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Chapter 1

General introduction

Ten years before the discovery of Schrödinger equation, [159] a fundamental law

of chemistry was decoded by G. N. Lewis. [101] The idea of covalent bond, a pair of

electrons shared between two nuclei, was proposed in the article entitled“ The Atom

and the Molecule”with the invention of a sophisticated notation for the description of

molecular structures, which is today known as Lewis dot formulas. Despite its simplic-

ity, Lewis dot formulas have been successfully applied to explanations of wide range of

chemical phenomena. It is also surprising that the concepts of valence, of which origin

was discovered by E. Frankland, [40] had already been recognized at that time. [100] It

is very amazing that all these significant findings preceded the birth of quantum me-

chanics. Subsequent to the development of Lewis dot formulas, R. Robinson introduced

a notation to describe electron movements, which is referred as arrow pushing. [88] After

its first application to an explanation of conjugation of ethylene linkings, [88] mecha-

nisms of various reactions were explained so concisely with arrow pushing [79, 80] that

it became a standard notation for reaction mechanism analysis of today. The electronic

theory of organic chemistry, mainly developed by R. Robinson and C. K. Ingold, ex-

plains reactivities based on some fundamental rules. The most important and strong

regulation is that electron pairs need to move with preservation of atomic octets and

the original arrangements of nuclei. [79] This regulation effectively excludes unreason-

ably unstable species from consideration. Within the rule, some dominant polar effects

on the reactivity are considered, e.g., inductive effect, [81] iductomeric effect, [78] and

resonance effect [80, 134]. These polarization effects of molecules and electrostatic in-

teraction are regarded as the essential factors for chemical reactions throughout the

theory. Despite its simplicity, electronic theory of organic chemistry is fairly useful to

explain the mechanisms of a wide range of reactions. It still has been one of the most

practical theories for reaction design even today. Nevertheless, mechanism of a class of

reactions, pericyclic reactions, had remained uncovered until the 1960’s. [30]
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At the same time as the aformentioned remarkable development of chemistry, physics

experienced a historic paradigm shift: the birth of quantum mechanics. After the

decades of old quantum mechanics, matrix mechanics was founded by W. Heisenberg,

M. Born and P. Jordan, [12, 66] followed by the formulation of Schrödinger equation.

[159] The two formalisms proposed independently were eventually turned out to be

equivalent. [174] It is natural that quantum mechanics had a great impact on chemistry

because it is the theory to describe the behavior of microscopic particles like electron.

Indeed, valence bond (VB) theory developed by Heitler and London gave a quantum

mechanical explanation for chemical bonds: chemical bonds are formed by the overlap

of valence atomic orbitals. [67] It is remarkable that the chemical bond, an imaginary

concept formulated inductively, turned into a subject of physics. Almost simultaneously,

molecular orbital (MO) theory, another theory for describing the molecular structure,

was developed. [75, 123] MO theory describes the nature of electrons with molecular

orbitals delocalized over the molecule whereas VB theory suppose each electron to be

localized in each atomic orbital. The most fundamental MO theory is Hartree-Fock

(HF) theory. [39, 63, 64, 163] HF theory approximates a n-electron wavefunction by

a single determinant, Slater determinant, [163] composed of n-spin orbitals. The n-

spin orbitals are determined to variationally minimize the electronic energy with the

constraint of orthonormal conditions. This simple and clear formalism, however, has

a distinct drawback. For example, single determinant electronic wavefunction of H2

molecule gives much higher energy at the large internuclear distances than that of VB

theory. [162] It is shown that the poor behavior of single determinant wavefunction

is caused by the undesirable contribution of ionic state to the wavefunction. At a

glance MO theory seems to be inferior to VB theory. However, that is not the case at

all because this problem can be overcome by using wavefunction composed of multiple

determinants. Actually, it is pointed out that the two theories are essentially equivalent

with the use of configuration interaction approach. [58] The difference between VB

theory and MO theory is, therefore, just the difference of viewpoint toward the same

thing. Nevertheless, MO theory is more widely used in the field of computational

chemistry because of its simplicity of the formulation. Nowadays, indeed, there are

various MO theories more sophisticated than HF theory, e.g., complete active space self-

consistent field (CASSCF) theory [146]. Even today, however, HF theory is regarded as

a very important theory because it can be utilized as the zeroth-order approximation

of more sophisticated theories.

Although spin orbitals and MOs were nothing more than a mathematical construct

for the approximation of n-electron wavefunction, they came to be recognized as an es-

sential concept for understanding chemical reactivities after the works of K. Fukui, R.

B. Woodward and R. Hoffmann. [57,72,178,179] In 1952, Fukui found that the regios-
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1 General introduction

electivity of electrophilic reactions of aromatic hydrocarbons can be clearly explained

with only a few representative orbitals, frontier orbitals (FOs). FOs are composed of

the highest occupied molecular orbitals (HOMO) and the lowest unoccupied molecular

orbitals (LUMO) of the reactants. It came as a great surprise that such a complicated

process as chemical reaction can be explained with only a few representative molecular

orbitals. In the theory, chemical reaction is understood as a delocalization of electrons

in the HOMO of each fragment to the LUMO of the other. The significance of frontier

orbital theory is that implied the deep relationship between MOs and chemical reactions

and motivated chemists to associate MOs with reactivity. Subsequent to the report of

frontier orbital theory, R. B. Woodward and R. Hoffmann uncovered the mechanism of

pericyclic reactions motivated by the concept of frontier orbitals. Woodward-Hoffmann

rules provide a feasible way to predict the stereoselectivities of various types of pericyclic

reactions base on the phase of frontier orbitals, particularly HOMO. It is notable that

the phase of MOs clarified the underlying mechanism which was difficult to understand

with other approaches, e.g., the electronic theory of organic chemistry. Hence, it is not

surprising that MOs became an essential concept for reaction mechanism analysis.

According to Woodward and Hoffmann, reaction mechanism analysis from a view-

point of molecular orbital theory is summarized as follows: ”a reaction may still be

analyzed by writing down the orbitals involved, allowing them to mix according to well-

defined quantum mechanical principles and following the interacting orbitals through

the reaction.” [180] This implies that some representative pathway which appropriately

characterizes the chemical reaction is required to perform reaction mechanism analysis.

As well known, intrinsic reaction coordinates (IRCs), one of such representative path-

ways, were introduced by Fukui. [52] IRC is defined as the steepest descent paths from

the first-order saddle point or transition state (TS) of potential energy surface. IRC is

apparently different from the trajectory of Newton’s equation of motion because inertia

of a molecule is not taken into account at all. Nonetheless, IRC is widely adopted for

the characterization of chemical reactions. As a matter of fact, it is hardly possible

to reproduce the actual motion of molecules because chemical reaction usually occurs

with affected by the surroundings, e.g., solvent. As such, it seems not so essential to

determine the detail of molecular dynamics in condensed systems only for a qualitative

explanation of the chemical reaction. Actually, IRC enables to discuss a characteristic

change in the reaction process without considering too much detailed dynamics. Also,

IRC is highly compatible with the reaction mechanism analysis with MOs because the

geometric symmetry of the system is preserved along the IRC. Therefore, IRC can pro-

vide a feasible way to analyze the orbital mixing [77] along the reaction process. Indeed,

Fukui noted ”Once IRC was determined in this way, the driving force of a chemical reac-

tion was analyzed on the basis of the orbital interaction argument.” [54,55] In this way,
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the concept of molecular orbital and reaction pathway became fundamental concepts

for the theoretical analysis of chemical reaction mechanism.

It was not an easy task to compute IRC because TS or the first-order saddle point of

potential energy surface is need to be located prior to the IRC calculation, obvious from

the definition of IRC. The first ab intio IRC calculation was realized by K. Ishida, K.

Morokuma and A. Komornicki and applied to the isomerization of a hydrogen cyanide

(HCN ⇆ NCH) and the SN2 reaction between a hydride and methane (H− + CH4 ⇆
CH4+H−). [82,94,114] In their work, TS was located with the minimization of gradient

norm. [94,114] Even though the IRCs were computed successfully, it still had remained

a challenging issue to locate TSs systematically. Over the past a few decades, so much

effort has been devoted to this issue. [26, 83, 104, 105, 113, 118, 119, 143, 157] Among

them, anharmonic downward distortion following (ADDF) [105, 130] method proposed

by S. Maeda and K. Ohno was very important in that the method automated the TS

search to a considerable extent. The concept of ADDF method is clear. It is known

that harmonic potential around a potential minimum cannot describe any reaction be-

cause the harmonic potential has no stationary point other than its origin. In other

words, second derivatives of potential is not essential for chemical reaction. Hence,

ADDF method searches TSs by following the direction with large anaharmonic down-

ward distortion (ADD), i.e., the difference between the real potential and the harmonic

potential. Actually, anharmonicity has a deep relationship to electronic wavefunction.

Based on perturbation theory, configuration mixing induced by nuclear displacements

induces the ADD. [150]

Even though the concept of anharmonicity has been regarded essential for the chem-

ical reaction, there is few analyses of its behavior on potential energy surface. This

is contrast to the case of gradient extremals (GE). [10, 137, 166] GEs are defined as

the curves at every point on which the gradient vector becomes an eigenvector of the

Hessian matrix at the point. Actually, any given point on GEs is a stationary point

(not necessarily minimum) of gradient norm on the contour of potential energy sur-

face. [4, 5, 10, 71, 84, 133, 137, 149, 155, 161, 166] These analyses are not only important

for the issue of systematic TS search but also for the understanding of the behavior of

gradient norm on the potential energy surface. Since the negative gradient of poten-

tial energy is equivalent to the force on the nuclei, GE is also studied in the relation

to dynamics on potential energy surface. [9] Considering the importance of ADD on

chemical reaction, its behavior on potential energy surface seems also to be analyzed in

detail. Especially, bifurcation of ADD around a potential minimum is important not

only for the understanding of chemical reaction but also for the understanding of molec-

ular vibration. It also has an importance on the issue of TS search because bifurcation

can cause the overlooking of TSs. Accordingly, as the first topic of this thesis, the
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1 General introduction

bifurcation of ADD stationary paths around a potential minimum is studied in detail

(Chapter 2).

The second topic is the automation of orbital analysis along IRC. As noted above,

reaction pathway search has been automated to a considerable extent. [26,104,105,113]

This automation drastically increased the amount of data provided by the reaction

pathway search calculation. The manual analysis in a conventional manner is appar-

ently unsuitable for such a great amount of data anymore. Thus, a new automated

analysis method compatible with the automated reaction pathway search is needed.

Among the various reaction mechanism analyses, molecular orbital analysis seems to

be one of the most basic and essential analyses because it can clarify the driving force

of the reaction. [54,55]. Automated extraction of important MO is not only convenient

but also technically important for the application of data science to computational

chemistry. [120, 173] Since data scientific approaches require a large amount of data,

automation of data sampling is so essential. Combined with the aformentioned tech-

nique of automated reaction pathway search, [104] an automated method to extract

essential MOs for the reactivity is expected to be a powerful tool for the realization of

an automated data sampling system with computational chemistry.

Although there are various sophisticated orbital analysis methods, [35–37,44,48–51,

68, 103, 112, 117, 121, 124, 131, 144, 145] there seems to be no method designed for the

automated extraction of MOs responsible for given reaction process. Accordingly, new

orbital analysis method specialized to the automated extraction needs to be developed.

For the design of such new orbital, the idea of ADD gives a big hint. As shown in [150],

for example, ADD or relaxation of potential energy is induced by the configuration mix-

ing induced by nuclear displacements. Actually, the configuration mixing induced by

nuclear displacements can be represented with orbital basis. This is essentially because

differential operators with respect to nuclear coordinates act as if they are one-electron

operators. Even though some additional consideration is required for multiconfigura-

tional theory, the configuration mixing in such cases can also be represented with MO

basis. This implies that there exits a definition of MO which optimally characterizes the

essential configuration mixing for the increase of ADD. Considering that the increase of

ADD is necessary for a direction to be that of reaction, MO responsible for the increase

of ADD seems to be essential for the reaction. That is, the driving force of a chemical

reaction is expected to be extracted with such MO.

It should be referred that intrinsic soft molecular orbital (ISMO), a technique to

extract MOs characterizing the response to partial charge fluctuation, was proposed

by A. Morita and S. Kato. [121] ISMO is defined as the left and right singular vectors

of the virtual-occupied block of the solution of coupled-perturbed self-consistent field

(CP-SCF) equation [60, 136] with respect to the perturbation of external electrostatic
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potential at each atomic site. CP-SCF equation is usually solved to obtain Hessian

matrix with respect to some perturbation, e.g., nuclear displacements. In the course of

Hessian calculation, the first-order response matrix of MOs with respect to the pertur-

bation, conventionally denoted by U, is computed. Thus, CP-SCF equation provides

the matrix U as the by-product. Even though it is not the main interest of CP-SCF

calculation to obtain U, it is a very informative quantity. Indeed, U represents the

orbital mixing induced by the perturbation applied to the system. Now it won’t be

difficult to understand how essential the quantity is for describing the change arising

in the system. Another point of ISMO method is that it applies singular value decom-

position (SVD) [89] or Autonne-Eckart-Young decomposition to characterization of the

change. SVD is a matrix factorization method widely applied to dimensionality reduc-

tion. It had been applied to molecular orbital analysis even before the development of

ISMO. [1,44,48,56] In every case, SVD considerably simplifies the correlation between

MOs in different orbital spaces, e.g., occupied orbital space and virtual orbital space,

characterizing the correlation with only a small number of representative MO pairs.

Hence, it seems reasonable to expect the representative MOs that are essential for the

response to the external potential perturbation to be extracted by applying SVD to

U. Subsequent to the report of ISMO, similar idea was applied to linear response the-

ory to concisely characterize the single-electron excitation, which is referred as natural

transition orbital (NTO). [112] Actually, natural reaction orbital (NRO) [33], which is

introduced in the current thesis, also uses CP-SCF and SVD to automatically extract

the representative MOs essential for reactivity. In the current thesis, a detailed anal-

ysis of the nature of NRO method and its applications to a series of typical reactions

will be presented (Chapter 3) followed by its extension to multiconfigurational theory

(Chapter 4). [34]
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Chapter 2

Geometric Analysis of Anharmonic

Downward Distortion Following

Path

Abstract

A mathematical aspect of the anharmonic downward distortion (ADD) on potential energy

surface is analyzed along ADD stationary paths. ADD is defined as the difference between

harmonic potential around an equilibrium and the real potential. ADD stationary path is

the curve connecting stationary points of ADD on isosurfaces of the harmonic potential. It

was found that the maximum number of ADD stationary paths intersecting the potential

minimum is given by 2f+1 − 2, where f denotes the vibrational degrees of freedom. Also,

bifurcation of ADD stationary paths was observed not only on model potentials but also on

the ab initio potential energy surface of a H2O molecule.

2.1 Introduction
Reaction path has been a fundamental concept for theoretical study of reaction

mechanism. Intrinsic reaction coordinate (IRC) [52,53], which is defined as the steepest

descent paths from the first-order saddle point or transition state (TS) geometry to the

reactant and product minima on the potential energy surface (PES) in mass-weighted

Cartesian coordinates. Although IRC is distinctly different from the trajectories of New-

ton’s equation of motion, it provides a feasible way to characterize chemical reaction

process without considering too detailed dynamics of molecules. [82] Apparent from the

definition, IRC calculation requires to locate TS geometry beforehand. The computa-

tion of TS has been a challenging issue because no local criterion is known to locate TS.

Indeed, a number of TS optimization methods have been proposed. [157] Double-ended
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2.1 Introduction

method, e.g., nudged elastic band (NEB) method [83], locates TSs and obtain the corre-

sponding minimum energy path by an iterative relaxation of a trial pathway connecting

a pair of potential minima. Double-ended method is very convenient when the geome-

tries of reactant and product are known. Another class of TS optimization methods is

single-ended method which does not require the geometries of the reactant and product.

The most basic single-ended method is distinguished coordinate or coordinate driving

method. [6, 15, 148, 154, 177] In coordinate driving methods, one coordinate is selected

as the reaction coordinate with the remaining coordinates optimized at each point. The

gradient extremals following (GEF) method locate TSs by following stationary points

of gradient norm on iso-potential surface. [4,5,10,71,84,133,137,149,155,161,166] The

reduced gradient following (RGF) method [70, 138, 141–143] and the Newton trajecto-

ries (NTs) [9,69,69,139,140] are related to the distinguished coordinate method. RGF

and NTs, however, continuously trace the curve on which stationary (not necessarily

minimum) condition of energy is satisfied, except for the selected direction. This proce-

dure allows RGF and NTs to improve the problems [6,15,177] of the coordinate driving

method. [143] Anharmonic downward distortion (ADDF) method [105, 130] is a con-

strained optimization method. In ADDF method, the normal coordinates are scaled by

square root of their corresponding eigenvalues for a given equilibrium structure (EQ).

ADDF basically steps in the radial direction of the hypersphere centered at the EQ

and minimizes energy on the hypersphere; non-minimum points are additionally traced

in practice. [105] Similar to the coordinate driving method, ADDF uses a predictor-

corrector procedure, but it does not require selecting any direction beforehand because

the step direction at every step is determined automatically as the radial direction of

the hypersphere. ADDF method has been applied to many systems and a number of

TSs have been located that are difficult to locate manually. [92, 104, 106, 108–110] Re-

cently, ADDF method is also extended to the reaction path network calculation on a

free energy surface. [118,119]

In ADDF method, the concept of anharmonic downward distortion (ADD), defined

as the difference between the harmonic potential around a minimum and the real PES,

is utilized as a local criterion to locate TSs. Indeed, even a principle, named ADD

principle, that ”reaction channels can be found by following ADD maxima starting

from an EQ structure on a PES” was suggested. [107] Nevertheless, there can be found

only a few empirical discussion of the behavior of the ADDF path. [105,130] This is in

contrast to the cases of GEF [10,137,166] and RGF (or NTs) [70,141], for which detailed

mathematical analyses have been presented. At least, with the fundamental nature of

ADD maxima even unclear, it is far from possible to verify the aforementioned ADD

principle. While it seems reasonable to expect ADD to be maximum in the vicinity of

TSs, the behavior elsewhere is hard to imagine. Accordingly, it is essential to analyze
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2 Geometric Analysis of Anharmonic Downward Distortion Following Path

the behavior of ADD stationary paths, the curve connecting stationary points of ADD

on isosurfaces of the harmonic potential, to correctly understand the nature of ADD

maxima around a potential minimum.

In this chapter, the geometrical feature of the ADD stationary path are analyzed.

Firstly, ADDF method is briefly reviewed in Section 2.2.1. In Section 2.2.2, the max-

imum number of ADD stationary paths intersecting a potential minimum is discussed

from a point of view of algebraic geometry. Subsequently, the bifurcation of ADD

stationary paths is discussed in Section 2.2.3. Also, some representative examples of bi-

furcations of ADD stationary paths are demonstrated. In Section 2.2.4, ADD inflection

paths, curves connecting ADD inflection points, are analyzed. Bifurcations of ADD

stationary paths on ab initio potential energy surface of a H2O molecule are discussed

in Section 2.3. Finally, the possible effect of bifurcation of ADD stationary paths on

reaction pathway search is discussed.

2.2 Theory

2.2.1 Anharmonic downward distortion following

The geometrical structure of a Nnuc-atomic molecule is specified with a 3Nnuc-

dimensional vector X := (X1, . . . ,XNnuc) where XI (∈ R3) denotes the I-th nu-

clear Cartesian coordinates. The mass-weighted coordinates are defined by RI :=

m
1/2
I XI (I = 1, . . . , Nnuc) where mI is the I-th nuclear mass. The differential operator

in the mass-weighted operator is given by ∇R =
(
m

−1/2
1 ∂/∂X1, . . . ,m

−1/2
I ∂/∂XNnuc

)
.

Then, Hessian matrix of potential energy surface V (R) is given by ∇R∇RV (R). The

normalmode vectors {LI}I=1,...,f are the orthonormal eigenvectors of the mass-weighted

Hessian matrix with eigenvalues {kI}I=1,...,f whereas the translational and rotational

modes are projected out before the diagonalization. The vibrational degrees of freedom

f are given by 3Nnuc − 5 and 3Nnuc − 6 for linear molecules and non-linear molecules

respectively.

The ADD function around the EQ, denoted by VADD, is defined as follows:

VADD(Q) :=
1

2

f∑
I=1

kIQ
2
I − V (Q), (2.2.1)

where Q :=
∑f

I=1QILI are the normal coordinates and the potential energy at the

EQ is set to be zero (V (0) = 0). That is, VADD is the difference between the harmonic

potential and real potential energy as shown in Fig. 2.1. For convenience, scaled normal
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2.2 Theory

coordinates are introduced:

Q̄I := k
1/2
I QI . (I = 1, . . . , f) (2.2.2)

With the scaled normal coordinates, Eq. (2.2.1) is rewritten by

VADD(Q̄) =
ρ2

2
− V (Q̄), (2.2.3)

where ρ = ∥Q̄∥. In the following, a hypersphere of radius ρ(> 0) centered at the EQ is

denoted by Sf−1(ρ). The local maxima of VADD on Sf−1(ρ) are equivalent to the local

minima of the real potential energy on Sf−1(ρ).

Herein, the procedure of ADDF method is briefly reviewed.

STEP1 Index i is set to be 0. All the ADD maxima and hidden ADD maxima (ex-

plained later) on Sf−1(ρi) are located. The j-th ADD maxima on Sf−1(ρi) is

denoted by Q̄
(i)
j .

STEP2 Index i is increased by one. Q̄
(i−1)
j are projected onto a new hypersphere

Sf−1(ρi) where ρi > ρi−1. Local ADD maxima on Sf−1(ρi), Q̄
(i)
j , are located

started from the projected points.

STEP3 If the energy at Q̄
(i)
j is higher than that at Q̄

(i−1)
j , return to STEP 2. Other-

wise, go to STEP 4.

STEP4 TS geometry is located started from Q̄
(i−1)
j .

Following the above procedure, TS geometries are located. The initial radius ρ0
is determined so that the displacement along the normal mode with the largest force

constant becomes 0.03 Åwhereas the radius of the i-th hypersphere is given by ρi =

iρ1(i ≥ 1). ρ1 is determined so that the displacement along the normal mode with the

largest force constant becomes 0.1 Å. [109] In the ADDF method implemented in the

GRRM14 program, [111] the search for the local minima on the initial hypersphere (in

STEP 1) is carried out by the iterative optimization and elimination (IOE) method.

[105] The IOE method on the initial hypersphere is as follows:

STEPA ADD maxima on the initial hypersphere Sf−1(ρ0) are located started from 2f

intersections of Sf−1(ρ0) with the normal coordinate directions. The located

maxima are denoted by Q̄
(0)
1 , . . . , Q̄

(0)
m .

STEPB The located ADD maxima are eliminated by adding shape functions [105]

G1(Q̄
(0)
1 ),. . . , Gm(Q̄

(0)
m ) to potential energy V . The potential energy after the

elimination is denoted by Va (a = m).

13



2 Geometric Analysis of Anharmonic Downward Distortion Following Path

STEPC ADD maximum of Va on Sf−1(ρ(0)), referred as hidden ADD maximum, is

located and the located maximum is denoted by Q̄
(0)
a+1.

STEPD The located hidden ADD maximum is eliminated by adding shape function

Ga+1(Q̄
(0)
a+1) to Va, and the potential energy after the elimination is denoted

by Va+1. Index a is increase by 1 and return to STEP C.

STEP C and STEP D are repeated until no new ADD maximum point with ADD

larger than a given threshold is found anymore. IOE method attempts to detect di-

rections in which new ADD maxima emerge at a distance from the potential mini-

mum. [105] Except for the initial hypersphere, a computation of ADD maxima on a

hypersphere is carried out by the predictor-corrector IOE (PC-IOE) method, [105] in

which the ADD maxima on the last hypersphere are projected onto the current hyper-

sphere, and then, STEP A is conducted started from the projected points. A compu-

tation of the ADD maximum point and elimination of the maximum are performed in

a descending order of the magnitude of the ADD on the last hypersphere.

Hence, ADDF method follows not only the ADD maximum points but also some

additional points. The paths followed by ADDF method, distinguished from ADD

stationary path, are called ADDF paths in this chapter. The behavior of ADDF paths

evidently depends on the form of the shape function used in IOE method. However,

IOE method is to be considered as a heuristic algorithm designed to find TSs that

cannot be found by only tracing ADD maxima of original potential. Considering that,

in the first place, the behavior of ADD maxima of the original potential needs to be

clarified before taking the heuristic into account. Actually, ADD stationary paths are

more essential than ADDF paths to characterize the behavior of ADD maxima of the

original PES. Therefore, the nature of ADD stationary paths are mainly discussed in

the following part.
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2.2 Theory

Fig. 2.1: Schematic of ADD and ADD maximum path. Left panel: Harmonic PES and real
PES around the EQ are shown as the transparent surface and iridescent surface respectively.
Right panel: Two-dimensional map of the real PES in the left panel. Black lines and white
lines are contours of the real PES and the harmonic PES respectively. The ADD maximum
path follows ADD maximum points or minimum energy points on the circles centered at
the EQ, shown by white arrows from the EQ.
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2 Geometric Analysis of Anharmonic Downward Distortion Following Path

2.2.2 Maximum Number of ADD Stationary Paths

Intersecting EQ

The ADD maximum path traces the ADD maximum point on Sf−1(ρ) with expand-

ing the radius of the hypersphere. The ADD maxima on Sf−1(ρ) are located by the

Lagrange multiplier method. The Lagrangian is given by

L(Q̄, µ) := VADD − µ

2

(
f∑

I=1

Q̄2
I − ρ2

)
. (2.2.4)

If Q̄ is a stationary point of VADD on Sf−1(ρ), the following equations hold:{
∂IL(Q̄, µ) = 0 (I = 1, . . . , f)
∂
∂µ
L(Q̄, µ) = 0

(2.2.5)

where ∂I := ∂/∂Q̄I . The stationary points are classified into maximum, minimum, and

saddle points based on the sign of the eigenvalues of Hessian matrix of potential energy

on the hypersphere. The solutions of Eq. (2.2.5) are called the ADD stationary points

in this chapter.

