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COMBINATORIALLY EQUIVALENT HYPERPLANE
ARRANGEMENTS

ELISA PALEZZATO AND MICHELE TORIELLI

ABSTRACT. We study the combinatorics of hyperplane arrangements
over arbitrary fields. Specifically, we determine in which situation an
arrangement and its reduction modulo a prime number have isomorphic
lattices via the use of minimal strong o-Grobner bases. Moreover, we
prove that the Terao’s conjecture over finite fields implies the conjecture
over the rationals.

1. INTRODUCTION

Let V' be a vector space of dimension [ over a field K. Fix a system of co-
ordinates (z1,...,x;) of V*. We denote by S = S(V*) = K{z1,..., 2] the
symmetric algebra of V*. A hyperplane arrangement A = {H;,..., H,} is
a finite collection of hyperplanes in V. We refer to [12] as main reference
on the theory of arrangements.

The lattice of intersections L(.A) is a fundamental combinatorial invari-
ant of an arrangement .A. In fact one of the most studied topics in the theory
of arrangements is to identify which topological and algebraic invariants of
an arrangement are determined by its lattice of intersections.

To pursue this type of questions, Athanasiadis ([3], [4] and [S]), inspired
by [9] and [8]], initiated and systematically applied the “finite field method”,
i.e. the study of the combinatorics of arrangements and their reduction mod-
ulo prime numbers. See also [7] for related work. After its introduction, this
method has been used by several authors ([10], [[11], [2] and [13]]) to solve
similar problems. The purpose of this paper is to study the combinatorics
of arrangements over arbitrary fields and determine in which situation an
arrangement and its reduction modulo a prime have isomorphic lattices.

The paper is organized as follows. In Section 2, we recall the basic no-
tions on hyperplane arrangements. In Section 3, we describe how to charac-
terize when two arrangements are combinatorially equivalent. In Section 4,
we use the results of Section 3 to describe the primes p for which A and A,
are combinatorially equivalent. In Section 5, we show that the knowledge
of Terao’s conjecture in finite characteristic implies the conjecture over the
rationals. In Section 6, we describe a method to compute good primes via
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2 ELISA PALEZZATO AND MICHELE TORIELLI

minimal strong o-Grébner bases. In Section 7, we show that computing the
good and [-lucky primes for an arrangement is equivalent to compute all the
primes that divide its lcm-period (as defined in [11]).

2. PRELIMINARIES

Let K be a field. A finite set of affine hyperplanes A = {H;,..., H,}
in K! is called a hyperplane arrangement. For each hyperplane H; we
fix a polynomial a; € S = K[zy,..., ;] such that H; = a;*(0), and let
Q(A) = [['-, a;. An arrangement A is called central if each H; contains
the origin of K'. In this case, each q; is a linear homogeneous polynomial,
and hence )(.A) is homogeneous of degree n.

Define the lattice of intersections of .4 by

LA) ={[)H|BC A},

HeB

where if B = (), we identify (,.; H with K'. We endow L(A) with a
partial order defined by X < Y ifandonlyif Y C X, forall X, Y € L(A).
Note that this is the reverse inclusion. Define a rank function on L(.A) by
rk(X) = codim(X). Moreover, we define rk(A) = codim(() 4 H)-
L(A) plays a fundamental role in the study of hyperplane arrangements, in
fact it determines the combinatorics of the arrangement. Let

LP(A) ={X € L(A) | rk(X) = p},

we call A essential if L'(A) # (.
Let pu: L(A) — Z be the Mébius function of (. A) defined by

wX) =

1 for X = K',
(V) i X > KL

The characteristic polynomial of A is

XA = S0 ()t

XeL(A)
Given A = {H,, ..., H,} an arrangement in K, the operation of coning
allows to transform .4 into a central arrangement cA = {Hy,..., H,.1} in

K1 The hyperplane H,_ corresponds to the hyperplane at infinity H.,
of A. Moreover, A = {H,, ..., H,,,} denotes the projectivization of cA,
which is an arrangement induced by c.A in the projective space KP'. We
will say that A is essential if (", H; = 0.
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Associated to each hyperplane arrangement .4, it can be naturally defined
its Tutte polynomial

TA((E, y) = Z (l‘ — 1)rk(.A)—rk(B) (y _ 1)\B|—rk(B).

