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Chapter 1                                              

Introduction 

1.1 Introduction 

Alternate bars play an important role in the river morphology, causing the scouring 

of riverbeds and banks alternately and making a river channel unstable by forming a 

meandering pattern [1]. Such meandering patterns might cause a series of problems in 

navigation, flood prevention, and hydraulic construction [2,3,4]. Meanwhile, the 

regular alternating shapes and migration properties are also very interesting and highly 

discussed topics in river morphology. Researchers have studied the alternate bars’ 

characteristics such as bar height, wavelength, migration, etc. from many aspects such 

as flow conditions, sediment supply, bank vegetation, channel properties, etc. [5-18]. 

These studies have provided us with much new knowledge and viewpoints, however, 

due to the limitations of the research conditions, the studies are often accompanied by 

deficiencies and need to be supplemented. In this paper, two basic aspects: discharge 

and sediment supply, which are the two most basic conditions in river morphology, have 

been studied.  

Sediment supply plays a vital role because the imbalance of sediment supply from 

the upper river reaches sediment transport capacity, causing bed aggradation or 

degradation in the downstream reach and controlling sediment transport features and 

overall river morphologies. Some studies clearly show an inseparable relationship 

 
Figure 1.1. Alternate bars in Japan 
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between sediment supply and river morphodynamics [19,20]. However, despite the 

common knowledge regarding the importance of sediment supply to river 

morphodynamics, there are still deficiencies in understanding the scale and intensity of 

the impact from the imbalance of sediment supply to the capacity transport rate. Some 

studies show that the imbalance of sediment supply affecting river morphology is a very 

long process for decades and will not appear in a short time; also, the effect varies with 

distance: the farther the distance is, the less obvious the effect will be, which seems to 

be a common sense but the length of the distance is difficult to calculate [21-24]. These 

opinions indicate that even though the sediment supply plays an important role in 

downstream river morphodynamics, we must consider the effective temporal and 

spatial scales of the sediment supply to the downstream environment. 

    Discharges are basic conditions that cannot be ignored. But it seems that most of 

the studies about alternate bars have been done under a steady flow condition, for it 

always takes weeks to form stable alternate bars and giving such a long unsteady flow 

condition is not realistic. In fact, discharge unsteadiness, which has been a long-ignored 

concept, plays a critical role in sand bar formation and dynamics. Tubino performed a 

linear stability analysis of free river bars under unsteady discharge conditions, indicated 

the importance of flow unsteadiness to bar dynamics and further motivated the 

understanding of alternate bar dynamics under unsteady discharge conditions [25]. 

Several following studies have also shown the importance of discharge unsteadiness to 

river morphodynamics [26-28]. However, such studies focus on short-term 

morphodynamics as only a single or a few repeated hydrographs are considered. How 

the river bars were formed and continue to develop in the long term, under the complex 

sequence of hydrographs remains unclear. This is mainly owing to a lack of field 

observations pertaining to long-term hydrological and spatiotemporal river bars 

interactions, as well as the difficulty in performing long-term flume experiments, even 

under simplified conditions. Researchers may have a deep understanding of the 

morphodynamics of alternate bars under steady flow conditions. Still, we are hoping to 

find some regular morphodynamics properties of alternate bars under unsteady flow 
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conditions. Therefore, long-term unsteady flow conditions simulation has been 

performed in this research. 

This study is based on a flood disaster that happened in 2011 at the Otofuke River, 

Japan, in which bank collapse and road damage were reported (Figure 1.2). Disasters 

have occurred on the river from time to time in recent decades, and studies have been 

made based on the situation of this river [18,29,30], giving us an appropriate research 

object. Here, 2-D numerical simulations are performed via Nays2DH, a functional 

numerical model in iRIC software [31-37]. 

1.2 Study objectives 

The main objectives of this dissertation are 

1)  To test the applicability of the concept of Hydrograph Boundary Layer in the 2-D 

simulation proposed by Wong and Parker under 1-D conditions. 

2)  To test the effective temporal and spatial scales of the sediment supply imbalance. 

3)  To find the regular morphodynamics properties of alternate bars under unsteady 

flow conditions. 

4)  To analyze the change of morphodynamics of the alternate bar with the unsteady 

flow. 

 

Figure 1.2. Bank erosion disaster happened in Otofuke river, 2011 (Otofuke River, 

Japan, Nagata, 2014) 
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1.3 Layout of the dissertation 

In Chapter 2, we focus on the role of sediment supply in the downstream 

morphology. In this regard, Wong and Parker [18] proposed an important concept called 

the hydrograph boundary layer (HBL), which indicates that bed elevation responds to 

the sediment supply variation can travel only a short distance. This short river reach, 

which is affected by the upstream sediment imbalance, is termed as the hydrograph 

boundary layer (HBL), and in the downstream of HBL, the mobile-bed equilibrium, 

which indicates no bed elevation change, is achieved. Most study related to the HBL 

concept has been done under 1-D simulation, make us wonder if it can also behave in 

2-D simulation. In Chapter 2, we investigated the effect of sediment supply on the 

morphodynamics of free alternate bars in gravel-bed rivers in terms of the HBL concept. 

Two-dimensional morphodynamic calculations regarding sand bar development were 

performed under cycled, single triangle-shaped hydrographs with different sediment 

supply conditions, more specifically, constant and equilibrium feed conditions.  

In Chapter 3, we started with a special case we found in Chapter 2, in which the 

alternate bars can reach a morphodynamics equilibrium state, that is, the wavelength 

and migration period of alternate bars remained constant, and the migration period was 

the same as the hydrograph cycle. After further study, we found that the 

morphodynamics of alternate bars under a specific combination of discharge variation 

and hydrograph cycle reached an equilibrium state. This might be a unique 

morphodynamic feature of alternate bars under unsteady conditions because the steady 

discharge counterparts demonstrated a dynamic equilibrium state with slightly time-

dependent features of the wavelength and migration period but did not exhibit non-

time-dependent features. In this chapter, we focused on the effect of the hydrograph 

cycle on river morphology and performed dozens of numerical simulations under 

different discharge and hydrograph cycle conditions. Meanwhile, we tried to give the 

discharge process an abrupt change to observe the morphodynamics of alternate bars to 

find the intriguing consistency of the hydrograph cycle and migration period under 

morphodynamics equilibrium. 
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In Chapter 4, we summarize the conclusions of the previous chapters and give 

some recommendations based on the previous study and the existing results.  
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Chapter 2                                               

Effect of Sediment Supply on Morphodynamics of Free Alternate 

Bars: Insights from Hydrograph Boundary Layer 

2.1 Introduction 

Catastrophic flood events result in intense sediment transport and subsequent 

changes in river morphology, causing water and sediment-related disasters. For instance, 

riverbank erosion, levee collapse, and the movement of sandbars lead to urban flooding 

[38,39], road damage [40,41], and bridge failure [42,43]. Therefore, a better 

understanding of the river morphodynamics and the factors controlling the system is 

essential for managing rivers and their floodplain environment and mitigating flood 

risks. 

The river morphologies and their dynamics are influenced by numerous physical 

and environmental factors such as water discharge [44], bed slope [45], grain size [46], 

anthropogenic stresses [47], and sediment supply [48]. Among these factors, sediment 

supply plays a vital role because the imbalance of sediment supply from the upper river 

reaches sediment transport capacity, causing bed aggradation or degradation in the 

downstream reach and controlling sediment transport features and overall river 

morphologies. For instance, Constantine et al. investigated the relationship between the 

sediment supply rate and meander migration rate in the Amazon River basin [19], and 

a strong positive correlation between these factors was observed. Stähly et al. studied 

the reservoir sediment ejection process in the Sarine floodplain [20]. Before the ejection, 

the downstream alternate bar disappeared because the block of the dam considerably 

reduced the sediment supply. Sediment ejection events extensively restored the 

formation of the downstream alternate bar. These studies clearly show that an 

inseparable relationship exists between sediment supply and river morphodynamics. 

However, despite the common knowledge regarding the importance of sediment 
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supply to river morphodynamics, there are still deficiencies in understanding the scale 

and intensity of the impact from the imbalance of sediment supply to the capacity 

transport rate. For example, the Mississippi Delta has been suffering significant 

drowning, and the decline of the sediment transport rate from the upper Mississippi 

River due to dam construction is thought to be one of the causes [21]. Nittrouer and 

Viparelli [22], however, investigated the sediment transport rate in the Mississippi 

River and highlighted that the downstream sediment transport rate did not decline 

significantly despite dam construction, which is far upstream from the river mouth. This 

is because upstream degradation of the riverbed causes the sand to be supplied to the 

downstream instead of the sediment supply from the upper reach. Gaeuman et al. 

studied the response of the Duchesne River flow and sediment reduction caused by 

water development in the 1920s [23]. The results show that it took approximately 30 

years for a 14 km channel to restore stability. The results show that the elevation change 

due to sediment supply conditions is closely related to the distance from the source. 

Such processes can be described as translation (or advection): i.e., dispersion of the 

sediment wave [24], and the importance of these two factors determines the 

effectiveness of the sediment source. These studies indicate that even though the 

sediment supply plays an important role in downstream river morphodynamics, we 

must consider the effective temporal and spatial scales of the sediment supply to the 

downstream environment. 

In this study, we focus on the role of sediment supply in the downstream 

morphological changes in gravel-bed rivers during flood events. In this regard, Wong 

and Parker [49] proposed an important concept called the hydrograph boundary layer 

(HBL). They performed simple movable bed experiments and numerical simulations 

under cycled hydrographs and a constant sediment feed rate. Under these conditions, 

the upstream riverbed is forced to undergo repeated aggradation/degradation due to the 

imbalance of the constant sediment feed rate to the transport capacity, which is 

determined by the hydrograph. However, the bed elevation responds to the hydrograph 

only in a specific reach near the sediment feed point, indicating that upstream bed 
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fluctuation can travel a short distance. This short river reach, which is affected by the 

upstream sediment imbalance, is termed as the hydrograph boundary layer (HBL), and 

in the downstream of HBL, the mobile-bed equilibrium, which indicates no bed 

elevation change, is achieved. This sediment feed condition is unlikely to occur in 

natural streams; however, this concept is helpful for a clear understanding of how the 

riverbed change caused by the imbalance of sediment feed to the capacity rate can 

propagate to the downstream river reach in a single flood event. So far, studies have 

been conducted based on the concept of HBL. Parker et al. tested several variables, 

such as hydrograph duration, grain size distribution, and bed slope, to determine their 

influence on the HBL. An et al. [50] applied the HBL theory to a massive sediment 

supply into a river caused by an earthquake to determine how the riverbed will react 

under such sediment supply conditions. 

These studies shed some critical light on understanding the relationship between 

sediment feed conditions and river responses; however, further studies and discussions 

are required for a more complex situation. For example, An et al. [51] pointed out a 

breakdown of the HBL concept in poorly sorted sediment cases, showing that low-

amplitude bedload sheets can travel beyond the HBL. The other limitation of this 

concept is that most previous studies were performed under one-dimensional flow and 

sediment transport fields. In other words, even though mobile-bed equilibrium can be 

achieved downstream of the HBL, it remains unclear whether the upstream effect has 

no role in complex morphological elements such as sand bars or channel meandering. 

The 2D river morphologies can also be affected by sediment supply conditions [52,53], 

but an interpretation of the effect of sediment supply on river morphodynamics is not 

always straightforward because of the difficulty of sediment transport measurement in 

the field. Therefore, the concept that HBL is also valid for 2D cases must be focused 

on to better understand the effect of sediment supply on downstream morphodynamics. 

In this study, a series of two-dimensional morphodynamic calculations regarding the 

alternate bar development with the HBL effect were conducted. According to the 

concept of HBL, the sediment transport rate outside the HBL region will reach 
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equilibrium because there is almost no change in the bed elevation. It can be inferred 

from the properties of the HBL that if two cases have the same cycled hydrograph but 

different sediment supply conditions, more specifically, constant and equilibrium feed 

rate, the river morphology outside the HBL may not change as well as the bed elevation. 

However, this study aimed to determine how HBL acts in two-dimensional cases and 

how river morphology responds to the imbalance of sediment supply during a flood 

event. 

2.2 Methods 

2.2.1 Numerical Model 

We used the Nays2DH model [31], a two-dimensional morphodynamic model 

enclosed in the iRIC software [32]. This model has been applied to various 

morphodynamic phenomena in rivers [54], and the model can simulate the alternate bar 

morphodynamics focused on in this study [55,56]. 

