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LOVE-waves in Stratified Three Layers

Kyozi TaziME and Hiroshi OKADA
(Received June 6, 1958)

Abstract

The complete expression for the amplitude of LovE-waves is derived, by which
it is possible easily to calculate numerically not only the dispersion curve but also the
amplitude function. Some examples of numerical calculation for the dispersion curve,
amplitude function and the amplitude distribution in the layers are exhibited.

1. Introduction

Surface waves, that is Love-waves and RAYLEIGH and SEzZAwWA-waves, play
a great role in seismic records. LovE-waves in stratified two layers have
been fully studied theoretically by many students. RAYLEIGH and SEZAWA-
waves in two layers have also been investigated by several authorities. In
seismic prospecting RAYLEIGH and SEzAwA-waves are very important for
the study of the back ground noise as well as of the refraction shooting.

However, theoretical treatments of these waves, especially the latter,
in more layers are very troublesome. The present authors have undertaken
theoretical considerations of LovE-waves in three layers which will be able
to represent some interesting characters common to general surface waves in
multiple stratified layers, extending the treatments from two to three layers.

The notations in the present paper will follow those used in the previous
paper?). The suffixes, 1, 2 and 3 mean respectively the quantities belonging
to the first, the second and the third layers.

2. Displacements of SH-waves in three layers
When displacements of SH-waves are written
Vit %,2), where j=1, 2 and 3, (1)
tHese values must satisfy the next equation o .
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Taking the space-coordinates as those illustrated in Fig. 1,
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Fig. 1. The subsurface under consideration.

equation (2) can have the following partiéular solution :

Uy = 610 (A et By i) g
where . _
EZ+77j2 = kf, k]' = w/'U]' and 'Uj = (/,L]'/pj)ll2 , (4)
and o as well as £ may have respectively any complex values.

Considering, however, the physical condition under which +-; might not
be infinity even if ¢ should become infinitely large, one must have the ex-
pression as to w;

o= ®—1& where @ and & are positive real. (5)

There exist, moreover, two physical conditions : one is that the displace-
ment is chosen to be the progressive wave in the direction of = (x2+4-22)1/2 and
the other is that the displacement might not be infinity even if x# shoud become
infinitely large. Taking up these two conditions, ‘‘SOMMERFERD’s radiation
conditions”’®), the complex values of £ and .»; must be expressed respectively
as follows:

£ =E—if and 7; = 7;— 1%, G
where £, & #; and #,, are respectively positive real.

The remaining condition is that the third layer is extending infinitely
in the direction of z, that is, there is no reflecting plane below the third
layer. Therefore no wave proceeding in the negative direction of z can exist
in the third layer, if z is larger than E, the depth of the source of SH-waves.

For this reason, A, in (3) must be taken as zero in the present problem.
Now the displacement in each layer will be written from (3) as follows :
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'\P‘l = gi(0t—£2) (Al ein12+Bl g—iﬂlz) ,
Wy = eiloi=80) (4, ginr+ B, e—iv2) | (7)
oy = gi(wt—£0) B, g—~imz )

3. Displacements due to the original wave from a line
source :

When the line source lies in 0<E<H,, the displacement of the original

SH-wave may conveniently be written by
g — ﬁmgi{wt—sxmw—zn %E_, 2<E. (8)
. -

Because this is a cylindrical wave having its origin at E, (7) will also
become cylindrical waves by means of the same operation as that used in
(8).

If one considers the original wave at first, (7) can be taken as the secondary
waves generated respectively from the boundary planes at z=0, H, and
H, 1+ H,. ‘

Now the boundary conditions are stated -as follows : stress must be zero on
z=0, and displacements as well as stresses must be continuous on z=H,
and H,+H 2; namely

A,—B; =—e¢~imE )
A,eimBi L B e—imHi_ A4, etneH2— B, g—in2Hz = — gim(E—H)) |
Ayeinti—By e=mHi— A, (1, 1,/ py ;) ein2Hz ©9)
+By (12 M/ 111 1) e~ imeHz = eim(E—Hy) |
A, emelHi+He) 4 B, e~inalH1+-Ho) — B, g—ing (H1+Hg) = (),
A, e it Ho) — B, e—inaH1HHy) - By (g7, [ 1 1,) e~m3(Hi+Hy) = (), J

