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Abstract 

We developed an analytical method for evaluating the piezomagnetic field con· 
sidering the inhomogeneously magnetized crust. In this paper, we present a FOR· 
TRAN program to calculate the piezomagnetic effect due to a spherical pressure 
source (the Mogi model) in the inhomogeneously magnetized crust. 

1. In troduction 

In the previous studies (Sasai, 1991; Utsugi et al.,1999), the analytical 
solution of piezomagnetic effect has been obtained in the case of uniformly 
magnetized crustal model. However, it is self-evident that the earth's crust is 
inhomogeneously magnetized. Then, to represent the inhomogeneity of the 

crustal magnetization, we divide the crust into a number of compartments. 
Each compartment is assumed to have its own uniform magnetic properties such 
as the magnetization and the stress sensitivity. The geomagnetic field change 
at a certain point on the earth's surface may be approximated by the sum of the 
piezomagnetic field derived from each compartment. The piezomagnetic field 
is generally expressed by the surface integral of displacement and its derivation 
over the boundary surface of magnetized region. In the case of the compart­

ment model, the surface integral becomes finite one. This integral cannot be 
solved analytically. However the line integral with respect to either coordinate 
can be represented analytically using elliptic integrals. There are several 
simple algorithms to make rapid and exact evaluation of the elliptic integrals. 
Using these algorithms, the piezomagnetic field can be expressed by line inte-
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gral. Through numerical evaluations of this line integral by using the double 
exponential method (e.g. Takahashi and Mori, 1974), we can obtain the 
piezomagnetic field considering the inhomogeneity of the crustal magnetization. 

In this paper, we present a FORTRAN program which calculates the 

piezomagnetic effect due to a spherical pressure source (the Mogi model: Mogi, 
1958) in the inhomogeneously magnetized crust. 

2. Geomagnetic field changes due to Mogi model 

We consider the coordinate system as shown in Fig.1. A semi-infinite 

elastic medium occupies z>O. We assume that the region ~ is uniformly 
magnetized cube and outside liz is demagnetized. We also assume that the 
elastic properties such as Lame constants A, fL are common in the regions ~ and 
V2• The analytical solution of the displacement u due to the Mogi model is 
obtained by Mindlin and Cheng (1950) and Yamakawa (1955) as follows: 

-~[~+2~- 6xz(Z+D)] 
uX-2{J R? m m (1) 

- c [ y y 6yz(z+ D)] Uy-z;; R? +2 m m (2) 

_~[z-D _2R- 6z(z+D)2] 
uZ- 2{J Rr m m (3) 

where R 1=jX2 +,;/+(z-D)2, R 2=jx2 +y2+(z+D)2 and D is the source depth. 
The moment C is given by 

z=D- --

\ 
Pressure Source 

1 
z (Down) 

Fig. 1. Coordinate system, source and crustal model are shown. 
A semi-infinite elastic medium occupies z>O. The cubic region 11; (LX WxH 
km') is uniformly magnetized and outside Vz is demagnetized. In this medium, 
a spherical pressure source (the Mogi model) is assumed. 
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where a is the radius of the sphere and LlP is the hydrostatic pressure acting on 

the surface of the sphere. 

According to the representation theorem for the piezomagnetic field (Sasai, 

1991), the geomagnetic change LlM is expressed by the integral over the bound· 

ary surface SI (Fig. 1) of the cubic region: 

LlMk(ro)=-Ck (( [{_ aUk(r) +2(.-1+,u) Llmk'n}--.Ll 
))51 an 3.-1+2,u aro p 

+Uk(r) ar:~n (~)JdSr, (4) 

_ 1 3.-1+2,u 
Ck-2(3,u .-1+,u h 

A k 3 ( aUk + aUi) "d' LJmi =2 aXi aXk - Vij IVU, 

p=lro-rl, 

where au is the Kronecker's delta, Jk is the k-th component of initial magnetiza· 

tion within Vi and U is the displacement vector. ro and r indicate the observa· 

tion point and the arbitrary point within the medium, respectively. 
Substituting eqs. (1) to (3) into eq. (4), the geomagnetic field changes are 

written in the form of surface integral of function f(lIR, lip). In the present 

case, we have to make the finite surface integral because SI is finite. As 

mentioned in the previous chapter, we cannot solve this finite surface integral 

analytically. However, using elliptic integrals, the integral with respect to 

either coordinate can be represented by the analytical form. Then we can 

transform the surface integral of eq. (4) to the line integral as shown in the 

following chapter. 

3 .. Line integrals of f(l/R, lip) 

In eq. (4), we see the following integrals of function f(lIR, lip) : 

<biiy, Z, Xo, Yo, Zo; D)= J R~pj dx, (5) 

1Jfu{y, Z, Xo, Yo, Zo; D)= J R~pj dx, (6) 

These integrals can be solved analytically using the following elliptic integrals: 

F(rp, k)= ('" j k~' 2 ,d(p' (First Kind), 
)0 1- sm rp 

(7) 
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For example, we consider the following integral: 

CPu = f~p dx. 

For the convenience, we denote Rand p as follows: 

R2=X2+ t2, 

p2=x2-2xox+d, 
t 2=y2+(Z- D)2, 

C6=X6+C2, 
c2=(yo- y)2+(Zo- z)2, 

(8) 

(9) 

where (x, y, z) is the arbitrary point within the magnetized region of the 

medium, and (xo, Yo, zo) is the observation point. 
To express eq. (9) using the elliptic integrals, we introduce the following 

variable transform: 

where 

at+ ;3 
x ....... ~, 

( 

c6- t2-D 
a 2xo ' 

;3 c6-F+ D (a~;3), 
XO 

D2=(c6- t)2+4x6t2. 

Using eq. (10), Rand p become more simply: 

R2 (t ~ 1)2 {(~+ t2)t2+(;32+ t2)}, 

p2 (t~ 1)2 {(~-2xoa+ c6)t2+ (;32_2Xo;3 + c6). 

