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 
Abstract—ferromagnetic structures, particularly the anti-eddy 

plate, in a bi-planar permanent-magnet-type low-field (0.05 T) 
magnetic resonance imaging (MRI) brain scanner can distort the 
gradient field in the target region. This study aims to provide a 
new gradient coil design method that reduces ferromagnetic 
influences on gradient field linearity. Thus, a simplified model of 
electromagnetic (EM) structures of the permanent-magnet-type 
MRI scanners was established. By using precise analytical proof, 
the anti-eddy plate was reduced to a homogeneous magnetic plate. 
The overall effects of the EM structures, which can be represented 
by bi-planar magnetic plates, were evaluated. In sequence, the 
image magnetic dipole was first introduced to show the effects of 
anti-eddy plates were added to the conventional equivalent 
magnetic dipole (EMD) approach. A novel equivalent image 
magnetic dipole (EIMD) method was proposed to build the 
gradient coil pattern. The effect of ferromagnetic materials was 
predicted throughout the gradient coil design phase using the 
proposed method, and a high-linear gradient field was generated 
under real working conditions. The computational and 
experimental results showed that the gradient coil was linear when 
ferromagnetic structures were present. The effectiveness of the 
proposed method was demonstrated by comparing T1-weighted 
images of the conventional method to those of the proposed 
method. The proposed method reduced image distortion caused by 
nearby EM structures in bi-planar permanent-magnet-type low-
field MRI systems and provided an effective and concise solution 
for gradient coil designs. 
 

Index Terms—Magnetic resonance imaging; Brain Imaging; 
Inverse problems; Medical diagnosis; Optimization methods. 
 

I. INTRODUCTION 

AGNETIC resonance imaging (MRI) is an indispensable 
diagnostic tool because of its capacity to image 
physiological structures noninvasively and without 

radiation. Until recently, improved resolution and signal-to-
noise ratio were achieved owing to powerful superconducting 
magnets, well-developed radio-frequency (RF), and gradient 
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coil technologies [1], [2]. However, the strict operating 
environment requirements and weight limit flexibility and 
mobility. Moreover, the high maintenance costs prevent their 
use in low-income areas. Portable MRI devices can be used as 
supplements in high-field superconducting MRI. Compared to 
commonly used high-field MRI scanners (1.5 T and 3 T), low-
field or ultra-low-field portable MRI is lightweight, movable, 
and provides low-cost MRI diagnostic services. There have 
been in-depth and effective investigations in this domain for 
these objectives [3]-[17]. For example, the active shielding 
technology has been realized, allowing low-field MRI devices 
to be used in unshielded electromagnetic (EM) environments 
[3]-[7], such as Intensive Care Units (ICUs), ambulances, and 
disaster sites. However, some problems remain to be studied, 
especially about the EM structure including gradient coil design.  
According to how the main magnetic field is generated, there 
are several varieties of low field or ultra-low field MRI 
equipment, such as electromagnet-type [8]-[10], Halbach-
magnet-type [11]-[13], and bi-planar-magnet-type [3]-[5], [14]-
[17]. The bi-planar magnet-type device is commonly used 
owing to its good magnetic field homogeneity, structural 
compactness, and imaging area openness. 

The gradient coils in the MRI scanner generate linear 
gradient fields and provide spatial localization in the region of 
interest (ROI). Consequently, high linearity in the gradient field 
is required. In bi-planar magnet-type devices, switching 
gradient fields can cause considerable eddy currents in 
permanent magnets. For this reason, either active shielding 
coils or anti-eddy plates are commonly used to prevent the 
gradient field from entering the permanent magnets or other 
metal structures. Active shielding coils generate a reverse 
magnetic field to cancel the original field in the shielded areas. 
However, they may offset the field in the target region, resulting 
in a lower efficiency. Qualified shielding effects and efficiency 
can be obtained at similar time only when the distance between 
the main and shielding coil is considerable. Different from 
active shielding coils, the introduction of an anti-eddy plate is a 

with Massachusetts General Hospital, MA 02129, USA. Jiamin Wu and 
Yucheng He are with Shenzhen Academy of Aerospace Technology, Shenzhen 
100048, China. Liang Xuan is with School of Electrical Engineering, 
Chongqing University, Chongqing 400044, China, *Zheng Xu is with School 
of Electrical Engineering, Chongqing University, Chongqing 400044, China. 
(Correspondence e-mail: xuzheng@cqu.edu.cn). *Hajime Igarashi is with 
Graduate School of Information Science and Technology, Hokkaido University, 
Sapporo 060-0814, Japan. (Correspondence e-mail: 
igarashi@ssi.ist.hokudai.ac.jp). 

Gradient Coil Design Method Specifically for 
Permanent-magnet-type Low Field Portable 

MRI Brain Scanner  

Xiaohan Kong(孔晓涵), Zheng Xu*(徐征), Sheng Shen(沈晟), Jiamin Wu(吴嘉敏),  
Yucheng He(贺玉成), Liang Xuan(宣亮), and Hajime Igarashi*(五十嵐 一), Member, IEEE 

M 



 2 

more direct and convenient method for gradient field shielding, 
whereas the high-permeability material of the anti-eddy plate 
may distort the gradient field in the target region. The gradient 
coils designed by the conventional method lose their good 
linearity when they are installed on the anti-eddy plate and 
eventually lead to image distortion, particularly for X and Y 
gradient coils. Hence, the magnetic effect of the anti-eddy plate 
should be considered during the gradient coil design process. 
Although there are no anti-eddy plates in devices that use active 
shielding coils to shield gradient fields, the ferromagnetic 
effects of the pole piece and iron yoke should be considered 
during the design process. 