Denoting the determinant constructed from the coefficients of the
arbitrary constants in (9) as D, it is calculated as follows :

D=
1 -1 0 0 0
gimH) g—imHy — gingHy —_e—ingH; 0
gimHr —e—inty — (g, [pyy)emey (g, /pyy)e—in2f 0
0 0 ema(H1+-Hy) e—~tnp(H1+Hy) . —e—inz(H1+-Hp)

0 0 etna\Hi+Hy) —e—ma(H1+-Hp) (1”5 ] 11a05) =51+ Ho)
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= g—inz(Hi-+Hy)

e—imHy  —eimH) 0 0

-0
1 "1 —1 —1 ‘ 0
1 —1 - (#2772/,“1771) (i‘znz//‘1771) 0
0 0 einzHp e—ingHg —1
0 0 etnetle —e~inzHa (uyy/ a1y
== g—inz(H+Hp) giln1H1+npHs) ) :
e—2mH _ ] 0 0 0
1 1 —1 =1 0
1 —1 - (#2772//“1771) e/ ah) 0
0 0 1 e—2impHy -1
0 0 1 — e~ ZinzHy (11575/ 14a70s)
= % ¢~ 3 (Hy+Hp) gi(n Hy+ naHy)
e—2mH; 1 0 0 0
2 0 —(1+pa/pmam) —(—p?y/pyy) 0
0 —2 1= pa?y/ pa 1+ pay/ pay 0
0 0 2 0 — (L —pa?y / pgy)
0 0 0 2e—2in2H2 | TR TR
= g—s(H1+Hz) gilnHi+neHe) {Km e—2mH - K, ¢—2i (mH1+n2Hs)
—(14+K,K,, e~ 2mzHy) } { L+ (975 / 11474) } { 1+ (#3”3/#2’72) } , (10)
in which :
Ko = {1~ (pay/pamn) } /{1 + (e / 1) } } .
Ky = {1_(”’37]3//‘2772)}/{1 -+ (/‘*3773/#'2772)}'- ( )

K,, and K,; mean reflecting coefficients of SH-waves respectively on the
boundaries from the first to the second layer and from the second to the third

layer. - ,
Calculating each constant contained in (9), one has
A,D =
—e—imE —1 0 0 0
—einE—HY) g—imH1  _gingHy —e~imMH 0
LemE—H)  —e=imM1 —(uyn, /) e2H1 (uyy/py ) e~z 0
0 0 eina(Hi+Hp) e—me(H1+Hp) —e—inz(H1+Hy)
0 0 einz(Hy+Hy) -——g—ing(H1+Hy) (M37]3/M27]2)e—i7]5(H1+H2)

[ (eimE-}- e—imE) {Klze—2imH1+K23 e—Zi(n1H1+vz‘Hz)} g—inz(H1+Hg) giltn Hyt+noHy)

: [1 + (:“2772//-01771)} {1 + (Nans/#z%) } )
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B\D =—[emE {K,, e~2mH1+ K, ¢—2tmHitnHa)}  e=inE(1 4 K, K, e=2ineHz) ]
- e—nz(Hit Hp)gi (mH 1+ naHy) {1 + (,“2772/:“1771)} {1 + (Ma"]a/ﬂlznz)} ,
A,D = ~2 (¢"mE+ g=imE) g~ing(Hi+He) g=ina(Hi+Hy) {1 ~(M3773//L2772)} ,
BZD =—92 (ein1E+g-—imE) e—inz(H\+Hj) g—ing(Hi+Hg) {1 + (;4,3773/#2772)} s
B3D =—4 (¢imE ¢—imE),
Putting (10) into the above expressions, one has
A, = (emE e—imE) (K, e~ 2mH1+ K, ¢~ 2nHi+nH)} [F(E, 0),
B, = [gimE{Klze—ZimHl+Kzse‘2"(’7131+’72H2)}+6_'.’71E(1 +K12K235_2i"2H2)]/F(E:(") ’
A, = (emEB - e—inE) e—itmHineHy) g—ina(1+Ho) K, (14 K,,) /F(E, ») ,
B, = (¢imE 4 ¢—inE) g—itmH1+neHy) gingHi+He) (1 + K ,,) [F(E, ©) ,
B, = (etmE -t ¢—imE) ging(Hi+Hp) ¢—itnHitneHa) (1 4+ K, (1+K,s) /F (£, @) ,
where

