersymmetry gives a relation between left handed spinors

and right handed spinors and these spinors belong to the same representation of Standard model gauge

1



1 INTRODUCTION

group.

One of ways to obtain a chiral theory in the torus compactification is to introduce non-trivial gauge

backgrounds such as gauge fluxes on the compact space which breakdown the supersymmetry. Such

compactification with magnetic fluxes can realize 4D chiral theory even though the compact space is

torus [1–4]. We explain why the supersymmetries are broken in Section 5. The number of generations is

determined by the magnitude of the magnetic flux on torus.

The other way to break the supersymmetry is orbifold projection. By considering the orbifolding and

magnetic flux same time, the several interesting mdoels have been proposed [5–7]. Indeed, the phe-

nomenologically interesting models which have three generations have been classified [8–10]. In these

models, Yukawa couplings play an important role to lead to the mass of 4D matters [11,12]. Realization

of quarks and lepton masses and their mixing angels was studied [13–16]. Recently, their flavor struc-

ture controlled by modular symmetry is actively researched [17–22]. Thus, torus compactification with

magnetic fluxes is one of the interesting models to lead to realistic particle physics.

The low energy effective open string theory is a ten dimensional super Yang-Mills (SYM) theory. So far,

higher dimensional SYM models with magnetic fluxes have been studied [11,23]. On the other hand, the

dynamics of open string and single D-brane is described by the Dirac-Born-Infeld (DBI) action [24–26]

which corresponds to Maxwell action at low energy, and the Chern-Simons action [27–33]. However

the DBI action includes more stringy and D-brane corrections. Thus, it is important to study the

compactification of DBI action in order to ivestigate higher order corrections.

The dynamics of the stack of D-branes with open string is described by non-abelian Dirac-Born -Infeld

(NDBI) action [34, 35]. They are proposed at the point of consistency such as T-duality [36–38]. At

the lowest order, the NDBI action is equivalant to Yang-Mills theory. However the corrections of NDBI

action are less-known due to the non-commutativity of gauge representation. Futhermore the effective

thoery derived from NDBI action is less-known. These facts give us a motivation to study dimensional

reduction of the NDBI action.

In this paper, we derive the 4D effective action from NDBI action with magnetic fluxes. In the following

discussions, we set the field strength H of NS-NS 2-form B to zero for simplicity. Also we ignore CS

terms because they contribute to topological terms mainly. We focus on the bosonic part of NDBI action

since fermionic terms can be found by supersymmetry.

In paticular, we derive these corrections and examine them from the viewpoint of the supergravity. In

other words, we study Kähler potential, gauge kinetic functions and superpotential including D-terms

and F-terms. It turns out that the magnetic fluxes contribute to the Kähler potential and gauge kinetic

functions in 4 dimensional effective theory derived from NDBI action. Whereas there are no additional

flux contributions in holomorphic Yukawa couplings in the superpotential comparing with that from super

2



1 INTRODUCTION

Yang-Mills theory. The superpotential can be read from qurtic coupling terms and the contribution of

Kähler metric to the scalar potential is shown to be consistent with supergravity formulation.

In Section 2 and 3, we give a brief review on supersymmetric theory including super Yang-Mills and

supergravity. In Section 4, we explain the string theory and show that the supergravity theories corre-

spond to the superstring theory at low energy. In Section 5, we explain the magnetized compactification

and show the some simple models. In Section 6, we construct the higher dimensional supergravity thoery

explicitly and show that there are many solitonic solutions known as D-brane. In Section 7, we study 4D

low energy effective action derived by dimensional reduction of the NDBI action with magnetic fluxes.

The detailed calculation results are in appendix B. section 8 is devoted to our summary and diacussion.

3



2 SUPERSYMMETRY

2 Supersymmetry

In this section, we review supersymmetric theory that will be enough in this paper. We are interested

in the algebras, their representation, the transformation of the fields and the invariant actions. This

section follows refs [26, 39–46]

2.1 Wess-Zumino Model

2.1.1 Wess-Zumino Action

Supersymmetry is a symmetry in which bosons and fermions are interchanged. In this part, before

considering supersymmetric algebra, we consider a Lagrangian containing free bosons and free fermions,

and find a symmetry that swaps bosons and fermions in such a way as to keep the Lagrangian invariant.

L =
1

2
(∂µA)2 +

1

2
(∂µB)2 +

1

2
Ψiγµ∂µΨ (2.1.1)

We take ψ to be the Mayorana spinor. This action is called Wess-Zumino model. Since A and B are real

scalar fields, we will use them to define the complex scalar field:

ϕ =
A− iB√

2
(2.1.2)

Using this complex scalar, the Lagrangian can be rewritten as follows:

L = ∂µϕ∂
µϕ∗ +

1

2
Ψiγµ∂µΨ (2.1.3)

This Lagrangian is invariant under global O(2) symmetry because the real scalar field A,B is symmetri-

cally contained. In other words, the Lagrangian has global U(1) symmetry. This fact plays an important

role for the Lagrangian to have supersymmetry.

Now we consider a transformation that swaps bosons and fermions, with the grassmanian parameter

of the transformation being θ:

δA = εΨ

δB = iεγ5Ψ

δΨ = −iγµε(∂µA) + γµγ5ε(∂µB)

δΨ = iγµε(∂µA) − γ5γµε(∂µB)

(2.1.4)

The Lagrangian is invariant under this transformation except for the total derivative.

The symmetry of the Lagrangian forms a group structure, so the algebra generated by this transfor-

4



2 SUPERSYMMETRY 2.1 Wess-Zumino Model

mation must be closed. To confirm this, we compute the two-fold supersymmetric transformation of the

fields.

[δ1, δ2]A = −2iε2γ
ρε1∂ρA (2.1.5)

[δ1, δ2]B = −2iε2γ
ρε1∂ρB (2.1.6)

These results show that the two-fold supersymmetric transformation for scalar fields gives a translation.

Similarly, if we consider a double transformation for the spinor field,

[δ1, δ2]Ψ = −2iε2γ
µε1∂µΨ + iε2γ

ρε1γργ
µ∂µΨ. (2.1.7)

The first term on the right hand is a translation as well as a scalar field. But the second term is not a

translation. However, if the spinor field satisfies the Dirac equation γµ∂µΨ = 0, the second term becomes

zero, the same result as for the scalar field.

Since invariance is a property that holds without equations of motion, it is unnatural that the algebra is

closed only if it is on-shell. Therefore, we introduce a new scalar field F,G and extend the supersymmetric

transformation of fermions.

δΨ = −iγρε(∂ρA) + γργ5ε(∂ρB) − εF − iγ5εG (2.1.8)

The transformation low of F and G are taken as follows:

δF = iεγρ∂ρψ

δG = −εγ5γρ∂ρψ
(2.1.9)

By dermining the transformation rule in this way, the transformation rule of [δ1, δ2] for A and B is

invariant. Furthermore, the extra second term in the transformation of [δ1, δ2] for ψ is zero without

equation of motion. In other words, the supersymmetric transformation for the fields originally included

in the Lagrangian is a closed algebra. However, since we have introduced new fields F and G into the

theory, we have to make sure that the algebra of transformations for these fields is closed. Indeed,

calculating the algebara, we confirm the algebra is closed for F and G.

[δ1, δ2]F = −2ε2γ
ρε1∂ρF (2.1.10)

[δ1, δ2]G = −2ε2γ
ρε1∂ρG (2.1.11)

In the above discussions, the Lagrangian is invariant under supersymmetry except for the total deriva-
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2 SUPERSYMMETRY 2.1 Wess-Zumino Model

tive. In other words, at the level of the action, it is supersymmetric invariant by imposing appropriate

boundary conditions, but strictly speaking, the Lagrangian is not invariant. We have introduced a new

field F,G so that the algebra generated by the supersymmetric transformation is closed. So, if we consider

adding a new term to the Lagrangian to cancel this total derivative term using F and G, we can easily

calculate that we can add the following terms;

1

2
F 2 +

1

2
G2 (2.1.12)

Thus, the Lagrangian that is supersymmetric invariant and closes the algebra of its transformations and

its transsformation low are as follows:

S =

∫ [
1

2
(∂µA)2 +

1

2
(∂µB)2 +

1

2
Ψiγµ∂µΨ +

1

2
F 2 +

1

2
G2

]
d4x (2.1.13)

δA = ε̃Ψ

δB = iε̄γ5Ψ

δF = iε̄γρ∂ρΨ

δG = −ε̄γ5γρ∂ρΨ

δΨ = −iγρε (∂ρA) + γργ5ε (∂ρB) − εF − iγ5εG

δΨ̄ = iε̄γρ (∂ρA) − ε̄γ5γρ (∂ρB) − ε̄F − iε̄γ5G

(2.1.14)

One of characteristic features of this supersymmetric Lagrangian is that it contains the same number

of fermions and bosons. Since supersymmetry is a symmetry that swaps bosons and fermions, it is

intuitively consistent to have the same number of bosons and fermions.

Furthermore, the newly introduced fields F,G do not contain any kinetic terms in their action. Only

the mass term is included in the Lagrangian. Solving the equation of motion for F,G, we find that

F = 0, G = 0. Therefore, felds such as F and G are called auxiliary fields. Solving the equations of

motion for all fields, F,G is zero, but the algebra generated by the transformation law of the spinor field

is also closed, so it is consistent.

We consider the mass terms for scalar and spinor fields. The quadratic terms of such fields that preserve

supersymmetry are written as follows:

Lm =

(
1

2
ΨΨ +AF +BG

)
m (2.1.15)

AF and BG are the mass terms of A and B using the auxiliary field equations of motion F = −mA,G =

−mB. If we add such terms to the Lagrangian, we are again left with the contribution of the total

6



2 SUPERSYMMETRY 2.1 Wess-Zumino Model

derivative.

The model considered above describes two scalar fields and one spinor field, and both masses of each

have to be m.

The equation of motion for the Lagrangian with the introduction of the interaction term can be sum-

marized:

2A+mF ∗ = 0, iσµ∂µψ +mψ = 0, F ∗ +mA = 0 (2.1.16)

Since this Lagrangian is of normal order, the vacuum expectation value is vanished. In other words,

even if an interaction term is introduced, there will be an equal number of bosons and fermions, and

the divergence cancels out. The Wess-Zumino model with such an interaction term can be constructed

relatively easily by considering a superfield.

2.1.2 Superalgebra of Wess-Zumno Model

In the previous section, we constructed a Wess-Zumino model in 4-dimension and found the supersym-

metric transformation laws of the fields are given by (2.1.14). These transformation laws form a closed

algebra, called the extended Lie group.

The smallest spinor in four-dimensions has four real degrees of freedom. We can describe the spinor as

a Weyl spinor which has two complex degree of freedom in 4 demensions or Majorana spinor with four

components imposed a reality condition.

Supersymmetric transformations are the symmetry that swaps bosons and fermions, and from the

point of view of group theory, they are transformations that swap representations of the Lorentz group.

In other words, we can expect that the Lorentz group and supersymmetry are non-commutative. For

this reason, we first consider the Lorentz group. The spinor field ψ of spin s is the 2s + 1-dimensional

representation of SU(2). Since there are three independent generators of SU(2), the required parameters

are also three. Let us write the parameters as θx, θy, θz respectively, and the SU(2) transformation rule

for the spinor field is given by

ψ → eiθnJnψ, (2.1.17)

where Jn is a (2s + 1) × (2s + 1) matrix, which generates the SU(2) Lie algebra. Considering the spin

1/2, J is a 2 × 2 matrix, and its representation can be written in terms of Pauli matrices. Since Jn is a

generator of SU(2), the following commutation relation is satisfied

[Ji, Jj ] = iεijkJk. (2.1.18)

7



2 SUPERSYMMETRY 2.2 Superalgebra

The algebra generated by the supersymmetric transformation can be written as

[δ1, δ2] = −2iε2γ
ρε1∂ρ (2.1.19)

Defining Pρ = −i∂ρ, we obtain the following algebra:

[δ1, δ2] = 2iε2γ
ρε1Pρ (2.1.20)

Since the Pρ is a generator of translation, supersymmetry is a nontrivial algebra not only with the Lorentz

group but also with the translational group. In other words, supersymmetry extends the Poincaré group.

In the following, we will discuss the general supersymmetric algebra.

2.2 Superalgebra

The following important theorem is proved by Coleman and Mandula [47].

No-Go Theorem� �
The only symmetries that make the S-matrix invariant are the following:

1. Poincaré invariance

2. Discrete symmetry C,P, T

3. Internal symmetry� �
Here, internal symmetry is a symmetry that does not affect spacetime, such as the phase transformation

U(1) or gauge symmetry. The assertion of this theorem seems to prohibit symmetries such as swapping

bosons and fermions, as we saw in the previous section. However, this theorem holds only if Lie algebras

has product structure defined by commutation relation. In other words, Clifford algebras with anti-

commutative relations do not violate this No-Go theorem. In fact, the following theorem was proven by

Haag, Lopuszanski, and Sohnius [48]

Haag-Lopuszanski-Sohnius theorem� �
. The only algebra with a product structure of anti-commutative relations that is consistent with

Poincaré symmetry is supersymmetry.� �
By considering the Clifford algebra, we can construct a supersymmetry algebra in several dimen-

sions [26, 49].

8



2 SUPERSYMMETRY 2.2 Superalgebra

2.2.1 N = 1, D = 4 Superalgebra

The smallest d = 4 supersymmetry algebara would have one Weyl or Majorana spinor of supercharges.

In global supersymmetry (SUSY), quantum field theory with Poincaré and internal symmetry whose

charges are denoted by M[µν], Pµ and TA respectivly is extended to include spinor supercharges Qi
α,

where α is a spacetime spinor index and i = 1, ..., N is a label of distinct supercharges.

Since the 4D spinors can be taken to be Weyl spinors, we decompose ε and Q as Weyl spinors.

εA =

 εα

εβ̇

 , QA =

 Qα

Q
β̇

 (2.2.1)

Then we can obtain the super-Poincaré algebra from the commutation relation of the transformations:

{Qα, Qβ} = 0 {Qα̇
, Q

β̇} = 0

{Qα, Qβ̇} = 2σµ

αβ̇
Pµ.

(2.2.2)

This algebra is called an extended Lie algebra since it includes not only commutation relations but also

anti-commutation relations.

Next, we derive the commutation relation between Qα and Mµν and Pµ. Mµν is a generator of the

Lorentz group, and if we take the spinor representation, Mµν is represented as

Mµν = i

 σµν 0

0 σµν

 . (2.2.3)

Since Qα is a spinor, it obeys the same transformation rule as the spinor field:

[Mµν , Qα] = −i(σµν)βαQβ , [Mµν , Qα̇] = −i(σµν)β̇α̇Qβ̇ . (2.2.4)

Similarly, the commutation relation with Pµ is given by

[Pµ, Qα] = 0. (2.2.5)

This algebra can also be seen from the fact that the supersymmetric transformation does not change the

mass of the fields. These algebras can be derived by using the Jacobi identity.

From the above, the generators of the super-Poincaré group satisfy the following algebra:

[Mµν ,Mρσ] = i (ηνρMµσ − ηµρMνσ + ηµσMνρ − ηνσMµρ) (2.2.6)

9



2 SUPERSYMMETRY 2.3 Representation

[Pµ, Jρσ] = i (ηµρPσ − ηµσPρ) (2.2.7)

[Pµ, Pv] = 0 (2.2.8)

{Qα, Qβ} =0 (2.2.9){
Q̄α̇, Q̄β̇

}
= 0 (2.2.10){

Qα, Q̄β

}
= 2σµ

αβ̇
Pµ (2.2.11){

Qa, Q̄β̇
}

= 2σ̄µβ̂αPµ (2.2.12)

[Qα, Pµ] = 0 (2.2.13)

[Jµν , Qα] = 0 (2.2.14)

[Jµν , Qα] = −i (σµν)
β
αQβ (2.2.15)[

Jµν , Q̄α̇

]
= −i (σ̄µν)

β̇
α̇ Q̄β̇ (2.2.16)

The fact that these commutation relations are actually algebraic can be confirmed by calculating the

Jacobi identity.

Finally, since the supersymmetric generator Q is a complex representation, there naturally exists a

U(1) symmetry:

[Qα, R] = Qα, [Qβ̇ , R] = −Qβ̇ (2.2.17)

This symmetry is called R-symmetry.

2.3 Representation

Next, we construct the representation of superalgebra.

2.3.1 Super-Poincaré Algebra and its Casimir Operator

There are only two Casimir operators in the Poincaré group. One is the mass operator PµP
µ and the

other is WµW
µ where Wµ is the Pauli-Lubanski operator. Even if we extend the Poincaré group to the

supe-Poincaré group, there are only two Casimir operators, one of which is the mass operator PµP
µ, the

same as the Poincaré group. The other Casimir operator is the Pauli-Lubanski operator with corrections

from supersymmetric generators:

Cµν = BµPν −BνPµ, Bµ = Wµ − 1

4
Qα̇σ

α̇β
µ Qβ (2.3.1)

Using this operator, the Casimir operator is given by CµνC
µν .

As is clear from the supersymmetric algebra, in order to define a representation of a supersymmetric

10



2 SUPERSYMMETRY 2.3 Representation

algebra, we must define the number of supersymmetries, massive or massless states, and existence of

the central charges. In the following, we focus on N = 1 SUSY and the massless states. Using Lorentz

symmetry, we choose the light cone system pµ = (E, 0, 0, E) for massless states.

2.3.2 N = 1 Massless Supersymmetry Representations

In N = 1 supersymmetry, there are no central charges. Since the only supersymmetric generators are

Q,Q, there are only two states, |ϕ⟩ and Qα̇ |ϕ⟩. If we consider even CPT conjugates, there are four. We

focus on the massless states. If the helicity is written by λ, their helicities are given by

(λ, λ+ 1/2), (−λ− 1/2,−λ). (2.3.2)

Since λ is an arbitrary, we can consider λ such that λ, λ + 1/2 are interested physycally. Since spin-1/2

fermions, scalar particles, and vector gauge fields are of physical interest, we take λ to be 0 or 1/2. There

is no problem in setting λ = 3, but whether it is physically important is another matter. Massless particle

with helicities greater than 2 are believed to be impossible to coupling to gravity, and have not arisen in

string theory.

First, we consider the λ = 0 case. The massless supermultiplet in this case is given by

(0, 1/2), (−1/2, 0). (2.3.3)

The chiral fermion is included in this multiplet. Hence this multiplet is called chiral multiplet or matter

multiplet. The spin 1/2 particle is a Weyl spinor, which has two-components, so the spin-0 scalar particle

must be a complex scalar.

Next, we consider the λ = 1/2 case. In this case, the multiplet is given by

(1/2, 1), (0,−1/2). (2.3.4)

Since these four states are massless and the spin one particle correspond to vector field, this multiplet

contains a gauge field Aµ. This is why it is called a gauge multiplet. The spin 1/2 state, which is

supersymmetric with the spin-1 state, is called the gaugeino. Aµ is a adjoint representation of the gauge

group, and so the gaugino is also adjoint representation.

In order to obtain the spin-2 state, we consider the λ = 3/2 case. The multiplet is given by

(3/2, 2), (−1,−3/2) (2.3.5)

11



2 SUPERSYMMETRY 2.4 Superspace

Since spin-2 state describe a graviton, this multiplet is called graviton multiplet.

2.4 Superspace

In this section, in order to construct a supersymmetric action easily, we define the sparspace and

sperfields in next section.

The coordinates xµ is a representation of the Lorentz group and describes spacetime. On the other

hand, the spinor θ is a representation of SU(2), the covering group of the Lorentz group. Supersymmetry,

as we have seen in the previous discussion, is a symmetry that swaps bosons and fermions, which can be

regarded as a rotation of the coordinates xµ and the spinor θ. Therefore, by considering θ as a coordinate

in space in the same way as xµ, supersymmetry is regard as just a rotation in this coordinate and we can

easily extend a theory with no supersymmetry to a theory with supersymmetry. Thus, the space-time

coordinate xµ plus the θ direction, which is the representation of SU(2), is called the superspace.

The sperspace coordinate is written as

zm = (xµ, θα, θα̇) (2.4.1)

where since θ and θ are two component spinor respectively, zm has 8 components.

Extending spacetime in this way, the original Poincaré symmetry of spacetime is extended to a super-

Poincaré symmetry. The super-Poincaré generators are given by a product of the Lorentz generator L(ω)

and the supertranslational generator S(x, θ, θ):

gL(x, θ, θ) = S(x, θ, θ)L(ω) (2.4.2)

Futhermore, the supertranslational generator S is given by the supersymmetry generator Q and Q and

translation generator P :

S(x, θ, θ) = exp
[
ixµPµ + iθαQα + iθα̇Q

α̇
]

(2.4.3)

where the reason for treating the translational group and supersymmetry as a pair instead of the Lorentz

group and supersymmetry is that the products of two supersymmetric transformations is translation.

Calculating the product of two supertranslation, the transformation law of the parameters can be read

from the coefficients of the generators and then we find

x′µ = xµ + aµ + i(θσµξ − ξσµθ)

θ′α = θα + ξα

θ
′
α̇ = θα̇ + ξα̇

(2.4.4)
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2 SUPERSYMMETRY 2.5 Superfields

The translation group is an infinite dimensional group and there is no finite dimensional unitary

representation. One of the most common representations is to express translation generator by spatial

differentiation:

Pµ = −i∂µ (2.4.5)

Since the spacetime is extended to the superspace, the generator Q is also seemed to be given by the

coordinate derivative of the Grassmann direction ∂/∂θ. However, from the supersymmetric algebra, the

product of two translations in the Grassmann direction lead to a translation in the space-time direction.

Therefore, it is necessary to modify the derivative along the Grassmann direction by adding a derivative

term in the spacetime as follows.

iQα = ∂α − iσµ
αα̇θ

α̇
∂µ

iQ
α̇

= ∂
α̇

+ iθασµα̇
α ∂µ

(2.4.6)

Indeed, by using these representations to compute the commutation relations, we can confirm that super-

Poincaré algebra are satisfied.

2.5 Superfields

In the quantum field theory, fields are given by the function of space-time coordinates that obeys a

transformation law under the Poincaré group. Since we are now considering a superspace, we get the

function obeyed the transformation law under the super-Poincaré group. Since the functions depend on

the superspace coordinates, the functions can be written as

f(z) = f(x, θ, θ). (2.5.1)

A supertranslation on sperspace is described by

f ′(z) = ei(aP+ξQ+ξQ)f(z). (2.5.2)

The infinitesimal transformation corresponding to this transformation is given by

δf = i(aP + ξQ+ ξQ)f. (2.5.3)

In a field theory, fields are distinguished by a representation of the Poincaré symmetry. The fields on

a superspace can likewise be defined by a representation of the super-Poincaré symmetry.

First of all, we explain some general properties on superspace. Since we consider the functions on a

superspace, Φ is a function of x, θ, θ. Since θ, θ are Grassmann, the second order is vanished. Therefore,
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2 SUPERSYMMETRY 2.5 Superfields

we expand the field Φ in θ, θ.

Φ(z) =C(x) + θαχα(x) + θα̇η
α̇(x) + θ2M(x) + θ

2
N(x)

+ θασµ
αα̇θ

α̇
Aµ(x) + θ

2
θαλα(x) + θ2θα̇ξ

α̇
+ θ2θ

2
∆(x)

(2.5.4)

Since the fields in each terms depends only on x, it is a field on spacetime. Also, since θ, θ is a spinor,

we can find the representation of the Lorentz group.

Scalar C(x), M(x), N(x), ∆(x)

Spinor χ(x), η(x), λ(x), ξ(x)

Vector Aµ(x)

(2.5.5)

Since these fields are components of Φ that behave as scalars under the super-Poincaré group, they swap

each other under the super-Poincaré group. In other words, they belong to the same super-Poincaré

group representation. Since the component fields swap each other, the degrees of freedom of the fermions

and bosons must coincide. In fact, the degrees of freedom of the boson and fermion are 8 respectively, so

they coincide. However, we can see that the number of fields in the Lagrangian is larger than the number

of fields in Wess-Zumino model. This implies that the field Φ is a reducible representation of SUSY and

the constraints are needed.

2.5.1 Scalar Superfields

In order to construct the supersymmetric action easily, we define the scalar field. A scalar is a quantity

that transforms trivialy under a symmetry. Since we consider a superfield on a superspace, a scalar

superfield is a field invariant under the super-Poincaré group. Therefore, the scalar superfield is the field

satisfying the following conditions:

Φ′(z′) = Φ(z) (2.5.6)

With this condition, we restrict the component fields derived from the expansion in (2.5.4). The parame-

ters of the transformation are regarded as small quantities, and by expanding to the first order, we obtain

the field variates as follows:

δΦ(z) = −i(aµPµ + ξαQα + ξα̇Q
α̇

)Φ (2.5.7)

Similarly, since ∂µΦ is also a superfield, the infinitesimal transformation is given by

δ(∂µΦ(z)) = −i(aµPµ + ξαQα + ξα̇Q
α̇

)∂µΦ (2.5.8)
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2 SUPERSYMMETRY 2.5 Superfields

In other words, Φ and ∂µΦ follow the same transformation rule. However, the derivative along Grassmann

direction ∂α and Q is not commutative. Therefore, ∂αΦ is not a superfield. This corresponds to the fact

that if a supersymmetric transformation is applied twice, it becomes a translational transformation of

spacetime. In other words, the Grassmann direction is twisted. Therefore, as in relativity or gauge theory,

we need a covariant derivative:

DαQ
β̇

= −Qβ̇
Dα (2.5.9)

The derivative satisfied this property is determined by

Dα = ∂α + iσµ
αα̇θ

α̇
∂µ. (2.5.10)

Next, we consider the supersymmetric transformation law of the field that makes the supermultiplet

contained in the scalar superfield. Focusing on only the supersymmetric transformations proportional to ξ

in (2.5.8), and substituting the expression by the differential operator of Q, we obtain the supersymmetry

transformations:

δC = ξχ+ ξη, δχα = 2ξαM + (σµ)αβ̇(i∂µC +Aµ), δηα̇ = 2ξ
α̇
N + χβ(σµ)βγ̇ϵ

γ̇α̇(i∂µC −Aµ)

δM = ξψ − i

2
∂µχσ

µξ, δN = ξλ+
i

2
ξσµ∂µη

δAµ = ξσµψ + λσµξ +
i

2
ξ∂µχ− i

2
∂µηξ − ξσµν∂νχ− ∂νησµνξ, δ∆ =

i

2
∂µ(ξσψ − λσµξ)

δλα = 2ξα∆ + i(σµξα∂µN − i

2
(∂µAµξα − 1

2
(∂µAν − ∂νAµ)(ξσµν)βϵαβ

δψ
α̇

= 2ξ
α̇

∆ + iξβ(σµ)βγ̇ϵ
γ̇α̇∂µM +

i

2
∂µAµξ

α̇ − 1

2
(∂µAν − ∂νAµ)(σµνξ)α̇

(2.5.11)

Finally, the scalar superfield defined in this way is not an irreducible representation of the N = 1 super-

symmetric algebra. This can be seen from the discussion in the previous section, where there are three

fields included in the supermultiplets, including the auxiliary field, but there are nine fields included in

the scalar superfield. In addition, the supersymmetric transformation of the component field ∆, which

has the highest order among the component fields of the scalar superfield, is total differentiation. This

means that the addition of ∆ to the Lagrangian is a supersymmetric invariant.

2.5.2 Chiral Superfields

Next, we consider the field on superspace including spinor.

The Chiral multiplet including additional auxiliary degree of freedom, which eventually dissappear

on-shell is given by

(C,χ,N), (2.5.12)
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where N is a complex scalar auxiliary field. These fields are included as a θ term in the general superfield

(2.5.4). Therefore, we impose the constraint defined by ∂/∂θ:

Dα̇Φ = 0 (2.5.13)

In order to find the chiral superfield satisfy this condition, we specifically expand Φ and write it down in

term of the componet field, then we get the following fields:

ηα̇ = 0, N = 0, Aµ = i∂µC

λ = 0, ψα̇ = − i

2
∂µϕ

β(σµ)βα̇, ∆ = −1

4
∂2C

(2.5.14)

Forthermore, substituting this component fields in the supersymmetry transformations, the transfor-

mation laws for the chiral multiplets can be obtained as

δC = ξϕ, δχα = 2ξαM + 2i(σµ)αβ̇ξ
β̇
∂µC, δψ

α̇
= 0

δN = 0, δAµ = i∂µχξ − ∂νχσ
µνξ − ξσµν∂νχ, δλ = 0

δψ
α̇

= ∂µ(iξβ(σµ)βγ̇ϵ
γ̇α̇M − ∂µCξ

α̇
), δ∆ = −1

4
∂2χξ

(2.5.15)

From the above, by substituting these conditions into the general superfield, the chiral suprefield is

given by

Φ(x, θ, θ) = C + θχ+ θ2M + i(θσµθ∂µC − i

2
θ2(∂µχσ

µθ) − 1

4
θ2θ

2
∂2C (2.5.16)

For more simple discription, we define the new coordinate y

yµ = xµ + iθσµθ, yµ = xµ − iθσµθ, (2.5.17)

and this coordinate satisfies

Dα̇y
µ = 0 = Dαy

µ. (2.5.18)

Using this coordinate, we can write down the chiral super fields as

Φ(y, θ) = A(y) +
√

2θψ(y) + θ2F (2.5.19)

If we expand these fields in term of x, we can realize (2.5.16).
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2.5.3 Vector Superfields

In order to describe gauge interactions in SUSY theories, we introduce gauge bosons. Gauge bosons

are contained in vector multiplets and we define superfields satisfying reality condition:

V = V † (2.5.20)

Expanding this condition with component fields, we can obtain the conditions for the component fields

C = C†, χ = η, M = N†, Aµ = A†
µ, λ = ψ, ∆ = ∆†, (2.5.21)

and write down the vector superfield in term of component fields:

V = C + θχ+ θχ+ θ2N† + θ
2
N + (θσµθ)Aµ + θ2θλ+ θ

2
θλ+ θ2θ

2
∆ (2.5.22)

The fields contained in the vector superfield (2.5.22) are more numerous than those contained in the

N=1 vector supermultiplet, so it is not seems to be an irreducible representation of the supersymmetric

algebra. However, some of the fields in the vector superfield are gauge degrees of freedom that appear

by gauge transformations, and the physical component fields in the vector superfield coincide with the

vector multiplet. In order to see this, we define the superfield corresponding to gauge degree of freedom,

satisfying reality condition trivialy, and which is given by

Φ + Φ†. (2.5.23)

In other words, the gauge transformation can be described as

V → V ′ = V + Φ + Φ† (2.5.24)
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2 SUPERSYMMETRY 2.5 Superfields

This transformation can be written down in the component field as follows:

C → C +A+A†

χ→ χ+
√

2ψ

N → N + F †

Vµ → i∂µ(A−A†)

λ→ λ+
i√
2
σµ∂µψ

∆ → ∆ − 1

4
∂2(A+A†)

(2.5.25)

Indeed, the transformations for Aµ are the same usual gauge transformations for gauge fields. We can

also read from these transformation laws that some of the fields in the vector superfield are not physical

degrees of freedom.

By taking the field of the gauge degree of freedom as

C +A+A† = 0, χ+
√

2ψ = 0, N + F † = 0, (2.5.26)

the vector field can be written more simplily as

V ′ = (θσµθ)A′
µ + θ2θλ

′
+ θ

2
θλ′ + θ2θ

2
∆′ (2.5.27)

These component fields are the same as vector multiplet. The gauge of (2.5.26) such that the component

fields of the vector superfield are only physical fields is called the Wess-Zumino gauge, and we write this

vector field as VWZ .

The supersymmetry transformation for the VWZ is given by

δξVWZ = −θσµθδξvµ + iθ2θδξλ− iθ
2
θδξλ

Using the fact that δξ = (Qξ +Qξ), we have

(ξQ+ ξQ)VWZ ̸= δξVZW

This equation implys that WZ gauge breaks supersymmetry because the left-hand side of θ has a first-

order term of θ, but no such term appears in δξVWZ .
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2.5.4 Spinor Superfields

Next, in order to construct a gauge invariant action, we need to define a superfield corresponding to

field strength in the abelian case. Since the superfield containing the field strength must be supersym-

metric invariant, the differential operator must be described by the covariant differential operator Dα and

from the anticommutation relation {Dα, Dβ} = 2iσαβ∂µ, it seems that we can apply DD to the vector

superfield. In addition, from the condition for a chiral superfield, D or D must act once more because

DDD and DDD have at most θ or θ terms respectively, and the chiral condition is trivialy satisfied

from DDDD = DDDD = 0. If we impose the chiral condition on DDV , the condition is a nontrivial,

and it imposes additional restrictions on the vector superfield. However, since the vector multiplet is

a irreducible representation of the supersymmetry, even if we impose a restriction on the irreducible

representation, DDV = 0 because there is no other irreducible representation other than the trivial one.

Therefore, the chiral condition must be satisfied trivially and the superfield corresponding to the field

strength is defined by

Wα = −1

4
(DD)DαV (2.5.28)

Similarly, we can define an anti-chiral superfield W α̇ by replacing D ↔ D. These superfields are satisfied

with the chiral condition trivially and called spinor supefieds. These spinor fields are satisfied with the

following identity:

Dα̇W
α̇

= DαWα (2.5.29)

We show that the spinor superfield defined in this way does indeed contain a field strength. If the

spinor superfield contains a field strength, it must be gauge invariant. In fact, if we consider the gauge

transformation of the spinor superfield, the gauge degrees of freedom are described by Φ + Φ†, and since

Wα contains both D and D, by using the chiral condition DΦ = 0, the gauge degrees of freedom vanish.

Therefore, W ′ = W is clearly satisfied.

Therefore, the action described by Wα is gauge invariant and supersymmetric invariant. This means

that even if Wα is fixed in gauge, it will not affect the action, so for simplicity we take the WZ gauge

fixation. Furthermore, we use y instead of x as the coordinate system. The spinor superfield can be

written down in terms of the component fields as follows:

Wα = λα + 2θα∆ + (σµνθ)α(∂Aµ − ∂νAµ) − iθ2(σµ∂/µ)(σµ∂µλα) (2.5.30)

2.5.5 Non-abelian Chiral, Vector and Spinner Superfield

In the previous discussions, the superfields were the representation of U(1) which is U(1) R-symmetry,

but more generally, we can consider superfields that are representations of non-abelian gauge groups.
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The gauge transformation in the vector superfield is given by (2.5.24), and the finite transformation of

this transformation can be written as

eV → eV
′

= eΦ
†
eV eΦ. (2.5.31)

Since from the group theoretical point this transformation rule is in general, the non-abelian gauge

transformation rule is also given by like this.

Let T a be the generator of a non-abelian gauge group and assume the algebra for this gauge group is

given by

[T a, T b] = ifabcT c, (2.5.32)

where we choose the following normalization:

trT aT b = δab (2.5.33)

If we expand (2.5.31) in first order, we can obtain the infinitesimal non-abelian gauge transformation rule

δV =
1

2
[V,Φ − Φ†] + (Φ + Φ†) (2.5.34)

Expanding this transformation in the component fields, we realize the transformation rules such as Yang-

Mills theory.
1

2
δAµ =

1

2
[Aµ, A] + i∂µA

δλα = [λα, A]

δλ
α̇

= [λ
α̇
, A]

δ∆ = [∆, A]

(2.5.35)

We define spinor superfield for the non-abelian gauge vector superfields.

Wα = −1

4
DDe−VDαe

V (2.5.36)

Indeed, the spinor field defined in this way is transformed covariantly.

Finally, non-abelian spinor fields in the WZ gauge are given by

Wα = λα + 2θα∆ + (σµν)βαθβ

(
∂µAν − ∂νAµ − i

2
[Aµ, Aν ]

)
− iθ2(σµ)αβ̇

(
∂µλ

β̇ − i

2
[Aµ, λ

β̇
]

)
. (2.5.37)
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2.6 D = 4, N = 1 Supersymmetric Action

In this section, we construct supersymmetric action with superfields.

2.6.1 Superpotential and Kähler Potential

Since the d-term of a vector multiplet is the total derivative under supersymmetry transformation, the

following action is supersymmetric invariant:

∫
d4xd4θV (x, θ, θ) (2.6.1)

Since the vector superfield is a superfield that satisfies the real conditions, if we take Φ as the most

direct vector field and V = ΦΦ†, we can derive the kinetic terms for the component fields of the chiral

superfield. Therefore, Φ†Φ is called the Kähler potential.

Similarly, the F-term existed as a supersymmetric invariant component of the chiral superfield. Since

the F-term is a θ2-component field of the chiral superfield Φ, the following action is supersymmetry

invariant: ∫
d4xd2θΦ(y, θ) +

∫
d4xd2θΦ

†
(y†, θ) (2.6.2)

In general, the field formed by the product and sum of chiral superfields is also a chiral superfield, so any

function W (Φ) is also a chiral superfield. Therefore the following action is also supersymmetric:

∫
d4x

[∫
d2θW (Φ) + h.c

]
(2.6.3)

Performing the θ2 and θ
2

integrals of this action, we can obtain the mass terms and the interaction terms

for the component fields of Φ. W (Φ) is called the superpotential.

From the above discussions, since the kinetic term is given by the Kähler potential and the mass and

interaction terms by the superpotential, the general action can be written as

S =

∫
d4x

∫
d4θΦ†Φ −

∫
d4x

[∫
d2θW (Φ) + h.c

]
(2.6.4)

If there are some chiral superfields Φ which written as ΦI , the general N = 1 supersymmetric action

is given by

S =

∫
d4xd4θ4K(ΦI†,ΦJ) −

∫
d4x

[∫
d2θW (ΦI) + h.c

]
. (2.6.5)
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In order to write down this Lagrangian explicitly, we expand K and W in terms of Φ such as

K(ΦI ,ΦJ†) =
∑

I1...IN ,J1...JM

ΦI1 · · ·ΦIN ΦJ1† · · ·ΦJM†

W (ΦI) =
∑

dI1...IN ΦI1 · · ·ΦIN .

(2.6.6)

We also expand K and W in terms of θ to find the Lagrangian for the component fields:

W (ΦI) = W (A) +
√
wθχI ∂W (A)

∂AI
+ θ2

[
F I ∂W (A)

∂AI
− 1

2
χIχJ ∂

2W (A)

∂AI∂AJ

]
, (2.6.7)

K|
θ2θ

2 =gIJF
IF J∗ − 1

2
gIMΓM

JK
F IχJχK − 1

2
GMIΓM

JKF
IχJχK +

1

4
gIJ,KLχ

IχKχJχL

− gIJ∂mA
I∂mAJ∗ − igIJχ

Jσm∂mχ
I − igMKΓM

IJχ
KσmχI∂mA

I ,

(2.6.8)

where all the component fields are the function of ym and we have defined

gIJ =
∂

∂AI

∂

∂AJ∗K|θ=θ=0

gIJ,K =
∂

∂AK
gIJ = gMJΓM

IK

(2.6.9)

Substituting these expansions into (2.6.5) and using the equation of motion of F I , we obtain the La-

grangian for the component fields:

L = − gIJ∂mA
I∂mAJ∗ − igIJχ

JσmDmχ
I +

1

4
RIJKLχ

IχKχJχL

− 1

2
DIDJWχIχJ − 1

2
DIDJW

∗χIχJ − gIJDIWDJW
∗,

(2.6.10)

where we have defined

Dmχ
I = ∂mχ

I + ΓI
JK∂mA

IχK

DIW =
∂W

∂AI

DIDJW =
∂2W

∂AI∂AJ
− ΓK

IJ

∂W

∂AK
.

(2.6.11)

2.6.2 Super Yang-Mills Theory

In this section, we explain N = 1, D = 4 Super Yang-Mills theory.

Since spinor field Wα is a chiral superfield, WαW
α is also a chiral superfield. Thus, a supersymmetric
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2 SUPERSYMMETRY 2.6 D = 4, N = 1 Supersymmetric Action

invariant action can be constructed by using the F-term of the chiral superfield WαW
α:

[trWαWα]F θ
2 =ϵαβ tr

[
−2iλβθ

2(σµ)αγ̇Dµλ
γ̇

+ 2θβ∆2θα∆

+4θβ(σµν)γαθγFµν + (σµν)ρβθρFµν(σµ′ν′
)γαθγFµ′ν′

] (2.6.12)

By using Firtz identities and trace properties, (2.6.12) can be rewritten as

[trWαWα]F = tr

[
−2iλσµDµλ+ 4∆2 − 1

2
FµνF

µν − i

4
ϵµνρσFµνFρσ

]
. (2.6.13)

We define the complex coupling constant as

τ =
4πi

g2
+

Θ

2π
, (2.6.14)

where g is the gauge coupling constant and Θ is the Yang-Mills theta angle

From the above, the N=1 super Yang-Mills action without matter field is given by

SN=1
YM =

1

8π

∫
d4x Im

(
τ

∫
d2θ trWαWα

)
=

1

8π

∫
d4x Im[τ trWαWα]F ],

(2.6.15)

and in the component fields

SN=1
YM =

1

g2

∫
d4x tr

[
−1

4
FµνF

µν − iλσµDµλ+ 2∆2

]
− Θ

32π2

∫
d4x Im[τ trWαWα]F (2.6.16)

Next, we consider the Yang-Mills theory coupled to the matter fields. The matter fields are described

by the chiral superfield. Since we would like to consider a system in which the chiral superfield Φ interacts

with the gauge field, we assume that Φ is an R-representation of the gauge group, and the transformation

laws are given by

Φ → e−ΛΦ, Φ† → Φ†e−Λ†
. (2.6.17)

Since the interaction between the gauge field and the matter field is described by 3-point function , the

following quantity contains the 3-point functions, and the coupling term, which is gauge invariant, can

be written as

Φ†eV Φ. (2.6.18)
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2 SUPERSYMMETRY 2.6 D = 4, N = 1 Supersymmetric Action

Indeed expanding with component fields, this term is rewritten as

SM =

∫
d4xd2θΦ†eV Φ −

∫
d4xd2θ

[mab

2
ΦaΦb +

gabc
3

ΦaΦbΦc + h.c
]

=

∫
d4x[Φ†eV Φ]d −

∫
d4x

[mab

2
ΦaΦb +

gabc
3

ΦaΦbΦc + h.c
]
F
,

(2.6.19)

where mab and gabc are the mass matrix and the coupling constant matrix, which are fully symmetric

matrices.

From the above discussions, the N = 1 super Yang-Mills theory coupled to the matter field is described

by the following action:

SN=1
1

8π

∫
d4x Im[τ trWαWα]F +

∫
d4x[Φ†eV Φ]d −

∫
d4x[W (Φ) + h.c]F (2.6.20)

The F †F derived from the superpotential contributes to the scalar potential:

VF (A†, A) = F †F = (mA+ gA2)†(mA+ gA2) (2.6.21)

This potential is called F-term potential. Since the d-term of Wα is also an auxiliary field, it leads to a

potential

VD(A†, A) =
2

g2
∆2 =

g2

8
[A,A†]2, (2.6.22)

which is called d-term potential. Thus, the potential is given by

V (A†, A) = VF + VD = F †F +
2

g2
∆2. (2.6.23)

We construct a more general N = 1 supersymmetry theory. The renormalizable superpotential in four

dimensions includes Φ3 as a maximal order, but without accounting for renormalizability, it is possible

to include the infinite order. Furthermore, we assume that the chiral superfield Φ is a representation of

gauge symmetry as well as a representation of flavor symmetry. In other words, the chiral superfield has

a flavor symmetry index I, and for each I there is a different gauge representation RI . Since the kinetic

term is obtained by the d-term of the vector superfield generated from the chiral superfield, the kinetic

term can be generalized to be written in terms of the Kähler potential K. Furthermore, since the gauge

kinetic term WαW
α is given by the F-term of the chiral superfield, there is a degree of freedom to insert

an arbitrary function f(Φ) of the chiral superfield. Thus, the most general N = 1 supersymmetry theory
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2 SUPERSYMMETRY 2.6 D = 4, N = 1 Supersymmetric Action

is given by

SN=1 =
1

8π

∫
d4x

[
Im[τ tr f(ΦI)WαWα]F + [K(ΦI†eV ,ΦJ ]d − [W (Φ) + h.c]F

]
. (2.6.24)

Since f(Φ) is the coefficient of the gauge kinetic term, it is called the gauge kinetic function. Also,

in order for the gauge kinetic term to be gauge invariant, the gauge kinetic function must be a adjoint

representation of the gauge group:

f(ΦI) → e−Λf(ΦI)eΛ (2.6.25)

Finally, the supersymmetric invariant action need only be constructed by the F-term of the chiral

superfield and the d-term of the vector superfield, and the F-term of the general chiral superfield is given

by the superpotential. However, there is no term in (2.6.24) which is constructed by the d-term of the

general vector superfield. Therefore, the following terms can be added:

SFI =

∫
d4xξ[V ]d (2.6.26)

This term is called the Fayet-Illiopoulos term.
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3 SUPERGRAVITY

3 Supergravity

In this section, we explain the supergravity theory formally and briefly for preliminaries [45, 50–54].

We omit the explicit calculations and the reviews of Type I and Type IIA/IIB supergravity theory.

3.1 Noether Method

In order to obtain supergravity theory, we consider the local supersymmetry. In other words, the

parameter θ of the transformation is dependent on spacetime coordinate x,

[θ1(x)Q, θ2(x)Q] = 2iθ1(x)γµθ2(x)Pµ (3.1.1)

Where, Q is a generator of supersymmetry, γµ is a generator of Clifford algebra and Pµ is a translation

generator. The commutator of two local supersymmetry transformation is a local translation, which is a

general coodinate transformation. Thus local supersymmetry leads to a theory of gravity and this theory

known as supergravity.

Let us consider the kinetic terms of Wess-Zumino model.

S0 =

∫
d4x

[
∂µϕ

∗∂µϕ+
i

2
ΨγµΨ

]
(3.1.2)

where, ϕ is a complex scalar field defined by two real scalar fields A and B as ϕ = (A + iB)/
√

2 and Ψ

is a Majorana supinor. This action is invariant under the glocal supersymmetry.

δA = θΨ, δB = iθγ5Ψ, δΨα = −i(γµ[∂µ(A+ iγ5B)]θ)α (3.1.3)

If we consider the local supersymmetry, S0 is no longer invariant;

δS0 =

∫
d4x∂µθγ

ργµ[∂ρ(A+ iγ5B)]Ψ ≡
∫
d4x(∂µθα)Jµ

α(x) (3.1.4)

In order to obtain an invariant action, we introduce a new field ψµα(x) with vector and spinor indices

and a new interaction term

S1 = −κ
2

∫
d4xψµγ

ργµ[∂ρ(A+ iγ5B)]Ψ (3.1.5)

where κ is a coupling constant between Ψ and ψµα. The supersymmetry transformation of ψµα is chosen

in order to cancel (3.1.4)

δψµ
α =

2

κ
∂µθα(x). (3.1.6)
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3 SUPERGRAVITY 3.2 Superspace for Curved Space

However, S0 +S1 is also not invariant under local supersymmetry. The transformation of S1 yields the

following extra terms;

δS1 = iκ

∫
d4xψµ(x)γνθ(x)

[
∂µA∂νA− 1

2
gµν∂ρA∂ρA+ · · ·

]
(3.1.7)

Here, the terms between the bracket correspond to energy-momentum tesor Θµν for the scalar field which

is obtained by varying with metric

δS =

∫
d4x

1

2
δgµνΘµν . (3.1.8)

So, we regard the coefficents of bracket in (3.1.7) as a supersymmetry transformation of a local metric

gµν(x),

δgµν(x) = −iκ(ψµγνθ(x) + ψνγµθ(x)) (3.1.9)

The corresponding spin 2 field which is graviton is a super-partner of gravitino ψµ. Thus coupling constant

κ is a gravitational coupling constant.

Continuing the above procedure until the action becames invariant, we can obtain the local supersym-

metry transformation laws

δgµν(x) = −iκ(ψµγνθ(x) + ψνγµθ(x)) (3.1.10)

δψµ(x) =
2

κ
Dµθ(x), Dµ = ∂µ +

1

2
ωab
µ σab. (3.1.11)

If we introduce the kinetic terms for gravity gµν and gravitino ψµα

S =

∫
d4x

√
g

[
− 1

2κ2
R− i

2
ϵµνρσψµγ5γν∂ρψσ

]
, (3.1.12)

we obtain the supergravity action with coupling matters. Here, ωab
µ is a spin connction and R is a

curvature which leads to Einstein equation.

The following sections, we construct a general SUGRA action with the superfields.

3.2 Superspace for Curved Space

In order to deal with the quantities on the curved spacetime, it is useful to consider the tangent space

of the curved spacetime and differential forms on it.

3.2.1 Differential Forms in Superspace

The SUGRA theory was formulated by considering local supersymmetry, which leads to the local

translation and they are regarded as the general coordinate transformations in superspace. This fact
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3 SUPERGRAVITY 3.2 Superspace for Curved Space

means that we can simplily construct the SUGRA action by using the differential forms since they are

defined on the local coordinate system.

We introduce the global superspace coordinate zM , where M = (µ, α, α̇). Since the superspace co-

ordinates zM includes the fermionic coordinate θ and θ, exterior products in superspace are defined

by

dzM ∧ dzN = −(−)NMdzN ∧ dzM (3.2.1)

(−)MN =

 −1 Both M and N are the Grassmann direction.

1 the others.
(3.2.2)

Then we can define the differential forms in superspace

Ω = dzM1 ∧ · · · ∧ dzMpWMp...,M1
(z). (3.2.3)

If we assume that the coefficient functions W with an odd number spinorial indeces are fermionic and

that those with an even number of spinorial indices are bosonic, we can realize the same multiplication

rules and exterior derivative as those on space-time manifold.

Next we consider the two coordinate systems y and z which are related by

yM = yM (z) (3.2.4)

Functions of y have a natural mapping into functions of z:

F (y) = F (y(z)) = ϕ∗F (z) (3.2.5)

If y and z represent same point in superspace, a certain quantity should take the same value. Similary,

this map ϕ induces a natural mapping between two p-forms:

Ω(y) = ϕ∗Ω(z) (3.2.6)

The map ϕ∗ satisfies the following properties:

1. 　 ϕ∗(Ω + Σ) = ϕ∗Ω + ϕ∗Σ

2. 　 ϕ∗(ΩΣ) = (ϕ∗Ω)(ϕ∗Σ)

3. 　 d(ϕ∗Ω) = ϕ∗(dΩ)
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3 SUPERGRAVITY 3.2 Superspace for Curved Space

We consider the infinitesimal transformations:

zM = yM + ξM (3.2.7)

In this transfornation for 1-form WM , we find

δWM (z) = −ϕ∗WM (z) −WM (z) = −ξN∂NWM (z) − ∂ξN

∂zM
WN (z). (3.2.8)

This can be easily generalized for arbitrary p-forms.

In the gauge theory, the differential forms are not only covariant under general coordinate transforma-

tions but also under gauge group which is a compact Lie group or Lorentz group. If the representations

of the element of the gauge group are given by Xa
b where a and b are the gauge indices, p-forms Ωa

transform as

Ω′a = ΩbXa
b (x), (3.2.9)

where a = 1, ..., L = dimG is a gauge index.

But, exterior derivatives do not transform as tensor:

dΩ′ = ΩdX + dΩX (3.2.10)

Thus we must introduce a connection in order to cancel out the first term. The connection are defined

as Lie algebra valued 1-form

ϕ = dzMϕrM (z)iT r, (3.2.11)

where T r is a generator of Lie algebra corresponding to the gauge group G. The connections obey the

following transformation law:

ϕ′ = X−1ϕX −X−1dX. (3.2.12)

Thus we define the covariant derivatives as

DΩ ≡ dΩ + Ωϕ

= dzM1 ∧ · · · ∧ dzMp ∧ dzN
(

∂

∂zN
+ ϕrN iT

r

)
WMp...,M1

(z)
(3.2.13)

The curvature and the covariant derivative of a tensor are the only tensorial quantities. Higher derivatives

lead to identities because of the property dd = 0 which called Bianchi identities. The curvature is given

by

F = dϕ+ ϕ ∧ ϕ, (3.2.14)
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3 SUPERGRAVITY 3.2 Superspace for Curved Space

and is a Lie algebra valued 2-form

F =
1

2
dzM ∧ dzNF r

NM (z)iT r (3.2.15)

Since the tensorial quantities are only the cuvature and the covariant derivative of a tensor, there are

two ways to obtain Bianchi identities. First type Bianchi identities are found from the covariant derivative

of a tensor such as

dDΩ = ΩF −DΩϕ. (3.2.16)

These can be rewritten as

DDΩ = ΩF. (3.2.17)

The second type Bianchi identities are found from the curvature such as

dF = ϕF − Fϕ, (3.2.18)

which can be written as

DF = 0. (3.2.19)

If we rewrite (3.2.19) in terms of the components, we find

DLFNM + (−)L(N+M)DNFML + (−)M(N+L)DMFLN = 0. (3.2.20)

3.2.2 Local Coordinate System

Next we localize the supersymmetry to obtain SUGRA theory. The supersymmetric transformations

depend on space-time coordinate:

xµ → xµ + i(θσµξ(x) − ξ(x)σµθ)

θα → θα + ξα(x).
(3.2.21)

These transformations generate a general coordinate transformations in supersupace:

zM → z′M = zM − ξM (z) (3.2.22)

The gauge field corresponding to local Lorentz is vielbein EM defined by

EM = dzME M
M , (3.2.23)
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where index M represent the representation of local Lorentz which is a vector index in local superspace

coordinate system. Since this is a 1-form, the SUSY transformation law is given by

z′M = zM − ξM (z)

δE M
M = −ξL∂LE M

M − (∂Mξ
L)E M

L .
(3.2.24)

Also EM transforms under the local Lorentz

δEM = ENL M
N (z). (3.2.25)

The vielbein and its invese satisfy

E M
M E N

M = δ N
M

E M
M E N

M = δ N
M .

(3.2.26)

With the vielbein, we can rewrite the superspace coordinate to its local coordinate and wherever possible

we choose the local coordinate since it is flat.

The connection of the local Lorentz ϕ has a Lorentz indices defined by

ϕ = dzMϕM , ϕM = ϕ L
MN . (3.2.27)

This connection transform under the local Lorentz group as

δϕ = [ϕ,L] + dL. (3.2.28)

From the previous section, there are two tensorial quantities. One of them is the covariant derivative

of the vielbein

TM ≡ DEM = dEM + ENϕ M
N , (3.2.29)

which is called torsion and we can rewrite explicitly with the coefficient

T M
NM = ∂NE

M
M − (−)NM∂ME

M
N + (−)N(N+M)E N

M ϕ M
NN − (−)MNE N

N ϕ M
MN . (3.2.30)

We also rewrite the torsion to the local coordinate

T M
NL = (−)N(M+L)E M

L E N
N T M

NM . (3.2.31)
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Whereas the other of them is curvature tensor defined by

R = dϕ+ ϕϕ, (3.2.32)

and its components are given by

R N
NMM = ∂Nϕ

N
MM

− (−)NM∂Mϕ
N

NM + (−)N(M+M+L)ϕ L
MM ϕ N

NL − (−)M(M+L)ϕ L
NM ϕ N

ML .
(3.2.33)

The curvature tensor and the derivative of tensor should satisfy the Bianchi identities

DTM = DDEM = ENR M
N

DR = 0
(3.2.34)

First, we focus on the first Bisnchi identity. Since the local coordinate is a flat space, the connection ϕ

equals to zero and the torsion along spacetime coordinete becomes 0. Thus the non-vanishing comopo-

nents of the torsion are given by

T
µ

αβ̇
= 2iσ

µ

αβ̇
. (3.2.35)

We notice that these solutions are in the local coordinate system not in superspace.