The flow model is an unsteady two-dimensional shallow water flow model. The 

governing equations of this model are written for a generalized coordinate system; 

however, for simplicity, here, we describe the governing equations in the Cartesian 

coordinate system: 

𝜕ℎ

𝜕𝑡
+

𝜕𝑢ℎ

𝜕𝑥
+

𝜕𝑣ℎ

𝜕𝑦
= 0 (2.1) 

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= −𝑔 (

𝜕ℎ

𝜕𝑥
+

𝜕𝑧

𝜕𝑥
) −

𝑔𝑛2𝑢√𝑢2 + 𝑣2

ℎ
4
3

 (2.2) 

𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
= −𝑔 (

𝜕ℎ

𝜕𝑦
+

𝜕𝑧

𝜕𝑦
) −

𝑔𝑛2𝑣√𝑢2 + 𝑣2

ℎ
4
3

 (2.3) 

where x and y are the downstream and transverse coordinates, h is the water depth, z is 

the riverbed elevation, t is time, u and v are depth-averaged velocity components in the 

x and y directions, respectively, g is the gravitational acceleration, and n is the Manning 

coefficient. 

Because we focus on the morphodynamics of the gravel-bed river, we only 

consider bedload transport as a mode of sediment transport. The Meyer-Peter and 
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Müller formula was used here, and the sediment was considered to have a uniform grain 

size. The sediment transport model used was as follows: 

𝑞𝑏𝑠 = 8(𝜏∗ − 𝜏∗𝑐)
3
2√𝑠𝑔𝑑3 (2.4) 

𝑞𝑏𝑛 = 𝑞𝑏𝑠 (
𝑢𝑏𝑛

𝑉
− √

𝜏∗𝑐

𝜇𝑠𝜇𝑘𝜏∗

𝜕𝑧

𝜕𝑛
) (2.5) 

where τ* is the Shields number, τ*c is the critical Shields number, s is the submerged 

specific gravity of the sediment, d is the grain size of the bed material, qbs and qbn are 

the bedload transport rates in the x and y directions, respectively, ubn is the flow velocity 

near the riverbed in the n direction, V is the composite velocity near the riverbed, and 

μs and μk are the static friction coefficient and dynamic friction coefficient, respectively. 

The following Exner equation updates the bed elevation: 

(1 − 𝜆)
𝜕𝑧

𝜕𝑡
+

𝜕𝑞𝑏𝑥

𝜕𝑥
+

𝜕𝑞𝑏𝑦

𝜕𝑦
= 0 (2.6) 

where λ is the void ratio of the bed. 

 

2.2.2 Computational Conditions 

As a case study, we simplified the condition of the Otofuke River, which is a 

typical gravel-bed river [18]. This river was affected by a large flood in 2011, which 

caused significant development of sand bars and subsequent channel meandering; 

therefore, this is a relevant example for the 2D river morphodynamics in gravel-bed 

rivers. The channel for the calculation is straight with a width of 70 m and length of 21 

km, and the slope of the initial riverbed was set to 0.005. A Manning roughness 

coefficient of 0.028 s/m1/3 and a uniform particle size of 40 mm were used. This is the 

simplified channel configuration of the main channel of the Otofuke River. 

The observed hydrograph is modeled as a simple triangle-shaped hydrograph; that 

is, the water discharge linearly increases from 100 to 600 m3/s within 20 h and decreases 

from 600 to 100 m3/s linearly within the next 20 h, which makes the whole cycle of 40 

h, as shown in Figure 2.1. 
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Figure 2.1. Hydrograph and sediment supply conditions used for the base calculation 

(Case 1). The three hydrographs are shown here as an example, but in the calculation, 

50 hydrographs were obtained. 

 

We set two sediment supply conditions, namely equilibrium and constant sediment 

feed conditions. The equilibrium condition provides the equilibrium sediment transport 

rate calculated using the flow parameters from the upstream end. This feed rate is the 

sediment transport capacity of this modeled river, and the supply rate depends on the 

hydrograph, as shown in Figure 2.1. Because the feed rate is equivalent to the transport 

capacity, the bed elevation at the upstream end does not change over time under this 

condition. 

The constant-feed condition is intended to obtain the hydrograph boundary layer 

at the upstream end [49]. The constant-feed rate obtained from the upstream end is a 

type of averaged sediment transport rate over the hydrograph, so that the bed elevation 

at the upstream end varies over the hydrograph, but the average bed elevation over the 

hydrograph does not change. This feed condition makes the bed slope remain constant 

throughout the calculation, and the total sediment supply rate under this condition 

becomes the same as the equilibrium condition. Note that we slightly modified the 

original model of the Nays2DH code to provide a constant sediment feed rate from the 

upstream end. 
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The difference between the two conditions is only the persistent bed fluctuation 

over the hydrograph; the former case provides no bed variation, whereas the latter 

condition provides the fluctuation of bed elevation caused by the imbalance between 

the sediment transport capacity and the sediment feed rate. According to Wong and 

Parker [49], the bed fluctuation of the latter run propagates downstream but has an 

influential role within the limited river reach from the upstream end, that is, HBL; thus, 

there should be no difference in the morphodynamic features downstream of the HBL 

in both conditions. This is valid for 1D cases; however, in this study, we investigated 

whether this concept is still valid for the 2D morphodynamic phenomena developed 

beyond HBL, such as the formation and development of alternate bars that take place 

far downstream from a sediment source into the river. 

In addition to this hydrograph condition, as a parameter study, we performed two 

additional computations by changing the features of the hydrograph but retaining the 

triangular shape. The computational conditions above are defined as Case 1, and in 

Case 2, a longer hydrograph duration (i.e., 80 h) with the same peak discharge as Case 

1 was used. In Case 3, a higher peak discharge (i.e., 1200 m3/s) with the same 

hydrograph duration as Case 1 was adopted, as summarized in Table 2.1. The large 

ensemble climate and runoff calculations have been used to predict this kind of 

hydrograph variation in past and future climates [57-59], so the condition of this 

numerical experiment is realistic. 

We obtained 50 hydrographs for all calculations. This numerical experiment was 

intended to understand how the hydrograph duration and peak discharge influence the 

HBL characteristics and the downstream sand bar characteristics beyond the HBL. 

 

Table 2.1. Hydrograph duration and variation in the numerical experiment. 

 Hydrograph Duration Discharge Variation 

Case 1 40 h 100–600 m3/s 

Case 2 80 h 100–600 m3/s 

Case 3 40 h 100–1200 m3/s 
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2.3 Results 

2.3.1 Two-Dimensional Study of the Hydrograph Boundary Layer: Alternate Bar 

Formation 

Figure 2.2 shows the bed elevation change along the right bank after 25 

hydrographs are provided in Case 1 with a constant sediment feed condition. Figure 2.2 

(a) and (b) illustrate the 1D morphodynamic features in the entire calculation at reach 

at the lowest and peak discharges (i.e., 100 and 600 m3/s, respectively). The structured 

bed variation observed in the downstream reach (5–21 km) corresponds to alternate 

bars. At the upstream end, the lowest discharge causes the highest elevation change (i.e., 

aggradation), whereas the peak discharge provides the lowest elevation change (i.e., 

degradation). This elevation change is caused by the imbalance of the sediment feed 

rate to the sediment transport capacity; when the water discharge is low (high), the 

sediment feed rate is larger (smaller) than the sediment transport capacity, resulting in 

aggradation (degradation). This elevation difference at the upstream end within a single 

hydrograph is not small, approximately 2 m, which is almost the same as the bar height 

developed at the downstream reach. However, this bed elevation change enables the 

propagation to only short distances such as 1.5 km from the source, that is, the upstream 

end, as shown in Figure 2.2. This feature is precisely what Wong and Parker obtained 

in their 1D morphodynamic calculation (i.e., HBL); thus, this result clearly shows that 

the HBL also formed in our 2D simulation. This figure also demonstrates that an 

alternate bar was developed outside this HBL zone. There is a reach between these two 

zones where no elevation fluctuation exists or bars are formed. Hereafter, we refer to 

these three zones as the HBL zone (0–1.3 km), buffer zone (1.3–5 km), and bar zone (5 

km, downstream end). 
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Figure 2.2. Bed elevation change along the right bank 6000 m upstream after 25 

hydrographs in the case of constant sediment feed condition. (a) At lowest discharge. 

(b) At peak discharge. 

 

Figures 2.3 and 2.4 compare the 1D bed profiles of Case 1 between the equilibrium 

and constant sediment feed conditions. Because the sediment feed rate is equivalent to 

the capacity rate, there is no bed elevation change at the upstream end in the equilibrium 

feed condition. Except for this difference, the other morphodynamic features, namely 

downstream bar characteristics and emerging points of the bars, are quite similar in both 

runs, regardless of the sediment feed condition. The only difference is the phase 

difference of the trains of alternate bars between the two runs. To highlight the similarity 

of the alternate bar characteristics more clearly, Figure 2.5 shows the elevation variation 

comparison at the right bank in both runs by removing the phase difference. Regardless 

of the discharge (i.e., the low or high discharge states), the bar height and wavelength 

in both runs were almost the same. 
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Figure 2.3. 1D bed profiles of Case 1 along the right bank 6000 m upstream after 25 

hydrographs. 

 

Figure 2.4. Elevation variation comparison at the right bank in both runs after 25 

hydrographs. 

 

 

 

 

 

 

 



16 
 

 

 
Figure 2.5. Elevation variation comparison at the right bank in both runs after removing 

the phase difference: (a) At lowest discharge. (b) At peak discharge. 

 

Figure 2.6 shows the 2D top view of the bar area for a better illustration of the 

similarity and difference in spatial features of the alternate bar shape. Because the 

width–length ratio of this computational reach is too small, the downstream distance 

from approximately 10 km to 12 km was taken as a sample. As also observed in this 

figure, the alternate bar characteristics (not only the wave height and wavelength but 

also the 2D shape) are almost identical at the same time points. Meanwhile, the 

migrating processes were also similar in both cases; the bar moved almost the same 

distance downstream within 20 h.  
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Figure 2.6. 2D top view of alternate bars simulated in Case 1. 

 

The discussion above is based on specific time points and the distance of the 

channel. For a more qualitative evaluation of the results, the bar characteristics over the 

entire calculation time must be overviewed. We apply the fast Fourier transform 

analysis to the time series of 1D bed elevation changes (e.g., Figure 2.2). Figure 2.7 

shows the FFT analysis result, indicating that the 2D contour map of the spectrum 

power in the time-wavelength domain in Case 1. As expected from the quantitative 

comparison above, this diagram seems very similar in both runs, suggesting that the bar 

characteristics (e.g., dominant wavelength) and their temporal changes are 

quantitatively similar. However, after approximately 1500 h, the dominant bar 

wavelength obtained in the constant sediment feed condition extends to approximately 

600 m. Figure 2.8 shows the elevation change along the right bank after 1800 h. This 

comparison shows that the bar characteristics are almost similar in the upper bar area 

(i.e., the downstream distance is 3–13 km). This is also seen in the spectrum diagram 

(Figure 2.7), which shows a second peak in the spectrum at a wavelength of 550 m 

under constant-feed conditions. However, at the further downstream reach, the 

elevation variation and wavelength increase, thus increasing the amplitude and period 

in the FFT analysis, which makes the dominant wavelength 600 m in the constant-feed 
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case. In contrast, the bar characteristics in the equilibrium feed case seem somewhat 

spatially consistent, leading to only a single, strong peak in the spectrum diagram. 

 

 
 

  

Figure 2.7. FFT analysis of dominant wavelength in case 1: (a) Equilibrium sediment 

supply. (b) Constant sediment supply. 

 
Figure 2.8. Elevation variation comparison at the right bank in both runs after 1800 h 

removed phase difference. 

 

The cause of this difference at a later time might be an increase in elevation in the 

buffer zone. To investigate this, three specific points in three zones (i.e., 900 m, 2400 

m, and 9000 m downstream) were selected based on the results after removing the phase 

difference. In Figure 2.9, comparisons are made according to the elevation variation in 

these points. Both runs show this elevation increase in the buffer zone; however, this 

feature is more significant in the constant-feed case. This makes the slope steeper, and 

this difference may affect the bar characteristics. This bed elevation increase is observed 
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Figure 2.9. Elevation variation comparison of three specific points in three zones. (a) 

The point 900 m downstream in the HBL zone. (b) The point 2400 m downstream in 

the buffer zone. (c) The point at 9000 m downstream in the bar zone (i.e., to make the 

comparison clear, the time range from 1000 to 1400 h is selected). 

 

after bar development, so that the alternate bar formed in the downstream reach has 

some roles in the upstream bed elevation change. Generally, alternate bars have a 

negligible effect on the flow resistance, but they play a role in the sediment transport 

rate [60]. These effects may affect the width-averaged bedload transport rate, causing 

some deposition (or erosion) upstream of the alternate bars. This point must be 

investigated; however, this effect is essentially not related to sediment feed conditions. 