F(E, 0) = (1 4+ K3 Kyy e~ 2meH2) —{K,, e~2mH14 Ky e=2imHiimnta)}, (12)

Putting these values into (7) and employing the same integral as that in.
(8), one gains the displacements of SH-waves expressed as follows :
Yoty =2 So_oooei(wi—fx) cos 7,z [¢mE (K, e=2mi1 + K, ; e =2 (nHitngHy)}
+e=mE (1+ K, Kye=2mHe) | {F(E,0) |2 (dE/n,), 0=z<E, (13)
Yrotfry = 2 Siowei(wt—éx) c0s 0 E [emi {K,, e=2imHi4 K,g e=2inH1+nzta)}
+e=imz (1+ K, Ky e-2mHe)| {F(E, 0) 2 (dE/7,), E<z<H,, (14)

Yy =2 S"jmgi (01=82) Gos Ty - e=ilnFbmsH) (1 4 K 1) [ K gy eimela—(Hy+ Ho)
tomimte=tiy+ )| (F (£, )} (d/73) 15)

g = 2 S"_‘Jwei(wt—w 008 TyE - e=im3te= (b He)) =i tnHrbnaHz) (14 Kyg) (14 Kyg)
(FE o)} (dE/m) - (16)

4. Characteristic equation
If the next equation,
F( 0)=0, (17)
is satisfied with £, this £ is a ploe of the integrals from (13) to (16).
By now, » and £ are taken as any complexes respectively expressed in

(5) and (8). If =0 in (5), the amplitude of the wave will be damped with
increase of time. As the present problem does not consider such a case,
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& =0 (18)
will be assumed in (5).

Combining (18) with (4), (5) and (6), the next conditions will also be
obtained : _
EE=7;9;=0. (19)

CIf £€+0 in (19), £ must be zero and the wave cannot progress in x-
direction. If this case will be disregarded, ¢ must not be zero, namely

£=0. ' (20).
Equation (17) cannot be the characteristic equation of LovE-waves
until it meets the conditions of (18) and (20).
Using (12) and (17), the characteristic equation of LovE-waves in three
layers can be written as follows:

FE o) =(1 +K, K,y 3*21'772’12)—{[{12 e—2mH1+ K, e—2 mHitmeHa)} = () (21)

‘or
e~2imH1 (K, + K,, e~ZineHs)

- 1+ K, Koy e 2m2M2 =0, (22)
which can be rewritten by use of (11)
(el K {tan 772H2*<il‘37]3/#2772)}‘
tan 7 Hy = (100 ) S (23)
Denoting here

tan 8, =1-£212 and  tan 8, =i T3, - (24
12, #1771 * M2y (24)

(23) will become ‘ .
tan 7,H, = ¢ tan d,, tan {ﬂlHl ( Zigj > —823} . (25)

Recalling

v { 1—(v,/v))® (v,/0)* }1/2 and s _ Ua {_1—(v3/v1>2 (v/0)2 |2

7, U, 1—(v,/c)? P, vy L1—(vy/0,)% (vy/c)2)
one sees the right hand side of (25) to comsist of functions of 7,H, alone, if
the conditions of underground and v,/c are given.

Therefore 7, H, corresponding to any u,/c will be found from intersect-
ing points of the two curves respectively obtained from the left and the right
hand sides of (25), ».H; being a parameter. Because

7 H, = —‘—"iLl{l~ <_vc1_>2}1/2,

\
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wH,/v, can be easily calculated if v,/¢c and »,H, are known. Thus by the
calculation of wH,/v, for various v,/c, the dispersion curve may be drawn.