With R,Gαα̇,Wαβγ defined by

Dα̇R = 0 (3.2.36)

DαGαβ̇ = Dβ̇R
† (3.2.37)

Dα̇Wβγδ = 0 (3.2.38)

DαWαβδ +
1

2
i(Dββ̇G

β̇
δ + Dδβ̇G

β̇
β) = 0 (3.2.39)

(Gαα̇)† = Gαα̇ (3.2.40)

(Wαβγ)† = W α̇β̇γ̇ , (3.2.41)

the general solutions of the first Bianchi identity in the supersupace are given by the following

T α̇
µν =

1

4
σ δ̇δ
µ σ

γ̇γ
ν T α̇

δδ̇γγ̇
, T

µ

γϵ̇ = 2iσ
µ

γϵ̇

T α

β̇µ
= −1

2
σ ϵ̇ϵ
µ T α

β̇ϵϵ̇
, Tδ̇ϵϵ̇α = −2iϵδ̇ϵ̇ϵϵαR, T α̇

δµ = −1

2
σ ϵ̇ϵ
µ T ϵ̇

δϵϵ̇

Tδϵϵ̇α̇ = −2iϵδϵϵϵ̇α̇R
†, T α

δµ = −1

2
σ ϵ̇ϵ
µ T α

δϵϵ̇ , Tδϵϵ̇α =
i

4
(ϵϵαGδϵ̇) − 3ϵδαGϵϵ̇ − 3ϵδϵGαϵ̇

32



3 SUPERGRAVITY 3.3 Superfield on the Curved Space

T α̇

δ̇ϵ
= −1

2
σ ϵ̇ϵ
µ T α̇

δ̇ϵϵ̇
, Tδ̇ϵϵ̇α̇ =

i

5
(ϵϵ̇α̇ − 3ϵδ̇α̇Gϵϵ̇ − 3ϵδ̇ϵ̇Gϵα̇), T α

µν =
1

4
σ δ̇δ
µ σ

γ̇γ
ν T α

δδ̇γγ̇

Tδδ̇γγ̇α = −2ϵδ̇γ̇Wδγα − 1

2
ϵδ̇γ̇(ϵδαDϕ̇G

ϕ̇
γ + ϵγαDϕ̇G

ϕ̇

δ ) +
1

2
ϵδγ(Dδ̇Gαγ̇ + Dγ̇Gαδ̇)

Tδδ̇γγ̇α̇ = −2ϵδγW δ̇γ̇α̇ − 1

2
ϵδγ(ϵδ̇α̇DβG

β

γ̇ + ϵγ̇α̇DβG
β

δ̇
) +

1

2
ϵδ̇γ̇(DδGγα̇ + DγGδα̇) (3.2.42)

Rδγϵα = 4(ϵδϵϵγα + ϵγϵϵδα)R†, Rδγϵ̇α̇ = Rδ̇γ̇ϵα = 0

Rδγ̇ϵα = −(ϵδϵGαγ̇ + ϵδαGϵγ̇), Rϵµδα = −1

2
σ

γ̇γ
µ Rϵγγ̇δα

Rϵγγ̇δα = i(ϵϵδϵγα + ϵϵαϵγδ)DβG
β

γ̇ +
i

2
(ϵϵγDδ + ϵϵδDγ)Gαγ̇ +

i

2
(ϵϵγDα + ϵϵαDγ)Gδγ̇

Rϵµδ̇α̇ = −1

2
σ

γ̇γ
µ Rϵγγ̇δ̇α̇, Rϵγγ̇δ̇α̇ = 4iϵϵγW γ̇δ̇α̇ +

i

2
(ϵγ̇δ̇DϵGγα̇ + ϵγ̇α̇DϵGγδ̇)

Rϵ̇µδα = −1

2
σ

γ̇γ
µ Rϵ̇γγ̇δα, Rϵ̇γγ̇δα = 4iϵϵ̇γ̇Wδγα +

i

2
(ϵγδDϵ̇Gαγ̇ + ϵγαDϵ̇Gδγ̇)

Rϵ̇µδ̇α̇ = −1

2
σ

γ̇γ
µ Rϵ̇γγ̇δ̇α̇

Rϵ̇γγ̇δ̇α̇ = i(ϵϵ̇δ̇ϵγ̇α̇ + ϵϵ̇α̇ϵγ̇δ̇)Dβ̇G
β̇

γ +
i

2
(ϵϵ̇γ̇Dδ̇ + ϵϵ̇δ̇Dγ̇)Gγα̇ +

i

2
(ϵϵ̇γ̇Dα̇ + ϵϵ̇α̇Dγ̇)Gγδ̇

Rµνγα =
1

4
σ ϵ̇ϵ
µ σ δ̇δ

ν Rϵϵ̇δδ̇γα, Rϵϵ̇δδ̇γα = 2ϵϵ̇δ̇Xϵδγα − 2ϵϵδΨϵ̇δ̇γα

Xγδϵα = −1

4
(DγWδϵα + cycric perm)

+ (ϵγαϵϵδ + ϵδαϵϵγ)

{
−2RR† +

1

8
Gρρ̇G

ρρ̇ +
1

16
(Dρ̇D

ρ̇
R† + DρDρR)

}
Ψϵαγ̇δ̇ =

1

4
(Gϵδ̇Gαγ̇ +Gαδ̇Gϵγ̇) +

i

8
(Dαγ̇Gϵδ̇ + cycric perm)

+
1

8
(Dγ̇(DαGϵδ̇ + DϵGαδ̇) + (δ̇ ↔ γ̇)) (3.2.43)

(3.2.44)

and the other components of the first Bisnchi identities vanish. Thus the torsion and the curvature are

given by W,G,R and from those definitions, W is a chiral superfield with symmetric indices and R is a

chiral superfield. We notice that the second Bianchi identities are automatically satisfied.

3.3 Superfield on the Curved Space

3.3.1 Supergravity Multiplet

The vielbein transforms under the general coordinate transformation and local Lorentz transformation

as

δE M
M = −DMξ

M − ξNT M
NM + E N

M L M
N , (3.3.1)
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where the θ = θ = 0 component of ξ corresponds to gauged supersymmetry. As well as Wess-Zumono

gauge, by using this gauge transformation we gauge away the degree of freedom of E M
M and find θ = θ = 0

components are given by

E M
M (z)|θ=θ=0 =


e

µ
µ (x) 1

2ψ
α

µ (x) 1
2ψµα̇(x)

0 δ α
α 0

0 0 δ α̇
α̇

. (3.3.2)

Thus e and ψ generate a supergravity multiplet.

Simirally, from the transformation law of the connection

δϕ N
MM = −ξR N

LMM + ϕ L
MM L N

L − (−)M(M+L)L L
M ϕ N

ML − ∂ML
N

M , (3.3.3)

we find the θ = θ = 0 component of the connection is

ϕ N
µM (z)|θ=θ=0 = ω N

µM (x), ϕ N
αA |θ=θ=0 = 0 (3.3.4)

If we assume tortion free geometry, the connection ω N
µM can be expressed by veilbein e and we can

realize the general relativity.

Futhermore by considering the transformation of θ = θ = 0 components ζ of (3.3.1), we find the local

supersymmetry transformations

δe
µ
µ = i(ψµσ

µζ − ζσµψµ)

δψ α
µ = −2Dµζ

α + ie
µ
µ

{
1

3
M(ϵσµζ)α + bµζ

α +
1

3
bν(ζσνσµ)α

}
δM = −ζ(σµσνψµν + ibµψµ − iσµψµM)

δbαα̇ = ζδ
{

3

4
ψ

γ̇

αδγ̇α̇ +
1

4
ϵδαψ

γγ̇

γα̇γ̇ − i

2
M∗ψαα̇δ +

i

4
(ψ

ρ̇

αρ̇ bδα̇ + ψ
ρ̇

δρ̇ bαα̇ − ψ
ρ̇

δα̇ bαρ̇)

}
− ζ

δ̇
{

3

4
ψ

γ

δ̇γα̇α
+

1

4
ϵδ̇α̇ψ

γ̇γ

αγ̇γ +
i

2
Mψαα̇δ̇ −

i

4
(ψ

ρ

ρα̇ bαδ̇ + ψ
ρ

ρδ̇
bαα̇ − ψ

ρ

δ̇α
bρα̇)

}
,

(3.3.5)

where M and b are the auxiliary fields which correspond to θ2 or θ
2

component fields of E, in other

words, the θ = θ = 0 component fields of R and Ga respectively.

3.3.2 Superfields on the Curved Space

Chiral Superfield

Chiral superfields were defined by SUSY covariant derivative Dα in (2.5.13) in flat space. In the curved
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superspace, we define chiral sperfield by replacing Dα to Dα

Dα̇Φ = 0, (3.3.6)

where this definition is local since we define the chiral suprefield with local operator Dα̇. We can find the

component fields from the coefficients of θ:

A = Φ|θ=θ=0

χα =
1√
2
DαΦ|θ=θ=0

F = −1

4
DαDαΦ|θ=θ=0

(3.3.7)

From

δΦ = −ξMDMΦ, (3.3.8)

we can also obtain the supersymmetry tansformation laws

δA = −
√

2ζαχα

χα = −
√

2ζαF − i
√

2σ
µ

αβ̇
ζ
β̇
D̂µA

δF = −1

3

√
2M∗ζαχα + ζ

α̇
(

1

6

√
2bαα̇χ

α − i
√

2D̂αα̇χ
α

)
,

(3.3.9)

where we have defined

D̂µA ≡ e µ
µ

(
∂µA− 1√

2
ψ α
µ χα

)
(3.3.10)

Vector Superfield

Next, we define vector superfield. Since vector superfield is defined without derivative, its definition is

the same as flat space:

V = V †. (3.3.11)

As well as the definition of chiral superfield, the component fields of vector field can be obtained such as
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those of flat space by replacing the covariant derivatives:

C = V |θ=θ=0

ϕα = −iDαV |θ=θ=0

ϕα̇ = iDα̇V |θ=θ=0

M =
i

4
(DαDα −Dα̇D

α̇
)V |θ=θ=0

N =
1

4
(DαDα + Dα̇D

α̇
)V |θ=θ=0

vαα̇ = −1

2
[Dα,Dα̇]V |θ=θ=0

(3.3.12)

Spinor Superfield

Finally we would like to define spinor superfield. Since spinor superfield is a chiral superfield, it should

satisfy the chiral condition

Dβ̇Wα = 0. (3.3.13)

Futhermore in a flat space, spinor superfield is defined with three covariant derivatives and the covariant

derivative satisfies anti-commutation relation

{Dα,Dβ} = −R γβ
αγ . (3.3.14)

Thus spinor field is defined by

Wα = −1

4
(Dβ̇D

β̇ − 8R)DαV, (3.3.15)

whose component fields are given by

λα = iWα|θ=θ=0

D = −1

2
DαWα|θ=θ=0.

(3.3.16)

The gauge degree of freedom is given by a chiral field Λ and the gauge transfrmation is

δV = Λ + Λ†, (3.3.17)

and this transformation law keeps W invariant.

Global Grassmann Variable

In the above discussion, we define the superfields and those transformation by using Grassmann coordi-

nates θ. In the following discussion, in order to simplify the calculations we introduce a new Grassmann
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coordinates Θ defined by

Φ = A(x) +
√

2Θαχα(x) + ΘαΘαF (x) (3.3.18)

and define the supersymetry transformation as

δΦ = −ηM (x,Θ)∂MΦ. (3.3.19)

This is a same formulation as the flat spacetime supersymmetry in 2.5.13. The components fields A,χ

and F are defined by covariant derivative D and so if we expand the superfield in term of θ, (??) is not

derived. Therefore we redefine the global superspace as xM = (xµ,Θα,Θα̇). Since Θ is also a grassmanian

variable, we expand ηM in terms of Θ:

ηM (x,Θ) = ηM(0)(x) + ΘαηM(a)α(x) + ΘαΘαη
M
(2)(x). (3.3.20)

Substituting this expression into (3.3.19) and comparing with (3.3.9), we find the relations between η

and ξ:

ηµ = 2iΘσµζ + ΘΘψνσ
µσνζ

ηα = ζα − iΘσµζψα
µ

+ Θ2

{
M∗

3
ζα +

1

6
bµ(ϵσµζ)α − iωαβ

µ (σµζ)β − 1

2
ψα
ν (ψµσ

νσµζ)

}
.

(3.3.21)

In order to construct local supersymmetric invariant action, we define the superfield ∆ called chiral

density transforming to total derivative:

δ∆ = −∂M (ηM∆(−)M ). (3.3.22)

This is useful because the product of chiral density and chiral superfields becames also chiral density:

δ∆Φ = −∂M (ηM∆Φ(−)M ). (3.3.23)

Thus we can easily construct a local supersymmetric action such as

S =

∫
d4xd2Θ∆f(Φ) (3.3.24)

where f is a arbitrary function of chiral superfields Φ.
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3.4 Supergravity Action

3.4.1 Minimal Chiral Supergravity

In a flat space, the general renormalizable Lagrangian for the only chiral superfields is given by

L =

∫
d2θd2θ

2
Φ†

IΦI +

[∫
d2θ

(
aIΦI +

1

2
mIJΦIΦJ +

1

3
gIJKΦIΦJΦK

)
+ h.c.

]
. (3.4.1)

where if we carry out the θ intagration, the first term is rewritten as DDΦ†
IΦI . In this section, we extend

this model to curved space which is called the minimal chiral supergravity model.

First we consider the invariant action involving the only supergravity multiplet which is given by the

product of chiral density E and the curvature R

LSUGRA = − 6

κ2

∫
d2ΘER+ h.c.

= e

[
−1

2
R− 1

3
|M |2 +

1

3
bµbµ +

1

2
ϵµνρσ

(
ψµσνD̃ρψσ − ψµσνD̃ρψσ

)]
,

(3.4.2)

where κ2 = 8πGN is a gravitational coupling constant and in the following we set κ to 1, D̃µ has been

defined by

D̃νψ
α

µ = ∂νψ
α

µ + ψ β
µ ω α

νβ , (3.4.3)

and R is a curvature tensor for the 4 dimensional spacetime.

We can easily extend (3.4.1) to the supergravity action by replacing

θ → Θ, d2θ → d2Θ2E , DD → DD − 8R. (3.4.4)

This gives the action in curved superspace:

L =

∫
d2Θ2E

[
−3R− 1

8
(DD − 8R)Φ†

IΦI −
1

8
(DD − 8R)(cIΦI + cIΦ†

I)

+d+ aIΦI +
mIJ

2
ΦIΦJ +

gIJK
3

ΦIΦJΦK

]
+ h.c.

(3.4.5)

This Lagrangian describes the minimal chiral supergravity model.
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3.4.2 General Chiral Model

In this section, by extending (2.6.5) to local supersymmetry, we find the general chiral supergravity

model. Applying (3.4.4) to (2.6.5), we obtain the general chiral supergravity model

L =
1

κ2

∫
d2Θ2E

[
3

8
(DD − 8R)e−

κ2

3 K(Φ,Φ†) + κ2W (Φ)

]
+ h.c. (3.4.6)

where if we expand with κ2, we realize the minimal chiral model. If we carry out the Θ integration and

substitute the equation of motion of F I , we find

VF (ΦI ,ΦJ∗) = eκ
2
4K(KIJDIWDJW

∗ − 3κ24|W |2), (3.4.7)

which is called F-term potential.

The function gIJ can be regarded as a geometric way: if we regard the scalar fields AI , A
J

parametrize

a complex manifold, the Kähler metric is the metric on this manifold.

Kähler metric determins kinetic terms and it is defined by the holomorphic and anti-holomorphic

derivatives of the Kähler potential. Thus Kähler potential has a uncertainty of holomorphic and anti-

holomorphic functions

δK(ΦI ,Φ
J

) = F (ΦI) + F (Φ
I
) (3.4.8)

which F (Φi) is an arbitrary holomorphic function of ΦI and this deformation is called Kähler deformation.

Since the Christoffel symbol and the curvature tensor of Kähler manifold are defined by Kähler metric,

those are invariant under the Kähler deformation. However the U(1) connection is not invariant:

Dµχ
I → Dµ − i

2
∂µ(ImF )χI

D̃µψν → D̃µψν +
i

2
∂µ(ImF )ψν

(3.4.9)

In order to remain the supergravity action invariant, the Kähler deformation must induce Weyl rotation

for the spinor fields,

χI → e
i
2 ImFχI

ψµ → e−
i
2 ImFψµ.

(3.4.10)

With these rules, kinetic terms are invariant under the Kähler-Weyl deformation.

Since the supergravity Lagrangian has a contribution eK , their invariance is not automatic under the

Kähler-Weyl deformations. If we impose Kähler-Weyl deformation invariant to the scalar potential, the

superpotential must transform as

δW (ΦI) = e−κ2F (ΦI)W (ΦI). (3.4.11)
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Since Lagrangian includes cuvature tensor of curved superspace, we need to cancel out the additional

terms induced by the Kähler-Weyl deformations. For this purpose, We define super-Weyl transformation

δE
µ

M = (Σ + Σ)E
µ

M

δE α
M = (2Σ − Σ)E α

M +
i

2
E

µ

M (ϵσµ) α
α̇ Dα̇

Σ,
(3.4.12)

where Σ are chiral superfields.

The super-Weyl transformations of the matter fields are also given by Σ:

δΦ = wΣΦ

δV = w′(Σ + Σ)V,
(3.4.13)

where w and w′ are the Weyl weight for the superfields. Using these super-Weyl transformations, the

Lagrangian transforms to

δL =

∫
d2Θ2E

[
3

4
(DD − 8R)(Σ + Σ)e−K/3 + 6ΣW

]
+ h.c. (3.4.14)

Whereas the Lagrangian transforms under Kähler-Weyl deformations

δL =

∫
d2Θ2E

[
−1

8
(DD − 8R)(F + F ∗)e−K/3 − FW

]
+ h.c. (3.4.15)

Therefore if F = 6Σ, the supergravity Lagrangian is ivnariant. This fact means that superspace Kähler-

Weyl deformations induce local Weyl rotations of the component fields.

We take F (ΦI) to

κ2F (ΦI) = logW (ΦI), (3.4.16)

then supergravity action only depends on one function

G = κ2K + log |W |2. (3.4.17)

This function is called Kähler function.

3.4.3 Gauge Invariant Supersymmetric Theory

The general supersymmetric Lagrangian for chiral superfields in flat superspace is given by (2.6.5).

In this section, we extend this Lagrangian to gauge invariant Lagrangian. The Lagrangian (2.6.5) is

Kähler-Weyl invariant and this deformation induces super-Weyl transformations which are defined by
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chiral superfield Σ. Thus by gauging Kähler-Weyl transformation we introduce the gauge symmetry.

Under the isometry group G, K and W transform as

δK = [ϵaXa + ϵ∗(a)X∗(a)]K

δW = ϵ(a)X(a)W,
(3.4.18)

where X(a) are the Killing vectors.In order to keep the action invariant, the variation of W must vanish.

Whereas the variation of K dose not need to vanish and it can be written as

δK = ϵ(a)F (a) + ϵ∗(a) − iϵ(ϵ(a) − ϵ∗(a))D(a), (3.4.19)

where F (a) = X(a)K + iD(a). From this expression, the real part of (3.4.19) is just a Kähler transfor-

mation, while the imaginary part correspnds to Killing potential D(a) which is not invariant. Indeed

introducing superfield Λ(a) whose lowest component ϵ(a), the variation of the Lagrangian is given by

δL = −i
∫
d2θd2θ

2
(Λ(a) − Λ†(a))D(a). (3.4.20)

In order to cancel out this term, we introduce the following additional term:

δΓ = i(Λ(a) − Λ†(a))D(a). (3.4.21)

Thus gauge invariant Lagrangian is given by

L =

∫
d2θd2θ

(
K(ΦI ,Φ†J) + Γ(ΦI ,Φ†J , V (a))

)
+

∫
d2θW (ΦI) + h.c. (3.4.22)

Considering the constraint that Γ transforms as (3.4.21) and if there is no gauge invariance, Γ(ΦI ,Φ†J , 0) =

0, we find the Γ explicitly

Γ(ΦI ,Φ†J , V (a)) =

∫ 1

0

dαe(1/2)αV
(a)(X(a)−X∗(a))V (b)D(b). (3.4.23)

The transformation laws under the local isometries G are given by

δΦI = Λ(a)XI(a)(ΦJ) (3.4.24)

δeV = −Λ†(a)T (a)eV + ieV Λ(a)T (a). (3.4.25)
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The Lagrangian (3.4.22) leads to the following scalar potential:

Vscalar =
1

2
g2D(a)2 + gIJDIWDJW

∗. (3.4.26)

The first term is known as D-term potential.

X(a) and D(a) depend on the gauge group. If G = U(n), they are given by XI(a) = −iT (a)I
J aJ and

D(a) = a∗IT
(a)I
J aJ , and hence Γ can be written as

Γ(ΦI ,Φ†J , V (a)) =

∫
d2θd2θΦ†(eV − 1)Φ. (3.4.27)

3.4.4 Gauge Invariant Supergravity

In the previous section, we fonud that the gauge invariant theory is constructed by introducing the

counterterm Γ to Kähler potential K

L =

∫
d2Θ2E

[
3

8
(D2 − 8R)e−

1
3 [K(Φ,Φ†)+Γ(Φ,Φ†,V )]

+
1

16g2
H(ab)(Φ)W (a)W (b) +W (Φ)

]
+ h.c.

(3.4.28)

where we have defined the field strength as

Wα ≡W (a)
α T (a) = −1

4
(D2 − 8R)e−V Dαe

V . (3.4.29)

Since the Lagrangian is described by superfields, the local supersymmetric invariance is manifest.

However the gauge symmetry is not manifest in this Lagrangian. In order to confirm the gauge

invariance, we consider the gauge transformations

δK = Λ(a)F (a) + Λ†(a)F †(a) − i[Λ(a) − Λ†(a)]D(a)

δΓ = i[Λ(a) − Λ†(a)]D(a)

δW = ΛaX(a)W.

(3.4.30)

where F (a) = X(a)K + iD(a). Then we find the non-vanishing terms

δGL =

∫
d2Θ2E

[
−1

8
(D2 − 8R)[Λ(a)F (a) + Λ†(a)F †(a)]e−(K+Γ)/3 + Λ(a)X(a)W

]
+ h.c. (3.4.31)

The gauge transformation is derived from Kähler transformation and hence in order to keep the La-
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grangian invariant, we should carry out the super-Weyl transformation same time

δWL =

∫
d2Θ2E

[
3

4
(D2 − 8R)[Σ + Σ]e−(K+Γ)/3 + 6ΣP

]
+ h.c. (3.4.32)

Thus we find that the non-vanishing terms are canceled if

Σ =
1

6
Λ(a)F (a), (3.4.33)

X(a) = −F (a). (3.4.34)

The second condition is derived from the superpotential term and this is a non-triviral constraint for the

gauge invariance.

The scalar potential is given by

Vscalar =
1

2
g2F (a)2 + eK [gIJ(DIW )(DJW )∗ − 3|W |2]. (3.4.35)

The first term is D-term potential depending on the gauge group, and the second term is F-term potential.

In this paper, this formula for the potential plays an impoptant role.
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4 STRING THEORY

4 String theory

In this section we review a string theory briefly [26,55].

4.1 Point Particle Action

4.1.1 Classical Action

First, we consider a point particle propageting in D-dimensional Minkowski spacetime. The trajectory

of the particle is a one-dimensional object, which is called wirld line. The relativistically invariant action

is given by the length of the world line:

S = −m
∫
ds, (4.1.1)

where m is the mass of the particle. Let the spacetime coordinate be xµ,µ = 0, 1, ...,D− 1, then the line

segment is

ds2 = ηµνdx
µdxν , (4.1.2)

where ηµν = diag(−1, 1, ..., 1) is the Minkowski metric. Furthermore, if we take τ to be the parameter

along the world line, the action is rewirtten as

S = −m
∫
dτ
√
−ẋµẋνηµν . (4.1.3)

The motion of the particle is determined by maximizing the action. This can be seen by examining

δ2L/δxνδxν .

We consider the reparameterisation τ → τ ′ = f(τ) in this action. Since this transformation only

changes the way to measure the coordinate, the coordinates xµ should be invariant:

xµ → xµ′(τ ′) = xµ(τ). (4.1.4)

That is, xµ(τ) behaves as a scalar under this transformation and the action should be invariant. In fact,

if we consider the infinitesimal reparameterisation

τ ′ = τ − f(τ), (4.1.5)

the infinitesimal transformation of xµ is given by

δxµ = x′µ(τ) − xµ(τ) = f(τ)ẋµ. (4.1.6)
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If we use this transformation rule and calculate δS, we find that δS = 0. Such a transformation where

the parameters of the transformation (in this case f(τ)) depend on the coordinates is called a local

transformation, and the symmetry is called local symmetry. If there are the local symmetries, the action

has a non-trivial relation (constraint) between the variables. The reparameterisation is a local symmetry,

and the corresponding global symmetry is a translational symmetry along the world line.

The constraint is a relation between coordinates. The canonical form is used as a method in order to

find the constraints. By performing canonical transformation, we can find whether there are constraints

or not. If there are some relations between the variables, there is a loss of rank in the Jaccobi matrix,

and the determinant becomes zero. In other words, when the determinant is zero, a constraint exists.

Therefore, we use the canonical form of the Lagrangian.

The canonical conjugate corresponding to xµ is determined by

pµ =
∂L

∂ẋµ(τ)
=

mẋµ√
−ẋµẋνηµν

(4.1.7)

This system contains one constraint, because Jacobi matrix has the zero-determinant. Indeed, this pµ

satisfies a non-trivial relation

pµpµ +m2 = 0. (4.1.8)

This relation is a constraint corresponding to the reparameterization. The Hamiltonian in this system is

H = pµẋµ − L = 0. (4.1.9)

Since the reparameterisation is a local translational symmetry and the corresponding color symmetry is a

time translational symmetry, the Hamiltonian is included in the constraint. This means that the motion

of the particle is completely determined by the constraint.

Next, we construct an action that is classically equivalent to this nonlinear action (4.1.3). The action

(4.1.3) has the field xµ, Lorentz symmetry of spacetime, and reparameterization invariance. If these

symmetries are present and the fields satisfy the same equations of motion, the action is classically

equivalent. Here we use Noether method to construct a gauge-invariant theory. In this method, we

consider the action which has the global symmetry and make the global symmetry parameter dependent

on spacetime. Finally we construct the gauge theory. Since the color symmetry of the reparameterization

is a time-translational symmetry, we first write down the action with these symmetries.

L0 =
1

2
ẋµẋµ (4.1.10)
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This Lagrangian is invariant under the Lorentz and time-translational symmetries as requested:

τ → τ + a; xµ → xµ + aẋµ. (4.1.11)

Next, let the parameter aµ be aµ(τ). In fact, if we perform this transformation

δL0 =
1

2
ȧẋµẋµ +

d

dτ

(
1

2
aẋµẋµ

d

dτ

)
. (4.1.12)

Thus it is no longer invariant. So, we introduce the new term consisted of the infinitesimal quantity κ

and the new field ψ:
1

2
κψẋµẋµ. (4.1.13)

Futhermore we define the new field transformation

δψ = ȧ/κ. (4.1.14)

Then

δL1 =

(
δL0 +

1

2
κψẋµẋµ

)
= −1

2
κψȧẋµẋµ − 1

2
κψ

d

dτ
(aẋµẋµ). (4.1.15)

Since κ is an infinitesimal quantity, L1 is now invariant at the zero order of κ. To make it invariant to

the first order of κ, add aψ̇ to δψ and add L1 to

1

4
κ2ψ2ẋµẋµ (4.1.16)

and if we write this as L2, then

δL2 =
1

4
κ2ψ2ȧẋµẋµ (4.1.17)

and became invariant at first order in κ. This sequence of processes has a certain regularity. By repeating

this infinitely many times and defining exp{(−κψ)} = e, we get

Lf =
1

2
e−1ẋµẋµ (4.1.18)

This Lagrangian is completely invariant under reparameterization. The transformation rule for the field

e follows from the transformation rule for ψ:

δe = eȧ+ aė. (4.1.19)
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Since this action describe a massless particle, we can introduce a mass term

S =

∫ (
1

2
e−1ẋµẋµ − em2

)
. (4.1.20)

By substituting the equation of motion for the field e into the action (4.1.20), and eliminating e, we

realize the original action (4.1.3). Also, as is clear from the form of this action, this action can describe

massless particles.

This action is also invariant under the following transformation:

δxµ = wµ δe = 2e∂νw
ν , (4.1.21)

which is called a conformal transformation. This symmetry is obvious since it is included reparameteri-

zation symmetry.

4.1.2 BRST Quantization

In quantum theory, two variables form a pair and satisfy a commutation relation. If there are the

constraints in classical theory, the variables are not independent and which means that one variable

appears in multiple pairs. Therefore, if we carry out a quantization, it is necessary to handle constraints

well. One way is to write down the classical theory with completely independent variables. The other way

is to derive all the states in the quantum theory and pick up only those states that satisfy the constraints.

Since the former is generally difficult because it requires solving the constraints, the latter is used here.

The system we are considering now has reparameterisation invariance, and so the corresponding con-

straints exist. The corresponding color symmetry is time-translation invariant, which means that the

Klein-Goldon equation is included in the constraints. Therefore, the constraint condition is sufficient to

impose on the state in quantum theory.

Ghost Action

In the following, we explain a way of quantization by replacing the local symmetry to a global symmetry

by introducing ghost fields. The original action is given by (4.1.20). This action has a reparameterization

invariant (4.1.6), (4.1.19). The symmetry parameter f depends on τ . So we formally consider this

parameter f(τ) as a field

f(τ) → Λc(τ) (4.1.22)

Since f is real and has no index, c(τ) is a real scalar field. Also, since f is Grassmann even, the product

of Λ and c(τ) should be Grassmann even. We take each of them to be a Grassman-odd. Thus, c(τ) is
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4 STRING THEORY 4.1 Point Particle Action

a Grassmann-odd scalar field, which is called a ghost field. This replacement allows us to define a new

transformation.

δxµ = Λc(τ)ẋµ, δe =
d

dτ
(Λc(τ)e) (4.1.23)

This transformation is a global symmetry, called BRST symmetry. In other words, by introducing a new

field c(τ), we are able to create a global symmetry corresponding to the original local symmetry. While

the local symmetry must be fixed, the BRST symmetry is a global symmetry and so can be treated as such

in quantum theory. Since the BRST transformation is regarded the reparameterisation symmetry, the

action is BRST-invariant automatically. Also, since the form of the action remains unchanged, the action

still has a reparameterisation symmetry. Therefore, in order to fix the reparameterisation symmetry, we

introduce a gauge fixing term.

Sgf =

∫
dτλ log e (4.1.24)

This term breaks the reparameterisation symmetry.

Since new fields c and λ are introduced in the procedure here, we consider the properties of these fields.

Since the ghost field c is related to x by the BRST transformation, the ghost field c is dynamical. In

order to describe the kinetic terms, we introduce a b-field that is Hermitian by product with c. Since c is

grassmann odd, it obeys the anti-commutation relation by statistical properties, and b is also a grassmann

odd scalar field. Using c and b, we write down the kinetic terms as in the spinor field

b∂c (4.1.25)

Since the ghost field is coupled to gravity from the BRST transformation of e, we replace it with the

covariant derivative

Sgh = −
∫
dτbDτ c (4.1.26)

Dτ c = ċ+
d log e

dτ
c (4.1.27)

From the above discussion, the action for the ghost field is

SBRST = Sorig + Sgf + Sgh =

∫
dτ

[
1

2
(e−1ẋµẋµ −m2e) + λ log e− bDτ c

]
(4.1.28)

This action is no longer reparameterisation invariant. But the existence of a BRST symmetry corre-

sponding to this local symmetry is also nontrivial due to the kinetic term for the ghost field and gauge

fixing term.

We now consider the BRST transformation law of the field. First, the transformations for x and e are
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determined by replacing the parameter f with c. Second, since λ is a Lagrangian multiplier, it does not

lead to the dynamical fields as a transformation. Therefore we set

δBλ = 0. (4.1.29)

Since the ghost field c is a parameter of local symmetry in origin, we only need to look at the change in

the parameter. If we carry out the double reparameterisation to x, we find

f12 = −f1ḟ2 + f2ḟ1. (4.1.30)

Therefore the transformation law for the ghost c is given by

δBc = (Λc)ċ, (4.1.31)

and this can be rewritten as

δBc = −Λ

2
{c, ċ} (4.1.32)

The remaining field b is uniquely determined by keeping the action BRST invariant:

δBb = Λλ. (4.1.33)

From those transformation laws, we can rewrite the action Sgf + Sgh to

Sgf + Sgh =

∫
dτδB(b log e). (4.1.34)

Since Sorig is BRST invariant due to reparameterisation invariance, and Sgf + Sgh is clearly invariant

due to nilpotency, SBRST is BRST invariant.

If we calculate the equation of motion for λ and take it on-shell, we obtain

Sfinal =

∫
dτ

(
1

2
ẋµẋµ − 1

2
m2 − bċ

)
. (4.1.35)

Ghost Number Symmetry

Here, if we consider the transformation to replace the fields b and c

c→ b, b→ c, (4.1.36)
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the action is invariant. This is because the field c and b are arbitrarily introduced. Thus we can suppose

O(2) ≃ U(1) symmetry and scale transformation is inclided in O(2) symmetry:

b→ e−θb, c→ eθc. (4.1.37)

Indeed the action is invariant under this transformation. If we examine the Poisson brackets of c and b,

we find

{c, b} = 1, {b, b} = 0 = {c, c} (4.1.38)

If we set a1 = c, a2 = b, then

{ai, aj} = gij (4.1.39)

g =

 0 1

1 0

 . (4.1.40)

This algebra form a Clifford algebra if the metric is δij . By diagonalizing gij and complexfing b and c,

we realize U(1) algebra. Thus the conserved charge Qfp corresponding to this transformation is called

ghost charge and defines the ghost number of the field.

BRST Charge

The conserved charge corresponding to the BRST symmetry is given by

QB = c(p2 +m2). (4.1.41)

This means that the constraint for the reparameterisation is actually a conserved charge. Also, Q2
B = 0

is satisfied, and the BRST charge satisfies nilpotency. In other words, the fields have the property of

becoming zero after double BRST transformations.

Quantization

Quantization is performed by the Derac rule. The Poisson brackets for the fields are

{xµ, pν} = ηµν , {c, b} = 1. (4.1.42)

The Hamiltonian is

H = p2 +m2. (4.1.43)

This is proportional to QB since Hamiltonian is the conserved charge for translation which is a color

symmetry corresponding to the reparameterisation. Replace the Poisson brackets with the commutation
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relation

[xµ, pν ] = ηµν , {c, b} = i (4.1.44)

and we adopt following expressions for these relations:

xµ → xµ, pµ → −i ∂

∂xµ

c→ c, b→ i
∂

∂c
.

(4.1.45)

Futhermore by using these expressions, we can rewrite the BRST charge and define a quantum state:

QB = c(−∂2 +m2), (4.1.46)

Ψ = Ψ(x, c). (4.1.47)

Expanding by c and using Grassmann property of the ghost field, we find

Ψ(x, c) = ψ(x) + cϕ(x). (4.1.48)

The constraint is given by the BRST charge because it is inherently a constraint:

QΨ = 0. (4.1.49)

That is

(−∂2 +m2)ψ = 0. (4.1.50)

From the nilpotency, the wave function Ψ has a ambiguities:

Ψ → Ψ +QBχ. (4.1.51)

Therefore, the degrees of freedom of ϕ can be eliminated using χ. In fact, the degrees of freedom of QBχ

correspond to the gauge degrees of freedom, and the arbitrariness of the gauge symmetry is expressed by

the nilpotency.

The ghost fields are the Grassmann fields and BRST transformation swaps Grassmann even fields and

Grasmann odd fields, so we regard BRST symmetry as a kind of supersymmetry. Thus we can use the

superspace formalism [56].
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4.2 Super Particle

Here, we introduce supersymmetry to describe fermions. At this point, we find that there are two ways

to introduce supersymmetry. We explain them respectively.

4.2.1 Supersymmetry for the World Line

　
We introduce fermions by imposing supersymmetry on the point-particle action (4.1.10) [57,58]. There

are two bosonic parameters, τ and µ. Here, we impose a supersymmetry on τ and introduce the corre-

sponding fermion χµ. Since τ is one-dimensional, the Clifford algebra is one-dimension and its representa-

tion is also one-dimensional. In other words, the spinor χµ is one dimensional spinor. The supersymmtric

action is given by

S0 =
1

2

∫
dτ(ẋµẋµ − iχµχ̇µ). (4.2.1)

There two global symmetries in this action. One of them is a global supersymmetry

δxµ = iεχµ, δχµ = ẋµε. (4.2.2)

The other is a time translation symmetry

δxµ = aẋµ, δχµ = aχ̇µ. (4.2.3)

These two transformations form a closed algebra

[δs1, δs2] = 2iε2ε1
d

dτ
(4.2.4)

In other words, by applying the double supersymmetric transformation, a time translation is induced.

Since the parameter τ is not physical and the supersymmetry is also not physical, this supersymmetry is

not observable.

Local Supersymmetry

By using the Noethor method for the supersymmetry, we obtain the local supersymmetric action:

SF =
1

2

∫
dτ(e−1ẋµẋµ − iχµχ̇µ − κe−1iψχµẋµ), (4.2.5)

where from (4.2.4) time-translation is automatically localized and so e and ψ are the gauge fields for the

reparameterisation and local supersymmetry. Thus there are two local symmetries: One of them is a
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local supersymmetry

δxµ = iεχµ, δχ = (ẋµ − iκψχµ/2)εe−1

δe = iκεψ, δψ = 2ε̇κ
(4.2.6)

The other is a Reparameterisation

δxµ = kẋµ, δχ = kχ̇µ

δe =
d

dτ
(ke), δψ =

d

dτ
(kψ).

(4.2.7)

4.2.2 Brink-Schwarz Particle

　
In the previous discussion, we introduced supersymmetry for the bosonic parameter τ . Here we intro-

duce supersymmetry for the µ [59, 60]. The supersymmetric transformation is

δxµ = iεaγµχa , δχa
A = εaA, δe = 0. (4.2.8)

A is the spinor index and runs to 22/D. We assume that the spinor is a Majorana. The index a is

the index for internal symmetry, and for N supersymmetry, a = 1, ..., N . These transformations are

spacetime supersymmetry and so obversable. In order to construct an invariant action under spacetime

supersymmetry, we introduce a invariant quantity under supersymmetric transformation:

Πµ = ẋµ − iχaγµχ̇a. (4.2.9)

Using this quantity, we can construct the super-Poincaré invariant action easily:

S =
1

2

∫
dτΠµΠνηµν . (4.2.10)

Since this action can be constructed by just replacing the xµ with Π, we can easily obtain the action with

reparameterisation symmetry and local supersymmetry.

S =
1

2

∫
dτe−1ΠµΠνηµν (4.2.11)

The equations of motion are given by

Π2 = 0, γ · Πχ̇ = 0, (4.2.12)
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From (γ · Π)2 = Π2 = 0, the degree of freedom of γ · Π becomes half, i.e., the matrix γ · Π is a

(2D/2/2) × (2D/2/2) matrix. Furthermore, from γ · Πχ̇ = 0 and (4.2.9), χ̇ always appears as a quantity

multiplied by γ, the physical degrees of freedom of χ are also halved. This implies that there is some

constraint on χ.

In fact Πµ is not only supersymmetric invariant variable. Futhermore we can use the different su-

persymmetric invariant variable at each point because the action is trivially invariant as long as Πµ is

supersymmetric. In other words, Πµ should be invariant under certain local symmetries. Indeed, this

action is invariant under this symmetry

δxµ = iχaγµδχa, δχa = iγµΠa
κ, δe = −4eχ̇

a
κa, (4.2.13)

which is called the κ symmetry [61]. From these transformation laws, δΠµ = −2χ̇γµ ̸ Πκ. Thus the

action constructed by new supersymmetric variable Π′µ = Πµ + δΠµ is also invariant trivially. Since

κ is a Grassmann parameter, the transformation is a kind of supersymmetry. However, since χa
A is a

spacetime spinor, there is no spinor on the worldline. In other words, it is not an ordinary local world line

supersymmetry. This κ symmetry is a common transformation between spacetime supersymmetry and

world line supersymmetry. Indeed some part of the reparameterisation and κ symmetry form a closed

algebra.

In the following, we calculate the algebra more explicitly. Given the second-order transformation of

the κ symmetry

[δ1, δ2]χa = (2iγµκ
a
2χ̇

b
γ · pγµκb1 + 4iγ · pκa2χ̇

b
κb1) − (1 ↔ 2) (4.2.14)

and we can see that the algebra is not closed in the off-shell. If we impose the equation of motion

γ · pχ̇ = 0, the first term becomes zero, so

[δ1, δ2]χa = iγµpµκ
′a + (equation of motion) (4.2.15)

κ′a = 4κa2χ̇
b
κb1 − (1 ↔ 2) (4.2.16)

Since the κ symmetry is a subgroup of local supersymmetry, there is a reparameterisation corresponding

to κ symmetry:

δχa = λχ̇a, δxµ = iχγµδχa, δe = 0. (4.2.17)

the canonical momentum for χ is

πa
χ = iγµπxχ

a (4.2.18)

This variable satisfies πa
χ = 0 in the on-shell. This means that there is no canonical variable for χ, and
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no canonical commutation relation can be imposed on χ. This is why the Brink-Schwarz supersymmetric

particle is difficult to carry out canonical quantization. However, it can be canonically quantized by light

cone quantization, where the constraint is completely removed.

4.3 Classical Bosonic String

4.3.1 Bosonic String Action

　
We extend the action for the point particle to an arbitrary dimensional object. If the dimension of the

object is n, the action is given by the n + 1 dimensional world volume generated by the object through

time evolution. Since the area is given by the outer product of the tangent vectors, the action is

S = T

∫
M

dn+1ξ
√
− det(∂αxµ∂βxνGµν), (4.3.1)

where T is a parameter of mass dimension [M ]n+1.

A simple extension of the linearized action of a point particle is

S = −T
2

∫
dn+1ξ

√
ggαβ(ξ)Gµν(x)∂αx

µ∂βx
ν (4.3.2)

The gαβ is the metric on the world volume, and the Gµν is the metric on spacetime.

This action has a reparameterisation symmetry, and gαβ is the corresponding gauge field. The gαβ

has (n+ 1)(n+ 2)/2 components, and the parameter of the reparameterisation invariance is the (n+ 1)

components. In other words, the independent degrees of freedom of gαβ are n(n + 1)/2. Therefore, if

n > 0, the gauge field gαβ cannot be removed. However, if there are other gauge symmetries, gαβ can be

fixed completely.

But there is a another local symmetry for the metric called Weyl symmetry:

gαβ → Λ(σ)gαβ . (4.3.3)

and the action transforms
√
ggαβ → Λ

1
2 (n+1)−1√ggαβ . (4.3.4)

Thus, if n = 1, the action is Weyl invariant. This means that the gauge field gαβ can be fixed comletely.

String Action

Therefore we consider the action describing the motion of a one-dimensional object which is just a string.
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For simplicity, we consider a flat spacetime.

S = − 1

2πα′

∫
d2ξ
√
−det∂αxµ∂βxνηµν (4.3.5)

This action is known as Nambu-Goto action. Here ξα gives the coordinates of the world sheet, α = 0, 1.

We rewrite it in canonical form for quantization. First, we define the canonical variable for xµ:

pµ =
δL

δ∂τxµ
. (4.3.6)

Examining the Jacobian δL/δ∂τx
µδpν of this transformation, we find its determinant is zero. Therefore,

the system has local symmetry.

In order to rewrite this action linearly, we examine the symmetry of the action. The local symmetry

is a reparameterisation

ξα → ξ′α(ξ) (4.3.7)

Under this transformation, the space-time coordinates are scalar. Now let’s consider a certain reparam-

eterisation:

τ ± σ → f(τ ± σ). (4.3.8)

In this transformation, the action is invariant trivialy, and this transformation is called conformal trans-

formation.

xµ′(ξ′) = xµ(ξ) (4.3.9)

The global symmetry is a Poincaré symmetry

xµ′(ξ) = Λµ
νx

ν(ξ) + aµ. (4.3.10)

aµ and Λµ
ν are the parameter for the translation and Lorentz transformation respectively and Λµ

ν satisfies

ηµνΛµ
ρΛν

τ = ηρτ . (4.3.11)

In order to obtain the action which is equivalent to Nambu-Goto action (4.3.5), we consider the action

with global Poincaré symmetry

S = −α
∫
d2ξ∂αx

ν∂βxνη
αβ (4.3.12)
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and by using Noether method we can obtain 1 :

S = − 1

4πα′

∫
d2ξ

√
−ggαβ∂αxµ∂βxνηµν . (4.3.13)

This action is called the Polyakov action, and there is Weyl symmetry:

g′αβ(ξ) = Λ(ξ)gαβ(ξ). (4.3.14)

xµ′(ξ) = xµ(ξ) (4.3.15)

4.3.2 Equation of Motion and Constraints

　
The equations of motion and the boundary term are given by

∂α
(√

−ggαβ∂βxµ
)

= 0 (4.3.16)

∂αx
µ∂βx

νηµν − 1

2
gαβg

γσ∂γx
µ∂σx

νηµν = 0 (4.3.17)

[√
−gg1β∂βxµ

]π
0

= 0. (4.3.18)

We define the constraint as Tαβ :

Tαβ = ∂αx
µ∂βx

νηµν − 1

2
gαβg

γσ∂γx
µ∂σx

νηµν = 0. (4.3.19)

Also, since reparameterisation includes time translation, Tαβ is also a generator of time translation.

Furthermore, since gαβ is also the gauge field for the Weyl symmetry, the constraint for the Weyl symmetry

can be described by Tαβ :

gαβTαβ = 0. (4.3.20)

The action has reparameterisation invariance and Weyl invariance, and there are three gauge param-

eters. Therefore, we can impose three gauge conditions. Since gαβ is symmetric, it has 3 degrees of

freedom, so we take the metric of the world sheet to be flat.

gαβ = ηαβ (4.3.21)

1In general, using Noether method, in addition to the symmetric metric gαβ , a term proportional to the antisymmetric
tensor ϵαβ appears, but it disappears because the spacetime metric is flat and symmetric.
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With this condition, the equations of motion and constraints become

∂2xµ = 0, (4.3.22)

Tαβ = ∂αx
µ∂βx

νηµν − 1

2
ηαβ∂γx

µ∂γxνηµν = 0. (4.3.23)

Here, the conformal transformation cannot be fixed by this gauge-fixing condition because it keeps the

action invariant trivially. Those transformations are the τ ± σ → f(τ ± σ) transformations, and each

transformations are commutable. Since we can regard τ +σ directional local transformation as the τ −σ

directional global transformation, thus these symmetries are called semi-local symmetry. In fact, in the

Lorentz gauge, we can see that only one gauge can be fixed using these two semi-local transformations.

Therefore, even though the gauge is fixed, the constraint remains.

T00 = T11 =
1

2
(ẋµẋν + x′µẋν + x′µx′ν)ηµν (4.3.24)

T01 = T10 = ẋµx′νηµν (4.3.25)

The Poisson brackets are given by

{xµ(σ), xν(σ′)} = 0 = {pµ(σ), pν(σ′)} (4.3.26)

{xµ(σ), pν(σ′)} = ηµνδ(σ − σ′). (4.3.27)

The Solutions

Next, we solve the equations of motion. The boundary condition is

[
∂L

∂(∂σxµ)
δxµ

]π
0

= 0. (4.3.28)

There are two possible boundary conditions which are the Lorentz covariant. In the following discussion,

let u = τ + σ and v = τ − σ.

One of them is

xµ(σ) = x(σ + 2π). (4.3.29)

which describe the closed string. Here we have taken the string to be −π ∼ π. The solution is independent

in the u and v directions.

xµ = xµL(u) + xµR(v) (4.3.30)

xµL(u) =
qµ

2
+ α′ p

µ

2
u+ i

α′

2

∑ αµ
n

n
exp{(−inu)} (4.3.31)
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xµR(v) =
qµ

2
+ α′ p

µ

2
v + i

√
α′

2

∑ αµ
n

n
exp{(−inv)} (4.3.32)

qµ is the center of the string and pµ is the momentum of the center. The third term is a sum of the

oscillators and represents the amplitude from the center. Since xµ is real, αµ
−n = αµ†

n . Substituting these

solutions into the Poisson brackets, we obtain

{αµ
n, α

ν
m} = −inδn+m,0η

µν (4.3.33)

{αµ
n, α

ν
m} = −inδn+m,0η

µν (4.3.34)

{αµ
n, α

ν
m} = 0. (4.3.35)

The other posibility is

∂αx
µ = 0|π0 , (4.3.36)

which describe the open string. This boundary condition is known as the Neumann boundary condition

and indicates that a right-moving oscillations bounce off the boundary and move to the left. Therefore,

left-moving and right-moving are not independent.

xµ = qµ +
1

2

√
2α′αµ

0 (u+ v) + i

√
α′

2

∑ 1

2
αµ
n(e−inu + e−inv) (4.3.37)

Similarly, substituting into Poisson brackets

{αµ
n, α

ν
m} = −inδn+m,0η

µν (4.3.38)

In addition to this, the Dirichlet boundary condition is also possible, but it is not Poincaré covariant.

4.3.3 Conformal Algebra

　
Rewrite the constraint condition Tαβ and find the algebra generated by the constraints.

T10 = T01 = ẋx′ = 0 (4.3.39)

T00 = T11 =
1

2
(ẋ2 + x′2) = 0 (4.3.40)

Rewriting with u and v, we get

T±± =
1

2
(T00 ± T01) = ∂±x∂±x (4.3.41)
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T±∓ is 0 from the constraint condition for Weyl symmetry . The constraints for reparameterisation are

ẋ2R = ẋ2L = 0 (4.3.42)

In general, the energy conservation law in a two-dimensional field theory is

∂−T++ + ∂+T−+ = 0 (4.3.43)

∂+T−− + ∂−T+− = 0 (4.3.44)

If the Weyl invariance exists, T+− = 0. Therefore, the conservation law is ∂−T++ = 0. Here, if we

consider the function f(u), it satisfies ∂−f = 0. Therefore, since ∂−fT++ = 0 is satisfied for any function

f(u), fT++ is also preserved. The corresponding charge is

Qf =

∫
dσf(u)T++ (4.3.45)

and since f is arbitrary, there are the infinite number of the charges.

In string theory, since T++ is a constraint, Qf is also a constraint. This means that there are infinite

constraints. This is because the Weyl symmetry and the gauge fixation of the reparameterisation are not

complete, and the conformal symmetry remains.

We carry out Fourier expansion

Ln =
1

2πα′

∫
dσT++ =

1

2

∑
αµ
mα

ν
n−mηµν (4.3.46)

Ln =
1

2πα′

∫
dσT−− =

1

2

∑
αµ
mα

ν
n−mηµν (4.3.47)

and we obtain the infinite number of constraints. In other words, the string has an infinite number of gauge

symmetries. Also, these constraints can be regarded as global currents. This can be interpreted as saying

that any local conformal transformation can be expressed as a sum of infinite global transformations.

The Ln and Ln are independent and have the same algebraic structure, respectively.

{Ln, Lm} = −i(n−m)Ln+m (4.3.48)

4.4 Quantum Bosonic String

Next we consider the quantization of string theory. As mentioned above the semi-local symmetry,

conformal symmetry, could not be fixed. There are two ways to deal with this conformal symmetry.
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One is to quantize the infinete chages and impose them on the quantum states. The other is to fix the

gauge by combining the two semi-local symmetries into a complete local symmetry. In particular, there

are two more methods for the former, old covariant quantization and BRST quantization. These two

quantizations do not fix conformal symmetry, and conformal symmetry remains in quantum theory. This

is why it is called gauge-covariant quantization.

4.4.1 Old Covariant Quantization

The Weyl symmetry and reparameterisation symmetry were removed by fixing the metric to flat. In

this fixation, the Polyakov action is given by

S = −T
2

∫
d2ξ∂αx∂αx. (4.4.1)

Furthermore, an additional condition

(ẋ± x′)2 = 0 (4.4.2)

This condition is a constraint corresponding conformal symmetry.

Since the string states were described in the previous section by αµ
n, q

µ,pµ, we replace their Poisson

brackets with commutation relations.

[αµ
n, α

ν
m] = nδn+m,0η

µν (4.4.3)

[qµ, pν ] = iηµν (4.4.4)

We use the creation and annihilation operator as a way to express these commutation relations, and take

the state to be an eigenstate of pµ:

αµ
n |0, p⟩ = 0, n > 0, αµ

0 |0, p⟩ = pµ |0, p⟩ , (4.4.5)

where, from the algebra generated by the creation and annihilation operator, the negative norm states

are exist:

⟨0|α0
mα

0†
m |0⟩ = −n. (4.4.6)

However, we see later in the discussion that it is removed due to the constraint of conformal symmetry.

Next, we describe the constraints with operators. Unlike in classical theory, we must define the order
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since αµ
n is noncommutative.

: αµ
nα

ν
m :=

 αµ
nα

ν
m m > n

αν
mα

µ
n n > m

(4.4.7)

It can be seen from the commutation relation that this kind of ambiguity peculiar to quantum theory

appears only in L0:

L0 =
1

2
α2
0 +

∞∑
1

α−nαn. (4.4.8)

Under this rule, the constraint is

Ln =
1

2
:
∑

αµ
mα

ν
n−mηµν : (4.4.9)

With this ambiguity, Ln generates an algebra different from the classical theory.

The Virasoro algebra generated by the Poisson brackets in classical theory is

{Lm, Ln} =
i

2

∑
k

kαm−kαk+n +
i

2

∑
k

(m− k)αm−k+nαk = i(m− n)Lm+n (4.4.10)

The Virasoro algebra in quantum theory can be obtained directly by using the Wick decomposition or

argebraic properties. The Virasoro algebra in quantum theory is

[Ln, Lm] = (n−m)Ln+m +
D

12
n(n2 − 1)δn+m,0 (4.4.11)

Ln is called Virasoro generator. Here D denotes the dimension of spacetime. Since all of these Virasoro

generators corresponded to constraints in classical theory, we should impose all generators on the states:

Lnψ = 0. (4.4.12)

However, the solution is only ψ = 0. In fact, the state generated by Ln, n < 0 represents the gauge

degrees of freedom [26]. L0 is written down

L0 =
1

2
p2 +N (4.4.13)

N =
∑
0

αµ
nα

ν
−nηµν (4.4.14)

and expressed as pµ = −i∂µ, p2 = −∂2 and then L0 is the Klein-Gordon equation for mass N . In other

62



4 STRING THEORY 4.4 Quantum Bosonic String

words, L0 is an energy operator. From the commutation relation between L0 and the other generators,

L0Ln = Ln(L0 − n) (4.4.15)

and since the energy of the state multiplied by Ln(n > 0) goes down infinitely, we impose

Lnψ = 0, n > 0. (4.4.16)

Also, Ln(n < 0) generate a zero-norm state, but the energy is given by

L0L1 = L1L0 + 1. (4.4.17)

Therefore, in order to set this zero-norm state to a vacuum, we take

L0 → L0 − 1 (4.4.18)

The zero-norm state corresponds to the gauge degrees of freedom, and since L−1 |ϕ⟩ corresponds to the

gauge degrees of freedom of the massless boson, we need to make this state massless. Therefore, the

condition to be imposed on the state is

(Ln − δn,0)ψ = 0, n ≥ 0 (4.4.19)

This condition is called the Virasoro condition. String theory is determined by this condition.

Spectrum

Next we find the spectrum of the open string [62–64]. The states of the string are generated by αµ
−n

and is a function of xµ:

|ψ⟩ = {ϕ(x) + iA1
µα

µ
−1 + iA2

µα
µ
−2 + hµνα

µ
−1α

ν
−1 + ...} |0⟩ . (4.4.20)

If we impose the Virasoro conditions, we obtain the following equations:

L0 − 1 (α′∂2 + 1)ϕ = 0 = (α′∂2 − (s− 1))As
µ = (α′∂2 − 1)hµν = ...

Ln>0 ∂µA1
µ = 0 = −

√
2α′∂µhµν +A2

ν = 2
√

2α′∂µA2
µ + hνν = ...

(4.4.21)

From these equations, as we expected, the constraint Lnψ = 0 (n > 0) corresponds to the gauge fix

condition of the gauge field.
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We see the first few states.

ϕ This field is a tachyon because the mass is negative.

Aµ
1 Spin 1 massless vector field.

Hµν Spin 2 massive tensor field. This is a massive gravity.

Aµ
2 Massive spin 1 gauge field. This field corresponds to the trace part

of hµν by using the gauge fixation condition, and can be taken to

zero using the gauge degrees of freedom.

The masses of higher-order fields are given by mn = (1/α′)(n− 1). The tachyon appears at the lowest

order. This fact is caused from the vacuum of the bosonic string being not taken correctly.

In a closed string, the theory is determined by the two Virasoro conditions generated by Ln, Ln, and the

two are independent. Thus, it is given by the direct product of two open strings. Since αµ
n, α

µ
n generate

the states which are the functions of the coordinates, we expand the string state in term of the basis

|ψ⟩ = (ϕ(x) + hµα
µ
−1 + kµα

µ
−1 + hµνα

µ
−1α

ν
−1 + h2µα

µ
−2 + kµα

µ
−2

+ k2µνα
µ
−1α−1ν + l2µνα

µ
−1α

ν
−1 + ...) |0⟩

(4.4.22)

By imposing the Virasoro condition as in the open string, we obtain the equations:

hµ = kµ = h2µ = k2µ = k2µν = l2µν = 0 (4.4.23)

(α′∂2 + 4)ϕ = ∂2hmuν = 0 (4.4.24)

∂µhµν = ∂νhµν = 0. (4.4.25)

Thus ϕ at level 0 is a tachyon and hµν is a massless symmetric tensor representing gravity. Higher levels

are massive states.

Physical States and Virasoro Condition

The Fock space of string theory is constructed by αµ
m, but since the metric is Minkowski, the norm is

not positive definite. However, the Virasoro condition

(Ln − aδn,0) |ψ⟩ = 0 (4.4.26)

restrict that space and lead to a physical state. Since the number of these conditions coincides with the

number of αµ
0 , we can restrict it to the positive definite Fock space.

The Virasoro algebra in quantum theory is given by (4.4.11). This result shows that L−1, L1, L0 form

an closed sub-algebra with no anomaly and is isomorphic to SU(1,1) or SL(2,R).

64



4 STRING THEORY 4.4 Quantum Bosonic String

Next, we consider the condition for removing negative norm physical states. If the space of a positive

norm and a negative norm exist in Hilbert space, there exists a zero norm space at the boundary between

the two of them. Therefore, we consider the zero-norm state. In the following, we only consider them

for open strings. Since closed strings are generated by the direct product of open strings, the extension

is easily.

Let |0; kµ⟩ be the ground state with momentum kµ. If we impose the Virasoro condition L0 = a, we

find α′k2 = a. Next, we consider the first excited mode. Such a state is ζ ·α−1 |0; kµ⟩. Similarly, imposing

the mass-shell condition, we have α′k2 = a − 1. Furthermore, imposing L1 = 0, we get ζ · k = 0. With

this constraints, there are D − 1 independent components of kµ. If the momentum kµ is physical and

timelike, k2 ≤ 0. Therefore, a ≤ 1 must satisfy.

In particular, if the boundary a = 1, the first excited mode is massless and the ground state is tachyonic.

The L1 = 0 condition corresponds to the covariant gauge condition ∂µAµ = 0. This constraint removes

the negative norm states and gives D − 2 transverse positive norm states and longitudinal zero norm

states.

It can be shown that in field theory the zero-norm states do not contribute to the S-matrix due to

current conservation laws and gauge symmetry. The first excited mode at a = 1 is the null state, and

there exits infinitely. Let ϕ be any physical state that satisfies the Virasoro conditions, and let ψ be a

spurious state that is orthogonal to all physical states and satisfies the mass-shell condition.

⟨ϕ|ψ⟩ = 0 (4.4.27)

Since the fock space is generated by Ln, we can expand the states in term of Ln

|ψ⟩ =
∑
n>0

L−n |χn⟩ . (4.4.28)

This is shown in a simple way. If ψ is a spurious state, the operator O = |ψ⟩ ⟨ψ| annihilates all states.