BCA
BB central

As shown in [2]], it turns out that the Tutte polynomial and the characteristic
polynomial are related by

X(A, 1) = (=1)OEAT (1 — ¢, 0).

It is sometimes useful to consider a simple transformation of the Tutte poly-
nomial. The coboundary polynomial of A is

Taley) = Yo @O - )
BCA

B central

It is easy to check that
— . r+y—1
Xalz,y)=(y—1) k(A)TA(?, ),
and

1

Tu(z,y) = WYA(@ -1y —1).y).

3. COMBINATORIAL EQUIVALENCE

The results in this section are a generalization of certain ones from [16].
Fix a pair (I,n) with [ > 1 and n > 0. Let A,(K") be the set of affine
arrangements of n distinct linearly ordered hyperplanes in K'. In other
words, each element A of A,,(K!)is a collection A = {H,. .., H,}, where
H,, ..., H, are distinct affine hyperplanes in K'.

Definition 3.1. Given A € A, (K"), define
Z(A) = {(ir, ..., izs1) € n+ )4 | Hy 0N Hy,, # 0},

where [n + 1] = {1,...,n+ 1} and [n + ]9 = {(i1,...,i111) € [n +
1]l+1 | n<--< Z.H—l}-

The space Z(.A) allows us to check if A and A are essential.

Lemma 3.2. Given A € A, (K"), the following conditions are equivalent

(1) Ais essential.
(2) Ais essential.
(3) Z(A) # [n+ 1]5L
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Proof. We start by proving that (3) is equivalent to (2). If (3) is satisfied,
then there exists (i1, ..., i41) € [n+ 1]57 such that H;, N---NH,,, =0,
and hence A is essentlal On the other hand, if A is essentlal then there
exist [ + 1 hyperplanes H;,, .. sz . in A whose intersection is empty. This
shows that the conditions (2) and (3) are equivalent.

We will now prove that (1) is equivalent to (3). Condition (3) is equivalent
to the existence of (i1, ..., i11) € [n+1]2" such that H;, N---NH,,, = 0.
This happens if and only if there exist [ hyperplanes H;, , ..., H; € Asuch
that H;, N ---N H;, N H,y; = 0 if and only if there exist [ hyperplanes
H;,...,H; € Asuchthat H;, N---N H;, is a point. This last fact is
equivalent to (1). L]

Let K, ahd K, be'two fields (non necessarily distinct), and consider
9 = {Hl(J), . H,(f)} € A (K)), for j = 1,2, two hyperplane arrange-
ments.

Definition 3.3. A" and A® are combinatorially equivalent if
P 1 D

foralll <p<nandl <1 <--- <1i, <n, where the dimension of the
empty set is equal to —1. In this case, we write A1) « A®),

The following result is a generalization of [16, Proposition 3].

Theorem 3.4. Let A be an essential arrangement in K'. Then Z(A) deter-
mines L(A), and vice versa.

Proof. Consider (iy,...,i) € [n]%. Since A is essential, then dim(H;, N
-MN H;, ) = | — k if and only if there exist 1 < ipy < -+ < <
n such that dim(H;, N --- N H;) = 0. Passing to the projectivization,
this is equ1va1ent to the existence of 1 < 7541 < --- < ¢; < n such that
H,1 N---N HZ, N H., = (). This fact is then equivalent to the existence of
1< ik+1 < --- <4 < nsuch that (iy,...,i;,n + 1) ¢ Z(A). From the
knowledge of which (i1,...,ix) € [n]* have dim(H,;, N---NH;,) =1 —k,
we can easily reconstruct L(.A). This shows that Z(A) determines L(A).
Consider (iy,...,441) € [n+ 1] If il+1 =n+1,then H,,,, = Hy.
Moreover, (i1, yii1) € Z(A) < Hy N - N Hy N Hy =0 < H;, N
- N H;, is a point < dim(H;, ﬁ -N H;;) = 0. Suppose now that i;,; <
n+1and let B ={H,,..., } We have (i1, ... i) ¢ Z(A) &