5. Classification in the type of the amplitude distribution

. According to (19), each 7y, 7, and %, is real or purely imaginary. If 7; in
(23) is assumed to be real, neither », nor n, can be real or purely imaginary.
If 7, is purely imaginary, on the contrary, each #, and 5, can be either real
or purely imaginary. Therefore, from (19), the following combinations alone
will be possible :

(i) (i) (i)
7h S i S —1 E .
: — 2
i, E S 7S (26)
—1ifs E | —ify, - E -,  E

in which notations of S and E are correspondent to those used by Sato?.
Putting (26) into (24) and (25), one has each characteristic equation
corresponding to the above three types of the amplitude distribution.
(i) tan S12 = (p2M2)/(1a71), tanh 823 = (psf)s) /(1aPe), Ons = 7:323 )
tan 9,H, = tan §,, tanh {'7)1H1 < gz‘gl) +323} ,

1y
(i) tanh 63, = (k7s) /(1a71), tan S23 = (gfs) /(12a73) , B10 = 1045,
_ & _ 7 a 27
tan 7,H, =—tanh &, tan {771H1 ( %iﬁ.j—) —823}, @7)
(iii) tan 810 = —(1aMa) /(pafn), tan 8,5 = (l‘a'?ls)/(:““zﬁz) »

tanh 4,H, = tan §,, tan {”7]1H1 ( ZZII}’L) —823},
14L]

4

where

;= E{(c/v;)*—1}"2 and ;= E{1—(c/v)2}V2 (28)
A little attention must be paid to (i) among (27), because 8,, cannot have

any solution if (wshs)/(1ef2) >1. In this case tanh 323 must be replaced by
coth 323, that is

(') coth8s’ = (1sfls)/(puehe), Namely cot 8yy' =——tan 8y, Sy = id,y7. (29)

Due to this replacement another equation in (i) among (27) must also
change its. form to

tan 7,H, = tan &,, coth {7;11-11 < gigz ) +322'}.

1
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In (ii) among (27) 8,2 cannot have any solution, if (us%,)/(pa7)>1. The
)

similar replacement to the above must be adopted for (ii) among (27). Thus
one has
(ii") coth & ,=(uefie)/(17y), namely cot 8, =—tan 8, &,—18,,
tan 7,H,=—coth 5,, tan {’7}1H1 ( gjg: ) —523}. } {29)
It will be worth while to see that & in (29) is connected to & in (27) by
6=8—mn/2. ‘ (30)

It must be noticed, in the characteristic equations among (27) and (29),
that tan %,H, is a periodic function, though tanh %,H, is not one. Owing
to the periodicity of tan %,H;, the dispersion curve will have many branches in
higher orders.

6. Displacements of LOVE-waves

Love-waves are to be calculated from the pole of the integrand from
(13) to (16), expressions of general SH-waves. Thus LovE-waves in each
layer may be expressed as follows :

[afro+YrilLove = 71X (residue) \
= 4 71 eit=8) cos ME cos Mz(l+K;,Ky,—2ineHz)

) /{ﬂlFi(Exw)},

[YrslLove = 27 e (@t—£x) cos N, E - e~imH1+m2H2) (] +K;5) {K g ein2le—H1—Hz) (31)
+ e—inals Hl“HZ)}/{ﬂng (€, a))} s

(WrglLove = 27ri e (@1~Ex) cos M E - e~ins(z=Hi=H2) g=itmHi+nzHa) (1 4+ K )

Co (1+K23)/[771FE (¢ w)} .
On the other hand one sees in (21)
U = do/df ——Fy o) /F. & (32)

in which U means group velocity; it is possfple to obtain the next ‘relation
from (32);

(b Db e e rea, )
where : 2 (83)

(0 2+ E)(vi,%)om( +;=ag) o,

Performing ‘the operation of (33) on (21), one has
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1 27 : ' .
@ (ﬁ - %) - 7"—5(_1;:—6;)_ {1 H KoK e=%mnte—n H K,, e-2mH
— (1 H +715H,) Ky 62 tmH1+nH2)) (34)

or
B W (WA 24 ¢ —2inoH
(5= 2= ()} i Ew Cul (1 KoKy -2
+7,H, (1— K, e~ 2imHy)} (35)
By means of (35), (31) will be rewritten as ‘

