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1 Introduction of this Thesis

This thesis deals with reaction-diffusion systems on one-dimensional domains under
Neumann, and periodic boundary conditions. Moreover, This thesis deals with reaction-
diffusion systems on metric graphs composed of multiple half-lines (0, 00) joined at the
origin under Kirchhoff’s boundary conditions, especially H-shaped metric graphs and
metric graphs with circles. I describe constructing a new theory using the pulse interaction
theory([8],]9], [10]) for the above reaction-diffusion systems on one-dimensional domains
with various boundary conditions.

Reaction-diffusion systems have been widely used to study problems related to spa-
tiotemporal pattern formations in biological and chemical phenomena. There have been
many studies of these problems in one-dimensional space, and various solutions have been
clarified. Among them, the pulse or front-type solutions, which are localized in pulse or
front shapes, are typical in reaction-diffusion systems. Their analysis is also essential in
natural phenomena. For example, many researcher(e.g. [3],[7],[17], [22], [39]) conducted
research to a traveling pulse solution for the FitzHugh-Nagumo equation([15], [29]). As
a result, we could see how electrical signals propagate along the axon of a nerve from
the viewpoint of pulse dynamics. Another example is the Fisher-KPP equation, which
describes the density distribution of biological species([26], [33]).The Fisher-KPP equa-
tion was also studied by many researchers(e.g. [26], [33]). As a result, it is now possible
to treat the increase or decrease in the density distribution of species from the viewpoint
of front dynamics. Against this background, studies on pulse/front dynamics have been
intensively conducted, and these have been rigorously studied and rapidly developed. In
particular, the following Allen-Cahn

1
O = €0pu + iu(l —u?),t> 0,7 €R, (1.0.1)

where 0 < € < 1 has been studied intensively, and pioneering results on the front dynamics
of the Allen-Cahn equation have been derived ([2], [11], [14],[27]). From this result, it is
shown that if u(0, x) is close enough to tanh (w L0 )) +tanh (%) with 4 (0) < 12(0),

then u(t, x) will stay near tanh (m Lt )) + tanh <M> as long as 1 (t) < l5(t), and the



motion is essentially governed by

[y = —12ee<h,

I, = 12¢e~ <",
{ P (1.0.2)

where h :=ly(t) — I1(t). Here tanh (%1) and tanh (=%1) are translation and reflection

of the stable stationary solution tanh (%) of (1.0.1). Thus, we see tanh (%@) and

tanh (%W) are attracted to each other in time from (1.0.2). Subsequently, methods

for the analysis of the dynamics using equations of motion such as (1.0.2) were extended
to a reaction-diffusion system on R:

OU = D, U + F(U), t >0,z € R, (1.0.3)

where U € RY D = diag{d,,...,dy} and F : RY — RY is a sufficiently smooth
function. [8] has allowed us to analyze the dynamics with equations of motion for start-
ing from solution S*(z) of (1.0.3). Here we fix r € N and S*(z) is sufficiently close to
> i S(x—1;) withl; > 1(j = 1,...,r) satisfying min{lo—1,...,l,—l,_1} > 1, and has
r peaks (in the front case, r transition layers), where S(z) is a stable pulse (front)-type
stationary solution of (1.0.3)(we call S*(z) in this paper r-layered pulse/front-type sta-
tionary solution). Later on, [9] extended the analysis to the pulse/front dynamics for the
reaction-diffusion systems on (0, 00) with boundary conditions, including the Neumann
and Dirichlet boundary condition. As a result, [8] and [9] have become powerful methods
for investigating pulse/front dynamics for reaction-diffusion systems.

At the same time, [8] has made pioneering works on the stability analysis to S*(z) of
(1.0.3). Moreover, ([9]) has made pioneering works on the stability analysis to pulse/front-
type stationary solutions for reaction-diffusion systems on (0,00) with boundary condi-
tions including the Neumann and Dirichlet boundary conditions. They have influenced
later studies on linearized eigenvalue problems and stability analysis for reaction-diffusion
systems.

In fact, by applying the results of [8] and [9], Ei-Shimatani-Wakasa([12]) have studied
the existence of S*(z) for reaction-diffusion systems on (0, K') with the Neumann bound-
ary condition or the periodic boundary condition for K > 1. Moreover, they obtained
some results for the linearized eigenvalue problems associated with the above S*(z). As a
result, though it has been possible to obtain concrete expressions for eigenvalues and eigen-
functions for linearized eigenvalue problems associated with r-layered front-stationary
solutions only for one-dimensional scalar reaction-diffusion equations([35]-[38]), [12] has
been extended to linearized eigenvalue problems for general type of reaction-diffusion
systems. From this result, it is now possible to obtain eigenvalues that determine the
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stability for r-layered pulse/front-type stationary solutions satisfying the Neumann or pe-
riodic boundary conditions, and eigenfunctions associated with those eigenvalues can be
obtained concretely for pulse solutions such that an nerve impulse of Fitz-Hugh Nagume
system. Thus, a new theory has recently been established to investigate linearized eigen-
value problems, especially in pulse-type stationary solutions for reaction-diffusion systems.

On the other hand, many researchers have attracted much attention to the following
reaction-diffusion systems on €2 := Ule Q; in recent years, where Q; := {ze; € R* |z > 0}
(j=1,...,R) for R € Nwith R > 3, and e; (j = 1,..., R) denote the unit directional
vectors of ), satisfying e; # +e;(i # j). We denote the restriction of u to ; as
u;(x) ;= u(ze;) for a function w on Q. Then we consider

ul (1.0.4)
> 0.U;(t, +0) = 0,U(t,+0) = - - - = Ug(t, +0),t > 0,

j=1
where Uj(t,z) := U(t, re;) and U; € RY. Here the boundary condition of (1.0.4) at the
junction point O := (0,0) € R? is called the Kirchhoff boundary condition.

The dynamics and stability analysis for (1.0.4) are currently being actively studied.
The problem for reaction-diffusion equations on various metric graphs including €2 has
been studied intensively in recent years because those problems have proved to be signif-
icant from the viewpoint of applications. For example, [6] considered metric graphs as a
branching channel geometry and mathematically analyzed the density of species in terms
of front dynamics for the Fisher-KPP type equations. Moreover, The results are consis-
tent with the transition of biological density in rivers, suggesting that metric graphs has
an essential role in applied mathematics. Another result, many other results on frontal
dynamics have been reported in recent years, such as frontal traveling wave solutions,
stationary solutions, and stability analysis(see e.g.[23],[24],[25]). In addition, some re-
sults have been reported recently on pulse-type stationary solutions for reaction-diffusion
systems on metric graphs(see e.g. [18], [19]). However, there are still many theoretical is-
sues to be solved for pulse dynamics, such as how pulse traveling wave solutions for neural
equations on a metric graph. Based on this situation, we have also studied pulse dynamics
for reaction-diffusion systems on €2 based on [8] and [9]. As a result, we analyzed the pulse
dynamics for the reaction-diffusion systems on €2 under some assumptions([10]). Later,
By [10], I obtain some results that the pulse/front dynamics for reaction-diffusion systems
on an H-shaped metric graph (Chapter 5) and the front dynamics for reaction-diffusion
equations on metric graphs with a circle (Chapter 6).

In this thesis, I describe pulse/front dynamics and linearized eigenvalue problems of
systems associated with reaction-diffusion systems on domains with several boundary



conditions by extending [8] and [9].

This doctoral dissertation consists of six chapters, excluding the acknowledgments and
references. Chapter 1 is an introduction to this doctoral thesis. Chapter 2 is the assump-
tions and Preliminaries used in all latter chapters. Chapter 3 is illustrated in linearized
eigenvalue problems for reaction-diffusion systems under the Neumann or the periodic
boundary conditions. Chapter 4 introduces the results of [10] in preparation for Chap-
ters 5 and 6. Chapter 5 is illustrated in the author’s results on the pulse dynamics for
a reaction-diffusion system on an H-shaped metric graph consisting of two connected
star-shaped regions. Chapter 6 is shown the author’s results on the front dynamics for
reaction-diffusion systems on a loop-edge-metric graph connected by a half-line and a
circle.



2 Preliminaries

Throughout this thesis, we assume the following.

2.1 A pulse-type stationary solution
we consider one-dimensional reaction-diffusion systems:
U =D, U+ FU),t>0,zeR, (2.1.1)

where U € RY D = diag{d,,...,dy} and F : RY — RY is a sufficiently smooth
function. As in [10], we define the right hand side of (2.1.1) by F(U) := DJ,.,U + F(U).

Then we make the exactly the same following assumptions as in (H1)-(H3) of [10] for
(2.1.1)((7) in [10]).

(H1) 0:=0,...,0) € RY is a linearly stable equilibrium of (2.1.1)((7) in [10]). That
is, the spectrum 3(Lg) of Lo satisfies ¥(Lg) C {z € C; Re(z) < —po} for py > 0, where
Lo := DO, + F'(0).

(H2) (2.1.1)((7) in [10]) has a linearly stable stationary pulse solution, say S(z), that
is, there exists S(z) satisfying F(S(z)) =0, S(z) — 0 as |z| — oo and X(L) = ¥, U {0}
with a simple eigenvalue 0, where L := D0,, + F'(S(z)), (L) is the spectrum of L and
¥, is a set satisfying ¥y C {z € C; Re(z) < —po}.

Remark 2.11n this thesis, we call S(x) satisfying (H2) as a pulse-type stationary
solution.

(H3) S(z) is an even function and there exist a positive constant 7 > « and a non-zero
vector a € RY such that

S(z) = e a4+ 0 (x| — o0).

By (H2), (H3), we note there exists an eigenfunction ®* of the adjoint operator L* of
L satisfying L*®* = 0, ®*(x) as an odd function and ®*(z) is uniquely determined by the
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normalization (U,, ®*);2 = 1. Then we assume the next condition for ®* as follows:

(A1) There exists non-zero vector a* € RV such that ®*(z) — e *"la* as x — +oo0.

2.2 A front-type stationary solution

We make exactly the same following assumptions as in (H1)-(H3)’ of [10] for (2.1.1)((7)
in [10]).

(H1)" S+ € RY is alinearly stable equilibria of (2.1.1)((7) in [10]).That is, the spectrum
Y(Ly) of Ly satisfy ¥(Ly) C {z € C; Re(z) < —po} for pg > 0, where Ly := D0,, +
F'(S.).

Remark 2.2. S, for (H1)’ satisfy S_ # S..

(H2)" (2.1.1)((7) in [10]) has a linearly stable stationary front solution, say S(z), that
is, there exists S(z) satistying F(S(z)) = 0,S(z) - Sy asx — +oo and X(L) = £,U{0}
with simple eigenvalue 0, where L := D0,, + F'(S(x)), 3(L) is the spectrum of L and
¥, is a set satisfying ¥y C {z € C; Re(z) < —po}.

Remark 2.3. In this thesis, we call S(x) satisfying (H2)’ as a front-type stationary
solution. If S, = S_ holds, S(z) is a pulse-type stationary solution.

(H3)" There exist positive constants 74+ > as and non-zero vectors ar € RY such
that
S(z) = 81 + e *llg 4 O(e =kl (2 = £o0).

By (H2)’ and (H3)’, there exists an eigenfunction ®* of the adjoint operator L* of L
satisfying L*®* = 0 and ®*(z) is uniquely determined by the normalization (S,, ®*);> =
1. Then we assume the next condition for ®* as follows:

(A2) There exist non-zero vectors a’, € RV such that ®% (z) — e *+”la* as z — Fo0.



3 Linearized eigenvalues problems

3.1 Introduction

Linearized eigenvalue problems are problems to investigate the stability of stationary
solutions for reaction-diffusion systems. Analytical methods for eigenvalues and eigenfunc-
tions have been studied intensively for a long time. Sturm-Liouville theory and the SLEP
method ([31], [32]), which were developed in the course of these studies, are still powerful
tools for linearized eigenvalue problems. However, there are still few general methods to
analyze linearized eigenvalue problems. Against this background, many researchers have
studied this problem. In the process, studies of the one-dimensional Allen-Cahn equation
with the Neumann boundary condition have been developed.

{8tu:528mu+u(1—u2), t>0,ze(0,1), (3.11)

d,u(t,0) = dyu(t,1) =0,

where 0 < € < 1. (3.1.1) was rigorously studied by [4]. Fix r € N. By many studies, we
see that there exists a stationary solution wu(z;e€) of (3.1.1) satisfying being sufficiently

close to 7", (—1)’tanh (Iizj) (j=1,...,r), where z; = 21, Here r € N denote the

V2
number of a stable front-type stationary solution S(x) of (3.1.1) and u(x;€) is a function of

x with a parameter e. Furthermore, starting from (3.1.1), various researches for 3.1.1 was
performed(e.g. [1], [2], [14]). Thereafter, Wakasa-Yotsutani([35], [36], [37], [38]) analyzed

next linearized eigenvalue problem for u(z;e€):

{eaammx) + F'(u(w; €))p(z) + Ad(z) = 0, @ € (0,1), (3.1.2)

02(0) = Op0(1) = 0,

where 0 < € < 1 and F(u) = u(l — v?) or F(u) = sinu. [35], [36], [37], [38] reported
that all eigenvalues A\, (n =0, 1, 2, 3,...) of (3.1.2) and eigenfunctions ¢, (z) associated
with A, hold the following. In 3.1, ~ means asymptotic equivalence, and we denote
An = A€ @, = @€ in the following (1) and (2). In addtion, The following results (1) and
(2) are rigorously proved in [35], [36], [37], [38].



(1) When f(u) = u(1 — u?)

We consider u(z;€) ~ 37" (—1)"tanh (x_zj).The following(T)-(I1T) hold up([37], [38]).

V2e

(I)For0 <n <,

2
A€~ —96 cos? 7;—7T exp (—\/—_) ,
r

re

re(z) ~ sech? [ L2 .
©he(x) ~ sech ( e )cosmrz]

in a neighborhood of z; (j =1, ...,r) as e — 0.
(IT) For r <n < 2r,

3 — 1
)\:fw——l2czosuexp(— ),
2 r

2re

JZ—Z]‘ [E—Zj

©7¢(z) ~ 2(—1)’ tanh < 7o > sech ( NG ) cos(n — r)mz;

in a neighborhood of 2z; (j =1, ...,r) as e — 0.
(ITI) For n > 2r,

(2) When f(u) = sinu

We consider u(z; €) ~ Y71 (—=1)72Arcsin {tanh (=)} (j = 1,...,7). The following(T)-

(IT) hold up([35], [36], [37], [38]).
(I) For0<n<r,

—1
A€~ —16 cos? 7;_77 exp (—) ,

r Te
©he(x) ~ sech (m — ZJ) COS N Zj
€
in a neighborhood of z; (j =1, ...,r) as e = 0.

10



(IT) Forn >,

A€ 1+ (n—r)’n%e?,

i)~ (-1tan

€xr —

Zj) cos(n — r)mx

€

in a neighborhood of z; (j =1, ...,7) as € = 0.

[35]-[38] are complete analyses for (3.1.2), and have been famous for fully the analyzed
example for linearized eigenvalues problems.

Among them, it is interesting that when 0 < n < r, the leading terms of eigenvalues
and their eigenfunctions of (3.1.2) have the above same expressions((1)-(I) and (2)-(I)).
Both (1)-(I) and (2)-(I) suggest that at least the leading terms of eigenvalues and their
eigenfunctions of 0 < n < r with linearized eigenvalue problems may be a universal
property independent of the nonlinear term in reaction-diffusion systems.

On the other hand, linearized eigenvalue problems associated with r-layered pulse sta-
tionary solutions for reaction-diffusion systems with the Neumann boundary condition
still need to be solved. But recently, Ei-Shimatani-Wakasa has considered the linearized
eigenvalue problem associated with r-layered pulse stationary solutions S* for reaction-
diffusion systems with the Neumann boundary condition by [8] and [9]. Moreover, they
have analyzed some results in eigenvalues and eigenfunctions([12]). Here S* satisfies

0 = D9,,S* + F(S*), =€ (0,K),
0,5*(0) = 0,8*(K) = 0

for K > 1 and is sufficiently close to 37, S(z —I7) with [; > 1(j = 1,...,r) satisfying
min{ly —Ij,..., > =0*_;} > 1, and S(z) is a stable pulse (front)-type stationary solution
of (2.1.1). r denotes the number of S(x).