The bar characteristics are very similar in the early stage before the elevation increase 

in the buffer zone is not significant (i.e., 500 h). In addition, even at a later stage, there 

is still a very similar bar area upstream. 

In summary, regardless of the sediment supply condition, the alternate bar feature 

formed downstream of the HBL is quantitatively very similar. This suggests that the 

findings regarding HBL [49] are almost valid for dynamics of alternate bars developed 

beyond HBL, that is, sediment disturbance at the upstream end has a negligible effect 

on the mobile-bed dynamic equilibrium downstream of the HBL. 

 

2.3.2. Sensitivity Analysis 

We present two additional results, that is, Cases 2 and 3, to highlight the effect of 

hydrograph shape, more specifically, the hydrograph duration and peak discharge, on 

the HBL features and dynamics of alternate bars. Figure 2.10 shows the elevation 

variation at the upper reach of the channel under a constant sediment supply in each 

case to highlight the properties of the HBL. The two lines used in each case were chosen  
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Figure 2.10. Elevation variation at the upper reach of the channel of Cases 1, 2, and 3 

when discharge is maximum/minimum. 

 

to show the highest and lowest bed profiles within the hydrograph. This figure clearly 

demonstrates that the longer and larger hydrograph extends the length of the HBL; this 

length is approximately 1.3, 1.5, and 1.8 km in Cases 1, 2, and 3, respectively. 

As shown in Figure 2.10, alternate bars are formed outside the HBL in Cases 2 

and 3, so we again investigated the difference in the bar properties downstream of the 

HBL. figures 2.11 and 2.12 demonstrate the temporal change in the spectrum power 

provided by the FFT analysis applied to the 1D bed profile in Cases 2 and 3. The bar 

properties, such as the dominant wavelength and time-dependent features, are different 

for each case. For instance, in Case 2, the dominant bar wavelength is approximately 

720 m in both sediment feed conditions; however, there are several secondary peaks in 

the spectrum around the dominant one. In addition, the time-dependent features of such 

secondary peaks are relatively significant, indicating that the bar properties become less 

stable than those in Case 1. The FFT results for Case 3 indicate two clear peaks in the 

spectrum diagram. The corresponding dominant wavelengths were approximately 450 

and 550 m, respectively. Although the dominant wavelengths are similar between the 

two sediment feed conditions compared with Cases 1 and 2, the differences in the bar 

characteristics indicated by the FFT analysis in Case 3 are slightly more evident than 

those in Cases 1 and 2. 



21 
 

  
Figure 2.11. FFT analysis of the dominant wavelength in Case 2. (a) Equilibrium 

sediment supply. (b) Constant sediment supply. 

  
Figure 2.12. FFT analysis of dominant wavelength in Case 2. (a) Equilibrium sediment 

supply. (b) Constant sediment supply. 

 

There are some differences in the characteristics of alternate bars formed outside 

the HBL, particularly time-dependent features, between equilibrium and constant 

sediment feed conditions. In Cases 2 and 3, HBL is more significant than Case 1, so 

this effect might be seen as a slight difference in the time-dependent features of the 

alternate bars. However, the spectrum diagram generally seems very similar regardless 

of the sediment feed conditions. The results may indicate that as long as the alternate 

bars develop far outside the HBL, the bed elevation change caused by the feed condition 

does not propagate beyond the HBL; the difference in bar properties between the two 

sediment feed conditions eventually becomes negligible. 



22 
 

2.4. Discussion 

2.4.1. Implications 

The present results indicate that the length of the HBL is an effective spatial scale 

of the additional sediment input into the river during a single flood event, so that the 

sediment supply condition in the upstream boundary has little effect on the river 

morphologies far downstream from the source. Numerous studies have suggested that 

massive sediment supply into rivers caused by, for instance, dam removal or landslides, 

causes reorganization of the river morphologies, grain size distribution, and 

environments [61,62]. This is inevitably valid for a specific river reach from the 

sediment source; however, at a more downstream reach, such as beyond the HBL, the 

effect of sediment disturbance will be very small or no longer measurable. In particular, 

in gravel-bed rivers, where sediment dispersion is dominant rather than in translation, 

the sediment pulse has a limited effect on downstream channel morphologies such as 

bar-pool structures [63,64]. This is what the concept of the HBL suggested, and in 

addition to the 1D mobile-bed equilibrium outside the HBL, the upstream sediment feed 

condition has a limited role in the 2D morphodynamics such as alternate bar dynamics 

focused herein at such a river reach. Because the effective length is limited, predicting 

the HBL length scale might be helpful for effective sediment replenishment works [65]. 

However, we must mention that the effective length scale of the sediment 

disturbance scaled by the HBL is short term, similar to the hydrograph scale, and is not 

applicable for long-term effects, such as a continuous decline in the sediment supply 

rate due to dam construction [66]. In this case, the upstream sediment condition 

eventually propagates far downstream by long-term flow-sediment transport processes. 

In addition, the transport feature of the sediment disturbance highly depends on its 

properties, such as the mass, size, and grain size of the sediment augmentation [67] and 

hydraulic conditions [68], so some of the sediment disturbance likely propagates 

beyond the HBL and affects the river morphology. 

The increase in the hydrograph duration and peak discharge we tested in the 

sensitivity analysis (i.e., by a factor of 2 from the observed significant flood event in 
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this river), is an extreme change in the hydrological perspective, but the difference in 

the HBL length caused by this extreme hydrograph difference is not significant. This 

might suggest that, practically speaking, the HBL length can be assumed as a constant 

in a single river (or some specific reach focused). Because this length is a type of 

adaptation length scale of the river subject to the imbalance of the sediment feed to the 

capacity within a single flood event, it will be useful to predict the length of the HBL 

through a simpler way. Wong and Parker [49] theoretically predicted this length using 

the linearized governing equation, as follows: 

𝛿 ~ [
𝑇ℎ𝑞𝑏𝑓

(1 − 𝜆)𝑆0
]

1/2

 (2.7) 

where qbf is the constant bedload transport rate, which achieves the mobile-bed 

equilibrium state over the hydrograph, S0 is the bed slope of such an equilibrium state, 

and Th is the hydrograph duration. The conditions of our calculation obtained the right-

hand side of Equation (2.7) as 454, 642, and 700 m for Cases 1, 2, and 3, respectively. 

Multiplying the factor 2.5 to these numbers is a good predictor for the δ we obtained 

(Figure 2.10). By verifying this equation this way, we might be able to use this predictor 

for non-linear systems as well. Again, the features of the HBL should be related to the 

intensity of the hydrograph and sediment condition [51] as well as the hydraulic 

conditions [68]. Therefore, this point needs to be investigated for different types of river 

reaches such as sandbed or lowland rivers. 

 

2.4.2. Limitations 

One of the limitations of our study was the assumption of a single grain size of the 

sediment. In gravel-bed rivers, the effect of graded sediment on sediment transport and 

morphodynamics is significant [51,69,70], which might have altered our findings. For 

example, An et al. [51] showed that low-amplitude bedload sheets can propagate long 

distances beyond the HBL in the case of poorly sorted graded sediment. The bar 

dynamics in the graded sediment case are more unstable than those in the case of 

uniform sediment [71]; therefore, it is likely that the low-amplitude bedload sheets or 

some small fluctuations caused by sediment feed conditions can drastically change the 
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dynamics of the graded sediment sand bars. 

This limitation is also critical in cases where suspended sediment transport should 

be considered [72]. The length scale of the suspended sediment transport is much longer 

than that of the bedload, so that the effect of sediment supply into the river can reach 

more downstream. Landslides or debris flow events bring finer sediment than those in 

the riverbed [73]; therefore, this type of sediment supply has a different role in the 

bedload-dominated condition. Our focus is on gravel-bed rivers, so this is beyond the 

scope of this study, but the inclusion of suspended sediment transport is an essential 

piece of sediment transport worth investigating in future research. 

The other limitation that should be noted here is the simple channel configuration 

or fixed bank assumption. In this study, we used a straight channel with a non-erodible 

bank. In general, the channel width and curvature can vary in space and time and play 

an important role in river morphodynamics [74]. Nelson et al. investigated the response 

of riffle-pool morphology in a width-varying channel to the sediment supply condition, 

showing that the sediment supply has little effect on the riffle-pool features and that the 

width variation has a primary role in controlling the overall morphologies. The 

combination of planimetric channel geometry and sediment supply conditions is also 

necessary for future research. 

Morgan performed flume experiments on gravel bar dynamics under unsteady 

water discharge and constant sediment feed conditions. This condition satisfies the 

alternate bar dynamics in the presence of HBL. Because the duration of the hydrograph 

is much shorter than the morphodynamic time scale, the HBL is not evident in their 

experiment, but such an attempt will be a good dataset in the future. Furthermore, it is 

necessary to test this 2D calculation for other types of river morphology, such as 

bedforms [53,75] and meandering rivers [19], which have been extensively investigated 

in the context of the effect of sediment supply conditions. 

2.5. Conclusions 

We investigated the effect of sediment supply on the morphodynamics of free 
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alternate bars in gravel-bed rivers in terms of the HBL concept proposed by Wong and 

Parker, using a 2D morphodynamic numerical model, iRIC-Nays2DH. Two-

dimensional morphodynamic calculations regarding sand bar development were 

performed under cycled, single triangle-shaped hydrographs with different sediment 

supply conditions, more specifically, constant and equilibrium feed conditions. The 1D 

morphodynamic perspective suggests that both feed conditions provide the same 

mobile-bed equilibrium downstream of the HBL. In contrast, it remains unclear whether 

the morphodynamic features at such a reach are identical even if the condition is 

extended to 2D cases, including complex bedforms such as alternate bars. 

In the present condition, the simulated alternate bars develop outside the HBL, and 

characteristics of the alternate bars such as wavelength, bar height and migration speed 

are almost identical in both sediment feed conditions. This result suggests that the HBL 

concept is still valid for 2D cases, where the upstream sediment disturbance is difficult 

to propagate beyond the HBL, and eventually, has a negligible effect on the downstream 

morphological characteristics. We also changed the hydrograph characteristics, that is, 

the hydrograph duration and peak discharge were increased by a factor of 2, to 

understand the sensitivity of this result to the extreme change in the hydrograph from a 

practical perspective. The larger and longer hydrographs extend the length of the HBL, 

but the upstream sediment boundary condition does not affect the general 

characteristics of the downstream alternate bars. In summary, the findings regarding 

HBL [49] are almost valid for the dynamics of alternate bars developed beyond the 

HBL, that is, sediment disturbance at the upstream end has a negligible effect on the 

mobile-bed dynamic processes, including alternate bar formation and development 

downstream of the HBL. 

The HBL is likely an effective temporal or spatial scale of the sediment disturbance 

(e.g., sediment pulse, sediment wave, gravel augmentation, etc.) in a single flood event, 

so this cannot be applied to larger-scale issues driven by long-term sediment 

increase/decline effects (e.g., dam construction). Moreover, this characteristic is highly 

dependent on the magnitude of the disturbance (size, shape, and texture) and hydraulic 
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conditions. With more complex channel or bed configurations, some experimental or 

field observational validation will be necessary in future work. 
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Chapter 3                                           

Morphodynamic equilibrium of alternate bar dynamics under 

repeated hydrographs 

3.1 Introduction 

Understanding river morphology and its dynamics is an important topic in many 

research fields, and the alternate bar morphology is a specific field of interest. Owing 

to their spontaneous alternating transformation and migration, alternate bars could be 

the main contributing factor for channel engineering or watershed topography problems 

such as river bank protection, navigation, agriculture, or river construction [76, 77, 78, 

79]. In the last few decades, extensive studies have investigated the fundamental 

physical mechanisms of the alternate bars [1, 5, 80]. To understand river 

morphodynamics, the concept of formative (or dominant, effective) steady discharge, 

which determines the overall characteristics of river morphology, is adopted. River bars 

and related morphodynamics (e.g., meandering) have been thoroughly investigated 

using steady discharge conditions based on formative or effective discharge concepts. 

Generally, this simplification does not affect the fundamental physics of the formation 

and development of river bars and provides some important insights such as alternate 

bar wavelength and height, growth rate, and migration [6, 11, 82]. Crosato et al. 

performed experiments and numerical simulations of alternate bar morphodynamics 

under long-term steady discharge conditions, demonstrating cyclic behavior of the 

alternate bar morphodynamics and the possibility of non-migrating alternate bars [83]. 