Therefore the terms l/R and l/p are written as follows: 

1..__ 1 It+11 1..__ 1 It+11 
R jp(a) Jt2+e' p jq(a) Jt2+ r/, 

where 

(10) 
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and eq. (9) is rewritten as follows: 

<1>11 (ll) 

Transforming t-> q:>=tan-1
( ~), we obtain the following result: 

a- (3 1 
<1>11= jp(a)q(a) ~F(q:>, k), 

where k2=(~2_ r/)/e. To evaluate the elliptic integrals, there are some algor­
ithms (Cayley, 1961; Byrd and Friedman, 1954) without solving eqs. (7) and (8) 

directly. Using these algorithms, we can evaluate <1>11 easily. With the same 
manner, <1>ij and Iffij are solved analytically. The exact forms of <1>ij and Iffij are 
given by Utsugi (1999). 

The geomagnetic change is written by the following line integral of g which 

is an arbitrary function of <1>ij and Wij : 

(12) 

From numerical calculation of this integral, we can evaluate the piezomagnetic 
change considering the inhomogeneously magnetized crust. To evaluate eq. 
(12), we use the double exponential integral method (DEM). 

4. Programs 

The source list of the programs for calculating the piezomagnetic field is 
given in Appendix. The subroutine 'MGINHOMO' calculates the geomagnetic 

Table l. Input parameters. 

XO, YO,ZO XO, Yo, Zo (km) Observation point 

CXO, CYO, CZO (km) Location of the center of the 
cube 

CL,CW,CH L,W,H (km) Length, width and height of the 
cube 

CO a3 LlP!2 (km3 ·bar) Moment of Mogi model 

DO D (km) Source depth 

AMU f.1. (cgs) Rigidity 

POI v Poisson ratio 

CMZX, CMZY, CMZZ J = (!x. jy, jx) (A/m) Magnetization vector within 
the region V; 

BETA j3 (bar-I) Stress sensitivity 
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change due to a magnetized cubic block. This subroutine requires the parame· 

ters as shown in Table 1 and returns eastward (DMX), northward (DMY), 

downward (DMZ) and total force (DMF) components of geomagnetic change. 
The double precision functions 'MGXY X;', 'MGXZX;' and 'MGYZX;' (x,= 

X, Y or Z) calculate the contributions from the x - y, x - z and y - z plane of 
Vi, respectively. The subroutine 'PHSIIJ' calculates rJ)ij and lJfij. The elliptic 

integrals which appear in rJ)ij and lJfij are calculated by the subroutine 'ELLIP· 
FE'. The subroutine 'DEMINT' calculates the numerical line integral of the 

functions of rJ)ij and lJfij numerically using DEM. 

5. Numerical example 

In Fig. 2, we show a numerical example. This figure shows the profiles of 
the total force of geomagnetic change along the y axis (xo=O, Zo=l)(m). The 

case A in Fig. 2 is based on the uniformly magnetized crust: a layer 0 < z< He 
=15 km (He indicates the Curie depth) is uniformly magnetized by 1 AIm. The 
case B is based on the inhomogeneously magnetized crust as shown in Fig. 1. 

The intensity of magnetization within the cube is assumed as 1 Aim. In both 

20 

15 

R 
10 

~ 
t<.. 
<l 

5 

0 

·5 

·10 
4 6 
Edgeo/cube 

(Yo=5km) 

8 10 
Yo (km) 

CaseB 

Case A 

12 16 
Edge o/cube 

(Yo=15km) 

Fig. 2. Profiles of the total force of geomagnetic change along the y axis (xo=O, 20= 
1 m). Cases A and B indicate the geomagnetic changes based on an uniformly 
magnetized crustal model and a cubic model, respectively. 
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Table 2. Cubic model parameters. 

(XO,20) (0, 1) (m) 

(CXO, CYO, C20) (l0, 0, 7.5) (km) 

(CL,CW,CH) (10, 10, 15) (km) 

CO 103 (km3 ·bar) 

DO 5 (km) 

AMU 3.5x lOll (cgs) 

POI 0.25 
(CM2X, CM2Y, CM22) (0,11/2, 11/2) (A/m) 

BETA 10-4 (bar-I) 

cases, the magnetic inclination and declination are assumed as 45° and 0°, 
respectively. The model parameters are given in Table 2. Through this calcu­
lations, it becomes clear that the piezomagnetic effect is enhanced around the 

edges of the cubic block (at yo=5 and Yo=15 km). This is caused by the fact 
that, unlike a uniform medium, the magnetic fields arising from stress-induced 

magnetic dipoles do not cancel with one another around the edges. The 
mechanism of this enhancement is well discussed in Oshiman (1990) and Utsugi 
(1999). 
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SUBROUTINE NGINHOMO(X0, Ye, Ie, cxe, eYO, Cl0, 
& n, CI, CH, C0, 00, ANU, POI. CNIX, CMIY, CNII, 

3 & DMX, DNY, 01011, DMF) 

4 c····················································· ..... 5 ( 
6( 
7 ( 
a C 
9 ( 

10 ( 

GEOMAGNETIC FIELD C~NGE AT OUTSIDE THE MEDIUM 
DUE TO THE NOGI MODEl 

BASEO ON THE CUBIC BLOC~ MOOR 
COOED BY M. UTSUG!' •.• DEC 1999 

11 ( ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

12 ( .... INPUT PARAMETERS 
13 C X0, Y0, 10 : LoCATION OF THE OBSERVATION POINT 
14 C CX0, (Y0, Cl0 LoCATION OF CENTER OF (UBIC BLOCK 
15 ( n, CI, CH LENGTH, WIDTH ANO HEIGHT OF CUBE 
16 «0 : MOMENT OF MOGI HODEl 
17 (00 : SOURCE DEPTH 
18 C AMU : RIGIDITY 
19 C POI poISSON RATIO 
20 C (NIX, CMZY, CMZZ : NAGNETIIATION GAP THROUGH THE BOUNIMRY 
21 C suRFACE OF CUBE 
22 (BETA : STRESS SENSITIVITY 
BC 
24 c· .... OUTPUT VALUES 
25 C DNX,OMY,OMZ,Dt04F; EAST, NORTH, DOWNWARD COMPONENTS 
26 C AND TOTAL FORCE OF GEDNAGNETI( 
27 ( FIElD CHANGE (NT) 
2a( 
29 
30 
31 
32 
33 
34C 
35 
36 
37 
33 C 
39 
48 
41 
42 
43 
44 
45 
46 
47 C 
4S 
49 ( 

IMPLICIT REAL'S (A-H, O-Z) 
INTEGER NENO,. NPOW 
C('OWN /«(»411 NEND, NPO', AO(2). 