The behavior of ADD stationary paths in the vicinity of EQ is analyzed in order to

clarify the law which determines the number of the ADD stationary paths that intersect

the EQ. Since Eq. (2.2.5) are satisfied everywhere along the ADD stationary paths, the

derivatives of the left-hand sides of Eq. (2.2.5) are also zero along the ADD stationary

paths. In general, the following equations are satisfied along the ADD stationary paths:{
dr∂IL(Q̄, µ) = 0 (I = 1, . . . , f)

dr ∂
∂µ
L(Q̄, µ) = 0

. (2.2.6)

where r is a given non-negative integer. Eq. (2.2.6) can be also regarded as the r-th

order perturbation equation, with the radius of hypersphere being the perturbation

parameter. When r = 1, Eq. (2.2.6) is written as follows:{∑f
J=1 ∂I∂JVADD(Q̄)dQ̄J − Q̄Idµ− µdQ̄I = 0 (I = 1, . . . , f)∑f
I=1 Q̄IdQ̄I − ρdρ = 0

(2.2.7)

At the EQ, the latter of Eq. (2.2.7) is obvious. Since VADD does not include monomials

of Q̄ with a total degree lower than 3 (see Eq. (2.2.1)),

∂I∂JVADD(0) = 0. (2.2.8)
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2.2 Theory

Thus, the following is satisfied:

µ = 0. (2.2.9)

If VADD included quadratic term, Eq. (2.2.7) gives a linear eigenvalue equation. How-

ever, there is no quadratic term in VADD and the problem becomes nonlinear as shown

below. When r = 2, Eq. (2.2.6) is written as follows:
∑f

J,K=1 ∂I∂J∂KVADD(Q̄)dQ̄JdQ̄K − 2dQ̄Idµ

+
∑f

J=1 ∂I∂JVADD(Q̄)d2Q̄J − Q̄Id
2µ− µd2Q̄I = 0 (I = 1, . . . , f)∑f

I=1 dQ̄IdQ̄I − (dρ)2 +
∑f

I=1 Q̄Id
2Q̄I − ρd2ρ = 0

. (2.2.10)

Using Eq. (2.2.8), Eq. (2.2.9) and the relation

∂I∂J∂KVADD(Q̄) = −∂I∂J∂KV (Q̄), (2.2.11)

Eq. (2.2.10) can be rewritten as follows:{∑f
J,K=1 ∂I∂J∂KVADD(Q̄)dQ̄JdQ̄K − 2dQ̄Idµ = 0 (I = 1, . . . , f)∑f
I=1 dQ̄IdQ̄I − (dρ)2 = 0

. (2.2.12)

Eq. (2.2.12) can be regarded as f + 1 homogeneous polynomial equations with vari-

ables dQ̄1, . . . , dQ̄f , dµ and dρ. Thus, the ratio of these variables is obtained by solving

Eq. (2.2.12). (cdQ̄1,. . . ,cdQ̄f ,cdµ,cdρ) is identified with (dQ̄1,. . . ,dQ̄f ,dµ,dρ) for arbi-

trary nonzero complex value c and the ratio is regarded as the root of Eq. (2.2.12)

because the absolute values of these infinitesimal variables are rather trivial. The inde-

pendent real roots of Eq. (2.2.12) correspond to the directions of the ADD stationary

paths intersecting the EQ. Hence, the problem to determine the number of the ADD

stationary paths intersecting the EQ is reduced to the problem to determine the number

of stationary points of the third-order Taylor polynomial of the ADD function around

the EQ (denoted as V
(3)
ADD) below) on a hypersphere with any radius other than zero.

The three-dimensional version of this problem was solved by Kuznetsov and Khol-

shevnikov. [97] Ni, Qi, Wang, and Wang solved the problem in the case of an even

degree. [126] Cartwright and Sturmfels generalized the result to the case of an odd

degree. [17] According to the work of Cartwright and Sturmfels, the maximum number

of stationary points of homogeneous polynomial of n variables with a degree of m(≥ 3)

on a hypersphere centered at the origin is given by 2{(m− 1)n − 1}/(m− 2) when the

number of the stationary point is finite. Thus, the possible maximum number of the

ADD stationary paths intersecting the EQ or the maximum number of real roots of
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2 Geometric Analysis of Anharmonic Downward Distortion Following Path

Eq. (2.2.12) is given by

2f+1 − 2, (2.2.13)

It should be remarked that this number is larger than the number of the gradient

extremal paths, i.e., 2f , except for the trivial case of f = 1. [10]

2.2.3 Bifurcation of ADD stationary paths

In the following part, Einstein notation is used unless otherwise noted. Greek in-

dices, λ, µ, ν, . . . , are used for the tangent space of Sf−1(ρ), and uppercase Roman,

I, J,K, . . . , are used for the full f -dimensional space. Let {eµ(Q̄)}µ=1,...,f−1 be the or-

thonormal tangent vectors of Sf−1(ρ) at Q̄. The outward unit normal vector at Q̄ is

given by

ef (Q̄) =
Q̄

|Q̄|
(2.2.14)

The f -th basis is always assumed to be perpendicular to Sf−1(ρ) throughout this sub-

section. The orthonormal tangent vectors and unit normal vector are regarded as vector

functions of Q̄ ∈ Sf−1(ρ). The derivatives of the orthonormal tangent vectors are given

by

∂µeν = Γλ
µνeλ + Ωµνef , (2.2.15)

where Γλ
µν and Ωµν are the Cristoffel symbols and Euler-Schouten curvature tensor, re-

spectively. According to Riemannian geometry, the Cristoffel symbols vanish by choos-

ing {eµ(Q̄)}µ=1,...,f−1 as the basis of a geodesic coordinate system at Q̄: [176]

Γλ
µν = 0. (2.2.16)

The Euler-Schouten curvature tensor of the hypersphere is given by

Ωµν = ⟨ef , ∂µeν⟩
= −⟨∂µef , eν⟩ (∵ ∂µ ⟨ef , eν⟩ = 0)

= −
〈
∂µ(Q̄/|Q̄|), eν

〉
(∵ Eq. (2.2.14))

= −
〈
eµ/|Q̄| − (Q̄µ/|Q̄|2)ef , eν

〉
= −ρ−1δµν . (∵ ⟨ef , eν⟩ = 0)

(2.2.17)

Then, the Hessian matrix of VADD on Sf−1(ρ) is given by

∂µ∂νVADD − δµν
ρ
∂fVADD. (2.2.18)
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2.2 Theory

The first term is the Hessian matrix of VADD on the hyperplane tangent to Sf−1(ρ).

The second term originates from the curvature of Sf−1(ρ). Thus, the Hessian matrix

of the ADD function on Sf−1(ρ) is not equivalent to that on the hyperplane normal to

the ADD stationary path.

In the following part, the necessary conditions for the ADD stationary path to

bifurcate is discussed. It will be shown that bifurcation of the ADD stationary path

take places where its tangent vector is either tangent to the hypersphere or is not unique.

Let Q̄ be an ADD stationary point so that ∂µVADD = 0 (µ = 1, . . . , f − 1) at Q̄. Since

these stationary conditions are satisfied at every point on the ADD stationary path,

the directional derivatives of ∂µVADD along the ADD stationary path are also zero. The

first-order directional derivative along the ADD stationary path is given by

d∂µVADD = dQ̄ν
(
∂ν∂µ − ρ−1δνµ∂f

)
VADD + dQ̄f∂f∂µVADD = 0. (2.2.19)

For convenience, Hµν , bµ and Aµν are introduced as follows:

Hµν := ∂ν∂µVADD − ρ−1δνµ∂fVADD, (µ, ν = 1, . . . , f − 1) (2.2.20)

bµ := ∂f∂µVADD, (µ = 1, . . . , f − 1) (2.2.21)

Aµν =

{
Hµν (ν = 1, . . . , f − 1)

bµ (ν = f)
. (µ = 1, . . . , f − 1) (2.2.22)

Then, Eq. (2.2.19) can be rewritten by

AdQ̄ = 0 ⇔ HµνdQ̄
ν + dQ̄fbµ = 0 (µ = 1, . . . , f − 1) (2.2.23)

By choosing the orthonormalized eigenvectors of Hµν , {l1(Q̄), . . . , lf−1(Q̄)}, as the

basis, Eqs. (2.2.20) and (2.2.22) can be rewritten by

Hµν = hµδµν , (µ, ν = 1, . . . , f − 1) (2.2.24)

Aµν =

{
hµδµν (ν = 1, . . . , f − 1)

bµ (ν = f)
, (µ = 1, . . . , f − 1) (2.2.25)

and Eq. (2.2.23) is simplified as follows:

hµδµνdQ̄
ν = −bµdQ̄f . (µ = 1, . . . , f − 1) (2.2.26)

Eq. (2.2.26) is a set of f − 1 linear equations with f variables, dQ̄1, . . . , dQ̄f−1, dQ̄f .

The non-trivial solution of Eq. (2.2.26) corresponds to the tangent vector of the ADD
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2 Geometric Analysis of Anharmonic Downward Distortion Following Path

stationary path. The solution of Eq. (2.2.26) is classified into four cases in terms of

bifurcation. In the first case, the solution of Eq. (2.2.26) is unique and there is no

bifurcation. In the second case, the solution is unique and the tangent vector of the

ADD stationary path is also tangent to the hypersphere. There is a possibility of

bifurcation in this case despite the uniqueness of the solution. In the third case, there

are some solutions. If there are more than one real solution, ADD stationary paths

intersect at the ADD stationary point. In the fourth case, there are some solutions and

all the tangent vector of the ADD stationary paths are also tangent to the hypersphere.

These four cases are discussed in detail in the followings.

(CASE1) No bifurcation: hµ ̸= 0 (µ = 1, . . . , f − 1).

In this case, the solution of Eq. (2.2.26) is unique:{
dQ̄µ = −c bµ

hµ
(µ = 1, . . . , f − 1)

dQ̄f = c
(2.2.27)

where c is an arbitrary constant. Hence, there is only one ADD stationary path crossing

the point Q̄.

(CASE2) Bifurcations without crossing of paths: h1 = 0, hµ ̸= 0 (µ =

2, . . . , f − 1) and b1 ̸= 0.

In this case, the solution of Eq. (2.2.26) is unique:{
dQ̄µ = cδµ1 (µ = 1, . . . , f − 1)

dQ̄f = 0
(2.2.28)

where c is an arbitray constant. Although the solution is determined uniquely, there

is a possibility of bifurcation in this case. The tangent vector of the ADD stationary

path at Q̄ given by Eq. (2.2.28), dQ̄, is also tangent to the hypersphere Sf−1(ρ). If

dkQ̄f = 0 (1 ≤ k < 2l) and d2lQ̄f ̸= 0 for some positive integer l, the ADD stationary

path does not intersect Sf−1(ρ), i.e., the ADD stationary path is not transverse to

Sf−1(ρ). In this case, along the radial direction, a pair of ADD stationary paths emerge

or disappear at Q̄. Saddle-node bifurcation [165] is one such bifurcation (see Fig. 2.5). It

should be remarked that there is no ADD stationary path connecting the saddle-node

bifurcation point and the EQ (the origin). Therefore, if only ADD stationary paths

intersecting the EQ are followed, the TS located at (x, y) = (−3.035,−10.776) will be

overlooked. Saddle-node bifurcation in gradient extremals, which is also unfavorable

for reaction path search, was reported. [122,156]

(CASE3) Crossing point of paths: hµ, bµ ̸= 0, (µ = 1, . . . , r) and hµ, bµ = 0 (µ =

r + 1, . . . , f − 1).
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2.2 Theory

Fig. 2.2: Saddle-node bifurcation: Model potential is given by f(x, y) = x2 +
y2 + 0.1(x3 − 3xy2) + 0.04(x3y − xy3). The origin is the minimum (EQ). The
black solid curves and white circles represent the contours of f(x, y) and those
of the harmonic potential. TSs are shown by black circles, located at (x, y) =
(5.960,−4.715), (1.951, 3.870), (−3.035,−10.776), (−5.022, 0.911). The ADD maximum and
minimum paths are shown by red and blue dashed curves, respectively. A pair of ADD sta-
tionary paths emerge at the saddle-node bifurcation point, shown by a black square located
at (x, y) = (0,−7.5).
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2 Geometric Analysis of Anharmonic Downward Distortion Following Path

In this case, there are fewer equations than unknowns. Hence, higher-order derivatives

need to be considered in order to determine the tangent vectors of ADD stationary

paths. Provided rank(A) = r(< f − 1), Eq. (2.2.24) can be rewritten as follows by

applying Gaussian elimination: [
Dr

Of−1−r

]
dQ̄ = 0, (2.2.29)

where Dr is a r × f matrix with rank(Dr) = r. Of−1−r is the (f − 1 − r) × f zero

matrix. The general solution of Eq. (2.2.29) is given by

dQ̄ =

f−r∑
µ=1

cµvµ, (2.2.30)

where vµ (µ = 1, . . . , f − r) are orthonormal vectors that satisfy Drvµ = 0. cµ (µ =

1, . . . , f − r) are the coefficients. The second-order derivative of Eq. (2.2.19), i.e., the

first-order derivative of Eq. (2.2.26), is given by

d(AdQ̄) = Ad2Q̄ + dQ̄I∂IAdQ̄ = 0. (2.2.31)

By Gaussian elimination of A in Eq. (2.2.31), Eq. (2.2.31) can be rewritten by[
Dr

Of−1−r

]
d2Q̄ +

[
Er(dQ̄)

Ff−1−r(dQ̄)

]
dQ̄ = 0, (2.2.32)

where er(dQ̄) and Ff−1−r(dQ̄) are r×f matrix and (f−1−r)×f matrix, the elements

of which are linear in dQ̄. The tangent vector dQ̄ might be determined by

[
Dr

Ff−1−r(dQ̄)

]
dQ̄ = 0. (2.2.33)

However, it should be remarked that there can be a case in which even higher-order

derivatives of Eq. (2.2.26) are required to determine the tangent vector dQ̄. Since

Eq. (2.2.33) are nonlinear equations, there can be more than a single solution. Each

real solution corresponds to a tangent vector of the ADD stationary path crossing Q̄.

Thus, when there are multiple real solutions, Q̄ is a bifurcation point and some ADD

stationary paths intersect at the point. Pitchfork bifurcation is an example of such

bifurcation (see Fig. 2.3). Pitchfork bifurcation points can be found by following the

ADD saddle paths crossing the EQ. The ADD maximum path generated by pitchfork

bifurcation might be overlooked if only ADD maximum paths are traced from the EQ.
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2.2 Theory

Fig. 2.3: Pitchfork bifurcation: Model potentials are given by f(x, y) = x2 + y2 −
0.1(x3 − 3xy2) − 0.01(x4 − 6x2y2 + y4). The origin is the minimum (EQ). The black
curves represent the contours of f(x, y). TSs are shown by black circles, located at
(x, y) = (4.254, 0), (−1.577,±5.814), (−11.754, 0). At the pitchfork bifurcation point, shown
by a black square located at (x, y) = (−5.625, 0), the ADD maximum path bifurcates, re-
sulting in one minimum path and two maximum paths.
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(CASE 4) Crossing of paths tangent to the hypersphere: rank(H) < rank(A),

rank(H) ≤ f − 3.

In this case, dQ̄f = 0 and some ADD stationary paths intersect at Q̄.

Eventually, the necessary condition for Q̄ to be a bifurcation point of the ADD

stationary path is given by

detH = 0. (2.2.34)

Otherwise, the tangent vector is uniquely determined (see Eq. (2.2.28)). This condition

shows the singularity of the Hessian matrix defined by Eq. (2.2.20). It is obvious that

CASE 2-CASE 4 satisfy Eq. (2.2.34).

It should be referred that bifurcation of ADD stationary paths and that of gradient

extremals are essentially the same phenomenon. The gradient extremals are the curves

connecting the stationary points of the gradient norm on the potential energy isosur-

faces. Similarly, the ADD stationary paths are the curves connecting the stationary

points of ADD on the harmonic potential isosurfaces. As shown above, bifurcation of

the ADD stationary path occurs only at the non-regular point of the Hessian matrix of

the ADD function on the harmonic potential isosurfaces. In fact, the bifurcation of the

gradient extremals takes place at the non-regular point of the Hessian matrix of the

gradient norm on the potential energy isosurfaces. [10, 137]

2.2.4 ADD Inflection Paths

Considering that ADD stationary paths bifurcate at the non-regular point of the

Hessian matrix on hyperspheres, some of bifurcation points may be found by tracing the

ADD inflection points. In this section, it is confirmed that the saddle-node bifurcation

point shown in Fig. 2.2 can be located by following ADD inflection paths, that are the

curves connecting the ADD inflection points.

Firstly, ADD inflection path is introduced. Let Q̄ be an ADD non-stationary in-

flection point on a hypersphere. Then, there exists at least one zero eigenvalue of the

Hessian matrix of ADD on the hypersphere:

H(Q̄)l1 = 0. (2.2.35)

Also, the ADD gradient on the hypersphere is parallel to the eigenmode with zero

eigenvalue:
f−1∑
µ=1

(lµ ⊗ lµ)
∂VADD

∂Q̄
(Q̄) =

〈
l1, ∂VADD/∂Q̄

〉
l1. (2.2.36)

If Q̄ is an ADD stationary inflection point, Eq. (2.2.36) becomes obvious because〈
lµ, ∂VADD/∂Q̄

〉
= 0 (µ = 1, . . . , f − 1) are satisfied. ADD inflection paths are defined
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as the curves on which Eq. (2.2.35) and Eq. (2.2.36) are satisfied. Fig. 2.4 shows the

ADD inflection paths of the potential shown in Fig. 2.2. If the ADD inflection path

given by x = 0 is traced from the EQ, the ADD maximum path appearing at the saddle-

node bifurcation point can be found. Although it seems to be not feasible to trace all

the ADD inflection paths, ADD inflection points on a hypersphere can be located as

the stationary points of ADD gradient norm on the hypersphere. Similar to the discus-

sion of the maximum number of ADD stationary paths, the maximum number of ADD

inflection paths and ADD stationary paths crossing the EQ is given by (5f −1)/2. This

can be confirmed as follows. The squared norm of ADD gradient on a hypersphere is

given by g2 =
〈
∂VADD/∂Q̄,P∂VADD/∂Q̄

〉
, where P = 1−Q̄⊗Q̄/

〈
Q̄, Q̄

〉
. Considering

that
〈
Q̄, Q̄

〉
is constant on the hypersphere, the stationary point of g2 is identical to

that of
〈
Q̄, Q̄

〉
g2. The lowest degree of the Taylor series of

〈
Q̄, Q̄

〉
g2 is six. Using the

theorem shown by Sturmfels and Cartwright, the maximum number of stationary points

of homogeneous polynomial of n variables with a degree of m(≥ 3) on a hypersphere

centered at the origin is given by 2{(m− 1)n − 1}/((m− 2) provided that the number

of stationary points is finite. [17] Thus, the maximum number of ADD inflection paths

and stationary paths shown above is obtained.
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2 Geometric Analysis of Anharmonic Downward Distortion Following Path

Fig. 2.4: ADD inflection paths (green dot-dash curves) determined on the model potential
(the same as in Fig. 2.2). The saddle-node bifurcation point and the origin (EQ) are
connected by the ADD inflection path given by x = 0.
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2.3 Numerical results
In this section, the maximum number of ADD stationary paths crossing an EQ

and bifurcation of ADD stationary paths are analyzed on the ab initio PES of a H2O

molecule.

As aformentioned, the maximum number of ADD stationary paths crossing an EQ

is determined by only the third-order Taylor polynomial of the PES provided that the

number of stationary points is finite. However, the PES was approximated by fourth-

order Taylor polynomial because the higher-order terms are necessary to describe bifur-

cation at a distance from the EQ. The electronic structure calculation at the EQ was

carried out by the spin-restricted Hartree-Fock (RHF) method with a 6-31G(d,p) basis

set using Gaussian09. [42] The second-, third-, and fourth-order derivatives were com-

puted using an option of anharmonic frequency calculations that are also implemented

in Gaussian09. In order to ensure that all the ADD stationary paths crossing the EQ to

be obtained, An algebraic geometric method that is a partial modification of Auzinger’
s algorithm [2] was adopted to compute common roots of multivariate polynomials of

Eq. (2.2.12). It must be emphasized that this algebraic geometric approach is able to

ensure all the common roots of given multivariate polynomials to be obtained provided

that the number of roots is finite whereas other iterative optimization methods are not.

This is the reason to adopt the algebraic geometric method.

By using the scaled normal coordinates defined by Eq. (2.2.2), an isosurface of

the harmonic potential becomes the sphere centered at the EQ. Fig. 2.5 shows the

ADD contour of the H2O molecule on a sphere of radius 0.3 hartree1/2 viewed from

six directions where red indicates a large ADD or low-potential-energy region and blue

indicates a small ADD or high-potential-energy region. There are 14 ADD stationary

points, comprising four maxima (Max1-Max4), six saddle points (S1-S6) and four min-

ima (Min1-Min4)). This number 14 is equal to the upper limit calculated with using

Eq. (2.2.13).
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2 Geometric Analysis of Anharmonic Downward Distortion Following Path

Fig. 2.5: ADD contour of the H2O molecule on a sphere of radius 0.3 hartree1/2 centered
at the EQ. Each panel shows a view from the direction of (a) +Q̄1, (b) −Q̄1, (c) +Q̄2, (d)
−Q̄2, (e) +Q̄3, and (f) −Q̄3, where Q̄1, Q̄2, and Q̄3 are scaled normal coordinates for OH
symmetric stretching (A1), H-O-H bending (A1), and OH antisymmetric stretching (B2)
vibrational modes, respectively. The ADD function is approximated by the fourth-order

Taylor polynomial (denoted as V
(4)
ADD), where white lines are the contours of V

(4)
ADD. The

value of V
(4)
ADD is shown by color (blue-red), and the red points (Max1-Max4), yellow points

(S1-S6) and cyan points (Min1-Min4) denote ADD maxima, ADD saddle points and ADD
minima, respectively. Ball-stick models beside the ADD maxima show the corresponding
H2O geometries.
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2.3 Numerical results

Fig. 2.6 shows the ADD stationary paths determined by tracing the ADD stationary

points with increasing the sphere radius as (a) ρ = 0 to 1.0 hartree1/2 and (b) ρ = 0 to

0.3 hartree1/2. ADD stationary points on each sphere was computed with the algebraic

geometric method. The number of ADD stationary points on each sphere varies with

the radius of sphere, as shown in Fig. 2.6 a. It should be remarked that one ADD

saddle path (= a curve connecting ADD saddle points) turns into an ADD maximum

path (path 5) and two new ADD saddle paths at a radius of 0.66 hartree1/2 (referred as

pitchfork bifurcation [141,165]). Because of bifurcation, the number of ADD stationary

paths increases to 20 on a sphere of radius 1.0 hartree1/2. In the vicinity of the EQ,

the opposite direction of each ADD maximum path corresponds to the ADD minimum

path, and the opposite direction of each ADD saddle path corresponds to another

ADD saddle path. This correspondence is understood by the parity of V
(3)
ADD. Since

V
(3)
ADD is the third-order homogeneous polynomial, V

(3)
ADD(−dQ̄) = −V (3)

ADD(dQ̄) holds

and the antipodal point of an ADD stationary point is also an ADD stationary point.

Moreover, the antipodal point of the l-th order ADD saddle point (0 ≤ l ≤ f − 1)

corresponds to the (f − 1 − l)-th order ADD saddle point because the Hessian matrix

of V
(3)
ADD on a sphere (see Eq. (2.2.18)) is also antisymmetric with respect to the spatial

inversion. There are some other characteristic bifurcations in Fig. 2.6 (c), transcritical

bifurcation and hysteresis loop. [165] At the transcritical bifurcation point, the ADD

saddle path and ADD minimum path intersect and the nature of the path is swapped.