However, these studies consider alternate bars to be in a relatively stable discharge 

condition, focusing on their long-term behavior and development.  

The discharge unsteadiness, which has been a long-ignored concept, plays a 

critical role in the sand bar formation and dynamics. Tubino performed a linear stability 

analysis of free river bars under unsteady discharge conditions, showing generally good 
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agreement with the experimental results, which demonstrates the temporal changes in 

the wavelength and wave height of bars under unsteady discharge conditions [25]. This 

first theoretical attempt indicated the importance of flow unsteadiness to bar dynamics 

and further motivated the understanding of alternate bar dynamics under unsteady 

discharge conditions [26,27,28]. Visconti et al. conducted movable bed and bank 

experiments under unsteady discharge conditions, showing that a specific combination 

of hydrograph features and migration characteristics of bars enhance or suppress the 

development of pseudo-meandering channels [44]. Iwasaki et al. performed a numerical 

simulation of the bar and bank erosion in the vegetated floodplain during a large flood 

in a natural river (Otofuke River, Japan), suggesting similar importance of the discharge 

unsteadiness to the amplification of meandering channels [18].  

The aforementioned studies emphasize the significance of discharge unsteadiness 

on the morphodynamics of river bars. Such studies focus on short-term 

morphodynamics as only a single or a few repeated hydrographs are considered. A lack 

of understanding of the long-term morphodynamic behavior subjected to multiple 

unsteady hydrographs exists. In other words, exactly how the river bars were formed 

and continue to develop in the long term, under the complex sequence of hydrographs 

remains unclear. This is mainly owing to a lack of field observations pertaining to long-

term hydrological and spatio-temporal river bars interactions, as well as the difficulty 

in performing long-term flume experiments, even under simplified conditions. Notably, 

in this regard, Carlin et al. proposed a novel framework for obtaining the long-term 

equilibrium characteristics of river bars (i.e., wavelength and wave height) using a 

linear, and nonlinear stability analysis with the flow duration curve, which is a bulk 

treatment complex sequence of discharge variation in long-term [13]. Their analyses 

were in agreement with field observations of the river bar geometry. This is a robust 

framework to understand the equilibrium state of bars under discharge variation; 

however, bar dynamics must be discussed in detail as discharge variations are simplified 

into a flow duration curve. Nelson and Morgan conducted flume experiments of gravel 

bedform development under repeated simple triangle hydrographs and a constant 
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sediment feed rate [52]. This is, to our knowledge, only the flume experiment to pursue 

long-term equilibrium of bedforms under unsteady discharge conditions. Their results 

showed that flow unsteadiness has a negligible effect on channel-scale morphologies. 

However, the bedform resembling the alternate bars in their experiment might be a 

combination of dunes and alternate bars (i.e., three-dimensional bedforms [84]), as the 

observed geometry does not satisfy the river bar categories derived from linear stability 

analysis that adopts the shallow flow approximation [5, 85]. In this case, the bedform 

can adjust its shape to the discharge variations, although there is a hysteresis effect [86]. 

However, the large-scale bars have a longer morphodynamic timescale, so the effect of 

the hydrograph might be more complex. In summary, the discharge variation (or 

discharge unsteadiness) has been considered only recently in morphodynamic modeling, 

but it remains unclear how large-scale bedform alternate bars reach a state of 

equilibrium, especially in the long term. 

This study focuses on the long-term behaviors of alternate bars under the influence 

of repeated hydrographs. The questions we pursue in this study are 1) Do alternate bars 

attain the equilibrium state under unsteady flow discharge conditions? 2) What are the 

equilibrium characteristics of alternate bars under this condition? 3) What controls the 

long-term behaviors of alternate bars? To understand these points, we perform several 

numerical simulations of alternate bar formations under repeated hydrographs and 

corresponding steady discharge conditions using a two-dimensional morphodynamic 

model, iRIC-Nays2DH. The simulated alternate bar morphodynamics, i.e., the 

wavelength, bar height, and migration period are investigated to understand the effect 

of hydrographs on long-term alternate bar characteristics, and the relation between 

hydrograph and morphodynamic timescales. 

3.2 Method 

3.2.1 Numerical model 

We used the Nays2DH model [31], a two-dimensional morphodynamic model 

embedded in the iRIC software [32]. This model was applied to various sediment 
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transport-related simulation studies [33,34,35], and is suitable for simulation 

applications of alternate bar morphodynamics focused on in this study [36, 37]. In 

addition to such previous results, in the Appendix A, we show that the model reasonably 

captures the formation and migration of alternate bars under repeated simple 

hydrographs observed in a laboratory experiment. Also, the characteristics of alternate 

bars simulated in the present study are generally consistent with the observed one in the 

Otofuke River, which is a modeled river in this study (see below and Appendix A). 

These validations of the model suggest that the Nays2DH model may be an acceptable 

tool to pursue the long-term morphodynamics of alternate bars under repeated 

hydrographs focused on in this study. Meanwhile, the flow model used is an unsteady 

two-dimensional shallow water flow model. As we focus on morphodynamics of 

alternate bars in gravel-bed rivers, we only consider bedload transport as a mode of 

sediment transport. The Meyer-Peter and Müller formula was used here, and the 

sediment was assumed to have a uniform grain size.  

 

3.2.2 Computational conditions 

    To understand the morphodynamics of alternate bars under repeated hydrographs, 

we used the condition of the Otofuke River as an example. This river is a typical gravel-

bed river and the alternate bars are one of the dominant river morphologies [18, 29]. 

The modeled channel has a 21 km length and 70 m constant channel width with a 

uniform slope of 0.005, which is a simplified configuration of the upper Otofuke River 

[29]. A Manning roughness coefficient of 0.028 s/m1/3 and a uniform particle size of 40 

mm were used.  

We derived the hydrograph shape based on the large flood event observed in 2011, 

such that the migrating alternate bars could form and develop [30]. Figure 3.1 shows 

repeated hydrographs used in the calculation. The observed hydrograph was modeled 

as a simple triangle-shaped hydrograph; that is, the water discharge linearly increased 

from 100 to 600 m3/s within 20 h and subsequently decreased from 600 to 100 m3/s 

linearly in 20 h, forming a 40 h cycle.  
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Figure 3.1 Hydrograph condition used for the calculation. 

 

The six hydrographs are shown here as an example. In the calculation, 50 

hydrographs were obtained. The aforementioned computational condition is the same 

as our previous studies that focus on the effect of sediment supply on the alternate bar 

formation [36]. However, the sediment transport rate used in this study was calculated 

from the upstream end flow parameters. This feed rate is the sediment transport capacity 

of this modeled river, and the supply rate depends on the hydrograph, as shown in 

Figure 3.1. As the feed rate is equivalent to the transport capacity, the bed elevation at 

the upstream end does not change over time under this condition. 

 

3.2.3 Wavelet analysis of migration periods of alternate bars 

    Wavelet analysis was introduced by Grossman and Morlet for the treatment of 

geophysical seismic signals [87]. This analysis is considered as a milestone in Fourier 

analysis development because it can achieve higher accuracy in unstable signal analysis 

by localizing the process. 

    Currently, wavelet analysis is an efficient mathematical solution in many fields 

and makes up for a few drawbacks of the Fourier analysis. However, few applications 

have been made with respect to river morphology. Yovanni used wavelet analysis on 

the migrating ripple sand dunes observed in an experiment on a meandering channel. 

In this study, bed elevation and distance were considered as amplitude and process 
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respectively, and the processed data helped identify the location and geometric 

dimensions of erosional and depositional regions in meandering channels [88]. 

Mahdade introduced new wavelet analysis tools in the field of geomorphic analysis to 

identify the pseudo-periodicity of alternating morphological units from a general point 

of view for six small French rivers [89]. 

    Our study data deals with the elevation variation at one position with respect to 

time. As the time for each alternate bar to pass through varies, the Fast Fourier 

Transform (FFT) method cannot determine the instability over time. Wavelet analysis 

is a better solution to process the elevation variation with respect to time. In this study, 

Morlet wavelet with a central frequency of two was used as the parent wavelet.  

3.3 Results 

Figure 3.2 shows the elevation change at the right bank of the computational river 

with respect to time. In this figure, the migration of alternate bars can be inferred from 

the pattern of elevation variation, that is, erosional and depositional patterns of this 

figure move from bottom-left to top-right. This pattern shows that the morphology (i.e., 

alternate bars) keeps migrating downstream, and the slope of this pattern shows the 

migration velocity of bars, as this figure represents the bed elevation contour of the 

time-space domain. It can be shown that although the migration velocity varies owing 

to the unsteady water discharge, the average migration velocity of the alternate bars, 

which is akin to long-term behavior, appears constant. Additionally, the spacing 

between each depositional or erosional point, which corresponds to the wavelength of 

alternate bars, is consistent with respect to space and time. Figure 3.3 shows the 

temporal change of alternate bars during the last hydrograph of this computation. Here 

five typical time points in one hydrograph cycle are selected to present the 

characteristics of the alternate bars during a hydrograph, The points are 0 (beginning of 

the hydrograph cycle), 1/4T (one-quarter of the hydrograph cycle), 1/2T, 3/4T, and T 

(end of the hydrograph cycle), where T denotes the hydrograph cycle. As shown by the 

red arrow line, the migration velocity changes with respect to discharge, while the 
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wavelength remains constant at 580 m with respect to time. Moreover, when t = 0 and 

t = T, the positions and shapes of alternate bars are identical; thus, the elevation of the 

river bed returns to its original value after one hydrograph cycle because alternate bars 

migrate exactly one wavelength downstream within one hydrograph.  

 

Figure 3.2. Elevation variation at the right bank along time and downstream distance. 

 

Figure 3.3. Alternate bars migration within one hydrograph cycle of last hydrograph in 

the computation, where T is the hydrograph cycle (40 h). 
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To investigate the migration characteristics in a greater detail, as shown n in Figure 

3.2, we selected a point at the distance axis and demonstrated that the elevation 

variation with the time as shown in Figure 3.4(a). The space between two adjacent 

minimum values represents the time taken by an alternate bar needs to pass through this 

point. To simplify this description, we define this time as the “migration period.” 

Similarly, if we select a point on the time axis, we can obtain elevation variation at the 

right bank for this time point in Figure 3.4 (b). The space between two adjacent 

minimum values represents the wavelength of an alternate bar.   

Figure 3.4 shows a simple introduction of the elevation variation with respect to 

time and space. Figure 3.4 (a) shows the migration period of alternate bars, which is 

equal to the hydrograph cycle of 40 h; Figure 3.4 (b) reflects the wavelength of alternate 

bars, which is a constant (580 m). 

However, elevation variation at a single position or a single point in time, as shown 

in Figure 3.4, is not sufficient in obtaining the overall characteristics of simulated 

alternate bar dynamics. For this, we performed Fast Fourier Transform (FFT) on the 

bed elevation data along the right bank to obtain the temporal change of the dominant 

wavelength. In addition, we applied wavelet analysis for the temporal change of the bed 

elevation at a certain fixed point to detect the migration period of the alternate bars, 

which is the time required for the bar to migrate by exactly one wavelength. Figure 3.5 

shows the result of FFT and wavelet analysis. The results show that during the entire 

calculation time, the wavelength and migration period of alternate bars remain at 580 

m and 40 h, respectively, suggesting that the migration and shape characteristics of 

   

Figure 3.4. (a) Elevation variation with time for one point at the right bank of the river. 

(b) Elevation variation along the river in a downstream direction and at a single point 

in time. 
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Figure 3.5. (a) FFT analysis of the dominant wavelength. (b) Wavelet analysis of the 

migration period. 

 

alternate bars are consistent with respect to time and space. In addition, the migration 

period was equal to the hydrograph cycle. This result shows that even under an unsteady 

water discharge condition, the bar shape and migration pattern reach an equilibrium 

state in the context of long-term morphological change.  

We imposed a repeated, identical, simple triangle-shape hydrograph for this 

alternate bar calculation, such that properties of the hydrograph, i.e., cycle and 

discharge range, might control this morphodynamic equilibrium state. Alternate bars 

showed unconventional characteristics such as constant wavelength and migration 

periods after reaching morphodynamic equilibrium. 

To confirm whether this phenomenon widely occurs in various unsteady flow 

conditions or is unique under this condition, we performed simulations considering 
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other unsteady flow conditions by changing the minimum and maximum discharges as 

well as the hydrograph cycle as shown in Table 3.1. For discharge variation, the lowest 

discharge of 400 m3/s resulted in a fully transported condition of alternate bars, while 

the bars remained submerged and actively moved downstream. The highest discharge 

of 1000 m3/s can be determined by the upper transition limit between alternate bar 

formation and a no-bar condition based on the linear stability analysis [90]. This 

condition is intended to make the migration of alternate bars active throughout the 

computation. This also implies that our attention is limited to the actively migrating 

alternate bars.  

