. HOKKAIDO UNIVERSITY

Title On a mathematical treatment of a particle-reaction-diffusion model
Author (s) [E4, SF; Okamoto, Mamoru
Degree Grantor biEEKE
Degree Name Bt (EF)

Dissertation Number 5142905

Issue Date 2020-12-25
DOI https://doi.org/10.14943/doctoral. k14290
Doc URL https://hdl. handle.net/2115/87170
Type doctoral thesis
File Information Mamoru OKAMOTO. pdf

kaid
e U"/Le

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




LRSS

On a mathematical treatment of a
particle-reaction-diffusion model

(B 2 RLF RISHEECR E 7L DBEFERIELD P iz o VW)

A 5

ALHBHE R FER A BB B
RN

BRI2FE 12 A



On a mathematical treatment of a particle-reaction-diffusion
model

Mamoru OKAMOTO
November 9, 2020

Abstract

In the nature, we can state that the collective motion is one of the universal
phenomena. Here, collective motion is the complex phenomena as the aggregation
of several individuals which moves following ones rule, and is not described as simply
sum of each individuals. We can see some example of such a collective motion in
flog of birds, school of fishes, and bacteria, etc. For the purpose of understanding
the basic mechanism of such collective motion, many experiments of self-driven ma-
terials, which are inanimate systems that do not depend on characteristics peculiar
to living things, have been reported. At the same time, many theoretical analyzes
using mathematical models are performed. In this paper, we state the result for a
model equation derived from the motion of camphor disk. The first result shows
the existence of unique solution to initial value problem for the model equation. In
preceding studies, some mathematical results are obtained for the model equation,
and the existence of the solutions to initial value problem are referred. But the proof
does not exist. The second result states the existence of the solutions corresponds
to non-trivial motion of two camphor disks. Our result reveals the conditions for
existence and non-existence for the solution.
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1 Introduction

When a large number of individuals move cooperatively, functionalities quite often arise.
Examples around in many biological systems such as flocks of birds [1], schools of fish[53],
insect swarms, bacterial colonies [48], and collective migrations of cells [38]. It is vicsek’s
pioneering work[52] that has shown the appearance of collective motions by using a
model of motile elements. Subsequently, theoretical researches have been conducted in
the context of nonlinear physics for understanding the mechanism of collective motions
performed by living organisms [39, 52, 53].

On the other hand, many researchers have focused on non-biological systems of self-
propelled materials to study collective motions from an experimental point of view. For
example, extensive studies have been done on the surfactant particles or droplets driven
by the difference of the surrounding surface tension [2, 4, 6, 11, 20, 25, 29, 30, 31, 34,
35, 44, 47, 51]. It has also been reported that the movements of self-propelled materials
can be controlled by chemical reactions [32, 33, 49].

For the theoretical understanding of these experimental self-propelled materials, a
framework of mathematical models was introduced and analyzed. For instance, consider
a disk made of the surfactant material. Let x.(¢) and u(x, t) be the center of the disk and
the surface concentration of the surfactant layer, respectively. Due to the constraints of
the experimental system, we are interested in a two-dimensional space at most, but the
formulation itself can be considered in an arbitrary dimensional space. Then, a general
structure of mathematical models for self-propelled motions is described as follows:

dec dx.
5 1) = Glul(welt), 1)~ noe ), -
S wot) = dudu(z, ) + f(u(a, 1) — Flaed @),

where p, u, and d, denote the area density of the disk, the viscosity coefficient, and the
diffusion coefficient, respectively. The operator F' represents the effect of the disk on
the surface concentration of the surfactant layer, such as, the supply of the surfactant
molecules. A simple example of it is described by

kyuo, | —x(t)| <,

Fledt.t = { "y <

e — x(t)] >,
Flx )(x,t) = kyuod(x — (1)),

where k, and ugy are the supply rate and the effective density of the solid surfactant,
respectively, and d(x) is the Dirac delta function. The operator G is the driving force
exerted on the disk. Examples in a one-dimensional space are given by

Glul(z,t) = % (y(u(t, z + 7)) = y(u(t,z —1)))



Glul(z,t) = 3’7(108(575))

y=z
In the case of a two-dimensional space, examples are as follows:

Gw@ﬁzjm Yt ) (y)do (y),

O(z+wr)

or

Glul(z,t) = lim oo (u(t,y))v(y)do(y).

Here, x + w, = {y € R? | Jyy € w,, s.t. y = yo + x} with w, = {x € R? | |z| < r},
which denotes the closed disk centered at the origin with radius » > 0. v(y) and o(y)
are the unit normal vector at point y and the line segment, respectively|[28].

In the above examples, the function ~y(u) represents the surface tension of the water
surface which changes with the concentration of surfactant. A possible functional form

1S m
a

Y(u) = m(’m — 1)+, (1.2)
where @ > 0, m € N, and 7y, 71 > 0 represent the surface tension of pure water
and that of the critical micelle concentration of the surfactant layer, respectively. Al-
though it is difficult to determine the surface tension function y(u) from experimental
measurements, the surface tension decreases monotonically as the concentration of the
surfactant increases as a general trend. Thus, we assume that v(u) is strictly deceas-
ing in mathematical models. Indeed, this assumption has been employed in previous
researches, where the following functions have been proposed as candidates for v(u) of
(1.2) [21, 45]:

1) = 5 (0 =) (sanb(~(u = wg)) +1) + 71, (13)

in which wug is a positive constant, and

y(u) =0 — au. (1.4)

To understand the mechanism of self-propelled motions theoretically, the mathemat-
ical model (1.1) has been studied by use of the computer-aided analysis [3, 11, 20, 21,
24, 26, 41]. Moreover, a mathematical model for two-dimensional problems, such as mo-
tions on the water surface, has been constructed [5, 17, 19, 35] and studied theoretically
[15, 18, 22, 23]. Also, the experiments to control motions of self-propelled materials by
a chemical reaction have been reported [32, 33, 49|, and their theoretical studies have
been conducted by using the mathematical model (1.1) coupled with a chemical reaction
model [14, 27, 40]. These studies suggest that the particle reaction-diffusion system (1.1)
is considered as a physically relevant model for describing self-propelled motions widely
observed in nonlinear physics and physical chemistry.



One of the remarkable phenomena observed in self-propelled motions is the appear-
ance of collective motions. Indeed, several patterns of collective motions have been
reported in the previous researches [12, 42, 43, 45, 46, 50]. For example, Suematsu et al.
have observed that the camphor boats exhibit traffic jam-like phenomena [45] and that
oscillatory motions of camphor disks appear depending on the number of disks and their
surface area [46]. Nakata et al. have also reported collective motions of camphor disks
such as billiard motions and traffic jam phenomena in an annular water channel [16].

Our concern is whether these collective motions appear in the mathematical model
(1.1) as well. Since camphor disks used in the experiments are very light, Nishi et
al. have analyzed motions of two camphor disks by using the following dimensionless
mathematical model without the inertia term [36]:

dal, _ A (ult,my (e + 1)) — ot maat ~ )
W at > | .
ou  d*u .

a:@—quF(w—ﬂCi)JrF(l‘—xg),

fori=1,2,and z € [0, L)\ {mp(zl +7), 7 (zl —7), 7 (22 + 1), 70 (22 — 1)}, where p > 0
and L > 4r > 0. The function (u) > 0 is strictly decreasing with respect to u > 0 and
the function F'(z) is given by

_ 17 ’.’E‘L S T,
@)= { 0, laly >, (1.6)

= mi L.
2|z = min |z + nL|
Meanwhile, 77, denotes the map from R to [0, L) defined by following recursive form:

m(x+ L), =<0,
T(z) = q =, 0<z<L, (1.7)
mr(x—L), L<u.

The periodic boundary condition is imposed by u(t, L) = u(t,0) and
Ou/0x(t, L) = Ou/dxz(t,0). Note that a solution of (1.5) satisfies u € C(]0,7T] x [0, L])
and u(t,-) € C[0, L] for any ¢t > 0.

The previous research [36] has clarified the mechanism of the emergence of billiard
motions and traffic jam motions in the model (1.5) by the computer-aided analysis.
Besides, they have also reported notable motions: symmetrically and asymmetrically
oscillating motions, symmetrically and asymmetrically rotating motions (see Figure 1),
rotating motion with oscillations, and so on. Furthermore, both the experimental mea-
surement and the numerical computation have shown that the asymmetrically rotating
motion of two camphor disks is stable as shown in Figure 1(b).

The existence of the asymmetrically rotating motion is counter-intuitive: The den-
sity of camphor molecules in the rear of the moving camphor disk is higher than that
in the other regions in general, because camphor molecules are left behind for a while



Figure 1: The trajectories of (a) a symmetrically rotating motion of two camphor disks
for p = 0.004 and (b) an asymmetrically rotating motion of two camphor disks for
= 0.001. Both solutions are obtained by the numerical computation for (1.5) with
r = 0.5, L =70.665 and v(u) = a*/(a® 4+ u?), where a = 0.05. The solid line and dashed
line show the trajectories of two camphor disks.

after the passing of the disk. Thus, the driving force for the rear disk generated by
the difference in the surface tensions, seems to be weaker for the rear disk than for the
front disk, and consequently the rear disk moves slower than the front disk. Hence, it
seems reasonable that the distance between the two camphor disks increases gradually
and their positions become symmetric in the end. The analysis of the reduced equations
for camphor motions, derived based on the weak interaction theory, suggests that re-
pulsive forces act on the camphor particles through the reaction-diffusion field [7, 8, 9].
From the above considerations, the appearance of asymmetrically rotating motions sug-
gested numerically in [36] seems to be curious, because this usually requires attractive
forces between camphor disks. Moreover, the computer-aided analysis in [36] has shown
that the asymmetrically rotating solution appears via a pitch-fork bifurcation of the
symmetrically rotating solution. Our motivation in this study is, through the analysis
of the model (1.5), to make it clear with mathematical rigor what is essential for the
existence of asymmetrically rotating motions for a strictly decreasing function v with
mathematical rigor.

There is another topic in this paper. We can see by numerical simulation that an
asymmetrically rotating motion of two camphor disks still exists in an extremely long
channel (see Figure 2.). In that case, the tail of the camphor layer seems to vanish before
reaching the former camphor disk. It suggests that the asymmetrically rotating motion
of two camphor disks is the intrinsic motion of two camphor disks. In other words, the



asymmetrically rotating motion of two camphor disks is independent of the finiteness of
the circular channel. For this reason, we discuss (1.5) in R and show the existence of the
solution corresponding to asymmetrically rotating motions in a finite periodic interval.
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Figure 2: (c) The trajectory of the asymptotic solution z! and z? to an asymmetrically
rotating motion of two camphor disks. The solid line and dashed line show the trajectory
of two camphor disks. (d) The profile of u corresponds to it. Both solutions are obtained
by the numerical computation for (1.5) with g = 0.015, r = 0.5, L = 600 and ~y(u) =
a?/(a® + u?), where a = 0.05.

Before these topics, we state the unique existence of time global solution to (1.1).
The existence of the solution is mentioned in [7, 8, 9], but no proof has been given so far.
Fan et al. have dealt with the initial value problems for similar equations [10, 28]. One
of the fixed point theorems is utilized in the proof in our result in the same way as the
previous results in our result. The difference from these previous results is the point that
the existence of the unique time global solution is shown directly by the direct evaluation
using the heat kernel and the weighted norm. In comparison, the previous results have
only shown the existence of either time local or non-unique solution. Although the proof
is shown for the case where the region is taken along the entire real axis, the same
method is believed to be valid when considering the periodic boundary condition on the
bounded interval.

This thesis is organized as follows. In section 2, we state the main results of this
thesis and the target equation because some variations of (1.1) are discussed in this
thesis. In section 3, we state the general theorem for the solvability of the initial value
problem for (1.5). The result will show the basic estimation for general particle-reaction-
diffusion equations. In section 4, we state the unique existence of a time global solution
to the initial value problem for (1.5). In section 5, we state the existence of the solution
corresponding to asymmetrically rotating motions. The proof is performed for the case
where the periodic boundary condition is imposed on the bounded interval, and the
sufficient conditions for existence and non-existence are shown. In section 6, we state
the existence of a bimodal solution, which is one of the special traveling wave solutions.



From the clarified conditions, it is suggested that asymmetrically rotating motion is a
phenomenon that does not originate from the boundedness of the region.

2 Main results

In this section, we formulate the target equation discussed in this paper and state the

main results.
In section 3, we are concerned the solvability of a general particle

-reaction-diffusion

equation. We state the sufficient conditions for an existence of unique solution to initial

boundary value problem.
In section 4, we are concerned with the following equation:

oy y(u(@i(t) +r.t) —y(ule(t) —rt)  dag

Pz = o THg = b
N
g?j:gig—u—i-;F(x—xi(t)), z € R,
=g
with the initial condition:
RO =X T=vi i=1 N,

u(z,0) = up(x), = €R,uge C*R)NLY(R).

where C®(R) denotes the space of continuous and bounded functions
a special case of (1.1) where

Gy — D + 1) —(ulei(t) — 1)

2r
Foy [ <
€Tr) =
0, |z[=m,

SN S
= kt, T =4/ ufkusou.

(2.1)

(2.2)
(2.3)

. It is obtained as

For simplicity of notation, we use the original variables and parameters in the dimen-

sionless model (2.1).
Because (2.1) has a discontinuous term F(x — z%(t)), there are no

classical solutions.

Thus, we need a definition of a weak solution to (2.1) with N disks on the whole space.