Zl+1

H; N- mH”+1 0= H,N---NH;,, =0and H;,N---NH;,, NHy =10
& H N ﬂH” ., = 0and Bis essential. By Lemma this is equivalent
to H;, N---N H” ., = 0 and B is essential. This fact is then equivalent to

dim(HZ-1 N---NH,;, ) = —1 and there exist [ hyperplanes in B whose
intersection is a point and hence it is zero dimensional. This shows that
L(A) determines Z(.A). O
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4. MODULAR CASE

From now on we will assume that A = {Hy, ..., H,} is a central and es-
sential arrangement in Q'. After clearing denominators, we can suppose that
a; € Zlzy,...,x] foralli = 1,...,n, and hence that Q(A) = [[I_, a; €
Z[zy,...,x;]. Moreover, we can also assume that there exists no prime
number p that divides any «;.

Let p be a prime number, and consider the canonical homomorphism
Tyt Llxy, ..., x1) — Fylzy,...,x;]. Since A is central and we assume
that there exists no prime number p that divides any «;, this implies that
mp(ev;) 18 a non-zero linear homogeneous polynomial, forall ¢ = 1,..., n.
Since we are interested in the case when A and its reduction modulo p are
both arrangements with the same number of hyperplanes, we call p good for
Aif m,(Q(A)) is reduced. Clearly, this is equivalent to the requirement that
mp(cy;) and 7,(a;) are not one multiple of the other, forall 1 < i < j < n.
Notice that the number of primes p that are non-good for A is finite, see
[L3].

Let now p be a good prime for A. Consider A, = {(H1)p,...,(Hy),}
the arrangement in F, defined by m,(Q(A)) € Fplz1,..., 7] and define
(a;)p = mp(;). Hence, by construction, A € A,(Q') and A, € A,(F}).
Moreover, since A is central, also A, is central.

Definition 4.1. Given A = {H,,... , H,} € A,(K"), define
J(A) = {(i1,...,i;) € [n)L | dim(H;, N---N H;,) = 0}.
Remark 4.2. A is essential if and only if 3(A) # (.

Lemma 4.3. The following facts are equivalent

(1) Z(A) =Z(A,).

@) 3(A) = 3(A,).
Proof. 1f (1) is satisfied, since A is essential, then by Lemma@, also A,
is essential. Similarly, if (2) is satisfied, then by Remark also A, is
essential.

Since both A and A, are central, then for all (i1, ...,31) € [n]2!, we
have that (iy,...,411) € Z(A) N Z(A,). Now (iy,...,i;) € J(A) if and
only if H;, N---MH;, is a point. This is equivalent to Hil n-- -ﬂI:[il NH,, =
() and hence to (iy,...,i;,n + 1) ¢ Z(A). A similar proof shows that
(i1,...,4) € I(A,) ifand only if (i, ...,i;,n+1) ¢ Z(A,). Putting these
three properties together we get our result. U

Since the goal of this section is to determine in which situation an ar-
rangement and its reduction modulo a prime number have isomorphic lat-
tices via the use of minimal strong o-Grobner bases, we will now recall
some properties of ideals in Z[x1, . .., 7].
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Consider [ an ideal of Z[z1, ..., ;] and ¢ a term ordering. Given f €
Zlzy, ..., x;], we define the leading term of f as LT,(f) = max,{t €
Supp(f)}, the leading coefficient of f as the coefficient multiplying the
LT,(f) in the writing of f and we denote it by LC,(f), and the leading
monomial of f as LM, (f) = LC,(f) LT,(f).

Definition 4.4. Let I be an ideal of Z[z1, ..., x|, o0 a term ordering and
G =A{q,...,q:} a set of non-zero polynomials in I. Then we say that G
is a minimal strong o-Grobner basis for I if the following conditions hold
true

(1) G forms a set of generators of I,
(2) foreach [ € I, there existsi € {1,...,t} such that LM, (g;) divides

LM, (f);
(3) ifi # j, then LM, (g;) does not divide LM, (g;).