As an example of this sensitivity analysis, Figures 3.6 and 3.7 show the FFT and 

wavelet analyses of the discharge varying between 400 and 1000 m3/s, with varying 

hydrograph cycles. These figures show that hydrograph cycles of 10 and 20 h resulted 

in a constant wavelength and migration period with respect to time, suggesting that in 

both the cases, alternate bars reached morphodynamic equilibrium. The constant 

wavelengths for the 10 and 20 h cases were 480 m and 680 m, respectively. Meanwhile, 

the alternate bars with hydrograph cycles of between 40 and 80 h did not reach 

morphodynamics equilibrium, implying that the dominant wavelength and migration 

period vary with time. Also, a sensitivity analysis has been presented in Appendix B, 

we use smaller mesh size to ensure that the current mesh size has no decisive impact 

on the calculation results (i.e., morphodynamic equilibrium explained above). 

The occurrence of this kind of morphodynamic equilibrium in the sensitivity 

analysis is summarized in Table 3.1, where the existence of the morphodynamics 

equilibrium is marked with a circle. In each case wherein the equilibrium state is 

achieved, the alternate bars have a unique constant wavelength, and their migration 

periods are equal to the hydrograph cycle. However, most of the unsteady flow cases 

with a hydrograph cycle of 20 h can reach morphodynamic equilibrium. Furthermore, 

certain hydrograph cycles can also facilitate the alternate bars in reaching an 

equilibrium state. The results of FFT and wavelet analysis of the morphodynamics 

equilibrium states that is not included in the main text can be seen in the Appendix C. 
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Table 3.1. Hydrograph features for sensitivity analysis and existence of 

morphodynamic equilibrium. 

Discharge (m3/s) Hydrograph cycles (hours) 

Min. Max. 10 20 40 80 

100 600   ○ ○ 

100 

700 

 ○   

200  ○   

300  ○   

400  ○   

400 

600  ○   

800  ○   

900  ○   

1000 ○ ○   

 

 

(a) 400–1000 m3/s, 10 h                  (b) 400–1000 m3/s, 20 h 

 

(c) 400–1000 m3/s, 40 h                  (d) 400–1000 m3/s, 80 h 

Figure 3.6. (a)–(d) FFT analysis of dominant wavelength in cases 400–1000 m3/s, 

cycles of 10, 20, 40 and 80 h. 
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Figure 3.7 Wavelet analysis of the migration periods of the unsteady flow cases of 400-

1000 m3/s with hydrograph cycles of (a)–(d)10, 20, 40, and 80 h. 

 

The results of the sensitivity analysis led to the following observations: First, the 

cases of 10 and 20 h indicate that under fixed discharge variation, morphodynamics 

equilibrium is reached in a value range of the hydrograph cycle; second, different 

constant wavelengths in the two cases indicate that hydrograph cycles determine the 

characteristics of alternate bars of this state, and it appears that wavelengths will 

increase as the hydrograph cycle increase. 

We compared the results of unsteady versus steady discharge conditions as the 

latter is generally used to understand the equilibrium state of alternate bars. In this 

regard, steady water discharges at 400, 500, 600, 700, 800, 900, and 1000 m3/s were 

considered, which were in the range of unsteady cases. The results of wavelength and 

migration periods of steady flow cases derived from FFT and wavelet analysis are 

shown in Table 3.2. The steady discharge case of 700 m3/s was selected as a typical 

example to demonstrate FFT and wavelet analyses, as shown in Figure 3.8. This figure 

suggests that the dominant wavelength and migration period vary slightly with time, 

and thus exhibit a dynamic equilibrium behavior, but they do not achieve a single 

equilibrium value. All the runs demonstrated comparable results, that is, similar 

alternate bars developed and migrated downstream in the entire calculation reach, but 

their morphodynamics showed slight time-dependent features. This result is consistent 
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Table 3.2. Wavelength and migration periods for steady flow cases 

Discharge 

(m3/s) 
400 500 600 700 800 900 1000 

Migration 

period (h) 
25–40 18–30 15–25 12–20 10–15 8–13 5–10 

Wavelength 

(m) 

500–

700 

500–

700 

500–

700 

550–

650 

500–

650 

500–

600 

450–

500 

 

   

Figure 3.8. (a) FFT analysis of alternate bar wavelengths. (b) Wavelet analysis of the 

migration period for steady flow conditions at 700 m3/s. 

 

with previous numerical and experimental studies: the migrating alternate bars can 

elongate in their development state even under steady water and sediment supply 

conditions [1, 91], and the alternate bars show cyclic development in the context of 

long-term morphodynamic behavior [83]. The present results for a unique 

morphodynamic equilibrium show that the specific combination of hydrographs and 

other physical conditions can cause a different equilibrium state in terms of temporal 

change of wavelength and migration periods as compared to cases of steady discharge 

conditions. 

The morphodynamic equilibrium state explained above, (that is, the unchanged 

wavelength and migration periods under repeated hydrographs) appears as a unique 

feature of the migrating alternate bars under unsteady discharge conditions. This is 

because the steady discharge counterpart cannot achieve such an equilibrium state. To 

understand this equilibrium state in more detail we investigated 1) the role of the 

hydrograph cycle in determining alternate bar characteristics, and 2) the possible range 

and criteria of the hydrograph cycle to produce morphodynamic equilibrium in certain 
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discharge variations. 

As the hydrograph cycles of 10 and 20 h provide the equilibrium state for a 

discharge variation of 400–1000 m3/s, a cycle period around 10 and 20 h was selected, 

that is, 6, 8, 12, 14, 16, 18, 25, and 30 h hydrograph cycles were used.  

 

(a). 400–1000 m3/s, 6 h                (b). 400–1000 m3/s, 8 h 

 

(c). 400–1000 m3/s, 10 h               (d). 400–1000 m3/s, 12 h 

 

(e). 400–1000 m3/s, 14 h               (f). 400–1000 m3/s, 16 h 
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(g). 400–1000 m3/s, 18 h               (h). 400–1000 m3/s, 20 h 

 

(i). 400–1000 m3/s, 25 h                (j). 400–1000 m3/s, 30 h 

Figure 3.9. (a)–(j) FFT analysis of wavelengths in cases 400–1000 m3/s, cycles of 6, 8, 

10, 12, 14, 16, 18, 20, 25, and 30 h. 

 

Figure 3.9 shows the results of FFT analysis of these cases, showing that when the 

hydrograph cycle is in the range between 10 and 20 h, it results in an equilibrium state. 

Under this equilibrium state, the dominant wavelength caused by the 10, 12, 14, 16, 18, 

and 20 h hydrograph cycles are 457, 500, 539, 584, 637, and 678 m respectively, and 

the migration periods of these cases are identical to their hydrograph cycles, suggesting 

that the hydrograph cycle is a dominant factor in determining the morphology of 

migrating alternate bars, that is, increasing the hydrograph cycle causes a longer 

wavelength and migration period. Conversely, the other cases show time-dependent 

morphodynamic features, i.e., dominant wavelength and migration period are highly 

variable with time. 

Figure 3.10 shows the temporal change of dominant wavelengths of the steady 

flow cases of 400 and 1000 m3/s, and unsteady flow cases of 400–1000 m3/s with 

hydrograph cycles of 10, 12, 14, 16, and 18 h obtained from the FFT analysis. Notably,  
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Figure 3.10. Temporal change of dominant wavelengths for steady and unsteady 

discharge cases. 

 

the dominant wavelength of the hydrograph cycle of 10 h, which is the shortest cycle 

that could provide an equilibrium state, is close to the dominant wavelength of the 

steady discharge condition of 1000 m3/s (450–500 m). Similarly, by increasing the 

hydrograph cycle from 10 to 18 h, and as long as the equilibrium state is satisfied, the 

dominant wavelength approaches that of the steady state discharge condition of 400 

m3/s (that is, 550–700 m). These wavelengths of alternate bars caused by the highest 

and lowest discharge under steady flow conditions, appear to be the lower and upper 

limits of the dominant wavelength of the alternate bars in equilibrium under unsteady 

conditions respectively. Furthermore, the equilibrium state under the repeated 

hydrographs is bound by the alternate bar morphodynamics under the steady discharges 

of the lowest and highest discharge of hydrographs. 

The same is true for the migration period, that is, the migration period of 1000 

m3/s steady case might be an upper limit for unsteady cases, with a period of 400 m3/s 

as the lower limit. The hydrograph we used here is a constant flow state, with linear 

variation between the maximum and minimum of two discharge rates. For example, in 

the case of the 400–1000 m3/s flows, we define the migration period of steady flows of 

400 m3/s and 1000 m3/s as P400 and P1000 respectively and the migration period of 

unsteady flow 400–1000 m3/s case as PU. Figure 3.11 shows the dominant migration 

periods of steady flow cases of 400 and 1000 m3/s, as well as unsteady flow cases 

between 400 and 1000 m3/s with hydrograph cycles of 10, 20, 40, and 80 h.  
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Figure 3.11. Temporal change of dominant migration periods for steady discharge cases 

of 400, 1000 m3/s, and unsteady discharge cases of 400–1000 m3/s with hydrograph 

cycles of 10, 20, 40, and 80 h. 

 

The numerical results for the migration period caused by the different hydrograph 

cycles suggest that the migration period of unsteady flow PU is bounded by P1000 and 

P400, that is, P1000＜PU＜P400. The value range of P400 and P1000 are 25–40 and 7–9 h 

respectively, and the ranges of unsteady flow cases are approximately 10–25 h, which 

roughly satisfies the condition P1000＜PU＜P400. However, the temporal change of the 

dominant migration period is highly dependent on the hydrograph cycle, namely, the 

10 and 20 h hydrograph results in a steady value, which is an equilibrium state. 

Conversely, the migration periods of the hydrograph cycle for 40 and 80 h varies within 

the range between P400 and P1000. As PU in the case of a hydrograph cycle of 10 and 20 

h appears close to P1000 and P400, this condition might be a boundary that causes the 

equilibrium state of the alternate bars under unsteady flow conditions. 

Because the migration period of alternate bars, PU, is identical to the hydrograph 

cycle, T, in this equilibrium state, the condition P1000 < T < P400 might be necessary to 

achieve this equilibrium state of alternate bars under repeated hydrographs. Generally, 

when the discharge change is from A to B and the migration period of steady discharge 

A and B are defined as PA and PB, this condition might be PB < T < PA. This is a likely 

criterion of the hydrograph cycle that could lead to the morphodynamic state; however, 
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the physical meaning should be further explored. However, PA and PB are related to a 

representative morphodynamic timescale of sand bar migration; therefor, this criterion 

may suggest a relationship between hydrodynamic (i.e., hydrograph cycle) and 

morphodynamic (migrating bars) timescales. Particularly, the speed of forming and 

migrating alternate bars under varying discharge conditions might be key to studying 

the relationship between morphological change and the hydrograph cycle. 

To explore this further we performed a numerical simulation of alternate bars with 

an abrupt discharge change condition of 400–1000 m3/s as shown in Figure 3.12. The 

purpose of this case is to study the response time of alternate bars when the discharge 

rate changes. Low (or high) steady discharge first develops migrating alternate bars in 

a dynamic equilibrium state, and the abrupt change of discharge reshapes the bars to 

form another dynamic equilibrium state according to the high (or low) steady discharge. 

The adjustment timescale of bar shape due to the discharge change might be an 

important factor in understanding the relation between hydrodynamic and 

morphodynamic timescales. 

Figure 3.13 shows the time-space change of bed elevation at the right bank as we 

showed in Figure 3.1, and Figure 3.13 demonstrate the temporal change of the bed 

elevation at the right bank within a certain time, when the discharge is abruptly 

decreased from 1000 m3/s to 400 m3/s and increased from 400 m3/s to 1000 m3/s, 

 

Figure 3.12. Hydrograph of the abrupt discharge change of 400–1000 m3/s. 
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respectively. In the decreasing discharge process, elevation variation between 797–820 

h is shown in Figure 3.14 (a), and the discharge decreases after 800 h. In the increasing 

discharge process, elevation variation from 837–860 h is shown in Figure 3.14 (b), and 

the discharge increases after 840 h. 

 

 

Figure 3.13. Elevation variation at the right bank along time and downstream distance 

with the hydrograph. 
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Figure 3.14. Elevation variation of the right bank when discharge (a) decreases from 

1000 m3/s to 400 m3/s; (b) increases from 400 m3/s to 1000 m3/s. 

