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Part I

On a numerical bifurcation

analysis of a particle

reaction-di↵usion model for a

motion of two self-propelled disks

1 Introduction

Since the work of T. Vicsek et al., many theoretical analyses using particle
motion models have been performed to understand the collective motion of
biological species [1]. For example, flocks of birds [2], schools of fish [3],
and insect swarms [4] have been investigated. In addition, physicists have
developed many mathematical models of collective motion assuming various
interactions [6–11]. Recently, there is also an analysis of collective motion
that considers non-local interactions [12]. Moreover, spontaneous motions
of non-living systems have been reported, such as collective motions using
liquid crystal molecules [13], micotubes [14,15], asymmetric particles called
Janus colloidal particles [17] on the micromere scale [18], millimeter rods [16],
etc.

In particular, there is a macroscopic experimental system called a self-
propelled system in which individual materials move by changing the state
of the field. For example, camphor particles [19] and oil droplets [20, 21]
move in translational motion by changing the surface tension of the water.

Many types of research have been performed to understand the mech-
anism of collective motions using such self-propelled systems, and collec-
tive motions on annular water channels using camphor boats and camphor
disks [22, 23] and on the water surface of petri dishes [24–26] have been re-
ported. In addition, a self-assembly motion of droplets has been reported
by using the chemical reaction [27]. The mathematical model has also been
proposed to understand the collective motion for such macroscopic self-
propelled material. For example, there is a mathematical model for the
collective motion of camphor boats in the annular water channel [28] and
the collective oscillatory motion of camphor disks [29], and there is also a
mathematical model for the self-assembly motion of droplets with the chem-
ical reaction [30].

One of the mathematical models to describe the above motion of self-
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propelled material is the particle reaction-di↵usion model as follows [31]:

⇢
d
2
x
i
c

dt2
= G(u(xic(t), t)) � µ

dx
i
c

dt
,

@u

@t
= du

@
2
u

@x2
� ku +

NX

i=1

F (x� x
i
c(t)),

(1)

where x
i
c(t) and u(x, t) are the center of an i-th disk, which is the surfactant

and a surface concentration of the surfactant, respectively. ⇢, µ, du and k

denote an area density of the disk, a friction coe�cient, a di↵usion coef-
ficient of surfactant molecules on a water surface, and a combined rate of
sublimation and dissolution of the surfactant, respectively. When N = 1, (1)
represents the motion of a single self-propelled material, and when N � 2,
it represents the collective motion of self-propelled material. The function
G(u) is a driving force to the self-propelled material, which is given by, for
example,

G(u) =
1

2r
(�(u(xc(t) + r, t)) � �(u(xc(t) � r, t))) ,

or

G(u) =
d�(u(x, t))

dx

����
x=xc(t)

.

where the function �(u) > 0 describe the surface tension on the water sur-
face, for instance, which is the following strictly decreasing function of u > 0:

�(u) =
a
m

am + um
(�0 � �1) + �1, (2)

where a > 0, m 2 N, and �0, �1 > 0 represent the surface tension of
pure water and that of the critical micelle concentration of the surfactant,
respectively. The function F (x) represents the supply of the surfactant
molecules, and a simple example of it is the supply from solid surfactant,
which is described by

F (x) =

⇢
kuu0, |x|  r,

0, |x| > r,
or F (x) = kuu0�(x),

where ku and u0 are the supply rate and the density of the solid surfac-
tant, respectively, and r is the radius of the solid surfactant. �(x) is the
Dirac delta function, corresponding to the point source. In order to theo-
retically understand the mechanism of self-propelled material motion, much
computer-aided and formal analysis using mathematical models have been
investigated [32–36]. Furthermore, as rigorous mathematical analysis of the
mathematical model(1), the global existence of solutions in the whole space
and the existence of unique traveling wave solutions [37], rotational motion
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solutions for one-dimensional periodic boundary conditions in space have
been shown for the piecewise constant function supply term [38]. In addi-
tion, the existence of weak solutions is shown for the delta function supply
term [39]. To understand the collective motion of camphor disks in the an-
nular water channel [40], in 2015 Nishi et al. analyzed the interaction of two
camphor disks using the following dimensionless mathematical model with-
out the inertia term, which assumes that camphor disks are very light [41]:

µ
dx

i
c

dt
=

�(u(⇡L(xic + r), t)) � �(u(⇡L(xic � r), t))

2r
,

@u

@t
=

@
2
u

@x2
� u +

NX

i=1

F (x� x
i
c),

(3)

for i = 1, · · · , N , and x 2 [�L/2, L/2), where µ > 0 and L > 2Nr > 0, and
the function �(u) and F (x) are given by

�(u) =
a
2

a2 + u2
+

�1

�0 � �1
, (4)

F (x) =

⇢
1, |x|L  r,

0, |x|L > r,
|x|L = min

n2Z
|x + nL|, (5)

⇡L(x) =

8
<

:

⇡L(x� L), x � L/2,
⇡L(x + L), x < �L/2,

x, otherwise,
(6)

where a, �0, �1 are positive constants. ⇡L is a map from R to [�L/2, L/2)
that is equivalent to a canonical projection R ! R/Z ⇠= S

1 to which the
annular water channel is considered to be homeomorphic. When N = 2,
from the computer-aided analysis of (3) under the periodic boundary con-
dition and the additional experimental results, the model system(3) was
shown to qualitatively reproduce well the motion of two camphor disks [41].
The results also suggest that the tra�c jam motion and billiard-like mo-
tions reported in the experiments can be reproduced. They are reproduced
qualitatively, as shown in Fig.1. In this study, the existence and stabil-
ity of the motionless solution, the symmetric rotating solution (Fig.2(a)),
and the asymmetric rotating solution (Fig.2(b)) have also been investigated
by computer-aided analysis. In addition, characteristic numerical results
such as an asymmetric oscillatory solution(Fig.3(a)), an oscillatory rotating
solution(Fig.3(b)(c)) and an irregular motion solution(Fig.3(d)) have been
shown, but the bifurcation mechanism by which these solutions emerge is
not known.

In our study, we theoretically show the mechanism of the emergence of
complex motions by analyzing the global bifurcation structure of (3) on the
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annular water channel when N = 2 and L = 10, using the numerical bifur-
cation method. Furthermore, the bifurcation mechanism in which irregular
motions appear is explained, and the chaotic nature of irregular motions
is clarified by numerical calculation of the maximum Lyapunov exponent.
This paper is organized as follows: the solution to be obtained by the nu-
merical bifurcation is defined in Chapter 2. In Chapter 3, based on the
definition of the solution, numerical solutions are obtained by the bifurca-
tion method, and the linearization stability of the solutions is also shown
numerically. In Chapter 4, we discuss the results of the bifurcation structure
in Chapter 3 and focus on irregular motions to investigate the mechanism of
their appearance. Finally, we summarize the entire study and discuss future
work.
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Figure 1: (a) The trajectory of the asymptotic solution x
i
c(1  i  14) corre-

sponding to an tra�c jam like motion of camphor disks. (b) The trajectory of
the asymptotic solution x

i
c(1  i  7) corresponding to an billiard like motion of

camphor disks. Both solutions are obtained by the numerical computation for (3)
with µ = 0.0002, r = 0.5, L = 100 , m = 2 and a = 0.05.