In the hysteresis loop, an ADD saddle path turns into an ADD maximum path and

then turns into the ADD saddle path again.
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2 Geometric Analysis of Anharmonic Downward Distortion Following Path

Fig. 2.6: ADD stationary paths of H2O determined by tracing the stationary points of

V
(4)
ADD with increasing the sphere radius as (a) ρ = 0 to 1.0 hartree1/2 and (b) ρ = 0 to

0.3 hartree1/2. Red, yellow and cyan points correspond to the ADD maxima, ADD saddle
points and ADD minima respectively. The transparent sphere is the same as that shown
in Fig. 2.5. In (a), a pitchfork bifurcation of an ADD saddle path takes place at ρ = 0.66
hartree1/2, resulting in one ADD maximum and two ADD saddle paths. Other characteristic
bifurcations are shown in (c).
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2.3 Numerical results

As shown in the case of H2O molecule, the number of ADD maxima on hypersphere

may change due to the bifurcation of the ADD stationary paths. ADD maximum

path 5 shown in Fig. 2.6 (a) appears at the pitchfork bifurcation point. This pitchfork

bifurcation point is not an artifact caused by the approximation of the PES. Indeed,

Fig. 2.7 shows that a pitchfork bifurcation point appears on a sphere of radius ρ =

0.78 hartree1/2 on the real PES computed by the spin-unrestricted Hartree-Fock (UHF)

method with 6-31G(d,p) basis sets. The UHF method was employed with the option

Stable=Opt in Gaussian09 to describe the dissociation pathway into two fragments

of doublet spin multiplicity. ADD maximum points were located by Newton-Raphson

method, i.e., iterative energy minimization on each sphere. It should be noted that the

ADD maximum path appearing at the pitchfork bifurcation point leads to TS of the

dissociation to O + H2. This result indicates that bifurcation of ADD stationary paths

need to be taken into account to search chemical reaction pathways around an EQ.
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2 Geometric Analysis of Anharmonic Downward Distortion Following Path

Fig. 2.7: The ADD maximum paths on the fourth-order Taylor polynomial of the PES
(red points) and the ADD maximum paths on the real PES (purple points), computed
within a radius of 1.0 hartree1/2 from the EQ. The sphere with a radius of 0.3 hartree1/2 is
also shown. SOSP denotes a second-order saddle point with a linear geometry of H-O-H,
which is the terminal of the real ADD maximum path along path 1. DC denotes a structure
leading to the dissociation into OH and H along paths 2 and 3. The real ADD maximum
path corresponding to path 4 turns into an ADD saddle path on the way (at the turning
point). The real ADD maximum path corresponding to path 5 appears suddenly. Except
for DC, the bond lengths and angles of H2O at the terminal point of each path is shown.
The total energies relative to the EQ are also shown.
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2.3 Numerical results

ADDF was also carried out for H2O on the real PES using the GRRM14 pro-

gram [111] with the options MO GUESS, Opt=Tight, and Stable=Opt. In the GRRM

program, aforementioned IOE procedure is implemented to detect the direction of the

hidden ADD maxima on the initial hypersphere. [105,130] However, IOE method failed

to detect the direction of the pitchfork bifurcation in this system. Fig. 2.8 shows the

ADDF paths (shown by orange dots) computed by GRRM14. [111] Dots on the floor

are projected points of the ADDF paths. With ADDF of GRRM14, five ADDF paths

were obtained whereas one of them was discarded in the very early step of the ADDF

procedure. Hence, four ADDF paths are shown in Fig. 2.8. Compared withFig. 2.7, it

can be seen that ADDF paths almost coincide with the ADD maximum paths in the

vicinity of the EQ. This result indicates that IOE method located the ADD maxima

of the original PES, and the direction of the pitchfork bifurcation on the initial sphere

(hidden ADD maximum) could not be detected in this case. One ADDF path leads

to the linear geometry (H-O-H) of the second-order saddle point (SOSP) whereas two

ADDF paths lead to the dissociation channels (DC) to OH + H. The remaining leads

to X′′′ via geometries X, X′, and X′′. Around X, the ADD maximum turns into an ADD

saddle. Then, the ADDF path leads to X′′ and falls in the basin of the ADD maxi-

mum around X′′′. At X′′′, the potential energy starts decreasing along the ADDF path.

Hence, the ADDF is stopped and TS(guess) is located as the energy-top point along the

ADDF path. The TS optimization from TS(guess) led to TS1 (linear HH· · ·O), which

connects O + H2 and OH + H. In fact, the step size of expanding the sphere radius

affects which TS is found. When ε is determined so that the displacement becomes 0.02

Å(the default is 0.1 Å), not TS1 but TS2 was obtained that connects the EQ and O +

H2 keeping the C2v symmetry. When the displacement was given by 0.09 Å, both TSs

were not found. Ohno and Maeda discussed the overlooking of TSs in ADDF method

from an empirical viewpoint. [105] According to their consideration, such overlooking

is attributed to the fitting error of shape functions used in IOE method to detect the

hidden ADDs covered by large ADD maxima. [105] In the case of H2O, the ADD in

the direction of H2 dissociation channel (via TS2) is regarded to be small and hidden

by the large ADDs of H atom dissociation channels. This explanation is not wrong,

however, it seems somehow indirect and ambiguous. The direct and root cause of the

overlooking is obviously bifurcation of ADD stationary paths. IOE method should be

regarded as nothing but a heuristic algorithm to detect the direction of ADD maxima

that appear at bifurcation points at a distance from potential minima. The quality of

shape functions is not the essence of this problem.
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2 Geometric Analysis of Anharmonic Downward Distortion Following Path

Fig. 2.8: ADDF paths (orange dots) of the H2O molecule computed by GRRM14. Dots on
the floor are the projected points of ADDF paths and TS geometries, and the two orthogonal
lines on the floor denote the Q̄1 and Q̄3 axes. The transparent sphere is the same as that
shown in Fig. 2.5. Four ADDF paths were obtained: one leads to SOSP, two lead to DC to
OH + H, and the remaining leads to X′′′ via geometries X, X′, and X′′. Starting from the
TS(guess), the top of the ADDF path, the TS with the linear structure (TS1) was obtained,
but the TS with the C2v symmetry (TS2) was overlooked.
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2.4 Discussion

2.4 Discussion

Fig. 2.9 shows the schematic of typical bifurcations of ADD stationary paths. All

the TSs shown in the four panels will be successfully located by tracing not only ADD

maximum paths but also ADD stationary and inflection paths whereas the maximum

number of ADD stationary and inflection paths is so large as (5f − 1)/2. The point is

that trace of only ADD maxima is not satisfactory to locate TSs like shown in Fig. 2.9

(c) and (d). Indeed, the TS of a H2O molecule with C2v symmetry was not necessarily

found by ADDF method while it follows some points other than ADD maxima with

using IOE technique. The nature of ADD seems quite different from what imagined

from the ADD principle due to the existence of bifurcation of ADD stationary paths.

Whether ADD is large or not in the vicinity of an EQ is not an essential factor for

knowing the direction of chemical reaction.

Fig. 2.9: Schematic of typical bifurcations of ADD stationary paths. The red curves and
the yellow dashed curves denote the ADD maximum paths and ADD saddle paths, respec-
tively, while the green dot-dash line denotes the ADD inflection path. Black crosses and
circles indicate EQs and TSs, and the circles around the EQs show the initial hyperspheres
of the ADDF method. (a) Both of the two ADD maximum paths intersect with the initial
hypersphere; (b) the ADD maximum path intersecting with the initial hypersphere bifur-
cates at the pitchfork (PF) bifurcation point; (c) the ADD maximum path appears at the
PF bifurcation point; and (d) the ADD maximum path appears at the saddle-node (SN)
bifurcation point.
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2 Geometric Analysis of Anharmonic Downward Distortion Following Path

2.5 Conclusion
In this chapter, a detailed investigation of the mathematical aspect of the ADD sta-

tionary path was presented. Firstly, it was confirmed that the maximum number of the

ADD stationary paths crossing the EQ is given by 2f+1 − 2, where f is the vibrational

degrees of freedom of the system. Next, the bifurcation of the ADD stationary path

was analyzed. It was confirmed that bifurcation of ADD stationary paths takes place at

non-regular point of ADD Hessian on an isosurface of harmonic potential. As a demon-

stration, typical bifurcations like saddle-node bifurcation and pitchfork bifurcation of

ADD stationary paths were presented. Similar to the case of gradient extremals, bifur-

cation of ADD stationary paths was found to be unfavorable for reaction path search.

In order for preventing overlooking of TSs essentially caused by such bifurcation, trace

of some ADD saddle and inflection paths from every equilibrium point seems to be

effective whereas it is not feasible to trace all of them. Although IOE method also

traces some points other than ADD maxima, there is a case where TS is overlooked as

shown in the case of a H2O molecule. In conclusion, whether ADD is large or not in

the vicinity of an EQ is not an essential factor for knowing the direction of chemical

reaction even though ADD tends to be maximum in the vicinity of TS. This study is

expected to provide a detailed understanding of the behavior of anharmonicity around

an equilibrium geometry.
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Chapter 3

Natural Reaction Orbital

Abstract

Natural reaction orbital (NRO) is a new orbital analysis method which automatically extracts

representative molecular orbitals essential for the chemical reaction. NRO is generated by

singular value decomposition (SVD) or Autonne-Eckart-Young decomposition of the virtual-

occupied block of the first-order response matrix of molecular orbitals with respect to nuclear

displacements, U
(1)
VO, the solution of coupled-perturbed self-consistent field (CP-SCF) equa-

tion. U
(1)
VO represents the first-order transition amplitudes from the occupied orbital space to

the virtual orbital space or orbital mixing induced by infinitesimal nuclear displacements. The

SVD basis of U
(1)
VO, NRO, can be regarded as a basis to characterize the orbital mixing. As the

nature of SVD, NRO forms pairs of occupied and virtual orbitals and singular value of each

pair represents the orbital mixing rate of the pair. Accordingly, NRO pairs with large singular

values can be extracted as the representative orbitals essential for the chemical reaction, In the

NRO representation, the orbital mixing is maximally simplified because mixing occurs only

within each NRO pair. Also, NRO basis becomes symmetry-adapted when a system has some

symmetry and the direction of nuclear displacements belongs to a irreducible representation

of the system, Conveniently, NRO shows semi-localized character and relatively low basis set

dependence. For all these favorable features, NRO seems to be a very promising method to

analyze reaction mechanisms from a viewpoint of electronic structure. Actually, application

of NRO method to a dozen of typical reactions demonstrated its universality and robustness

in consistency with conventional understanding or chemical intuition. A non-trivial difference

between paired interacting orbital (PIO) and NRO is also discussed.

3.1 Introduction
As quoted everywhere, P. A. M. Dirac claimed ”the underlying physical laws neces-

sary for the mathematical theory of a large part of physics and the whole of chemistry

are thus completely known, and the difficulty is only that the exact application of
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3 Natural Reaction Orbital

these laws leads to equations much too complicated to be soluble”. [29] The funda-

mental equations ruling chemistry are Dirac equation [28] and its approximations, e.g.,

Schrödinger equation, [159] non-relativistic limit of Dirac equation. Except for the case

where the relativistic effect is essential, Schrödinger equation is the equation to solve.

Unfortunately, as Dirac claimed, generally it is hardly possible to solve Schrödinger

equation. Consequently, enormous methods have been proposed to obtain better ap-

proximation of the exact solution or wavefunction of Schrödinger equation. Among the

enormous approximations, the Born-Oppenherimer (BO) approximation [13] will be

one of the most fundamental approximation for chemistry. In the BO approximation,

the motion of nuclei and electrons are separated. Since the mass of nuclei is at least

1800 times of the mass of electron, the motion of nuclei will be very slow compared to

that of electrons. Accordingly, the electronic motion is approximated by the motion

for stationary nuclei. In the BO approximation, electronic wavefuntion for given fixed

nuclear coordinates and potential function for nuclei are provided. It implies that the

electronic wavefunction parametrically depends on the nuclear coordinates. The BO

approximation is not only important for reducing computational cost but also very

convenient for studying chemical phenomena. In chemistry, molecular geometry, the

shape of molecule, is extremely important to explain chemical stability and reactivity.

To analyze the electronic properties of a molecule with specific nuclear coordinates, the

electronic wavefunction for stationary nuclei seems to be much more convenient than

that for the nuclear wavefunction distributed to various molecular geometries. Thus,

the BO approximation is highly compatible with chemistry.

Another fundamental approximation will be Hartree-Fock (HF) approximation. [39,

63,64,163] In HF approximation, the electronic wavefunction is approximated by single

Slater determinant. Slater determinant of n-electron system is given by the determinant

of n functions (ψ1, . . . , ψn), ψi is the function of a single electron. With the orthonormal

condition of the the n functions, the electronic energy of the system is variationally

optimized. The variationally optimal functions are called occupied spin orbitals and

the space spanned by them are called Hartree-Fock manifold. In this context, the

spin orbitals are nothing more than mathematical constructs for the approximation.

Interestingly, however, the mathematical constructs have been playing a significant role

of theoretical and computational chemistry.

One great success of the concept of molecular orbital is its application to the un-

derstanding of chemical reactivity. Frontier orbital theory proposed by Fukui [57] and

Woodward-Hoffmann rules [72, 178, 179] uncovered a close relationship between MOs

and chemical reactivity. Frontier orbital theory showed regioselectivity of chemical reac-

tions of aromatic hydrocarbons can be clearly explained with only a few representative

orbitals, frontier molecular orbitals (FMOs). FMOs are constituted of the highest occu-

38



3.1 Introduction

pied molecular orbitals (HOMOs) and lowest unoccupied molecular orbitals (LUMOs)

of isolated reagent and reactant molecules. Based on the perturbation theory, the in-

teraction between the HOMO (LUMO) of reagent molecule and the LUMO (HOMO)

of the reactant molecule is assumed to be dominant in the reaction. Since orbitals

need to overlap to establish effective interaction, the atomic sites with the largest FMO

amplitudes are expected to be favorable sites for the interaction between the reagent

and reactant molecules. In addition to the overlap, the phases of HOMO and LUMO

is a key of the reactivity. The HOMO and LUMO need to realize in-phase overlap for

new bond formation (phase-matching). Accordingly, chemical bonds are expected to

be formed between the atoms with the largest FMO amplitudes, with the phases of

FMOs matched. Although the idea seems to be too simplified, frontier orbital theory

has been widely adopted with a series of successful applications to various type of reac-

tions. Frontier orbital theory profoundly affected the subsequent studies of chemistry

and strongly motivated chemists to pay attention to molecular orbitals to understand

chemical reactivity. Woodward-Hoffmann rules are known as a series of outstanding

works among such studies that revealed the generalized selection rule of pericyclic re-

actions in terms of orbital symmetry. [180] Nowadays, molecular orbital is no longer a

mathematical construct only for the approximation of Schrödinger equation but a basic

concept to extract the essence of chemical phenomena.

However, some limitations and failures of FMO theory came to be recognized. [25]

In FMO theory, the transition state (first-order saddle point) geometry is assumed to

resemble the reactants. This assumption is essential because it allows FMO theory to

explain the reactivity based on the MOs of reactants instead of those of the transi-

tion state. Also, the orbital interaction between MOs other than frontier orbitals are

assumed to be negligible. This anzats significantly simplifies the perturbation expan-

sion. However, it is pointed out that the former assumption cannot be justified for

late transition states. The latter is also criticized as unjustifiable because the order of

denominators of perturbation expansion are usually comparable and the variations in

the numerators are commonly greater than that of denominators. Failures in predicting

regioselectivities are also known. Indeed, mis-prediction is reported for isoquinoline al-

though even resonance theory can lead to the correct prediction. The meta-selectivity

of nitrobenzene is also unclear in the viewpoint of FMO theory because there is only

a subtle difference between the ortho and meta coefficients of HOMO. Although FMO

theory does not loose its historical importance in that it revealed the relevance between

molecular orbitals and regioselectivity and leaded to the finding of Woodward-Hoffmann

rules, its applicability to selectivity prediction should be recognized as a limited one. [23]

As another issue of FMO theory, canonical molecular orbital (CMO), [38] the diago-

nal basis of Fock operator, is known to essentially show a highly delocalized nature. [37]
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The gap between the delocalized picture shown by CMO and the locality in chemical

interaction came to be recognized as a kind of problem. [49] As pointed out by Edmis-

ton and Ruedenberg, [37] for example, another orbital basis than CMO can be more

effective for analyses of properties of a particular state while CMO may be convenient

for spectral transitions and ionization potentials. Indeed, a variety of MOs other than

CMO convenient for various analyses have been proposed. Some demonstrative MOs

will be introduced here. Natural orbital (NO) proposed by Löwdin [103] is one of the

most well-known orbitals. Natural orbital is defined as the diagonal basis of the first-

order reduced density matrix (RDM). Since the first-order RDM can be defined even

for the exact wavefunction, the concept of NO is general. The significance of NO is

that NO provides a general way to analyze and understand the many-electron wave-

function. From the definition, NO is the optimal basis to characterize the first-order

RDM or electron density. Thus, the spatial distribution of electrons can be analyzed

through NO. Subsequently, various types of orbitals for various objectives have been

proposed: localized orbital (LO), [37] pair natural orbital (PNO), [35, 36, 117] paired

interacting orbital (PIO), [44, 48, 49] natural bond orbital (NBO), [144, 145] natural

localized molecular orbital (NLMO), [145] projected reactive orbital (PRO), [49–51]

intrinsic soft molecular orbital (ISMO), [121] natural transition orbital (NTO), [112]

reactive hybrid orbital (RHO), [68, 124, 131] excited state paired interacting orbital

(EPIO), [86] intrinsic bond orbital (IBO), [90, 91] valence virtual orbital (VVO), [158]

Dyson orbital (DO), [116] principal interacting orbital (PIO’) [182] and energy natural

orbital (ENO). [170] Such innumerable definitions of MOs seems to reflect that a single

definition of the best molecular orbitals does not exist. [96] As such, it is very important

to adequately choose a definition of MO suited for the objective of analysis. This is

also the case for the analysis of chemical reactivity. It should not be forgotten that no

single definition of MO is the best any more than no single definition of coordinate is

always the best.

Among many definitions of MOs other than CMO, which definitions are suited

for reaction mechanism analysis? Reaction mechanism analysis is one of the most

fundamental and essential analyses in chemistry. Reaction mechanism analysis from

a viewpoint of molecular orbital theory may be concisely summarized by the words

of Woodward and Hoffmann: ”a reaction may still be analyzed by writing down the

orbitals involved, allowing them to mix according to well-defined quantum mechanical

principles and following the interacting orbitals through the reaction.” [180] Based on

the words, molecular orbitals characterizing the orbital mixing along some reaction

coordinates, e.g., intrinsic reaction coordinates (IRC), [52] will be the orbitals suited

for reaction mechanism analysis. There will be some possible choices of definition of

MOs for characterization of orbital interaction. However, interaction frontier orbitals
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(IFOs) [56] and paired interacting orbitals (PIOs) [44, 48, 169] seem to be especially

important. In IFO, the interaction between occupied orbitals of donor fragment and

virtual orbitals of acceptor fragments is evaluated by the delocalization energy matrix

D which is rectangular in general. IFO basis is defined as the diagonal basis of D†D

like singular value decomposition (SVD) or Autonne-Eckart-Young decomposition. [89]

Because of the non-linearity of Fock operator, D†D is diagonalized in an iterative

manner. Just like SVD basis, occupied IFOs of donor and virtual IFOs of acceptor

form pairs. Each IFO pair has a singular value (square root of the corresponding

eigenvalue of D†D) which represents the strength of interaction of the pair. Usually,

only a few IFO pairs have large singular values. Therefore, IFO can provide a succinct

expression of interaction. IFO can take account of the contribution of MOs other than

frontier orbitals in addition to that of frontier orbitals. Thus, IFO can be considered as

a generalization of frontier orbitals. Additionally, IFO shows semi-localized feature with

clearly characterizing the interaction between the donor and acceptor. Subsequently,

more practical version of paired fragment orbitals, paired interacting orbital (PIO), was

proposed. The occupied MOs of interacting system is represented as linear combinations

of MOs of non-interacting fragments. The occupied MOs of interacting system can

contain the contribution of virtual fragment MOs because electron transfer between

the fragments takes place:

ψf =
m∑
i=1

cAifψ
A
i +

M−m∑
i=1

cA(m+i)fψ
A
m+i +

n∑
i=1

cBifψ
B
i +

N−n∑
i=1

cB(n+i)fψ
B
n+i, (f = 1, . . . ,m + n)

where ψf , ψA
i and ψB

i denote the MOs of the interacting system, the fragment A and the

fragment B respectively. The number of electrons of the fragment A and B are denoted

by m and n. M and N denote the number of basis functions of the fragment A and

B. This division of interacting system into fragments is referred as fragment molecular

orbital (FMO) scheme [46]. A matrix defined by

Pij := 2
m+n∑
f=1

cA∗
if c

B
(n+j)f (i = 1, . . . ,m, j = 1, . . . , N − n)

is used to measure the interaction between the fragments A and B. The SVD basis of P,

i.e., PIO, succinctly characterizes the electron delocalization from A to B. PIO is also

useful for the analysis of physical properties. The potential for electron donation and

acceptance of PIOs of substituted benzenes shows a good correlation with the Hammett

σ constants. As Fujimoto mentioned, different from CMO, PIO enables comparison

of different substituent groups and of their effect at different positions in a unified
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manner. Accordingly, PIO will be one definition applicable to reaction mechanism

analysis for all the nice features reviewed above. Indeed, PIO has been applied to

various systems. [19, 45, 47, 61, 65, 129,132,153,167]

As noted above, some reaction coordinates and MOs characterizing orbital mixing

along the coordinates are required to analyze chemical reaction mechanisms. Nowa-

days, computation of reaction pathways are automated to a considerable extent. [26,

104, 105, 113] Orbital mixing is also suitably characterized with PIO. Thus, sufficient

tools for performing reaction mechanism analysis are already available. Even though,

still we need another molecular orbital analysis method to automate reaction mechanism

analysis. What makes it difficult to apply PIO to automation of reaction mechanism

analysis is the concept of fragment. The way of division of a system into fragments is

not necessarily obvious nor unique. Nevertheless, the way of division affects the result-

ing orbitals. Therefore, a system must be divided in a reasonable manner in order to

provide a chemically meaningful result. There are two possible approaches to realize

automated orbital analysis: (1) automation of division of a system; (2) development

of another orbital analysis method. The first approach, however, seems to be difficult

since some universal criteria for division need to be established. On the other hand, the

second plan appears to be feasible because there exist some orbital analysis methods

free from the concept of fragment. Actually, the idea of ISMO and NTO seems to be

really helpful. Both ISMO and NTO extract some chemical essence by performing SVD

of the first-order or linear response of molecular orbitals to some perturbation. [112,121]

ISMO and NTO utilize the entanglement between occupied orbitals and virtual orbitals

induced by the perturbation applied to the system while PIO use the entanglement or

interaction between fragments. Consequently, ISMO and NTO can automatically ex-

tract essential orbitals without requiring any division of the system. The success of

ISMO and NTO implies that the essence of chemical reaction may be automatically

extracted by SVD of the first-order response of molecular orbitals to some perturbation

which appropriately characterizes the chemical reaction. The simplest and most im-

portant one of such perturbation will be the nuclear displacements during the chemical

reaction. Actually, electron density change induced by nuclear displacements [21] is

applied to an investigation of the conformation dependence of fundamental and over-

tone intensity. [172] Ref. [172] vividly demonstrates the significance of electron density

change to vibrational absorption intensities and highlighted the central importance of

electron density migrations caused by molecular structure changes for physical nature

of molecules. Then, it also seems very natural to focus on the electron density change

in reaction analysis. From the quantum-mechanical point of view, the change of given

observable may be represented as the change of basis just as Schrödinger picture does.

Hence, the density change can be analyzed as the change of molecular orbitals or orbital
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mixing. Even though the concept of orbital is not essential for density functional theory

(DFT) [74, 93], it can still be introduced as the basis to represent the electron density

with no trouble. It should be noted that the introduction of orbital basis is by no means

trivial. The information of phase provides a qualitative way to explain the possibility

of given electron density change in terms of interference between occupied and virtual

orbitals. Hence, SVD basis of the first-order response matrix of molecular orbitals to

nuclear coordinate perturbation, natural reaction orbital (NRO) [33] presented in this

study, is expected to be the optimal basis for chemical reaction analysis. The aim of

this study is to establish an orbital analysis method specialized in reaction mechanism

analysis which enables an automated extraction of molecular orbitals essential for the

reactivity.

The current chapter is composed as follows. In the section 2, the theory of NRO is

shown. Also, theories used in NRO, e.g., coupled perturbed SCF (CP-SCF) theory, [60,

136] are shortly reviewed. In the section 3, numerical applications to typical reactions

will be presented. In the section 4, the numerical results in the section 3 are discussed.

3.2 Theory
In this section, Dirac notation is used for convenience.

3.2.1 Schrödinger equation for moleculer system
The Lagrangian of time-independent Schrödinger equation is given by

L = ⟨Ψ| Ĥ |Ψ⟩ − E (⟨Ψ|Ψ⟩ − 1) , (3.2.1)

where ⟨Ψ| and |Ψ⟩ are the state bra and ket vectors respectively. The operator Ĥ is

referred as Hamiltonian, which determines the nature of the system. [159] Hamiltonian

is usually Hermitian to the boundary condition imposed. E is the Lagrange multiplier.

The state ket of n-particle system can be linearly expanded with tensor products of n

ope-particle kets: ∣∣x1

〉
⊗ · · · ⊗

∣∣xn

〉
, (3.2.2)

where each one-electron ket may be decomposed into the spatial part and spin part:∣∣xi

〉
=
∣∣ri〉⊗ ∣∣ωi

〉
. (3.2.3)

In the following part, the symbol ”⊗” is omitted for simplicity. The spatial part,

position basis, is an eigenket of the position operator r̂i:

r̂i
∣∣ri〉 = ri

∣∣ri〉 (ri ∈ R3). (3.2.4)
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The eigenvalues are the spatial coordinates of the i-th particle in the usual sense. The

inner product of position basis is given by

⟨r′|r⟩ = δ(r′ − r), (3.2.5)

where δ(r− r′) is Dirac delta distribution:

δ(r′ − r) =
1

(2π)3

∫
R3

dk exp (i ⟨k, r′ − r⟩) . (3.2.6)

In the case of fermion, the spin part is in a two dimensional Hilbert space. If z-axis

is chosen as the quantization axis, spin eigenkets are the diagonal basis of the spin

operator Ŝz:

Ŝz

∣∣ωi

〉
=

{
+1

2

∣∣ωi

〉
(ωi = αi)

−1
2

∣∣ωi

〉
(ωi = βi)

. (3.2.7)

The spin eigenkets satisfy the orthonormal condition:

⟨ω′
i|ωi⟩ = δω′

iωi
, (3.2.8)

where δω′
iωi

is Kronecker delta:

δω′
iωi

=

{
1 (ω′

i = ωi)

0 (ω′
i ̸= ωi)

(3.2.9)

As shown by Eq. (3.2.7), Fermion has half-integer spin angular momentum along the

quantization axis. It is known that the fundamental components of molecules - elec-

trons, protons and neutrons - are fermions.

If the system is composed of only one type of particles, e.g., electrons, the Hamilto-

nian of Schrödinger equation has a symmetry with respect to any permutation of the

identical n particles.

|Ψ⟩ ≡ 1

n!