In this chapter, I describe the formula of eigenvalues and eigenfunctions on the lin-
earized eigenvalue problem for reaction-diffusion systems with the Neumann or the peri-
odic boundary conditions ([12]). [12] indicates that the universality in the leading terms
suggested in [35]-[38] holds not only for a single equation but also for a wide range of
reaction-diffusion systems in general.
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3.2 In the case of the Neumann boundary condition

In this subsection, we deal with the following system

{atU = D9,,U + F(U) (t,z) € (0,00) x (0, K), (3.2.3)

U(t,+0)=0,U(t,K)=0
for K > 1, where D := diag{dy,...,dy} and F' : RY — RY is a sufficiently smooth
function.
Hereafter we use notions §*(1) := e=*"'® §* (1) := e=+"" O and h*(1) := min{2ly, l, —
oo — Ly, 2(K — 1))

3.2.1 Main results for r-layered pulse-stationary solutions
Assume (H1),(H2),(H3),(A1). By [8] and [9], we have the following theorem.

Theorem 3.1([8], [9]). Suppose that there exist some sufficiently large positive con-
stants h, K, such that Ky, > hr. Moreover suppose for any K > K;, there exists
Lo = Y1919, ... ,1° such that 0 < I < --- < [9 < K with h*(ly) > h and the ini-
tial value U (0,) of (3.2.3) is sufficiently close to ", S(x — 7). Then there exists
L(t) ="(l1(t), lo(t), ..., (t)) with 0 < I;(t) < K (j =1, 2,..., r) such that the solution
U(t,x) of (3.2.3) satisfies
sup |U(t,z) —U"(z;L(t))] = 0 (t — o0)
z€[0,K]

as long as h*(I(t)) > h, where U*(x;1) := > i1 8w — 1) + o*(x;1) and a*(x;1) is a C"
function with respect to I with o*(z;1) := (o} (x;1),. .., 0k (x;1)) satisfying

o (@; Dl (0,1) < O("(1))-

Moreover I(t) satisfies

dl

s M, ( —2al; e*a(l2*ll)) + Hf(l),

dt

% — —o(l;—lj—1) —a(ljr1—1j) *

— Myl(e e )+ HE (),

dt

dl,

o M()(e—oa(lr—lr_l) - e—QQ(K—ZT)) + H:(l)
\ dt

with [H>(1)| < O((6*(1))?) as long as h*(I(t)) > h, where M := 2a(Da, a*).

12



We define H;(l) := My(e=*Wl-1) — emelini=b)y and H(I) := “(H,(1),..., H,(1)) for
I

l="1y,... 1), where ly := —I; and l,41 := 2K — [,. Furthermore let I :=(I;,...,l,) be
the equilibrium point such that H (1) = 0 and h(l) > h.
I =H() (3.2.4)

and let H'(I) be the linearized matrix of H (1) with respect to L.

Corollary 3.1 ([8], [9]). For any K > K, there exists an equilibrium of (3.2.4) I =
Iy, ...,1,) such that S(H'(I)) C {z€C; |2 >0(6*(1)} holds. Then there exists the
stationary solution S*(z) of (3.2.3) such that

sup_|§°(x) = U (a: )| < O(5" (D))

z€[0, K]

where S(H'(I)) is the set of eigenvalues for H'(I).

Remark 3.1. S*(z) stated in Corollary 3.1 is called an r-layered pulse stationary
solution.

We consider the eigenvalue problem

{LN(S*)@( 7) = A®(z), x € (0, K), (3.2.5)

9, ®(0) = 0, ®(K) = 0,
where Ly(S*) := D, + F'(S*) on H*(0, K) with the Neumann boundary condition.
Then the following holds for (3.2.5).

Theorem 3.2. Suppose there exist sufficiently large positive constants Ky and h satisfying
Ko > hr. Then for any K > K, there exist positive constants p; and C; such that
p1 < C1e_a% holds and Ly (S*) has r eigenvalues A\, (n = 0,1,...,7 — 1) in B(0; p1),
while the other spectrum A of Ly (S*) satisfy Re{\} < —/f; for a positive constant /3,
where B(0;¢) := {z € R;|z| < ¢,e > 0}. Furthermore, excluding constant doubling, r
eigenvalues A\, (n = 0,1,...,r—1) of L(S*) and eigenfunctions ®,,(z) (n =0,1,...,r—1)
associated with A\, (n =0,1,...,r — 1) satisfy

Ap = —4M0ae_o‘§ cos? (Z—W> (1 + O(e_o‘g)%
r

T

) nmw - _ K
sup |@,(x) — —1)Y ™ cos (== 1) 0,8(x — ;)| < O(e™@),
(@) =3 ) (55 5) 0.8 —1;)| < O(™*)

wherel_j::(%;—l)K(jzl,...,r).
r

13



Remark 3.2. From Theorem 3.2, we know that signs of A\, (n = 0,1,...,7 — 1) are
determined by My. If My > 0(< 0), then A\, <0(>0)(n=0,1,...,r —1). Therefore, if
My > 0(< 0), we see that S* stated in Corollary 3.2. is stable (unstable).

3.2.2 Main results for r-layered front-stationary solutions

In this subsection, we additionary assume the following to (H2)'.
(H2)" S(z) = =S(—z). Then a™ =a~,8, =-S_,a; = —a_ and a’. = a*.

We assume (H1)" - (H3)” and (A2). By the same arguments as for [8],[9], the following
holds.

Theorem 3.3([8], [9]). Suppose that there exists some sufficiently large positive con-
stants h, K, such that K, > hr. Moreover suppose for any K > K, there exists
Lo ='(19,13, ... ,1% such that 0 < 19 < --- < % < K with h*(lp) > h and the initial
value U (0,z) of (3.2.3) is sufficiently close to »"_; S((=1)/(x —13)) + S. Then there
exists I(t) = "(I1(¢), la(t), ... ,1(t)) with 0 < [;(t) < K(j = 1, 2,..., r) such that the
solution U (t, z) of (3.2.3) satisfies
sup |U(t,x) — U*(x;1(t))| = 0 (t = o)
z€[0,K]

as long as h*(I(t)) > h, where U*(z;1) = > i S((=1)(z—1,))+8+0c*(z;1) and o*(x;1)
is a C' function with respect to I with o*(z;1) := t(o}(x;1), ..., 0% (x;1)) satisfying

o (@; Dl =0, < O(3%(1))-

Moreover [(t) satisfies

(dl; ool o

E _ M+(e al _ g—ay(l 1)) +Hik(l),

dl; —ap(l—1; e (i1

G = Ma(emmmhn) —emenlbn ) 4 Hy(@),

dl, —ay(lr—1 —204 (K—1

E — M+(e a+(r r—l) —e O¢+( T)) + H:(l)

(
with |H]*(l)(| S)O((éi(l))Q) as long as h*(I(t)) > h. Here M, := 2a,(Da.,a*) and
o . S-‘,— + _]. TS+

S : 5
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We define H;(1) := M, (e~+W=li-0) —e=e+lni=l)y and H(1) :=*(H,(1),..., H,(1)) for

l="1y,... 1), where ly := —I; and l,41 := 2K — [,. Furthermore let [ := t(zl, 1) be
the equilibrium point such that H (1) = 0 and h(l) > h.

I =H(l) (3.2.6)

and let H'(I) be the linearized matrix of H(I) with respect to I.

Corollary 3.2 ([8],[9]). For any K > K, there exists an equilibrium of (3.2.6) I =
WIh,....1,) such that S(H'(I)) C {z eC; |z| > O(éj([)} holds. Then there exists a
stationary solution S*(x) of (3.2.3) such that
swp |8 (@) = U* (D) < 0(33.0),
z€[0, K]

where S (H'(I)) is the set of eigenvalues for H'(I).

Remark 3.3. S*(x) statedin Corollary 3.2 is called an r-layered front stationary solu-

tion.
We consider

La(S9)®(x) = \®(x), = € (0, K),
9,8(0) = 9,®(K) = 0.

Then the following holds.

Theorem 3.4. Suppose there exist sufficiently large positive constants Ky and h satisfying
Ky > hr. Then for any K > K, there exist positive constants p, and C) such that
p1 < C'le_’“% holds and Lx(S*) has r eigenvalues A, (n = 0,1,...,7 — 1) in B(0; p1),
while the other spectrum A of Ly (S*) satisfy Re{\} < —f; for a positive constant
pr,where B(0;¢€) :={z € R;|z| < ¢,e > 0}. Furthermore, excluding constant doubling, r
eigenvalues A, (n = 0,1,...,r—1) of L(S*) and eigenfunctions ®,(z) (n =0,1,...,r—1)
associated with A\, (n =0,1,...,7r — 1) satisfy

Ao = —AMeage ¥ cos? (FT) (14 O H)),
r
r n - p
sup |®,,( COS(— ) LS(z— 1) < O(e™@+7),
S Z i (2= 1j)| < O(e™*7)
- 2] — 1)K
wherelj::%(jzl,...,r).
r
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Remark 3.4. From Theorem 3.4, we know that signs of A\, (n = 0,1,...,7 — 1) are
determined by M. If M, > 0(< 0), then \, <0(>0)(n=0,1,...,r — 1). Therefore,
if My > 0(<0), we also know that S* stated in Corollary 3.2. is stable (unstable).

3.2.3 The application to the Allen-Cahn-equation
Fix r = 3. Let us consider the Allen-Cahn equation

0= €20,,8% + F(S*),t > 0, x € (0,1),
9,5%(0) = 9,5(1) = 0,

and its linearized eigenvalue problem associated with S*(x) stated in Corollary 3.2

{eQamcbm + F'(5%(x))®(2) = A(z),z € (0,1), (3.2.7)

9,8(0) = 9,d(1) = 0,

where 0 < ¢ < 1 and F(u) = u(1 — u?) or F(u) = sinu.
We denote by U ~ V when sup |U(z;¢) — V(z;€)] < O(e” ) (e = 0) in 3.2.3.

z€[0,1]

In the case of F(u) = u(1 — u?).

First, we note that the Allen-Cahn equation on R has the following stable front-type

S(x) = tanh (%)

connectiong Sy = +1([13]). By exactly the same calculation as for [8],[9], we obtain

V2

ap = —2, ay = — a’ = 3. Therefore, we see

stationary solution

2
My =2ay (Day,al) =2- vz, (=2) - (€2-3) = —12v2¢ < 0.
€

From the above, A, (n =0, 1,2) satisfy

2
An ~ 96 exp (—3£) cos? n% (n=0,1,2)
€

16



and there exists pg > 0 such that Re{\,} < —po (n = 3,4,5,...) by Theorem 3.4. More-
over, eigenfunctions ®,(z) (n = 0,1,...2) associated with A, (n = 0, 1,2) satisfy

3 —
x—1

x) ~ Y sech? (—j) ,
jzl \/§€

Nzcos{ﬂ }sech2< }l)

2¢

Zcos {271} sech? < fi_>

—_

_ _ 5
where [; = —, [y = -, and I3 = 5 by Theorem 3.4 (Fig 1). This result is consistent with

137, [38).

D~
[\

1T 7]

Py (x) ®;(x) | : "

Figure 1: Profiles of ®y(x), ®1(x), Po(x) with the Neumann boundary conditions(the
Allen-Cahn equation).

In the case of F(u) = sinu.

First, we note that the Allen-Cahn equation on R has the following stable front-type
stationary solution.

S(x) = 2Arcsin {tanh (%)}

g.[37], [38]). By exactly the same calculation as in [12], we obtain a, = —4, a;, =

*

<1
~.a* = ~. Theref
6 + 2 ererore, we see

M+ = 20é+ <Da+,ai> = —4e < 0.

17



From the above, A\, (n = 0,1, 2) satisfy

1
An ~ 16 exp (—3—) cos? % (n=0,1,2)
€

and there exists pg > 0 such that Re{\,} < —po (n = 3,4,5,...) by Theorem 3.4. More-
over eigenfunctions ®,,(z) (n =0, 1,2) associated with A, (n = 0, 1, 2) satisfy

3 —
I
by(x) ~ g sech (x J),
€
j=1

3
D, () NZ cos {ml;} sech <x ; lj> :
=1

3
Dy(x) ~ Zcos {2nl;} sech (:c — lj) ,
j=1

€

- -1 - 5
where [ = =, [, = 3 I3 = A by Theorem 3.4. This result is also consistent with [35]-[38].

=

Remark 3.5. In (3.2.7) for F'(u) = u(l — u?) or F(u) = sinu, eigenvalues for n =
0,1,...,r are represented by the product of the cosine functions and the exponential
functions, and eigenfunctions associated with those eigenvalues are represented by the
product of the cosine function and the hyperbolic function.

3.2.4 The application to the Gray-Scott-model

Fix r = 3. As fixing the same parameter as [8], let consider the Gray-Scott-model

(0= 0,,8% — 5*(82)2 + (1 — §%), € (0,K),
0 = €20,,5; — €'/28* + 5*(S¥)?,

0:5;(0) = 9,55 (K) =0,

| 0,.5:(0) = 8,5 (K) = 0,

and its linearized eigenvalue problem associated with S*(z) = (S!(z),S!(z)) stated in
Corollary 3.1

{LN(S*><I>n(x> =A\®u(z), @€ (0,K), (3.2.8)

0,8,(0) = 0,®,(K) =0(n=0,1,...),

18



where 0 < e < 1 and K > 1.

We denote by U ~ V when sup |U(z) — V(z)| < O(e’o‘g) (K — o0) in 3.2.4. Note
z€[0,K]
that results for eigenvalues and elgenfunctlons for this linearized eigenvalue problem are

entirely new.

First, we note that the Gray-Scott-model on R has the stable pulse-type solution S(z) =
(Su(x), Sp(z)) as € — O(see [5]). By [8], we know that S(z) and ®*(z) satisfy

S(z) = e~ Fla +U*, *(z) = e la*

as ¥ — +o0. Here @ = *(—a,0) and a* = {(—€*4a*,0),U* := *(1, 0) by certain positive
constants a, a*. Therefore, we also immediately see that My > 0 by Theorem 3.2.
From the above, A, (n =0, 1,2) and ®,(z) (n =0,1,2) of (3.2.8) satisty

3
j+1 7
Lk 2_; ] 8 S .I' — l])
(1) )\0 ~ —4M0€€ ro, @O(I)N S
1)1, S m — l_])

Mw

—eK -
(i) \; ~ —3Moee + , ®y(z)~ | '3

—eK

(111))\2 ~ —M()EQT, @2(1‘)““ g



‘ ‘ :[ |

Figure 2: Profiles of ®,,(z) := (¢n(2), ¥n(x)),n = 0,1,2 with the Neumann boundary
conditions (the Gray-Scott model)

3.3 In the case of the Periodic boundary condition
In this subsection, we deal with the following system
U = DO, U+ F(U) (t,x) € (0,00) x (0, K),

U(t,+0) =U(t, K), (3.3.9)
2, U(t,4+0) = 0,U(t, K)

for K > 1, where D := diag{dy,...,dy} and F : RY — RY is a sufficiently smooth
function. We define h*(1) := min{K — I, + l1,lo — l1,...,l, — 1} and §*(1) := e—oh* (1)
Furthermore, ~ is defined exactly as in section 3.2.

Note that all the results in this section are new.

3.3.1 Main results for r-layered pulse-stationary solutions

Assume (H1),(H2),(H3),(A1). Then we have the following theorem by [8] and [9].
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Theorem 3.5([8], [9]). Suppose that there exist sufficiently large positive constants h, K
such that Ky > hr. Moreover suppose for any K > Kj, there exists Iy = (19,19, ... ,1%)
such that 0 < 19 < - <19 < K with h*(ly) > h and the initial value U (0, x) of (3.3.9) is
sufficiently close to 377, S(x —1). Then there exists I(t) = *(I1(t), lo(t), - .. ,1,(t)) with
0<l(t)<K(j=1,2,..., r)such that the solution U (t, z) of (3.3.9) satisfies

sup |U(t,z) —U"(z;1(t))| — 0 (t — o0)

z€[0,K]
as long as h*(I(t)) > h, where U*(x;1) = ' Sz —1;) + o*(x;1) and a*(x;1) is a C*
function with respect to I with o*(z;1) := (o} (x;1), ..., 0k (x;1)) satisfying

l|o*(z;1)|| o 0,5) < O(0*(1)).

Moreover I(t) satisfies

(dl
d_tl _ Mo(efa(Kflr‘i’ll) _ efa(zgle)) +HHD),
dl;
d—z frnd Mo(e*a(ljfljfl) _ e*a(lj+1flj)) + H;(l),
dl
dt et MO( (r lr—l) _ e_a(K_lr"Fll)) +H:(l)

with |H;(1)| < O((6*(1))?) as long as h*(L(t)) > h. Here My := 2a(Da, a*).

