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(Journal of the Faculty of. Science, Hokkaid6 University, Japan, Ser. VII, Vol. I, No.5, 1961) 

Ray-theoretical Construction of Dispersive RAYLEIGH Waves 
(Continued) 

K yozi T AZIME 

(Recieved Sept. 30, 1961) 

Abstract 

Following the previous paper (TAZIME,' 1958), reflecting coefficients on solid­
solid interface have been expressed explicitly by matrices. Several relations between 
them are obtained. Using reflecting coefficients, displa~ement potentials of dis­
persive RAYLEIGH waves are expressed, besides the characteristic equation. 

6. General expressions of reflecting coefficients on the lower 
boundary in the superficial layer. 

(A', B', C, D') in (1.4) can be expressed in the' general form as follows: 

Denoting 

A' = AdBl = £1A 'I£1', B' = £18 '1£1' 

C' = AdDl = £1c 'I£1', D' = £1D '1 £1' 

( fl22 .)2 a2 P2 P2 = ~-1 +4TT' 

.. a2 P2 (C C)2 R 2• = I + I:l:, S = -.-
~ \, V Sl VS2 

matrices in (6.1) will be found as 

1 
J 

£1' = (~)~P2( I + ~A) - 2 (~)Q2 {(lL -1) -2 ~ A 1. 
f.tl I; I; f.tl . I; 2 . . I; l; \ 

+ R~ {( ~~2 _ I Y + 4 ~. ~l 1 + ( :: s)( ~l ~2 + ~l ~2), 

-£1A :=(;:YP2(1- ~l. ~l)-2(::_)Q2{(~l: ~1)+2 ~ ~ll 

+R l(lL_l)2-4~1~J_(~s)(~A_A a2 ) . 

2 l 1;2 ~ I; \ f.tl· l; . l; l; T ' 

(6. I) 

) (6.2) 

(6.3) 
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where 

When f-tdf-t1=O in (6.3), one sees from (1.21) that 

A' = A, B' =-B,C' ='--C, D' =A, 

coinciding with (3.7) which was the relation in a plate. 
Recalling (1.21) again, one will easily find, as in (3.6), that 

BC' = B'C 

also in such a general case as that of (6.3). 

and 

Using the next notations, 

K = (~: YP 2-2 ( ~: )Q2( ~122 -1) +R2( ~;2 -lY J 

L = ( ~: YP2+4 (-~: )Q2+4R2' 

one may express (6.3) more simply, 

4'=K+~AL+(~S)(~A +j31 ~), 
~ f - f-t1 ~ f f f 

J 

(6.4) 

(6.5) 

(6.6) 

-4A '=K- ~1 ~1 L-(:: S)(~1 ~2 _ ~1 ~2), (6.7) 

-4v'= K - !!:l. A L+ (~S) (!!:l. A - A ~). 
~ . f t-t1 ~ f ~ f ' 

One sees, from (6.2), (6.3) and (6.6), that 

P R _Q 2'=~A(_C ')4 
2 2 2 f f V

S2 

and 

(LlBC')2 = KL-~ A (~ S)2 . 
E E f-tl 

) (68) 

Here one has, from (6.3), (6.7) and (6.8), 

(6.9) 
in which 
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conjugates with 4'. 
Therefore another useful relation in addition to (6.5) IS obtained from 

(6.1) and (6.9), 

A'D'-B'C' = (4A '/4') (4n '/4')-(4B '/4') (4c '/4') =4*/4'. (6.11) 
If 

the right hand sides of eqs. (6.3) must have extremely large- values, since 

(6.12) 

It will not be preferable for numerical calculation to treat large numerical 

values. In the case when VS2 /V Sl > 1, the following expressions will be used 
in place of (6.3), for the purpose of avoiding the above mentioned difficulty. 