Therefore, if we take any operator as Xn, then

O =
∑
n>0

X−nLn (4.4.29)

Therefore, we believe that ψ can be expanded by Virasoro generators.

Since ψ satisfies the mass-shell condition,

(L0 − a+ n) |χn⟩ = 0. (4.4.30)
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Here, Ln, (n < −2) can be expressed by the Virasoro algebra by the commutation relation of L−1 and

L−2. Thus,

|ψ⟩ = L−1 |χ1⟩ + L−2 |χ2⟩ (4.4.31)

Let us assume that this spurious state satisfies the Virasoro condition:

⟨ϕ|ψ⟩ = 0, (Lm − δm,0) |ψ⟩ = 0. (4.4.32)

In this case, the norm of ψ is zero.

Let’s calculate the spurious state.

|ψ⟩ = L−1 |χ⟩ (4.4.33)

Then, the Virasolo condition is

Lm |χ⟩ = 0, (L0 − a+ 1) |χ⟩ = 0 (4.4.34)

If we take a = 1, the Virasoro condition for L1 is

L1 |ψ⟩ = 2L0 |χ⟩ = 0 (4.4.35)

Thus, ψ is a physical and zero-norm spurious state. This result does not change no matter how many

times L−1 is applied to χ̃, so there are infinite number of zero-norm states.

Next, consider the spurious state with L−2 applied:

|ψ⟩ = (L−2 + γL2
−1) |χ⟩ (4.4.36)

Taking a = 1, from the mass-shell condition,

(L0 + 1) |χ⟩ = 0. (4.4.37)

In order for ψ to be the zero norm, the Virasoro condition must be satisfied. Since Ln (n > 2) can be

described by L1 and L2, all we should confirm are L1 |ψ⟩ = L2 |ψ⟩ = 0. From these two equations, we

obtain the equations 3 − 2γ = 0 and D/2 − (4 + 6γ) = 0. Solving these equations, we get γ = 3/2 and

D = 26. From the above, there is no negative norm state when a = 1 and D = 26. Since sprious states

represent gauge degrees of freedom, above process corresponds to require the gauge transformation to be

consistent.

In old covariant quantization, we can remove the negative norm state from the physical state, and the
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A Aʼ

B

σ = 0

σ = 𝜋

Fig. 1: The state A transits to A′ with emission of the on-shell.

intercept a and dimension D are determined so that the gauge transformations is consistent. However, as

can be seen from (4.4.11), the conformal anomaly has not disappeared. In fact, if we consider quantum

theory, i.e., 1-loop corrections, using the physical state of the positive norm obtained by old covariant

quantization, we find that the theory is not consistent. The old covariant quantization is not a consistent

quantization.

Vertex Operator and Physical States

We can obtain the physical states with scattering the string. In other words, since the scattering

of a string is a physical phenomenon, the states absorbed or emitted by such a phenomenon are of

course physical. Futhermore vertex operator is important to construct the physical states in light cone

quantization and prove the no-Ghost theorem.

The scattering of strings is described by the separation or merger of strings. For the simplest scattering,

we consider the case where a propagating string separates into two and one of them propagates to infinity:

A→ A′ +B. (4.4.38)

This process is a scattering process where string A emits string B and transitions to string A′. String

A and A′ are off-shell because they are generally internal lines in the scattering process. On the other

hand, string B propagates to infinity and can be observed at the infinity point, so it must be on-shell.

This scattering can be described by applying the vertex operator to the end of string A. Thus we insert

the local operator at σ = 0. We map a vertex operator to each on-shell physical state |ϕ⟩. By considering

this vertex operator, we can examine the physical state indirectly.

We consider the local operator V (σ, τ) on the open string Hilbert space. For the simplicity, we take

σ = 0:

A(τ) = A(0, τ). (4.4.39)
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The time evolution operator is the Hamiltonian, and the Hamiltonian is included in the Virasoro con-

straint:

L0 − a. (4.4.40)

By using this operator, we can eliminate the time τ -dependence of the operator:

A(τ) = eiτL0A(0)e−iτL0 , (4.4.41)

where e−iτa vanishes because it is clearly commutative with the operator A. The conformal transforma-

bility of a vertex operator is determined by its conformal weight, and if the conformal weight of A(τ) is

J , then

A′(τ) =

(
dτ

dτ ′

)J

A(τ) (4.4.42)

Considering the infinitesimal transformation τ → τ ′ = τ + ϵ(τ),

δA(τ) = −ϵdA
dτ

− JA
dϵ

dτ
. (4.4.43)

As an explicit conformal transformation, the parameter of the transformation of the Virasoro generator

Lm is ϵ = ieimτ , so

[Lm, A(τ)] = eimτ

(
−i d
dτ

+mJτ

)
V (τ). (4.4.44)

Fourier expansion of V is

A(τ) =

∞∑
−∞

Ame
−imτ . (4.4.45)

Substituting this expression into the commutation relation, then we obtain

[Lm, An] = [m(J − 1) − n]Am+n. (4.4.46)

This commutation relation is similar to Virasoro algebra. The vertex operator A defined in this way

plays an important role in the proof of the No-gohst theorem.

In the above discussion, in order to obtain physical states, we introduced operators with certain confor-

mal weights corresponding to those states. In the following, we construct the physical states by applying

various operators to the physical state.

First, the physical state on which the vertex operator acts is written as |ϕ⟩, which must satisfy the

Virasoro condition:

(Ln − aδn,0) |ϕ⟩ = 0, n ≤ 0. (4.4.47)
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Considering the vertex operator A(τ) of conformal weight 1, from (4.4.46)

[Lm, A0] = 0 (4.4.48)

is satisfied. Therefore

|ϕ′⟩ = A0 |ϕ⟩ (4.4.49)

also satisfies the Virasoro condition and is therefore a physical state. |ϕ⟩ is string A in the diagram, A0

is the vertex operator corresponding to the state of string B that is emitted from the end of σ = 0, and

|ϕ′⟩ = A0 |ϕ⟩ corresponds to string A′. Therefore, the conformal weights of the vertex operators of the

open strings are consistent with J = 1.

In the following, we investigate a more explicit form of the vertex operator. We consider the case where

a string is emitted from σ = 0 at time τ . Let kµ denote the momentum change at this time:

V (k, 0, τ) = V (k, τ). (4.4.50)

This vertex operator is the operator corresponding to the state of string B to be emitted, and it changes

the momentum of string A by kµ. Applying the momentum operator Pµ to the state |ϕ⟩ with momentum

pµ gives

Pµ |ϕ⟩ = pµ |ϕ⟩ (4.4.51)

and the vertex operator changes the momentum of this state by kµ, which is

Pµ(V |ϕ⟩) = (pµ − kµ)V |ϕ⟩ . (4.4.52)

As V satisfying these properties, we can use the coherent state:

V ∼ eik·x. (4.4.53)

Since V acts at time τ and position σ = 0, it emits or absorbs kµ in spacetime coordinates Xµ(0, τ).

Since Xµ contains αµ
n, x

µ, pµ in the on-shell, and not all of them are commutative, we define them with

a normal ordered:

V (k, τ) =: eik·x(0,τ) :

= exp

(
k ·

∞∑
1

α−n

n
einτ

)
eik·q(τ) exp

(
−k ·

∞∑
1

α−n

n
e−inτ

)
(4.4.54)
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If we define without normal ordering, the contribution of the constant term eα
′k2∑ 1

n derived from the

commutation relation is added.

Next, we derive the conformal dimension of the vertex operator V (k, τ). The conformal dimension of xµ

is zero. Therefore, the conformal weight of the function f(xµ) is also zero in general. The exception is the

case f(xµ) has a singularity. For example, consider two functions f(x), g(x). If f and g are renormalized

with different energies, fg is singular. In other words, there is a short-range singularity in the operator

product expansion of fg. In fact, : xµ(τ)xµ(τ) : has no fixed conformal weight. Since the vertex operator

V also contains a normal ordering, it seems that the conformal weight is not fixed, but in fact it can be

uniquely determined. This means that the vertex operator has a short-range singularity.

In order to find the conformal weights, we calculate the commutation relation between the Virasoro

generators Lm:

[Lm, V (k, τ)] = eimτ

(
−i d
dτ

+
1

2
mk2

)
V (k, τ) (4.4.55)

Thus, the conformal weight of V is k2/2. Here, we can obtain the anomaly dimension of eik·x by computing

the two-point function, which is k2/4 for closed strings and k2/2 for open strings. It is the scattering of

open strings, and it is consistent with the anomaly dimension being k2/2. In the following, we consider

vertex operators with certain conformal weights.

The lowest energy state is the tachyon, which has a mass of k2. Since the vertex operator V corresponds

to a physical state, we first consider the case where k2 = 2. In this case, the conformal weight is J = 1.

Of course, this vertex operator is now the operator describing the emission or absorption of a tachyon of

mass M2 = −2.

Next, we consider the case where k2 = 0. The conformal weight of the vertex operator is J = 0. The

condition for the state after the emission V |ϕ⟩ to satisfy the Virasoro condition and become physical is

the case that the conformal weight of V is J = 1. In other words, it is not possible to obtain the physical

states if J = 0. In order to generate a vertex operator with J = 1 at k2 = 0, we apply an operator with

conformal weight 1 to : eik·x :. We use ẋµ as the conformal weight 1 operator. Since the vertex operator

V must be Lorentz invariant, we introduce a vector ζµ and define it as follows:

Vζ(k, τ) = ζ · dX
dτ

eik·x. (4.4.56)

Thus Vζ does not have a short-range singularity by choosing ζ so that ζ · k = 0, and hence there is no

need to impose a normal ordering. Since the condition ζ · k = 0 is satisfied, ζµ can be interpreted as a

polarization vector. Therefore, (4.4.56) corresponds to the massless meson emission of the polarization

vector ζµ.

The conformal weight of the operator V0 defined by (4.4.54) is J = −1. Since the physical vertex

70



4 STRING THEORY 4.4 Quantum Bosonic String

operator is J = 1, we must apply an operator of conformal weight 2 to V0. Since the conformal weight of

ẋµ is 1, we define

ζµν ẋµẋν : exp[ik · x] : (4.4.57)

and then we obtin the vertex operator with J = 1. If kµ ·ζµν = tr ζ = 0 is not satisfied, this equation must

have normal ordering. This condition is consistent with the polarization tensor condition for massive spin

two states. Therefore, it is a symmetric traceless tensor for SO(D-1). Apart from this state, ẍµ is also a

J = 2 operator, so

Yk,η = ηµẌ
µeik·X (4.4.58)

is also a J = 1 operator. The state corresponding to this vertex operator has spin 1 and is the state

with the polarization vector ηµ. If ηµ · kµ = 0 is satisfied, the sum of this vertex operator and the vertex

operator of (4.4.57) is the total derivative:

− i
d

dτ
(η · Ẋ : eik·x :) = (−i · ẍ+ ·ẍk · ẍ) : eik·x : (4.4.59)

This vertex operator describes the emission of the zero-norm state L−1η · α−1 |0; k⟩. In other words,

the vertex operator of massive spin 2 has an ambiguity of Y . It follows from the requirement that this

ambiguity does not change the physics that D = 26.

We consider the more general case of k2 = −n. The conformal weight of the vertex operator defined

by (4.4.54) is J = k2/2. And for the state V |ϕ⟩ after emission to be a physical state, it should be J = 1.

Therefore, the product of (4.4.54) and the operator J = 1 − k2/2 must be the vertex operator. Since

dnXµ/dτn is an operator of J = n, the vertex operator for general k2 = −n takes the following form:

: f(ẋ, ẍ, ..., x(n))eik·x : . (4.4.60)

Finally, we consider the vertex operator for the zero-norm state. Since the zero-norm state is a gauge

transformation degree of freedom, it is a physical state. Therefore, it is described by V (k, τ) with J = 1.

Here, in old covariant quantization, the spurious state is described as L−1 |λ⟩, and the conformal weight

of |λ⟩ was zero. So we suppose that the vertex operator for spurious states can also be described by the

J = 0 operator. Therefore, if W is an operator with conformal weight 0 and containing eik·x, we can

assume that the vertex operator for the zero-norm state is as follows:

V (k, τ) = −idW (k, τ)

dτ
= [L0,W (k, τ)]. (4.4.61)

Let k2 = 0, W = eik·X , then V (k, τ) is the emission operator for the massless vector meson of the
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polarization vector kµ.

4.4.2 Light Cone Quantization

The Polyakov action is invariant under reparameterisation and the Weyl symmetry, and these local

symmetries are fixed by taking the metric flat. However, two semi-local symmetries are not completely

fixed. This is due to a special parameterisation

τ ± σ → f(τ ± σ). (4.4.62)

The Polyakov action is trivially invariant under those transformations, and those transformations are

not fixed. Those transformations are called conformal symmetry. For example, the transformation

τ + σ → f(τ + σ) is a local symmetry in the τ + σ direction, but it is independent of τ − σ and so can be

regarded as a global symmetry in that direction. Also, as we will see later, the two semi-local symmetries

together work the same as the local symmetry. In old covariant quantization and BRST quantization,

the constraints corresponding to these semi-local symmetries (Virasoro conditions) are quantized and

imposed on the states to construct the physical states. Here we completely solve the Virasoro condition

at the classical level, and quantize only the phisical indipendent degrees of freedom.

Light-Cone Gauge 　

First, we change the coordinate system to make it easier to deal with the semi-local symmetry:

τ ± σ = ξ±, (4.4.63)

x± =
1√
2

(xD−1 ± x0), xi, i = 1, ...D − 2. (4.4.64)

The metric under this world sheet coordinate is

ηij = 1, η+− = η−+ = −1 (4.4.65)

and the residual symmetries τ ± σ → f(τ ± σ) are

ξ± → f(ξ±) (4.4.66)

which completely separates the two. From this equation, f(ξ+) can be regarded as the parameter of

reparameterisation in the ξ+ direction, while the ξ− direction can be regarded as a constant. Thus those
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transformations are called semi-local symmetry. The equations of motion and constraints are

∂x

∂ξ±
∂x

∂ξ±
= 0 (4.4.67)

∂2xµ

∂ξ+∂ξ−
(4.4.68)

The conformal transformation for x+ is

δx+ = f(ξ+)
∂x+

∂ξ+
+ g(ξ−)

∂x+

∂ξ−
(4.4.69)

The solution to the equation of motion is

x+ = x+0 (0) + cτ + l+(ξ+) + k+(ξ−) (4.4.70)

From conformal symmetry, we can use f and g to fix l+ and k+. In other words, we impose

x+(τ, σ) = x+0 (0) + cτ. (4.4.71)

2 Using this condition and substituting it into the Virasoro constraint, we obtain

(ẋ± x′)2 = 0 → (ẋ− ± x′−) = (ẋi ± x′i)2/2p+. (4.4.72)

From these equations, we can see that x− is completely determined by xi except the ambiguity of the

integration constant. In other words, x+ and x− are removed by the light cone gauge. The solution of

the equation of motion for x− is

x− = x−0 + p−τ + i
∑ 1

n
α−
n e

−inτ cosnσ. (4.4.73)

Substituting in the constraint

α−
n =

1

p+

(
1

2

D−2∑
i=1

∞∑
m=−∞

: αi
n−mα

i
m : −aδn,0

)
, α−

0 = p−0 . (4.4.74)

2τ and x+ satisfy the same equations of motion. With this gauge-fixing condition, α+
n , n ̸= 0 of x+ is zero, and the

string coordinates are considered time in this system.
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Here, considering the constraint of n = 0, from (L0 − a)ψ = 0, we find

M2 =
(
2p+p− − pipi

)
= 2(N − a)

N =
∑∞

n=1 α
i
−nα

i
n

. (4.4.75)

This shows that α−
0 and p− are equal. Also, p+α−

n satisfies the Virasolo condition:

[
p+α−

m, p
+α−

n

]
= (m− n)p+α−

m+n +

[
D − 2

12

(
m3 −m

)
+ 2am

]
δm+n. (4.4.76)

Thus, we find that the independent states of the string are given by the transverse mode αi
n. The

independent variables are

xi(τ, σ), P i(τ, σ), q−(τ), p+(τ), (4.4.77)

where P i is the canonical momentum, q− is the center of mass, and p+ is the total momentum in the +

direction. The Hamiltonian is

H = −2α′p+p−. (4.4.78)

Quantization

In the old covariant and BRST quantization, the equations of motion were included in the constraints,

so there was no need to impose equations of motion in quantum theory, only constraints. In the light cone

quantization, the constraints no longer exist, and there are no conditions to be imposed on the quantum

state. However, if we consider a system with constraints, we need to impose the non-contradiction

condition that the constraints do not develop in time direction:

{q+ + p+τ,H} = p+ = 0 (4.4.79)

Rewriting p+, we get

p+ = −H/2α′p− (4.4.80)

This non-contradiction condition is not solved and must be imposed on the state in quantum theory.:

H |Ψ⟩ = 0. (4.4.81)

Poisson brackets are

{xi(σ), P j(σ′)} = δij(σ − σ′), {q−, p+} = 1, (4.4.82)
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and mode expansion of xi gives

{ain, ajm} = −inδijδn+m,0 (4.4.83)

According to the Dirac rule, we replace the Poisson brackets with a commutation relation:

[xi(σ), P j(σ′)] = iδij(σ − σ′), [q−, p+] = 1. (4.4.84)

Rewriting the no-contradiction condition with the operator

(
−α′∂2 − i∂τ −M2

)
Ψ = 0. (4.4.85)

This is just the Schrödinger equation.

Thus, by fixing the conformal symmetry in gauge, the constraint conditions are completely solved and

only the independent degrees of freedom are quantized. Since the constraints include equations of motion,

there should be no constraints or equations of motion imposed on states in quantum theory. However,

a non-contradiction condition associated with gauge fixation must be imposed on the state in quantum

theory, and this conditional expression leads to Schrödinger equation.

Lorentz symmetry

Due to the gauge fixation of x+, x+ and x− have been removed, and only xi is now an independent

degree of freedom. Therefore, the Lorentz symmetry of spacetime has become nontrivial. By requiring

the spacetime Lorentz symmetry, we can derive D = 26 and a = 1

There are two ways to require the Lorentz symmetry. One is to require the massless representation

in Poincaré group is consistent [55]. The other is to confirm the Lorentz argebra is close [26]. Here we

explain the former way.

The theory is invariant under the Lorentz group SO(D), but only the SO(D-2) symmetry is trivial for the

first excited state αi
n |0; p⟩ generated by independent oscillators. In general, the massless representation

of the Poincaré group corresponds to the SO(D-2) irreducible representation, while the massive spin

states correspond to the SO(D-1) irreducible representation. Therefore, in order to construct a Lorentz

invariant string theory, the first excited state must be massless, and hence a = 1. From this requirement,

we can obtain D = 26.

We see this more explicily. If we calculate the ordering of generators in L0 specifically:

1

2

D−2∑
i=1

∞∑
n=−∞

αi
−nα

i
n =

1

2

D−2∑
i=1

∞∑
n=−∞

αi
−nα

i
n +

D − 2

2

∞∑
n=1

n. (4.4.86)
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Since the second term on the right-hand side is divergent, we regularize it by the zeta function ζ =
∑∞

1 n−s

(converges at Res > 0). In this case, s = −1, and the value of the zeta function is ζ(−1) = −1/12.

Therefore, the second term is

− D − 2

24
(4.4.87)

and this must match −a = −1, so D = 26. Since L0 is a Hamiltonian, this means that the energy of the

vacuum is divergent. However, since only the difference in energy matters, the zero point of the vacuum

can be chosen freely. This regularization corresponds to setting a value with respect to an infinite value.

Physical State

We fix the gauge symmetry in the light cone gauge and describe the physical state with physical degrees

of freedom.

The ground state of open string is described by |0; p⟩, which is a tachyonic state with negative mass

α′M2 = −1.

The first excitation modes after gauge fixation is αi
−1 |0; p⟩. This state is a massless vector boson and

the degrees of freedom are 24 for the transverse component. Therefore, this state belongs to the multiplet

of SO(24).

The mass is α′M2 = 1 and the states are

αi
−2 |0; p⟩ , αi

−1α
j
−1 |0; p⟩ (4.4.88)

The second state has the corresponding symmetric tensor since αi
−1’s are commutative each other, and

so the degrees of freedom of the state are D − 2 and (D − 2)(D − 1)/2, respectively. Since these two

states belong to the same multiplet, they have a total of (D − 2)(D + 1)/2 degrees of freedom. This

number is equal to the degrees of freedom of the symmetric traceless representation of SO(D-1).

This representation is called the spin-2 representation.

In the light cone gauge, the positive norm Hilbert space is constructed to be trivial. Lorentz symmetry

is guaranteed at D = 26. In the massive case, the Lorentz invariance is nontrivial because it is an SO(D-

1) multiplet. However, the SO(25) multiplet can be made from the SO(24) multiplet, and thus we find

Lorentz invariance is preserved.

Next we consider the third level states. The mass of the states at this level are α′M2 = 2, and the

states are

αi
−3 |0; p⟩ , αi

−2α
j
−1 |p; 0⟩ , αi

−1α
j
−1α

k
−1 |0; p⟩ (4.4.89)

The total number of degrees of freedom for these states is 24 + 576 + 2600 = 3200, which is the sum of

the third-order fully symmetric traceless representation of SO(25) (2900 representation) and the
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second-order antisymmetric tensor (300 representation).

The mass of fourth level is α′M2 = 3 and the degrees of freedom are the sum of SO(25)

(20150 representations), (5175 representations), (324 representations) and 1 representation

(25,620).

The maximum spin of the states belonging to mass M is given by n = α′M2 + 1. The n-th order

symmetric traceless tensor representation of SO(25) is

αi1
−1 · · ·α

in
−1 |0; p⟩ (4.4.90)

If we decompose in the SO(3) subgroup, there is only one spin-n term, which is the highest spin state at

this mass level.

The states for closed string can be easily generated from the states of open string. In light-cone gauge,

the independent excited modes are described by αi
n and αi

n. Since L0 = L0 (level matching condition)

is satisfied from the Virasoro condition, the energy of the right-handed and left-handed oscillations must

be equal:

N = N. (4.4.91)

The mass of the closed string is

α′M2 = 4(N − 1) (4.4.92)

and the closed string state is given by the direct product of the open string states.

The ground state is a tachyonic since α′M2 = −4.

The mass at first level is a massless α′M2 = 0, and the states are

∣∣Ωij
〉

= αi
−1α

j
−1 |0; p⟩ . (4.4.93)

Since this state can be written as a direct sum of the first excited modes of the open string, the tensor

representation of this state is the tensor product of the massless vector representation of SO(24). Since

the direct product representation is not necessarily irreducible, we decompose this state irreducibly. In

order to obtain the irreducible representation, we check the transformability of the representation. First,

it can be divided into the symmetric component
∣∣Ωij

〉
and the antisymmetric component

∣∣Ω[ij]
〉

3. This

anti-symmetric component is the antisymmetric second-order tensor of SO(24). The transformation of

the symmetric component differs depending on whether the term is proportional to the metric or not.

The term proportional to the metric is the trace component, which is the massless scalar (dilaton)

3Since the product of right-moving and left-moving state is arbitrary, there are Z2 symmetry. This symmetry is an
automorphism. Thus we can decompose the direct product representation into symmetric part and anti-symmetric part.

77



4 STRING THEORY 4.4 Quantum Bosonic String

representation of SO(24). The last remaining symmetric traceless component is the massless spin-2

particle, which describes gravity.

The mass of second level is given by α′M2 = 4 and the states are given by the direct product of the

second excited mode of the open string. The representation of the second excited mode of the open

string is the symmetric traceless representation of SO(25) , and the direct product of the two is

⊗ . By decomposing this Young diagram according to the usual rules, we can obtain the

irreducible representation.

Unoriented String

The closed string are described by left-moving generator αi
n and right-moving generator αi

n. Strings

described by the right- and left-moving generators are called orientable string, and such a string theory

is called the Shapiro-Virasoro model. Similarly, strings that cannot distinguish between right-moving

and left-moving generators are called unorientable. The quantum unorientable string state is described

by a wave function Ψ(x) that is invariant under the Ω dual σ → −σ. The Ω dual is a transformation

that makes the right-moving and left-moving coincide, actually swapping αi
n and αi

n. Also, by imposing

invariance under the Ω dual, right-moving and left-moving become indistinguishable, and the antisym-

metric components of the tensor vanish. The unorientable string theory can be obtained by imposing Ω

duality on the orientable string theory.

Relations between Light-Cone and Old Covariant in Quantum Theory

At the classical level, the relation between the old covariant quantization and the light-cone quantization

is obvious: gauge-fixing conformal symmetry or not. At the quantum level, however, the relation between

these formalizations is nontrivial.

First of all, we briefly summarize the old covariant. The states generated by the harmonic oscillator

αn are imposed a constraint, the Virasoro condition. The physical state is obtained as the state that

satisfies the Virasoro condition. Thus the general formula for the physical states are nontrivial.

The purpose here is to obtain a general expression for the physical states. The reasons that we have

not considered the general physical states are that the states are generated by αn, but the constraints are

described by Ln, which is given by a nonlinear sum of αn. In other words, we cannot know whether a state

satisfies the Virasoro condition without actually computing it. To solve such a problem, we construct

generators that are commutative with Ln. This means that we define the other Fock-space basis which

are Ln and the remaining D − 1 generators inspite of αµ
n. In this way, the generators at a new basis

have a clear commutation relation with Ln, and these generators are used to generate the physical states.

These generators are called DDF (Del Giudice, Di Vecchia and Fubini) operators [55, 65]. The excited
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states generated by the DDF operator have a clear commutation relation with Ln, which makes it easy

to determine whether they are physical or not, and hence we can obtain a general expression.

First of all, we consider a generator Ai
n such that there is a one-to-one correspondence with αi

n, and

assume that these generators produce a spectrum. Since the Virasoro conditions give one condition for

each n, the algebra generated by the spectral generators (the spectral algebra) has D − 1 generators for

each n. The theory also requires a longitudinal wave mode A−
n .

The vacuum of the bosonic string theory is a tachyon: |0; p0⟩. Also, for the gauge transformation to be

consistent, it has to be a = 1, D = 26. Then the mass in the vacuum state is p20 = 2. By using Lorentz

symmetry, we choose the following system:

p+0 = 1, p−0 = −1, pi0 = 0. (4.4.94)

Furthermore, we introduce the null vector kµ

k−0 = −1, k+0 = ki0 = 0 (4.4.95)

Then k20 = 0, k0 · p0 = 1 is satisfied. The mass of the state is generally given by the Virasoro condition

for n = 0:

α′M2 = N − 1. (4.4.96)

The momentum such that this mass-shell condition is satisfied is

pµ = pµ0 −Nkµ0 (4.4.97)

and a state with such a momentum is called a possible state.

Next we find the expression of Ai. The purpose is to construct a generator of the Fock space such that

the commutation relation with Ln is tirivial. Since αµ
n generates the states, we expect that we can replace

αµ
n by the vertex operator V corresponding to the state. The vertex operator V defined by (4.4.56) is a

periodic function of 2π in τ except for the exp(ik · pτ) factor which appears from the pµτ term in the

expansion of the on-shell string xi(0, τ). If kµ = nkµ0 , p · k = n, and so the exp(ik · pτ) factor is also

periodic. We consider the massless vector vertex operator with kµ. The vertex operator corresponding

to transverse polarization is

V i = (nk0, τ) = ẋi(τ)einx
+(τ) (4.4.98)

This operator is periodic in the subspace generated by the possible states of the Hilbert space. The V i

corresponds to the transverse state of the massless vector, and n describes the excited level of the state.
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Since there is no τ -dependence in the generators that form the Fock space, we integrate (4.4.98) with τ :

Ai
n =

1

2π

∫ 2π

−
V i(nk0, τ)dτ (4.4.99)

These operators are called DDF operator and correspond to αi
n.

In the following, we focus on the commutation relations with Ln and Ai. First, since the vertex operator

V is an operator of conformal weight J = 1, we find

[Lm, V (τ)] = −i d
dτ

(eimτV (τ)). (4.4.100)

Integrating both sides by τ , from the periodicity of the vertex operator we find

[Lm, A
i
n] = 0. (4.4.101)

And from the commutation relation with L0, we find

[N,Ai
n] = −nAi

n. (4.4.102)

Therefore, the states defined by

Ai1
−n1

· · ·Aim
−nm

|0; p0⟩ (4.4.103)

always satisfy the Virasoro condition, and the mass of this state is given by N =
∑

j nj .

Next we consider the commutation relation between Ai
n. To find the commutation relation between

Ai
n, we calculate the commutation relation of ẋ. The on-shell ẋ is

ẋi(τ) =

∞∑
−∞

αi
me

−imτ , (4.4.104)

and then we find

[Ẋi(τ1), Ẋj(τ2)] = 2πδijδ′(τ1 − τ2). (4.4.105)

Using this commutation relation, we obtain the following commutation relation:

[Ai
n, A

j
m] = nδijδm+n,0. (4.4.106)

From these commutation relations, the states generated by Ai
n from the tachyonic vacuum are physical

states because these satisfiy the Virasoro condition. In light cone quantization, the physical states are

generated by αi
n, so Ai

n is the operator corresponding to αi
n. This Ai

n simplifies the handling of the
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Virasoro condition, and general physical states can be written down as states with Ai
n acting on them.

This DDF operator plays an important role in the proof of the No-Ghost theorem.

As you can see, the zero-norm states correspond to the time directional component and this contribution

determine the spacetime dimension. In other words, we can construct higher dimensional theory by

considering multi-time configuration [66,67].

4.4.3 BRST Quantization

Next we perform BRST quantization [68], where local symmetries are treated as global symmetry

(BRST symmetry). The action of the bosonic string is

Sorig = − 1

4πα′

∫
d2ξ

√
−ggαβ∂αxµ∂βxνηµν . (4.4.107)

This action has two-dimensional reparameterisation symmetry:

δxµ = fα∂αx
µ, δgαβ = fγ∂γgαβ + ∂αf

γgγβ + ∂βf
γgαγ (4.4.108)

This local symmetry is rewritten into a global symmetry using the BRST formulation.

Introducing BRST Symmetry

First, we replace the parameter of the local symmetry with the ghost field c and define the transfor-

mation law for xµ and gαβ .

fα → Λcα (4.4.109)

With this replacement, the coordinate dependent parameter becomes ghost field and that transformation

parameter becomes global. This global symmetry is known as BRST symmetry.

Next, since the local symmetry can be described by the global symmetry, BRST symmetry, we introduce

a gauge-fixing term to fix the local symmetry:

Sgf = − 1

π

∫
d2ξλαβ(

√
−ggαβ −

√
−ĝĝαβ), (4.4.110)

where ĝ represents a fixed metric. The BRST transformation for λαβ is 0.

To construct the kinetic term for the ghost field c, we introduce an anti-ghost field b, and we define its

BRST transformation so that the action is invariant. Also from the algebra of reparameterisation, the

transformation law for c is given by

δbαβ = Λλαβ , δc = Λcγ∂γc
α. (4.4.111)
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With the covariant derivative as Dα, the final action is

SBRST = Sorig + Sgf + Sgh (4.4.112)

Sgh = − 1

π

∫
d2ξ

√
−gbαβ(Dαcβ +Dβcα − gαβDγcγ) (4.4.113)

If we set ĝαβ = ηαβ and λαβ on-shell, we can obtain

SF = − 1

4πα′

∫
d2ξηαβ∂αx

µ∂βx
νηµν − 1

π

∫
d2ξbαβ(∂αcβ + ∂βcα − ηαβ∂γc

γ) (4.4.114)

Here, as before, the local symmetry is not completely fixed, and which is conformal symmetry. In other

words, there are two conformal symmetries in this action: the conformal symmetry in the reparametriza-

tion invariance and the Weyl invariance, and the conformal symmetry in the BRST symmetry. Here BRST

symmetry corresponding to Weyl symmetry and reparameterisation except for comformal symmetry was

broken by integrating out λαβ .

Equation of Motion

The equations of motion are given by

∂2xµ = 0, ∂βb
αβ = 0, ∂αcβ + ∂βcα − ηαβ∂c = 0 (4.4.115)

There are various possibilities that Lorentz covariant boundary condition satisfies the surface term.

One is the periodic condition corresponding to closed string:

xµ(σ) = xµ(σ + 2π), bαβ(σ) = bαβ(σ + 2π), cβ(σ) = cβ(σ + 2π) (4.4.116)

The other is the Neumann condition corresponding to open string:

∂τx
µ = 0, b10 = 0, c1 = 0 (4.4.117)

Calculating the Poisson brackets, we obtain

{b01(σ), c1(σ′)} = − iπ
2 δ(σ

′ − σ)

{c0(σ), b00(σ′)} = − iπ
2 δ(σ

′ − σ)
(4.4.118)

For xµ it is the same result in the old covariant quantization.

In order to treat open and closed strings equally, we fold the open string so that it satisfies the boundary
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condition at σ = 0.

c0(σ) = c0(−σ) c1(σ) = −c1(−σ)

b00(σ) = b00(−σ) b01(σ) = −b01(−σ)
(4.4.119)

Futhermore, if we rewrite

c(σ) = c0 + c1 = c+

b = −2(b00 + b01) = −4b++,
(4.4.120)

the boundary condition for the open string becomes

c(π) = c(−π), b(π) = b(−π), (4.4.121)

and then it is just the boundary condition for closed string. To extend the range of σ, we impose

c(σ) = c(σ + 2π), b(σ) = b(σ + 2π) (4.4.122)

Using these expressions, the anti-commutation relations are given by

{b(σ), c(σ′)} = 2iπδ(σ′ − σ)

{b, b} = {c, c} = 0
(4.4.123)

Since we have imposed periodicity on b and c, the mode expansions are

c(σ) =

∞∑
−∞

cne
−inσ (4.4.124)

b(σ) = i

∞∑
−∞

bne
−inσ. (4.4.125)

Substituting these mode expansions into the anti-commutation relations, we obtain

{cn, cm} = {bn, bm} = 0, {cn, bm} = δn+m,0. (4.4.126)

Quantization

Next we consider the representation that satisfies these algebras. We adopt the creation and annihila-

tion operators and the representation in SU(2) since b0 and c0 form a two-dimensional Clifford algebra

with indefinite metric.

c0 |+⟩ = 0, b0 |+⟩ = |−⟩

cn |±⟩ = bn |±⟩ = 0
(4.4.127)

83



4 STRING THEORY 4.4 Quantum Bosonic String

Since it is an indefinite metric, the norm is

⟨±|±⟩ = 0, ⟨+|−⟩ = ⟨−|+⟩ = 1. (4.4.128)

The states are generated by the creation operators αµ
−n, b−n and c−n and the basis is given by |±⟩.

Thus

|χ⟩ = ψ |+⟩ + ϕ |−⟩ . (4.4.129)

For closed string theory, we take the direct product of these states. Also, since b0 and c0 are commutative

with the Hamiltonian, we can take |±⟩ as the ground state.

Constraints and Virasoro Conditions

The above discussion so far is only to determin the properties of the state space, not the physical

conditions. In quantum theory, it is the constraint conditions and the equations of motion that determine

the state.

The constraint conditions can be calculated as

Tαβ = ∂αx
µ∂βx

νηµν − 1

2
ηαβ∂x

µ∂xνηµν + 4α′{(bαγ∂βc
γ + bβγ∂αc

γ) + (∂γbαβ)cγ} (4.4.130)

By modal expansion, we define the Virasoro generators and calculate the commutation relation. Since

the Virasoro generators for x is already given, we focus on the ghost part. The constraints for the ghost

part are

T
(c)
++ = −i

[
1
2c

+∂+b++ + ∂+c
+b++

]
1
2c

−∂−b−− + ∂−c
−b− (4.4.131)

By mode-expanding these conditions, we can obtain the Virasoro generators corresponding to the ghost

part:

L(c)
m =

∞∑
n=−∞

[m(J − 1) − n]bm+nc−n, (4.4.132)

where J is the conformal dimension, which is 2 for b and -1 for c. The ordering is still required only for

m = 0.

The commutation relation generated by the Virasoro generators for ghosts is

[
L(c)
m , L(c)

n

]
= (m− n)L

(c)
m+n +Ac(m)δm+n (4.4.133)

Ac(m) =
1

12

[
1 − 3k2

]
m3 +

1

6
m, k = 2J − 1 (4.4.134)
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For J = 2, we have

Ac(m) =
1

6
(m− 13m3) (4.4.135)

Thus, the Virasoro algebra for the whole action is given by a combination of the conformal transfor-

mations of BRST symmetry and regidual symmetry. If we define

Lm = Lα
m + L(c)

m − aδm,0, (4.4.136)

then

[Ln, Lm] = (n−m)Ln+m +
D − 26

12
n(n2 − 1)δn+m,0. (4.4.137)

The second term on the right-hand side is a comformal anomaly, and its existence breaks conformal

symmetry in quantum theory. Therefore, by taking D = 26, we eliminate the anomaly and make the

symmetry in the classical theory and the quantum theory coincide. This means that the comformal

transformation derived from the reparameterisation and the conformal transformation from the BRST

symmetry can be performed spontaneously.

Physical States

In old covariant quantization, the Virasoro generators are the constraints, and the physical states satisfy

(Ln − aδn,1) |χ⟩ = 0. (4.4.138)

The basic idea is the same for BRST quantization, but since we introduced ghost and anti-ghost fields,

we need to consider a larger Fock space.

the Virasoro algebra in general dimensions has an anomaly, so the property Q2 = 0 is nontrivial. Also,

the ghost number operator U has an ambiguity due to the order of the operators. In BRST quantization,

the action has BRST symmetry, so the corresponding charge for open strings is

QB =:
∑

c−n

(
Ln − 1

2
L
(c)
−n

1

2
δn,0

)
: . (4.4.139)

Similarly, the ghost number operator for open is

U =

∞∑
m=−∞

: c−mbm : . (4.4.140)

For closed strings, we can incorporate the left-moving contributions.
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The BRST current is

JB
+ = 2c+

(
T

(α)
++ +

1

2
T

(c)
++

)
. (4.4.141)

The ghost number current is

J+ = c+b++. (4.4.142)

Of course, these currents obey the conservation laws:

∂−J
B
+ = ∂−J+ = 0. (4.4.143)

The corresponding charges are given

QB =
1

2π

∫ π

0

dσ
(
JB
+ + JB

−
)

(4.4.144)

U =
1

2π

∫ π

0

dσ (J+ + J−) (4.4.145)

In order to confirm the nilpotency, we calculate Q2
B explicitly:

Q2
B =

1

2
{Q,Q} =

1

2

∞∑
−∞

([Lm, Ln] − (m− n)Lm+n) c−mc−n (4.4.146)

Therefore, if D = 26 and a = 1, this charge satisfies the nilpotency. This means that the conformal

anomaly cancels out. Indeed if we use the relation

Lm = {Q, bm} , (4.4.147)

and nilpotency, then

[Lm, Q] = [{Q, bm} , Q] = 0. (4.4.148)

So, using these equations, we find

[Lm, Ln] = [Lm, {Q, bn}] = {Q, [Lm, bn]}

= (m− n) {Q, bm+n} = (m− n)Lm+n

(4.4.149)

and the anomaly has disappeared.

Since a charge corresponding to a symmetry is the generator of the transformation, the transformation

law for the field Y is in general

δY = [λQ, Y ]. (4.4.150)
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Specifically, the transformation laws of the fields are

δXµ = λc+∂+X
µ + λc−∂¬X

µ (4.4.151)

δc+ = λc+∂+c
+ (4.4.152)

δb++ = 2iλT++ (4.4.153)

δT++ = 0. (4.4.154)

Next, we consider the ambiguity of the ghost number operator:

U =
1

2
(c0b0 − b0c0) +

∞∑
n=1

(c−nbn − b−ncn) . (4.4.155)

If we act on the ground state |±⟩, we find that the eigenvalue is ±1/2. Therefore, the ghost numbers of

all eigenstates are half integers.

Q is conserved current in this system and the constraint. Therefore, we impose

Q |χ⟩ = 0. (4.4.156)

Thus, the physical state is distinguished by a BRST cohomology class with a ghost number. Since the

physical states do not contain ghost fields, we assume that they are proportional to the ground state |±⟩,

which has no ghost excitations. From the action, since the ghost field and the anti-ghost field do not

exist symmetrically, the ground state |+⟩ and |−⟩ are not same states. Indeed the conformal weights of

the ghost field and the anti-ghost field are different. Therefore, we need to consider which ground state

should be adopted. Since |±⟩ is a ground state, it satisfies the following condition.

cn|χ⟩ = bn|χ⟩ = 0, n > 0 (4.4.157)

These conditions can be interpreted as ghosts and anti-ghosts not being included in the state. Considering

the state of |−⟩, from b0 |−⟩ = 0, we have

0 = Q|χ⟩ =

(
c0

(
L
(α)
0 − 1

)
+
∑
n>0

c−nL
(α)
n

)
|χ⟩ (4.4.158)

and which is equal to the Virasoro condition in old covariant quantization. On the other hand, if we

adopt the ground state of |+⟩, |χ⟩ vanishes due to c0, so the first term in the above equation vanishes,

and as a result, all the Virasoro conditions are no longer obtained. From the above, the physical state of
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the bosonic string is a cohomology class with ghost number -1/2.

From the nilpotency, there is ambiguity in the physical states:

|χ⟩ +QB |Λ⟩ . (4.4.159)

This second term corresponds to the degrees of freedom of the gauge transformation. Indeed, the second

term is a physical and zero-norm state:

⟨Λ|Q†Q |Λ⟩ = 0. (4.4.160)

4.5 Superstring Theory for RNS Formalism

We introduce fermions by imposing a supersymmetry on the theory. Supersymmetry is a symmetry

that swaps spinor indices to vector indices. Polyakov action is given by (4.3.13), where there are two

types of vector indices: µ for spacetime and α for the world sheet. Therefore, there are two ways to

introduce supersymmetry into string theory. One is to impose supersymmetry on the spacetime index µ,

called the Gree-Schwarz formalism. Since this is a spacetime symmetry, we only need to make a global

supersymmetry. The other is for the world sheet index α and is called the RNS formalism. Since the

world sheet is a local object, we need to impose local supersymmetry. However, since the symmetry

we observe is that of spacetime, in RNS formalism we must impose a certain projection. Under this

projection, the two theories coincide. In this section, we start with the RNS form, which is relatively

easy to handle.

4.5.1 Classical RNS Formalism

Global World Sheet Supersymmetry

In RNS formalism we impose a supersymmetry on the index α on the world sheet. Since the world

sheet is two-dimensional, the dimension of the Clifford algebra is two-dimensional, and the dimension of

the spinor representation is also two-dimensional:

γ1 =

 0 −i

i 0

 , γ2 =

 0 i

i 0

 . (4.5.1)

Since µ = 1, ..., D, we introduce D two-dimensional spinors. Futhermore in order to match the off-shell

degrees of freedom of the bosons and fermions, we introduce D bosons Nµ. The action with global
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supersymmetry is ∫
d2ξ

(
−1

2
∂αx

i
2 ∂αxν − i

2
χµ ̸ γχν +

1

2
NµNν

)
. (4.5.2)

where χµ is the spinor representation of the world sheet Lorentz group SO(1,1) and the vector represen-

tation of the space-time Lorentz symmetry SO(1,D-1). The super partner χµ can be taken to Majorana

spinor:

χ = χ†γ0 (4.5.3)

The action describes a field theory in two dimensions, and in this sense SO(1,D-1) is an internal symmetry.

Also, the action is invariant under global off-shell supersymmetric transformations of the world sheet.

δxµ = ϵχµ, δχµ = −iγα∂αxµϵ, (4.5.4)

The ϵ is a parameter for supersymmetry and Majorana fermion. This action is invariant under world

sheet global supersymmetry and two dimensional Poincaré symmentry, and the conserved currents for

these symmetries are

Tαβ = ∂αx
µ∂βxµ +

i

4
ψ
µ
γ{α∂β}ψµ − (trace of first term and second term) (4.5.5)

Jα =
1

2
γβγαψ

µ∂βxµ. (4.5.6)

Since supersymmetry and two dimensional Poincaré symmetry act on the world sheet, the index of current

is for the world sheet. Also, Tαβ is clearly traceless, and if we choose light cone coordinates, we obtain

T+− = T−+ = 0 (4.5.7)

Local Supersymmetry

Next we use consider the local supersymmetry. By using Noether method, we obtain the local super-

simmetric action:

S =
1

2πα′

∫
d2ξe

{
−1

2
∂αx

µeαβ∂βx
ν − i

2
χµγρ∂ρχ

ν +
1

2
NµNν +

iκ

2
ψαγ

ρ∂ρx
µγαχν − κ2

16
ψαγ

βγαψβχ
µχν

}
ηαβ .

(4.5.8)

Also we obtain the transformation laws:

δxµ = ϵψµ, δχµ = −iγαϵ(∂αxµ − χµψα

δeαµ = −2iϵγαψα, δψα = ∇αϵ
, (4.5.9)
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where ψα is a gauge field for local supersymmetry, e α
µ is a gauge field for the reparameterisation and ∇α

is the spin connection.

Symmetries

We used the Noether method for the global world sheet supersymmetry and introduce the local super-

symmetry for the world sheet:

δxµ = iϵχµ δχ = (γαDαx
µ +Nµ)ϵ δNµ = iϵγαDαχ

µ

δeaα = iκϵγαψα δψα = 2
κDαϵ

(4.5.10)

Dαx
µ = ∂xµ − iκ

2 ψαχ
µ Dβχµ =

(
Dβx

µ − κ
2γ

αDαx
µ +Nµ

)
ψβ (4.5.11)

Since the double supersymmetric transformations induce a reparameterisation symmetry, there is a two-

dimensional reparameterisation invariant:

δeaα = fβ∂βe
a
α + ∂αf

βeaβ δψαA = fβ∂βψαA + ∂αf
βψβA

δxµ = fβ∂βx
µ δχµ

A = fβ∂βχ
µ
A δNµ = fβ∂βN

µ
. (4.5.12)

Also from the super algebra, there is a two-dimensional local Lorentz transformation

δeaα = −wa
b e

b
α δψαA = 1

4 (wabγab)
B
AψαB

δχµ
A = 1

4 (wabγab)
B
Aχ

µ
B

(4.5.13)

As bosonic string theory, this action has also Weyl symmetry

δeaα = Λeaα δψα = 1
2Λψα

δxµ = 0 δχµ = 1
2Λχµ δNµ = −ΛNµ

(4.5.14)

Finally, the following symmetry is induced:

δψα = γαξ (4.5.15)

This symmetry follows from the identity of the two-dimensional Clifford algebra, and is necessary for the

superconformal symmetry to form a closed algebra. This symmetry is called S-symmetry. This action is

not invariant under the spacetime supersymmetry.

Using these symmetries, we can set

eaα = δaα, ψ = 0. (4.5.16)

Equation of Motion
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The equations of motion and constraints are given by

∂2xµ = 0, ∂αγαχ
µ = 0 (4.5.17)

Tαβ = ∂αx
µ∂βx

νηµν + i
2χ

µγβ∂αχ
νηµν +

ηαβ

2 (∂γx
µ∂γxν + iχµ∂σγσχ

ν)ηµν = 0

Jα = ∂βγβx
µγαχνηµν = 0

. (4.5.18)

And the boundary term is

χµγ1δχνηµν |π0 = 0. (4.5.19)

Since χ is a representation of the two-dimensional Clifford algebra, we can write it down in Weyl spinors:

(χµ
−δχ

ν
− − χµ

+δχ
ν
+)ηµν |π0 = 0. (4.5.20)

Although there are several possibilities of boundary conditions that satisfy this boundary term, there are

only two that do not give a non-trivial solution. Those are the Ramond sector and the Nieve-Schwarz

sector. For open string,

(R) χ+(π) = χ−(π)

(NS) χ+ = −χ−(π)
(4.5.21)

and for closed string

χµ
±(π) = χµ

±(−π) (R)

χµ
±(π) = −χµ

±(−π) (NS).
(4.5.22)

As with bosonic strings, closed strings are given by the direct product of open strings, so we focus on

only the open string

We define the following field:

Ψµ(σ) =
1

α′

 χµ
+(σ) 0 < σ < π

χµ
−(−σ) −π < σ < 0

. (4.5.23)

Using this notation, the boundary condition is

Ψµ(π) = Ψµ(−π) (R)

Ψµ(π) = −Ψ(π) (NS)
(4.5.24)
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From these conditions, the solution is a mode expansion of Ψ using the light cone coordinates:

Ψµ =
∑

n d
µ
ne

−inξ+ (R)

Ψµ =
∑

r b
µ
r e

−inξ− (NS).
(4.5.25)

and then the Poisson brackets and constraints are

{dµn, dνm} = −iηµνδn+m,0 (R)

{bµr , bνs} = −iηµνδr+s,0 (NS)
(4.5.26)

Gr =
∑
α−nbr+n (NS)

Fn =
∑
α−mdn+m (R)

(4.5.27)

The algebra generated by the constraints are given by

{Ln, Lm} = −i(n−m)Ln+m {Ln, Fm} = −i
(
−m+ n

2

)
Fn+m

{Fn + Fm} = −2iLn+m

(4.5.28)

for Ramond sector and

{Ln, Lm} = −i(n−m)Ln+m {Ln, Gm} = −i
(
n
2 − r

)
Gn+r

{Gr, Gs} = −2iLr+s

(4.5.29)

for NS sector.

For the closed string, we use these sectors independently for left-moving and right-moving.

4.5.2 Old Covariant Quantization

Virasoro conditions

First, we replace the Poisson bracket of the bosonic field in the commutation relation and the Poisson

bracket of the fermionic field in the anti-commutation relation:

[αµ
n, α

ν
m] = nδn+m,0η

µν

{dµn, dνm} = −iηµνδn+m,0 (R)

{bµr , bνs} = −iηµνδr+s,0 (NS).

(4.5.30)

Since these operators are non-commutative, we can redefine the constraint using the normal order and
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recompute the commutation relation. For R sector, we find

[Ln, Lm] = (n−m)Ln+m + D
8 n(n2 − 1)δn+m,0 [Ln, Fm] = −

(
−m+ n

2

)
Fn+m

{Fn + Fm} = 2Ln+m + D
2 n

2δn+m,0

, (4.5.31)

where the anomaly term is different from the bosonic string anomaly D/12. This is because there is a

contribution from the local supersymmetry.

Similarly for NS Sector, we find

[Ln, Lm] = (n−m)Ln+m + D
8 n(n2 − 1)δn+m,0, [Ln, Gm] = −

(
n
2 − r

)
Gn+r

{Gr, Gs} = 2Lr+s + D
2

(
r2 − 1

4

)
δr+s,0

. (4.5.32)

From these commutation relations, L±, L0 and G±1/2 make an OSp(1|2) subalgebra.

These equations form an algebra different from the classical theory because of the superconformal

anomaly. The existence of this anomaly shows that the symmetry that existed in classical theory is

broken in quantum theory.

Spectrum

Next we derive the spectrum of the open string for each sector. The Virasoro condition for the zero

mode is

L0 = L
(α)
0 + L

(b)
0 , or L

(α)
0 + L

(d)
0 (4.5.33)

and we use

N =

∞∑
1

α−mαm, N b =

∞∑
1/2

rb−rbr, Nd =

∞∑
1

md−mdm, (4.5.34)

p2 = −M2, (4.5.35)

then the Virasoro condition for these zero modes is

α′M2 = N + const. (4.5.36)

This condition is called the mass shell condition because it corresponds to the equation of motion.

From [α0, α0] ∼ −1 and {d0, d0} ∼ −1, there are ghost modes, and these modes are the cause of the

superconformal anomaly. Since the anomaly for gauge symmetry breaks the unitarity of the theory, we

must remove the superconformal anomaly by setting D and a appropriately as well as the bosonic string.

In particular, if a and D are critical values enough to just eliminate the ghost, a zero-norm state exists,

and this zero-norm state plays the role of a gauge degrees of freedom.
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In the following, for simplicity, we consider only the NS sector. The R sector can be calculated in the

same way as the NS sector. Let |0, k⟩ be a ground state satisfying k2 = 2a which is followed from mass

shell condition. Consider the excited state |ϕ⟩ = G−1/2 |0, k⟩. if we impose the mass-shell condition, we

find k2/2 = a− 1/2. Here, the basis of the state space is α−n, d−n and b−r, so |ϕ⟩ is not the first excited

state. If we calculate the norm of this state, we find

⟨ϕ|ϕ⟩ = 0. (4.5.37)

Therefore, |ϕ⟩ is a zero-norm state (spurious state). We impose the remaining Ln ̸=0 and Gr Virasoro

conditions on this state. The condition with the smallest value in n and r is r = 1/2. Thus, the Virasoro

condition of G1/2 is imposed on the first excited state:

G1/2(G−1/2 |0, k⟩) = 0. (4.5.38)

From this condition, we find a = 1/2. Now, if
∣∣∣ϕ̃〉 is a physical state that satisfies all the Virasoro

conditions, we can see that the same argument holds if we replace |0, k⟩ with
∣∣∣ϕ̃〉.

Next, we consider |ϕ⟩ = (G−3/2 + λG−1/2L−1)
∣∣∣ϕ̃〉. If we impose Virasoro condition

G3/2 |ϕ⟩ = 0, G1/2 |ϕ⟩ = 0, (4.5.39)

we find λ = 2 and D = 10

Higher-order states and Virasoro conditions can be generated by the product of G±1/2 and G±3/2, so

there is no need to consider them. The G−1/2

∣∣∣ϕ̃〉 and G−3/2

∣∣∣ϕ̃〉 used in this calculation correspond to

the gauge degrees of freedom. Also since
∣∣∣ϕ̃〉 is an arbitrary physical state, the gauge degrees of freedom

are infinite dimensional, which is the same as the gauge transformations in field theory.

Next we derive the Virasoro conditions for the states generated by the basis α, d and b of the Fock

space. 4 We discuss the states in each sectors sepalately. For NS sector, the constraints are

Gr |Φ⟩ = 0 r > 0

(Ln − δn,0) |Φ⟩ = 0 n ≥ 0
(4.5.40)

Since the only independent variables are xµ0 , p
µ, αµ

n and bµr , we reparesent pµ as derivative and αµ
n as

creation and annihilation operators. Expanding the state of the general string with the creation operators,

4The previous discussion was about the Virasoro condition for zero-norm (spurious) states, and the discussion that
follows is about the Virasoro condition for non-zero-norm states. The difference is whether they are generated by α, b and
d or by L, G and F .
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we find

|Φ⟩ = (ϕ(x) + iαµ
−1Bµ + ibµ−1/2Aµ +

1

2
bµ−1/2b

ν
−1/2Sµν + ...) |0⟩ (4.5.41)

The conditions for the Fock space are

αµ
n |0, p⟩ = 0 n > 0

bµr |0, p⟩ = 0 r > 0
(4.5.42)

We impose constraints on this state. Focus on the lower order, for L0 − 1/2

(α′∂2 + 1
2 )ϕ = 0 ∂2Aµ = 0

(α′∂2 − 1
2 )Sµν = 0 (α′∂2 − 1

2 )Bµ = 0
(4.5.43)

and gives the Klein-Gordon equations for each field. From these conditions, ϕ is a tachyon and Aµ is a

massless vector. For G1/2, we find

∂µAµ = 0
√

2α′∂Sµν −Bν = 0
. (4.5.44)

These conditions are regarded as the gauge condition. The calculations we performed to find D and a

are, for example, for the first excited mode, that the gauge transformation is given by

iαµ
−1Bµ |0, k⟩ → iαµ

−1Bµ |0, k⟩ +G−1/2

∣∣∣ϕ̃〉 (4.5.45)

and we have calculated the conditions for this gauge-fixed state to be physical.

Next we consider the R sector. The states are constructed in the same way as in the NS sector, but it

cannot be expressed by the creation and annihilation operators because dµ0 cannot be paired with creation

and annihilation. Therefore, we need to express the algebra generated by dµ0 in a different way.

{dµ0 , dν0} = ηµν (4.5.46)

Since this algebra has the same form as the 10-dimensional Clifford algebra, we represent it with a spin

on the state. That is, the degrees of freedom generated by dµ0 correspond to the spinor degrees of freedom

so the R sector is a fermion. The constraints are

Fn |ψ⟩ = 0 n ≥ 0

Ln |ψ⟩ = 0 n > 0
(4.5.47)
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Since the general string state has the spinor index ϵ, we expand this state like

|ϕ⟩ϵ = {λϵ(x) + αµ
−1ψ

1
µϵ(x) + dµ−1ψµϵ(x) + ...} |0; p⟩ . (4.5.48)

The conditions for the Fock space are

αµ
n |0; p⟩ = 0 n > 0

dµn |0; p⟩ = 0 n > 0
. (4.5.49)

From the condition on F0, we find

∂µd
µ
0λ = 0

√
α′∂νd

ν
0ψ

1
µ = ψ2

µ −
√
α′∂νd

ν
0ψ

2
µ = ψ1

µ

. (4.5.50)

These are now the Dirac equations for each field.

As you have seen in bosonic string theory, by considering the multi-time configuration, we can realize

less than 10 dimensional superstring thoery. In [69], the author proposed the 4+2 dimensional super-

string theory as two-time physics. Also Since local supersymmetry reduces the comformal anomaly, by

introducing the extended local supersymmetry such as N = 2 or N = 4, we can also realize less than 10

dimensional superstring theory [55].

4.5.3 Light-Cone Quantization

Superstring theory is an invariant theory under reparameterisation, Weyl symmetry, and world sheet

local supersymmetry, and we fixed these local symmetries using gauge-fixing conditions. However, this

gauge fixing could not fix the superconformal symmetry which makes the action trivially invariant. In

old covariant quantization, we dealt with this superconformal symmetry by quantizing it and imposing

constraints on the quantum states. Here we quantize only the physical degrees of freedom by imposing

an light cone gauge condition to solve the super-Virasoro condition. In the old covariant quantization,

D = 10 and a = 1/2 was found by imposing the consistency of the gauge transformation of the quantum

state after the quantization. In the light cone quantization, the dimension D and the intercept a could not

be determined in the same way as in the old covariant quantization, because there is no superconformal

symmetry in quantum theory, but they could be determined by imposing consistency with the spacetime

Lorentz symmetry in quantum theory.