We define H;(l) := My(e~*l=li-1) — emelini=b)y and H(I) = *(H,(1),..., H.(1)) for
l="(y,...1,), where ly := —K +1, and [, := K +1,. Furthermore Let I :='(Iy,...,1,)
be the equilibrium point such that H(I) = 0 and h(l) > h.

I = H(l) (3.3.10)

and let H'(I) be the linearized matrix of H (1) with respect to L.

Corollary 3.3 ([8],[9]). For any K > K, there exists an equilibrium of (3.3.10) I =
Iy, ...,1,) such that S(H'(l)) C {z €C; |2 > O((S*(f))} holds. Then there exists a
stationary solution S*(x) of (3.3.9) such that

sup ’S*(m) —U*(x; l~)‘ < 0(5*(1)),

z€[0, K]

where S(H'(I)) is the set of eigenvalues for H'(I).

21



Remark 3.6. The stationary solution S*(z) stated in Corollary 3.3 is called an r-layered
pulse stationary solution.

We consider

where Lp(S*) := D0, + F’(
following holds.

,
Theorem 3.6. We define ry := 3 € N. Suppose there exist sufficiently large positive
constants K, and h satisfying K, > hr. Then for any K > K, there exist positive

constants p; and C such that p; < C’le_o‘% holds and Lp(.S*) has r eigenvalues Mo, (n
0,...,r —1) in B(0;p1), while the other spectrum X of Lp(S*) satisfy Re{\} < —f; for
a positive constant 1, where B(0;¢) := {z € R;|z| < ¢, > 0} Furthermore, excluding
constant doubling, the r eigenvalues \, (n=20,1,...,7—1) of Lp(S*) and eigenfunctions
®,(z)(n =0,1,...,7 — 1) associated wuth A, (n = 0,1,...,r — 1) satisfy the following
conditions.

Ay = —4Mooe " sin? <n77r> (1+ O(e_o‘g))

and are semisimple. Furthermore, there exist eigenfunctions ®,, (), ¥,,(z) associated with
A (n=0,1,...,r — 1) satisfy following.

(a) Whenn = 0, excluding constant doubling,

sup |®,(z) — Z&xS(l‘ — 1)
j=1

< O(e_ag).

z€[0, K]

(b) When1 < n < rg — 1, excluding constant doubling,

2

sup Zsm( °TT >8S(x—l) SO(e‘O‘g)7

J:E[O,K}
~ . 2nm - K

sup |¥,(x) — cos( Z)&ES:I:—Z» < O(e ).

mm [Be) = D oon (5 (0~ I)| < Ofe%)
(¢) Whenn = r, excluding constant doubling,

sup (B, (z) — Y (~1)7119,8(x — ;)| < O(e™7).

z€[0, K] =1
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2/ - DK

Here [; := 5 (j=1,...,7).
r+1 : : L
Theorem 3.7. We define ry := — € N. Suppose there exist sufficiently large positive

constants K, and h satisfying K, > hr. Then for any K > K, there exist positive

constants p; and C; such that p; < C’le_o‘% holds and Lp(S*) has r eigenvalues Mo, (n=
0,...,7—1)in B(0; p;), while the other spectrum A of Lp(S*) satisfy Re{S\} < — [ for
a positive constant Si,where B(0;¢) := {z € R;|z| < ¢,e > 0}. Furthermore, excluding
constant doubling, the r eigenvalues A, (n = 0,1,...,r—1) of Lp(S*) and eigenfunctions
®,(z)(n=0,1,...,r — 1) associated wuth X\, (n = 0,1,...,7 — 1) satisfy the following
conditions.

nm

N _oK .
A\, = —4Myae " sin? <
r

)1+ 0@ ™)

and are semisimple. Furthermore, there exist eigenfunctions @, (), ¥, (z) associated with
An (n=0,1,...,r — 1) satisfy following.

(a) When n = 0, excluding constant doubling,

sup | ®,(z) — Y S(x —1))| < O(e ).
j=1

z€[0, K]

(b) When 1 < n < r; — 1, excluding constant doubling,

T

~ . [ 2nm- = oK
mes[l(_]lpm P, (r) — Zsm (7lj) 0,8(x —1;)] <O(e™ "),
’ ]:1
~ : 2nm - = oK
zes[hlpm v, (z) — ZCOS <7lj) 0:8(x —1;)| < O(e”*r).
) ]:1
- 2] — 1)K
Here [; := %(] =1,...,7).

3.3.2 Main results for r-layered front-stationary solutions

Assume (H1)-(H3)” and (A2). By [8], [9], we have the following theorem.

Theorem 3.8([8], [9]). Suppose that there exist sufficiently large positive constants h, K
such that Ky > hr. Moreover suppose for any K > Ky, there exists Iy = (1, 19, ... ,1%)
such that 0 < 19 < --- < % < K with h*(1°) > h and the initial value U (0, z) of (3.3.9) is
sufficiently close to 3%, S((—1)?(z—13)). Then there exists I(t) = “(I1(t), la(t), ... ,1(t))
with 0 < ;(t) < K (j =1, 2,..., r) such that the solution U (¢, z) of (3.3.9) satisfies

sup |U(t,x) —U"(z;1(t))| = 0(t — o0)

z€[0,K]

23



as long as h*(1(t)) > h, where U*(x;1) = >."_, S((=1)(x — I;)) + o*(x;1) and o*(z;1) is
a C! function with respect to I with o*(z;1) := ‘(o5 (x;1), ..., 07 (x;1)) satisfying

Moreover I(t) satisfies

(dl
T = M e Kiest) — gmeo) 4 (),
dlj —ay(lj—1i—1) —aq(Lj41—15) *
<E=M+<e A=) e b)) 1 FE(1),
dl — M, (e iy (lp—lrq) e—a+(K—lr+ll)) + HX(1)
L dt "
with [H3(1)] < O((67(1))?) as long as h*(I(t)) > h. Here M, := 2a(Da,,a’) and
G . S++( 1)"Sy

We define H;(l) :== M, (e-*i=li-) — e=olii=b)) and H (1) := Y(H,(1),..., H,(1)) for
l="1,...,l,), where lg := —K +1, and [, := K +1;. Furthermore Let l:= (l 1yoen ,lr)
be the equilibrium point such that H(I) = 0 and h(l) > h.

I =H() (3.3.11)

and let H'(I) be the linearized matrix of H () with respect to I.

Corollary 3.4 ([8], [9]). Suppose for any K > K, there exists an equilibrium of (3.3.11)
I ="(Iy,...,1,) such that S(H'(I)) C {z €C; |z > O(5i‘;(l~))} holds. Then there exists
a stationary solution S*(x) of (3.3.9) such that
swp [§%(@) - U (@30)| < O(33(D),
z€[0, K]

where X(H'(1)) is the set of eigenvalues for H'(1).

Remark 3.7. S, (x) stated in Corollary 3.4 is also called a r-layered front stationary

solution.
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In the above S*(x), we consider

The following holds.

r
Theorem 3.9. We define r( := 3 € N. There exist a sufficiently large positive constants
Ko and h satisfying Ko > hr. Then for any K > Ky, there exist a positive constants p;

and Cy such that p; < Cre “tr holds and Lp(8*) has r eigenvalues \,, (n =0,...,7—1)
in B(0;p1), while the other spectrum X of Lp(8*) satisfy Re{\} < —3, for a positive
constant (1, where B(0;¢) := {z € R;|z| < ¢,e > 0}. Furthermore, excluding constant
doubling, r eigenvalues A, (n = 0,1,...,7 — 1) of Lp(S*) and eigenfunctions @, (z) (n =
0,1,...,7 — 1) associated wuth An (n=0,1,...,7 — 1) satisfy the following conditions.
nm

S L K
Ay = —4M o e+ sin® (—
,

) L+ 0 %))

and are semisimple. Furthermore, there exist eigenfunctions ®,,(z), ¥, () associated with
Any (0 < n <r—1) satisfies following.

(a) Whenn = 0, excluding constant doubling,

T

sup | @, (r) — Z(—l)jJrl@xS(x —1;)

z€[0, K] =1

< O(e_‘”%).

(b) When 1 < n < ry — 1, excluding constant doubling,

~ - 2n7r K
sup |@,(x) — 1) sin < ) 0,8 <O(e ™),
e (z) ]Zl( ) % (z — 1)) (e )
. i , 2n7r K
sup |, (x) — —1]+1COS( >8Sx—l < O(e 7).
e (z) ]Zl( ) e ( ) ( )

(¢) When n = ry, excluding constant doubling,

sup | ®,(z) — Z@xS(x — )| < O(e )
z€[0, K] -
Herel_j::(ng—l)K(jzl,...,r).
r
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3.3.3 The application to the Allen-Cahn equation

Fix r = 4. Let us consider the Allen-Cahn equation

0= €20,,5* + F(S*), t >0,z € (0,1)
S*(0) = S*(1), 9,5*(0) = 9,5*(1)

and its linearized eigenvalue problem associated with S*(z) stated in Corollary 3.4

©0,.8(x) + F(5"(2))8(x) = Ab(x), € (0.1), s
(0) = B(1), 8,(0) = ,9(1), a
where 0 < ¢ < 1 and F(u) = u(1 — u?) or F(u) = sinu.
“~ is exactly the same as in subsection 3.2.3.
In caseof F(u) = u — u3.
Since M, is obtained exactly as in 3.2.3, eigenvalues of (3.3.12) satisfy
~ 2
An ~ 96exp —£ sin? (n=0,1,2,3)
4e 4
and there exists pg > 0 such that Re{j\ } —po(n = 4,5,6,...) by Theorem 3.9.
Moreover ®,, (n = 0,1,2,3) associated with An (n=0,1,2,3) satisfy

Po(x) ~ Z(—l)j+lsech2 <%> :
Oy (x) ~ Z(—l)jJrl sin {27l } sech® <£B —_ lj) :

J=1

where [ 1=

26



Figure 3: Profiles of ®(z), ®1(z), ¥y(z), ®5(x) with the periodic boundary conditions (the
Allen-Cahn equation)

In case of F'(u) = sin u.

Since M is obtained exactly as in 3.2.3, eigenvalues of (3.3.12) satisfies

1
A ~ 16exp (-—) sin2 2% (n=0,1,2,3),

and there exists pg > 0 such that Re{j\ } —po(n = 4,5,6,...) by Theorem 3.9.
h A,

Moreover &, (n = 0,1,2, 3) associated wit (n=0,1,2,3) satisfy

b vrea (20).

j=1

Ba(e) ~ D (-1 s {2l s (= l> |

=1 €
- . —1
Uy (z) ~ Z( 1)7*! cos {27l; } sech < J) :
€
j=1
~ . x—1
<I>2(x)~Zsech( j) ,
j=1 ¢
1 - 3 - 5 -
where ll =3 Iy = g s = 3l l4 = = by Theorem 3.9.
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3.3.4 The application to the Gray-Scott-model

Fix r = 3. “~” is exactly the same as in subsection 3.2.4.

As taking the same parameter as [8], let us consider the Gray-Scott-model

(0= 8,5 — §5(5*)2 + (1 — 3%, z € (0,K),
0= 62(3mgj — 61/25': + SZ(S:)Q,
Si(0) = Si(K), 9,5:(0) = 0,5:(K),

| 5:(0) = S3(K), 9:55(0) = 0,85(K),

and its linearized eigenvalue problem associated with S*(z) = (SX(z), S*(z)) stated in
Corollary 3.3

Lp(S9)®,(2) = \®,(2), z € (0,K),
®(0) = ®(K), 9,8(0) = 9,®(K) (n=0,1,...),

where 0 < ¢ < 1 and K > 1. Since M, is obtained exactly as in 3.2.4, there exists py > 0
such that Re {S\n} < —po(n=3,4,5,...). Eigenvalues An (n =0,1,2) and corresponding

eigenfunctions ®,, (n = 0,1, 2) are expressed as follows by Theorem 3.7.

(i) X ~ 0, @o(z) ~ | 73 ;

—eK ~

(i1) Ay ~ —3Mpee r , ®y(z) ~ | 7
3
ZCOS
U —K =
(1) Ay ~ —3Mpee v, Uy(z) ~ | 75
ZCOS
where [; = (2j — 1)E ( =1,...,3) (Fig 4).
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t

Figure 4: Profiles of ®,(z), ®(z), ¥,
P, = (Qbm wn) (n =0, 1)7 v, =" (Qﬁvdﬁ)

Gray-Scott-model). Here,

3.4 Proof of theorem 3.2

In this section, we give the proof of Theorem3.2. For other theorems, it is the same as
in Theorem 3.2. First, the following holds.

Proposition 3.1. Fix one arbitrary K > Kj. Then the equilibrium point I = (Iy,...,1;,...,1,)
with 0 < [; < K for H(I) is uniquely denoted by

K
2r

_ ) K

K
2r —1)—
(T )27“
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Furthermore, the linearized matrix H'(I) is uniquely denoted by

-3 1 0

1 -2 1 O

o~

H'(1) = Myoe ™"

Proof. 1t is shown immediately by direct calculation. O]

Proposition 3.2. Fix one arbitrary K > K. Then eigenvalues yu, (n = 0,1,...,7 — 1)

for H'(l) satisfy

[ty = —4Moce™" cos® (g) . (3.4.13)
Furthermore, eigenvectors ¢, (n =0,1,...,r — 1) associated with p, (n =0,1,...,r —1)
satisfy
¢, =" (cos <%l_1> sy (=1)7  cos (%L) s (1) cos (%l})) (3.4.14)
excluding constant doubling. Here [; = w (j=1,...,7).
Proof. Tt can be shown immediately by substituting (3.4.13),(3.4.14) into H'(I)u, =
Lo P [

Based on the above, we provide proof.

From Theorem 3.1, the solution U (¢, x) of (3.2.3) may be expressed by

r

U(t,r) =» Sz —1i(t) + 0" (z;1), (3.4.15)
j=1
where )
% — My(e-2011(0) _ g—alis®-10) 1 [ (1),
di;
d_g — Mo(e—a(lj(t)—ljfl(t)) _ e—a(lj+1(t)—lj(t))) 4 H;(l), (3.4.16)
\% = My(eatr®O=tra() _ o=2a(K-1-(0)) 4 FT*(])
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with [H7(1)| < O((6*())?) as long as [;(t) > 1(j =1,...N).
Let H;(L(t)) = % of (3.4.16). By (3.4.15), We know

oU = — i H;(1(t))0,S(x — 1;(t)) + 0o (z; L(t))

holds. Since H (1) and o*(1) are C' smooth with respect to I, we can differentiate those
functions by [;. Hereafter we omit the higher order terms such as o and H for simplicity,
but we note that the following calculations are all rigorously justified by the property of
o* and H;.

We differentiate

T

W(xil) == H;(1)d,S(z —1;)

j=1
by l; (i=1,2,...,7) and substitute I for Proposition 3.1 into 9, W (z;1). We obtain

ow i) =~ Y {750 s - 1)

Jj=1

holds. Let the matrix Vj be
Vo(z; 1) = (0,S(x — ly),...,0,S(x —1j),...,0.8(x —1,)).
We have

ot (1)... 0, (D) ... 0,Hy (D)

T

- _ _ _ H-
(&lW(x;l),...,8le(a:;l),...,(9l W(x;l)) = —Vi(z;1) O ‘J<

where 0;H;(l) := 6];}( )

. Moreover we have

OW (z;1) — — OW (z;1) _ _

W (z;1) = W(x;1) + 5 (-1 +Gi(x; 1) = o (I=1)+Gi(x;L;1),

where G4 (z;1;1) is a function satisfying G1(x;1;1) = O (|l — [‘2>.Thus we see
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and

where I = I(1).

Next, we define

We see

+ F(S*(x; z))asgf; D -1+ Gyl 1)
_ L(§*(a z‘))asg(f;l)(z D)+ Gyl D)

where L(U) = DO,,+F (U), and G3(x;1;1) is a function satisfying Gs(z; 1;1) = O

Thus we obtain

8™ (x; 1) i} .
al ) ) 7

where I = I(t). By (3.4.17) and U; = L(U),

L(S*(31(t)) = La(S")

Vile s DHOUD) + G 1(0) = Lu(8) 22V 4 Gi0s000)

holds for 0 < x < K, where I(t) :=I(t) — 1 and G (z;1(t)) := Gi(x;1(t) + 1;1) (i

We consider
1(t) =1+ ee’ ¢+ oe)
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with 1(0) = I + €¢ + o(€), where ¢ — 0 and u are eigenvalues for H'(l), and ¢ are
eigenvectors associated with p. Then we can derive

—1{Vo(z: D)o} + GS(t, ) = —Ly(S){Va(z; 1)p} + G5(t, @)
08*(x;1)
by (3.4.18) and o

|G<(t,z)| = O(|e]). The rest can be proved, using Proposition 3.2, [30], [34] and Proposi-
tion 4.1([30], [34]) in [8].

