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Abstract

We consider the asymptotic behavior of solutions to an obstacle problem for the
mean curvature flow equation by using a game-theoretic approximation, which we
extend from that of Kohn and Serfaty [I3]. The paper [I3] gives a deterministic two-
person zero-sum game whose value functions approximate the solution to the level
set mean curvature flow equation without obstacle functions. We prove that moving
curves governed by the mean curvature flow converge in time to the boundary of
the convex hull of obstacles under some assumptions on the initial curves and
obstacles. Convexity of the initial set, as well as smoothness of the initial curves
and obstacles, are not needed. In these proofs, we utilize the properties of the game
trajectories given by very elementary game strategies and consider reachability of
each player. Also, when the equation has driving force, we present several examples
of computation of the asymptotic behavior, including a problem dealt in [R].

Keywords— Viscosity solutions, Mean curvature flow equation, Asymptotic shape, Large time
behavior, Deterministic game
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1 Introduction

Obstacle problem for the mean curvature flow equation. We consider the following
obstacle problem for the mean curvature flow equation:
V= oD

{ K on ty (11)

O_ C Dy,

where {D;};~¢ is the unknown family of open sets in R, V is the velocity of a point in dD; in
the direction of its outward normal vector, k is the mean curvature of 0D; at the point and O_
is a fixed open set in R%. Our main goal is to investigate the asymptotic behavior of solutions
to (X)) by the level set equation and its game-theoretic approximation. We mainly deal with
the case d = 2 in this manuscript.

The mean curvature flow equation has been attracting much attention. In the early stages,
the smoothness of the initial surface was naturally assumed and the surface evolution was
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considered as long as singularities do not occur. In paticular when d = 2, the mean curvature
flow equation is often called the curve shortening problem and the curve evolution was analysed
in e.g. [H, I0].

The level set method for surface evolution equations was first rigorously analyzed in [3, ].
The basic idea of this method is to represent moving surfaces as level sets of auxiliary functions
and to rewrite surface evolution equations by level set equations, whose unknown functions
are the auxiliary functions. A great advantage is the point that viscosity solutions of level set
equations follow the long time behavior of the moving surfaces even after topological change of
surfaces. The level set method is applied to various surface evolution equations including the
mean curvature flow equation. See also [B] in detail.

Recently obstacle problems for the mean curvature flow equation have been considered in
[9, 2, T9]. Obstacle problems are problems that have regions called obstacles which the solutions
cannot exceed.

According to the unpublished paper [arXiv:1409.7657v3] by Mercier (We denote this paper
by [Mercier| hereafter.), the level set method is still valid for (IZ1). The corresponding level set
equation to (D) is the following:

us(z,t) + F(Du(z), D*u(z)) =0 in R% x (0, 00),
u(x,0) = up(x) in R?, (1.2)
U_(z) < u(z,t) in R? x (0, 00),

where U_ € Lip(R?) is a given obstacle function that satisfies O_ = {x € R? | ¥_(z) > 0}.
The function ug € C(RY) is an initial datum and F is given by

D
F(Du, D*u) = —|Duldiv <|DZ|) .

Namely F' is the level-set mean curvature flow operator defined as

F(p, X) = —Tr <<[ - 1"]?2]’) X> . peR\ {0}, X e, (1.3)

where p ® p = (pipj)gjzl for a vector p = (p1,...,pq) € R? and S? is the set of d x d real
symmetric matrices. For a comparison principle to ([2), see also [12].

Throughout this paper we follow the 0 level set of the solution w. Together with it, we
assume on the initial data ug as follows:

For some a < 0 and R > 0, up = a in B¢(0, R). (1.4)

Intuitive observation. For the solution to () with d = 2 and without obstacles, it is
known that D; becomes convex at some time, the moving curve 9D, converges to a single point
and then vanishes, provided 0Dy is a smooth closed curve ([5, [0]). On the other hand, for our
problem (I), it is obvious that the solution does not converge to any single point. Also it is
not clear whether D; becomes convex at some time. However it is natural to expect that in
many cases D; converges to the convex hull of O_, which we hereafter denote by Co(O-), as
t — oo because of the curve shortening property of the solution and the smoothing effect of the
curvature flow as we draw some examples in Figure 0. As shown in Figure O, even for the same
obstacles, different initial curves may converge to different limits. Thus we shall assume at least
that one connected component of Dy contains the whole O_ and expect that the asymptotic
shape is Co(O_) under this assumption. Our main theorem (Theorem B3) is intended to justify
this expectation as much as possible.
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Figure 1: Conjecutures on the asymptotic shapes

Game interpretation. Our first result is the extension of [I3] to problems including (I22).
First, let us briefly explain the game rule for (I"2) with d = 2 and without obstacle function
by following [I3, Section 1.6]. The game is a deterministic two-person zero-sum game. For
convenience, we name the first player Paul and the second player Carol. Let € > 0. Also, let
zo = = € R? be the initial position of this game and ¢ > 0 be the terminal time. At the i-th
round of this game, Paul chooses directions v; € R? with |v;| = 1 and Carol chooses a number
b; = %1 after Paul’s choice. Then the game position that we henceforth regard as Paul’s position
conveniently moves from x;_1 to the next place x; depending on their choice as follows:

T; = T;—1 + \/56[)2’7)1' (].5)

After the N-th round, where N ~ te~2, the game ends and Carol pays the terminal cost ug(z )
to Paul. Paul’s goal is maximizing the cost while Carol’s goal is minimizing it. The value
function uf(x,t) is defined as the cost optimized by both the players, that is,
u(z,t) = maxmin. .. maxmin ug(xy).
v by UN by
This value function approximates the viscosity solution u of (I2) with d = 2 and without
obstacle function. In fact the convergence u¢ — w is shown in [I3].

In order to handle (I2) that has the obstacle function ¥_, we modify the game rule as
follows. At each i-th round, we suppose that Paul has the right to quit the game. If Paul quits
the game, the game cost is given by ¥_(z;). By doing this modification, the value function u*
is restricted to ¥_ < uf. Such an interpretation of parameters of PDEs is well understood for
first order equations; see [[]. The cost W_(x;) is called stopping cost and an optimal control
problem with stopping cost is called optimal stopping time problem. For second order equations,
see e.g. [I'7], which deals with the optimal stopping time problem corresponding to the obstacle
problem for the infinity Laplacian equation.

The value function u(z,t) satisfies the following Dynamic Programming Principle:

u(z,t) = max{V_(x), |rn\a)1(br£li|?1 u(z 4+ V2ebv, t — %)} (1.6)
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for ¢ > 0. This is a key equation in the proof of the convergence result.

The paper [[3] also mention the game interpretation for higher dimensional case. Based on
this, we can generalize our game to the case d > 3. In the game, Paul chooses d — 1 orthogonal
unit vectors vl (j = 1,2,--- ,d — 1), Carol chooses d — 1 values b} € {£1}(j = 1,2,--- ,d — 1),
and the state equation is x; = x;_1 + V/2¢ Z?;% bgvg instead of (I3).

The precise statement of the convergence of the value functions is described by the half
relaxed limits of the value functions, which are defined as follows:

u(z,t) ;= lim uf(y,s), u(z,t):= lim u(y,s).
(y,5)—= (1) (y,8)= (1)
e\0 e\0

As a consequence of Proposition B=3, we present the convergence result for (IZ24) at the
moment. We describe a game interpretation and the same type of convergence result for more
general PDEs than (I2) in Appendix Al

Proposition 1.1. The functions u and u are respectively viscosity sub- and supersolution of
(2). Moreover u(z,0) = u(x,0) = ug(x) for x € R4,

0Dy

Figure 2: Example of Dy and O_ Figure 3: Strategy

Asymptotic behavior. We study the asymptotic behavior of solutions to (). To explain
an outline of the proof of the main theorem (Theorem B3), at the moment, we identify u¢ with
u and consider a specific figure (Figure B). Since we consider 0 level set of solutions to (I22),
our concern is whether the game cost is positive or negative. Thus, from Paul’s point of view,
the victory condition is that the game cost becomes positive. Namely, from Carol’s point of
view, the victory condition is that the game cost becomes negative. There is no need to give
optimal strategies. Hereafter, even if a strategy taken by the players is not optimal, we often
use present tense such as ”Paul takes some strategy when he is in some domain.”. To show that
the asymptotic shape is Co(O_), we have to prove that Paul wins if he starts from Co(O_) and
Carol wins if Paul starts from Co(O_)°. (We avoid the argument on the boundary of Co(O_).)
Furthermore, by the rule of the game explained above, we see that the victory condition of Paul
is whether he reaches O_ at some round or Dg at the final round.

The easiest situation for Paul is that the initial game position x € O_. In this case, it
suffices for Paul to quit the game at the first round and gain the stopping cost ¥_(x) > 0. If
we take x as shown in Figure B, a strategy for Paul to win is the following: He keeps taking v
parallel to the dotted line segment as in Figure B until he reaches the domain inside the dotted
circle. Once he gets there, he quits the game and gains the positive stopping cost. Even if he
does not get there, he can gain the positive terminal cost at the final round of the game because
the dotted line segment in Figure B is contained in Dy.
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Figure 4: Strategy for x € Co(O_)

For the other z € Co(O-), we consider a strategy for Paul to reach the domain from where
we above overview that he could win if he started. To construct it, we prepare a type of strategies
of the game called concentric strategy, which is also introduced in [[3] and [T, Lemma 2.5 2.6].
See Definition 3. If Paul takes a concentric strategy, he can choose his favorable point z € R?
and can control the distance from z to game positions regardless of Carol’s choices as follows:

|20 — 2| = /|zo — 2|? + 2ne2.

In paticular |z, — z| is monotonically increasing with respect to n and, denoting the game time
ne? by 7, it goes to infinity as 7 — co. Figure B shows an example of x € Co(O_) and an
appropriate concentric strategy. In Figure B the center of the arc C' is z. Paul’s strategy is to
choose this z and keep taking the concentric strategy until he reaches a neighborhood of the
bold curve in Dy. Since the domain enclosed by the arc C and the bold curve is bounded, he
indeed reaches a neighborhood of the bold curve. Therefore he wins if he starts at this initial
position z.

In the main theorem we state a condition on Dy and O_ that we are able to apply above
technique. To indicate above bounded domain, we construct an appropriate Jordan closed curve
in the proof and Appendix O and then use the Jordan curve theorem.

One also define a concentric strategy of Carol (Definition PH) that has similar effect to that
of Paul. Namely if Carol chooses a point z and takes the concentric strategy, she can force
the distance |z, — z| to be monotonically increasing with respect to n and go to infinity as
7 — 00. For z € Co(O_)° we can take an open ball B such that Co(O_) C B and z € B¢
by the hyperplane separation theorem and the boundedness of Co(O_). If Carol chooses z and
takes the concentric strategy, she wins for sufficiently large 7 owe to the boundedness of Dy.
If we assume a kind of strict convexity on the obstacle O_, we can take above open ball B for
T € C’o(O_)C whose radius does not depend on z. This means that the moving surface sticks
to the obstacle in finite time (Theorem BZ7).



Literature. We give some other related works on the asymptotic behavior of solutions to
obstacle problems for the mean curvature flow equation. Spadaro considers (1) to characterize
the mean-convex hull set in his unpublished paper [arXiv:1112.4288v1]. He considers ()
by a variational discrete scheme, which is different from our approach, but is guaranteed to
approximate the viscosity solution to (I2) by [Mercier|. According to [arXiv:1112.4288v1], the
part of the limit hypersurface that does not touch the obstacle is a minimal surface. (This
result enhances the plausibility of our expectation.) Compared to our result, his result works in
higher dimensional case d < 7, while it needs to assume at least that the initial set Dy is convex
when d = 2. For d > 8, [20, Proposition 4.2] implies that the limit hypersurface may have non
empty boundary. [[9] proves the convergence of moving surfaces in a situation that both initial
surface and obstacles are given as periodic graphs. For problems with driving force, [9] proves
the solution u(x,t) to the problem (Z) with f = 0 (We will introduce it later.) converges as
t — oo to the stationary solution. They also give the result concerning to the shape of the
stationary solution. However it is limited to the case where the initial data and the obstacle
function are radially symmetric.