Light Cone Gauge

As in the bosonic string theory, we fix the reparameterisation invariance and the Weyl invariance by
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imposing a conformal gauge for the world sheet metric g: gαβ = ηαβ . Since this gauge condition leaves

the theory with conformal symmetry, we further impose the light cone gauge condition:

X+(σ, τ) = x+ + p+τ (4.5.51)

In addition to these symmetries, the action is invariant under local world sheet supersymmetry. Therefore,

one more gauge condition must be imposed:

ψ+ = 0 (4.5.52)

Since local supersymmetry forms a closed algebra with conformal symmetry which is superconformal

algebra, we have to confirm the consistency with the gauge condition for conformal symmetry (4.5.51).

If we consider the global supersymmetric transformation (4.5.51), we find

δX+ϵψ+ = 0 (4.5.53)

and thus there is no contradiction.

Next, in order to simplify the calculation under the light cone gauge, we use the light cone coordinates:

σ± = τ ± σ, ∂± =
1

2
(∂τ ± ∂σ) (4.5.54)

σ± = τ ± σ, ∂± =
1

2
(∂τ ± ∂σ) (4.5.55)

Also in order to treat fields with σ± as a variable equivalently, we define the following field:

ψµ(σ±) =

 ψµ
+(σ+) σ > 0

ψµ
−(σ−) σ < 0

(4.5.56)

The constraints for the superconformal symmetry are

J+ = ψ · ∂+X = 0

T++ = (∂+X)2 + i
2ψ · ∂+ψ = 0.

(4.5.57)

Substituting the gauge condition (4.5.51), (4.5.52) into these constraints, we find

ψ− = 2
p+ψ

i∂+X
i

∂+X
− = 1

p+ (∂+X
i∂+X

i + i
2ψ

i∂+ψ
i)

(4.5.58)
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Furthermore, Fourier expansions of X and ψ are

b−r =
1

p+

D−2∑
i=1

∞∑
s=−∞

αi
r−sb

i
s

α−
n =

1

2p+

D−2∑
i=1

( ∞∑
m=−∞

: αi
n−mα

i
m : +

∞∑
r=−∞

(
r − n

2

)
: bin−rb

i
r;

)
− aδn,0

2p+
.

(4.5.59)

From these expressions, p+α−
n and p+b−r have the same form as the super-Virasoro generators, so we

find the super-Virasoro algebra obtained by old covariant quantization. However, since the old covariant

quantization is made with αµ instead of αi, we have to replace D in the anomaly term in the old covariant

with D − 2:

A(m) =
D − 2

8
(m3 −m) + 2am

B(r) =
D − 2

2

(
r2 − 1

4

)
+ 2a

(4.5.60)

As in the bosonic string theory, we require the D dimensional Lorentz symmetry, we obtain D = 10, a =

1/2 .

4.5.4 Spacetime Supersymmetry and GSO Projection

We derived the spectrum of the string in RNS formalism, and all of these spectra are supersymmetric

invariants on the world sheet. However, the world sheet is not physical. In other words, the supersym-

metry of the world sheet is not observable if considering the effective field theory of point particles at

low-energy. In order for supersymmetry to exist in the low-energy effective theory, string theory must

be supersymmetric not only in the world sheet but also in spacetime. In order to impose spacetime su-

persymmetry on RNS string theory, we extract a spectrum from the spectrum of RNS string theory that

satisfies the spacetime supersymmetry. In other words, by imposing a projection on the spectrum, we can

construct a theory in which spacetime supersymmetry and world sheet supersymmetry are compatible.

The NS sector represents bosons, the R sector represents fermions, and these degrees of freedom must be

equal on-shell due to the spacetime supersymmetry. With the above manifest, we construct a spacetime

supersymmetric string theory.

Secondly, the RNS form of string theory is not a consistent theory even for D = 10 and a = 1/2 at the

following points.

One of them is the exist of tachyon. Since the NS sector contains tachyon and the vacuum is unstable,

it is better to remove them by this projection. In principle it is possible to extract the state so that it

contains a tachyon as long as the spacetime supersymmetry can exist.

The other is the statistical nature of particles. The ψµ is a spinor on the world sheet and is a Grassmann
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odd. However, ψµ is a boson of spacetime Lorentz symmetry. In other words, the boson state |ϕ⟩ is a

commutative state, but ψµ |ϕ⟩ is anti-commutative, even though it is a boson. To solve this problem, we

can keep only the even-acting states of ψµ and remove the odd-acting states of ψµ by a projection. This

requirement leads to the κ symmetry.

In order to satisfy these two requests, the projection must contain an operator that counts the number

of ψµ which means the number of bµ, such a measure is G-parity. We define the operator (−1)F to count

the G-parity. Since we want to consider the low energy effective theory, we require that the projection

leaves massless particles. Therefore, we define (−1)F = 1 for massless particles, and remove the state

where (−1)F = −1 and then

(−1)F (ψµ1 · · ·ψµn |ϕ⟩) = (−1)−n(ψµ1 · · ·ψµn |ϕ⟩). (4.5.61)

This projection is called GSO projection. In fact the RNS string theory imposed the GSO projection

is invariant under spacetime supersymmetry. Indeed, under the GSO projection, a spin 3/2 particle

remains, which is coupled to a spin 1/2 charge. Since the spin 1/2 charge is a supersymmetric charge,

this spin 3/2 particle is a gauge field for the spacetime supersymmetry. In the following, we specifically

investigate RNS superstring theory, which imposed the GSO projection.

The massless spectrum in the NS sector is bµ−1 |0; k⟩, so it is a vector particle. On the other hand, the

massless spinor is a state that satisfies the super-Virasoro condition F0 |ψ⟩ = 0. The ground state |ψ⟩ is a

spinor. Since F0 |ψ⟩ = 0 is a Dirac equation, we write ua(k) as the solution for the Dirac equation where a

is the spinor index, and k is the momentum. If supersymmetry exists in the theory, these states must form

a multiplet. If we denote the coefficient of bµ−1 |0; k⟩ as Aµ, Aµ has 10 components. Of these, the physical

degrees of freedom are the eight transverse components. On the other hand, |ψ⟩ is a 10-dimensional

spinor, and its degrees of freedom are complex 210/2 = 32. However, for D = 10, the spinor can be taken

to be a Mayorana-Weyl spinor, so the degrees of freedom are real 16 components. Furthermore, by the

Dirac equation, only 8 degrees of freedom are physical degrees of freedom. Therefore, in the on-shell, the

degrees of freedom of bosons and fermions coincide in 8 components.

In order to confirm this, we first consider the Majorana condition. The massless Dirac equation is

Γµ∂µψ = 0. If all components of the gamma matrix are real or imaginary, we can impose a condition

that makes ψ real and this spinor is called a Majorana representation.

If D = 10, we can construct a representation such that all the components of the gamma matrix are

imaginary. In this case, Γ0 is antisymmetric and the remaining gamma matrices are symmetric. In

general, we can create a Majorana fermion for D = 2, 3, 4 mod 8.

Of the 10 gamma matrices, the 8 components Γi correspond to the transverse components. These
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form the Clifford algebra for SO(8), which is a subalgebra of SO(1,9). If we denote the generators of the

Clifford algebra as γi, i = 1, ..., the algebra is {γi, γj} = 2δij . Here, γi is a real symmetric 16×16 matrix.

By using the Clifford algebra for SO(8), we construct the Clifford algebra for SO(1,9), {Γµ,Γν} = −2ηµν .

Using the 16 × 16 matrix γi and the 2 × 2 Pauli matrix σ, the 32 × 32 matrix Γµ can be constructed as

follows:

Γ0 = σ2 ⊗ 116, Γi = γ1 ⊗ γi, Γ9 = iσ3 ⊗ 116. (4.5.62)

We adopt the representation of the Pauli matrix such that σ1, σ3 are real and σ2 are imaginary. Then all

components of Γµ are imaginary. Therefore, we can impose the Majorana condition.

Next, we confirm that we can impose the Weyl condition in 10 dimension . Whenever the spacetime

dimension D is even, we can define a chiral matrix:

Γ11 = Γ0 · · ·Γ9. (4.5.63)

This chiral matrix satisfies the following properties:

{Γ11,Γ
µ} = 0, (Γ11)2 = 1 (4.5.64)

The eigenvalues of this matrix are ±1 from (Γ11)2 = 1:

Γ11ψ = ±ψ (4.5.65)

The eigenvalue ±1 is called the chirality. Since the eigenvalues are given like that, we can construct the

projection operators
1 ± Γ11

2
(4.5.66)

which leave only spinors with a certain chirality. Spinors with a defined chirality are called Weyl spinors.

Next, we consider the conditions under which the Weyl condition can be imposed on the Majorana

spinors. Since the gamma matrix has all components as imaginary numbers, Γ11, which is created by

multiplying an imaginary number by an even number of times, is a real matrix. This shows that the

Majorana and Weyl conditions are consistent. In other words, we can take ψ to be a real spinor with

positive chirality. In contrast to the 10-dimensional case, in the 4-dimensional case, the Majorana and

Weyl spinor can be defined, but they cannot be taken to be real Weyl spinor because γ5 is imaginary. In

this way, the only dimension where the Weyl and Majorana conditions are consistent is if D = 2 mod 8

from the general theory of Clifford algebra.

If D = 10, the Majorana-Weyl spinor is a real 32/2 = 16 component. If we impose the Dirac equation
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Γ · ∂ψ = 0 on this Majorana-Weyl spinor, the 8 component is related to the other 8 components by

the Dirac equation. Therefore, the physical degree of freedom of on-shell ψ is 8 components. Since this

degree of freedom is equal to the degree of freedom of the on-shell gauge field Aµ, ψ and Aµ can form a

supermultiplet.

From the above discussion, we found that the D = 10 massless fermion takes on the Majorana-Weyl.

This means that it forms a massless supermultiplet. The Weyl condition means that the spinor, which

is an R-sector ground state, is an eigenstate of Γ11. The extension of this Weyl condition to the Weyl

condition for fermions at an arbitrary mass level can be defined by

PR = Γ11(−1)Σ
∞
1 d†

ndn ≡ (−1)F . (4.5.67)

Since this definition is a Weyl condition that can be imposed on fermions of an arbitrary mass level, PR

satisfies

{PR, d
µ
n} = 0. (4.5.68)

Also, since ψµ in the R sector is linear in dµn, we find

{PR, ψ
µ} = 0 (4.5.69)

Futhermore, PR satisfies (PR)2 = 1, indicating that it is a projection operator.

On the other hand, the GSO conditions imposed on the state of the NS sector are

PNS |ϕ⟩ = |ϕ⟩ , PNS = (−1)
∑∞

r=1/2 b†rbr−1 ≡ (−1)F . (4.5.70)

In fact, the even-order mass in the NS sector is given by
√

(2s− 1)/2α′, which is not present in the R

sector. This operator satisfies P 2
NS = 1, and PNS makes the masses equal for bosons and fermions, and

removes the tachyons.

From the above, the massless sector forms a supermultiplet, and in order for the theory to have

supersymmetry, the Weyl condition must be imposed to the R sector, which is, if we write |ψ⟩ for any

R-sector state, given by

PR |ψ⟩ = |ψ⟩ (4.5.71)

Of course, we can also impose a Weyl condition of PR |ψ⟩ = − |ψ⟩ that leaves the opposite chirality. This

Weyl condition is a GSO projection, as it is an operator that removes half of the chirality.

Here, the Weyl condition of (4.5.71) does not imply the removal of positive chirality at all mass levels.
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Any state belonging to the R sector is written as

di1−m1
· · · din−mn

|α⟩ . (4.5.72)

From the GSO condition (4.5.71), the chirality of the ground state |α⟩ is positive. If PR is applied to

this state, PR = (−1)F = (−1)n. In other words, we are left with positive chirality for n = 0, negative

chirality for n = 1.

Specifically, we consider imposing the GSO condition on massive fermions. Since Γ11 is not commutative

with iΓ·∂+m, the massive spinor representation of the Lorentz group cannot be taken to be a Weyl spinor.

However, in string theory, since the commutation relation with the Dirac operator F0 is {PR, F0} = 0,

the GSO projection can be imposed on massive spinors. We consider the first excited fermionic state

αi
−1 |0⟩u1 and di−1 |0⟩u2 in light-cone string theory. From the GSO condition for the R sector PR, u1

and u2 must be Majorana Weyl spinors with different chirality:

Γ11u1 = u1, Γ11u2 = −u2 (4.5.73)

Putting these two spinors together, we can create a Majorana spinor, which is an irreducible massive

representation of the Lorentz group.

A necessary condition for the theory to maintain supersymmetry is that the degrees of freedom of the

fermions and bosons be equal at each mass level. By the Weyl condition, the degree of freedom of a

massless fermion is 8, which is the same degree of freedom as the physical massless vector. By counting

up the degrees of freedom of fermions and bosons at higher mass levels, we can confirm that they are

consistent at each level [26].

Next, to see that the projection operators are consistent with the RNS superstring theory, we can

investigate the commutation relations, since superstring theory is completely determined by constraints.

Indeed we find the commutativities:

{PNS , Gr} = 0 [PNS , Ln] = 0

{PR, Fn} = 0 [PR, Ln] = 0
(4.5.74)

Thus, there is no contradiction. Also, the projection operator extracts a spacetime supersymmetric

transformation from the world sheet local supersymmetric transformation, and this symmetry is just the

κ symmetry.

Closesd String Spectra and TypeIIA / II B String Theory

Finally, we use the above results to derive the spectrum of the closed string. Since the closed string
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is multiplied by the direct product of the open string, there are four sectors of states: (NS,NS), (NS,R),

(R,NS), and (R,R). In these sectors, fermions are (NS,R) and (R,NS). The constraint conditions for each

sector are

Gr |ϕ⟩ −Gr |ϕ⟩ = 0r ≥ 1/2

(Ln − 1

2
δn,0) |ϕ⟩ = (LN − 1

2
δn,0) |ϕ⟩ = 0n ≥ 0

(4.5.75)

for (NS, NS). Considering the condition for n = 0, we find

|ϕ⟩ = {ϕ+ bµ−1/2b
ν

−1/2lµν + ...} |0⟩ (4.5.76)

(α′∂2 + 1)ϕ = 0, ∂µlµν = 0, ∂2lµν = 0 (4.5.77)

From the conditions, ϕ is a tachyon and lµν is a massless second-order tensor. By decomposing lµν , we

obtain the traceless symmetry hµν corresponding to gravity, and the antisymmetric second-order tensor

Bµν and the scalar ϕ of the trace part, which belongs to the SO(D-2) representation.

Next we consider the (NS, R) sector and (R, NS) sector:

|ϕ⟩ϵ = (bµ−1/2ψµϵ + ...) |0⟩ , (4.5.78)

∂µd
µ
0ψ

ν = ∂µψµ = 0. (4.5.79)

If we divide ψµ into scalar and gamma traceless parts, we obtain

ψµ = ψ̂µ + d0µλ; dµ0 ψ̂µ = 0. (4.5.80)

Substituting in the condition

dµ0 ψ̂µ = ∂µψ̂µ = 0

∂µd
µ
0λ = 0

(4.5.81)

The ψ̂µ represents the gravitino.

Finally we consider the (R,R) sector:

|ϕ⟩ϵδ = {Sϵδ + ...} |0⟩ , (4.5.82)

(∂µd
µ
0 )βϵ Sβδ = (∂µd

µ
0 )γδSϵγ = 0. (4.5.83)

Next, we impose a GSO projection condition on each of the left- and right-moving objects to give the

spectrum a spacetime supersymmetry. For the (NS, NS) sector, since this sector contains tachyons, we
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impose PNS = 1. For the (NS, R) sector, we impose PNS = 1 to leave the massless state. For the

right-moving R sector, there is no request, so PR = ±1 are possible.

Similarly for the (R,NS) sector, we impose PNS = 1 and PR = ±1. Here, there are two ways to project

the R sector in (NS,R) and (R,NS): the same chirality and different chirality in (NS,R) and (R,NS).

For the (R, R) sector, there is also no request at all for the way PR is taken. Since Sϵδ belongs to the

representation of Clifford algebra, expanding it in the gamma matrix gives

S = C−1F + ΓµC
−1Fµ + ΓµνC

−1Fµν + ΓµνρC
−1Fµνρ + ΓµνρκC

−1Fµνρκ + ΓµνρκϵC
−1Fµνρκϵ

+ ΓµνρκΓ11C
−1Gµνρκ + ΓµνρΓ11C

−1Gµνρ + ΓµνΓ11C
−1Gµν + ΓµΓ11C

−1Gµ + Γ11C
−1G

(4.5.84)

If we impose the projection condition PR = ±1 and PR = ±1, then we obtain

F = ±G, Fµ = ∓Gµ, Fµν = ±Gµν , Fµνρ = ∓Gµνρ

Fµνρκ = ±Gµνρκ, Fµ1...µ5 = ±1

5
ϵµ1...µ10Fµ6...µ10

. (4.5.85)

F = ∓G, Fµ = ∓Gµ, Fµν = ∓Gµν , Fµνρ = ∓Gµνρ

Fµνρκ = ∓Gµνρκ, Fµ1...µ5 = ± 1
5ϵ

µ1...µ10Fµ6...µ10

(4.5.86)

There are two possible combinations of the values of PR and PR: the same chirality or different

chirality. The first possibility is (PR, PR) = (1, 1). The fields that are consistent under this condition are

Fµ, Fµνρ, Fµ1...µ5 . The constraints are

∂µF
µ1...µn = 0

∂νFµ1...µn
= 0, n = 1, 3, 5

(4.5.87)

The superstring theory constructed under this projection condition is called the TypeIIB string.

Second Possibility is (PR, PR) = (1,−1). A consistent field is F, Fµν , Fµνρκ. The constraint conditions

for these fields are

∂µF
µ1...µn = 0

∂νFµ1...µn
= 0, n = 0, 2, 4

(4.5.88)

The superstring theory constructed using this projection condition is called the TypeIIA string.

TypeIIA/IIB string is invariant under 10-dimensional N = 2 supersymmetry.

In the above discussions, we distinguish the left-moving and right-moving modes. But since the world

sheet is not observable, there is no requirement to make a distinction. Therefore, in addition to the GSO
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projection, we can impose an orienting symmetry which is Ω-duality on the RNS string theory.

αµ
n, b

µ
r , d

µ
n ≃ αµ

n, b
µ

r , d
µ

n (4.5.89)

Due to this symmetry, the left-moving and right-moving sectors must have equal chirality. Therefore, this

symmetry can only be imposed on TypeIIB string theory. And the theory resulting from this is called a

TypeI string.

From the above discussions, we have constructed three types of supersymmetric string theories in space-

time. In order for these theories to be consistent as string theories, they must not contain superconformal

anomaly and also must be modular invariant. Type IIA/IIB theories satisfy these requirements, and Type

I theories satisfy the requirements by including open strings in the theory. It is also possible to create a

theory that satisfies these requirements without spacetime supersymmetry as a condition for GSO pro-

jection, and it is called Type0A/0B theory [26]. Phenomenological model from Type0A/0B theory was

proposed [70].

4.6 Superstring in Green-Schwartz Formalism

In the RNS formalism, we introduced a spinor for the world sheet index α. In low energy effective

theories, where the string is regarded as a point particle, the world sheet can no longer be observed

and the supersymmetry is no longer visible. Therefore, the supersymmetry in the low-energy effective

theory is nontrivial. This corresponds to the fact that spacetime supersymmetry does not exist in the

RNS formalism and thus we imposed the GSO condition on the RNS formalism and realize tachyon-free

theory. This operation is equivalent to imposing a spacetime supersymmetry on the RNS formalism,

which means the spacetime supersymmetry exists in the final string theory. In other wards, in RNS

string theory, the spectra are the representation of the world sheet local supersymmetry, and the these

states is also a representation of the spacetime supersymmetry by GSO projection. This corresponds

to extracting the states satisfying spacetime supersymmetry from the states satisfying world sheet local

supersymmetry. As a result, the spectrum of RNS string theory becomes a theory with space-time local

supersymmetry.

In this section, we construct a theory with spacetime local supersymmetry at first step [71]. The pro-

cedure is similar to that of the Brink-Schwartz superparticle theory. First, we impose a global spacetime

supersymmetry, and then we find the local supersymmetry can be exist. The superstring theory con-

structed in this way is called the Green-Schwartz formalism, and we see that it is equivalent to the RNS

formalism from group theoretic reasons.
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4.6.1 Green-Schwartz Formalism

This formalism imposes a global sapace upersymmetry on the Polyakov action. First, the fermions of

spacetime are denoted by θiA, where A is the spinor index of spacetime and i is an internal index where

we impose the maximum supersymmetry, i = 1, 2. The supersymmetric transformations are

δθi = ϵi, δxµ = iϵjγµθj (4.6.1)

where ϵi is a parameter of symmetry. We define the invariant variable under SUSY thistransformation:

Πµ
α = ∂αx

µ − iθ
j
γµ∂αθ

j . (4.6.2)

If we replace the ∂αx
µ of the Polyakov action by this variable, we can obtain trivially a supersymmetric

invariant action.

S1 = − 1

2π

∫
d2ξ

√
−ggαβΠµ

αΠν
βηµν (4.6.3)

Here, the Π we just defined is not unique as a global supersymmetric invariant variable. Also we can

choose a different variable Π′ for each point as long as it is globaly supersymmetric invariant. That is,

Π has a certain gauge symmetry Π → Π′, and should have a symmetry that mixes xµ and θi in Π. Thus

we define the following transformation:

δxµ = iθ
j
γµδθj

δθi = 2iγµΠµακ
iα.

(4.6.4)

This symmetry is called κ symmetry. And the corresponding symmetry for translation is of course the

local Poincaré symmetry. This forms a closed algebra with κ-symmetry. In order for the action to have

this symmetry, it needs to be modified

S2 =
1

π

∫
dξϵαβ{−i∂αxµ(θ

1
γν∂βθ

1 − θ
2
γν∂βθ

2) + θ
1
γµ∂αθ

1θ
2
γν∂βθ

2}ηµν . (4.6.5)

The action S = S1 + S2 describes the TypeIIA superstring theory. We can also see that S2 does not

contribute to the energy-momentum tensor Tαβ of the world sheet because it does not depend on
√
h.

Since we introduce the new additional term S2, we should confirm the Lorentz symmetry and the global

spacetime N = 2 supersymmetry. Indeed, if D = 3 and θ is Majorana, D = 4 and θ is Majorana or Weiyl,

D = 6 and θ is Weyl, or D = 10 and θ is Majorana-Weyl, the superstring theory can exist. This result

is different from bosonic strings, which can exist in any dimension. By considering quantum theory, we

can see that superstring theory can exist only in D = 10 as well as in RNS formalism.
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κ Symmetry

We constructed the action in GS form using an invariant variable Π under a global supersymmetric

transformation. This supersymmetric invariant field Π is not unique, and there are different supersym-

metric invariant fields Π′. This naturally induce a gauge symmetry, Π → Π′, since either Π or Π′ can

be used at each point. This symmetry is called the κ symmetry, and this symmetry was a fermionic

symmetry. The transformation rule for this symmetry was also given by (4.6.4).

From the above discussion, the parameter of κ symmetry has the three indices: the spacetime spinor

index a, the world sheet vector index α because it is an SO(2) vector on the world sheet, and the

R-symmetry index i = 1, 2. Since the two-dimensional Lorentz group SO(2) is isomorphic to U(1),

the SO(2) vector is a reducible representation and the irreducible representation is a one-dimensional

representation. The irreducible representation is the self-dual and anti-self-dual part of the vector. So,

we define the following projection operator:

Pαβ
± =

1

2

(
hαβ ± ϵαβ√

h

)
. (4.6.6)

We can confirm the following properties and Pαβ
± are the projection:

Pαβ
± hβγP

γδ
± = Pαδ

± , (4.6.7)

Pαβ
± hβγP

γδ
∓ = 0. (4.6.8)

Pαβ
± extract the irreducible representations from the reducible representation. The first property means

that the representation remains the same even if the projection operator is applied to the irreducible

representation. The second property means that it is not possible to extract the other irreducible repre-

sentation from the irreducible representation.

Let us apply this projection operator to κiaα. Here, there are two world sheet vectors, κ1α and κ2α,

because of the doublet under the R-symmetry. Since κ1 and κ2 are equivalent under R-symmetry, we

impose the anti-self duality condition on κ1 and the self duality condition on κ2 without losing generality:

κ1α = Pαβ
− κ1β , (4.6.9)

κ2α = Pαβ
+ κ2β . (4.6.10)

From these conditions, i = 1 corresponds to the right-moving mode and i = 2 to the left-moving mode.

Next we confirm that the κ symmetry is a special spacetime local supersymmetry. In general, supersym-

metry forms a close algebra with local Poincaré symmetry. Therefore, there exists a bosonic symmetry

107



4 STRING THEORY 4.6 Superstring in Green-Schwartz Formalism

in the local Poincaré symmetry, i.e., the reparameterisation that forms a close algebra with κ symmetry.

Such a symmetry can be found as follows:

δθ1 =
√
hPαβ

− ∂βθ
1λα, δθ2 =

√
hPαβ

+ ∂βθ
2λα

δXµ = iθAγµδθA, δ(
√
hhαβ) = 0

(4.6.11)

Equation of motion

The equations of motion derived from the action in GS formalism are obtained as

Πα · Πβ =
1

2
hαβh

γδΠγ · Πδ (4.6.12)

γ · ΠαP
αβ
− ∂βθ

1 = 0 (4.6.13)

γ · ΠαP
αβ
+ ∂βθ

2 = 0 (4.6.14)

∂α[
√
h(hαβ∂βX

µ − 2iPαβ
− θ

1
γµ∂βθ

1 − 2iPαβ
+ θ

2
γµ∂βθ

2)] = 0 (4.6.15)

The first equation corresponds to Tαβ = 0. Although these equations are also nonlinear,we can derive a

free field theory by light cone gauge fixing.

Types of Superstring Theory

In D=10 superstring theory, the spacetime fermion coordinates θ has to be Mayorana-Weil spinors.

This fact means that the specific chiralities are defined for θ1, θ2. There are two ways to define the

chiralities. The first is if the two Majorana-Weyl spinors have the same chirality, and the other is if

they have different chiralities. In closed string theory, the boundary condition is the periodic boundary

condition. Therefore, in closed strings, θ1 and θ2 are independent of each other, and two different ways

of taking the chirality are possible. On the other hand, when considering open strings, θ1 and θ2 must

coincide at the end of the string and therefore must have the same chirality.

In the case of open string, the supersymmetry drops from N = 2 to N = 1, since the two fermionic

coordinates coincide at the boundary. This is why it is called Type I superstring theory. By assigning

a charge to the end of the string, we can construct the N = 1 super Yang-Mills theory with quantum

numbers for any classical group. This method of assigning charge to the end is called Chan-Paton’s

method. It will be shown in later section that in classical theory any gauge group can be realized, but in

quantum theory the only consistent gauge group is SO(32). Also, is the gauge group is an orthogonal or

symplectic group, the string is unorientable. Therefore, the open string superstring theory is the Type

I theory with SO(32) gauge symmetry. This theory describes the interaction between open and closed
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string that are not orientable. Type I theory are inconsistent in quantum theory without the existence

of closed string. This is because if the end of open string join together, it forms closed string. Since the

quantum number exists at the end of the open string, the closed string cannot have quantum numbers,

and thus form a singlet of the gauge group.

Next, we consider the theory of closed string. Since θ1 and θ2 are independent, they can have different

chirality. Since the propagation directions of θ1 and θ2 are opposite, the orientation can be determined

by the chirality. Therefore, the closed string can be oriented. Furthermore, N = 2 supersymmetry is

preserved since the two fermionic coordinates are independent. Since the supersymmetric transformation

is given by δθi = ϵi, the two supercharges have different chirality from each other. The closed string

theory that takes the opposite chirality is called Type IIAtheory. This Type IIA theory is a non-chiral

theory because it treats the two chirality symmetrically. Also, since string do not have end, it is not

possible to introduce a gauge group.

Finally, consider the case where two Majorana-Weyl spinors are taken to the same chirality. In this

case, since we cannot distinguish between θ1 and θ2, we can construct two theories. One is a unorientable

closed string theory by Ω duality. The other is to construct an orientable theory without imposing Ω

duality. The unorientable theory corresponds to the closed string theory that emerges from Type I theory.

In other words, unorientable closed string theory are conosistent with Type I superstring theory. On the

other hand, there is no such restriction in the orientable case. In the orientable theory, there are now two

supercharges with the same chirality. This is why it is called Type IIB superstring theory. This Type IIB

theory is a chiral theory because it deals with only one chirality. Also, like Type IIA theories, Type IIB

theories cannot introduce a gauge group.

4.6.2 Light Cone Quantization

As in the RNS formalism, we can carry out the three ways to quantize this theory. In old covariant

quantization, the conformal symmetry left by gauge fixation is quantized without gauge fixation, and

the physical state is obtained by imposing the Virasoro constraints on the quantum state. In such

quantization, the state had gauge symmetry in quantum theory and the gauge degrees of freedom were

constructed by the Virasoro generators. In the BRST quantization, the reparameterisaton was replaced

to BRST symmetry. Both of these quantizations are called covariant quantizations because they can

treat gauge symmetry in quantum theory. On the other hand, in light cone quantization, the conformal

symmetry is fixed by the light cone gauge, and only the physical degrees of freedom are quantized. In

this kind of quantization, conformal symmetry does not exist in quantum theory.

As can be seen from the example of Brink-Schwartz superparticle, the GS formalism contains nonlinear

terms in the action, and the canonical commutation relations cannot be well set up. Therefore, the GS

109



4 STRING THEORY 4.6 Superstring in Green-Schwartz Formalism

formalism cannot be quantized covariantly, and can only be quantized by taking an light cone gauge.

Using the results of the RNS formalism, we assume that D = 10. In this case, the two spinors θ1, θ2

in the action are the Mayorana-Weyl spinors. Superstring theory in GS formalism for D = 3, 4, 6 can

be discussed in the same way as for D = 10. However, in these dimensions, [J i−, Jj−] ̸= 0, and then it

breaks the Lorentz symmetry. In the case of D = 10, we can consider two cases: one where θ1, θ2 are

taken to the same chirality, and the other where they are taken to different chirality.

The local symmetries of the GS formalism are reparameterisation, Weyl invariance, and κ symmetry.

We use these gauge symmetries to fix the degrees of freedom of the field. First, using reparameterisation

and Weyl invariance, we set

gαβ = ηαβ . (4.6.16)

The equations of motion cannot be linearized by adopting such a gauge fixation condition. The remaining

gauge symmetries after this gauge fixation are conformal symmetry and κ symmetry.

First of all, we consider fixing the κ symmetry. Since the κ symmetry is fermionic, we can drop the

degrees of freedom of the fermionic fields θ1, θ2. In addition, since the parameters κ1, κ2 of the κ symmetry

satisfy the anti-self-duality and self-duality conditions respectively, we have half the independent degrees

of freedom, respectively. Therefore, the degrees of freedom of the fermionic field θA can also be fixed to

half

Γ+θ1 = 0 = Γ+θ2 (4.6.17)

Γ± =
1√
2

(Γ0 ± Γ9) (4.6.18)

where Γ± is the light cone component of the gamma matrix and satisfy

(Γ+)2 = 0 = (Γ−)2. (4.6.19)

These gauge-fixed conditions make the equations of motion of x+ and xi free field equations.

Finally, the conformal symmetry is fixed by the light cone gauge

x+(τ, σ) = q+ + p+τ (4.6.20)

The 10 dimensional Dirac spinor has 32 complex components, and by the Majorana-Weyl condition it

has 16 real components. In addition, the light cone gauge fixation for κ symmetry reduces θi components

to real 8 degrees. On the other hand, the symmetry that is trivially preserved in the light cone gauge

fixation is the rotations for the transverse eight components. In other words, θi can be regarded as an

8 dimensional spinor representation of the transverse rotation group SO(8). More precisely, it is the 8

110



4 STRING THEORY 4.6 Superstring in Green-Schwartz Formalism

representation of Spin(8). The rank of the SO(8) Lie algebra is 4, and the Dynkin diagram is as follows:

•
v

•

•oooooo s

•
OOO

OOO

s(c)

where v represents the SO(8) vector representation and s and c represent the spinor and anti-spinor

representation respectively. This Dynkin diagram is invariant under the central point axis-rotation. This

means that the physics is invariant even if we regard the vector representation as a spinor representation.

Similarly, it means that we can consider spinors as vectors. In fact, both spinors and vectors are real

8-components, and there is no contradiction. Such an interchange of representations is an automorphism,

and the symmetry is called a triplicity. There are 3! = 6 ways to interchange spinors and vectors due

to triplicity, interchanging the vector index i, j, k with the spinor index a, b, c and the anti-spinor index

ȧ, ḃ, ċ.

In the following, we denote S for the eight independent components of the 16-component Majorana

spinor θA that satisfy the fixed condition. The Γ+ appearing in the fixed condition always contributes

to the action and the equations of motion together with p+. Also since the spinor index is contracted as

θΓµθ, it depends on the equations of motion in the form of
√
p+θi. Therefore, if we denote

√
p+θ as S,

from the fixiation condition, we can replace as

√
p+θ1 → S1a or S1ȧ√
p+θ2 → S2a or S2ȧ.

(4.6.21)

A theory with S1 and S2 at the same chirality is a Type I or Type IIB theory, and a theory with different

chirality is a Type IIA theory. In the following calculations, we focus on Type I or Type IIB theory with

the same chirality. Type IIA can be calculated in the same way.

The equations of motion are rewritten using the above gauge fixiation conditions. From Γ+θ = 0, we

have

θΓµ∂αθ = 0, µ ̸= − (4.6.22)

This equation is trivial for µ = +. For µ = i, by insertin 1 = (Γ+Γ−Γ−Γ−Γ+)/2, we confrim this

equation. Substituting these equations into the equations of motion, we find

(∂2σ − ∂2τ )Xi = 0, (4.6.23)

(∂τ + ∂σ)S1a = 0, (4.6.24)
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(∂τ − ∂σ)S2a = 0. (4.6.25)

These equations are consistent with the equations for Xi, ψi
− and ψi

+ in RNS formalism. This fact

is obvious from the triplicity in the eight representations of SO(8). In other words, the SO(8) vector

representation ψi
± is simply replaced by the SO(8) spinor representation S

1(2)
a .

The action in the light cone gauge that leads to these equations of motion is given by

Sl.c = −1

2

∫
d2σ

(
T∂αX

i∂αXi − i

π
S
a
γα∂αS

a

)
, (4.6.26)

where, we have defined Sa = (S1a, S2a) and describe in the world sheet two-component Majorana spinor.

The S1a and S2a are one-component world sheet Majorana spinors, corresponding to the right- and left-

moving modes, respectively. Here, θia is a spacetime spinor and a world sheet scalar. Therefore, S must

be a world sheet scalar in general. However, after the light cone gauge fixation, the remaining world sheet

scalar components for a world sheet spinor.

The quantum theory for the spacetime coordinate xi can be constructed in the same way as before.

The quantization for Sia can be carried out by imposing the canonical anti-commutation relation:

{Sia(σ, τ), Sjb(σ′, τ)} = πδabδijδ(σ′ − σ) (4.6.27)

Next, we expand S in a mode such that the boundary conditions are satisfied. In the open string case,

the two fermions are related to each other at the end of the string. In this case, N = 2 supersymmetry is

broken to N = 0 or N = 1 supersymmetry. Since we hope there are zero modes in the mode expansion

of S, we require that N = 1 supersymmetry be preserved. The boundary condition for S satisfying such

a requiring is

S1a(0, τ) = S2a(τ, 0), (4.6.28)

S1a(π, τ) = S2a(π, τ). (4.6.29)

Since the global supersymmetry transformation is given by (4.6.1), ϵ1 and ϵ2 are related to each other by

the supersymmetry transformation of this boundary condition. In other words, the number of indepen-

dent supersymmetric parameters is reduced and supersymmetry is broken. Therefore, only the N = 1

supersymmetry is preserved, giving the Type I theory. Furthermore, from the boundary conditions, we

know that S1 and S2 must have the same chirality. We can also impose a boundary condition that

changes the sign of the right-hand side of the boundary condition. However, imposing such a boundary

condition would completely break the supersymmetry.
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Modal expansions of S satisfing the open string boundary condition are

S1a(σ, τ) =
1√
2

∞∑
−∞

Sa
ne

−in(τ−σ), (4.6.30)

S2a(σ, τ) =
1√
2

∞∑
−∞

Sa
ne

−in(τ+σ). (4.6.31)

θ is a Majorana-Weyl spinor, so it satisfies the real condition

Sa
−m = (Sa

m)† (4.6.32)

Substituting these modal expansions into the anti-commutation relation, we find

{Sa
m, S

b
n} = δabδm+n,0. (4.6.33)

Similarly, we can also consider closed string by considering the periodic boundary conditions:

SAa(σ, τ) = SAa(σ + π, τ). (4.6.34)

Expanding to satisfy this boundary condition, we find

S1a(σ, τ) =
∑

Sa
ne

−2in(τ−σ), (4.6.35)

S2a = (σ, τ) =
∑

S̃a
ne

−2in(τ+σ). (4.6.36)

As you can see from these expressions, S1 and S2 are consisted from independent S and S̃, respectively.

Since S1 and S2 are independent, they can have different chirality. In this case, it is a Type IIA theory. Of

course, right-moving and left-moving can be distinguished by their chirality, so they are always orientable.

In the case of Type IIB, since left-moving and right-moving have the same chirality, we can eliminate the

orientation by imposing Ω duality, and the resulting theory is a Type I closed string theory.

4.6.3 Equivalence between RNS Formalism and GS Formalism

The equivalence of the RNS form and the GS form can be shown as follows. First, the action under

the light cone gauge fixation in the RNS formalism is given by

S′
l.c = −1

2

∫
d2σ(∂αX

i∂αXi − iψ
i
γα∂αψ

i). (4.6.37)
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In the GS formalism, the fermionic degrees of freedom are described by the spacetime spinor Sa. On the

other hand, in the RNS formalism, they are described by the spacetime vector ψi. In other words, the

difference is a representation of the group.

The relation between these two formalizations can be said to be the relation between the spacetime

spinor Sa and the spacetime vector ψi. Therefore, we consider the bosonization of ψi.

The first step is the bosonization of the world sheet spinor ψi. The bosonization can be performed by

expressing the fermionic current by the derivative of a scalar field:

1√
π
ϵαβ∂βϕ1 = ψ

1
γαψ2,

1√
π
ϵαβ∂βϕ2 = ψ

3
γαψ4,

1√
π
ϵαβ∂βϕ3 = ψ

5
γαψ6,

1√
π
ϵαβ∂βϕ4 = ψ

7
γαψ8.

(4.6.38)

Next, we rewrite it by a linear combination of scalar fields ϕ:

σ1 =
1

2
(ϕ1 + ϕ2 + ϕ3 + ϕ4),

σ1 =
1

2
(ϕ1 + ϕ2 − ϕ3 − ϕ4),

σ1 =
1

2
(ϕ1 − ϕ2 + ϕ3 − ϕ4),

σ1 =
1

2
(ϕ1 − ϕ2 − ϕ3 + ϕ4).

(4.6.39)

Finally, since σ is a spacetime boson, we fermionize it to a spacetime fermion:

1√
π
ϵαβ∂βσ1 = S

1
γαS2,

1√
π
ϵαβ∂βσ2 = S

3
γαS4,

1√
π
ϵαβ∂βσ3 = S

5
γαS6,

1√
π
ϵαβ∂βσ4 = S

7
γαS8.

(4.6.40)

The spin(8) transformability of Sa obtained in this way is non-trivial. The SO(8) currents used in this

bosonization are the four on the right-hand side of (4.6.38). These four generators are commutative.

Therefore, these four generators are maximal commutative subalgebra, which is Cartan subalgebras.

By the 1/2 factor in (4.6.39), we find that the quantum number, which is an eigenvalue of the Cartan

subalgebra of Sa defined by (4.6.40), is a half-integer. Therefore, Sa transforms as a spinor under SO(8).

In fact, Sa transforms as the spinor representation 8s, while the 8c representation can be made by
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changing some of the signs of (4.6.40). This fact can be rigorously proven by examining the bosonization

formula for ψ ∼ eiϕ
†

[26].

The bosonization of fermions in infinite volume can be done relatively directly. However, if the volume

is finite, it becomes more complicated because of the existence of boundaries. In other words, bosonization

and fermionization do not change the expression of the Lagrangian, but they do change the boundary

conditions. By examining the representations of the Sa and ψi, we find the Lagrangian in GS formalism

automatically describes the boson and fermion in the same supermultiplets. On the other hand, in RNS

formalism, these bosons and fermions correspond to the states generated by the quantization of the

field satisfying the boundary conditions. Thus, in the GS formalism, the string spectra can be obtained

directly from the Lagrangian field, while in the RNS formalis, it is obtained as a state produced by a

field satisfying the boundary conditions.

4.6.4 Super-Poincaré Group

In the RNS formalism, the action do not have spacetime supersymmetry, but it is derived by imposing

a GSO projection on the states in the quantum theory. On the other hand, the GS formalism imposes

spacetime supersymmetry on the action, which makes the spacetime supersymmetry easier to understand

than the RNS formalism. In the following discussion, we omit the R-symmetry index i for the simplicity.

In the light cone gauge, the ten dimensional spacetime Lorentz symmetry is not obvious. Thus the

spacetime supersymmetry is not also obvious after light cone gauge fixation. Indeed, if we consider the

supersymmetric transformation δθ = ϵ for the gauge fixing condition Γ+θ = 0 , we obtain Γ+ϵ ̸= 0 and

so does not preserve the supersymmetry. In other words, the gauge-fixing condition is a condition for

fixing the κ symmetry, but the fixing condition may also fix the supersymmetry of the spacetime, which

is global. Therefore, we divide ϵ into two components, one satisfying Γ+ϵ = 0 and the other not, and

investigate the supersymmetric transformation law

First we consider the ϵ satisfying Γ+ϵ = 0. A ϵ that satisfies Γ+ϵ = 0 also satisfies ϵγiθ = 0. There are

eight components of ϵ that satisfy these conditions, and if we write them as η, then

δθ = ϵ→ δSa
√

2p+ηa

δxµ = iϵΓµθ → δXi = 0
(4.6.41)

Therefore, the action after the light cone gauge (4.6.26) is invariant under this transformation. This

means that the symmetry which cannot be fixed by the gauge-fixing condition Γ+θ = 0, is given by η. In

fact, if we consider θ → θ + ϵ, then Γ+θ′ = Γ+ϵ = 0, and the degrees of freedom of θ given by η are not

fixed.
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Next we consider the ϵ for Γ+ϵ ̸= 0 Similarly, ϵ, which does not satisfy this condition, also has eight

components, and these correspond to the spinors ϵȧ in the 8c representation. These components are the

part ot the global spacetime supersymmetry which is broken by the fixation condition on the gauge κ

symmetry. Since we hope the spacetime supersymmetry to exist in the theory after the gauge fixation,

we have to construct a global spacetime supersymmetry that is not broken by the fixation condition

of Γ+θ = 0. Then we use the κ symmetry. Since the theory is invariant under κ symmetry, it is also

invariant under global κ symmetry (color symmetry), where κ is trivially regarded as a constant. This

color symmetry is used to modify the spacetime supersymmetry:

δθ = ϵ+ 2iΓ · Πακ
α. (4.6.42)

By acting Γ+ on both sides and setting the constant κ to be zero, we can obtain a global spacetime

supersymmetry that cannot be broken by gauge fixation. In order to see the transformation rule in more

detail, we rewrite (4.6.42) in terms of Sa satisfying the fixation condition as follows:

δSa = −iρ · ∂xiγiaȧϵȧ
√

2p+, (4.6.43)

δxi = 2γiaȧϵ
ȧSa/

√
2p+. (4.6.44)

Here, γi is not the gamma matrix, but the Clebsch–Gordan coefficients that relates the three 8D repre-

sentations of spin(8). Of course, the action after gauge fixation is invariant under the spacetime super-

symmetric transformation given in this way. Also, by considering ϵȧ as a parameter of the 8-dimensional

supercharge, the transformation law for xi in (4.6.44) can be regarded as a supersymmetric transformation

law in two-dimensional field theory.

By the above discussions, we have shown that the GS formalism in the light cone gauge is a spacetime

supersymmetric invariant, and we have obtained its transformation law. Next, we investigate the sym-

metry algebra by using the transformation rule of spacetime supersymmetry. From the general theory

of supersymmetry algebra, we can obtain a translational transformation law by performing two super-

symmetric transformations. Of course, since the supersymmetric transformation is a transformation law

after fixing the light cone gauge, the resulting translational transformation law is also after the light cone

gauge:

[δ1, δ2] = ξα∂αx
i + ai, (4.6.45)

[δ1, δ2]Sa = ξα∂αS
a. (4.6.46)

Here, we have used the equation of motion for Sa, γ · ∂Sa = 0, in deriving these transformation laws,
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so these variational observations are on-shell. Also, the translational parameter ξα is defined by the

supersymmetric parameter

ξα = −2iϵ(1)γαϵ(2) (4.6.47)

And the constant term ai represents the translation of the transverse coordinates:

ai =
√

2η(2)γiϵ(1) −
√

2η(1)γiϵ(2). (4.6.48)

The supercharge corresponding to the supersymmetry ηa, ϵȧ, which is also conserved in the light cone

gauge fixation, can be derived using Noether’s theorem. The supercharge corresponding to ηa is

Qa = (2p+)1/2Sa
0 , (4.6.49)

and the supercharge for ϵȧ is

Qȧ = (p+)−1/2γiaȧ

∞∑
−∞

Sa
−nα

i
mn. (4.6.50)

Each of these is an 8-component Majorana-Weyl spinor. Combining these to form a 16-component

Majorana spinor Q, and calculating the algebra:

{Q,Q} ∼ (1 ± Γ11)Γ · p. (4.6.51)

Computing the algebra in Majorana-Weyl spinor, which is an irreducible representation of spin(8), we

have the following

{Qa, Qb} = 2p+δab (4.6.52)

{Qa, Qȧ} =
√

2γiaȧp
i (4.6.53)

{Qȧ, Qḃ} = 2Hδȧḃ (4.6.54)

H =
1

p+
(
(pi)2 + 2N

)
(4.6.55)

N =

∞∑
m=1

(
αi
−mα

i
m +mSa

−mS
a
m

)
(4.6.56)

As can be seen from these expressions, H is the Hamiltonian under the light cone gauge. Since the vacuum

expectation values of the boson and fermion cancel because of supersymmetry, the normal ordering is

obvious and is omitted from the notation. Furthermore, H = p− from the mass-shell condition.

Next, we consider the spacetime Lorentz generators. The covariant Lorentz generators for the spinor
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θ before gauge fixation are bµνJ
µν = bµνγ

µν :

θ → θ′ = bµνγ
µνθ. (4.6.57)

This transformation rule keeps the gauge fixing condition invariant for J ij , J+i, J+−. Therefore, it can

be broken by gauge fixation only for J−i. Then, by using the color symmetry corresponding to the global

spacetime translation symmetry ξ and the κ symmetry, we derive Lorentz generators that are preserved

under the gauge-fixing condition. First, we find the covariant Lorentz generators before gauge fixation

Jµν = lµν + Eµν +Kµν (4.6.58)

lµν = xµpν − xνpµ (4.6.59)

Eµν = −i
∞∑

n=1

1

n
(αµ

−nα
ν
n − αν

−nα
µ
n) (4.6.60)

If we take the light cone gauge, the x+ direction is fixed and therefore α+
n = 0. Therefore, Eµ+ = 0.

Furthermore, solving the Virasoro condition for x− in the light cone gauge gives

α =
1

2p+

∞∑
−∞

(
αi
n−mα

i
m +

(
m− N

2

)
Sa
n−mS

a
m

)
. (4.6.61)

is obtained. As can be seen from this expression, α−
0 = p− = H is satisfied. Similarly, if we calculate

Kµν , we obtain

Kµ+ = 0,

Kij = Kij
0 ,

Ki− =
1

p+

∞∑
−∞

Kij
−nα

j
n,

Kij
n = − i

4

∞∑
−∞

Sa
n−mγ

ij
abS

b
m.

(4.6.62)

If we calculate the algebra of α−
n and Kij

n , we see that they form the same algebra. This result is the

same as the result in the RNS formalism if Sa
n is replaced by din. This is because the RNS formalism and

the GS formalism are related by the triplicity of SO(3). In fact, if we calculate [J i−, Jj−], it is nonzero

in general, but by taking D = 10, it becomes zero and we recover the space-time Lorentz algebra.

Using the above results, we derive the super-Poincaré algebra. In the previous discussion, the algebra

between supersymmetric generators and the Lorentz algebra have been calculated. The remaining com-

mutation relation for super-Poincaré algebra is that between Lorentz generators and supercharges. Since
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the commutation relation between Lorentz generators and supercharges conserved after the light cone

gauge is consistent with the result in the classical theory, we only need to calculate the commutation

relation between J−i and supercharges:

[J i−, Qa] =
i√
2
γiaȧQ

ȧ. (4.6.63)

Finally, we list the functional forms of the super-Poincaré generators. In particular, the Type IIB case

is enumerated and given as follows:

pi =

∫ π

0

dσP i
τ (σ, τ), (4.6.64)

H =
1

2πp+

∫ π

0

dσ[π2(P i
τ )2 + (Xi′)2 − iS1S1′ + iS2S2′] (4.6.65)

Qa
A =

1

π
(2p+)1/2

∫ π

0

dσSa
A, (4.6.66)

Qȧ
1 =

1

π
(p+)−1/2

∫ π

0

dσ(γiS1)ȧ(πP i
τ −Xi′), (4.6.67)

Qȧ
2 =

1

π
(p+)−1/2

∫ π

0

dσ(γiS2)ȧ(πP i
τ +Xi′), (4.6.68)

P i
τ (σ, τ) =

1

π
Ẋi(σ, τ) = −i δ

δXi(σ, τ)
. (4.6.69)

4.6.5 Spectrum

Since the quantum theory of the GS formalism is quantized by light-cone quantization, all quantum

states are physical.

Spectrum of Open String

Since the open string boundary condition leads to only one boson-fermion pair, only N = 1 supersym-

metry is preserved. The introduction of the Chan-Paton factor allows us to have a charge at the end

of the open string, which introduces gauge symmetry into the theory. The U(n) group is introduced for

orientable open strings, while the SO(n) or USp(n) group is introduced for non-orientable strings. The

massless states are the adjoint representation of these gauge groups. The specific gauge groups will be

introduced in the next section. We do not consider these gauge symmetries here. In the following, we

investigate each mass level.

First we consider the massless sector. In the RNS formalism, the lowest order was the tachyon, since

there was no spacetime supersymmetry. However, in the GS formalism, there is a spacetime supersym-

metry, so there are no tachyons. Therefore, the ground state is a massless state. In the RNS formalism
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of light-cone quantization, the massless boson is given by bi−1/2 |0⟩. On the other hand, the fermionic

ground state was described by a 16-component Majorana-Weyl spinor by degeneracy of di0. Further-

more, the equation of motion leaves only the 8c representation of spin(8) as a physical degree of freedom.

Thus, both bosons and fermions have 8 degrees of freedom, corresponding to the D = 10, N = 1 super

Yang-Mills theory.

Similarly, we investigate the massless sector in the GS formalism. In spin(8) notation, the ground state

is degenerate by {Sa
0 , S

b
0} = δab. From the triplicity of SO(8), the representation of this algebra can be

expressed in Clifford algebra

Sa
0 ∼

 0 γaiȧ

γaȧi 0

 (4.6.70)

As can be seen from the fact that the index is i, ȧ and can be expressed in block diagonal, this repre-

sentation space is 8v + 8c. In other words, it can be obtained by two supermultiplets in RNS formalism.

We write |ϕ0⟩ for the 16-dimensional multiplet of massless ground states in the Fock space. The massless

ground state |ϕ0⟩ consists of eight boson degrees of freedom 8v and eight fermionic degrees of freedom 8c.

We write each degree of freedom as |i⟩ and |ȧ⟩. The normalization of the ground state of these bosons

and fermions is defined as follows:

⟨i|j⟩ = δij , ⟨ȧ|ḃ⟩ = δȧḃ. (4.6.71)

Using the ground States, we can create the identity operator:

I = |i⟩ ⟨i| + |ȧ⟩ ⟨ȧ| . (4.6.72)

To investigate the properties of the operator Sa
0 , we use the Filtz identity:

Sa
0S

b
0 =

1

2
{Sa

0 , S
b
0} +

1

2
[Sa

0 , S
b
0],

=
1

2
δab +

1

16
Sc
0γ

ij
cdS

d
0γ

ij
ab.

(4.6.73)

From this identity, the independent tensors that can be created by Sa
0 are the only δij and

Rij
0 ≡ 1

4
Sa
0γ

ij
abS

b
0. (4.6.74)

It can be seen that the tensor Rij
0 defined in this way is equal to the expression of iKij

0 . Therefore, the

commutation relation generated by Rij
0 can be calculated as follows:

[Rij
0 , R

kl
0 ] = δilRjk

0 − δikRjl
0 + δjkRil

0 − δjlRik
0 . (4.6.75)
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This is obvious from the fact that Kij
0 is a Lorentzian generator. Since Rij

0 is a Lorentzian generator

for spin, it rotates the spin state. In particular, since the spin generated by Sa
0 is the direct sum of the

vector i and the spinor index ȧ, it rotates the degenerate states of the boson and fermion, respectively

Rij
0 |k⟩ = δjk |i⟩ − δik |j⟩ (4.6.76)

Rij
0 |ȧ⟩ = −1

2
γij
ȧḃ

∣∣∣ḃ〉 (4.6.77)

Since Sa
0 is the spinor generation operator, we can change the boson index i to the fermionic index ȧ

Sa
0 |ȧ⟩ =

1√
2
γiaȧ |i⟩

Sa
0 |i⟩ =

1√
2
γiaȧ |ȧ⟩

(4.6.78)

To make the calculation easier to perform, we map the wavefunction to these states. In the light cone

coordinate system, the 16-component Majorana-Weyl spinor can be represented by (ua, uȧ). The Dirac

equation in the light cone coordinate system can be written as follows:

k+ua + γiaȧk
iuȧ = 0

k−uȧ + γiaȧk
iua = 0

(4.6.79)

Here, since k+ = i∂/∂x− from the quantization condition, it is not the time derivative in the light cone

coordinate system. Therefore, the first Dirac equation should be regarded as a constraint condition, not

an equation of motion. Solving the first conditional equation for ua, we obtain

ua = − 1

k+
γiaȧk

iuȧ (4.6.80)

From this equation, ua is represented by uȧ, so actually imposing the Dirac equation halves the degrees

of freedom of the Majorana-Weyl spinors. Substituting the equation (4.6.80) into the remaining Dirac

equation yields the Klein-Gordon equation. The state |u⟩ is given by the ground state |ȧ⟩ and the wave

function uȧ from the constraint:

|u⟩ =
uȧ(k)√
k+

|ȧ⟩ . (4.6.81)

On the other hand, the wavefunction for a vector state with vector index i is the Klein-Gordon equation

k2 = 0 and the polarization condition

ζµ(k)kµ = 0 (4.6.82)
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is described by the polarization vector ζµ(k), which satisfies Light cone gauge

ζ+ = 0 (4.6.83)

Solving the polarization condition for ζ−, we obtain

ζ− =
1

k+
ζi(k)ki. (4.6.84)

Therefore, the only independent gauge field components are the transverse components. Also, from this

equation, the vector state |ζ⟩ is

|ζ⟩ = |i⟩ ζi(k). (4.6.85)

From the general super Yang-Mills theory, we can find the supersymmetric transformation law for the

massless field

δAa
µ =

i

2
ϵΓµψ

a (4.6.86)

Since the field is now a free field in the light cone gauge, the linear limit of the supersymmetric transfor-

mation law corresponds to the supersymmetric transformation law for the physical wave function. So, in

order to keep the light cone gauge fixed A+ = 0 under the supersymmetric transformation invariant, we

consider performing the gauge transformation simultaneously with the supersymmetric transformation:

δAµ =
i

2
ϵΓµψ + ∂µΛ, (4.6.87)

δψ = −1

4
FµνΓµνϵ. (4.6.88)

Choosing the gauge parameter Λ so that δA+ = 0, we find

Λ = − 1

2p+
ϵΓ+ψ. (4.6.89)

Thus, the supersymmetric transformation for the physical gauge field Ai is as follows:

δAi =
i

2
ϵΓiψ − i

pi

2p+
ϵΓ+ψ. (4.6.90)

On the other hand, the transformation rule for ψ does not change at the linear level.

Consider the above discussion from the SO(8) perspective. The 10-dimensional spinor could be taken

as a real 16-component Majorana-Weyl spinor. The 16-component Maynor-Weil spinor, which is a su-

persymmetric parameter, can be divided into two real 8-component spinors ηa, ϵȧ, from the requirement
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that the gauge-fixing condition is consistent with spacetime supersymmetry. We found in the previous

discussions that the supersymmetric transformation corresponding to ϵȧ need a correction from the global

κ symmetry. From such a splitting of the SO(10) spinor in terms of SO(8), the SO(8) Dirac spinor is the

28/2 = 16 component, so the SO(10) Majorana-Weyl spinor can be regarded as an SO(8) Dirac spinor.

The ηaand ϵȧ are the SO(8) Majorana-Weyl spinor. From the real 16-component SO(8) spinor ϵ, the real

8-component spinor η and ϵ can be obtained by the projection condition

1

2
Γ+Γ−ϵ ∼ ηa,

1

2
Γ−Γ+ϵ ∼ ϵȧ. (4.6.91)

Similarly, the gaugino ψ can be decomposed. Then the supersymmetric transformation (4.6.88), (4.6.90),

which is consistent with the light cone gauge fixation condition, can be decomposed into the eight-

component spinors ηa and ϵȧ of SO(8). The transformation rules for the wave functions ζ and u are

obtained from identifying of ζ ∼ A and u ∼ ψ.

