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This paper proposes a novel 2.5-D multi-phase topology optimization method using a Gaussian basis function for permanent magnet 

motors. The design region in the rotor was sliced into cylindrical layers; two-dimensional topology optimization was performed for each 

layer such that the average torque was maximized while the torque ripple was suppressed to the maximum possible extent. The proposed 

topology optimization could determine the rotor core and magnet shapes, as well as the magnetization direction. It was shown that the 

optimized 2.5-D topology optimization led to better torque performance when compared to conventional 2-D optimizations. 

 
Index Terms—Magnetization, Multi-phase topology optimization, NGnet, Permanent magnet motor. 

 

I. INTRODUCTION 

IGH PERFORMANCE permanent magnet (PM) motors are 

required for electric vehicles and plug-in hybrid vehicles 

to realize low electricity consumption and high torque density. 

To improve the performance of PM motors, the PM and flux-

barrier shapes and magnetization directions have been 

expressed by a set of parameters for optimal design [1, 2]. 

Although this approach can improve motor performance, it does 

not lead to the development of novel structures that deliver 

outstanding performance. 

In contrast to the above-mentioned parameter-based 

optimization, the topology optimization in which the material 

shape is freely deformed allowing the generation and 

annihilation of holes can lead, in principle, to novel machine 

structures [3]−[7]. Topology optimization that represents 

material distribution using Gaussian basis functions is effective 

for the design of rotating machines [5]−[7]. This method can 

deal with multi-phase topology optimization, which 

simultaneously determines the distributions of flux barriers, 

magnetic materials, and permanent magnets with different 

magnetizations. However, when this method was applied to 3-

D motor models, by which the leakage flux at the rotor end was 

taken into consideration, the performance of the optimized 

motor was not consistently superior to that of 2-D models. This 

was owing to the fact that the degrees of freedom (DoFs) of the 

3-D multi-phase topology optimization were excessively large 

and hindered the process to obtain an optimal machine structure. 

Thus, it was necessary to reduce DoFs without losing the merit 

of 3-D optimization. 

In this paper, we propose a 2.5-D multi-phase topology 

optimization method for PM motors. In the proposed method, a 

3-D motor model was sliced into cylindrical layers and 2-D 

topology optimization was applied to each layer. The entire 

motor property was improved by simultaneously performing 2-

D optimizations. In the proposed optimization, we optimized 

the rotor shape of the PM motor such that the average torque 

was maximized while the torque ripple was suppressed to the 

maximum possible extent. 

II. OPTIMIZATION METHOD 

For a 2-D multi-phase topology optimization using Gaussian 

basis functions [6, 7], we introduce the shape functions 

𝑦1(𝒙, 𝒘1) and 𝑦2(𝒙, 𝒘2) defined by 

𝑦𝑘(𝒙, 𝒘𝑘) = ∑ 𝑤𝑖
𝑘𝑏𝑖(𝒙)

𝑁

𝑖=1

, (𝑘 = 1, 2), (1) 

where 𝑤𝑖
𝑘 ∈ [−1, 1], 𝒙, and 𝑁 denote the weighting coefficient 

for the 𝑘-th shape function 𝑦𝑘 , position vector, and number of 

Gaussian functions, respectively. Moreover, 𝑏𝑖(𝒙)  is a 

normalized Gaussian function, given by 

𝑏𝑖(𝒙) = 𝐺𝑖(𝒙) ∑ 𝐺𝑗(𝒙)

𝑁

𝑗=1

⁄ , (2) 

𝐺𝑖 =
1

2𝜋𝜎2
exp {−

1

2𝜎2
|𝒙 − 𝒙𝑖|

2}, (3) 

where 𝜎 and 𝒙𝑖 denote the standard deviation and center of the 

Gaussian basis, respectively. The material type (attribute) 𝑀𝑒 

of finite element 𝑒  in the design region Ωcore  is determined 

from the angle 𝜃 = tan−1{𝑦2(𝒙, 𝒘2)/𝑦1(𝒙, 𝒘1)} defined in the 

state space shown in Fig. 1 as follows: 

𝑀𝑒 = {
Air, 0 ≤ 𝜃 < 150

Iron, 150 ≤ 𝜃 < 300
Magnet, 300 ≤ 𝜃 < 360

 (4) 

In the proposed 2-D optimization, 𝒘1 , 𝒘2 , and the 

magnetization direction 𝜃m of the permanent magnet in Ωcore 

were determined in order to minimize the objective function 

using the covariance matrix adaptation evolution strategy 

(CMA-ES) [8], whose performance was experientially found to 

be better in general than the generic algorithm (GA). CMA-ES 
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generates the population according to the Gaussian distribution 

so that it expands and contracts as it approaches the optimal 

solution. 