Concerning to an approach other than the level set method, Takasao [Z1] considers an
obstacle problem for the mean curvature flow equation in the sense of Brakke’s mean curvature
flow ([2]). He proves the global existence of the weak solution by using the Allen-Cahn equation
with forcing term.

While [12, 21] and this paper consider given obstacle problems, they arise from many dif-
ferent situations. In [R] an obstacle problem naturally appears in the motion of the top and
the bottom of the solution of birth and spread type equations though the equations have no
obstacle functions. [I6] shows that large exponent limit of power mean curvature flow equation
is formulated by an obstacle problem involving 1-Laplacian.

Organization. This paper is organized as follows. Section B contains definitions, notations
and lemmas that are needed to prove our results. In Section B we prove the theorems on the
asymptotic shape of the solution to (IT). Section @ is devoted to compute several examples of
asymptotic shapes of solutions to problems with driving force. The convergence of the value
functions of the game and some arguments to complement the proof of the main theorem are
presented in appendices.

2 Preliminary result

2.1 Definitions and notations

In this subsection we introduce the notion of viscosity solution to the following obstacle problem,
which is the most general form in this manuscript. Moreover we remark some known results.

ug(w,t) — v|Du(x,t)| + F(Du(z), D*>u(x)) = f(z) in R¢ x (0, 00),
u(z,0) = up(x) in R?, (2.1)
VU_(z) <wu(x,t) < Vi(z) in R? x (0, 00),

where ¥, ¥_ € Lip(R?) are obstacle functions which satisfy ¥_ < ¥, in R% A real number
v is a constant and f is a locally bounded function. This equation without obstacles is a birth
and spread type equation introduced in [8]. Though the source term f is not considered in
the proof of the main theorem, we take it into consideration in Appendix @Al to prepare for the
forthcoming paper ” Asymptotic shape of solutions to the mean curvature flow equation with
discontinuous source terms” by Hamamuki and the author. We do so all the more because it is
natural extension in light of optimal control theory.
We denote the upper and lower semicontinous envelope of u by v* and u, respectively.



Definition 2.1 (Viscosity solution). 1. A function w is a viscosity subsolution of (ET) if it
satisfies the following conditions.

(a) U_(x) <wu*(x,t) < WUy (z) for all (z,t) € R? x (0, 00).
(b) u*(x,0) < up(x) for all x € RY.

(c) Whenever ¢(z,t) is smooth, u* — ¢ has a local maximum at (zg,t9) € R? x (0,00)
and u*(xo,t0) — ¥_(x0) > 0, we have

(0, t0) — v|Do(xo, to)| + Fu(Do(o, to), D*¢(z0, t0)) < f* (o).
2. A function u is a viscosity supersolution of (E7I) if it satisfies the following conditions.

(a) U_(z) < uy(z,t) < Uy (x) for all (z,t) € R? x (0, 00).
(b) ux(z,0) > ug(x) for all x € RY.

(c) Whenever ¢(z,t) is smooth, u, — ¢ has a local minimum at (xg,%y) € R% x (0, 00)
and u«(zo,t0) < Yy (x0), we have

¢t(x0, o) — V| D (0, to)| + F* (D (0, t0), D*¢(x0, t0)) = fi(o).

3. A function u is a viscosity solution of (E) if it is a viscosity subsolution and a viscosity
supersolution of (27).

We now give the definition of solutions of the following surface evolution equation:

{V:—/i—i-yon@Dt, (2.2)

O_ C Dy C Oy,

where {D;}¢¢ is the unknown family of open sets in R?. Furthermore O_ and O, are fixed
open sets in R?. We also introduce the closed version of (22):

{V:—Fc—i-uon@Et (2.3)

C_ CEtCC+,

where {E;}¢~0 is the unknown family of closed sets in R%. C_ and C, are fixed closed sets in
RY., The PDE (Z0) with f = 0 is the level set equation for these surface evolution equations.
Since we only consider bounded initial surfaces in this manuscript, we employ the following
class of solutions:

K, (R x [0,00)) :=
{fue C(R? x [0,00)) | VT'> 0 IR > 0 s.t. u=a in BE(0) x [0,T]}.

Definition 2.2. 1. Let Dy, O_ and O, be open sets in R?. A family of open sets {D;}+>0
is called an open evolution of (222) with Dy, O_ and O if there exist ¥_, ¥, € Lip(R%),
ug € C(R?) and a solution u € K4 (R? x [0,00)) of (EI) with ¥_, ¥, uy and f = 0 such
that O_ = {r € R | ¥_(2) > 0}, Oy = {z € RY | ¥, (z) > 0} and D; = {x € R? |
u(z,t) > 0} for t > 0.

2. Let Ey, C— and C; be closed sets in RY. A family of closed sets {D;};>¢ is called an
closed evolution of (Z23) with Ey, C_ and C. if there exist U_, W, € Lip(R%), ug € C(R?)
and a solution u € K,(R? x [0,00)) of (Z0) with ¥_, ¥,, uyg and f = 0 such that
C_={zcR|TU_(2)>0},Cy ={zcR?| ¥, (2) >0} and E; = {z € R? | u(z,t) > 0}
for t > 0.



Remark 2.3. The open evolutions and the closed evolutions uniquely exist ([Mercier]).

Remark 2.4. Our main equation in this manuscript is (Il), which has an obstacle on one side.
We interpret problems that have only O_ as (Z2) with O, = R? and problems that have only
O as (22) with O_ = 0.

Whenever we consider (22) in this manuscript, we simultaniouly consider the solution
{E¢}+>0 to (23) with Ey = Dy, C— = O_ and C; = O. Throughout the manuscript, we
denote an open evolution by {D;}:>0 and a closed evolution by {E;}:>0. As explained above,
we assume that Dy is bounded.

Notations. For a point z € R? we denote the set {x € R? | |z — z| < r} by B,(z) or
sometimes B(z,r). For a set S C R?, we denote the set {z € R? | dist(x,S) < r} by B.(S). We
denote by S9! the set of unit vectors in R¢. The line segment with end points = and y will
be denoted by I, ,. When two lines [; and Iy are parallel, we will write Iy || lo. For a set A, we
denote the convex hull of A by Co(A). For a family of sets {D;}+>0, we define

t@th = ﬂ UDt, hm Dy = U ﬂDt

T>01t>T1 T>01t>1
If limyyo0 Dy = lim,_, Dy, we will write

lim D; := hm Dy = lim Dy.

t—o00 t—00

2.2 Basic strategy of the game
We prepare special strategies of both players that we explained in Section .

Definition 2.5 (Concentric strategy). Let ¢ > 0 and z € R%. Let € R? be the current state
of the game.

1. A set of d — 1 orthogonal unit vectors v/ € S971(j = 1,2,---d — 1) chosen by Paul is
called a z concentric strategy (by Paul) if (v/, 2 — 2) = 0 for all j, where (-,-) stands for
the Euclidean inner product.

2. Let {v!,v2 .-+ v?1} be a choice by Paul in the same round. A choice (b',4%,--- b%71) €
{£1}9=1 by Carol is called a z concentric strategy (by Carol) if (Wv7 x — z) > 0 for all j.

One can easily understand the behaviors of trajectories given when one player takes above
strategies. Let d,, = |z, — z| for fixed z € R%. If Paul takes a z concentric strategy through the
game, then we see that the sequence {d, } satisfies

Rpi1 = /R2+2(d—1)e2 (2.4)

by the Pythagorean theorem regardless of Carol’s choices. The solution {R,} of (24) is explic-
itly obtained by

R, = \/Rg +2(d — 1)ne2. (2.5)
On the other hand, if Carol takes a z concentric strategy through the game, we have

2

x+Z(\/§eijj)—z = |z — 2> +2(d E—I—Z\feb]vjx—@
J

> |z — 2z|? +2(d — 1)é?

which implies dp+1 > \/d2 + 2(d — 1)€2. Therefore we obtain d,, > \/d3 + 2(d — 1)ne2.
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3 Asymptotic behavior of solutions

Throughout this section we consider the main equation (IZT).
In the following lemma, we estimate the asymptotic shape from above by considering Carol’s
strategies.

Lemma 3.1. o
lim E; C CO(C_)
t—o0

Proof. Let u be the unique solution to ([F) with up and W_ that are as in Definition P72
We notice that the conclusion holds if and only if for x € Co(C-)¢, there exists 7 > 0 such
that u(z,t) < 0 for t > 7. To prove u¢ < 0, it is sufficient to give a Carol’s strategy that
makes the game cost negative but is not necessarily optimal one. For z € Co(C_)¢ we can
take an open ball B such that C_ C B and z € OB by the hyperplane separation theorem
and the boundedness of Co(C_). Let z be the center of B and r = |z — z|. If Carol takes a
z concentric strategy, then we see that regardless of Paul’s choice, the game trajectory {z,}
satisfies |z, — 2| > /72 + 2n(d — 1)€2, where /72 + 2n(d — 1)€? is the solution of (24) with
Ry =r. Letting 7 = 2R(R +r)/(d — 1), we have

ey — 2| > 7+ 2R (3.1)

for the last position zy of the game, where R > 0 is a constant taken in (). The inequality
(8) and Co(C-) C B imply dist(zn,Co(C_)) > dist(zn,B) > 2R. Also C_ C Ey C Bgr(0)
implies Co(C_) C Bgr(0). Hence we have zn ¢ Bgr(0), which means ug(zy) = a < 0 by (I[4).
If Paul quits the game on the way, the stopping cost is at most

sup ¥U_(b) < 0.
beB¢

The comparison principle ([12]) for (I2) and the convergence results in Appendix A imply that
u(x,t) converges to u(x,t) locally uniformly in (z,t). See also [, Chapter V Lemma 1.9] if
necessary. We also notice that the uniform boundedness of u€ is satisfied owe to the rule of the
game and the boundedness of ug and W_. Since both upper bound of the terminal cost a and
that of the stopping cost supycge ¥_(b) do not depend on €, we conclude that u(z,t) < 0 for
t>71and z € Co(C_-)". O

For an obstacle O_ and an initial set Dy, we define the graph G = (V, E) as follows:
V:={O CcR?*| O is a connected component of O_},

E:={(0,P)|O,P €V and l,, C Dy for some z € O and y € P}.

See Appendix @ for definitions of terms in graph theory.

Theorem 3.2. Assume that d = 2 and the graph G is connected. Then

Co(O-) C lim D, C tlifm D, C Co(O-)

t—o00

and

Co(O_) C lim E; C tlifm E, C Co(O-).

t—o00

Remark 3.3. Figure B (resp. Figure B) shows examples of Dy and O_ that satisfy (resp. do not
satisfy) the assumption of Theorem B2.
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Figure 5: Dy and O_ that satisty the assumption of Theorem B2

Proof. For Dy and Ey, we take ug as in Definition 2. Indeed it suffices to let

dist(z,0Dy), x € Dy
up(z) = : (3:2)
max{a, —dist(x,0Dq)}, x € D§.
Similarly it suffices to let
dist(z, 00 _ O_
W () = ist(z, .), x € (3.3)
max{a, —dist(z,00_)}, x € O°.