These transformation rules can be derived by considering how supersymmetry is realized in the massless

multiplet states |ζ⟩ and |u⟩. First, we found that the supersymmetric generators are

Qa = (2p+)1/2Sa
0 , (4.6.92)

Qȧ = (p+)−1/2γiaȧp
iSa

0 . (4.6.93)

Thus the supersymmetric transformation corresponding to ηa can be calculated as follows

ηaQa |u⟩ = ηaγiaȧ |i⟩uȧ(k) =
∣∣∣ζ̃〉 , (4.6.94)

ηaQa |ζ⟩ = ηa(2k+)1/2γiaȧ |ȧ⟩ ζi(k) = |ũ⟩ . (4.6.95)

The ζ̃ and ũ are wave functions obtained by the η supersymmetric transformation and are defined from

the calculation results as follows:

ζ̃i = γiaȧη
auȧ(k), (4.6.96)

ũȧ = ηak+γiaȧζ
i(k). (4.6.97)

These expressions are consistent with the results obtained from the super-Yang-Mills theory. Similarly,

computing the transformation for Qȧ, we obtain the following result:

ϵȧQȧ |ζ⟩ =
∣∣˜̃u〉 , (4.6.98)
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ϵȧQȧ |u⟩ =
∣∣∣ ˜̃ζ〉 , (4.6.99)

˜̃uȧ =
1

2
(ϵγij)

ȧkiζj +
1√
2
ϵȧζiki, (4.6.100)

˜̃
ζj =

1√
2
ϵȧγjaȧu

a +

√
2

k+
ϵȧuȧkj . (4.6.101)

These results are likewise consistent with those in the super-Yang-Mills theory.

Next we consider the massive sector. The excited open string state is obtained by applying the creation

operators αi
−n and Sa

−n to the ground state |ϕ0⟩. The number of fermions at all levels is the same as

in the RNS formalism. Half of the states at each level are fermions, so the number of states is equal to

the number of states obtained by applying αi
−n and di−n to the eight-component ground state. Since the

spacetime supersymmetry in the GS formalism is required in classical theory, the number of bosons is

equal to the number of fermions, which is consistent with the GSO projected states.

In the following, we concretely construct the states. The first excited states are

αi
−1 |ϕ0⟩ , Sa

−1 |ϕ0⟩ . (4.6.102)

The |ϕ0⟩ had a total of 16 components because it contains the spin(8) vector representation 8v and the

spinor representation 8c. Therefore, the bosons and fermions in the first excited modes have 8×16 = 128

degrees of freedom each. The massive state of SO(10) is a representation of the small group SO(9) of

the Poincaré group. Decomposing the first excited state into an irreducible representation of SO(9), the

boson is

128 = 44 ⊕ 84 (4.6.103)

and the fermions are spin 3/2 multiplet. These supermultiplets generated by bosons and fermions are the

same as the multiplet in 11D supergravity theory. This is because the on-shell massless multiplet in 11D

supergravity theory belongs to the S0(9) representation. In general, the D-dimensional massive multiplet

is in the SO(D-1) representation, which is equivalent to the D+1 dimensional massless representation.

The second excited states are

αi
−2 |ϕ0⟩ , Sa

−2 |ϕ0⟩ , αi
−1α

j
−1 |ϕ0⟩ , Sa

−1S
b
−1 |ϕ0⟩ , αi

−1S
a
−1 |ϕ0⟩ . (4.6.104)

The total number of degrees of freedom for these states is 2304. Expressing as a direct product of the

spin(9) representation, we find

23049⊗ ((44 + 84) + 128). (4.6.105)
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This is an N = 1 irreducibe massive supermultiplet. 5. In general, an irreducible supermultiplet can be

described by a tensor product of fundamental supermultiplet containing any irreducible spin representa-

tion. In this present case, (44 + 84 + 128) is the fundamental massive supermultiplet.

If we calculate the degrees of freedom for the third excited state as well as the first and second excited

states, we find that it has 15,360. These states are described by two supermultiplets

(44 + 16) ⊗ (44 + 84 + 128). (4.6.106)

Thus, as the mass level increases, the number of states increases exponentially. On the other hand, the

magnitude of the maximum supermultiplet increases linearly.

Spectrum of Closed String

The closed-string spectra are described by the left-moving and right-moving sectors.

The massless sector is given by the direct product of two ground states |ϕ0⟩ ×
∣∣∣ϕ̃0〉. Since left-moving

and right-moving are independent in closed string theory, two theories can be constructed by taking

whether two Majorana-Weyl spinors are the same chirality or at different chirality.

If the two chirality are different, we can distinguish between left-moving and right-moving, so 16×16 =

256 modes appear. These spin(8) representations are given by the direct product of two super Yang-Mills

multiplet with different chirality

(8v + 8c) ⊗ (8v + 8s) = (1 + 28 + 35v + 8v + 56v)B + (8s + 8c + 56s + 56c)F (4.6.107)

These are of course consistent with the particles contained in Type IIA supergravity theory. Also, Type

IIA theory is obtained by the S1 compactification of D = 11 supergravity theories.

If we take the left-moving and right-moving sectors to have the same chirality and do not impose a Ω

duality on the left and right sectors, we obtain 256 modes. These modes are given by the direct product

of two super-Yang-Mills multiplet with the same chiralities

(8v + 8c) ⊗ (8v + 8c) = (1 + 28 + 35v + 1 + 28 + 35c)B + (8s + 8s + 56s + 56s)F (4.6.108)

These expressions are consistent with the particles contained in the Type IIB supergravity theory. Unlike

Type IIA theory, they cannot be obtained by dimensional reduction in higher dimensional theory because

type IIB theory has a same chirality. The 35v is gravity, and the 35c is a self-adjoint fourth-order

antisymmetric tensor.

5(4.6.105) is of course not an irreducible representation of spin(9), but it is an irreducible representation of the N=1
supersymmetric algebra
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n the case of Type IIB theory, the distinction between left and right can be eliminated because left-

moving and right-moving have the same chirality. In other words, we can impose the interchange sym-

metry (Ω-duality) on |ϕ0⟩ and
∣∣∣ϕ̃0〉 on TypeIIB. If we take the direct product of two super-Yang-Mills

multiplet with the same chiral and impose the left-right symmetry as in Type IIB

[(8v +8c)⊗ (8v +8c)]sym = (8v ×8v)sym + (8v ×8c) + (8c×8c)antisym = (1 + 28 + 35v)B + (8s +56s)F

(4.6.109)

These expressions are consistent with the particles included in Type I supergravity theory.

Next, we calculate the massive closed string spectra. From the Virasoro condition L0 = L̃0, the left-

moving and right-moving excitations must be the same. This means that the position of the origin of

the closed string coordinate σ is arbitrary. Therefore, the closed string at level n can be obtained by

the tensor product of the two open string states of level n. Here, the massive open string multiplet has

no chiral, so the massive multiplet of Type IIA and Type IIB are completely same. The only difference

between these two theories is the massless sector.

Specifically, if we calculate the first excited state,

(44 + 84 + 128) ⊗ (44 + 84 + 128). (4.6.110)

Therefore, the degree of freedom of the closed string first excited mode is (256)2. Since each factor is an

N = 1 massive multiplet, the tensor product is an N = 2 massive multiplet. This means that the N = 2

supersymmetry of the closed string acts independently on the two factors, left-moving and right-moving.

Since there is no chiral distinction between left and right in the massive sector, we can impose the Ω

duality and calculate the Type I multiplet. In this case, the total number of degrees of freedom of the

field obtained is (256)2/2. Of course, since left-moving and right-moving are considered identical, only

the N = 1 supersymmetry is preserved.

4.6.6 Covariant Quantization

If we consider covariant quantization in GS formalism, a problem arises. In the GS formalism, the

structure of the phase space is complicated by the presence of κ symmetry and the constraint for reparam-

eterisation that form a closed algebra with it. However, it can be quantized by using Dirac’s quantization

method.

In order to quantize by using Dirac’s method, it is necessary to classify the constraints into two

types [56]. Since the constraint conditions are current, they form an algebra. If the algebra created

by the constraints is closed by itself, it is called a first-class constraint condition. Virasolo generators
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and super-Virasoro generators are first-class constraints because they form algebras that are closed by

themselves. RNS formalism and bosonic string can be covariantly quantized by old covariant quantization

and BRST quantization. In old covariant quantization, the constraints are quantized and imposed on the

string state space as weak conditions 6. In BRST quantization, which is a modern covariant quantization,

gauge symmetry is treated covariantly by introducing FP ghosts. These covariant quantizations are

generally effective only for systems with first-class constraints. On the other hand, constraint conditions

that do not for a closed algebra are called second-class constraint conditions. The product structure

of the algebra of constraint conditions in classical theory is a Poisson bracket. In Dirac’s method, the

product structure is achieved by replacing Poisson brackets with Dirac brackets.

In the GS formalism, there are second-class of constraints in addition to the first-class of constraints.

The first-class of constraints is the super-Virasoro generators. The second-class of constraints are derived

from the κ symmetry, and the constraints give an expression for the relation between the Grassmann

coordinate θi and its conjugate momentum P i
θ . This can be done by considering the map from θ̇A to

PA
θ and making sure that the map is not a bijection. Therefore, all we whould is to perform a Legendre

transformation from the Lagrangian to the Hamiltonian. The conjugate momentum P i
θ is

P i
θ =

δS

δ∂τθi
(4.6.111)

From this definition, P i
θ is given by the other variables Xµ, Pµ, θi and their derivatives. If we calculate

the fermionic constraints, we find that half of those fermionic constraints are first-class constraints. Those

first-class constraints are non-trivial commutation relations with the Virasoro generators Tαβ , resulting

in an expantended Virasoro algebra. In other words, it is a super-Virasoro algebra. The other half of

the fermionic constraints is the second-class constraint. If we do not take these facts into account, and

replace the commutation relations generated by all fermionic constraints by Dirac brackets, that bacames

singular. In fact, if we calculate the commutation relations of the fermionic constraints in Dirac brackets,

the equations of motion appear in the denominator. Therefore, the constraint conditions must be treated

separately in the first and second-class.

In handling the constraint conditions, we found that we have to perform quantization by dividing

them into the first and second-class, but the problem arises that we cannot perform such division of the

constraint conditions covariantly. In other words, even if we try to perform the quantization covariantly,

the covariance is lost due to the classification of the constraints. Specifically, the parameter of the

fermionic transformation is a real 16-component Majorana-Weyl spinor, and there is no 8-dimensional

irreducible representation at D = 10. However, half of the fermionic constraints are of the second-class,

6The constraint is on all n Virasoro generators, but only n ≥ 0 Virasoro generators are imposed as constraints on the
quantum state
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and the transformation parameters corresponding to these constraints are real 8-component spinors.

Therefore, in D = 10, the constraint conditions cannot be divided into first and second-class constraint

conditions, and the parameters corresponding to these constraint conditions are not covariant unless they

are dropped into the spin(8) of the transverse components.

4.7 Non-Abelian Gauge Symmetry

The unified theory that best describes the real world is the Standard Model, which is an SU(3)×SU(2)×U(1)

gauge theory. Therefore, for superstring theory to describe the real world, the theory must have non-

commutative gauge symmetry. However, the local symmetries of string theory are the only reparameteri-

sation invariance and local supersymmetry. In other words, there is no noncommutative gauge symmetry

in superstring theory that we have constructed so far.

There are two possibilities for superstring theory to describe the real world. The first is that the

4 dimensional low-energy effective action derived from the string theory has non-commutative gauge

symmetry. The second is that there is a theory that allows the string theory to have non-commutative

gauge symmetry in 10-dimension. In the latter case, the gauge symmetry existing in ten dimensions is

broken into its subgroups by compactification to a four-dimensional theory. In this section, we consider

theories where string theory has non-commutative gauge symmetry. The breaking of the gauge symmetry

by compactification will be discussed later.

There are two more types of theories where the superstring theory has non-commutative gauge sym-

metry. The first is the method of inducing noncommutative gauge symmetry by adding charge to the

end of open string. This method does not allow for a charge on the closed string. The other method is

to add charge to the string itself, which is called a heterotic string.

4.7.1 Chan-Paton Method

Whether or not it is possible to have a charge on the string depends on the type of string theory. In the

superstring theories, open strings exist only in Type I theories, so Type I theories are the only theories

that can introduce noncommutative gauge symmetry. On the other hand, Type IItheories have N = 2

supersymmetry and cannot be coupled to open string because of having N = 1 supersymmetry. This

method to give U(2) or U(3) gauge symmetry to open strings in bosonic string theory was proposed by

Chan and Paton.

Let G be any semi-simple Lie group and R be any representation of it. Let N be the dimension of

the representation R. Assume that one end of the open string is transformed by the representation R

and the other end is transformed by the complex conjugate representation R. Since the dimension of

the representation R is n, each end of the open string is degenerate to n-weight. Therefore, there are
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n2 possibilities for open strings. If R is a complex representation, it is an orientable open string because

each end can be distinguished. On the other hand, if R is a real representation, we can take the open

string to be unoriented.

We calculate the spectra produced by such an open string in detail. From the results of the bosonic

string, the mode expansion of xi is

xi(σ, τ) = qi + piτ + i
∑
n ̸=0

1

n
(−1)nαi

ne
inτ cosnσ, (4.7.1)

and it is normalized by σ ∈ [0, π]. By reversing the parametrization by σ, the end of xi(σ, τ) are swapped:

xi(π − σ, τ) = qi + piτ + i
∑
n ̸=0

1

n
(−1)nαi

ne
−inτ cosnσ (4.7.2)

Therefore, the reversal of the direction of the open string is

αi
n → (−1)nαi

n (4.7.3)

If there is no Chan-Paton factor, the string state |Λ⟩ is simply a state in Hilbert space. However, if each

end is a representation R or R, the transformation index a, b = 1, ..., n of the gauge group G is required,

and the string state is written as
∣∣Λ; a, b

〉
. We take the σ = 0 point of the open string to be R and the

σ = π point to be R.

Thus, the string spectrum is given by
∣∣Λ; a, b

〉
and is degenerate to n2 weight. The massless vector

particle has to be transformed into a adjoint representation under the gauge group. Thus, if
∣∣Λ; a, b

〉
describes a massless state, the quantum number a and b do not take all values in n2 ways, but are

restricted to the adjoint representation. If G = U(N), R = N , a and b are index of the N -representation

and N , respectively, and the N ×N -representation is automatically the adjoint representation. However,

for the general gauge group G, the R×R representation must be imposed requirements since it contains

other representations than the adjoint representation. If R is a real representation, there is no longer any

need to distinguish between the end of open string, and we can impose invariance under σ → π − σ;

∣∣Λ(αi
n); b, a

〉
= ϵ

∣∣Λ((−1)nαi
n); a, b

〉
(4.7.4)

Here, ϵ = ±. A string satisfying this condition is called a non-orientable string. Since the state∣∣Λ(αi
n); b, a

〉
is generated by αi

n, if we write the number operator as N and the eigenvalue of N for
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the massless state as N0, then

N
∣∣Λ(αi

n); b, a
〉

= (n−N0)
∣∣Λ(αi

n); b, a
〉

(4.7.5)

Thus, rewriting (−1)n with the operator

|Λ; a, b⟩ = ±(−1)N−N0 |Λ; b, a⟩ (4.7.6)

In the following, we consider a concrete semi-simple Lie group.

First we considering the case G = SO(N) and R = N , and the fundamental representation N is a real

representation, so N = N . The coefficients of the condition (4.7.6) must be negative because the adjoint

representation is an antisymmetric matrix. In the bosonic string, the ground state is a tachyon, so the

massless state was given by N = 1. Therefore, ϵ = 1. On the other hand in superstring theory, the ground

state is a massless state, so N = 0. Therefore, ϵ = −1. Consider the states at general level N , or mass

α′M . At even level N =even, ϵ(−1)N−1 = −1 from N0 = 1 in bosonic string, while ϵ(−1)N−0 = −1 in

superstring theory. Similarly, considering N =odd, both bosonic string and superstring theory transform

as symmetric tensors under SO(N).

Next we consider the case where G = USp(N). Taking R as the fundamental representation, R ̸= R

since R is a complex representation. The adjoint representation of USp(N) is the symmetric part of the

two direct product representations of the R-representation; [R × R]sym. Therefore, contrary to the case

of SO(N), we can take ϵ = −1 for bosonic string and ϵ = 1 for superstring. Also, contrary to the SO(N)

case, it is symmetric at N =even and antisymmetric at N =odd.

Thus, for a gauge theory to be consistent, the massless vector particle must be a adjoint representation

of the gauge group. So we write λi
ab

for the N × N anti-Hermitian matrix representing the algebra of

the gauge group G. Here, i = 1, ...., n. In general, the matrix λ is a subset of a set of all anti-Hermitian

matrices because of some restriction. All N × N anti-Hermitian matrices form a U(N) group. If the

anti-Hermitian matrix is a real matrix, then it is SO(N). Therefore, the gauge group G represented by

an anti-Hermitian matrix is a subgroup of U(N). In particular, we assume that the gauge group G is a

normal subgroup of the U(N) group.

The condition on λ representing the gauge group G is obtained from the consistency of the theory.

We use the fact that massless particles appear in any M-particle tree amplitude. The massless vector

particle obtained by scattering must of course be a adjoint representation. In the Yang-Mills theory, if

the algebra [λi, λj ] becomes λk again, then the massless vector particle obtained by scattering is also a

adjoint representation. This means that λ represents the algebra of the gauge group G. On the other

hand, in the case of Type I superstring theory, restrictions are imposed on G and the representation R.
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Fig. 2: M-point function

To see this concretely, let A(1, ....,M) be the M-particle tree amplitude for open strings. We assume that

the open strings have no quantum numbers for the gauge group. The amplitude A has a cyclic symmetry

that replaces the M external lines. Let the gauge quantum numbers of the particles be the matrices

λ1, ..., λM The tree amplitudes for open strings with quantum numbers can be written as follows

T (1, ...,M) =
∑

tr(λ1...λM )A(1, ...,M) (4.7.7)

Here, the summation is performed about the different factors under the (M − 1)! replacement. The

fundamental amplitude A(1, ...,M) has poles in the channels consisting of cyclic continuous external lines

and no poles in the other channels. The residues of these poles have a simple factorization property

A(1, ...,M) ∼ 1

m2 − s

∑
X

A(1, ..., P,X)A(X,P + 1, ...,M) (4.7.8)

s = −(k1 + · · · + kP )2 (4.7.9)

where X can take all possible masses m. The Feynman diagram for this channel can also be written

as (4.7.1) The factorization of (4.7.8) must be unitary in order for the theory to be consistent. This

requirement impose a restriction on the matrix λ. In the amplitude T , there is a term A(P, ..., 1, P + 1)

in addition to the term (4.7.8) that gives the pole of the mass s. Specifically, the terms that give the

131



4 STRING THEORY 4.7 Non-Abelian Gauge Symmetry

mass s are the following four cases:

tr(λ1...λPλP+1...λM )A(1, ..., P,X)A(X,P + 1, ...,M),

tr(λP ...λ1λP+1...λM )A(P, ..., 1, X)A(X,P + 1, ...,M),

tr(λ1...λPλM ...λP+1)A(1, ..., P,X)A(X,M, ..., P + 1),

tr(λP ...λ1λM ...λP+1)A(P, ..., 1, X)A(X,M, ..., P + 1).

(4.7.10)

Because of the cyclic symmetry of the amplitude A, the Feynman diagrams are all on the same world

sheet. Therefore, the amplitudes of these terms all have the same value. However, since the Type I theory

satisfies the condition (4.7.4), the only difference between each amplitude due to the difference in ϵ is the

sign. Since each external line is a string spectrum and each is generated by αi
n, from (4.7.4)

A(1, ..., N) =

N∏
i=1

(ϵ(−1)Ni)A(N, ..., 1) (4.7.11)

must be satisfied.

Assuming that all M external lines are massless vector particles, Ni = 0, and since this is superstring

theory, ϵ = −1, then we find

A(P, ..., 1, X) = (−1)P+1A(1, ..., P,X). (4.7.12)

Therefore, the sum of the four terms in (4.7.10) is as follows:

tr[(λ1...λP − (−1)PλP ...λ1)(λP+1...λM − (−1)M−PλM ...λP )]A(1, ..., P,X)A(X,P + 1, ...,M). (4.7.13)

Using the trace property, we decompose this trace into two parts for particles 1, ..., P and for particles

P + 1, ...,M :

tr[(λ1...λP − (−1)PλP ...λ1)(λP+1...λM − (−1)M−PλM ...λP )]

=
∑
α

tr[(λ1...λP − (−1)PλP ...λ1)λα] tr[λTα(λP+1...λM − (−1)M−PλM ...λP+1)].
(4.7.14)

Such a decomposition is only possible if λα is a complex N ×N matrix normalized by tr(λαλβ
T ) = δαβ .

If λ = (λ1...λP − (−1)PλP ... forms a subspace of the all N ×N matrices, the validity of (4.7.14) becomes

more complicated. For example, if λ1, ..., λP are the arbitrary real antisymmetric matrices, λ is also an

antisymmetric matrix. Then, since λα ̸= 0, λα is also restricted to be an antisymmetric matrix.

The unitarity condition restricts the number of particles of massless vector particles appearing as poles
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of T to the adjoint representation of the gauge group to which the external line belongs. More generally,

the quantum number of any pole of T should correspond to a particle of the spectrum. Moreover,

two factors in the residues should describe the amplitude T . From the above considerations, the non-

contradiction condition is that all matrices defined as

λ = (λ1...λP − (−1)PλP ...λ1). (4.7.15)

are satisfied by being the N ×N anti-Hermitian matrices λi that represent the gauge group.

Consider the case where P = 2. Then λ = λ1λ2λ2λ1 = [λ1, λ2], and as long as λ is a representation of

the gauge group, λ = f12iλi, so the no-consistency condition is satisfied.

In the general case P > 2, the restriction is stronger, and the gauge group G and the representation

R are restricted. Such restrictions on groups and representations due to unitarity do not occur in field

theories, due to the existence of cyclic symmetry in string theory.

Restrictions on Gauge Groups and Representations

In the above discussions, we found a restriction on the representation matrix λ of the gauge group.

Here, we derive a general solution to this condition. We denote by La the linear space created by the

anti-Hermitian matrix λi, which is a closed algebra. The algebra formed by λ is formally written as

[λ, λ] = λ without the index. The anti-commutation relation of anti-Hermitian matrix {λ, λ} = µ is

Hermitian matrix. These matrices µ describe the possible quantum numbers at mass level N=odd 7 .

More generally, the possible Hermitian matrix µ can be written as follows

µ = λ1...λP + (−1)PλP ...λ1 (4.7.16)

We denote Lh for the linear space formed by this Hermitian matrix. Also, the anti-commutation relation

of the Hermitian matrix is a Hermitian matrix, so {µ, µ} = µ,forming a closed algebra.

Next, consider the linear space L formed by all matrices ρ, which can be decomposed into La +Lh. In

other words

ρ = aµ+ bλ. (4.7.17)

The condition for an open string to have a quantum number of a noncommutative gauge group was

that λ form a closed algebra. Since λ forms a closed algebra by the commutation relation, but the

anti-commutation relation forms a Hermitian matrix µ, it is non-trivial whether λ forms a closed algebra

7The (−1)P factor in the definition of λ is originally given by
∏N

i=1(ϵ(−1)Ni ), and in the massless case ϵ(−1)N = −1,

so
∏P+1

i=1 (−1)i = (−1)P+1. In superstring theory, the massless state is N = 0, so for N=odd, the (−1)P factor in the
definition of λ is replaced by (−1)P+1.
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4 STRING THEORY 4.7 Non-Abelian Gauge Symmetry

by the anti-commutation relation. So we can say that λ is a closed algebra if the L is closed. Thus we

comfirm

ρ1ρ2 ∈ L, ∀ρ1, ρ2 ∈ L. (4.7.18)

In other words, not only La, but also L must be a Lie algebra.

From the above, we can find the possible Lie algebras as L. The general solution to this problem is

given by Wedderburn’s theorem [72].

Theorem. Wedderburn’s Theorem� �
The irreducible complex closed algebra is the matrix algebra GL(n,C).� �

Thus, if a, b ∈ C, the anti-Hermitian matrix λ generates a Lie algebra U(N). If a, b ∈ R, it is a real form of

GL(n,C). By this theorem, it is known that there are only two possible Lie algebras in real form. One is

SO(N), the anti-Hermitian part La of the real form GL(n,C). The other is U(2N) 8. The anti-Hermitian

part of U(2N) is USp(2N) 9. From the above, the only possible matrices are N ×N matrices such that

the elements are real, complex, and quaternions.

From the above analysis, it is clear that only classical Lie groups are consistent with Chan-Paton’s

method. Exceptional groups such as E8 are not included. Furthermore, since U(N) for complex matrices,

SO(2N) for real matrices, and USp(2N) for pseudo-real matrices, these are all fundamental representa-

tions. Thus, strings are not orientable in SO(2N) and USp(2N), but are orientable in U(N). 10 .

In fact the U(N) case is not consistent with the quantum theory at one-loop order in superstring

theory. If we consider a nonplanar 1-loop diagram, this diagram shows the transition from open strings

to closed strings. In other words, the ends of the open strings join to form the closed strings. In the

case of U(N) open strings, the string has an orientation, so the closed string obtained by the transition

also has an orientation. From the discussion of superstring theory, orientable closed strings have N = 2

supersymmetry, while unorientable closed strings have N = 1 supersymmetry. Since an open string can

only have N = 1 supersymmetry, it cannot be coupled to a closed string with N = 2 supersymmetry.

In other words, closed strings cannot be created consistently from orientable open strings. Therefore,

there is an anomaly in U(N) open string theory and we have to choose SO(2N) or USp(2N) as the

noncommutative gauge group.

8U(2N) is complex in general, but is noncompact if taken real
9USp(2N) is the algebra of N ×N -matrices whose field is quaternions

10In the real representation, R = R, which can be taken as unorientable, but in the complex representation, R ̸= R,
which always determines the orientation. In other words, the orientation of the string is determined by the U(1) charge
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4 STRING THEORY 4.8 Heterotic String Theory

4.8 Heterotic String Theory

String Theory is completely deteremined by the Virasoro Constrains. These constrants are independent

as left- and right-moving. Thus we construct the left-moving string theory and right-moving string

separetely and consistently. In other word, we can construct the theory whose left-moving sector is a

bosonic string and right-moving sector is a superstring heterotically. In order to obtain the gauge theory,

we need a additional bosonic degrees. So we can use the extra 16 dimensional coordinate xi, i = 1, ..., 16

from bosonic strgin to realize the gauge symmetry.

We begin by considering the simplest compactification, the S1 compactification of bosonic string theory.

Then, we consider a more general d-dimensional compactification, and construct a (26 − d) dimensional

theory. We will also see that the theory obtained by the compactification automatically reproduces the

noncommutative gauge symmetry. The extra 16 degrees of freedom of the left-moving boson coordinates

can be torus-compactified to reproduce SO(32) symmetry and E8 × E8 symmetry.

The construction method using this compactification makes the E8×E8 symmetry easier to understand

than the construction method using current algebra [55]. Furthermore, it can be shown that SO(32) theory

and E8 × E8 correspond to two even-self dual lattices on a compactified 16-dimensional space.

4.8.1 S1-compactification

First of all, we consider the simplest S1-compactification.

The bosonic string theory is a consistent theory at D = 26, and we consider compactifying the spatial

dimension of this theory by S1. Since the spatial dimension one is S1, the coordinate satisfying equivalence

relation

x = x+ 2πRn, (4.8.1)

where R is a radius of S1 and n is an arbitrary number. In this relation, the solotion of the equation of

motion for the periodic boundary condition is given by

X(σ, τ) = x+ pτ + 2Lσ +
i

2

∑
n=0

1

n

[
αne

−2in(τ−σ) + α̃ne
−2in(τ+σ)

]
, (4.8.2)

where

p =
m

R
, L = nR, n ∈ Z. (4.8.3)

The constant m can only take integer values due to the uniqueness of the wave function 11.

Also, the n introduced by the equivalence relation represents the winding number. If n ̸= 0, then

11Considering the wavefunction eipx, by the equivalence relation of x ∼ x+2πR, we have eipx ∼ eipxe2πipR. Since x and
x+ 2πR represent the same space-time point on S1, the wave function at that point must be uniquely determined. Thus,
pR = m ∈ Z
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4 STRING THEORY 4.8 Heterotic String Theory

the string Xµ is a soliton. In other words, in an uncompactified theory, there is no integer n and no

soliton like state. In fact, if we consider the limit of R → ∞, the compactified space S1 can no longer

be regarded as a compact flat space and is therefore equivalent to the original non-compactified space,

but the soliton state diverges in energy due to this limit. This can be physically interpreted as the string

tension increases as the string tightening space increases, and the energy diverges. Such a solitonic state

exists even if the compact space is not S1, and it exists if the manifold exists after a non-contractible

loop. In other words, it is enough if the first fundamental group π1 is nontrivial.

The mode expansion (4.8.2) can be decomposed into left-moving and right-moving modes:

X(σ, τ) = XR(τ − σ) +XL(τ + σ), (4.8.4)

XR(τ − σ) = xr +
(p

2
− L

)
(τ − σ) +

i

2

∑
n ̸=0

1

n
αne

−2in(τ−σ), (4.8.5)

XL(τ + σ) = xL +
(p

2
+ L

)
(τ + σ) +

i

2

∑
n ̸=0

1

n
α̃ne

−2in(τ+σ). (4.8.6)

Calculating the Virasoro condition T++ = 0 = T−−, and in particular the n = 0 Virasoro generator

corresponding to the equation of motion is calculated as

L0 =
1

2

(
1

2
p− L

)2

+N +
pµpµ

8
, (4.8.7)

L̃0 =
1

2

(
1

2
p+ L

)
+ Ñ +

pµpµ
8

, (4.8.8)

where

N =

∞∑
n=1

(αµ
−nαnµ + α−n + αn), (4.8.9)

Ñ =

∞∑
n=1

(α̃µ
−nα̃nµ + α̃−nα̃n). (4.8.10)

and since the Virasolo condition is for a bosonic string theory

L0 = 1 = L̃0, (4.8.11)

where the index µ is the index of the uncompactified spacetime Lorentz symmetry, µ = 0, ..., 24. On

the other hand, αm and α̃m are oscillators in the compact space direction. We can rewrite the Virasoro

condition using the relation (4.8.3) and recombine the linear combination of the left and right Virasoro
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conditions as follows:
1

4
M2 = N + Ñ − 2 +

m2

4R2
+ n2R2, (4.8.12)

N − Ñ = pL = mn. (4.8.13)

The fourth term is the momentum in the compact space direction. The momentum of the string in the

compact space direction can no longer be observed, it is observed as the mass of the particle. The fifth

term depends on the number of wraps and represents the energy due to the wraps, which means that

the increased tension due to the wrapping of the string in the compact space direction is converted into

the mass of the particle. In a closed string, there is no reference point for the string length parameter,

σ. This means that any point on the closed string can be parameterized as σ = 0. In fact, consider an

operator that translates the parameter σ by σ0:

U(σ0) = exp
[
2i(N − Ñ − pL)σ0

]
(4.8.14)

Then U(σ0) = 1 for physical string states satisfying the Virasoro condition, and the physical state does

not depend on the way the origin of σ is taken.

Consider the 25-dimensional theory obtained by compactification. The vacuum in the original 26-

dimensional theory is labeled by the Casimir operator of the Poincaré group. In the 25-dimensional

theory, the vacuum is also labeled by the Casimir operator of the Poincaré group in 25-dimensional

spacetime. Since p25 is given by the integer m, the vacuum in the 25-dimensional theory is labeled by

n,m, pµ. As before, the momentum pµ label is omitted and written as |m,n⟩.

First we consider the massless states;

N + Ñ − 2 +
m2

4R2
+ n2R2 = 0 (4.8.15)

As can be seen from this equation, there are various possibilities of N, Ñ,m, n such that the state is

massless. One of them is the case N + Ñ = 2. There are the three patterns N = 2, Ñ = 2 and

(N, Ñ) = (1, 1), and the momentum and number of wraps are m = n = 0 from the Virasoro condition.

Then, from the other Virasoro condition (4.8.13), only the case (N, Ñ) = (1, 1) is possible. Furthermore,

from the number operators (4.8.9) and (4.8.10), we can see that there are four possible combinations such

that N = Ñ = 1;

Considering the 25-dimensional oscillator αµ
−1, α̃

µ
−1 for both left and right as a combination of generators

with N = Ñ = 1;.

αµ
−1α̃

ν
−1 |0, 0⟩ (4.8.16)
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This state is the spectrum of a typical closed string, as it has appeared in previous discussions. That is,

it can be decomposed into symmetric, antisymmetric, and trace components, with the symmetric part

being 25 dimensional gravity.

Next we can use αµ
−n, α̃−n or α−n, α̃

µ
−1. The states generated in this case is

αµ
−1α̃−1 |0, 0⟩ , α−1α̃

µ
−1 |0, 0⟩ . (4.8.17)

To make it easier to understand the left-right symmetry, we can rewrite the linear combination

(αµ
−1α̃−1 ± α−1α̃

µ
−1) |0, 0⟩ . (4.8.18)

These states are included in αµ
−1α̃

ν
−1 |0⟩ in the 26-dimensional theory before compactification. In other

words, it is g25µ, B25,µ if written as a component of a field in 26 dimensions.

Finally, consider the particles produced by the oscillators in the compact space direction together:

α−1α̃−1 |0, 0⟩ (4.8.19)

This state is the g2525 component in the 26-dimensional theory.

Second possibility is (N, Ñ) = (1, 0) From the second Virasoro condition (4.8.13)

1 − 0 = mn (4.8.20)

The integer solution satisfying this equation is

(m,n) = (±1,±1) (4.8.21)

Therefore, the massless states in the (1,0) case are

αµ
−1 |±1,±1⟩ , α−1 |±1,±1⟩ . (4.8.22)

Furthermore, substituting the first one into Virasoro condition (4.8.12), we find

0 = 1 − 2 +
1

4R2
+R2 (4.8.23)

Solving this equation, we have R2 = 1/2. Here, we used a system of units where α′ = 1/2, so in general,

R2 = α′. Thus, the size of the compact space can be taken to be arbitrary, but only for a special size
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R =
√
α′ does such a massless mode appear. If R deviates from

√
α′, these states become massive modes

or tachyonic modes 12.

The third possibility is (N, Ñ) = (0, 1). Calculating this case in the same way as (1,0), we find

mn = ±1, so the massless states are

α̃µ
=1 |±1,∓1⟩ , α̃−1 |±1.∓ 1⟩ . (4.8.24)

Also, m2 = n1 = 1, so R2 = α′.

Final possibility is (N, Ñ) = (0, 0) Substituting (0,0) into the two Virasoro conditions, we find

m22

4R2
+ n2R2 = 2, (4.8.25)

mn = 0. (4.8.26)

Therefore, m = 0 or n = 0. Substituting this solution into the first Virasoro condition, we find

2 =
m2

4R2
, or 2 = n2R2. (4.8.27)

Such m,n is determined depending on R. In particular, for R2 = 1/2, (m = ±2, n = 0) or (m = 0, n = ±2,

so the states are

|±2, 0⟩ , |0,±2⟩ . (4.8.28)

Here, from a physical point of view, massless vectors must be coupled to conserved currents, and for

any R, there are two kinds of massless vectors appearing in (1,1), which are commutative massless vector

fields, and thus U(1)L×U(1)R symmetry appears. Since these massless vector states are states included

in gravity in 26-dimensional theory, the U(1)L×U(1)R symmetry is a subgroup of the 26-dimensional

general coordinate transformation. Furthermore, in the case of R2 = α′, there are 8 more degrees of

freedom for massless scalars and 4 more degrees of freedom for massless vectors, so the corresponding

symmetries ppear. Specifically, by computing the current algebra, we can find that the U(1)L×U(1)R

symmetry is extended to SU(2)L×SU(2)R symmetry 13.

In fact in the case R2 = α′ the massless scalar field is also in the representation of SU(2)L×SU(2)R.

There are a total of 9 degrees of freedom in the massless scalar field, and these form a (3,3)-representation

of SU(2)×SU(2).

12Substituting R2 = 1/2 + δ into (4.8.12) gives M ≃ 1 − 2δ, so if the compact scale is smaller than the string scale,
tachyons remain. In other words, the negative vacuum energy in the bosonic string is canceled out by the energy due to
the tension of the string wrapped around the compact space

13Compact spaces are fiber bundles on manifolds, and in the general R case, the fibers are S1, so the U(1) symmetry
with S1 group manifold is realized

139



4 STRING THEORY 4.8 Heterotic String Theory

If we consider non-orientable (Z2-projective or Ω-duality) closed strings, only SU(2) appears because

the distinction between left-moving and right-moving sectors disappears. Also, only 6 degrees of freedom

remain for massless scalars due to this Ω duality, and these are the (1+5) representations of SU(2).

4.8.2 General Dimension Compactification

We extend the S1 compactification to the arbitrary dimensional compactification:

xIL = qIL +

√
2α′

2
αI
0(τ + σ) + i

√
α′

2

∑ 1

n
αI
ne

−in(τ+σ

xI
′

R = qI
′

R +

√
2α′

2
αI
0(τ − σ) + i

√
α′

2

∑ 1

n
αI
ne

−in(τ−σ

(4.8.29)

Let the respective compact spaces be TD
L = RD/2πΛL and TD′

R = RD′
/2πΛR. Also, if we set the number

of wrappings as LI
L and LI′

R , respectively, the boundary conditions are

xIL(τ + σ + 2π) = xIL(τ + σ) + 2πLI
L

xI
′

R (τ − σ − 2π) = xI
′

R (τ − σ) + 2πLI′

R .
(4.8.30)

By substituting the solutions into these conditions, we obtain

α′

2
pL,R ∈ ΛL,R. (4.8.31)

Also, from the univalence of the wave function,

α′

2
pL,R ∈ Λ∗

L,R. (4.8.32)

Thus, each lattice is self-dual. The Viasoro condition for L0 is

M2 =
1

2

D∑
(pL)2 +

1

2

D′∑
(pR)2 +

2

α′ (N +N − 2)

α′

4
[

D∑
(pL)2 −

D′∑
(pR)2] = −(N −N)

(4.8.33)

The massless states in 4D theory are given as the following. The scalar massless states are given by

αI
−1α

J ′

−1 |0, 0⟩ (4.8.34)
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On the other hand, the vector massless states are

αI
−1α

ν
−1 |0, 0⟩ αµ

−1α
J ′

−1 |0, 0⟩ (4.8.35)

These states are gauge fields of [U(1)L]D × [U(1)R]D
′
.

αµ
−1

∣∣w2
L = 2, w2

R = 0
〉

αµ
−1

∣∣w2
L = 0, w2

R = 2
〉

(4.8.36)

These states are gauge fields for the noncommutative group.

4.8.3 Heterotic String

We take the left-moving sector as a bosonic string and the right-moving sector as a superstring theory,

and construct a 10-dimensional string theory by compactifying the left-moving sector in 16 dimensions.

In the right-moving sector, there are scalars xµR and fermions ψµ
R, and in the left-moving sector, there are

scalars xµL and xIL. The compact space is a vector bundle, which leads to a gauge group with the torus

lattice as the root lattice. The dimension of the vector bundle is 16, and the lattice is a self-dual Euclidean

even lattice. The only such root lattice is SO(32) or E8 × E8, and on such a lattice the gravitational

anomaly is canceled by Green-Schwartz mechanism [55, 73–76]. In order for xµL and xµR to constitute a

single consitente theory, we take their zero modes to be equal.

xµL = qµL +
√
2α′

2 αµ
0 (τ + σ) + i

√
α′

2

∑
1
nα

µ
ne

−in(τ+σ

xµR = qµR +
√
2α′

2 αµ
0 (τ − σ) + i

√
α′

2

∑
1
nα

µ
ne

−in(τ−σ
(4.8.37)

qµL = qµR = xµ0 (0), αµ
0 = αµ

0 , x
µ = xµL + xµR (4.8.38)

Since ψµ
R is a 10-dimensional spinor, it can be taken to be a Majonara-Weyl. Therefore, the Weyl

condition

γ5ψ
µ
R = −ψµ

R (4.8.39)

is satisfied. The compact space coordinate xIL exists on a SO(32) or E8 × E8 root lattice on a 16-

dimensional self-dual Euclidean even lattice and

xIL(τ + σ + 2π) = xIL(τ + σ) + 2πLI
L (4.8.40)
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is satisfied. The solution is

xIL = qIL +

√
2α′

2
αI
0(τ + σ) + i

√
α′

2
Σ

1

n
αI
ne

−in(τ+σ) (4.8.41)

Since the constraints are independent for the left- and right-moving sectors, we can use the constraints

for each of them. The result shows that there is no tachyon in the lowest level state.
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5 Magnetized D-Brane

Here we summarize the torus compactification with magnetic fluxes. Our model can correspond to the

D5-brane system as wel as D9-brane. In this section, we note 10 dimensional coordinate as xM ,M =

0, ..., 9, 4 dimensional coordinate label as µ = 0, ..., 3, and extra dimensional coordinate as m = 4, ..., 9

since torus has a flat metric.

5.1 Kalza-Klein Reduction

The computation of 4 dimensional spectrum in compactifications is based on the Kalza-Klein ap-

proach [77, 78]. Since massless fields are counted by topological invariants of compactification (Index

Theorem, see also [79]), their number is unchanged under the continuous deformations. In the following

we consider the KK compactification of various 10d fields to 4d on a compact 6d manifold M6. We keep

the discussion general and restrit to the torus, magnetized torus case in the next section.

5.1.1 Scalar Fields

Consider a free 10d scalar ϕ(xM ) on M4×M6. The generalized Fourier decomposition is an expansion

ϕ(xµ, ym) =
∑
k

ϕk6d(ym)ϕk4d(xµ), (5.1.1)

where the 6d scalars ϕk6d(ym) are the eigenfunctions of the 6d laplacian ∆X6 with eigencalues −λ(k).

Since 10 dimensional d’Alembertian can be decomposed to 210d = ∆6d + 24d, the equation of motion in

10 dimension for free scalar fields becomes

(24d − λ(k))ϕk4d(xµ) = 0 (5.1.2)

Hence, the eigenvalue λ(k) plays the role of the squared 4d scalar mass. If λk′ = 0, ϕk
′

4d is a massless field.

5.1.2 p-Form Fields

Next we consider the p-form fields Cp(xM ) like gauge fields with gauge invarince Cp → Cp + dΛp−1.

The gauge invariant field strength associated with gauge field Cp is given by

F̂ = dC, (5.1.3)
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and Maxwell action is

S =
p+ 1

2p!

∫
M

gi1j1 · · · gip+1jp+1 F̂i1...ip+1
F̂j1...jp+1

≡ ⟨dC, dC⟩
2(p!)2

(5.1.4)

where we define the inner product ⟨, ⟩ for (p+1)-forms. The field equation derived from (5.1.4) is

d†dC = 0 (5.1.5)

where d† is the adjoint of d.

We assume the following decomposition:

Cp(xM ) = cq(ym)cn(xµ), p = n+ q (5.1.6)

where we implicitly denote the wedge product, KK labels k and subindices 10d, 6d and 4d since we can

find them from each coordinate. The kinetic term operator for 10d p-form can be decomposed to

∆10d = (dd† + d†d)X6 + ∆4d (5.1.7)

In order to obtain massless fields, we solve the zero mode equation of 6d q-form:

(dd† + d†d)X6
cq(ym) = 0 (5.1.8)

Since this kinetic operator is positive define, zero mode must satisfy dcq = 0, d†cq = 0. This fact implies

that the q-form fields cq with zero eigenvalue are harmonic forms. There are one-to-one correspondence

between harmonic q-form and q-cohomology class. Thus the number of zero modes of q-forms in X6 is

given by Betti number bq(X6) which is defined topologically.

The bottom line is that since the number of massless fields is defined topologically, the counting cannot

change by continuous deformations like the adding interactions. Thus it is sufficient that we consider the

only free field.

Substituting (5.1.6) into (5.1.4) with (5.1.7) and (5.1.8), we obtain the 4d action:

S(4) =
n+ 1

2n!

∫
gi1j1 · · · gin+1jn+1Fi1...in+1

Fj1...jn+1
≡ ⟨dCn, dCn⟩

2(n!)2
(5.1.9)

where F = dcn propagating on M4.
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5.1.3 Spinors

We consider the 10d spinors ψ10d. In compactification ansatz there are components of the form

ψ10d(xM ) = χ6d(ym)ψ4d(xµ). (5.1.10)

Their representations of 4d and 6d Lorentz group follow from the below decomposition:

SO(10) → SO(6) × SO(3, 1), 16 = (4,2) + (4,2′) (5.1.11)

where 2,2′ are the left- and right-handed spinor respectively in the 4d Lorentz group.

The 10d kinetic operator is the Dirac operator ̸ D10d including the 10d spacetime derivative, spin

connection and gauge connection. Focussing on (4,2) component, we can decompose the 10 Dirac

operator to

̸ D10d = ̸ D6d+ ̸ D4d. (5.1.12)

Thus the number of 4d massless left-handed Weyl fermions is determined by the 6d zero mode equation

̸ D6dχ6d(ym) = 0. (5.1.13)

Similary, in (4,2′) the Dirac op can be fuctorized as

̸ D10d = ̸ D†
6d+ ̸ D†

4d, (5.1.14)

and the number of 4d massless right-handed Weyl fermion is given by the 6d zero mode equation for

̸ D†
6d.

5.1.4 Metric

In KK compactifications the 10d metric gMN can be decomposed like

gMN =

 gµν gµn

gmν gmn

 , (5.1.15)

and leads to various 4d fields.

The componet gµν corresponds to a scalar field in X6. Thus the zero mode equation can be obtained

as well as a scalar fields case. Therefore the 10d graviton leads to a unique 4d graviton. The components

gµn lead to 4d vector bosons which are also 6d vector boson. The component gmn is corresponts to 4d
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scalar fields.

5.2 N = 1 SYM and its Compactification

Let us consider D = 10, N = 1 supersymmetric Yang-Mills theory (SYM), which corresponds to low

energy effective action of the open string of superstring theory. Its Lagrangian density is given by

LSYM = − 1

4g2
tr{FMNFMN} +

i

2g2
tr{λΓMDMλ} (5.2.1)

where the tr is trace for the adjoint representation of gauge group G. The field strength FMN and

covariant derivative DM are defined as

FMN = ∂MAN − ∂NAM − i[AM , AN ] (5.2.2)

DMλ = ∂Mλ− i[AM , λ]. (5.2.3)

AM is 10 dimensional geuge field and λ is a Majorana-Weyl spinor whose degree of freedom is 210/2/2 =

16 and transforms as the adjoint representation of G. This action is also invriant under the gauge

transformations

AM → AM + ∂MΛ + i[Λ, AM ] (5.2.4)

λ→ λ+ i[Λ, λ] (5.2.5)

where Λ is a gauge degree of freedom on adjoint of G.

5.2.1 Dimensional Reduction

In order to obtain a D = 4 theory at low energies, we should compactify the D-4 dimension with

compact manifold MD−4, so that we obtain Standard Model at lower energy than compactification scale

Mc.

In order to construct the symmetry breaking model G → H, we denote the elements of Cartan sub-

algebra in G as U and the other elements as e, and the basis of G can be chosen to (Ua)ij = δaiδaj and

(eab)ij = δaiδbj . By using these notations, the gauge field AM and the spinor field λ decomposed to

AM = Ba
MUa +W ab

M eab (5.2.6)

λ = ηaUa + Ψabeab. (5.2.7)

Due to hermiticity of the U(N) generators, BM and η to be real and W ab
M = (W ba

M )∗,Ψab = (Ψba)∗. By
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substituting these decompositions into the Lagrangian (5.2.1), we find

LB = L(1)
B + LB,4-point + L(2)

B (5.2.8)

L(1)
B = − 1

2g2
tr{DMWND

MWN −DMWND
NWM − iGMN [WM ,WN ] (5.2.9)

LB,4-point =
1

4g2
tr{[WM ,WN ][WM ,WN ]} (5.2.10)

L(2)
B =

i

2g2
tr{(DMWN −DNWM )[WM ,WN ]} − 1

4g2
tr{GMNG

MN} (5.2.11)

and

LF = L(1)
F + LF,Y + L(2)

F (5.2.12)

L(1)
F =

i

2g2
tr{ΨγM∂MΨ − ΨΓM [BM ,Ψ] (5.2.13)

LF,Y =
1

2g2
tr{ΨγM [WM ,Ψ]} (5.2.14)

L(2)
F =

i

2g2
tr{χΓM∂Mχ− iχΓM [WM ,Ψ] − iΨΓM [WM , χ]}, (5.2.15)

where we have defined

GMN = ∂MBN − ∂NBM (5.2.16)

DMWN = ∂MWN − i[BM ,WN ]. (5.2.17)

Let us compactify this theory with a D − 4 dimensional manifold MD−4 with dimensional reductions

in the following two steps. First we decompose the D-dimensional fields into 4 dimensional Poincaré

representations like Ba
M → Ba

µ, B
a
i . Although the Poincaré invariance restricts a non-vanishing vevs

along the µ directions, we can give non-vanishing vevs along the i directions:

Ba
i (xM ) = B

a

i (y) + Ca
i (xM ) (5.2.18)

W ab
i (xM ) = W ab

i (y) + Φab
i (xM ) (5.2.19)

where we define the fluctuations around the vevs B
a

i (y),W
ab

i (y) as Ca
i (xM ),Φab

i (xM ) respectively. These

non-vanishing vevs generally break gauge invariance. In the following discussions, we consider the case

W
ab

i (y) = 0.

Since we are interested in the Yukawa couplings in the lower dimensional theory, we focus on the
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following terms:

L(1)
B =

i

2g2
(Ga

MN −Gb
MN )

(
(WMab)∗WNab − (WNab)∗WMab

)
(5.2.20)

− 1

2g2
[
(DMWN )ab∗(DMWN )ab − (DMWN )ab∗(DNWM )ab

]
(5.2.21)

LB,4-point =
1

2g2
[
W ab

MW bc
N W

McdWNda −W ab
MW bc

N W
NcdWMda

]
(5.2.22)

L(1)
F =

i

2g2
ΨbaΓM (DMΨ)ab (5.2.23)

LF,Y =
1

2g2

(
Ψ

ab
ΓMW bd

M Ψda − Ψ
ab

ΓMW ca
M Ψbc

)
(5.2.24)

Substituting (5.2.18) and (5.2.19) into these terms, they can be rewritten as

L(1)
B = LB,kin + L̃(1)

B

=
i

2g2
(Ga

ij −Gb
ij)
(
(Φiab)∗Φjab − (Φjab)∗Φiab

)
− 1

2g2

[
(DµΦab)∗(DµΦab) + (D̃iΦ

ab
j )∗(D̃jΦiab) − (DµΦab

i )∗(D̃iWµab)

−(D̃iΦ
ab
j )∗(D̃jΦiab)

]
+ L̃(1)

B

(5.2.25)

LB,4-point = L4-point + L̃B,4-point =
1

2g2
[
Φab

i Φbc
j ΦicdΦjda − Φab

i Φbc
j ΦjcdΦida

]
+ L̃B,4-point (5.2.26)

L(1)
F =

i

2g2
Ψ

ba
γµDµΨab +

i

2g2
Ψ

ba
ΓiD̃iΨ

ab (5.2.27)

LF,Y = LY + L̃Y =
1

2g2

(
Ψ

ab
ΓiΦbd

i Ψda − Ψ
ab

ΓiΦca
i Ψbc

)
+ L̃Y, (5.2.28)

where the L̃ terms are irrelevant terms for the following discussions and we have defined D̃i = ∂i − igBi.

Notice that since Φab and Ψab are off-diagonal components in the adjoint representation, these fields are

bifundamental representations of gauge group U(1)a × U(1)b. This means that the covariant derivative

act as

D̃iΦ
ab
j = ∂jΦ

ab
j − iB

a

iW
ab
j + iB

b

iW
ab
j . (5.2.29)

LB,kin and L(1)
F contain all the possible terms in Φi and Ψ that lead to effective mass terms.

The second step is KK expansion of D dimensional fields and splits the 4 dimensional coordinates

and the compact space coordinates dependence. Spinor fields can be decomposed into the product of 4
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dimensional spinor and the extra dimensional spinor:

Ψab(xM ) =
∑
n

χab
n (x) ⊗ ψab

n (y) (5.2.30)

As well as spinor fields, the scalar fields can be decomposed into

Φab
i (xM ) =

∑
n

φab
n,i(x) ⊗ ϕabn,i(y). (5.2.31)

We choose the y-dipendent fields to the eigenfunctions for the internal wave operators:

i ̸ DD−4ψ
ab
n = mnψ

ab
n (5.2.32)

∆D−4ϕ
ab
n,i = M2

n,iϕ
ab
n,i (5.2.33)

From the discussions in 5.1, the eigenvalues mn and Mn,i are directly related to the 4 dimensional masses

for the fields χab
n and φab

n,i. Indeed by applying this equations, we find

iγ5 ̸ D4χ
ab
n = −mnχ

ab
n (5.2.34)

∆4φ
ab
n,i = M2

n,iφ
ab
n,i − 2i

∫
M
⟨Gaj

i −Gbj
i ⟩φab

n,j , (5.2.35)

where in order to get canonical kinetic terms, the D − 4 dimensional fields must satisfy

g−2

∫
M
dD−4yϕabn,i(y)∗ϕcdn,i(y) = δacδbd (5.2.36)

g−2

∫
M
dD−4yψab

n (y)†ψab
n (y) = δacδbd. (5.2.37)

Since the scalar mass has the corrections from non-vanishing vevs, the correspondence between the scalar

and the spinor with same masses are broaken. Thus the fluxes break the supersymmetry.

By functional integration of massive fields, we can obtain the 4 dimensional effective field theory

including the lightest modes. The massless fields in 4 dimensional theory are given by U(nα) gauge

bosons Aα
µ(x) which derived from KK expansion of Bα

µ , the gaugino λα derived from ηα, the scalar cαi

derived from Cα
i and bifundamental spinor χab

0 . From the mass term in (5.2.35), the remained fields φab
n,i

may be massive, massless or tachyonic depending on the fluxes.
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Substituting the above reductions into LF,Y, 4 dimensional Yukawa coupling terms can be written by

SY ≡ 1

2g2

∑
I,J,K

[(∫
M
dD−4yψab†

I ϕbdJ,iΓ
iψda

K

)∫
d4xχab

I φ
bd
J,iχ

da
K

−
(∫

M
dD−4yψab†

I ϕcaJ,iΓ
iψbc

K

)∫
d4xχab

I φ
ca
J,iχ

bc
K

] (5.2.38)

5.2.2 Magnetic Fluxes and Supersymmetry

The above discussion is general in the sence that it dose not depend whether the supersymmetric

or not. If we would like to consider SYM theory coupled to gravity, it may be useful to consider the

compactifications preserving N = 1 supersymmetry in the effective theory. In this part, we derive the

conditions for preserving the supersymmetries.

We consider D = 10 SYM theory compactified in M2n coupled to N = 1 SUGRA and put the

assumptions H = 0 = dϕ for simplicity, where H is a field strength of 2-form field in NS-NS sector and

ϕ is a dilaton. Since the SUSY parameters are spinor, in order to get the supersymmetric theory in the

lower dimensional effective theory, it is enough that spinor exists without contradiction whose statement

leads to SUSY conditions.

In order to get the spinor consistently in 4 dimensions, this spinor should be defined uniquely. But

since 10 dimensional spinor ξ is non-trivialy transformed under SO(10) and η is also transformed under

SO(6) non-trivialy, there are many posibilities for the supercharges at each point in 4 dimensions. Thus

we need the covariantly constant spinor in M2n:

∇M2nξ(y
m) = 0 (5.2.39)

This condition implies that the compact manifold M2n is a Ricci-flat Kähler manifold.

Futhermore, if the supersymmetry is preserved, the supersymmetry keeps the vacuum invariant:

Q |Ω⟩ = 0 (5.2.40)

This condition leads to

0 = ⟨Ω| {Q,ψ} |Ω⟩ = ⟨Ω| δψ |Ω⟩ , (5.2.41)

where ψ is an arbitrary fermionic operator. Thus in classical limit, we find

δψ = 0. (5.2.42)
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If we regard ψ as a gaugino, this condition becomes

δψ ∼ ΓmnFmn = 0, (5.2.43)

and this implies

Fij = Fij = 0, gijFij = 0. (5.2.44)

5.2.3 Yukawa Couplings

These unwanted feature in torus compactification can be avoided by two approaches. First, we introduce

a non-trivial expectation values (vev) for the gauge fields. Second, we impose an obifold projection. In

this section, we choose the first approach.

Since we interested in preserving Poincaré invariance in the four-dimensional spacetime, we introduce

non-vanishing vevs ⟨Am(x)⟩. These vevs reduce gauge group G to the subgroup H ⊂ G commuting with

the subgroup J which contains vevs. Also, these vevs modify the wave operator. Thus supersymmetries

are broaken and we obtain chiral theory. Therefore we find that magnetized M6 compactifications with

⟨Fmn⟩ ̸= 0 lead to D = 4 chiral theories with reduced gauge group.

In addition, we obtain the degenerated chiral fermions ψj which can be regarded as generations of the

fermion. In order to obtain canonical kinetic terms, we impose normalization condition for the internal

wavefunctions ∫
M ̸

d6xψj(y
m)†ψk(ym) = δjk (5.2.45)

as well as bosonic wavefunction.

Finally, the kinetic term of spinor λ in D = 10 SYM Lagrangian leads to four-dimensional Yukawa

couplings

Yijk =

∫
M6

ψa†
i γ

mψb
jϕ

c
k,mfabc (5.2.46)

where fabc are structure constant of the initial gauge group G.

In order to compute the Yukawa couplings (5.2.46), we need explicit expression for the internal

wavefunctionψj . This wavefunction corresponds to massless modes.

In the following sections, we consider the 8 cases which are clasified with whether abelian or non-abelian

gauge group, including Abelian Wilson line or non-Abelian ones and T 2 or general tori T 2n. Also we

discuss the masses of the zero-modes in each cases.
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5.3 Magnetized Torus with Abelian Wilson Lines

In the following, we compute the wavefunction involving Wilson lines on magnetized T 2 in U(1) and

U(N) gauge theory.