In this paper, we define the weak solution to (2.1) as follows:



Definition 2.1. Let r,pu > 0 and v € C[0,00) be Lipschitz continuous. For a given
up € CP°(R) N LY(R), functions v € Li ((0,00); L'(R)) N C((0,00); Co(R)) and x. =

loc

(zk,---,2N) € (C*(0,00))N are called a weak solution to (2.1)~(2.3) provided that
(i) 2% € C%(0,00) satisfies

Pl dal | y(ulai+rt) = (u(el - )

a - M o

with the initial condition (2.2) fori=1,--- N,

(ii) u € LL _((0,00); LY(R)) N C((0,00); Co(R)) satisfies

0= /Rgp(:v,O)uo(:c)d$ + /OOO/R (g‘f + gj;;’ - go) u (2.7)
N

+@ > F(o—al)dudt (2.8)
=1

for any p € C°(Rx(0,00)).

Then we obtain the following theorem based on the above definition as the main
result in section 4.

Theorem 2.2. Let u, r > 0 and v € C[0,00) be Lipschitz continuous. For a given
ug € CP°(R) N LY(R), there ewist functions u € L ((0,00); LY(R)) N C((0,0); Co(R))

loc

and ¢, = (x},--- ,2l) € (CZ(O,OO))N which solve (2.6)—(2.8).

In section 5, we discuss some kind of traveling wave solution to (1.5). The expression
“some kind of” means that a little trick is needed before defining such a solution because
the equation (1.5) is defined on a bounded interval.

We can expand the equation (1.5) periodically to the whole space as follows:

dxb™ ~ y(ult, T4 r)) — y(u(t, Tim T))

F=a — 2r ’
de%” _ y(u(t, 2"+ r)) — v (u(t, 2 r))
dt 2r ’ (2.9)
9 oo oo
?:zga;;—u—k Z F(x —x™) + Z F(z — z2™),

t> 0, x € R,

where 26" (0) = 26 1 (0)+ L, 22™(0) = 22™ 1 (0)+ L and u(0, ) = u(0, z— L). For this
periodically expanded equation, we can define the traveling wave solution in the usual
way, i.e., the traveling wave solution with speed c is defined by introducing the moving



coordinate z = x — ct:

0= ’)/(U(t, zg,n + 7")) — ")/(u(t7 Zé?” _ T))

— HC,
2r
oo A" 1) 22" =)
2r ’ (2.10)
o*U  oU - -
0= 9.2 -f—ca—U—i- Z F(z — z2™) + Z F(z = 22™),
n=—oo n=—oo
t>0, z € R.
If there exists a periodic solution (U, ¢, ze™, ze™) such that ze™ = ze" ' + L, 2™ =
22"+ L and U(z) = U(z 4 L) to (2.10), we can recover the solution (u,z¢™, z2™) to

(2.9) from such a solution (U, ¢, zom, zE”) From this discussion, we state the definition

of a rotating solution as follows, which is the special case of a traveling wave solution
with periodic boundary condition.

Definition 2.3. The quadruple (U(z),¢, 2L, 22) is called a rotating solution to (1.5) if it
satisfies the following equations:

0=7(U(zl+ 7)) = (U(2L = 1)) = 2rue,
0*U  oU (2.11)
0= @—i—cg—U—l—F(z—zcl)—i—F(z—zg),
fori=1,2, and z € [0, L) \ {mp(z} +7), 7 (zt — ), 7 (22 + 1), 7 (22 — 1)}, where U
is a Cl-periodic function on [0, L]. In particular, the rotating solution (U(z),c, 2}, 22)
satisfying |zt — 22| = L/2 is called a symmetrically rotating solution, and otherwise
the solution is called an asymmetrically rotating solution.

On the basis of the above definition, we state the following theorem about the ex-
istence of symmetrically and asymmetrically rotating solutions as the main results of
section 5.

Theorem 2.4. Assume |z} — 22|, > 2r and that v € C1[0,00) satisfies y(u) > 0 and
v (u) <0 for u> 0. Then the following statements hold.

(a) For any ¢ > 0, there exists a unique p > 0 such that (2.11) has a symmetrically
rotating solution. In the case of ¢ = 0, there always exists a symmetrically rotating
solution for any value of > 0.

(b) For any p >0, (2.11) has no asymmetrically rotating solution with ¢ = 0.

(c) Suppose v € C?(0,00) and " > 0. Then, for any ¢ > 0 and p > 0, (2.11) has no
asymmetrically rotating solution.

(d) Suppose that v € C*(0,1) satisfies
;Q+Mmim>ﬂm<u—mww<¢@x (2.12)

10



where p = 4r/L. Then, (2.11) has an asymmetrically rotating solution for suffi-
ciently large c.

In section 6, we discuss the traveling wave solutions of (1.5). Unlike the case of
rotating solutions, we state the definition of traveling wave solutions as follows:

Definition 2.5. For a given constant ¢ > 0, {Z:}N, € RY and U € C}(R) are called
a traveling wave solution to (2.1)—(2.3) with a uniform velocity ¢ > 0 provided that they
satisfy

VU (ZE+1) —y(U(Z; — 1))
2r

0= — MG, izla"'aN7
N (2.13)

0=U"+cU'-U+Y F(z—2Zl), z€R.

i=1

In particular, a traveling wave solution to (2.1) with N = 2 is called a bimodal
traveling wave solution. The main result of section 6 is the following theorem about the
existence of a bimodal traveling wave solution.

Theorem 2.6. Suppose |ZL — Z%| > 2r and that v € C[0,00) is a Lipschitz continuous
and strictly decreasing function satisfying v > 0. Then, the following statements hold
for (2.13) with N = 2:

1. For any u € R, there is no bimodal traveling wave solution with ¢ = 0.

2. Suppose y € C1(0,00) and that ' is strictly increasing. Then, for any > 0, there
s mo bimodal traveling wave solution with ¢ > 0.

3. Suppose that v € C?[0,0) satisfies

1+ 4r2
;f +(0) < 4"(0) < +(0) < 0. (2.14)

Then, there exists a bimodal traveling wave solution for sufficiently large ¢ > 0.

Theorem 2.6 reveals that the existence of bimodal traveling wave solutions is closely
related to the shape of . Indeed, for a smooth function 7, a traveling wave solution can
exist under the condition that v has a concave part. In the preceding study [37], the
result similar to Theorem 2.6 has been shown for the case of a bounded interval whose
length is L > 0 with the periodic boundary condition. Although we find that (2.14)
coincides with the limit of the corresponding result in [37] as L — oo, this extension
is not trivial in terms of the mathematical analysis. One of the main purposes of the
present study is to clarify a condition for the existence of bimodal traveling solutions of
(2.11) and to show its consistency with the result in [37].

11



3 The general theorem for initial value problem of particle-
reaction-diffusion model

Let us consider the following general model equation on an open set 2 C R™:

(dx.
dt

= G[u] (mcv t)7

x.(0) = xo,
ou
— =D F cly
5 u+ Flx

u(x,0) = ug(x),

t>0, zeQ, z. €V, (3.1)

where G is the external force term caused by v and F' describes the change in u caused
by x.. D is the operator which describes the diffusion and reaction process independent
on x.. In addition, the smoothness of u is specified by the smoothness of F' and the
property of D, but x. always requires continuity because x. denotes the trajectory of
each particle. Note that we can treat the equation (3.1) with the second order ODE by
a well known method. Typically, D has a form:

Du = dyAu+ f(u).
In particular, from the next section on, this thesis will deal with:

9%u

ku, (3.2)

where d,, and k are positive real number.
In this section, our purpose is to show the existence of a unique solution to (3.1)
under assumptions as weak as possible. The first idea is to divide (3.1) into two parts:

1. ODE part. For given U,

2. PDE part. For given X,

U(z,0) = uo(z),
t>0, zeq.

In the PDE part, it is difficult to show the existence of unique solutions for general
D. Hence, we decide to discuss D for which a solution exists, and leave the discussion

12



as to whether such a solution actually exists for a specific D. Furthermore, we also
leave the discussion of the space in which the solution exists because F' in the general
particle-reaction-diffusion model takes various forms from a highly singular distribution
such as the Dirac delta function to relatively modest but discontinuous functions such as
piecewise constant functions. Thus, it should be discussed separately whit is appropriate
space considering the solution of a PDE part. We will require the solution to PDE part
(3.4) to belong to LP(2) at each time ¢t. In contrast, a solution to the ODE part needs
to be at least continuous because it shows the trajectory of the particle. Because of this,
we consider the following as space to which the solution of an ODE part should belong:

Cx ={X. € C([0,00); Q) | X.(0) = x0}. (3.5)

Let us consider a simple example. In the case of (3.2) with 2 = R, it is easily seen
that the fundamental solution of such a D has following form:

H(x,t) = exp(—kt)H(z,1),

where H(z,t) denotes the heat kernel in R. Then, the solution to (3.4) can be written
formally as follows:

UIX]( 1) = (ﬁ(.,t) % uo(-)> n /Ot (ﬁ(-,t ) F[XC](-,T)> dr.

In this case, the important fact is that the following evaluation holds by Young’s in-
equality for convolutions:

[U1X] (1) = UIX )

g/o Hﬁf(-,t _ T))

for any p,q,r > 1 such that 1/p+1/¢ =14 1/r and F[X/](-,t) € LI(Q). If
[ F[X)( 1) = FIXC(, 7) | La(q) can be bounded as

L7(Q)

oy IFEXC7) = FIXOC )] g

HF[XC]('vT) - F[X/]("T)HLq(Q) < C HXC(T) - Xé(T)

C

where || X || = max;—1,... 5 |X?|, then, we obtain the following estimate:

[UIX] (1) = UL 1)

L ()
t
[ /
SC’/O HH("t B T)HLP(Q) dr - HXC B XCH[OJ} ’
=C'(t) HXC - Xl,JH[O,t]’
where || Xc|[jo y = max;¢foq [ Xe(T) — X!(7)|l. Thus, it holds that

Cc

|U1X] - UIX]]

=C"(t) HXC - XéH[Ot

L3([0,;L7(92)) it

13



It means that the solution U is continuously depend on X.. In this special case of (3.2),
the result seems essential and important for unique solution to (3.1). Thus, we will
require that a solution to PDE part U[X] is continuously depend on X..

Next, let us consider the ODE part with the above result. We introduce the integral
form of (3.3):

Xo(f) = PX, = o + /O G0N (X (), 7)dr (3.7)

We try to apply the Picard’s iterative method and Banach’s fixed point theorem for
uniquness of the solution. Thus, we consider the following estimate:

1 Xe() ol </ IGUX(Xc(7), 7) = GIUIXNX(T), 7)dr

C

S/O IGUX(Xc(7), 7) = GIUIX X)), 7) | dr
+/0 IGUXN(X(r),7) — GUIXNX(r), 7)dr. (3.8)

Now, we assume the following two properties for G:

1. Uniform Lipschitz continuity with respects to X: There exists a L1 > 0 for all U
which solves to (3.4) and X, X’ € Q such that,

IGIUI(X,7) = GUIX', )| < Ly ]| X — X||. (3.9)

2. Uniform Lipschitz continuity with respect to U: There exists 1 < s,r < oo and
Ly > 0 for all X, € C([0,t]; RY) which satisfy X.(0) = x¢ and U, U’ which solves
0 (3.4) such that,

IGIUI(, Xel)) = GO XeD a0y < Lo [0 = Ul ooy - (3-10)
These properties can be used to further evaluate (3.8):
1 Xc(t) = Xo()|| < (tLy + L2C" (1)) || X — X, H[o E (3.11)

Note that C” (¢ fo Cfo

monotonically increasing. The following esitmate holds:

(-t — 7')” drds; thus the right hand side of (3.11) is
LP(Q)

/ // /
| Xe = Xillpy < (L1 + LoC" (1)) | Xe = X
It means that, P, is a contraction map for sufficiently small ¢ > 0. As a trivial fact,
C([0,t]; RN) with || - ll0,¢) is @ complete functional space. In conclusion, we can obtain a
unique time local solution to (3.1).
We summarize the above discussion in the next theorem:
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Theorem 3.1. Consider the equation (3.1). Let T >0, N € N, Xg € RN, 1 < p,q < oo,
ug € LP(Q) and Cx = {X. € C([0,T];RY) | X.(0) = Xo}. Suppose:

1. For any X. € Cx, there exists a unique solution U[X.] to PDE part such that
UIX.] € L([0, T); LY(2)).

2. There exists k € C[0,T] which satisfy k(0) = 0 such that for any X., X. € Cx,
IUIX(t) = UIXE( Ol o) < k)X — Xelljo,- (3.12)

3. There exists L1 > 0 such that for any X, X' € Q, X. € Cx and T € [0, T},
IGUIX (X, 7) = GIUIX(X', 7)|| < L[| X — X (3.13)

4. There exists Ly > 0 and such that for any X., X. € Cx,
IGUX(Xe, ) = GUIXINXe, )l
< Lo||U[Xc] — UIX ]l La(o,:20(2))
for all t € [0,T].

Then, there exists unique X, € Cx for sufficiently small t > 0 such that the pair
(Xclio,, UlXellax(o,g) solves to (3.1) on interval [0,1].