The gradient design methods can be divided into two 
categories depending on whether the coil is discrete [18] or 
distributed [19]-[23]. The distributed winding method is more 
flexible because the coil shapes do not need to be pre-
determined. The distribution method includes the stream 
function [19], target field [20], [21], and equivalent magnetic 
dipole (EMD) methods (also known as equivalent 
magnetization current, EMC) [22-24]. The EMD method was 
introduced by Stuart Crozier and Hector Sanchez Lopez to 
design gradient coils for MRI devices [22]. However, when the 
aforementioned methods were applied to gradient coil designs, 
the effect of magnetic materials was seldom considered. 
Neglecting this effect would result in unqualified gradient field 
linearity and image distortion.  

There have been studies of the influence of ferromagnetic 
materials in their coil designs. Zhao [25] and Yang [26] 
described the design of the active shielding coils to produce a 
practically zero-field environment. In these studies, they 
utilized the image method [27], [28] to consider the 
ferromagnetic effects of a magnetic shielding room and a closed 
magnetically shielded cylinder, respectively. However, the 
image representation for the laminated structures such as anti-
eddy plates has not been considered. Additionally, the gradient 
coil design in the low-field MRI system considering 
ferromagnetic effects has not been performed. 

In this study, a complete procedure for designing gradient 
coils specifically for low-field MRI devices was presented, 
wherein the effect of ferromagnetic materials, particularly anti-
eddy plates, was considered. The original contributions are as 
follows: 
(a) The laminated anti-eddy plate was simplified to a 

homogenized magnetic plate, where the equivalent 
permeability was extracted by analytical solution. This 
reduced the structure complexity obviously; 

(b) The image current loops were adopted to represent the 
ferromagnetic effects of the homogenized magnetic plate, 
based on the image current method; 

(c) The equivalent image magnetic dipole (EIMD) method 
was proposed based on the two points mentioned above. 
This method considered the ferromagnetic effects by 
adding the image magnetic dipoles (image current loops) 
as magnetic field source; 

(d) The proposed EIMD method was applied to a real low-
field MRI device. The field measurement and imaging 
results showed that this method works well to reduce the 

field distortion caused by the ferromagnetic materials. 
 

II. PERMANENT-MAGNET-TYPE MRI DEVICE 

In Fig. 1 (a), the EM structure of the bi-planar magnet-type 
low-field MRI device is presented. The main EM structures 
include permanent magnets, gradient coils, and RF coils. A side 
view of the detailed structure and corresponding sizes are 
shown in Fig. 1 (b). The functions of each part of the device are 
as follows. (i) The bi-planar permanent magnets generate a 
vertically homogeneous magnetic field in the ROI. (ii) The 
gradient coils produce linear gradient fields in three vertical 
directions (x, y, and z) in the ROI. The spatial variation in the 
magnetic field allows the localization of image slices, phase 
encoding, and frequency encoding. (iii) The RF coils 
(excitation and receive coils) generate alternating fields for 
magnetic resonance and receive RF signals from the samples; 
(ⅳ) Anti-eddy plates made of laminated vertical silicon steel 
sheets shield the gradient field and reduce eddy currents. (ⅴ) 
The stainless-steel iron yoke guides the static magnetic flux to 
form a closed loop. (ⅴi) The pole piece, composed of non-alloy 
quality steel, improves the uniformity of the magnetic field. (ⅴii) 
The shimming ring made from a material similar to that of the 
pole piece concentrates the magnetic flux at the target region. 
Owing to the high permeability of the anti-eddy plates, pole 
piece, shimming ring, and iron yoke, their influence on the 
gradient field is evident. However, the entire structure is too 
complex to be represented analytically. A simplified model was 
presented to represent these effects. 

 

 
Fig. 1. Main structure of a low-field MRI system in (a) three-

dimensional view, (b) side view. 
 

The anti-eddy plate is the closest ferromagnetic structure to 
the gradient coils, as shown in Fig. 1 (b), with a higher 
permeability than that of other materials. This considerably 
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affects the gradient field and image. The homogenized 
permeability of the anti-eddy plate needed for the proposed 
design method was evaluated. 

A. Anti-eddy plates modeling 

An anti-eddy plate, also called the shielding plate, is used to 
shield the permanent magnets and pole pieces from the gradient 
field to reduce the eddy current effect. It is made of multiple 
thin, high permeability silicon-steel sheets that are laminated 
together but insulate each other. 

 

 
Fig. 2. Structures of X gradient coil and corresponding X anti-
eddy plate (in the X anti-eddy plate, the magnetic flux goes 
along the x-direction due to its high permeability). 
 

Fig. 2 shows the structures of the X gradient coil and X anti-
eddy plate, wherein the magnetic field is constrained in the anti-
eddy plate owing to its high permeability in the x-direction. 
Moreover, the eddy current induced in the plate is cut off by the 
air gap (dotted blue circle) and is limited to the thin area of the 
steel sheets (blue circle). This special structure maintains high 
permeability but reduces electrical conductivity. The Y and X 
gradient coils generally have a similar structure. As for the Z 
gradient coil, the shielding effect is the superposition of that of 
the X and Y anti-eddy plates put together. Hence, the analyses 
that follow will only focus on the X gradient coil. Evaluating 
the laminated structure using the finite element method (FEM) 
is difficult; therefore, we employed a homogenized model by 
extracting the homogenized permeability using an analytical 
solution, as shown in Fig. 3. Their thicknesses are the same and 
defined as w. The homogenized permeability along the 
laminated direction 𝜇∥ is greater than that in the perpendicular 
direction 𝜇ୄ. Consequently, they must be evaluated separately. 
𝑡௦௧௘௘௟ and 𝑡௚௔௣ represent the thicknesses of the steel sheets and 
air gap, and 𝜇 and 𝜇଴ denote the permeability of the steel sheets 
and vacuum, respectively.  