K'P2-2 (~~) Q2 {( v:2)"-2( ~:: r} +R2 {(v:2)"-2( ~:~ )T, 

L'= P2+4 (A) Q2 (~)2 +4 (_PI)2 R2(~)4 
P2 VS2 P2 .• VS2 

(6.13) 

(6.14) 

Reflecting coefficients given .by (6.1) will not be changed if use is made of 
the right hand sides of (6.13) instead of the right hands sides of (6.3). 

Now all wave numbers in z-direction must be either real or purely 
imaginary if w and ~ are real. Various combination of them should .be 
investigated in the region occu:pied by c. In TaPle 1 all combinations possible 
are shown. Nine types of c:'>mbinations, (i), .... (v), .... (iii'), will be enough 

for the following study, although six cases are considered in Table 1. 



case (A) 
----

type I region 

(i) VP2<C 

(ii) Vs2 <c<vpZ 
(iii) VPl<C<Vs2 
(iv) Vsl<C<Vpl 
(v) C<VSl 

---

case (C) 

(ii) VP1<C<VP2 
(iii') vsI<C<VPI 
(iv') vs2 <C<vs1 

-

case (E) -
(ii') vp2<C<VP1 
(iii') VsI<c<vpZ 
(iv') Vs2 <C<Vs1 

---

./7_2_<2, ~ j = 'V "j , 

Table l.Pj = ';k/_~2 , 

v s1 < vPl < vs2 < vpz 

I '"2 I f32 I '"1 I /31 

~2 P2 ~l Pl 
-i&z - pz ~I PI 
-ia2 -i$2 ~I PI 
-i&2 -i$2 -i&l Pl 
-i&2 -i$2 -i~ _~i$l 

-- ---

Vs2 < VS! < VPI < VP2 

-i&2 JJ2 ~I PI 
-iOt2 P2 -iOtI PI 
-iOt2 P2 -i&1 -i$1 

&j =.;e-h/ 

$j=';~2-kl 

case (B) 

type I region 

(i) vp2<c 

(ii) VPI<C<VpZ 

(iii) vS2 <C<VPl 
(iv) Vsl <C<Vs2 
(v) C<Vs1 

vsl < v s2 < .Vpl < vpz 

I '"2 I f32 I 

-i&2 P2 
-i&2 . P2 

-i&z -i$2 

-i&z -i$2 
----_.- '.-

case (D) VS2 < VP2 < vsI < VPI 

(ii') VsI<C<Vpl ~2 P2 
(iii") vp2 <C<vSI ~2 JJ2 
(iv') vs2 <C<VP2 -iOtz JJ2 

--

'"1 

~l 

-i&1 

-i&1 

-i&1 

-iOtI 
-ia1 

-i&l 

-- -- _.- --- -

VS2 < vsl < vpz < vpI case (F) vsI < vsz. < vP2 < VPl 

~z - pz -i~1 PI (ii') VPZ<C<VP1 &2 P2 -i&l 

-iOt2 P2 -i&l PI (iii') vS2 <C<VP2 -i&z P2 -i&l 

-i&2 pz -i&l -i$1 (iv) Vsl<C<VsZ -i&2 -i$z -i&1 
- -_. -- --

--:= 

------

I /31 
_.-

PI 

PI 

PI 
-i$l 

PI 
-i$l 

-i$l 

-

PI 

PI 

PI 
-

<;.0 
en o 

~ 

~ .. 
a: 
~ 
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7. Practical expressions of reflecting coefficients. 

(i) (6.2) will become 

p =( $2
2 

_1)2+4 ii2 fi2 2 1;2 1; 1; , 

) Q2=(~;2_1)_2~2 ~2, 
(7.1) 

and (6.7) will become 

A'=K+ iiI fi1L+k(_C_)4(ii1 $2 + $1 ii2), 
1; 1; PI VS1 1; 1; 1; 1; 

A* = K+ iiI fi1 L- J!...'!. (_C_)4 (iiI· fi2 + fi1 ii2) 
. 1; f PI V sl 1; 1; 1; 1;' 

-AA'=K- ~1 ~1 L- ~: (V:J4(~1 ~2 _ ~1 ~2), 
(7.2) 

-LlD'=K- ~1 ~1 L+ ~: (V:J~(~l ~2 - ~1 t2). 

