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Abstract

One of the big challenges in materials science is to bridge microscopic or mesoscopic properties
to macroscopic performance such as fracture toughness. This is particularly interesting for the
amorphous materials such as epoxy resins because their micro/meso structures are difficult to
characterize so that any information connecting different scales would be extremely useful. At the
process level, the polymerization rate can be changed experimentally that influences a lot over the
performance of materials, however, it is known that the maximum toughness does not always appear
at the maximum polymerization rate, which suggests that some differences in the micro/meso-scopic
structure affect the macroscopic property behind. The goal of this article is to present a framework
to bridge between a mesoscopic observation of X-ray CT images and the macroscopic criterion of
fracture toughness computed via phase field modeling. First we classify the data of the X-ray image
with different polymerization rates by using two different methods: one is SVD and the other is
persistent homology. Secondly we compute a crack propagation of each sample and evaluate a
scalar value called the effective toughness (ET) via J-integral, which is one of the good candidates
indicating a toughness of materials. It turns out that ET reflects the performance of each sample
and consistent with the experimental results.

Keywords: SVD, persistent homology, denoising, amorphous materials, phase field model,

fracture toughness, effective toughness, crack propagation

1. Introduction

High fracture toughness, light weight and easy manufacturing are some of the aspects that

make epoxy resins very attractive in applications ranging from micro electronics and housewares
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to aerospace components [I], however the Process-Structure-Properties-Performance (PSPP) re-
lation is still unclear even for the simplest family that uses polyfunctional primary amines as a
hardener. It is well known that the polymerization rate of epoxy resins is affected by the heating
temperature and time. The state of these resins changes from liquid to gel, and then to solid
when the polymerization rate increases. Recently the fact that actively and scarcely reacted do-
mains are formed during the process [2] has become convincing with the development of advanced
measurement. This finding brings a new insight into the origin of the structural heterogeneity
in epoxy resins, and the heterogeneity at the micro/meso-level has a profound relation with the
macroscopic performance [3] 4, 5]. It is therefore reasonable to assume that the development of the
three-dimensional (3D) network of covalent bonds leads to an increase in the fracture toughness.
However, the experimental results show that the maximum toughness does not always appear at
the maximum polymerization rate, which suggests that differences in the microscopic structure are
hidden behind the macroscopic polymerization rate. Actually the microstructure of epoxy resins
has been recently unveiled by the advances of scanning electron microscope (SEM) and atomic force
microscope (AFM). These techniques allow us to resolve submicrometer-sized granular structures
and micrometer-sized inhomogeneous structures [6} [, [8, [@]. While SEM and AFM provide 2D in-
formation, X-ray computed tomography (CT) is a powerful tool to visualize the inner architecture
of 3D objects based on their electron density. The most familiar application is for medical uses,
but industrial applications have also become popular for internal inspection of materials. The 3D
images obtained using a commercial apparatus, typically have a resolution of 1-2 pum, which can
resolve micro-cracks or voids in various materials. This technique is well established to observe the
microstructure of polymeric materials made of heterogeneous components with different densities
such as block copolymers, however detecting inhomogeneities in single amorphous materials is still
challenging. In fact, X-ray images of thermosetting resins are almost undistinguishable to the naked
eye as shown in Fig. [ More importantly, the size of the structural inhomogeneities seems to be
comparable to the resolution of CT images so that it is not a priori clear to identify the “background”
image shared by all sample data. The information obtained from the CT observations is convo-
luted onto the background part (i.e., spotty patterns in the image) originated from the fluctuation
of the X-ray intensity. Nevertheless we are able to present a reasonable definition of background
in Fourier space, which allows us to classify the samples with different processes and extract the

inherent inhomogeneities after removing the background image. For this purpose, we introduce two
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statistical approaches to classify the samples in section 2: one is a well-known SVD (singular value
decomposition) method, and the other is a topological data analysis, namely persistent homology
[10, 11]. Both methods allow us to categorize the samples depending on the polymerization process,
however they extract different information on the inhomogeneities hidden in each sample data. In
particular, the topological approach so called the persistent diagram (PD) tells us appropriately
reduced but quantitative information based on the “hole” structure in a generalized sense embedded
in the samples. More precisely see the Ref.[I0, 11, 12]. Although some of the conventional tech-
niques use X-rays to identify crystal structures, to the best our knowledge, the use of X-ray images
to correctly identify epoxy resins has not been appropriately addressed. The structural information
itself is important, however our goal is how we can make a link micro/meso-scopic information to
the macroscopic performance via computable criterion based on the classification, namely, what
kind of micro/meso-scopic property has a strong influence over the dynamic performance of materi-
als. The statistical methods in section 2 suggest a couple of important facts: firstly all the samples
have the same dominant frequency, secondly they also show significant differences, for instance, the
intensity of gradient or total variation of the inhomogeneity, which will be explained in section 2.4.
This strongly motivates us to see how such a difference affects the performance of materials.

In order to study the macroscopic performance such as fracture toughness theoretically, one of
the powerful methods is to apply the phase field approach and derive a criterion by observing the
time evolution of the materials under some external stress. The scalar quantity effective toughness
(ET) introduced by Ref.[I3] is one of the good macroscopic indicators for materials performance,
which is defined by the maximum value of the J-integral during the time course of crack prop-
agation. Here a natural question arises "how do we make a bridging between the two different
scales?". Namely, our task is to implement mesoscopic information based on X-ray CT images to
the macroscopic phase field model, which eventually leads to the indicator ET for dynamic perfor-
mance at macroscopic level. Here note that the bright part of a X-ray CT image corresponds to
high electron density (= high atomic density), and that the three-dimensional network of covalent
bonds hinders the packing of molecules so that highly polymerized part corresponds to lower (dark)
density. On the other hand, it is known that highly polymerized part has larger Young’s modulus
due to the strength of network. Therefore dark part is considered to have larger Young’s modulus
locally, which leads to the following assumption that inhomogeneity of X-ray image is inherited to

that of Young’s modulus distribution of epoxy samples. Since all of the epoxy samples are built
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using blocks of the same monomer but different polymerization rates, it is reasonable to assume
that the local toughness of each sample is uniform, but its elasticity field (Young’s modulus) is
heterogeneous depending on the curing process. This motivates us to make an attempt to simulate
the phase field model with the parameter of the Young’s modulus being imported from the X-ray
CT data. More precisely, the Young’s modulus is proportional to the gray-scale of the X-ray image.
Under this framework, we numerically study the crack propagation in all samples and compute
their ETs. The result of this naive approach nevertheless agrees with the experimental observa-
tions of fracture toughness, which suggests that the above assumption about the linkage between
microscopic information and macroscopic performance is a reasonable one.