Remark 4.5 (c.f. [1], Lemma 4.5.8). The reduced o-Griobner basis of an
ideal I of Z|xy,...,x;) is also a minimal strong o-Grobner basis of 1.
Moreover, every minimal strong o-Grobner basis of I is also a o-Grobner
basis.

Proposition 4.6 ([1]], Exercise 4.5.9). Let I be a non-zero ideal of Z|x1, . . . , x|
and o a term ordering. Then there always exists a minimal strong o-
Grobner basis of 1

Lemma 4.7 ([13, Lemma 5.9]). Let I be an ideal of the polynomial ring
Z[zy, ..., 2], and o a term ordering. Let G and G be two minimal strong
o-Grobner bases of 1. Then {LM,(g9) | g € G1} = {LM,(g9) | g €
Gs}. Consequently we have |G| = |G| and {LC,(g) | g € G1} =
{LCs(9) | g € Go}-

Remark 4.8. The previous lemma implies that {LM,(g) | g € G} generates
the monomial ideal LM, (I), for G any minimal strong o-Grébner basis of

I

By Lemma 4.7, we can introduce the following definition. See [13]] and
[14]], for more details.

Definition 4.9. Let [ be an ideal of Z[x1, . . ., x;], and o be a term ordering.
If a prime number p does not divide the leading coefficient of any poly-
nomial in a minimal strong o-Grobner basis for I, then we will say p is
o-lucky for 1.

In other words, p is o-lucky for [ if and only if it is a non-zero divisor in
Z[‘Tb s 7xl]/LMU(I)‘
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Remark 4.10. Given I an ideal of Z[xy,...,x;] and o a term ordering,
since a minimal strong o-Grobner basis is finite, then the number of primes
that are not o-lucky for I is finite.

Now that we have all the tools to work with minimal strong o-Grébner
basis, we can use them to study the combinatorics of arrangements.

Proposition 4.11. Consider (i1, ...,4) € [n]\ and p a good prime for A
that is o-lucky for the ideal I, = (v, , ..., o)z C Z[x1,...,x;]. Then the
following fact are equivalent

(2) (t1,...,0) € I(Ap).

Proof. Consider the ideal I = (o, ..., ;)0 C Q[z1, ..., 2] and the ideal

IP = <<Oéi1)p7 SR (Oéil)p> - Fp[xla - 7331]'
If (i1,...,4) € J(Ay), then (H;,),N---N(H;), is the origin, and hence

I, = (z1,...,2;). This implies that for each i = 1,...,1, there exists
fi € Z|xq, ..., x;) of degree 1 such that z; + pf; € I. Since [ is an ideal in
Q[z1, . .., x;], we can transform the f; in such way that f; € Q[z;11, ...,z
This gives us that (z,...,x;) C I. Since A is central, then I is a homoge-

nous ideal such that I C Q[xz,...,2;]. This shows that (xy,...,2;) = I
and hence (i1, ...,%) € J(A).

To show the opposite inclusion, assume that (iy,...,%;) € J(A). This
implies that /7;, N --- N H;, is the origin, and hence I is zero dimensional
and [ = (xq,..., ;). Since I, is a homogenous ideal generated in degree 1,
I, C (xy,...,2;). Consider now {gi,..., ¢} a minimal strong o-Grobner
basis for I7. Since I is zero-dimensional, then {LM,(¢g1),...,LM,(g,)} =
{Mx1, ..., Nz}, where \; € Z~o. Since we have that g; = 22:1 hijou,,
for some hy; € Z[x,...,x], then m,(g;) € I,. Moreover, since p is o-
lucky for Iz, then 7,(g;) # 0 and LM, (7,(g;)) = m,(LM,(g;)) # 0. This
implies that for each ¢ = 1, .../, there exists f; € I, such that LT, (f;) =
x;. This shows that (z;,...,2;) C I, and hence [, = (xy,...,2;). This
implies that (i1,...,4;) € J(A,). O

As described in Proposition we are interested in o-lucky primes for
certain ideals over the integers. This fact motivates the following definition.