All reflecting coefficients A', B', C' and D' have real values. 

(ii) 

R = l-i &2 fi2 
2 i; ~ , 

} (7.3) 

A' = K+ iii $1 L+h(_C_)4 a1 fi1 -i{f{ + iiI fi1 t+k(_C_)4 fi1 &2 }, 
1; 1; PI VS! i;.1; 1; 1; PI Vsl 1; 1; 

A* = K + tl ~l L-{: ( v:J4 

~1 ~2 -i If{ + ~1 ~lt- ;: ( V:
1 
r-~l~2 }, 

-AA'=K-~l ~lL-~:(V:J4~1 ~2-i{f{_~l ~1 t+~:(V:l r-~1 ~2}, 

-AD' = K- ~1 ~l L+ ~: ( v:J4 

~l ~2 -i If{ - ~l tl t- ;: (V:J4~1 ~2} 
(7.4) 

where 
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All reflecting coefficients hav~ complex values. 

(iii) 

P2 = ( t;~ + 1 r -4 ~2 t2 , 

Q2=-{(t;2 +1)-2 ~2 t2}, R2=1-t t2 
) (76) 

A' =K+ a1 PI L_iA(_C_)4(a l t2 + PI 0: 2 )=IA'leie , 
l; l; PI VSl l; l; l; l; 

A* =K+ ~1 ~1 L+i ~: (v:J
4
( ~1 t2 + ~1 ~2 )=IA'le-ie , 

-A~' =K- ~1 ~1 L+i ;: (V:
1 
)4(~1 t2 - ~1 ~2)=I-AA'leie" 

(7.7) 

-AD' = K- ~1 ~1 L-i :: ( :'1 Y (~1 t2 - ~1 ~2 )=I-AA'le-ie , 

where 

tan c = - A (_C )4 (a1 b + ii 1 0:2 )/(K + a1 PI L), 1 
PI Va l; ~ ~ l; l; l; 

(7.8) 
tanC' = ~: ( v:

1 
Y (~1 t2 + ~1 ~2 )/( K - _~1 ~1 L). 

Quadrants occupied by c and c' must be decided respectively by signs of 
Re A' and 1m A' and by signs of Re (-AA') and 1m (-AA'). 

Using these notations, c and c/, one has 

A '= AA'jA'=-T exp {i W -c)} andD' = AD' jA'=-Texp {-i (c' +c)} (7.9) 

in which r= I-AA' I jlA' I. 

Reconsidering (1.21), (1.22) and (6.11), one will obtain several relations 
between reflecting coefficients, 

(iv) 

A' D'-B'C' =A*jA' = exp(-2ic), A' D' =Pexp (-2ic:) '} 
(7.10) 

B' C exp (i c) = ± (l-A 2)1/2 (1-r2)1/2 for ABC' ~ 0 . 

A' = K- A (_C_)4 0:1 t2 _ i {0:1 PI L+ A (_C_)' iiI 0: 2 1 = lA' leie , 
PI VSl l; l; l; l; PI V51 I; l; I 

A* = K+ A (_C_)4 0:1 b_ i {~ PI L_f!....2_(_C_)4 PI 0:21 =\A*\e-iel , 
PI V Sl I; I; .1; l; PI V Sl I; I; I 

_AA'=K+A(_C_)40:1 P2 +i{O:l iiI L_A(_C_)4P1 0:21=IA*teie', 
. PI V 51 l; l; l; l; . PI V 51 l; l; \ 
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where 

tan e =-

Here one has 

A '=-r expi (e'-e) , D'=-exp (- 2 i e) 
and .1*/.1'= r exp {-i (e' +e)} 

in which r =1.1*1/1.1'1. 
Moreover one will get 

353 

(7.12) 

} (7.13) 

A'D'-B'C'=rexp{-i(e'+e)}, . } 

B'C exp{ -i (o-c)} = ± 2 i {r sin 20 sin (e' -c) }1/2 for (c/vs1 - l /"2) dEC' <. 0 

(7.14) 

in which A=-exp (2i8) as that in the case of (5.7). 