(o +YilLove =—ei @) cos 7E cos 7,2-27 (v,/U~v,/c) '
'{1‘('01/0)2}_1/2~ﬁ ,
(YrelLove =~ eitet=x) cos ,E-27(v,/U—v,/c) {1—(vi/c)2}2 2
~{q emels—Hy) 4y e—i‘ﬂz(z‘*Hl)}/z , (36).
[YrslLove =—eil@t-£2) cos 7, E-e-insle-H1-Hp).Q o (v /U—vy/c)
Al—=(vr /)2y V25/2, )
in which
p= 1+ Ko Ryye-2imtly
1 Hy (14 Ko Koy e~ 2imetle) £, H, (1—K, e~ZmHy)
_ et (1 + Kp) Kyp e~ 20282
1= L H, (TH KKy e~ vae) 0, H, (1 — Koy 6 =Ty
e (4K,
7.H, (1 +K12K23 g—zmHg) +7,H, (1 _Kl2 g~2i171H‘1)‘ ’
. eTimBibnly) (] +K,,) (1 +K,y) .
Hy (1+ K5 Ko e~meHy) o, H, (1—K,, e~2mHy) ° J
As in (36), calculations containing complex values will be necessary.
To avoid this difficulty, more considerations must be continued.
At first Ky, and K, in (37) will, by means of (11) and (24), be expressed
respectively by 8, and by §,, as follows :

(37

Y=

S =

Then one will have, from. (25), the next useful relation :

62812 m Hy) . 1 39
1462812 g=2it2H2—835) ~ | g~ 21813 g~ 2i(naHg—835) ° ( )
Therefore, from (38) and (39), one gets
1-Kye-2mHi _ 1—glibp-mH) 1
1+ KKy e 22— ] +e2012 ¢~ 2ilugHp~833) ] g%i81s ¢ ZitnzHz—0g3)
1 . i
sin 2 &,, (40)

T dFe e TeH ) ¢ cos2 012 +cos 2 (7, H,—8,,) °
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e—mH; (1+K.12) - e~ (1“21'812\ — gilngHp—bg5)___ COS nH,
1+ K, Koy e~ 2im2He 12812 ¢~ 20 (n2Ho—823) €08 (Mo H y—8y3)
(41)
and ’
e~itmHitmey) (14 Kyp) (14 Ky) _ e~ ituHitneHo) (14 e2id12) (1 4 ¢2id2)
1+ K, Ky e 2m2He 12012 -2 (maHo - 523)
" B (812 —m H1) H,cosd
=4 COS 8, COS 8, ¢~ in2H2—823) e’ — o cosmH, "
C 12 € 23 2f2—023 1 -+ ¢2i812 ¢ — 2i(naHz- 853) cos \’72H2—823) .
(42)
Thus (37) can be transformed to
b= 1 {l—z’ 7,H, sin 26124*___‘}—1 )
nH, nH;  cos 28,,+cos 2 (7,H,—8,,) ’
¥ —_—_-P.ei(ﬂaHz' 823) M._

cos (7,H,—8,,) ’
s=2p. 98 1, H, cos 8,5
€08 (7,H ;—8y5) ’
and (43)
q einalz—Hy) oy g—ina(z—Hy) = P {einz(x ~Hy) g—~2i(neHp—823)

4 g—inals—H1)) giln2Hg—823) __EOEEIHI
> cos (7,H,—8,3)

_ cos {7, (z— H,) — (7,Hy—634) }
21) . 771H1 : Cos ("]21112“8223)2 * : . 7

At last, using (43), (36) arrives at a more convenient form :

[arg+YrylLove =—27d (). eil@t-#2) cos 1, E cos 1,2,
[rgltove =—2 A (E) eilor-£2 ‘
.c0s 1,E; cos 1.H, c0s {7, (z— Hy—Hy) +84) /c0s (1,Hy—8,5), | (44)
(rgliovs = —2 7A (E) e (@t=42) e~ nsle—H1-Ho) S
-cos 7,E cos 1, H, cos 8,5 /¢08 (1,H,—8,3) ,

nae= B (3~ - (D - 30

sin 2 8, =1
" 05 2 8,4 cos 2 (1,H,—83) } (45)

where

may be called the amplitude function of Love-waves in three layers, because
it has some analogies to that in two layers.