2 Mathematical Definitions of Disk Motions

To analyze motions of disks on annular water channel, we introduce math-
ematical equations of which solutions correspond to actual motions. Firstly,
we change the coordinate system of (3) from stationary to moving coordi-
nate system z = x � ct where c represents a system velocity, which allows
us to treat rotating motions such as the ones shown in Fig.2 as station-
ary solutions. As the result of the transformation, we obtain the following
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Figure 2: The trajectory of the asymptotic solution x
1
c and x

2
c . The solid and dashed

lines represent the trajectories of x
1
c and x

2
c , respectively. (a) A symmetrically

rotating solution of two disks (µ = 0.08), (b) An asymmetrically rotating solution
of two disks (µ = 0.01). Both solutions are obtained by the numerical computation
for (3) with r = 0.5, L = 100 , m = 2 and a = 0.05.

equations:

µ
dz

i
c

dt
=

�(v(⇡L(zic + r), t)) � �(v(⇡L(zic � r), t))

2r
� µc,

@v

@t
=

@
2
v

@z2
� c

@v

@z
� v +

NX

i=1

F (z � z
i
c),

(7)

where v(z, t) = u(z + ct, t) and z
i
c(t) = x

i
c(t)�ct(i = 1, ..., N). We define four

types of motion as solutions of mathematical equations using (7). Note that
we denote concentration profile, position of disks, system velocity, temporal
period and the region [�L/2, L/2) by v, z

i
c, c, T and I, respectively.

Definition 1 (Motionless solution). A tuple (v, z1c , ..., z
N
c , c) 2 C

1(I; (0,1))⇥
C

1(0,1)N ⇥ R is called a motionless solution if c = 0 and (v, z1c , ..., z
N
c ) is

a stationary solution of (7) with system velocity c(= 0).

Definition 2 (Rotating solution). A tuple (v, z1c , ..., z
N
c , c) 2 C

1(I; (0,1))⇥
C

1(0,1)N ⇥ R is called a rotating solution if c 6= 0 and (v, z1c , ..., z
N
c ) is a

stationary solution of (7) with system velocity c.

Definition 3 (Oscillatory solution). A tuple (v, z1c , ..., z
N
c , c, T ) 2 C

1(I; (0,1))⇥
C

1(0,1)N⇥R⇥R is called an oscillatory solution if c = 0 and (v, z1c , ..., z
N
c )

is a time-periodic solution of (7) with system velocity c(= 0) and period
T > 0.

Definition 4 (Oscillatory rotating solution). A tuple (v, z1c , ..., z
N
c , c, T ) 2

C
1(I; (0,1))⇥C

1(0,1)N ⇥R⇥R is called an oscillatory rotating solution
if c 6= 0 and (v, z1c , ..., z

N
c ) is a time-periodic solution of (7) with system

velocity c and period T > 0.
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Figure 3: The trajectory of the asymptotic solution x
1
c and x

2
c . (a) An asymmetric

oscillatory solution (µ = 0.0196). (b) A symmetric oscillatory rotating solution
(µ = 0.00488). (c) An asymmetric oscillatory solution (µ = 0.00179). (d) An
irregular motion solution (µ = 0.008). All solutions are obtained by the numerical
computation for (3) with r = 0.5, L = 10, m = 2 and a = 0.05.

Fig. 4(a), (b), (c) and (d) show typical example motions for solutions
of Definition 1, 2, 3 and 4, respectively. These four types of solution can
represent all the known characteristic motions of disks discovered in the
previous researches [40, 41] except for irregular motions (Fig.3(d))
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Figure 4: Plots of example motions (a), (b), (c) and (d) which correspond to
solutions of Definition 1, 2, 3, and 4, respectively. (a) µ = 0.0202, (b) µ = 0.00197,
(c-1) µ = 0.0198, (c-2) µ = 0.0196, (d-1) µ = 0.00488, (d-2) µ = 0.0178. The other
parameters are r = 0.5, L = 10,m = 2 and a = 0.05

3 Numerical Results

Based on the definition explained in Chapter 3, we numerically analyzed the
global bifurcation structure of (7).

3.1 Newfound motions and their definitions

In the previous researches [40, 41], only eight types of solution: symmet-
ric motionless solution, symmetric/asymmetric rotating solution, symmet-
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ric/asymmetric oscillatory solution, symmetric/asymmetric oscillatory ro-
tating solution and irregular motion, have been reported, where the sym-
metries are about positions and amplitudes of disks for motionless/rotating
solutions and oscillatory/oscillatory rotating solutions, respectively. As the
result of our bifurcation analysis, we found another four types of motion:
round-trip-asymmetric motion (Fig.5(a-2)), complete in-phase motion (Fig.5(b)),
period-doubled motion (Fig.5(c-2)) and quasi-periodic motion (Fig.5(d-1)(d-
2)). Round-trip-asymmetric motion is an oscillatory motion with di↵erent
trajectories between the first and second half of its round-trip. In-phase
motion is one of the periodic motions. Unlike the other motions, the disks
oscillate in the same directions as shown in Fig.5(b). Period-doubled mo-
tion is a motion derived from a periodic motion. Although its trajectory is
similar to the original one, there is a di↵erence between the two successive
periodic orbits. Its period is doubled from the original period because of the
di↵erence. Quasi-periodic motion has two di↵erent periods in its motion. In
some figures, we negate constant rotating velocity by giving non-zero c for
visibility.

From the observation of these motions, we introduce additional mathe-
matical definitions of motion to classify them. In the following definitions,
we fix N = 2 for simplicity. Note that domains of solutions defined in Chap-
ter 2 can be extended to R since they are stationary or periodic solutions.

Definition 5 (Position-(a)symmetric solution). Suppose (v, z1c , z
2
c , c) is a

motionless or rotating solution of (7) with N = 2. The solution is called a
position-symmetric solution if

|z1c (t) � z
2

c (t)| = L/2

holds for all t > 0. If not, it is called a position-asymmetric solution.

Fig.2(a) and (b) are examples of position-symmetric and asymmetric
solutions, respectively.