The reference PM motor and optimization model are shown 

in Figs. 2 and 3, where the green arrows on the permanent 

magnets represent the magnetization. Table I summarizes the 

model parameters and driving conditions. The optimization 

model was sliced into three layers along the rotating shaft for 

the proposed 2.5-D optimization, although the number of layers 

may be arbitrary. The structure of each layer was determined 

such that the torque characteristics of the entire motor model 

were optimized. In the proposed optimization, 𝒑 =
[𝒘1−Layer 1, 𝒘2−Layer 1, … , 𝒘1−Layer 𝐿 , 𝒘2−Layer 𝐿 , 𝜃m]t ∈
ℝ2𝑁𝐿+1  contained the optimization variables determined by 

CMA-ES, where 𝒘𝑘−Layer 𝑙  and 𝐿  denote the weighting 

coefficients in (1) for the l-th layer and the number of layers, 

respectively. The schematic of the above-mentioned 2.5-D 

topology optimization is shown in Fig. 4. 

III. OPTIMIZATION OF PM MOTOR 

A. Optimization Problem 

The purpose of the optimization was to maximize the average 

torque while minimizing the torque ripple. Thus, we solved the 

optimization problem defined by 

min
𝒑

𝐹(𝒑) , 𝐹(𝒑) = −
𝑇avg(𝒑)

𝑇avg
Ref

+ 0.05
𝑇rip(𝒑)

𝑇rip
Ref

, 

sub. to 𝑉mag(𝒑) ≤ 𝑉mag
Ref , 

(5) 

where 𝑇avg(𝒑) =
1

𝑛
∑ 𝑇𝑖(𝒑)𝑛

𝑖=1 , 𝑇rip(𝒑) = {max
𝑖

𝑇𝑖(𝒑) −

min
𝑖

𝑇𝑖(𝒑)} /𝑇avg(𝒑), 𝑇𝑖(𝒑), 𝑛, and 𝑉mag(𝒑) denote the average 

torque, torque ripple, i-th instantaneous torque, number of 

analysis steps, and magnet volume, respectively, and the 

quantities for the reference motor are marked with superscript 

“Ref”. It is noted that the overall torque 𝑇𝑖(𝒑) for the rotor 

composed of all the layers was computed using the nodal force 

method [9]. We imposed the volume constraint in (5) using the 

oracle penalty method [10]. 

B. Optimization Setting 

To validate the performance of the proposed 2.5-D topology 

optimization, we further solved (5) using 2-D topology 

optimization [6, 7]. The solution for the latter case was obtained 

by simply setting 𝐿 = 1 in the proposed 2.5-D optimization. 

The distribution of the Gaussian basis functions for the 2-D and 

2.5-D topology optimizations is shown in Fig. 5. The quarter 

design region was covered by circles representing the region of 

influence of the Gaussian basis functions centered at 𝒙𝑖 . We 

assumed mirror symmetry of the rotor structure. In addition, the 

definitions of the magnetization directions 𝜃m ∈ [90, 180] in 

the design region are shown in Fig. 6. Although we could 

consider the magnetization direction parallel to the rotating 

shaft, only the radial magnetization was considered for the sake 

of simplicity. 

In this optimization, according to the recommendations of  

 
Fig. 1. State space for multi-phase optimization 

 
 

Fig. 2. Reference model 

(1/8 fraction is shown.) 

Fig. 3. Optimization model 

TABLE I 

SPECIFICATIONS OF REFERENCE PM MOTOR 

Phase and pole Three-phase, eight poles 

Coil current (A) 15 

Driving frequency (Hz) 200 / 3 

Initial electric angle (deg) 15 

Initial mechanical angle (deg) 0 

Number of coil turns 25 

Rotating speed (r/min) 1000 

Magnetization of magnet (T) 1.2 

Rotor and stator grade 50A270 

 
Fig. 4. Schematic of proposed 2.5-D optimization 

  

Fig. 5. Distribution of Gaussian  

basis functions  

(𝑁 = 16, 𝜎 = 1.3 mm) 

Fig. 6. Magnetization direction 𝜃m 

CMA-ES, 5 × {4 + ⌊3 ln(2𝑁𝐿 + 1)⌋}  individuals were 

generated for the first iteration, and these were updated by the 

(𝜇 𝜇W⁄ , 𝜆)-CMA-ES at each iteration [8]. The optimization  
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Fig. 7. Convergence histories of 2-D and 2.5-D optimizations 

 
Fig. 8. Resultant rotor shape obtained by 2-D topology optimization 

(𝑉mag = 0.97𝑉mag
Ref, 𝜃m = 140 deg) 

 
(a) Bird view 

 
(b) Cross sectional view of each layer 

Fig. 9. Resultant rotor shape obtained by 2.5-D topology optimization 

(𝑉mag = 0.98𝑉mag
Ref, 𝜃m = 137 deg) 

process was continued for more than 500 iterations. It took 

approximately 1.8 h and three days for the 2-D and 2.5-D 

optimizations, respectively, to obtain the optimization results 

using the Intel Xeon CPU (3.5 GHz, 32 threads). 