As a summary, we propose a new framework to utilize X-ray CT images to predict the mechanical
toughness of epoxy resins by analyzing microscopic variations of the structural inhomogeneities in
the samples which are related to the curing process. Such a connection has not been studied as far as
we know and this study provides a better understanding of the relation between the micro-structure
of epoxy resins observed by X-ray images and the material performance.

The rest of this work is organized as follows. We start off with a brief description of the
experimental setup to probe the samples of materials. In section we use SVD to discover a
couple of important features encoded in the X-ray images. We employ basic statistical reasoning
to infer the meaning of the learned features. Several methods are presented for the removal of
background image. We illustrate how the topological approach PD can be used in the clustering
process and to extract a geometrical information from the X-ray data. Then in section 2.4 we show
that the Euclidean norm of the gradient of the intensity in the X-ray images is a quantity that
characterizes the material with the best mechanical performance. Section [3]introduces the theory
of phase field modeling of crack propagation and presents an indicator of macroscopic toughness
called the effective toughness (ET). Then we present results of the numerical simulation of crack
propagation and show that ETs of four epoxy samples are consistent with the experiments. In

Section 4, we conclude the paper and discuss about the future perspectives.

2. Characterization of X-ray images of thermosetting resins

In this study, we consider X-ray CT images of four different samples of thermosetting resins as
shown in Fig.[l}] Note that the heating process is different each other, so is the polymerization rate.

The samples and original experimental images were prepared and characterized by NIPPON STEEL
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Figure 1: X-ray CT images of four samples of epoxy resins cut out from the left cube in Fig.[3] Although each sample
was produced by the different process, it is difficult to distinguish what is the essential difference among them by

our naked eyes.

Chemical & Material CO., LTD. The physical properties of the samples are shown in Table [I] and
Fig.[2} Overall, the sample 3 shows the best performance with respect to the absorbed energy, e.g.,
the largest area under the s-s curve, although the fracture toughness of samples 2 and 3 are more
or less the same. Here a natural question arises "what is the geometrical feature that makes sample
3 tougher than others?" Such a characterization may be hidden in the heterogeneous patterns of
X-ray images, however it is not so clear how we can extract such a feature from more or less
the same random morphologies. Moreover various types of noise and fluctuation are unavoidable
in those experimental data so that we have to remove them in an appropriate way. We try to
resolve these issues step by step in the following subsections. We begin this section by describing
the experimental observations and then we will present the two methods to classify the X-ray CT

images.

Table 1: Properties of the samples (provided by NIPPON STEEL Chemical & Material CO., LTD.)

Sample 1 Sample 2 Sample 3 Sample 4

Polymerization Rate [%] 13.7 45.9 60.3 90.0
Density [g/cm?] 1.151 1.157 1.145 1.143
Fracture Toughness [MPa-m'/?] 0.16 1.03 0.99 0.83
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Figure 2: Strain-stress curve of three samples under bending and stretching test, respectively. In both cases, sample
3 has the highest total absorbed energy (the area under s-s curve). Note that sample 1 is too fragile and not adequate

for mechanical test.

2.1. Preparation of imaging data

The samples 1 to 4 used in our analysis have the same chemical composition of bisphenol A type
epoxy molecule and hardener molecule (primary diamine) in the ratio of 3:1, and only the heating
temperature and time are different. They were prepared as a plate with a thickness of Imm and their
mechanical properties were measured by the standard means of evaluation. The polymerization rate,
density and fracture toughness are summarized in Table [Il The X-ray CT images were obtained
using a commercial apparatus with the resolution of 2 um/pixel by NIPPON STEEL Chemical &
Material CO., LTD. Avoiding the distorted central area, two 266 x 266 pixels squares were cut out
from left and right sides, and two cubes (left cube, right cube) were constructed using 266 slices
every 2 um (Fig. . In a X-ray CT image, the bright part corresponds to high electron density
(= high atomic density) part. Since the three-dimensional network of covalent bonds hinders the
packing of molecules, we assume that highly polymerized part corresponds to low density (dark)
part. On the other hand, highly polymerized part has larger Young’s modulus, therefore, dark part
is considered to have larger Young’s modulus than bright one. This correspondence becomes a key
when we compute crack propagation in the framework of phase field modeling in section 3.

The X-ray CT images are two-dimensional projections of a three-dimensional object. Projecting
a 3D object onto a plane may lead to ambiguities in the identification of the structural features. The
spotty pattern is noise originating from fluctuation of X-ray intensity, and there still remain some
streaks and ring artifacts. Ideally we want to remove these ambiguities that collectively constitute

a “background”. There are many different ways to characterize the background. We present some
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Figure 3: (Left) An example of X-ray CT slice image. The middle bright area corresponds to the sample. The upper
and lower dark background area shows a noisy image originated from the fluctuation of X-ray intensity. (Right) An

example of cubic data constructed with 266 slices. The part brighter (darker) than average is colored by red (blue).

of them in section and section and enhance the distinction among these four samples
by removing it. A good news is that we are able to classify the samples more or less independently

of the methods and to extract a key geometrical feature hidden in the image.

2.2. Singular value decomposition (SVD)

Machine learning algorithms are widely used to identify and categorize different samples of
materials and to predict their properties [I4, [I5]. Among some few applications, we can mention
the use of principal component analysis to categorize data from a superconductor database to
identify compounds according to their valency changes [I6]. A notable instance is in the case of
crystals, in which the crystallographic information can be utilized to predict the bulk modulus via a
decision trees-based algorithm [I7]. In another case also related to crystals, a convolutional neural
network is trained to classify crystals with astonishing accuracy [I8]. Although some of techniques
mentioned above use X-rays to identify crystal structures, to the best our knowledge the use of
X-ray images to correctly identify epoxy resins has not been appropriately addressed.

We start by describing the SVD-based approach of clustering to map the X-ray images into
different groups, which is a machine learning tool that has extraordinary applications [19] 20, 2T,
929, 23).