Definition 6 (Amplitude-(a)symmetric solution). Suppose (v, z1c , z
2
c , c, T )

is an oscillatory or oscillatory rotating solution of (7) with N = 2. The
solution is called an amplitude-symmetric solution if

max
t

z
1

c (t) � min
t

z
1

c (t) = max
t

z
2

c (t) � min
t

z
2

c (t)

holds. If not, it is called an amplitude-asymmetric solution.

Fig.4(c-1) and (c-2) are examples of an amplitude-symmetric and asym-
metric solution, respectively.

Definition 7 (Round-trip-(a)symmetric oscillatory solution). Suppose (v, z1c , z
2
c , c, T )

is an oscillatory solution of (7) with N = 2. The solution is called a round-
trip-symmetric oscillatory solution if

z
i
c(t) � z

i
c(0) = z

i
c(T/2) � z

i
c(t + T/2)
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Figure 5: Plots of newfound motions with auxiliary plots for comparison. (a-1)
Round-trip symmetric solution (µ = 0.00796, c = 0). (a-2) Round-trip asym-
metric solution (µ = 0.00801, c = 0). (b) Complete in-phase solution (µ =
0.0149871, c = 2.8871). (c-1) 1-period solution (µ = 0.0177824, c = 0.250286).
(c-2) 2-period solution (µ = 0.0158555, c = 0.517698). (d-1) A quasi-periodic mo-
tion (µ = 0.0033, c = 0). (d-2) A detailed figure of (d-1) (100  t  110).
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holds for i = 1, 2 and all t > 0. If not, it is called a round-trip-asymmetric
oscillatory solution.

The definition above means that the trajectory of the first half of their
round-trip is equal to the inverted one of the second half. Fig.5(a-1) and (a-
2) show example motions which correspond to a round-trip-symmetric and
asymmetric solution, respectively. Note that we do not consider round-trip-
symmetry on oscillatory rotating solutions because they are usually round-
trip-asymmetric due to their constant rotating velocity.

Definition 8 (Complete in-phase solution). Suppose (v, z1c , z
2
c , c, T ) is an

oscillatory or oscillatory rotating solution of (7) with N = 2. The solution
is called a complete in-phase solution if

argmin
✓2[�T/2,T/2)

Z T

0

|z̃1c (t) � z̃
2

c (t + ✓)|dt = {0}.

holds.

Fig.5(b) shows an example motion which corresponds to a complete in-
phase solution.

For clarity of explanation, we assign a symbol to each type of motion
we found based on the following assignment table (Table 1). A sequence of
letters combined along each row corresponds to each type of motion. We
omit unnecessary letters for simplicity.

3.2 Bifurcation Diagram

We numerically obtained the bifurcation diagram in the case of N = 2 and
L = 10 (Fig. 6), which is known as the parameter region where complicated
solutions appear. Fig. 7 shows typical examples of all the types of motion
we found. For visibility of period-doubling transitions, we added z

1
c -z

2
c plots

of 2n-periodic solutions (Fig. 8).
Previously only limited parts of the bifurcation structure, stationary

solution branches, were examined. This numerical bifurcation analysis re-
vealed the structure among not only stationary solutions but periodic ones.
Owing to that, we were able to make mainly five notable observations about
periodic motions, including chaotic ones: (1) there are stable branches of
OSA (round-trip-asymmetric motion) which is a newfound motion. (2)
There is an OrSI (complete-in-phase motion, which is also newfound) branch
which is not directly connected to any stable branches. (3) There is a compli-
cated part of the bifurcation structure hidden by the stable branch of OrSN

around 0.002  µ  0.005(Fig.9), which was not discovered in previous re-
search even though it has some stable branches. (4) A bifurcation process
that is probably a period-doubling cascade exists near µ = 0.016 (Fig.10).
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Figure 6: Bifurcation diagram obtained numerically for solutions defined in Chap-
ter 2. The value of the Y-axis, where di(t) and vi(t) represent the distance
to the next disk of i-th disk and velocity on the original(stationary) coordinate
system at time t, respectively, is defined to be able to separate each branch
curve. Solid lines indicate stable solutions, whereas dashed lines indicate un-
stable solutions. Five types of bifurcation points: Hopf, pitchfork, saddle-node,
period-doubling, and a torus are represented by a square, triangle, diamond,
star ,and hexagon, respectively. Some branches disappear in the middle because
the continuation of those branches was impossible due to their strong instability.
1The branch of Qpr is not on this diagram because it does not match with Defini-
tion 1, 2, 3 or 4. However, we numerically obtained stable Qpr solutions (Fig.7(m-1)
and (m-2)) near the torus bifurcation point by computing time evolution. There-
fore, we state that there exists a branch of Qpr.

(5) A torus bifurcation point exists near µ = 0.004. The last two observa-
tions can give us some hints of the mechanism whereby the chaotic motion
emerges, which has never been discussed before even though it appears in
a large portion of the parameter space. Thus we discuss the mechanism in
the next chapter.

4 Analysis of the Chaotic Motion

Considering the bifurcation structures we obtained, there are two possi-
ble bifurcation routes to the chaotic motion via period-doubling bifurcation
and torus one. Both have well-known mechanisms by which chaotic mo-
tions emerge: period-doubling cascade and torus breakdown [42,43], respec-
tively. In this section, we numerically compute the maximum Lyapunov
exponent [44], which is an indicator of chaotic motion [42], and investigate
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Figure 7: Plots of trajectories of all the motions found. (a) L (c = 0, µ = 0.0202)
(b) R (c = 0, µ = 0.00197) (c-1)(c-2) OrSN (µ = 0.00488) with c = 0 and c = 7.58
(resp.) (d-1)(d-2) OrSI (µ = 0.015) with c = 0 and c = 2.89 (resp.) (e) OSS

