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Ray-theoretical Construction of Dispersive RAYLEIGH Waves
(Gontinued)

Kyozi TAzIME
(Recieved Sept. 30, 1961)

Abstract

Following the previous paper (TazimE, 1958), reflecting coefficients on solid-
solid interface have been expressed explicitly by matrices. Several relations between
them are obtained. Using reflecting coefficients, displacement potentials of dis-
persive RAYLEIGH waves are expressed, besides the characteristic equation.

6. General expressions of reflecting coefficients on the lower
boundary in the superficial layer.

(4’, B’, C’, D’} in (1.4) can be expressed in the general form as follows .

A’ =A,/B,=4,'/4', B’ = 4,'/4" , 1 61
C'=A,/D, =dc'J4', D' = dp' /4" . J. 61
Denoting
S R <R
Rt P 5= (5L )
matrices in (6.1) will be found as
o=(yrreg )2 (el )2 )
HE T R )
—aat = (e PO ) )e (B )2 g
R S
‘ e . B, 2 (6.3)
=) )l e by
) o B - by
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AB/ = Z(QI/E)ABC' R —Aclzz(ﬁl/E)ABC’

s 2 B2 _op (B _
i _<#1>P ( >Qz{( 1)- } 2R2<'ET 1).
When g,/p,=0 in (6.3), one sees from (1.21) that
A'=4, B'=—B, C'=—C, D' =A, (6.4)

coinciding with (3.7) which was the relation in a plate.
Recalling (1.21) again, one will easily find, as in (3.6), that

BC'=BC (6.5)
also in such a general case as that of (6.3).
Using the next notations,
K= (e P2 o (1) + R ()
and (6.6)
L=< s )P +4< >Q2+4R2,

one may express (6.3) more simply,

\p /NECE TEE
dy=K-% B (e g\( B B o
a0 —K- - (e s) (gl - ). (67)
—4y—K— % b pros) (4 Bo _ By 0
dy'= K=l Lv (Lo S) (i — )
One sees, from (6.2), (6.3) and (6.6), that
2 Oy P c \!
PR ()
and (6-8)‘
Here one has, from (6.3), (6.7) and (6.8),
Ay Ay —dy de' = 4" 4% (6.9)

in which

-A*=K+%%L' <Zf s)%_f‘ui %) <§‘-10)
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conjugates with 4'. v
Therefore another useful relation in addition to (6.5) is obtained from
(6.1) and (6.9),

A'D—BC = (dy[4) (4p' [4) (4’ |4) (dc' /&) = 4*/4" . (6.11)
If ) ' )
Usa/Vsi> 1,

the right hand sides of egs. (6.8) must have extremely large- values, since

p2/”’1 = (p2/p1) (Us2/V51)? - (6.12)

It will not be preferable for numerical calculation to treat large numerical
values. In the case when v /v,>1, the following expressions will be used
in place of (6.3), for the purpose of avoiding the above mentioned difficulty.

(o —rw - () (3 B B8,
(e r g e (P (e b fp) e
g Twer-p B 2 (L) (344 D)
(e )y =2 (2 Vaser, (20 ar=2 o (20 )t
where .
e a(2) 0[5 -a( 2] o [ 22
L= DP,+4 ﬁ)@z(zi: >2+4<—%>‘2R2<%§:—>4 61

(Yt = 1= () () @2 (e R
Hoa + Usa P2 P2 Vs2 )

Reflecting. coefficients given by. (6.1) will not be chémged if use is made of
the right hand sides of (6.13) instead of the right hands sides of (6.3).