By Lemma B and D; C E, it suffices to prove Co(O_) C lim, ,  D;. Namely our goal is
to prove that for x € Co(O_), there exists 7 > 0 such that u(z,t) > 0 for t > 7. To prove
u® > 0, it is sufficient to give a Paul’s strategy, which makes the game cost positive and is not
necessarily optimal one. Let 2z € Co(O_). It would be convenient to introduce the set

L={z€l,y|z,ycO_,lpy C Do}

in doing case analysis for x € Co(O_).

1) * € O_. In this case, it suffices for Paul to quit the game at the first round and gain
the stopping cost ¥_(z) > 0. Recall that u®(z,t) converges to u(z,t) locally uniformly in (z, ).
Thus we obtain u(z,t) > 0 for any ¢ > 0.

2) x E L\ O_. Let z,w € O_ satisty € [, and [,,, C Dy. We take 6 > 0 to satisfy

Bs(z) € O— and Bs(w) C O_. For the initial position z, Paul’s strategy is to keep taking
v = |z §| untll he reaches Bs(z) U Bs(w). If he reaches Bs(z) U Bs(w), then he quits the game.
By doing this, Paul gains positive game cost in either case he quits the game or not. See Figure
B. More precisely, Paul gains at least

min min___¥_(y), min up(y) p >0
yEBg(z)UB,;(w) Y€l w

10
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Figure 6: Dy and O_ that do not satisfy the assumption of Theorem B=2

regardless of € € (0,6/ \/5), where € is taken small enough for Paul not to stride over Bs(z) or
Bs(w). Hence, as in the case 1), we obtain u(x,t) > 0 for any ¢ > 0.

3) x € Co(O_) \ L. Henceforth we give a strategy by Paul that includes a z concentric
strategy and makes the game cost positive. To do so, we are going to construct a closed curve
that consists of an arc C' with its center at z and a path I" in L. Since O_ C L C Co(O-), we
have Co(O_) = Co(L). By Lemma B2 in Appendix B, we can take a,b € L such that € [,.
We only show the case a,b ¢ O_, since otherwise we would prove it in a simpler manner.

We first explain how to construct a path I' C L that contains a and b. We take a specific
path rather than just a path. By doing so, we are able to indicate a region that includes final
positions of the games to guarantee that u¢ is uniformly positive. Since a € L, there is a line
segment that is in Dy, contains a, and has endpoints in some connected components A and B
of O_ respectively. Similarly there is a line segment that is in Dy, contains b, and has endpoints
in some connected components C' and D of O_ respectively. Notice that (A, B),(C,D) € E,
recalling F is the set of unordered pairs of the graph G defined above. From Proposition =2
there is a path P = (V', E’) of the graph G such that A, B,C,D € V' and (A, B), (C, D) € E'.
Writing V' = {0, 01, -+ ,0,} and E' = {(0;,0,41) | i = 0,1,--- ,n—1}, we see that for some
points y;, 9; € O; (i =0,1,---,n — 1), there are line segments g, .., (i =0,1,--- ,n — 1) such
that a € lj, 4, b € lg,_,y, and Iy, ., C Do (i =0,1,--- ,n—1). Let I'; be a polygonal line in
O; with endpoints y; and 7;. Now we define

Di=lgyy U Ulgy y UT2 Ulgy s U Ulg, oy, U1 Uly, o,

We may assume l,p ff lj, 4 and lop 4 g, y,, since otherwise we would retake either a or
b as an element of O_. Without loss of generality we can also assume that I' and [,; do not
cross each other except at a and b. By Lemma B in Appendix B we take § > 0 small enough
to satisfy Bss(I') C L, noticing that L is an open set and I is a compact set. Let wg, w1, wa be
unit vectors in R? such that wo || lop, w1 || Loyss w2 || lg, 14, and (wo - wy)(wo - wa) > 0. Let
a=a+ 06w and b= b+ dwy. We temporarily define C' as the arc passing through a, b and z.
Combining I' and C, we make a closed curve C' UT, where

~

I:= ld,y1 ul'byu lghyg ulhu lg27y3 Uy---u lgn_%yn_l ul', 1 U lgn717l;.

11



Figure 7: strategy in the case 3)

For the closed curve CUT and z in it, there is a Jordan closed curve C such that z € C and
Cccourl (Figure B). See Appendix D in detail. Thus, based on the Jordan curve theorem,
we let © be the bounded domain that satifies 9Q = C. If 2 touches the arc C' from inside, then
we retake the other pair of (a, l;) and, together with it, retake C and 2 so that € touches the
arc C from outside (Figure O). We notice that the domain enclosed by lj, ., lj,. 1y, and the
two arcs shown in Figure B is bounded, and hence, so is the new 2. We further notice that we
can take C' so that C and I' intersect only at & and b by taking ¢ smaller if necessary.

We now give a strategy by Paul for the initial position z. Paul first takes a z concentric
strategy, where z is the center of the arc C'. If Paul enters Bs(I';) for some ¢, then he quits
the game at this point. Once he enters Bs(ly, ,,.,) for some 4, he takes a similar strategy to
that in the case 2). To see that it attains positive game cost, we notice two propeties of game
trajectories {z,} given when Paul keeps taking a z concentric strategy by some round. One is

that z, € B (2, V0o — 2|2 + 2n62)c. The other is that =, € (CUQ) \ N; implies z,,41 € €2 for
V2e < 8, where we denote (|J; Bs(I';)) U (U; Bs(Ij,5.1)) by Ns. Thus it takes at most finite

time 7 (satisfying Q C B(z, \/|zo — z|> 4+ 27)) for Paul to reach Ns. We see that the game ends
at some point in Nos and Paul gains at least

min inf U_(y), inf U > 0,
{yGUi B26(F1) (y) yeUi B§(lz7i,yi+1) O(y) }

regardless of € € (0,8/v/2). Therefore we conclude that u(x,t) > 0 for any ¢ > 7, noticing that
7 may depend on z, but does not depend on e. O

Remark 3.4. In general, fattening of the level set may occur under the assumption of Theorem
B2. i.e., Dy = E; may fail at some ¢t > 0. Theorem B states that even if the curve evolutions
are not unique, they have the same limit.

We give some sufficient conditions to the assumption of Theorem B2

12



Figure 9: retake C' and

Corollary 3.5. Assume that Co(O_) C Dy. Then the same conclusion as that of Theorem T2
holds.

Corollary 3.6. Assume that O_ is connected (Figure I0 and I1). Then the same conclusion
as that of Theorem 2 holds.
Under the following assumption, the moving surface sticks to the obstacle in finite time:
Jr >0 Vw € 00 3z € Br(w), s.t. O— C Bj,_y)(2). (3.4)

In the following theorem, there is no need to asuume d = 2.

Theorem 3.7. Assume (B4). Then

lim Dt =0_
t—o00

and
lim Et =C_.
t—o00

Moreover there exists T > 0 such that Dy, = D, = O_ and By = E; = C_ fort > .

Proof. We notice that the condition (82) implies that O_ is convex (Proposition B4). It is
now clear that O_ C D, for any t > 0 and hence O_ C ﬂt>0 D, C lim, , . D;. We prove that
there exists 7 > 0 such that | J,~. Fx C O_. Namely we show that there exists 7 > 0 such that

u(xz,t) < 0 fort > 7 and x € (O-)°. The difference from Lemma BT is that we now have to

13



Figure 10: O_ is connected Figure 11: Paul’s strategy to achieve positive
game cost for the initial position x

take 7 independent of x. Indeed, for z € (O-)¢, we can take a ball B|,_,(z) in (84) such that
r ¢ Bj,_y|(2) and it suffices for Carol to keep taking a z concentric strategy until the game
ends. The value r in (B) is now taken independent of = and then so is 7. Therefore we obtain

o_c@Dtctg%ODthDthEtco_.

t=00 t>T1 t>T1

Since UtZT D; is open, we have O_ = UtZT Dy, which means lim, ,. Dy = limy_, D; and
moreover D; = D, = O_ for t > 7.
We also have o L
O_C ﬂDtC mEtC himEtCtlggoEtCO,.

£>0 >0 =00
Since (), E# is closed, we similarly have O_ = (>0 ¢, which means lim, ,  F; = limy—y00
and moreover By = Ey = O_ for t > 0. [

Remark 3.8. The hair-clip solution, which can be regarded as an explicit solution to the curve
shortening problem with the Dirichlet condition (See e.g. [I]]), implies that the solution of our
obstacle problem can be apart from the asymptotic shape at any time. i.e., there are Dy and
O_ such that Co(O_) € D, for any t > 0.

4 With driving force

In this section we consider the following surface evolution equations in the plane that have
obstacles on one side:

V =—k+vondDy, (1)
O_ C Dy,

or
V =—k+vondDy, (4.2)
D; C Oy,

where Dy, O_ and O are open sets in R? and v > 0 is a constant. These equations are specific
cases of (22).

While Theorem B is invarient with respect to similarity transformation, the behaviors of
moving curves governed by (E) or (E2) depend not only on shape of the obstacles and the
initial curve but also on size of them. It is easily understood by considering the case 0Dy is a
circle. For Dy = Br((0,0)), the circle Dg shrinks if R < v~!, and it spreads if R > v~! as

14



time goes. So it is difficult to present a concise result as Theorem B2. We give several examples
of computations of the asymptotic shapes here.

4.1 Basic strategy of the game

Concerning to the game interpretation for (1), the difference from the game in Section O is
that Paul has the right to choose w; € S! at each round 4 and the control system is

2
T; = zi_1 + V2ebv; + velw;,

instead of (IC3). In the game for (E4), not Paul but Carol has the right to quit the game. If
Carol quits the game at round i, then the cost is given by ¥, (x;). See Appendix A in detail.
As explained later in the proof of Lemma BT, the value functions u€ locally uniformly converge
to the solution u of the corresponding level set equation.

We now prepare several types of game strategies and give the properties of the game tra-
jectories when they are used. The first one is similar to the one in Definition PZ3.

Definition 4.1 (Concentric strategy). Let v > 0, € > 0 and z € R%. Let € R? be the current
position of the game.

1. A choice (v,w) € St x St by Paul is called a z concentric strategy (by Paul) if

zZ—XT

w and v L w.

IERE
When z = z, any (v,w) € S x S! satisfying v L w is called a z concentric strategy.

2. Let (v,w) € S' x S be a choice by Paul in the same round. A choice b € {£1} by Carol
is called a z concentric strategy (by Carol) if

(v, + ve*w — z) > 0.

As in Section 23, let d,, = |z, — 2| for fixed z € R2. If Paul takes a z concentric strategy
through the game, then the sequence {d,,} satisfies

Rpy1 =V (R, — ve2)2 4 2€2. (4.3)

If Carol takes a z concentric strategy through the game, we have d,, > R,,, where {R,,} is the
solution to (E=3) with Ry = dy. In the following lemmas, we give basic propeties of the behaviors
of the solutions to (E33).

Lemma 4.2. Fizxv > 0. Let e > 0 and {R,} be a sequence satisfying the condition (E=3). Then
the following properties hold.

1. If Ry = I/_l—l-%62, then R, = V_1+%€2 foralln. If Ry > I/_l—i-%éQ, then R,, > l/_l—i-%62

for all n and {R,} is decreasing for ¢ < /2v™'. Ifve® < Ry < v~ + %62, then R, <
vt 4 %€? for all n and {R,} is increasing.

2.
lim R, = vy 562.
n—o0o 2
5. 2 2 4
€ vie
Rpi1— Ry, < — —vé? ) 4.4
n+1 n > R, ve® + R, ( )
If Ryy1 > Ry, then
¢ 2, v g R 45
— < — . .
Rn+1 ve” + 2Rn+1 > i+l 0 ( )

15



Proof. 1. We first notice that R,+1 < R, is equivalent to R,, > %62 +v~1 Also R,11> R,

is equivalent to R, < %62 +v~L. These facts imply the first assertion.