Proof. What is needed is to apply Picard’s iterative method and Banach’s fixed point
theorem. Let P; : Cx — Cx as:

P X, =+ /Ot GU|(X.(7),7)dT, (3.14)

for t € [0,7] and X, € Cx.
For any X., X! € Cx,

P X, — PX!|| = /0 GUIX(Xc(7),7) = GIUIX](X((7), 7)dr
< | NCUXD(Xe(r), 7) - GUIXNXe(7), 7)| dr
< | GUIXA(X(n), 7) = GUIXN(Xe(r), 7)]| dr

t
* ) |GIUIXN(Xe(7), 7) — GIUIX X (7)), 7)|| dr
Lit| Xe — Xl + L2l U[Xe] = UIX N Lago,g:L0 )

<
< (th + k/(t))HXc - XéH[O,t]a

where K/(t) = Lo (max, ¢ (k(t))q)l/q. Note that k£ € C[0,7] and k(0) = 0 imply
k' € C[0,T] and k'(0) = 0. Thus, we can choose 0 < ' such that Lit' + k() < 1. Tt
means that Py is a contraction map with the sup norm. Therefore, we can apply the
Banach’s fixed point theorem to Cx|jg ] and Py, then we can obtain a unique fixed

point X, on [0,#]. It is clearly seen that the pair (X, U[X,]|) on [0,#]. O
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Let us give you an example. Let 2 =R, N =1, and

Vu(z +7,t)) = y(ulz —7.t))

G[U] (Qj‘,t) = o )
0%u
Du= a2 v
— <
F[I’C] (.’E, t) — 17 |'T $C(t)| r,
07 |.’E - .CL‘C(t)| >,

with initial value condition:
u(z,0) = up(z), z€R, wuge C'R)NLYR),

where 7 is a Lipschitz continuous function with boundary condition lim ;| u(z,t) = 0.
We will deal with this example in more detail in later sections, but we can quickly see
that it falls into the category of Theorem 3.1.

4 Proof of the existence of a solution to the initial value
problem

We state the outline of the proof of Theorem 2.2. For a given X, (t) = {X:(t)}Y,, (2.8)
has a unique solution represented by

UX](z,t) = et/RH(m — 1y, t)uo(y)dy
N

+ et/o /RH(a? —y,t—71)e’ ZF(y — Xi(7))dydr,

i=1

where H(x,t) = (47775)_%6_9”2/ (49) denotes the Gaussian kernel. Then U[X] is rewritten
as

VX0 = (A6 s w0) + [ (flt =) FXI) dr
where

H(z,t)=e 'H(z,t), F[X|(x,t) = Z F(z — X(t)).

Substituting this formula into (2.6), we find

dX; v (UIX(XE) + 7, t) — 7 (U[X(XE(H) — 7, t))

2 vt
Lo =T + - SENCRY

dt?

for i =1,--- ,N. We prove the existence of a unique solution X, of (4.1) by applying
the Picard’s iterative method. Consider the following system, which is equivalent to
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(4.1):

Xi(t) = X{ + /D Vi(r)dr, (4.2)
Vi) =Vg (4.3)
N /t Vi) + v (UIX(XiT) +7,7)) 2— Y (UIXJ(XUT) =7, 7)) i, (4.4)

0 T

where V() is an auxiliary function corresponding to the derivative of X’(¢), and define
the map P by

()

—

t
X3+ / Vi(r)dr

7 (UIXJ(XET) + 7,7)) — 5 (UIX(Xi() — 7, 7)

d
2r T

t
Vit [ —avie)+
0

Using the Banach fixed point theorem, we prove the existence of a fixed point X of the
map P in a proper functional space so that (X}, U[X}]) is a unique solution of (4.1).

As the first step of the proof, we introduce the functional space in which we show P
is a contraction mapping. Let ¢ € C[0,00) be a positive function. Then, the functional
space Cy[0,00) = {f € C[0,00) | [fllg < oo} with [[fllg = [|¢fl1e[9,cc) is @ Banach
space. Indeed, for any Cauchy sequence {f,} C Cy[0,00), there exists F' € C°[0,0)
such that [[¢fn — F||r~[0,00) = 0 as n — oo. Thus, setting the function f € Cy|0, c0)
by f = F/¢, we find || f, — f||¢ — 0 as n — oo. Thus, {f,} is a convergent sequence
in Cy[0,00). In what follows, we consider the functional space Cy[0, 00) for ¢(t) = e,
a > 0 and, for convenience, we introduce the following notation:

Definition 4.1. For any f € C|[0,00), we define

Iflla = sup [e7*"f(t)

te[0,00)

)

and Co = {f € C[0,00) | ||flla < o0}.

In addition to the above definition, we use the notations,

_ i _ i
Xl = mex XL 1K, = ma X,
for any X = (X!,---,XN) € (C,)". Note that we omit the domain in the L norm

when it is given by R.
Next, to show that P is a contraction mapping, we introduce maps P; and P» on Cl:

t t
P Ve / V(r)dr, Py : Vi~ / —uV(r)dr, p>0.
0 0
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Then, the maps P; and P, are continuous on Cy. More precisely, we have

[PV =PV <2V =V PV =PV < BV - V)
« o [e} a 10

o (4.5)

for any V', V' € C, since it follows that

oot (/OtV(T)dT—/O Vi(r)d )

We also define the map Ps on (C,)" by

v, [ eetar < L v
a «

B X, (;r /0 (v (UIXJ(XE(T) +7,7)) —v(U[XcKXi(T)‘”)))d7>1gi§v

Before deriving an estimate for Ps, we show the following lemma.

Lemma 4.2. For any X., X/ € (Cy)", we have

oU[X, —t
|25 0] <ol + 5,
Z L (mt)2
Nat
HU[XC]('7t) - U[X(/:Kat)HL < (1—|—€a)%”XC - XéHa'

Proof. Note that the derivative of U[X,|(z,t) with respect to x is expressed by

aUa[fC](.,t) = <%‘Z(,t) *uo(')) +/0 (aalj(’at —7T)* F[XC]("T)> dr.

The first term in the right-hand side is estimated by the Young’s inequality:

—t

o
ox

OH
%('at)

() xugl|  <e [uoll oo < [uoll oo

L (nt)2

The second term is estimated by
t
< / et IFIXC, 7)o
e 70 Lt
—(t—7)
¢ <N <1) N,

_\f t—71/2 Vroo\2

where I'(s) denotes the Gamma function. Thus, we obtain

oo

toH

on OH
0 8x

wt—1) % F[X](-,7)dr %(-,t—T)

—t
<

L= (Wt)%

[uoll oo + N

i
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We show the continuity of U[X.] with respect to X.. Note that

VX (@,1) = UIX (. 1)] = /0 (ot =)+ (FIX](7) = FIXU(7) ) dr

¢ N
< /0 /RH(QJ —yt—7)Yy ‘X(X;‘(T)—r,xg(f)w) () = X(x7i(7) =, X7 (7)) (y)’ dydr,
=1

where y4(x) is the indicator function, that is, xa(z) = 1 for x € A and xa(z) = 0 for
x ¢ A. Using the notations: AA B=(AUB)\ (AN B) and

I(t) = (XUt —r, XUt + 1), T(t) = (Xa(t) =, X'o(t) +7),
we find

IX(xi0—rxiw+r) (%) = X(X’i(t)—r,X’i(t)—&-r)(x)’ = XIi()AI'L(t) (@),
and

ar, LN I(t) =0,
0

\Ié'<t>ﬂfé"<f>’:{ (1) — XD, TH) N (1) # D,

Since Ii(t) N I".(t) = 0 is equivalent to |Xi(t) — X'(t)| > 2r, we obtain
[LE(8) & T'e(0)] < 21XE() = X2(0)].

Thus, it follows from the Holder inequality that

t ef(tf‘r)
VX, (2, 1) — U[X ()] < jv;r /0 ol - X

and we obtain

t p—(1+a)(t—7)

i Ny xr [T
L e e M e v

t (14a)t
<M x, [ e
0

Va(l+a)t

Neat
WHXC - Xl

AN

in which we have used I'(1/2) = /7 in the last inequality. O

We now show the continuity of P3 on (C,)".
Lemma 4.3. For any X., X/ € (C,)", there exist constants ¢ > 2 and C(g) > 0 such

that
M 2N
X~ PX)| (

o < m m + C(Q)HUOHL"O> HXC o Xé”a'
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Proof. For X,, X! € (Cy)", it follows from Lemma 4.2 that
A UIXIXED) + 7. 0) — UKD + 1)
< MIUIXJ(XE(E) +7,t) - ULXL(XEE) + .1
+ M|UIXL(XAE) +7,t) = UIX(XL(t) + 7,1
‘5U [X]

< M|[UIX( ) = UIXC 8| oo + M

Ox (+1)

Ne™t et
Ara)t (( tf””””“” +N) ] ’
)2 t)2

/0 VUXJ(XHT) + 7,7)) = A(UIX (X7 () + 7, 7))dr

[Xi(t) - X"
LOO

< M||X. - X[,

and thus

[0}

1 t t e—Te—a(t—T)
<M|X.—X[|| sup [N | —— +1 / o—o(t=7) g —I—HUOHLOO/ ——dr
t>0 (1 + Oé)E 0 0 (w7)2

N 1 - t
YIS I L (R S I T TS
“la\(1+a)2 VT >0 Jo

Owing to the Holder inequality, we have

t t : t :
/ T3¢ et gy < </ TgepTdT> (/ eaq(tT)dT>
0 0 0

1
< foa) s ([T terar)” =g
0

for 1 < p <2 and ¢ > 2 satisfying 1/p + 1/q = 1. Hence, we obtain
M ( 2N

HPch — PgXéHa < a \ol-1/4 + C(Q)HUOHLOO> HXC - Xé”a

O]

On the basis of the continuity of P;, P, and P3;, we show that the map P is a
contraction mapping on (C¢)2N. Let X. = (X, Vo) € (Co)Y x (C)N = (C)*. For
any X,., X', € (Ca)QN, we have

PV —pV'!

pPVvN - pvY

HPYC - PYCHO& = PZ‘/cl _ PZV%

+ P3 X, — PgXé

PVN — pv'Y
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It follows from (4.5) and Lemma 4.3 that there exist constants ¢ > 2 and C(q,N) > 0

such that
C(q,N)

al/q

HPYC—PYCHQ < HYC—YCHQ. (4.6)

Since we have C'(q, N )oz_l/ 7 < 1 for sufficiently large o > 0, P is a contraction mapping
on (Cy)?N. Thus, there exists a unique fixed point X, = (X, V) € (Co)* of the map
P, that is, X, satisfies (4.2) and (4.4), which concludes that (X* U[X}]) is a unique
solution to (2.6)—(2.8).

5 Proof of the existence and non-existence of asymmetri-
cally rotating solutions

5.1 Reformulation
We consider the following equations:
0=~(U(rL(Z" +71))) =1(U(r(Z" = 1)) = 2rpe, (5.1)
0=U"+cU' ~U+F(z—Z"Y 4+ F(z — 7%, (5.2)
fori=1,2, and
z€ [0, D)\ A{mp(Z" +7), 7 (Z" — 1), 7L(Z* + 1), 7(Z* — 1)},

where U € C[0, L] with U(L) = U(0) and U'(L) = U’(0). To see the translational
symmetry of (5.1) and (5.2), we introduce the following periodically extended equations:

0=~(UP(Z"" + 7)) = y(UP(Z"" = 1)) = 2rpe,
Zintt _ gzin — (5.3)
720 — Z8 > 9p, ZbMH— 720 > o,

fort=1,2, n € Z, and

OZUPH—‘-CUPI—U—{— Z F(Z—Zz’n),
i€{1,2}, nez (5.4)
UP(z + L) = UP(2),

for z € R\U,eq1,23, nez{ 20" +r, ZW—r}, where UP € C'!(R). It is easily confirmed that if
(ZY, Z?*,U*) is a solution to (5.1) and (5.2), then (Z'*+nL, Z?*+nL, U*P) is a solution
to (5.3) and (5.4), where U™ is a periodically extended function of U*. Conversely, if
(zbr* 2 UP*) s a solution to (5.3) and (5.4), then (Z40, 229 UP*|jo,1)) satisfies
(5.1) and (5.2). In this sense, the system (5.1) and (5.2) is equivalent to (5.3) and
(5.4). Since the system (5.3) and (5.4) has the translational symmetry, it is sufficient to
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consider the system (5.1) and (5.2) with Z! = 7. Then, (5.2) is rewritten by

0=U"+cU' -U+1, z€(0,l),

0=U"+cU"-U, z € (I1,12), (5.5)
0=U"+cU" -U+1, zée(lal3), '
0=U"+cU" -1, z € (I3, L),

where Iy = 27, Iy = 2r +d, I3 = 4r +d and d = Z?> —r — (Z' +r). We assume
that U € C1[0, L] satisfies the periodic boundary condition given by U(L) = U(0) and
U'(L) = U'(0). Note that, in the above formulation, symmetrically and asymmetrically
rotating solutions correspond with d = L/2 — 2r and d # L/2 — 2r, respectively.

For the sake of simplicity, we define the following functions:

60 = 00 =Y A0 =00 +000), M) = 6l —(0),
Ei(c,z) =exp(—Ai(c)z), FE_(c,z)=exp(A_(c)z), (5.6)
B 1 1—Ei(c2r) B -1 1—E_(c,2r)
U+ = oo 1= Ei(c, D T oy 0TS E D)

Throughout this paper, we will omit the discussion on ¢ when it is fixed. We first show
that the system (5.5) has a unique solution.

Lemma 5.1. Let the constants [y < Iy <lIl3 < Lbely =2r,ls=2r+dandl3=4r+d
with d,r > 0. For any given ¢ € R, there exists a unique solution of (5.5). Moreover,
U(0), U(l1), U(l2) and U(l3) are expressed by

UO0)=Us(1+E(lo)+U_(E_(L—-13)+E_ (L—ll))
U(ly) = Ut (B4 (L — 1) + E4(d)) + U-(E-(L — l2) + 1),
U(lz) =Us(1+ E4(L — b)) + U-(E _(L—l1)+E (d)),
U(ls) = Up (B4 (L = I3) + E+(L = I)) + U-(1 + E_(I2)).