5.3.1 Abelian Gauge Theory

First, we explain T 2 geometry. T 2 is obtained by the identification

z ∼ z + 1, z ∼ z + τ (5.3.1)

where, z ≡ y4 + τy5 and τ ∈ C is the complex structure moduli of T 2. We introduce an abelian magnetic

flux such that
∫
T 2 F = b,

F =
b

τI

i

2
dz ∧ dz, τI = Im τ (5.3.2)

This flux can be derived from

A(z) =
b

2τI
Im((z + ξ)dz). (5.3.3)

These expressions are general solution and ζ is a constant called Wilson line. This vector field should be

well-defined on the torus, but its torus translations are

A(z + 1) = A(z) +
b

2τI
Im dz ≡ A(z) + dχ1

A(z + τ) = A(z) +
b

2τI
Im τdz ≡ A(z) + dχ2.

(5.3.4)

So, we identify these translations with the gauge transformations A→ A+ dχi.

Next we consider any complex field ϕ(z) with U(1) charge q. Its torus tranlations are given by

ϕ(z + 1) = eiqχ1(z)ϕ(z)

ϕ(z + τ) = eiqχ2(z)ϕ(z)
(5.3.5)

and for the consistency, these translations are also regarded as the gauge transformations.

Considering a contractible loop in T 2, we obtain Dirac’s charge quantization condition

b

2π
= M ∈ Z. (5.3.6)

In order to obtain the explicit wavefunction, we solve the Dirac equation. Dirac operator and two-
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dimensional spinor with U(1) charge q are given by

i ̸ D2 =
i

πR

 0 ∂ − q πM
2τI

(z + ζ)

∂ + q πM
2τI

(z + ζ)

 ≡ i

 0 −D†

D 0

 (5.3.7)

Ψ(z, z) =

ψ+

ψ−

. (5.3.8)

So, we obtain the two Dirac equations

Dψ+ = 0, D†ψ− = 0. (5.3.9)

If M > 0, ψ+ is only well-defined and if M < 0, ψ− is so. Thus by introducing a non trivial flux M , one

chirality spinor is autmatically selected. In the following, we assume M > 0.

The wave functions satisfying with Dirac equation and the boundary condition (5.3.5) are given by

ψj
+(z) = Nje

iπqM(z+ζ) Im(z+ζ)
τ Iθ

 j
qM

0

 (qM(z + ζ), qMτ) j = 0, ...,M − 1 (5.3.10)

where, Nj is a normalization factor

Nj =

(
2τIM

A2

)1/4

(5.3.11)

and θ is a Jacobbi theta-function defined by

θ

a
b

 (ν, τ) =
∑
l∈Z

eπi(a+l)2τe2πi(a+l)(ν+b) (5.3.12)

Since ψj
+ is degenerate, we realize a generation structure.

If M < 0, we get the same result for ψ−

5.3.2 Non-Abelian Gauge Theory

　 Here, we consider a more general setup. Explicitly, we describe a U(N) gauge theory broken to∏
i U(Ni) by introducing the following magnetic fluxes

F =
π

Im τ
(dz ∧ dz)


M1IN1×N1

. . .

MnINn×Nn

 (5.3.13)

153



5 MAGNETIZED D-BRANE 5.3 Magnetized Torus with Abelian Wilson Lines

where, INa×Na
, a = 1, ..., n denotes the Na×Na identity matrix with

∑n
a=1Na = N . Due to the boundary

condition, Ma must be integer. This flux is induced by the gauge field,

A(z) =
π

Im τ
Im(zdz)


M1IN1×N1

. . .

MnINn×Nn

 (5.3.14)

In the following, we focus on N = 2 case:

Fzz =
πi

τI

ma 0

0 mb

. (5.3.15)

In this case, the gauge group U(2) is broken to U(1)a×U(1)b. The corresponding vector fields are given

by

Az =
π

2τI

ma(z + ζa) 0

0 mb(z + ζb)

 (5.3.16)

as well as Az. The Dirac operator is given by

i ̸ D = i

 0 −D†

D 0

 =
i

πR

 0 ∂ +Az

∂ +Az 0

 (5.3.17)

Since a two-deimensional spinor is a adjoint representation of U(2), each of chiral spinors is given by the

matrices,

Ψ(z, z) =

ψ+

ψ−

, ψ± =

A± B±

C± D±

 (5.3.18)

Hence we obtain the Dirac equations for zero-modes

Dψ+ = (πR)−1

 ∂A+

(
∂ + πIab

2τI
(z + ζab)

)
B+(

∂ − πIab

2τI
(z + ζab)

)
C+ ∂D+

 = 0 (5.3.19)

where we defined

Iab ≡ ma −mb ̸= 0

ζab ≡ (maζa −mbζb)/Iab

(5.3.20)

ψ− is given by ψ− = ψ†
+. From (5.3.19), A+ and D+ should be holomorphic functions. Furthermore due

to the periodic boundary condition, A±, D± must be constant. Since Dirac equations for B+ and C+ are

154



5 MAGNETIZED D-BRANE 5.3 Magnetized Torus with Abelian Wilson Lines

almost the same as U(1) case, they have to be of the form

B+ = ψj,Iab(τ, z + ζab), C+ = ψj,Iab(τ, z + ζab). (5.3.21)

If Iab > 0, B+ can only be present as well as C−

5.3.3 Eigenfunctions of the Laplace Equation

In this part, we show that the eigenfunction (5.3.21) is not only for Dirac equation but also for the

Laplace equation. Thus these eigenvalues correspond to scalar mass and depend on the Kähler moduli

of compactification. In order to prove this, we compute the squared Dirac op:

(i ̸ D)2 = ∆ +

 2iFzz

(2πR)2 0

0 2iFzz

(2πR)2

 (5.3.22)

Applying the laplacian to the ab sector wavefunctions, we obtain these eigenvalues

∆ψj,±Iab =
2π|Iab|

A
ψj,±Iab . (5.3.23)

By defining the harmonic operators

a =

√
A

4π|Iab|
D, (5.3.24)

the eigenfunctions and the eigenvalues for the laplacian are given by

ψj,±Iab = (D†)rψj,±Iab (5.3.25)

λr = 2π
|Iab|
A

(2r + 1) > 0 (5.3.26)

However, this is not just the mass eigenvalues. From (5.2.35), the mass matrix is given by

M2 =

 ∆ −4iπ Iab

A

4iπ Iab

A ∆

, (5.3.27)

and its eigenvalues are given by

λ̃r = λr ± 4π
Iab
A
. (5.3.28)

From this expression, there is one tachyonic scalar mode which corresponds to no fermionic spectrum.

This fact means that the supersymmetry is broken completely.
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5.4 Magnetized T 2n with Abelian Wilson Lines

In this section, we attempt to extend magnetized torus compactifications to higher dimensional torus

T 2n which is factorized as

T 2n ≃ T 2
1 × · · · × T 2

n . (5.4.1)

Let us consider the constant magnetic flux F breaking U(N) → U(1)N . This implies the magnetic flux

on T 2
r is given by

Fzrzr ≡ F
(r)
zz =

π

Im τ (r)


m

(r)
a

m
(r)
b

. . .

 (5.4.2)

In the following, we focus on N = 2 case. As well as the T 2 case, we decompose the Dirac operator

into the holomorphic part and anti-holomorphic part:

i ̸ D = i
∑
r

ΓrDr − i
∑
r

ΓrD†
r (5.4.3)

Dr = ∂r +
π

2 Im τ (r)

m(r)
a (zr + ζra)

m
(r)
b (zr + ζrb )

 (5.4.4)

The spinor Ψ in the compact spase T 2n is a 22n/2 = 2n components spinor. We decompose this spinor to

the spinors on each torus T 2
r which are denoted ψϵ1,...,ϵn where ϵr = ±1. In this notation, the zero-mode

equation on T 2
r is given by

Drψϵ1,...,ϵn = 0, ϵr = 1

D†
rψϵ1,...,ϵn = 0, ϵr = −1

(5.4.5)

The wavefunctions of 2n-dimensional fermions can be obtained by solving the equation (5.4.5) and the

torus boundary conditions, which are given by

ψϵ1,...,ϵn =

 const
∏

r δϵr,sign(I(r)
ab )

ψ
j(r),|I(r)

ab |
ϵr∏

r δ−ϵr,sign(I
(r)
ab )

ψ
j(r),|I(r)

ab |
ϵr const

 (5.4.6)

where sign(I
(r)
ab ) is a sign of I

(r)
ab and ψ

j(r),|I(r)
ab |

ϵr are defined by

ψ
j(r),I

(r)
ab

+ = ψj(r),I
(r)
ab (τ (r), zr + ζrab), ψ

j(r),I
(r)
ab

− =
(
ψj(r),I

(r)
ab (τ (r), zr + ζrab)

)∗
. (5.4.7)

Therefore, we find 2n−1 numbers of U(1)a × U(1)b gauginos associated to the constant wavefunctions,

and Iab ≡
∏

r |I
(r)
ab | numbers of chiral fermions associated to chiral fermions in the bifundamental repre-
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sentation of U(1)a × U(1)b.

Just as in the T 2 case, the wavefunctions (5.4.6) are not only the eigenfunctions of Dirac operator, but

also of Laplacian. In contrast T 2 case, there are no tachyonic mode discussed the following section.

5.5 Magnetized Torus with Non-Abelian Wilson Lines

In this section, we consider the general symmetry breaking U(N) →
∏

i(ni),
∑

i ni < N .

5.5.1 Gauge Symmetry Breaking

First let us consider the T 2 case and U(N) gauge group. The magnetic flux F and the gauge field A

transform in the adjoint represention of U(N) and F is given by

Fzz =
πi

Im τ

M

N
· IN . (5.5.1)

Consider a field Φ in the fundamental representation of U(N). In contrast to the abelian Wilson line

cases, Wilson lines can be arbitrary elements of U(N). Thus the most general transformation is given by

Φ(z) → Ωi(z)Φ(z) = eiχi(z)ωiΦ(z) (5.5.2)

where

χ1(z) =
πM

N Im τ
Im(z + ζ)IN (5.5.3)

χ2(z) =
πM

N Im τ
Im τ(z + ζ)IN (5.5.4)

and ωi are constant element of SU(N).

In order to confirm the consistency between gauge transformations and the homology of T 2, we consider

the contractible loop:

Ω−1
2 (z + τ)Ω−1

1 (z + 1 + τ)Ω2(z + 1)Ω1(z)Φ(z) = Φ(z). (5.5.5)

The left hand of this condition is rewritten as

ω−1
2 ω−1

1 ω2ω2 = e2πik/NIN , k ∈ Z. (5.5.6)

Thus M = kmodN must be integer which correspond to Dirac’s charge quantization condition.
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The ωi is the representation of SU(N) and can be chosen to

ω1 = Q ≡ diag(1, e2πi/N,...,e2πi(N−1)/N

), ω2 = PM ≡


1

1

. . .

1



M

(5.5.7)

or

ω1 = QM , ω2 = P. (5.5.8)

The gauge field Aµ transforms in the adjoint

Aµ = ω1Aµω
−1
1 = ω2Aµω

−1
2 . (5.5.9)

Thus Aµ must be a diagonal N × N matrix with only P = g.c.m.(N,M) independent elements and we

find that magnetic flux breaks U(N) gauge group to U(P).

If M = SN, S ∈ Z, k = 0 and we can take ω1 = ω2 = 1. Also if P = N , the gauge group is going to be

U(N) that is no rank reduction.

5.5.2 Wavefunctions on T 2

Let us consider F to be sum of two irreducible representations

Fzz =
πi

Im τ
diag

(
ma

na
Ina

,
mb

nb
Inb

)
, na + nb = N. (5.5.10)

This flux can be regarded as two fluxes Fa and Fb on the same T 2 which correponds to the gauge group

U(na) and U(nb) respectively, and magnetic quanta ma and mb respectively.

Thus due to the magnetic fluxes, the gauge group U(N) is broken to U(pa) × U(pb) where pα =

g.c.d.(nα,mα). If mα ∝ nα, then there are no non-abelian Wilson lines and the gauge group is give by

U(na) × U(nb). From the discussion of the previous section, the wavefunction of fermion in this case

transforms in (na, nb) if Iab > 0. In the following discussions, we focus on pα < nα and pa = pb = 1.

The gauge fields corresponding to (5.5.10) are given by

Az = Aα
z T

α =
π

2 Im τ

ma

na
(z + ζa)Ina

mb

nb
(z + ζb)Inb


Az = Aα

z T
α = − π

2 Im τ

ma

na
(z + ζ)Ina

mb

nb
(z + ζb)Inb

.
(5.5.11)
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The Dirac equation for the spinorial component ψ+ is

Dψ+ = (πR)−1

 ∂A+

(
∂ + πĨab

2 Im τ (z + ζab)
)
B+(

∂ − πĨab

2 Im τ (z + ζab)
)
C+ ∂D+

 = 0 (5.5.12)

where we have defined

Iab ≡ −namb + nbma ̸= 0 (5.5.13)

Ĩab ≡
Iab
nanb

(5.5.14)

ζab ≡
(nbmaζa − nambζb)

Iab
. (5.5.15)

The Dirac equation for ψ− is quite same in the previous section without the exchanging Iab → Ĩab. The

boundary conditions and Dirac equation restrict A+ and D+ to have to be constant matrices associated

to U(1)a × U(1)b gauginos. On the other hand, B+ and C+ have to be of the form

Ne±i
πĨab
Im τ (z+ζab) Im(z+ζab)ξ(z) (5.5.16)

respectively, where ξ(z) is an arbitrary holomorphic matrix-valued function and N is a normalization

factor. Futhermore by imposing the periodic boundary condition and computing the normalization

factor, we find the fermionic zero-mode wavefunctions for chiral fields transforming in the bifundamental

representation:

B+ = Φj,Iab , C+ = Φj,−Iab , j = 1, ..., |Iab (5.5.17)

(
Φj,Iab

)
ka,kb

=

(
2 Im τ |Ĩab|

A

)
1/4ei

πĨab
Im τ (z+ζab) Im(z+ζab)ξ(z)j,Iab

ka,kb
(5.5.18)

(
ξj,Iab

)
l.l

= θ

 j
Iab

+ l
nanb

0

 ((z + ζab)Iab, τIabnanb) (5.5.19)

These solutions are exclusive and chosen by the sign of Iab:

B+ <∞ ⇔ Iab > 0Left-handed fermions in (1,-1) ofU(1)a × U(1)b

C+ <∞ ⇔ Iab < 0Left-handed fermions in (-1,1) ofU(1)a × U(1)b

(5.5.20)

The solutions of anti-particles ψ− are given by the hermitian conjugate respectively.
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5.5.3 Eigenfunctions for Laplacian

As well as the T 2 case, the wavefunctions (5.5.18) are also the eigenfunctions for the Laplace operator.

By simillar computation in the previous section, we find

∆Φj,±Iab = ±2πĨab
A

Φj,±Iab =
2π|Ĩab|

A
, (5.5.21)

and same eigenvalue without the replacement Iab → Ĩab. Computing the mass matrix, we find the lightest

scalar mass is tachyonic:

m2
0 = −2π

|Ĩab|
A

(5.5.22)

Thus there is also no supersymmetry as well as abelian Wilson line cases.

5.6 Magnetized T 2n with Non-Abelian Wilson Lines

In this section, we extend T 2 with non-abelian Wilson lines to the higher dimensional tori.

5.6.1 Gauge Symmetry Breaking

The most general constant magnetix flux associated to U(N) gauge group is given by

Fij = 2π
nij

Naiaj
IN (5.6.1)

where nij = −nji. T 2n is equivalent to the quotient space R2n/Λ, where Λ = {x ∈ R2n|x = nia
i;n ∈ Z2n}

and we have defined {x ∈ R2n|0 < xi ≤ ai} and ai = ||ai||. From (5.6.1), the boundary conditions on a

field Φ transforming in the fundamental representation of U(N) are of the form

Φ(x) → Ωi(x)Φ(x) = eiχi(x)ωiΦ(x), (5.6.2)

where we have defined

χi(x) = e
π
∑

j

nijx
j

Naj IN , (5.6.3)

and ωi are the constant elements of SU(N). The consistency condition is given by contractible loop:

Ω−1
j (x+ ai)Ω

−1
i (x+ ai + aj)Ωj(x+ ai)Ωi(x)Φ(x) = Φ(x) (5.6.4)

This condition leads to

ω−1
j ω−1

i ωjωi = e2πicij/NIN , cij ∈ Z, nij = cij mod N. (5.6.5)
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By using SU(N) constant matrices P and Q such that PQ = QPe2πi/N , ωi can be chosen to

ωi = P siQti , si, ti ∈ Z (5.6.6)

and the condition (5.6.5) can be rewritten as

tisj − tjsi = nij mod N. (5.6.7)

If we consider the fluxes which don’t satisfy this consistency condition, the initial gauge group U(N)

is broken to
∏

i U(Pi). Then flux (5.6.1) can be splited to a direct sum of more fundamental fluxes

corresponding to gauge group U(Pi) and each flux satisfies (5.6.7).

5.6.2 Factorized Torus

Let us consider the factorized tori and a constant magnetic flux F on them. Also we deal with F to be a

(1,1)-from on each T 2. This allows us to specify F in terms of 2n integer numbers (N (r),M (r)), r = 1, ..., n

such that

N =
∏
r

N (r)

n2r−1,2r = N (1) · · ·N (r−1)M (r)N (r+1) · · ·N (n).

(5.6.8)

Then the components of the magnetic flux are written as

Fzrzr =
π

Im τ (r)
M (r)

N (r)
IN (5.6.9)

and the boundary conditions for a scalar field Φ in fundamental representation are given by Ωr = eiχrωr

defined by

χ2r−1(z) =
πM (r)

N (r) Im τ (r)
Im(zr + ζr)IN

χ2r(z) =
πM (r)

N (r) Im τ (r)
Im τ (r)(zr + ζr)IN .

(5.6.10)

Since the rank of gauge group U(N) is decomposed to (5.6.8), Φk is decompoed to the bifundamental

representations Φk(1),...,k(n) where k = 1, ..., N and k(r) = 1, ..., N (r) are the label of the field components.

Also the constant elements ωi of SU(N) are splited to the constant elements of each gauge group U(Pr):

ω2r−1 = IN(1) ⊗ · · · IN(r−1) ⊗QM(r)

⊗ IN(r+1) ⊗ · · · ⊗ IN(N)

ω2r = IN(1) ⊗ · · · ⊗ IN(r−1) ⊗ P ⊗ IN(r+1) ⊗ · · · ⊗ IN(n)

(5.6.11)
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Here Q and P are the generalization of (5.5.7) to N (r) × N (r) matrices. By introducing such flux, the

gauge group U(N) is broken to
∏

r U(P (r)), where P (r) = g.c.d.(N (r),M (r)).

In the following discussions, we focus on the case that F is a direct sum of two fundamental fluxes:

Fzrzr =
πi

Im τ (r)
diag

(
m

(r)
a

n
(r)
a

INa
,
m

(r)
b

n
(r)
b

INb

)
, Nα =

∏
r

n(r)α (5.6.12)

Then the Dirac operator is given by

i ̸ D = i
∑
r

ΓrDr − i
∑
r

ΓrD†
r (5.6.13)

Dr = ∂r +
π

2 Im τ (r)
diag

(
m

(r)
a

n
(r)
a

(zr + ζr)INa
,
m

(r)
b

n
(r)
b

(zr + ζrb )INb

)
. (5.6.14)

Also we decompose the 2n dimensional spinor to the tensor product ψϵ1,...,ϵn . We can find the solution

of the Dirac equation as well as the previous section:

ψϵ1,...,ϵn =

 const
∏

i δϵr,s(I(r)
ab )

⊗
r Φ

j(r),|I(r)
ab |

ϵr∏
i δ−ϵr,s(I

(r)
ab )

⊗
r Φ

j(r),|I(r)
ab |

ϵr const

 (5.6.15)

where we have defined

Φ
j(r),I

(r)
ab

+ = Φj(r),I
(r)
ab , Φ

j(r),I
(r)
ab

− =
(

Φj(r),I
(r)
ab

)†
, j(i) = 1, ..., I

(i)
ab , (5.6.16)

and Φj(r),I
(r)
ab as in (5.5.10). The tensor product means

(⊗
r

Φ
j(r),|I(r)

ab |
ϵr

)
(k

(r)
a ;k

(r)
b )

=
∏
r

(
Φ

j(r),|I(r)
ab |

ϵr

)
k
(r)
a ;k

(r)
b

. (5.6.17)

5.6.3 Laplace Eigenvalues and Masses

As well as the previous sections, Φ
j(r),|I(r)

ab |
ϵr is not only the eigenfunction of Dirac operator, but also of

Laplace operator:

∆

(
Φ

j(r),|I(r)
ab |

ϵr

)
=

(∑
r

2π|Ĩ(r)ab |
A(r)

)⊗
r

Φ
j(r),|I(r)

ab |
ϵr (5.6.18)

By considering the harmonic operator, the higher order eigenvalues are given by

λ{s(r)}r
= 2π

∑
r

|Ĩ(r)ab |
A(r)

(2s(r) + 1), s(r) ∈ N. (5.6.19)
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On the other hand the eigenvalues of mass matrix are given by

λ̃{s(r)}r
= 2π

(∑
r

|Ĩ(r)ab |
A(r)

(2s(r) + 1) ± 2
Ĩ
(i)
ab

A(i)

)
. (5.6.20)

The lightest scalar modes are obtained for s(r) = 0. In the T 2 case, these modes correspond to tachyons.

This fact implies that there are no N = 1 SUSY configurations. But from the expression (5.6.20), since

the mass is given by the sum of the contributions from the fluxes on each torus, the scalar can be

massless, massive or tachyonic, depending on the values of the fluxes. In the T 4 case, the lightest scalars

are massless or tachyonic. Finally in the T 2 × T 2 × T 2 case, the lightest scalar mode can be massive,

massless or tachyonic. Thus by choosing the fluxes such that (5.6.20) equals to 0, we can realize the

N = 1 SUSY, which is just a supersymmetric conditions.

5.7 Yukawa Couplings

In the previous sections, we find the wavefunctions in the various cases. In this section, we compute

the 3-point functions by using (5.2.46) in the various models.

5.7.1 T 2 Models with Abelian Wilson Lines

In order to obtain non-trivial Yukawa couplings, we need three gauge factors allowing for three different

types of bifundamental matter fields. For the simplicities, we consider the T 2 model first and following

magnetic fluxe:

Fzz =
πi

Im τ
diag

(
ma

na
Ina

,
mb

nb
Inb

,
mc

nc
Inc

)
(5.7.1)

where nα ∈ N+,mα ∈ Z, α = a, b, c. If pα = g.c.d.(nα,mα), the initial gauge group U(N) is broken to

U(pα) × U(pb) × U(pc). If we define

Iαβ ≡ −nαmβ + nβmα

Ĩαβ ≡ Iαβ
nαnβ

,
(5.7.2)

the Ĩαβ ’s trivialy follow the relation

Ĩab + Ĩbc + Ĩca = 0 (5.7.3)

This relation implies that one of |Ĩαβ | is bigger than the other two. In the following, we take this to Ĩbc.

There are two posibilities of the wavefunction depending on whether the sign of Ĩbc is positive or

163



5 MAGNETIZED D-BRANE 5.7 Yukawa Couplings

negative. From the results of the previous sections, the wavefunction Ψ which is gaugino is given by

Ψ =

ψ+

ψ−

 (5.7.4)



ψ+ =


const Φi,Iab 0

0 const 0

Φj,Ica Φk,Icb const

 Ĩbc < 0

ψ+ =


const 0 Φj,Iac

Φi,Iba const Φk,Ibc

0 0 const

 Ĩbc > 0

(5.7.5)

where ψ− = (ψ+)† and const = A−1/2. The chiral wavefunctions Φj,Iαβ , j = 0, ..., |Iαβ | − 1 have been

found.

By applying the general form (5.2.46) to T 2 model, we obtain the Yukawa couplings involving chiral

massless fermions in this model:

∫
T 2

dzdz tr{ψ+[ϕ−, ψ+]},
∫
T 2

dzdz tr{ψ−[ϕ+, ψ−]} (5.7.6)

where these couplings are CPT conjugates each other and ϕ± are the wavefunctions of the bosonic

fluctuations contained higher dimensional gauge field AM with helicity ±1 in the internal coordinates.

Since the eigenfunctions of Dirac and Laplace operator are the same, we find the Yukawa couplings

involving left-handed fermions is given by

Yijk =

 σabcg
∫
T 2 dzdz tr{Φi,IabΦj,Ica

(
Φk,Icb

)†} Ĩbc < 0

σabcg
∫
T 2 dzdz tr{Φi,IbaΦj,Iac

(
Φk,Ibc

)†} Ĩbc > 0
(5.7.7)

where g is a gauge coupling constant and we have defined σabc = sign(ĨabĨbcĨca). In D = 4 physics,

this term leads to the couplings between two chiral fermions with opposit chiralities transforming in the

(pa, pb), (pa, pc) bifundamental representations and complex tachyon in the (pb, pc).

Above discussions are general in the T 2 models. Let us first consider the abelian Wilson lines which

mean (nα,mα) = nα(1, sα), sα ∈ Z. Then the initial gauge group U(N) is broken to U(na) × U(nb) ×

U(nc), na +nb +nc = N and the degeneracy of chiral fermions in (nα, nβ) is given by Ĩαβ = sα−sβ . Also

the matrix-valued wavefunction Φi,Iαβ is reduced to a product of nα × nβ matix and the wavefunctions
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ψi,Ĩαβ defined as (??). Thus the Yukawa couplings are rewritten as

Yijk = σabcg

∫
T 2

dzdzψi,Ĩab(z + ζab)ψ
j,Ĩca(z + ζca)

(
ψk,Ĩcb(z + ζcb)

)∗
(5.7.8)

where we have chosen Ĩbc negative and the abelian Wilson lines ζαβ are defined by (??) with the substi-

tutions mα → sα, Iαβ → Ĩαβ .

In order to compute (5.7.8), we use the following formula:

θ

 r
N1

0

 (z1, τN1) · θ

 s
N2

0

 (z2, τN2)

=
∑

m∈ZN1+N2

θ

 r+s+N1m
N1+N2

0

 (z1 + z2, τ(N1 +N2)) × θ

N2r−N1s+N1N2m
N1N2(N1+N2)

0

 (z1N2 − z2N1, τN1N2(N1 +N2))

(5.7.9)

In this case, by substituting

r = i, s = j, N1 = Ĩab, N2 = Ĩca, z1 = (z + ζzb)Ĩab, z2 = (z + ζca)Ĩca (5.7.10)

and using the relation (5.7.3) we find

ψi,Ĩab(z)ψj,Ĩca(z) =
(2 Im τ)1/4

A1/2

∣∣∣∣∣ ĨabĨcaĨbc

∣∣∣∣∣ ∑
m∈ZĨbc

ψi+j+Ĩabm,Ĩcb(z)

× θ

 Ĩcai−Ĩabj+ĨabĨcam

−ĨabĨbcĨca

0

 (0, τ |ĨabĨbcĨca).

(5.7.11)

where we set ζ = 0 for simplicity. In this expression, the theta factor in the right hand side is no longer

dependent on z, hence it may be fatored out from the integration. Futhermore the theta functions form

orthonomality system. Thus the integrand in Yukawa couplings (5.7.8) is given by two theta functions

and it can be carried out easily:

Y ζ=0
ijk =

(
2 Im τ

A2

)1/4
∣∣∣∣∣ ĨabĨcaĨbc

∣∣∣∣∣
1/4

θ

−( j

Ĩca
+ k

Ĩbc

)
/Ĩab

0

 (0, τ |ĨabĨbcĨca|) (5.7.12)

Similary, we can obtain the Yukawa coplings with abelian Wilson lines. Here we define the following
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quantities:

ζ̃α = sαζα, ζ̃αβ = ζ̃α − ζ̃β , ζ̃ = Ĩabζ̃c + Ĩbcζ̃a + Ĩcaζ̃b

δijk =
i

Ĩab
+

j

Ĩca
+

k

Ĩbc
, H(ζ̃, τ) = 2πi|ĨabĨbcĨca|−1 ζ̃ Im ζ̃

Im τ

(5.7.13)

Then the Yukawa couplings with non-abelian Wilson lines are given by

Yijk = σabcg

(
2 Im τ

A2

)1/4
∣∣∣∣∣ ĨabĨcaĨbc

∣∣∣∣∣
1/4

eH(ζ̃,τ)/2θ

δijk
0

 (ζ̃, τ |ĨabĨbcĨca|) (5.7.14)

We can obtain similar results for Ĩbc > 0.

5.7.2 T 2 Models with Non-Abelian Wilson Lines

Next, we consider the non-abelian Wilson lines such that pα = g.c.d.(nα,mα) = 1 < nα. The chiral

fields are given by (5.5.18) and the integral (??) are rewritten as

Yijk = σabcg

∫
T 2

dzdz

nanbnc∑
l=1

ϕi,Iabϕj,Ica
(
ϕk,Icb

)∗
, (5.7.15)

where ϕ
i,Iαβ

ka,kb
is the componets of Φi,Iαβ and we have used the boundary conditions and assumed g.c.d.(na, nb, nc) =

1. However since ϕ
i,Iαβ

l,l the extra z-dependent factors except theta function, the computation of this in-

tegral is harder than abelian case. But if we fix l = 0 by using the boundary condtions and integrate

over a torus of complex structure nanbncτ instead of performing the summation over l, we can find

Yijk = σabcg

(
2 Im τ

A2

)1/4
∣∣∣∣∣ ĨabĨcaĨbc

∣∣∣∣∣
1/4

eH/2θ

δijk
0

 (ζ̃, τ |IabIbcIca|) (5.7.16)

where we have defined ζ̃α = mαζα This expression (5.7.16) is quite simillar to the abelian Wilson lines

case.

5.7.3 General Tori

Finally, let us compute the Yukawa couplings for 2n dimensional tori. In the particular case that T 2n

can be factorazed as T 2, the chiral matter wavefunctions are given by (5.4.6) in abelian Wilson lines or

(??) in non-abelian Wilson lines. Futhermore, the integral (5.2.46) is also decomposed to the integrals

166



5 MAGNETIZED D-BRANE 5.7 Yukawa Couplings

over the each torus T 2. Thus the Yukawa couplings for factorizable T 2n are given by

Yijk = σabc

n∏
r=1

(
2 Im τ (r)

(A(r))2

)1/4
∣∣∣∣∣ Ĩ

(r)
1 Ĩ

(r)
2

Ĩ
(r)
1 + Ĩ

(r)
2

∣∣∣∣∣
1/4

eH
(r)/2θ

δ(r)ijk

0

(ζ̃(r)(I(r)ab I
(r)
bc I

(r)
ca )
)

(5.7.17)

where if σ
(s)
abc = −1, we must perform the substitutions J (s) → J

(s)
and ζ̃(s) → ζ̃

(s)

. The quantities with

the label (r) defined the quantities without (r) on T 2.

5.7.4 Yukawa Couplings in Supersymmetric Description

In this section, we attempt to understand Yukawa couplings as a 3-point function in a N = 1, D = 4

supersymmetric theory. The Yukawa couplings can be given by the factors and the trilinear coupling

Wijk of the superpotential:

Yijk = (KabKbcKca)−1/2eK/2Wijk (5.7.18)

where K is the Kähler potential and we have defined Kαβ ≡ ∂αβ∂αβK which are come from the normal-

ization of the kinetic terms of chiral fields in the αβ sector.

We apply the general formula(5.7.18) to (5.7.16) and we find

Wijk =

n∏
r=1

θ

δ(r)ijk

0

 (ζ̃(r), τ (r)|Iab|(r)I(r)bc I
(r)
ca ) (5.7.19)

(KabKbcKca)−1eK = g2
n∏

r=1

(2 Im τ (r))1/2

A(r)

∣∣∣∣∣ Ĩ
(r)
1 Ĩ

(r)
2

Ĩ
(r)
1 + Ĩ

(r)
2

∣∣∣∣∣
1/2

eH̃
(r)

(5.7.20)

where in (5.7.20) we have ignored phase factors and defined

H̃(r) = −2π|I(r)ab I
(r)
bc I

(r)
ca |−1 (Im ζ̃(r))2

Im τ (r)
. (5.7.21)

Futhermore if we define the supergravity fields as

ReS = (2π)−1g−2
n∏

r=1

A(r)

4π
(5.7.22)

ReT (r) = (2π)−1g−2A(r)

4π
(5.7.23)

ReU (r) = Im τ (r), (5.7.24)
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then (5.7.20) can be rewritten to

(KabKbcKca)−1eK =
2

2π)3
(S + S)−1

n∏
r=1

(
U (r) + U

(r)
)1/2 ∣∣∣∣∣ Ĩ

(r)
1 Ĩ

(r)
2

Ĩ
(r)
1 + Ĩ

(r)
2

∣∣∣∣∣
1/2

eH̃
(r)

(5.7.25)

We can see that is are no Re T (r) dependence in (5.7.25) and the only explicit dependence on the Wilson

lines ζ
(r)
α through the H̃(r) factor. These Wilson lines can be regard as the vev’s of the scalar fields in

the adjoint representation of each gauge group and hence belong to D = 4, N = 1 chiral multiplets.
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Supergravity theory is a supersymmetric theory that includes gravity as the highest spin. String theory

is closely related to supergravity theory because it contains gravity and is invariant under the spacetime

supersymmetry. The supersymmetric algebra is determined by only the dimension of spacetime and

the type of spinors. Thus supergravity theory must correspond to the superstring theory because of

supersymmetry algebra. Since string theory is ten-dimensional, only three types of supersymmetric

algebra in ten dimensions are possible, and there are three types of supergravity theories. There are

three kinds of supergravity theories, and each of them corresponds to Type IIA, Type IIB, and Type

I superstring theories. Due to the strong restriction of supersymmetry, the solutions of supergravity

theories coincide with those of string theories. As a result, we can obtain solitonic solutions of the string

as a solution of the supergravity theory. This solitonic solutions are known as brane. In this section, we

construct the higher dimensional supergravity theory, and show that there exist strings and branes as

solutions of supergravity theories.

6.1 High Dimensinal Supergravity

6.1.1 Eleven Dimensinal Supergravity

The theory of supergravity consists of representations of supersymmetric algebras that contain gravity.

Consider a four-dimensional supersymmetric algebra, and a representation such that the highest spin

is 2. Since the supersymmetric algebra corresponds to a Clifford algebra, we can give a representation

with up or down helicity 1/2. Since the highest spin is 2, the maximum helicity is 2 and the minimum

is -2. Therefore, there must be at most eight supercharges. From the irreducible representation of

the four-dimensional Clifford algebra, the spinors are the four Majorana components. Therefore, the

four-dimensional maximum supergravity theory has N = 8 and a total spinor components is 32. Since

the lower dimensional supergravity theory is given by the compactification of the higher dimensional

supergravity theory, the spinors of the higher dimensional theory must have at most 32 components.

Since the highest dimension with a real 32-component spinor is 11-dimensional, the highest dimensional

supergravity theory is 11-dimensional.

The 11-dimensional supersymmetric algebra is

{Qα, Qβ} = (ΓMC−1)αβPM + (ΓMNC−1)αβZMN + (ΓMNPQRC−1)αβZMNPQR. (6.1.1)

The local symmetries of 11D supergravity theories are general coordinate transformation and supersym-

metry, and the corresponding gauge fields are gravity eµµ and gravitino ψµ. We consider the respective
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degrees of freedom. The irreducible representation of the Poincaré group is determined by the equation

of motion, which determines the mass of the particle, and coincides with the irreducible representation of

the small group, which keeps it invariant. Since these fields are massless, the irreducible representation

of the Poincaré group is given by the irreducible representation of the small group SO(D-2). The gravity

gµν is a symmetric traceless tensor, and the on-shell degrees of freedom are (D − 2)(D − 1)/2 − 1 in D

dimensions. On the other hand, the gravitino has a vector and a real spinor component and is given by

(D − 3)2D/2−1r, where r takes 2 for the Dirac spinor, 1 for the Majorana, and 1/2 for the Majorana-

Weyl. Thus, If D = 11, gravity has 44 degrees of freedom and the gravitino has 128 degrees of freedom.

Because of supersymmetry, the degrees of freedom of the boson and fermion must match on-shell, so

we need to add the boson by 128-44=84 degrees of freedom. The only representation of SO(11-2) with

84 boson degrees of freedom is the third-order antisymmetric tensor Aµ1µ2µ3
. Therefore, the action of

11-dimensional supergravity theory is

L =
e

4κ211
R(Ω(e, ψ)) − e

48
Fµ1...µ4

Fµ1...µ4 − e

2
ψµγ

µνρDν(
1

2
(Ω + Ω̂))ψρ

− 1

192
eκ11(ψµ1

γµ1...µ6ψµ2
+ 12ψ

µ3
γµ4µ5ψµ6)(Fµ3...µ6

+ F̂µ3...µ6
)

+
2κ11
(12)4

ϵµ1...µ11Fµ1...µ4
Fµ5...µ8

Aµ9µ10µ11

(6.1.2)

Fµ1...µ4 = 4∂[µ1
Aµ2µ3µ4]

F̂µ1...µ4
= Fµ1...µ4

+ 3κ11ψ[µ1
γµ2µ3

ψµ4]

Ωµmn = Ω̂µmn − 1

4
κ211ψνγ

νλ
µmnψλ

Ω̂ = Ω(0)
µmn(e) +

1

2
κ211(ψνγnψm − ψνγmψn + ψnγνψm),

(6.1.3)

where Ω(0) is the usual spin connection. Also we have defined

Dµ(Ω)ψν = (∂µ − 1

4
Ωmn

µ γmn)ψν . (6.1.4)

The local supersymmetric transformations are

δemµ = κ11ϵγ
mψµ

δAµ1µ2µ3
= −3

2
ϵγ[µ1µ2

ψµ3]

δψµ =
1

κ11
Dµ(Ω̂)ϵ+

1

122
(γν1...ν4

µ − 8δν1
µ γ

ν2ν3ν4)F̂ν1...ν4ϵ.

(6.1.5)
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The gauge transformation is

δAµ1µ2µ3
= 3∂[µ1

Λµ2µ3]. (6.1.6)

This action can be constructed by the several methods [26,80]. The only coupling constant in this action

has is κ11, and its dimension is [M ]−9/2. We can also remove κ11 from the supersymmetric transformation

rule by the following scale transformation.

ψµ → κ−1
11 ψµ, Aµ1µ2µ3

→ κ−1
11 Aµ1µ2µ3

(6.1.7)

Since the action is invariant under this transformation except for the overall factor, κ11 does not contribute

to the equation of motion and has no physical meaning at the classical level.

6.1.2 TypeIIA Supergravity Theory

Next we construct a 10-dimensional supergravity theory. There are two types of maximal N = 2

supersymmetric algebras in 10 dimensions, TypeIIA or TypeIIB. In addition, TypeI existed as an N =

1 supersymmetric algebra. The representation dimension of the 10-dimensional Clifford algebra is 32

components. Therefore, the spinors can be taken to be Majorana-Weyl, and the spinors are real 16-

component. Since we have constructed the 11 dimensional supergravity, we use the method of dimensional

reduction to obtain the action of 10-dimensional supergravity theory. It can be seen that all 32 components

of the supercharge are conserved, which leads to a 10D N = 2 supergravity theory. Also, since chirality

is induced by compactification, the theory derived is Type IIA.

We compactify the x10 direction of the 11-dimensional supergravity theory to S1.

x′10 ∼ x10 ↔ x′10 = x10 + 2πnR (6.1.8)

The notation for space-time indexing is µ̂ = 0, ..., 10 and µ = 0, ..., 9. Fourier decompose the x10 direction

according to the Kalza-Klein method, leaving only the zero modes:

D = 11 : em̂µ̂ , Aµ̂1µ̂2µ̂3 , ψµ̂α

D = 10 : emµ , Bµ, σ, Aµ1µ2µ3
, Aµ1µ2

, ψµα, λα.
(6.1.9)

Decomposing the action of the 11D supergravity theory under this expansion, we obtain

L = LB + LF (6.1.10)
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LB =
1

2κ210
[eR(ω(e)) − 1

12
eeσ/2F̂µ1...µ4

F̂µ1...µ4 − 1

3
ee−σFµ1...µ3

Fµ1...µ3

− 1

4
ee3σ/4Fµ1µ2F

µ1µ2 − 1

2
e∂µσ∂

µσ

+
1

2(12)2
ϵµ1...µ10Fµ1...µ4

Fµ5...µ8
Aµ9µ10

]

(6.1.11)

Fµ1µ2
= 2∂[µ1

Aµ2]

Fµ1µ2µ3
= 3∂[µ1

Aµ2µ2]

F̂µ1...µ4
= 4(∂[µ1

A...µ4] +A[µ1
Fµ2µ3µ4])

(6.1.12)

LF =
4e

2κ102

[
−1

2
ψµ1

γµ1µ2µ3Dµ2
ψµ3

− 1

2
λγµDµλ+

√
2

4
λγ11γµ1µ2ψµ1

∂µ2
σ

+
1

96
eσ/4

{
−ψµ1

γµ1...µ6ψµ2 − 12ψ
µ3
γµ4µ5ψµ6 +

1√
2
λγ11γµ1µ3...µ6ψµ1 +

3

4
λγ11γµ3...µ6λ

}
Fµ3...µ6

− 1

24
e−σ/2

{
ψµ1

γ11γµ1...µ4ψµ2 − 6ψ
µ3
γ11γµ4ψµ5 −

√
2λγµ1µ3µ4µ5ψµ1

}
Fµ3µ4µ5

− 1

16
e3σ/4

{
ψµ1

γ11γµ1...µ4ψµ2
+ 2ψ

µ3
γ11ψµ4 +

3√
2
λγµ1µ3µ4ψµ1

− 5

4
λγ11γµ3µ4λ

}
Fµ3µ4

+4-th order ]

(6.1.13)

The supersymmetric transformation rules are also given by decomposing the 11-dimensional transforma-

tion rules

δenµ = ϵγnψµ (6.1.14)

δσ = −
√

2λγ11ϵ (6.1.15)

δAµ = e13σ/4{ψµγ
11ϵ+

3
√

2

4
λγµϵ}Aµ1µ2

= eσ/2{−ψ[µ1
γµ2]γ

11ϵ+
1

2
√

2λγµ1µ2
ϵ
} (6.1.16)

δAµ1µ2µ3
=
e−σ/4

2
{3ψµ1

γµ2µ3
ϵ+

1

2
√

2
λγ11γµ1µ2µ3

ϵ} + 3eσ/2{−A[µ1
ψµ2

γµ3]γ
11ϵ+

1

2
√

2
A[µ1

λγnµ2µ3]ϵ}

(6.1.17)

δλ =

√
2

4
D̂µσγ

µγ11ϵ− 3

16
√

2
e3σ/4γν1ν2ϵFν1ν2 +

1

12
√

2
eσ/2γν1ν2ν3ϵFν1ν2ν3

+
1

96
√

2
eσ/4γν1ν2ν3ν4γ11ϵFν1ν2ν3ν4

+ (４次)

(6.1.18)

δψµ =Dµϵ−
1

64
e3σ/4(γν1ν2

µ − 14δν1
µ γ

ν2)γ11ϵFν1ν2
− 1

48
e−σ/2(γν1ν2ν3

µ − 9δν1
µ γ

ν2ν3γ11ϵFν1ν2ν3

+
1

128
eσ/4(γν1...ν4

µ − 2σ

3
δν1
µ γ

ν2ν3ν4)γ11ϵFν1...ν4
+ (４次)

(6.1.19)

We now consider the fields that exists in a TypeIIA theory. The field strengths that exist are of order

2, 3, and 4. If we consider the duality of the field strengths, they are 6th, 7th, and 8th order. In other
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words, the TypeIIA theory contains p = 1, 2, 3, 5, 6 and 7-order gauge fields. In the TypeIIA string theory,

p = 2, 6 appear in the NS×NS sector, while p = 1, 3, 5, 7, appear in the R×R sector. If we consider the

scalar field σ as a p = 0-order gauge field, the strength of the field is first-order, and the dual gauge field

is eighth-order. Therefore, it contains gauge fields other than the 4th order.

6.1.3 TypeIIB Supergravity Theory

There existed a TypeIIB supersymmetric algebra created by Majorana-Weyl spinor with the same

chirality. Therefore, we can construct a supergravity theory corresponding to this algebra. The super-

symmetric algebra is

{Qi
α, Q

j
β} = (P−γmC

−1)αβδ
ijPm + (P−γmC

−1)αβZ
ij
M

+ (P−γm1m2m3
C−1)αβϵ

ijZm1m2m3 + (P−γm1...m5
C−1)αβZ

m1...m5ij ,
(6.1.20)

where, Zij
m, Z

ij
m1..m5

is symmetric about i, j. Also, i, j = 1, 2 are the index of SO(2) symmetry because it

mixes two Majorana supercharges. In other words, the supersymmetric algebra with SU(1,1) symmetry

is broken to SO(2) symmetry by the Majorana condition. In the following, we treat Q1 and Q2 as

SO(2) ≃ U(1) by combining them into a complex supercharge. The off-shell component fields are an

irreducible representation of the supersymmetric algebra:

emµ Aµν φ Bµνρκ ψαµ λα. (6.1.21)

φ is a complex scalar, Aµν is a complex vector, and Bµνρκ is a self-dual real field and so its action cannot

be written down. Therefore, there is no action in TypeIIB supergravity theory, and it is described by

equations of motion. The equations of motion are invariant under general coordinate and supersymmetric

transformations, and all terms in each of the equation of motion must have the same U(1) charge. The

U(1) charge of the component fields are

Component Fields emµ Aµν φ Bµνρκ ψαµ λα

U(1) Charge 0 2 4 0 1 3
(6.1.22)

Firs we consider the scalar field φ. Since the U(1) symmetry comes from SU(1,1), the scalar field is

given by the nonlinear representation:

− 1

2

∫
dDxPµP

µ
= −1

2

∫
dDx

∂µφ∂
µφ∗

(1 − φφ∗)2
. (6.1.23)

173



6 D-BRANE 6.1 High Dimensinal Supergravity

Therefore, the equation of motion is

DµP
µ = 0. (6.1.24)

Consider the contributions from other fields. The U(1) charge of φ is 4, and the geometric dimension

is 2. The only pair that has the same U(1) charge and geometric dimensions is Fµ1µ2µ3
Fµ1µ2µ3 . By

determining the coefficients by invariance, we obtain

DµPµ =
1

6
Fµ1µ2µ3

Fµ1µ2µ3 . (6.1.25)

Next we consider the vector field Aµν . The equation of motion for Aµν involves Dµ3Fµ1µ2µ3
. The U(1)

charge of this quantity is 2 and its geometric dimension is 2. Quantities with the same dimension and

charge are Fµ1µ2µ3P
µ3 and Gµ1...µ5F

µ3µ4µ5 . Therefore, the equation of motion is

Dµ3Fµ1µ2µ3
= −Fµ1µ2µ3

Pµ3 − i

6
Gµ1...µ5

Fµ3µ4µ5 . (6.1.26)

Finally we consider the vector field Bµ1...,µ4
. This field is self-dual and no quantity has the same U(1)

charge and dimension. Therefore, Bµ1...µ4 is only subject to the self-duality condition.

Gµ1...µ5 = ∗Gµ1...µ5 , G = dB (6.1.27)

The remaining fields such a gravitational belong to the NS×NS sector in the string theory and are

the same as in Type IIA. By using Noether method, we can obtain the transformation law for TypeIIB

supergravity theory.

By considering 11-dimensional E11 gauge theory, we can easily realize typeIIA and typeIIB supergravity

theory [26,81–84]. Also its reduction theory was given in [85].

6.1.4 TypeI supergravity theory

TypeIIA/IIB theories are based on N = 2 supersymmetry in 10 dimensions. There is an N=1 algebra

as a supersymmetric algebra in 10 dimensions.

{Qα, Qβ} = (P±γmC
−1)αβP

m + (P±γm1...m5
C−1)αβZ

m1...m5 (6.1.28)

Qα is the Majorana-Weyl spinor, and the component fields are

eaµ, ϕ, Aµν , ψαµ, λα. (6.1.29)
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The action of this theory can be seen by considering the relationship between TypeIIB string theory and

TypeI string theory. In other wards, we can apply the Ω projection to the spectrum of the TypeIIB

theory without distinguishing the orientations.

6.2 Brane Solutions

As mentioned at the beginning of this section, it can be seen that due to the strong restriction of

supersymmetry, supergravity theory gives solutions of superstring theory. This is because the solution in

string theory is perturbative, whereas the supergravity theory solution is non-perturbative. Therefore,

the string’s non-perturbative effect can be given by supergravity theory. One such solution is the brane

solution.

Supergravity theory is a theory that describes the interaction between gravity and scalars, gauge fields,

fermions, etc. The action is generally given by

S =
1

2κ2D

∫
dDx

√
−g(R− 1

2
∂µϕ∂µϕ− Σi

1

2 × ni!
eaiϕFµ1...µi

Fµ1...µi). (6.2.1)

The equations of motion are

Rµ
ν =

1

2
∂µϕ∂νϕ+ Σi

1

2ni!
eaiϕ(niF

µλ2...λniFνλ2...λni
− ni − 1

D − 2
δµνFλ1...λni

Fλ1...λni (6.2.2)

∂µ(
√
−geaiϕFµλ2...λni = 0 (6.2.3)

1√
−g

∂µ(
√
−g∂µϕ) − Σi

ai
2ni!

eaiϕFλ1...λni
Fλ1...λni = 0. (6.2.4)

This action does not include the Chern-Simons term, but we can see that it does not contribute to the

brane solution. Also, there is a dual field in the strength of each field:

√
−geaiϕFµ1...µni =

1

(p− ni)!
ϵµ1...µni

ν1...νD−ni F̃ν1...νD−ni
. (6.2.5)

The equation of motion for the dual field can be obtained by substituting (6.2.5) into the corresponding

equation of motion.

In the following, we investigate the p-brane solution with p + 1-dimensional volume. Let t, xj , j =

0, ..., p be the coordinates on the p-brane. Also let the coordinates perpendicular to the p-brane be

yb, b = 1, ...., d, d = D−p−1. In order to find the p-brane solutions, we impose the following assumptions:

(1) The brane is stationary in space-time. (2) The brane has SO(p) symmetry. (3) The brane is time-

reversal invariant.

From the assumption (1), we find that the metric is independent of t and xj . Since the spacetime has
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Lorentz symmetry, the direction orthogonal to the brane has SO(D-p-1) symmetry from assumption (2).

Therefore, the spacetime metric has the following form:

ds2 = −B2dt2 + C2Σp
j=1dx

2
j + E2Σd

ady
2
a + F 2(Σ1yadya)2. (6.2.6)

B, C, E and F are functions of r =
√
y2 only. Since the orthogonal direction is isotropic, it is usefull to

use polar coordinates:

ya = r sin θ1... sin θa−1 cos θa, a = 1, ..., d− 1

yd = r sin θ1... sin θd−1.
(6.2.7)

Substituting into the line segment (6.2.6), we find

ds2 = −B2dt2 + C2

j=p∑
j=1

dx2j + E2
(
dr2 + r2dΩ2

d−1

)
+ F 2r2dr2. (6.2.8)

By performimg the general coordinate transformation for r and using the contribution of the third term,

we can eliminate the fourth term:

ds2 = −B2dt2 + C2

j=p∑
j=1

dx2j + E2
d∑

a=1

(dya)
2
. (6.2.9)

Since the p-brane couples to the (p+1)-form gauge field, it is subject to the same restrictions as the

metric:

Fti1···ipa = ϵi1···ip∂aA(r). (6.2.10)

Next we consider the p-brane solution with these properties. The Ricci tensor for this metric is

R′
t = E−2

{
−
∑
a

∂ya
∂ya

lnB −
∑
a

∂ya
lnB∂ya

Ψ

}
(6.2.11)

Rxi
xi

= E−2δji

{
−
∑
a

∂ya∂ya lnC −
∑
a

∂ya lnC∂yaΨ

}
(6.2.12)

Ryh
yi

=E−2

{
−
∑
a

∂ya∂yaΨ + ∂ya lnE∂yb
Ψ + ∂yh

lnE∂yaΨ − ∂ya lnB∂yb
lnB

− p∂ya
lnC∂yb

lnC − (d− 2)∂ya
lnE∂yb

lnE − δab
∑
c

∂yc
∂yc

lnE

− δab
∑
c

∂yc
lnE∂ya

Ψ } ,

(6.2.13)

where we have defined Ψ = lnB+ p lnC + (d− 2) lnE. We will see later that this Ψ is a quantity related
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to the conservation condition of supersymmetry.

For simplicity, we first consider the case of Ψ = 0. The Ricci tensor in this case is

Rt
t =

1

E2

{
−(lnB)′′ − d− 1

r
(lnB)′ − (lnB)′Ψ′

}
(6.2.14)

Rxj
xi

=
1

E2

{
− (lnCi)

′′ − d− 1

r
(lnC)′ − (lnC)′Ψ′

}
δ (6.2.15)

Ryb
ya

=δba
1

E2

{
−(lnE)′′ − d− 1

r
(lnE)′ − (lnE)′Ψ′ − 1

r
Ψ′
}

+
yayb
r2

1

E2

{
−Ψ′′ +

1

r
Ψ′ + 2(lnE)′Ψ′ − (lnB)′2

− p(lnC)′2 − (d− 2)(lnE)′2}

(6.2.16)

In the polar coordinate,

Rr
r =

∂ya
∂r

∂r

yb
Rb

a = R1 +R2, R
θβ
θα

= R1δ
β
α, (6.2.17)

where α, β = 1, ..., d− 1. Maxwell’s equations are then

d

dr

(
eaϕ (BCpE)

−1
(Er)d−1A(r)′

)
= 0 (6.2.18)

This equation is easily solved:

Fti1···ipr = ϵi1···ipBC
pEe−aϕ Q

(Er)d−1
. (6.2.19)

Substituting this solution into the dilaton and Einstein equations, we find

d

dr

{
r(d−1)(lnB)′

}
=

d− 2

2(D − 2)
e−aϕE−2(d−2) Q2

(r)d−1
, (6.2.20)

d

dr

{
r(d−1)(lnC)′

}
=

d− 2

2(D − 2)
e−aϕE−2(d−2) Q2

(r)d−1
, (6.2.21)

l− 1

rd−1

d

dr

(
rd−1(lnE)′

)
− (d− 2) ((lnE)′)

2 − ((lnB)′)
2 − p ((lnC)′)

2

=
1

2
ϕ′2 − d− 2

2(D − 2)
e−aϕE−2(d−2) Q2

(r)2(d−1)

(6.2.22)

d

dr

{(
r(d−1)(lnE)′

}
= − p+ 1

2(D − 2)
E−2(d−2)e−aϕ Q2

(r)d−1
(6.2.23)

d

dr

{
r(d−1)ϕ′

}
= −a

2
E−2(d−2)e−aϕ Q2

(r)d−1
(6.2.24)
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In order to solve these equations, we assume that the p-brane has not only the Lorentzian symmetry

SO(p) in space, but also the ISO(1,p) symmetry. This assumption leads to B = C. Also, from Ψ = 0,

the equations for B and E are equal, and the resulting equations are

d

dr

{(
r(d−1)(lnE)′

)}
= − p+ 1

2(D − 2)
E−2(d−2)e−aϕ Q2

(r)d−1
, (6.2.25)

− (D − 2)(d− 2)

(p+ 1)
((lnE)′)

2
=

1

2
(ϕ′)

2 − 1

2
e−aϕE−2(d−2) Q2

(r)2(d−1)
, (6.2.26)

d

dr

{
r(d−1)ϕ′

}
= −a

2
E−2(d−2)e−aϕ Q2

(r)d−1
, (6.2.27)

and then we obtain the solutions:

B = N−(l−2)/∇E = N (p+1)/∇

eϕ = Na(D−2)/∇Fi1...ip = ±
√

2(D − 2)

∇
d

dr
N−1,

(6.2.28)

where we have defined

∇ ≡ (p+ 1)(d− 2) +
1

2
a2(D − 2)

N ≡ 1 +
1

d− 2

√
∆

2(D − 2)

|Q|
rd−2

.

(6.2.29)

The symmetry in this theory is ISO(1, p) × SO(d).

In the case of the dual field F̃ , the coupling is a (D − p − 4)-brane, and the solution can be obtained

by the replacements a→ −a, p→ D − p− 4, d→ p+ 3.

Next we consaider the more general case such Ψ ̸= 0. In this case, we also assume ISO(1, p) × SO(d):

C = B, eΨ = Bp+2Ed−2 (6.2.30)

Using Einstein’s and dilaton’s equations, we can construct the equations for Ψ only

d

du

(
ln
deΨ

du

)
=

1

u

u = − 1

(d− 2)rd−2

(6.2.31)

This equations are easily solved, and if we impose asymptotic flatness as a boundary condition, we obtain

Ψ = ln

(
1 −

(
u

u0

)2
)

= ln

(
1 −

(r0
r

)2(d−2)
)
. (6.2.32)
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Substituting this Ψ into the dilaton and Einstein equations, we find B and E:

lnB = − (d− 2)

a(D − 2)
ϕ+ ln

(
1 − (r0/r)

(d−2)
)

(
1 + (r0/r)

(d−2)
)

lnE = − p

(d− 2)
ln

(
1 −

(r0
r

)(d−2)
)

+
(p+ 2)

(d− 2)
ln

(
1 +

(r0
r

)(d−2)
)

+
(p+ 1)

a(D − 2)
ϕ

(6.2.33)

Also by substituting these equations into the dilaton equation and solving

eϕ = e
(d−2)
2∇ T (v,cϕ)e−

2(p+1)a(D−2)
∇

v
u0 , (6.2.34)

where we have defined

v ≡ u0
2

ln

(
1 + (u/u0)

1 − (u/u0)

)
cϕ ≡ ∇Q2

D − 2
.