= —Vy(x:1), where G5(t,z) (i = 1,3) is a function satisfying

Instead of Proposition3.1 and Proposition 3.2, the following two hold for periodic
T
boundary conditions. It is described only when r is even. We define ry := 3

Proposition 3.3. Fix one arbitrary K > Kj. The equilibrium point Ip = (I, ..., ...,1,)
with 0 < [; < K for Hp(l) is uniquely denoted by

Wo

l’p(tdo) = | wo+ (] - 1)%

K
Cdo—l-(?”—l)?

for any wy € [0, K], where Ip = Ip(wp). Furthermore, the linearized matrix Hpy(lp) is
uniquely denoted by

Hj,(lp) = Myoe™"

1 0o 1 =2
Proof. By quite a similar way to Proposition 3.1, we can show Proposition 3.3. Il

K
Remark 3.8. We can take wy = > without loss of generality.
r

Since Hj(Ip) is a circulant matrix, we see that the eigenvalues {fi,} and the eigenvec-
tors {¢n} for Hp(Ip) hold by the following(see e.g. [16]).
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Proposition 3.4. Fix one arbitrary K > Kj. Then eigenvalues fi, (n =0,1,...,r — 1)
for Hp(1p) satisfy
[y, = —4M0ae*°‘% sin? <T>
,
and are semisimple. Moreover eigenvectors ¢, assosiated with fi, (0 < n < r— 1) are the
following.

(a)If n =0, fip = 0 is a simple eigenvalue and the eigenvector ¢o satisfy

bo=(1,1,...,1)

holds.
(b) If 1 <n <rg—1, fi, has a degree of overlap 2 and eigenvectors ¢, satisfy

- . 2nm -~ . 2nm - . 2nm ~
d)n _t (Sln (?ll) y o ..y SII (?l]) y ooy SIN (7[,«)) s
- 2nm - 2nm ~ 2nm -
wn —t <COS (?h) ,..., COS (YZJ) ,..., COS (7&«))

except for the constant doubling.
(¢)If n = 1o, fir, is a simple eigenvalue and the eigenvector ¢y, satisfy

¢ro = (1,-1,...,1,—1)

(2) - DK

=1.....7).
5 G=1,...,7)

except for the constant doubling. Herel_j =

1
If r is odd, remove (c) above for ry := I

. We can prove the rest by the quite similar
way to 3.4.

3.5 Concluding remarks

This chapter treats the linearized eigenvalue problem associated with r-layered pulse/front
stationary solutions for reaction-diffusion systems with the Neumann or periodic boundary
conditions. Moreover, it is found that the eigenvalues and eigenfunctions for 0 <n <r—1
can be expressed in trigonometric functions. These eigenvalues and eigenfunctions for
0 < n < r—1 are obtained in a form that fully contains the results of [35]-[38]. From
now on, we will work on future issues, including the following:

(i) Linearized eigenvalue problem for the case where the front type stationary solution
S(x) is not an odd function respecting to x .
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(ii) Find the specific solution representation of the eigenvalues and eigenfunctions for
n>r.

For (i), the analysis method is already known and will be studied in the future. For
(ii), the approach method needs to be better understood. So this is a significant issue to
be addressed in the future.
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4 Existing results and the proof of
“The dynamics of pulse solutions
for reaction diffusion systems on a
star shaped metric graph with the
Kirchhoft’s boundary condition”

4.1 Introduction

This chapter is only a preparation to introduce existing results and their proofs from
[10] for Capters 5 and 6.
Exactly as in [10], we express (1.0.4) as

U = AqU + F(U) (4.1.1)

on 2 with the Kirchhoff’s boundary condition. Here {2 = Ule Q; (Fig 5) for R € N with
2 2

R >3 and Q; = {re; € R?*|z > 0}, and Aq := %—i—g—?ﬁ for = (z,y) € Q. The same

way as [10], Let us call Q a star shaped metric graph.
Interesting results have been reported for the problem of (4.1.1). For example, [25]
consider

1
Oy = Opptt; +uj(1—uy) (uj — 5) ,—00 < t < o0o,rey € o, xe; € Oy, xey € Qy (4.1.2)
with the Kirchhoff’s boundary condition, where Qy := {zey € R?* |z < 0} and e is

the unit directional vectors of €23. The above equations considered on R have a front-

type stationary solution S(z) = ,
(@) 1+ exp(1/v2)

solution. However, [25] led to the result that (4.1.2) has no stationary solution, and

and have no front-type traveling wave

there exists a front traveling wave. [25] was extended to a more general scalar reaction-
diffusion equation without a traveling wave solution. It has become important in studying
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traveling wave and stationary solutions for reaction-diffusion equations on metric graphs.
Later on, [23] and [24] developed problems for scalar reaction-diffusion equations with
traveling wave solutions on a metric graph composed of multiple semi-infinite intervals.
At that time, many results for front traveling wave solutions were also reported by [23]
and [24].

On the other hand, the problem for reaction-diffusion equations on metric graphs has
also produced exciting results in terms of applications. For example, [6] considered a
metric graph composed of multiple semi-infinite intervals to be a channel geometry. They
performed a mathematical analysis for Fisher-KPP-type equations on this graph. Their
results are consistent with the transition of organism density in natural rivers, suggesting
that this graph is also a crucial application domain. In addition, [6] also has many im-
portant mathematical results for reaction-diffusion equations on metric graphs composed
of multiple semi-infinite intervals.

From this point of view, numerical and mathematical analyses have been vigorously
conducted for problems for reaction-diffusion systems on metric graphs in recent years(e.g.
(18], [19], [20], [28]). However, until now, there have been no theoretical results for pulse-
traveling wave solutions or pulse dynamics for reaction-diffusion systems on €2, and this is
one of the significant challenges. Analyzing these systems on metric graphs is a significant
problem from pure and applied mathematical viewpoints. Against this background, we
have considered pulse/front dynamics for general reaction-diffusion systems on 2 using [8]
and [9]. As a result, we obtained some results for the pulse dynamics to reaction-diffusion
systems on €2([10]). In this chapter, we introduce existing results([10]) for the pulse
dynamics to reaction-diffusion systems on €2 and their proofs from [10] in preparation for
Chapters 5 and 6.

Figure 5: The star shaped metric graph in the case of R =6
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4.2 Existing results

In this section, I quote the exact same wording as in [10]. (B):~.(B) means that ~ is
quoted from B. We make the same assumptions as in Section 2 and define the following
exactly the same as [10].

([10]): We denote L3 := {L*(Ry)}" with the L*-norm by ||- ||z and the inner product
+o00o
L% by (U, Vi = / (U(z),V(z))dz for U,V € L2. H? L% are similarly defined
by H? = {H*(R;)}" and LY = {L>(Ry)}".
For Q = UL Q; with Q; = {ze; € R*z > 0}, we define {L*(Q)}" by all U(zx) €
RN (z € Q) satisfying U; € L2 for U;(x) = U(ze;) together with the inner product

(U, V)20 = Z/ h (z))dx for U,V € {L*(Q)}V, where U;(z) = U(ze;)

and Vj(z) = V(xe]). {H?*(Q)}Y and {L®(Q)}V are similarly defined by {H?(Q)}" :=
(U e (L}, U, € B2 (j=1,.... R),Uj(x) = Ulre,)} and
{Lo} ={U;U; € LT (j = 1, s aR)an(SU) = U(ze;)}-([10])

4.2.1 The existing result of “Motion of pulse solutions”

We also assume the same assumptions (H1) - (H3) and (A1), but we make the following
modifications exactly the same as [10].

([10]): (H1) means the followings: Let w;(x;A\)(j = 1,2,...,2N) be the fundamental
functions of the ODE
(A= Lop)u =0,z € R. (4.2.3)

Then wj(z;\) € CY for A € C with Re()\) > —p are the forms of
wj(x; \) = e NTh (1)),

for vector valued polynomials b;(z;\) € CV of x and Re(p;(A\)) > 0 with the nor-
malization |b;(0;A)] = 1. We assume 0 < Re(p(N)) < -+ < Re(un(N)) and put
w;(x;\) = e MNpi (2 A) for j = 1,...,N and w;(x;\) = eWVrh(a;)) for j =
N +1,...2N. Here, we note that b;(z;\) = b;.n(x;A) hold for j =1,..., N and that
{b;(x; \)};L, are linearly independent for any # > 0 and Re(\) > —pp. In particular, we
put a; := 1;(0), a;(z) := b;(z;0) and m;(x) := w;(x;0) = eF*%a;(x).

Related to (H3), we assume
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(H4) my(x) = e *®a that is, ay = a > 0 and a,(z) = a € RY. Moreover, a <
Re(aj) (7 =2,...,N) holds.([10])

Moreover, we consider the following settings and situations exactly the same as [10].
([10]): Quite similarly for Lj := D0, + "F’(0), the adjoint system

A=Lj)Ju=0,z€R (4.2.4)

of (4.2.3)((9) in [10]) has the same properties as follows: Let wj(x; ), (j = 1,2,...,2N)
be the fundamental functions of the ODE (4.2.4)((10) in [10]). Then, w}(z;A) € CY for
A € C with Re(\) > —py are the forms of

wj (T3 \) = ei’”()‘)‘”b;(x; A)

for vector valued polynomials b%(z;X) € CV of x and Re(p;(A)) > 0 with the nor-

A
malization |b3(0;A)] = 1.We note that 0 < Re(ui(\)) < -+ < Re(un(\)) hold and

we put wj(z;A) = e*“j(’\)zbj(x;)\) for j = 1,...,N and wi(z;)) = e“f(’\)xb;f(z; A)
for j = N+ 1,...2N. bj(z;A) = b}, y(z;A),5 = 1,...,N hold for j = 1,..., N and
{b%(x; \)}JL, are linearly independent for any = > 0 and Re(\) > —po. In particular, we
put a}(z) := b3(z;0) and m}(z) := w}(z;0) = e a}(x) with noting a; = 1;(0).

Related (H3) and (H4), there exists a* € RY such that m}(z) = e *"a*, that is
a; =a; = a>0and a}(xr) = a* € RY.([10])

2 T
uite sumilar to , wedefine b :="({y,...,{,), ;) := Moe™ ™7 | = e W _ g
Quite simil 10], we define 1 := ‘(I L), Hj(1) = Moe™b | ali _ gol;
i=1

and H(l) := *(H.(),..., H.(1)), where M, := 2a(Da,a*). We denote_max{ll, R
and min{ly,...,[.} by max I and min I, respectively. Moreover, by quite a similar to [10],
we also define

S( l) S(x—lj),w:xej EQj(j:L...,T),
xz;l) =
0, iB:IBjGQj(j:T—f-]_,...,R),

where r be a positive integer with 1 < r < R and fix it arbitrarily.

Theorem 4.1([10], Theorem 2.2). Assume (H1)-(H4). Then there exists [* > 1 such
that for the initial date U (0, z) sufficiently close to S(x;1y) for min Iy > I* in {H*(Q)},
the solution U (¢, x) of (4.1.1)((3) in [10]) satisfies

1U(t,) = S5 1)@ < Oe™")
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as long as min I(t) > [*. Moreover, there exists }NIj(l) such that PNIj(l) = H;(l) +
e~ (e~ i) and each [;(t) satisfies

dl; ~ :

d—g:Hj(l)(jzl,...,r)

as long as min I(t) > [* for v > .

4.2.2 The existing result of “Motion of front solutions”

We consider the motion of front solutions for (2.1.1). We also assume the same assump-
tions (H1)" - (H3)” and (A2), but we make the following modifications exactly the same
as [10].

([10]): (H1)" means the followings: Let wji(:r, AN =1,2,...,2N) be the fundamental
functions of the ODE
(L —Nu=0,2 €R.

Then w; (2; ) € CN for A € C with Re()\) > —p are the forms of
(

w(; \) = w(z; A)et VrpE(N),

+
j
for polynomlals w3 £(z;\) of z,vector b;t()\) € CNand Re(,u]( )) > 0 with the nor-
malization w; £(0; )\) = 1. We assume 0 < Re(uf(\) < --- < Re(p ()\)) and put

w; F(x; \) = w; *(x; )\)e_“ji()‘)zb;t()\) forj=1,...,Nand wj[(a:; A) = wji(:c A)e“J ‘”ij»[()\)
for j = N+1,...2N. In particular, we put a;-t = uf(O), m;-t (x) = wji(x, 0),a j = b;-t(O)
and mj[(a:) (:1:' 0) = ( )e o (A )maji(x).

Related to (H3) , We assuie:
(H4)’ mi(x) = e *+%a™*, that is, mi(z) = 1,af = ax > 0 and aF = a. € RV .([10])

Moreover, we consider the following settings and situations exactly the same as [10].

Quite similar to [10], I :=*(Iy,... 1), H; (1) := Mye [% Z el — 6_%1]'] and
i=1
H.(l):=YHF{1),...,H(1)), where M. := +2a.(Da,a%). We denote max{ly,...,[.}
and min{ly, ..., .} by max I and min I, respectively. Moreover, by quite a similar to [10],
we also define

S( l) S(QS'—ZJ), mzl'ejer(j:l,...,’l“),
x;l) =
S_, x=xe;€Q;(j=r+1,....R).
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Theorem 4.2([10] Theorem 2.3). Assume (H1)-(H4)’. Then there exists [* > 1 such
that for the initial date U (0, ) sufficiently close to S(x;1o) for min Iy > I* in { H*(Q)}Y,
the solution U (¢, x) of (4.1.1)((3) in [10]) satisfies

[U () = S(51(1)) ||z < O(e™")
as long as minl(t) > [*. Moreover, there exists F[j_(l) such that ﬁj_(l) = H; (1) +
e~ =liO(e7™inl) and each [;(t) satisfies
dl; ~_ .
= H WG =17

as long as min I(¢) > I* for v > a_.

4.3 The proof of Theorem 4.1

For self-completeness and in Chapters 5 and 6, I quote the proof of Theorem 4.1(]10],
Theorem 2.2) into this section. Theorem 4.2 ([10] Theorem 2.3) can be shown the quite a
similar way to the proof of Theorem 4.1 ([10], Theorem 2.2) (see [10]). In 4.3, U and U;
is identical to U and U; (j = 1,...,r), respectively. S is identical to S of (H2).

Hereafter, I quote the same wording as “Proof of Theorem 2.2” in [10].

It suffices to show the proof of Theorem 4.1 ([10], Theorem 2.2) only in the case of r < R.
For fixed I =*(ly,...,l.), we define the function G(x;1) on ) satisfying

(0 = DO2G; + F'(0)G,,

jzl{axs(—lj) +0,G;(0)} + j;laij(O) =0, | (43.5)
S(=l) + G1(0) = - = S(=1,) + Gr(0) = G111(0) = - - - = Gg(0),

KG]'(—FOO) = 0,

where G;(z) = G;(z;1) == G(zej; 1) (j =1,..., R). Since my(z) (k =1,...,2N) are the
fundamental functions of the ODE

0=Dd’m+ F'(0)m,z€R

and my(4+00) = 0 hold for £k = 1,...,N,G(z) with G(+o00) = 0 is expressed by a
N

linear combination of my(z) (k = 1,...,N), that is, G;(z;1) = chkmk(x) and hence

k=1
Gj(x;l) = cqhp(l)e**a + O(e™ ") holds for v > a by (H4). Hereafter, we use the same

symbol v as a positive constant larger than a.
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Lemma4.1 ([10], Lemma4.1). The coefficients {c;; (1)} of G,(z;l) are given by

4

cii(l) = C;(1) : RZ e —e 1< <,
ci1(l) = Ze’o‘l’“, r+1<j5<R, (4.3.6)
Lcie(l) = O(e™ 71mml) 1<j<R2<k<N

as minl — +oo for v > a.