Proof. Let us fix ¢ € R. By a classical theory, we can represent a solution of (5.5) by

U(z) = aL Ey(=2) + aLE_(2) + 1, z € (0,01),
U(z) = bl Bi(—(2 — ) + bLE_(2 — 1), z € (I, 1),
) ) (5.7)
U(z) =aiEi(—(2 =) +aZE_(z—1l2) + 1, ze€ (la,13),
U(z) = L Ey(—(2 = 13)) + b E_(z — I3), z € (Is,L).

Thus, it is sufficient to show the unique existence of constants al, a%, b} and b%. The
periodic boundary condition, U(L) = U(0) and U’(L) = U’(0), requires that

li = 1 li "(z)= 1 !
AU = I oo g U= Ip ve,
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which is equivalent to

al +al +1=02E (—(L—13)) + b2 E_(L —1I3),
aldi +a Ao = PN E L (—(L—13) + VEA_E_(L —I3).

These relations are rewritten by

Aa' 4+ e = AE(L — I3)b?, (5.8)

() v (0) ()

A <A1+ A1_>7 () = <E+E)—z) E_o(z)>‘

Similarly, since U is continuously differentiable at l1, lo and I3, we have
AE(l))a' + e = Ab',
Aa® + e = AE(ly — 1;)b, (5.9)
AE(l3 — l5)a® + e = Ab>.

where

Note that it follows from det A = A\_ — A4 = —260 < 0 that A is a regular matrix. We
find that (5.8) and (5.9) are equivalent to
al =FE(L - l3)b2 —Ale,
E(l)a' + A e,
E(ly — ;)b — A le,
E(l3 — l)a® + A te.

(5.10)

Substituting these equalities in order, we obtain
al = —-Ale
+ E(L - 13)(E(l3 — L) (E(ly — 1)) (E(l)a' + A~te) — A7te) + A le),
= E(L)a' + (BE(L — 1)) — E(L —l3) + E(L —I3) — I)A"e.

(
Here, we used E(z1)E(z2) = E(z1 + 22). Note that det (I — E(z)) = (1 — E4(—=2))(1 —
E_(z)) #0 for any z # 0. Then, we have

=(I—-EL) E(L-1)—-E(L-1l)+E(L—-13)—I)A e,

which indicates that constants al are uniquely determined. Using (5.10), we obtain the
other constants a%, b} and b% that are uniquely expressed by

b'=(I-EL) N (-E(L-ly+h)+EL-I3+5)—El)+I)A e
a’>=(I - EL) Y E(L—-I3+15) — E(ly) + E(ly — I;) — I)A e,
b’ = (I - E(L) "(—E(l3) + E(l3 — 1) — E(l3 — l) + )A"e.
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Thus, we conclude that (5.5) has a unique solution U € C*[0, L) satisfying the periodic
boundary condition.
On the other hand, considering

1
— 0
- 1-F, (—L _ 1 Ao —1
ey [ ROD e (5T
1-E (L)
we find
A By (=(L—1) = By (—(L— b)) + B (=(L—13)) — 1
<01+>_ 20 1= B, (-L)
al ) AME_(L-—UL)—E(L-1l)+E_(L-13)—1
20 1-E (L)

Substituting a} into the first line in (5.7), we obtain

A B () By (—(L—h) - B (=(L =)+ By (-(L-15) -1

Ulz) =1 20 1-E.(—L)
ME_(2)E_(L-—L)-FE_(L—l)+E_(L-1I3)—1
LT 1—E_(L) !

for z € (0,11). Since the constants a', a?, b' and b? are determined so that U € C'[0, L],
we have

U(0)= lim U(z)

z—+0
A B 1) B (L D) 4 By(~(L 1) ~ 1
26 1-E.(-L)
ME(L-bL)-E (L-b)+E (L-1I3)—1
260 1—FE_(L) ’
It follows from Ay — A_ =26 and AL A_ = —1 that
A 1 At 1

20 1—E.(—L) 201—FE_(L)
—A Ey(=L) A E (L)
20 1-E.(—L) 201—E_(L)’
1 BEi(-D) 1 E_(L)
T 200, 1—-E.(-L) —20A_1-E_(L)
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Thus, we obtain

I B (—(L— 1) = Ba(—(L =) + By (—(L—13)) — B (L)

UO) =595, 1-E,(-L)
1 E_(L-11)—E_(L—1y)+E_(L—13)— E_(L)
20 1—E_(L)
1 B (=L

TN, 1- B (-1L) (B () — Ey(la) + By (I3) — 1)

1 E(L-UL)—E_(L—1l)+E_(L—1I3)—E_(L)

20 1—E_(L)
1 1-E{2r)+E.(2r+d)— E(4r+d)
20, 1— E (L)
1 E(L—2r)—E (L—2r—d)+E_(L—4r—d)— E_(L)
20 1-E_(L)
11— E.(2r)
= 20, 1=, (L) (1+ E4(2r+4d))
1 1-E_(2

T E(LT;E(L —4r —d)(1 + BE_(2r + d)).

The definitions of U} and U_ yield
U0)=01+EL2r+d)Us+(E_(L—4r—d)+ E_(L—2r))U_.
Similarly, it is confirmed that
U2r)=(E+(L—-2r)+ Ef(d)Us+ (E_(L—-2r—d)+ 1)U_,

U@2r+d) = (1+ By (L — 2r — d))Uy + (B_(L — 2r) + E_(d))U_,
Udr +d) = (B (L —4r —d) + E4 (L —2r))U; + (1+ E_(2r +d))U_. O

For later use, we introduce the following notations:

Uip(e,d) =U((2r), Uir(c,d) =U(0),
Usp(e,d) =U(4r +d), Usr(c,d) =U(2r +d),
AUy (c,d) = Uif(e,d) = Uir(c,d), AUs(c,d) = Uss(c,d) — Uz(c, d).

We will omit the discussion on ¢ and d when they are fixed. Before stating the proof of
Theorem 2.4, we show some properties of Uy s, Uy, Uay and Us,.

Lemma 5.2. Let ¢ > 0 be a fixed constant. Then, we have
(a) AUi(e,L/2 —2r) = AUs(¢,L/2 —2r) < 0.
(b) AUi(c,d) — AUs(c,d) = 0 if and only if L/2 —2r —d =0. If L/2 —2r —d # 0,
then the sign of AU (c,d) — AUs(c,d) is equal to that of L/2 — 2r — d.
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(c) Uif(c,d) —Usf(c,d) =0 if and only if L/2 —2r —d = 0. If L/2 —2r —d # 0, then
the sign of Ujf(c,d) — Uag(c,d) is equal to that of L/2 —2r —d.

Proof. We consider AUj;, Usf, and Uy, as functions of d, that is, AU;(d), Uss(d), and
Uir(d) for i =1, 2.
(a) It is straightforward to check that Uy (e, L/2 — 2r) = Uss(c, L/2 — 2r) and

Uir(c,L/2 —2r) = Uar(c, L/2 — 2r) so that AU (¢, L/2 — 2r) = AUs(c, L/2 — 2r).
We have

AUL(L/2 — 2r) = (B (L — 2r) + B4 (L/2 — 2r) — 1 — B, (L/2))U,
+( (L/2) +1— E_(L/2 —2r) — E_(L — 2r))U_
—(1+ E+(L/2)(1 — E4(L/2 - 2r))U;

+( E_(L/2))(1—E_(L/2—-2r))U-.
Note that

6(1+ E4(L/2))(1 — B4 (L/2 - 20))Us

(L exp(—(L/2A0)(1 — exp(—(L/2 — 2)\+)) 1 — exp(—2rAs)
201 1 —exp(—LAy)

1 sinh(rA4)
~ Apsinh((L/4)A4)
= 52()‘-1-; T L/4)7

and OU_(1+ E_(L/2))(1—E(L/2-2r)) = &(—A_;r,L/4). Since it follows from
0 < 4r < L that & (x5, L/4) is strictly decreasing for x > 0 (see Appendix A.2),
we find that {o(Ay;r, L/4) < &a(A_;r, L/4), that is, Uy (1+E(L/2))(1—-E+(L/2—
2r)) >U_(1+E_(L/2))(1—E_(L/2-2r)). Hence, we obtain AU;(L/2—2r) < 0.

sinh((L/4 — r)A4)

(b) It follows that

AU, (d) — AUy(d) = Uy EL(d)(1 — E+(2r))(1 — E+(L — 4r — 2d))
+U_E_(d)(1 = E_(2r))(1 — E_(L — 4r — 2d)).

Since we have UL E4(d)(1 — E+(2r)) > 0 and 1 — E4(2) has the same sign as that
of z, we obtain the desired result.

(c) Note that

Urp(d) — Usy(d) = Ex(d)(1 — By (L — 4r — 2d))U-

—E_(2r+d)(1—-E_(L—4r—2d))U_. (5.11)
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Since we have

0E, (r +d)(1 — E4 (L — 4r — 2d))U,

_ o A L= exp(2rA) o p g ag)aL)

204 1 —exp(—LAy)
_ sinh((L/2 — 2r —d)Ay) sinh(rA)
At sinh((L/2)A4)

=&(A51, L)2,d/2),
and, similarly, 0E_(r +d)(1 — E_(L —4r —2d))U_ = &(—A_;r,L/2,d/2), we find
that (5.11) is rewritten by
Ury(d) = Uzs(d)

By (—r E_(r
_ Bl )53(>\+;T7L/2ad/2) _EW
0 0
For the case of L — 4r —2d > 0, owing to 0 < 4r < L and 0 < d < L —
dr, &3(xz;r,L/2,d/2) is strictly decreasing for > 0 (see Appendix A.3). Thus,
considering E4 (—r) > 1> E_(r), we find

&(—=A_;r,L/2,d/2).

Uss(d) — Uzs(d)
= LB ()i L/2,d/2) ~ B_(r)és(-A 37, 1/2,d/2)) > 0.
For the case of L — 4r — 2d < 0, we have
&M, L/2,d/2) < &5(—A_s7, L/2,d/2) < 0,
and thus

Ui(d) = Uzy(d)
= (B ()07, L/2,d/2) — B_(r)és(-A 7, L/2,d/2) < 0.

Finally, we easily confirm that L —4r —2d = 0 is equivalent to Uy s(c) — Uaf(c) = 0.
]

g

5.2 Proofs of Theorem 2.4(a)—(b)

We first prove Theorem 2.4(a) for the case of ¢ > 0. Note that (5.1) are rewritten by

2rpe = ’V(Ulf(cv d)) - 7(U1r<ca d))? (5’12)
0=7(Uis(e;d)) =v(Ur(e, d)) = (v(Uzy(c,d)) = 7(Uzr (¢, d)))- (5.13)
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Since, for symmetric solutions satisfying d = L/2 —2r, Lemma 5.2(a) gives Uy¢(c, L/2 —
2r) < Uyp(e, L/2—2r) and y(u) is strictly decreasing for u > 0, there exists a unique p > 0
satisfying (5.12). Thus, it is sufficient to show that Uif(c, L/2 — 2r), Uy, (¢, L/2 — 27),
Usf(c,L/2 — 2r) and Usy(c, L/2 — 2r) satisfy (5.13). It follows from Lemma 5.2(b)—(c)
that

Uig(e,L/2 —2r) = Usy(c, L/2 — 2r), (5.14)

and
Uig(e,L/2 —2r) — Urp(e, L/2 = 2r) = Usg(c, L/2 — 2r) — Uayr(c, L/2 — 2r),
respectively. Thus, we find
Uir(c, L/2 = 2r) = Uy (c, L/2 — 2r). (5.15)

Combining (5.14) with (5.15), we obtain (5.13).
Next, we consider the case of ¢ = 0. Note that (5.1) are equivalent to

V(Ulf(()?d)) = V(Ulr(oad))a V(UZT(Oad)) = V(UQT(Oad))' (5'16)

Since 7y(u) is strictly decreasing for u > 0, (5.16) is satisfied if and only if AU;(0,d) =
AU3(0,d) = 0 holds. Considering A_(0) = —A;+(0) = —1 and U, (0,d) = U_(0,d) = Uy,

where

Uozéll‘_?o(fg)), Fo(2) = exp(—=),
we obtain
Uy £(0,d) = Up(1 + Eo(L — 2r) + Eo(d) + Eo(L — 2r — d)),
Ur(0,d) = Up(1 + Eo(L — 2r) + Eo(2r + d) + Eo(L — 4r — d)),
Uaf(0,d) = Up(1 + Eo(L — 2r) + Eo(2r + d) + Eo(L — 4r — d)),
Uzr(0,d) = Up(1 + Eo(L — 2r) + Eo(d) + Eo(L — 2r — d)),

which implies
AU (0,d) = —AU3(0,d) = UpEo(d)(1 — Eo(2r))(1 — Eo(L — 4r — 2d)).
Hence, (5.16) holds if and only if d = L/2 — 2r, which concludes Theorem 2.4(a) with
¢ =0 and Theorem 2.4(b).
5.3 Proof of Theorem 2.4(c)

We prove Theorem 2.4(c) by contradiction. Let ¢ > 0 be a fixed constant. If there
exists a rotating solution, then (5.13) is satisfied with AU; < 0 and AUs < 0. Thus, it
is sufficient to prove that (5.13) is not satisfied provided that AU; < 0 and AU < 0.
For asymmetric solutions, that is, d # L/2 — 2r, we should consider the following three
cases.
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1. U1f>U27~.
2. UlfSUgrandL/2—2r—d<0.
3. UlfSUQT and L/2—2T—d>0.