Assume that Ry > 5€e*+v~! for some k. Since (Ry—ve®)? > (v~ — %62)2 for e < /2071,

we have

2
Rii1 =/ (Ry — ve2)2 4 2¢2 > \/(1/—1 — g62> +2e2 = %62 +v L

Hence, if Ry > %62 +v~!, we have by induction that R,, > %62 +v~! for all n. The second
assertion follows from this.

Assume that ve? < Ry, < 562—1—1/*1. Since (Ry —ve?)? < (Vfl — %62)2 fore € (O, \/51/*1),
we get Rpy1 < %62 + v~ 1 In the same way, ve? < Ry < %62 +v~ ! gives R, < %62 +v L
Therefore the third assertion is obtained.

2. Since {R,} is monotone and bounded, it is convergent. Its limit value is given by taking
limit for both sides of (AZ3) and solving the limit equation.

3. The inequality (E3) is given by the following computation.

R721+1 - Ry < sz+1 - Ry _ ﬁ e V2€4_
Rn+1 + Rn 2Rn Rn 2Rn

Rn+1 - Rn =

Similarly (£=3) is obtained by

Rpi1— R :Ri-‘_l_Ri >R3H_1_Ri ¢ —vel + vl
" " RnJrl + Rn o 2Rn+1 o Rn+1 2Rn+1

O]

It is sometimes convenient to describe the behavior of the trajectory by an operator. For
fixed v > 0, we define the operator T}, : R — R as

Th(R) := /(R — vh)? + 2h.

We denote n times composition of T by 77'. The solution {R,} to (E3) with Ry = R is
described by R, = T (R).

Lemma 4.3. 1. T(R) < Ty(R'), provided vh < R < R'.
2. Ty(R) > T} »(R).
Proof. The proofs are done by direct computation, so are omitted. O

We also prepare a notation that represents the time to pass through the set Bp(z) \ Bq(2)

when Paul takes a z concentric strategy. For a,b > 0 and € > 0 satisfying a < b < v~ + %62,
we define
te(a,b) := €2|{n € N | T%(a) < b}, (4.6)

where we denote the set {0,1,2,---} by N.

Lemma 4.4. Let t > 0 and 0 < R < v~'. Define N = [te ?]. Then TY(R) < v~ for
sufficiently small e > 0.
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Proof. We prove that
te (V_l — €, 1/_1) > Clogy e ?

for some constant C' > 0.
First let us explain the property of t.(a,b). Let 0 <a <b<c<v '+ %62. By the definition
of t., we see
te(a,b) < te(a,c).

By Lemma B=3 1, we have
te(b,c) < te(a,c).

Let n* =t.(a,b)e 2 and d = Tg_l(a). Then we have
te(a,c) = te(a,b) +t(d,c) — €.
Since d < b, we deduce that
te(a,c) > te(a,b) +te(b,c) — €. (4.7)

We next estimate t. (1/*1 — €, 1/*1). When v ! —2e < R, <v~ ! — 27" ¢ for m,n € N,
the inequality (B=) implies
€ V2t 27 Myed 2t

_ =2 _
1 = Bn < L _ome € + 2u—1 —2-mtle = 9py—1 _ 9-m+tle’

and in particular, if € < v,

2 Myed 4 p2et 2 Myl 26t
Qu—1l — 9—-m+le — vl

Ryy1— Ry < =% (2_m + 1/6) .

Thus ¢, (V_l —27me 1t — 2_m_1e) can be compared to the exit time for sequences with the
constant speed of v2e3 (27 + ve) per round. Then we have

te (1/_1 —2 M T = 2_m_1e)

€ _ 1
V263 (27m ve) 202 + 2mtly3e’

> ((1/_1 — 2_’”_16) — (V_l — 2_me))

In particular, if 2™ < ¢!, we get

1 1 1

> = .
202 4 2mHlyse = 22 + 213 22(v+41)

Let m* be the minimal integer m satisfying 2™ > ¢~!. Using (E27), we obtain

m*—1

te (1/_1 — €, u_l) > Z <t6 (1/_1 — 2_k€,Z/_I — 2_k_16) — 62>
k=0
m*—1

1 _ log, et

> =
- 32(v+1)  3v(v+1)

o
[e=]

which is the conclusion. O
Lemma 4.5. Forv >0 and v=' > § > 0, there exist g > 0 and M > 0 such that
tela, vt —6) < M

for all 0 < e < ¢ and 0 <a<v-l-—4§.
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Proof. Let ne = te(a,v'—6)e 2. Namely T3 (a) < v ' =6 and T:;fﬂ(a) > v~1—§ are satisfied.
Since T,2(R) — R is monotonically decreasing with respect to R and T;EH(a) <v~t—§/2 for
sufficiently small € > 0, we have by (£3) in Lemma A2

Tn+1(a) —Tn (a) > Tnﬁ-l( ) Tn5< ) i . V€2 " 1/254 S (5V2 62
€2 € = T2 Tn€+1( ) 2T€’I;5+1(a) —92_4Sv
forn=0,1,--- ,ne. This means
_ 2 — v
Ne S (7/ T o — a)m
and hence - -
_ _ v — v
t6(a7V 1_5)§(V 1_6_ )5V2 2 S( - 5)?7
which is the conclusion. ]

To study the asymptotic behavior of solutions, the following types of strategies of the game
are also useful.

Definition 4.6 (Push by moving circle). For a sequence {z,} C R? such that |z,41 — 2,| < C
for some constant C' > 0, a strategy for Paul (resp. for Carol) to keep taking a z, concentric
strategy at each round n is called a push by moving circle strategy by Paul (resp. by Carol).

Lemma 4.7 (Properties of push by moving circle strategies). Letd > 0. Let e > 0 be sufficiently
small. i.e., we assume that 0 < € < €y(v,d) for some €y(v,d) > 0.

1. If either Paul or Carol takes a push by movmg circle strategy with C' = V € and xy €
B(zo, v ' —0)°, then x, € B(zn,vL—36) for all round n.

2. If Paul takes a push by moving circle strategy with C' = %62 and xg € B(zp,v™1 +9).
then x,, € B(zn, v~ +§) for all round n.

Proof. 1. We notice that |zp+1—2n| > Te(|zn—2n]) whlchever player takes the push by mov-
ing circle strategy We prove that z,, € B(z, v~} 6) 1mphes Tni1 € B(zni1, vt —0) .
If |2 —2,| > v7L, we see from Lemma B2 that |x,,411—2,| > v~! and hence |2y, 11— 2541| >
v=t— 5 v2e2 > =1 — § for sufficiently small e. Thus we asuume |z, — 2,,| < v~! hereafter.

It sufﬁces to show |p41 — 2n| > ™1 — 0 + $12€%. Indeed this inequality is obtained by

)
[Zni1 — 2n| > T2(|n — 20|) > T2(v™t =8) > vt =6+ §V2€2.
The second inequality is derived from the monotonicity property of T2 stated in Lemma
B3. The third inequality is computed by (E3H) in Lemma E2. We notice that T2 (v~ —
§) < v=1-§/2 for sufficiently small €. Letting R, = v~'—d and hence R, 11 = T.2(v"1-9),
we indeed have
vie €

— v > - L
Fon S TR T =02 ve o T 2 gV e

2 2.4 2 24 522

RnJrl - Rn Z

Thus the proof is complete.

2. We prove that x,, € B(z,,v~1 + ) implies z,.1 € B(znt1,v 1 +98). If |2, — 25| < ve?,
it is clear that |xp4+1 — 2n41] < v~ 4+ 6 for sufficiently small €. If not, we have
D) 9

’xn+1 — Zn—‘,—l‘ S T€2 (V_l + (5) + me
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Letting R, = v~ ! + 6 and hence R, .1 = T2(v~! + §), we have from (E3) in Lemma B2

2 2 4 2
€ Vo€ vy

R,— R > —— 2 = 2 2).
n el > Rn—i-ye ok, 1+u66 + o(€?)

Therefore we obtain
-1
’wn-l-l - Zn+1| <v 490

for sufficiently small e.

We set
L, = {7([0,1]) | v € C?([0,1]; R?), ~ is regular and Kyl < v forallt € (0,1)},

where we denote the curvature of ([0, 1]) at (t) by ).

Figure 12: T" hose strategy

Definition 4.8 (T hose strategy). Let v > 0 and I € £,,. Let € R? be the current position
of the game. Let & satisfy minger|z —y| = |z —2|. A 2+ ﬁ concentric strategy is called a

I hose strategy (Figure 7).

Lemma 4.9 (Property of I' hose strategies). Let I' = v([0,1]) € £,. Let 6 > 0 and € < .
If Paul takes a I' hose strategy at round n and x, € Bs(I') \ (Bs(7(0)) U Bs(v(1))), then
Tnt1 € B5(F>

Proof. Tt is clear that the statement holds if z, € Bs/o(I'). Thus, there is no loss of generality
to assume that z,, = (0,0) and z,, € {(0,q) | §/2 < ¢ < 0}, where Z,, is a minimizer taken
in Definition BR. There are a graph f : R — R and 8y > 0 such that I' := {(p,q) | ¢ =
f(p),—60 < p <&} CT. Let C = dB,1((0,—v~1)). If Paul takes a I' hose strategy, we see
that dist(z,41,C) < dist(x,,C) < §. Since f(p) > —v~1 + /v=2 —p? for —dp < p < &, we
have

dist(xp41,T) < dist(:cn+1,f) < dist(zpy1,C) < dist(xy,,C) <4,

which is the conclusion. O

4.2 Examples

We first observe the behavior of the solution to () by considering two examples of O_. In
both of the problems we assume

(A1) Do C Bg(z) for some z € R? and R < v L.
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Set
A::ﬂ{m\O_cm,zeRQ}

for O_ C R2. Under the assumption (A1), this A is a major candidate of the asymptotic shape.
Indeed we can show at least that the asymptotic shape is bounded by A from above for general
O_ satisfying (Al).

Lemma 4.10. Let O C R? and r > 0. Then the set {y € R | O C B,(y)} is convex.

Proof. Let y1,y2 € R? satisfy O C B,(y1) and O C B,(y2). Then, for z € O, we have |y; —x| < r
(¢ = 1,2). This implies that

2 2 -

for all x € O and the lemma follows. O

Y1+ Y2 ‘ ly1 — & + y2 — x|

We hereafter take up and U_ as (B2) and (BZ3) respectively. We set Os, = {r € R? |
U_(x) > —81} and Cs, 5, := {z € R? | Os, C B(z,v~1 — &2)} for 61,82 > 0.

Lemma 4.11. Assume (Al). For xz € A°, there exist 61,02 > 0 and 2 € R? such that 2 € Cs, 5,
and x € B,1(2)".

Proof. Step 1. We first show that Bs,s,(2) C Co implies z € Cy, 5,. Indeed By, 15,(2) C Co
implies

O- C(Y{B,1(3) | Z € Bsy46,(2)} = B(z,v~1 = (61 + 62)).
By taking d; neighborhood of both sides, we have
Os, C B(z,v=1 = 62),
which means z € Cy, 5,.
Step 2. Let Cfy:={z € R| O_ C B,-1(2),x € B,-1(z) }. We next show (C§ )™ # 0.
By the assumption (A1), we see that B(z,v~1 — R) C Cpp for some z € R%. We also notice

that Cfy = Coo \ B,-1(z). If B(z,v=1 — R)\ B,-1(x) # 0, then it has the interior and so does
C§o- Since x € A¢, we have Cf, # ) and let 2 € Cf,. Since Cpp is convex (Lemma ET0),

we have Co ({2} Um) C Cpp. Hence, even if B(z,v~! — R) C B,-1(x), the set
Co ({2} UB(z,v=1 — R)> \ B,-1(z) has the interior and so does Cf .