Proof. Since S(x — 1) has the asymptotic profile as [ — +o0o, S(x —1) — e*@Va together

with 0,5(x —1) — ae®@Va, S(~1) = e ®a+O0(e™") and 9,5(—1) — ae*@Va+0(e™)

hold for v > . Then substituting these profiles and G,(0;1) = ¢;1(l)a + b;, 0,G,(0;1) =
N

N
—acji(l)a+b) with b; = chkmk(O) and b = chkammk(O) into the Kirchhoff bound-
k=2 k=2
ary condition of (4.3.5)((25) in [10]), we have

Z{ae b —acp(D)}a — Z acj( a+Z{O e ) + b} + Z b, =0,
Jj=r+1 Jj=r+1
alla, +en(a+0(e )+ by = = alra + cril)a+ O(e™ ') + b,
\: CT+1’1(l)a + br+1 == cR,l(l)a + bR.
(4.3.7)
Since {C;(1)} defined (4.3.6)((26) in [10]) satisfy
T R
DA =G0y - Y G =
j=1 j=r+1
e+ Ol = =e+C(1) =Cra(l) =+ = Cr(1),
(4.3.7)((27) in [10]) becomes by taking c;; (1) = C;(1),
{O(e™) + ¥} + b, =0,
> > 3y

O(e 7l1)+b1—~~:O(e ")+ by =boyy = =bg

(4.3.8)((28) in [10]) means that b; and b/ can be taken in O(e~7™") for v > « and also
cjir(l) = O(eTmmint) (1 < j < R,2 < k < N) for some y; > a. O

Thus we can get the function G(x;1) satisfying (4.3.5)((25) in [10]) and G;(z;l) =
Ci(l)e *%a + O(e~m@tminh)y for 4, > q.
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We express the solution U(t, ) of (4.1.1)((3) in [10]) by U(t,x) = S(x;1) + G(x;1) +
V(t,x). Then, the equation (1.0.4)((2) in [10]) or (4.1.1)((3) in [10]) becomes the equation
of V

O{S(— 1)) + Gy +Vi} = LUV, + LG, + KL V)G = 1,....7),

0{G; + Vit = LoV + LoGj + K;(L, V) (j =7 +1,..., R), (4.3.9)

R
D> 0:Vj(t,+0) = 0,VA(t, +0) = --- = Vie(t, +0),

\ j=1

where Vj(t,z) = V(t,ze;),Gj(x) = Gi(x;l) := G(zej;l),L(1) := DI + F'(S(z —
1)), Lo := DO?+ F'(0). K;(I,V;)(j =1,...,R) are functions satisfying |K;(l,V;)(z)| <
O(|G,(z,1)|*> 4+ |V;(t,z)|*). Here we define the operators for U € {H*(Q)} as follows:

{L(ZJ)UJ}(x> (] = 17"'7T>7

LU} (ze;) :=
(L0 (e, {{LOUj}(x> SR

R
with the Kirchhoff boundary condition Z@xUj(—i-O) =0,U;(+0) = ... = Ur(+0) and

j=1

{,COU}(xej) = {L()U]}(.I) (] = 1, <y R)

R
with ZazUj(+O) =0,U,(+0) = - - - = Ug(+0),where U;(x) := U(xe;).

j=1

Lemma ([10], Lemma 4.2). The spectral set > (L) satisfies Y (Ly) C {\ € C; Re(\) <
—9} for 9 > 0.

Proof. Let us consider the equation(Ly — \)U = f for arbitrarily given f € {L*(Q)}V
and \ with Re(\) > —pg. Here define maps Lp, Ly:{L*(R,)}N — {L*(R)}

Lolh(x) = {h(x), x>0, Lalh](z) = {h(x), x>0,
—h(—x), x <0, h(—z), <0
for h € {L*(R,)}.

For f € {L*(Q)}V, fi(z) = f(ze;)(j = 1,...,R) belong to {L*(R;)}" and hence
we can put WP(X) = (A — Lo) ' Lp[f;], WN(A) = (A — Lo) ' Ln[f;] € {H*(R)}V for
Re(X) > —po by the assumption (H1). Since (A — Lo)(W” — W) = 0 on R* and
WP(z; A) =W (z;A) = 0 as & — 400, W — W is expressed by the linear combination
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N
of the fundamental functions as W (z; \) =W (z; A) = Zak(/\)wk(x; A) for some ag(A).

k=1
N
In general, all of U in the forms of U(z) = W(z;\) + Zak(m; ANwg(z; A) satisfies
k=1

(A= Lo)U = f on R,.
Let By(A) be the Dirichlet-Neumann map of (A — Ly) on R, defined by 9,m(0) =

By(A\)m(0) for the function m(x) satisfying (A — Lg)m = 0 on R, and m(+o00) =
N N

0. In fact, it is defined as the linear map By(A) : Zakbk(O;)\) — Zak{a@bk(o;)\) -

k=1 k=1
(A bi(0; A)}. Now we define the function U(x) = Uy[f](x) on Q by

U(ze;) = Uj(x) := WY (25 A) + my(z;m* — WN(0; 1),
LB
where m* := EZWéV(O’ A) and m(x; my) is the function on R satisfying
k=1
(A=Ly)ym =0,z € Ry,
m(0) = mg, m(+o00) =0
for given my € RY, which is determined uniquely. We will show that U(zx) satisfies the
Kirchhoff boundary condition as follows:

First, we note that U;(0) = W,¥(0; X) + (m* — W}¥(0; \)) = m* holds for j =1,..., R.
Next, since

= 0+ By(A)m; (0;m" — W;¥(0; 1))
= Bo(\)(m* — WY (0; 1))
holds, we see
Za U;(0 (M{Rm” - ZWN (0:\)} = 0.
Thus, the resolvent (>\ — L)~} exists for Re(\) > —py, which is given by (A — Ly) 7! f =
Uo[f]- -

Lemma ([10], Lemma 4.3). The spectral set > (L(1)) consists of X(L(1)) = Xo(1)UX, (1)
for sufficiently large minl, where Xo(1) C {\ € C; |A| < —yze~%ominlt and 3,(1) C {\ €
C; Re(\) < —~4} for positive constants 3,74 and 0 < 0y < 1
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Proof. Define the linear map B(x;1) on 2 by

F'(S(x—1;))—F'(0),j=1,...,r

B(zej;l) = Bj(x;1;) == {O j=r4+1 R

where O denotes the zero matrix. Note that |B;(x;l;)] < O(e=**=kl) and L(I) = Ly +
B(-,1) hold. Fixing [ > 0 sufficiently large and taking minl > I, we put z; = x4(l) :=

Eminl and intervals I; := (zq,23), Iy := (21, 24) on each Q;. Let {x.(x)} be the smooth

5 pr—
cut-off functions satisfying 0 < yx(z) <1,

1,2 < @y, 0,2 < x9,
X1(7) = Xa(7) = X1(x) + xa(z) =1
0,7 > x3, Lz > a3,

and

O,JI ¢ IQ.

Hereafter in this section, we consider the equation (A — L(1))U = f for f € {Lo(Q)}V
and \ € Yy(l;0), where $5(1;0) := {\ € C;|\| > yzefominl Re(A\) > —p1} for 0 < 6 < 1
and 0 < p; < po. Then we can define the operator D(\) on §2 by

@){(3 — Lo) 7 F}(we) + xal@){(A — L) Lalf]} @) g = 1.1,
(A= Lo) ' fY(aey)j=r+ 1., R

1,5(7 € Il;
x3(7) :{

{DA)f}(ze;) = {

for A € X9(1;0), where f;(z) = f(re;). We represent the restriction of D(A) on €
by {D;(A\)f}(x) := {D(\)f}(ze;). Here we note that |[(A — Lo) || < v and ||(A —

DM\)7H| < |77| for Re(\) > —p1, where v and +' are positive constants independent of

A€ y(L;0), f € {Lo(2)}Y and I with minl > [. The same notations v, and additional
~" ... are used again below as general positive constants independent of them.

First, we note that for x > x5, {(A — L({;))D;(\)f}H(z) = fi(z)(j = 1,...,r) and
{AN=Lo)Dj(N) f}(z) = fi(z) (j =r+1,..., R) hold, which means

{A=L@)DN) f}(ze;) = fi(x) (z > x3). (4.3.10)
For 0 < & < @9, {D;(N) f}(z) = {(A = Lo) ' f}(xe;) holds. Hence we see for j =1,...,r,

{(A= L)) DN FHa) = {(A = Lo = Bi([)[{(A = Lo) ™' F}(-e))] (=)
= fi(x) = Bj(x; 1;){(A — Lo)~ f}(ze;)

= £(@) + {0 5™ ) f) (wey)
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3
because of |B;(z;1;)| < O(e~el*=kl)y < O(e=ele2=bl)y < O(e™ 5™ for 0 < & < @y =

2minl and for j=r+1,...,R,

{(A = Lo)D;(N) fH(x) = {(A = Lo) {(A = Lo) ' F}(-€))](x)
= fi(x).

Thus, we have

{(A=LW)DA)f}(wey) = fi(x) + (M) f)(2e;)(0 < < 25), (4.3.11)

where {A1(1)f}(ze;) = x1(x)B;(z;1;){(A — Lo) ' f}(ze;) is an bounded operator on
37
{Ly(Q)}N satisfying [|A;(1)]| < O(e 5™,
Finally, we give the estimation for 2o < 2 < x3. Let U;(z) = {(A — Lo) ' f}(ze;) and
Vi) = L\ = L(;))" Lulf]}). Then we see

{(A = Lo)ViHx) = {(A = L(lj) + B;(:;1;)) Vi Hz)
= Ly [f;](x) + Bj(x; 1){ (A — L(1;)) " Ly [f;]} ()
= fi(x) + Bj(a; ){(A = L(l;)) ' Ln[f]}(z)

for z9 < x < x3. By the multiplication of x3(z), we can assume that the above equation
holds for any = > 0, that is,

{(A = Lo)ViH=) = £(2) + xs(2) Bj(w: ;) (A — L))" L[ f](x) (4.3.12)
on R,. Since |y3(z)B;(z;1;)| < O(e=2li=3)) < O(e_go‘minl) holds for > 0, we have

2 .
/ —Taminl

15385 (5 1) = L) T L[} < WTHJZ'II@

,7/6—a<2 minl—6 minl) (2 9)
—a £—0) minl
< = [ fille < ve ™Y 1 f5ll 2

for A\ € ¥5(1;0), where 4" and  are positive constants.

Let Wi(z) = Wjlfill) = (A = Lo)" Lnlgl(z) with g;(z) := xa(x)B;(z:[;){(A ~
L) ExlA} @) Then (WAl < ve G )™ ||f,lls holds for 7/ > 0
together with V; — U; — W; € {L*(R;)}Y and (A — Lo)(V; — U; — W;) = 0. Hence
Vi(x) — Uj(x) — W;(x) is represented by fundamental functions {w;} in the form of

N
V() = Ujz) = Wi(w) = > aje " N%b;(x; ).

j=1
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Since ||V; — U; — Wjl|em@,) <AV = Uj = Willmzw,) < Y| fll22(@) hold for 4 > 0 and
7' > 0 and also Re(u;(\)) > p' for a positive constant p' by (H1), we have ||V; — U; —

) 2,
Wj||H2(11) <A'eP I2||f||L2(Q) =~"e 5" mml||f||L2(Q) for v > 0. Then we see

{D;(N)fHz) = x1(2)Uj(z) + xa(2)Vj(2)
= (@) + x2(2)}U;(2) + x2(2){V;(z) — Us(2)}
= Uj(w) + W(a),
where W](x) = x2(2){Vi(z) — U;(z)}. ﬁ//](a:) is estimated on I; as
Wil < oV = U = Wl + 1Dl
R Ll A PR ) L TP AT
<" ™Y fill 2
for 4 > 0 and p” > 0 by taking 0 < 0 < % Therefore, it follows on I; that
{(A = L(I;))D;(N) £ Hz) = {(A = L)) (U; + W) }Hz)
= {(A = Lo)U;}(&) + B;(x; 1;)Uj(x) + {(A — L(L;)) W, }(x)
= fi(z) + {B;(\) f} (@)
for j =1,...,r, where {B;(\)f}(z) := B;(z; 1;)U;(z) + {(A — L(I, ))W Hx) with

HB ( )fHL2 ) < O( amlnl "‘e_p”minl)H.fHLz(Q) S O(e—’yminl)||f“L2(Q)

for a positive constant ~.
On the other hand, (A — Lo)D;(\) f = f; is clear for j =r+1,..., R. Thus, we have

{A=LO)DN)f}(we)) = fi(x) + {Ma(M) fH(we;) (w2 < @ < 5) (4.3.13)

with [|As(A) fllr2(r) < 7e ™| £l 12 for a positive constant 7.
(4.3.10)((30) in [10]), (4.3.11)((31) in [10]) and (4.3.13)((33) in [10]) lead the equation
for the operator £(1) on {L?()}V

A=LO)DAS = F+ AN f

with ||As(\) £l 22y < 7Y'e™ ™| f|| 12 for a positive constant v and /. Taking [ suffi-
ciently large, we see that Id + A3(\) is invertible for minl > [ and hence

(A= LO)DNId+ As(N) "' f = f

holds, which implies that the resolvent (A — £(I))™! exists for A € ¥y(I;6y) with 0 < 6, <
2
2 O
5
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Remark (Remark 4.4 in [10]). From the proof, the resolvent (A — £(1))™" is given

by (A= L(1))"" = D\)(Id+ A3(\) ™" and the estimate [|[(\ — £(1)) || < v (1 + &')

is obtained.

Let X := {L*()}" and Q,(1), R,(l) be projections on X corresponding to the spectral
sets 3o(l) and X4 (I) of the operator L(1), respectively. We also denote the projections
on {L*(R)} corresponding to spectral sets {0} and 2; of L by @, and R, respectively,
according to (H2). Then we note that the projection @, is given by Q,U = (U, ®*) 12(r)0,S
for U € {L*(R)}" by (H2) and (H3). Similarly, we give a projection @} (l) on L} =
{L2(R )} by {Q (WU (x) = (U, ®*(;;1))120:S(x — 1) for U € L%, where we define
T S S e D
1), ®*(+; l)>Li =1

Here, we note that the resolvent (A — £(1))™" is given by (A — £(1))™" = D(X) + A4())
with [|[A4(\)||x < ve™ ™ for X € ¥y(1;6,) from the proof of Lemma ([10], Lemma4.3),
where v andy’ are certain positive constants. Then by taking the Dunford integral around
Yo(l), we have

®*(x—1) so as to satisfy the normalization of (9,5(- —

X2 () @p(l;) L [Us]} (2) + {As (DU (we;), 5 = 1,7,

plU Te;) =
(@Bre) {@umvwwn, Jora LR

for U € X, where U;(z) := U(ze;) and A5(1) is a bounded operator on X with ||A5(1)]|x <
O(e~min) for a positive constant 5. Hence putting

{Qy()UHx),j=1,...,m,
0, j=r+1,...,R

{va(l)U}(ZEej) = {

for U € X, we see that ||Q,(l) — @p(l)||x < O(ewminl) <« 1 holds for sufficiently large
minl, which implies that the spaces E(l) := Qp(l)X and E(l) := @Q,(1)X are homeo-
morphic and that there exist {Ai(l),...,\.(1)} € C,{P1(I),...,P,.()} C X satisfying

INj(1)| < yzefoamint and

X2(2)0,S(x — ) + O(e= ™Yy = 9,.S(x — I},) + O(e~mind) | = 5

(I)jl TEeL) — .
()(aes) {owvwmw, e

such that Xo(l) = {\(1),..., N\ (D)} and E(l) = span{®,(1),...,D.(I)}.
The adjoint operator £*(1) also has the same properties as L(1), specifically, (1) C
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Y(£*(1)) and there exist {®3(1),..., P (1)} C X satisfying

O*(z — lp) + Oe7 ™) | = j,

Qi () (zey) =
]< )( k’) {O(G%miﬂl)’ k#j

such that the corresponding eigenspace, say E*(I) to the spectral set ¥o(l) is given by
E*(1) = span{®;(1),...,®x(1)}. Let E+(l) :== R,(1)X. We note that E+(l) is expressed
as EX() ={V e X;(V,o*1))x =0(j =1,...,7)}.