For the case 1, (5.13) is equivalent to

Urr Ua,
/ A (U)dU = / (U dU. (5.17)

Uiy Uay

It follows from AU; < 0, AUz < 0 and U;y > Uy, that
U > Uy > Uz > Usy. (5.18)
Since we have 7/(u) < 0 and v"(u) > 0 for u > 0, (5.18) yields
0< ' (U1r) < =y (Uiy) < = (Uar) < = (Uay). (5.19)

Owing to Lemma 5.2(c), Uy > Usy in (5.18) implies L/2 — 2r —d > 0. Thus,
Lemma 5.2(b) yields 0 > Uy — Uy, > Uay — Us,. Hence, we obtain

0 < Uy — Uiy < Uz — Usy. (5.20)
It follows from (5.19) and (5.20) that

Uir
/ —/(U)dU < —'(Ury)(Ury — Usy)

Uiy
Uar
<A UV = V) < [ ()0,
Uay
which contradicts (5.17).
For the case 2, (5.13) is equivalent to
Ugf U2r
/ (U = / (U (5.21)
U1f Ulr

Owing to L/2 —2r —d < 0, it follows from Lemma 5.2(c) that Uy < Uss. Thus, (5.21)
and 7/ < 0 yield Uy, < Us,. In addition, the assumption AU < 0 gives

Ulf < Ugf < Usy.

If Uy < Uyy, then we have Uy < Upy < Uy, < Up, and it follows from L/2 —2r —d < 0
and Lemma 5.2.(b) that AUy < AUy, that is, Us, — Uy, < Uay — Uyy. Thus,

U2'r'
[ = wav < /i - v
Ul'r
/ Uas ,
< =7 (Uzg)(Uzy — Uy) < / —/(U)dU,
Ulf
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which contradicts (5.21). As for Uyy > Uy, we obtain Uy < Uy, < Uy < U and
following inequality:

U2r
/ —(U)dU < —'(Uag)(Uar — Uay)
Usy

Uir
<A OV -V < [ /O,
Uiy
owing to 0 < —AU; < —AUj, which contradicts (5.21). Thus, (5.13) is not satisfied in
the case 2.

For the case 3, it follows from L/2 —2r —d > 0 and Lemma 5.2(c) that Uy < Uyy.
Hence, we have Uy < Ujy < Us,. In the same manner as that for the case 2, we
assume that Us, < Uy,. By L/2 —2r —d > 0, Lemma 5.2(b) gives AU; > AUy, that is,
Uiy — Usy > Uy — Uy Hence, we find

Ulr
/ AU <~ (Uay)(Usy — Usy)
U27‘

Uy

< =y (U1f)(Ury — Uzy) g/ —'(U)dU,

which contradicts (5.13).

5.4 Proof of Theorem 2.4(d)

Let T'(c,d) = v(Uif(e,d)) — v(Uir(c,d)) — [v(Uzf(c,d)) — v(Uzr(c,d))]. We show that
there exists a constant dy € (0,L/2 — 2r) such that I'(c,dp) = 0. Our strategy is to
investigate the asymptotic behavior of I'(¢,d) as d — +0 and d — L/2 — 2r — 0 for
sufficiently large c. We first consider the limit of I'(¢,d) as d — +0. It follows that

I'(c,0) = (liig% (¢, d)

=7(U1£(¢,0)) = 7(U1r(¢,0)) — [7(Us (¢, 0)) = v(Uar(c, 0))]

and
Uif(c,0) =Us(c)(1+ Ef(c,L —2r)) + U_(c)(E_(c,L —2r) + 1),
Uir(c,0) =Us(c)(1 + Ey(e,2r)) + U—_(c)(E-(¢, L —4r) + E_(c, L — 21)),
Uag(6,0) = Uy (¢)(E (e, L — 4r) + Fa(e, L — 20)) + U_(e)(1 + B_(c,2r)),
Uar(c,0) =Us(c)(1 + Es(e, L —2r)) +U_(c)(E_(c, L —2r) + 1),

in the same limit. Note that
Ulf(c, 0) - Ulr(C, 0)
=—FEi(c,2r)Us(c)(1 — Ex(e, L —4r)) +U_(c)(1 — E_(¢, L —4r)),
Ugf(q 0) — UQT(C, 0)
=—-Us(c)(1 = E4(e, L—4r)) + E_(c,2r)U-(c)(1 — E_(c, L — 4r)).
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Then, we have Uy ¢(c,0) — Ui, (c,0) < 0 and Usg(c,0) — Uar(c,0) < 0 for sufficiently large
c. Indeed, since it follows that

Ulf(C, 0) — Ulr(C, 0)

=(1—-FEi(e, L —4r)) |:_E+(C’ 21U, (c) + U_(c) 1-E_(¢, L — 47’)} ,

1—Ei(¢, L —4r)

and Lemma C.1 in Appendix C gives

lim [—E+(2r)U+(c) +U_(c) <0,

Cc— 00

1-E (¢,L—4r)] 2
1-FEy(¢,L—4r)] L

we obtain Uy ¢(c,0) — Uy,(c,0) < 0 for sufficiently large c. On the other hand, we have

OU, (1 — By (L —4r)) = 2i+ 11__’2((22’)) (1— By (L — 4r))
1 sinh(rAy)
~ Aysinh(L/2X5)

= 53()‘-1-; T, L/27 0)E+(_T)7

sinh((L/2 = 2r)Ay)Eq(—r)

and, similarly,
OU_(1 — E_(L—4r)) =¢&(=A_;r,L/2,0)E_(r).
Since &3(x; 7, L/2,0) is strictly decreasing for = > 0 (see Appendix B), we find

&(Ayp;m, L)2,0)
0

>FE_(2r)U_(1 — E_(L —4r)),

Uy(1— Eo (L —4r)) >
- 53()\;7“0@/2,0)

in which we used E(—r) > 1 and E_(r) < 1. Thus, Usf(c,0) — Uz.(c,0) < 0 holds for
sufficiently large c.

From the above estimates, we have Usy(c,0) < Uaq(c,0) = Uif(c,0) < Up(c,0).
Hence, the mean value theorem implies that there exist U* and U** such that

V(Uir(c,0)) = v(Ug(e, 0)) = (Urr(e, 0) = Urf(e, 0))y'(U"),

e (5.22)
V(UQT(Q 0)) - 7(U2f(cv 0)) = (U27’(C7 O) - UQf(Cv 0))’7/<U )7
where U* and U™** satisfy
Usf(c,0) < U™ < Usp(c,0) = Urf(c,0) < U* < Uyr(c,0). (5.23)

Similarly, it follows from U** < U* that there exists U*** satisfying U™ < U™ < U*
such that

(U) = (U) = (U = U0, (524
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Using (5.22) and (5.24), we find

I'(c,0) = (Uir(c,0) = Ui4(c,0))7'(U") — (Uar(c, 0) — Uz(c,0))7' (U™)
= (Utr(c,0) = Uas(c,0))7'(U™)
+ (Utr(e,0) = Ury(c, 0)) (U = U™ )" (U™)
= [Ur(1 = E4(2r))(1 = E4 (L — 4r))
+U-(1 = E_(2r))(1 = E_(L — 4r))] ¥ (U™)
— [E4(2r) U (1 — EL (L — 4r))
—U-(1 = E_(L—4n)|(U" = U™ )y"(U™).

Here, we introduce the function I'y(c) defined by

1
0= T - een @Y
_ {U+(1 — Ey(L—47) | U-(= B-(2)(1 = B-(L—47))

U — U~ (U — U™)(1 - B4 (2r))

} ¥ (U™)
— EL (L —4r) 1—E_(L—4r)
1—E.(2r) = 1—E.(2r

1
- [EJF(%)U+ } YU,
Then, owing to (U* — U**)(1 — E4(2r)) > 0, the sign of I'(¢,0) coincides with that of
I'o(c). Since it follows from (5.23) that

0<U*— U™
< U (1— B (L —4r)(1 + BEo(2r)) = U_(1 — E_(L — 4r))(1 + E_(2r)),

defining the function Iy(c) by

T Ur(1 = B4 (L —4r)y'(U™)
O T U (01— E (L —4r)(1+ EL(2r) —U_(1 — E_(L — 4r))(1 + E_(2r))
U_(1-E4(2r) (1= E_(2r))(1 - E_(L — 4r))y'(U*™)
Us(1— Eo(L—4r)(1+ B, (2r)) — U_(1 — E_(L — 4r))(1 + E_(2r))
— | B (2r)U, 1 _1 f"*‘E(f(;T;LT) . U—(ll__EE——i_(és 4r)) ’y”(U***)

Ef1+f2—f3,

_l’_

we find Iy < fo, owing to 7/ < 0. We remark that if the limit of fo as ¢ — oo is negative,
then T (¢) < 0 holds for sufficiently large ¢ by the continuity of Ty, which implies that
To(c) and T'(c,0) are also negative. Thus, it is enough to investigate the limit of Ig(c)
as ¢ — oo to determine the condition on which I'(¢, 0) is negative for sufficiently large c.
For simplicity of notation, we set p = 4r/L. Then, we have

lim U**(¢) = lim U™ (c) = lim U*(c) = p.

c— 00 Cc— 00 Cc— 00
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Indeed, it follows from (5.23) and U** < U** < U* that

Ui (Ey(L—4r) + B (L —2r)) + U_(1 + E_(2r))
< Uy(1+ By (2r) + U_(E_(L — 4r) + E_(L — 2r)),

and Lemma C.1 in Appendix C gives
li)m Ui(e)(Ey(e, L —4r)+ Ex(c, L —2r))+ U—_(c)(1 + E_(c,2r)) = p,
lim Uy(e)(1+ Ey(c,2r)) +U—_(¢)(E-(¢, L —4r)+ E_(¢, L —2r)) = p.

Cc— 00
As for the limit of I';(c) as ¢ — oo, since we have
UL(1— By(L - 4r)
Ui(1—E (L—4r)(1+ E+(2r)) —U-(1— E_(L—4r))(1+ E_(2r))

U_ (1—E_(L—4r)(1+E_(2r)] "
1— E_(L— 4r) U, } ’

= [1 + B (2r) -

Lemma C.1 in Appendix C yields fl(c) — %7’ (p) as ¢ — oo. In the same manner as
that for I';, we confirm that I's(c) — mv’(p) as ¢ — 0o. Owing to the estimate

1—E(c,L—4r)

cliglo [E+(C’ 2r)Us(c) 1—Ey(e,2r) U-()

1-E (¢, L—4r)]
1-Ei(c2r) |~ P

we obtain T3(c) — (1 — p)y"(p) as ¢ — co. Summarizing the above estimates for I', T'
and I'g, we find

~ 1 1
lim Tgle)== 14+ ———— |~ (p) = (1 — p)¥"(p).
Jim To(c) = 5 < + 4T2(1_p)> 7(p) = (L= p)v"(p)
Thus, we conclude that I'(¢,0) < 0 holds for sufficiently large ¢ provided that

: (1 " 4(11_[))) (o)~ (1 - pn"(p) < 0. (5.25)

Next, we estimate the limit of OI'(¢,d)/0d as d — L/2 — 2r — 0, where

O esd) = T (e, )y (e, ) — Z i e (U, )

osp Vs,
- | B e W) -

From Lemma 5.2(a), we have Uy f(c, L/2 —2r) = Uas(c, L/2 — 2r) = Uy(c) and
Uir(c,L/2 —2r) = Usy (¢, L/2 — 2r) = Uy(c) with

od

(c;d)y' (Uar(c, d))| -

Uple) =
U (c)

Ui(e)(Ey(e,L —2r)+ Ey(c,L/2 —2r)) + U_(c)(E-(¢, L/2) + 1),
Ui(e)(Ex(e, L/2) + 1)+ U_(c)(E-(¢,L/2 —2r) + E_(¢, L — 2r)),

33



which yields I'(c, L/2 — 2r) = 0 and Uy(c) < U,(c). Since it follows that

aaU;f (e,;d) = Ay (U4 () Es(c,d) — A_(c)U_(c)E_(c, L — 2r — d),
8an (e,;d) = =A(OUL()Ex (¢, 2r + d) — A_(c)U_(c) E—(c, L — 4r — d), -
aanlf (e.d) = Ap (U4 () Ex (e, L — dr — d) + A_()U_(c)E—(c, 2r + d), '
aaU;r (e;d) = A (U4 (c)Es(c, L — 2r —d) + A\_(c)U_(c)E_(c,d),
substituting d = L/2 — 2r into (5.26), we obtain
O e, 12 20) = =22 (e, L2~ 2r) = wy (o),
85; (e, L/2—2r) = —855’" (¢, L2 — 2r) = u,(c),

where
ur(e) = —Ae (U4 () By (e, L2 — 20) = A_(U_()F_ (e, L/2),
ur(c) = =A4(c)Us(c)Es+(c, L)2) — A_(c)U_(c)E_(c,L/2 — 2r).
Thus, we find
or
3¢ L/2 = 2r) = 2 [us(e)y (Us(e)) = ur(e)y (U (€))]
Owing to U¢(c) < Uy,(c), the mean value theorem gives U* satisfying

V' (Ur(e)) =+ (Uy(e)) = (Ur(e) = Up(e)y"(U7),

and Us(c) < U* < Uy(c). Hence, we obtain

10r

2 0d

= (us(¢) = ur (€)' (Ur(c)) = us(e)(Ur(c) = Us(e)y"(U)

= U QU0) = Usle) | P s Ue) = )

= us()(Ur () = Us())Lale).
Note that u¢(c) < 0. Indeed, if follows that
1 —exp(—2ri;)
1 —exp(—LAy)
1 —exp(2ri_)
1 —exp(LA_)
_ sinh(ra4) sinh(—rA_)
~ sinh(L/2X\}) sinh(—L/2X_)
==& (A5, L/2)exp(rAy) + &1(=A_;r, L/2) exp(rA_).