Therefore, for small 6; > 0 and d2 > 0, there exists 2 € Cs, 5, and = € mc. O]
Lemma 4.12. Assume (Al). Then

lim E, C A
t—o00

Proof. We give appropriate strategies of Carol as in the proof of Lemma Bl For x € A€, there
exist 91,99 > 0 and zp € R? such that R < v~ 1 — 8y, 29 € Cs,.6, and x ¢ B(zg, v~ — §2) (Lemma
B1T). We define the sequence {z,} by

Z— 20

Zp 1= zo+min{52n1/262,|zzo|} ,
2 |z — 20|

where z is a point taken in the assumption (A1l). Carol’s strategy is to take a push by moving

circle strategy with this {z,}.

If she does so, then z, € Cs, 5, for all n because zp, 2z € Cs, 5, and Cy, 5, is convex (Lemma
210). By 1 in Lemma BZ2 we see that if Paul quits the game at round i, the game position x;
is not in Os,. Thus the stopping cost is at most —d; regardless of e. If Paul does not quit the
game, the last position xy of the game is not in B(z,v~! — d9) for sufficiently large ¢. Thus
the terminal cost is at most R — v~! + 65 < 0 for large t regardless of e. Therefore we conclude
that for = € A, there exists 7 > 0 such that u(z,t) <0 for ¢t > 7. O
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The first example of O_ is the following:

O- :== Br/((0,0)) \ {(p,q) | ¢ = Ipl},

where R’ < v~! (Figure [3). Notice that
A = Br((0,0)) \ {(p, Q0lg>\r2—p+R —Vv2-— R’Q} for this obstacle, where we

denote the interior of A by A"

Figure 13: Small Pac-Man

Proposition 4.13 (Small Pac-Man). Assume (Al). Then

A™ c lim D, c im D, C A
t—o0 t—o0
and
A™ < lim E; ¢ lim E; C A.
t—o00 t—o0
Proof. By Lemma B3, it suffices to show A™ C lim, , . D;. As in the proof of Theorem B2,
we do case analysis for the initial game position z € A" and give an appropriate strategy of
Paul.
1) * € O_. In this case, it suffices for Paul to quit the game at the first round and gain
the stopping cost W_(z) > 0 as in the proof of Theorem B2
2) x € A\ O_. We set 0% := {z € R? | U_(x) > 6;}. We see that for x € A™\ O_,
there exist d1,02 > 0 and 29 € {(0,q) | ¢ < x-(0,1)} such that x € B(zp,v~! + d2) and
O N OB(z0,v™t +82) N {(p,q) | ¢ > 0} # O (Figure ). Define the sequence {z,} so that

V252
= 0,———= €2,
Fntl Z”+< ’ 2(1+u52)€>

Paul’s strategy is to keep taking a push by moving circle strategy with this {z, } until he reaches
0%, where he quits the game.
By doing this strategy, Paul actually gains positive game cost. Set

Qn = Bs,({(p,q) | ¢ = |p]}) N B(zn,v ™" + 62)

forn =0,1,---. By 2 in Lemma BZ7 we see that if z,, € Q,, then z,11 € Q,41 or Paul quits
the game. If ne? is sufficiently large, then Q, = (). That means Paul definitely quits the game
in finite time and the stopping cost is at least

inf U_(y)=0d>0
ye0
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Figure 14: A strategy of Paul

regardless of e. Hence, together with the case 1), it turns out that for € A™ there exists
7 > 0 such that u(z,t) > 0 for t > 7. O

a circle with the radius of !

arc with curvature v

ft—)oo

Figure 15: Two small balls

We next consider (B) with O_ = B,((d,0)) U B,((—d,0)). In this problem we further
assume

(A2) There exists a function f : [a,b] — R such that I' := {(p,q) | ¢ = f(p),a <p < b} € L,,
(a, f(a)) € B((=d,0)), (b, f(b)) € B,((d,0)) and T" C Dy.

Proposition 4.14 (Two small balls). Assume (A1) and (A2). Then

A" = lim D, C hm D,CA

t—o00

and
A"« lim E, C hm E, C A.

t—o00
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Proof. We take 6 > 0 small enough to satisfy Bas(I') C Dy and Bas((a, f(a))) U Bas((b, f(b))) C
O_.
1) x € O_. The proof for this case is the same as before.

20
~1
22

Figure 16: A strategy of Paul

2) x € Bs(I') \ O_. Paul keeps taking a I" hose strategy until he reaches Bs((a, f(a))) U
Bs((b, f(b))). Once he reaches B;s((a, f(a))) U Bs((b, f(b))), he quits the game.

By his doing this strategy, the game trajectory {z,} is restricted to Bs(I') as shown in
Lemma 9. Thus, whether he quits the game or not, he gains at least § > 0.

3) x € A"\ (Bs(T) UO_). We extend f as follows:

) max{f(p),/(r =002 — (p+ d)2}, —d—r+8 <p<—d+r—2d
f(p) = § max{f(p),\/(r—01)? = (p—d)’}, d—r+h <p<d+r—0
f(p), —d4+r—6<p<d-—r+d1.

Without loss of generality we can assume z € {(p,q) | ¢ > f(p),—d—r+6, <p<d—+r—0d}.
We take d1,92 > 0 and {z,} as in the case 2) in the proof of Proposition B13. See also Figure
04a.

Paul’s strategy is to keep taking a push by moving circle strategy with this {z,} until he
reaches O% U Bs(T). Once he reaches O, he quits the game. Once he reaches Bs(I'), he takes
the same strategy as in the case 2).

By adopting this strategy, Paul actually gains positive game cost. Set

Q={p.q) |¢>f),—d -1+ <p<d+r—05}NB(zy,v "+ )\ Bs(T)

for n =0,1,---. By 2 in Lemma BZ7 we see that if z,, € Q,, then x,4; € Q,4+;1 or Paul reaches
0% U Bs(T) (Figure IB). If ne? is sufficiently large, then Q,, = (). That means Paul definitely
reaches 0% U Bs(T') in finite time. Since the stopping cost is at least d; > 0 and the terminal
cost is at least § > 0, it turns out that for x € A" there exists 7 > 0 such that u(z,t) > 0 for
t>T. O

Remark 4.15. We expect that the same conclusion holds for more general O_. As an analogue
of Theorem B2, we define the graph G = (V| F) as follows:

V := {0 Cc R?*| O is a connected component of O_},
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E :={(O, P) | There exist x € O, y € P and I'; ,, € &, such that I'; ,, C Dy},

where we denote a curve I' = ([0, 1]) € %), satisfying v(0) = x and v(1) =y by I'; ;. It seems
that if O_ satisfies (A1) and the graph G is connected, then the same conclusion holds.

0D,

obstacle O¢ X

R=+2v1 t -

R < V2v ! ‘

R> V2!

Figure 17: Square boxes

Finally we give an example of computation of the asymptotic shape of solutions to (£22).
We can deal with the problem that remains in [8, Section 6], where O, = R?\ {(p,q) € R? |
Ip| + |¢| < R} with R = v/2v~!. We also give a game theoritic proof for the case R # v2v7!,
which is considered in a different way in [R, Section 6].

We set

A= J{B,~1(2) | B,-1(2) C O, z € R?}.

We notice that A = B,-1((0,0)) if R = v2v~! and A = ) if R < v/2v~!. Figure 7 shows the
result of the asymptotic shapes. In Figure 4, dotted circles are circles with the radius of v 1.

Proposition 4.16. Assume either of the following:

1. R=+2v"! and B,-1((0,0)) C Dy,

2. R<2v71,

8. R>+2v~! and B(2,v™ +6) C Dy for some 2 € R? and § > 0.
Then o

AC lim D;C lim D; C A
t—o0 t—o0

and

A C lim F; C lim E; C A.
t—00 t—00
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Proof. 1t suffices to take ug as (B2). Similarly it suffices to let

dist(x,004), x € O
Uy(r) = { . .
max{a, —dist(x,004)}, x € OF.

1. 1) x € B,-1((0,0)). Paul’s strategy is to keep taking a (0,0) concentric strategy. We
denote by V¢(z,t) the total cost when Paul takes this strategy with the game variables
(z,t,€) and Carol does not quit the game on the way. Notice that V¢(z,t) does not depend
on Carol’s choices {b,} because ug is radially symmetric. Since ug(z,) is monotonically
decreasing with respect to n and ug(x,) < ¥,i(z,), Carol’s optimal strategy for the
strategy of Paul is not to quit the game on the way. Thus the inequality u¢(x,t) > V¢(x,t)
is satisfied. Fix z € B,-1((0,0)) and ¢ > 0. By Lemma 24 we have V¢(x,t) > 0 for
sufficiently small ¢ > 0. Lemma B=3 2 implies that for any subsequence {¢,} satisfying

€n =27 "60 Ve (z,t) is monotonically increasing with respect to n. Therefore we obtain

u(z,t) >

Figure 18: Carol’s strategy

2)x € 074_0. Carol’s strategy is to quit the game at the first round.

3) = (p,q) € 20\074_0. We may assume q > |p|. We can take zg € R?, §; > 0 and
82 > 0'so that [z—zp| > v1=d1, 20 € {(0,y) | y > 0} and B (20, v —61)NBs, (04) # 0.
Carol’s strategy is to take a push by moving circle strategy with {zn} C {(0,q) | ¢ > 0}
satisfying z, 1 = 2z, + (0, 3 91262 for all n until Paul reaches Bs, (O4)°. Once he reaches
there, she quits the game. See Figure IR.

By doing above strategy, Carol actually pays nagative game cost. To show it, set

Q= 1{(p.a) |42 [pl} 0 (B, (O4)\ Bz, v = 1))

forn =0,1,---. We see that if z,, € Q,, then x,41 € Q41 or Carol quits the game at
round n + 1. If ne? is sufficiently large, then Q, = (). That means Carol definitely quits
the game in finite time and the stopping cost is at most

sup VUi(y)=-062<0
y€B52(0+)

regardless of e. Therefore we obtain u(z,t) < 0 for z € B,—1((0,0))" and sufficiently large
t > 0.
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2. We take &; > 0 to satisfy B((0,0),v~!1 —25,)NOL" # 0.

A

1)z e 074_6. Carol’s strategy is to quit the game at the first round.
2) z € O4 \ B((0,0),v=! — §;1). Carol’s strategy is similar to that in the case 3) in 1.

3) z € Oy N B((0,0),v~! — §;1). Carol keeps taking a (0,0) concentric strategy until
Paul is forced to reach B((0,0),v7! — 61)¢ N B, (04)¢. By Lemma B it takes at most
finite time for Paul to reach there. Once Paul reaches Bs, (O4)¢, Carol quits the game.
Once Paul reaches O \ B((0,0),v~! — 47), Carol’s strategy is as in the case 2).

Therefore, for 2 € R?, we obtain u(z,t) < 0 for sufficiently large ¢ > 0.

1)z e 074_6. Carol’s strategy is to quit the game at the first round.
2) = € O4 \ A. Carol’s strategy is similar to that in the case 3) in 1.
3)x € A. Weset 0% := {z € R? | U, (z) > 01} and Cs, 5, := {2z € R? | B(2,v7 1+ 82) C
051} for 61,82 > 0. For x € A, there exist d1,02 > 0 such that
T € U {B(Z,l/_l + (52) | z € 051752}

and Cps C Cs,5,- Let 29 € R? be a point satisfying x € B(z0, v~ ! + §2) and zp € Cj, s,
We define the sequence {z,} by

5 5
Zp, = Zp + min —2711/262;’2—30’ % -
2 |2 — 20|

Since Cs, 5, is now convex, we have [, : C Cs, 5,.