 

Fig. 3. Top and side views of (a) the laminated steel sheets and 
(b) homogenized plates.  

The homogenized permeability along the lamination and 
vertical directions 𝜇∥  and 𝜇ୄ , respectively, can be obtained 
using (1) and (2). Detailed formulas are provided in the 
Appendix. 

𝜇∥ ൌ 𝛼𝜇 ൅ ሺ1 െ 𝛼ሻ𝜇଴                           (1) 

   𝜇ୄ ൌ
𝜇𝜇଴

𝛼𝜇଴ ൅ ሺ1 െ 𝛼ሻ𝜇
 (2) 

where α is the filling rate (volume fraction) of the laminated 
structure, calculated as: 

𝛼 ൌ
𝑡௦௧௘௘௟

𝑡௦௧௘௘௟ ൅ 𝑡௚௔௣
(3) 

𝜇∥௥  and 𝜇ୄ௥  are defined as the relative homogenized 
permeability along the lamination and vertical directions. 

𝜇∥௥ ൌ
𝜇∥
𝜇଴

(4) 

𝜇ୄ௥ ൌ
𝜇ୄ
𝜇଴

(5) 

In order to verify the accuracy of the homogenization method, 
four different anti-eddy plates were considered to compare the 
analytical results with the finite element calculations. The steel 
sheet used in this permanent-magnet-type MRI device is 
27RK095 electrical steel produced by BAO STEEL, CHINA. It 
has a relative permeability 𝜇௥ of 40000 and a thickness 𝑡௦௧௘௘௟ of 
0.27 mm. We set 𝑡௦௧௘௘௟  and 𝜇௥ as constants, then  𝜇∥௥ and 𝜇ୄ௥ 
are determined by 𝑡௚௔௣. Four cases have different 𝑡௚௔௣, causing 
their homogenized permeability to vary. The parameters of 
these four cases are listed in Table I. In the lamination direction, 
the increase in 𝑡௚௔௣  leads to a decline in 𝜇∥௥ . In the 
perpendicular direction, the 𝜇ୄ௥ remained low, which is close 
to the vacuum.   
 

TABLE I 
PARAMETERS OF FOUR CASES 

 
Case 

Number 
tsteel 

(mm) 
tgap 

(mm) 
α μ//r 

 
μ⊥r 

 
1 0.27 2.43 0.1 4000 1.11 

2 0.27 10.54 0.025 1000 1.02 

3 0.27 21.37 0.0125 500 1.01 

4 0.27 43.13 0.0062 250 1.01 

 
Taking the X gradient coil as an example, the magnetic flux 

along the laminated direction (x-direction) is the absolute 
dominant component in the region of steel sheets. Hence, steel 
sheets were simplified by a homogenized plate that had 
isotropic permeability 𝜇∥௥ , the permeability along the 
perpendicular direction 𝜇ୄ௥ was neglected. The laminated and 
homogenized models shown in Fig. 4 were analyzed using the 
FEM to verify the homogenization. In the homogenized model, 
the laminated structure was replaced with a homogenized plate 
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with an anisotropic permeability 𝜇∥௥.  
 

 

 
Fig. 4. Models used to verify the homogenized permeability. (a) 
Laminated and (b) homogenized models 
 

In our system, the static magnetic field is along the z-
direction. For the X gradient coil, the z-component of gradient 
magnetic field induction (Bz) varies linearly along the x-
direction. Superposing Bz to the static field causes a frequency 
variation of protons, a slice can be selected perpendicular to the 
gradient direction. Thus, we here pay attention to Bz. 

For the four cases with different permeability, the magnetic 
field Bz along line 1 was plotted in Fig.5 to compare the Bz of 
homogenized and laminated models. The solid lines represent 
Bz in the homogenized models, while the dotted lines represent 
those of the laminated models. All the cases have good 
agreements with a maximum error lower than 1%. The curves 
in the blue dotted box are enlarged to see the discrepancies 
(located in the right lower side), which decrease from case 1 to 
case 4, wherein the 𝑡௚௔௣ gradually increases. This indicates that 
this homogenized model has higher accuracy when the steel 
sheets are more closely laminated. 
 

 
Fig. 5. Simulated Bz comparison between laminated and 
homogenized models along line 1. 
 

In the permanent-magnet-type MRI device, the permeability 
of the silicon-steel sheets is 0.05 H/m and the relative 
permeability 𝜇௥ is 40000. The thicknesses of steel sheets 𝑡௦௧௘௘௟ 
and air gap 𝑡௚௔௣ are 0.27 mm and 0.02 mm, respectively. Hence, 
the filling rate 𝛼 was calculated to be 0.931.  

According to (4) and (5), the homogenized relative 

permeability in the lamination direction 𝜇∥௥  was 37200, 
whereas the relative permeability 𝜇ୄ௥  is 14.5 in the 
perpendicular direction. For the X gradient coil, the magnetic 
flux mainly goes along the lamination direction, and the anti-
eddy plate can be replaced by a homogenized metal plate with 
an isotropic permeability of 37200. 

To verify the calculation results, the measurement platform 
shown in Fig. 6 was established. A Gauss meter probe 
(FW.Bell8030, resolution: 0.1nT, accuracy: ± 0.05% of 
reading) was fixed on a three-dimensional (3D) step motor and 
the current in the X gradient coil was 1 A. Bz was measured on 
the observation surface and compared to simulation results. As 
illustrated in Fig. 7, the simulation model replaced the X anti-
eddy plate with a homogenized plate and had an isotropic 
relative permeability of 37200. 