& AP(608, Z), AM(608,2), 80, B8(608) 
CONNON /(<»121 COO, C0X, C0Y, C0Z 

EXTERNAL MGXYX, MGXYY, MGXYZ 
EXTERNAL NGXZX, MGXIY. MGXZZ 
EXTERNAL MGYZX, MGYIY. MGYII 

EPS .. 1.0-15 
L _ 0 

CMl0 .. SQRT(CNZX"Z.04IY"2.(MZZ"2) 
SMM .. C1410·BET A' AMU' (1. OO+POI) 
(00-0. SOO·SMN·1. 0-7 
C0X .. CMIX·(OO 
C0Y .. -CMZY·Coo 
C01 .. CMIZ·COO 

CAll flAB (NENO, HPQI, AO, AM, AP, BO, BB) 

50 C'" ONXY : CONTRIBUTIONS FROM X-v PLANE ••• 
51 ( 
52 C 
53 ( 
54 
55 
56 
57 
58 
59 
60 
61 
62 C 
63 
64( 
65 C 
66( 
67 
68 
69 

QNXYX : EASTWARD COMPONENTS 

CAll DEMINT (MGXYX, X0, Y0, 10, 00, CZ-0.500·CH, 
& CX-0.500·n, CX.0.500·n, 
& CY-0.5oe+CI, CY.0.500·CI, 
& EPS, l, l»IX'f;(0) 

CALL DEMINT (MGXYX, X0, Y0, 20, 00, C2+0.500·(H, 
& (X-O.500'Cl, CX+0.SOO'Cl, 
& (Y-0.500·(I, CY+0.500·CI, 
& EPS, l, DMXYXH) 

DNXYX_OMXYX0_0MX.Y XH 

DMXYY: NORTHWARD COMPONENTS 

CAll DENINT (NGXYV, X0, Y0, 20, 00, CZ-0.500·(H. 
& CX-0.5De+Cl. (X+0.S00·(l, 
& (Y-0.500·(I, (Y+0.500·(I, 

70 
71 
72 
73 
74 
75 C 
76 
77( 
78 ( 
79 ( 
80 
81 
82 
83 
84 
85 
86 
87 
88 ( 
89 
goc 
91 C'" 
92 C 
93 C 
94C 
95 
96 
97 
98 
99 

100 
101 
102 
103 C 
104 
105 ( 
106 C 
U!!7 C 
108 
109 
110 
111 
112 
113 
114 
115 
116C 
117 
118 C 
119 C 
120 ( 
121 
122 
123 
124 
125 
126 
127 
128 
129 C 
130 
131 C 
132c'" 
133 ( 
134C 
135C 
136 
131 
138 

& EPS, l, OMXYY0) 
CAll DEMINT (NGXYY, X0, Y0, Z0, 00, (2+0.500·(H, 

& CX-0.500·Cl, (X+0.SOO·Cl, 
& CY-0.5D0·CW, CY+0.500·C., 
& EPS, l, DMXYVH) 

ONXyy .. DMXYY0-DIoOCYYH 

DMXYZ: DOWNIARD COMPONENTS 

CALL DEMINT (MGXYZ. XO, Y0, 10, 00, CZ-0.500·CH, 
& CX-0.500'Cl, CX.9.500"Cl, 
& CY-0.500·(I, Cy.e.500·CW, 
& EPS, l, OMXYY0) 

(ALL DEMINT (MGXYZ. X0, YO, 10, 00, CZ+0.500·CH, 
& (X-0.500·Cl, CX+0.500·Cl, 
& CY-0.500·CW, (Y+0.500·(W, 
& EPS, L, ONXYYH) 

ONXYY_ONXYY0-DIoOCYYH 

DNXZ : CONTRIBUTIONS FROM X-Z PLANE 

ONXZX : EASTWARD COMPONENTS 

CAll DEMINT (IotGXZX, X0, YO, Z0, 00, CY-0.500-(W, 
&. CX-O.SOO·Cl, CX+-0.500·Cl, 
&. (1-0.500·(H, CZ.e.500·CH, 
& EPS, l. £J4XlX0) 

CALL DEMINT (NGXlX, X0, Ye, 18, 00, CY+0.500·CW, 
&. CX-0.500·Cl, (X.e.500·Cl, 
& CZ-0.500·CH, C2+0.500·(H, 
&. EPS, l. I»4XZXH) 

DMXZX .. QMXZXO-DIoOCZXH 

DMXZY: NORTHIARD COMPONENTS 

CALL DOUNT (NGXZY, X0, Y0, 10, 00, (Y-0.500·CW, 
& CX-O.500·Cl, CX+0. 500'CL, 
& CZ-0.500·CH, CI.0.500·CH, 
& EPS, l, QNXlY0) 
(All DEMINT (NGXZY, X0, Y0, ze, 00, CY+0.500·CI, 

& (X-0. SOO'CL, CX+B. 5D0·CL. 
& CZ-0.500·CH, C2+9.500·CH, 
& EPS, l, OMXlYH) 

ONXZY_OMXlYB-QMXIYH 

ONXIZ: DOWNWARD COMPONENTS 

(ALL DEMINT (MGXZI, X0, YB, Z0, 00, CY-0.500·O, 
& CX-0.500·CL. C)(+0.S00·Cl, 
& (1-0.500·CH, CY+0.5oe·CW, 
& EPS, l, ,*XI10) 
CAll DEMINT (NGXZZ. X0, YO, ze, 00, CY+0.500·CI, 

&. CX-0.S00·Cl. cx.e.500·CL. 
& CZ-0.500·CH, CY+0.500·CI, 
& EPS, L, (»(XIZH) 

DNXZZ .. DMXZZ0~OMXIIH 

DMYI : CONTRIBUTIONS FROM Y-I Pt.AHE 

OMYIX : EASTWARD COMPONENTS 

(All OENINT (MGYZX, X0, Y0, 20, 00, CX-0.500·Cl, 
&. (Y -0. 500·CW, CY +0. soe'CW, 
&. (1-0.500·CH, CZ.e.500·CH, 

:> 
't:j 
't:j 
('!) 
::; 
0.-
><" 

--.] 
",. 
Q) 

~ 
s: 
if> 
C 
OS. 