Paul’s strategy is to take a push by moving circle strategy with this {z,}. Indeed if Carol
quits the game on the way, the stopping cost is at least §; > 0 because the game trajectory
{x,} is contained in O%. If Carol does not quit the game, the terminal cost is at least
§ — 61, which is positive. That is because zy € B(2,v~! +61) C B(2,v~! 4+ §) C Dy for
any last position xy of the game.

g

Game interpretation and convergence of value func-
tions

In this appendix we give a game whose value functions converge to the viscosity solution to
(Z0). We introduce the rule of the game corresponding to (Z1) with v > 0 and d = 2 and give
the proof of the convergence result for the case. We also remark on the other v € R and d.

The game is almost the same as explained in Section I. We define the total number N of
rounds by N = [te~2], where [r] stands for the minimum integer that is no less than r. The
actions of both players in each round i (i = 1,2,---, N) are modified as follows:

1.

2.

Paul decides whether to quit the game.

Carol decides whether to quit the game.

. Paul chooses v;, w; € S*. (5’1 is the set of unit vectors in RQ.)

Carol chooses b; € {£1} after Paul’s choice.

. Determine the next states as follows.

T; = Tio1 + V2ebv; + velw;. (A1)
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The total cost is also modified as follows. If Paul quits the game at round 7, the total cost
is given by W_(x;). If Carol quits the game at round i, it is given by ¥, (z;). If both players go
throughout N rounds of the game, it is given by wg(zy) + fool €2 f(z;). The value function
uf(x,t) is defined inductively based on the following Dynamic Programming Principle and the

initial condition:

u%xvﬂ::
max{V_(z), min{¥ 4 (z), sup bmlinl[ﬁ(:v + V2ebv 4+ vwe?, t — €2) + €2 f(x)]}} (A.2)
v,wesS! 0=
for t > 0.
u(z,t) = up(x) (A.3)
for t <0.

These value functions mean the total cost optimized by both players.

Remark A.1. As explained in Section 0, we can generalize our game to the case d > 3. In the
game corresponding to (Z) with v > 0, Paul chooses a unit vector w; and d — 1 orthogonal
unit vectors v (j = 1,2,---d—1). Carol chooses d — 1 values b] € {£1}(j =1,2,---d—1). The
state equation is z; = x;_1 + vw;e? + /2¢ Z?;% blv] instead of (BAT).

Remark A.2. The Dynamic Programming Principle corresponding to (2) with v < 0 is given
by

u(z,t) = max{V_(x), min{¥ (z), sup infl[ue(x + V2ebv 4+ vwe?, t — €2) + €2 f(x)]} ).
vEST WES
b==%1

Namely, not Paul but Carol has the right to choose w; € S*.

For these value functions, the same type of result as Proposition I holds.

Proposition A.3. the functions u and w are respectively viscosity sub- and supersolution of
(21). Moreover u(z,0) = u(x,0) = ug(x) for x € RY.

Remark A.4. As explained before, (E) with f = 0 is a level set equation. By choosing ¥
so that U, > [Jug|/eo for Oy = R? we can ignore Carol’s stopping cost ¥, when we consider
obstacle problems that have an obstacle on one side such as (). Similarly, by choosing ¥ _
so that U_ < —||ugl||eo for O— = 0, we can ignore Paul’s stopping cost W_.

We especially show the proof of Proposition B3 with d = 2 and v > 0 because the other case
is similar. Our proof is based directly on the game as in [[3], whereas those in [T, 4] are based
on the properties of the operator whose fixed point is the solution of the Dynamic Programming
Principle. Also since the proof in [I3] is local argument, roughly speaking, all we have to do is
to do the local argument in {(x,t) | V_(x) < u(z,t)} or in {(z,t) | V4 (z) > u(x,t)}. However
we need to care about the point that {(x,t) | ¥_(z) < @(z,t)} or {(x,t) | V4 (z) > u(z,t)} may
not be open.

The proof consists of three steps. We show that the limits of the value functions satisfy the
conditions (a) and (c) in Definition P71 in the first two propositions, (Proposition BA=3 and A7)
and they satisfy the initial condition (b) in the last one. (Proposition A—T1) We mention that
the initial data ug is assumed to be just continuous, not to be Lipschitz continuous as in [IT] or
bounded uniformly continuous as in [[4]. Regarding the last proposition, the idea of the proof
is similar to that of [[4, Proposition 3.1] though the situation is different.

To visualize choices of players of the game, we give another description of the level-set mean
curvature flow operator F":

D+tu Dtu
F(Du,D*u) = —{ D*u—- ——
(Du, D7) < “Du|’|Dur>
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for Du # 0. Here we denote by D1 u a vector field satisfying Du - D*u = 0 and |Du| = | D]
in R2.

Proposition A.5. The function u is a viscosity supersolution of (Z1) in R? x (0,00).

Proof. As for Definition EZ1-2(a), we directly have U_(z) < u(x,t) < ¥4 (z) by the Dynamic
Programing Principle (A=). Thus we obtain ¥_(z) < u(x,t) < Wy (z) since ¥, and ¥_ are
continuous. To prove the viscosity inequality, we argue by contradiction. For a smooth function
¢ : R? x (0,00) — R, a positive constant 6y > 0 and (x,t) € R? x (0,00), we consider the
following condition (C):

DLo(z,t) Dro(x,t)
[Dg(z,t)|" |Do(z,1)]

Op(x,t) — v|Dp(x,t)| — <D2¢(az,t) > — fu(z) < —6p <0 (A.4)

if D¢(x,t) # 0, and

@¢@;ﬂ——wD¢@gw|—éﬂ;@ﬁ¢@;ﬂ@(>—f4x)§—ﬂg<0 (A.5)

if Dé(x,t) = 0.

We assume that there exist a smooth function ¢ and (#,) such that (2,%) is a strict local
minimum of u — ¢, u < ¥, at (&,) and the condition (C) is satisfied at (&,%) with ¢ and some
p > 0. Then we can take a ¢ neighborhood of (&, %) where u — ¢ attains its unique minimum at
(#,%) and the condition (C) holds, retaking smaller 6y > 0 if necessary. For technical reasons,
we take such & neighborhood as Ns((#,1)) := {(z,t) € R? x [0,00) | |& — &| + |t — {| < 0} and
0 > 0 small enough to satisfy 6 < m, where a := V() — u(,%), L is the Lipschitz
constant of Uy and M = supycp, )| f(y)]-

From the definition of u, there are sequence {e,}, {20 }, and {t? } satisfying

€n \( 0, (Q:Sn,tgn) — (ic,f), uE”(xSn,tgn) — y(i,f)
We may substitute € for €, hereafter. We take ¢ small enough to satisfy (z2,t%) € N(g/g((i‘,f))
and U, (20) — uf(2?,t%) > a/2. For any €, we construct the sequence {X}} satisfying

Xo = (x87t(6))7
Xir1 = Xi + (V2ebgnyy + vipe®, =€), (A.6)
where 1 = % if Dp(Xy) # 0, and is an arbitrary unit vector if D¢(X) = 0. We will

determine by later. Let xp and t; denote the spatial and time component of X} respectively
hereafter. Let k. be the maximal k satisfying

X; € N5/2((:f:,f)) forany j =0,1,...,k— 1.
Indeed such ke exists because of the definition of the sequence {X}. We prove by induction

that ¥ (zg) > u(Xy) and

k—1
u(Xo) —u(Xy) > € ) flam) (A.7)
m=0

for all £ < k.. These inequalities hold for £ = 0. We assume that these hold for some k < k..
Then the Dynamic Programming Principle (A=) and ¥ (z) > u(X%) imply

u(Xy) = max{W_(zp), sup min u(xy + V2ebv + vwe, ), — €2) + 2 f(x)}.
U7w65‘1 b=+1
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Thus we have
u(Xy) > brginl u(z + V2ebng + vioe, ty — €2) + € f (). (A.8)

We determine by, in (A8) as a minimizer b in (A~8). We then get
u(Xe) = u (Xps1) > € f ().

Adding (A™7), we have

k
(Xo) — u Xk+1 Z .’Em
and consequently
u(Xo) + M(k +1)e2 > u(Xpp1). (A.9)

If k+1 < ke, we see from the definition of k. that Xj,1 € Ns/o((%, t)) and thus
|zrs1 — 2ol + |tea1 — to] < |zpa1 — 2| + |20 — 2| + [tha1 — £+ [to — ] < 6. (A.10)
From the Lipschitz continuity of W, we have
W (@p11) = o (00)] < Llanss — wo] < L0 — ltgsr —tol) = LO — (R + 1)), (A1)
Combining (A=) and (AT), we obtain

Uy (2p11) — u(Xpg1) = Uy (o) — L(6 — (k4 1)€%) —u(Xo) — M(k + 1)€

> U, (z0) — max{L, M}(§ — (k +1)€?) — u(Xp) — max{L, M}(k + 1)é

> W, (x9) —u(Xo) — max{L, M}
>2_2 9
2 2

and conclude the induction.

Next we take the continuous path that affinely interpolates among { Xy}, i.e., X(s) =
Xp+ (5672 — k) (Xpp1 — Xp) for ke? < s < (k+1)e?, and we write X (s) = ((s),t2 — s). Using
Taylor’s theorem for ¢(X (t)) at t = ke, we get

O(Xkt1) — d(Xp) = E{=0d(X.) + V| DS(X)| + (D*G(Xp )iy, 1ic )} + (), (A.12)
where Uy (¢) = o(e?). Moreover, from the assumption (B4), we have
O(Xpr1) — S(Xp) > (00 — fulan)) + V(o).

This inequality is also obtained in the case D¢(X}) = 0, using (AT2) and (AH). Summing up
both sides, we have

k—1 k—1
O(Xk) = 6(Xo) > ke — > fulzm) + Y Un(e). (A.13)
m=0 m=0
Provided k < k., we have
[Ti(e)] < C€,
where C' depends on ¢ in § neighborhood around (#,%), and does not depend on k. This
estimation is derived from the Taylor expansion (ATZ). Hence (AT3) becomes
k—1
O(Xi) — ¢(Xo) > ke’ — € > fulwm) + kCe®, & < k.
m=0
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Adding this relation to (A71), we have

k—1
u(Xo) — ¢(Xo) > u(Xy) = d(Xp) + € > (f(wm) = felwm)) + ke*6g + kCe®
m=0
> u(X},) — d(Xy) + ke?0p + kCe>.

For sufficiently small €, we get

— 26290 > UE(Xk) — ue(Xo) — ¢(Xk) + ¢(X0), k < k.. (A.14)

By the definition of k., we see that Y. € N3s5/4((Z, t)) \ N5 /2((2, t)), where we substitute Y,
for X} . So there is a subsequence {Y¢, },, such that

. I,
Jim Yo, = (2, 1),
where (2/,t') € Bs((z,1)) and (2/,t') # (&,%). From (BKId), we have

u (@, te,) = o(xl, 10,) = u (Ye,) — d(Ye,)-

€n) "€n €n? €n
Letting n go to oo, we obtain
w(@,t) — ¢(&,1) > u(2',1) — ¢(a’, ).
This is a contradiction since u — ¢ attains its unique minimum at (&, #). O
The following lemma can be found in [T3, Lemma 2.3].

Lemma A.6. Let ¢ be a C? function on a compact subset K of R?. Letx € K and e € [0,00). If
D(x) # 0, there exists a constant Cy (depending only on the C? norm of ¢) with the following
two properties for all unit vectors v € R2.

1. If V2[(Dé(x),v)| = Cie,

V2D, )| + (D pv,v) > € <D2¢>DL¢ Dl¢>

|D¢|” |Dg|

at x.

2. If V2|(D¢(z),v)| < Cie, there exists a constant Cy (depending only on the C% norm of
@) such that

V2el(Dg, v)| + E(D*bv,v) > <D2¢Dl¢ DL¢> Coe®

|D¢|” [D¢|/  |Dg|

at x.
Proposition A.7. The function U is a viscosity subsolution of (Z) in R? x (0, 00).