Definition 4.12. A prime number p is called I-lucky for A, if it is o-lucky
for all the ideals of the form (v, , ..., )z for (i1, ..., 7)) € J(A).

Theorem 4.13. Let A be a central and essential arrangement in Q'. The
following facts are equivalent

(1) pis a good and l-lucky prime number for A.
(2) A~ A, ie. Aand A, are combinatorially equivalent.
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Proof. Assume that p is a good and [-lucky prime number for A. Since
p is [-lucky for A, by Proposition 4.11} J(A) = J(A,). By Lemma
this implies that Z(A) = Z(A,). We can then conclude that A «~ A, by
Theorem 3.4

Vice versa, assume now that A -~ A,. This clearly implies that A and
A, are both (simple) arrangements with | A| = |A,|. This then forces
p to be good for A. Suppose that p is not [-lucky for A. This implies
that there exists {i1,...,4} € J(A) such that p divides a leading coeffi-
cient in a minimal strong o-Grébner basis of Iz = (a,,...,q;)z. Since
{i1,..., iy} € TJ(A), we can consider {gi,...,¢} a minimal strong o-
Grobner basis for 17 such that LM, (g;) = Az, where \; € Z-, for all
i = 1,...,1. Consider r = min{j € [l] | pdivides \;}. Since A
A, and {iy,....4} € J(A), then {i1,...,4} € T(A,) and hence I, =
((aiy)ps -5 (a)p) = (x1,...,2). In particular, z, € I, and hence
there exists g € Z[zy,..., x| such that f, = x, + pg € Iz. Since p
does not divide A\; with ¢ < r, there exist vy,...,%.—1 € Z such that
fo=fo+ 302 01595 € Iz with LM, (f,) = (1 + pB)a, for some 3 € Z.
Clearly, p does not divide 1 + pS and hence Az, does not divide LM, ( fT)
but this is impossible since {g1, . .., ¢;} is a minimal strong o-Grébner basis
for 1. ]

By the discussion at the beginning of Section 4 and Remark [4.10] the set
of prime numbers that are good and [-lucky for A is infinite. This implies
that Theorem @ is a generalization of [[15, Proposition 3.11.9], since our
result describes explicitly how to compute the prime numbers for which A
and .4, are not combinatorially equivalent.

Since the characteristic polynomial of an arrangement is determined by
its lattice of intersections, we have the following

Corollary 4.14. Let A be a central and essential arrangement in Q', and p
a good and l-lucky prime number for A. Then x(A,t) = x(A,, 1).

Remark 4.15. Let q be a power of a prime p and Ay, the arrangement in
F! defined by the class of Q(A) in Fylx1, ..., x)]. Then the same argument
of Theorem shows that if p is good and l-lucky for A, then A ~ Ap,.

In [2], Ardila described a finite field method to compute the coboundary
polynomial, and hence the Tutte polynomial, of a given arrangement. His
result involved the use of powers of large enough primes to make sure that
A and Ag, are combinatorially equivalent. Thanks to Theorem we
can rewrite his result as follows.
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Theorem 4.16. Let A be a central and essential arrangement in Q', and p
a good and l-lucky prime number for A. Then

YA(qﬂf) = Z th(P)a
PeF},

where h(P) denotes the number of hyperplanes of Ag, that contain P.

5. ON TERAO’S CONJECTURE

We first recall the basic notions and properties of free hyperplane ar-
rangements.

We denote by Deryg: = {Zézl fiOz, | fi € S} the S-module of polyno-
mial vector fields on K' (or S-derivations). Let § = 22:1 fiOx, € Derga.

Then ¢ is said to be homogeneous of polynomial degree d if f,..., f;
are homogeneous polynomials of degree d in S. In this case, we write
pdeg(d) = d.