(v) 

d'=K- -~ ~1 L- ~: (v:
1 

Y( ~1 ~2 + ~1 ~2), 

.1*= K _' &1 E1 L+ A (_C_)4( &1 82 +}1 &.) 
~ ~ PI Vsr ~ ~ ~!;' 

-AA'= K + &1 ~ L+ A (_C_)4( &1 E. _ E1 &.), 
. f f PI Vsr ~!; ~!; 

~AD'=K+ ~1 ~1 L- ~: (:'1 Y( ~1 ~. - ~1 -(-). 

All reflecting coefficients have again real values. 

(ii') 

(7.15) 

.1'= K + A (_C_)4 E1 ii. _ i {&1 ~1 L+A(_C_)4 &1 ~'1 = IA'le-fE , 
PI ViI ~ f ~ ~ PI VS1 ~ ~ 

.1*= K- A (_C_)4 ~1 <X2 _ i {&1 ~1 L_A(_C_)4 &1 ~.l = IA*leiE1 , 
PI Vsr ~ ~ f ~ PI VS1 ~ ~ J 

-AA'= K+ A (_C_)4 81 <X2 + i {&1- ~1 L+h.(_C_)4 &1 l~l = IA'leiE, 
PI Vsr ~ ~ ~ ~ PI VS1 ~ ~ J 

-An'=K- ~:'(V:1y~1 ~2+i{~1 ~lL-;:(V:J4~1 ~'}=IA*le-iE/. 
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(7.16) 

where 

. tan c = {~ ~1 L+..h. (_c )4 a1 ~2 }/{K +..h. (_C )4 ~1 ii2}, 1 
J; f PI i'Sl F, I; PI V51 r; I; 

(7.17) 
tan c' =_ r_~ ~1 L-..h. (_C )4 a1 ~21/{K --;..&.(_C )4 81 ii21. 

1 I; F, PI Vsl F,.I; j PI V51 F, F, j . 

(iii') 

Here one has 

Therefore 

A'=-exp (2i c) and -JD,/J* = exp (-2i E'). 

D'= (In'/A*) (A*/A)=-Texp {i (c-c')} , 

A'D'-B'C'= Texp {i (c+c')} , 

B'C exp (-i c) =± {2 i Tsin (c+c') }lt2. 

} (7.18) 

A'= K- al ~1 L-i {K+ a1 ~1 L+ ..&.(~C~)4( a1 l~ + ~1 a2)} 
I; F, . I; F, PI Va . F, F, F, F, , 

J*= K- a1 ~1 L-i \ K+ &1 }1 L- ..h.(~C~)4( &1 ~2 +}1 IX2)} 
F, F, 1. F, f PI V51 F, F, F, F, , 

-JA'= K+ ~1 ~1 L-i {K- t ~1 L- ~: ( V:
1 
)\t ~2 - ~1 ~2)}, 

-AD'= K+ ~1 ~1 L-i {K- ~1 ~1 L+ ~: ( V:1 )\t ~2 _ ~1 ~2)}. 
(iv') 

A= K- al fi1 L_..h.(~)4~ a2 -i{K- a1 $1 L+..&.(~)4 &1 82 } 
I; F, . PI V 51 F, F, f F, PI V 51 F, F, , 

J*=K-~ S!.L+..&.(_C_)4lJ.._~_irK_~Sl L_P2(_C )4&1 ~2}' 
~ F, PI V 51 1; I; l F, I; PI V 51 F, F, , 

-JA '= K+ ~1~1 L-~: (:5J ~l ~2 -i{ K+ ~1 ~l L- ~: (:5J ~1 ~21, 

-JD'~ K+&l }1 i+..h.(~)4b~_ir K+ ~1 j~ L+_P2 (~)4'al ~21 
F, F, PI V51 F, F, 1 F, F, PI V51 F, F, . 