(¢, L/2 — 2r)

20uy = — exp(—(L/2 —2r)\;)
exp(L/2A_)

exp(rit) + exp(ri_)
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Since & (x,r, L/2) is strictly decreasing for > 0, it follows from 0 < exp(rA_) < 1 <
exp(rAy) that

§1(Aim L/2) exp(rAy) > &(=A—;7, L/2) exp(rA-),

which concludes uf(c) < 0. We now investigate the limit of Ty(c) as ¢ — oo. Since
Lemma C.1 in Appendix C gives Us(c), Ur(c) — p so that U*(c) — p as ¢ — oo, we
have +/(Ur(c)) = +'(p) and v"(U*(c)) = 7"(p). Then,

Uf — Uy

uf

M ULE((L/2=2r) (1 - Ey(2r) + A\U_-E_(L/2—2r)(1 - E_(2r))

B M ULE (L/2—2r)—A_U_E_(L/2)

CUE(L/2—2r) (1= E((2r) + N U_E_(L/2—2r)(1 — E_(2r))

B U Ey(L)2—2r)— XN U_E_(L/2)

[, MUE(L)2) !

N U+E+(L/2 — 27")

NU_(1-E_(2r)

" [(1 ~ B R (T - o)

E_(L)2 - 2@} .

It follows from Lemma C.1 in Appendix C that

lim A_(c)?U_(c)(1 — E_(2r)) _ 2
c—oo Ut(c)Eq(c,L/2 —2r) L—4r’
i [1 A (PU_(0)E_(c, L/Z)]
c—00 Us(c)Ey(c,L/2 —2r)

=1.

To estimate the limit of (us(c) — u,r(c)) [ur(c)(Uy(c) — Uf(c))]fl, it remains to see the
limits of (1 — E4(c,2r))(Ur(c) — Ug(c)) ™t and E_(c, L/2)(Uy(c) — Us(c)) ™! as ¢ = oc.
It follows that

1—Ei(c2r) _ 1—Ey(c,2r) he)
Ur(c)—Us(c) 1—FE4(c,L/2—2r) ’
E_(c¢,L/2) E_(¢,L/2) he),

Ur(c)—Us(c) 1—E4(ce,L/2—2r)
where

U_(E_(L/2)+1)(1—E_(L/2—2r)]""

h(c) = U+ (E4+(L/2) +1) + 1—E((L/2—-2r)

Thus, we find from Lemma C.1 in Appendix C that

lim 1—E+(c,2r): 1 7 lim E_(¢,L/2) o,

c—00 UT(C) — Uf(c) 1-— p C—00 U’I‘(C) - Uf(C)
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which leads to
lim uf(c) — ur(c) _ 1 '
cmooup(c)(Ur(c) = Ug(c))  1—p

As a consequence, we obtain

lim Ta(e) = ——/ () — 7" (o). (5.27)

c—00 1—,0

and conclude that OI'/dd(¢, L/2 — 2r) < 0 holds for sufficiently large ¢ provided that

1i—p’y’(,o) —~"(p) < 0. Then, owing to I'(¢,L/2 — 2r) = 0, there exists a constant

0 < d*(c) < L/2—2r such that I'(c, d) is positive for any d € (d*, L/2—2r) for sufficiently
large c.
Summarizing the estimates (5.25) and (5.27), we find that, under the condition

L (1 + m) V(p) < (1= p)7"(p) < +'(p), it follows that T'(c,0) < 0 and I'(c,d) > 0
with d € (d*, L/2 — 2r) for sufficiently large c¢. Therefore, it follows from the continuity
of I'(e, d) that there exists dp such that 0 < dy < L/2 — 2r and I'(c,dy) = 0.

6 Proof of the bimodal traveling wave solution

We first reformulate the system (2.13) with N = 2:

V(U(Z§+7"))2—T7(U(Zg—7”)) e, i=1, 2, (6.1)

0=U"+cU' -U+F(z—Z)+ F(z — Z?). (6.2)
As for (6.2), considering the function F' given by (1.6), we find that (6.2) is rewritten by
0=U"+cU' -U, z€(~00,Z} —r)U(Z 4+ Z>—r)U(Z*+r 00),
0=U"+cU'-U+1, z€(Z—rZ +r)U(Z2—1,22+7).
Note that we have d = Z? — Z! — 2r > 0 and that the solution U € C(R) satisfies
U(z) = 0 as z — +oo. Then, it is sufficient to consider the following system:
0= U(Sl,l + CU(/)J - UO,la KAS (—OO, Zg - T)a
0=U'+cU —U;+1, ze€(Z—r Z +r),
0=U{y+cUjy—Un, z€ (ZL+r, 2% 1),
0=U"+cU/-U;+1, ze(
0="Uss+cUss—Uss, z€(Z}+r00),

0=

with the boundary and decay conditions:

Uor(Z—r)=Ui(Zt =), UW(Z}+7)=Ua(Z +7),
Uro(Z2 — 1) =Us(Z2 —71), Ua(Z2471)=Us3(Z2 + 1),
Upa(Ze —=1) =Ui(Zs —7), Ui(Z; +7) = U (2 +1),
Uio(Z2 —r) = Uy(ZZ = 1), Us(Z2+71) = Uss(Z2 +7),
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lim U071(Z) = le U273(Z) = 0, (63)

Z—r—00

Owing to the transnational symmetry of the system, (6.1) and (6.2) is equivalent to the
following system:

0 =7(Ui(2r)) —=v(Ui(0)) — pe, i=1, 2, (6.4)
0=U/+cU —-U;+1, 2€(0,2r), i=1, 2,
0= Ué’jl + cU671 —Up1, z€(—00,0),
0= U{'Q + CULQ — U2, z€(0,d), (65)
0= Uéc3 + CUé’?) —Us3z, z€(0,00),
with (6.3) and the boundary conditions:
U1(0) = Up,1(0), Uyi(2r) =Ui2(0), Ux(0)=Uia(d), Us(2r)=Us3(0), (6.6)

U1(0) = Upa(0),  Up(2r) =U15(0), Us(0) =Uls(d), Us(2r) = Uy 3(0),

Next, We construct a solution of (6.5). By a classical theory, a solution of (6.5) is
expressed by

M) =00 20(0). o) = o)=Y

For convenience, we use the notation exp (x) = e® throughout this section and Ap-
pendix D. It follows from (6.6) that

al +al +1=05 +0°,

al Xy +atas =050 +00A

al exp(2rA;) +al exp(2rA_) + 1 =01 +bL,

al Ay exp(2rAy) +al A_exp(2rA_) = bi AL + b,
a? +a® +1 =10} exp(d\;) + bl exp(dA_),

a2 Ay +ai - = b\ exp(diy) + bLA_ exp(dA_),
a? exp(2rA;) + a® exp(2rA_) + 1 = b2 + b2,

a? Xy exp(2ra;) +aiA_exp(2rA_) = b A; + b2 .
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For convenience, we introduce the following notations:

= (i) v=() = (o)

PE</\1+ ;_), Q(@E(e}{p%M exp(g;A_>>'

Then, (6.7) is rewritten by
Pa' 4 e=Pb’, PQ(2r)a' + e = Pb',
Pa? + e = PQ(d)b', PQ(2r)a®+ e = Pb?,

that is,
=’ e, b '=Q(2r)a'+Ple, 6.5)
= Q(d) —Ple, b2=Q(2r)a®+ P le ‘
Thus, considering Q( )Q(q) = Q(p + q), we find
b? = Q(4r + d)b + (I — Q(2r) + Q(2r +d) — Q(4r + d))P~!

d)
= Qdr +d)b’ + (I = Q(2n))(I + Q(d)Q(2r)) P e,
which yields
b = Q(—(4r 4+ d)b* + (I — Q(—2r))(I + Q(—d)Q(—2r)) P e.
Since the condition (6.3) yields b2 = b2 = 0, we obtain
% = Ui (c)(1 + exp(—dAy) exp(—27Ay)), b2 =U_(c)(1 + exp(dA_) exp(2rA_)),

where
1 1—exp(F2ris(c))

V=) = %0 24 (c) (6:9)
Then, it follows from (6.8) that
A
al _ Ui (1 + exp(—dA;) exp(—2rAy)) + %0 bl _ (Us exp(—dAy)
al A ©o\b U_ ’
26
2 A (—2rAy)
<a3_> _ 29 EXPl\—2T A+ .

4 exp(—2rA_)(1 + exp(dA_) exp(2rA_))U- — 20 £ exp(—2rA_)

Thus, the functions U; and U; ;41 with a’ and b’, which are uniquely determined for any
given constants (c, d), satisfy (6.5). In particular, U; and U, are explicitly given by

Ur(z) = exp(xAs)(1 + exp(—dA;) exp(—2rA;)) Uy
551~ exp(eA)) — o (1 exp(aA ),
Us(z) = exp((x — 2r)A_)(1 + exp(dA_) exp(2rA_))U_

v %(1 — exp((z — 2r)\) — ;0 (1 exp((z — 2r)A).
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Thus, we obtain

U1(0) = U+ (1 + exp(—dAy) exp(—2rAy)), Ui(2r) = Usexp(—dAy) +U_,
U2(0) = Uy + U_ exp(dA-), Uz(2r) = U_(1 + exp(dA_) exp(2rA_)).

To make it clear that these quantities depend on the parameters (c,d), we use the
following notations:

Upg(c,d) = Uz(2r) = U_(c)(1 + exp(dA—(c)) exp(2rA_(c))),

Upr(c,d) = Us(0) = U4 (c) + U—(c) exp(dA—(c)), (6.10)
Usg(e,d) = Ur(2r) = Uy (c) exp(=dAy () + U-(c),

Usr(c,d) = U1(0) = Uy (¢)(1 + exp(—dA (c)) exp(=2rA1(c))),

and, for later use, we introduce the following functions:
AUp(c,d) = Ups(c,d) = Upr(c,d), AUs(c,d) = Ugy(c,d) — U (c, d).

We are now ready to prove Theorem 2.6. To show the (non-)existence of a solution
to (2.13), we see whether the constructed solution (U, Us) to (6.5) satisfies (6.4) or not.

Proof of Theorem 2.6-1 Note that (6.4) requires

V(Upr(0,d)) = ¥(Ups(0,d)) =0, v(Usr(0,d)) = y(Uss(0,d)) = 0. (6.11)
Since 7 is strictly decreasing, (6.11) is equivalent to AU,(0,d) = AU(0,d) = 0. For the
case of ¢ = 0, it follows from A_ = —A; = —1 that

Upr(0,d) = Usr(0,d) = Up(1 + exp(—d) exp(—2r)),
Upr(0,d) = Usf(0,d) = Up(1 + exp(—d)),

where Uy = U4 (0) = (1 — exp(—2r))/2 > 0. Thus, we obtain
AUR(0,d) = —AU¢(0,d) = —Up exp(—d)(1 — exp(—2r)) < 0,

and conclude that there exists no solution of (2.13) with ¢ = 0.

Proof of Theorem 2.6-2 Note that it follows from Lemma D.1(ii) that AU, < AUs.
For the case that + is a linear function, however, (6.14) is equivalent to AU, = AU, and
thus there exits no solution. For the case that +' is strictly increasing, since v is strictly
decreasing, (6.4) yields AU, < 0 and AUs < 0, that is, U,y < Uy, and Usy < Us,. We
first consider the case of Uy, — Usy < 0. Then, (6.14) is rewritten by

Upr Usr
/ —7’(U)dU=/ —/(U)dU. (6.12)

Upy Uss
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Since 7' is strictly increasing, we find v/ (Up,(r, ¢,d)) < +'(Usy(r, c,d)) and

. L A _ A — _ A~
Ue[g;r}[]pr]( Y (U)) = = (Upr), Ue[r[rj}ge;chsr‘]( Y (U)) = = (Usy)-

Thus, considering Lemma D.1(ii), we obtain

Upr
/ A (U)AU = = (Upy) Upr = Upg) > = (Upr) (Usr = Us)

Upy

Usr
> _7/(Us )(Usr - sf) 2/ _VI(U)de
Usy
which contradicts (6.12). Next, we consider the case of Uy, — Usy > 0. Then, (6.14) is
rewritten by
Usf Usr
/ A (U)dU = / A (U)dU. (6.13)
Upy Upr
Owing to Lemma D.1(iii), the left-hand side of (6.13) is positive. If Uy, < U, then
the right-hand side of (6.13) is not positive, Thus, it is sufficient to consider the case of
Usr > Upr. Note that
. _/U :_,U, _/U :_/U'r'7
s, (A WU) ==y Wsp) | maxe (=7 (U) = =7 (Upr)
and it follows from Uy, — U,y > 0 that —+/(Up,) < —7/(Usy). Since Lemma D.1(ii) yields
Usp — Upr < Ugp — Uy, we obtain

Usy
/U _’/(U)dU = _fy/(USf)(Usf - Upf) > _7,(U8 )(Usr - Upr)
prf

US’!"

> _'Y/(Upv")(Usr - Upr) > /U _WI(U)dU7
pr

which contradicts (6.13). Thus, there is no solution of (2.13) provided that +/ is strictly
increasing.

Proof of Theorem 2.6—-3 In order to show Theorem 2.6-3, we introduce the following
function:

(e, d) = y(Usg(c, d)) = 7(Usr(c,d)) — (v (Upgs (e, d)) = 7(Upr(c, d))). (6.14)

We investigate the properties of I'(¢, d) in the limits of d — 0 and d — co. Note that it
follows from (6.10) that

1im U (e,d) = U (€)1 + exp(2rA_ (),
i U (c,d) = U+ (¢) + U (o),

: (6.15)
lim Uy (e, d) = Us(e) + U-(e),

}lig(l) Usr(c,d) = Uy (c)(1 + exp(—2rAi(c))).
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Then, we easily confirm that
T =limT
O(C) dg% (Cv d)
= 29(U4(c) + U-(c)) = [y (Us(c)(1 + exp(=2rA4(c))) + 7 (U-(c) (1 + exp(2rA_(c))))] -
Regarding the limit d — oo limit of I'(¢, d), we have the following lemma.
Lemma 6.1. For sufficiently large d > 0, the sign of I'(¢, d) coincides with that of
L'o(c) = 7' (U-(c)) exp(2rAs(c)) — 7' (U+(c)),
provided that I's(c) # 0.