Let A be a central arrangement in K. Define the module of vector fields
logarithmic tangent to A (or logarithmic vector fields) by

D(A) = {6 € Dery: | 6(ay;) € ()S,Vi}.
The module D(.A) is obviously a graded S-module and we have
D(A) = {6 € Dergr [ 6(Q(A)) € (Q(A))S}-

Definition 5.1. A central arrangement A in K' is said to be free with ex-
ponents (eq, ..., e) if and only if D(A) is a free S-module and there ex-
ists a basis 01, ...,0, of D(A) such that pdeg(d;) = e;, or equivalently
D(A) = @iy S(—e:).

A lot it is known about free arrangements, however there is still some
mystery around the notion of freeness. See [12], [17] and [6] for more de-
tails on freeness. For example, Terao’s conjecture asserting the dependence
of freeness only on the combinatorics is the longstanding open problem in
this area.

Conjecture 5.2 (Terao). The freeness of a hyperplane arrangement depends
only on its lattice of intersections.

In [[13]], we characterized the prime numbers p for which the freeness of
A implies the freeness of .A,, and, vice versa, the ones for which the freeness
of A, implies the freeness of .A. Specifically, we proved the following two
results.

Theorem 5.3 ([13, Theorem 4.3]). If A is a free arrangement in Q' with
exponents (ey, ..., e;), then A, is free in F' with exponents (e, ..., e;), for
all good primes except possibly a finite number of them.
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Theorem 5.4 ([13, Theorem 6.1]). Let p be a good prime number for A
that is o-lucky for J(A)z, for some term ordering o, where J(A)z denotes
the Jacobian ideal of A as ideal of Zxy, ..., x;]. If A, is free in FL, with
exponents (ey, . .., e,), then A is free in Q' with exponents (e1, .. ., ).

Putting together Theorems {.13] [5.3] and [5.4] we can now show that the
knowledge of Terao’s conjecture in finite characteristic implies the conjec-
ture over the rationals.

Theorem 5.5. If Terao’s conjecture is true over all IF,, then it is true over

Q.
Proof. Let AM) and A be two central arrangements in Q' such that A1) «
A®)_ and assume that A" is free with exponents (ey, ..., ;).

Consider P the set of prime numbers that are good and /-lucky for A™)
and A®, and that are o-lucky for J(A®);. By the discussion at the be-
ginning of Section 4 and Remark P is infinite. For every p € P,
Theorem [4.13] gives us (AM), v AW« A® « (A®),. On the other
hand, by Theorem we can chose p € P in such way that (AW), is
free with exponents (ey, . .., ¢;). If Terao’s conjecture is true over I, then
(A®), is free with exponents (ej, ..., ¢;). Finally by definition of 7 and
Theorem A®@) is free with exponents (e1, . .., ¢). O

It is a natural question to ask if, under the hypothesis of Theorem[5.4] A
and A, are combinatorially equivalent. In all the examples we considered
so far, we obtained a positive answer. This is because in all considered
examples, if p is o-lucky for J(A)z, then it is [-lucky for A. However in
general, the converse is not true.

Example 5.6. Consider the arrangement A in Q3 with defining polynomial
Q(A) = zyz(x+y)(x+2y+ 2). Now 2 is the only prime that is not I-lucky
for A. On the other hand a direct computation shows that 2, 3 and 5 are
not o-lucky for J(A)z.

6. HOW TO COMPUTE GOOD PRIMES VIA GROBNER BASES

We will now describe a method to compute good primes for an arrange-
ment using minimal strong o-Grdbner bases.

Lemma 6.1. Ler 1 <i < j < n. If (), = B(ey), for some § € T, \ {0},
then p is not o-lucky for the ideal (o;, ;)7 C Zlxy, . .., ).

Proof. By construction «; and «; are distinct homogenous polynomials of
degree 1, that are not one multiple of the other. This implies that there exist
91,92 € Zlxy, ...,z two homogenous polynomials of degree 1 that form
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a minimal strong o-Grobner basis for («;, ;) z. Notice that in this situation
LM, (gx) = A, for k = 1,2 with z;, # x;,.