Proof. As in Proposition A, we obtain U_(z) < u(z,t) < ¥ (x) and argue by contradiction
to prove the viscosity inequality. We prepare the following conditions:

D-¢(z,t) D ¢(w,t)
[ D ()| | Dp(a,t)]

Bp(x,t) — v| Doz, t)] — <D2¢(x,t) > — (@) >0 >0,  (A.15)
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Op(x,t) —v|Do(z,t)| — ‘:lepl (D*¢(x,t)¢,C) — f*(x) > 6y > 0. (A.16)

We assume that there exist a smooth function ¢ and (#,¢) such that (2,%) is a strict local
maximum of @ — ¢, @ > ¥_ at (Z,1) and, for some 6y > 0, (AI5) is satisfied at (&,#) provided
D¢(2,t) # 0, and (BI8) is satisfied at (2,%) provided D¢(2,%) = 0. If Dg(2,%) # 0, we take
a 0 neighborhood of (#,%) where @ — ¢ attains its unique maximum at (&,%), |[Dé| > 6 for
some #; > 0, and (ATH) holds, retaking smaller 6y > 0 if necessary. If Dp(&,1) = 0, we take
a & neighborhood of (#,%) where % — ¢ attains its unique maximum at (#,%) and (AI8) holds,
retaking smaller 6y > 0 if necessary. We take § > 0 small enough to satisfy § < m,
where b := (£, 1) — U_(£). From the definition of @, there are some sequences {e,}, {z2 }, and
{2 } satisfying

€n \( 0, (xgn,tgn) — (ﬁc,f), uE”(xgn,tgn) — ﬂ(i,f)

We may substitute e for ¢, hereafter. We take ¢ small enough to satisfy (z2,t%) € Né/g((i,f))
and u€(z0,t%) — U_(29) > b/2.

We construct the sequence { X} and the functions ¥y, : St x ' — R inductively as follows.
We first let

Xo = (22,19,

and
Uo(v,w) = bn;linl u (20 + V2ebv 4+ vetw, t° — €2) + 2 f(20).

Then let (vg, wo) satisfying

W (vp, wp) > sup Uo(v,w) — e,
(v,w)eStx St

and we determine
X1 =Xo+ (\/561)01)0 + vetwy, —62),

where we will decide by later. For any k € N, we similarly define
Uy (v,w) = Iglit% u(zy, + V2ebv + vétw, ty, — €2) + € f(xy),

and
X1 := X + (\/iﬁbkvk + Vezwk, —62), (A17)
where (vg,wy) € St x St satisfies

Up(vg,wp) > sup  Wy(v,w) — €.
(v,w)eSt xSt

Define k. as in the proof of Proposition BZ5. We prove by induction that u®(Xy) > U_(xy)

and
k—1

u(Xo) = u(X3) € @ S [Flam)] + ke (A.18)

m=0
for all k£ < k.. These inequalities hold for £ = 0. We assume that these hold for some k < k..
Then the Dynamic Programming Principle (A=) and u(X}) > U_(z) imply

u(Xy) = min{ W (zp), sup min u(zy + V2ebv + vwe? ty, — ) + Ef (x1) )
vweS! b==+1

Thus we have

u(Xg) < sup Yg(v,w)
v,weS!

< Wy(vp, wp) + €
= u(xg + V2ebvg, + vwe?, t, — ) + 2 f () + €
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and hence
u(Xp) — u(Xpy1) < €f(a1) + €, (A.19)

which means (AT8) holds for k£ + 1. From the Lipschitz continuity of ¥_ and (B-I0), we have
U (1) = () — L6 — (bt 1)éd) (A.20)
provided k + 1 < ke. Combining (AT9) and (A=20), we obtain
u (Xp1) = U (2pp1)

> u(Xo) = W—(w0) = M(k+1)e* = L(§ — (k+1)¢®) — (k + 1)¢’
> u(Xg) — U_(z0) — max{M, L} — (k+1)é.

We notice that (k + 1)e® < Lée from (BEIT). Therefore u¢(Xy11) > V_(2511) holds for suffi-
ciently small € and we conclude the induction.

Next we take the continuous path X (s) and use the Taylor’s theorem in the same way as in
Proposition BT5. Then we have

O(Xk41) — o(Xk)
= V2ebi (DS(X), vi) + €{—0p(X1) + {DP(X), w) + (D* (X )vk, vi) } + P(e),

where @y (€) = o(e?). By taking by, in (BAI1) properly, we get

A(Xgr1) — o(Xk)

A.
< —VE(DAXi), ] + E{-05(X2) + VIDH(ED)] + (DKo )} + Bpl0). D)

We first consider the case Dé(&,t) # 0. If k < k., we just consider ¢ in Ns((,%)). We now use
the assumption (ATH) and Lemma B4 replacing ¢ by —¢ to get

A(Xpr1) — o(Xi)

<e {—atcb(Xk) Do) + <D2¢<Xk>

D1¢(Xy) DLo(X) >}
|Do(X)|” | DA(Xk)|

Cyé?
* Dotxy) T
<& (—920 - f*(rck)> , (4.22)

for sufficiently small e. This inequality is also obtained in the case D¢(#,1) = 0, using (BE_21)
and the assumption (ATH). From (ATY) and (A=27), we have

uf(Xo) — u(Xy) — ¢(Xo) + ¢(Xp) < —%290, kE <k (A.23)

By the same argument as in Proposition [AH, we obtain

A

(i‘> t) - gb(:i‘v Lt) < ﬂ(x,a t/) - gb(ﬂc', t,)v

N

where (z2/,#') # (&,%). This is a contradiction since % — ¢ attains its unique maximum at
(&,1). O

The proof of Proposition B3 is completed by checking that w and u satisfy the initial
condition. To prove the last proposition, we need additional property of the solution to (E=3)
and strategies of the game.
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Lemma A.8. Let § € (0,v7Y]. For sufficiently small ¢ > 0, we have

ro — (5
-1 _v < te(ri,re),
for any r1 and ry satisfying 0 < r; <6 <1y < vl

Proof. Let § < r < v~!. We take € > 0 small enough to satisfy T.2(r) > r. Concretely we
assume ve? < §. Then the inequality (E) implies

v2et
Tao(r)—r< ((5_1—1/) e+ 55 "
Hence we obtain
7“2—5 2 7"2—5 T2_5
te(ri,re) > te(,19) > e > = .
e ) 2 te(0,72) (61 —v)e? + 52 ot—v+y St

O]

Definition A.9 (Reversed concentric strategy). Let v > 0, ¢ > 0 and z € R?. Let € R? be
the current position of the game. Let (v,w) € S' x S! be a choice by Paul in the same round.
A choice b € {£1} by Carol is called a reversed z concentric strategy if

(bv,z + vetw — 2) < 0.

If Carol takes reversed z concentric strategy through the game, we get |z, — z| < P, where
P,, satisfies

Poi1 = /(P 4 ve?)? + 2¢2 (A.24)

with Py = |zg — z|. We define ¢.(a,b) in the same way as (B4), replacing the operator T}, as
follows:

Th(R) := /(R + vh)? + 2h.

Lemma A.10. Let § > 0. For sufficiently small € > 0, we have

T — 5
— <t
P~ e(r1,72)
for any 1 and ro satisfying 0 < ry < 9§ < ro.
Proof. The proof is similar to that of Lemma A=, so is omitted. O

Proposition A.11. Let ug be a continuous function. Then u(x,0) = u(z,0) = ug(z) for all
r € R%

Proof. Let x € R?. For the initial position y € R?, the terminal time s > 0 and the step
size € > 0, we define V™ (y, s,€) as the minimum total cost when Paul takes a x concentric
strategy through the game. Similarly we define V' (y, s, €) as the supremum total cost when
Carol takes reversed x concentric strategy through the game. It is clear by the property of the
value functions that

V7 (y,s,¢) <u(y,s) <V (y,s,e).

It is sufficient to show
lim V7 (y,s,€) > up(z) (A.25)

(y,8)—(2,0)
e\0
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and

Iim  VT(y,s,e) <up(). (A.26)
(yvs)z(()mvo)

We first analyze V. We denote by Vq?nt(y’ s,€) (resp. V__.(y,s,€)) the minimum total cost
when Paul takes x concentric strategy through the game and Carol quits (resp. does not quit)
the game on the way. Then we write

V_ (yv Sa 6) = min{v;;d(yv Sa 6)7 V:];,n(ya 5’ 6)}

Furthermore we analyze V_ ,. We denote by V. (y,s,€) (resp. V,,.(y,s,¢€)) the minimum

running cost (resp. terminal cost) in the same situation as V .(y, s, €). Obviously we have

Vord¥,8,€) > Vi (y,5,€) + Vi, (y, 5, €).

Since Paul takes a x concentric strategy, he can stay in B(x,2v~!) by Lemma E=2. So the
running cost is at most M := sup.c (2, 1)/ f(2)], and at least —M per round. Hence we have

Vin (¥, 8,€)| < EENM = [se 2| M < €% (se 2+ 1) M = (s + *) M. (A.27)

run

We denote by Ter(y,s,e) a terminal point xy in the situation of V_ .(y,s,€). Since ug is
continuous, what we have to prove about the terminal cost is

lim Ter(y,s, €)=z
(y,5)—=(x,0) ( )
e\0

for any choices of Carol. Let {(yn, Sn,€n)} C R? x (0,00) x (0,00) be any sequence satisfying
en 0, yp —x, s, —0.

Let 6 > 0. Then we shall show that |Ter(yn, sn,€,) — x| <  for sufficiently large n. Indeed,
from Lemma A8, there exists € > 0 such that
5/3

5Ty < te(r20/3) (A.28)

for all r € [0,9/3) and all € € (0,¢€). We take n large enough so that

5/3 .
|yn —CL'| < (5/3, |Sn’ < m, €n, < €.
Hence, together with (B=217), we obtain
lim Vo, (yss,€) + Vie, (4, 5,€) = o (). (A.29)

(v,8)=(,0)
€
If Carol quits the game on the way, the game positions {z,} are in B(x, |Ter(y, s, €) — x|).
Thus we have
Viuir(ys s,€) 2 nf{ W (2) | z € B(x,[Ter(y,s, €) — x|)}

and hence

lim V., (y,s,€) > lim inf{W,(2) |z € B(x,|Ter(y,s,e) —z|)}
(y,8)—(z,0) (y,5)—(x,0)
eNO N0

= U, (x) > up(x).
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Together with (A=29), we obtain (A=2H).

We next estimate V. We denote by V;{Lit(y, s,€) (resp. V' (y,s,€)) the supremum total
cost when Carol takes a reversed = concentric strategy through the game and Paul quits (resp.
does not quit) the game on the way. Then we write

V+(y7 S, 6) = maX{VJLd(y, S, 6)7 Vvq—};it(ya S, 6)}

We further denote by V,!. (v, s,€) (resp. V, (v, s, €)) the supremum running cost (resp. terminal

cost) in the same situation as V.| ,(y, s, €). Obviously we have
VJld(y’ s,€) < Vfrj—m(ya s,€) + V;;(y, s, €).

g Ma I aul iS ](.()I(Zed to Slay in a C()IIlpaCt Se‘ fOl su Cie ly Small S. us as
in (IEZZ), we have fh nt Th
|[7‘un(y737€)| <_€ NM < (S+€ )M

The values V.. and V.

ter qui
only difference is

+ are also estimated in the same way as V.. and V_;, respectively. The

9/3
2 <t (28
5511y = e(n20/3)
instead of (A=28). Thus (A=2H) is also obtained. O

B Set theory

The following are supplementary propositions related to general topology and convex sets.