∫
dx1 · · · dxn

( ∑
σ1,...,σn

εσ1...σn
∣∣xσ1

〉
· · ·
∣∣xσn

〉)( ∑
σ′
1,...,σ

′
n

εσ
′
1...σ

′
n
〈
xσ′

1

∣∣ · · · 〈xσ′
n

∣∣)∣∣Ψ〉,
(3.2.10)

where ∫
dx1 · · · dxn =

n∏
i=1

∑
ωi∈{αi,βi}

∫
R3

dri (3.2.11)
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3.2 Theory

and

εσ1...σn =


+1 (if (σ1, . . . , σn) is an even permutation of (1, . . . , n))

−1 (if (σ1, . . . , σn) is an odd permutation of (1, . . . , n))

0 (otherwise)

. (3.2.12)

With the anti-symmetrized basis, the coefficients

1√
n!

( ∑
σ1,...,σn

εσ1...σn
〈
xσ1

∣∣ · · · 〈xσn

∣∣) ∣∣Ψ〉 (3.2.13)

become symmetric. It is, in principle, also possible to represent the Hamiltonian with

the anti-symmetrized basis. Conventionally, however, anti-symmetrized basis is not

preferred and the state ket is usually expanded with the simple tensor products shown

in Eq. (3.2.2):

|Ψ⟩ ≡
∫
dx1 · · · dxn

(∣∣x1

〉
· · ·
∣∣xn

〉〈
x1

∣∣ · · · 〈xn

∣∣)∣∣Ψ〉. (3.2.14)

In this representation, the anti-symmetry of the state ket is not obvious. The anti-

symmetry is imposed on the coefficient defined by

Ψ (x1, . . . ,xn) :=
(〈
x1

∣∣ · · · 〈xn

∣∣) ∣∣Ψ〉. (3.2.15)

The complex conjugate of Ψ (x1, . . . ,xn) is given by

Ψ∗ (x1, . . . ,xn) =
〈
Ψ
∣∣ (∣∣x1

〉
· · ·
∣∣xn

〉)
(3.2.16)

as the state bra is the conjugate transpose of the state ket. The anti-symmetric function

of n-particle coordinates is referred as the fermionic wavefunction. Although protons

and neutrons are fermions like electrons, it is usually less important to study the state of

each proton or neutron in chemistry. Rather, the behavior of nuclei, particles consisting

of protons and neutrons, is essential for typical chemical processes such as chemical re-

actions. Nuclei may have half-integer spins or integer spins because nuclei are composite

systems composed of multiple fermions, protons and neutrons. A system of identical

nuclei with half-integer spins are described by anti-symmetric wavefunction as men-

tioned above. In contrast, a system of identical nuclei with integer spins are described

by symmetric wavefunction which is invariant to exchange of identical nuclei. However,

nuclear spin is not important for the current work and not taken into account.

A molecular system composed of n electrons and Nnuc nuclei is generally described
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3 Natural Reaction Orbital

as follows:

|Ψ⟩ ≡
∫
dxdX

∣∣x〉∣∣X〉〈x∣∣〈X∣∣∣∣Ψ〉, (3.2.17)

where x and X are the coordinates of n electrons and Nnuc nuclei: x = (x1, . . . ,xn)

and X = (X1, . . . ,XNnuc). For convenience, however, mass-weighted coordinates are

used for nuclei. The wavefunction of the moleculer system is given by

Ψ(x,X) := (
〈
x
∣∣〈X∣∣)∣∣Ψ〉. (3.2.18)

The wavefunction is antisymmetric under exchange of electrons. If the molecule includes

identical nuclei, the wavefunction is also anti-symmetric or symmetric under exchange

of identical nuclei. The molecular Hamiltonian operator is a sum of five operators:

Ĥ = T̂e + T̂N + V̂ee + V̂eN + V̂NN . (3.2.19)

Te and TN are the kinetic energy operators for electrons and nuclei respectively. V̂ee,

V̂eN and V̂NN are the electron-electron, electron-nucleus and nucleus-nucleus Coulomb

potentials respectively. Matrix elements of each operator are given by followings:

T̂e ≡
(〈
x′〈X′∣∣) T̂e (∣∣x〉∣∣X〉)

=
n∏

i=1

δ(x′
i − xi)

Nnuc∏
I=1

δ(X′
I −XI)

n∑
i=1

−1

2
∆i,

(3.2.20)

T̂N ≡
(〈
x′∣∣〈X′∣∣) T̂N (∣∣x〉∣∣X〉)

=
n∏

i=1

δ(x′
i − xi)

Nnuc∏
I=1

δ(X′
I −XI)

Nnuc∑
I=1

−1

2
∆I ,

(3.2.21)

V̂ee ≡
(〈
x′∣∣〈X′∣∣) V̂ee (∣∣x〉∣∣X〉)

=
n∏

i=1

δ(x′
i − xi)

Nnuc∏
I=1

δ(X′
I −XI)

n∑
j>i

1

rij
,

(3.2.22)

V̂eN ≡
(〈
x′∣∣〈X′∣∣) V̂eN (∣∣x〉∣∣X〉)

=
n∏

i=1

δ(x′
i − xi)

Nnuc∏
I=1

δ(X′
I −XI)

n∑
i

∑
I

−ZI

riI
,

(3.2.23)

V̂NN ≡
(〈
x′∣∣〈X′∣∣) V̂NN

(∣∣x〉∣∣X〉)
=

n∏
i=1

δ(x′
i − xi)

Nnuc∏
I=1

δ(X′
I −XI)

∑
J>I

ZIZJ

rIJ
,

(3.2.24)
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where δ(x′
i−xi) = δ(r′i−ri)δω′

iωi
. ∆i = ∂2/∂x2i +∂2/∂y2i +∂2/∂z2i is Laplacian. ZI is the

mass and atomic number of the I-th nucleus respectively. rij is the distance between

the i-th and j-th electrons. riI denotes the distance between the i-th electron and I-th

nucleus. rIJ is the distance between the I-th and J-th nuclei. Then, the Hamiltonian

for a molecular system is given by

⟨Ψ| Ĥ |Ψ⟩ ≡
∫
dxdX′

∫
dxdXΨ∗(x′,X)

n∏
i=1

δ(x′
i − xi)

Nnuc∏
I=1

δ(X′
I −XI)

(
−

n∑
i=1

1

2
∆i −

Nnuc∑
I=1

1

2
∆I

+
n∑

j>i

1

rij
−

n∑
i=1

Nnuc∑
I=1

ZI

riI
+
∑
J>I

ZIZJ

rIJ

)
Ψ(x,X)

=

∫
dxdXΨ∗(x′,X)

(
−

n∑
i=1

1

2
∆i −

Nnuc∑
I=1

1

2
∆I

+
n∑

j>i

1

rij
−

n∑
i=1

Nnuc∑
I=1

ZI

riI
+
∑
J>I

ZIZJ

rIJ

)
Ψ(x,X)

(3.2.25)

The Hamiltonian is variationally optimized with respect to the wavefunction Ψ and

Ψ∗ under the constraint of
〈
Ψ
∣∣ Ψ
〉

= 1. The variational optimization is achieved by

finding a set of Ψ,Ψ∗ and E that stationarize the Lagrangian:

δL = δ ⟨Ψ| Ĥ |Ψ⟩ − Eδ ⟨Ψ|Ψ⟩ − δE(⟨Ψ|Ψ⟩ − 1)

=
(
⟨Ψ| Ĥ |δΨ⟩ − E ⟨Ψ|δΨ⟩

)
+ h.c.− δE(⟨Ψ|Ψ⟩ − 1)

= 0,

(3.2.26)

where h.c. denotes Hermitian conjugate. In order for the stationary condition to be

satisfied for any δΨ, δΨ∗ and δE, the followings need to hold:

(
−

n∑
i=1

1

2
∆i −

Nnuc∑
I=1

1

2
∆I +

n∑
j>i

1

rij
+

n∑
i=1

Nnuc∑
I=1

−ZI

riI
+
∑
J>I

ZIZJ

rIJ

)
Ψ = EΨ, (3.2.27)

(
−

n∑
i=1

1

2
∆i −

Nnuc∑
I=1

1

2
∆I +

n∑
j>i

1

rij
−

n∑
i=1

Nnuc∑
I=1

ZI

riI
+
∑
J>I

ZIZJ

rIJ

)
Ψ∗ = EΨ∗, (3.2.28)

∫
dxdXΨ∗Ψ = 1. (3.2.29)
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3 Natural Reaction Orbital

The eigenvalue equation, Eq. (3.2.27), is referred as Schrödinger equation for a molecular

system. Eq. (3.2.28) is the Hermitian conjugate of Eq. (3.2.27). The eigenvalue of

Eq. (3.2.27) is the energy of the molecule. The nature of the eigenfunction Ψ, i.e.,

wavefunction of the molecule, will be explained in the lats part of this subsection.

The last equation, Eq. (3.2.29), is the normalization condition for the wavefunction.

Generally, Schrödinger equation is solved with some boundary condition. In the case

of molecular system, Schrödinger equation is usually solved with a boundary condition

at infinity:

Ψ → 0 as

{
|ri| → ∞ (i = 1, . . . , n)

|RI | → ∞ (I = 1, . . . , Nnuc)
. (3.2.30)

Additionally, wavefunction is required to be finite, single-valued and continuous every-

where. The derivatives of wavefunction must be continuous except at singular points

of potential.

Finally, the nature of wavefunction is briefly explained. Based on the standard

Copenhagen interpretation, wavefunction is not a real physical entity. [22] The statis-

tical interpretation of Born tells that the absolute square of wavefunction,

Ψ∗(x,X)Ψ(x,X) (3.2.31)

gives the probability density of finding the particles at (x1, . . . ,xn,X1, . . . ,XNnuc).

[11, 22] Also, expectation value of given observable can be computed with using the

wavefunction. Provided that the Hermitian operator corresponding to an observable O
is given by Ô, the expectation value of O for the eigenstate is given by

⟨O⟩ =

∫
dxdXΨ∗ÔΨ. (3.2.32)

3.2.2 Born-Oppenheimer approximation

Generally, the state ket vector of a molecular system can be written as a linear

combination of tensor products of ket vectors of electrons and nuclei:∣∣Ψ〉 =
∑
i

∑
I

CiI

∣∣Ψelec
i

〉∣∣Ψnuc
I

〉
, (3.2.33)

where CiI is the coefficient of complex value. Throughout the current work, the spin

of nuclei will be neglected. With the position eigenkets of nuclei dneoted by |R⟩, the
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energy of a molecule can written by〈
Ψ
∣∣Ĥ∣∣Ψ〉 =

∑
i,j

∑
I,J

C∗
iICjJ

(〈
Ψnuc

I

∣∣〈Ψelec
i

∣∣) Ĥ (∣∣Ψelec
j

〉∣∣Ψnuc
J

〉)
=

∫
R3Nnuc

dR
∑
i,j

∑
I,J

C∗
iICjJΨnuc∗

I (R)
〈
Ψelec

i

∣∣〈R∣∣Ĥ∣∣R〉∣∣Ψelec
j

〉
Ψnuc

J (R)

(3.2.34)

where the Hamiltonian is defined by Eq. (3.2.19). Herein, electronic Hamiltonian

Ĥelec (R) is introduced:

Ĥelec (R) := T̂e +
〈
R
∣∣V̂eN ∣∣R〉+ V̂ee. (3.2.35)

T̂e,
〈
R
∣∣V̂eN ∣∣R〉 and V̂ee are the kinetic energy operator of electrons, the Coulomb poten-

tial between nuclei and electrons and Coulomb potential between electrons respectively.

Adiabatic basis is defined as the eigenkets of electronic Hamiltonian:

Ĥelec (R)
∣∣Ψ adia

i (R)
〉

= Eelec
i (R)

∣∣Ψadia
i (R)

〉
. (3.2.36)

Since the eigenkets form a complete set, rhs of Eq. (3.2.34) can be rewritten with

adiabatic basis:∫
R3Nnuc

dR
∑
i,j

∑
I,J

C∗
iI(R)CjJ(R)Ψnuc∗

I (R)
〈
Ψadia

i (R)
∣∣〈R∣∣Ĥ∣∣R〉∣∣Ψadia

j (R)
〉
Ψnuc

J (R).

(3.2.37)

Then, the matrix elements of
〈
R
∣∣Ĥ∣∣R〉 can be given by〈

Ψadia
i (R)

∣∣〈R∣∣Ĥ∣∣R〉∣∣Ψadia
j (R)

〉
=
〈
Ψadia

i (R)
∣∣〈R∣∣Ĥelec (R) + V̂NN + T̂N

∣∣R〉∣∣Ψadia
j (R)

〉
=δij

(
Eelec

j (R) + VNN(R) − 1

2
∆R

)
− 1

2

〈
Ψadia

i (R)
∣∣∆RΨadia

j (R)
〉

−
〈
Ψadia

i (R)
∣∣∇RΨadia

j (R)
〉
· ∇R,

(3.2.38)

where ∇R is the usual derivative operator with respect to nuclear coordinates:

∇R =
3Nnuc∑
I=1

eI∂I, (3.2.39)
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where eI (I = 1, . . . , 3Nnuc) are orthonormal vectors. The quantity

τ ijI :=
〈
Ψadia

i (R)
∣∣∂IΨadia

j (R)
〉

(3.2.40)

appeared in Eq. (3.2.38) is referred as the first-order non-adabatic coupling (NAC). [3]

From the orthonormal condition of adiabatic basis:

∂I
〈
Ψadia

i (R)
∣∣Ψadia

j (R)
〉

= 0 = τ ijI + τ ji∗I (3.2.41)

is derived. Thus, the first-order NAC is anti-Hermitian with respect to the indices of

adiabatic basis:

τ ijI = −τ ji∗I . (∀i, j, I) (3.2.42)

Also, an equation

∂HτI − ∂IτH +
[
τH, τI

]
= 0 (∀H, I) (3.2.43)

can be derived from

∂Hτ
ij
I − ∂Iτ

ij
H =∂H

〈
Ψadia

i (R)
∣∣∂IΨadia

j (R)
〉
− ∂I

〈
Ψadia

i (R)
∣∣∂HΨadia

j (R)
〉

=
∑
k

(〈
∂HΨadia

i (R)
∣∣Ψadia

k (R)
〉〈

Ψadia
k (R)

∣∣∂IΨadia
j (R)

〉
−
〈
∂IΨ

adia
i (R)

∣∣Ψadia
k (R)

〉〈
Ψadia

k (R)
∣∣∂HΨadia

j (R)
〉)

= −
∑
k

(
τ ikH τ

kj
I − τ ikI τ

kj
H

)
.

(3.2.44)

Eq. (3.2.43) is the integrability condition for

∂I
∣∣Ψadia

i (R)
〉

=
∑
j

∣∣Ψadia
j (R)

〉
τ jiI (R). (3.2.45)

With the first-order NAC, Eq. (3.2.38) can be rewritten by〈
Ψadia

i (R)
∣∣〈R∣∣Ĥ∣∣R〉∣∣Ψadia

j (R)
〉

=δij
(
Eelec

j (R) + VNN(R)
)

− 1

2

3Nnuc∑
I=1

∑
k

(
δik∂I + τ ikI

)(
δkj∂I + τ kjI

)
.

(3.2.46)
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So far, the Hamiltonian is apparently gauge-covariant. [181] In the adiabatic approxi-

mation, the coupling terms between adiabatic states are ignored:

〈
Ψadia

i (R)
∣∣〈R∣∣Ĥ∣∣R〉∣∣Ψadia

j (R)
〉
≈ δij

(
Eelec

j (R) + VNN(R)

− 1

2

3Nnuc∑
I=1

∑
k

(
δik∂I + τ ikI

)(
δkj∂I + τ kjI

))
.

(3.2.47)

A local gauge transformation

Ψadia
i (R) = exp (−iθi(R)) Ψ̃adia

i (R), (3.2.48)

where θi satisfies

−i∂Iθi = τ iiI (3.2.49)

at R, can locally eliminate the first-order terms of NAC in Eq. (3.2.46):

〈
Ψ̃adia

i (R)
∣∣〈R∣∣Ĥ∣∣R〉∣∣Ψ̃adia

j (R)
〉
≈ δij

(
Eelec

j (R) + VNN(R) − 1

2
∆R − 1

2

3Nnuc∑
I=1

∑
k ̸=i

τ ikI τ
kj
I

)
.

(3.2.50)

If a conical intersection exists, however, there does not exist a function θi (R) which

can globally eliminate the first-order terms of NAC. [8, 181]In the Born-Oppenheimer

approximation, [13] the second-order terms of τ ijI are also ignored:

〈
Ψadia

i (R)
∣∣〈R∣∣Ĥ∣∣R〉∣∣Ψadia

j (R)
〉
≈ δij

(
Eelec

j (R) + VNN(R) − 1

2
∆R

)
. (3.2.51)

Then, sum of the electronic energy and nuclear repulsion,

EBO
i (R) := Eelec

i (R) + VNN(R), (3.2.52)

may be considered as the potential function for nuclei. This potential function is called

Born-Oppenheimer potential energy surface (PES). Basically, Born-Oppenheimer ap-

proximation can provide reliable description in the vicinity of equilibrium geometries

or minima of Born-Oppenheimer PES.
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3.2.3 Hartree-Fock theory

Notation� �
⟨Ψ| , |Ψ⟩ bra and ket vectors of many electrons (capital Greek letter)

⟨µ| , |p⟩ bra and ket vectors of one electron (Non-capital Greek or alphabet)

a, b, c . . . subscripts for virtual spin orbitals

i, j, k, . . . subscripts for occupied spin orbitals

p, q, r, . . . subscripts for occupied and virtual spin orbitals

κ, λ, µ, . . . subscripts for atomic orbital basis

I, J,K, . . . subscripts for mass-weighted nuclear coordinates� �
For convenience, n-electron Slater determinants are introduced: [163]∣∣ΦI

〉
:= (n!)−1/2

∑
σ1,...,σn∈I

εσ1...σn
∣∣σ1〉⊗ · · · ⊗

∣∣σn〉, (3.2.53)

where I is a set of n positive integers. The set of one-electron kets is assumed to

be complete. In general, the n-electron wavefunction can be represented by a linear

combination of the n-electron Slater determinants:

|Ψ⟩ ≡
∑
I

∣∣ΦI

〉〈
ΦI

∣∣Ψ〉, (3.2.54)

the summation is taken for all the sets of n positive integers.

Each one-electron ket is a tensor product of the spatial part and the spin part:∣∣i〉 =
∣∣φi

〉
⊗
∣∣ωi

〉
. (3.2.55)

The spatial part can be projected onto the position basis:

∣∣φi

〉
≡
(∫

R3

dr
∣∣r〉〈r∣∣) ∣∣φi

〉
. (3.2.56)

Functions defined by

φi (r) :=
〈
r
∣∣φi

〉
(i = 1, . . . , n) (3.2.57)

are called molecular orbitals (MOs). Spin orbital (SO) is defined as the product of MO

and spin function:

ψi (r, ω) :=
〈
r
∣∣φi

〉〈
ω
∣∣ωi

〉
. (i = 1, . . . , n) (3.2.58)

All MOs and SOs are assumed to be single-valued and continuous everywhere.

In Hartree-Fock (HF) theory, [39, 163] n-electron wavefunction is approximated by
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a single Slater determinant Φ. The constituent SOs are variationally optimized so as

to minimize the electronic energy with the orthonormality conditions of SOs. The

Lagrangian of HF theory is given by

LHF = ⟨Φ| Ĥ |Φ⟩ −
n∑

i,j=1

εji (⟨i|j⟩ − δij) , (3.2.59)

where εji are the Lagrange multipliers. [39] Using SOs, the energy can be written by

⟨Φ| Ĥ |Φ⟩ =
n∑

i=1

(
⟨i| T̂e |i⟩ + ⟨i| V̂eN |i⟩ +

n∑
j=1

⟨ij || ij⟩

)
. (3.2.60)

The first term is the kinetic energy of the n-electron given by

〈
i
∣∣T̂e∣∣i〉 = −1

2

∫
R3

dr1φ
∗
i (r1)∆φi(r1). (3.2.61)

The second term is the Coulomb interaction between electrons and nuclei:

〈
i
∣∣V̂eN ∣∣i〉 = −

Nnuc∑
I=1

∫
R3

dr1
ZI

r1I
φ∗
i (r1)φi(r1), (3.2.62)

where rI denotes the distance between the electron and the I-th nucleus. The third

term is referred as two-electron integral defined by

⟨ij || ij⟩ :=

∫∫
R3×R3

dr1dr2

(
φ∗
i (r1)φ

∗
j(r2)φi(r1)φj(r2)

r12
− δωiωj

φ∗
i (r1)φ

∗
j(r2)φi(r2)φj(r1)

r12

)
,

(3.2.63)

where the first and second terms are called Coulomb and exchange terms. [27] Exchange

term is derived from the anti-symmetry of the Slater determinant. Due to the orthonor-

mality of spin functions, there is no exchange interaction between SOs with different

spin. It should be noted that exchange term serves to cancel self-interaction. In the

following, integral regions are omitted for simplicity.

In HF theory, the variational parameters are the n SOs, the constituents of the
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Slater determinant. The first-order variation of HF Lagrangian is given by

δLHF =

∫
dr1

n∑
i=1

δφ∗
i (r1)

{
− 1

2
∆φi(r1) −

Nnuc∑
I=1

ZI

r1I
φi(r1) +

n∑
j=1

∫
dr2

φ∗
j(r2)φj(r2)

r12
φi(r1)

−
n∑

j=1

δωjωi

∫
dr2

φ∗
j(r2)φi(r2)

r12
φj(r1) −

n∑
j=1

εjiφj(r1)

}
+ h.c.

+
n∑

j=1

δεji

(∫
dr1φ

∗
i (r1)φj(r1) − δij

)
,

(3.2.64)

where boundary conditions at infinity

φi (r) → 0 as |r| → ∞ (i = 1, . . . , n) (3.2.65)

are imposed. The stationary condition of LHF is given by
(
−1

2
∆ −

∑Nnuc

I=1
ZI

r1I

)
φi(r1) +

∑n
j=1

∫
dr2φ

∗
j(r2)

φj(r2)φi(r1)−δωjωiφi(r2)φj(r1)

r12
=
∑n

j=1 εjiφj(r1)∫
dr1φ

∗
i (r1)φj(r1) = δij

.

(3.2.66)

For convenience, an operator, referred as Fock operator, is introduced:

〈
r1
∣∣F̂ ∣∣r1〉 := −1

2
∆ −

Nnuc∑
I=1

ZI

r1I
+

n∑
j=1

∫
dr2

φ∗
j(r2)

(
1 − δωiωj

P̂
)
φj(r2)

r12
, (3.2.67)

where P̂ is the permutation operator defined by{
P̂φj(r2)φi(r1) = φj(r1)φi(r2)

φ∗
j(r2)φ

∗
i (r1)P̂

† = φ∗
j(r1)φ

∗
i (r2)

. (∀i, j) (3.2.68)

Fock operator is Hermitian in the boundary condition Eq. (3.2.65):〈
i
∣∣F̂ ∣∣j〉 =

〈
j
∣∣F̂ ∣∣i〉∗. (3.2.69)

This and Eq. (3.2.66) require the matrix of Lagrangian multipliers also to be Hermitian:

εij = ε∗ji. (3.2.70)
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Therefore, there exists a set of MOs which diagonalizes εεε [147] and the diagonal basis is

referred as canonical molecular orbital (CMO). [38] With CMO basis used, Eq. (3.2.66)

can be rewritten by{〈
r1
∣∣F̂ ∣∣r1〉φi(r1) = εiφi(r1) (i = 1, . . . , n)∫
dr1φ

∗
i (r1)φj(r1) = δij (i, j = 1, . . . , n).

(3.2.71)

The non-linear eigenvalue equations are called canonical Hartree-Fock equation. The

eigenvalues εi and eigenfunctions φi are referred as HF molecular orbital energies and

occupied (canonical) MOs. [147] Once the occupied MOs are obtained, Hartree-Fock

energy is given by

EHF =
n∑

i=1

εi −
1

2

n∑
i,j=1

⟨ij∥ij⟩ . (3.2.72)

HF theory provides a feasible procedure to obtain approximated solution of Schrödinger

equation by reducing the problem of a 3n-dimensional partial differential equation to

that of n 3-dimensional partial differential equations. However, it is not so easy to solve

HF equation because of its non-linearity. While SOs are determined as the eigenfunc-

tions of Fock operator, Fock operator itself depends on SOs. Therefore, SOs must be

determined in a consistent manner. That is, SOs must be the eigenfunctions of Fock op-

erator composed of the SOs themselves. So, HF theory is also referred as self-consistent

field (SCF) theory.

The orbital invariance of HF theory [39] is important for orbital analysis. If the

occpied SOs are transformed by a unitary matrix u:

∣∣i〉→ ∣∣i′〉 =
n∑

i′=1

∣∣i〉uii′ , (3.2.73)

the HF wavefinction is transformed by

∣∣Φ〉→ ∣∣Φ′〉 =
∑

σ1,...,σn

 ∑
σ′
1,...,σ

′
n

εσ
′
1...σ

′
nuσ1σ′

1
· · · uσnσ′

n

∣∣σ1〉⊗ · · · ⊗
∣∣σn〉. (3.2.74)

Using the relation ∑
σ′
1,...,σ

′
n

εσ
′
1...σ

′
nuσ1σ′

1
· · · uσnσ′

n
= (detu) εσ1...σn , (3.2.75)
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the transformation rule of HF wavefunction can be simplified as follows:∣∣Φ〉→ ∣∣Φ′〉 = (detu)
∣∣Φ〉. (3.2.76)

From the definition of unitary matrix, u†u = 1,

detu = eiθ (θ ∈ R) (3.2.77)

is obtained. Therefore, the energy of the system is invariant to the global unitary

transformation of SOs: 〈
Φ
∣∣Ĥ∣∣Φ〉→〈Φ′∣∣Ĥ∣∣Φ′〉

= e−iθeiθ
〈
Φ
∣∣Ĥ∣∣Φ〉

=
〈
Φ
∣∣Ĥ∣∣Φ〉. (3.2.78)

The constraint part of HF Lagrangian is also invariant:

n∑
i,j=1

εji (⟨i|j⟩ − δij) →
n∑

i′,j′=1

εj′i′ (⟨i′|j′⟩ − δi′j′)

=
n∑

i′,j′=1

n∑
i,j=1

εjiu
∗
jj′uii′

n∑
k,l=1

(⟨k|l⟩ − δkl) u
∗
kj′uli′

=
n∑

i,j=1

εji

n∑
k,l=1

(⟨k|l⟩ − δkl) δkjδli

=
n∑

i,j=1

εji (⟨i|j⟩ − δij) .