Assume by absurd that (o), = B(o;), for some 5 € F, \ {0}, but p
is o-lucky for (o, a;)z. In this situation LT, (((a;),, (a;),)) = (z,) for
some 1 < r < [. On the other hand, since p is o-lucky for (o, o)z,
we have LM, (7,(gx)) = mp(LM,(gx)) = mp(Ai)zs, # 0, for kb = 1,2.
This implies that 0 # 7,(gx) € (()p, (;),) for k = 1,2, and hence that
Tiy, Tiy € LT, ((()p, (¢),)) = (x,). However this is impossible. O

In general, the converse of Lemma|6.1]does not hold.

Example 6.2. Consider oy = x + y and oy = x + 3y + 2. Then a direct
computation shows {x + y,2y + 2z} is a minimal strong o-Grobner basis
for the ideal (o, )7, and hence p = 2 is not a o-lucky prime. However,
(o) = x 4y and ()9 = x + y + z are not one multiple of the other.

After Lemmal6.1] we have the following

Definition 6.3. A prime number p is called 2-lucky for A, if it is o-lucky
for all the ideals of the form (a;, o)z for 1 <i < j < n.

If [ = 2, the definitions of 2-lucky (Definition and [-lucky (Defini-
tion [4.12)) coincide.

Theorem 6.4. If p is 2-lucky for A, then p is good for A.

Proof. By definition, if p is 2-lucky for .4, then p is o-lucky for all the ideals
of the form («;, a;)7 for all pairs 1 <4 < j < n. By Lemma[6.1] (), and
(c;), are not one multiple of the other for all pairs 1 < i < 5 < n. Hence,
mp(Q(A)) is reduced. O

In general the statement of Theorem [6.4]is not an equivalence.

Example 6.5. Consider the arrangement A in Q3 with defining polynomial
Q(A) = zy(z + y)(x + 3y + 2). Then a direct computation shows that
p = 2 and p = 3 are not 2-lucky for A. However, all prime numbers are
good for A.

7. ON THE PERIOD OF ARRANGEMENTS

Let A = {Hy,...,H,} be a central and essential arrangement in Q'
with o; € Zxy,..., ;) forall i = 1,... n. Moreover, assume that there
exists no prime number p that divides any «;. We can associateto. A al xn
integer matrix

C=(c1,...,cn) € Matyy,(Z)
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consisting of column vectors ¢; = (cy;,...,¢;)7 € Z!, fori = 1,...,n,
such that
!
a; = Z CLill.
k=1
Similarly, for each non-empty J = {i,..., i} C [n], we consider the [ X k

integer matrix
CJ = (Ci17 ce Cik) - Matlxk(Z).

For each prime number p, we can consider (C), and (C;), the reduc-
tions of C' and C', respectively, modulo p. Notice that (C'), is the matrix
associated to the arrangement A,,.

Since each (' is an integer matrix, we can consider its Smith normal

form. In particular, there exist two unimodular matrices S; € Mat,;(Z)
and Ty € Matyx(Z) such that

E; O
SJCJTJ = ( OJ 9] ) >
where E; is the diagonal matrix diag(ey1,...,e ), with ej1,..., e, €

Z~o, €j1ley2|...|es, and r = rk(C)). Denote e, simply by e(.J), and let
the lcm-period of A be

po =lem{e(J) | J € [n],1 < [J| <1}
In [11}, Theorem 2.4], the authors proved the following result.

Theorem 7.1. The function |M(A,)| = |Z \ Usnea, H| is a monic quasi-
polynomial in q € Z~q of degree | with a period p,, where A, is the reduc-
tion of A modulo q.

In [[11]], the authors also defined

- i is an entry of S;C; or C
0= gy el s anency of S, or )

and obtained the following result in Corollary 3.3

Theorem 7.2. The lattice of intersections L, = L(.A,) is periodic in ¢ > qq
with period py. In other words,

Lgtspo = Ly,
forall g > qyand s € Z>y.