IV. OPTIMIZATION RESULTS 

A. 2-D and 2.5-D Optimizations 

The convergence histories of the 2-D and 2.5-D 

optimizations are plotted in Fig. 7. The value of 𝐹(𝒑) for the 2-

D optimization becomes constant after approximately 100 

iterations, whereas that for the 2.5-D optimization continues to 

reduce over approximately 250 iterations. This is because the 

DoFs of the 2.5-D optimization are three times larger than those 

of the 2-D optimization. The final value of 𝐹(𝒑) for the 2-D 

model was smaller than that of the 2.5-D model because the 

former neglected the end effect. In fact, 𝐹(𝒑) became larger for  

the 3-D model whose rotor was obtained by extruding the rotor 

of the 2-D model, as will be mentioned below. 

The resultant rotor shapes obtained by 2-D and 2.5-D 

optimizations are shown in Figs. 8 and 9, where the magnet 

volume and magnetization direction are shown in the caption. 

We can see that the rotor shape obtained by the 2-D 

optimization had V-shaped magnets such that the magnetic flux 

was concentrated along the d-axis. The rotor obtained by the 

2.5-D optimization also had V-shaped magnets with different 

depths for each layer. It should be noted that we had various 

rotor structures that differed for each layer, for example, the 

rotor structures of a surface magnet motor and reluctance motor 

when we changed the optimization settings. 

The average torque and torque ripple for the reference and 

optimized shapes are shown in Fig. 10. Note that the torque 

characteristics for the PM motor obtained via 2-D optimization 
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Fig. 10. Average torque and torque ripple 
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Fig. 11. Torque waves for reference and resultant shapes 
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were computed using a 3-D model shown in Fig. 8. We can see 

that the average torque values for the resultant rotor shapes in 

Figs. 8 and 9 were approximately 20 % larger than that of the 

reference model, although the magnet volume remained almost 

unchanged. The proposed method considerably improved the 

torque ripple compared to the reference model while the 2-D 

optimization method improved it moderately. To understand 

the difference in the performance among these rotor shapes, we 

compared the torque waves shown in Fig. 11, in which the total 

torque was decomposed into magnet and reluctance torques by 

the frozen permeability method [11]. It could be seen that the 

optimized shapes had larger magnet torques than the reference 

model. The ripple in the magnet torque in Fig. 11 (b) was 

approximately 10 % larger than that in Fig. 11 (c). This was one 

of the reasons why the rotor in Fig. 9 had a smaller torque ripple 

than that in Fig. 8. Moreover, to compare the torque 

performances of the optimized shapes in detail, the torque 

waves in the three layers were computed using the nodal force 

method [9]. The results are presented in Fig. 12. Note that the 

decomposed torques added up to the total torque, as shown in 

Fig. 11. We can see that the torque variations in layers 1 and 3 

of the 2.5-D model were canceled out. In contrast, the torques 

of the 2-D model were in phase, such that the variations did not 

cancel out. It is well known that torque variations can be 

canceled out by skewed rotors as well. The 2.5-D structure 

shown here is a new alternative for the reduction of torque 

ripples. 

B. Smoothing of Rotor Shape for Manufacturing 

It may be difficult to manufacture the rotor shapes resulting 

from our proposed method because the core and magnet 

surfaces are wavy. To overcome this problem, we made the 

magnet surfaces smoother. A typical smoothing result is 

presented in Fig. 13. We can see that smoothing had little 

impact on the torque performance, as shown in Fig. 13 (c). 

V. CONCLUSION 

In this paper, we proposed a novel 2.5-D multi-phase 

topology optimization method for PM motors using a Gaussian 

basis function. It has been shown that the proposed method 

could significantly reduce torque ripples and simultaneously 

increase the average torque. The novel 2.5-D rotor structure 

obtained in this study is a new alternative to skewed rotors. In 

the future, we plan to manufacture an optimized rotor to verify 

its performance through experiments. 
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(a) 2-D optimization (b) 2.5-D optimization 

Fig. 12. Decomposed torque waves for each layer 

  

(a) Bird view of smoothed rotor (b) Cross sectional view of layer 3 

 

(c) Torque waves for 2.5-D optimized and smoothed shapes 

Fig. 13. Smoothed rotor shape and torque waves 
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