(3.2.79)

Consequently, HF Lagrangian is confirmed to be invariant to arbitrary global unitary

transformation of SOs:

L → L′ = L. (3.2.80)

This indicate that any global unitary transformation of occupied SOs dose not affect

the nature of the system. Therefore, occupied SOs may be rotated for the convenience

of analysis. It should be re-emphasized that there is no specific set of SOs which is

physically more significant than the others. [168] The concept of SOs is just like that

of coordinates and there is no absolute standard.
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3.2.4 Hartree-Fock-Roothaan equation

Hartree-Fock-Roothaan (HFR) equation is obtained by introducing basis function

to Hartree-Fock theory. [147] The unknown spin-orbitals (SOs) are represented as linear

combinations of spin-orbital basis functions {χµ}µ=1,...,2Nbasis
[136]:

ψi(x) ≈
2Nbasis∑
µ=1

cµiχµ(x) (3.2.81)

where cµi is called spin-orbital (SO) coefficient. 2Nbasis is the number of the spin-

orbital basis functions. Generally, the basis set is not necessarily orthonormal and

overlap matrix defined by

Sµν :=
〈
µ
∣∣ν〉 (3.2.82)

gives the metric for the SO coefficient space. Overlap matrix is positive-semidefinite.

Thus, the dimension of SO space, given by rank(S), is 2Nbasis or less. Using basis

functions, HF energy is given by

⟨Φ| Ĥ |Φ⟩ ≈
n∑

i=1

2Nbasis∑
µ,ν=1

(
⟨µ| T̂e |ν⟩ + ⟨µ| V̂eN |ν⟩

)
c∗µicνi

+
1

2

n∑
i,j=1

2Nbasis∑
λ,κ,µ,ν=1

⟨µλ∥νκ⟩ c∗µic∗λjcνicκj.

(3.2.83)

Note that spin-orbital basis functions, that are the functions of not only space coor-

dinates but also of spin coordinates, are used here. The stationary condition of HF

Lagrangian is given by a set of matrix equations:{∑2Nbasis

ν=1 Fµνcνi =
∑2Nbasis

ν=1 Sµνcνiεi∑2Nbasis

µ,ν=1 Sµνc
∗
µicνj = δij

. (i, j = 1, . . . , n) (3.2.84)

The former is referred as HFR equation and the latter is the orthonormal condition of

SOs. The solution of HFR equation is n SO coefficient vectors. These n SO coefficient

vectors give a set of approximated occupied SOs by Eq. (3.2.81). As the by-product

of HFR equation, (rank(S) − n) SO coefficient vectors orthogonal to all the occupied

ones are obtained. The excess are called virtual orbitals or unoccupied orbitals. [147]

Apparently, the energy given by HFR equation is invariant to any unitary transfor-

mation within the virtual orbital space because HF Lagrangian does not include any

contribution of virtual SOs. Also, arbitrary unitary transformation within occupied SO

space leaves the energy invariant. Therefore, same as the case of HF equation, arbitrary
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rotation within occupied or virtual SO space is allowed. However, any rotation between

occupied and virtual orbitals alters the nature of the system. Therefore, any rotation

between the occupied and virtual SO spaces should be avoided with no special reason.

3.2.5 Coupled perturbed self-consistent field theory

Coupled perturbed self-consistent field (CP-SCF) theory [60,136] is an application of

perturbation theory to SCF theory. The type of perturbation is not limited to external

field like electric field. Actually, CP-SCF calculation with respect to the perturbation

of nuclear coordinates is utilized to compute Hessian matrix of potential energy which is

especially important for vibrational analysis. [136] Also, CP-SCF calculation is required

to confirm the stability of stationary point of potential energy surface. Thus, CP-SCF

calculation is frequently performed in the course of minimum or saddle optimization.

The derivation of CP-SCF mainly based on Ref. [136] is reviewed in the following.

Hartree-Fock-Roothaan (HFR) equation is given by

FC− SCεεε = 0 (3.2.85)

where F,C,S and εεε are Fock matrix, spin orbital (SO) coefficient matrix, overlap matrix

and diagonal SO energy matrix, respectively. With finite basis set, all of these matrices

depend on molecular geometry. Since HFR equation holds at any geometry except for

that located on conical intersection, derivatives of the lhs of equation Eq. (3.2.85)) with

respective to nuclear coordinates must be zero:

∂IFC + F∂IC− ∂ISCεεε− S∂ICεεε− SC∂Iεεε = 0. (I = 1, . . . , 3Nnuc) (3.2.86)

By multiplying C†, Hermititian conjugate of C, from the left,

C†∂IFC + εεεC†S∂IC−C†∂ISCεεε−C†S∂ICεεε− ∂Iεεε = 0 (3.2.87)

is obtained, where equation Eq. (3.2.85) and the orthonormal condition of MOs:

C†SC = 1 (3.2.88)

are used. 1 is the unit matrix. By introducing the matrices
F

(1)
I := C†∂IFC

U
(1)
I := C†S∂IC

S
(1)
I := C†∂ISC

, (3.2.89)
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equation Eq. (3.2.87) can be rewritten by

F
(1)
I + εεεU

(1)
I − S

(1)
I εεε−U

(1)
I εεε− ∂Iεεε = 0. (3.2.90)

Similarly, the derivatives of equation Eq. (3.2.88) with respect to nuclear coordinates

give

U
(1)†
I + S

(1)
I + U

(1)
I = 0. (3.2.91)

Equations Eq. (3.2.90) and Eq. (3.2.91) are solved for U
(1)
I and ∂Iεεε.

It should be noted that F
(1)
I depends on the virtual-occupied block of U

(1)
I . F

(1)
I is

divided into one-electron part h
(1)
I and two-electron part G

(1)
I :

F
(1)
I = h

(1)
I + G

(1)
I . (3.2.92)

The one-electron part doesn’t include derivative of SO coefficient while the two-electron

part does.

∂I
∑
κ,λ

∑
i∈occ.

c∗λicκi ⟨µλ∥νκ⟩ =
∑
κ,λ

∑
i∈occ.

∑
p

(
U

(1)∗
Ipi c

∗
λpcκi + U

(1)
Ipic

∗
λicκp

)
⟨µλ∥νκ⟩

+
∑
κ,λ

∑
i∈occ.

c∗λicκi∂I ⟨µλ∥νκ⟩
(3.2.93)

where

∂Icµp =
∑
κ,λ

∑
q

cµqc
∗
κqSκλ∂Icλp

=
∑
q

cµqU
(1)
Iqp

(3.2.94)

is used. In uncoupled-perturbed SCF theory, the response of two-electron part is ig-

nored. [18] The first term of Eq. (3.2.93) can be divided into the occupied part and the

virtual part:

∑
κ,λ

( ∑
i,j∈occ.

(
U

(1)∗
Iij c

∗
λicκj + U

(1)
Iij c

∗
λjcκi

)
⟨µλ∥νκ⟩ +

∑
a∈vir.

∑
j∈occ.

(
U

(1)∗
Iaj c

∗
λacκj + U

(1)
Iajc

∗
λjcκa

)
⟨µλ∥νκ⟩

)
(3.2.95)
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The occupied part can be rewritten by∑
κ,λ

∑
i,j∈occ.

(
U

(1)∗
Iji c

∗
λjcκi + U

(1)
Ijic

∗
λicκj

)
⟨µλ∥νκ⟩ =

∑
κ,λ

∑
i,j∈occ.

(
U

(1)∗
Iij c

∗
λicκj + U

(1)
Ijic

∗
λicκj

)
⟨µλ∥νκ⟩

= −
∑
κ,λ

∑
i,j∈occ.

S
(1)
Ijic

∗
λicκj ⟨µλ∥νκ⟩ . (∵ (3.2.91))

(3.2.96)

Thus, matrix elements of F
(1)
I is given by

F
(1)
Ipq =

∑
µ,ν

∂Ihµνc
∗
µpcνq

+
∑

i,j∈occ.

S
(1)
Iji ⟨pi∥qj⟩ +

∑
a∈vir.

∑
i∈occ.

(
U

(1)∗
Iai ⟨pa∥qi⟩ + U

(1)
Iai ⟨pi∥qa⟩

)
+
∑

κ,λ,µ,ν

∑
i∈occ.

c∗µpc
∗
λicνqcκi∂I ⟨µλ∥νκ⟩ .

(3.2.97)

where

hµν =
〈
µ
∣∣T̂e + V̂eN

∣∣ν〉. (3.2.98)

In CP-SCF calculation, the off-diagonal part of equation Eq. (3.2.90):

(εp − εq)U
(1)
Ipq + F

(1)
Ipq − S

(1)
Ipqεq = 0 (p ̸= q) (3.2.99)

is solved for virtual-occupied block and U
(1)
Iai(a ∈ vir. i ∈ occ.) are obtained. As shown

in equation Eq. (3.2.97), F
(1)
I doesn’t include the occupied-occupied and virtual-virtual

blocks of U
(1)
I . Thus, all the elements of F

(1)
I can be computed once the virtual-occupied

block of U
(1)
I is obtained. Then, the diagonal part of equation Eq. (3.2.90):

∂Iεp = F
(1)
Ipp − S

(1)
Ippεp (3.2.100)

gives all the elements of ∂Iεεε. It should be noted that ∂Iεεε is diagonal matrix because εεε is

diagonal at any geometries. Usually, the virtual-virtual and occupied-occupied blocks of

U
(1)
I are not computed since they are not necessary for Hessian matrix calculation. [136]
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The Hessian matrix of Hartree-Fock energy is given by

∂H∂IE
HF =

∑
i∈occ

∑
µ,ν

c∗µicνi∂H∂Ihµν +
1

2

∑
i,j∈occ

∑
κ,λ,µ,ν

c∗λic
∗
µjcκicνj∂H∂I ⟨µλ∥νκ⟩ + ∂H∂IVNN

+
∑
i∈occ

∑
µ,ν

∂I
(
c∗µicνi

)(
∂Hhµν +

∑
j∈occ

∑
κ,λ

c∗λjcκj∂H ⟨µλ∥νκ⟩

)
−
∑
i∈occ

∑
µ,ν

∂I
(
c∗µicνiεi∂HSµν

)
.

(3.2.101)

The three terms in the first line are the derivatives of operators and do not include the

SO derivative. This Hessian matrix can be rewritten by

∂H∂IE
HF =

∑
i∈occ

∑
µ,ν

c∗µicνi∂H∂Ihµν +
1

2

∑
i,j∈occ

∑
κ,λ,µ,ν

c∗λic
∗
µjcκicνj∂H∂I ⟨µλ∥νκ⟩ + ∂H∂IVNN

+
∑
i∈occ

∑
µ,ν

∂I
(
c∗µicνi

) (
F

(1)
Hµν − S

(1)
Hµνεi

)
−
∑

i,j∈occ

∑
κ,λ,µ,ν

∂I
(
c∗µicνi

)
∂H

(
c∗λjcκj

)
⟨µλ∥νκ⟩

−
∑
i∈occ

∑
µ,ν

c∗µicνi∂I (εi∂HSµν)

(3.2.102)
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or

∂H∂IE
HF =

∑
i∈occ

∑
µ,ν

c∗µicνi∂H∂Ihµν +
1

2

∑
ij∈occ

∑
κ,λ,µ,ν

c∗λic
∗
µjcκicνj∂H∂I ⟨µλ∥νκ⟩ + ∂H∂IVNN

−
∑
a∈vir

∑
i∈occ

(εa − εi)
(
U

(1)∗
Iai U

(1)
Hai + U

(1)∗
Hai U

(1)
Iai

)
−
∑

i,j∈occ

∑
a,b∈vir

U
(1)∗
Iai U

(1)∗
Hbj ⟨ab∥ij⟩ + U

(1)
IaiU

(1)
Hbj ⟨ij∥ab⟩

−
∑

i,j∈occ

∑
a,b∈vir

(
U

(1)∗
Iai U

(1)
Hbj + U

(1)∗
Hai U

(1)
Ibj

)
⟨aj∥ib⟩

+
∑

i,j,k∈occ

∑
a∈vir

S
(1)
Hkj

(
U

(1)∗
Iai ⟨ak∥ij⟩ + U

(1)
Iai ⟨ik∥aj⟩

)
+

∑
i,j,k∈occ

∑
a∈vir

S
(1)
Ikj

(
U

(1)∗
Haj ⟨ak∥ij⟩ + U

(1)
Hai ⟨ik∥aj⟩

)
−

∑
i,j,k,l∈occ

S
(1)
IkiS

(1)
Hlj ⟨kl∥ij⟩

−
∑
i∈occ

S
(1)
Iii∂Hεi + S

(1)
Hii∂Iεi −

∑
i∈occ

∑
µ,ν

c∗µic
∗
νi∂I∂HSµνεi.

(3.2.103)

The three terms in the first line are derivatives of operators and do not include SO

derivatives. The second term, the derivative of two-electron integrals, is trivial at

HF limit. The terms in the second to fourth lines include the contribution of orbital

mixing between occupied and virtual SOs. All the remains include the derivatives of

overlap matrix which disappear at HF limit with infinite basis set used. It should be

remarked that Eq. (3.2.103) is analogous to Herzberg-Teller expansion. [150] The first

and third terms in the first line are analogous to the non-vibronic term of Herzberg-

Teller expansion and positive definite. [59] Hence, the cause of negative force constant

is attributed to terms in the second to fourth lines at HF limit. This indicates that

orbital mixing between occupied and virtual orbitals is essential for the relaxation of

potential energy surface given by HF theory. Considering that the potential relaxation

along a reaction pathway is essential for the reaction to proceed, [150] orbital mixing

seems to be very important for understanding reaction mechanisms.

3.2.6 Singular value decomposition
Singular value decomposition (SVD) or Autonne-Eckart-Young decomposition is

one of matrix decomposition methods. [89] There are many applications of SVD to MO

analysis [1,48,56,112,121,158,182] because it is a very powerful tool for projection and
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characterization of interaction or entanglement between different subspaces.

Given complex rectangular matrix A of oder m× n can be written by

A =
m∑
i=1

n∑
j=1

Aije
′
i ⊗ ej, (3.2.104)

where e′
i, ej and Aij are some orthonormal basis for the i-th row and column and the

elements respectively. SVD gives a pair of orthonormal basis sets {ui}i∈{1,...,min(m,n)}

and {vi}i∈{1,...,min(m,n)} with which A is simplified as

A =

min(m,n)∑
i=1

λiui ⊗ vi. (3.2.105)

The vectors ui and vi are called left- and right-singular vectors. Non-negative real

values λi are called singular values. The right-singular vectors satisfy the following

eigenvalue equation: (
A†A

)
vi = λ2ivi. (i = 1, . . . ,min(m,n)) (3.2.106)

Since A†A is apparently Hermitian and positive semi-definite, it is always diagonal-

izable for any A and has non-negative real eigenvalues. Thus, there always exist an

orthonormal basis which satisfies Eq. (3.2.106). Usually, the positive square roots of λ2i
are chosen as singular values. Multiplied A from the left of Eq. (3.2.106),(

AA†)Avi = λ2iAvi. (i = 1, . . . ,min(m,n)) (3.2.107)

is obtained. Eq. (3.2.107) shows that Avi is an eigenvector of the Hermitian matrix

AA† with the eigenvalue of λ2i . The norm of Avi is given by λi from Eq. (3.2.106).

Then, orthonormal basis set {ui}i∈{1,...,min(m,n)} can be defined by

Avi = λiui (i = 1, . . . ,min(m,n)). (3.2.108)

Then, the following equation is obtained

⟨ui,Avj⟩ = λjδij (i, j = 1, . . . ,min(m,n)) (3.2.109)

from the orthonormality of {ui}i∈{1,...,min(m,n)}. This shows that A can be written in

the form of Eq. (3.2.105).
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Matrix representation of Eq. (3.2.105) is given by

A = UΛV†, (3.2.110)

where the columns of U and rows of V† the left- and right-singular vectors and the vec-

tors respectively. For convenience, the basis in the orthocomplements of {ui}i∈{1,...,min(m,n)}

and {vi}i∈{1,...,min(m,n)} are also included in U and V† respectively. Thus, U and V are

square unitary matrices of order m×m and n× n. The rectangular diagonal matrix ΛΛΛ

of order m× n contains the singular values as its diagonal elements.

SVD is known to preserve Frobenius norm of A defined by

∥A∥F :=
(
Tr
(
A†A

))1/2
=
(
Tr
(
AA†))1/2 . (3.2.111)

This is confirmed as following

Tr
(
A†A

)
= Tr

(
VΛ†U†UΛV†)

= Tr
(
Λ†Λ

)
=

min(m,n)∑
i=1

λ2i .

(3.2.112)

The quantity defined by
λ2i∑min(m,n)

i=1 λ2i
(3.2.113)

is contribution ratio of the i-th singular vectors.

3.2.7 Natural reaction orbital (NRO)

Natural reaction orbital (NRO) is defined as the SVD basis of the virtual-occupied

block of first-order response matrix of molecular orbital with respect to nuclear coordi-

nate displacement in mass-weighted coordinates. [33]. Let v be a unit direction vector.

The first-order orbital response matrix to the nuclear displacement in the direction of

v is given by

U(1) :=
3N∑
I=1

vIU
(1)
I . (3.2.114)

The virtual-occupied block of Eq. (3.2.114) is decomposed by SVD:

U
(1)
VO = LΛR†. (3.2.115)
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The left and right singular vectors L and R are Nvir × Nvir and Nocc × Nocc unitary

matrices, Nocc and Nvir are number of occupied orbitals and number of virtual orbitals

respectively. The occupied and virtual spin orbital coefficient matrix CO and CV are

transformed separately with L and R respectively:{
nO := COR

nV := CVL
. (3.2.116)

The generated orbital coefficient matrices nO and nV are the occupied and virtual nat-

ural reaction orbital (NRO) coefficient matrices respectively. It should be emphasized

that the Hartree-Fock wavefunction is not altered through this transformation because

HF wavefunction is invariant to given unitary transformation within the occupied or-

bital space and within the virtual orbital space.

As the nature of SVD, the occupied and virtual NROs form pairs sharing common

singular values.

Nocc+Nvir∑
a=Nocc+1

Nocc∑
i=1

U
(1)
ai cµac

∗
νi =

min(Nocc,Nvir)∑
i=1

λin
vir
µi n

occ∗
νi (3.2.117)

The virtual-occupied block of the first-order orbital response matrix can be simplified

with NRO basis:

Nocc+Nvir∑
a=Nocc+1

Nocc∑
i=1

U
(1)
ai cµac

∗
νi =

min(Nocc,Nvir)∑
i=1

λin
vir
µi n

occ∗
νi . (3.2.118)

Actually, the virtual-occupied block of the first-order orbital response matrix can be

regarded as that of the first-order spin-orbital density response caused by the orbital

mixing between occupied and virtual orbitals. The first-order spin-orbital density ma-

trix of HF theory is defined by

γµν =
∑
i∈occ

cµic
∗
νi. (3.2.119)

Directional derivative of the spin-orbital density matrix with respect to v is given by

∂vγµν =
∑
i∈occ

∑
p

(
U

(1)
pi cµpc

∗
νi + U

(1)∗
pi cµic

∗
νp

)
. (∵ (3.2.94)) (3.2.120)
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By separating occupied and virtual parts, the following is obtained,

∂vγµν =
∑
i∈occ

∑
a∈vir

(
U

(1)
ai cµac

∗
νi + U

(1)∗
ai cµic

∗
νa

)
−
∑
ij∈occ

S
(1)
ji cµjc

∗
νi. (∵ (3.2.91))

(3.2.121)

The second term in the rhs is rather trivial term because it appears only to ensure the

orthonormal condition of occupied orbitals to hold at any geometries. It appears just

because the basis set is finite. Furthermore, orbital mixing within occupied orbitals

gives no change to the system. Accordingly, the first-order response of the first-order

spin-orbital density matrix caused by the orbital mixing between the occupied and

virtual orbitals is given by [136]

∂v(γVO)µν =

min(Nocc,Nvir)∑
i=1

λi
(
nvir
µi n

occ∗
νi + nocc

µi n
vir∗
νi

)
. (3.2.122)

Eq. (3.2.122) shows that NRO basis can be considered as an optimal basis to characterize

spin-orbital density change induced by nuclear displacements. [172] Some demonstrative

applications of the relationship between NRO and first-order response of spin-orbital

density are presented in the next section.

Herein, the symmetry of NRO basis is discussed. If a system has some symmetry

and the direction of the nuclear displacements belong to some irreducible representation

of the symmetry, given non-degenerated NRO with non-zero singular value must belong

to some appropriate irreducible representation. Assume a system with some symmetry

higher than C1 symmetry and the direction of nuclear displacements belong to some

irreducible representation of the symmetry. Pairs of left and right singular vectors

satisfy the following equation,{
U

(1)
VOri = λili

U
(1)†
VO li = λiri

. (i = 1, . . . ,min(Nocc, Nvir)) (3.2.123)

With symmetry-adapted basis, li, ri and U
(1)
VO can be decomposed into the components

of the irreducible representation. Accordingly, equation Eq. (3.2.123) can be rewritten

by {∑
Γ′Γ U

(1)ΓΓ′

VO rΓ′
i = λi

∑
Γ l

Γ
i∑

Γ′Γ U
(1)†ΓΓ′

VO lΓ
′

i = λi
∑

Γ r
Γ
i

, (i = 1, . . . ,min(Nocc, Nvir)) (3.2.124)

where Γ and Γ′ denote some irreducible representations. The summation is taken

66



3.2 Theory

over all the irreducible representations of the symmetry. Since any vectors in different

irreducible representation are orthogonal to each other, the following equations must

hold: {∑
Γ′ U

(1)ΓΓ′

VO rΓ′
i = λil

Γ
i∑

Γ′ U
(1)†ΓΓ′

VO lΓ
′

i = λir
Γ
i

. (∀Γ) (3.2.125)

If rΓ
i and lΓi are non-zero for more than one Γ, it contradicts the assumption that

there is no degenerated singular value. Thus, if a singular value is not degenerated,

the corresponding NROs belong to some irreducible representations. If a singular value

has degeneracy, the corresponding NROs do not necessarily belong to irreducible rep-

resentations. However, even in the presence of degeneracy, the corresponding NROs

can always be made belong to some irreducible representations by solving Eq. (3.2.125)

instead of Eq. (3.2.124).

3.2.8 NRO from a viewpoint of geometry
As aformentioned, NRO is the SVD basis of the virtual-occupied block of first-order

response matrix of molecular orbitals. This will be enough to define NRO. However,

this might be still unsatisfactory to grasp the image of NRO. Thus, some geometric

image of NRO is provided in this section. For simplicity, the basis set is assumed to be

complete only in this section.

Let canonical molecular orbitals be orthonormalized at every molecular geometry

R. Then, the transformation between CMOs at two different geometries are described

by unitary transformation. Therefore, CMOs at a geometry infinitesimally displaced

from R is given by

ψp (R + dR) =
∑
q

ψq (R)Tqp (R, dR) , (3.2.126)

where Tqp is a unitary matrix. Let Tqp be expanded as the power series of dR:

Tqp (R, dR) = δqp +
3Nnuc∑
I=1

dRIU
(1)
Iqp (R) +O

(
dR2

)
, (3.2.127)

where U
(1)
Iqp(R) is what defined in Eq. (3.2.89). Provided that the basis set is complete,

the following holds:

U
(1)∗
Ipq (R) = −U (1)

Iqp (R) . (I = 1, . . . , 3Nnuc) (3.2.128)

Thus, the first-order response matrices of MOs are anti-Hermitian. Analogous to Hamil-

tonian, the generator of infinitesimal time evolution, −iU(1)
I can be regarded as the

generator of infinitesimal nuclear displacements.
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In order to grasp the image of SVD basis of the virtual-occupied block of U
(1)
I ,

a 3-dimensional vector model is discussed: one virtual MO and two occupied MOs

(Fig. 3.1(a)). In this model, the occupied orbital space or HF manifold is the circle

spanned by the two occupied orbitals. The virtual orbital space is the poles of the

unit sphere ( Fig. 3.1(b)). From the orbital invariance of HF theory, orbital rotation

between the two occupied orbitals does not affect the nature of the system ( Fig. 3.1(c)).

Nuclear displacements induce orbital mixing as shown in Fig. 3.1(d). With CMO basis,

all the MOs participate in the orbital mixing. On the other hand, with NRO basis

shown in Fig. 3.1(e), only two orbitals are mixed ( Fig. 3.1(f)). One occupied NRO and

the virtual NRO are rotated on the plane spanned by them. This clearly shows that

there is no mixing between different NRO pairs. While the mixing shown in Fig. 3.1(f)

does not include orbital rotation between the occupied, orbital rotation within occupied

orbital space is trivial for the orbital invariance of HF theory. Thus, mixing shown in

Fig. 3.1(f) is essentially equivalent to that of Fig. 3.1(d). The degree of orbital mixing

between the NRO pair is measured by its singular value. Although there is only one

NRO pair in this 3D model, orbital mixing takes place only within each NRO pair

even in higher dimension with multiple NRO pairs. Therefore, NRO basis significantly

simplifies the view of orbital mixing induced by nuclear displacements.

3.2.9 Straightforward generalization of NRO to mult-

configurational theories

The formulation of NRO given above is only applicable to single-configurational

theories, e.g., Hartree-Fock theory and Kohn-Sham theory. [74, 93] Theoretically, how-

ever, generalization of NRO to multiconfigurational theories [41,99] is straightforward.