Lemma ([10], Lemma4.5). {®,(1),...,®,(I)} and {®5(1),...,D:(l)} can be taken as

2 .
0:9(x — 1) +a <— — 1) e~iemo2q 4 e liQ(emrminl 4 o=%62) k= j,

@,(1)(ver) = { i |
Ee—alje—axa + e—ale(e—’W minl + e—’YGI)’ k 7& ,]
(4.3.14)
and
* 2 —al; ,—ax % —al; —~7 minl —Y6T :
X O*(z — ;) —« }_3—1 e Me a* 4 e i 0(e” +e75%) k=7,
(e ={ |
_Ee_alf e~ a* + e (e mint 4 e706T) k£ g,

(4.3.15)

for 76 > « and 47 > 0. Here we denoted remainders by O(e ?7™inl 4 ¢=7%%) when

the remainders are expressed as e 7 ™nP(x) + e 67 Y(x) for some &, ¥ € {L3(Q)}N U
{L= (@)},

Proof. We only show (4.3.14) ((34) in [10]). Define ®;(x) by

6x5(l' — lj), ]{7 = j,

Pji(x) := j(ver) = {0 oy

and ¢;(x) by
(Lot = 0,2 >0,

R

{025(=1j) + 0s35(0)} + D> _0:s(0) = O,
k#j

9:S(—1;) + ¥55(0) = ¥ (0) (k # j),

\wjk(oo) =0,
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where 1, (z) := 1;(ze;). Then by the quite similar way to the proof of Lemma4.1 ([10],
Lemma4.1),

( / /
wjj(x) — Oé(— . 1)6_alj e~q 4 O(e—(az-i-'yGZJ) 4 e—(’yﬁx-i-alj))

= a(g — Derbe at e e w0 M e ), =k,
'lb]k@f) = %e_alje_awa+ O(e—(ax-i—vélj) +6_(Vém+°‘lj))
(6%

— _e—alje—ozxa + e—oclje—axO(e—vélj 4 e—véa})’ k 7§ j;
\ R

hold for 7§ > o and 74 > 0. Hence for j =1,...,r, we see

{L()(02S(- = Jj) +55) } (@) = {L(l;)¥y;} (x), k = J,
{LAO)(®; + vy) Haer) = S {LU) Y} (), k= 1,...,mk # J,
{Lovy}(@) =0,k=r+1,...,R

and therefore

{L(e) s} (@) ={ Lot} (x) + Bi(w; L) hjp(x) = 0 4 O(e Wl gmoligmar),
L)l |2 < O(e™ e/l + 1)

hold, where By (z;l;) = B(zey;l) = F'(S(x — i) — F'(0) in Lemma ([10], Lemma4.3).
Thus, we have [|[L(1)(®; + ¥;)||lx < O(e ®lie7sminly for ¢ > 0, which means that
[|R,(1)(®; + 1)) || o) < O(e e mint) and that we can take

D;(1) = B+ 1y + O e MY (G =1, ),

that is, for j =1,...,r,

2 . /
0:9(x — 1) + a(= — 1)e e @q + e Qe minl 4 7% k = j,
oU)@er) =49, P o
Eefalj e a + e i0(emmint  e7%6T) k£ g,
Quite similarly, we have
* - * —alj ,—vygminl s
Pi(l) = @ +f + O(e” e ™M) (j=1,...,7),

where ®7(x) is the function of

(I)*(ZL’ - lj)’k :jv

q);“k(a:) = @;(:Eek) = {0 -y
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and ¥ (x) by

J
(
Ly, = 0,2 > 0,

{0:9% (=) + 0005, (0)} + Y _0:15,(0) =

k#j
O*(=1;) + ¢5;(0) = ¥5(0) (k # J),
\ ;k(+oo) =0,
where 7, (x) := ¢} (zey). They are calculated as
2 : ,
Pz — 1) —a(= — e e aq* + e liQ(e~mminl 4 ¢=%7) k = j,
O;()(rer) =4 94 r | ,
_Ee—alje—axa* 4 e—alj0<€—’yg min + e—'ma:), k 7&]

fory=1,...,r
Thus, the proof is completed.

Consider the solution U(¢, ) of (1.0.4)((2) in [10]) or (4.1.1)((3) in [10]). Decomposing
the solution U(t, ) by U(t,z) = S(z;1(t)) + G(z;1(t)) + V(t,x) with V(t) € E*+(1(t)),
we see (4.1.1)((3) in [10]) becomes (4.3.9)((29) in [10]), that is,

OS5 U1) + G UE) + V() = LOLGE L) +V(E )+ K1), V(E,-)), (4.3.16)

where K(I,V) are functions satisfying K;(I,V) = K;(I,V;) on Q; and |K;(l,V;)(z)| <
O(V;(t,2))? + |Gi(z; D)) (j = 1,...,R) as in (4.3.9)((29) in [10]) for V; = V;(t,z) ==
V(t,ze;). Fixing I* := (I*,...,l*) € R" for sufficiently large [* > 1, we define the map
(1) : EX(*) — EX(1) by H(OW := V(1) for W € E+(I*), where V(1) is the solution of

‘CZZ_‘T/ = = D7 (1= 1)V, 0,94 (6(r) x 2ul0(7))
V(0) = W

where () := (1—7)I* +7l. Then II(l) is a homeomorphism from E*(I*) to E+(1), which

was proved in Lemmad4.1 of [8]([5] in [10]). Transforming V(t,-) = II(I(¢))W(t,-), we see

(4.3.16)((36) in [10]) is

@, 0{S(1) + G} + oIIW) + TTM)OW = LIN{G(1) + TIIHW} + K (1, TI({I)H)W),
(4.3.17)

or equivalently

{i =H(IW), (4.3.18)

OW = AW + J(1,W)
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by operating the projections @,(I) and R,(I) on (4.3.17)((37) in [10]), where A(l) :=
oY1) L(N)II(l) and

JAW) =T O R,M{LA)G) + K@IIOW) — (HAW),a{S(+1) + G D)1}
Here (-, -) means the usual inner product of vectors in R”. We also note that (I, ,II(1)W) e
E(l) from the definition of TI(Z) and hence R,(1)(I, &,T1(1)V) = 0 holds.

H(L, W) is obtained by taking the inner product of (4.3.17)((37) in [10]) with ®3(I) in
X, which is

(oS5 1) + G0} + aIMW), @5(1) x = {LOG (1) + K, IIIW)}, ®5 (1)) x.
(4.3.19)
Since

(.2 1 = D510, 950
S AR

_ _l {1+O e ’)/5H111’1l Zlko e 75m1nl
k#j

holds, the matrix
B(AW) = {ajihi<ir<r = {0, {S (1) + G(-;1) + HOW}, @5(1)) x fr1<jn<r
is invertible for a sufficiently small Y. Since (4.3.19)((39) in [10]) is equivalently written
B, W)l = b(l, W),
where
(LOGEED + K TIW), 01(1)) x
b(l, W) := :
(LOGEED + K TIHW), 07(1)) x
H(I, W) in (4.3.18)((38) in [10]) is given by H (L, W) := B~ (I, W)b(l,W). Let H(I, W) =
HHLAW), .. H o (W) and b, W) = Lo, W), ..., b (1, W)).

Lemma ([10], Lemma 4.6). There exists 79 > a such that
H;(1, W) = {MoC;(1) + O(e ™™ ) }e™ + eV O(| |G D [Loe 0y + W L)

holds for minl > [* and a sufficiently small W.
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Proof. We express ®;(1) by ®5(l) = ®;+v5 +n; (j = 1,...,7) according to Lemma ([10],
Lemma4.5), where ®*and ¢} were already defined in Lemma ([10] Lemma4 5) and 7 are

functions satisfying ||77J||L00(Q) < O(e@lieg=wminl) By £*(1) = EB(+;1) for B(x;l)
in Lemma ([10], Lemma4.3) and ®*(z — l) — —e ol-lgr = — O‘(f” l)a as | — +o00, we
have

(LOGED, @5W)x = Y (LU)GK(1), D5 (M) (er)) sz + Y (LoGr(-1), (D) (-ex)) 12

k=1 Pt
= (L0)G (1), D) ez + ;w(zj)af(-,z>,<1>;f<l><-ek>>@ 40
LGB+ )1+ (o + By )Gy Dt e
3L + B NG 0,0 4 0+ i
LGB, + 0

+ (B )G () mi) iz + ) (Bil )Gl 1), 45, + mig) 2 -
Py

Since we have

(L{;)G5(- 1), 55 + ) 2
— [(DO.G(51), ®3 () + 65, (NI — (DG 1), 0u{®% () + 0 (e ™
+ (Gj(wl),L*( Q5 + U5z
=aC;(l) - {—e" ]—04(%—1) e %Y Da,a")
+C(1) - {—ae ™ + o? <% — 1) e~} (Da,a*) + O(e e mint)
+{G5(50), L(13) 55012 + (G550, (Lo + "Bi (1 1Y) e
= —2a(Da,a”)C;(1)e™ + O(e™*e™" ™) + (G5 (51), "By (5 ;)50 12

JJ
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it follows that
<‘C(l>GJ(7 l>’ (I);J(l»X

r

= —2a(Da,a*)C;(l)e Y + O(e’o‘lfe”/minl) + Z(Bk(‘§ W)Gr (5 0), ¥ + M) 12

+
k=1

— —20(Da,@’)Cy(B)e2b + Ofeebe min)
r +o00
+ Z/ O(efa\xflﬂefa minlefax(efaljefax + efaljef'yg minl))d:c
k=170
— —20(Da,@’)Cy(B)e2 + Ofeebe min)

r 00
+ efaljefoz minl E / O(efa\zfl“efax(efax 48 m1nl>)d:c
0
k=1

— —2a<Da’ a*)c«j (l)efalj + O(efaljef'y/ minl) + (efozljefaminlzo(efal,C FIpEr minlefalklk)
k=1
_ _3a(Da,a")Cy(D)e " + Ofe- e mint
= {—M,oC;(l) + O(e™" minly} e=ed;
for v/, 7" > a.

The remainder of the proof of obvious from Lemma ([10], Lemma4.5).

]

Now, we denote by X“ for 0 < w < 1 the fractional powered space of X by A(l*) with
the embedding to {L>°(Q)}". We define

5(1) = {6‘“‘““” (mind =09, sy = {e‘m"“’” (min{l, '} > 1"),
e~ (minl < I*), el (min{l,l'} < 1*)
and
W(D1,Ds) := {W € C(R"; EX(I") N X*);
W@l < D16 (1), W) = W)l < D201, T)[E -]}

Here we note to extend the region {minl > [*} of I to the whole space R" such that all
estimates above hold by using an appropriate cut-off function such as ||G(-;1)|[z=@) <

O(d(1)) holds for I € R". As the result, we assume that for I € R" and W € W (D, Ds),
the result in Lemma (Lemma 4.6 in [10]) and
17AW)]x < OGOz 2) + IGD) ]z [IWI] (@) + [WI[70e (@) + [HEW))),
[H; (1 W) = H; (W) < O, 1) - 5@ V)L = V] + [V = W@},
1@, W) = JWW)[x < OGN = V] + [[W = Wl[re@)}
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hold. Then we see
1T, W)l|x < O(6(1) 4+ (D1 + DF)6*(1))

for W € W(Dy, D) Remainders are quite a similar way to [8]([5] in [10]) and we can
construct a function o* € W(Dy, Dy) for appropriate D; and D, such that M* :=
{(l,0*(1));1 € R"} is an attractive invariant manifold of (4.3.18)((38) in [10]). It means
that the function
U(t) = S() + GUE)) + TLAE))o" (1))

with the solution i

C U1 o

U M),

l(0> = lo S RT
is a solution of (4.1.1)((2) in [10]), (1.0.4)((3) in [10]). Lemma ([10], Lemma4.6) leads

Hj<l,0'*(l)) _ MOCj(l)e—alj _’_e—alj(e—%ominl) — Hj(l) _'_e—oclj(e—%ominl)

for 710 > «a. Thus the proof Theorem4.1 ([10], Theorem2.2) is completed by taking

H(l) = H(l,0%(1) for H(l) :='(Hy(1),..., H.(1)). O
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5 The pulse dynamics for
reaction-diffusion systems on an
H-shaped metric graph

5.1 Introduction

Exactly as in Chapter 4, we define ey := (1,0) € R? and ey, €,k € N are the unit
direction vectors of €2 satisfying ey # +ey, ey # £é; and e; # te;(i # j), & # L€;(i #
7). Let an metric graph € be a graph satisfying

Q::QOUGQJLUUQf

j=1 i=1

for mp,mr € N with mg,my > 2, where Qp := {zep € R?*|0 < z < K}, Qf := {ze; €
R*(j=1,...,mz) |z >0}and QF := {ze;+Key € R*(i = 1,...,mg) |z > 0}. Moreover
we denote the restriction of u to Qg as ug(z) := u(rey), u to QF as u;(z) := u(re;), and
u to QF as w;(z) := u(ve; + Key) for a function w on €. In this section, we consider the

following reaction-diffusion systems on €2

(0,U, = D8,,Uy + F(Uy),t > 0,0 <z < K,
atUj = Daszj +F(U]),t > 0, €T > 0(] = 1,...,mL),

atﬁi == Dazzﬁl +F<ﬁl),t > O, T > O(Z = 1,...,mR),
o (5.1.1)
0uUs(t,+0) + > 0,U;(t,+0) = 0,Up(t, +0) = U;(t,+0) (j =1,...,my),

j=1
mpR

i=1

\

for K > 1, where F : RY — RY is a sufficiently smooth function. Here U (¢, z) € RY is a
vector valued function of t and x € €2, and Uy(t, ) := U (t, veg) and U;(t, z) := U (t, ve;)
and U;(t, z) := U (t, 2é;+ Key). We call boundary conditions of (5.1.1) at junction points
O :=(0,0) and K := (K,0) “Kirchhoff’s boundary condition” in this thesis.
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From now on, we will also express (5.1.1) as
o,U = DAQU + F(U) (5.1.2)

on 2 with the Kirchhoff’s boundary condition.

We call QU {O} U{K} “H-shaped metric graph”(Fig6) in this thesis. An H-shaped
metric graph connects each vertex of the two star-shaped metric graphs by a line segment
and is an extended domain of the star-shaped metric graph. If K = 0, the domain is the
same as that of the star-shaped metric graph. Such a graph connected the origin of mul-
tiple star-shaped metric graphs by line segments is more important from the application
viewpoint than star-shaped metric graphs. In nature, channel geometries and nerve fibers
are branching geometries formed by connecting the origin points of multiple star-shaped
metric graphs with line segments. Such geometries are often seen in nature. However,
analyzing reaction-diffusion systems in such a region is difficult because the shape is more
complicated than star-shaped metric graphs. As a first step to considering the problem in
such a domain, the issue of reaction-diffusion systems on H-shaped metric graphs, which
are relatively easy to handle, has been studied in recent years. In particular, [21] obtains a
pioneering result for a scalar reaction-diffusion equation on H-shaped metric graphs. [21]
has been reported on the behavior of front-progressive and front-type stationary solutions.
Moreover, this result tells us that the length K of the line segment connecting the origin
points is closely related to the existence of front-type stationary solutions and front-type
traveling wave solutions. On the other hand, as mentioned in chapter 4, there is no result
for the pulse dynamics for reaction-diffusion systems on H-shaped metric graphs. How-
ever, If K > 1 holds, we can directly apply the theory of [10] to (5.1.2). As a result, I
have obtained some results. I report some results in this chapter.

Q7 Qf
\ 5n . e, +Ke,
/e/o .
¢ e, +Ke,
QL
2 912?

Figure 6: The H-shaped metric graph in the case of my = 2, mg = 2.
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5.2 Main results of the dynamics on an H-shaped
metric graph

In this section, The assumptions and notation are the same as in chapter 4. More-
over we denote L2 := {L*(0, K)}" for K > 0. The inner product L% by (U, Vs =

K
/ (U(z),V(x))dx for U,V € L3%. Hz, L5 are similarly defined by Hz := {H?(0, K)}¥

0
and L := {L>(0, K)}V.

We use notion h(l; K) := {lI, K—1} and h(l; K) := min h(l; K) and h(l; K) := max h(l; K)
in this section.

5.2.1 The motion of a single pulse solution on an H-shaped met-

ric graph.

We define
S(x —1ly),x = zeqg € Qp,
S(x,ly) = 0, x = re; € OF (j=1,...,mp),
0, x=ux€ +KeyeQF (i=1,...,mg)

for mp,mr € N satisfying m; > 2 and mgr > 2. Fix arbitrarily one positive integer
my, > 2 and mg > 2. Then the following holds.

Theorem 5.1. Suppose there exist sufficiently large positive constants Ky, [* such that
I* < h(l*; Ko) < h(l*; Ky) < 2h(1*; Ky). Moreover suppose for any K > Kj, there exists a
positive constant [© such that I* < k(1% K) < k(1% K) < 2h(I°; K) and the initial value
U (0, x) is sufficiently close to S(x;1"). Then there exists 0 < lo(t) < K such that the
solution U (¢, x) of (5.1.2) satisfies

1T0(t,+) = S(z = lo(t))l| Lz < O(em2®R)),

1U; (¢, )|z < O(emetW) (j =1, my),
1Tt Iz < O(eob0OH) (i =1, mp)

as long as [I* < h(lp(t); K) < h(lo(t); K) < 2h(ls(t); K). Moreover lo(t) satisfies

dt mL+1 _mR—l—l

as long as [I* < h(lp(t); K) < h(lo(t); K) < 2h(lo(t); K) for a positive constant 7' > a,
where My :=2a(Da,a").

do _ (mL__le—zazo mR__le—m(K—lo)) 4 (em0l0 4 emalK=l0)) (= 7hllnik))
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Remark 5.1. If m; +1 = R and mgr = 1, the leading term in Theorem 5.1 is fo =

R—2
— M,y 7 e~2l_ This is consistent with Theorem 4.1 ([10], Theorem 2.2) for R > 3 and
r=1.
-1 —1 _
We define Hg(lg) := —M, (% ~2alo _ %6_2“”{40)), let [ > 0 be an equi-

librium satisfying Hy () = 0 and I* < minh(l; K) < maxh(l; K) < 2minh(l; K). Then
the following corollary 5.1 for Theorem 5.1 holds.