Now all wave numbers in z-direction must be either real or purely
imaginary if @ and £ are real. Various combination of them should be
investigated in the region occupied by ¢. In Table 1 all combinations possible
are shown. Nine types of cjfnbinations,(i),. ... (v),.... ("), will be enough
for the following study, although six cases are considered in Table 1,
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(iv)

a;,=sp2_¢2, & =a/t2_p2
Table 1. 0“5 Z8r TVETH
Bj=~/ka—52 , Bj=\/£2—kj2
case (A) Uy <y < Up < Upy case (B) vy < Up <Up < Upg
type region @, By ‘ @, ‘ By type region @, ‘ B l @y l B,
6] Upa<C &y Bs 31 i (i) Upp <€
(ii) V52 <C<Vpy —iby | - By 31 - (1), Vp1 <E<Upgy —18, B. a By
(ii) Uy <6<y —i&, | —if, &y B, (iid) Ugp <6<ty —i&y | - B, —i&y B,
(iv) U <<V —i&, | —ify | —i& | . By (iv) Uy <6< Uy —day, | —if, | —ity BIA
) c<vgy —i&, | —if, | —i&; | —if, ) <y —ity | —ify | —i&y | —ify
3
|_)
case (C) Ugo < U5y < Upp < Upg case (D) Vo < Upy < Ugy < Upy g
" : = o : = z
(ii) Up1 <C<Upy —1&, B, &y B1 (i) V1 <E<Vy1 L2 B. -8y B =}
(iii’) U <e<Up, —ihy B —id B (iii”) Upa<O<Ugy % B, —idg | —ify
(iv) Usg<€<Ug ~idy B, —i&y | ~if, {iv) Usp <C<Vps by B, ~idy | —if;
case (E) Vga < U1 < Vpy < Upy case (F) U < Vgp < Vpg < Vg
(i) Vpa <6<y 8y “Ba —i%, By (ii") Upa<<6<Upy &y B —i&, B.
(iii’) U5 <6<y —i&, Ba ~1é&y B (i) Vs <<E<Upg —18y B —i& B
(iv) Vg <O<Ugy —i&, B —i&y | —if, Vg <0<Vsg —i&y | —ify | —ig& B
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7. Practical expressions of reflecting coefficients.

(i) (6.2) will become

p=(B 1) 4_&1&, \
S S
and (6.7) will become o
x5 b B
iy b a (D@D |
T (TS X
* All reflecting coefficients A’, B’, C’ and D’ have real values.
(i) |
p,— (B2 1) 4% B
Ve -
i S A IC RS S L & ol
(7.4)
where
Kz{%(ﬁé%i—l>+<2_ viz >}2 KZ%%P%f '1) zc;}z’ (7.5)
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All reflecting coefficients have complex values.

(iii)

= (B 1) gt B

sz E?l | 6
R S S LT
rome g ot GO (e b gmie )
oo p R g G b e |

sk g b () (G b B )

ca kel (Y (B R
w2 (0§ b bl b0 |
w0 () (3 B Y- 340

Quadrants occupied by € and & must be decided respectively by signs of
Re 4" and Im 4’ and by signs of Re (—4,') and Im (—4,').
Using these notations, € and €', one has

A'=4, [4'=—Texp i (¢’—€)}and D’ = 4’ /4'=—Texp{—i(€'+€&)} (7.9)
in which I'=| —4,'[/14']. ’
Reconsidering (1.21), (1.22) and (6.11), one will obtain several relations
between reflecting coefficients,
A'D'—B'C' = 4*/4" = exp(—21¢€), A'D’'=1I?exp(—21¢),

| } (7.10)
B'Cexp (1€) = &= (1—A2)v2 (1-1?)12 for 4’ 0.

L IE SRS LS T 1E ok & N
ook G B G e
IR VR & s SRS 2 i
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_AD';K_&(L>4QI %+¢{d1 B. L+&<_C->4/§1 b | — 14’ |emit l