 

 

Fig. 6. Magnetic field measurement platform. 
 

 
Fig. 7. Model comparison between (a) measurement and (b) 
simulation models. 
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Fig. 8. Magnetic field comparison between (a) measurement 
and (b) simulation results. 
 

As shown in Fig. 8, Bz in the observed surface was compared 
and the measured magnetic field had a similar distribution to 
that of the simulation. The normalized Bz of measurement and 
simulation, along with the absolute errors, are shown in Fig. 9. 
Overall, the measured and simulated magnetic fields have a 
good agreement. The absolute errors show a random 
distribution along the x-axis and are mainly caused by the errors 
in the real measurements. The majority of measurement points 
have an error less than 4%. This proved that the homogenized 
model is a good imitation for the original laminated model. 
 

 
Fig. 9. Magnetic field comparison between measurement and 
simulation along line 1 (normalized by the maximum Bz).  
 

B. Model simplification 

In Part A, a homogenized model of the anti-eddy plate was 
established. Subsequently, the entire structure was evaluated. 
The permeability values were listed in Table II. 
 

TABLE Ⅱ 
PERMEABILITY OF EM STRUCTURES 

 
 Structure name Material type Relative permeability 

1 Anti-eddy plate Silicon steel sheets 37200 

2 Shimming ring Non-alloy quality steel 2000 

3 Pole piece Non-alloy quality steel 2000 

4 Iron yoke Stainless steel 1000 

5 Permanent magnet SmCo magnets ≈1 

 
The relative permeability of the anti-eddy plate is higher than 

that of the other structures. Consequently, almost all the 
magnetic flux is confined in it. The complete magnetic structure 
can be simplified to a pair of homogenized plates, whose 
relative permeability equals that of anti-eddy plates 𝜇∥௥ , and 
whose thickness and positions are same with those of the anti-
eddy plates. Subsequently, the effects of the homogenized 
plates can be represented as image currents, based on the image 
current method [27], [28], as depicted in Fig. 10.  

 

 
Fig. 10. Simplification process: (a) complete, (b) simplified 
(parallel magnetic plates), and (c) image current models.  

The first layer of the image current is located at a distance of 
2z0 from the coil and carries a current of αI, where 
𝛼 ൌ ሺ𝜇∥௥ െ 1ሻ/ሺ𝜇∥௥ ൅ 1ሻ. The remaining image currents are 
located 2w apart and carry a current of -αi-3(1-α2)I. They are 
added to compensate for the error due to the finite thickness of 
the magnetic plate, where i is the number of layers, w is the 
thickness of the magnetic plate, and z0 is the distance between 
the gradient coil and homogenized plate. 

 In conclusion, a simplified model for gradient coil design 
was defined, wherein the effects of the anti-eddy plates were 
represented as a pair of homogenized magnetic plates. These 
can be further presented as image currents. Based on this, a new 
gradient coil design method is described in chapter Ⅲ. 
 

III. EQUIVALENT IMAGE MAGNETIC DIPOLE METHOD  

The proposed method is based on the conventional EMD 
method [4], [5], which is summarized as follows: (i) the coil 
region is subdivided into Q small current loops (considered as 
magnetic dipoles); (ii) the loop currents, with width a and 
thickness h are determined such that the generated field matches 
the target field, and (iii) the coil path is obtained from the 
optimal current distribution. This procedure is schematically 
illustrated in Fig. 11.  

The two-dimensional current field on the surface of the 
gradient coil region is represented by Js, which satisfies the 
following equation [23]: 

𝛻 ⋅ 𝑱ୱ ൌ 0.                                   (6) 

The stream function S [19] is defined to express Js as follows: 

𝑱௦ ൌ ∇ ൈ ሺ𝑆𝒏ሻ ,                              (7) 

where n is a unit normal vector. The contour plot of S results in 
a winding pattern. The current density Js is expressed by 
magnetization M of the magnetic dipole, as follows [23]: 

𝑱௦ ൌ ℎ∇ ൈ𝑴.                                  (8) 

where h represents the thickness of a single layer of the 
magnetic dipole. The relationship between S and M [22] is: 

𝑴 ൌ
𝑆𝒏
ℎ

 . (9) 

Moreover, M can be represented by the dipole moment as: 

𝒎 ൌ 𝑴𝑎ଶℎ ൌ 𝑎ଶ𝑆𝒏 .                             (10) 

The magnetic flux density produced by the magnetic dipole is 
expressed by the following equation: 

B
z

 A
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ut

e 
er
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r
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𝑩ሺ𝒓ሻ ൌ െ
𝜇଴
4𝜋

𝑎ଶ𝑆൫𝒓௤൯𝛻
𝒏௤ ⋅ ൫𝒓 െ 𝒓௤൯

ห𝒓 െ 𝒓௤ห
ଷ  , (11) 

where r is the position vector at the target point and the 
quantities relevant to the magnetic dipoles are indexed by q. 
The magnetic flux density in the target region is a superposition 
of the fields produced by all magnetic dipoles [22], that is: 

𝑩ሺ𝒓ሻ ൌ
𝜇଴𝑎ଶ

4𝜋
෍𝒄൫𝒓,𝒓௤൯𝑆൫𝒓௤൯

ொ

௤ୀଵ

 , (12) 

where 

𝒄൫𝒓,𝒓௤൯ ൌ െ𝛻
𝒏௤ ⋅ ൫𝒓 െ 𝒓௤൯

ห𝒓 െ 𝒓௤ห
ଷ  . (13) 

 
Fig. 11. Schematic representation of EMD method. 
 