(c = 0, µ = 0.0198) (f) OAS (c = 0, µ = 0.0196) (g-1)(g-2) OrA (µ = 0.0179) with
c = 0 and c = 0.25 (resp.) (h-1)(h-2) Or2A (µ = 0.0159) with c = 0 and c = 0.518
(resp.) (i-1)(i-2) Or4A (µ = 0.01559) with c = 0 and c = 0.548 (resp.) (j-1)(j-2)
Or8A (µ = 0.01558) with c = 0 and c = 0.549 (resp.) (k) OSA (c = 0, µ = 0.00796)
(l) OAA(c = 0, µ = 0.00275) (m-1)(m-2) Qpr (µ = 0.0033, c = 0) in 0  t  300 and
100  t  110 (resp.)
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the relationship between those two bifurcation processes and chaotic mo-
tion in this system. Fig.11 shows that both ends of the parameter region
where chaotic motions in terms of Lyapunov exponent occur, that is, the re-
gion where the maximum Lyapunov exponent is positive, coincide with the
parameters where the period-doubling bifurcations repeatedly occur, and
the saddle-node bifurcation point of the stable OrSN branch lies. The co-
incidence at the right side of the region (near µ = 0.016) implies that the
repeated period-doubling bifurcations are most likely to be a part of the
period-doubling cascade, which leads to chaos. In addition, oscillatory and
oscillatory rotating solutions sporadically exist around 0.014  µ  0.016,
which are likely to be periodic windows, which are incidental to period-
doubling cascade. Fig.12 shows trajectories of periodic solutions found in
the periodic windows. Moreover, chaotic attractors [42] are likely to ex-
ist near the period-doubling cascade (Fig.13). The left end of the chaotic
region coincides with the saddle-node point of the OrSN branch, and the
transition from OrSN to chaos occurs suddenly according to the very sharp
change of the maximum Lyapunov exponent. Our bifurcation analysis can
be explained as follows: there should exist a torus breakdown point that
emerges from the torus bifurcation point near µ = 0.004. That should lead
to chaos, however, the basin of the stable OrSN is so large that usual nu-
merical calculations result in converging to OrSN solutions quickly(Fig.14),
which is the possible reason why chaotic behaviors suddenly appear after
the OrSN branch disappears at the saddle-node point.

5 Conclusion

This study clarifies the motion of two camphor disks in an annular wa-
ter channel by numerical bifurcation calculations for the particle reaction-
di↵usion model under periodic boundary conditions. As a result, we were
able to find new stable solutions (the round-trip-asymmetric solution, N -
period solution (N = 2, 4, 8), and quasi-periodic solution) that could not be
found in previous studies. In addition, the numerical calculation of the maxi-
mum Lyapunov exponent showed that the motion shown as irregular motion
in the previous result [41] is chaotic motion. The mathematical analysis of
our model of the two self-propelled materials is limited to the existence of
motionless, rotating, and asymmetric rotating solutions. Therefore, we want
to analyze the existence and stability of periodic solutions in the future.

A Discretization

In order to numerically analyze the bifurcation structure of (7), we need
to discretize the system. It is preferable to employ Fourier series expan-
sion rather than naive finite-di↵erence method for discretization of v(z, t)

18



 0

 0.2

 0.4

 0.6

 0.8

 1

 0
.0
00

4

 0
.0
02

 0
.0
04

 0
.0
06

 0
.0
08

 0
.0
1

 0
.0
12

 0
.0
14

 0
.0
16

 0
.0
18

 0
.0
2

 0
.0
22

�1

 5

 50

 10

 15

 20

 25

 30

 35

 40

 45

 0

m
ax i,
t
|v

i|
+

m
ax i,
t
|d

i|

µ

Period-doubling 
cascade

Torus bifurcation

Stable OrSN branch

Periodic windows

Figure 11: Plot of maximum Lyapunov exponent �1 coupled with the bifurcation
diagram.

19



-5

 0

 5

 0  20  40  60  80  100

z
i
c

t

(a)

-5

 0

 5

 0  20  40  60  80  100

z
i
c

t

(b)

-5

 0

 5

 0  20  40  60  80  100

z
i
c

t

(c)

 0  10  20  30  40  50
-5

 0

 5

z
i
c

t

(d)

 0  10  20  30  40  50
-5

 0

 5

z
i
c

t

(e)

Figure 12: Plots of periodic solutions found in the periodic windows (a) µ =
0.01531, c = 0.29, (b) µ = 0.01502, c = 0, (c) µ = 0.01432, c = �0.012, (d)
µ = 0.01402, c = 0.021, (e) µ = 0.01341, c = 0.

20



-4.4

-4.2

-4

-3.8

-3.6

-3.4

-3.2

-3

-2.8

-2.6

-3 -2 -1  0  1  2  3  4  5

z
1
c

z
2
c

Figure 13: A plot of a trajectory that is likely to be on a chaotic attractor near the
period doubling cascade.(µ = 0.015577, c = 0.550517)

-5

 0

 5

 300  400  500  600  700  800

z
i
c

t

Figure 14: A failed transition to a quasi-periodic solution that resulted in falling
onto OrSNN (µ = 0.00347, c = 0.16)

.

21



because the term v(⇡L(zic ± r), t) may require values of v on arbitrary points
in [�L/2, L/2).

Let (Z1
c (t), ..., Z

N
c (t)) be the positions of disks in the discretized system.

Let us define a function V : R2 ! R as follows:

V (z, t) =
a0(t)

2
+

MX

k=1

✓
ak(t) cos

✓
2⇡kz

L

◆
+ bk(t) sin

✓
2⇡kz

L

◆◆
,

which represents v in the form of truncated Fourier series with wave number
M and real coe�cients (a0(t), a1(t), ..., aM (t), b1(t), ..., bM (t)). In the follow-
ing, we obtain the discretized system of (7), that is, the set of ordinary di↵er-
ential equations between (Z1

c (t), ..., Z
N
c (t)) and (a0(t), a1(t), ..., aM (t), b1(t), ..., bM (t)).

First, we substitute v and z
i
c in (7) with V and Z

i
c. Then, we obtain

µ
dZ

i
c

dt
=

�(V (⇡L(Zi
c + r), t)) � �(V (⇡L(Zi

c � r), t))

2r
� µc (i = 1, ..., N),

@V

@t
=

@
2
V

@z2
� c

@V

@z
� V +

NX

i=1

F (z � Z
i
c).

(8)

The left-hand side of the second equation is

@V

@t
=

1

2

da0

dt
+

MX

k=1

✓
dak

dt
cos

✓
2⇡kz

L

◆
+

dbk

dt
sin

✓
2⇡kz

L

◆◆
.
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The right-hand side is

@
2
V

@z2
� c

@V

@z
� V +

NX

i=1

F (z � Z
i
c)

=
MX

k=1

(
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�
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+
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L
bk cos
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L

◆�

�
(

1

2
a0 +

MX
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✓
ak cos

✓
2⇡kz

L

◆
+ bk sin

✓
2⇡kz

L

◆◆)

+
NX

i=1

F (z � Z
i
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= � 1

2
a0

+
MX

k=1

⇢
ck cos

✓
2⇡kz

L

◆
+ dk sin

✓
2⇡kz

L

◆�

+
NX

i=1

F (z � Z
i
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where

ck(t) = �
(✓

2⇡k

L

◆2

+ 1

)
ak(t) +

2⇡kc

L
bk(t)

and

dk(t) = �2⇡kc

L
ak(t) �

(✓
2⇡k

L

◆2

+ 1

)
bk(t)

for k = 1, ...,M . Note that here F is

F (x) =

⇢
1, |x|  r,

0, |x| > r.