 

Figure 3.13 shows that the migration speed of alternate bars changes rapidly as the 

discharge abruptly changes. The same phenomenon can be observed in Figure 3.14, 

which has been marked with a red dotted arrow, that is, the migration speed of the 

alternate bar high points changed rapidly within 3–4 h after the discharge changed. 

Figure 3.14 (a) shows a discharge reduction from 1000 m3/s to 400 m3/s, and a 

subsequent decrease in the bottom of the alternate bars indicated by the green dotted 

arrow, increasing bar height. However, unlike the rapid change in the migration speed, 

the change in bar height is a longer process. In Figure 3.14 (a), the decrease in the 

elevation of the bottom point lasts for 20 h, and still maintains a decreasing trend. In 

Figure 3.14 (b) shows a discharge increase from 400 m3/s to 1000 m3/s, and a 

subsequent increase in the bottom of the alternate bars indicated by the green dotted 

arrow, decreasing bar height. Similarly, the migration speed changes rapidly, and the 

change in bar height is a long-term process. However, in Figure 3.14 (b), the bar height 

appears to reach an equilibrium state after 6–8 h. The elevation variation due to 
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discharge increase is much faster than that when the discharge decreases from 1000 

m3/s to 400 m3/s . 

The short response time of migration speed shows that this speed and the discharge 

rate changes simultaneously. In our study, the hydrograph is linear and smooth. The 

migration speed changes without any lag, contributing to the migration pattern shown 

in Figure 3.2. The migration speed of all alternate bars changes with discharge and 

eventually maintains an approximate constant of the average velocity. Contrastingly, 

the longer response times of the bar height show that, for different discharge changes, 

different time periods are required for the alternate bars to reach the corresponding bar 

height and wavelength. For lower discharge rates, a much longer time is required for 

alternate bars to reach elevation stability because of low sediment transport capacity. 

The alternate bars reach elevation stability quicker for higher discharge rates because 

the sediment transport capacity is high. 

 

 

Figure 3.15. (a) Elevation variation of the right bank at 800, 819, and 839 h when 

discharge drops from 1000 m3/s to 400 m3/s. (b) Elevation variation of the right bank 

at the 800, 819, and 839 h when discharge increase from 400 m3/s to 1000 m3/s. 
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Figure 3.15 shows the response conditions of elevation and wavelength to a 

discharge change from 1000–400 m3/s and 400–1000 m3/s. The green arrow line 

represents a 570 m length and is used to measure the wavelength of the alternate bars. 

Figure 3.15 (a) shows that the wavelength of bars does not change during the discharge 

dropping process. On the contrary, in the discharge increasing process shown in Figure 

3.15 (b), different wavelengths appear at 879 h, while the wavelengths at 840 h and 844 

h remain 570 m. Furthermore, the shape of alternate bars may also change, as depicted 

inside the green dotted circle. The results show that the wavelength of alternate remain 

stable in the discharge dropping process as opposed to the increasing process. During 

the response time of elevation variation, the wavelength remains the same in both 

processes, but after the elevation change is complete during the discharge increasing 

process, the wavelength changes, as shown at 844 h and 879 h. This is because after the 

alternate bars reaches a steady discharge pattern, it is much easier for the bar to change 

its wavelength. However, for the discharge dropping process, the response time is much 

longer, and the alternate bars cannot reach a steady discharge pattern, and the 

wavelength remain constant for a longer period. This difference in response time is 

caused by the sediment transport rate in lower and higher discharges, implying that the 

higher sediment transport rate makes the adjustment time for the discharge change 

faster.  

According to the result, there are three response stages of the alternate bars to 

discharge change. First is the quick response of the migration speed, while elevation 

variation occurs until the dynamics of alternate bars reach the corresponding discharge 

level, which maintains the alternate bars in a state of steady flow. The required time for 

the alternate bars to reach a steady flow state is dependent on the discharge, ranging 

from 5 h (during 400–1000 m3/s) to more than 20 h (during 1000–400 m3/s). After the 

alternate bars reach the steady flow state, their wavelengths might change according to 

the alternate bar properties. 

The hydrograph cycle that provides the morphodynamics equilibrium state might 

lie between the two response times above. The hydrograph cycle should be long enough 
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for the alternate bars to respond to discharge variation, but not too long to allow the 

alternate bars to reach the equilibrium bar height and begin to deform their wavelength 

as they do in steady flow conditions. If the hydrograph cycle is too short, the alternate 

bars can be unstable as the 400–1000 m3/s, 6 h case shows. If the migration speed is not 

constant and stable, alternate bars cannot be formed upstream. If the hydrograph cycle 

is too long, the alternate bars have enough time to deform, and the wavelength will be 

similar to the 400–1000 m3/s, 80 h case, in which the alternate bars have a chance to 

develop and become unstable or show cyclic behaviors [83].  

3.4 Discussion 

    In this study, we performed numerical simulations of alternate bar 

morphodynamics under unsteady discharge conditions, focusing on the influence of 

hydrograph cycles. Some hydrograph cycles bring the alternate bars to an equilibrium 

state, with a constant long-term wavelength and migration period, and the migration 

period is equal to the hydrograph cycle. The results suggest that the hydrograph cycle 

could also be a key factor in river morphodynamics. Studies on alternate bar 

morphodynamics under unsteady discharge condition shows that hydrographs with the 

same discharge variation but differing cycles give rise to different morphodynamic 

features. Tubino performed flume experiments on sand bar dynamics under unsteady 

discharge conditions, that is, the same discharge with differing hydrograph cycle 

conditions were evaluated. In addition, Tubino proposed a theoretical framework to 

predict the bar height and migration speed under different hydrograph cycles. The 

results show that short hydrograph cycles yield bar heights that are lower than the 

expected value from the steady discharge perspective, and long hydrograph cycles yield 

bar heights that are in equilibrium state [25]. Watanabe et al. also investigated unsteady 

flow and alternate bar formations with a flume experiment and linear stability analysis, 

and the results also showed that the hydrograph cycle influences the alternate bar 

morphodynamics such as wavelength and bar height [92].  

    The findings of the aforementioned two studies might correspond to the timescales 
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of bar dynamics we introduced: a short hydrograph cycle might not provide sufficient 

time for the alternate bars to develop, thus resulting in lower bar heights or shorter 

wavelengths; a long hydrograph cycle might, contrastingly, provide the alternate bars 

too much time to deform, and alternate bars will elongate significantly [1, 91], deepen 

and end up with a higher bar height. For example, the experiments of Watanabe et al. 

adopted a long hydrograph compared to the time scale of bar formation, such that the 

morphodynamics of alternate bars is strongly changed within a single hydrograph. Our 

result, however, suggests a constant wavelength or migration periods under unsteady 

flow conditions (i.e., repeated hydrographs). This morphodynamic equilibrium might 

be achieved under the specific condition that the timescale of hydrodynamics (i.e., 

hydrograph cycle) is similar to the morphodynamic timescale. To understand this point, 

we calculate the following unsteadiness parameter, 𝑈̂ proposed by Tubino [25]. 

𝑈̂ =
𝜎

𝜖𝛼1𝑅
,   𝜎 =

𝜎∗𝐵∗

𝑈0
∗̅̅̅̅  

 ,   𝜖 =
𝛽̅ − 𝛽𝑐

𝛽𝑐
,     𝛽̅ =

𝐵∗

𝐷0
∗̅̅̅̅

                                         (3.1) 

where, 𝐵∗: half of channel width, 𝑈0
∗̅̅̅̅ , 𝐷0

∗̅̅̅̅ : uniform flow velocity and depth of reference 

base state, 𝛽̅, 𝛽𝑐: width-depth ratio of reference base state and critical condition, 𝜎∗ =

1/𝑇  and T: hydrograph cycle and 𝛼1𝑅 : linear growth rate of perturbation. This 

unsteadiness parameter is the ratio of the timescale between basic unsteadiness of flow 

and bar growth. 𝑈̂ ≫ 1  corresponds to much slower bar development than the 

discharge change, so that the alternate bars cannot change their shape corresponding to 

the discharge change. 𝑈̂ << 1  provides a much faster growth of bars than the 

hydrograph cycle, resulting in the equilibrium state of bars given by the steady 

discharge condition. According to the method of Tubino, some hydrograph cycles were 

evaluated for 400–1000 m3/s case, namely, 6, 10, 20, and 40 h provides 𝑈̂ =0.47, 0.28, 

0.14, and 0.07, respectively. The longer hydrograph cycle (i.e., 40 h) yields small 

unsteadiness parameters, and in this case, the bar behavior is like a steady discharge 

case (Figures 3.6, 3.7 and 3.8). The hydrograph cycles which lead non-time dependent 

wavelength and migration periods of alternate bars, leads to 𝑈̂~𝑂(0.1), suggesting that 

the timescale of morphodynamics is of a smaller order than the hydrodynamic scales, 
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but it is not too small. This result supports our results on the response time of alternate 

bars. This consideration might suggest that a moderately long hydrograph compared to 

the bar growth scale will be a key factor in achieving this morphodynamic equilibrium 

under repeated hydrographs. 

The equilibrium state of migrating alternate bars between steady and unsteady 

discharge conditions may seem similar in terms of bar dynamics, i.e., constant 

wavelength and the continuously migrating feature. However, it might play different 

roles in the development of other morphodynamic features, such as bank erosion and 

channel meandering. To show this, we selected the unsteady case of 100–600 m3/s with 

a hydrograph cycle of 40 h, and the steady flow case of 400 m3/s. Two points A and B 

on the right bank with a downstream distance is 10,200 m and 10,500 m shown in 

Figure 3.2, respectively, were selected to evaluate their elevation variation from 700–

900 h in both cases. The chosen period was sufficiently long to allow for equilibrium 

bar development, and the distance between two points was determined by the half 

wavelength of alternate bars observed in the unsteady case.  
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Figure 3.16. Elevation variation at two fixed points (downstream distance = 10,200, 

and 10,500 m, see Figure 2) under (a) unsteady flow condition (The discharge variation 

is from 100 to 600 m3/s) and (b) steady flow condition (The discharge is 400 m3/s). The 

black solid line in a) represents the hydrograph. 

 

    Figures 3.16 (a) and (b) show the elevation variation in unsteady and steady flow 

cases, respectively. The elevation variation at the selected two points at the maximum 

and minimum discharges are marked with dotted lines. We found that when discharge 

reaches the maximum value of 600 m3/s, the elevation variation of point A is always 

positive whereas that of point B is always negative, even reaching the minimum value. 

This is because the bars migrate downstream exactly one wavelength within one 

hydrograph under the equilibrium state. In this case, the morphodynamic changes of 

fixed points are completely different and are highly dependent on the discharge 

variations. 

Conversely, in the steady discharge case, observing the elevation variation at A 

and B can be used to determine their relation in Figure 3.16 (b), and that similarity 

exists in every variation of A and B. The variation appearing in the upstream point (A) 

appears in the downstream point (B), in a similar form as denoted by curvilinear arrows, 

demonstrating that the alternate bars which reached equilibrium shape are migrating 

downstream.  

    The results of the elevation variation shown above indicate completely different 
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migration patterns and riverbed deformations between the steady flow condition and 

the unsteady flow condition, which has reached morphodynamics equilibrium. This 

might cause different morphodynamic features in the context of bank erosion and 

meandering, as follows: 

1. Steady discharge leads to continuous downstream migration of the same alternate 

bars throughout the channel, implying that the riverbed and riverbank experience 

the same erosion and deposition processes caused by alternate bar migration.  

2. Under an unsteady flow condition that has reached morphodynamics equilibrium, 

the erosion and deposition at each bank point differ. They exhibit their own varying 

pattern associated with the hydrograph, implying that some points might suffer 

more erosion than others. For example, the variation of point B in Figure 3.16 (a) 

always reaches the minimum value when discharge is at a maximum, implying that 

A will always be in an eroded state during the flood period. On the contrary, the 

elevation change of point A during the high flow period remains at a safe position, 

represented by a positive number, and the elevation change reaches a negative 

number during the low flow period, implying that point A is a safe position relative 

to point B.    

The hydrograph cycle is a key factor controlling this morphodynamic equilibrium, 

making it a vital role in the bank erosion and meandering development. Visconti et al. 

experimentally showed comparable results above: a specific combination of 

hydrograph shape and migration celerity of bars causes bank erosion at the same point, 

contributing to the maintenance of the pseudo-meandering channel [44]. However, if 

the specific combination is not met, bank erosion occurs evenly in both riverbanks, 

similar to the steady discharge case above, resulting in the formation of a braiding 

channel. Additionally, in the real-scale Otofuke River, which was selected to determine 

our numerical conditions, Nagata et al. and Iwasaki et al. pointed out the importance of 

hydrograph shape in amplifying meandering channels caused by significant bank 

erosion [18,30]. Although our numerical setup is quite simple, i.e., identical, triangle 

shape hydrographs are repeated in a straight channel, the results have important 
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implications for the morphodynamics of bar and meandering channel development in 

alluvial rivers. 