139 
140 
141 
142 
143 
144 ( 
145 
140 ( 
147 ( 
148 ( 
149 
150 
151 
152 
153 
154 
155 
156 
157 C 
158 
159 ( 
160 ( 
161 c 
162 
163 
164 
165 
166 
167 
168 
169 
170 c 
171 
172 ( 
173 
174 
175 
176 c 
177 
178 C 
179 
180 
181 c 
182 C 
183 ( 
184 
185 
186 c 
187 
188 
189 
190 
191 C 
192 
193 
194 ( 
195 
196 
197 
198 
199 
200 
201 
202 
203 ( 
204 
205 ( 
206 
207 

II. EPS t L. OMYZX0) 
CAll DEMINT (MGYIX. X0, Ye, Z0, 00, CX+0.500.Cl. 

& CY-0.S00·CI, (y ... 0.S00.CI, 
& (Z-0.500·(H, (2+0.500-(H, 
& EPS. L, OMYZXH) 

OMYZX .. QMYZX0-0MYIXH 

OMYZV: NORTHWARD COMPONENTS 

(All DEMINT (MGYZY, X0, Y0, Z0, 00, eX-0.SD0·Cl, 
& CY-0.500·C., 0'+0.500-CW, 
& (1-0.500-(H, (Z ... 0.S00-CH, 
& EPS. l, OMyzya) 

CAll DEMINT (MGYZY. X0, YO, Z0, 00, CX+0.5DO.Cl, 
& CY-0.S00·CW, (y ... 0.50e.CI, 
& (2-0.500-(H, (Z ... 0.500.CH, 
& fPS. l. OMVlYH) 

DMYlY -DMYlY0·DNYZYH 

OMYZl: OOWNWARD COMPONENTS 

CAll OEMINT (MGYZZ, X0, YO, 10, 00, (X-0.S00-Cl, 
& CY-0.500-C', (Y+0.500-CW, 
& (1-0.500-(H, (Y+0.500.CW, 
&. EPS, l. OMYZl0) 

CAll DEMINT (M(;YIZ, X0, YO, Z0, 00, (X ... 0.S00-(l, 
& (V-e.5OO-(I, CY+0.S00'CW, 
& CI-0.S00'CH, CY+0.S00'CW, 
& EPS, l, OMYZZH) 

I»IYZZ·[Io4YZZ0-DMYZZH 

DMX_DMXYX+DMXIX+DMY ZX 
DMY_DMXYY +DMXIY +DMY zy 
OMZ-DMXYI+DMXZZ+OMYZZ 

DMF .. (DMX'CMIX+OMY'OIZV+OMZ'OIZZ)/OI10 

RETURN 
END 

SUBROUTINE DEMINT (FUNC. X0. Y0. Z0, 00. 
& Z, Xl, XZ. A, B. EPS, l, V) 

IMPlICIT REAl'S (A-H, O-Z) 
INTEGER NEND, NPOW 
COMNON IC(IUI NEND, NPOW, AO(2), 

& AP(608, 2), AN(608,2), 80, 8B(60S) 

DATA HALF, EPSO I 0.500, 1.00-32 I 
DATA EPSM, EPSP I 0.00, 0.00 I 

FAC _ (8 - A) , HALF 
IF (l .EQ. 0) THEN 

SHFM _ (8 + A) , HALF 
SHFP .. SHFM 

ELSE 
SHFM .. 0.00 
SHFP .. 0.00 

ENOIF 

11_l+1 

IF (ABS(EPS) . GE. EPSO) THEN 
EPSV .. ASS(EPS) 

208 
209 
210 
211 C 
212 
213 C 
214 
2IS C 
216 
217 
118 ( 
219 
220 
221 
222 
Z23 C 
224 
225 
ZZ6 ' 

ElSE 
EPSV .. EPSO 

ENOIF 

EPSQ .. 0. ZOO' SQRT(EPSV) 

H .. HALF 

IS .. Z"NPOW 
1M _ IS 

KM .. ° 
KP .. 0 
NM _ 0 
NP _ ° 
VNEW .. FUNC(X0, YO, Z0, 00, 

& AO(l1)'FAC+SHFP, 2. Xl. Xl) .. so 
227 ' ---- INITIAL STEP -----
228 ' INTEGRATE WITH MESH SIZE .. 0.5 
229 ' AND CHECK DECAY OF INTEGRAND 
230 • 
231 
Z32 C 
233 
23' 
235 
236 
237 
238 
239 
140 
241 
142 
243 
244 ( 
245 
240 
247 
248 
249 
250 
251 
252 
253 
254 
255 
Z56 c 
257 
258 C 

00 10 I .. IS, NENO, 1M 

IF (KM .lE. 1) THEN 
1M .. FUNC(X0, Y0, 20, 00, 

AM(I, ll)'FAC + SHFM. Z, Xl, X2) , SB(I) 
VNf ... VHf! + .. 
IF (A8S(WM) .lE. EPSV) THEN 

KM_KM+l 
IF (KM .GE. 2) NM .. I - 1M 

ElSE 
KM .. 0 

ENOIF 
ENOH 

IF (KP .lE. 1) THEN 
IP _ FUNC(X0, Y0, 20. 00, 

AP(I, ll)'FAC + SHFP, Z, Xl, XZ) , BB(I) 
VHEI .. VNE! + IP 
IF (ABS(WP) .lE. EPSV) THEN 

KP_KP+l 
IF (KP • GE. 2) NP .. I - 1M 

ElSE 
KP", 0 

EHDIF 
ENOIF 

IF (KM .EQ. 2 .ANO. KP .EQ. Z) GOTO 11 

259 10 CONTINUE 
260 ( 
261 11 CONTINUE 
262 ( 
263 
264 
265 
266 
267 C 
268 
269 
270 
271 
272 c 
273 
274 ' 