Next, let us integrate both sides from z = �L/2 to L/2 then we obtain

L

2

da0

dt
= �L

2
a0 + 2Nr.
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Similarly, we multiply 2 cos(2⇡kz/L)/L on both sides and integrate them
from z = �L/2 to L/2 then the following is obtained:

dak

dt

=ck +
1

k⇡

NX

i=1

⇢
sin

✓
2⇡k(Zi

c + r)

L

◆
� sin
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2⇡k(Zi
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L
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=ck +
2

k⇡
sin

✓
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L

◆ NX

i=1

cos

✓
2⇡kZi

c

L

◆

for k = 1, ...,M . For bk, we multiply 2 sin(2⇡kz/L)/L on both sides and
integrate them from z = �L/2 to L/2 then the following is obtained:

dbk

dt

=dk �
1

k⇡

NX

i=1

⇢
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✓
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L

◆
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◆ NX
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c

L

◆
.

for k = 1, ...,M . To sum up, we obtained
8
>>>>>>>>>>>><

>>>>>>>>>>>>:

da0

dt
= �a0 +

4Nr

L
,

dak

dt
= ck +

2

k⇡
sin
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2
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L
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2⇡kZi

c

L

◆
,

k = 1, ...,M.

Combining the first equation of (8), the discretized system of (8) to be
obtained is8

>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

da0

dt
= �a0 +
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L
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,

µ
dZ

i
c

dt
=

�(V (⇡L(Zi
c + r), t) � �(V (⇡L(Zi

c � r), t))

2r
� µc,

k = 1, ...,M, i = 1, ..., N

(9)
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where

V (z, t) =
a0(t)

2
+

MX

k=1

✓
ak(t) cos

✓
2⇡kz

L

◆
+ bk(t) sin

✓
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)
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L
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L
ak(t) �

(✓
2⇡k

L

◆2

+ 1

)
bk(t).

Typically we used M = 128 in this paper.

B Numerical methods

For solving the discretized system (9), we employed a four-stage fourth-order
L-stable Rosenbrock method called ROS4 [46] by E. Hairer and G. Wan-
ner [49]. Pseudoarclength continuation method [50] was used for branch
continuation. To find periodic solutions, we employed Newton Shooting
Method [54]. To compute eigenvalues and eigenvectors, we used ARPACK
[53] for sparse matrices and the routine implemented in Eigen 3.3.9 [51]
which is based on EISPACK [52] for dense matrices.

B.1 Time integration

It is essential to choose a time integration method that works e↵ectively in
terms of computation time since time integration accounts for a large part of
the computation time in finding periodic solutions, which is typically quite
long. The basic idea is to choose an adaptive time step method [48, 49].
Profiles of periodic solutions in the system (7) (N = 2) typically quickly
change when the two disks get very close. This phenomenon occurs in a
bit of time, and such quick changes do not occur in most of the period
time,, which means that if we chose a fixed time-step method, we would
have to take a tiny time step only for the moment of the quick change to
be calculated stably and accurately. By choosing an adaptive time step
method, we can employ a suitable step size most of the time and a small
step size only when quick changes happen. (Fig. 15)

However, there is a factor that prevents the adaptive method from em-
ploying such well-optimized time step sizes, that is, the sti↵ness [49]. The
discretized system (9) has coe�cients in the order of O(k2), which can cause
sti↵ness problems where step sizes become unreasonably small [49]. To avoid
that, we need implicitness in the adaptive method we choose. There are
many variants of (semi-)implicit adaptive method, so we decided to choose
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Figure 15: Adaptive change of �t by ROS4. (µ = 0.016) Decreasing spikes which
indicate that very quick changes happen are observed.

one developed and implemented by E. Hairer and G. Wanner [47] because
their methods and program codes have been well tested and reviewed by
many users. Considering the balance between computational cost, stability
and accuracy, we chose ROS4 [46], which performed well enough for our
research purposes.

B.2 Pseudoarclength Method

The pseudoarclength method is a numerical continuation method introduced
by H. B. Keller [50]. First, let us explain a very basic idea of numerical
continuation (Fig.16). Let F (v,�) be a function that maps RN ⇥R to RN ,
where v 2 RN and � 2 R are a set of arguments and a parameter in the
function, respectively. Suppose that we want to track the branch defined by
F (v,�) = 0. Let (v0,�0) be the first known point on the branch. To obtain
the next point on the branch, we can apply Newton’s method with a slightly
shifted parameter �1. The initial data can be v0. In many situations, this
attempt succeeds and results in the next point (v1,�1) being obtained. We
can repeat this process until we meet a saddle-node point such as the point
with � = �s. With this basic method, we cannot turn around the saddle-
node point because if we let the new parameter be larger than �s, Newton’s
method would fail due to the nonexistence of solutions, or if we let it be
smaller, the next point would stay on the solid line part.

Pseudoarclength method solves this problem (Fig.17). In the previous
method, we shift the parameter along the parameter axis and let the solu-
tions converge onto the branch perpendicularly to the parameter axis. The
idea of pseudoarclength method is to do that on the tangent line axis. Let
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Figure 16: Schematic diagram of natural continuation.

(v0,�0) be the first known point again. In addition, suppose that we know
the unit tangent vector (v̇0, �̇0) on the point. For the first step, they can
be (0, 1) if the point is far from saddle-node points. We add a condition for
Netwon’s method to converge perpendicularly to the tangent line axis:

K(v,�; �s) = v̇0 · (v � v0) + �̇0 · (�� �0) � �s = 0

where �s is a small shift along the axis. By solving
(
F (v,�) = 0,

K(v,�; �s) = 0
(10)

with Newton’s method using the initial data ṽ0
1

= v0+v̇0�s, �̃
0
1

= �0+�̇0�s,
we obtain the next point (v1,�1). Here, let us calculate the unit tangent
vector on (v1,�1). The solution of (10) is considered to be parameterized by
�s. By taking derivative of (10) with respect to �s on (v1,�1), we obtain

✓
Fv(v1,�1) F�(v1,�1)

v̇0
T

�̇0

◆✓
v̇1
�̇1

◆
=

✓
0
1

◆
(11)

The unit tangent vector on (v1,�1) is obtained by solving (11) for (v̇1, �̇1)
and normalizing it. Then, let us renew the tangent line axis and repeat this
process. Using this method, we can turn around the saddle-node point as
described in Fig.17.
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Figure 17: Schematic diagram of pseudoarclength continuation.