7. Practical expressions of LOVE-waves

Now, 8,, and 8,; may be real or purely imaginary, as was seen in (27) and
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(29), so (38) must be classified, in practice, as follows in the similar manner
to (26):

(i) Kjp=eb2 and K,y =e¢ 202,

(i) Kp=e¥2 and K, =—e 2%,

i) Kyp=e212 and K,, = e2bs (46)
i) Ky, =—e 2V12 and K,, = 22,

(iii) Ky, =e%fz  and K,, = e2ids,

—
—

Corresponding to (46), the above expressions (44} and (45) must be classi-
fied in practice to the various cases ;

1) [Yro+vrilLove =—2 A (E) cos H,E cos 7,2,
[YrolLove = —2 A (E) cos #,E cos 7, H,
-cosh { —), (z~H1—H2)+$23}/cosh (haH 3 +843) ,
[YrglLovs =—27A (E) cos 7, E cos 5, H, 3z ~Hi~Hz)
-cosh S2/cosh (AoH,+ 8,5,

tna=- (3% - 2)0-(1T - 3

1 Mily
) sin2§,, }—1
€0S 2 815+ cosh (#gH 045
(i) cos {77.2(3"—H1—H2) +823}/c°5 (172H2‘523) .
= sinh {—-'9)2 (z=—H,—H,) +823'}/sinh (haHy+055"),
€08 8,5/C08 (75 H,—8,5) = sinh 8,47 /sinh (AHy+357) ,

; 1eHs sin 2 8,, _ H,
7,H, c0828,,+cos2(7,H,—0,3) m.H,

where

' sin28,, ~
c0s 28,,—cosh 2 (fgH,+05") .

(i) Trot Yralove = —2 A (£) cos 7,E cos 7yz ,
{ralove =—2 A (E) cos §,E cos 9, H,
) . 'cos{iiz (z—Hl—H2)+323}/COS_ (maHy—3843) ,
[rslLovs =—2 A (E) cos 7,E cos 7 H, e~ 36— H1~H2) c0s 8, /c08(7,H ,—84) ,

* where

ety - o (- )= (2} [ 20

sinh 2 312 , }—1
cosh 20,,+c0s 2 (7, Hy—845) J




126 ] K. TaziMe and H. OkaDA

iy & 2L sin2 3, _ 2y

MmH,  c0828,,+c0s2 (M,H,—8,) 7. H,

) sinh 28,
~cosh 2 81, +c0s 2 (MH,—8y)
(i) oo+ yraliovs =—2 A (£) cosh #,E cosh 7,2,
[YralLove = —2 zA (E) cosh #,E cosh $,H,
-Cos {'7]2 (z—H,—H,)+ S23}/C05 (ﬁsz—Saa) )
[Yrglrove = —~2 A (E) cosh #),E cosh §,H, e~ (Z‘Hl‘HZ)COSS&,?/COS('?th—S”) ,

corio- 323 - ()T e
. sin28, 2
€08 2 8,5 +c08 2 (HyH ,—834) }

where

In the above expression of LovE-waves, the common coefficient of
exp {i(wt—Ex)} is omitted.

8. Some special cases

When ¢==v,, 7, is zero and the right hand side of (25) becomes indeterminate,
due to the next relation :

13l = (0 Hj/vj) {1—(v;/c)2}2/2. (47)
One must calculate the limitting value of it. For this purpdse it is more con-
venient to use (23) in place of (25). At the limit of %,=0, (23) will be trans-
formed to .

cotmH, = MM m | Hy g 48
v #4373 Ha Hl v ( )

It is very easy to find »,H,; which is satisﬁec.l by (48), because the right
hand side of (48) is a straight line, contrary to the trigonometric function as
that was in (25), with respect to »,H,.