(iii") 

1 
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A*=K- t tl L+i ~: (V:1 )\{~ ~2 + ~1 ~2), 

-.dA'==K+ 0:1 PIL+i~(_C_)4(0:1 ~2 _ PI ii2), 
E E PI Vsl E E E E 

-.d
D

'= K + 0:1 PI L-i ~ (_C_)4( 0:1 ~2 _ PI ii2). 
. E E PI VS1 E, E E E 

8. Numerical values of reflecting coefficients. 

Numerical values of refiecting coefficients have been calculated re­

spectively for nine geological conditions which are classified in Table 2. 

Table. 2, pdp2 = 1, 

~I 0.25 

0.25 0.25-0.25 

0.48 0.25 -0.48 

0.50 0.25-0.50 

0.48 

0.48-0.25 

0.48-0.48 

0.48-0.50 

0.50 

0.50 - 0.25 

0.50 -- 0.48 

0.50-0.50 

Absolute values and arguments of A' and D' are exhibited in Fig. 2 when 
0'2=0,25 and in Fig, 3 when 0'2=0.48. Full and dotted lines in these figures 
correspond respectively to cases when 0'1=0,25 and 0.48, but chain lines do 
to case when 0'1=0.50. 

In types (iii) and (iv), numerical values of c, c', rand .d'Be will be more 
useful than those of r:efiecting coefficients themselves. Therefore they are 
also exhibited in Figs. 4 and 5. 

9. General expressions of the characteristic equation and of 
displacement potentials in the superficial layer. 

, Putting M=O in (1.24), one has a gene~aI form of the characteristic 
equation, 

2B'C = ei ("'l+fl1)H + (.d* J .d)e-i("'l +fl1)H -A {A I e-i("'cfll)H +D' ei<"'cfl l)H} , (9.1) 

according to (6.11), 

On the other hand, one sees that 

B'C = ±{(I-A2) (.d*JA'-A' D')}1/2, 

because he has, from (1.21) .and (1.22) 

(9.2) 



<t 

i 

C( 
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C 

1 
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----» C/VPI 

Fig: 2_ Absolute values and arguments of A' and D' for conditions 0.25-0.25, 0.48-0.25 
and 0.50-0.25 in Table 2. 
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2,[, . __ ._--_.-----,--,.--, 

t 7T r---------'---,---++--

I 

t 
'.~ 

C/VPI 

Fig. 4. (a). 

·27T I·~- ·-~---l 

.a. 7T rl ---

2 
II 

7T -;;·-----+1 
\. i 1 

..L7T '--_-'-- :,JJ 
2 0.\ I 

--..;;. C/VPt 

IE 

~7T e----
2 . 

7T '---"""-
0.1 

3 . 
2"7T 

7T '---~ 

0.1 

------- C/VPI 

Fig. 4. (b). 0"2=0.48 

3 

Fig. 4. Numerical values of E and E' when ri/P2=1, vpdvp2=1/4, 0"2=0.25 and 0.48, 
0"1 being,0.25, 0.48 and 0.50. 
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I 
I 
I 
I 
I o I---~=--J~--+T--

I I I 

--;;.. C/VPI 

-I 
0.1 

Fig: 5. (a). "2=0.25 

r 

o '-----~-'-----'----'----'--L.LR__LJ 
0.1 

I 
I 
1 

I' I 
I I I ~-----1~ 

I 3 

-----.. C/VPI . 