£1 \ Us1 £ & ? P1 N\ Uy ? §$
(7.11)
where
tané—— (8 Bip . p( ¢ \'Bi &lffp pef ¢ Yoy By ]
a“ B +p1<vs1>§ el pl(vu)s 3 7.12)
tan &’ — (xl_,é_l _p/ € 4_;§_1€x2 Ko P ¢ 4&1_&] ’
e = {3 gL p1<v51) £ s}/{ pl<vn> EES
Here one has
A'=—Texpi (' —¢&), D'=—exp(—2i¢)
. (7.13)
and 4%/4'=T exp [ —i (€' +¢)}
in which I' =[4%|/14’|.
Moreover one will get
A4'D’'—B'C'=rexp{—i(¢'+¢)}, : }
B'Cexp(—i (§—¢&)}= & 24 {I'sin 28 sin (&' —&)}r2 for (¢/v,—/2) dpc =0
(7.14)
in which 4=—exp (248) as that in the case of {5.7).
v)
d—K_ % Bip_ pa( ¢ Nt By, By 8y
EE ,01<71s1><§ Et )
gk 0 By g ¢ V(o By By &
P () (B ) 019
A4,/ =K alBlL_B_Z_ C4&1Bz_ﬁaz
AR +p1<vsl><§ PR )
4= Ky % Bip  pa e N By By &)
A=K g - () -2 8
All reflecting coefficients have again real values.
(i) ]
K4 P S By % 0 Bip pe © NG Bal g
4 +P1<7)&1>E £ t{g £ +P1<vs1>f E} BRI
s K P € \'By 8 (8 Big_ paf ¢ \ou Bal gk gier
4 (i p,<vsl>.f ¢ -1
K P (€ VB B e B g el o Y Bl e
44 K+P1<vs1>g E+1,{§ £ P1<7)51>E E} [41ess,
gy K— P2 VB @y i f8 By paf © N8 Byl i
4o pl<vu> E E“{f £ pl<vﬂ>f 2= ane
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(7.16)
where ] ) -
AN ATE
ey prop g B2l 2 8|

Here one has

A'=—exp (27 &) and —dp’/4* = exp (—24¢&’).

Therefore :

D= (4 4%) (/) =T exp i ()},
A'D'—B'C'=Texp {i (€+¢)}, | ] (7.18)
B'Cexp (—i€) == {241 sin (£+8’)}1(2.

(iii") |

(iv) - - |

Raltiia & sas 1k = SuLs & 28R 2]
(iii) | o
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s_ K 0 By, i Yo By a
4 e () (8 G
PN SN N -
ai=Ke gL b () (g - )
1 B_ 7 P2 < >< 1 & — _B_lgi
£ & Yo \un JNEE £ &

8. Numerical values of reflecting coefficients.

B

(>4

(o
fod

—dp'=K+

Numerical values of reflecting coefficients have been calculated re-
spectively for nine geological conditions which are classified in Table 2.

Table. 2. py/p, =1, Vp1/Upe = 1/4.

71 0.25 0.48 0.50
oy ]
0.25 0.25-0.25 0.48—0.25 0.50 - 0.25
0.48 0.25—0.48 0.48—0.48 0.50 - 0.48
0.50 0.25—0.50 0.48—0.50 0.50 —0.50

Absolute values and arguments of 4’ and D’ are exhibited in Fig. 2 when
o,=0.25 and in Fig, 3 when ¢,=0.48. Full and dotted lines in these figures
correspond respectively to cases when ¢,=0.25 and 0.48, but chain lines do
to case when o0,=0.50.

In types (iii) and (iv), numerical values of €, &', I and 4'pc will be more
useful than those of reflecting coefficients themselves. Therefore they are
also exhibited in Figs. 4 and 5.

9. General expressions of the characteristic equation and of
displacement potentials in the superficial layer.

- Putting M=0 in (1.24), one has a general form of the characteristic
equatlon

2B'C = et nBH 4 (4% /4)e "(‘”1+51)H—A{A’ e~tle =B )H 4 Ny 6““1"31”'1}, 9.1)

according to (6.11).
On the other hand, one sees that

B'C = +£{(1—4?) (4*/4'—A’' D")}12, (9.2)
because he has, from (1.21) and (1.22)
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Absolute values and arguments of 4’ and D’ for conditions 0.25-0.25, 0.48-0.25

—> C/ Ve
and 0.50-0.25 in Table 2,

Fig.” 2.
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Fig. 3. Absolute values and arguments of 4’ and D’ for conditions 0.25-0.48, 0.48-0.48 and
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0.50-0.48 in Table 2.
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2w [ 2n ‘
c e ’ y
o 3
Tl | - i1 /1 Ll
b ol |
—— C/Vp
.2L,, L L] R
Ol ' 3
— C/Ve
Fig. 4. (a). 0,=0.25
2w “2n
2, G‘
, s
27 o= 27
|
)
r ya r RN ALY
: 0l ) !
— C/Vpi
| o
L Lol
2 ol o
’ —> G/t
Fig. 4. (b). 0,—0.48