IF (NM . EQ. 0) THEN 
NM _ NEND 
EPSM .. SQRT (ABS(IM» 

ENOIF 

IF CNP ,EQ, 0) THE. 
NP • NEND 
EPSP _ SQRT CO.SCIP)) 

ENOIF 

EPSQ .. MAX (EPSQ. EPSM, EPSP) 

275 ' ----- GENERAL STEP -----
276 ' 
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277 VOlO .. H • FAC • VHE. 346 DO 10 I &0 I, MEND --0 
2:78 ( 347 EN", EH • EN .... 
279 DO 20 MSTEP ... I, NPOW 348 EHI ... 1.00 I EN C/O 

280 C 349 SH ... (EN - ENI) • HALF 
281 VHE • ... 0.0 350 (H .. (EN ... ENI) • HALF 
2:82 ( 351 EXS '" EXP (PH • SH) 
283 IH .. IS 352 EXSI = 1.00 / EXS 
284 IS.IS/2 353 (H51 ... 2.00 / CEXS ... EXSI) 
285 ( 354 AP(I,I) ~ «EXS - EXSI) • HALF) • (H51 
286 00 540 I ., IS, HM, IH 355 IF (APCI.l) . GL A9) AP(I.I) = A9 
287 VHE" .. VHE" 356 APCI.2) ... EXSI • (H51 
288 + FUNC(X0. YO, Z0, 00, 357 AN(1.1) '" - APCI,!) 
289 AN(I. ll)·FAC + SHFM, Z, Xl, Xl) • BBCI) 358 AN(I,2) ... - AP(I,2) 

-290 540 CONTINUE 359 BB(I) .. PH • CH • (H51 H Z 
291 C 360 ,. CONTINUE 
292 00 55e I ... IS, NP, IH 361C 
293 VHE! ... VHE" 362 ",P(60S,I) ... AP(607,2) 

Z94 ... FUHC(X0. Y0, 20, 00, 363 "'1(608,2) "" AIoI(607,2) 
295 AP(I. ll)tFAC + SHFP, Z, Xl. X2) • B8(1) 364 C 
Z96 550 CONTINUE 365 RETURN 
297 C 366 END 
298 VHE • ., (VOlO + H • FAe • VHE") • HALF 367C 
299 C 368 C 
300 IF (ABS(VNEW - VOLD) . l T. EPSQ) THEN 369 C 
301 • 37. DOUBLE PRECISION FUNCTION NGXYX(Xe, ye, ze, 00, Y, Z, Xl, Xl) 
382 - ----- CONVERGED AND RETURN ------ 371 IMPLICIT REAL-8 (A-H, 0-1) 
303 • 372 DIMENSION 01(10,10), PHI(10,10), PSI(10,10) 
304 V = VNEW 373 COMMON /COM2I COO, (0X, C0Y, (01 
305 RETURN 374 C 
306 ENDIF 375 ZT2 ... Y-Y +(Z-00)-(Z-D0) 
307 ( 376 CC2 .. (Y0-Y)- (Y0-Y)+(Z0- Z)-( Z0- 2) 
308 H .. H - HALF 377 ZTo5Q11T(lT2) ~ 309 VOLO .. VNEW 378 CC .. SQR,T(CC2) 
310 ( 379 C 

~ 311 20 CONTINUE 380 CAll PHSIIJ(X0, IT, CC, Xl, X2, PHI, PSI) 
312 ( 381 C en 
313 v ... VNE_ 382 MGXYX_Cex- (3.00-(Z0-2) - (X0-PHI (3,5) -PSI(3, 5»)) C 
314 RETURN 383 • +(0Y- (3.00- (Z0- Z) -V-PHI (3,5» ()Q 
315 ( 384 • +C02- (3.00- (Z0- Z) - Z-PHI (3,5» 

_. 
316 END 385 RETURN 
317 C 386 END 
318 C 387 C 
319 C 388 C 
320 SUBROUTINE FlAB (NEND, NPOW, AO, AM, AP, 80, BB) 389 C 
3Z1 C 390 DOUBLE PRECISION FUNCTION MGXYY(X0, Y0, 20, 00, Y, Z, Xl, Xl) 
322 IMPLICIT REAl -8 (A-H, O-Z) 391 IMPLICIT REAL-8 (A-H, O-Z) 
323 DIMENSION AM(608 , 2), AO(2), AP(608 , 2), BB(608) 392 DIMENSION 01(10,10), PHI(10,10), PSI(10,10) 
324C 393 COMMON /COM2I COO, C0X, C0Y, C02 
325 PARAMETER (ONE ... 1) 394 C 
326 PARAMETER (HALF ... ONE / 2) 395 ZT2 .. Y-Y +(2 -(0)- (Z -00) 
327 PARAMETER (N6 ... 6) 396 CC2_(Y0-Y)- (Y0- Y) +(20-Z)-(20-2) 
328 PARAMETER (H .. ONE / 2"(N6 + 1)) 397 ZT ... SQRT(ZT2) 
329 C 398 C(",SQRT(CCI) 
330 A9 .. 0.9999 9999 9999 9998 00 399 C 
331 • 400 CALL PHSIIJ(X0, ZT. CC, Xl, X2. PHI, PSI) 
332 - ---- START COMPUTATION OF POINTS AND WEIGHTS ----- 401 C 
333 - 402 MQ(VY .. (0X-(3. 00- (Z0-2)- (Y0-Y)-(PHI (3,5) -PSI(3, 5») 
334 PH '"' 2 - AlAN (ONE) 403 • +C0Y-(3. 00- (Z0-Z)-Y- (Y0-Y)-PHI (3,5» 
335 C 404 • +C0Z-(3. 00-(Z0- Z)-Z- (Y0-y)-PHI(3, 5» 
336 NPOW .., N6 405 RETURN 
337 MEND .. 608 406 END 
338 C 407C 
339 AO(l) _ •. 00 408 C 
340 A0(2) ... 1.00 409 C 
341 eo _PH 410 DOUBLE PRECISION FUNCTION MGXYZ(X0, Y0, Z0, 00, Y, Z, Xl, Xl) 
342C 411 IMPLICIT REAl-8 (A-H, 0-2) 
343 EH .. EXP (H) 412 DIMENSION 01(10.10), PHI(10.10). PS1(10,10) 
344 EN .. 1.00 413 COMMON /COM2I COO, cex, COY, (el 
345C 414 C 