Fig. 5. Numerical values of r and'ABc' when pdP2=1, vpdvp2=1/4, "2=0.25 and 
0.48, "1 being 0.25, 0.48 and 0.50. 

and from (6.3) and (6.11), 

B'= 2 ~ .dBC~ =± (~)1/2( .d* -A' D,)1/2. 
~.d' {31 .d' 

(9.4) 

359 

Anyone of the .± signs of the right hand sides in (9.2) to (9.4) must be 
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decided by ± signs of the left hand sides in (9.3) and (9.4). 
When (1.23), (6.11) and (9.1) are used, numerators of (/JI and '0/1 in (1.1) 

and the factor iJM in (2.3) will be calculated as follows: . 

numerator of CP1 ei("1 +1l1)H = cos a1 (E -z) [{e i ("1 +1l1)H - (..d* /..d) e-i ("1 +1l1)H} 

numerator of\Vt e i ("1 +1l1)H = B[ {(..d* /..d ) e-i "1 (H-E)-iIl1 (H-z) +ei "1 (H-E)+iIl 1 (if-z)} 

+{A' e- i "1 (H-EHill, (8-z) +D' eia1 (H-E)-ifl 1 (H-Z)}] +B' [(ei("1E+fl1Z) +e-i ("1 E+1l1Z)} 

+A{ei(<t1E-1l1Z)+e-i("1E-fl1Z)} , (9.6) 

(iJM) ei(<t1 +~1)H = i H [( a1 + (1){e i ("1 +fl1)H -(..d* /..d ) e-;("1 +111 )H} 

+A (aI-PI) {A'e-i(<t1- 1l1)H_D' ei«tclll)H}]. (9.7) 

After these preliminary calculations, one will reach 

{
CP1 } = 7( i {' (9.5) } {a

1 
(] M ei ("1 +fl1 )H }-1 

'0/1 M-O (9.6) M-O (] E M~O 

. (1 1 1 (9.5) } { }-1 =-7(Z(I) -- - -) a1 (9.7) 
U c (9.6) M~O M-O' 

(9.8) 

following the procedure described in (4.4) to (4.5). 
It must be noticed that (9.1) for every type, except for (v) in Table 1, 

contains generally complex quantities. Therefore one has, in practice, the 
next simultaneous equations from (9.1), 

Re M ((I), E) = 0 and 1m M ((I), E) = 0 . (9.9) 

However (9.9) can have no real root, if the two equations are independent 

each other. 
Referring to section 7, one obtains two independent equations from (9.1) 

in types (i), (ii), (ii'), (iii'), (iv') and (iii") but only one independent equation 
intypes (iii), (iv) and (v). In the latter three types alone, therefore, can (9.1) 
hav.e real roots. Looking at Table 1, one finds that c must be smaller than 
V S2 in these types. This means that no energy is propagated into the lower 
layer when the characteristic equation has real roots. 

From now on, types (iii), (iv) and (v) alone will be considered in the 
present paper, treating only real roots of the characteristic equation. 
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10. Practical expressions of the characteristic equation, 
displacement potentials and displacements. 

(iii) Putting (7.9) and (7.10) into (9.1), one has 

cos@)+Ar cos ~=±(1-A2p/2(I-rp/2 for .dEC' ~O (10.1) 
in which 

@=(al+fJl)H+c and ~= (al-fJl)H-c'. 
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Equation (10.1) is an expression identical with that obtained by TOLSTOY 
and USDIN (1953). 

Putting (7.9) and (7.10) into (9.7), one sees that (9.8) will b~come 

where 

[<PI]M=O =-7t (al H M~H)-l [cos al (E-z) {sin @+Ar sin~} 

-A sin {adE+z)-@}-rsin{al(E+z)-~}], 

[1/I'1]M-O = tti (alH M~H)-l [B{cos (alE + fJlz-@) 

-r cos (al E - fJl z-~)}+B' ei • {cos (alE + fJlz) 

+A cos (alE-fJlz)}] 

(M~H)-l = (cjU-l) {(ad~) (sin@+A rsin~) 

+(fJd~) (sin@-A r sin ~)}-l, 

B = (adPlP/2 (1-A2)I/2 

(10.2) 