A total of 1064 (= 266x4) slices of samples 1 to 4 are concatenated into a matrix X =



155

165

(X1,X2,...;Xm). Bach vector x; with & = 1,2,...,m contains the intensity field, z; of each X-
ray image, with ¢ = 1,2, ..., N. Notice that each image consists of 266 x 266 pixels or NV = 70756
and m = 1064. Because of the large size of X, we consider the singular value decomposition of
X = UXV*, in which the columns of U are eigenvectors for the matrix of images X and V* in-
dicates the complex conjugate of V. These eigenvectors define directions along which the images
have the largest variance. In this context, the eigenvectors are the principal component directions
PC;. By computing the inner product of each slice with the eigenvectors U, we project each X-ray
observation onto a space of reduced dimension. The first three coordinates of this space are the
principal components PC;, PCy and PC3. We study the clusters obtained from different projec-
tions in this eigenspace and as shorthand for the projection onto the plane defined by the directions
PC; and PC,, we simply refer to it as the plane x-y. As an example, the resulting clusters in this
eigenspace are shown in Fig. [dc. The ordering of the clusters shown in Fig. [k on the x-y plane will
be explained in section

Fig. [5] shows the distribution of loadings scores for the first two modes for the X-ray images.
The distribution of loadings of the first mode Fig. [5h shows that sample 1 appears at the rightmost
location on the horizontal axis, suggesting that the X-ray images of this sample have the highest
average brightness. The distribution of loadings of the second mode Fig. [fp shows that X-ray
images of sample 2 have the highest deviation from the average brightness. This interpretation will

be further clarified by the statistical results presented in section [2.2.1

2.2.1. Basic statistical quantities

In this section, we look into some basic statistical parameters in the set of the X-ray images.
The aim is to explain the meaning of the eigendirections obtained from the SVD above. We start
with an analogy. It has been shown that one approach to recognize handwriting digits consists in
relating the the size of the characters to the value along the principal components [I9]. In other
words, the mean value of the images seems to be related to ordering of the center of mass of clusters
in an eigenspace. This shows that the principal components can be related to specific features of
the samples.

To analyze the distribution of the pixel values in the X-ray images, we proceed as follows. For
each grayscale X-ray image with pixels taking values between 0 and 255, we compute the mean

value in a fixed squared domain (266 x 266). The total intensity of the images divided by the pixel
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Figure 4: SVD and clustering of samples. (a) X-ray images are arranged in tandem as columns of a matrix X and
subsequently the SVD is computed. The eigenvectors uj span a space of X-ray images. (b) Singular values (o)
show that the first few eigenvectors can be used to summarize the most prominent features contained in the original
matrix X. (c) Clusters of different samples of materials. The clusters are projections onto the three first eigenvectors

obtained from the SVD of matrix X containing 1064 columns.

count corresponds to the mean value of the images. Fig. [bh shows the mean value of all the slices
of samples 1 to 4. The ordering of the mean values corresponds to that of the loadings in the
histograms seen in Fig. [Bh, according to the sequence 1,2,3.4. Fig. [6b shows detrended values of
Fig. [fp. To obtain these values, we compute the least-square fit to a straight line to the data and
subtract the resulting function from the original distribution. Similarly, we compute the standard
deviations of the mean value, o(X7;), and the ordering of these standard deviations corresponds to
that of the loadings in the histograms seen in Fig. [fp, according to the sequence 2,4,3,1.

We have shown how basic statistical analysis of the original X-ray CT images suggests that the

quantities X and o(Xr;) explain the ordering of the clusters along PC; and PCs, respectively.
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Figure 5: Histograms of the distribution of loadings for samples 1, 2, 3 and 4 on the first (a) and second (b) dominant
SVD modes. The loadings come from the columns of the V' matrix of the SVD. The ordering of loadings along the
first mode shown in (a) suggests that a prominent feature along PC; orders the samples according to the mean value
of the intensity of the slices following the sequence, from right to left as: 1, 2, 3, 4 (Fig. @a) The ordering of loadings
along the second mode shown in (b) suggests that a prominent feature along PCa orders the samples according to

the variance of the average intensity of the slices following the sequence, from right to left as: 2, 4, 3, 1 (Fig. @3)

2.2.2. Removal of the background of the images

SVD was used to group unprocessed X-ray images into different categories above. This is
possible because the SVD captures the features with the largest variance. However, in order to
extract intrinsic nature of inhomogeneity, it is necessary to isolate the features contained in the
images. To do this, we propose some techniques to remove the background of the images. This
will be a basic step to link two different scales in the following sections and to find a macroscopic
criterion in section 3.

As it can be seen in Fig. [I] the X-ray images are almost undistinguishable from one another.
The intensity of these images has several contributions and the hope is to discover what are the
most relevant features to look at and use these features to express the mechanical properties of the
materials. In what follows, we employ the techniques to isolate the features encoded in the X-ray
images.

ROLLING BALL ALGORITHM. First we start with the Sternberg’s method also known as rolling
ball algorithm [24]. This technique removes smooth continuous backgrounds from gels and other

images and we use this method as a simple approximation to compute a background to be subtracted

10
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from the original images, hopefully removing large spatial variations of the background intensities.
One of the advantages of this method is its simplicity. It defines a background as the opening of the
image based on a structural element. This background is then subtracted from the original image.
A drawback of implementing this method is that it requires a user-defined size and shape of the
structural element. The Sternberg’s method preserves the original clustering as shown in Fig. [Bf.

HiGH-PASS FILTER. Another simple method to construct a background is to consider a high-pass
filter to remove the the low-frequency features in the images [25]. Fig. [7| shows the details of the
high-pass filter used to construct Fig. [8c. After computing the power spectrum of each image, we
suppress all frequencies lower than a cutoff of appropriate size. As it can be seen, the cutoff is small
enough such that the dominant frequency corresponding to the characteristic wavelength remains
unchanged. The strong point of this method is that it preserves the characteristic length, which has
a value of about 28.6 um. However one disadvantage of this method is that it is necessary to supply
a parameter, which in this case is the threshold of frequencies to be suppressed. Because of this,
we essentially subtract the low-frequency features, then the clusters will arrange the high-frequency
features along the second PC, instead of the third PC as shown in Fig. 8.

EIGENBACKGROUD REMOVAL. While traditional tools such as the Sternberg’s method or the
Fourier high-pass filter preserve the ordering of the clusters, these methods require at least one free
parameter. This parameter is the radius and shape of the Sternberg’s ball or the threshold of the
high-pass filter. Here we propose a parameter-free method to subtract a background from the X-ray
images.

We define an “eigenbackground” and then remove it from the X-ray images. The idea behind
this method is that a background is a field that is shared by all the images. We proceed as follows.
Firstly, we fourier-transform a matrix containing all the slices, X, and then from the the SVD of
the transformed matrix, X = UXV™, we obtain the eigenvector matrix, U, which has columns that
are orthogonal with one another. Because the columns of U are uncorrelated, we can remove any
column in U without affecting the remaining columns. In particular, we remove the first column,
which represents the ‘background’ field. This is reasonable because statistically this is the meaning
of the first eigenvector. It is noteworthy to mention that the first eigenvector contains about five
times more energy than the following eigenvector, as shown in Fig. [

Secondly, we proceed to reconstruct all the slices but now we push aside the eigen-background

11
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vector, as shown in equation

Xnew = > _(Uj, X;)U; (1)

j=2

Once we have the new set of slices, Xy,er, then again we perform a SVD as Xyewy = UnewZnew Viows
followed by clustering. Fig. shows that same clustering is preserved and now the eigenvector
containing features with large wave numbers is the second column of U,,.,,. The interpretation of
this is that (i) we can safely remove the eigenbackground vector to reconstruct all the X-ray images
and (ii) all the clusters will be preserved after removing such eigenbackground vector. Fig.[8d shows
the result of subtracting the eigenbackground from a sample image.