B.3 Calculation of Jacobian Matrix

In the computation of implicit time integration and Newton method, we
need to solve a linear problem in the form of DF (p)x = b where DF (p) is
the Jacobian matrix of F : RN ! RN on p. There are mainly three possible
ways to obtain the Jacobian matrix in numerical computation:

1. Finite di↵erence method.

2. Analytic derivative.

3. Automatic di↵erentiation [55].

The first one is a very basic numerical method: approximately give the i-th
column of DF (p) by a finite di↵erence (F (p + �ei) � F (p))/� (or higher-
order one) where ei is the i-th natural basis and � is a small perturbation
size. This method can be used in various situations even if the explicit form
of F is unknown. However, this approximation inherently contains some
error, especially when the perturbation size � is not optimized well. The
second one gives us a very accurate result. However, correctly calculating
analytic derivatives can be unreasonably complicated hard work in some
cases. The third one is useful when we need accuracy without any addi-
tional analytic calculation. We employed the third method for the accuracy
and correctness of derivative calculations and the finite di↵erence method if
applicable.
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Part II

Catch and Release Chemotaxis

Catch and Release Chemotaxis

1 Introduction

Chemotaxis in living organisms is essential for maintaining life in terms of
acquiring nutrition or avoiding hazards [2–6]. In general, due to chemotaxis,
living organisms will move to another place after consuming the nutrition
at their original location. Although many types of artificial self-propelled
objects have demonstrated chemotaxis, most self-propelled motions are one-
directional along the concentration gradient of the chemical stimulus; [7–17]
this is because most objects cannot usually move both towards and away
from a region possessing the highest concentration of the chemical stimu-
lus. For example, 2-hexyldecanoic-acid-containing droplets induced by the
Marangoni flow, whose driving force is the di↵erence of surface tension,
exhibited positive chemotaxis towards HCl stimulus. [7, 11] As another ex-
ample, a 1-decanol droplet exhibited the reversal of its chemotactic direction
with the addition of an aqueous NaCl solution. [10] Both examples are one-
directional; they never return from the region of high concentration. In this
paper, unlike these, we propose a new type of self-propelled system that
consists of a 6-methyl coumarin (6-MC) disk and Na3PO4 tablet, where the
6-MC disk is able to repeatedly move both ways; towards and away from the
Na3PO4 tablet. The experimental system is described in Fig.1. The mecha-
nisms of this process are discussed in terms of the surface tension, chemical
reaction between 6-MC and OH�, and spatial gradient of the base. The
experimental results are qualitatively reproduced by numerical calculations
based on the reaction-di↵usion system coupled with the equation of motion.

2 Experimental Results

Experiments were conducted with di↵erent amounts and distributions of
solid Na3PO4. For each setup, we calculated the time-dependent variation
of the distance from the center L, and the speed v (Fig.2). In the cases
that the amounts of Na3PO4 tablet added were zero and small(mass:20 mg,
diameter:3 mm, thickness:4 mm), no evidence of chemotaxis was observed
(Fig.2(a) and (b), resp.). When a moderately sized Na3PO4 tablet(mass:0.5 g,
diameter:10 mm, thickness:4 mm) was added, repeated catch-and-release chemo-
taxis was observed(Fig.2(c)). When L >10 mm, the movement speed of the
disk was essentially constant around 10 mm/s, which means that it moved
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Figure 1: Explanation of the experimental setup. (a) Top view. (b) Side view.
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continuously. When a large amount of Na3PO4 powder introduced and
distributed (distribution diameter:�65 mm, mass:3.0 g), oscillatory motion
between the resting and motion states occurred in an unspecified place
(Fig.2(d-1)). The characteristic time-dependent motion of Figure 2(c) is
depicted in Figure 3. It clearly shows that the disk was caught by the
Na3PO4 tablet and released after a while.

The surface tension of the water phase was measured to investigate the
driving force of the motion of the 6-MC disk with or without the reaction
between 6-MC and OH� that was obtained by the dissolution of Na3PO4

(Fig.4). The saturation concentration of 6-MC in water was determined
to be �5 mM. The surface tension of water decreased with increasing 6-
MC concentration (Fig.4(a)). On the other hand, for an aqueous solution
of 5mM 6-MC, the surface tension of the system increased up to the sur-
face tension of pure water with increasing Na3PO4 concentration (Fig.4(b)).
Note that the surface tension of the water phase was independent of the
concentration of Na3PO4 (filled circles in Fig.4(b)).

The pH near the water surface was evaluated spatiotemporally using bro-
mothymol blue (BTB) as an indicator to investigate the e↵ect of the Na3PO4

concentration on the characteristic features of the disk motion. Here, t = 0
corresponds to the time at which the Na3PO4 tablet was placed in the water
phase at the bottom of the chamber. The pH values were obtained based
on the calibration curve on the grayscale and measured pH. Figure 5 shows
the time-dependent evolution of the pH near the water surface, analyzed
from the side view of a rectangular chamber (See Appendix A for detailed
information), with the addition of di↵erent sized Na3PO4 tablets or the dis-
tribution of Na3PO4 powder. No 6-MC disk was floated on the aqueous
phase in this experiment. The pH increased at the bottom of the water
phase in both the vertical and horizontal from the Na3PO4 tablet. When a
smaller Na3PO4 tablet was used, the pH near the water surface was lower
than 7.3 (Fig. 5(a)). With a moderately sized Na3PO4 tablet, the pH at
the center of the water surface reached 7.3 and the di↵erence in the pH was
greater than 0.5 at 5  t  7 min (Fig. 5(b)). When a larger amount of
Na3PO4 was used, the pH near the water surface was higher than 8 and the
spatial gradient of the pH was minimal (Fig. 5(c)).

3 Discussion

Based on the experimental results and related preceding studies [18–21], we
discuss the dependence of the mechanism of characteristic motion on the size
of the Na3PO4 tablet. The driving force for the motion of the 6-MC disk is
derived from the distribution of 6-MC on the water since hydrophobic 6-MC
molecules absorbed on the water surface can decrease the surface tension of
the water phase (Fig. 4(a)). Conversely, the increase in the surface tension of
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Figure 2: Time-dependent variations of the distance from the center (a-1, b-1, c-
1 and d-1), and the velocity (a-2, b-2, c-2 and d-2). Each has a di↵erent sized
Na3PO4 tablet ((a) mass: 0.0 g,(b) mass:20 mg, diameter:3 mm, thickness:4 mm,(c)
mass:0.5 g, diameter:10mm, thickness:4mm) or Na3PO4 powder ((d)mass:3.0 g,
distribution diameter of solid Na3PO4:�65 mm) in water phase. In (c-1), the gray
zone denotes the range of L (0  L  5mm) corresponding to the radius of the
Na3PO4 tablet. The downward and upward arrows in (c-1) denote the times when
the state changes from a continuous state to a catch state and vice versa, respec-
tively. (Cropped Figure 1 from the published version [1])