415 
416 
411 
418 
419 ( 
420 
421 ( 
4ZZ 
423 
42. 
425 
426 
427 ( 
428 ( 
429 ( 
430 
431 
432 
433 
434 ( 
435 
436 
437 
438 
439 ( 
440 
441 ( 
442 
443 
444 
445 
446 
441e 
448 ( 
449 ( 
450 
451 
452 
453 
454 c 
455 
456 
451 
458 
459 c 
460 
461 ( 
462 
463 
464 
465 
466 
461 ( 
468 ( 
469 ( 
470 
471 
472 
413 
474 c 
475 
476 
477 
418 
479 c 
480 
481 ( 
482 
483 

Z12_V·Y +(Z-00)*(Z-00) 
((2 _(Y0_ Y)· (Y0-Y) +(Z0- Z)" ( I0 - Z) 
ZT_SQRT(ZT2) 
CC_SQRT(C(Z) 

CAlL PHSIIJ(X0, ZT. CC, Xl, Xl. PHI, PSI) 

NGXY2-e0X' (3.00' (20- 2)' (Y0-Y)' (PHI (3.3) -PSI (3.5))) 
& +cev*C3 .OO·CZ0-Z)·Y·CY0-Y)·PHI(3.5)) 
& +C0Z·C3.00·CPHI(l,l)-(Z0-Z)·CZ0-Z)·PHI(3.S))) 

RETURN 
END 

DOUBLE PRECISION FUNCTION MGXIX(X0, '10, Z0, 00, Z, Y, Xl, Xl) 
IMPLICIT RE,u·S (A-H. 0-2) 
DIMENSION 01(10,10), PHI(10.10). PSI(10,10) 
COMMON /COM2I (00, C0X, (0Y. C0l 

212_'1·'1 +(l -(0). (2-00) 
((2 .. ('10- 'f). ('10- Y)+(Z0-Z)" (10- Z) 
ZT_SQIIT(ZT2) 
(C .. SQRT«(C2) 

CAll PHSIIJ(X0, ZT, ee, Xl, Xl, PHI, PSI) 

MGXZX .. C9X·O. 00· ('10-Y). eX0"PHI (3.3) ·PSl(3. 5») 
& +(0'1*(3.00·('10-Y)·Y·PHI(3.5» 
& ",CCU*(3.00*CY0-Y)·Z·PHIO,5» 

RETURN 
END 

DOUBLE PRECISION FUNCTION MGX2yeX0, Y9, 20, 00, Z, Y, Xl, X2) 
H(PLICIT REAl-S (A-H, O-Z) 
DIMENSION OIe10, 19) , PHle10,10), PSle10,10) 
COMMON /COM2I C00, (0X, (0Y, (01 

ZTI_Y+Y +e2 -(0)+ ez -00) 
CCZ .. eY0-Y)- eY0-Y)+eZ0-Z)+eZ0- Z) 
ZT-SQRTeZTZ) 
CC .. SqRTeCCI) 

CAll PHSIIJeX0, IT, CC, Xl, XZ, PHI, PSI) 

MGX2Y-COX-0. 00- eY0- Y)- eY0- Y)- ePHI e3, 3) -PSI e3, 5») 
5. +C0Y-O .00+eY0-Y)·Y+eY0-Y)·PHle3, 5» 
5. +C02+e3.00+CY0-Y)+Z+CY0-Y)+PHIC3,5» 

RETURN 
END 

DOUBLE PRECISION FUNCTION MGXZ2CX0, Y0, 10, 00, 2, Y, Xl, XZ) 
IMPLICIT REAl-8 CA-H, 0-1) 
DIMENSION 01C10,10), PHI(10,10), PSIC10,10) 
COMMON l(t)421 COO, (0X, COY, (01 

ZT2_Y·Y +C2 -00)· C2 -00) 
CCI-CY0-yp CY0-Y}tCZ0-l)+CZ0- I) 
ZT-SQRTCZT2) 
CC_5QRT(CC2) 

CAlL PHSIIJCX0, ZT, CC, Xl, Xl, PHI, PSI) 

MGXZZ_C0X-O. 00· CVO- V)+ (VO-V)· (PHI (3,3) -PSI C3. 5») 
5. +C0Y-C3. OO+Y+CY0-Y)+CY0-Y)+PHIC3, 5» 

484 
485 
486 
481 ( 
488C 
489 ( 
490 
491 
492 
493 
494 ( 
495 
496 
497 
498 
499 ( 
500. 
501 ( 
502 
503 
504 
505 
506 
507 ( 
508 ( 
509 ( 
518 
511 
512 
513 
514 C 
515 
516 
517 
518 
519 ( 
5Z0 
511 C 
522 
523 
52' 
525 
526 
5Z7 ( 
518 C 
529 ( 
530 
531 
532 
533 
534 ( 
535 
536 
537 
538 
539 ( 
S40 
541 ( 
542 
543 
544 
545 
546 
547 ( 
548e 
549 ( 
550 
551 
552 

& +COZ·(3.00-(Y0-V)·PHIC3,3» 
RETURN 
END 

DOUBLE PRECISION FUNCTION MGYZX(XO, YO. Z0, 00, X, Z, n, V2) 
IMPLICIT REAl+! (A-H. 0-2) 
DIMENSION 01(10.10), PHI(10,10), PSI(10,10) 
COMMON ICOMU C00, C0X, COY, COZ 

zn-x+ X+(Z -(0)-( 2 -00) 
CCZ .. (X0-X)+ (X0-X) +(Z0-Z) + (Z0- Z) 
IT ... SQRT(ZT2) 
CC .. SQRT(CCZ) 

CALL PHSIIJ(Y0, ZT, CC, Yl, YZ. PHI, PSI) 

MGYZX ... COX+(3. OO+(X0-X)+ X+PHI (3,5» 
5. +C0Y+0. 00+(X0-X)+(X0+PHI(3, 3)-PSI(3 ,5») 
& +C0Z+0· OO+(X0-X)+Z+PHI(3, 5» 