As the loop currents in the gradient coil region are the only 
sources of the magnetic fields expressed in (11) and (12), the 
conventional EMD method does not consider the influence of 
the magnetic material. To include this influence in the 
optimization model, the EIMD method was introduced. 

According to the well-known image current method, the 
influence of the magnetic plate beneath the magnetic dipole can 
be represented as image current loops, as depicted in Fig.12, 
where we define the image current loops as equivalent image 
magnetic dipoles. To model the magnetic material, we place the 
first image magnetic dipole (represented using green solid lines) 
with equivalent current αI, where 𝛼 ൌ ሺ𝜇∥௥ െ 1ሻ/ሺ𝜇∥௥ ൅ 1ሻ. To 
consider the finite thickness w of the magnetic plate, we place 
the image magnetic dipoles (represented using the green dotted 
line) with equivalent current, െα2i-3(1-α2)I located 2w apart [27], 
[28]. When 𝜇∥௥ is sufficiently large, only the first image current 
must be considered. The magnetic moment located at the i-th 
layer is indicated by mi, where m1 has the same direction as that 
of m, and others have the inverse direction. 

 

 
Fig. 12. EIMD method. 
 

Considering the image currents in the gradient coil design, 
the stream function 𝑆௜ is introduced, corresponding to the i-th 

image current and defined by the following equation: 

𝑆௜ ൌ ൜
𝛼𝑆, 𝑖 ൌ 1

െ𝛼ଶ௜ିଷሺ1 െ 𝛼ଶሻ𝑆, 𝑖 ൌ 2, 3, …
.                    (14) 

Compared to the conventional EMD method depicted in Fig. 11, 
the effects of the magnetic plates are represented as image 
magnetic dipoles, in addition to the gradient coil, as depicted in 
Fig. 13.  
 

 
 

Fig. 13. Schematic representation of the EIMD method. 
 

The magnetic field in the target region is computed from the 
superposition of the fields produced by the current loops. At the 
target point r, the magnetic flux density is expressed as: 

 

𝑩ሺ𝒓ሻ ൌ
𝜇଴𝑎ଶ

4𝜋
ቌ෍𝒄൫𝒓, 𝒓௤൯𝑆௤൫𝒓௤൯ ൅෍෍𝒄ሺ𝒓, 𝒓௧௜ሻ𝑆௜ሺ𝒓௧௜ሻ

்

௧ୀଵ

௅

௜ୀଵ

ொ

௤ୀଵ

ቍ ,  

(15) 

where T and L denote the number of image magnetic dipoles for 
a single layer and the number of layers, respectively, and 
𝒓௧௜  denotes the position vector of the t-th small loop on the i-th 
layer. The second term in (15) represents the influence of the 
magnetic plate.  

The optimization problem is defined as: 

𝐹 ൌ෍ห𝑩௡ െ 𝑩௧௔௥௚௘௧ห
ଶ

ே

௡ୀଵ

൅ 𝜆𝑊ெ → min. , (16a) 

𝑊ெ ൌ
1
2
න𝑨 ⋅ 𝑱௦ 𝑑𝑉, (16b) 

𝑩௧௔௥௚௘௧  is the ideal X gradient field in the n-th target point, 
which can be expressed by 

𝑩௧௔௥௚௘௧ ൌ 𝑥௡𝑮௫                                     (17) 
where Gx is the required field gradient per meter in the x-
direction， and 𝑥௡ is the x-coordinate of n-th target point.  WM 
is the magnetic field energy of the current loops, λ is the 
regularization coefficient, and A is the vector magnetic 
potential relevant to the magnetic dipoles. When λ decreases, 
the magnetic field approaches the target field Btarget, whereas 
when it increases, the magnetic field energy decreases, thereby 
increasing the gradient switching speed. In (16), stream 
function S is the unknown function to be optimized. As 
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presented in (7), the coil pattern can be obtained by drawing the 
contour line of S. 

 

IV. GRADIENT COIL DESIGN  

The X-gradient coil design process was considered as an 
example. The X-gradient coil generating the gradient field 𝐵௭ 
with a linear spatial variation in the x-direction, was designed 
based on the proposed method. During the imaging process, the 
maximum gradient amplitude exists in the slice-selection 
gradient. Based on the formulas from [29], the slice-selection 
gradient amplitude Gslice is determined by the RF pulse 
bandwidth ∆𝑓 and the minimum excitation slice thickness ∆𝑧. 
Additionally, ∆𝑓 is determined by the bandwidth product 𝑇∆𝑓 
and pulse width T. In our low-field MRI device, the time-
bandwidth product (TBW) 𝑇∆𝑓 ൌ 5 , the pulse width T=2 ms. 
Consequently,  ∆𝑓 is 2.5 kHz,  ∆𝑧 is 5 mm, and the maximum 
gradient amplitude should be larger than 11.74 mT/m. The 
efficiency is defined as the gradient amplitude generated by the 
unit current. Our gradient amplifier can provide up to a current 
of 60 A, thus, the objective of the design is to generate a field 
with an efficiency greater than 200 μT/(m∙A). The non-linearity, 
defined as: 

𝛿 ൌ ቤ
𝑩 െ 𝑩௧௔௥௚௘௧

𝑩௧௔௥௚௘௧
ቤ ൈ 100%, (18) 

should be less than 5% in a spherical ROI with a diameter of 
200 mm. The X-gradient coil was wired on a circular plate with 
a radius of 300 mm. The distance between the pair of gradient 
coils was 320 mm. The relative permeability was set at 37200, 
and the thickness of the equivalent parallel magnetic plates was 
10 mm (the same value as the thickness of the anti-eddy plate). 