Also in (45),

‘8:_1’ 772.H2 R sin 2 612‘ - 772H2 . I—Klg g~ 2in Hy
M Hy €082 06y,+008 2 (75H,—84;) nH, 1+K 15Ky e~ 222
- H, (1 _Klz e~ 2mt) 7y
i H,7, 14 K, Kys e 2imH?

is indeterminate, if 7,=0 is put in directly. However,

lim =<H2 . 1—3—2me1> {2 ;M (uml b Mg ﬂ-)}"‘
1,2—»0/3 Hy 7 'y \ gl M2 :
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_Hy, | py | 1—e ZmH 1
H  h 25 cot 7. H,—4

by means of (48). Thus one has, at last,
lim g — H: . M gips ’ 49
Jim 7 sin? 7, H, (49)
in which (,H,)¢-v, was already obtained from (48).
It is very easy to find the next values from (i) and (ii) in (27),
, Tv,/H, =0 for c =v, » }
and Toy/Hy = (2/n) {1—(v,/v)2 ]/ for c=v;, - (50)

where # means the order of LoveE-waves.
When ¢=w,, in the case of (iii), 7, is zero and (21) is reduced to

1—K,; e~2nHa = ()
or tan 7,H, = 7 (ps7,) /(1027) - (51)
It is very easy to find the value of (Tv,/H,)c—v,, getting »,H, satisfied by
(51).
Also in (45);
2746 = (G — ) B,

g = 1 14 KK, e~ 2inaH,
N MH (V4K Ky e~ %) +9,H, (1 — Ky, e 2imb)

is indeterminate, if »,=0 is put in directly. However,

lim g — lim 1 . 1+KKye?mfe  p, 11

71~0 -0 7, ,H, (1—K,, ¢~ 2mt,y) M2 MHy M,
— o, 1 .1{2_{1_ (1@)2}‘”2
pe  TH, o U1 ’

Thus one has, at last,

(L Ly m [y (P e 2
2ea ®) = —) 0= () G (52)
in which (9,H,)c=s; was already obtained from (51). '

It is very easy to find the next values from (iii) and (ii) in (27),

Tv,/H, =0 for c=v,
and Tv,/H, = (2/n) {1—(v,/v5)2]1 2 for c=v,. } (53)

If H,/H,=0, it being that H,=0, (21) will be reduced to
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) K,,+K . . ‘
F 1 et e pooimH | K e-2mH1 =0,
' €, o) 1+ K1,K e 9 67T } (54)
in which K, = {1_(M3W3)/(M1771)}/{1 +(M37]3)/(M1771)}

is considered to be the reflecting coefficient between the first and the third
layers. The equation of (54) is nothing but the characteristic equation in
two layers, the first and the third.

If H,/H,=oo, it being that H,=0, (21) will be reduced to

» 1—Kyye—2inaz =0 .. (55)
This is also nothing but the characterisitc equation in two layers, the second
and the third. ' o : '
9. Numerical calculations of the dispersion curve ‘
If the densities are eqﬁal in every layer, namely
" pr=pa=0s, ' (56)

the following four combinations of rigidities in the underground are to be
considered for the existence of LovE-waves;

(A) << pig;  po/pma>1 and pg/p,>1,

(B) o<y <prg; o/ <1 and us/pa>1, l

(©) pe<pta<py; po/m<l and ps/ps>1, ] (57)
(D) p<ps<py; po/ma>1 and pg/p,<l,

among which the former two cases alone will be calculated here.
Case (A) from (57) may have the types (i) and (ii) in (26). On the other

C/vi

I 5
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—asymptote,
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0 20 40 60 80 100 120 140 160
—_— TUM
Fig. 2. (c).

hand, case (B) may have the types (iii) and (ii). Dispersion curves have been
calculated by any proper formula selected from among (27) and (29).

Four examples are shown in Fig. 2, the parameter being H,/H,.
Group velocities, obtained graphically by phase velocities, are also shown

in Fig. 2 by broken lines. Group velocity may have two minima; one is
near Tv,/H,=4 and another is near T(vy/H,+v,/H;)=4. The former corre-
sponds to that in two layers previously investigated. The latter has appeared
for the first time and is illustrated clearly in Fig. 3 where p3/u, is kept 30.
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Fig. 2. (d).
Fig. 2. Dispersion curves in three stratified layers. (a) ny/p =4

and p3/p,=30, (b) ng/p=30 and py/uy=30, (¢) ny/py=1/16
and p3/u,=380, (d) py/p;=1/3 and pg4/p,=30.