Unlike the two other methods mentioned above, the eigenbackground removal is optimal in the
sense that the columns of the eigenvector U are hierarchically ordered by how much correlation they
capture in the X-ray images. So, the first column captures the largest correlation variations and
this column happens to be the mean value in the space of frequencies. In summary, this method

does not need any free parameter.

12
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average value of the module of the gradient.
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2.3. Topological data analysis

Persistent homology (PH) is a new mathematical framework that characterizes the “shape of
data” based on the information of “holes”. The holes in PHy (degree 0 PH), PH;, PHy correspond
to connectivity, ring and cavity, respectively. These holes are recorded as a set of birth and death
events (generator) by the operation called the filtration. Then a complex image data is converted
into a two-dimensional histogram called the persistence diagram (PD). The filtration for gray-
scale images is given by the levelset method, where birth and death of the holes by scanning the
threshold of brightness are recorded. For 8-bit grayscale images the corresponding PD is spanned by
256 x 256 two-dimensional brightness space. A large number of generators appear near the diagonal
of the PD, but most of them are “noise”, as revealed by their short lifetime. By appropriate PD-
vector translation reducing their weight, useful classification by machine learning or characterization

becomes possible. For the computation of PDs, we used the software HomCloud [26].

2.3.1. Pre-conditioning of the X-ray CT images

The structure of epoxy resin in a 266 pixel (= 532 pm) cube is expected to be isotropic, however,
the distribution of averaged brightness of each slice in the given X-ray CT images appears to be
anisotropic as shown in Fig. [I[0] Such an anisotropy should be removed because it affects the
center of mass of PDs and disturbs the classification by "shape of data". Therefore, we introduce
another pre-conditioning which normalize the average brightness of all the slices cut out along
x-, y- and z-axis. We assume that such anisotropy is due to disturbances in the apparatus. To
overcome this issue, we applied the series of operations described in Eqns 2{4]to average the level of
brightness along multiple axis. The outcome is that the experimental observations appear uniform
and isotropic. In other words, all the slices along x-, y- and z-axis appear to have the same mean

brightness.

p(l)(xayvz) :P(xayaz)—ﬁz(x,y)‘f'% (2)
PP (x,y,2) = p W@,y 2) — 5\ (2, 2) + po (3)
Bz, y,2) = 2 (z,y,2) — 7P (y, 2) (4)

In Eqns 2 the function p(x,y, z) represents a 3D X-ray CT image, with mean brightness, po,

and p,(z,y) is the mean brightness along z-axis. Since the four samples have different densities
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according to their polymerization rate, then the corresponding X-ray CT image should have different
po for each sample. However, while the density of sample 2 is the largest from Table 1, py of sample
1 is the brightest among all four samples. Because of this inconsistency, we removed the information
of py through the operations shown in Eqns. 2 (we did not add po at the end of Eq . Then
we perform a topological data analysis based on persistent homology to analyze the microscopic
inhomogeneities from non-trivial information in the X-ray images. Notice that the fact that pg
and density align in different order, shows that the electric current of the source of the X-ray light
is different for each sample. This means that the standard deviation of the fluctuations of the
X-ray intensity, which we consider to be the source of spotty noise pattern, is also different for each

sample.

2.3.2. Classification of sample data

First, we divide each 266 pixels cube into eight 133 pixel sub-cubes and then calculate the
persistent homology of each cube. We vectorize the degree 2 persistence diagrams (PDs) obtained
by sublevelset. The PDy contains information of dark “cavity” surrounded by bright pixels. Then
we perform a principal component analysis (PCA) of 32 (= 8x4) vectors. We construct a 3D plot
with the axes being the first three principal components, each with a contribution rate of 0.62, 0.28
and 0.05, respectively. Four groups were obtained with eight points each, which correspond to the
sub-cubes (Fig. . This suggests that the processed 3D data, p(z,y, ), still contains the structural
information required to distinguish the samples. Furthermore, based on the spatial distribution of
the eight points observed in Fig. we notice that the sample 2 and the sample 3 have smaller
inhomogeneities, meanwhile the samplel possesses large inhomogeneities along the second principal
component.

Next, we generate three sets of 266 two-dimensional images cut out from each of the processed
three-dimensional images p(z,y, z) along x-, y- and z-axis, respectively. Then, they are translated
into vectorized persistence diagrams PD; using sublevelset (information of dark “rings” surrounded
by bright pixels). Applying PCA to the 266 sliced images along x-axis from the left cube, we obtain
a 2D plot in which the four samples are classified into three groups using two principal components
(Fig. ) The contribution rate of the first three principal components PC;, PCy, PCj is 0.26,
0.09 and 0.07, respectively. The component PC3 weakly affects the distinction between sample 2

and sample 3, and for this reason PC3 was omitted for clarity.
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Figure 10: Mean brightness of the sliced image cut out from the left cube in Fig.3 along (a) x-, (b) y- and (c¢) z-axis.
The order of brightness is “sample 1 > sample 2 ~ sample 3 » sample 4” in all the cases, but the trend along each
axis is clearly different among them. It implies unexpectedly anisotropic component is contained in the experimental

raw data.

Using the PC; and PCs vectors as a ruler, we can “measure” the remaining five sets of sliced
images from the left cube along y-, and z- axis, and those from the right cube along x-, y- and z-axis
as well. The results are summarized in Fig.[I2h-f. The results along the z-axis show relatively larger
distribution along PCs, but all of them give the similar results quantitatively. This is consistent
with the assumption that microscopic structure of epoxy samples should be isotropic. Our analysis
suggests that it is reasonable to employ the Eqns 244 to preprocess the X-ray images.