 

A. Determination of image magnetic dipoles 

Computing accuracy improves with an increase in the 
number of image layers 𝐿  as well as the computation time. 
Consequently, 𝐿  is determined based on the permeability and 
thickness of the magnetic plate. As the relative permeability of 
the magnetic plate is 37200 mm, one image layer would be 
sufficient to represent the real model because it has a relative 
error of less than 1%. When the relative permeability of the 
magnetic plates is lower, L must be increased.  

 

B. Determination of regularized coefficient  

The regularized coefficient λ is a key parameter that must be 
carefully determined by considering the design requirements 
for non-linearity and efficiency. The efficiency, non-linearity, 
and inductance of the gradient coil as functions of λ are plotted, 
as seen in Fig. 14. There is a positive correlation between λ and 
efficiency as well as non-linearity and a negative correlation 
with the inductance. Moreover, the number of contour lines of 
stream function Nc, which equals the number of turns in the 
gradient coil, also influences those quantities; as Nc increases, 
the efficiency and inductance increase, and in contrast, the non-
linearity decreases. Considering the design requirements for the 

efficiency and linearity, the regularized coefficient λ was 
chosen to be 10-20, and the number of contour lines Nc was set 
to 40, with the possible smaller inductance value.  

Q is the number of magnetic dipoles (current loops) in the 
gradient coil area, and T is the number of the image magnetic 
dipoles (image current loops) for a single image layer. T always 
holds the same value as Q. Fig.14. (d) shows the dependence of 
nonlinearity and computation time on Q. With the increase of 
the Q, the non-linearity gradually stabilizes and the calculation 
time gradually increases. This indicates that a Q of 40 is 
sufficient for a design area with a diameter of 600 mm. 

 

 
Fig. 14. Dependence of (a) efficiency, (b) mean non-linearity, 
and (c) inductance on λ, and (d) dependence of nonlinearity 
and computation time on Q. 
 

C. Gradient coil design results  

Figs. 15 (a) and (b) show the optimized profile of S and its 
coil pattern, respectively. Fig. 15 (c) shows Bz computed by the 
image method for the optimal design, which is sufficiently close 
to the fields shown in Figs. 15 (d) and (e), which are computed 
using simplified and full models. This indicates that other 
structures except the anti-eddy plate have negligible effects on 
the target field. In these three models, their maximum non-
linearity of Bz is 3.2%, 3.3% and 3.3%, respectively, and their 
efficiency have the same value of 240 μT/(m∙A). Their 
performances meet the design requirements [20]. 

To compare the proposed and conventional design methods, 
another X gradient coil was designed using the conventional 
method. The resulting optimal stream function and X gradient 
coil path are shown in Fig. 16 (a) and (b). It exhibits good 
linearity when no nearby magnetic materials are present, as 
shown in Fig. 16 (c). The maximum non-linearity is 4.3%, 
however, when the gradient coil is placed in the complete model, 
the magnetic effects distort the gradient field in the target region, 
as shown in Fig. 16 (d), and the maximum non-linearity is 
greater than 10%. 

The comparation between Fig.15 and Fig.16 illustrates that 
the proposed method is well capable of taking into account the 
influence of ferromagnetic materials. Compared with the 
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conventional method, the proposed method provides good 
linearity even under the effects of surrounding ferromagnetic 
materials. 

 

 
 

Fig. 15. Design results of the proposed method. (a) and (b) are 
the optimal stream function and optimal X gradient coil path; 
(c) (d) and (e) are the simulation results of Bz in the image 
current model, simplified model (parallel magnetic plates), and 
full model, respectively.  
 

 
Fig. 16. Design results of the conventional method. (a) and (b) 
are the optimal stream function and optimal X gradient coil path; 
(c) and (d) are the simulation results of Bz in the coil-only model 
and full model, respectively. 

   

V. EXPERIMENTAL VALIDATION 

A. Gradient coils fabrication 

A set of gradient coils were fabricated following the 
optimization results, as shown in Fig. 17. Regarding the actual 
winding of the gradient coil, a groove for the coil-winding 
trajectory was machined on an epoxy resin plate with a 
thickness of 4 mm and radius of 360 mm. A copper wire was 
embedded in the groove to form a coil structure for the desired 
trajectory. The highest current required under normal operating 
conditions is 60 A. As 1 mm2 of copper wire can carry a 10 A 
current and the required cross-section of the wire is 6 mm2, two 
copper wires with a cross-section of 2 mm × 1.5 mm were used, 
which were in parallel winding for easy fabrication.  

 

 
Fig. 17. Real model of (a) X gradient coil and (b) Z gradient 
coil (the Y gradient coil has a similar pattern as that of the X 
gradient coil). 
 

B. Gradient fields measurements 

The gradient coils were powered by a DC source (6233A, 
Agilent) with a current of 1 A. Bz in the ROI was measured 
using the platform depicted in Fig. 18. The field test device was 
controlled using a Metrolab Precision Nuclear Magnetic 
Resonance (NMR) Tesla meter (PT2026, resolution: 0.01 ppm 
in uniform 3 T field, accuracy: ± 5 ppm of field strength). Since 
there was a strong static magnetic field in the z-direction 
produced by the magnets, the gradient field was obtained by 
subtracting the static magnetic field from the total magnetic 
field.  
 

 
Fig. 18. Magnetic field test platform. 
 