(a) (b) (c)

Figure 3: Composited images of the time-lapse view of the disk motion that corre-
sponds to Figure 2(c). The interval between frames is 1.0 s. (a) First 30 seconds.
(b) 39 seconds following (a). (c) 30 seconds following (b).
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Figure 4: The surface tension of the water phase with di↵erent dissolved concen-
trations of (a) 6-MC and (b) Na3PO4. (b) The surface tension of the water surface
with (empty circles) and without (filled circles) 5mM 6-MC. (Cited Figure 3 from
the published version [1])

Figure 5: Time-dependent variations of the color of BTB indicator in gray scale
(left vertical axis) and corresponding pH (right vertical axis) for the water phase
upon the addition of di↵erent sized Na3PO4 tablets((a) mass:20mg, diameter:3mm,
(b) mass:0.5 g, diameter:10 mm) and Na3PO4 powder ((c)mass:3.0 g, distribution
diameter of solid Na3PO4:�65 mm) at t =3 min (dotted gray thin line), 4 min (thin
gray line), 5 min (dotted thin line), 6 min (thin line), 7 min (dotted thick line) and
9 min(thick line).t = 0 when an Na3PO4 tablet or powder was placed into the
water phase. The gray zones in (a) and (b) denote the position of the Na3PO4

tablet determined from a side view image of the cell. (Cited Figure 4 from the
published version [1])

38



the water phase with 5 mM 6-MC up to that pure water with the addition of
Na3PO4 (Fig. 4(b)) suggests that the 6-methylcoumaric acid ion (6-MCA�),
formed by the reaction of 6-MC with OH�, is not the driving force of the disk
motion. The above result is because hydrophilic 6-MCA� readily dissolves
in the water phase, which makes the surface tension di�cult to decrease due
to the lower surface concentration of 6-MCA�. That is, the 6-MC disk does
not move during the chemical reaction. Here, OH� is produced from the
reaction of water with PO4

3�, as follows:

PO3�
4

+ H2O ! HPO2�
4

+ OH�
. (1)

The continuous motion of the disk under the influence of a small amount
of Na3PO4 (Fig. 2(a) and (b)) suggests that 6-MC molecules are developed
continuously from the disk to the water surface owing to their hydrophobic
nature. Figure 5(a) suggests that the hydrolysis of 6-MC, shown in Equation
(2), is limited owing to the low pH of the system [21]:

6-MC + OH� ! 6-MCA�
. (2)

Therefore, continuous motion is observed when a small amount of Na3PO4

is used.
The mechanism of the catch-and-release chemotaxis observed when a

moderate quantity of Na3PO4 is used (Fig. 2(c)) is illustrated schematically
in Figure 6. In-State I, when the 6-MC disk approaches the water surface
above the Na3PO4 tablet, the 6-MC molecules developed in the direction
of motion are converted to 6-MCA� by reaction with OH�. The 6-MC
disk moves in the direction of the region with higher surface tension since
the surface tension of the aqueous solution of 6-MCA� is similar to that
of pure water. That is, the 6-MC disk further approaches the air-water
interface above the Na3PO4 tablet. Figure 2(c) suggests that the 6-MC disk
is caught by the Na3PO4 tablet owing to the higher concentration of OH�

above the tablet. The disk speed decreases to zero at L <5 mm because
the reaction of 6-MC and OH� predominantly occurs in the vicinity of the
interface above the tablet. Then, the disk stops at the location with the
highest surface tension, i.e., the midpoint of the location of the Na3PO4

tablet and such a Catch state is maintained during the reaction (State II) at
0  L < 5mm. When the concentration of OH�around the disk decreases
to a threshold value owing to the consumption of OH�by its reaction with
6-MC and the di↵usion limit of OH�formed from the reaction of water with
PO4

3�, the disk accelerates across the water surface in a Release motion
(State III). The results in Figure 5(b) justify the argument that the spatial
pH gradient in the range of 5  L < 10mm induces the Catch-and-Release
chemotaxis. Clear observation of the positive chemotaxis upon the addition
of Na3PO4 powder suggests that the dissolution rate of Na3PO4 from the
powder is higher than that from the compressed Na3PO4 tablet.
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Figure 6: Schematic illustration of catch-and-release chemotaxis mechanism con-
sistent with the results presented in Fig. 2(c). (Upper) Side view of the 6-MC
disk, Na3PO4 tablet, 6-MC molecules (filled squares), 6-MCA� (empty squares)
and OH� (filled circles) formed by the reaction of PO4

3� with water at the air-
water interface. (Lower) The surface tension � along the x-axis for States I, II and
III. �0 is the surface tension of pure water.
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Oscillatory motion was observed irrespective of the location of the chem-
ical stimulus source when a large amount of distributed solid Na3PO4 was
used (Fig. 2(d)), suggesting that the concentration of OH� across the en-
tire water phase rapidly reached the threshold value required for oscillatory
motion. The small spatial pH gradient at high pH values in Figure 5(c)
supports this argument. The mechanism of the oscillation between motion
and rest is similar to those noted in previous studies [18, 20, 21]. Figure 6
suggests that di↵erent features of the disk motion, i.e., continuous motion,
Catch-and-Release chemotaxis, and universal oscillatory motion, are deter-
mined by the concentration of OH� and its spatial gradient at the air-water
interface.

To theoretically determine the mechanism of the 6-MC disk motion as a
function of the distribution of solid Na3PO4, we introduced a mathematical
model based on the reaction-di↵usion equation and the equation of motion.
The assumptions in the model are as follows:

1. A self-propelled object such as a 6-MC disk exhibits one-dimensional
motion along the x-axis in a narrow rectangular channel, (0, Lc) ⇥
(0, �y), where �y ⌧ 1.

2. The size of the base tablet is varied to represent the change in the
distribution of solid Na3PO4.

3. OH� is immediately supplied from the base tablet to the water surface
owing to the shallowness of the water phase.

4. 6-MCA� produced by the reaction of 6-MC with OH� immediately
dissolves in the bulk phase.

The mathematical model for u(x, t), v(x, t), and xc(t) based on assumptions
1-4 is expressed as in Equation (3), where u(x, t), v(x, t), and xc(t) are the
concentration of 6-MC and OH� near the water surface in the aqueous phase,
and the center position of the 6-MC disk, respectively [18, 20,22].