50—

2ol il gl Lot asvend [ e

0.1 o . 10— Ma/pn
Fig. 3. The period corresponding to the second minimum group velocity.
tg/1,=30. Parameter; Hy/H,.
10. Numerical calculation of the amplitude function

By using Fig. 2 and eq..(45), one can easily calculate the amplitude func-
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tion as illustrated in Fig. 4.

Each curve in Fig. 4 may have two maxima, corresponding respectively
to the two minimum group velocities. The first maximum of the amplitude
function in three layers seems to have some correspondence to the maximum
of the amplitude function in two layers. The second maximum of it has
appeared for the first time in the present case. The period corresponding to

Sk K
9
5.0
0 1 1 1 1 1
o 2 4 6 .8 10 12 — TW/H
30 35 30 35 3.0 35— TAL+ T
{ H/Ho=1) (Hp/Hi=2) (Hi/Hi =8
Fig. 4. {(a).
50 —
a0
2xA ot
20 [~
i
0 - 1 )
0 1.0 2.0 3.0 - 40, | 4 50  — TWH
Sy Ha
TAG+ — 30 33 25 30
20) 5.0)

Fig. 4. (b).
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15 -
10 -
A
5 -
0 1 L I
[o] 10 ZE 30 40 50 —= TVi/He
[ U A T
. . ity
3'5(2.0)4'5 33 (5.0) 45 T/‘v.+w)
Fig. 4, (d).

Fig. 4. The amplitude function in three stratified layers. Parameter; H,/H,

the second maximum of the amplitude function is very similar to that in

Fig. 8. Changing the abscissa from u,/u, to H,/H,, the relation is shown by
Fig. 5.

11. Numerical calculation of the amplitude distribution

Using the relation between period and phase velocity and that between
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S0 —
T
H,
U+
T (Au/uu M:/Mi)
4.0 =1/3, =30
(1/16, 30)
30
2.0 | i | ] [
] 2 4 6 8 — HyH,

Fig. 5. The period corresponding to the second maximum of the
amplitude function.

period and the amplitude function, one can calculate amplitude distribution
within the layers directly from (44). Fig. 6 shows that distribution for
several periods.

12. Remarks
From the more general view point, “the apparent reflecting coefficient”
by ABELEs is expressed as follows?:

Rj i1t Rty jag "1 o= BnpiHi
T+ R ji1 Ry jip D) e~ TnjaHit
and m‘n,n+1(o) = Rn,rﬁ—l » (59)
where

R jjir "7 =

(58)

#n; total number of superficial layers,
7; mnumber of layers counted from the surface of the earth,
n-j ; number of layers between the jth and the (u-1) th layers, the
latter being semi-infinite, .
R; ordinary reflecting coefficient -at the boundary of two layers
extending semi-infinitely. v
There are two superficial layers in the present problem, so #=2 in (58)
and (59);
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Fig. 6. (a). pa/my=4, 13/py=30.
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Fig. 6. (c). up/u;=1/16, py/p,=30.
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Fig. 6. (d). po/py=1/3, 1g/py=30.

Fig. 6. Amplitude distribution in three layers.
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p. o Rt Reg@e 2l Ry, +R, et
1,2 -

' 1+R,,, R, 50 e~ 2inzHy - 1+R,, R, ;e 2l (60)

On the other hand, the characterisitc equation of LovEeE-waves in two
stratified layers (n=1) was already known;
K, = e2mH, (61)
Using the apparent reflecting coefficient R, in (60) in place of the
ordinary reflecting coefficient K,, in (61), the layer below the second will be
taken into account by itself. Thus one has
Ry, = e2imHi (62)
Putting (62) into (60) and rewriting R, , and R, ; respectively as K,, and »
K,,, one has

e~ 2mHy (K 4 K,y e~ 2mHz) 0 (63)

1= 1+ K, K5 6= 222

which is the same as (22).

In order to obtain the characteristic equation alone, the just above
method must be more convenient than that by which (22) was arrived at.
However the expression of the amplitude cannot be gotten by these simple
replacements?’. :

In the present paper, the zeroth order of LovE-waves alone has been
treated. Other calculations will be shown in the next paper where physical
considerations as to results of the calculations will also be given.
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