Proof. Note that Lemma D.1(iii) gives U,s < Uy and Lemma D.2(ii) implies Up, < Uy,
for sufficiently large d. Then, It follows from the mean value theorem that there exist
constants U* € (Upy,Usy) and U** € (Upy, Ugy) such that

W(Usf) - V(Upf) = ’7/(U*)(Usf -U, ), Y(Usr) — ’Y(Upr) = 7/(U**)(Usr‘ - Up?“)'
Thus, we obtain

L(c,d) = (U")(Usg = Upp) =¥ (U)Usr = Upr))

Usy — U,
= Uy — Up) |7 (U =2L—22L _ /(U] .
U = Upr) Y O G2 =7/ )
Considering Uy, < Us, we find that the sign of I'(c, d) corresponds to that of
Uss — U,
/ U* sf pf A U** )
O G )

Note that it follows from (6.10) that
dlggo Upf(c7 d) = dlggo Usf(cv d) =U_(c), dhﬁrgo Upr(ca d) = dlgTolo Usr(c,d) = Uy (c),

which implies U*(d) — U_ and U**(d) — U4 in the d — oo limit. Since we have

Usp — Upy = eXM;QdA” (A (1 — exp(—2rA;))
— Ay exp(2ra_)exp(d(A- + A4 ))(1 —exp(2rA_))],
Usp — Upp = eXMQ_Qd)uF) [—A_(1 —exp(—2rAy)) exp(—2rAy)

—Apexp(d(A- + Ay))(1 —exp(2rA-))],

it follows that
i Usf(C, d) - Upf(ca d)
im
d—oo Ugp(c,d) — Upy(c,d)
— lim A_(1 —exp(—2rAy)) + A (1 —exp(2rA_)) exp(d(A— + A1) exp(2rA_)
dooo A_(1 —exp(—2rAy)) exp(—2rAL) + Apexp(d(A— + A4))(1 — exp(2rA_))
= exp(2r\;).
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Summarizing the above estimates, we obtain

lim ’Vl(U*) Usf(c> d) - Upf(c7 d)

— /U** — /U_ 2\ _ /U :FOO
d—o0 Usr(c,d) — Upp(c, d) Y(U™) Y (U-)exp(2rAy) — ' (Uy)

Since I'(¢,d) is continuous for d, the sign of I'(¢,d) coincides with that of I'no(c) for
sufficiently large d when I'o(c) # 0 holds. O

Suppose that T'g(co)T'so(co) < 0 for a constant ¢y > 0. Then, the intermediate
value theorem implies that there exists a constant dy > 0 satisfying (6.14), that is,
I'(co,dp) = 0. Since we have Lemma D.1(i) and + is strictly decreasing, there exists a
constant p > 0 such that (6.4) holds. To see the existence of a constant ¢y > 0 satisfying
I'o(co)T'so(co) < 0, we show the following lemma.

Lemma 6.2. (i) Suppose 7/(0) —~”(0) # 0. Then, for sufficiently large ¢ > 0, the sign
of 4/(0) — ~”(0) coincides with that of I's(c).
(ii) Suppose that

1+ 4r2
W’}/(O) —~"(0) <0.

Then, we have I'g(c) < 0 for sufficiently large ¢ > 0.
Proof. (i) Note that
Pae(e) = exp(2rA 4 (€)) [Y/ (U~ () — 7' (U+ (€)) exp(=2rAs (0))]
Since there exists a constant U* € (U_, U4 ) such that
Y(U4) = (U-) = (Uy — U "0,

we have

YV (U-) = A (Up) exp(~2rAy) = [(U3) = (Uy = U_"(U%)] =+ (Us) exp(—2rAy )
— ¥ (U4) (1 — exp(=2rA1)) — (Us — U_)Y(U")

= (1 =exp(=20A4) [7(U2) =0 =g |

Thus, the sign of I'nx(¢) coincides with that of

Us(c) =U_(0)
1 —exp(—2rAi(c)

V' (Us(e)) =" (U ()

Note that, taking the ¢ — oo limit, we have

O(c) = 00, Ay(c) =0, A_(c) = —o0, =1, Ug(r,c) =0, (6.16)
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and U_ < U* < Uy yields U*(c) — 0. For later use, we introduce the function g(z) =
(1 —exp (—2rz))/x for x > 0, which satisfies

1 —exp(—2rii(c)) 2rAy(c) + o(A(c))

lim g(A4(e)) = lim ) = Jm A (0) =2 (617)
Then, it follows from A A— — 1 and (6.9), that
lim U () — im0 g
=00 1 —exp(—2rAi(c)) c—=oo 26(c) (6.18)
lim U_(c) — lim 1 —exp(2ri_(c)) _o,

=00 1 —exp(—2rAi(c)) =00 20(c)g(A4(c))

and thus

lim |/(Us(e)) = 7"(U7)5 s Zi§)<:2gﬁc>>

| =7 -0

which concludes that if 7/(0) — 4”(0) # 0, the sign of I'ns(c) coincides with that of
7' (0) —~+"(0) for sufficiently large ¢ > 0.
(ii) We introduce the function h(c) = U_(c) — U4 (c) exp(—2rA4+(c)). Then, we have

h = (1—exp(—2ri4)) [ U- Uy exp(=2rA+) ] ,

1—exp(—=2rAy) 1 —exp(—2ri;)
and it follows from (6.16) and (6.18) that

.- [ U_(c) ~Ui(o) exp(—?r)ur(c))] _
1—exp(—2rA;(c)) 1 —exp(—2ri,(c)) ’

c—00

which implies that h(c) < 0 holds for sufficiently large ¢ > 0. Hence, we find from
Lemma D.2(ii) and (6.15) that Uss(c,0) < Usr(c,0) and

U_(c)(1+exp(2rA_(c))) < Us(c) + U-(c) < Ux(c)(1 + exp(—2rAi(c))),

for sufficiently large ¢ > 0. It follows from the mean value theorem that there exist
constants U* and U*™* such that

U_(1+exp2rAl)) <U* <Us+U- <U™ < Ug(1+4exp(—2riy)), (6.19)
and

YUy +U-) = y(U-(1 +exp(2rA-))) = (Us — U= exp(2rA_))y (U"),
V(U1 +exp(=2rAy))) = y(Us + U-) = (Uy exp(=2rAy) = U-)y'(U™).

Thus, we obtain

Lo(c) = (Uy(c) = U-(¢) exp(2rA— ()Y (U") = (Uy (c) exp(=2rAy(c)) — U~ ()Y (U™).
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Note that

Uy —U_exp(2ra_) 1 1 —exp(2ri_)
= (A - 2B xp(2ra
1 —exp(—2riy) 20 A g(Ay) exp(2rA-) |
Uyexp(—2rAy) —U_ 1 1 —exp(2ri_)
= A 2 _ 2 eAPE A
1—exp(=2rAy) 20 exp(=2rA+) g(A\t)

and there exists a constant U*** € (U*, U**) such that
Then, we find

~ Fo(c)
(1~ exp(—2rA ) (U™ — U7)

_ 1U) [(—)\_ _ Lzew@rA-) exp(2r)\_)> S (U%)

20 (U** _ g()‘-i-)
L—exp(2rA_)\ ,
_ <_)\ exp(—2rAy) — 9(>\+)> 7 )}

1

W — U (=2 (Y (U*) = exp(—2rAy )y (U™))

IS fexplara )y (07) - (07
= ST =g [ U = exp(=2n ) (/(U) + (U7 = U ()
LR (xplara 1/ (U7) — (0 (U%) + (U = Uy ()
9(A+)
= [0+ =
[1 _;0’;12&2:;—) — exp(—2rAy) ;9—] A(U).

Owing to (1 —exp(—=2rA;))(U** —U*) > 0, the sign of I'y(c) coincides with that of I'(c).
Since it follows from (6.19) that

0 < U™ —U" <U(1+exp(=2rAy)) — U-(1+exp(2rA-)) = AU,

and ' (u) < 0 for u > 0, we have

0@ e (@A (@)?
T < syare” V) warr@s ooy’
| B — explzra ) S | VW)

EFl(c)—i—Fg( ) 3(0)

44



It follows from (6.16) and (6.18)

lim 20(0)U+(c) = lim g (Ae(e) =2, lim 2(QU_(e) = lim g(~A_(c)) =0,
which yields lim.—,~ 20(c)AU*(¢) = 4r. In addition, considering (6.19) and U* < U*** <
U**, we have lim.—,oo U*(¢) = lim.—00 U**(¢) = 0. Hence, we obtain

lim Ty(c) = 27/(0),  lim Ta(c) = —=~(0),  lim Ta(c) = —"(0),

c—00 2 c—00 82 c—00

which yields

14 4r?
(0 = +(0) <0,

im T'(c) <
cliglor(c) - 82

Since I'y(c) has the same sign as I'(c), we conclude that Tg(c) < 0 holds for sufficiently
large ¢ > 0. O

Since the assumption of Theorem 2.6-3 gives

1+ 4r2
LA (0) = A"(0) <0,

7'(0) —+"(0) > 0,

we have I'g(¢) < 0 < I'so(c) for sufficiently large ¢ > 0. Thus, Lemma 6.1 concludes that
there exists a constant p > 0 satisfying (6.4).

7 Conclusion

We provided the global existence and uniqueness of the weak solutions to model equa-
tions. As mentioned earlier, there was no proof that there is a unique time global solution
although it was mentioned by some proceeding works. Our works can provide the math-
ematical guarantee for such works. Then, we showed the existence of symmetrically
rotating solutions and gave necessary conditions for the existence and non-existence of
asymmetrically rotating solutions for the two camphor model (1.5). In particular, it has
been shown that a concave part of the function ~y, which describes the surface tension,
is necessary for the existence of asymmetrically rotating solutions. Our result clarifies
an essential condition for the existence of solutions and provides a clue for the depen-
dence between the concentration of the surfactant layer and the surface tension in the
mathematical model, which is difficult to be measured in experiments. Moreover, it is
suggested that the characteristic motion varies depending on the form of the surface
tension function 7 and, thus, the change of the qualitative motion is caused by v in
other mathematical models.

Finally, we gave sufficient conditions for the existence of the bimodal traveling solu-
tion. From the numerical calculation results in the very long interval (as shown in Figure
7), it is suggested that this solution is stable, because if the perturbation is given to the
distance between the two self-propelled materials, it will continue to move back to the
original state. By use of computer aided analysis, we were able to perform comparatively
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rigorous stability analysis in the same way as that in [36]. However, since it is difficult
to evaluate the essential spectrum and the solution to the nonlinear equations satisfying
the eigenvalues, the rigorous stability analysis of the bimodal traveling solution has not
been completed yet, which is expected to be one of our future topics.

) I ) )
1 t=0
t=0
VL t=
t=3
t=
V ‘- t=6
, , t=12 t=9
0 100 200 300 400 500 t=12
X z

Figure 3: The numerical result for very long annular channel. The position of follower,
2!, is adjusted to the point shown by small arrow to see the profile of u. Each line shows
the profile of u atdifferent time. The upper curve corresponds to the older profile of u.
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A Existence for a single camphor disk

We consider the steady state problem of the single camphor model on the moving coor-
dinate:

0=7(U(mL(ze + 7)) = y(U(mL(ze = 1)) = 2rpe, (A1)
2
0:(?97[2]+C?9—Z—U+F(z—zc), (A.2)

'"URL: https://link.springer.com/article/10.1007/s13160-020-00427-x

46



for z € [0, L)\ {71 (2c+7), 71 (2.—7)}. We assume that U € C1[0, L] satisfies U(0) = U(L)
and U'(0) = U'(L).

Theorem A.1l. For any ¢ > 0, there exists a unique p > 0 such that (A.1) and (A.2)
have a solution. In the case of ¢ = 0, there always exists a solution for any value of
u>0.