Generally, state ket in multiconfigurational theory is given by a linear combination of

configuration state functions (CSFs):

|Ψ⟩ =
∑
I

CI |ΦI⟩ . (3.2.129)

For convenience, all the CSFs are assumed to be orthonormalized. The first-order

reduced density (1RDM) operator is given by

γ̂ (x′,x) = n|x′ ⟩⟨x| (3.2.130)
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(a) Canonical molecular orbitals (CMOs).
Blue / pink vectors represent the occupied /
virtual CMOs.

(b) Occupied and virtual orbital spaces. Blue
circle represent occupied orbital space or
Hartree-Fock manifold. Pink points represents
virtual orbital space.

(c) Orbital rotation within occupied orbital
space. Hartree-Fock wavefunction is invariant
to orbital rotation within occupied / virtual
orbital spaces.

(d) Orbital mixing of CMOs. Light-colored
vectors represent the CMOs of perturbed
molecular geometry. Black vector represent
the displacements of CMOs.

(e) Natural reaction orbitals (NROs). Deep
blue vectors represent the occupied NROs.
The virtual NRO is identical to the virtual
CMO in this 3D model.

(f) Orbital mixing of NROs. Only one occu-
pied NRO mixes with the virtual NRO. The
other occupied NRO does not participate in
the orbital mixing.

Fig. 3.1: 3-dimensional model of orbital mixing.
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where n is the number of electrons. The 1RDM of multiconfigurational state is given

by

γ (x′,x) =
∑
I,J

C∗
ICJ ⟨ΦI | γ̂ (x′,x) |ΦJ⟩

=
∑
I,J

∑
p,q

γIJpq C
∗
ICJc

∗
µpcνqχ

∗
µ (x′)χν (x) ,

(3.2.131)

where χµ(x) is atomic spin-orbital (SO) basis. Then, the 1RDM is given by

γµν =
∑
I,J

∑
p,q

γIJpq C
∗
ICJc

∗
µpcνq. (3.2.132)

The first-order response of state ket the 1RDM is the sum of

X(1)
µν :=

∑
I,J

∑
p,q

γIJpq C
∗
I c

∗
µp

(
C

(1)
J cνq + CJc

(1)
νq

)
(3.2.133)

and its Hermitian conjugate. Herein, the first-order response matrices of CI coefficients

and MO coefficients are introduced:

C
(1)
I =

∑
J

CJV
(1)
JI , c

(1)
µi =

∑
j

cµjU
(1)
ji . (3.2.134)

With the response matrices, Eq. (3.2.133) is rewritten by

X(1)
µν =

∑
I,J,K

∑
p,q,r

γIJpq C
∗
ICKc

∗
µpcνr

(
V

(1)
KJ δrq + δKJU

(1)
rq

)
. (3.2.135)

The MO representation is given by

X(1)
pq =

∑
κ,λ,µ,ν

SκµX
(1)
µν Sνλc

∗
κpcλq, (p ∈ S, q ∈ S ′) (3.2.136)

where S and S ′ denote some orbital spaces and the state ket is assumed to be invariant to

any orbital rotation within each orbital space. If the atomic SO basis set is complete,

SVD basis of the matrix X(1) is the NRO basis for multiconfigurational theories. It

should be emphasized that X(1) also contains the contribution of CI coefficient change.

Therefore, NRO basis provides a way to analyze CI coefficient change with MO basis.

Unfortunately, the generalization shown above is not very practical because compu-

tation of CI coefficients is sometimes computationally demanding. Also, some additional

consideration is required for finite basis set as discussed in the next chapter. However,
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it should be emphasized that the concept of NRO can be generalized to multiconfigu-

rational theories.

3.2.10 Relevance between NRO and non-adiabatic

coupling

NRO is proposed as a method to analyze the evolution of electron density on a

single adiabatic potential energy surface. Therefore, there seems to be no relevance

between NRO and non-adiabatic coupling (NAC) in principle. However, there is a kind

of connection between the two different concepts as discussed below.

Although NAC is already defined by Eq. (3.2.40), the definition is given here again.

The NAC matrix element between the M -th and N -th adiabatic electronic states are

defined by

τMN
I (R) :=

〈
Ψadia

M (R)
∣∣∂IΨadia

N (R)
〉
. (I = 1, . . . , 3Nnuc) (3.2.137)

NAC matrix is anti-Hermitian

τMN
I = −τNM∗

I . (∀i, j, I) (3.2.138)

Therefore, the diagonal elements of NAC matrix is purely imaginary:

ℜ
(
τMM
I

)
= 0. (∀M) (3.2.139)

The diagonal element of the ground state is given by

τ 00v =
∑
I,J

C∗
ICJV

(1)
JI +

∑
I,J

∑
p,q

C∗
ICJγ

IJ
pq

(
U (1)
pq +

∑
µ,ν

〈
µ
∣∣ν(1)〉c∗µpcνq

)
= ℑ

(
τ 00v
)
,

(3.2.140)

where v is some unit direction vector.
∣∣ν(1)〉 denotes the directional derivative of ν-th
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atomic SO. The trace of X(1) defined by Eq. (3.2.135) is given by∑
µ,ν

X(1)
µν Sµν =

∑
I,J,K

∑
p,q,r

γIKpq C
∗
ICK

∑
µ,ν

Sµνc
∗
µpcνr

(
V

(1)
KJ δrq + δKJU

(1)
rq

)
=
∑
I,J,K

∑
p,q,r

γI,Jp,q C
∗
ICKδpr

(
V

(1)
KJ δrq + δKJU

(1)
rq

)
=
∑
I,J,K

∑
p,q

γIJpq C
∗
ICK

(
V

(1)
KJ δpq + δKJU

(1)
pq

)
=
∑
I,J,K

∑
p

γIJppC
∗
ICKV

(1)
KJ +

∑
I,J

∑
p,q

γIJpq C
∗
ICJU

(1)
pq

=
∑
I,J

C∗
ICJV

(1)
JI +

∑
I,J

∑
p,q

γIJpq C
∗
ICJU

(1)
pq (∵ γIKpp = δIK)

= τ 00v −
∑
I,J

∑
p,q

∑
µ,ν

C∗
ICJγ

IJ
pq

〈
µ
∣∣ν(1)〉c∗µpcνq

= ℑ
(
τ 00v
)
−
∑
I,J

∑
p,q

∑
µ,ν

C∗
ICJγ

IJ
pq

〈
µ
∣∣ν(1)〉c∗µpcνq

(3.2.141)

Thus, Tr(X(1)) can be regarded as a diagonal element of the first-order NAC matrix

with the difference of atomic SO basis derivatives ignored. This relation implies that

SVD basis of the MO representation of τMN
I may be useful to characterize non-adiabatic

transition.

3.3 Numerical results
Natural reaction orbital (NRO) analyses of typical reactions will be presented in this

section. All the electronic structure calculation including CP-SCF calculation, geometry

optimization and IRC calculation were performed with Gaussian16 Rev.C.01. [43] NRO

calclation was performed with our own code written in Fortran90.
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Fig. 3.2: SN2-like reaction between H2CO
− and H3CCl.
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Fig. 3.3: Alpha and beta CMOs at the 1st-order saddle point of SN2-like reaction between
H2CO

− and H3CCl. The 1st-order saddle point was optimized in UHF/6-31+(d,p) level.
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Fig. 3.4: NROs at the 1st-order saddle point of SN2-like reaction between H2CO
− and

H3CCl.
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Fig. 3.5: Imaginary frequency mode at the 1st-order saddle point of SN2-like reaction
between H2CO

− and H3CCl.

Fig. 3.6: Comparison of dominant NROs computed with 6-31+G(d,p) basis and aug-cc-
pVTZ basis. The 1st-order saddle points were optimized individually.
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Fig. 3.7: Products of the 1st NRO pair at the 1st-order saddle point of SN2-like reaction
between H2CO

− and H3CCl.

Fig. 3.8: Change of energy and Frobenius norm along the IRC of SN2-like reaction between
H2CO

− and H3CCl. IRC was calculated in UHF/6-31+(d,p) level.
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Fig. 3.9: Comparison with valence bond configuration mixing analysis of SN2-like reaction
[152] between H2CO

− and H3CCl.
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Fig. 3.10: Change of energy and Frobenius norm along the IRC of Claisen rearrangement
of allyl vinyl ether. IRC was calculated in B3LYP/6-311+G(d,p) level.
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Fig. 3.11: The 1st and 2nd NRO pairs and their products at the 1st-order saddle point of
Claisen rearrangement of allyl vinyl ether.
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Fig. 3.12: Change of energy and Frobenius norm along the IRC of Diels-Alder reaction
between nitroethylene and 1,3-butadiene. IRC was calculated in RHF/6-31G(d,p)
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Fig. 3.13: The 1st and 2nd NRO pairs and their products at the 1st-order saddle point of
Diels-Alder reaction between nitroethylene and 1,3-butadiene.
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Fig. 3.14: The 1st and 2nd NRO pairs and their products at the 1st-order saddle point of
Diels-Alder reaction between ethylene and 1,3-butadiene. The 1st-order saddle point was
optimzed in RHF/6-31G(d,p)
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Fig. 3.15: Change of energy and Frobenius norm along the IRC of proton transfer of
malonaldehyde. IRC was calculated in LC-BLYP/6-311+G(d,p) level. [76]
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Fig. 3.16: The 1st and 2nd NRO pairs and their products at the 1st-order saddle point of
proton transfer of malonaldehyde.
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Fig. 3.17: Change of energy and Frobenius norm along the IRC of 1,2-alkyl shift/nitrene
addition. [16] IRC was calculated in B3LYP/6-311++G(d,p) level.
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Fig. 3.18: The 1st and 2nd NRO pairs and their products at the shoulder of IRC and the
1st-order saddle point of 1,2-alkyl shift/nitrene addition.
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Fig. 3.19: Change of energy and Frobenius norm along the IRC of carbocation rear-
rangement reaction of cyclohexyl cation to methylcyclopentyl cation. [128, 171] IRC was
calculated in B3LYP/6-311G(d,p) level.

88



3.3 Numerical results

Fig. 3.20: The 1st and 2nd NRO pairs and their products at the 1st-order saddle point and
the point X of carbocation rearrangement reaction of cyclohexyl cation to methylcyclopentyl
cation.
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(a) 1st occupied NRO
-0.363

(b) 1st virtual NRO
0.175

(c) 1st product
0.219 (69.7%)

(d) 2nd occupied NRO
-0.519

(e) 2nd virtual NRO
0.407

(f) 2nd product
0.099 (14.3%)

Fig. 3.21: NRO pairs and their products at the 1st-order saddle point of SN2 reaction be-
tween NH3 and CH3Cl. The 1st-order saddle point was optimized in ωB97XD/Def2QZVPP
level. The number shown below is the one-electron energy of NRO (hartree). Singular
value of each NRO pair is shown below its product with the cumulative contribution per-
centage (amu−1/2 bohr−1). Product of each NRO pair indicates that electron density in-
creases/decreases in the region colored by yellow/cyan when the nuclei displaced in the
direction shown by black arrows, the normalmode with imaginary frequency.
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(a) HOMO-2
-0.283

(b) HOMO-1
-0.280

(c) HOMO
-0.280

(d) LUMO
0.019

(e) LUMO+1
0.087

(f) LUMO+2
0.087

Fig. 3.22: CMOs and their products at the 1st-order saddle point of SN2 reaction between
NH3 and CH3Cl. The 1st-order saddle point was optimized in ωB97XD/Def2QZVPP level.
The number shown below each CMO is the one-electron energy of CMO (hartree).
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(a) HONBO-1
-0.282

(b) HONBO
-0.282

(c) LUNLMO
0.070

(d) LUNLMO+1
0.399

Fig. 3.23: NBOs and their products at the 1st-order saddle point of SN2 reaction between
NH3 and CH3Cl. The 1st-order saddle point was optimized in ωB97XD/Def2QZVPP level.
The number shown below each NBO is the one-electron energy of NBO (hartree).
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LG 1st occupied NRO 1st virtual NRO 1st product

Cl

Br

I

MsO

CN

Fig. 3.24: 1st NRO pairs and their products at the 1st-order saddle point of SN2 reaction
between NH3 and CH3LG (LG = Cl,Br, I,MsO,CN). The 1st-order saddle point was
optimized in ωB97XD/Def2QZVPP level. Product of each NRO pair indicates that electron
density increases/decreases in the region colored by yellow/cyan when the nuclei displaced
in the direction shown by black arrows, the normalmode with imaginary frequency.
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LG 2nd occupied NRO 2nd virtual NRO 2nd product

Cl

Br

I

MsO

CN

Fig. 3.25: 2nd NRO pairs and their products at the 1st-order saddle point of SN2 reaction
between NH3 and CH3LG (LG = Cl,Br, I,MsO,CN). The 1st-order saddle point was
optimized in ωB97XD/Def2QZVPP level. Product of each NRO pair indicates that electron
density increases/decreases in the region colored by yellow/cyan when the nuclei displaced
in the direction shown by black arrows, the normalmode with imaginary frequency.
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Table 3.1: Singular values and expectation values of orbital energies of 1st NROs of SN2
reactions.

Leaving Singular value Contribution rate Orbital enegry[hartree] Energy gap

group [amu−1/2bohr−1] [%] Occupied Virtual [hartree]

Cl 0.219 69.7 -0.363 0.175 0.538
Br 0.226 71.3 -0.350 0.143 0.492
I 0.232 72.7 -0.328 0.122 0.450

MsO 0.218 72.0 -0.424 0.158 0.582
CN 0.220 73.3 -0.369 0.188 0.557

Table 3.2: Singular values and expectation values of orbital energies of 2nd NROs of SN2
reactions.

Leaving Singular value Contribution rate Orbital enegry[hartree] Energy gap

group [amu−1/2bohr−1] [%] Occupied Virtual [hartree]

Cl 0.099 14.3 -0.518 0.407 0.925
Br 0.101 14.1 -0.517 0.401 0.918
I 0.103 14.4 -0.518 0.384 0.902

MsO 0.094 13.5 -0.517 0.405 0.922
CN 0.095 13.8 -0.569 0.432 1.001

Table 3.3: Frontier orbital energies and barrier heights of SN2 reactions.

Leaving Orbital enegry[hartree] Energy gap Energy [hartree] Barrier

group HOMO LUMO [hartree] Reactant TS [kcal mol−1]

Cl -0.280 0.019 0.298 -556.7176 -556.6573 37.9
Br -0.271 0.016 0.287 -2670.7619 -2670.7074 34.2
I -0.257 0.011 0.269 -394.2801 -394.2281 32.6

MsO -0.311 0.028 0.340 -760.3276 -760.2768 31.9
CN -0.290 0.076 0.365 -189.3410 -189.2203 75.7
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(a) 1st occupied NRO
-0.132

(b) 1st virtual NRO
0.544

(c) 1st product
0.530 (73.9%)

(d) 2nd occupied NRO
-0.304

(e) 2nd virtual NRO
0.569

(f) 2nd product
0.227(13.6%)

Fig. 3.26: NRO pairs and their products at the 1st-order saddle point of E2 reaction
between OH− and CH3CH2Cl. The 1st-order saddle point was optimized in ω B97XD/aug-
cc-pVTZ level. The number shown below is the one-electron energy of NRO (hartree).
Singular value of each NRO pair is shown below its product with the cumulative contribution
percentage (amu−1/2 bohr−1). Product of each NRO pair indicates that electron density
increases/decreases in the region colored by yellow/cyan when the nuclei displaced in the
direction shown by black arrows, the normalmode with imaginary frequency.
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3.3 Numerical results

(a) 1st occupied NRO
-0.187

(b) 1st virtual NRO
0.257

(c) 1st product
0.233(70.6%)

(d) 2nd occupied NRO
-0.264

(e) 2nd virtual NRO
0.552

(f) 2nd product
0.093(11.3%)

Fig. 3.27: NRO pairs and their products at the 1st-order saddle point of SN2 reaction
between OH− and CH3CH2Cl. The 1st-order saddle point was optimized in ωB97XD/aug−
cc − pVTZ level. The number shown below is the one-electron energy of NRO (hartree).
Singular value of each NRO pair is shown below its product with the cumulative contribution
percentage (amu−1/2 bohr−1). Product of each NRO pair indicates that electron density
increases/decreases in the region colored by yellow/cyan when the nuclei displaced in the
direction shown by black arrows, the normalmode with imaginary frequency.
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(a) 1st occupied NRO
-0.374

(b) 1st virtual NRO
0.081

(c) 1st product
0.590(55.8%)

(d) 2nd occupied NRO
-0.319

(e) 2nd virtual NRO
0.274

(f) 2nd product
0.513(42.3%)

Fig. 3.28: NRO pairs and their products at the 1st-order saddle point of [1,5]-sigmatropic
rearrangement of 1,3-pentadiene. The 1st-order saddle point was optimized in ωB97XD/cc-
pVTZ level. The number shown below is the one-electron energy of NRO (hartree). Sin-
gular value of each NRO pair is shown below its product with the cumulative contribution
percentage (amu−1/2 bohr−1). Product of each NRO pair indicates that electron density
increases/decreases in the region colored by yellow/cyan when the nuclei displaced in the
direction shown by black arrows, the normalmode with imaginary frequency.
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3.3 Numerical results

(a) 1st occupied NRO
-0.374

(b) 1st virtual NRO
-0.003

(c) 1st product
0.289(64.3%)

(d) 2nd occupied NRO
-0.438

(e) 2nd virtual NRO
0.114

(f) 2nd product
0.144(15.9%)

Fig. 3.29: NRO pairs and their products at the 1st-order saddle point of epoxidation of
ethylene with peracetic acid. The 1st-order saddle point was optimized in ωB97XD/aug-
cc-pVTZ level. The number shown below is the one-electron energy of NRO (hartree).
Singular value of each NRO pair is shown below its product with the cumulative contribution
percentage (amu−1/2 bohr−1). Product of each NRO pair indicates that electron density
increases/decreases in the region colored by yellow/cyan when the nuclei displaced in the
direction shown by black arrows, the normalmode with imaginary frequency.
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(a) 1st occupied NRO
-0.278

(b) 1st virtual NRO
0.188

(c) 1st product
0.176(76.8%)

(d) 2nd occupied NRO
-0.470

(e) 2nd virtual NRO
0.466

(f) 2nd product
0.056(7.9%)

Fig. 3.30: NRO pairs and their products at the 1st-order saddle point of Wittig reaction.
The 1st-order saddle point was optimized in ωB97XD/Def2TZVPP level. The number
shown below is the one-electron energy of NRO (hartree). Singular value of each NRO pair
is shown below its product with the cumulative contribution percentage (amu−1/2 bohr−1).
Product of each NRO pair indicates that electron density increases/decreases in the region
colored by yellow/cyan when the nuclei displaced in the direction shown by black arrows,
the normalmode with imaginary frequency.
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3.3 Numerical results

(a) 1st occupied NRO
-0.295

(b) 1st virtual NRO
0.281

(c) 1st product
0.100(57.0%)

(d) 2nd occupied NRO
-0.415

(e) 2nd virtual NRO
0.468

(f) 2nd product
0.043(10.7%)

Fig. 3.31: NRO pairs and their products at the shoulder of Wittig reaction. The 1st-
order saddle point was optimized in ωB97XD/Def2QZVPP level. The number shown below
is the one-electron energy of NRO (hartree). Singular value of each NRO pair is shown
below its product with the cumulative contribution percentage (amu−1/2 bohr−1). Product
of each NRO pair indicates that electron density increases/decreases in the region colored
by yellow/cyan when the nuclei displaced in the direction shown by black arrows, the
normalmode with imaginary frequency.
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(a) 1st occupied NRO
-0.491

(b) 1st virtual NRO
0.159

(c) 1st product
0.328(46.4%)

(d) 2nd occupied NRO
-0.317

(e) 2nd virtual NRO
0.135

(f) 2nd product
0.307(40.5%)

Fig. 3.32: NRO pairs and their products at the 1st-order saddle point of oxidative addi-
tion of hydrogen to [Co(phen)2]

+. The 1st-order saddle point was optimized in M06/SDD
level. The number shown below is the one-electron energy of NRO (hartree). Singular
value of each NRO pair is shown below its product with the cumulative contribution per-
centage (amu−1/2 bohr−1). Product of each NRO pair indicates that electron density in-
creases/decreases in the region colored by yellow/cyan when the nuclei displaced in the
direction shown by black arrows, the normalmode with imaginary frequency.
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3.3 Numerical results

(a) 1st occupied NRO
-0.192

(b) 1st virtual NRO
-0.0190

(c) 1st product
0.133(54.9%)

(d) 2nd occupied NRO
-0.292

(e) 2nd virtual NRO
0.147

(f) 2nd product
0.070(15.2%)

Fig. 3.33: NRO pairs and their products at the 1st-order saddle point of oxidative addition
step of Suzuki-Miyaura coupling. The 1st-order saddle point was optimized inM06/SDD
level. The number shown below is the one-electron energy of NRO (hartree). Singular
value of each NRO pair is shown below its product with the cumulative contribution per-
centage (amu−1/2 bohr−1). Product of each NRO pair indicates that electron density in-
creases/decreases in the region colored by yellow/cyan when the nuclei displaced in the
direction shown by black arrows, the normalmode with imaginary frequency.
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Basis 1st occ. NRO 2nd occ. NRO 3rd occ. NRO 1st product

STO-3G

(a) -0.258 (b) -0.452 (c) -0.580 (d) 1.264(87.7%)

aug-cc-
pVTZ

(e) -0.328 (f) -0.494 (g) -0.555 (h) 0.905(88.1%)

Fig. 3.34: Occupied NROs and product of 1st NRO pair at the 1st-order saddle point
of isomerization of vinyl alcohol. The 1st-order saddle point was optimized in HF/STO-
3G and HF/aug-cc-pVTZ. The number shown below is the one-electron energy of NRO
(hartree). Singular value of 1st NRO pair is shown below its product with the cumulative
contribution percentage (amu−1/2 bohr−1). Product of 1st NRO pair indicates that electron
density increases/decreases in the region colored by yellow/cyan when the nuclei displaced
in the direction shown by black arrows, the normalmode with imaginary frequency.
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3.4 Discussion

3.4.1 SN2-like reaction
NRO analysis is firstly applied to the SN2-like reaction between formaldehyde radical

anion CH2O
− and methyl chrolide CH3Cl. [32, 62, 151, 152, 160] This system is well

known to have a post-transition-state bifurcation (PTSB): the reactant cluster CR is

transformed into either the C-alkylation cluster CSUB(C) or the dissociative electron

transfer cluster CET (Fig. 3.2) through the common transition state ET-TS. A series of

detailed studies were reported to clarify the unique nature of this reaction, including

valence bond configuration mixing (VBCM) analysis. [32, 62, 151, 152, 160] Therefore,

this system is favorable to investigate the validity of NRO analysis method.

(Fig. 3.3) shows a part of CMOs at the ET-TS. While the alpha HOMO seems to be

the orbital responsible for the electron transfer, role of the highly delocalized low-lying

virtual orbitals are very unclear. Unfortunately, it seems hardly possible to understand

the reactivity of this SN2-like reaction with CMO basis. On the other hand, the first

alpha NRO pair shows semi-localized feature and is likely to appropriately characterize

the reactivity of this SN2-like reaction (Fig. 3.4). The direction of nuclear displacements

is the imaginary frequency mode shown in Fig. 3.5. Each squared singular value of the

first-order response matrix of MOs measures the degree of orbital mixing between the

corresponding NRO pair. That is, NRO pairs with large singular values are mixed more

strongly than those with small singular values. Considering that electron density change

is induced by orbital mixing between the occupied and virtual MOs, NROs with large

singular values are expected to be the essential MOs for the reactivity.. Surprisingly,

more than 90% of the orbital mixing between α-spin occupied and virtual MOs at the

ET-TS is described only with the first NRO pair. Also, it is shown that the contribution

of β-spin MOs are negligibly small compared to that of α-spin MOs. This indicates

that the electron behavior at the ET-TS may be explained enough only with the first

NRO pair.

Before the detailed analysis of the reaction, the effect of basis set to NRO method is

examined in Fig. 3.6. In this system, the number of basis function is given by 105 and

303 for 6-31+G(d,p) and aug-cc-pVTZ respectively. Nonetheless, there is only a slight

difference between the two results. This result indicates the robustness and stability of

NRO method.

The interesting relationship between NRO and density change given by (Eq. (3.2.122))

is very useful to analyze the electron transfer during chemical reaction. Fig. 3.7 shows

the product of the first α-spin NRO pair which can be regarded as a component of

first-order density change induce by the nuclear displacement represented by the ar-

rows. The product of the first NRO pair clearly shows the α electron transfer from π∗
CO
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to σ∗
CCl in the forward direction. it is also reasonable that the reversal electron transfer

takes place given the displacements in the reverse direction.

So far, only NROs at the ET-TS was discussed. Herein, the behavior of electrons

along the IRC is analyzed. Fig. 3.8 shows the energy along IRC (black curve) and

the squares of Frobenius norm of the first-order response matrix of α-spin MOs and

β-spin MOs along IRC (red and blue dots respectively). It is notable that there exists

a very sharp peak of ∥ΛΛΛα∥2F at the ET-TS. This means that the occupied and virtual

α-spin orbitals are strongly mixed in the vicinity of ET-TS. Although ∥ΛΛΛβ∥2F also has

a peak at the ET-TS, it is negligibly small compared to that of ∥ΛΛΛα∥2F . It implies that

the change occurring around the ET-TS will be mainly characterized as the change of

α-spin orbitals. Fig. 3.8 shows another characteristic region, the shoulder of energy at

s = 4.49amu1/2bohr. Importantly, ∥ΛΛΛα∥2F and ∥ΛΛΛβ∥2F are almost zero except for these

characteristic regions. This fact indicates that orbital mixing takes palce in a very

narrow sections along IRC.

Fig. 3.9 shows the dominant NROs at the ET-TS and the shoulder (s = 4.49amu1/2bohr).