Corollary 5.1. There exists K > K such that an equilibrium of Hg(l) satisfying the

- - K 1
above, say [, | = ?—1—2— log v/m*. Then if My < 0(> 0), there exists the stable(unstable)
o
stationary solution U*(x) of (5.1.2) such that

|U; — S(- = 1)z < O(e 2K,
U7 || < O(e2ER) (5 =1,...,my),
107 || < O(e 2R (i =1,... ,mp),

re m* e (mg+1)(my, —1)
whe : N

(mR — 1)(mp + 1) '
When mp, mgr € N satisfy my > 2 and mgr > 2, the following holds for m*.

Proposition 5.1.

(1) If my = mpg holds, m* = 1 holds.
(2)If my > mpg holds, m* > 1 holds.
(3)If my, < mpg holds, 0 < m* < 1 holds.

Proof. 1 only prove (2). Since 2my, > 2mpg holds,
mrmgr+mp —mgrp—1>mrmg+mg —mp —1

holds. Thus, we see
(mR + 1)(mL — 1) > (mR — 1)(mL + 1) (523)

(5.2.3) means m* > 1 holds. O
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5.2.2 The motion of a single front solution on an H-shaped met-

ric graph
We define
S(JT — lo), x = zey € (),
S(z,ly) = S_, x = re; Eﬂf (j=1,...,mp),

S., x=u€ +KeyeQ (i=1,...,mg)

for mp,mr € N satisfying m; > 2 and mp > 2. Fix arbitrarily one positive integer
my, > 2 and mpg > 2. Then the following holds from [8] and [10].

Theorem 5.2. Suppose that there exist sufficiently large positive constants Ky, [* such
that I* < h(l*; Ko) < h(I*; Ko) < 2h(I*; Ky). Moreover suppose for any K > Ky, there
exists a positive constant {° such that if I* < h(I° K) < h(I% K) < 2h(I° K) and the
initial value U (0, x) is sufficiently close to S(x;1°). Then there exists 0 < ly(t) < K such
that the solution U (¢, x) of (5.1.2) satisfies

1T0(t, ) = S(a = lo(t))l| 2 < O(e W),
|U;(t,-) = Sl < Ole™ 7'”O“K)(J=1,---,mL),
1U(t:) = Sl < O(e OO (i = 1, mp)

as long as I* < h(ly(t); K) < h(lp(t); K) < 2h(lo(t); K) for v := min{a_, o, }. Moreover
lo(t) satisfies

% — (_M mrL — 16—2a710 + M, Mmr — 16—2a+(K—lo))+(e—alo_|_€—C¥+(K—lo))o(e—”/h(lo;K))

dt_ _mL+1 mR+1

as long as I* < h(lo(t); K) < h(lp(t); K) < 2h(ly(t); K) for v > max{a_,a,}, where
M:i: = :|:204:|:<Daj:, a;j:>

Remark 5.2. If m;, +1 = R and mgr = 1, the leading term in Theorem 5.1 is io =
— 2
—MRTe_Qalo. This is consistent with Theorem 4.2 ([10], Theorem 2.3) for R > 3 and
r =1

~1 -1 _
We define Hy(ly) := —_M_%e‘%‘—lﬂ - +_%e—2a+<f(ilo). Let [ > 0 ’tje an
equilibrium satisfying H(l) = 0 and I* < minh(l; K) < maxh(l; K) < 2minh(l; K).

Moreover we assume ot =a~,a; = —a_ and @’ = a*.
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Corollary 5.2. There exists K > K such that an equilibrium of Hg(l) satisfying the

- - K 1
above, say [, [ = 5 - 2—log vm*. If M_ < 0(> 0), there exists the stable(unstable)
Q
stationary solution U*(x) of (5.1.2) such that

U (¢, ) = S = 1)||pge < O(eRERD),
U (t,) = S_|1 < O(e 2GR (j =1, my),
1O (t,) — S4llrze < O(e 2EO) (i =1, mp),

(mg+1)(mg — 1)
(mr —1)(mg + 1)

where m* := and « = a.

Proposition 5.1 also holds for m*.

5.3 Applications to reaction-diffusion systems on an

H-shaped metric graph

5.3.1 The dynamics of a single front solution for the Allen-Cahn

equation

We consider a single front solution of the Allen-Cahn equation on the following H-shaped
metric graph

1
Ou = Aqu + 5u(l —u?),t >0,z €0 (5.3.4)

We note the above Allen-Cahn equation on R has a stable standing front solution S(z) =
tanh <g>([13]) Since S(x) is an odd function for x and M_ < 0, (5.3.4) has a stable

front-type stationary solution stated in Collorary 5.2. Here S_ = —1,5, =1, ax = 1,
and My = —12.

(a) The case of my, = 2, mg = 2: The dynamics of a front solution is essentially governed

by
dly

dt — 4(6_2l0 _ e—?(K—lo))'

. K . K
Thus, we see that Iy > 0 for 0 < [y(0) < 5 or lo <0 for 5 < lo(0) < K(FigT).
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Omega —= lg —— lg —
« |Omega o

i) e

$ e B Do 10 20 30 40 s 0 t
0 10 20 30 40 50
l{](t)

(A) (B) ©)

o 2

Figure 7(provided by Mr.Ken.Mitsuzono): Behavior of the front solution on the H-shaped
graph when K = 10. (A) represents the zero point ly(t) of the front solution on 4. (B)

represents the time evolution of ly(¢) when [,(0) > 5 (C) represents the time evolution

K K
of lp(t) when [y(0) < 5 From (B) and (C), we see that ly(c0) = 5

(b) The case of my, = 2, mpr = 3: The dynamics of a front solution is essentially governed

by

dl
d—; = 2(2e” 0 — 3e 2K ),
. K 1 2 . K 1 2
Thus, we see that lo > 0 for 0 < [o(0) < — —F—log\/j orlp < 0 for —+ =logy/= <
2 2 3 2 2 3
K 1 2 K
lo(0 K. te — + =1 - < —.
0(0) < Wenoe2—|—2og 3 <3

(c) The case of m, = 3, mgr = 2: The dynamics of a front solution is essentially governed
by

dl
d—to = 2(3e7 0 — g AK-l)y,
. K 1 3 . K 1 3
Thus, we see that Iy > 0 for 0 < [p(0) < — +—log\/j or lp < 0 for — + —log\/j <
2 2 2 2 2 2
K 1 3 K
[ K. te — 4+ =1 - > —
0(0) < Wenoe2+20g 5”5
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5.3.2 The dynamics of a single pulse solution for the Gray-Scott-

model

As taking the same parameter as [8], we consider a single pulse solution of the Gray-
Scott-model on the following H-shaped metric graph

{atu = Aqu—uv? + (1 —u),t € (0,00),z € Q, (5.3.5)

o = 2Aqu — €% + uv?,

where 0 < € < 1. As in chapter 3, the Gray-Scott model on R has a stable symmetric
pulse-type stationary solution S(z)([5]) and My > 0 holds([8]). (5.3.5) has an unstable
pulse-type stationary solution stated in Collorary 5.1.

(a) The case of m;, = 2, mr = 2: The dynamics of a pulse solution is essentially governed

by
dly _ Mo
dt 3
Thus, the behavior is opposite to that of the Allen-Cahn equation.That is, lp < 0 for
0<%mwc§mm>omr§<%my<K

(6720410 _ e*?OA(K*lo) ) .

(b) The case of mj, = 2, mgr = 3: The dynamics of a front solution is essentially governed

by
dly L ooaty 1 —oax
Yo yp Lo-2aly _ L —2a(K-lo) )
dt °<36 2°

. K 1 2 . K 1 2
Th h f —+—1 - for — + —1 -
us, we see that lp < 0 0r0<lo(0)<2+2aog\/;orlg>0 or2+2a0g\/;<
2<K
g 5

K 1
h(0) < K. Wenote;—k—l 3

10)
2¢

(c) The case of my, = 3, mr = 2: The dynamics of a front solution is essentially governed

by
dly 1 1
O _ _ M - —2aly = —2a(K-lp) .
dt 0(26 3°
. K 1 3 . K 1 3
Thus, we see that lo < 0 for 0 < [5(0) < E—F%log\/;or lo > 0 for ?+%log\/;<
3 K

K 1
K. —+ —1 = > —.
lp(0) < K. We note 5 + 5, 10814/5 > 5

63



5.4 Proof of Theorem 5.1

Proof. Hereafter we denote [ := ly. Fix one each of [ and K satisfying 1 < minh(l; K) <
max h(l; K) < 2min h(l; K). We define the function G(x;[; K) on  satisfying

(OZDaIIGL+F/( )GL (p=0,...,myp), (OZDameéz"i_F,(O)GR (q:O mg),
9,8(—1) + 0,GE(0) + Za G (0 ,S(K —1) + 9,GE(K Za G0
S(-)+ GO = GHO) (1 <j < my) | SIK— 1)+ GE(K) = GF(0) (1< 1 < mp).
Gj(K) =0, G{i(+0) =0,

(GJ(+00) =0 (1 <j <my), | GE(+00) =0 (1 <i <mp),

(5.4.6)
where Go(z) = G§(z;1;K) + Gf(2;[; K) = G(reg;[; K),Glz) = GE(x; [ K) =
G(ze;;;K)(j=1,...,mp),GE(z) = GE(2;; K) :== G(ve;; [; K) (i = 1,...,mpg). Since

my(z) (k=1,...,2N) are the fundamental functions of the ODE
0 = DIyymy(z) + F'(0)my(x),

Gli(z;; K), Gf(m; [, K),Gl(z;1; K), GE(z;1; K) is expresses that

Gy (2 K) = ey (1 K) (e — M )a + bi(2),0 < 2 < K,
G]L(x;l; K) = ]Ll(l; K)e ™ **a + bf($), x>0,
Gl(z;[; K) = i\ (I; K)(e ™ — e*")a + b (z), 0<z<K,
GHz;l; K) = (I, K)e *"a + b (z), x>0
by G§(K) = 0,Gl(4+00) =0(j =1,...,m.),GF(0) = 0, Gf(+o0) =0 (i = 1 mg)
2N 2N
for v > a. Here b} (z) := Z ctmy,(x) with Z chmy(K) =0. bf(z Z clmy,(x
KNG AN KN
2N N N
with Z cokmi(0) = 0. bl(x) := Zcfkmk(m), and bf*(z) := Zcf,imk(x) Then we
k=2 k=2 k=2
k£NH1

Lemma 5.1. The coefficients {c};, (1)} of G} (x) (p = 0,1,...,my), and {cfi. (1)} of G} (x) (¢ =
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0,1,...,mg) are given by

( —
. 7 (mg — e
Cél(la K)= C()L(lv K):= _<mL +1) = (my, — 1)e 20K’
26701[ .
(LK) =CHI;K) = (mp T 1) = (my = D)e2k (1<j<mp),
' . ' (mR o 1)e—a(2K—l)
C(I)ﬁ(la K) = C?(Z,K) = (mR + 1) — (mR _ 1)6—20&{’
R . 2e—a(K—l) ‘
Czl(l7K) - Cz (l7 K) = (mR + 1) _ (mR _ 1)6720‘]( (1 S ? S mR)a
cor,(l; K) = O(e™ ™) 2<k<N),
ck (I; K) = O(enZE+)) (N+2<k<2N),
cip(l; K) = O(e™™) (1<j<mg,2<k<N),
e (l; K) = O(e2K-0) (k#1,k#N+1)
Ll K) = O(e7 D) (1<i<mp2<k<N),

as min h(l; K) — 400 for v1 > a, 72 > a.

Proof. 1 prove Lemmab.1 by the quite similar way to Lemma 4.1 ([10], Lemma 4.1). Since
S(x — 1) has the asymptotic profile as min h(l; K) — 400, S(z — 1) — e*@~Da together
with 0,5 (z —1) — ae*®Da in a neighborhood of z = 0 and S(x—1) — e~*Va together
with 9,5(x — 1) — —ae *@Dain a neighborhood of x = K. Thus S(—I) — e a +
O(e™), 8,5(=1) = ae ®a + O(e™),S(K — 1) — e &g + O(e™ &) 9,8(K —
) = —ae*E-Dag 4 O(e™K=D) for some v > a. Then substituting these profiles and
Gi(z;;K),0,Gl(z;1; K), Gf(x;l; K),amGJL(x; LK), Gl (z;l; K),0,GE(x;[; K),

GE(z;1; K),0,GE(x;1) into the Kirchhoff boundary condition of (5.4.6), we have

( mr

{ae™ — acl (I; K)(1 + e %)} a4+ O(e™) + 9,b§(0) — (Z{O‘Cﬁ(h K)a — azbf(o)}> =0,

J
{em + b (LK) —e2E)}a + O(e™) + bk (0) = cfl(l; K)a + b]L(O),
—afe @B L B (1K) (e + eK)la + O(e " E-D) 4+ 9,bF(K)

S (Z{acf{(l;f()a - axblR(O)}> ,

| {emoE=0 4 B (1, K) (e — e®)}a + O(e " E-D) + bE(K) = cE(I; K)a + b (0).
(5.4.8)
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Since C(1), CF(1) defined (5.4.7) satisfy

(

— CE(I; K)(1 + e720K) = ZCL (I; K),

o CR K1 — ) = CH K),
mp

e D 4 C(L K ) (e + o) = ZCZ-R(Z; K),

e =D L CR(1; K) (e K — oK) = CR(Z K),

\

we have
.

O(e™") + 9,b§(0 +Za (0
O(e™") +b5(0) = b]L(O),

mp (5.4.9)
O(eK=D) 4+ 9,6 (K) = > 0,b/(0)

LO(e D) + b(K) = bE(0).

(5.4.9) means that bfy(0) and 8,b{;(0) can be taken in O(e~") , b¥(0) and 9,b}(0) can be
taken in O(e ™) (2 < k < N) for v > a. That is, we can also take ¢}, (1) = O(e™) (0 <
p<mp,2<k<N)and ck(l) = O(emCEH) (N +2 < k < 2N) for 4 > a by
bl (K) = 0. Furthermore, (5.4.9) also means that bR(K) and 9,bF(K) can be taken in
O(e™'5=0), bE(0) and 9,b%(0) can be taken in O(e™ED)(2 < k < N) for v > a.
That is, we can also take cf(l) = O(e™E=D) (1 <i < mp,2 <k < N) and c& () =
O(e K=Y (k £ 1,k # N + 1) for v, > a by bf'(0) = 0. O
We define Go(z;; K) := G§(x;1; K)+G{(x;1; K). We express the solution Uy(t, x), U, (¢, x)
(j=1,...,mp),Ui(t,z) (i=1,...,mpg) of (5 1.1) by Uy(t,z) = S(z — l) +Go(x; ; K) +
Vo(t,z),Uj(t,x) = Gi(z;1; K) 4+ Vj(t, z), U(t,z) = GE(x;1; K) + Vi(t,z). Then the
equation (5.1.1) become the equation of Vp, V;, V;

(0{S(-— 1) + Go + Vo} = LI)Vs + LINGo + Zo(L, Vi),
0:Vo(t, +0) + Y 0. Vi(t,+0) = 0, Vo (t,+0) = V;(t,+0) (j = 1,...,my),
j=1

0:Vo(t, K) =Y 0. Vi(t, +0), Vo(t, K) = Vi(t,40) (i = 1,...,mp),

\ =1
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where L(l) : = DOpx + F'(S(z —1)),Ly = DO,, + F'(0).