Our computational condition and associated results are limited to the continuously 

migrating alternate bars in a straight channel, neglecting the interaction between flat-

bed (no bar) and multi-bar or braided morphodynamics. The present results will be 

applicable for gravel-bed rivers with high bed slope in upper river reaches, where the 

bar dynamics is highly active (e.g., [93]). On the contrary, we need to investigate this 

phenomenon in detail for sand bed rivers, as in such cases other factors (e.g., suspended 

sediment load) affect the dynamics of alternate bars, and the unsteadiness parameter is 

generally large, implying that the bar growth is a much slower process than the 

hydrodynamics [94, 95]. In addition, the reasoning behind this kind of equilibrium state 

of migrating alternate bars remains unclear under repeated hydrograph conditions. 

These issues need to be investigated for further understanding of the morphodynamics 

of alternate bars under unsteady discharge conditions. 

5. Conclusions 

In this study, we numerically investigated the morphodynamics of alternate bars 

under unsteady flow conditions. Particularly, the morphodynamics of migrating 

alternate bars subjected to repeated simple triangle hydrographs was simulated using a 

two-dimensional morphodynamic model, iRIC-Nays2DH, to understand long-term 

behaviors of alternate bars under unsteady discharge conditions. We found that the 

morphodynamics of alternate bars under a specific combination of discharge variation 

and hydrograph cycle reached an equilibrium state, that is, the wavelength and 

migration period of alternate bars remained constant, and the migration period was the 

same as the hydrograph cycle. This might be a unique morphodynamic feature of 

alternate bars under unsteady conditions because the steady discharge counterparts 

demonstrated a dynamic equilibrium state with slightly time-dependent features of the 

wavelength and migration period but did not exhibit non-time-dependent features. 

When morphodynamic equilibrium was reached, the hydrograph cycle was the 
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dominant factor for alternate bar characteristics. If this morphodynamic state was 

achieved, the wavelength of alternate bars increased with the hydrograph cycle, and the 

migration period was always identical to the hydrograph cycle. The hydrograph cycle 

that corresponds to this equilibrium state can be determined from the relation between 

hydrodynamic and bar growth timescales. Under a short hydrograph, the bar growth 

occurred much slower than the discharge changes, implying the bars cannot respond to 

the discharge variation. Meanwhile, the long hydrograph provided sufficient time for 

the deformation and development of alternate bars, causing a significant change in bar 

characteristics (e.g., wavelength) within one hydrograph, which is a similar process 

obtained under the steady discharge condition. The hydrograph cycle that achieves this 

equilibrium state must be moderately long so that the timescale of the hydrograph is 

similar but slightly smaller than the bar growth timescale, but not too small to allow 

equilibrium bar behaviors caused by steady discharge conditions.  

   As the morphodynamic equilibrium of alternate bars, subject to the repeated simple 

hydrographs discussed herein differs from a dynamic equilibrium state provided by the 

steady discharge analysis, the findings of this study will shed some light on the alternate 

bar dynamics and related channel-scale morphodynamics such as a river meandering 

under long-term unsteady discharge. However, the discussion in this paper is still 

limited because, for example, physical mechanisms of this equilibrium state and 

applicability of other river and hydraulic conditions remain unsolved. Further research 

is of immense importance in contributing to a comprehensive understanding of the 

long-term processes involved in migrating alternate bars under unsteady discharge 

conditions. 
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Appendix A: Model validation for alternate bar behavior under 

unsteady discharge 

The iRIC-Nays2DH model we use in this study is a two-dimensional 

morphodynamic model, which has been applied to many types of morphodynamic 

phenomena [54]. More specifically, for current study, the model performance for 

simulating sand bars has been valid, for example, alternate and multiple row bar 

formation with erodible bank under steady condition has been reproduced by Jang and 

Shimizu. Also, Kobayashi et al. [96] applied this type of model to flume experiments 

regarding sand bar behavior under unsteady discharge condition performed by 

Watanabe and Kuwamura [97]. The numerical result shows general agreement with the 

experimental result, i.e., the temporal change of bar wavelength and bar height due to 

discharge change. In addition to these efforts, we herein apply the iRIC-Nays2DH to 

the laboratory experiments of alternate bar formation under repeated hydrograph, which 

is similar to our present numerical experiments. 

The experiment is performed in 42 m long and 0.9 m wide straight channel at Civil 

Engineering Research Institute for Cold Regions, Hokkaido, Japan. A well-sorted sand, 

of which the mean diameter is 0.76 mm, is used for material of bed and supplied 

sediment. The sand supply rate from the upstream end is equilibrium transport rate, 

which does not cause bed aggradation and degradation at the upstream end. The 

longitudinal slope of initial bed is 0.005, and the bed surface is set to be flat. The simple 

triangle shape hydrograph such as we used in this paper is adopted; highest and lowest 

discharges are 8 and 4 l/s, and hydrograph cycle is set to 2 hours. The duration of rising 

and falling stages of discharge is identical (i.e., 1 hour for each stage) and the discharge 

is linearly changed in time between highest and lowest discharges. This simple 

hydrograph is obtained 6 times in total, but, firstly, 3 hydrographs are given to the initial 

bed for formation of sand bars. After a time interval for a few days to measure the bed 

surface in dry condition using a 3D laser scanner, later 3 hydrographs are obtained to 

bar-developed bed. In entire experiment, the sand bar behavior at the reach between 17 
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to 35 m from the upstream end is recorded by three digital cameras from the top of the 

channel with the time interval of 2 min. Using the photographs taken from the top of 

channel, we identify the location of migrating alternate bars to capture the migration 

pattern of the bars. Also, the bathymetric data taken after 3 and 6 hydrographs is 

available to understand spatial orientation of the alternate bar geometry.  

The computational conditions are set based on the experimental condition. The 

Manning’s roughness coefficient is set to 0.0145, which is equivalent to the grain size 

roughness, to reproduce the uniform water depth at the initial state. The sediment is 

treated as a uniform sediment of the diameter of 0.76 mm. The grid sizes for streamwise 

and transverse directions are 0.1 and 0.045 m, respectively. Main difference between 

the experimental and computational conditions is channel length and number of 

hydrographs we obtain. In general, time necessary for bar development in the numerical 

simulation is longer than the experiments, maybe because of the difference in degree of 

the perturbation. In same way, it takes longer distance to ensure the formation and 

development of sand bars. More specifically, in the experiment, the bars start 

developing within first hydrograph at a few meters downstream from the upstream end, 

on the other hand, in the numerical simulation, the bars start emerges almost at the end 

of 2nd hydrographs at the 20 m downstream from the upstream end. By considering 

these “spin-up” time and distance for the system [91], we use 80 m length channel and 

give 8 hydrographs for the computation. It also means that the computational result 

during first 2 hydrographs and in 21 m upstream reach in the computation are not used 

for the comparison. 
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Figure A1. Comparison of the bar geometry between experiment and numerical 

simulation after a) 3 hydrographs and b) 6 hydrographs. Note that because of the spin-

up time and distance in the numerical simulation, the numerical result during first 2 

hydrographs and 21 m upstream reach are not used for this comparison. 

 

Figure A1 shows the geometry of sand bars in the experiment and numerical 

simulation after three and six hydrographs. As the experimental result shows, the 

multiple row bars form at the upstream reach and its change their characteristics to 

alternate bars downstream reach. Because of the multiple hydrographs we obtained, the 

wavelength of alternate bars slightly increases in time. This figure clearly demonstrates 

that the numerical model is able to capture such morphodynamic trend observed in the 

experiments.  
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Figure A2. Migration pattern of observed and simulated alternate bars. 

 

Figure A2 compares the migration pattern of the alternate bars in the experiment 

and numerical simulations. In the experiment, we identify the location of bar front near 

the right wall of the channel from the photographs taken, on the other hand, numerical 

results show the pattern of erosion and deposition of bed at the right bank as we show 

in the main part of the paper as well. This result suggests that the model slightly 

underpredicts the observed migration velocity of alternate bars, but, generally this result 

shows good agreement with the experimental data.  

Field-scale validation of the model performance for this study is difficult issue 

since there might not be sufficient field dataset available for alternate bar 

morphodynamics under repeated hydrographs in a straight channel. Instead, the iRIC-

Nays2DH generally captures the sand bar development and associated meandering 

development caused by large flood event in a field-scale river, the Otofuke River, Japan, 

which is also used as a modelled river in this study [18,29]. In addition to such previous 

works, the general features of alternate bars simulated in this study is agreed with the 

bed and channel characteristics in the field. Figure A3 demonstrates the 

morphodynamic changes of the upper Otofuke River, Japan, showing that the dominant 

river morphology is alternate bars and associated meandering development. Two large 

floods took place at 7th, Sep. 2011 and the end of Aug., 2016, causing great changes of 

sand bars and channel pattern at Fig. A3 b-c and A3 c-d, respectively. The resultant 

characteristics, i.e., wavelength of the alternate bars and meandering in this figure can 
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be in the range from 500 to 800 m, which is consistent with the characteristics of 

alternate bars formed under even simplified discharge condition in this study. It should 

be noted that since the bars are highly vegetated in this river reach, causing slowdown 

of migration speed of bars or even non-migrating bars (e.g., Serlet et al [98]), the 

migration pattern cannot be directly compared with non-vegetated bars in our study. In 

addition, the significant bank erosion widens channel greatly, on the other hand, in this 

study, we assume that the channel is a constant width with non-erosible side banks. In 

spite of these limitations, the numerical model generally captures the morphodynamics 

of alternate bars of the target river reach. 

The results above might suggest that the iRIC-Nays2DH model is a potential tool 

to pursue the alternate bar dynamics under unsteady discharge condition as we perform 

in this study. It is worth noting that although the present experiment will be relevant for 

the validation data of this study, the model needs to be carefully validated further, 

especially, from long-term perspectives. It means that experimental studies focusing on 

the morphodynamic behaviors of alternate bars under many repeated hydrographs will 

be of great interest. In addition to this, the field scale observation of alternate bar 

behaviors in detail will be surely necessary to understand the effect of unsteady 

discharge on the alternate bar dynamics for long-term and further validation of the 

morphodynamic model. 
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Figure A3. Morphological changes of alternate bars and associated channel meandering 

observed in the upper Otofuke River, Japan. Two large floods took place at 7th, Sep. 

2011 and the end of Aug., 2016, causing large changes of sand bars and channel pattern 

between b-c and c-d. 

 

Appendix B: Sensitivity test to numerical mesh size 

The mesh size is an important parameter for hydraulics numerical simulations. A 

hydrograph condition may lead to different results according to the mesh size, Horrit et 

al [99] performed a same flow simulation under different size of mesh, showing 

different errors, especially modelling a large magnitude event. In this study, an unsteady 

flow condition is given, though the morphodynamic equilibrium state is observed, there 

is still possibility that mesh size will influence the results. The mesh size used in this 

study is 70×10 m2, and we decrease the length and width to only half of them to 35×

5 m2 to test the sensitivity. Meanwhile, unsteady flow cases of 400-1000 m3/s with the 

hydrograph cycles of 10, 20 and 40 hours were tested here, to confirm whether the grid 

resolution could change the morphodynamic features of the alternate bars we simulated. 
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Because more grids will consume a lot of extra computing time, for the 10-hour case, 

we reduce the process to 1000 hours. Figure B1 shows the FFT analysis of the results:  

 

Figure B1. FFT analysis of unsteady flow cases of 400-1000 m3/s under 35×5 m2 

mesh size with the hydrograph cycles of (a)10, (b)20 and (c)40 hours. 

 

Figure B2. Wavelet analysis of unsteady flow cases of 400-1000 m3/s under 35×5 m2 

mesh size with the hydrograph cycles of (a)10, (b)20 and (c)40 hours. 

 

Compared Figure B1 to Figure 6, and Figure B2 to Figure 7, it is clearly shown 

that in every flow condition under 35×5 m2 mesh size, alternate bars will still show the 

same morphodynamics properties: morphodynamic equilibrium (10 hours), 

morphodynamic equilibrium under critical state (20 hours) and alternate bars under 

general state (40 hours). Figure B1(a)(b) and Figure B2(a)(b) show the dominant 

wavelengths and constant migration periods. Though Figure B1(c) show a similar 

dominant wavelength, it is worth to noticed that migration period in Figure B1(c) is not 

40 hours, and that doesn’t satisfy our definition for morphodynamics equilibrium state. 