8
>>>>><

>>>>>:

@u

@t
= duuxx � k1u� k2uv + F (u, x, xc; r0),

@v

@t
= dvvxx � k2uv + G(v, x, xp; r1),

m
d
2
xc

dt2
= �y(�(u(xc + r0, t)) � �(u(xc � r0, t))) � µ

dxc

dt
,

(3)

where du and dv are the di↵usion coe�cients of 6-MC and OH�, respectively.
k1 and k2 are the rate constants for the dissolution of 6-MC in the water
phase and the reaction of 6-MC and OH�, respectively. m,µ, r0, and r1

are the mass of the 6-MC disk, the friction coe�cient of the 6-MC disk
motion, and the radii of the 6-MC and base disks, respectively. xp denotes

41



the center position of the base disk. Functions F and G, which correspond
to the supplementation of 6-MC and OH�, are given by Equation (4) and
(5), respectively:

F (u, x, xc; r0) =

8
><

>:

su

✓
1 � u

u0

◆
, if |x� xc|  r0,

0, otherwise,

(4)

G(v, x, xp; r1) =

8
><

>:

sv

✓
1 � v

v0

◆
, if |x� xp|  r1,

0, otherwise,

(5)

where su and sv are the rate coe�cients for 6-MC molecules supplied from
the disk and OH� supplied from the base disk, respectively. u0 and v0

are the saturation concentrations of 6-MC and OH� on the water surface,
respectively.

The surface tension � depending on u is described by the monotonically
decreasing function, as shown in Equation (6):

�(u) =
�1

1 +

✓
u

u1

◆n + �0, (6)

where �0 is the surface tension at the critical micelle concentration and
�0 + �1 is the surface tension of pure water. u1 and n are a positive real
number and a positive integer, respectively.

We also introduce the following dimensionless variables and parameters
to normalize Equations (3)-(6):

⌧ = k1t, y =
x

r0
, ū =

u

u0
, v̄ =

v

v0
, yc(⌧) =

xc(t)

r0
,

Du =
du

r2
0
k1

, Dv =
dv

r2
0
k1

,

K2 =
v0k2

k1
,K3 =

u0k2

k1
, Su =

su

u0k1
, Sv =

sv

v0k1
,

yp =
xp

x0
, R1 =

r0

r1
, µ1 =

µ

mk1
,�0 =

�y�0

m�0k
2
1

,�1 =
�y�1

m�0k
2
1

,↵ =
u0

u1
.

Upon substituting the expressions for ⌧, y, ū, v̄, yc, and yp in the original
notation, the dimensionless mathematical model described by Equations
(7)-(10) is derived from Equations (3)-(6).

8
>>>>><

>>>>>:

@u

@t
= Duuxx � u�K2uv + F (u, x, xc),

@v

@t
= Dvvxx �K3uv + G(v, x, xp;R1),

d
2
xc

dt2
= �(u(xc + 1, t)) � �(u(xc � 1, t)) � µ1

dxc

dt
,

(7)
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F (u, x, xc) =

(
Su (1 � u) , if |x� xc|  1,

0, otherwise,
(8)

G(v, x, xp;R1) =

(
Sv (1 � v) , if |x� xp|  R1,

0, otherwise,
(9)

�(u) =
�1

1 + (↵u)n
+ �0, (10)

The notations of the variables and coe�cients y, ⌧, ū, v̄, yc and yp are replaced
with the original ones x, t, u, v, xc and xp (resp.) for simplicity.

We apply the following initial and boundary conditions for Equation (7):

u(x, 0) ⌘ 0, v(x, 0) ⌘ v0(x), xc(0) = x0,
dxc

dt
(0) = x1, (11)

and

u(0, t) = u(Lc, t),
@u

@x
(0, t) =

@u

@x
(Lc, t), (12)

v(0, t) = v(Lc, t),
@v

@x
(0, t) =

@v

@x
(Lc, t). (13)

As the base disk is initially located at the bottom of the water phase,
we define the initial function v0(x) as follows:

v0(x) =

(
1, if |x� xp|  R1,

0, otherwise.
(14)

We introduce a periodic boundary condition to eliminate the change
in the disk motion due to the boundary e↵ect. As the initial condition is
perturbed, the 6-MC disk moves in a positive direction. When R1 is small,
the 6-MC disk moves at a uniform velocity without responding to the base
disk (Fig. 7(a)). The deceleration and subsequent acceleration observed in
Figure 7(a) are obtained when the 6-MC disk passes through the chemical
stimulus since the disk is sensitive to the stimulus. When R1 is large, the
6-MC disk stops on the water surface above the base disk and then moves to
escape from the base disk (Fig. 7(b)). When R1 is approximately equal to
Lc, the 6-MC disk exhibits oscillatory motion (Fig. 7(c)). This oscillatory
motion is similar to the phenomenon observed in a camphoric acid-phosphate
system [20]. Thus, three features of the disk motion in Figure 7(a), (b) and
(c), which are similar to the experimental results in Figure 2(b), (c) and (d),
respectively, were qualitatively reproduced by the mathematical model.

4 Conclusion

Catch-and-Release chemotaxis can be repeatedly induced using an inani-
mate self-propelled object. Chemotaxis and Catch motion is induced by the
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Figure 7: Numerical results: (1) Time-space diagram and (2) temporal change in
the velocity of the disk motion based on Eqs. (7)-(10) at R1=(a) 0.3, (b) 8.0 and
(c) 60.0. Du = 4.0, Dv = 0.2,K2 = 1600,K3 = 2000, Su = 0.55, Sv = 0.125, yp =
80, µ1 = 5.0,�0 = 0,�1 = 1.7 ⇥ 105,↵ = 10.0, n = 8 and Lc = 160. Gray regions in
(1) denote the locations of the base. (Cited Figure 6 from the published version [1])
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gradient in the surface tension. That is, the 6-MC disk moves toward the
region of highest surface tension due to the increase in pH near the Na3PO4

tablet; this is because 6-MC molecules decrease the surface tension. During
the hydrolysis reaction between 6-MC and OH�, the 6-MC disk is caught on
the water surface above the Na3PO4 tablet because the 6-MC disk lacks the
driving force for motion. When the reaction goes to completion owing to
the exhaustion of OH� near the water surface, the 6-MC disk escapes from
its location on the water surface above the Na3PO4 tablet; that is, the Re-
lease motion is triggered. Thus, the Catch-and-Release chemotaxis continues
while the pH gradient around the Na3PO4 tablet is maintained. Although
similar behaviors to the experimental results can be reproduced qualita-
tively by numerical calculations, one-dimensional calculations predict that
the 6-MC disk approaches the base regardless of whether positive chemo-
taxis occurs. Future work will focus on developing of a two-dimensional
mathematical model to overcome this problem.

A Miscellaneous Experimental Setup

A rectangular plastic vessel (95 mm⇥95 mm⇥27 mm) filled with distilled wa-
ter (54 mL; water depth: 6 mm) was used for measuring pH in Chapter 2.
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