The performance of the proposed method was compared to 
that of the conventional method. Figs. 19 (a) and (b) show the 
flux density on the spherical surface of the ROI. Figs. 19(c) and 
(d) show the distribution of Bz on the central surface of the ROI, 
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where the dotted lines are the reference lines. Here, evident 
distortions in Figs. 19(b) and 19(d) are noticed, caused by the 
magnetic effects of the anti-eddy plates. The distortions are 
corrected using the proposed method, as shown in Figs. 19(a) 
and (c). Figs. 19(e) and (f) show Bz on the central line of the 
ROI generated by the coils designed using the proposed and 
conventional methods. Here, the proposed method has smeller 
error with ideal gradient field, which means it improves the 
linearity. In the entire region of the ROI sphere, for the coils 
obtained using the proposed and conventional methods, the 
maximum non-linearity of the gradient coil and the efficiency 
are approximately 4.5%, 242 μT/(m∙A) and 10%, 215 μT/(m∙A), 
respectively. 

The performance of the Z-gradient coil using measurements 
was evaluated. Similarly, the Z-gradient field in the ROI 
produced by the Z-gradient coil designed using the proposed 
and conventional method was compared. Unlike the X and Y 
gradient coils, the Z gradient coil had good linearity, even when 
it is designed using the conventional method. This is because of 
the symmetrical effects of the anti-eddy plates on the Z gradient 
field. 
 

 
Fig. 19. Comparison of the performances X gradients designed 
by the proposed method and conventional method. (a) and (b) 
show the distribution of Bz on the spherical surface of ROI; (c) 
and (d) show the distribution of Bz on the central surface of the 
ROI; (e) and (f) show Bz along the central line of ROI. 

 
Figs. 20(a) and (b) show the flux density on the spherical 

surface of the ROI for the proposed and conventional methods, 
respectively. Figs. 20(c) and (d) show the distribution of Bz on 
the central surface of the ROI for the proposed and conventional 
methods, respectively, where the dotted lines represent the 
reference lines. Fig. 20(e) portrays Bz on the central line of the 
ROI generated by the coils designed using the proposed and 
conventional methods. From the above figures, both the 
proposed and conventional coils have good linearity. In the 

entire region of the ROI sphere, for the Z gradient coil designed 
using the proposed and conventional methods, the maximum 
non-linearity and efficiency are approximately 3.2%, 274 
μT/(m∙A) and 4.7%, 244 μT/(m∙A), respectively. The proposed 
and conventional methods do not reveal any considerable 
magnetic field distortion. Owing to the rotationally symmetrical 
effects of the anti-eddy plates on the Z gradient field, the Z 
gradient field is less vulnerable to the influence of 
ferromagnetic materials than the X and Y gradient fields. 
 

 
Fig. 20. Comparison of the performances Z gradients deigned 
by the proposed method and conventional method. (a) and (b) 
show the distribution of Bz on the spherical surface of ROI; (c) 
and (d) show the distribution of Bz on the central surface of the 
ROI; (e) and (f) show Bz along the central line of ROI. 
 

Table III lists the detailed parameters of the gradient coils 
designed using the proposed method when the coils were 
installed in the devices. 

 
TABLE Ⅲ 

MEASURED PARAMETERS OF GRADIENT COILS BY THE 

PROPOSED METHOD 
 

 X  Y  Z  

Resistance (mΩ) 101.0 101.2 56.6 

Inductance (μH) 141.3 141.5 87.5 

Efficiency (μT/(m∙A)) 242 242 274 

Average non-linearity (%) 2.3 2.2 1.6 

Maximum non-linearity (%) 4.5 4.2 3.2 

 
The experimental results reveal that the X- and Z-gradient 

coils designed using the proposed method produce gradient 
field with good linearity, even under the influence of nearby 
magnetic materials. Negligible distinctions are observed 
between the measurements and calculations owing to 
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fabrication and measurement errors. Thus, the measurement 
results meet the design requirements. This indicates the validity 
and feasibility of the proposed method.  

C. Imaging results comparison 

The coils designed using the conventional and proposed 
methods were installed on similar low-field NMR equipment, 
and phantom imaging experiments were performed. 

The 50 mT low-field MRI device was placed on the shielding 
open area and the active denoising method [4] was utilized to 
reduce the environmental noise, as shown in Fig. 21. Phantom 
(CuSO4ꞏ5H2O, 1.95 g/L) and human brain images are shown 
in Fig. 22. With the gradient coils designed using the proposed 
method, image distortion was considerably reduced in the target 
area compared to that of the conventional method. 

 

 
Fig. 21. Unshielded 50 mT low-field MRI device. 
  

 
Fig. 22. Imaging results comparison between the proposed 
method and the conventional method. (a) and (b) show the T1-
weighted images in the x-y plane of the phantom 
(CuSO4ꞏ5H2O, 1.95 g/L) with small cylindrical tubes. The 
yellow dotted lines are used as the reference lines. (c) and (d) 
show the T1-weighted images in the x-z plane (transverse) of 
the human brain. 3D Gradient Recalled Echo (GRE) sequence 
was utilized for T1-weighted imaging. These images were 
acquired in 1 min 3 s, with a slice thickness of 10 mm. Number 
slices = 4, echo time [TE] = 21 ms, repetition time [TR] = 46 
ms, number of averages = 1, resolution = 1.5 × 1.5 × 10 mm3, 
and field of view: 250 mm × 250 mm. 

 
Fig. 23. Schematic picture of the image distortion evaluation 
method. 

 
To quantify the imaging distortion, the geometric distortion 

δ and aberration geometric distortion σδ [30] were evaluated as 
follows: 

𝛿 ൌ ቆ1 െ
𝑑̅
𝐷
ቇ ∗ 100%, (19) 

𝜎ఋ ൌ
1
𝐷
ඨ∑ ൫𝑑௜ െ 𝑑̅൯

ଶேௗ
௜ୀଵ

𝑁ௗ െ 1
∗ 100%, (20) 

where Nd represents the number of measured lines, D is the real 
length of the test phantom, di is the measured length, and 𝑑̅ is 
the mean value of the measured length, as shown in Fig. 23. 
Table IV summarizes the geometric distortion and aberration 
geometric distortion in the x- and y-directions. 