Fig. 4. Numerical values of € and & when p,/p,=1, Upt/Vpe=1/4, 03=0.25 and 0.48,
oy being(0.25, 0.48 and 0.50.
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i i : ol
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——> C/Vpi . : - G/ Ve
Fig. 5. (a). ¢,=0.25
2 | {
- r , ~ A'Bc
[ e — or————————{— Fig. 5. (b)
- I 4
| !
- i o
: ! |
o) Lt |- L1
ol | ol |

— C/ Ve — C/Ve
Fig. 5. Numerical values of I' and 43¢’ when py/py=1, vy /vpp==1/4, 0,=0.25 and
0.48, o, being 0.25, 0.48 and 0.50. .

B=—%1(C=4% <_€1 w2> {( ¢ —2>2+4ﬂ ﬁ}ﬂ::t (_”‘_1>"2(1—A B

B & \uyl Usy® E £ /31
9.3)
and from (6.3) and (6.11),
o ay dpc’ _ a \W2 4%, S\ .
B—z? A’“_i<ﬁ_i> (4' 4 D) ' S

Anyone of the =+ signs of the right hand sides in (9.2) to (9.4) must be
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decided by = signs of the left hand sides in (9.3) and (9.4).
When (1.23), (6.11) and (9.1) are used, numerators of ¢, and 4, in (1.1)
and the factor #M in (2.3) will be calculated as follows:

numerator of ¢, e!‘®1+1H = cos a, (E —z) [{e? M +BVH — (4% /4) e~i (a1 +P1)H)
+A {A' 6“"(.‘”1‘31)H—D’ ei(‘”l‘ﬁl’H}]—l—{A r gty (E4z—H)+iB H__ [y’ e-—iwl(E+z—H)-£BIH}
_A {(A*/A) gty (E+z—H)—iﬂ1H_e—ia1(E+z—H)+iB]H} , (95)
numerator of Y, 6@ tBH = B[{(4* /4 ) ¢=ia (H-E)=ify (H~2)  gicy (H-E)+if; (H-2)}

4 {A’ ein (H-B)+ibs (H-2) | D)/ eml(H—E)—iﬁ,'(H—z)}] B [{ei @aEABy) | gt E4Bya))

" A{eHaE-B) | g-ita E-By0)}. | 9.6
{
(M) it +80H = { [ [(a1+/31){3i(w1+ﬂ1)HH,(A*/A ) g-ilay+B)HY
+A (2,—B) {A'e-i-BOH ] giter-BpHY] . (9.7)

After these preliminary calculations, one will reach

T T B

el (0] feonl . o

following the procedure described in (4.4) to (4.5).

It must be noticed that (9.1) for every type, except for (v) in Table 1,
contains generally complex quantities. Therefore one has, in practice, the
next simultaneous equations from (9.1), '

Re M (w,&) =0 and Im M (o,E) =0. (9.9)

However (9.9) can have no real root, if the two equations are independent
each other. ' E '

Referring to section 7, one obtains two independent equations from (9.1)
in types (i), (ii), (ii"), (iii"), (iv’) and (iii*) but only one independent equation
in types (iii), (iv) and (v). In the latter three types alone, therefore, can (9.1)
have real roots. Looking at Table 1, one finds that ¢ must be smaller than
Us» in these types. This means that no energy is propagated into the lower
layer when the characteristic equation has real roots.

- From now on, types (iii), (iv) and (v) alone will be considered in the
present paper, treating only real roots of the characteristic equation.
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19. Practical expressions of the characteristic equation,
displacement potentials and displacements.

(iii) Putting (7.9) and (7.10) into (9.1), one has

cos@+AT cos @ ==x(1—-A4%)V2(1-I)Y2 for dgc’ = (10.1)
in which
® = (6 +B2) Hre and @ = (@—Bi) H—e'.