However, it is noticed that the dominant wavelengths in Figure B1 decrease about 20 

m in each case, which is 3-5 % of the wavelength, indicating that mesh size will slightly 

influence the alternate bars’ properties. But still, it can be confirmed that the mesh size 

doesn’t influence the morphodynamics equilibrium states which is the main finding of 

this study. 
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Appendix C: FFT and wavelet analysis of the equilibrium cases in 

Table 3.1 

Technically speaking, FFT analysis is used to solve periodic signal [100]. To 

dealing with aperiodic signal like elevation variation, adding window function to 

transform the signal can reduce error [101]. 

Figure C1 shows the original and windowed data. We have banished the upstream 

no-bar area and selected the valid distance from 6000 m to 19000 m in the bar zone.  

 

Figure C1. (a)Original and (b)windowed data of elevation variation along the distance. 

 

Figure C2 and C3 show the FFT analysis of the unsteady flow cases 400-1000 m3/s 

with the hydrograph cycles of 10 and 40 hours. 

 

Figure C2. Comparison of FFT analysis of dominant wavelength in cases 400-1000 

m3/s,10 hours with the (a)original and (b)windowed data. 
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Figure C3. Comparison of FFT analysis of dominant wavelength in cases 400-1000 

m3/s,40 hours with the (a)original and (b)windowed data. 

 

Figure C2 and C3 show that the windowed data give almost the same results as 

the original data. For equilibrium case of 400-1000 m3/s,10 hours, constant wavelength 

is shown clearly; for non- equilibrium case of 400-1000 m3/s,40 hours, the results are 

also similar. However, as windowing reduces the effective data, the graphics resolution 

is reduced. Also, as the original data will not affect the correctness of the results, so we 

decided to use the original data for FFT analysis. 

Figure C4 to C11 show the results of FFT analysis of the dominant wavelengths 

of the cases in Table 3.1; Figure C12 to C19 show the results of wavelet analysis of the 

dominant migration periods of the cases in Table 3.1 

 

 

(a). 100-600 m3/s, 10 hours           (b). 100-600 m3/s, 20 hours 
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(c). 100-600 m3/s, 40 hours           (d). 100-600 m3/s, 80 hours 

Figure C4. (a)-(d) FFT analysis of dominant wavelength in cases 100-600 m3/s, cycles 

of 10, 20, 40 and 80 hours. 

 

(a). 100-700 m3/s, 10 hours           (b). 100-700 m3/s, 20 hours 

 

(c). 100-700 m3/s, 40 hours           (d). 100-700 m3/s, 80 hours 

Figure C5. (a)-(d) FFT analysis of dominant wavelength in cases 100-700 m3/s, cycles 

of 10, 20, 40 and 80 hours. 
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(a). 200-700 m3/s, 10 hours           (b). 200-700 m3/s, 20 hours 

 

(c). 200-700 m3/s, 40 hours           (d). 200-700 m3/s, 80 hours 

Figure C6. (a)-(d) FFT analysis of dominant wavelength in cases 200-700 m3/s, cycles 

of 10, 20, 40 and 80 hours. 

 

(a). 300-700 m3/s, 10 hours           (b). 300-700 m3/s, 20 hours 
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(c). 300-700 m3/s, 40 hours           (d). 300-700 m3/s, 80 hours 

Figure C7. (a)-(d) FFT analysis of dominant wavelength in cases 300-700 m3/s, cycles 

of 10, 20, 40 and 80 hours. 

 

(a). 400-700 m3/s, 10 hours           (b). 400-700 m3/s, 20 hours 

 

(c). 400-700 m3/s, 40 hours           (d). 400-700 m3/s, 80 hours 

Figure C8. (a)-(d) FFT analysis of dominant wavelength in cases 400-700 m3/s, cycles 

of 10, 20, 40 and 80 hours. 
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(a). 400-600 m3/s, 10 hours            (b). 400-600 m3/s, 20 hours 

 

(c). 400-600 m3/s, 40 hours           (d). 400-600 m3/s, 80 hours 

Figure C9. (a)-(d) FFT analysis of dominant wavelength in cases 400-600 m3/s, cycles 

of 10, 20, 40 and 80 hours. 

 

(a). 400-800 m3/s, 10 hours           (b). 400-800 m3/s, 20 hours 
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(c). 400-800 m3/s, 40 hours           (d). 400-800 m3/s, 80 hours 

Figure C10. (a)-(d) FFT analysis of dominant wavelength in cases 400-800 m3/s, cycles 

of 10, 20, 40 and 80 hours. 

 

(a). 400-900 m3/s, 10 hours           (b). 400-900 m3/s, 20 hours 

 

(c). 400-900 m3/s, 40 hours           (d). 400-900 m3/s, 80 hours 

Figure C11. (a)-(d) FFT analysis of dominant wavelength in cases 400-900 m3/s, cycles 

of 10, 20, 40 and 80 hours. 
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(a). 100-600 m3/s, 10 hours           (b). 100-600 m3/s, 20 hours 

 

(c). 100-600 m3/s, 40 hours           (d). 100-600 m3/s, 80 hours 

Figure C12. (a)-(d) Wavelet analysis of dominant migration periods in cases 100-600 

m3/s, cycles of 10, 20, 40 and 80 hours. 

 

 

(a). 100-700 m3/s, 10 hours           (b). 100-700 m3/s, 20 hours 

 

(c). 100-700 m3/s, 40 hours           (d). 100-700 m3/s, 80 hours 

Figure C13. (a)-(d) Wavelet analysis of dominant migration periods in cases 100-700 

m3/s, cycles of 10, 20, 40 and 80 hours. 
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(a). 200-700 m3/s, 10 hours           (b). 200-700 m3/s, 20 hours 

 

(c). 200-700 m3/s, 40 hours           (d). 200-700 m3/s, 80 hours 

Figure C14. (a)-(d) Wavelet analysis of dominant migration periods in cases 200-700 

m3/s, cycles of 10, 20, 40 and 80 hours. 

 

 

(a). 300-700 m3/s, 10 hours           (b). 300-700 m3/s, 20 hours 

 

(c). 300-700 m3/s, 40 hours           (d). 300-700 m3/s, 80 hours 

Figure C15. (a)-(d) Wavelet analysis of dominant migration periods in cases 300-700 

m3/s, cycles of 10, 20, 40 and 80 hours. 
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(a). 400-700 m3/s, 10 hours           (b). 400-700 m3/s, 20 hours 

 

(c). 400-700 m3/s, 40 hours           (d). 400-700 m3/s, 80 hours 

Figure C16. (a)-(d) Wavelet analysis of dominant migration periods in cases 400-700 

m3/s, cycles of 10, 20, 40 and 80 hours. 

 

 

(a). 400-600 m3/s, 10 hours            (b). 400-600 m3/s, 20 hours 

 

(c). 400-600 m3/s, 40 hours           (d). 400-600 m3/s, 80 hours 

Figure C17. (a)-(d) Wavelet analysis of dominant migration periods in cases 400-600 

m3/s, cycles of 10, 20, 40 and 80 hours. 
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(a). 400-800 m3/s, 10 hours           (b). 400-800 m3/s, 20 hours 

 

(c). 400-800 m3/s, 40 hours           (d). 400-800 m3/s, 80 hours 

Figure C18. (a)-(d) Wavelet analysis of dominant migration periods in cases 400-800 

m3/s, cycles of 10, 20, 40 and 80 hours. 

 

 

(a). 400-900 m3/s, 10 hours           (b). 400-900 m3/s, 20 hours 

 

(c). 400-900 m3/s, 40 hours           (d). 400-900 m3/s, 80 hours 

Figure C19. (a)-(d) FFT analysis of dominant wavelength in cases 400-900 m3/s, cycles 

of 10, 20, 40 and 80 hours. 
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Chapter 4                                          

Conclusion 

4.1 Sediment supply and river morphology 

We investigated the effect of sediment supply on the morphodynamics of free 

alternate bars in gravel-bed rivers in terms of the HBL concept proposed by Wong and 

Parker, using a 2D morphodynamic numerical model, iRIC-Nays2DH. Confirmed that 

the morphodynamic features of the HBL reach are identical even if the condition is 

extended to 2D cases, including complex bedforms such as alternate bars. 

In the present condition, the simulated alternate bars develop outside the HBL, and 

characteristics of the alternate bars such as wavelength, bar height and migration speed 

are almost identical in both sediment feed conditions. This result suggests that the HBL 

concept is still valid for 2D cases, where the upstream sediment disturbance is difficult 

to propagate beyond the HBL, and eventually, has a negligible effect on the downstream 

morphological characteristics. We also changed the hydrograph characteristics, that is, 

the hydrograph duration and peak discharge were increased by a factor of 2, to 

understand the sensitivity of this result to the extreme change in the hydrograph from a 

practical perspective. The larger and longer hydrographs extend the length of the HBL, 

but the upstream sediment boundary condition does not affect the general 

characteristics of the downstream alternate bars. In summary, the findings regarding 

HBL [49] are almost valid for the dynamics of alternate bars developed beyond the 

HBL, that is, sediment disturbance at the upstream end has a negligible effect on the 

mobile-bed dynamic processes, including alternate bar formation and development 

downstream of the HBL. 

4.2 Unsteady flow and river morphology 

Inspired by the special phenomenon in Chapter 2, hydrograph processes with 
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different discharges & hydrograph cycles are given, aiming to discover the familiar 

morphodynamics equilibrium state, in which the wavelength and migration period of 

alternate bars remained constant, and the migration period was the same as the 

hydrograph cycle. 

We found that the morphodynamics of alternate bars under a specific combination 

of discharge variation and hydrograph cycle reached an equilibrium state. This might 

be a unique morphodynamic feature of alternate bars under unsteady conditions because 

the steady discharge counterparts demonstrated a dynamic equilibrium state with 

slightly time-dependent features of the wavelength and migration period but did not 

exhibit non-time-dependent features.  

To find out the reason of the formation of the morphodynamics equilibrium, we 

give the discharge process an abrupt change to observe the reaction of the alternate bars. 

The results show that the responses of the change in migration speed and elevation are 

different. The migration speed always varies quickly within several hours, but the 

elevation takes much longer time to reach equilibrium. The results indicate that, under 

a short hydrograph, the bar growth occurred much slower than the discharge changes, 

implying the bars cannot respond to the discharge variation. Meanwhile, the long 

hydrograph provided sufficient time for the deformation and development of alternate 

bars, causing a significant change in bar characteristics (e.g., wavelength) within one 

hydrograph, which is a similar process obtained under the steady discharge condition. 

The hydrograph cycle that achieves this equilibrium state must be moderately long so 

that the timescale of the hydrograph is similar but slightly smaller than the bar growth 

timescale, but not too small to allow equilibrium bar behaviors caused by steady 

discharge conditions. 

Meanwhile, it is also found that the erosion & deposition patterns of the alternate 

bars in the morphodynamics equilibrium state are different. As the alternate bars are no 

longer migrating translationally like the steady flow case, some places of the riverbank 

might experience more serious and unfair erosion, which might be significant in the 

river morphology study. 
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4.3 Recommendation and future work 

In the studies of both chapters, all the simulation is done under a straight channel 

with a single grain size of the sediment and a continuous triangle-shape hydrograph. 

The results are obtained under an ideal condition, regardless of the suspended sediment 

transport, mixed graded sediment supply, change of the channel width or curvature and 

the real hydrograph process. In fact, all the factors mentioned above are possible or 

have been proved to be effective to the HBL concept or morphodynamics equilibrium 

state as we have explained in the end of each chapter. 

For the future study of imbalance sediment supply and HBL concept, consideration 

of the complexity of sediment transport should be very necessary, especially some 

factors that could spread their influence to further downstream out of HBL region 

including the mixed graded sediment supply and suspended sediment transport.  

For the future study of morphodynamics equilibrium and unsteady flow conditions. 

Since the hydrograph condition to form morphodynamics equilibrium state is harsh and 

rarely exist in the real river channel. Therefore, experiment should be necessary to 

provided validation and mechanical analysis to find unclear reason behind this kind of 

equilibrium state of migrating alternate bars under repeated hydrograph conditions. 

This study has its own limitations as a pure theoretical numerical simulation. But 

as a study about river engineering, it will be more worth if it can be put into reality and 

play a role. However, the extended application of HBL concept into 2-D simulation and 

discovery of morphodynamics equilibrium state can still be regarded as a small 

contribution that might provide useful knowledge in this field. 
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