Figs. [[3h-d show the persistent diagrams of PH; calculated based on the sublevelset of a sliced
image along x-axis in the left cube of sample 1-4. Since they are similar to each other, it is difficult
to identify the difference among them with our eyes. In order to know which information is used
for grouping in Fig. PC; and PCsy vectors are visualized in the style of PD (Fig. . The 1st

principal component value of the i-th slice is calculated as follows:

—

(Ui - Havg) : 17P01

N
Uavg = A7 § 62
N i
Here, #; is a vectorized PD of the i-th slice and ¥pc, is PCy vector. The vector ¥4, represents the

average PD. The number of generators in the red (blue) part is larger (smaller) than the average

PD, it gives positive contribution to the corresponding principal value. The death values of the
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Figure 11: Classification of the four samples based on the left cube in Fig.[3] The cube is divided into eight smaller
cubes and the second order persistent homology is calculated for sublevelset of each 3D grayscale image. Principal

component analysis (PCA) is performed based on the vectorized persistence diagrams.

generator in the red part of PC; are smaller than that in the blue part, which means that the
difference in brightness between the perimeter and center of rings (holes in PHy) is small, i.e.,
difference in density is small. Figs.12a-f clearly show the first principal component PC1 has a
negative correlation with the polymerization rate. Namely, PC1 value decreases with increase of
the polymerization rate. Therefore, we can interpret the result of Fig.12 as follows: sample 1, sample
2, 3, and sample 4 have small, medium and large density fluctuation, respectively. Therefore, while
sample 1, whose PCj is largely positive, has wide area with small density fluctuation, sample 4 has

wide area with large density fluctuation.

2.8.8. Inverse analysis of the persistence diagrams

To check the spatial distribution of structural feature corresponding to red and blue parts in
the first principal component vector in Fig. which shows good correlation with polymerization
rate, we made inverse analysis on the generators whose intensity is larger than 0.02. Fig. [I5]is
a set of examples representing inverse map of the 200th slices from sample 1-4. The structural
feature originated from red part of Fig.14a (small difference in density) decreases with increase
in polymerization rate from sample 1 to sample 4, while the structural feature from blue part of
Fig.14a (large difference in density) increases. This trend supports the assumption that not small

amount of low polymerization area remains even after the thermosetting. As mentioned above, we
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Figure 12: Classification of the four samples using the same “ruler”. After the preconditioning, the left and right
cubes were divided into 266 slices along each axis. First, principal component analysis was performed based on the
vectorized persistence diagrams (PD1) along x-axis in the left cube. Next, we measure the remaining five sets of
data using the first and second principal component vectors as common rulers. Though the slices along z-axis spread

more widely than the others, all the six data sets show the same trend quantitatively.

notice that the 1st principal component has a strong correlation with polymerization rate (Fig.12
and Fig.14) and its inverse analysis tells us the domain with large density difference grows from
sample 1 to sample 4 (Fig.15). We will see that this observation is consistent with the discussion

in the next subsection by using a computable quantity "total variation".
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Figure 13: Persistence diagrams of PH; that has the information on ring structures. Since the sub-levelset is adopted
as the filtration, they are spanned by the two-dimensional brightness space of 8-bit grayscale. (a)-(d) correspond to
the sample 1-4, respectively. We can see there is a difference among them, but it is difficult to identify it without

further analysis.
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Figure 14: The first and second principal component vectors visualized in the same style with the persistence diagrams
(PD) in Fig. They are obtained by PCA on the 266x4 PDs and the red (blue) part shows the area where the

number of generators is larger (smaller) than the averaged PD, respectively.
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Figure 15: A set of images obtained by the inverse analysis based on PC; in Fig. [T4] of the 200th slice along x-axis.
The four images in the upper half and lower half correspond to the red and blue area of PCy, respectively. The

inverse analysis suggests the importance of the global geometrical network for the classification of four samples.
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2.4. Characterization by gradient of the intensity

In computer vision field, regions in the image with large variations in intensity are important
features [27]. To locate these features, it is better to study the absolute gradient of the image. In
this section, we turn our attention to study the clusters of the projections of the X-ray images in
a dimensionally-reduced absolute gradient space. We aim at finding some important features that
are interpretable in application. By conducting PCA on the absolute gradient space, we extract
a quantity, the total variation of the intensity, as an appropriate feature to distinguish the X-ray
images and facilitates the identification of clusters.

We start by looking at the modulus of gradient of the X-ray images, ,/f2 + ny, where f, and f,
represent discrete approximations of the central difference for interior data points in the horizontal
and vertical direction, respectively. For example, for a matrix with unit-spaced data, f, that has
horizontal gradient, f,, the interior gradient values are computed as %( fij+1— fi,j—1). The vertical
gradient is computed similarly. We then perform the SVD of a matrix containing column vectors
of the absolute gradient of the X-ray images. The next step is to find clusters of different materials
with similar modulus of gradient. To do this we project the modulus of gradient of the image
onto the first two eigenvectors, PC; and PCy. We are concerned with the interpretation of PC; in
application. In general, there are no universal rule to interpret PC;, however, in this case, we can
see a direct relation between PC; and the mean of the absolute gradient by observation (Fig. —
i). The projection of the modulus of gradient of the image onto the first principal component
is approximately proportional to the mean of the absolute gradient by observation. For a better
understanding, we use the terminology “the total variation”, which is widely used in mathematics
and signal processing, as the interpretation of PC;. The total variation of a image is defined as
f NSERS ny dxdy and it is equivalent to the mean of the modulus of gradient up to a constant
factor.

Fig. [16p-c show clusters of all samples in all three planes XY, YZ and ZX on the gradient
eigenspace spanned by PC; and PC,. In this case, projection to PC; corresponds to the total
variation. The cluster of sample 3 appears on the rightmost location along the PCy, indicating that
sample 3 contains the largest value of the total variation. Similarly, the ordering of the loadings of
the histograms shown in Fig. [I6J-f situate sample 3 at the rightmost location in all three planes.
This further confirms that sample 3 contains a higher total variation. The claim is that the high

total variation of the intensity could be related to the relatively high mechanical performance of
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sample 3 . We will verify this claim in section

A word of caution is in order here, though. Table 1 shows that the sample 2 and 3 possess

values of fracture toughness that seem to be close to one another, the experimental error in the

measurements is unclear.

Moreover, the location of the clusters for sample 2 and 3 seems to

overlap along the horizontal direction, which makes difficult to distinguish which sample has better

mechanical properties. We will see this difficulty in the next section.
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Figure 16: (a-c) Projection of the transformed images in the gradient space onto PC; and PCq for slices in planes
XY, YZ and ZX, respectively. (d-f) Histograms of the distribution of loadings for samples 1, 2, 3 and 4 on the first
dominant SVD modes in the gradient eigen-space for slices in planes XY, YZ and ZX, respectively. The loadings
come from the column of the V' matrix of the SVD. The ordering of the clusters along the first dominant SVD mode
suggests that sample 3 contains the largest value of the total variation. Notice that cluster of sample 3 appears on
the rightmost location. (g-i) Projection of the image onto PC; vs mean of the modulus of gradient in planes XY,
YZ and ZX. Projection of the image onto PC; is approximately proportional to the mean of the modulus of gradient

by observation.
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3. Phase field modeling and the effective toughness

Due to the wide range of spatial and temporal scales involved in the characterization of polymeric
materials, establishing a direct link between the X-ray image and macroscopic mechanical properties

is not a simple task. Before going on, we briefly summarize what we discussed in previous sections.