Equation (10.1) is an expressmn identical with that obtained by ToLsToy
and UsDIN (1953).
Putting (7.9) and (7.10) into (9.7), one sees that (9.8) will become

[prlsr=0 =—m (& H Mgy)™ [cos @, (E—2) {sin ®+ AT sin @}
— A sin {& (E+2)—®) —I sin {& (E+2)—®@)],

[ Jbrmo = 7 ¢ (G4 H Meg) = [B{cos (@ E+ Bro—®) (10.2)
—TI" cos (c?tlE—B1 2—@)}+B' et {cos (A, E + B,2)
+4 cos (@, E— B, 2)}] '

where

(Mer)™' = (¢/U~1) {(&/E) (sin @+ 4 I'sin @)
' +(B./E) (sin ®—A I'sin @)}

B = (&/By) ¥ (1—A%) 2 |

and B’ exp (6 &) === (@/B)V* (1—T)12 for dge’ 2 0. (10.4)

} (10.3)

Four components of the displacement will be easily calculated from (10.2)
as follows:

[ %gf; }M%} - ail Mfrm [cos &, (E—27) (sin ®+4 I"sin ®))
—Asin {&, (E+2)—@®@} —I sin (&, (E+2)—@}],
H[ E?ad;l ]M=O - AZH [s.in o, (E—2) (sin@+A I'sin @)

—A c0s {@ (E+2)—@) —1I" cos {&; (E+2)—®}],

[%%I]Mﬂ:'gfﬂ_s_[B{cos @E+ B 2—®)— Fcos(&lE——Elz—-@)}

+ B’ e*® {cos (& E+ B, 2)+A4 cos (&1E—l§1 2},

H[EYL]M=O—$~§—1 MgH[ B{sin(a,E + B,2— @)+stn(a1E Biz—®)}
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+ B’ e {—sin (&, E+ B, 2)+4 sin (&, E— B, 2)}].

Putting (7.13) and (7.14) into (9.1), one has

sin (f; H—8+¢&)—TI e**1H sin (f, H+8+&)
=42 V2 e iH (sin 28 sin (£'—&)}V? for (c/uy—y/F) dpc’ = 0. (10.5)
Putting (7.13) and V(7.14) in;cd (9.5) to (9.7), one seeé ‘fhat {9.8) will become
[Pilar=0 =—m (& H Meg)~ [cosh &, (E—2) {sin (B, H—8+&)
+ e Hsin (B, H+8+4-&)y—{e 1B+ gin (B, H+-8+€)
. 4 Tet H-E-ogin (B, H—8+€')}], ‘
[ lm—0 =—m (& H M) 2 [B e~ {e~F éin (ByH—B,2+8")
—T e @H-Eigin (B, H—pB,z+&)}
: ‘+B’e"E {é'ﬁlfH’E) sin (Bl'zﬁ8)~e“‘1”"+"3’ sin (B, z2+8)}]

(10.6)

where . .
(Miy)* =— (¢/U~1) [(8:/8) {sin (B, H—8-+€)+ T e~*18 sin (B, H+3-+¢")}
' + (B1/E) {cos (B, H—8+8&)—I e H cos (B, H+8+€)}]1, (10.8)
Beis — 44 (6,/E) cos § (c/v,2—2)1
: — £ (2 &,/B )V (sin 2 ) for cfv, £ /T
and : (10.9)
B’ eit =—21 (8, /F) (14'|)Ypc’

=0 (2 &,/ F,) 2 {1 sin (€'— E)}12 for dpc’ £ 0.