RETURN 
END 

DOUBLE PRECISION FUNCTION MGYZV(X0, Y0, Z0, 00, Z, Y, Xl, Xl) 
IMPLICIT REAl-! (A-H. O-Z) 
OlMEMSION 01(10,10), PHI(10,10), P51(10,10) 
(OMMON ICOMU C00, COX, C0Y, coz 

lT2-X·X+(Z -00)· (Z-00) 
Ccz _(X0_ X) - (X0-X) +(Z0- Z) - (Z0- Z) 
ZT _SQRT(ZT2) 
CC ... SQRT(CCl) 

CALL PHSIIJ(Y0, ZT, CC, Yl, YZ, PHI, PSI) 

MGYZY .. C0X+C 3.00- (X0-X)+ (X0-X)-PHI (3,5» 
5. +C0Y-0. 00·(X0-X)+eY0+PHIC3,3)-PSle3, 5») 
5. +C0Z+0.00+(X0-X)+Z-(X0-X)-PHI(3,5» 

RETURN 
END 

DOUBLE PRECISION FUNCTION MGYZZeXO, Y0, 20, 00, Z, Y, Xl, Xl) 
IMPLICIT REAl-8 (A-H, O-Z) 
DIMENSION 01(10,10), PHI(10,Ht). PSI(10,10) 
COMMON ICOMU C00, cex, COY, C0Z 

ZT2-X+X+(2 - 00) ·e2 -DO) 
CC2-eX0-X)-(X0-X)+eZO-Z)- (Z0- Z) 
ZT_SQRT(ZT2) 
Cc .. SQRTeCCI) 

CAll PHSIIJ(Y0, 2T, CC, Yl. Y2, PHI, PSI) 

MGYZZ.COX+ (3. OO-X- (X0-X)· eX0-X)-PHI (3,5» 
& +C0Y-(3.00+CX0-X)·(Y0·PHl{3, 3) -PSI(3 ,5»)) 
& +(0Z+(3. OO-Z+(10-z)+CX0-X)-PHIO, S) 

RETURN 
END 

SUBROUTINE PHSIIJ(X0, ZT, CC, Xl, Xl, PHI, PSI) 
IMPLICIT REAl·8 (A-H,O-Z) 
DIMENSION 01(10,10). PHI(10,10), PSIC10.le) 
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553 ( 62Z c --.J 

554 ZTz .. ZT*ZT 6Z3 C '" 555 ((z .. ((*(( 6Z4 SUBROUTINE PQAB(X0,ZTZ,((Z,Xl,XZ,AlP,BET ,PUP,PBEl, 0 

556 c 625 • QAlP,QBET ,OK,XI,ET, n, TZ,PHI ,PHZ) 
557 (All PQA,B(X0,ZTZ,CCZ,Xl,XZ,AlP,BET ,PAlP,PBET, 6Z6 IMPLI(IT REAl*8 (A-H,O-Z) 

558 & QAlP ,QBET, OK,XI, ET. n, TZ, PHI, PHZ) 6Z7 DATA F0,F1/0.00,1.001 
559 (All ElLIPFE(PHl, OK, ElPFl, ELPEl) 628 ( 
560 (All ElLIPFE(PH2, OK, ElPFZ, ElPEZ) 6Z9 X0Z .. X0*X0 
561 ElPF_ElPFZ-ElPFl 630 IF(X0. NE. F0) THEN 
56Z ElPE_ElPEZ-ELPEl 631 DETZ-( CCZ+X0Z- ZTZ)* (C(2+X0Z - ZTZ)+4. 00*X0Z*ZTZ 
563 c 63Z DET a;SQRT(OETZ) 
564 XIZ .. XI*XI 633 AlP .. -Z.OO * X0 * ZT2 1 «(CZ+X0Z-ZTZ+OET) 
565 ETZ_ET*ET 634 BET =(CCZ+X0Z- ZT2+0ET)/(Z. 00* X0) 
566 TXI_Tl*T1+XIZ 635 AlPZ..AlP*ALP 
567 TXZ_12*TZ+XIZ 636 BElZ_BET*BET 
568 TEI_Tl*T1+ElZ 637 C 
569 TEZ .. 12*TZ+ETZ 638 PAlP .. AlPZ+ZTZ 
570 C 639 PBEl .. BET2+ZTZ 
571 C III 640 QAl P.(X9-ALP)* (X0- AlP)+C(Z 
572 OI(l,l)_ELPF/XI 641 Q8ET .. (X0- BET)* (X0-BET)+C(Z 
573 c In 64Z C 
574 01 (1, 3)_(XIZ*EL PE - E12* ElPF)/(XI * ElZ* (XI2- HZ» 643 Tl-(XI-BET)I (ALP-Xl) 
575 ( 131 644 TZ-(XZ -BET)I (ALP-XZ) 
576 or (3,1).( ElPF - HPE)/ (XI' (XU- HZ)) 645 XIZ_PBET IPALP 
577 · + T2/ (XIZ* SQRT (TXZ*TEZ»- Tl/(XIZ* SQRT (TX1* TEl) 646 ETZ-Q8ET /QAlP 
578 C 133 647 XI.SQRT(XIZ) 
579 01 (3,3) .. ( (XIZ+ETZ)* ELPE -Z. 00* ElZ*E lPF)1 (XI * ElZ* 648 ET_SQRT(ETZ) 
580 • (XIZ- ElZ)* (XIZ - ElZ» 649 ElSE 
581 • +(T2I(XI2- SQRT (TX2-TEZ» 650 Tl ... Xl 
58Z • - Tl/(XIZ*SQRT(TXl*TEl»)/(XIZ-(XIZ-ETZ» 651 TZ_XZ 
583 ( ISl 65Z !F(ZTZ. GT. ((2) THEN 