1. The average dominant frequency of X-ray images is common to all samples.

2. The X-ray images suggest heterogeneous distributions of the Young’s modulus. The darker
one is stiffer than brighter one.

3. The first principal component PH; of the vectorized X-ray image has a negative correlation to
the polymerization rate and its inverse analysis suggests that the domain with large density
difference grows from sample 1 to sample 4.

4. One of the interesting differences among the four X-ray images is the total variation. Sample

3 has the largest total variation (TV) and sample 2 is the next one.

Recalling the results of mechanical experiments (see Table [I| and Fig. , sample 3 shows the best
performance, then sample 2 follows. This implies that intermediate level of polymerization rate
seems appropriate to show a good performance, which indicates that an appropriate balance of stiff
and soft parts is necessary to make tough materials. A remarkable thing is that this order perfectly
matches that of total variation (see Fig. . Is this just a coincidence or can we justify that the
total variation can enhance the material performance.? For this purpose, we set up a macroscopic
criterion based on the crack propagation in the framework of the phase field model developed by
[28, 29], and then compute the effective toughness (ET) [13] defined later as a toughness indicator.

The crucial step is how we implement the mesoscopic information of X-ray data to the macro-
scopic model. In view of Egs. Blf6} two basic parameters the Young’s modulus £ and the critical
energy release rate v are required in the phase field model. The item 2 above suggests that it
is natural to assume that the heterogeneity at mesoscopic level can be introduced to the Young’s
modulus E and set the critical energy release rate (= fracture toughness of Table v to be a
constant in space. Under this framework, we can see clearly how elastic heterogeneity affects the
effective toughness, in fact, we will see that, for the class of heterogeneity with the same dominant

frequency, a higher total variation in the elastic modulus will produce a higher effective toughness

(Fig. Fig. .
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8.1. Phase field modeling of fracture

The phase-field method has been established as one of the basic tools for the description of
crack propagation [30, Bl [32]. A big advantage of this method is that a whole problem is reduced
to solving a well-defined PDEs derived from a free energy rather than tracking free boundaries like
cracks and solidification fronts. Here we briefly explain our phase field model for crack propagation
(see also [28, [29]) and derive a criterion for materials toughness. A crack does propagate when
the energy release rate at the crack front exceeds the surface energy, which is gained during crack
growth. We denote the total energy of the system as

5:/9(1—0)2W(x,5ij)+3§ (uw%%) dx— | T-uds (5)

e u is the displacement vector.
e &;j = 3 (u;; +u;,;) is the strain tensor component.

o W(x,¢e;5) = %Uijsij is the strain energy.

0;; is the stress tensor component and

O11 012 FE €11 €12
= m (1 — I/) -+ I/I(Ell + 622) s (6)

021 022 €21 €22

where FE is the Young’s modulus, v is the Poisson’s ratio and I is the identity matrix.

v is the phase field: v = 1 indicate damaged region and v = 0 is the undamaged region.

T is the boundary loading force.

~ is the the critical energy release rate (how much energy is needed for creating new cracks).

v

lim;_,o fﬂ % (l|Vv|2 + 7) represents the crack length.

Q is the whole domain and 02 is its boundary.

The classical brittle fracture theory can be viewed as minimizing energy with respect to displacement
field u and the crack sets v = 1 or a competition between energy release rate and the material
toughness. Therefore, we obtain the u and v for each time step by minimizing the total energy

subjected to the irreversible constraint © > 0.
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[u,v] = argmin & (7)
>0
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(a) t=0 (b) t =0.36 (c) t =0.72

Figure 17: Profile of phase variable at different time. The value of phase variable v is 0 in the yellow part and 1 in

the red part.

At the boundary, we assign, what is called, the surfing boundary condition (see [13]), which can

a20 guarantee the propagation of the crack along the x-direction.

ule.y.t) = 0, 5 (1 - tanh(%)) sign(y — 0.5)) (3)

(a) t=0 (b) t =0.4 (c) t =08

Figure 18: Deformation of material under surfing boundary condition.

8.2. Effective Toughness

We are ready to define a scalar criterion called the effective toughness (ET) to evaluate macro-

scopic performance for the heterogeneous materials like epoxy resins. Such a quantity is independent
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of macroscopic loading and without a prior assumption or restriction about the evolution of the

crack set at the microscopic scale. The effective toughness is first proposed by [13].
Definition 3.1. The effective toughness is defined as
Jess = jmax (J) (9)

where ty, is the time when material breaks down completely, namely the crack reaches the other end.

ou
— _ e 1
J_/F<de2 T 1ds> ( O)

where W is the elastic strain energy density, x1,xo are the coordinate directions, T = on is the

J is the celebrated J-integral

surface traction vector, n is the unit normal vector of the curve T'.

The definition of J. ¢y implies that the applied J has to reach a critical value J.¢s for the crack
to propagate through a macroscopic distance, which is analogous to the maximum force in the
peeling problem [33]. We use the surfing boundary condition, to ensure the macroscopic steady
crack growth. If the elastic field is homogeneous, J.fs is the same as the critical energy release

rate.

Note that J-integral is path-independent in homogeneous materials, but no longer path-independent

in heterogeneous materials. In fact, we have the following relations.

L4 Jtip:7

= J.. oW _ W
L JOQ - Jtlp + fQ/tip o*x, v + fQ o*xy "

where Jy;, means the J-integral around crack tip. Since we are concerned with the macroscopic
material performance, we use max; Jyq to represent the effective toughness here. Fig.[I9presents the
time-evolution of J-integral for several different types of heterogeneities to show how the geometry

affects the value of effective toughness. See supplement material for more details.