Lemma B.1. Let A C R¢ be an open set. Let K C A be a compact set. Then, for sufficiently
small § > 0,
Bg(K) C A.

Proof. We can assume without loss of generality that A is bounded. We define f(z) := sup{d >
0| Bs(x) C A} for x € A and check that it is a lower semicontinuous function. Let ¢ > 0. For
r,y € A satisfying |z — y| < ¢, it is clear that By(,)_(y) € A and then f(y) > f(z) —e.

Since f is lower semicontinuous, it has a minimizer  in K by the extreme value theorem.
Letting § = f(&), we obtain the conclusion. O

Lemma B.2. Let A C R? be a connected open set. Then Co(A) = {x €l | a,b € A}.

Proof. 1t is clear that Co(A) D {x € lgp | a,b € A}. By Carathéodory’s theorem, we have

3

3
Co(A) = {Z Nizi; x € A\ €0, 1]72)\1. — 1} '
i=1

i=1

Fix any element z € Co(A). Then we can write x = 2?21 Aiz; for some z; € A and \; € [0, 1].
It suffices to consider the case x1, xo, r3 are different and \; € (0,1). We can assume = = (0, 0),
r1 = (0,1), 72 € {(p,q) € R? | p < 0}, and x3 € {(p,q) € R?* | p > 0}. Since A is a a
connected open set, it is also path-connected. Thus there is a continuous path I' C A that
connects xo and x3. By the intermediate value theorem, the path I' crosses y-axis. If I' crosses
z4 € {(0,q) € R? | ¢ < 0}, then 21,24 € A and @ € Iy ,,. Otherwise let [ be the line
satisfying © € [ and Iz, 4, || . The path ' crosses points x4 € [N {(p,q) € R? | p < 0} and
x5 € 1N {(p,q) € R? | p > 0}. Thus we have z4,75 € A and = € I, ».. Therefore we conclude
that = € [, for some a,b € A. O
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Proposition B.3. If A C R? is open, then Co(A) is open.

Proof. Fix x € Co(A). By Carathéodory’s theorem, we have x = Zflill Aixz; for some x; € A

and \; € [0, 1] satisfying Zc.l:ll Ai = 1. Since A is open, we see that U B, (z;) C A for some

1
ro > 0. Therefore, for any unit vector v € S, we have x + rv € Co(A) for 0 < r < rg since

x+rv =N (2 + o). O
Proposition B.4. Let O_ C R, If O_ satisfies (84), then O_ is strictly convex.

Proof. Assume that O_ is not strictly convex, i.e., there exist 2,y € O_ such that Az+(1—\)y €
(O™)¢ for some A € (0,1).

1) Az + (1 — Ny =: z € 90_ for some A € (0,1). By (B4) we can take an open ball
B that satisfies 2 € 9B and O_ C B. Since z € B and z € B, we have y € (B)¢, which is a
contradiction.

2) Az + (1 — A)y € (O_)¢ for any A € (0,1). Let z = Zf¥. Let § > 0 satisfy
Bs(z) C (i)c Since x € JO_, there exists w € O_ such that w € Bos(x). Since “F¥ € (i)c,
we see that Aw + (1 — A)y € dO_ for some A € (0,1) and hence deduce a contradiction. O

C Graph theory

We present the notion of graph and some related notions in the graph theory.

Definition C.1. For a non empty set V' and a set E of unordered pairs in V', the pair of the sets
(V,E) is called a graph. A graph H = (V' E’) is called a subgraph of Gif V' C V and E' C E. A
subgraph H = (V', E’) C G is called a path of G if V' is a finite set {x¢, 21, - , x, }(duplication
is permitted.) and E' = {(x;,z;+1) | i =0,1,--- ,n — 1}, where we denote unordered pairs by
(,). A graph G = (V, E) is connected if for any v1,vy € V, there is a path of G whose endpoints
are v1 and vy.

To precisely indicate the path of graph introduced in the proof of Theorem B™ , we present
the following proposition, though the assertion seems to be obvious.

Proposition C.2. Let G = (V, E) be a connected graph. Let {(a,b),{(c,d) € E. Then there is a
path P = (V' E') such that a,b,c,d € V' and {(a,b), (c,d) € E'.

Proof. If a = ¢, ({b,a,d},{(b,a),{(a,d)}) is a required path. Hereafter we consider the case
neither a = ¢, b = ¢, a = d nor b = d. Let Py = (Vp, Ey) be a path with endpoints a and c.

If b,d ¢ Vjy, define V5 := Vy U {b,d} and Es := Ey U {(b,a), (c,d)}.

If b ¢ Vo and d € Vj, define V; := Vo U {b} and E; := Ey U {(b,a)}. Writing

V: Lo, T1, & ,
1 = {zo, 21 .n} o
El:{<33z‘;ﬂvz‘+1>\1:0,17...,n_l}7

we see that g = b, ©1 = a, x, = c and z; = d for some j € {2,3,--- ,n}. Then we further

define V5 := {zg, 21, - ,zj,zp} and Ey := {(xg, z1), (1, 22), - (zj—1,2;), (Tj, Tn)}.

We finally consider the case b,d € V5. When we follow the path Py from a to ¢, there
are two cases: whether we find b earlier than d or not. In the former case, writing Vi and
Ey as (), we see x; = b, 2, = d for some 0 < j < m < n. We then define V5 :=

{zo, 25,241, s Tm,zn} and Ey := {{z0, z;), (¥j, Zj4+1), - (Tm—1,Tm), (Tm, Tn)}. In the latter
case, we see £j = d, Ty, = b for some 0 < j < m < n. We define Vs := {z,x0,21, -+ ,2j,2n}
and Ey = {(z1, 20), (0, 21), - - - (¥j-1,2;), (Tj, Tn) }.

In any case, Py := (Va, E») is a required path. O
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D Curve theory

To complement the proof of Thorem B™, we will mathematically describe the construction of
a Jordan curve C that is included in a given closed curve C' and includes a given point = € C.
We begin with a general property of connected sets. In what follows we especially notice that
two points in an open and connected subset of R? can be connected by a polygonal line.

Definition D.1 (polygonal line connected). A path is called a polygonal line if it consists of
finite line segments. Let A C R%. The set A is called polygonal line connected if for any two
points x,y € A, there exists a polygonal line in A that connects x and y.

Proposition D.2. Let A C R? be an open set. Then the following statements are equivalent.
1. A is connected.
2. A is path-connected.
3. A is polygonal line connected.

Proof. Without loss of generality, we can assume A # () since otherwise all the statements are
obviously true.

3=2.

This is clear because a polygonal line is a path.

2=1.

Fix x € A. Since a path is a connected set, all elements y € A are in the connected
component including x. Therefore A is connected.

1=3.

Fix x € A. We define
O :={y € A| there exists a polygonal line in A that connects x and y}. We first show that O
is an open set. Let y € O. Since y € A, there is an open ball Bs(y) such that Bs(y) C A. For
any z € Bs(y), we can make a polygonal line in A that connects  and z, combining the line
segment between y and z with a polygonal line between = and y. Therefore we have Bs(y) C O,
which means O is an open set.

We show that A\ O is also an open set. Let y € A\ O. As before, there is an open ball
Bs(y) such that Bs(y) C A. If a point z in Bs(y) is in O, we can make a polygonal line in A
that connects x and y. This is a contradiction. Hence we have Bs(y) C A\ O.

Since A is connected, O must be () or A. Since z € O, we have O = A and conclude that A
is polygonal line connected. O

We state the condition on components of the closed curve C. In what follows we call a map
fla injective at t € A if s € A and f(s) = f(t) imply s = ¢t. Also we call a map f|4 injective
in B(C A)if s€ A, t € B and f(s) = f(t) imply s =t. We set a class € of curves in R2. We

make the assumption on %
(A1) There exists a map € > C — ¢ € C([0, 1]; R?) such that

1. v¢([0,1]) = C and the set {t € (0,1) | ¢ is not injective at t} is at most finite.
2. Forany C,D € ¢, {t € (0,1) | vo(t) ¢ D} is at most a finite union of open intervals.

We now state the assumption on the closed curve C":

(A2) For some C1,Ch,-+,Cny € €, C = UN,Cy, ve,(1) = v¢,,,(0) for i € {1,2,--- ,N — 1}
and Yoy (1) = 70, (0)-

Remark D.3. The set of line segments and arcs in R? satisfies (A1). Hence the closed curve in
the proof of Theorem B2 satisfies (A2).
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Set v : [0, N] — R? as
V() = e, (t = [t]),
if i — 1 <t <. Here we denote by [¢] the maximal integer that is no more than ¢. For a point
x € C, there is no loss of generality to assume 7(0) = . The reason is the following:

Proposition D.4. Let € satisfy (Al). Let C' € €. Then €' = € U{Cy,C,} also satisfies
(A1), where we define
O} = ([0, al) and Ch = e ([a, 1)

fora e (0,1).
Proof. Let v¢;(t) = ¢ (t/a) and gy (t) = o (a+ (1 — a)t). The proof is done by checking
the assumption (A1) directly. O

We assume that 7|y y) is injective in a neighborhood of 0. i.e.,
(A3) There exists § > 0 such that 7|y x) is injective in [0, ).

Remark D.5. The closed curve CUT in the proof of Theorem B satisfies (A3) because Bss(I') €
Landz ¢ L.

We inductively define
t1 :=0,

s; := sup{T | v|q,,~] is injective in (t;,7)},

tit1 = sup{7 | v(si) = v(7)}
fori=1,2,---.
Proposition D.6. For some m €N, s, =N ort, =N.
Proof. We first prove t; < s; for all j. The assumption that 7| [0,N) 18 injective in a neighborhood
of 0 implies ¢; < s1. If s1 < N, then fix j € {2,3,---}. Let i = [t;] + 1. Set

A= () {te-1,0) |2 ¢ Ci}

i+1<k<N

for1<i<N—1and Ay := (N —1,N). We also set
B; == {t € (i — 1,7) | 7|(5—1,)) is not injective at t}.

From the assumption (Al), A; is a finite union of open intervals and B; is at most finite. By
the definition of ¢; we see that if ¢ — 1 < t; < ¢, then t; € A;. Hence, if i — 1 < t; < i, we
have (t;,t; + &) C A; N BY for some § > 0. Also this assertion holds for t; =i — 1. To show it,
we prove by contradiction that inf A; = ¢ — 1. We assume that inf A; > ¢ — 1. Then we have
inf{t € (i — 1,7) | y(t) ¢ Cx} >i—1fori+1 <k < N. From the continuity of v, we obtain
v(t;) € C, which is a contradiction with the definition of ¢;.

Now it turns out that there exists [ > 0 such that :—1 < t; < i implies ¢ < sj 1 0ori < tj441.
Indeed, if s; < i, then s; € 0A; U B;. If s; < i and s; € 0A;, then ¢ < t;44. If s; < i and
sj € B;, then tj11 € B;. Thus the proof is complete. ]

If 8y, = N or tyy41 = N, then let T = 3" (s; — ;). Define 4 : [0,7] — R? as follows:

A(t) :=~(t)

if t < 57 and
k
A(t) =~ <t + tht1 — Z(Sl — tz)>
i=1
if 308 (s — 1) <t < S (s — t).
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Proposition D.7. C := 4([0,T]) is a Jordan closed curve.

Proof. This assertion is obvious from the definitions of ¢; and s;. ]

VVVV VVVV VVV AV, %73

Figure 20: An example of C' that includes an

infinite number of loops
Figure 19: An example of C' and z that we

avoid

Remark D.8. By assuming (A3), we can avoid a closed curve C' and a point x in it such as
Figure M. We also avoid a closed curve C' that includes an infinite number of loops such as
Figure PO by the assumption (A2).
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