 

TABLE Ⅳ 
DISTORTION EVALUATION 

 

 
 

δ (%) 
(x-direction) 

δ (%) 
(y-direction) 

σδ (%) 

(x-direction) 
σδ (%) 

(y-direction) 

Proposed 
method 

1.1 0.8 1.2 0.9 

Conventional 
method 

4.3 4.7 5.0 5.8 

For the conventional method, the geometric distortion δ in 
the x- and y-directions is more than 4% and the aberration 
geometric distortion is more than 5%. For the proposed method, 
the geometric distortion δ and aberration geometric distortion 
are both less than 1.2%, suggesting that the image distortion is 
effectively mitigated by the proposed design method. 

 

VI. CONCLUSION 

A novel method for designing gradient coils for low-field 
MRI devices was proposed. The proposed method considered 
the effect of magnetic materials, particularly anti-eddy plates, 
by introducing image dipole currents. In the optimal design of 
gradient coils, the effect of ferromagnetic materials was 
minimized to obtain highly linear fields. The magnetic field 
measurement results and phantom images revealed the validity 
of the proposed method.  
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APPENDIX 

This appendix describes the analytical method used for the 
homogenized model of laminated structures. The solenoid 
model is portrayed in Fig. 24 and 25. 

 

 
Fig. 24. Solenoid model (Model A) used to calculate the 
homogenized permeability in the laminated direction.  
 

As shown in Fig. 24, the laminated structure (gray) has a 
permeability of μ, which is inside the infinite-long solenoid, 
with each wire carrying a similar current I. On the solenoid, the 
magnetic field is nearly homogeneous and parallel to the x-
direction, whereas the field is negligibly small outside the 
solenoid. The magnetic fields in the steel sheet and air gap are 
denoted as 𝐻ଵ and 𝐻ଶ. The filling rate (volume fraction) of the 
laminated structure is expressed as 𝛼 and calculated as: 

𝛼 ൌ
𝑡௦௧௘௘௟

𝑡௦௧௘௘௟ ൅ 𝑡௚௔௣
(A1) 

Model A is used to calculate the homogenized permeability 
along the laminated direction (x-direction) 𝜇∥ . Applying 
Ampere’s Law to a closed-loop c with length l, we obtained:  

ර𝑯
௖

⋅ 𝑑𝒔 ൌ 𝑙𝐼 (A2) 

We had: 

𝑙𝐻ଵ ൌ 𝑙𝐼，𝑙𝐻ଶ ൌ 𝑙𝐼.                            (A3) 

Evidently: 

𝐻ଵ ൌ 𝐼，𝐻ଶ ൌ 𝐼.                                 (A4) 

The total magnetic flux along the x-direction inside the coil: 

Φ ൌ 𝑆𝐵 ൌ 𝑆ሼ𝛼𝜇𝐻ଵ ൅ ሺ1 െ 𝛼ሻ𝜇଴𝐻ଶሽ                (A5) 

 ൌ 𝑆𝐼ሼ𝛼𝜇 ൅ ሺ1 െ 𝛼ሻ𝜇଴ሽ,  

where S is the cross-sectional area of the solenoid. Assuming 
homogenized parallel permeability 𝜇∥ , the total flux is as 
follows: 

Φ ൌ 𝑆𝐵 ൌ 𝜇∥𝑆𝐼                                  (A6) 

From (A6) and (A7), the homogenized permeability along 
the lamination direction 𝜇∥ is represented as follows: 

𝜇∥ ൌ 𝛼𝜇 ൅ ሺ1 െ 𝛼ሻ𝜇଴                            (A7) 

The homogenized relative permeability along the laminated 
direction is defined as 𝜇∥௥, which can be obtained from: 

𝜇∥௥ ൌ
𝜇∥
𝜇଴

. (A8) 

 
Fig. 25. Solenoid model (Model B) used to calculate the 
homogenized permeability in the perpendicular direction.  

 
Model B, as depicted in Fig. 25, is used to calculate the 

homogenized permeability in the perpendicular direction 𝜇ୄ . 
The following is derived from Ampere’s law: 

𝛼𝐻ଵ ൅ ሺ1 െ 𝛼ሻ𝐻ଶ ൌ 𝐼.                             (A9) 

Equation (A10) is obtained as the magnetic flux density B 
inside the solenoid coil along the x-direction is constant: 

𝐵 ൌ 𝜇𝐻ଵ ൌ 𝜇଴𝐻ଶ.                              (A10) 

Combining (A9) and (A10), the following is obtained: 

൬
𝛼
𝜇
൅

1 െ 𝛼
𝜇଴

൰  𝐵 ൌ 𝐼. (A11) 

The magnetic flux density B is represented as: 

𝐵 ൌ
𝜇𝜇଴𝐼

𝛼𝜇଴ ൅ ሺ1 െ 𝛼ሻ𝜇
. (A12) 

When the homogenized material with permeability 𝜇ୄ is 
considered, the magnetic flux density is: 

𝐵 ൌ 𝜇ୄ𝐼                                     (A13) 

From (A12) and (A13), the homogenized permeability in the 
perpendicular direction 𝜇ୄis expressed as: 

𝜇ୄ ൌ
𝜇𝜇଴

𝛼𝜇଴ ൅ ሺ1 െ 𝛼ሻ𝜇
. (A14) 

Similarly, the relative permeability along the perpendicular 
direction is defined as 𝜇ୄ௥, which is obtained from: 

𝜇ୄ௥ ൌ
𝜇ୄ
𝜇଴

(A15) 
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