(6.2.35)

and T (v, c) is a differential equation

(
dT

dv

)2

= 2ceT + const. (6.2.36)

These are the general p-brane solution.

6.2.1 Brane Solutions for 11D Supergravity Theory

Eleven-dimensional supergravity theory has 3-form gauge fields and do not contain dilaton. The Chern-

Simons term was not taken into account, but since the contribution of this term is ineffective because of

the ISO(p)×SO(d) symmetry assumption, the results of the previous discussions can be used. Therefore,

since there are 2-brane solutions and no dilaton, a = 0. Substituting D = 11, d = 8, p = 2, a = 0 into the

previous result, we obtain ∇ = 18, so

ds2 = N
−2/3
2 (−dt2 + dx21 + dx22) +N

1/3
2 (dy21 + ...+ dy28), (6.2.37)

where

Ft12a = ± ∂

∂ya
N−1

2 , i = 1, ..., 8 (6.2.38)

N2 = 1 +
|Q|
6r6

. (6.2.39)

This solution is called the M2 brane solution.
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The solution for the dual field strength F̃ is 5-brane, and substituting D = 11, d = 5, p = 5, a = 0, we

obtain

ds2 = N
−1/3
5 (−dt2 + dx21 + ...+ dx25) +N

2/3
5 (dy21 + ...+ dy25), (6.2.40)

where

F̃1...6a =
∂

∂ya
N−1

5 (6.2.41)

N5 = 1 +
|Q|
3r3

. (6.2.42)

Other solutions to the 11D supergravity theory are the pp-wave solutions, K-K monopole solutions, and

AdS4 × S7 solutions.

6.2.2 Brane Solutions for 10D Supergravity Theory

Since there are two types of 10D supergravity theories, we investigate them separately.

TypeIIA supergravity theory

There are p = 2, 4, 6, and 8-rank field strengths in the R×R sector, including the strength of the dual

fields, and p = 3 and 7-rank field strengths in the NS×NS sector. The bosonic action of TypeIIA is

LB =
1

2κ210
[eR(ω(e)) − 1

12
eeσ/2F̂µ1...µ4 F̂

µ1...µ4 − 1

3
ee−σFµ1...µ3F

µ1...µ3

− 1

4
ee3σ/4Fµ1µ2

Fµ1µ2 − 1

2
e∂µσ∂

µσ

+
1

2(12)2
ϵµ1...µ10Fµ1...µ4

Fµ5...µ8
Aµ9µ10

]

(6.2.43)

From this action, the dilaton coefficients a are for gauge fields with p = 1, 2 and 3,

ap+2 = η
(3 − p)

2
, η =

 1, R - R .

−1 N S - N S
(6.2.44)

Thus, D = 10, p = 0, ..., 6, and using ap+2, we find the brane solutions using the results of the previous

section. For all p in this case, ∇ = 16, and the brane solution is given by

ds2 =N−(7−p)/8
p

(
−(dt)2 + (dx1)

2
+ · · · + (dxp)

2
)

+N (p+1)/8
p (dy1)

2
+ · · · + (dyd)

2
)

(6.2.45)
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where

Np = 1 +
|Q|

(7 − p)r7−p
(6.2.46)

A1...P+1 = ±(N−1
p − 1). (6.2.47)

Since the gauge field in the NS×NS sector is p = 2, 6, there are 1-brane and 5-brane solutions. The

1-brane is coupled to the 2-form gauge field and is a string solution. In other words, string theory is a

theory that describes the motion of a 1-brane solution coupled to a 2-form gauge field (gravity). This

1-brane is called the FI brane. The 5-brane is also called the NS5-brane. Since there are p = 1, 3, 5, 7-

form gauge fields in the R×R sector, there are p = 0, 2, 4, 6-branes. The brane that couples to the R×R

sector gauge field is called the Dp-brane. Here, the 8-brane has not been derived, but is included in the

framework of TypeIIA theory. Since the 8-brane couples to the 9-form gauge field, the action is

∫
d10x det e (Fµ1···µ10

Fµ1···µ10) . (6.2.48)

If we take the dual of the strength of this field, then

Fµ1···µ10
= ϵµ1···µ10

c. (6.2.49)

and so this action is a constant. In other words, by including the cosmological constant term, we can

derive the 8-brane. This theory is called Ramond theory.

TypeIIB supergravity theory

Since the only difference between IIA and IIB is how the chirality of the R sector is chosen by the GSO

projection NS×NS sector is the same as in 2A theory. The R×R sector contains p = 0, 2, 4, 6, 8-form

gauge fields including its dual. Therefore, there are p = −1, 1, 3, 5, 7-brane solutions 14. As well as the

TypeIIA theory, we find

ds2 = (Np)
−(7−p)8

(
−(dt)2 + (dx1)

2
+ · · · + (dxp)

2
)

+ (Np)
(p+1)/8

(
(dy1)

2
+ · · · + (dyd)

2
)
, (6.2.50)

where

Np = 1 +
|Q|

(7 − p)r7−p
(6.2.51)

14The brane for p = −1 is just a 0 dimensional object because p represents only a spacial dimension and do not include
a time direction.

181



6 D-BRANE 6.3 Brane Dynamics

A1...p+1 = ±N−1
p − 1 (6.2.52)

A brane that exists in the R×R sector is called a Dp-brane, as is TypeIIA. The p = −1 brane is an

instanton because it exists only at one point in spacetime. There are two types of 1-branes, the FI brane

and the D1-brane. These two branes are coupled to each other with different 2-form gauge fields, and

these two gauge fields are complex conjugate. Therefore, the two branes form a SU(1,1) doublet. The

D9 brane has not been derived, but the it is just a spacetime.

6.3 Brane Dynamics

The brane solutions were obtained by solving the supergravity equations. For the 11-dimensional

supergravity theory, there are M5-branes and M2 branes. For the 10D supergravity theory, there were F1

brane, NS5 brane, and D branes. From the point of view of supergravity theory, string theory is a theory

that describes the motion of the 1-brane solution, and its quantum corrections describe the other brane

solutions. In the following we consider the motion of brane solutions. First, we consider the dynamics of

brane solutions by the NS×NS sector, and then we consider brane solutions for the R×R sector.

6.3.1 Bosonic Brane

As in string theory, we consider the case of bosons only. The construction of the action can be done

by generalizing the construction method of string theory. Let the background spacetime manifold be M

and its coordinates be Xn, n = 0, ..., D − 1. The p-brane moves through M, creating a world volume of

dimension p + 1. Let this manifold be M and its coordinates be ξm, m = 0, ..., p, and the index of the

tangent space coordinates of M be a, b, c, ... and the tangent space coordinates of M are a,b,c, .... Since

the world volume created by the p-brane is given by Xn(ξn) and its action is given by the volume

S = −T
∫
dp+1ξ

√
− det{gmn} (6.3.1)

gmn = ∂nX
n∂mX

mgmn, (6.3.2)

weher T is the tension of the brane. This action has the reparameterization invariant on each of the

manifolds M and M.

Xm → Xm′
(Xn)ξn → ξn (6.3.3)

ξn → ξ′n(ξ)X ′m = Xm(ξ) (6.3.4)
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Also, since the p-brane couples to the p+1-form gauge field

g

∫
A (6.3.5)

can be added. This term has gauge symmetry in addition to the previous symmetry. The number of

parameters in the world sheet reparameterisation is p+1, and we take the static gauge using this local

symmetry. As n = (n, n′).

Xn(ξ) = ξn, n = 0, ..., p (6.3.6)

In other words, we divide the background spacetime into coordinates parallel to the brane and coordinates

orthogonal to the brane. The dimension of the direction perpendicular to the brane is D− p− 1, and the

field depends on Xn′
, which followed from the assumption used to find the brane solution in the previous

section and determines the position of the brane. Also, due to the gauge fixation by the p-brane, the

translational symmetry is broken and Xn′
is regarded as the corresponding Gold boson.

6.3.2 Superbrane

In order to impose supersymmetry on bosonic p-branes, we use a superspace formalism. Let M be the

world volume created by the superp-brane, the coordinates of M be ξn, n = 0, ..., the coordinates of M be

ZN = (Xn, θα, and the tangent space coordinates be N,M, A,B for the tangent space coordinates. The

motion of the brane is given by ZN (ξn). The brane that is given only by ZN (ξn) is called a TypeI brane.

In general, there are vector fields and so on in the world volume, and SO(1,p) symmetry is nontrivial.

An arbitrary superbrane action is

S = S1 + S2

S1 = −T
∫
dp+1ξ

√
− detgmn + · · ·

(6.3.7)

gmn = ∂nZ
N∂mZ

MgNMgNM = Ea
NE

b
Mηab (6.3.8)

where, gNM is not the metric for the background spacetime, since the super field E has a Grassmann

odd component. The coupling term with the gauge is

S2 = q

∫
dp+1ξϵn1···np+1∂n1

Xm1 . . . ∂np+1
Xmp+1Am1···mp+1

+ · · · (6.3.9)

Since supersymmetry is imposed on the background spacetime, this action is invariant under reparameter-

isation and local supersymmetry on M and reparameterisation on M . In addition, it is supersymmetric

in the world volume as well as in the string theory of GS formalism, so it has κ symmetry. Due to
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the κ symmetry, half of the spinor component is zero by gauge fixing. Such a gauge fixation is called

a super-static gauge. Since the theory has supersymmetry on the world volume, the boson and fermion

degrees of freedom coincide.

Eleven-dimensional supergravity theory

The branes in this theory are M2 and M5 branes. For the M2 brane, the number of scalar fields is

11-2-1=8 and The number of fermionic fields is 32/2/2=8 due to the super-static gauge and the on-shell

condition. Therefore, the degrees of freedom coincide. Also, there are no other fields in the world volume,

so it is a TypeI brane.

On the other hand, for M5 branes, the boson field is 11-5-1=5 and the fermion field is 32/2/2=8.

Therefore, the boson has 3 degrees of freedom less. This is consistent with the degrees of freedom if there

is a second-order self-dual antisymmetric tensor in the 6-dimensional brane volume. Therefore, the M5

brane is not a TypeI brane.

TypeIIA Supergravity Theory

The branes that exist in this theory are p = 0, 1, 2, 4, 5, 6-branes. The p = 1, 5-brane couples to the

gauge field in the NS×NS sector, while the p = 0, 2, 4, 6 brane couples to the gauge field in the R×R

sector. By counting the degrees of freedom, F1 brane is the TypeI brane, and is called the fundamental

string in particular.

NS5 branes are obtained by compactifying the M5-branes in 11D supergravity theory. The remaining

p = 0, 2, 4, and 6-branes are D-branes, which require a gauge field in the world volume.

TypeIIB supergravity theory

NS×NS sector is the same as TypeIIA. The branes that couple to the gauge field in the R×R sector

are p = −1, 1, 3, 5, 7-branes, all D-branes.

6.3.3 TypeI Brane

First, we consider the TypeI brane. The corresponding branes are a M2 brane in 11 dimension and a

F1 brane of dimension 10. The motion of these branes is given only by ZN (Xn,Θα). The action is

S = S1 + S2 (6.3.10)

S1 = −T
∫
dp+1ξ

√
− det gmn

S2 = − T

(p+ 1)!

∫
dp+1ξϵn1···np+1∂n1

ZM1EA1

M1
. . . ∂np+1

ZMp+1E
Ap+1

Mp+1
BA1···Ap+1

(6.3.11)
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gmn = ∂nZ
N∂mZ

MgNM (6.3.12)

gNM = Ea
NE

b
Mηab (6.3.13)

B =
1

(p+ 1)!
EA1 ∧ · · · ∧ EAp+1BA1···Ap+1

= dZNp+1 ∧ · · · ∧ dZN1BN1···Np+1
(6.3.14)

This action has a reparameterisation invariance in superspace. That is, it is invariant under spacetime

reparameterisation and local supersymmetric transformations of spacetime. This action describes only

the motion of the brane and does not determine the geometry of the background spacetime. In addition

to the field E and the spin connection, the field strength for the gauge field B

H = dB (6.3.15)

contributes to the geometry of the background. The curvature and torsion of the background superspace

satisfy the Bianchi identities, and likewise the field strength satisfies the Bianchi identities. Consider the

case where the background superspace is flat. The components of torsion and field strength are

T a
αβ = i

(
γaC−1

)
αB

Hαβa1···ap
= −i(−1)

1
4p(p−1)

(
γa1···ap

C−1
)
αβ
,

(6.3.16)

the other components are vanished. Since the field strength is a complete form,

dH = 0 (6.3.17)

is satisfied. From this equation,

dΘγadΘdΘγab1···bip−1dΘ = 0 (6.3.18)

must hold regardless of the type of spin. In other words, a TypeI brane exists if the spinor satisfies

this condition. For example, if p = 2, D = 11 for the Majorana spinor, and p = 1, D = 10 for the

Majorana-Weyl spinors.

Next we consider the κ symmetry of the action.

δZNEa
N = 0

δZNEα
N = (1 + Γ)αβκ

β ,
(6.3.19)

where

Γ =
(−1)

1
4 (p−2)(p−1)

(p+ 1)!
√
− det gim

ϵn1···np+1∂n1Z
N1E

a1

N1
. . . ∂np+1Z

Np+1E
ap+1

Np+1
γa1···ap+1 (6.3.20)
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Since this matrix Γ satisfies Γ2 = 1, (1 ± Γ)/2 are the projection operator. There is a (1 + Γ)κ in the

transformation law, which indicates that only half of the components of the parameter κ contribute to

the transformation law. In other words, always half of the spinor component can be removed by gauge

fixing of the κ symmetry.

6.3.4 D-Brane

We consider D-brane that exist in 10 dimensions. In the case of TypeI branes, the degrees of freedom

coincide with Xn and θα in the on-shell. However, the D-brane coincides by introducing a gauge field

An on the world volume. Therefore, we extend the TypeI brane action to include a gauge field on the

world volume. The action was given by Dirac [86] and, Born and Infeld [26]:

SDBI = −T
∫
dp+1ξ

√
− det (gnm + cFnm). (6.3.21)

This action is invariant under general coordinate transformations. Expanding the action, we obtain

√
− det (gnm + cFnm) =

√
− det (gnm)

(
1 +

c2

4
FnmF

nm − c4

8
Fn
p F

p
q F

q
r F

r
n +

c4

32
(FnmF

nm)2 + ...

)
.

(6.3.22)

In addition to the usual Maxwell term, there is a higher order term.

Actions such as κ symmetry are

S = S1 + S2 (6.3.23)

S1 = −Tp
∫
dp+1ξe−ϕ

√
− det (gnm + Fmn), (6.3.24)

where ϕ is the dilaton and

Fnm = 2πα′Fnm +Bnm

Bnm = (∂Xn/∂ξn) (∂Xm/∂ξm) .
(6.3.25)

Bnm is a pullback of the massless 2-form belonging to the NS×NS sector in the background spacetime.

Also, S1 contains only all the fields in the NS×NS sector, which is the same in TypeIIA and TypeIIB.

Since An is a U(1) gauge field, the transformation rule is δAn = ∂nΛ. On the other hand, δBnm = ∂[nΛm],

and we can take the gauge transformation of Fmm to zero.

The coupling term between the brane and the gauge field is C as a pullback of the gauge field in the

R×R sector

S2 = q

∫ {
C ∧ eF

}
p+1

∧ G, (6.3.26)

where q is the charge that the brane has, and G is the quantity created by the Riemann curvature.
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6.3.5 Non-Abelian DBI Theory

The DBI action (6.3.21) describes the dynamics of open string whose ends exist on a single D-brane.

The DBI action for abelian gauge leads to abelian gauge theory. We extend the single brane action

(6.3.21) to the stack of D-branes. We consider the stacks of N D-branes. This configuration corresponds

to the Chan-Paton factor. Thus the open string is a representation of a non-Abelian gauge group.

But it is ambigious for non-abelian gauge. In [34], the author proposed the DBI action for the non-

abelian gauge. We call this action the non-abelian DBI (NDBI) action.

Non-Local string theory which means there a massive states tower implies that the low energy effective

theory for massless modes is an infinite power series of all order in Regge slope α′. This applies to the

tree-level Lagrangian Leff for the gauge fields in the open bosonic or type I string theory. In the abelian

case, all terms in the action depending on the field strength FMN without its derivatives sum up into the

Dirac-Born-Infeld (BI) action:

LDBI = −Tpe−ϕ
√

det(gMN + T−1FMN ), T−1 = 2πα′. (6.3.27)

where M,N, .. stand for the (p+ 1)-dimensional world volume indices, gMN is the pull-back of the bulk

metric to the D-brane and ϕ is the 10 dimensional dilaton field. Tp is the brane tension which satisfies

Tp =
2π

lp+1
s

=
2π

(2πα′1/2)p+1

where ls is the string length. The ablian case corresponds to the open string on a single D-brane derivative

corrections have been discussed.

In non-abelian case which corresponts to a stuck of D-brane, the tree-level effective theory from the

open string theory can be expressed as an expansion of the field strength and its covariant derivatives:

Leff = tr
(
a0F

2 + a1FD
2F + a2F

4 + a3F
2D2F + · · ·

)
≡ LF +O(DF ) (6.3.28)

where FMN = ∂MAN −∂NAM + i[AM , AN ] and we have defined LF is the part of containing no covariant

derivatives. In the following discussions, we address the LF corresponding to the DBI action.

In the abelian case, the derivative terms and non-derivative terms can be separated with no unam-

biguity. Whereas in the non-abelian case, this is not true since due to the relation [DM , DN ]FKL =

[FMN , FKL], some derivative terms may become non-derivative terms and vice versa. In order to resolve

this unambiguity, we deal with all [F, F ] terms as DF terms. In other words, [F, F ] terms are not in LF .

Futermore, by assuming DF terms much smaller than the magnitude of F , we focus on LF part. We call

LF Non-abelian Dirac-Born-Infeld (NDBI) action.
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We streightforwardly extend the DBI action to NDBI action like

LF ≡ LNDBI = −Tpe−ϕ Str
√

det(gMN + T−1FMN ), (6.3.29)

where Str is the symmetric trace in the fundamental representation of the gauge group and defined by

str(T1 · · ·Tn) ≡ 1

n!
tr[T1 · · ·Tn + (permutations)]. (6.3.30)

Tp is the brane tension and defined by Tp = 2π/lp+1
s for the type II string theories. Although we can

also consider the antisymmetric trace part, it gives the sum of traces of odd powers of F which always

contain a factor of [F, F ]. Thus anti-symmetric part is not included in NDBI Lagrangian.

In the α′4order, the action becomes

SNDBI = − Tp

∫
dp+1ξe−ϕ (2πα′)2

4
tr
[
F 2
MN

− (2πα′)2

3

(
FMNFNLFKMFLK +

1

2
FMNFNLFLKFKM

−1

4
FMNFNMFLKFKL − 1

8
FMNFLKFMNFLK

)
+ O(α′4)

] (6.3.31)

where we have defined FMNFMN ≡ gMKgNLFMNFKL for the simplicity. We adopt tr
(
T aT b

)
= δab as

the normalization of gauge group generator.

6.3.6 M-theory

In 11-dimensional supergravity theories, there were M2 brane and M5 brane. The M2 brane is a TypeI

brane because the degrees of freedom coincided only with scalar and fermionic fields and did not require

a vector field on the world volume. However, the M5 brane, coupled with its dual field strength, requires

a vector field in the world volume. Because of the translational symmetry and supersymmetry breaking,

the fields of the M5 brane have a self-dual second-rank antisymmetric gauge field in the world volume in

addition to the 5 scalar fields and the 16-component spinors as Goldstone particles. We decompose the

bosonic index of the M5 brane field into the brane direction and the direction orthogonal to the brane:

n = (n, n′). (6.3.32)

With this gauge fixation, SO(1,10) is decomposed into SO(1,5)×SO(5). The spin group Spin(1,10) be-

comes Spin(1,5)×Spin(5). From Spin(5)∼USp(4), the M5 brane has Spin(1,5)×USp(4) symmetry.

The motion of the M5 brane is described by the embedded coordinates Xn and Θα plus the 2-form
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gauge field Bmn. Taking the stationary gauge, Xn = ξn, n = 0, ..., 5, and there are five scalar fields Xn′
.

These scalar fields are the singlet of SO(5) and Spin(1,5), and is represented by the 2-rank antisymmetric

tensor representation ϕij of USp(4). Also, Bmn is a singlet of SO(5) because it exists on the world volume.

Consider the decomposition of the spinor Θα. Since it is 11-dimensional, it is a 32-component spinor,

and if we divide the index into Spin(1,5) and Spin(5), then

α = (α, α′). (6.3.33)

The α and α′ have 16 components each. Since α′ is an internal symmetry index, we use the following

notation

α→ α, α′ → i. (6.3.34)

α = 1, 2, 3, 4 is a index of Spin(1,5) and i = 1, 2, 3, 4 is a index of USp(4). Using κ symmetry, we take

Θα = 0. That is, the remaining spinor components are Θi
α. This fixation eliminates the spinors on the

M5 branes and leaves only the orthogonal spinors. Since the orthogonal direction is six-dimensional, the

spinors are symplectic-Majorana with the index USp(4). It can also be taken to be a Weyl spinor since

it is even dimensional. Therefore, the spinor has eight components. The equations of motion for the M5

branes with taking a super stationary gauge fixation are

Gmn∇m∇nX
a′

= 0

Gmn∇mHnpq = 0
(6.3.35)

Here, a, b, c = 0, ..., 5 are the indexes of the tangent space to the world volume, a′, b′ = 6, ..., 10 are the

indexes of the tangent space in the orthogonal direction. If the background spacetime is flat and the

stationary gauge is taken, the world volume metric is

gmn = ηmn + ∂mX
a′
∂nX

b′δa′b′ . (6.3.36)

The covariant derivative is defined by the Levitivita connection for the vector field Tn

∇mTn = ∂mTn − Γp
mnTp

Γp
mn = ∂m∂nX

a′
∂rX

b′grsδa′b′

(6.3.37)
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The Gmn is not the inverse of the metric, but contains the contribution of the gauge field:

Gm =
(
e−1
)m
c
ηcamd

am
b
d

(
e−1
)n
b

mb
a = δba − 2hacdh

bcd

Hmnp = eame
b
ne

c
p

(
m−1

)d
c
habd

(6.3.38)

Hmnp is the field strength of the background gauge field Bab and is not self-dual, but Habc induced into

the world volume is self-dual in the world volume. These equations of motion and fields can be derived

by considering the superembedding form.

6.4 String on D-Brane

The string we have considered in section 4 only with the condition satisfying the Poincaré invariance.

However, it turns out that the boundary term can also be satisfied by using the Direchlet boundary con-

dition, where the end of the string is fixed. This boundary condition breaks the translational symmetry.

6.4.1 Bosonic D-Brane

Classical String

First, for simplicity, we consider the bosonic string.

S = − 1

4πα′

∫
d2ξ

√
−ggαβ∂αxµ∂βxvηµν (6.4.1)

By taking a variant of this action, we obtain the constraints, equations of motion, and boundary terms:

Tαβ = 0

δA/δ (∂αx
µ) = 0

∂α

(
δxµ

δA

δ (∂α · xµ)

)
= 0.

(6.4.2)

As a condition for satisfying this boundary term, we can take the Direchlet boundary condition xmu|pi0 =

const.

Now consider the p-brane and let µ = 0, ...., p. In this case, the orthogonal direction is µ = p+1, ...D−1.

If both ends of the open string are fixed to p-brane, the orthogonal motion of the string is fixed. The

boundary conditions correspond to the Neumann boundary condition (N) in the brane direction and the
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Direchlet boundary condition (D) in the orthogonal direction:

∂xµ

∂σ
(τ, 0) = 0 =

∂xµ

∂σ
(τ, π); µ = 0, 1 . . . , p

∂x′′

∂τ
(τ, 0) = 0 =

∂x′′

∂τ
(τ, π); µ = p+ 1, . . . , D − 1

(6.4.3)

Since the orthogonal direction coordinates represent the position of the brane, we denote its coordinates

as aµ. If the ends of a string are on the same brane, the Direchlet condition is

x′′(τ, 0) = aµ = xµ(τ, π), µ = p+ 1 . . . . . . D − 1. (6.4.4)

The existence of this p-brane breaks the Lorentz symmetry SO(1,D-1) into SO(1,p)×SO(D-p-1). Also, if

there are two parallel branes and the ends of the string are on each brane:

x′′(τ, 0) = a′′1 , xµ(τ, π) = aµ2 , µ = p+ 1 . . . .D − 1 (6.4.5)

We can also consider other cases where the two branes are not parallel. For example, if four branes D1

exist in the 01236 direction and four branes D2 exist in the 01456 direction, the boundary condition is

as follows:
∂xµ

∂σ
(τ, 0) = 0, µ = 0, 1, 2, 3, 6

∂xµ

∂τ
(τ, 0) = 0; µ = 4.5.7 . . . , D − 1

(6.4.6)

∂xµ

∂σ
(τ, π) = 0, µ = 0, 1, 4, 5, 6

∂xµ

∂τ
(τ, π) = 0 : µ = 2, 3, 7 . . . , D − 1

(6.4.7)

In the following, we investigate the solutions to the general equations of motion. First, we introduce

the distance fµ(τ) between the two branes:

xµ(τ, π) − xµ(τ, 0) ≡ −fµ(τ)π. (6.4.8)

Also we transform the spacetime coordinates:

x̂µ(τ, σ) = xµ(τ, σ) + fµ(τ)σ. (6.4.9)

The boundary condition for this field is

x̂µ(τ, 0) = x̂µ(τ, π) (6.4.10)
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and can be treated as a closed string. From this condition, we can carry out Fourier expansion and

rewrite it in the original field:

xµ(τ, σ) = xµ0 (τ) +
∑
n∈Z
n ̸=0

xµn(τ)einσ +
∑

r∈Z+ 1
2

yµr (τ)eirσ + fµ(τ)σ. (6.4.11)

Substitute this into the equation of motion we obtain the solution:

xµ(τ, σ) =aµ(0) + kµ(0)z + lµ(0)z + i

√
α

2

∑
n∈2
n ̸=0

(
αµ
n(0)e−inz + α̂µ

n(0)e−inz
) 1

n

+ i

√
α′

2

∑
r<z+}

(
cµr (0)e−irΣ + ĉµr (0)e−irz

) 1

r

(6.4.12)

Since we have already obtained the solution wiith both ends of the string are (N) in a certain spatial

direction, in the following we investigate the solution if Direchlet boundary conditions are included in

the boundary conditions. In the following, we denote the direction having Direchlet boundary condition

at σ = 0, π as D0 and Dπ

First we consider the case µ ∈ D0, µ ∈ Dπ. This simply shows that both ends of the string are Direchlet

boundary condition. From aµ2 − aµ1 = −fµπ, we have αµ
n = −α̂µ

n, c
µ
r = ĉµr = 0, kµ = −lµ, so

xµ(τ, σ) = aµ1 +
1

2π
(aµ2 − aµ1 )(z − z) + i

√
α′

2
Σ

1

n
αµ
n(e−inz − e−inz) (6.4.13)

From this solution, there is no central momentum because there is no term proportional to τ , and the

center of mass is fixed.

Next we consider µ ∈ N0, µ ∈ Dπ At this time, kµ = lµ = αµ
n = α̂µ

n = 0, so

xµ(τ, σ) = aµ2 + i

√
α′

2

∑
r∈Z+ 1

2

1

r
cr(0)

(
e−irz + e−irz

)
(6.4.14)

Finally we consider µ ∈ N0, µ ∈ Dπ, then kµ = lµ = αµ
n = α̂µ

n = 0, and so

xµ(τ, σ) = aµ1 + i

√
α′

2

∑
r∈Z+ 1

2

1

r
cr(0)

(
e−irz − e−irz

)
. (6.4.15)

These solutions only consider the case where the two branes are parallel or orthogonal. In general, the

boundary conditions for cases where the two branes intersect are more complicated. There are several

realistic models, which called intersect D-brane model, are proposed and its theory is dual with the

magnetized compactification model [78].
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Quantum String

From the above discussions, we obtain the classical solutions. In order to consider the quantum theory,

we calculate the Poisson brackets and replace them with commutation relations:

[αµ
n, α

v
m] = nηµvδn+m,0, [cµr , c

v
s ] = rηµvδr+s,0. (6.4.16)

The constraints are

Lnψ = 0 n ≥ 1, (L0 − a)ψ = 0, (6.4.17)

where the contribution of the half-integer oscilations exists due to the boundary condition:

Ln =
1

2

∑
µ.v∈N−NorD−D

∑
m∈Z

: αµ
mα

v
n−mηµν

+
1

2

∑
µ,v∈N−DorD−N

∑
s∈Z+ 1

2

: cµs c
v
n−sηµν : .

(6.4.18)

Considering an N-N or D-D string described by integer modes only:

ψ =

{
ϕ (xµ) +

∑
ν∈N−N

αν
−1Aν +

∑
ν∈D−D

αν
−1φν(xµ) + ...

}
ψ0. (6.4.19)

The xµ in the D-D direction is a constant and since the brane is in a stationary gauge, so xµ = ξµ, µ ∈

(N-N direction). Therefore, ϕ, Aµ, and φµ are the fields on the D-brane. Futhermore, since µ is split into

D-D and N-N direction, the Lorentz group SO(1,D-1) is split and SO(D-p-1)×SO(1,p). Therefore, these

fields on the brane have the internal symmetry of SO(D-p-1). If we impose the Virasoro condition on

these states, we find that ϕ is a tachyon, Aµ is a massless vector on the world sheet, and φµ is D− p− 1

massless scalas. We also obtain a Lorentz covariant gauge-fixing condition ∂µAµ = 0 from Lψ = 0.

If there are N parallel D-branes labeled i, j = 1, ..., N , there are N2 possible open strings. We denote

[i, j] when the end at σ = 0 is Di and the end at σ = π is Dj , If we consider an unoriented string such

as a TypeI string, [i, j] = [j, i]. Also, If there are two ends on a same brane, aµ1 = aµ2 . This theory is the

Yang-Mills theory of U(N) gauge group coupled to 26 − p− 1 scalars.

6.4.2 Super D-brane

We extend the discussion to superstring theory. From section 4, κ-symmetry is important for finding

the supra-D brane. In the RNS formalism, supersymmetry is introduced to the world sheet, and by

imposing the GSO projection, the theory obtain κ symmetric. On the other hand in the GS formalism,

κ symmetry is naturally introduced to the classical action. For this reason, we use the GS formalism in
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the following discussion. Also, for convenience, we treat the RNS formalism as the classification of the

string spectrum.

Since the dimension of superstring theory is 10-dimensional, we take the spinors to be Majorana-Weyl.

Ifn we take the gauge fixed condition gαβ = ηαβe
ϕ, the boundary conditions are

lδxµ
(
Π1µ + i

(
θ1γµ∂0θ

1 − θ2γµ∂0θ
2
))

+
{
−Π1µ

(
−iθjγµδθj

)
− i∂0x

µ
(
θ
1
γµδθ

1 − θ
2
γµδθ

2
)

+θ
1
γµ∂0θ

1θ
2
γvδθ2 − θ

1
γµδθ1θ

2
γµ∂0θ

2} = 0,

(6.4.20)

where

Πµ
α ≡ ∂αx

µ − iθ
j
γµ∂αθ

j (6.4.21)

We investigate the boundary conditions for each term. The first term is

δxµ
(
Π1µ + i

(
θ1γµ∂0θ

1 − θ2γµ∂0θ
2
))
. (6.4.22)

The first term in the bracket, δxµ∂αxµ, equals the boundary condition of the bosonic string and vanishes

in Direchlet boundary condition because the whole is proportional to δxµ. Imposing Nuemann baoundary

condition at σ = 0, we obtain

(
θ1γµ∂0θ

1 − θ2γµ∂0θ
2
)
−
(
θ1γµ∂1θ

1 + θ2γµ∂1θ
2
)

= 0, µ ∈ N(1) (6.4.23)

The second term is

− Π1µ

(
−iθjγµδθj

)
− i∂0x

µ
(
θ
1
γµδθ

1 − θ
2
γµδθ

2
)

+ θ
1
γµ∂0θ

1θ
2
γvδθ2 − θ

1
γµδθ1θ

2
γµ∂0θ

2 (6.4.24)

The conditions at σ = 0 are

lθ
1
γµδθ1 + θ

2
γµδθ2 = 0, µ ∈ D0

θ
′
γµδθ′ − θ

1
γµδθ2 = 0, µ ∈ N0

(6.4.25)

Since θi has an internal index i, let θ2 = P0θ
1:

lγµ + P̂0γ
µP0 = 0, µ ∈ D0

γµ − P̂0γ
µP0 = 0, µ ∈ N0

(6.4.26)

Here, we use the Majorana condition.

If we set the direction µ = 0, ...., p to Nuemann conditions and P0 = γ0....p, it is automatically satisfied.

194



6 D-BRANE 6.4 String on D-Brane

Therefore, we only need to consider the first term. At σ = 0, the first term of Nuemann condition is

vanished by imposing

∂σθ
2 = −P0∂σθ

1. (6.4.27)

The same is true for σ = π. From the above, we find that the end of the open string exists on the D-brane

and couples to the R×R sector.

Supersymmetry

From the point of view of the supergravity, we have seen that supersymmetry was broken by branes.

To confirm this, we will investigate supersymmetric transformations at the boundary of an open string.

The supersymmetric transformation is

δθi = ϵi. (6.4.28)

If we carry out this to the boundary conditions,

ϵ′ = P−1
0 Pπϵ

1, (6.4.29)

where ϵ1 is a 10-dimensional Majorana Weyl spinor, so it has 16 components. From this condition, if the

branes are parallel, P0 = Pπ, so the condition is obviously satisfied. However, if the branes are different,

the conditional is nontrivial, so the parameter degrees of freedom are halved to 8 components. Applying

the supersymmetric transformation to the boundary of xµ gives

δ xµ|σ=0 = iϵ−1
[
γµ + P̂0γ

µP0

]
θ1
∣∣
σ=0

= 0, µ ∈ D0

δ∂σ x
µ|σ=0 = iϵ−1

[
γµ − P̂0γ

µP0

]
∂σ θ

1
∣∣
σ=0

= 0, µ ∈ N0

(6.4.30)

These conditions are satisfied by setting P0 = γ0···p.

Next, we consider the κ symmetry. If we carry out the transformation to the boundary condition,

P0γ
µΠµακ

1α = γµΠµακ
2α. (6.4.31)

This condition is satisfied if

κ10 = eP0κ
20, κ11 = −eP0κ

21. (6.4.32)

Thus, the transformation rule for κ symmetry becomes simple

δθ1 = 2lγµΠµακ
1α (6.4.33)
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δxµ =

 0 µ ∈ D

2iθ
1
γµδθ1 µ ∈ N

(6.4.34)

To find the degrees of freedom of the open string states, we take the light cone gauge. In other words,

using conformal symmetry,

x+(τ, σ) = x+ + 2α′p+τ. (6.4.35)

Also, as a gauge fixation for the κ symmetry,

γ01θi = θi. (6.4.36)

The spinor is then decomposed into Si = 1
2

(
1 + γ01

)
θi. Here, there is no sign arbitrariness for this gauge

fixation because of the condition on the symmetry parameter κ.

The equation of motion is

(
∂20 − ∂21

)
xµ = 0, µ ̸= 0, 1

(∂0 + ∂1) θ1 = 0 . (∂0 − ∂1) θ2 = 0
(6.4.37)

The solution for xµ is already given. The solutions for the spinors are

S′ =
∑
n

S1
ne

−in(τ−σ) +
∑
r

S!
re

−in(τ−σ)

S2 =
∑
n

S2
ne

−in(τ+σ) +
∑
r

S2
re

−in(t+σ)
(6.4.38)

If we impose a boundary condition on these solutions, we obtain

S2
n = P0S

1
n

S2
r = P0S

1
r

 at σ = 0,
S2
n = PπS

1
n

S2
r = −PπS

1
r

 at σ = π. (6.4.39)

Putting these together, we find

S1
n = P−1

0 PπS
1
n, S1

r = −P−1
0 PπS

1
r . (6.4.40)

From (P0P
−1
π )2 = 1, P0P

−1
π is given by the gamma matrix or ±I. Also if it is given by a gamma matrix,

Tr(P0P
−1
π ) = 0, which can be divided into three ways as follows: (1) P0P

−1
π = I. (2) P0P

−1
π = −I.

(3) Half of the eigenvalues of P0P
−1
π are +1 the others are -1. In (1) and (2), the D-branes are parallel.

In (3), they are not parallel and there is a D-N or N-D boundary condition. The quantum states are

generated by αµ
n, S

1
−r, S

1
−n, and from their commutation relations, these states are represented by the
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generated annihilation operator and the Clifford algebra representation. Here the half of the spinor is

fixed by the gauge fixation of the κ symmetry, and these generators cannot generate the states with

all helicities. This means that they are not CPT self-conjugate. Therefore, we need to introduce other

supergravity multiplet.

First we consider the P0 = Pπ. This means that the two ends of the string exist on D-branes that

are parallel to each other. The conservation condition for supersymmetry is trivially satisfied, and all 16

components of the parameters are remained. At this point, the possible boundary conditions are N-N or

D-D. The independent oscillation modes of xµ have 8 components, and the spinors have 16/2 = 8 degrees

of freedom from the gauge-fixing condition of κ symmetry in Majorana-Weyl. Therefore, the degrees of

freedom are matched in the boson and fermion, and so the vacuum energy is zero.

In P0 = −Pπ, the supersymmetry conservation condition only has a trivial solution: ϵ1 = 0. Therefore,

the theory has no spacetime supersymmetry. The scalar field has 8 components as before, and the spinors

are generated by S1
r and have 8 components.

Final case is that P0P
−1
π is given by gamma matrix. In this case, in addition to N-N and D-D,

there are also N-D and D-N as boundary conditions. The N-N and D-D directions are gormed by

αµ
n, and the N-D and D-N directions are formed by cµr . The fermionic oscillator has 8 components

each of S1
n, S

1
r but they are reduced to 4 components each due to the boundary conditions. From the

supersymmetry conservation condition, the supersymmetry parameter is 16/2=8 components because

there is one conditional expression. However, since S1
0 has 4 components, the dimension of the Clifford

algebra generated by its anti-commutation relation is 4, and the spinor component generated by S1
0 has

only 4 components. This is due to the fact that half of the spinors are fixed by the κ symmetry, as

mentioned before. To form the supermultiplet, all we need is to add a conjugate multiplet.
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7 NDBI Action with Magnetic Flux

In this section, we perform the flux compactification of NDBI action, and show that the 4 dimensional

effective theory is consistent with the supergravity theory.

7.1 Magnetized Torus Compactification

First we consider the NDBI action for N stack D9-brane on M4 × T 6. In addtion, we assume the

factorizable tori T 6 =
∏3

i=1 T
2
i . Then ten dimensional metric is given by

ds210 = e2Φds24 + l2s

3∑
i=1

g(i)mndy
mdyn (7.1.1)

g(i)mn = e2σi

 1 τ
(i)
R

τ
(i)
R |τ (i)|2

 (7.1.2)

where τ (i) is the modulus on i-th torus T 2
i and τ

(i)
R and τ

(i)
I are the real part and imaginary part of τ (i)

respectively. This torus is normalized by the string length

0 ≤ y2i+2, y2i+3 ≤ 1 (7.1.3)

We choose the complex coordinate on T 2
i ;

zi = y2i+2 + τ (i)y2i+3 (7.1.4)

Then, ten dimensional metric is rewritten as

ds210 = e2Φds24 + l2s
∑
i=1

e2σidzidzi, (7.1.5)

and we can read the metric on the T 2
i from (7.1.5)

gij = l2s
e2σi

2
δij . (7.1.6)

The area of i-th torus is given by

A(i) ≡ e2σiτ
(i)
I =

√
g(i). (7.1.7)

Thus the factor e2σi is the volume of T 2
i .
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In order to describe the Einstein frame in 4 dimensions, we introduce the 4 dimensional dilation Φ:

Φ = ϕ− 1

2
log
∏
i

e2σiτ
(i)
I . (7.1.8)

where ϕ is the 10D dilaton.

In the following part in this paper, we focus on the D9-brane and factorized torus
∏3

i=1 T
2
(i) with

magnetic fluxes. D9-brane NDBI action is given by

SNDBI = −T9
∫
M4×

∏3
i T 2

(i)

d10Xe−ϕ Str
√
− det(gMN + 2πα′FMN ), (7.1.9)

and the flux of each torus takes integer M ,

∫
T 2

F̂2i+2,2i+3 = 2πM (i) (7.1.10)

Thus, the backgraund field strength is given by

F̂ij =
i(2πM (i))

2τ
(i)
I l2s

δij . (7.1.11)

This backgraound field flux can be rewritten as the differential form

F̂2 =
i(2πM (i))

2τ
(i)
I l2s

(dzi ∧ dzi) (7.1.12)

and corresponding gauge field is given by

Â1(z) =
2πM

2τ iI l
2
s

Im(zidzi) (7.1.13)

In this paper, we chose 3-stack D9-brane and so U(3) geuge. In order to break U(3) → U(1)a×U(1)b×

U(1)c, we introduce the following fluxes:

M (i) =


M

(i)
a

M
(i)
b

M
(i)
c

. (7.1.14)
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So, the non-abelian DBI action reduced to

SNDBI = − 2π

l4s

∫
d4x

√
−g4e4Φ

(
3∏

i=1

∫
T 2

dy2i+2dy2i+3e
2σiτ iI

)
× e−ϕ Str

√
− det(gMN + 2πα′FMN ),

(7.1.15)

where, the integrand has been reduced to

√
− det(GMN + 2πα′FMN ) =

√
−g4

∏√
g
(i)
2 Str

√
− det

(
δMN + 2πα′GMKFKN

)
, (7.1.16)

and we have used √
g
(i)
2 = e2σiτ

(i)
I . (7.1.17)

This action can be expanded by (6.3.31).

7.2 Supersymmetry Condition

In order to obtain supersymmetric gauge theory in 4 dimension, we must impose the supersymmetry

condition for the background fields on the complex manifold:

gijFij = 0, Fij = Fij = 0, (7.2.1)

where these conditions are defined as up to O(F 2). In other words these expressions are not sufficient at

O(Fn), n > 2. But in this paper we focus on O(F 4) and (7.2.1) are correct at this order.

By substituting (7.1.11) into first condition in (7.2.1), we find

3∑
i=1

M
(i)
α

A(i)
(7.2.2)

The second condition is automatically satisfied if we consider the diagonal flux (7.1.14).

From these conditions, we can obtain the supersymmetry condition:

3∑
i=1

±
M

(i)
a −M

(i)
b

A(i)
= 0. (7.2.3)

This condition is same as the no-tachyon condition. Then the massless scalar modes exist and 4D N = 1

supersymmetry remains unbroken at least in the a − b sector. For the simplicity, we introduce the flux
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per unit area;

mi
α ≡ M

(i)
α

A(i)
(7.2.4)

7.3 The Zero Mode Wavefunctions

In order to obtain the zero mode wave functions for the gauge boson, we consider the 10 dimensional

spinor which is a super partner of the gauge boson AM :

Γλ(10) = λ(10). (7.3.1)

By the compactification with T 2 × T 2 × T 2, the SO(10) spinor is decomoposed into the irreducible

representations of SO(2):

λ0 ≡ λ+++, λ1 ≡ λ+−−, λ2 ≡ λ−+−, λ3 ≡ λ−−+, (7.3.2)

where ± denotes the eigenvalues of each SO(2). Also the 10 deimensional gauge field AM can be decom-

posed into

Aµ, Az1 , Az2 , Az3 . (7.3.3)

If N = 1 SUSY is preserved in 4 dimensional theory, Aµ and λ0 form a vector multiplet V . Futhermore

the Azi and λi form a chiral multiplets Φi. The zero mode wavefunctions for the bosons have the same

functional forms as the super partner fermions. Thus the zero mode functions for the chiral multiplets

Φi are given by

Φi(x, y) =
∑
A

Φ
A,Iαβ

i (x) ⊗ ϕ
A,Iαβ

i (y) + massive modes, (7.3.4)

ϕ
A,Iαβ

i (y) =

3∏
r=1

ϕ
A(r),I

(r)
αβ

i,T 2
r

(yr), (7.3.5)

and ϕ
A(r),I

(r)
αβ

i,T 2
r

(yr) is given

ϕ
A(r),I

(r)
αβ

i,T 2
r

=


ΘA(r),I

(r)
αβ (zr) (r = i, I

(r)
αβ > 0)

ΘA(r),|Iαβ |(r)(zr) (r ̸= i, I
(r)
αβ < 0)

0 (others)

(7.3.6)

where Θ and Θ are B+ and C+ with ζαβ=0 respectively in the Section 5. A(r) = 0, 1, ..., |I(r)αβ − 1| is the

index of flavor on each torus and A = 0, ..., |Iαβ | − 1 is the total flavor index.
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7 NDBI ACTION WITH MAGNETIC FLUX 7.4 U(3) Gauge Theory

In the following discussion, we fix the sign of the fluxes without loss generality:

I
(1)
ab > 0, I

(2),(3)
ab < 0

I
(2)
bc > 0, I

(1),(3)
bc < 0

I(3)ca > 0, I(1),(2)ca < 0.

(7.3.7)

7.4 U(3) Gauge Theory

In this paper, we focus on the bosonic parts due to supersymmetry. Due to the flux, the U(3) gauge

symmetry breaks down to U(1)a × U(1)b × U(1)c, and the following fields which are the fluctuations of

10 dimensional gauge fields remain massless fields:

aµ =


aaµ

abµ

acµ

, am =


aabm

abcm

acam

. (7.4.1)

aαβµ depends on not only 4 dimensional coordinate x but also the compact space coordinates y. Thus we

carry out Kalza-Kelin reductions such as

am =


Ai(x)ϕabi (y)δi1

Bi(x)ϕbci (y)δi2

Ci(x)ϕcai (y)δi3

, (7.4.2)

where ϕαβi ≡ ϕ
Iαβ

i . Since aa,b,cm ’s are in diagonal component, these fields associated with U(1)a,b,crespectively.

Since Am, Bm and Cm are in off-diagonal component, these are bi-fundamental scalar fields under U(1)a×

U(1)b×U(1)c. We asign the charge to these scalar fields like (Qa, Qb, Qc) = (1,−1, 0), (0, 1,−1), (−1, 0, 1).

From the fact in privious section, we focus on the zero modes and the remaining zero modes in 4

dimension are only

AA
1 , BB

2 , CC
3 . (7.4.3)

Futhermore according to (7.3.7), the zero mode of ϕαβi on the compact space are given by

ϕA,ab1 = ΘA(1),I
(1)
ab (z1) ⊗ ΘA(2),I

(2)
ab (z2) ⊗ ΘA(3),I

(3)
ab (z3)

ϕB,bc2 = ΘB(1),I
(1)
bc (z1) ⊗ ΘB(2),I

(2)
bc (z2) ⊗ ΘB(3),I

(3)
bc (z3)

ϕC,ca3 = ΘC(1),I
(1)
ca (z1) ⊗ ΘC(2),I

(2)
ca (z2) ⊗ ΘC(3),I(3)

ca (z3).

(7.4.4)
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7.5 Effective Action

In this section, we derive 4 dimensional effective action from 10 dimensional NDBI action with magnetic

flux compactification.

According to Ref [87], we introduce the closed string moduli fields as

s = e−ϕ
∏
i

e2σiτ
(i)
I

ti = e−ϕe2σiτ
(i)
I

ui = τ
(i)
I

(7.5.1)

where ϕ denotes the 10D dilaton field. From (7.1.8), s is the 4 dimensional dilaton, ti are the area which

means those are the Kähler moduli and ui are the imaginary part of the complex structure moduli of

T 2. In combination with axions decended from R-R tensors, the above moduli are complexified and we

denote each moduli as dilaton S, Kähler moduli Ti and complex structure moduli Ui. In this notation,

the Kähler potential for these closed string moduli K(0) is given by [78]

K(0) = − log
(
S + S

)
−

3∑
i=1

log
(
Ti + Ti

)
−

3∑
i=1

log
(
Ui + U i

)
. (7.5.2)

Thus, (7.1.15) is rewritten as

SNDBI = −2π

l4s

∫
d4x

√
−g4e4Φ

(
3∏

i=1

∫
T 2

dy2i+2dy2i+3

)
s Str

√
− det

(
δMN + 2πα′gMKFKN

)
(7.5.3)

7.5.1 Gauge Couplings

U(1)a,b,c gauge couplings is obtained from the coefficient of the gauge kinetic term such as

S4D ⊃ − 1

2π

∫
d4x

√
g4

1

4g2a
(faµν)2 (7.5.4)

where fµν is the field strength for the 4 dimensional gauge fields aµ. According to appendix B, the gauge

coupling is given by

1

g2a
= s

[
1 +

1

2

3∑
i=1

(mi
a)2

]
= s− T 1

RM
2
aM

3
a − T 1

RM
1
aM

3
a − T 3

rM
1
aM

2
a ,

(7.5.5)

where we use the SUSY condition in the second line. This result is equal to the gauge coupling [88–91],

because the contribution of the flux for the gauge kinetic term is factorized as tr F 2
i f

2
µν . This result is
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regarded as the real part of a holomorphic gauge coupling fa:

fa = S − T1M
(2)
a M (3)

a − T
(1)
2 M (3)

a − T3M
(1)
a M (2)

a . (7.5.6)

So the situation is same to the brane models, which the gauge coupling is given as the volume of the

magnetized extra dimension.

We notice that this expansion in fluxes is assumed that the compact scale is enough larger than the

flux scale which means s > ti|M (j)
a M

(k)
a |(i ̸= j ̸= k). Thus the gauge coupling becomes weak for the large

vevs of moduli.

7.5.2 Kähler Metric

The Kähler metric is obtained from the coefficient of the charged matters kinetic terms;

2πSNDBI ⊃ −
∫
d4x

√
−g4Zi

ab|DµA|2 (7.5.7)

where A is a any charged matter and 4D covariant derivatives have been defined as DµA
A
i = (∂µ + iaaµ −

iabµ)AA
i . According to Appendix B, the explicit form is given by

Zi
ab =

1

2ti

(
3∏

k=1

1√
2uk

)√√√√ |I(i)ab∏
i ̸=j |I

(j)
ab

[
1 − 1

6
(2m(j)

a m(k)
a + 2m

(j)
b m

(k)
b +m(j)

a m
(k)
b +m

(j)
b m(k)

a )

]

≡ Gi
ab ×

[
1 − 1

6
(2m(j)

a m(k)
a + 2m

(j)
b m

(k)
b +m(j)

a m
(k)
b +m

(j)
b m(k)

a )

]
, (i ̸= j ̸= k)

(7.5.8)

Gabi is a normalization factor and defined by

Gi
ab ≡

1

2ti

(
3∏

k=1

1√
2uk

)√√√√ |I(i)ab∏
i ̸=j |I

(j)
ab

≡ 2ui
tis

eϕ
(
α
(i)
ab )
)2
. (7.5.9)

where α
(i)
ab is defined by

α
(i)
ab ≡ 1

22ui

se−ϕ

(23u1u2u3)1/4

(
|I(i)ab |∏
r ̸=i |I

(r)
ab |

)1/4

. (7.5.10)

α
(i)
ab is a scale factor for the matter field Ai such as Ai → α

(i)
abAi. Gi

ab is the metric for the effective

theory derived from 10D SYM with magnetized torus. As expected, the contributions from the each T 2
i

are symmetric with the torus labels.
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This result can be also written with comlexfied moduli and intersection numbers as

Zi
ab = Gi

ab ×
[
1 +

(Ti + T i)

6(S + S)
(I

(j)
ab I

(k)
ab − 3M (j)

a M (k)
a − 3M

(j)
b M

(k)
b )

]
(i ̸= j ̸= k) (7.5.11)

Gi
ab =

1

Ti + T i

(
3∏

k=1

1√
Uk + Uk

)√√√√ |I(i)ab∏
j ̸=i |I

(j)
ab

. (7.5.12)

Since s > ti|M (j)M (k)|, the Kähler metric Zi
ab is positive definite in SUSY theory.

7.6 Quartic Couplings in Supergravity Description

We confirm that the quartic couplings obeys the SUGRA description. From the privious section, the

F-term potential is given by

VF = eK [gIJ(DIW )(DJW )∗ − 3|W |2] (7.6.1)

If we assume that the Kähler metric (7.5.8) is correct, A1B2A1B2 terms are included in F-term potential

VF.

D-term potential in U(N) gauge theory is given by

VD =
1

2
g2
(
a∗IT

(a)I
J aJ

)2
. (7.6.2)

In the 4D effective thery, the U(N) gauge group was broken to U(1)a×U(1)b×U(1)c and so the generator

T is a diagonal matrix. Thus |A1|4 terms are included in VD.

Since the F-term potential is given by the superpotential which is restricted as a holomorphic function,

it is also restricted. On the other hands D-term is given by (7.6.2) and so it is less restricted. Thus we

focus on the only A1B2A1B2 scalar potential term which is related to the Yulawa coupling.

As seen (7.5.7), the matter fields kinetic terms are not canonical. In order to get physical coupling

constants, we redefine the scalar fields as Ai → Ai/
√
Zi
A.

Appendics B, we can obtain the F-term pottential:

VF ⊃2
eϕ

s2
g11g22(α

(1)
ab )2(α

(2)
bc )2

∫
d6y

√
g6ϕ

A,ab
1 ϕB,bc1 ϕA

′,ab
1 ϕB

′,bc
1

×
[
1 +

1

6

{
2m(1)

a m(2)
a + 2m(1)

c m(1)
c +m(1)

a m(2)
c +m(1)

c m(2)
a

}]
AA

1A
A′

1 B
B
2B

B′

2 ,

(7.6.3)

where we have carried out the rescale AA
1 → α

(1)
ab A

A
1 and BB

2 → α
(2)
bc B

B
2 . The contributions of fluxes can
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be described by Kähler metric in (7.5.11) and (7.5.12):

VF ⊃
[

2G3
ca

Z3
ca

eϕ

s2
g11g22(α

(1)
ab )2(α

(2)
bc )2

∫
d6y

√
g6ϕ

A,ab
1 ϕB,bc1 ϕA

′,ab
1 ϕB

′,bc
1

]
AA

1A
A′

1 B
B
2B

B′

2 (7.6.4)

Futhermore in order to rewrite this expression as SUGRA formula (7.6.1), we define the lowest Kähler

potential as

eK
(0)

≡ 1

27st1t2t3u1u2u3
, (7.6.5)

and then (7.6.4) can be written as

VF ⊃

eK(0)

Z3
ca

(
√

2e−K(0)/2e3Φ−ϕα
(1)
ab α

(2)
bc α

(3)
ca√

g11g22g33

)2 ∫
d6y

√
g6ϕ

A,ab
1 ϕB,bc1 ϕA

′,ab
1 ϕB

′,bc
1

AA
1A

A′

1 B
B
2B

B′

2 (7.6.6)

In order to construct superpotential W , we evaluate the integral in (7.6.6). First, we split the integral

to two integrals such as ∫
d6y

√
g6ϕ

A,ab
1 ϕB,bc1 ϕA

′,ab
1 ϕB

′,bc
1

=

∫
d6y

√
g6ϕ

A,ab
1 ϕB,bc1

∫
d6y′ϕA

′,ab
1 ϕB

′,bc
1 × 1

√
g6
δy − y′.

(7.6.7)

Since ϕA,ab1 and ϕB,bc1 are given by theta function, we can use the formula for the theta finction (??), and

thus (7.6.6) can be rewritten as the squared form:

VF ⊃ eK
(0)

Z3
ca

∣∣∣∣∣√2e−K(0)/2e3Φ−ϕα
(1)
ab α

(2)
bc α

(3)
ca√

g11g22g33

∫
d6y

√
g6ϕ

A,ab
1 ϕB,bc1 ϕC

′,ca
3

∣∣∣∣∣
2

AA
1A

A′

1 B
B
2B

B′

2 . (7.6.8)

By defining the Yukawa coupling such as

YABC ≡
√

2e−K(0)/2e3Φ−ϕα
(1)
ab α

(2)
bc α

(3)
ca√

g11g22g33

∫
d6y

√
g6ϕ

A,ab
1 ϕB,bc1 ϕC

′,ca
3

≡ 2

3∏
r=1

WA(r)B(r)C(r) ,

(7.6.9)

we find the superpotential

W =
∑
A,B,C

YA,B,CA
A
1B

B
2C

C
3 . (7.6.10)
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Then the F-term potential (7.6.8) is

VF ⊃ eK
(0)

Z3
ca

∑
C

(∂CC
3
W )(∂CC

3
W ). (7.6.11)

This expression is just the same as (7.6.1).

Since ϕ’s are given by the theta function, from the discussion in Section 5 we can find the Yukawa

coupling explicitly:

WA(1)B(1)C(1) = θ

B(1)|I(1)
ca |−C(1)|I(1)

bc |+m(1)I
(1)
bc I(1)

ca

|I(1)
ab I

(1)
bc I

(1)
ca

0

 (0, iU1|I(1)ab I
(1)
bc I

(1)
ca |) (7.6.12)

WA(2)B(2)C(2) = θ

C(2)|I(2)
ab |−A(2)|I(2)

ca |+m(2)I
(2)
ab I(2)

ca

|I(2)
ab I

(2)
bc I

(2)
ca

0

 (0, iU2|I(2)ab I
(2)
bc I

(2)
ca |) (7.6.13)

WA(3)B(3)C(3) = θ

A(3)|I(3)
bc |−B(3)|I(3)

ab |+m(3)I
(3)
ab I

(3)
bc

|I(3)
ab I

(3)
bc I

(3)
ca

0

 (0, iU3|I(3)ab I
(3)
bc I

(3)
ca |), (7.6.14)

and

A(1) = B(1) + C(1) +m(1)|I(1)bc |, m(1) = 0, ..., I
(1)
ab − 1

B(2) = A(2) + C(2) +m(2)|I(2)ca |, m(2) = 0, ..., I
(2)
bc − 1

C(3) = A(3) +B(3) +m(3)|I(3)ab |, m(3) = 0, ..., I(3)ca − 1.