Zo(l, LV G =
Z,(1,V;) (i =1,...,mg) are functions satisfying [ Zo(l, Vo)

1LVo), Z
‘ O<|G0($,Z,K)|2

17 -amL) <

Vo(t, 2)*),1Z;(L Vi)l < O(|GL(96J,K)|2 + Vit 2)2). 12,1, Vi) < O(G] (31 K +
|Vi(t, z)|?). The rest can be proved in quite a similar way as Theorem 4.1([10], Theorem
2.2). O

5.5 Proof of Corollary 5.1

Proof. T prove Corollary 5.1 by quite a similar way to ”Proof of corollary 1”7 in [9]. We
define hi (1) := h(l; K). Hereafter we denote [ := .
Assume My < 0. Moreover, we define

Ho(l; K) :== —M, mL_e—%d _Mmr p—20(K=D) |
my, + 1 mpg —+ 1
Then, we see

dH,
dl

1 —1
201 K) = 2aM, ( e mR—Heza“’)) <0. (5.5.10)
my, mpg

for mp,, mr € N with mp,mgr > 2.
By quite a similar way to ”Proof of corollary 17 in [9], we have
dl
dt

where H(l; K) is a function satisfying

= Ho(I;K) + Hi(I; K),

H(l; K) = O(e~ ety minhx D)y (5.5.11)
|Hy(I; K) — H(I'; K)| < Of[e" (et minhx®) 4 p=(aty)minhx (] _ /11 (5.5.12)

for v > o, > a. Let [ be the sufficiently large positive constant satisfying Ho(l; K) = 0

dHy - _ - _
and WO(Z;K) = —f < 0 with I* < minh(l; K) < maxh(l; K) < 2minh(l; K) for a
positive constant 3. Then,
mp—1 o mr—1 ok
= 2a|My| | ——— —_— >0 5.5.13
5 Oél 0| (mL+1e +77’LR+16 ( )

by (5.5.10).

We define Hg(l) := Ho(l; K) + Hi(l; K). In exactly the same way as in "Proof of
corollary 17 in [9], we suffices to show the existence of an equilibrium [ of Hy(l) sat-
isfying [ := (1 + O(e~m™hx®)) for 44 > 0 and Hg(l) is monotone decreasing in the
neighborhood of 1.
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By substituting { = [ + p into Hy(I+p) =0 for |p| < 1, we have 0 = —fp + O(p?) +
H (I + p; K) and

p= %Hl(up; K) +0(p?). (5.5.14)

Since Hy(l + p; K) = O(e~(tnminhc®) and g = O(e22minhx®) hold by (5.5.11) and
(5.5.13), %Hl(l_—i- p: K) = O(e2minhx®) holds for v, > 0, which means to become
sufficiently small by taking minhg(l) > [* sufficiently large. Then it is easy to see the
right-hand side of (5.5.14) is the contraction in the set W := {|p| < pe~?™nhx®O} for an
appropriate p > 0. Thus the fixed value, say p* = O(e~72minkx (l_)), gives the equilibrium
[ =1+p* of Hg(l).

In the neighborhood of I, Hx (1) is represented by

Hi(l+p) = —Bp+ 0@+ (p")) + Hi(l+p" + p; K) — Bp".

Thus we see

Hi(I+p) — Hg(l+p) = {=B+ O(|p| + |p/| + e~ (@TIminhxy} (5 — p')

by (5.5.12). v/ > a means H (I+p) is monotone decreasing for sufficiently small p and p'.
It is easy to see that [ = %—I—%ﬁ satisfies the above [ for K > max{Kj, 3| logﬁl , |1og;{W| +
20*}.

Other cases are shown in precisely the same way. O]

5.6 Concluding remarks

This chapter dealt with the following special situation:
1) Just one pulse (or front) lies only €.
2) Diffusion matrices on 2, QJL (G=1,....mp), A (i =1,...,mg) are all same.

As for 1), the results in this chapter can be extended to the pulse dynamics under
the situation where at most one pulse is placed on each g, QJL (j=1,...,mp), Q1 (i =

1,...,mg) by [10].

As For 2), this can be extended to the following problem with different diffusion matrices
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D on each Q

(0,Uy = Dy0,,Uy + F(Up),t > 0,2 >0, Uy € RV,

&:ﬁi:lN)i(‘)mﬁi—kF(ﬁi),t>0,x>0, ﬁz ERN(i: 1,...

mp,
Dod:Up(t, +0) + Y _ D;0,,U;(t, +0) = 0,
j=1

U()(t, +O> = Uj(t, +0) (j = 1, Ce ,mL),

mR
Dod,Up(t, K) = Did, Uy (t, +0),
=1

ka(t,K) = Ul<t,+0) (Z = 1, e ,mR).

We plan to consider it based on [10] in the future.
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6 The front dynamics for
reaction-duffusion equations on a
loop-edge-metric graph

6.1 Introduction

Various problems for reaction-diffusion equations on R¥ has been studied for a long
time and is still being studied intensively. However, they are more difficult to analyze
than the problems on R. In such a situation, Methods of attributing

Ou = Au + F(u),t > 0,x € QF,

iu-O x € 0N)°

for 0 < e < 1, where Q¢ := {(z,y) e R%0 <z < K,0 < y < ew(x)} to

1
Oyu = e )0 HAw(x)0ut + Fu),t >0,0<z <K,
O,u(t,+0) = d,u(t, K) =0
2 2
as € — 0 is still one of the most powerful methods (see e.g. [40]). Here A := W—'—@_ and
y?

v is the outward unit normal vector for 9Q2¢. Moreover, both F': R —- R and w : R — R

are a smooth function.

Remark 6.1. When w(z) is constant, by the above limit equation(e.g. [41]), we see

O = Ogpu+ F(u),t > 0,0 <z < K,
Opu(t, +0) = dyu(t, K) = 0.

Later, [40] was extended by Prof. Yanagida, and [41] reported the following results on
the stability of stationary solutions of the reaction-diffusion equation on graphs containing
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metric graphs with circles. Moreover, [41] are famous results on the stability of stationary
solutions for reaction-diffusion equations on graphs containing metric graphs with circles.
On the other hand, because analysis for pulse dynamics and front dynamics on metric
graphs with circles is complicated, the result is almost nonexistent. Therefore, as a first
step, in this chapter, I report a result obtained for front dynamics in reaction-diffusion
equations on the following metric graphs Q(Fig8) resembling Type 3 in [41].
Q:=Q; UQy U{0}, where Q; := {(z,0) € R*;2 > 0} and

Q2::{ (cos£—1 sm—>€]R2 O<x<K}

T T

where K := 27ry with ro > 0 is the radius of the circle. Furthermore, We denote the re-

striction of v to 2 as vy (z) := v((z,0)), and v to Qy as ve(z) :=v (Q <cos S 1,sin 2))

T2 &)
for a function v on 2. Then we consider

(Oyuy = Oty + F(uy),t >0,z >0,

0tu2:8mu2+F( 2),t>0,0 <z <K,
(6.1.1)

Ous
(t —H)) = Wo——

Ous
(t +0) + wo—— p

g ox
1(t7 +0) - Ug(t, +0) - Ug(t, K)

(t, K),

for K > 0,w; > 0(j = 1,2), where F' : R — R is a sufficiently smooth function. Moreover,
u(t,x) € R is a scalar valued function of ¢ and @ € Q, and wy(t,z) := u(t, (z,0)) and
ug(t,x) == u | t,ry (cos£ —1,sin 2)) Note that boundary conditions in (6.1.1) are

T2 T2
the same as part of those in [41], and as € — 0, w; gives a width of a thin tubular domain

by ew; (see e.g. [40], [41]). We call Q a loop-edge-metric graph in this chapter. I report
front dynamics for (6.1.1) in this chapter.
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Figure 8: A loop-edge-metric graph.

6.2 The result of the front dynamics on a loop-edge-
metric graph

This section assumes (H1)-(H4)’, (A2) and the assumptions and notation are precisely
the same as in chapter 4 and chapter 5. Furthermore, the following proposition holds
immediately from [8].

Proposition 6.1( [8]). If L = L* holds, M_ < 0 holds, where M_ := —2a_(Da_,a").

We consider (6.1.1) based on the above. In this section, we discuss the front dynamics
results for the scalar reaction-diffusion equation in (6.1.1).

Theorem 6.1. Fix arbitrarily one w; > 0,wy > 0, K > 0. Suppose there exists [* > 1
such that the initial date u;(0,z) sufficiently close to S(x — ly) and uy(0,z) to S_ for
lo > I*. Then the solution u;(t,z) (j = 1,2) of (6.1.1) satisfies

lua(t, ) = SC = Uty < O™,

[lua(t, ) = S_[| < O(e™)

as long as [(t) > I*. Moreover [(t) satisfies

dl e 2= (wy — 2wy) + (wy + 2wq)e =]
dt n - (w1 + 211)2) + (w1 - 2w2)6_°‘*K

+ e lo(e™h)

as long as [(t) > I* for v > a_.
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e 29 (wy — 2wy) + (wy + 2wq)e 2= XK]

We define H= (1) := M_
€ deine () (’LU1+2’LU2)+(1U1—21U2)67Q_K

and

J = { (w1, wy, K) € R*; (w1 — 2ws) + (wy + 2ws)e K # 0,0 < w; < 2w, K > 0}.

Then by Proposition 6.1( [8]), we can immediately see that the following.

Proposition 6.2. If (wy,ws, K) € J, The following (1)-(3) hold.
(1) If wy > 2wy holds, H (1) < 0 holds for K > 0.

1 /2
(2) Tf wy < 2wy and 0 < K < — log <M> hold, H~(I) < 0 holds.
(8%

211)2 — W

(M> hold, H~(1) > 0 holds.

2’(1)2 — w1

1
(3) If w; < 2w, and K > — log
«

dl
Remark 6.2. Proposition 6.2 means if (1) or (2) hold, < 0 holds, while if (3) holds,

ﬂ > (0 holds.
dt

6.3 Applications to the Allen-Cahn equation

We consider )

Opy = Oy + —u(l —u?),t > 0,2 > 0,

gty = Ot + —u(l —u?),t > 0,0 < z < K,
8u 2 Ous Ous
w5 =Lt +0)+wg(9 (t,+0) = wp——
(tv +0) - u2(t7 +0) - U,2<t, K)

(¢, K),

for K > 0. Exactly as in chapters 5, we treat S(x) = tanh (g), where S; = +1,a4 =
1, My = —12([13]). Then the dynamics is essentially given by

ﬂ =H ()= —12e2[(wy — 2ws) + (w1 4 2ws)e "]
dt a (w1 + 2wq) + (wy — 2wy)e K '

(I) The case of wy > 2ws.
(I-a) When wy : we = 2 : 1, we see that [(¢) comes close to O by (1) of Proposition 6.2.
(I-b) When w; : we = 3 : 1, we see that (t) comes close to O by (1) of Proposition 6.2.

(IT) The case of wy < 2ws.
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3
(II-a) When w; : wy =1: 2 and K < log 3 We see that I(t) comes close to O by (2) of
Proposition 6.2.

)
(II-b) When w; : we = 1: 2 and K > log 3 We see that [(t) goes apart from O by (3) of
Proposition 6.2.

The above results show that the dynamics for the front solution are affected by w; and
wy and K.

6.4 Proof of Theorem 6.1

Proof. Fix one each of [ > 1 and D = 1. We define the function G~ (;[) on € satisfying

(0= DO,.G7 + F/(S)G7 x>0,
0= D0,,Gy + F'(S_)G5,0 <z < K,

w1(0,S(=1) + 0,G7(0)) = we(9,G5 (K) — 0,G5 (0)), (6.4.2)
S(=1) + G (0) =5-+G5(0) =5 + Gy (K),
\Gl_(—i-oo) =0,

where G (z;1) == G~ (x;1), 2 € Q; (j = 1,2). Let my,(z) and m;,(z) (j = 1,2) be the
fundamental functions of the ODE

0= DOpymy,(x) + F'(S_)m;,(x).
Then G7 (x;1) is expresses that
Gl (z;0) =7 (l)e™*"a_
by (H4)” and G7 (0c0) = 0. Moreover, since S_ + G5 (0) = S_ + G5 (K) holds, G5 (x;1) is
expresses that
Gy (w31) = ¢y ()mgy (w) + & (D)myy(w) = 5 (De™*Fa_ + cg(l)ea‘(“’K)a,
by (H4)’.
Lemma 6.1. The coefficients c; (j = 1,2) of G (x;1) (j = 1,2) are given by

(w1 — 2wg) + (wy + 2wq)e - K]emo-!
(w1 + 2ws) + (wy — 2wq)e— K

—a_l

: (6.4.3)

a(l)=0Cr )=

2we
(w1 + 2ws) + (wy — 2wg)e K

oy =C5 (1) = (6.4.4)
as | — +o0.
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Proof. Tprove Lemma 6.1 by quite a similar way to the proof of Lemma 4.1([10], Lemma4.1)
in Chapter 4. Since S(z — [) has the asymptotic profile as [ — oo, S(z — ) — e~ @ Dq_
together with 9,5(z — ) — a_e*~(*=Da_ in a neighborhood of # = 0. Then substituting
these profiles and G (0;1),9,G; (0;1) (j = 1,2) into the Kirchhoff boundary condition of
(6.4.2), we have

wia_ (et —c (1))a_ = 2wsa_cy (1)(1 — e *F)a_, (6.4.5)
S +ela_+cei(la =5 +c;(D)(1+e*E)a_. .
Moreover C| (1), Cy (1) defined (6.4.3), (6.4.4) satisfy
wie =t —w O (1) = 2wy Cy (1) (1 — e7=K),
e+ Cr (1) = Cy (DA + e F).
Thus (6.4.5) holds by taking ¢; (1) = Cy (1), ¢5 (1) = Cy (1). O

We put Gy(z;1) := Gy (x;1), Go(z;1) := G5 (x;1). We express the solution u;(t,z) (j =
1,2) of (6.1.1) by uy(t,x) = S(z—1)+G1(z; 1)+ Vi(t, x), us(t, x) = S_+Go(x; 1) + Va(t, ).
Then the equation (6.1.1) become the equation of V;

(0,45(-— 1) + Gy + Vi) = LIV + LGy + Z1(1,VA),
0{Ga+Va} = L_Vo+ L_Go + Zs(1, Va),

w10, Vi (t, +0) + we0, Va(t, +0) = wy0, Va(t, K),

Vi, +0) = Va(t, +0) = Va(t, K),

where L(l) := D0y, + F'(S(x —1)),L_ = D0y, + F'(S_), and Z;(I,V;) (j = 1,2) are
functions satisfying |Z;(1, V;)| < O(|G,(z; 1)|> + |V;(t, ) [*).

The rest can be proved in quite a similar way to Theorem4.1([10], Theorem 2.2) in
Chapter 4. Il

6.5 Concluding remarks

In this chapter, I discussed the front dynamics for the scalar reaction-diffusion equa-
tion(6.1.1). In recently, we have studied front dynamics for the following two types of
problems:
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(1)(Type3 in [41]
Q.= QlLJQQU{O}U{Kl} and Ql = {(.I',O) € RQ, O<x< Kl}, where Kl = (Kl,O) € RQ

and

T2 T2

Qo(rg) := {7’2 <cos£ —1,sin f) ER*>0< < KQ}

and Ky := 27ry, 19 is the radius of the circle. Then we consider

,81511,]' = wa]+F(UJ>,t>0 O<z< K]<j: 1,2),

8U1 aUQ au2
wla_x@’ +O> +’w28—x = Wo—— o (t KQ)
Ul(t +O) = UQ(t, —|—0) = UQ(t,KQ),
8u1
K
| 5, (b E) =0

for K1 > 1, Ky > 0,w; >0(j =1,2), and F : R — R is a sufficiently smooth function.

(2)(Types in [41)
Let Q := Q UQy UQ3 U {0} U{K;} be the finite metric graph, where Q; and €, are
exactly the same as (1). Moreover

Qs(rg) :== {(—rg (cos.£ - 1) + K, rssin rﬁ) ceR%:0<z< Kg} ,

rs 3

where K3 := 27rs, 3 is the radius of the circle. Furthermore, exactly as in (1), we denote

uz(t,z) == u (t, (—1"3 (cosE — 1) + Ky, r3sin E)), t > 0,x € Q3. Then we consider

rs rs

3% = Opattj + F(uy), t>0,0<:z:<K-(j:1 2,3),

5%

0
t +0 + Wa 7:;2 (t —|—O) = Wo2—— (t KQ) U,l(t, +0) == Ug(t, +0) == UQ(t,KQ)’

——(t,+0) = wy (75 K3),us(t,+0) = ui(t, K1) = us(t, Ks)

(%v(
for K1 > 1, Ky, > 0,K3 > 0,w; >0(j =1,2,3), and F : R — R is a sufficiently smooth

function.

We note that both (1)(Type3 in [41]) and (2)(Typeb in [41]) are domains dealt with
in [41]. To develop front dynamics on (1)(Type2 in [41]) and (2)(Type5 in [41]), we have
analyzed the above two problems using the method of [10] currently. We will continue
to study the above two issues. In addtion, we will also analyze pulse/front dynamics on
Type3, Typed and Typeb in [41] for reaction diffusion systems in the future.
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