} (10.3) 

and B' exp (i c) =± (ad.Bl)1/2 (I_P)1/2 for .dEC' < O. (10.4) 

Four components of the displacement will be easily calculated from (10.2) 
as follows: 

H[~<Pl] . =iJ- M7t [cosal(E-z)(sin@+Arsin~) 
uX M=O al ~H 

-A sin{ar(E+z)-@} -rsin{ar(E+z)-~}], 

HLro""f/11] =-M
7t [~ina1(E-z)(sin@+Arsin~) uz M~O ~H 

-A cos {a1 (E +z)-@} -r cos {a1 (E +z)-~}], 

H [-0.,,1/1'1] = J- M7t [B {cos (alE +.B1z·~@)-r cos (aIE- .BIZ-·~)} 
u X M~O . al ~H . 

+B' eie {cos (al E + PI z) +A cos (al E-.8l z))], 

HLro .. i l ] =i ~1 M7t [-B{sin(a1E+.81z-@)+rsin(alE-.81z-~)} 
uZ M~O a1 ~H . 
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(iv) 

]\:. TAZIME 

Putting (7.13) and (7.14) .into (9.1), one has 

sin (PI H -8+C:)-T e-2"IH sin (PI H +8+C:') 

=±2 P/2 rOlH {sin 2 8 sin (t:' -C:)}1/2 for (e/vS1 -v-Z) ABC' <': O. (10.5) 

Putting (7.13) and (7.14) into (9.5) to (9.7), one sees that (9.8) will become 

[1>I]M-O = -7t (&1 H M~H)-1 [cosh &1 (E -z) {sin (Bl H -8+c:) 

+T r 2&lH sin (~IH +8+ e)}-{e-&l (E+z) sin (BIH +8+C:) 

+T e-". (2H-E-z) sin (PI H -8+C:')}] , 

[V'!]M~O = -7t (&1 H M~H)'-\ [B e-io {e-&I E sin (Bl H - ~1 z+C:') 
(10.6) 

-T r&J (2H-E) sin (B 1 H'- ~ 1 z+ e)} 

+B'eie {r"l(H-E) sin (~1 z-8) -e-ol (H+E) sin (~I z+8)}] 

where 

(M~H)-1 =- (e/U :-1) [(ex dE) {sin (B 1 H -8+c:) +T e- 2 &I H sin (PI H +o+C:')} 

and 

+ (~dE) {cos (~1 H -8+C:) -T e~2&IH cos (PI H +8+E')}]-1, (10.8) 

B e- i8 =-4 i «Xl!';) cos 8 (C2!VSl2~2)-1 

=±i (2 &1/Pl)I/2 (sin 2 8)1/2 for e/vSl ;:; v2 
(10.9) 

B' eie = -2 i (&t!1:) (lA' I )-IABC' 

=±i (2 &d fil)1/2 {T sin (t:' - C:)}1/2 for ABC' ;:; O. 

Four components of the displa<:;ement will be easjly calculated from (10.6) 

as follows: 

+ T e-2&tH sin (PI H +8+t:')}-{e-&1 (E+z) sin (PI H +8+C:) 

-t-T e-&l (2H-E-z) sin (fil H -8+C:')}] , 

H[01>I] . = M7t [sinh&I(E~z){sin(filH-8+C:) 
oz M~O ~H 

+T e-2"I H sin (fi1 H +o+C:')}-{e-&1 (E+z) sin (fi1 H +8+e) 

-T e-.". (2H-E-z) sin (fil H -8+C:')}] , 
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H [oV'i J__ 0;= i J--. ~ [.8 e-iS {e-&lE sin (~l H ~ 81 z+e) 
oX M=O . (Xl M~H _ . 