Proof. Let ¢ > 0 be a fixed constant. Since (A.1) and (A.2) have a translational symme-
try, we may assume z. = r without loss of generality. We first derive a nonlinear equation
that is equivalent to (A.1) and (A.2) in a similar manner as the proof of Theorem 2.4.
A general solution to (A.2) is given by

U(z)=a+Ef(—2z)+a_E_(z)+ 1, z € (0,2r),

(A.3)
U(z) =byEi(—(2—2r)+b_E_(z2—2r), z€ (2r,L),

where the constants a+ and b4 are determined by the C''-matching conditions at z = 0,
2r. Then, similarly to the proof of Lemma 5.1, we find that (A.1) and (A.2) are equivalent

to
Aa+e=AE(L —2r)b, Ab=AE(2r)a + e,

where a’, b’, e, A and E(x) are the same as those in Lemma 5.1. Hence, it follows that

1 E (L) — Ey(2r)

200, 1- E.(L)
1 E_(L-2r)—1 |

200 1—E_(L)
1 E (L—2r)—E.(L)

20 1— E.(L)
1 1—E_(2r)

S 20A_ 1—E_(L)

a=(I-EL) Y EL-2r)—1)Ate=

b= (I -FE(L) 'I-E2r)Ale=

Substituting these constants into (A.3), we obtain

B (—2)E{(L)-E.(2r) E_(2)E_(L—-2r)—1

U(z) N 29)\+ 1— E+(L) o 20\ 1— E_(L) =+ ]-7 AS (0,2’["),
B (-(z-2)E(L-2r)-Ey (L) E_(:—2r)1-E_(2r)
U() == 20\ e E.(L) T N B(r) ~erh

which implies
U0)=Uy+E_(L-2r)U_, U@2r)=FE(L-2rU;+U-_. (A4)

To clarify the dependence of ¢ > 0, we rewrite (A.4) by U,(c) = Ui(c) + E_(¢,L —
2r)U_(c) and Ug(c) = Ey(c, L —2r)Uy(c) + U-(c). Then, (A.1) is rewritten by

0 = 1(Uf(e)) — 1(U(e)) — 2rpe: (A.5)
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Next, we show that, for any ¢ > 0, there exists p > 0 satisfying (A.5). For the case of
¢ =0, we have (A.5) for any p > 0 since it follows from Ay (0) = £1 that Uy (0) = U_(0)
and E4(0,2) = E_(0, z). In the case of ¢ > 0, (A.5) is rewritten by

_ V(Uf(C))QZC’V(Ur(C))_ (A.6)

I
Noting that
Ur(c) = Ug(c) = (1 = By (¢, L = 2r))Us(c) — (1 = E_(¢, L — 2r))U_(c),

we have

1 1—exp(—2rii(c))
204 (0) 1= exp(— LA, (¢)
(exp((L/2 = 1A+ (0)) — exp(—(L/2 — A+ (c)))
2A4(c)
exp(rAy (¢)) — exp(=rA;(¢))
SD((L/2A1 () — oxp(—(L/2)A5 ()
_ sinh((L/2 —r)Ay(c)) sinh(rAy)
Ne() sih((L/2)0)
- §2(>‘+(C); T L/2),

0(c)(1 = Ey (e, L = 2r))Us (¢) = (1 — exp(—(L — 2r)A1(c)))

and, similarly,
6(c)(1 — E—(c. L — 2r))U-(c) = &a(~A—(c)ir, L/2).

Since &(x;r, L/2) is strictly decreasing for x > 0 and Ay (c) < —A_(c¢) for ¢ > 0, we
obtain
0(c) (Ur(c) = Uy(c)) = La(As ()i L/2) = &2(A-(c); 7, L/2) > 0,

so that Us(c) < U,(c) for any ¢ > 0. Thus, since y(u) is strictly decreasing for v > 0,
we conclude that, for any ¢ > 0, there exists a unique constant p > 0 such that (A.6)
holds. O

B Properties of auxiliary functions

We first show that

ole) = o(ws0) = s,

with a constant a > 0 is strictly increasing for x > 0. Indeed, we have

_ tanh(az) — az(1 — tanh®(az))
B tanh?(ax)

§o(z)

)
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and

tanh(az) — az(1 — tanh?(azx)) = tanh(ax) [1 —ax ( - tanh(ax))] .

tanh(ax)

Since sinh(z)/z and cosh(z) attain the minimum value 1 at z = 0, we obtain

1 azr
1-— ——— —tanh =1-
“ <tanh(aar:) an (a:z:)) sinh(ax) cosh(ax) >0,
for x > 0. Hence, &y(z) is strictly increasing for x > 0.
1. The function & (z). We show that
sinh(ax)
§i(x) = &i(w;a,b) Sinh(br)”
with b > a > 0 is strictly decreasing for z > 0. We have
a cosh(ax) sinh(bx) — bsinh(ax) cosh(bx
€ (@) = cohla)sivh(be) Zbstub(ar) cobBe) _ ¢, (.1 (6o a:2) — &ofbia)).

sinh?(bx)
Since &y(x) is strictly increasing for z > 0, we have &(a; x) < &(b; x) so that £ (z) <0
for x > 0.
2. The function &(z). We show that

sinh(ax) sinh((b — a)x)

$2() = &o(w;0,0) = sinh(bx) x ’

with b > a > 0 is strictly decreasing for = > 0. It follows that

I x sinh(xb)
& (x)  sinh(za)sinh((b — a)x)
_ xsinh(aw) cosh((b — a)x) + sinh((b — a)z) cosh(az)
sinh(ax) sinh((b — a)x)

= fanh((b—a)z) " tanh(az) _ @09 Tl@a)

Since &y(z) is strictly increasing for x > 0, &2(x) is strictly decreasing for = > 0.

3. The function &3(x). Let a,b,c > 0 satisfy ¢ < b — 2a. We show that

sinh(ax) sinh((b — 2a — 2¢)x)
sinh(bx) x

§3(z) = &3(x50,b,¢) =

satisfies the following properties for x > 0:
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1. If b—2a — 2¢ > 0, then &3(x) is strictly decreasing for = > 0.
2. If b—2a — 2¢ = 0, then &(x) = 0.
3. If b—2a — 2¢ < 0, then &3(x) is strictly increasing for = > 0.
We have
&(x;a,b,¢) = (w5 a,b)E1 (250 — 2a — 2¢,b — a).

In the case of b — 2a — 2¢ > 0, it follows from b —a > b — 2a — 2¢ > 0 that & (z;b — 2a —
2¢,b — a) is strictly decreasing for x > 0. Since &(z;a,b) is also strictly decreasing for
x >0, &(x) is strictly decreasing for = > 0. In the case of b — 2a — 2¢ < 0, we have

&(x;a,b,¢) = =& (w5 a,b)& (25— (b — 2a — 2¢); b — a).

Owing to b—a—(—(b—2a—2¢)) = 2(b—2a—c)+a > 0, we find b—a > —(b—2a—2¢) > 0,
which means that & (z; —(b — 2a — 2¢);b — a) is strictly decreasing for = > 0. Hence,
—&3(x) is positive and strictly decreasing for = > 0, that is, £3(x) is strictly increasing
for x > 0. It is straightforward to check that b/2 —a — ¢ = 0 yields 3 = 0.

C Limiting estimates of auxiliary functions

We show useful formulae for the limits of Fy (¢, z), Us(c) and their related functions as
¢ — 0. The following lemma is used for the proof of Theorem 2.4(d).

Lemma C.1. For any z, 21,22 > 0, we have

lim Ey(c,z) =1, lim E_(c,z2) =0,

c— 00 Cc— 00
. 2r .
Jim Uy (¢) = 70 Jm U-(c) =0,
. U-(c) _ . 2 _
A T F e AU =1,

1-Ei(ez) = Elez)
c—oo 1 — Fi(c,29) 297 c¢=o0l— FEi(c,29)
U_(c) 1

lim = .
3% (1= Ey(e,20))(1 = By(c,22)) 2172

=0,

Proof. Tt follows from (5.6) that

. . 2
Jlim Avle) = m e =0,

) . —c— V442

lim A\_(¢) = lim ———— = —o0,
c—00 c—00 2

. A(e) 1 —c
1 — lim = 1) =-1
oo 20(c) hoo 2 <,/4+ 2 ) ’

50



and we have

lim F,(c,z) = lim exp(—zA4(c)) = 1,

c—00 Cc—00
clggoE (c,z) = clggo exp(zA_(c)) =0

Thus, we obtain

1
lim A_(¢)?U_(c) = li
lim A—(e)7U-(e) = lim, 20(c) 1-E_(c,L)

in which we used A;A\_ = —1. Note that E(c,z) =1 —2A+ (¢) + o(A+(c)). Then,

~ lim At (c) _1
T a0 o (@) 2
lim 1— FEi(c, zl) I 1—(1—2zA:(c)+o(As(c) =1

c—oo 1 — Fy(c,29) T - (1— 2221 (c) +o(Ap(c)) 2o’

—~|—

for z > 0, z1 > 0, z0 > 0, which yields

—A_(c)1—=E(c,2r) 2r

T v 20(¢) 1—Ei(e,L) L’
, U_(c) ) 1 Ap(c)  1—=E_(c2r)
lim ————2 _ — ] =
T (o) (1= Ei(e ) I—BE (L)

E_(c,z1) — lim —A_(c)exp(A_(c)z1)

lim =0

c—oo | — c—00 o(Ai(c ’

—oo 1 — Fi(c,2z2) o= 2 + (/\:((C)))

lim U-(c)

B =B, (e o) (1= By (e 22))

~ lim —A_(c) Ai(c) Ai(c) 1-E (c,2r) 1

cwoo 20(c) 1—FEi(¢c,21)1 —Ey(¢,22) 1 —E_(¢,L) 2129

D Auxiliary lemmas and their proofs

We show some useful lemmas for the proof of Theorem 2.6. Recall the following functions:

Upsle.d) = U <c><1+exp (dA—(c)) exp(2rA_(c)))
Upr (e, d) = Us(¢) + U-(c) exp(dA_(c)),

Uslend) = Us(¢) exp(—dAs (¢)) + U—(e)

Usr (e, d) = Us(¢) (1 + exp(—dAs (c)) exp(—2rA1 (¢))

o1



and
AUp(c,d) = Ups(c,d) — Upr(c, d), AUs(c,d) = Usg(c,d) — Ugr(c, d).

For any ¢ > 0, A\ (c) satisfy A_(c) < —A4(c) < 0 and Ay(c)A_(c) = —1, and Ux(c) are

given by

1 T —exp(F2ri+(c)

~ 20(c) +A1(c)

with 6(c) > 0. For later use, we introduce the following function:

AU(r) = AU(r;c)

Ui(c) > 07

=U_(c) —Us(c) = 20(c) A_(c) A+(0)

For any fixed ¢ > 0, AU(r) is negative for » > 0. Indeed, we have O(AU)'(r) =
exp(2rA_) —exp(—2rAy) < 0 and AU(r) — 0 as r — 0. Then, the following two
lemmas hold.

-1 (1 —exp(2rA_(c)) 1-— exp(—2r)\+(c))>
+ .

Lemma D.1. For any ¢, d > 0, (Upg, Upr, Usy, Us,) satisty
(i) AUp(c,d) <0, (i) AUp(c,d) < AUs(c,d), (ili) Upf(e,d) < Ugs(c,d).
Proof. The claim directly follows from the following calculations:
(i) AU, =U_(1+ exp(d\_)exp(2rA_)) — (Uy + U_exp(dA_))
= —U_exp(d\_)(1 —exp(2rA_)) + AU < 0.
(i) 26 (AU, — AUs)
= (AU — Ay exp(dr_)(1 — exp(2rA_))?)
— (AU — A_exp(—dAy)(1 — exp(—2rAy))?)
= A_exp(—dAy ) (1 — exp(—2rAy))? — Ay exp(dA_)(1 — exp(2rA_))?
<0.
(ili) Upp — Usp = U_(1 4 exp(dA_) exp(2rA_)) — (Uy exp(—dAry) + U-)
= U_exp(d\_)exp(2rA_) — Ui (c) exp(—dAy)
< exp(—dAy)AU < 0.
O

Lemma D.2. Let h(c) = U_(c) — Us(c)exp(—2rA+(c)). Then, for any ¢ > 0, there
exist constants d*(c) > 0 and d**(c¢) > 0 such that
(i) AUs(e,d) < 0 holds if and only if

d>{o h(c) <0,
d*(c) h(c) >0.

(ii) Upr(e,d) < Ugr(c,d) holds if and only if

d>{o h(c) <0,
d*(c) h(c)>0.
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Proof. (i) Since we have
AUs = Uy exp(—dAy) + U- — (UL (1 4 exp(—dA;) exp(—2rA4)))
= Ui exp(—dAy)(1 —exp(—2rA;)) + AU,
AUs(c,d) is strictly decreasing for d > 0 and satisfies
lim AUs(c, d) = U-(c) = Us(c) exp(=2rA+(c)) = h(c),
lim AUs(e,d) = AU < 0.

d—o0

If we have h(c) < 0 for fixed ¢ > 0, AUs(c,d) < 0 holds for any d > 0. In the case of
h(c) > 0, there exists a constant d*(c) > 0 such that AUs(c,d*(c)) = 0 and AUs(c,d) < 0
holds for any d > d*. Note that d*(c) is explicitly expressed by

(O
A (c) Us(c)(1 — exp(—2rA+(c)))
(ii) We consider the following function:
fi(d) =20 (Upr(c,d) — Ugp(c,d))
= A_exp(—dAy)exp(—2rA;L)(1 —exp(—2rAy)) + Ay exp(dA_)(1 —exp(2rA_)).
Then, f{(d) is given by
F1(d) = exp(—dXy) exp(—2rA ;) (1 — exp(~2r\4)) — exp(dA_)(1 — exp(2rA_)))
— exp(—ds) [exp(~2rA ) (1 — exp(—2rAs)) — exp(dA + Ap)(1 — exp(2rA_))]
= exp(—dA) fa(d),
and it follows from A_ < —A\; < 0 that fa(d) is a strictly increasing function satisfying
Cllir% fa(d) = exp(—2rA4)(1 —exp(—2rAy)) — (1 —exp(2rA_)) <0,
—

dli_}rglo fa(d) = exp(—2rA4)(1 —exp(—2rAy)) > 0.

d*(c) =

Hence, there exists a constant dy > 0 such that fi(d) is monotonically decreasing for
0 < d < dop and monotonically increasing for d > dy. Considering

iig}) fi(d) = A_exp(—2rAy)(1 —exp(—2rAy)) + A (1 —exp(2rA_)) = 26(c)h(c),
Jim fi(d) =0,

we find that, for any ¢ > 0 satisfying h(c) < 0, fi(d) is negative for d > 0 and thus f;(d) =
20(Upr(c,d) — Ugp(c,d)) < 0 holds for any d > 0. In the case of h(c) > 0, there exists a
constant d**(c) > 0 such that fi(d**(c)) = 0 and fi(d) = 20(Up(c,d) — Usr(c,d)) < O
for any d > d**. Then, d**(c) is given by

; (0] exXpl—4ar C (C)
A+<c>+A_<c>1g< p{=2ras{ ))U_<c>)'

IS
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