8.8. The numerical procedure

Numerically, we let the crack set evolve as it chooses and compute the state of strain at each

time. The macroscopic energy release rate J at each time is computed over the whole domain. The
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domain is normalized to be [0, 1] x [0,1] and the following non-dimensional values are used unless

otherwise stated.
vy=1, v=0.2, [ =0.02, hppn = 0.005, hynax = 0.01. (11)

Here we assume that ~y is a constant independent of samples. This might depend on the process of
each sample as shown in Table |1 however our results are robust to such alteration. The numerical
discretization h € [hmin, hmax] has to be much smaller than [ for convergence. The algorithm to

realize the phase filed modeling is as follows:

Algorithm 1: Quasi dynamics of crack propagation

1 Set initial condition;
2 while i < N do
3 Set err=1;

4 while err>Tol do

5 Build the adapted mesh based on v;;
6 Set a temporary variable v; = v;;
7 u; = argminé€(u;, ;) ;
u; EWa
8 v; = argmin E(uy,v;);
v, €W, 0,; <v; <1
9 err = ||v; — 0]|poe;
10 end
11 Vi+1 = Vs

12 141+ 1;

13 Update boundary condition;

14 end

Since the functional £ is not convex in the pair (u, v), it is impractical to minimize the functional
directly. We performed an alternate minimization algorithm employed in the paper [34]. The
minimization of the functional with respect to u; and v; is performed by solving the corresponding
Euler-Lagrange equations for u;, namely, a standard linear elliptic problem, whereas for v; we
employ the function "IPOPT" in Freefem [35], based on the interior point method. This allows us

to explicitly enforce the irreversibility constraint (fracture can not recover, % > 0).
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Figure 19: J integrals under different setting of inhomogeneities. In homogeneous material (see the red curve)
crack start to propagate when J reaches a certain constant, which is exactly the critical energy release rate. We
compare four different elastic heterogeneities with the homogeneous case, they are E = 2(1 4 0.25 cos(4nz)), E =
2(1 4 0.25cos(87x)), E = 2(1 + 0.25 cos(4nz) cos(4ny), and E = 2(1 + 0.25cos(47my)) respectively. Note that ET
coincides with that of the homogeneous case when the pattern of heterogeneity is parallel to the crack propagation

(see light blue case). Higher frequency oscillations along the direction of crack propagation result in lower effective

toughness.

w0 3.4. Mesoscopic inhomogeneity and macroscopic toughness

We are ready to see how effective toughness (ET) changes with different heterogeneities obtained
from X-ray images. To gain some intuitive ideas of effective toughness, we start off a few simple

but suggestive examples.

e Periodic heterogeneity with different frequencies: We take the elastic modulus as
a65 E = 2(140.25 cos(amx) cos(brzx)) and change the frequency by changing the parameter a and
b. The simulation, see Fig. [19] reveals that higher frequency oscillations along the direction

of crack propagation result in lower ET.

e Periodic heterogeneity with different amplitudes: We take the elastic modulus as
E = 2(1 — acos4nz) and change the amplitude by changing the parameter a. Fig. [20[ shows
470 that higher amplitude oscillations along the direction of crack propagation yield higher ET.
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Figure 20: J integrals under the same shape of heterogeneity but with different amplitudes. Higher amplitude
oscillations along the direction of crack propagation lead to higher effective toughness. In these cases, amplitude is

proportional to the total variation.
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Figure 21: J integrals under the same shape of heterogeneity but with different slopes. Higher slope along the
direction of crack propagation results in higher effective toughness. In these cases, their total variations are the

same.

e Heterogeneity with different steepness: We take the elastic modulus as F = 50(1 +
0.5 tanh(k(z — 0.5))) and change the slope by changing the parameter k. Fig. [21] shows that

ET increases as k increases.

One property of the J integral worthy to note is that it increases as the strength of heterogeneity
ars grows (Fig. 20). This property motivates us to connect ET to the feature "total variation" (TV)
observed in image analysis (Fig. . We emphasize here that such a connection between ET and the
total variation holds only under the condition that the samples have the same dominant frequency.

This is because higher frequency yields larger TV when the amplitude is fixed, however ET does not
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increase monotonically with TV as is shown in Fig. On the other hand, Fig. demonstrates
in its simplest form that the total variation contributes to enhance the material performance for
a fixed frequency. In our case for the epoxy resin samples, the image analysis shows that they
have similar dominant frequencies (Fig. . Also note that Fig. shows that steeper the slope
along the crack direction, the larger the ET values with keeping the same TV. Since our samples
have different total variations, we proceed to compute the ETs and check the consistency with the
experimental results. Recall that our framework is that mesoscopic heterogeneity of X-ray data is
inherited to that of the Young’s modulus so that we define it in the following way. The Young’s

modulus is given by the gray scale distribution of X-ray image as follows:
E=14+10(1-F) (12)

where F' = %";Iue is the normalized grey value. This means that darker parts have larger Young’s
modulus than brighter ones based on the item 2 at the beginning of this section. The coefficient 10
is chosen to enhance the difference among the samples. Fig. 22] shows the comparison among four
samples. The index of Fig. represents relabeling of the sample slices as the increasing order
of ET. The ET values of samples 2 and 3 lie above the other two samples, in fact sample 3 shows
slightly better performance than sample 2 in terms of the average value of ET, which is consistent
with the experimental data of s-s curve in Fig. 2] Here we take the critical energy release rate v to
be equal to 1.0 and common to all samples to see the effect coming from the Young’s modulus. Of

course, one can take v to be dependent on the sample as listed in Table |1} however the above order

of ET values does not change, in fact the difference among them become even larger for that case.
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Figure 22: Statistical summary of effective toughness of four samples of epoxy. The upper figure shows the reordered
effective toughness, where the index is reordered in a increasing way of ET. We can see that the toughness curves of
samples 2 and 3 lie above those of samples 1 and 4, and that sample 3 has the highest ET on average. The bottom
figure shows the histogram of the toughness. The number after the label is mean value and standard deviation
respectively. From the red circle part, we can easily see that samples 3 contain the largest amount of high toughness

samples.
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4. Conclusions and perspectives

There are two big challenges for evaluating the performance of amorphous materials such as
epoxy resins: one is the characterization of micro/mesoscopic structure depending on the curing
process, and the other is how it influences the macroscopic performance such as fracture toughness.
The latter problem, i.e., connecting two different scales, remains one of the central issues in materials
science. We used the data of X-ray computed tomography (CT) for epoxy resins with four different
curing processes as shown in Fig. [[ Those samples are almost undistinguishable to the naked
eye, but it is expected that they inherit key information coming from the inhomogeneous structure
depending on the curing process. As for the classification, we applied two statistical methods: one
is a well-known SVD method, and the other is persistent homology (PH). In particular, the latter
topological approach tells us about the generalized hole structure that is not captured by SVD
method. Both methods allowed us to classify the four samples successfully by using the appropriate
PCA-coordinate as in section 2. There are a couple of remarks here: firstly it is not a priori clear
to identify the background image originating from the fluctuation of X-ray intensity shared by
these samples. This is important because what we want to know is the inhomogeneous structure
inherent to the curing process after removal of the background noise. This was done in section 2
and we classified four samples by using SVD and PH respectively. The structural information is
important, however, our goal is to extract a mathematically well-defined feature characterizing four
different samples and how it affects the material’s performance. This is much more difficult and is
still on the halfway, however, one interesting fact we found is that the total variation (TV) of the
inhomogeneity is a key factor that increases the performance of materials, and the computations
in section 3 support the fact that is consistent with the experimental results. To show this, we
resorted to the phase field approach as in section 3. Introducing the phase variable indicating
the level of damage, the crack propagation can be solved efficiently, because it has no more free
boundary. The main issue is how we implement the mesoscopic information of heterogeneity to
the macroscopic phase field model. Since all of the four types of epoxy resins are built using
blocks of the same monomer with different polymerization rates, it is reasonable to assume that
each sample has a homogeneous local toughness, but the different spatial distribution of elasticity
(Young’s modulus) reflecting their curing processes. Then, such information is transferred to the
inhomogeneity of elastic modulus in the phase field model. In this context, we numerically study