Four components of the displacement will be easily calculated from (10.6)
as follows:

=0 &y 1324

H[%%]M - . 1\; [co§h_a1 (E~z) {sin (B, H—8+¢)
C e H sin (By H484-¢')}—{e~ "1+ sin (B, H+8+¢)

ST e*1eH-E-) sin (B, H—§+€')}],

[0, = 3, [ (B2 in (B =5 +¢)

+T e sin (B1 H+8+ &)} —{e~*1'F+ sin (B, H +3+¢£)
| —TeS.GH-E-0)sin (B, H—8+€')}], '
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[a%

ox ]M;Q;1'a1
. —e~*12H-E) sin (B, H— 8, z+¢&")}

| 4B’ eit {erH-E) sin (B, 2—8) —e 1 H+E)sin (B, 2+8)} |,

T [Beidfe%Egin (B, H—B
e [Bei® {e 1 sin (8, B'1z+£)

4 oYy Y —i8 (_ ,—6.E 5 I7_ A
H[ azl]M._o_— 5‘1 MEH [Be { e COS(IBIH ﬁ12+E)

" e t1(2H-E).cos (B, H— B, z-+€")}
+ B’ ete {e‘%‘”’?’ cos (B, 2—8) —et1H+E) cos (B, 2+8)}] -
v) | | '
Since (p,/01) (0/7131)4<1 in- this type,
A*/A’ ~ 1 and A ~D'.
Therefore (9.1) will be reduced to '
B'C = cosh (&;+ 8,) H—AA’ cosh (&,—B,) H . (10.10)
Numerical calculations show that . S
B CAA’,
because .
 |41>1and 1A' 1>1.
" Thus (10 10) will be approximated by
L cosh (&;+ B,) H= AA {cosh (&, — #,) H+1} . (10.11)

This equation can have no real- root, if AA'<<0 as in region 0<c<ug
where %z, means velocity of RAYLEIGH waves when H is infinitely thick.
Putting (7.15) into (9.5) to (9.7), one sees that (9.8) will become

[b:1s—0 =—7 (& H M)~ [cosh &, (E—z) {sinh (&, + Bs) H
—AA" sinh (& B1) H+ A’ sinh (6, E +&, 27—y H+ B, H)
—4 Slnh(a1E+a1z o H— 31 H)], '
[«pl]M o =—m (6 H Myy)~ _,[B{cosh(alfz—alelH;élz) _
+A'cosh (8 H—&, E—f1H+ B, 2)}+B' {cosh (&, E+ B:12) |
+A4 cosh (& E— 8, 2)}]

(10.12)

where
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(Men)r=—(c/U~1) [(8/E) {sinh (&, + B,) H—AA" sinh (4, B,) H}
—(B1/E) {sinh. (6 + f2) H+AA" sinh (8, —f,) HY]™, (10.18)
B =—1i(&,/B8,)"2 A and B’ =1 (&,/B,)"2 A" . (10.14)

Four components of the dlsplacement will be easily calculated from (10:
12) as follows : ‘

[ aqil ] =1 —ET"]‘Z&H [cosh &, (E—2z).{sinh (&,+ B,) H

—AA’sinh (a1~Bl) H}—*—A[' S]nh (&1E+&1Z_a1H+BlH)
—Asinh (&, E+&, z~& H—p, H)],

H [ o, ]M=0 =— - [sinh & (E—2) {sinh (&,+ £,) H

—AA’ sinh (&, —8,) H}+A" cosh (&, E + &, z—&,H+ B, H)
—A cosh (&, E+&, 2—a,H—p, H)],
[awlrl - E 7

9% JM=0=£_&;. M
+A" cosh (& H—b&; E— B, H+ B, 2)}+B’ {cosh (&, E+ 8, 2)
+A cosh (&, E— B, 2)}],

(G‘IH_&1E+31H_312)

5 \
H[ Z;’:l]M=0:_ _31 My [B{—sinh (0, H—ty E+ B H—$, 2)

+A’sinh (& H—6, E—p; H+ B, 2)}+B’ {sinh (&, E+ B, 2)
—A sinh (&, E— 8, z)}] .

Q)

Numerical calculations were often confined in the relative amplitude,
because it has been considered most troublesome to find numerical values of the

common coefficient Mg in each displacement.

However, the present paper shows that calculation of M is rather more
easy than that of quantities glven by crotchets in.the expression of the
dlsplacement

It is to be noted that the amplitude characteristics can be obtained from
the phase characteristics of these waves and vice versa, as those relations stated
by the theory of the amplifier.
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