(7.6.15)

Thus the Kähler metric is consistent with supergravity theory.
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8 Summary and discussions

We have considered the model which the initial gauge group U(3) breaks to U(1)a×U(1)b×U(1)c by

magnetized brane model described non-abelian Dirac-Born-Infeld (NDBI) action. We carried out the

dimensional reduction and obtained the series of fluxes up to O(F 4) order. Then we found that flux

corrections gave the symmetric contributions and its correction to the gauge couplings, the matter Kähler

metrices and scalar quartic couplings. The gauge couplings realized the privous works. The additional

flux corrections appear in the Kähler metrices in a flavor independent way. And also we confirmed

that the contributions of the matter Kähler metric to the F-term potential derived from NDBI action is

consistent with the supergravity theory. Futhermore we derived the holomorphic superpotential from the

F-term potential, and we confirmed it is consistent with the privious work.

Phenomenologically the Standard model is realized with the multiple stacks of D-branes on which

quarks or leptons are living defferently, and the matter Kähler metric on a D-brane is defferent from

a matter Kähler metric on the other D-branes. This differences could explain mass difference between

quarks and leptons.

Calculating the higher order flux corrections for the D-term, we found that there are SUSY breaking

terms in NDBI action. We propose several posibilities to explain why supersymmetry is broken.

1. 　 Kähler potential (7.5.8) is not suitable.

In this calculation of D-term, we assumed the Kähler potential is correct.

2. 　 Non-perturbative effect is needed.

3. 　 There are further corrections.

4. 　 NDBI action proposed by [34] is not correct.

This NDBI action is supposed that DF terms not affect the D-brane dynamics.

In this paper, although we considered the magnetized compactification model, there are several possi-

bilities of manifold such as Calabi-Yau, Orbifold and so on. Beside these famous manifolds, we can also

consider the non-compact space comopactification. In [92], 5-dimensional Yang-Mills theory is compact-

ified by one dimensional interval. It may be interesting model derived from 6 dimensional Yang-Mills

thoery by compactifing by Disck.

We constructed the compactification model by using the NDBI action. In the section 4, we have

proposed several higher dimensional unified thories such as Type0A/0B, multi-time theory and E-theory.

By using these higher dimensional theory, we can construct new phenomenological models.
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A Formulas for supersymmetry

A.1 Integration and derivabtive on supersupace

The differential operator for fermionic coordinates is defined as follows, as is the operator for spacetime

coordinates:

∂α ≡ ∂

∂θα
, ∂

α̇ ≡ ∂

∂θ
α̇

(A.1.1)

The raising and lowering of the indexes of these differential operators are performed by Levi-Chivita

symbol ϵαβ .

Next, we define the integral with respect to the fermionic coordinates. The integral is defined by

Berezin integral. With θ as the one-component Grassmann, the Berezin integral is defined as follows:

∫
dθθ = 1,

∫
dθ = 0 (A.1.2)

The any functions depend on θ can be expanded to

f(θ) = f0 + θf1 (A.1.3)

Integrating this function, we obtain ∫
dθf(θ) = f1 (A.1.4)

This result is equal to the θ derivative of f(θ). In other words, integration is equivalent to differentiation.

Also, since arbitrary functions on superspace do not contain terms of θθ, df/dθ is always of zero order in

θ. Thus the following equation is satisfied:

∫
dθ
df(θ)

dθ
= 0 (A.1.5)

Futhermore, the Berezin integral is invariant under any translation of the Grassmann coordinate θ:

∫
dθf(θ) =

∫
d(θ + ξ)f(θ + ξ) (A.1.6)

The delta function δ(θ) is defined by

δ(θ) =

 1 θ = 0

0 θ ̸= 0
(A.1.7)

Since any function f(θ) is a linear function of θ, and θ = 0 leaves only a constant term that is not
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proportional to θ, delta function is expressed to

δ(θ) = θ. (A.1.8)

Using the Berezin integral defined above, we define the Grassmann integral in N = 1 superspace.

In superspace, there are a total of four Grassmann coordinates, θα, θα̇. Therefore, each of the integral

measures can be considered up to the second order.

A.2 Isometries and Kähler manifold

In this appendix, we explain the isometries of Kähler manifolds.

Let us consider a curve λ on the manifold M described by real coordinates xi = xi(t) where t is a

parameter along the curve and a differentiable function f : M → R. Then the directional derivative of f

along the curve is defined by
df

dt
=
dxi

dt

∂f

∂xi
≡ Xf (A.2.1)

The operator X has a direction as ∂/∂xi where dxi/dt are its components and so X is called vector. This

vector can be defined for arbitrary curves on M. Thus the components dxi/dt are the functions on M.

The other words, if a set of continuous functions Xi on M, we always possible to find a set of curves

xi(t) as solutions to
dxi

dt
= Xi (A.2.2)

Since the solutions for these equations are unique, these curves can never cross.

Therefore we have seen that sets of space-filling curves are one-to-tone correspondence with vector

fields X.

If we consider the automorphism ϕt : M → M, it induces a map between vectors in tangent space.

The induced map allow us to compare the vectors ar different points along the curves. In order to see

this statment, we consider the two points xi and x′i which denote the coordinates at p and p′ respectively

and vector field Y which is described with the components Y i(x) at p′ and Ỹ i(x′). Then the relation

between Y i(x) and Ỹ (x′) is given by

Ỹ i(x′) =
∂x′i

∂xj
Y j(x(x′)), (A.2.3)

which is called Lie transport. The Lie-transported vector field

Ỹ ≡ Ỹ i(x′)
∂

∂x′i
(A.2.4)
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is defined for all points p′ along the curves. If we consider the infinitesimal transport x′i = xi + Xiδt,

(A.2.3) can be written as

Ỹ i(x′) = Y i(x′) +
∂Xi

∂xj
Y jδt− ∂Y i

∂xj
Xjδt. (A.2.5)

Since Y and Ỹ are defined ar the same points, we can define the Lie derivattive:

(LXY )i ≡ lim
δt→0

Y i(x′) − Ỹ i(x′)

δt
= Xj ∂

∂xj
Y i − Y j ∂

∂xj
Xi ≡ [X,Y ]i (A.2.6)

This definition can be extended to the general tensorial quantities. The Lie derivative of the metric is

given by

(LXg)ij = ∇iXj + ∇jXi, (A.2.7)

where we have defined ∇iXj = ∂i − Γk
ijXk.

Since Lie derivative describes the variation of the Lie transport, the vanishing Lie derivative means

that the vector fields are invariant. Thus if the metric is invariant, then

(LXg)ij = ∇iXj + ∇jXi = 0. (A.2.8)

In this case, X generates an isometry of the manifold M and X is called Killing vector field and (??) is

known as Killing equation.

Killing vectors generate the continuous symmetries on tha manifold which close into the isometry.

Indeed, we can see that the Lie bracket of two Killing vectors becomes another killing vector

[X(a), X(b)] = −fabcX(c), (A.2.9)

where fabc are the sturucture constants of the isometry group G.

In the following, we focus on Kähler manifolds and denote the metric as gij and its coordinetes as

aia∗j . Then the vector fields are given by

X(b) = Xi(b)(a)
∂

∂ai

X∗(b) = X∗i(b)(a∗)
∂

∂a∗i
.

(A.2.10)

Since the X(a) is a holomorphic function, the non-trivial Killing equations are given by

∇iX
(a)
j + ∇jX

(a)
i = 0

∇iX
(a)
j + ∇jX

∗(a)
i = 0.

(A.2.11)
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On the Kähler manifolds, ∇iXj = ∂iXj − gkl
∂gjl
∂ai Xk = 0 and so the first equation is automatically

satisfied. The second equation is written as

gil∂j(g
klX

∗(a)
k ) + gjl∂i(g

klXk) = 0, (A.2.12)

and the solution can be given by

gijX
∗j(a) = i

∂D(a)

∂ai

gijX
i(a) = −i∂D

(a)

∂a∗i
.

(A.2.13)

D(a) is a function of a and a∗ and called Killing potential. Since the Killing vector X is determined by

the derivative of D(a), there is a constant arbitrarity D(a) → D(a) + c(a). This transformation is related

to the Fayet-Iliopoulos D-term.

Futhermore by inverting the relations (A.2.13), we can obtain the Killing vectors in terms of the Killing

potentials

Xi(a) = −igij ∂

∂a∗j
D(a)

X∗j(a) = igij
∂

∂ai
D(a).

(A.2.14)

The fact that Xi(a) must be a holommorphic imposes a constrant on the D(a).

The Killing vectors independently generate representations of the isometry group G which means that

each generators independently obey the commutation relations.
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B The calculation result of the dimensional reductions

In this appendix, we show the exact calculation results of the dimensional reduction of non-abelian

DBI action:

LNDBI = −Tpeϕ
(2πα′)2

4
tr

[
FNMF

MN − (2πα′)2

3

(
FMNF

RNFMLFRL +
1

2
FMNF

RNFRLF
ML

−1

4
(FMNF

MN )2 − 1

8
FMNF

RLFMNFRL

)]
(B.0.1)

In this calculation, we use the following trace properties

tr(A+B) = tr(A) + tr(B) (B.0.2)

tr(ABC) = tr(BCA) (B.0.3)

The field strength configuration and the torus metric are defined by

Fµn ≃ ∂µan + ig[aµ, an] = Dµan, Fmn ≃ fmn + ig[am, an] (B.0.4)

fij =
i(2πM (i))

2τI l2s
δij ≡

πie2σim(i)

l2s
δij , , m(i) =


ma

mb

mc

 ≡ m(i)
α δαβ (B.0.5)

am =


aabm

abcm

acam

 ≡


Am

Bm

Cm

 ≡ aαβm , aµ = diag(aaµ, a
b
µ, a

c
µ). (B.0.6)

gij = 2e−2σiδij (B.0.7)

We defin the U(1)a field strength as F a
µν as well as U(1)b, U(1)c.
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FMNF
MN 　

FMNF
MN

= FµνF
µν + 2FµnF

µn + FmnF
mn

= |F4|2 + 4

3∑
i=1

e−2σiDµaiD
µai + 8

π2

l4s

3∑
i=1

(m(i))2

+ 16g
πm(i)

l2s

3∑
i=1

e−2σi [ai, ai] + 8g2
∑
i,j

e−2(σi+σj)[ai, aj ][aj , ai]

= |F4|2 + 4

3∑
i=1

e−2σi
(
|DµAi|2 + |DµBi|2 + |DµCi|2

)
+ 8

π2

l4s

3∑
i=1

∑
α=a,b,c

(m(i)
α )2

+ 16g
π

l2s

3∑
i=1

e−2σi

(
(m(i)

a −m
(i)
b )|Ai|2 + (m

(i)
b −m(i)

c )|Bi|2 + (m(i)
c −m(i)

a )|Ci|2
)

+ 16g2
∑
i,j

e−2(σi+σj)
(
|Ai|2|Aj |2 + |Bi|2|Bj |2 + |Ci|2|Cj |2

−AiAjBiBj −BiBjCiCj − CiCjAiAj

)

(B.0.8)
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FMNF
KNFMLFKL 　

FMNF
KNFMLFKL (B.0.9)

= FµνF
ρνFµσFρσ (B.0.10)

+ 2FµmF
νmFµρFνρ + FµmF

νµF ρmFνρ + FµmFνρF
ρmF νµ (B.0.11)

+ 2Fmn (FµmF νnFµν + FµνF
µmF νn) + Fµm (FµnF νm + F νmFµn)Fνn (B.0.12)

+ 2FmnF
lnFµmFµl + Fmn

(
FµnFmlFµl + FµlF

mlFµn
)

(B.0.13)

+ FmnF
rnFmlFrl (B.0.14)

= FµνF
ρνFµσFρσ (B.0.15)

+ 4
∑
i

e−2σiFνρ {Fµρ (DµaiDνai +DµaiDνai) +DµaiF
νµDρai +DρaiF

νµDµai} (B.0.16)

+ 16i
π

l2s
Fµν

∑
i

e−2σim(i) (DµaiDνai −DµaiDνai) (B.0.17)

+ 8igFµν
∑
i,j

e−2(σi+σj)
{

[ai, aj ] (DµaiDνaj −DµajDνai) + (DµaiDνaj −DµajDνai) [ai, aj ]
}

(B.0.18)

+ 8ig
∑
i,j

([ai, aj ]D
µaiD

νajFµν + [ai, aj ]D
µaiD

νajFµν) (B.0.19)

+ 8ig
∑
i,j

([ai, aj ]FµνD
µaiD

νaj + [ai, aj ]FµνD
µaiD

νaj) (B.0.20)

+ 4
∑
i,j

e−2(σi+σj)
(
2DµaiD

µajDνaiD
νaj + 2DµaiDνajD

νaiD
µaj + 2DµaiD

νaiD
µajDνaj (B.0.21)

+DµaiDνaiD
µajD

νaj +DµaiDνaiD
µajD

νaj
)

(B.0.22)

+ 32
∑
i

e−2σi
π2

l4s
(m(i))2(DµaiD

µai +DµaiD
µai)

2 (B.0.23)

+ 16g
π

l2s

∑
i,j

e−2(σi+σj)
[
(m(j)[ai, aj ] + [ai, aj ]m

(i))DµajDµai + (m(j)[aj , ai] + [ai, aj ]m
(i))DµajDµai

]
(B.0.24)

+ 16g2
∑
i,j,k

e−2(σi+σj+σk)
(
[aj , ak][ai, aj ]D

µakDµai + [ak, aj ][aj , aiD
µakDµai

)
(B.0.25)

− 16g2
∑
i,j,k

e−2(σi+σj+σk) ([ak, aj ][ai, aj ]D
µakDµai + [ak, aj ][ai, ak]DµakDµai) (B.0.26)

− 16g

(
π

l2s

)∑
i,j

e−2(σi+σj)
(

[aj , ai]m
(i)DµajDµai − [aj , ai]m

(i)DµajDµai

)
(B.0.27)
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− 16g2
∑
i,j,k

e−2(σi+σj+σk) ([ak, aj ][aj , ai]D
µakDµai + [ak, aj ][ai, aj ]D

µakDµai) (B.0.28)

− 8g2
∑
i,j,k

e−2(σi+σj+σk) ([ak, aj ]D
µak[ai, aj ]Dµai + [ak, aj ]D

µak[ai, ak]Dµai) (B.0.29)

− 8g

(
π

l2s

)∑
i,j

e−2(σi+σj)
(

[aj , ai]D
µajm

(i)Dµai − [aj , ai]D
µajm

(i)Dµai

)
(B.0.30)

− 16g2
∑
i,j,k

e−2(σi+σj+σk) ([ak, aj ]D
µak[aj , ai]Dµai + [ak, aj ]D

µak[ai, aj ]Dµai) (B.0.31)

− 8g2
∑
i,j,k

e−2(σi+σj+σk) ([ak, aj ]D
µai[ai, aj ]Dµak + [ak, aj ]Dµai[ai, ak]Dµak) (B.0.32)

− 8g

(
π

l2s

)∑
i,j

e−2(σi+σj)
(

[aj , ai]Dµaim
(i)Dµaj − [aj , ai]Dµaim

(i)Dµaj

)
(B.0.33)

− 8g2
∑
i,j,k

e−2(σi+σj+σk) ([ak, aj ]Dµai[aj , ai]D
µak + [ak, aj ]Dµai[ai, aj ]D

µak) (B.0.34)

+ 16
π2

l4s

∑
i

e−2σim(i)Dµaim
(i)Dµai (B.0.35)

+ 8g
π

l2s

∑
i,j

e−2(σi+σj)
(
m(k)Dµaj [ai, aj ]Dµai + [ai, aj ]D

µajm
(i)Dµai

)
(B.0.36)

+ 8g2
∑
i,j,k

e−2(σi+σj+σk)[ak, aj ]D
µak[aj , ai]Dµai (B.0.37)

+ 16
π2

l4s

∑
i

e−2σim(i)Dµaim
(i)Dµai (B.0.38)

+ 16g
π

l2s

∑
i,j

e−2(σi+σj)m(j)
(
Dµai[aj , ai]D

µaj +Dµai[ai, aj ]D
µaj
)

(B.0.39)

+ 16g2
∑
i,j,k

e−2(σi+σj+σk)[ak, aj ]Dµai[aj , ai]D
µak (B.0.40)

− 16

(
π

l2s

)4∑
i

(m(i))4 − 64g

(
π

l2s

)3∑
i

e−2σi(m(i))3[ai, ai] (B.0.41)

− 16g2
(
π

l2s

)2∑
i,j

e2(σi+σj)
(

(m(i))2 +m(j)m(i))[ai, ai] + (m(i)m(j) + (m(i))2)[ai, aj ]
)

(B.0.42)

− 32g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)m(j)[aj , ai]m
(j)[ai, aj ] (B.0.43)

− 16g3
(
π

ls

)∑
i,j,k

[
(m(k) +m(j))[ak, ai][aj , ak][ai, aj ] + (m(k) +m(i))[aj , ak][ak, ai][ai, aj ]

]
(B.0.44)

− 16g4[al, ak][ak, aj ][ai, al][aj , ai] (B.0.45)

− 16

(
π

l4s

)4∑
i

(m(i))4 − 64g

(
π

l2s

)3

g
∑
i

e−2σi(m(i))3[ai, ai] (B.0.46)
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− 16g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)
(

(m(i))2 +m(i)m(j) +m(j)m(i) + (m(j))2
)

[aj , ai][ai, aj ] (B.0.47)

− 16g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)
(
m(j)[aj , ai]m

(j) +m(i)[aj , ai]m
(i)
)

[ai, aj ] (B.0.48)

− 16g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)
(

(m(i) +m(k)
) (

[aj , ai][ak, aj ][ai, ak] + [ak, ai][ai, aj ][aj , ak]
)

(B.0.49)

− 16g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)[ak, al][aj , ai][al, aj ][ai, ak] (B.0.50)

+ 16g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)[al, ak][aj , ak][al, ai][aj , ai] (B.0.51)

− 32g2
(
π

l2s

)2∑
i,j

e−2(σi+σj+σk)[aj , ai][ai, aj ]m
(j)m(i) (B.0.52)

− 32g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)[aj , ai][ak, aj ]
(
m(j)[ai, ak] + [ai, ak]m(j)

)
(B.0.53)

− 32g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)[aj , ai][al, ak][aj , ak][ai, al] (B.0.54)

− 32g2
(
π

l2s

)2∑
i,j

e−2(σi+σj+σk)[aj , ai][aj , ai](m
(j))2 (B.0.55)

− 32g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)[ak, ai][aj , ai]
(
m(k)[aj , ak] + [aj , ak]m(j)

)
(B.0.56)

− 32g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)[al, ai][aj , ai][ak, al][aj , ak] (B.0.57)

− 32g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)m(i)[aj , ai]m
(i)[aj , ai] (B.0.58)

− 16g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)
(

(m(i) +m(k))[aj , ak][ai, ak][aj , ai] + [ai, ak][aj , ak](m(i) +m(k))[aj , ai]
)

(B.0.59)

− 16g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)[al, ak][aj , ak][ai, al][aj , ai] (B.0.60)

− 16g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)[al, ak][aj , ai][ak, ai][aj , al] (B.0.61)

= FµνF
ρνFµσFρσ (B.0.62)

+ 4
∑
i

e−2σi
[(
F a
νρF

µρa + F ρµaF b
ρν + F ρµbF a

ρν + F b
νρF

µρb
)
DµAiD

νAi + (perm)
]

(B.0.63)

− 16i

(
π

l2s

)∑
i

e−2σi

[(
m(i)

a Fµνa +m
(i)
b Fµνb

)
DµAiDνAi + (perm)

]
(B.0.64)
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− 16ig
∑
i,j

e−2(σi+σj)
[{
Fµνa

(
AiAj − CjCi

)
+ Fµνb

(
BiBj −AjAi

)}
DµAjDνAi + (perm)

]
(B.0.65)

+ 8ig
∑
i,j

(F a
µν + F c

µν)(AiBj −AjBi)D
µBiD

νAj + (perm) (B.0.66)

+ 8ig
∑
i,j

(F a
µν + F c

µν)(BiAj −BjAi)D
µAiD

νB+(perm) (B.0.67)

+ 8
∑
i,j

e−2(σi+σj)
[(
DµBjDνBiDµAiD

νAj +DνBjD
νBiDµAiD

µAj +DµBiD
νBiDνAjD

µAj

)
+ (perm)

]
(B.0.68)

+ 8
∑
i,j

e−2(σi+σj)
[
|DµAiD

µAj |2 + (perm)
]

(B.0.69)

+ 16
∑
i

e−2σi

(
π

l2s

)2 [
((m(i)

a )2 + (m
(i)
b )2)|DµAi|2 + (perm)

]
(B.0.70)

+ 16g

(
π

l2s

)∑
i,j

e−2(σi+σj)
[{

(m
(i)
b +m

(j)
b )(BiBj −AjAi) + (m(i)

a +m(j)
a )(AiAj − CjCi)

}
DµAjD

µAi + (perm)
]

(B.0.71)

+ 16g2
∑
i,j,k

e−2(σi+σj+σk)
[{

2|Aj |2AiAk − (BiBj + CiCj)AjAk (B.0.72)

−(BjBk + CjCk)AiAj + |Bj |2BiBk + |Cj |2CiCk

}
DµAkDµAi + (perm)

]
(B.0.73)

− 32g2
∑
i,j,k

e−2(σi+σj+σk)
(
BjBkCiCj − |Cj |2BiBk − |Bj |2CiCk +BjBkCiCj

)
DµAiDµAk + (perm)

(B.0.74)

− 16g

(
π

l2s

)2∑
i,j

e−2(σi+σj)
[
(AjBi −AiBj)m

(i)
c DµBjDµAi + (BjAi −AjBi)m

(i)
a DµAjDµBi

]
+ (perm)

(B.0.75)

− 16g2
∑
i,j,k

e−2(σi+
σ
j +σk)

(
|Aj |2AiBk −AjBkCiCj −AiAjAkBj +AkBjCiCj

)
DµAkDµBi + (perm)

(B.0.76)

− 16g2
∑
i,j,k

e−2(σi+σj+σk)
(
AkBjCiCj − |Bj |2AkBi −AjBkCiCj +AjBiBjBk

)
DµBkD

µAi + (perm)

(B.0.77)

− 16g2
∑
i,j,k

e−2(σi+σj+σk)
(
AjBjCiCk −AiBjCjCk −AjBkCiCj + |Cj |2AiBk

)
DµBkD

µAi + (perm)

(B.0.78)

− 8g

(
π

l2s

)∑
i,j

e−2(σi+σj)
(

(AjBi −AiBj)D
µBjm

(i)
b DµAi + (BjAi −BiAi)D

µAjm
(i)
b DµBi

)
+ (perm)

(B.0.79)
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− 16g2
∑
i,j,k

e−2(σi+σj+σk)
(
AjBiBjBk − |Aj |2AiBk − |Bj |2AkBi +AiAjAkBj

)
DµAkDµBi + (perm)

(B.0.80)

− 16g2
∑
i,j,k

e−2(σi+σj+σk)
(
|Bj |2AkBi −AiAjAkBj −AjBiBjBk + |Aj |2AiBk

)
DµAiD

µBk + (perm)

(B.0.81)

− 16g2
∑
i,j,k

e−2(σi+σj+σk)
(
|Cj |2AkAi −AkBjCiCj −AjBiCjCk +AjBjCiCk

)
DµAkD

µBi + (perm)

(B.0.82)

− 8g

(
π

l2s

)∑
i,j

e−2(σi+σj)
(

(AjBi −AiBj)DµBim
(i)
b Aj + (BjAi −BiAi)DµA

im
(i)
b DµBj

)
+ (perm)

(B.0.83)

− 8g2
∑
i,j,k

e−2(σi+σj+σk)
(
AjBiBjBk − |Aj |2AiBk − |Bj |2AkBi +AiAjAkBj

)
DµAiD

µBk + (perm)

(B.0.84)

− 8g2
∑
i,j,k

e−2(σi+σj+σk)
(
AkBi|Bj |2 −AiAjAkBj −AjBiBjBk +Ai|Aj |2Bk

)
DµAkD

µBi + (perm)

(B.0.85)

+ 32

(
π

l2s

)2∑
i

e−2σim(i)
a m

(i)
b |DµAi|2 + (perm) (B.0.86)

+ 8g

(
π

l2s

)∑
i,j

e−2(σi+σj)
[{

(m
(i)
b −m(j)

a )AiAj +m(j)
a BiBj −m

(i)
b CiCj

}
DµAjD

µAi + (perm)
]
(B.0.87)

+ 8g2
∑
i,j,k

e−2(σi+σj+σk)
[(
BiBjAjAk −BiBjCjCk − |Aj |2AiAk +AiAjCjCk

)
DµAkDµAi + (perm)

]
(B.0.88)

+ 16g

(
π

l2s

)∑
i,j

e−2(σi+σj)
[
(BjBi −AiAj)DµAiD

µAj + (perm)
]

(B.0.89)

+ 16g2
∑
i,j,k

e−2(σi+σj+σk)
[(
AiAjBjBj − |Aj |2AiAk − CiCjCjBk + CiCjAjAk

)
DµAkD

µAi + (perm)
]

(B.0.90)

− 16

(
π

l2s

)4∑
i

[
(m(i)

a )4 + perm
]

(B.0.91)

− 64g

(
π

l2s

)3∑
i

e−2σi

[(
(m(i)

a )3 − (m
(i)
b )3

)
|Ai|2 + (perm)

]
(B.0.92)
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− 16g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)
[{

(m(i)
a )2 + (m(j)

a )2 − (m
(i)
b )2 − (m

(j)
b )2 + 2m(i)

a m(j)
a − 2m

(i)
b m

(j)
b

}
AjAi + (perm)

]
(B.0.93)

− 32g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)
[(

(m(j)
a )2 + (m

(j)
b )2

)
|Ai|2|Aj |2 − 2

(
(m

(i)
b )2 + (m

(j)
b )2

)
AiAjBiBj

]
(B.0.94)

− 16g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)
[(
m(i)

a +m(j)
a + 2m(k)

a −m
(i)
b −m

(j)
b − 2m

(k)
b

)
|Ai|2|Aj |2|Ak|2 (B.0.95)

+4
(
m

(i)
b +m

(j)
b +m

(k)
b

)
|Ai|2AjAkBjBk − 4

(
m(i)

a +m(j)
a +m(k)

a

)
|Ai|2AjAkCjCk + (perm)

]
(B.0.96)

− 64g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)
[
|Ai|2|Aj |2|Ak|2|Al|2 − 2|Ai|2|Aj |2AkAl

(
BkBl + CkCl

)
(B.0.97)

+2|Ai|2AjAk|Bl|2BkBj +AiAjAkAlBiBjBkBl + (perm)
]

(B.0.98)

− 16

(
π

l2s

)4∑
i

(
(m(i)

a )4 + (perm)
)
− 64g

(
π

l2s

)3∑
i

e−2σi

[(
(m(i)

a )3 − (m
(i)
b )3

)
|Ai|2 + (perm)

]
(B.0.99)

− 16g2
(
π

l2s

)4∑
i,j

e−2(σi+σj)
[{

(m(i)
a +m(j)

a )2 + (m
(i)
b +m

(j)
b )2

}
|Ai|2|Aj |2 (B.0.100)

−2(m
(i)
b +m

(j)
b )2AiAjBiBj + (perm)

]
(B.0.101)

− 16g2
(
π

l2s

)4∑
i,j

e−2(σi+σj)
[(

(m(i)
a )2 + (m

(i)
b )2 + (m(j)

a )2 + (m
(j)
b )2

)
|Ai|2|Aj |2 (B.0.102)

−2
(

(m
(i)
b )2 + (m

(j)
b )2

)
AiAjBiBj + (perm)

]
(B.0.103)

− 32g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)
[(
m(i)

a +m(j)
a +m(k)

a

)
|Ai|2|Aj |2|Ak|2 (B.0.104)

+2
(

(m
(i)
b +m

(j)
b +m

(k)
b )BjBk − (m(i)

a +m(j)
a +m(k)

a )CjCk

)
|Ai|2AjAk + (perm)

]
(B.0.105)

+ 16g2
∑
i,j,k,l

e−2(σi+σj+σk+σl)
(
|Ai|2|Aj |2|Ak|2|Cl|2 + |Ai|2|Ak|2BjBlCjCl

)
+ (perm) (B.0.106)

− 16g2
∑
i,j,k,l

e−2(σi+σj+σk+σl)
(
|Ai|2AjAk(BkBlCjCl +BlBjCkCl) (B.0.107)

+|Ai|2AjAk|Bl|2CkCj + |Ai|2AjAkBjBk|Cl|2 − 2AiAjAkAlBjBkCiCl

)
+ (perm) (B.0.108)

− 64g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)m(i)
c m(j)

c

(
|Ai|2|Bj |2 −AiAjBiBj

)
(B.0.109)

− 64g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)m(j)
c

(
AiAk|Bj |2CiCk −AiAjBjBkCiCk (B.0.110)
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−AiAkBjBiCjCk + |Aj |2BiBkCiCk − |Aj |2|Bi|2|Bk|2 +AjAk|Bi|2BjBk

)
(B.0.111)

− 64g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)
(
−AiAjAkAlBjBkCiCk (B.0.112)

+|Al|2AiAjBjBkCiCk + |Al|2AiAjBkBiCkCj − |Ai|2|Al|2BjBkCjCk

)
(B.0.113)

+ 32g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)
(

(m(i)
a )2 + (m(j)

a )2
) (

|Ai|2|Bj |2 −AiAjBiBj

)
+ (perm) (B.0.114)

− 32g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)
(
−(m(i)

a +m(j)
a )|Ai|2|Aj |2|Bk|2 + 2m(i)

a |Ai|2AjAkBjBk (B.0.115)

−(m(j)
a +m(k)

a )
(
AiAjBiBkCjCk +AiAjBiBkCkCj

))
+ (perm) (B.0.116)

− 32g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)
(
−|Ai|2|Aj |2|Ak|2|Bl|2 +AiAj |Ak|2|Al|2BiBj (B.0.117)

+Aj |Ak|2Al(BiBlCiCj +BiBjCiCl) − 2AiAjAkAlBiBjCkCl

)
(B.0.118)

+ 32g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)
(
m(i)

a m(i)
c +m(j)

a m(j)
c

) (
AiAjBiBj − |Ai|2|Bj |2

)
+ (perm) (B.0.119)

− 16g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)
(
−(m(i)

a ) +m(k)
a +m(i)

c m(k)
c )|Aj |2BiBkCiCk − (m(i)

c +m(k)
c )AiAj |Ak|2CiCj

(B.0.120)

+(m(i)
c +m(k)

c )|Ai|2|Ak|2|Cj |2 + (m(i)
a +m(k)

a )
(
AiAjBjBkCkCi +AiAjBjBkCkCi

))
+ (perm)

(B.0.121)

− 16g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)
(
−AiAjAkAlBiBjBkBl + 2AiAjAkAlBiBjCkCl (B.0.122)

−|Al|2AkAi(BiBjCjCk + CiCjBjBk) + |Ak|2AiAl|Bj |2CiCk

)
(B.0.123)

− 16g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)
(
−AiAjAkAlBiBjBkBl + 2AiAjAkAlBiBjCkCl (B.0.124)

−|Al|2AiAk(CiCjBjBk +BiBjCjCk) + |Al|2AiAk|Bj |2BiBk

)
(B.0.125)

221



B THE CALCULATION RESULT OF THE DIMENSIONAL REDUCTIONS

FMNF
RNFRLF

ML 　

FMNF
RNFRLF

ML (B.0.126)

= FµνF
νρFρσF

σµ + 4FµνF
νρFρmF

mµ (B.0.127)

+ 4FmnF
nµFµνF

νm + 2FµmF
mνFνnF

nµ (B.0.128)

+ 4FµmF
mnFnkF

kmu + FmnF
nkFklF

lm (B.0.129)

= FµνF
νρFρσF

σµ (B.0.130)

− 8
∑
i

e−2σiFµνF
νρ (DρaiD

µai +DρaiD
µai) (B.0.131)

+ 16i

(
π

l2s

)∑
i

e−2σim(i) (DµaiFµνD
νai −DµaiFµνD

νai) (B.0.132)

+ 16ig
∑
i,j

e−2(σi+σj)[ai, aj ] (DµaiFµνD
νaj −DµajFµνD

νai) (B.0.133)

+ 16ig
∑
i,j

e−2(σi+σj) ([ai, aj ]D
µaiFµνD

νaj + [ai, aj ]D
µaiFµνD

νaj) (B.0.134)

+ 8
∑
i,j

e−2(σi+σj) (DµaiDνaiD
νajD

µaj +DµaiDνaiDνajD
µaj +DµaiDνaiD

νajD
µaj +DµaiDνaiD

νajD
µaj)

(B.0.135)

+ 32

(
π

l2s

)2∑
i

e−2σi(m(i))2(DµaiD
µai +DµaiD

µai) (B.0.136)

+ 32g

(
π

l2s

)∑
i,j

e−2(σi+σj)m(j)
{

[ai, aj ]DµaiD
µaj +DµaiD

µaj
}

(B.0.137)

+ 32g

(
π

l2s

)∑
i,j

e−2(σi+σj)[ai, aj ]
(
m(i)DµaiD

µaj +m(j)DµajD
µai

)
(B.0.138)

+ 32g2
∑
i,j,k

e−2(σi+σj+σk)[aj , ak] ([ai, aj ]DµaiD
µak + [ak, ai]D

µaiDµaj) (B.0.139)

− 32g2
∑
i,j,k

e−2(σi+σj+σk) ([ak, aj ][ai, aj ]DµaiD
µak + [ak, aj ][ai, aj ]DµaiD

µak (B.0.140)

+[ak, aj ][ai, aj ]DµaiD
µak + [ak, aj ][ai, aj ]DµaiD

µak + [aj , ak][aj , ai]DµaiD
µak + [aj , ak][aj , ai]DµaiD

µak)

(B.0.141)

− 32g

(
π

l2s

)∑
i,j

e−2(σi+σj)
(

[aj , ai]m
(i)DµaiD

µaj +m(j)[ai, aj ]DµaiD
µaj (B.0.142)

+m(j)[aj , ai]DµaiD
µaj + [ai, aj ]m

(i)DµaiD
µaj

)
(B.0.143)
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+ 16

(
π

l4s

)4∑
i

(m(i))4 + 64

(
π

l2s

)2 (
m(i)

)3
[ai, ai] (B.0.144)

+ 64

(
π

l2s

)2

g2
∑
i,j

e−2(σi+σj)
(
m(j)

)2
[ai, aj ][aj , ai] (B.0.145)

+ 32

(
π

l2s

)2

g2
∑
i,j

e−2(σi+σj)m(j)[ai, aj ]m
(i)[aj , ai] (B.0.146)

+ 64

(
π

l2s

)2

g2
∑
i,j

e−2(σi+σj)m(j)[ai, aj ][ak, ai][aj , ak] (B.0.147)

+ 16g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)[aj , al][ak, aj ][ai, ak][al, ai1] (B.0.148)

+ 16

(
π

l2s

)4∑
i

(m(i))4 (B.0.149)

+ 64

(
π

l2s

)3

g
∑
i

(m(i))[ai, ai] (B.0.150)

+ 64

(
π

l2s

)2

g2
∑
i,j

e−2(σi+σj)(m(i))2[ai, aj ][aj , ai] (B.0.151)

+ 32

(
π

l2s

)2

g2
∑
i,j

e−2(σi+σj)m(i)[ai, aj ]m
(j)[aj , ai] (B.0.152)

+ 64

(
π

l2s

)
g3
∑
i,j,k

e−2(σi+σj+σk)m(i)[ai, aj ][aj , ak][ak, ai] (B.0.153)

+ 16g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)[ai, aj ][aj , ak][ak, al][al, ai] (B.0.154)

+ 64g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)(m(i))2[ai, aj ][ai, aj ] (B.0.155)

+ 64g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)
(

[ak, ai][ai, aj ]m
(j)[ak, aj ] + [ak, ai][ai, aj ][ak, aj ]m

(k)
)

(B.0.156)

+ 64g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)[al, ai][ai, aj ][ak, aj ][al, ak] (B.0.157)

+ 64g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)[ai, aj ]m
(j)[ai, aj ]m

(i) (B.0.158)

− 64g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)
(

[a]i, aj ][ak, aj ][ak, ai]m
(i) + [ai, aj ]m

(j)[aj , ak][ak, ai]
)

(B.0.159)

− 64g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)[ai, aj ][ak, aj ][ak, al][al, ai] (B.0.160)

+ 32g4
∑
i,j,k,l

e−2(σi∗σj+σk+σl)[ai, aj ][aj , ak][ak, al][al, ai] (B.0.161)
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+ 64g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)[ai, aj ][aj , ai](m
(i))2 (B.0.162)

+ 64g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)
(

[ai, aj ][aj , ak]m(k)[ak, ai] + [ai, aj ][aj , ak][ak, ai]m
(i)
)

(B.0.163)

+ 64g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)[ai, aj ][aj , ak][ak, al][al, ai] (B.0.164)

= FµνF
νρFρσF

σµ (B.0.165)

− 8
∑
i

e−2σi
[(
F a
µνF

νρa + F b
µνF

νρb
)
DρAiD

µAi + (perm)
]

(B.0.166)

− 16i

(
π

l2s

)∑
i

e−2σi

[(
m(i)

a F b
µν +m

(i)
b F a

µν

)
DµAiD

νAi + (perm)
]

(B.0.167)

+ 16ig
∑
i,j

e−2(σi+σj)
[(

(CiCj −AiAj)F
b
µν + (AiAj −BiBj)F

a
µν

)
DµAjD

νAi

]
(B.0.168)

+ 16ig
∑
i,j

e−2(σi+σj)
(
(AiBj −AjBi)F

b
µνD

µBiD
νAj + (BiAj −BjAi)F

b
µνD

µAiD
νBj

)
+ (perm)

(B.0.169)

+ 16
∑
i,j

e−2(σi+σj)
[
|DµAiDνAj |2 +DµAiDνAiD

µBjD
νBj + (perm)

]
(B.0.170)

+ 32

(
π

l2s

)2∑
i

e−2σi

[
((m(i)

a )2 + (m
(i)
b )2)|DµAi|2 + (perm)

]
(B.0.171)

+ 32g

(
π

l2s

)∑
i,j

e−2(σi+σj)
[(

(m(i)
a +m(j)

a )(AiAj − CiCj) + (m
(i)
b +m

(j)
b )(BiBj −AiAj)

)
DµAiD

µAj + (perm)
]

(B.0.172)

− 32g

(
π

l2s

)∑
i,j

e−2(σi+σj)
(
m(j)

c −m(i)
a

) (
(AiBj −AjBi)DµAiD

µBj + (AiBj −AjBi)DµAiD
µBj

)
(B.0.173)

− 32g2
∑
i,j,k

e−2(σi+σj+σk)
(
AiAj(BjBk + CjCk) +AjAk(BiBj + CiCj) (B.0.174)

−|Aj |2(BiBk − CiCk) −AiAk(|Bj |2 − |Cj |2)
)
DµAiD

µAk (B.0.175)

− 32g2
∑
i,j,k

e−2(σi+σj+σk)
(
AiAjAkBj − |Aj |2AkBi +AjBiBjBk −Ak|Bj |2Bi (B.0.176)

+(AkBj −AjBk)CiCj + (AjBi −AiBj)CjCk

)
DµBiD

µAk (B.0.177)

− 32g2
∑
i,j,k

e−2(σi+σj+σk)
(
AiAjAkBj −Ai|Aj |2Bk +AjBiBjBk −Aj |Bj |2Bk (B.0.178)

+(AiBj −AjBi)CjCk + (AjBk −AkBj)CiCj

)
DµAiD

µBk (B.0.179)

+ 32g2
∑
i,j,k

e−2(σi+σj+σk)
[(

2|Ak|2AiAj + |Bk|2BiBj + |Ck|2CiCj (B.0.180)
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−AjAk(BiBk + CiCk) −AiAk(BjBk + CjCk)
)
DµAiD

µAj + (perm)
]

(B.0.181)

+ 32

(
π

l2s

)4∑
i

(
(m(i)

a )4 + (perm)
)

(B.0.182)

+ 128

(
π

l2s

)3

g
∑
i

e−2σi

[(
(m(i)

a )3 − (m
(i)
b )3

)
|Ai|2 + (perm)

]
(B.0.183)

+ 64

(
π

l2s

)2

g2
∑
i,j

e−2(σi+σj)
[(

(m(i)
a )2 +m(i)

a m(j)
a + (m(j)

a )2 + (m
(i)
b )2 +m

(i)
b m

(j)
b + (m

(j)
b )2

)
|Ai|2|Aj |2 + (perm)

]
(B.0.184)

− 64

(
π

l2s

)2

g2
∑
i,j

e−2(σi+σj)
[(

(m
(i)
b )2 +m

(i)
b m

(j)
b + (m

(j)
b )2

)
AiAJBiBj + (perm)

]
(B.0.185)

+ 64

(
π

l2s

)
g3
∑
i,j

e−2(σi+σj+σk)
[
(m(i)

a +m(j)
a +m

(i)
b +m

(j)
b )|Ai|2|Aj |2|Ak|2 + (perm)

]
(B.0.186)

+ 128

(
π

l2s

)
g3
∑
i,j

e−2(σi+σj+σk)
[(

(m
(i)
b +m

(j)
b +m

(k)
b )BiBj − (m(i)

a +m(j)
a +m(k)

a )CiCj

)
|Ak|2AiAj + (perm)

]
(B.0.187)

+ 64g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)
[
|Ai|2|Aj |2|Ak|2|Al|2 + (perm)

]
(B.0.188)

− 128g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)
[
|Ak|2|Al|2AiAj(BiBj + CiCj) + (perm)

]
(B.0.189)

+ 128g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)
[
|Ak|2AiAj |Bl|2BiBj + (perm)

]
(B.0.190)

+ 64g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)
[
AiAjAkAlBiBjBkBl + (perm)

]
(B.0.191)

+ 64g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)
(

(m(i)
a )2 + (m(j)

a )2 +m(i)
a m(j)

c m(j)
a m(i)

c + (m(i)
c )2 + (m(j)

c )2
) (

|Ai|2|Bj |2 −AiAjBiBj

)
(B.0.192)

+ 64g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)
[(

(m(i)
c +m(j)

a −m(k)
a )|Bk|2 − (m(j)

a +m(i)
a −m(k)

c )|Ck|2
)
|Ai|2|Aj |2

(B.0.193)

+
(

(m(i)
a +m(j)

a − 2m(k)
a −m(k)

c )BiBj − (m(i)
c +m(j)

c −m(k)
c − 2m(k)

a )CiCj

)
AiAj |Ak|2 (B.0.194)

+ (m(k)
a +m

(k)
b − 2m(k)

c )|Ai|2BjBkCjCk (B.0.195)

+
(

(−m(i)
a −m(j)

a + 2m(i)
c +m(k)

c )BjBkCiCk − (m(i)
a +m(k)

a −m(j)
c )BiBkCjCk

)
AiAj

]
(B.0.196)

+ 64g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)
[
|Ai|2|Aj |2|Ak|2|Cl|2 + 2|Ai|2|Aj |2|Bk|2|Bl|2 − |Ai|2|Al|2

(
|Bj |2BkCk +Bj |Ck|2Cj

)
(B.0.197)
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− |Ai|2|Aj |2AkAlCkCl + |Ai|2Al|Bk|2BjCjCl (B.0.198)

+
(
|Bj |2CkCl −BkBl|Cj |2 − 4|Bj |2BkBl −Bl|Cj |2Ck + |Bj |2BlCk

)
|Ai|2AkAl (B.0.199)

−
(
−BlBkBjCj +BjBkCjCl +BjBlClCk +BjCjCkCl

)
|Ai|2AkAl (B.0.200)

−
(
AiBjBkBiCjCk +AiBjBkCjCiCk

)
|Al|2 (B.0.201)

+ 2AiAjAkAl

(
BiBjCkCl +BiBjBkBl +BiCjCkCl −BiBjBkCl

)
(B.0.202)

+AiAkBiBjBlCjCkCl

]
(B.0.203)

Here, the octanal coupling terms like AiAkBiBjBlCjCkCl are not invariant under the each U(1)

symmetry which derived from FijFjkFklFli.
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(FMNF
MN )2 　

(FMNF
MN )2 (B.0.204)

= |F4|4 + 4|F4|2
∑
i

e−2σi(DµaiD
µai +DµaiD

µai) (B.0.205)

+ 16

(
π

l2s

)2∑
i

(m(i))2|F4|2 (B.0.206)

+ 32g
( π

ls2

)
|F4|2

∑
i

e−2σim(i)[ai, ai] + 16g2|F4|2
∑
i,j

e−2(σi+σj)[ai, aj ][aj , ai] (B.0.207)

+ 4
∑
i,j

e−2(σi+σj)(DµaiD
µai +DµaiD

µai)(DνajD
νaj +DνajD

νaj) (B.0.208)

+ 32

(
π

l2s

)2
∑

j

(m(j))2

∑
i

e−2σi(DµaiD
µai +DµaiD

µai) (B.0.209)

+ 128g

(
π

l2s

)2∑
i,j

e−2(σi+σj)m(i)[ai, ai](DµajD
µaj +DµajD

µaj) (B.0.210)

+ 32g3
∑
i,j,k

e−2(σi+σj+σk)[aj , ak][ak, aj ](DµaiD
µai +DµaiD

µai) (B.0.211)

+ 64

(
π

l2s

)4∑
i,j

(m(i))2(m(j))2 + 256g

(
π

l2s

)3
∑

j

(m(j))2

∑
i

e−2σim(i)[ai, ai] (B.0.212)

+ 128g2
(
π

l2s

)2
(∑

k

(m(k))2

)∑
i,j

e−2(σi+σj)[ai, aj ][aj , ai] (B.0.213)

+ 256g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)m(i)[ai.ai]m
(j)[aj , aj ] (B.0.214)

+ 256g3
(
π

l2s

)∑
i,j,k

e(−2(σi+σj+σk))m(k)[ak, ak][ai, aj ][aj , ai] (B.0.215)

+ 64g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)[ai, aj ][aj , ai][ak, al][al, ak] (B.0.216)

= |F a
4 |4 + 4(|F a

4 |2 + |F b
4 |2)

∑
i

e−2σi |DµA|2 + 16

(
π

l2s

)2∑
i

(m(i)
a )2|F a

4 |2 (B.0.217)

+ 32g

(
π

l2s

)∑
i

e−2σi

(
|F a

4 |2m(i)
a − |F b

4 |2m
(i)
b

)
|A|2 (B.0.218)

+ 16g2
∑
i,j

e(−2(σi+σj)
(
|F a

4 |2 + |F b
4 |2
)
|Ai|2|Aj |2 − 32g2

∑
i,j

e−2(σi+σj)|F b
4 |2AiAjBiBj (B.0.219)

+ 8
∑
i,j

e−2(σi+σj)|DµAi|2|DνAj |2 + 8
∑
i,j

e−2(σi+σj)|DµAi|2|DνBj |2 (B.0.220)
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+ 32

(
π

l2s

)2∑
j

(
(m(j)

a )2 + (m
(j)
b )2

)∑
i

e−2σi |DµAi|2 (B.0.221)

+ 64

(
π

l2s

)∑
i,j

e−2(σi+σj)(m(i)
a +m

(i)
b )|Ai|2|DµAj |2 + 64

(
π

l2s

)2∑
i,j

e−2(σi+σj)(|Bi|2 − |Ci|2)|DµAj |2

(B.0.222)

+ 32g3
∑
i,j,k

e−2(σi+σj+σk)
(
2|Aj |2|Ak|2 − 2AjAkCjCk + |Cj |2|Ck|2 + |Bj |2|Bk|2

)
|DµAi|2 (B.0.223)

+ 62

(
π

l2s

)4∑
i,j

(m(i)
a )2(m(j)

a )2 + 256g

(
π

l2s

)3∑
i,j

e−2σi

(
(m(j)

a )2m(i)
a − (m

(j)
b )2m

(i)
b

)
|Ai|2 (B.0.224)

+ 128g2
(
π

l2s

)2∑
i,j,k

e−2(σi+σj)
(

(m(k)
a )2 + (m

(k)
b )2

)
|Ai|2|Aj |2 − 256g2

(
π

l2s

)2∑
i,j,k

e−2(σi+σj)(m
(k)
b )AiAjBiBj

(B.0.225)

+ 256g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)
(
m(i)

a m(j)
a +m

(i)
b m

(j)
b

)
|Ai|2|Aj |2 − 512g2

(
π

l2s

)∑
i,j

e−2(σi+σj)m
(i)
b m

(j)
b |Ai|2|Bj |2

(B.0.226)

+ 256g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)(m(k)
a +m

(k)
b )|Ai|2|Aj |2|Ak|2 + 512g3

(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)(m
(kBiBj−m(k)

a )
b CiCj)|Ak|2AiAj + 256g3

(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)(m
(k)
b |Bk|2 +m(k)

a |Ck|2)|Ai|2|Aj |2

(B.0.227)

+ 128g4
∑
i,j,k,l

e−2(σi+σj+σk+σl)
(
|Ai|2|Aj |2|Ak|2|Al|2 + |Ai|2|A2

j |B2
k|Bl|2 − 2|Ai|2|Aj |2AkAl(BkBl + CkCl) + 2AiAjAkAlBiBjBkBl

)
(B.0.228)
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FMNF
RLFMNFRL 　

FMNF
RLFMNFRL (B.0.229)

= FµνF
ρσFµνFρσ + 4FµνF

ρmFµνFρm (B.0.230)

+ 2FmnFµνFmnF
µν + 4FµmF

νnFµmFνn (B.0.231)

+ 4FmnFµlFmnFµl + FmnF
klFmnFkl (B.0.232)

= FµνF
ρσFµνFρσ (B.0.233)

+ 16
∑
i

e−2σiFµνD
ρaiF

µνDρai (B.0.234)

+ 16

(
π

l2s

)2∑
i

Fµνm(i)Fµνm
(i) (B.0.235)

+ 32g

(
π

l2s

)∑
i

e−2σiFµνm(i)Fµν [ai, ai] (B.0.236)

+ 16g2
∑
i,j

e−2(σi+σj)Fµν [ai, aj ]Fµν [aj , ai] (B.0.237)

+ 64
∑
i,j

e−2(σi+σj)DµaiDνajD
µaiD

νaj (B.0.238)

+ 128

(
π

l2s

)2∑
i,j

m(i)Dµajm
(i)Dµaj (B.0.239)

+ 128g

(
π

l2s

)∑
i,j

e−2(σi+σj)
(
m(i)Dµaj [ai, ai]Dµaj + [ai, ai]Dµajm

(i)Dµaj

)
(B.0.240)

+ 128g2
∑
i,j,k

e−2(σi+σj+σk)[ak, ai]Dµaj [ai, ak]Dµaj (B.0.241)

+ 64

(
π

l2s

)4
(∑

i

(m(i))2

)∑
j

(m(j))2

 (B.0.242)

+ 256g

(
π

l2s

)3
∑

j

(m(j))2

m(i)[ai, ai] (B.0.243)

+ 256g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)m(i)m(j)[ai, ai][aj , aj ] (B.0.244)

+ 128g2
(
π

l2s

)2∑
i,j,k

e−2(σi+σj)m(k)[ai, aj ]m
(k)[aj , ai] (B.0.245)

+ 256g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)m(i)[aj , ak][ai, ai][ak, aj ] (B.0.246)
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+ 64g4[ai, aj ][ak, al][aj , ai][al, al] (B.0.247)

= FµνF
ρσFµνFρσ (B.0.248)

+ 16
∑
i

e−2σi
[
F a
µνF

µνb|DρAi|2 + (perm)
]

(B.0.249)

+ 16

(
π

l2s

)2∑
i

[
(m(i)

a )2|F a
4 |2 + (perm)

]
(B.0.250)

+ 32g

(
π

l2s

)∑
i

e−2σi

[(
m(i)

a |F a
4 |2 −m

(i
b |F

b
4 |2
)
|Ai|2 + (perm)

]
(B.0.251)

+ 16g2
∑
i,j

e−2(σi+σj)
[(
|F a

4 |2 + |F b
4 |2
)
|Ai|2|Aj |2 + (perm)

]
(B.0.252)

− 32g2
∑
i,j

e−2(σi+σj)
[
|F b

4 |2AiAjBiBj + (perm)
]

(B.0.253)

+ 64
∑
i,j

e−2(σi+σj)
[
DµAiDνBjD

µBiD
νAj + (perm)

]
(B.0.254)

+ 128

(
π

l2s

)∑
i

[
m(i)

a m
(i)
b |DµAj |2 + (perm)

]
(B.0.255)

+ 128g

(
π

l2s

)∑
i,j

e−2(σi+σj)
[(

(m
(i)
b −m(i)

a )|Ai|2 +m(i)
a |Bi|2 −m

(i)
b |Ci|2

)
|DµAj |2 + (perm)

]
(B.0.256)

− 128g2
∑
i,j,k

e−2(σi+σj+σk)
[(
|Aj |2|Ak|2 − (BjBk + CjCk)AjAj +BjBkCjCk

)
|DµAi|2 + (perm)

]
(B.0.257)

+ 64

(
π

l2s

)4∑
i,j

∑
α=a,b,c

(m(i)
α )2(m(j)

α )2 (B.0.258)

+ 256g

(
π

l2s

)3∑
i

e−2σi

∑
j

(
(m(j)

a )2m(i)
a − (m

(j)
b )2mi

b

)
|Ai|2 + (perm)

 (B.0.259)

+ 256g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)
[(
m(i)

a m(j)
a +m

(i)
b m

(j)
b

)
|Ai|2|Aj |2 + (perm)

]
(B.0.260)

− 512g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)
[
m

(i)
b m

(j)
b |Ai|2|Bj |2 + (perm)

]
(B.0.261)

+ 256g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)

[∑
k

(
(m(k)

a )2 + (m
(k)
b )2

)
|Ai|2|Aj |2 + (perm)

]
(B.0.262)

− 512g2
(
π

l2s

)2∑
i,j

e−2(σi+σj)

[(∑
k

(m
(k)
b )2

)
AiAjBiBj + (perm)

]
(B.0.263)

+ 256g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)
[(
m(i)

a +m
(i)
b

)
|Ai|2|Aj |2|Ak|2 + (perm)

]
(B.0.264)
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− 516g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)
[(
m

(i)
b BjBk +m(i)

a CjCk

)
|Ai|2AjAk + (perm)

]
(B.0.265)

+ 256g3
(
π

l2s

)∑
i,j,k

e−2(σi+σj+σk)
[(
m

(i)
b |Bi|2 −m(i)

a |Ci|2
)
|Aj |2|Ak|2 + (perm)

]
(B.0.266)

+ 128
∑
i,j,k,l

e−2(σi+σj+σk+σl)
[
|Ai|2|Aj |2|Ak|2|Al|2 + (perm)

]
(B.0.267)

+ 256
∑
i,j,k,l

e−2(σi+σj+σk+σl)
[
AiAjAkAlBiBjBkBl + (perm)

]
(B.0.268)

− 256
∑
i,j,k,l

e−2(σi+σj+σk+σl)
[(
BkBl + CkCl

)
|Ai|2|Aj |2AkAl + (perm)

]
(B.0.269)

+ 128
∑
i,j,k,l

e−2(σi+σj+σk+σl)
[
|Ai|2|Aj |2|Bk|2|Bl|2 + (perm)

]
(B.0.270)

B.1 Expressions for the Quartic Scalar Potentials

In the following, we derive the quartic scalar potentials. From the calculous results, there are three

type quartic potentials such that A1|2, |A1|2|B2|2 and A1A2B1B2.

B.1.1 |A1|4 Potential

The |Ai|4 terms appear only in the D-tem potential like g4|ai∗taijaj |2. Substituting Kähler potential

(7.5.8) into (7.6.2), we can obtain the D-term potential;

VD =
1

s

[
1 − 1

4

{
(m(1)

a )2 + (m(2)
a )2 + (m(3)

a )2 + (m
(1)
b )2 + (m

(2)
b )2 + (m

(3)
b )2

}]
|A1|2 (B.1.1)

However this D-term potential is not equivalent to |A1|4 term of NDBI reduction (??). In order to be

same (??) and (B.1.1), the overall factor of (??) should have following non-trivial flux contributions:∫
d6ŷ|fab1 |4

(
∫
d6ŷ|fab1 |)2

∝ 1 +
1

6

[
(m(1)

a −m
(1)
b )2 − (m(2)

a −m
(2)
b )2 − (m(3)

a −m
(3)
b )2

]
(B.1.2)

B.1.2 |A1|2|B2|2 potential

We construct |Ai|2|Bj |2 potentials and compare to the result (??). This term appear in both F-term

and D-term potential. According to general expressions () and () and Kähler potential (7.5.8), F-term
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and D-term are given by

VF ≡ 1

27st1t2t3u1u2u3

|λ|2

G
(1)
ab G

(2)
bc G

(3)
ca

1

2

[
2 +

1

3

{
m(1)

a m
(1)
b −m

(1)
b m(1)

c −m(1)
c m(1)

a − 2(m(1)
c )2

−m(2)
a m

(2)
b +m

(2)
b m(2)

c −m(2)
c m(2)

a − 2(m(2)
a )2

−m(3)
a m

(3)
b −m

(3)
b m(3)

c +m(3)
c m(3)

a − 2(m
(3)
b )2

}]
|A1|2|B2|2

(B.1.3)

and

VD ≡ 1

s

[
−1 +

1

2

{
(m

(1)
b )2 + (m

(2)
b )2 + (m

(3)
b )2

}]
|A1|2|B2|2 (B.1.4)

From these potentials, the F-term potential is included in (??) up to the ovarall factor. But the D-term

potential does not included (??) even if we use the SUSY conditions. Without the overall factor, the

defference between D-term potential and (??) is

− 2m(2)
a m(3)

a − 2m(1)
c m(3)

a −m
(1)
b (m(1)

a −m(1)
c ) +m

(2)
b (m(2)

a −m(2)
c ) +m

(3)
b (m(3)

a +m(3)
c ). (B.1.5)

B.1.3 A1A2B1B2 potential
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