~ 584 01 (5,1)_( (3. OO-XI Z- ElZ) - ELPF 653 XIZ .. ZTZ 
585 • - Z. 00* (Z. 00* XI Z - ElZ)- ELPE)/(3. OO*XIZ*XI * (XIZ -ElZ) * (XIZ - ElZ» 654 ElZ_((Z 
586 • +(3. OO*XIZ-Z. OO*ETZ)- (TZ/(XIZ*SQRT(TXZ*TEZ» 655 ElSE C 587 • -111 (XI Z*SQRT(TXl*TEl» )/(3. OO*XIZ* XIZ* (XIZ-ET2» 656 XIZ_((Z 

r+ 588 • + (T2I (XI z- SQRT (T XZ *TXZ* TXz* TE Z) ) 657 ETZ_ZTZ rn 
589 • - Tl/(XIZ*SQRT(TXl*TXl*TXl*TEl»)/(3. OO*XIZ) 658 ENOIF C 
590 C 135 659 XI_SQRT(XIZ) 1(3. 
591 01 (3,5).(01 (3,3)-01 (5 ,1) )/(XIZ -HZ) 660 ET_SQRT(ETZ) 
592 ( 661 ALP_Fl 
593 AB,..AlP-BEl 66Z BEl .. F0 
594 C 663 PALP_Fl 
595 ( PHlll, PSI1I 664 QALP_Fl 
596 PHI (1,1) .. AB*OI(I,l)/SQRT (PALP*QAlP) 665 ENOIF 
597 PSI(l,1)-AB-CBEPOI(1,I) 666 OKZ_(XIZ_ETZ)/XIZ 
598 • +0.500* A lP* (lOG(XI 2+ETZ+Z. OO*TZ-TZ+Z. 00* SQRT(T EZ*TXZ» 667 OK_SQRT (DKZ) 
599 & -lOG(XIZ+ETZ+Z. 00*T1*T1+Z. 00* SQRT (TE I*TX1») )/SQRT (PAlP* QAlP) 668 PHl_DATANCTlIET) 
600 C PHI 33 669 PHZ .. DATAN(T2IET) 
601 PHI (3, 3)_AS* (01 (1,1) - (XIZ+ETZ-6. (0)-01 (1,3) 670 C 
60Z • +(XIZ-XIZ-6. OO*XIZ+l. 00)-01(3, 3) 671 RETURN 
603 • +Z.00-(SQRT(TXZ-TEZ) 672 END 
604 • +(XIZ-l. 00)1 «ElZ-XI Z)* (ETZ-XIZ)*TXZ) 673 C 
605 • +(ETZ-l. OO)/( (ETZ-XIZ)*C ElZ -XIZ)-TEZ» 674 ( 
606 • -2.00*(SQRT(TXl*TEl) 675 ( 
607 • +(XI 2-1. 00)1 «El2 -XIZ)- (ElZ-XIZ)*TX1) 676 SUBROUTINE ElLIPFE(PH0, GO, ElPF, ElPE) 
608 • +(ETZ-l. 00)1 «ETZ-XIZ)-(ETZ-XI2)-TEl» )/(SQRT(PAl P*QALP)" 3) 677 IMPLI(IT REAL *8 (A-H,O-Z) 
609 C PHI35 PSI35 678 DATA F0, Fl, PI, EP$ ,INF/0. 00,1. 00,3. 141592653589793Z00. 
610 PHI (3, 5)_AS- (01 (1,1) - (XI Z+Z. 00*ElZ-15. (0) *DI (3 .1) 679 • Z. ZZ0446049Z50310-16.Z. 0161 
611 • +3. OO*(ETZ*ETZ-10. OO*ETZ+5. (0)*01(3, 3) 680C 
61Z • - (E12" 3-15. D0-HZ* ETZ+15. D0-ElZ-1. 00)* 01(3,5» 681 G-ABS(G0) 
613 PSI (3. S)_AB-(llP- 01(1,1) - (ALP- (XI 2+Z. OO·ETZ) 68Z G2_G-G 
614 • -5. OO-(Z. 00*AlP+BET»*DI(3.1) 683 PH .. PH0 
615 • +(3. 00*AlP-ETZ-ETZ-I0. OO*ETZ* (Z. OO-AlP+BET) 684 C 
616 & +5. 00*(AlP+Z. OO-BEl) )-01 (3,3) 685 IF(G.EQ. Fl) THEN 
617 • - (AlP* ETZ* *3-5. OO*HZ* ElZ* (Z. 00* AlP+BET) 686 ElPE _ OSIN(PH) 
618 • +5. 00*ETZ* (ALP+Z. 00*8ET)+BET)* 01 (3,5» 687 IF(ABS(PHO).l T. PI) ElPF .. OlOG( (F1+0SIN(PH»)/O(OS(PH» 
619 RETURN 688 IF(ABS(PH0). GE. PI) ELPF .. INF 
620 END 689 GOTO 300 
6Z1 ( 690 ENOIF 



691 ( 
692 
693 
694 
695 
696 
697 
698 100 
699 -791 
792 
793 
704 
795 
706 
797 
798 ( 
709 
710 
711 
712 
713 
714 
715 
716 
717 
718 ( 
719 200 
720 
721 
722 
723 300 
724 

Ae..F1 
8Q..OSQRT(Fl-G2) 
P .. H 
AR(;"'FO 
(El_Fl 
CE2 .. FO 
A .. 0.500-(AO+80) 
8 .. OSQRT(AO-B0) 
( - 0.500-(A0-80) 
(El .. CEl-(2.00"P)-(A-C) 
IF(PH0.NE.90.D9) THEN 

ARG .. REAl(NINT(PH/PI» 
IF(PH. GT . F0.AND. NOD(PH/PI+0. 5D0, Fl). EQ. F0) ARG .. ARG-Fl 
PH '"' PH+DATAN(80-DTAN(PH)/A0)+PI-ARG 
CE2 .. CE2+C-OSIN(PH) 

ENDIF 

IF(ABS(A-A0).LE. EPS.AND. ABSeB-80).LE. EPS. 
& AND.ABS(A-B).lE.EPS) THEN 

GOTO 200 
ELSE 

AO ... A 
BO ... B 
P .. P+F1 
GOTO 100 

ENOIF 

IF(PH0.NE.PI) AGNPH .. PH/(2.00"P) 
IF(PH0.EQ.PI) AGNPH .. PII2.D0 
ELPF .. AGNPH/A 
HPE .. CEl- A(.MPHI A+CE2 
RETURN 
END 
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