the crack propagation in materials and compute their effective toughness (ET), which is a scalar
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indicator for the crack to reach the other end. Our results agree with the experimental observations,
and confirm that the larger the total variation, the larger the ET value. This suggests that the
above linkage between mesoscopic information and macroscopic performance is a reasonable one.

There remain many problems. For instance, as for the classification, PH approach turns out to be
useful, however, we still don’t know how to interpret the difference of heterogeneities geometrically.
In other words, what is a good geometrical coordinate which is acceptable also from the physical
viewpoint and allows us to identify the difference of inhomogeneity intuitively? We have made
one step forward toward this direction in section 2.3 (see also 4 items at the beginning of section
3), however, to pursue it, we have to solve the inverse problem systematically for the associated
persistent diagrams. Also such a characterization may not be just a local property but related to
a long range 3D network of amorphous structure. It is possible to construct 3D network structure
from 2D slices, however, there is still a gap between 2D and 3D, in fact, the optimization process
shown in section 3.3 becomes quite expensive in 3D-case even in the framework of phase field
modeling so that more efficient algorithm is needed to reach a statistical conclusion. Finally we
assume that the mesoscopic inhomogeneity of X-ray data is inherited to the variation of the Young’s
modulus F, and that the critical energy release rate -y is a constant, but may depend on the curing
process. Loosely speaking, this is equivalent to the hypothesis that E contains finer information
than v for the class of amorphous materials like epoxy resins. This is still an arguable issue and
needs a systematic comparison among various mathematical models with different resolutions. See
also the reference [0, [7, [8, [9].

As a conclusion, we proposed a new framework to utilize X-ray CT images to predict the mechan-
ical toughness of epoxy resins by analyzing mesoscopic variations of the structural inhomogeneities
in the samples that are related to the curing process. Such a connection has not been studied so far
to the best of our knowledge. Once we could find topologically more efficient geometric coordinates
reflecting 3D network of amorphous structure, and simultaneously reduce the effect coming from
the "background image", this study would provide a better understanding of the relation between

the micro-structure of epoxy resins observed by X-ray images and the material performance.

Appendix A. SVD calculation

The SVD consists of two parts. (i) First, diagonalize the matrix X7 X in Equ This results

in a set of eigenvectors, V, and eigenvalues, ¥7X. (ii) The next step consists in using the result
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from (i) to solve the Eq for U.

XT'x =vyTsy? (A1)

XV =Ux (A.2)

This operation allows to construct an eigen-slices space, which is a space spanned by eigen-slices.

Appendix B. Classification of samples

In section we shown that the intensity of the X-ray images form four distinct clusters in an
eigen-space spanned by PC; and PCy and this is illustrated in Fig[k. In this section we compute
decision boundaries for the clusters of samples 1 to 4. Such boundaries are necessary to predict the
character of new X-ray images landing on the domain. To construct the decision boundaries we
consider the projection of the clusters onto PC; and PCs, as these components are related to two
important features of the X-ray images, namely, the mean intensity and variance of the mean.

Firstly, we use k-means which is an unsupervised classification scheme consisting on iteratively
(i) labeling the elements and (ii) computing the center of mass of the clusters [19] [36]. Secondly,
we use a k-nearest neighbors scheme with k£ = 17 as supervised method to find the labels of the
elements in each cluster. In each case we split the data using 80% for training and %20 for test. We
perform a 10-fold cross-validation and randomize each realization. In all cases the misclassification
error is less than 1%. Fig. [B.23]shows the result of both methods of classification. Both methods

are able to produce suitable decision boundaries.

Appendix C. J-integral

The potential energy of an elastic body (the total enthalpy of the system) is given by

P:/def/ t - uds (C.1)
Q o9

Assume the change of total enthalpy changes 6P when the crack tip moves by 6&;. The driving
force on the singularity is defined as
oP

fi:—E

(C.2)
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Figure B.23: Different methods of classification. (a) k-means consists of the iterative process of (i) labeling and (ii)
computing the center of mass (unsupervised). These two steps were iterated seven times until convergence. (b) For
the k-nearest neighbors we use k£ = 17. The process consists of finding the distances of a test set to the k-nearest
neighbors and labeling it accordingly (supervised). The solid circles are the training set (80%) and the open circles

are the test set (20%).

J-integral is path dependent in the heterogeneous material. Consider the J-integral taking two
different integration paths I'y and I'y. Without loss of generality, we assume that I'y is inside I';.
The difference between the different integration paths is

J(T1) — J(Ty) = / (wczxg —t- g—uds)

r,—Ty €z

_/ 6_W_<JH%) dx
A(Ty,Ty) 071 Yory )

_/ 8*_W+U..ﬂ_<g”%) dx
A(Ty,T2) 8*561 *J 8xj8m1 * 81‘1 j

_/ aw _ (0i;) Oui
A(Ty,T5) OF 11 Y73 Oy

_ /A il (C.3)

(T1,T'2) 8*x1

w

where A(I';,T'2)is the area between the contours I'y and Ty, ¢;; and o;; = ga_-;,- are the strain and

sso  stress tensor components respectively, g:—rf is the explicit derivative due to x1. Note that we apply
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the equilibrium balance equation (aij)j = 0 in the last step.

e From Eq (C.3), we see that if the material between two contours is homogeneous, the J-

integral evaluate on these two contours have the same value. Therefore, J-integral is path

independent in homogeneous materials.

e When the material is heterogeneous in elasticity, J-integral is path dependent. We define

Jtip and Jgomain as the J-integral along crack tip and the whole domain, then Ji;, = G and

Jdomain = Jrip + fw g*x Therefore, effective toughness we have defined reflect local fracture

toughness and global stress distribution of material.
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