The result of VBCM analysis is also shown. As noted above, the electron density change

at ET-TS is characterized by the first α NRO pair: α electron transfers from π∗
CO to

σ∗
CCl. This is apparently consistent with the VBCM analysis. On the other hand, the

contributions of α- and β-spin orbitals at the shoulder are comparable. The first α NRO

pair at the shoulder brings about electron transfers from σ∗
CCl or C-2pz to π∗

CO. The first

β NRO pair contributes to the C-C σ bond formation through the electron migration

from πCO to σCC or σ∗
CCl. These results are also consistent with the VBCM analysis.

Hence, NRO method could correctly extract the feature of this SN2-like reaction at the

two characteristic regions.

To summarize the NRO analysis, SN2-like reaction between CH2O
− and CH3Cl

consists of two asynchronous electron transfers: electron transfer π∗
CO to σ∗

CCl and the

subsequent C-C σ bond formation. While the nuclear motion is hardly distinguishable

from that of the usual concerted SN2 reaction, its electron transfer is surely different

from that of SN2 reaction. Therefore, NRO method can provide information unavailable

with only analyzing the nucler motion along IRC.

3.4.2 Claisen rearrangement

Next, NRO analysis is applied to the Claisen rearrangement of allyl vinyl ether.

Fig. 3.10 shows the energy along the IRC and the square of Frobenius norm of of

the first-order response matrix of molecular orbitals. There are three regions where

∥ΛΛΛ∥2F has a large value: reactant region, TS region and product region. However,

the NROs at the reactant and product regions are relatively trivial for the Claisen

rearrangement. Hence, NROs at the TS are discussed here. Fig. 3.11 shows the first

106



3.4 Discussion

and second NRO pairs and the corresponding products. The first NRO pair contributes

to the π bond rearrangement. On the other hand, the second NRO pair contributes

to the σCO bond dissociation and the σCC bond formation. The density change clearly

corresponds to the bond rearrangements in the Claisen rearrangement of allyl vinyl

ether. Therefore, it is confirmed that NRO successfully extracts the MOs essential for

the Claisen rearrangement.

3.4.3 Diels-Alder reaction
NRO analysis is also applied to Diels-Alder reaction of 1,3-butadiene and nitroethy-

lene. Fig. 3.12 shows the energy along the IRC and the square of Frobenius norm

of of the first-order response matrix of molecular orbitals along the IRC. There are

two peaks of ∥ΛΛΛ∥2F : one is at X and the other is at TS. The first and second NRO

pairs at X is shown in (a) of Fig. 3.13. The nuclear motion at X is the twist mode of

1,3-butadiene. Although this conformation change is needed to reach the TS, there is

apparently no bond rearrangement. The first NRO pair only shows that the electron

density follows this twist motion. Hence, the small peak of ∥ΛΛΛ∥2F at X is rather trivial

for the Diels-Alder reaction. On the other hand, the dominant NRO pairs at the TS

clearly characterizes the bond rearrangements of the Diels-Alder reaction. Fig. 3.12

(b) shows the first and second NRO pairs contribute to the left and right C-C σ bond

formation respectively. There is electron density increase between C2 and C3 of 1,3-

butadiene moiety which seems to contribute to the πCC bond formation. The electron

density decrease in π orbitals in nitroethylene and in πC1C2 and πC3C4 correspond to

the π bond cleavages taking in place in Diels-Alder reaction. Hence, the density change

appropriately corresponds to the bond rearrangements in the Diels-Alder reaction. This

shows NRO method suitably characterizes the reactivity of Diels-Alder reaction. Actu-

ally, the NROs of Diels-Alder reaction of 1,3-butadiene and ethylene are different from

the NROs discussed above (Fig. 3.14). This difference seems to reflect the effect of

substitution group, nitro group (-NO2) and implies that NRO method may be used to

analyze such effect on the reactivity.

3.4.4 Proton transfer of malonaldehyde
Next, proton transfer of malonaldehyde is analyzed with NRO method. Fig. 3.15

shows the energy and the square of Frobenius norm of of the first-order response matrix

of molecular orbitals along the IRC. There is a clear peak of ∥ΛΛΛ∥2F centered at the

TS. The proton transfers from left to right. The first and second NRO pairs and

the corresponding products are shown in Fig. 3.16. The product of first NRO pair

shows electron density decrease in the left π∗
CO and πCC. The former contributes to

the πCO bond formation with weakening the anti-bonding feature. The latter directly
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contributes the πCC bond cleavage. The opposite behavior is shown in the right half

because of the C2v symmetry of the TS geometry. The product of the second NRO

pair shows electron density increase/decrease in the p-type orbitals of left/right oxygen

atoms. The electron density decrease in the right oxygen seems to contribute to HO

bond formation with sharing its electron with the migrating proton. On the other

hand, the electrons shared between the left oxygen atom and the proton are released

back into the p-type orbital of the left oxygen as the proton transfer. Both of the π and

σ electron density changes are consistent with the bond rearrangements of the proton

transfer. Thus, NRO method can also successfully characterize the reactivity of the

proton transfer of malonaldehyde.

3.4.5 1,2-alkyl shift and nitrene addition
As a relatively complicated reaction, 1,2-alkyl shift and nitrene addition are analyzed

with NRO method. Interestingly, these two processes proceed as a single elementary

reaction. Fig. 3.17 shows the energy and the square of Frobenius norm of of the first-

order response matrix of molecular orbitals along the IRC. The energy curve has a

very distinct shoulder around s = −7.95amu1/2bohr and ∥ΛΛΛ∥2F shows a very sharp

peak in the vicinity of the shoulder. This implies the existence of some characteristic

orbital mixing at the shoulder. Also, ∥ΛΛΛ∥2F has a peak around the TS. Fig. 3.18 shows

the first and second NRO pairs and the corresponding products at the shoulder and

TS. At glance, the nuclear motion at the shoulder seems to be a trivial rotation of

nitrene moiety. However, the products of the first and second NRO pairs clearly show

the dissociation of the C-N σ bond and formation of the C-C σ bond respectively.

However, the contribution ratio of the second NRO pair is too small compared to the

first pair. Therefore, the main event at the shoulder is the C-N σ bond dissociation

and the C-C bond formation is supposed to proceed elsewhere. Indeed, the product of

first NRO pair at the TS clearly shows the C-C bond formation.

3.4.6 SN2 reaction
The first and second NRO pairs of SN2 reaction between NH3 and CH3Cl are shown

in Fig. 3.21. The geometry is the first-order saddle point of the reaction. The direction

of nuclear displacements is in the direction of N-C bond formation. The first occu-

pied NRO is composed of 2pz of nitrogen, 2s of carbon and 3pz of chlorine. On the

other hand, the first virtual NRO is composed of N-2pz, C-2pz and Cl-3pz. The or-

bital mixing between the first NRO pair results in the electron density change shown in

Fig. 3.21(c), electron density decreases/increases in σ∗
N-C/σC-Cl. Thus, the orbital mix-

ing contributes to N-C σ bond formation and C-Cl σ bond dissociation. The second

occupied NRO is composed of N-2pz, C-2pz and Cl-3pz. Although the second virtual
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NRO shows a diffuse character, the density change induced by the mixing between the

second NRO pair shows a tight feature (Fig. 3.21(f)). It clearly shows electron density

increase/decrease in σN-C/σ∗
C-Cl which apparently contributes to N-C σ bond forma-

tion and C-Cl σ bond dissociation. Accordingly, the density changes of the first and

second NRO pairs adequately characterizes the electron transfer in the SN2 reaction.

Therefore, the corresponding NRO pairs are considered to be essential for the electron

transfer in this reaction.

Fig. 3.22 shows 6 CMOs at the same geometry. HOMO and HOMO-1, Cl-3px

and Cl-3py orthogonal to the molecular axis, seem to be unessential for this reaction.

HOMO-2 seems to be rather important for the reaction with resembling the first oc-

cupied NRO. This indicates that HOMO do not necessarily play an essential role in

the vicinity of the first-order saddle point. In addition, the role of LUMO is unclear.

Unfortunately, LUMO+1 and LUMO+2 also show highly diffuse features and seem to

be meaningless for the reaction. In this case, there is no low-lying virtual MO essen-

tial for the reactivity. Accordingly, it is found to be difficult to extract reactive MOs

automatically with CMO basis used.

The situation is not necessarily improved by using NBO and NLMO because NBO

and NLMO is not the technique to extract reactive MOs. Fig. 3.23 shows the highest

and the second highest occupied NBOs and the lowest and the second lowest occupied

NLMOs. The HONBO and HONBO-1 are almost same to HOMO and HOMO-1. Thus,

HONBO is not necessarily essential for the reactivity. While LUNLMO characterizes

the reactivity much better than LUMO, it seems difficult for NBO and NLMO to safely

extract reactive MOs in an automated manner. However, it must be noted that this

difficulty is not a drawback of NBO and NLMO　 because automated extraction of

reactive MOs is not the original purpose of the two orbital analysis methods. They

are still convenient methods for extracting Lewis structure from given multi-electron

wavefunction.

The comparison of NRO, CMO and NBO presented above indicates that NRO is

more effective for automation of reactive MO extraction than the other. Fig. 3.24 also

confirms that dominant NROs of same type of reactions resemble each other. Fig. 3.24

shows the first NROs of SN2 reactions between NH3 and CH3X (X=Cl, Br, I, MsO,

CN). It clearly shows all these NROs resemble each other despite the different leaving

groups. This result seems to be reasonable in chemical sense because the essence of SN2

reaction won’t be largely changed by the difference of leaving groups. Fig. 3.25 also

shows similar result. Therefore, NRO provides a reasonable way to compare same type

of reactions of different compounds.

Table 3.1 shows the singular values and orbital energies of the first NROs shown

in Fig. 3.24. For halogen leaving groups, the orbital energy of the first occupied NRO
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follows I >Br >Cl whereas the order is reversed in the first virtual NRO. The energy

gap, therefore, decreases in the order Cl >Br >I. It should be noted that the order

is reversed in the singular value. Conventionally, this negative correlation between

energy gap and response of electrons are explained with perturbation series. That is,

terms with small denominators, i.e., small energy gaps, are supposed to have larger

contributions to the response. This conventional explanation seems valid for the above

mentioned case of halogens whereas a problem of such explanation is pointed out [25].

Indeed, CN has larger singular value than Cl although the energy gap is larger than that

of Cl. Therefore, it seems dangerous to adopt the assumption not only for the analysis

of a single compound but also for the comparison of different compounds. Also, the

energy gaps of the first NRO pairs and the reaction barriers shown in Table 3.3 show an

interesting result. MsO shows the lowest barrier in the five leaving groups whereas its

orbital energy gap of the first NRO pair is the largest. Based on the above mentioned

conventional assumption, MsO is supposed to have the smallest response of electrons.

Thus, the distortion or relaxation of potential energy at the TS is also supposed to

be weakest and this seems to be unfavorable for the reaction. Nonetheless, the MsO

shows the lowest barrier height in the five and this is qualitatively consistent with

experiments. Actually, CN also shows an interesting result. The orbital energy gap of

CN is between Cl and MsO. Thus, the reaction barrier is supposed to be between Cl

and MsO. However, CN has by far the highest barrier in the five. This result clearly

shows that the orbital energy gap at the TS is almost useless to explain the reactivity

even if the orbitals appropriately characterize the reactivity. It should be noted that

the orbital gaps of frontier orbitals, HOMO-LUMO gaps , at the TSs are also useless

(Table 3.3). However, the reactivity of MsO and CN may be understood by orbital

energies and the nodal patterns of occupied NROs. The first occupied NRO of MsO

have by far the lowest orbital energy in the five (Table 3.1). Thus, the anti-bonding

occupied orbital of MsO shown in Fig. 3.24 is much more stable than the other. This

stabilization is apparently attributed to the MsO group because the moieties of NH3

and CH3 are common. Accordingly, the low reaction barrier of MsO is supposed to be

caused by the stabilization of anti-bonding orbital between the leaving group and CH3.

On the other hand, the orbital energy of the second occupied NRO of CN is by far the

lowest in the five. The second occupied NRO shows the bonding nature between CH3

and CN. The strong stabilization of the bonding orbital is apparently caused by CN

group since the rest part is common. Thus, the cause of the extremely high barrier of

CN seems to be attributed to the strong bond between the leaving group and the CH3.

While more quantitative analysis is required to verify these two explanations, however,

orbital energies of predominant NROs at the TSs seem to reflect the reactivity to some

extent. It should be emphasized that frontier orbitals at the TSs cannot provide similar
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explanation because they do not necessarily characterize the reactivity.

3.4.7 E2 reaction

E2 reaction between OH− and CH3CH2Cl can compete with SN2 reaction path-

way. That is, the reactants of these competing pathways are identical. It is important

whether NRO method can adequately characterize the different reactivities of E2 and

SN2 reaction pathways.

Fig. 3.26 shows the first and second NRO pairs and the corresponding density

changes of E2 reaction pathway. The first NRO pair induces electron density increase in

πC-C and σ∗
C-Cl (Fig. 3.26(c)). This contributes to the C-C π bond formation and C-Cl σ

bond dissociation. Also, electron density decrease in σ∗
O-H is observed. This contributes

to the abstraction of proton by OH−. The second NRO pair induces electron density

increase/decrease in σO-H/π∗
C-C. This also contributes to he C-C π bond formation and

the abstraction of proton by OH− (Fig. 3.26(f)).

Fig. 3.27 shows the first and second NRO pairs and the corresponding density

changes of SN2 reaction pathway. The first NRO pair induces electron density de-

crease/increase in σ∗
O-C/σC-Cl (Fig. 3.27(c)). This contributes to the O-C σ bond for-

mation and C-Cl σ bond dissociation. The second NRO pair induces electron density

increase/decrease in σO-C/σ∗
C-Cl. This also contributes to the the O-C σ bond formation

and C-Cl σ bond dissociation (Fig. 3.27(f)).

Comparison of Fig. 3.26 and Fig. 3.27 clearly confirms that NRO can distinguish

E2 reaction and SN2 reaction. For example, the first occupied NRO of E2 reaction has

large amplitude of C2-2pz while that of SN2 reaction does not. Fig. 3.27(a) indicates

that C1-2pz is more essential for SN2 reaction. Therefore, NRO method is capable of

distinguishing the reactivities of different type of reactions. This may be also important

for discussing reactions giving some by-products.

The barrier heights of E2 mechanism and SN2 mechanism are 16.4 kcal/mol and

22.4 kcal/mol respectively. The difference in barrier heights may be attributed to the

difference in the orbital energies of predominant NROs. The orbital energy of the first

occupied NRO at the TS of E2 reaction (E2-TS) is higher than that at the TS of SN2

reaction (SN2-TS). Both of the two first occupied NROs show anti-bonding character

between C and Cl. However, the first occupied NRO of E2-TS includes the contribution

of 2p orbitals of the two carbon atoms whereas there is no contribution of C-2p in the

first occupied NRO of SN2-TS. The 2p orbitals seem to accelerate the dissociation of

C-Cl bond by electronic repulsion between C and Cl. Indeed, the orbital energy is

higher in E2-TS. The difference in the second NRO energies seem to be also important.

The 2nd occupied NRO at E2-TS shows a distinct bonding character between O and

H. On the other hand, SN2-TS shows a bonding character between O and C. Common
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bond energies of OH bond and OC bond are given by 467 kcal/mol and 358 kcal/mol.

Therefore, 2nd occupied NRO at E2-TS is supposed to be more stable than that at

SN2-TS. Indeed, the orbital energy of the second occupied NRO is lower in E2-TS.

This result implies that predominant NROs at the TSs may be useful for comparison

of different reaction mechanisms.

3.4.8 Sigmatropic rearrangement
[1,5]-sigmatropic rearrangement of 1,3-pentadiene is recently analyzed with using

correlation diagram. Therefore, the reaction is favorable to check the consistency of

NRO with conventional understanding. The first and second NRO pairs and the cor-

responding density changes are shown in Fig. 3.28. The geometry corresponds to the

first-order saddle point of [1,5]-sigmatropic rearrangement. The proton transfers from

C1 (the right end) to C5 (the left end). The first NRO pair induces σC5−H bond forma-

tion and σC1−H bond dissociation (Fig. 3.28(c)). πC2−C3 bond cleavage and πC3−C4 bond

formation are also observed. Electron density decrease/increase in π∗
C1−C2/π

∗
C4−C5 seem

to contribute to the πC1−C2 bond formation and πC4−C5 bond cleavage. The second

NRO pair also contribute to the πC1−C2 bond formation and πC4−C5 bond cleavage.

The first and second NRO pairs clearly correspond to the MOs playing a central role

in the conventional correlation diagram. This indicates that NRO method can extract

the essential MOs consistent with the conventional understanding.

3.4.9 Epoxidation of alkene
Fig. 3.29 clearly illustrates the aspect of epoxidation reaction of alkene as a nucle-

ophilic substitution. The first NRO pair induces the density change shown in Fig. 3.29(c).

The density change resembles that of SN2 reaction Fig. 3.21. This highlights that ethy-

lene and peracetic acid may be regarded as a nucleophile and an electrophile. The

second NRO pair induces the π back-donation from OH to ethylene which also con-

tributes to the formation of three-membered ring of epoxide.

3.4.10 Wittig reaction (addition step)
NRO analysis is applied to Wittig reaction between P(Ph)3 and H2CO. Fig. 3.30

indicates that NRO method is still valid for a system of middle size. The first occupied

NRO are composed of π∗
CO and πCP of P(Ph)3. Although the first virtual N RO looks

complicated, it may be, approximately, regarded as what obtained by reversing the

phase of πCP in the first occupied NRO. The density change induced by the orbital

mixing between the first NRO pair is shown in Fig. 3.30(c). It clearly shows the electron

transfer from πCP to π∗
CO. The second NRO pair contributes to the formation of σC-C

between P(Ph)3 and H2CO. However, there is no distinct density increase between the
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oxygen and phosphine at the first-order saddle point. The formation of σOP proceeds

in the vicinity of the shoulder of IRC. Indeed, Fig. 3.31(c) shows the σOP formation by

electron transfer from the oxygen to phosphine. The second NRO pair seems trivial

for the reaction. Therefore, NRO method is confirmed to be also valid for a system of

middle size like Wittig reaction.

3.4.11 Oxidative additions
It is important to check the applicability of NRO method to catalytic reactions.

Fig. 3.32 shows the first and second NRO pairs of oxidative addition of H2 to [Co(phen)2]
+.

In spite of the large aromatic ligands, NROs show semi-localized feature. The first NRO

pair contributes to π back-donation from Co to H2 (Fig. 3.32(c)). On the other hand,

the second NRO pair contribute to σ donation from H2 to Co. This is apparently

consistent with the conventional understanding of coordination chemistry.

Fig. 3.33 shows the oxidative addition of BrPh to Pd(PPh3)2. This reaction is known

as one step of Suzuki-Miyaura cross coupling reaction. The first NRO pair contributes

to π back-donation from Pd to BrPh. Different from the case of [Co(phen)2]
+, the

feature of σ donation is not clear. This seems to reflect that Pd has ten d-electrons and

the ability as acceptor is not so strong as Co+ with only eight d-electrons.

In both cases, NRO appropriately characterizes the nature of oxidative addition. It

is obvious that the nature of reductive elimination can also be characterized by NRO.

It is immediately confirmed only by reversing the direction of nuclear displacements in

Fig. 3.32 and Fig. 3.33. Inversion of nuclear displacements just reverses the relative

phase of each NRO pair and the sign of density change. Thus, reductive elimination,

the reversal process of oxidative addition, can be characterized with the same NROs of

oxidative addition while the relative phase needs to be reversed.

3.4.12 Comparison with paired interacting orbital
As the final demonstration, NRO method is applied to the isomerization of vinyl

alcohol. Although this reaction is so simple, it is the best system to show the difference

between NRO and paired interacting orbital (PIO). [47] Fig. 3.34 shows the three

dominant NRO pairs for STO-3G basis and aug-cc-pVTZ basis. It is surprising that

there is no significant difference between the two results. In both cases, the phases of

O-2p and 2C-2p are opposite. However, the predominant PIO shows that O-2p and

2C-2p are in-phase. The difference between NRO and PIO apparently comes from the

difference of definition. NRO is defined to characterize electron density change induced

by nuclear displacements. Thus, the first NROs shown in Fig. 3.34 are the optimal MOs

to describe the electron transfer during the isomerization. On the other hand, PIO is

defined to characterize electron delocalization between two distinguished fragments.
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This indicates that the most dominant PIO describes the electron delocalization from

the fragment of OCH2CH2 to the migrating proton. However, the isomerization reaction

is apparently different from a process of such delocalization. Accordingly, an important

point for PIO to characterize the reactivity is obtained: it must be checked whether

the delocalization between fragments corresponds to the electron transfer during the

reaction. Otherwise, PIO at a single geometry does not necessarily characterize the

reaction while it seems still possible to analyze the reactivity by following the change

of PIOs along IRC.

3.5 Conclusion

In this chapter, a new orbital analysis method named natural reaction orbital (NRO)

was introduced. NRO is defined as the SVD basis of the virtual-occupied block of the

first-order response matrix of molecular orbitals, U
(1)
VO, which is obtained by solving CP-

SCF equation. If the basis is complete, U(1) is considerd as the generator of infinitesimal

nuclear displacements. The SVD basis of U
(1)
VO, i.e., NRO, is the basis with which

no orbital mixing between different pairs take place. Therefore, NRO can succinctly

describe the orbital mixing induced by the given nuclear displacements. Also, product

of each NRO pair is considered as a component of electron density change caused by

the orbital mixing. Thus, NRO can also be considered as the optimal orbital basis to

characterize the electron transfer induced by the nuclear perturbation.

As confirmed by the application to a variety of typical chemical reactions, NRO can

automatically extract the orbitals responsible for the reactivity. NRO analysis along

IRC clarified that electron transfer or orbital mixing usually takes place at some char-

acteristic regions, first-order saddle point, shoulder of IRC, whereas an exception is

observed in the carbocation rearrangement. Even in such exceptional case, the region

where orbital mixing proceeds can be detected from the change of Frobenius norm of

U
(1)
VO along IRC. In every case, NRO computed at these characteristic regions success-

fully extracted the orbitals characterizing the electron transfer. The most important

region to be analyzed at first is, however, the first-order saddle point because it de-

termines the reaction barrier. NRO is very suited for the analysis of reactivity at the

first-order saddle point since it can automatically extract the MOs essential for the

reaction at a single geometry. It is a great advantage of NRO method that it does not

require any trace of MOs along IRC to determine the reactive MOs. Once a saddle point

is located and CP-SCF equation is solved to check the stability of the geometry, MOs

responsible for the reaction can be determined locally. Thus, NRO method is highly

compatible with the conventional reaction mechanism analysis along IRC. It should be

also remarked that the basis set dependence of NRO is relatively low. This robustness
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is very important for reliable discussion of the reactivity.

Interestingly, it is implied that the stability of predominant occupied NROs are use-

ful for the comparison of the reactivity of different compounds in the example of SN2

reactions. Also, comparison of different type of reactions may be possible as demon-

strated by the comparison of E2 and SN2 mechanisms. These examples imply that the

extraction of MOs responsible for reactivity is effective for understanding the essence

of the reaction.

Although NRO was designed to automatically extract the MOs characterizing the

reactivity, it is remarkable that perturbation theory and SVD also gave the method

other good features. The result seems to indicate the significance of mathematics and

physics on chemical problems. For all the favorable features noted above, NRO method

seems to be a very promising orbital analysis method and is expected to widely help

the chemical reaction mechanism analysis from a viewpoint of orbital mixing.
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Chapter 4

Extension of Natural Reaction

Orbital to Multiconfigurational

Theories

Abstract

In the previous chapter, natural reaction orbital (NRO) was introduced. NRO automatically

extracts occupied and virtual orbital pairs that characterize electron transfer in reaction pro-

cesses by using singular value decomposition (SVD) of the first-order orbital response matrix

to nuclear coordinate displacements. Although NRO was found to be useful to analyze elec-

tron transfer or bond rearrangements during chemical reactions, its applicability was limited

to single configuration theories such as Hartree-Fock theory and Kohn-Sham theory. In princi-

ple, it is straightforward to generalize the formalism of NRO to multiconfigurational theories,

e.g., complete active space self-consistent field (CASSCF) theory, Such straightforward gen-

eralization, unfortunately, is demanding because it requires the computation of derivatives

of configuration interaction (CI) coefficients. Hence, another practical formalism should be

developed for multiconfigurational theories.

In this chapter, the concept of NRO is extended to multiconfigurational wavefunctions

as multiconfiguration NRO (MC-NRO). MC-NRO extracts orbital pairs that characterize

electron density change with respect to nuclear displacements. Not only the contribution of

orbital mixing to the electron density change but also that of configuration mixing can be

characterized by MC-NRO. Hence, in principle, it can be applied to wide range of chemical

reactions inc luding covalent bond dissociation and those in electronically excited states. MC-

NRO analysis is performed for five typical reactions in order to validate the formulation.
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4.1 Introduction
In the previous chapter, natural reaction orbital (NRO) was introduced. [33] NRO

is designed to optimally characterize the electron density change induced by molecu-

lar deformation. In single-configurational theories, e.g., Hartree-Fock (HF) theory, the

density change is attributed to orbital mixing between occupied and virtual MOs.1 In

multiconfigurational theories, e.g., complete active space self-consistent field (CASSCF)

theory, however, configuration mixing can also cause density change. Configuration

mixing allows the occupation number of each MO to vary from zero to one whereas

orbital mixing does not. Accordingly, the contribution of configuration mixing must be

also taken into account in order for the full description of adiabatic evolution of electron

density in the framework of multiconfigurational theory. As discussed in section 3.2.9,

in principle, NRO can be generalized to multiconfigurational theories. The generalized

formalism can also characterize the electron density change induced by configuration

mixing. Unfortunately, however, the straightforward generalization is not very prac-

tical because it requires the computation of derivatives of configuration interaction

coefficients with respect to the nuclear coordinates that are computationally demand-

ing. Hence, another practical formalism must be developed to characterize adiabatic

evolution of electron density in multiconfigurational theories.