_e-&1(2H-E) sin (~lH-81Z+(')} 

+B' ei• {e~&l(H-E) sin (~lz-8)-e-&1(H+E) sin (~lZ+0))], 

H[OV'lJ =- ~l.~[Be-iS{-e-&lEcos(~lH-~lZ+E) ° z M=O (Xl M~H 

. +e-&1(2H-E)_cos (~lH-~lz+e')) 

+B' ei• {e-&. (Ii-E) cos (8 1 z:-o) -e-&l (H+E) cos (~1 z+o)}] . 

(v) 

Since (P2/P1) (c/vn)4~1 in this type, 

J*/11' = I and A' = D;. 

Therefore (9.1) will be reduced to 

B'C = cosh (&~ + $1) H -AA' cosh (&1- B1) H . 

Numerical calculations show that 

B'C=AA' , 

because 

IA I> I and IA'I> 1-

Thus (10.10) will be approximated by' 

cosh (&1+ $1) H= AA' {cosh (&1- $1) H + I}. 

(10.10) 

(10.11) 

This equation can have no real root, if AA';;:SO as in region 0<C<VR1 

where VRI means velocity of RAYLEIGH waves when H is infinitely thick. 
Putting (7.15) into (9,5) to (9.7), one sees that (9.S) will become 

[<P1]M=O = -'/t (&1 H MW)-l [cosh &1 (E -z) {sInh (&1 + $i) H 

-AA' sinh (&1- $1) fl +A' sinh (&lE +&1 z-&lH + SlH) 

-A sinh (&lE+&lZ-&.lH-$1H)] , 

-[V'l]M=O =-'/t (&.lH M~H)-1 [B {cosh (&.1H-&.lE + B1H- S1 z) 

where 

+A' cosh (&.lH -fflE - $lH + $1 z)}+B' {cosh (&'1 E + $lZ) 

+A cosh (&'1E-$1 z)}] 

(.10.12) 
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(M~H)-l= ---'(c/U -1) [(0:1/~) {sinh (0:1 + 81) H -AA' sinh (0:1- ~1)H} 

-(~d~) {sinh (0:1 + P1) H +AA' sinh (0:1- P1) H}]-l , (10.13) 

(10.14) 

Four co~ponents of the displac'ement will be easily calculated from (1O~ 
12) as follows: 

H [~¢1] ~ i -¥-'M7t [cosh 0:1 (E-z).{sinh (0:1 + ~1) H 
uX M=O a1 ~H 

-AA' sinh (0:1-P1) H}+A' sinh (0:1E+0:1Z-0:1H + P1H) 

-Asinh(0:1E+0:1 z-0:1H-P1H)] , 

H[C:¢l] =-M7t [sinh0:1(E-z){sinh(0:1+.81)H 
'f' z M=O ~H 

-AA' sinh (0:1- PI) H}+A' cosh (O:lE +0:1 Z-:-O:l H + ~lH) 

-;A cosh (0:1 E + 0:1 Z-O:LH - P 1 H)] , 

H [ (} ~1 ] • ~ ;r; [ A H A A H A ) ~ _ =2-A-'-M B{cosh(a1 -a1E+f31 -f31z 
uX M-O a1 ~H 

+A' cosh (0:1 H -0:1 E - PI H + PI z)}+B' {cosh (0:1 E + 81 z) 

+A cosh (a1E-P1 z))], 

H[O.,,~I] =-~I'M7t [B{-sinh(0:1 H -0:1 E +PI H -:-P1 Z) 
uZ M=O a1 ~H 

+A' sinh (0:1 H -0:1 E - PI H + /31 z)}+B' {sinh (0:1 E + P1 z) 

-A sinh (0:1 E -.81 z)}] . 

Numerical calculations were often confined in the relative amplitude, 
because it has been considered most troublesome to find numerical values of the 

common coefficient M~, in each displacement. 
However, the present paper shows that calculation of M~ is rather more 

easy than that of quantities given by crotchets in. the expression of the 
displacement. 

I t is to be noted that the amplitude characteristics can be obtained from 
the phase characteristics of these wav,es and vice versa, as those relations stated 

by the theory of the amplifier. 
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