As noted in [2], if p is a large prime number, then A and A, are combi-
natorially equivalent. Putting together this fact and Theorem[7.2] we get the
following result.

Corollary 7.3. Let p be a prime number such that p > qo and p is coprime
with py. Then A and A, are combinatorially equivalent.
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The rest of this section is devoted to show that the hypothesis p > qo
is not necessary. Specifically, we will show that computing the good and
[-lucky primes for A is equivalent to computing all the prime numbers that
divide py.

Proposition 7.4. If p is non-good for A, then p divides py.

Proof. Assume p is non-good for A. This implies that there exist a pair of
indices 1 < ¢ < j < n such that

(1) (ai)p = Bla))ps

for some J € F,, \ {0}. Consider now J = {7, j} C [n]. Since A is central,
then (I) is equivalent to the fact that C; has rank 2 but (C),, has rank 1. In
particular, we have that the Smith normal form of C/ is of the form

(%)

where E; = diag(eq,e(J)). By definition, a matrix and its Smith normal
form have the same rank. On the other hand the Smith normal form of
(Cy)ps up to transforming the elements on the main diagonal to 1, is (E; ;),
the reduction modulo p of E; ;. This implies that rtk((E; ;),) = rk((C)),) =
1. As a consequence, p divides e(.J) and hence py. O

Proposition 7.5. If p is not [-lucky for A, then p divides p.

Proof. Let p be a non [-lucky prime number for 4. This implies that there
exists J = {i1,...,4} € TJ(A) such that p divides a leading coefficient
in a minimal strong o-Grobner basis of the ideal (o, ...,q;)z. Since
J € J(A), we have that C'; is a [ x [ integer matrix of rank [. Using the
same strategy as when computing the Smith normal form of C';, there ex-
ists a unimodular [ x [ matrix 7’y such that C';T’; is lower triangular. Since
tk(C,;Ty) = rk(Cy) = I, C;T; has only non-zero elements on the main
diagonal. Seeing that multiplying C; on the right by 7, is equivalent to
perform only column operations on C';, we have that the columns of C';7T;
represent a minimal strong o-Grébner basis of («,, . . ., a;,)z. This implies
that p divides one of the elements on the main diagonal of C';7;, and hence
its determinant. On the other hand, by construction, C'; and C';T’; have the
same Smith normal form £;. This implies that the determinants of C;T;
and of E; coincide up to a sign. However since p divides the determinant
of C;T7, p divides the determinant of £, and hence e(./). Finally, by defi-
nition of py, this implies that p divides py. U

Theorem 7.6. Let p be a prime number. Then the following fact are equiv-
alent

(1) pis non-good or not a l-lucky prime number for A.
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(2) pdivides py.

Proof. By Propositions [7.4]and[7.5] (1) implies (2).

On the other hand, assume there exists p a prime number that divides the
period py, but p is good and [-lucky for A. This implies that there exists
J ={i1,...,ix} C [n] such that e(.J) is divisible by p. In particular, since
the Smith normal form of (C),, up to transforming the elements on the
main diagonal to 1, is the reduction modulo p of the Smith normal form of
C}, this implies that rk(C';) > rk((C}),) and hence that dim(H;, N --- N
H;. ) > dim((H;,), N--- N (H;,),). However, this implies that A and A,
are not combinatorially equivalent, contradicting Theorem 4.13 t

Corollary 7.7. If py is a square free integer, then it is the product of all
prime numbers that are non-good or not l-lucky for A.

In general, p, is not a square free integer.

Example 7.8. Consider A the arrangement in Q3 with defining polynomial
Q(A) = z(4z + 2)(2x + y) (62 + y + 32)(8x + 2y + 5z). In this situation,
p = 2 is the only non-good prime number for A. Moreover, all prime
numbers p # 2 are l-lucky for A. A direct computation shows that py = 16.

Putting together Theorems and we obtain the following result
that generalizes Corollary

Corollary 7.9. Let A be a central and essential arrangement in Q. The
following facts are equivalent

(1) p is coprime with py.

(2) A A, ie. Aand A, are combinatorially equivalent.
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