4.2 Theory
In this section, the molecular orbital which characterize the electronic density change

induced by nuclear displacements is introduced in the framework of multiconfigurational

theory.

4.2.1 Case of Hartree-Fock limit
Before the case of finite basis set, the case of Hartree-Fock limit is discussed.

First, the matrix which characterizes the density response with respect to the nuclear

displacement is introduced. In general, state ket in multiconfigurational theory is given

by a linear combination of configuration state function (CSFs):∣∣Ψ〉 =
∑
I

CI

∣∣ΦI

〉
. (4.2.1)

The first-order reduced density matrix (1RDM) operator is defined by

γ̂
(
x′,x

)
:= n

∣∣x′〉〈x∣∣, (4.2.2)

1Although the translation of atomic orbital basis also contribute to the electron density change,
such contribution is regarded as an artifact. Indeed, such contribution doesn’t arise in the HF limit.
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where n is the number of electrons. The 1RDM is positive semi-definite. Accordingly,

there exists one positive semi-definite square root of the 1RDM. [73, 98] Indeed, the

operator defined by

γ̂1/2
(
x′,x

)
:= n1/2

∣∣x′〉〈x∣∣. (4.2.3)

satisfies the following equation:

〈
Ψ
∣∣γ̂(x′,x

)∣∣Ψ〉 =

∫
dx′′〈Ψ∣∣γ̂1/2(x′,x′′)∣∣Ψ〉〈Ψ∣∣γ̂1/2(x′′,x

)∣∣Ψ〉. (4.2.4)

Herein, the following quantity is considered:∫
dx′′ (〈Ψ∣∣γ̂1/2(x′,x′′)∣∣Ψ〉) ∂I〈Ψ∣∣γ̂1/2(x′′,x

)∣∣Ψ〉
=
〈
Ψ
∣∣γ̂(x′,x

)∣∣∂IΨ〉+
〈
∂IΨ

∣∣ Ψ
〉〈

Ψ
∣∣γ̂(x′,x

)∣∣Ψ〉
=
〈
Ψ
∣∣γ̂(x′,x

)∣∣∂IΨ〉− 〈Ψ ∣∣ ∂IΨ〉〈Ψ∣∣γ̂(x′,x
)∣∣Ψ〉 (∵ ∂I

〈
Ψ
∣∣ Ψ
〉

= 0),

(4.2.5)

where ∂I is partial derivative with respect to the I-th mass-weighted nuclear coordinate.

With using some orthonormalized spin-orbital basis set {χ̄µ}, the quantity in Eq. (4.2.5)

can be written by∫
dx′′〈Ψ∣∣γ̂1/2(x′,x′′)∣∣Ψ〉∂I〈Ψ∣∣γ̂1/2(x′′,x

)∣∣Ψ〉
=
∑

κ,λ,µ,ν

{(
δλκ∂I +

〈
χ̄λ

∣∣ ∂Iχ̄κ

〉)
γ1/2µκ

}
γ
1/2
λν χ̄µ

(
x
)
χ̄∗
ν

(
x′)+

∑
µν

γµν∂Iχ̄µ

(
x
)
χ̄∗
ν

(
x′).
(4.2.6)

In HF limit, the matrix representation of rhs of Eq. (4.2.6) is given by(
∂Iγγγ

1/2 + AIγγγ
1/2 + γγγ1/2A†

I

)
γγγ1/2 =: XI, (4.2.7)

where

AIλκ =
〈
χ̄λ

∣∣ ∂Iχ̄κ

〉
(4.2.8)

is gauge potential whereas it is essentially trivial. The matrix XI introduced in Eq. (4.2.7)

is the matrix to characterize the density response with respect to nuclear displacements.

Next, the optimal orbital basis to characterize the density response, multiconfigu-

rational natural reaction orbital (MC-NRO), will be introduced. In the case of full-CI,

MC-NRO can be given as the pairs of left and right singular vectors of XI. However,

some additional consideration is required for more practical theories, e.g., complete

active space self-consistent field (CASSCF) theory. [146] As well known, CASSCF is

118



4.2 Theory

orbital invariant [95,146], that is, CASSCF wavefuntion and energy are invariant to the

orbital rotation in inactive, active and secondary spaces. However, CASSCF is not in-

variant to orbital rotation which mixes orbitals in different spaces, e.g., core and active

spaces. It is unfavorable to perform any orbital rotation which violates orbital invari-

ance with no special reason because such rotation destroys the nature of the system.

Hence, MC-NRO must be defined so as not to violate orbital invariance. In the case of

CASSCF, XI is divided into four sub-blocks, secondary-active, secondary-core, active-

active and active-core. Subsequently, SVD is performed for each of the four blocks

separately. The resulting four sets of singular vectors are the MC-NRO of CASSCF

theory.

In general, MC-NRO is computed as follows. Provided an electronic structure theory

is invariant to any orbital rotation in m orbital spaces {St}t=1,2,...,m, the matrix given

by Eq. (4.2.7) is subdivided into blocks:

XI =


X11

I X12
I · · · X1m

I

X21
I X22

I · · · X2m
I

...
...

. . .
...

Xm1
I Xm2

I · · · Xmm
I

 (4.2.9)

the row and column spaces of Xst
I are the orbital spaces Ss and St respectively. The

SVD of each sub-matrix is given by the form of

Xst
I = LΛΛΛR†, (4.2.10)

where l and R, left and right singular vectors, are unitary matrices. ΛΛΛ is a rectangular

diagonal matrix, of which diagonal entries are singular values. MC-NRO is given by{
(ϕsL

1 , . . . , ϕ
sL
Ns

) = (χ̄s
1, . . . , χ̄

s
Ns

)L (χ̄s
1, . . . , χ̄

s
Ns

∈ Ss)

(ϕtR
1 , . . . , ϕ

tR
Nt

) = (χ̄t
1, . . . , χ̄

t
Nt

)R (χ̄t
1, . . . , χ̄

t
Nt

∈ St)
(4.2.11)

where Ns and Nt are the number of orbitals in the orbital spaces Ss and St respectively.

ϕsL
i and ϕtR

i are the i-th left and right MC-NRO respectively. Each MC-NRO pair,

the left and right MC-NRO with the same subscript, has a singular value λi, which is

a non-negative real number. With using MC-NRO basis, the electron density leakage

from St into Ss is written by

γst(1)(x) :=

min(Ns,Nt)∑
i=1

λi
(
ϕsL
i (x)ϕtR∗

i (x) + ϕsL∗
i (x)ϕtR

i (x)
)
. (4.2.12)
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This indicates that each singular value measures the degree of the electron leakage from

St into Ss represented by the corresponding MC-NRO pair. Because of the orthonor-

mality of the basis set {χ̄µ}, the following holds:∫
dxγst(1)(x) = 0 (Ss ̸= St), (4.2.13)

For the diagonal sub-blocks, if the number of electrons in each orbital space is fixed,

the integral becomes also zero: ∫
dxγss(1)(x) = 0. (4.2.14)

It is ensured that the total number of electrons is preserved:

m∑
s=1

∫
dxγss(1)(x) = 0. (4.2.15)

4.2.2 Case of finite basis set

In the previous subsection, MC-NRO in the case of HF limit is introduced. In the

current subsection, MC-NRO in the case of finite basis set is introduced. There are

two difficulties with finite basis set: (1) the gauge potential AI is not trivial though it

is usually considered unphysical; (2) the derivatives of overlap matrix with respect to

nuclear coordinates need to be taken into account to ensure the number to electrons to

be preserved though they are usually considered unphysical. In order to handle these

problems, MC-NRO in the case of finite basis set is computed as followings.

First, Eq. (4.2.7) is rewritten by(
∂IS

1/2γγγ
1/2
AO + S1/2∂Iγγγ

1/2
AO + AIS

1/2γγγ
1/2
AO + S1/2γγγ

1/2
AOA

′†
I

)
γγγ
1/2
AOS

1/2, (4.2.16)

where γγγ
1/2
AO is defined by

γγγAO = γγγ
1/2
AOγγγ

1/2
AO, (4.2.17)

γγγAO is the atomic spin-orbital basis. It should be noted that γγγ
1/2
AO is not the AO repre-

sentation of γγγ1/2. The relation between γγγ
1/2
AO and γγγ1/2 is given by

S1/2γγγ
1/2
AOγγγ

1/2
AOS

1/2 = γγγ1/2γγγ1/2 (4.2.18)

and

γγγ
1/2
AOS

1/2 = Uγγγ1/2 (4.2.19)
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where U is a unitary matrix. A′
I is given by

A′
I := AI + U†∂IU (4.2.20)

In order to handle the first problem mentioned above, the gauge potentials AI and A′
I

are neglected:(
∂IS

1/2γγγ
1/2
AO + S1/2∂Iγγγ

1/2
AO + AIS

1/2γγγ
1/2
AO + S1/2γγγ

1/2
AOA

′†
I

)
γγγ
1/2
AOS

1/2

≈
(
∂IS

1/2γγγ
1/2
AO + S1/2∂Iγγγ

1/2
AO

)
γγγ
1/2
AOS

1/2
(4.2.21)

The matrix is then subdivided into orbital spaces so that the electronic structure theory

is invariant to any orbital rotation in each of them. Such subdivision can be carried out

by using some orthonormal basis which defines the orbital spaces, e.g., natural orbitals

(NOs). The subdivided matrix is written by

m∑
s,t=1

C†
sS

1/2
(
∂IS

1/2γγγ
1/2
AO + S1/2∂Iγγγ

1/2
AO

)
γγγ
1/2
AOSCt, (4.2.22)

where Cs is the spin orbital coefficient matrix of orbital space Ss. Here, the second

problem mentioned above is handled by replacing the first term by

m∑
s,t=1

C†
sS

1/2∂IS
1/2γγγAOSCt →

m∑
s=1

1

Ns

Tr
(
C†

sS
1/2∂IS

1/2γγγAOSCs

)
1s, (4.2.23)

where 1s is the unit matrix of Ss and Ns is the number of orbitals in Ss. Eventually,

the density response with respect to molecular deformation is evaluated with

XI :=
m∑
s=1

1

Ns

Tr
(
C†

sS
1/2∂IS

1/2γγγAOSCs

)
1s +

m∑
s,t=1

C†
sS∂Iγγγ

1/2
AOγγγ

1/2
AOSCt. (4.2.24)

It should be noted that the matrix in Eq. (4.2.24) is not identical to that in Eq. (4.2.7)

whereas the difference is trivial in HF limit. The difference comes from the treatment of

gauge potential and derivatives of overlap matrix with respect to nuclear displacements.

The MC-NRO for finite basis is given by replacing the matrix in Eq. (4.2.7) by that in

Eq. (4.2.24). The way of subdivision and SVD is completely same. MC-NRO for finite

basis also has the nature shown in Eqs. (4.2.12) to (4.2.15) though the density response

is approximated one.
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In practice, the derivatives of density matrix γγγ
1/2
AO is evaluated numerically:

∂Iγγγ
1/2
AO ≈ 1

2∆τ

(
γγγ
1/2
AO(eI∆τ) − γγγ

1/2
AO(−eI∆τ)

)
, (4.2.25)

where ∆τ is the stepsize of the numerical differentiation. eI is the I-th direction

vector. MC-NRO can be computed without solving any coupled-perturbed equation

owing to the numerical approximation. It should be also noteworthy that no derivative

or numerical differentiation of CI coefficients is required to compute MC-NRO because

it is formulated based on density matrix. These two points are very important for

reducing the computational cost of MC-NRO.

As shown above, the formulation of MC-NRO is a little complicated for some tech-

nical requirements. However, it should be emphasized that the concept of MC-NRO

is quite simple and clear. MC-NRO is the orbital to characterizes the electron density

change with respect to nuclear displacements. In other words, MC-NRO is designed to

extract the orbitals of which occupation number drastically change.

4.3 Results and Discussion
In this section, MC-NRO analysis is applied to five typical reactions: formation of

hydrogen molecule; triple bond formation of nitrogen molecule; Diels-Alder reaction

of ethylene and 1,3-butadiene; [1,5]-sigmatropic rearrangement of 1,3-pentadiene; in-

tramolecular hydrogen transfer of malonaldehyde in the S1 state. All the calculations

were performed with Gaussian 16 Rev.C.01. [43]

4.3.1 Hydrogen molecule

As the simplest example, MC-NRO analysis is applied to the covalent bond for-

mation of hydrogen molecule. It is well known that the electronic structure of the

dissociated geometry (H + H) cannot be reproduced by single determinant wavefunc-

tion, e.g., Hartree-Fock wavefunction. [24,115] In the framework of MO theory, hydrogen

molecule formation proceeds not by orbital mixing but by configuration mixing. There-

fore, despite its simplicity, hydrogen molecule formation needs to be studied based on

multiconfigurational theory. This extremely simple reaction process seems to be the

best system to demonstrate that MC-NRO can extract reactive orbitals even in the

reaction proceeding by configuration mixing.

The potential energy curve for the singlet ground state (black curve) of H2 at

CASSCF(2,2)/aug-cc-pVQZ [31, 87] is shown in Fig. 4.1. The sum of squares of the

singular values of MC-NRO, which indicate the degree of electron density change with

respect to the bond length change, are shown for two sub-blocks: active-active and

122



4.3 Results and Discussion

secondary-active blocks. The density changes drastically in two regions: (a) R ≈ 2.10

Åand (b) R < 1.20 Å(R is the bond length of the hydrogen molecule).

Fig. 4.1: Potential energy curve of the singlet ground state of the hydrogen molecule
(black) and the sum of squares of the singular values of the MC-NROs for the two sub-
blocks of active-active (red) and secondary-active (blue) (shown as

∑
i λ

2
i ). The electronic

structure is computed at CASSCF(2,2)/aug-cc-pVQZ level.

Fig. 4.2 shows the dominant active-active MC-NRO pairs and the corresponding

electron density changes. The direction of nuclear displacements is in the direction

of bond formation. The first MC-NRO pair in region (a) is anti-bonding σ∗
u orbital

pair with opposite sign. The first pair shows the electron density decrease in σ∗
u as

the bond formation. The second MC-NRO pair is bonding σg orbital pair with same

sign. The second MC-NRO pair contributes to the electron density increase in σg.

These electron density changes clearly characterize the H-H covalent bond formation,

consistent with the conventional understanding. The dominant MC-NRO pair in region

(b) shows an opposite density change, a decrease/increase in σg/σ
∗
u while this behavior

seems to be an artifact due to the poor active space. This point will be discussed

in detail later. Fig. 4.3 shows the dominant secondary-active MC-NRO pairs in the
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region (b). Since the singular value of the first pair is much larger than that of the

second, the electron density change between the active and secondary space can be

analyzed with only the first pair. The density change indicates that the first MC-NRO

pair, σg orbitals composed of 1s orbitals and 2s orbitals, contributes to condense the

electron density around the H-H bond axis. This density change seems to reduce the

nuclear repulsion. In region (b), the orbital mixing of the first MC-NRO pair induces

a significant density change, which implies that the active space is not closed in this

H-H bond formation process (Fig. 4.1). Basically, active space should be large enough

to be capable of describing any changes in electronic structure taking place during the

chemical reaction. From this point of view, orbital mixing between the active space and

inactive or secondary spaces is unfavorable. Hence, the large density change between

the active and secondary spaces in region (b) indicates that the active space needs to

be expanded to describe the reaction process more appropriately.
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4.3 Results and Discussion

Fig. 4.2: Active-active MC-NRO pairs for H-H covalent bond formation at (a) R = 2.10
Åand (b) R = 0.77 Å. ϕR

i and ϕL
i denote the i-th right and left MC-NROs, and the number

in parentheses indicate the occupation number of each MC-NRO. The product of each MC-
NRO pair is also shown and electron density decreases/increases in its cyan/yellow colored
regions. λi [amu−1/2bohr−1] indicates the singular value of the i-th MC-NRO pair. The
contribution ratio of each MC-NRO pair to the density change within active-active block,
defined as 100×λ2

i /
∑

j λ
2
j , is also shown with its singular value. The isovalues of MC-NRO

and density change are 0.0250 and 0.00625 respectively.
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4 Extension of Natural Reaction Orbital to Multiconfigurational Theories

Fig. 4.3: Secondary-active MC-NRO pairs with H-H covalent bond formation at R = 0.77
Å. ϕR

i and ϕL
i represent the i-th right and left MC-NRO, and the number in parentheses

indicates the occupation number of each MC-NRO. The product of each MC-NRO pair
is also shown and electron density decreases/increases in its cyan/yellow colored regions.
λi [amu−1/2bohr−1] represents the singular value of the i-th MC-NRO pair. Also shown
below each singular value is the contribution of the MC-NRO pair to the overall density
change. The isovalues of MC-NRO and density change are 0.0250 and 0.00625, respectively.
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Next, the same process is computed at CASSCF(2,10)/aug-cc-pVQZ level and MC-

NRO analysis is performed. The orbitals in the expanded active space are shown in

Fig. 4.4. All the active orbital have σ symmetry. Fig. 4.5 shows the potential energy

curve and the sum of squares of singular values of MC-NROs. Compared to Fig. 4.5,

the orbital mixing between the active and secondary spaces is much suppressed. This

result implies the expanded active space is large enough to describe hydrogen molecule

formation.

Fig. 4.4: Natural orbitals in the active space of hydrogen molecule at CASSCF(2,10)/aug-
cc-pVQZ level. The internuclear distance is 2.49 Å. All the active orbitals have σg or σ∗

u

symmetry. The occupation number of each active orbital is also shown.

Fig. 4.6 shows the dominant active-active MC-NRO pairs. The dominant MC-NRO

pairs in region (a) are almost same as those shown in Fig. 4.2. In contrast, the first

MC-NRO pair is different from that shown in Fig. 4.3 but rather similar to the first

MC-NRO pair in Fig. 4.3. This indicates that the first left MC-NRO ϕL
1 shown in

Fig. 4.3 is added to the active space by expanding it. Consequently, the orbital mixing

between the first MC-NRO pair in Fig. 4.3 can be described within the expanded active

space. Thus, the expanded active space is considered to be more closed throughout the

reaction process. Actually, the expansion of active space also improved the energy in

region (b). Fig. 4.7 shows that the energy difference between the CASSCF(2,2) and

CASSCF(2,10) results increases in the direction of bond formation. This behavior may

be understood in terms of radial correlations. The significance of radial correlations for

the electron affinity of carbon, oxygen, and fluorine was reported. [14] Also, the effect

of radial correlation on the height of reaction barrier is studied in the reaction of X +

H2 → XH + H (X = O,F). [7, 175] In Ref. [175], orbital basis with additional radial

nodes was found to be important in describing the tight-diffuse correlation of anion-like

oxygen atom in the vicinity of the transition state (TS). In the present homonuclear

reaction of H + H → H2, the reactants, the two hydrogen atoms, do not have radial

tight-diffuse correlations, but the product, hydrogen molecule, does. Thus, the radial
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4 Extension of Natural Reaction Orbital to Multiconfigurational Theories

Fig. 4.5: Potential energy curve of the singlet ground state of hydrogen molecule (black
curve) and the sum of squares of the singular values of MC-NROs for the two blocks of
active-active (red curve) and secondary-active (blue curve) (denoted by

∑
i λ

2
i ). R is the

internuclear distance. The electronic structure is calculated at the CASSCF(2,10)/aug-cc-
pVQZ level.
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correlation should increase as the bond formation and the correlation seems to be the

main cause of the energy difference in region (b). Indeed, the left MC-NRO ϕL
1 shwon

in Fig. 4.6(b), which has an extra radial node and non-zero occupancy, also implies the

presence of tight-diffuse correlations.

Through the analysis of hydrogen molecule formation with different active spaces,

it was shown that MC-NRO basis adequately characterizes the density change as the

covalent bond formation. Also, it is noteworthy that the sum of squares of the singular

values of MC-NRO provides a kind of criterion to validate the quality of the active space

from the viewpoint of electron density change with respect to nuclear displacements.

If the sum of square of singular values of active-core or secondary-active MC-NROs

is larger than that of active-active MC-NROs, the size of active space seems to be

insufficient for describing the chemical reaction. Since the sum of square of singular

values of MC-NROs is equal to square of Frobenius norm of the matrices decomposed

by SVD, validation of active space itself does not require the computation of MC-NROs.

Thus, it will be sufficient for chemical reaction analysis to perform MC-NRO analysis

only for the validated active space.
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Fig. 4.6: Active-active MC-NRO pairs for H-H covalent bond formation at (a) R = 2.08
Åand (b) R = 0.77 Å. ϕR

i and ϕL
i denote the i-th right and left MC-NROs, and the number

in parentheses indicates the occupation number of each MC-NRO. The product of each MC-
NRO pair is also shown and electron density decreases/increases in its cyan/yellow colored
regions. λi [amu−1/2bohr−1] indicates the singular value of the i-th MC-NRO pair. The
contribution ratio of each MC-NRO pair to the density change within active-active block,
defined as 100×λ2

i /
∑

j λ
2
j , is also shown with its singular value. The isovalues of MC-NRO

and density change are 0.0250 and 0.00625 respectively.
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Fig. 4.7: Energy difference between CASSCF(2,2) and CASSCF(2,10) results. R is the
internuclear distance.
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4.3.2 Nitrogen molecule

As the second example, MC-NRO analysis was applied to the triple bond formation

of N2. N2 molecule has two different types of chemical bonds, σ bond and π bonds.

This simple reaction system is analyzed to confirm whether MC-NRO can distinguish

the two types of bonds and appropriately extract the orbitals characterizing each bond

formation.

Fig. 4.8 shows the potential energy curve for the singlet ground state (black curve)

of N2 at CASSCF(6,6)/cc-pVTZ [31]. The active space consists of six 2p orbitals of

two nitrogen atoms. The sum of squares of the singular values, indicating the de-

gree of electronic density change, is also shown for the four sub-blocks: active-active,

secondary-active, active-inactive, and secondary-inactive sub-blocks. The active-active

contribution is dominant at the early stages of bond formation. This indicates that

the size of the active space is sufficiently large in the long bond-length region. Thus,

the active space is large enough to investigate whether the MC-NRO can extract the

orbitals characterizing each bond formation. However, the secondary-active and active-

inactive contributions are non-negligible in the short bond-length region. This result

indicates that the small active space consisting of only 2p orbitals is unsatisfactory near

the equilibrium and the cause of this poor behavior of the active space will be discussed

in the last part of this subsection.

Fig. 4.9 shows the active-active MC-NROs at R = 2.000 Å, which clearly characterize

the formation of a σ bond, ϕR
1 ϕ

L
1 , and two π bonds, ϕR

4,5ϕ
L
4,5. This result indicates that

MC-NRO method can distinguish the different types of chemical bonds and extract the

orbitals responsible for each bond formation. This feature of MC-NRO is favorable to

analyze chemical reaction because the character of chemical bond, e.g., symmetry, is

crucial to understand reactivity.

Fig. 4.10 shows the secondary-active and active-inactive MC-NROs at R = 1.120 Å.

The secondary MC-NROs with large singular values work to concentrate the electron

density around the bonding region, as in the case of hydrogen molecule. This result

shows that AOs with higher principal quantum number than valence AOs work to con-

centrate the electron density around the nucleus and mitigate internuclear repulsion in

the course of covalent bond formation. Hence, ideally, AOs with one higher principal

quantum number than the valence AOs relevant for bond formation also needs to be

included in the active space. Inactive MC-NROs with large singular values are the σ∗
u

and σg orbitals, which consist of 2s orbitals. The significance of these two orbitals may

be understood in terms of sp hybridization. In summary, the active-inactive contribu-

tion is attributed to the use of a non-full-valence active space missing 2s AOs, and the

secondary-active contribution is attributed to the lack of AOs with one higher principal

quantum number than the valence AOs, which are essential for density concentration
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Fig. 4.8: Potential energy curve of the singlet ground state of the nitrogen molecule
(black) and the sum of squares of the singular values of MC-NROs (denoted by

∑
i λ

2
i )

of the four sub-blocks, active-active (red), secondary-active (blue), active-inactive (yellow),
and secondary-inactive (green) sub-blocks. R is the internuclear distance. The electronic
structure is calculated at CASSCF(6,6)/cc-pVTZ level.
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Fig. 4.9: The active-active MC-NRO pairs for the N-N triple bond formation at R = 2.000
Å. ϕR

i and ϕL
i represent the i-th right and left MC-NROs, and the number in parentheses

indicate the occupation number of each MC-NRO. The product of each MC-NRO pair
is also shown and electron density decreases/increases in its cyan/yellow colored regions.
λi [amu−1/2bohr−1] indicates the singular value of the i-th MC-NRO pair. The contribution
ratio of each MC-NRO pair to the density change within active-active block, defined as
100 × λ2

i /
∑

j λ
2
j , is also shown with its singular value. The isovalues of MC-NRO and

density change are 0.020 and 0.004, respectively.
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around nuclei. Thus, the MC-NRO method can indicate which MOs should be added to

the active space from a viewpoint of density changes along the reaction path. Although

it is not necessarily feasible to add all dominant MC-NROs to the active space due

to computational costs, the MC-NRO method provides a suggestion for improving the

quality of active space.
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4 Extension of Natural Reaction Orbital to Multiconfigurational Theories

Fig. 4.10: The dominant (a) secondary-active and (b) active-inactive MC-NRO pairs for
N-N triple bond formation at R = 1.120 Å. ϕR

i and ϕL
i represent the i-th right and left MC-

NROs, and the number in parentheses indicates the occupation number of each MC-NRO.
The product of each MC-NRO pair is also shown and electron density decreases/increases
in its cyan/yellow colored regions. λi [amu−1/2bohr−1] denotes the singular value of the i-th
MC-NRO pair. The contribution ratio of each MC-NRO pair to the density change within
active-active block, defined as 100 × λ2

i /
∑

j λ
2
j , is also shown with its singular value. The

isovalues of MC-NRO and density change are 0.020 and 0.004, respectively.
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4.3.3 Diels-Alder reaction

In this subsection, Diels-Alder reaction is analyzed with MC-NRO method. Al-

though Diels-Alder reaction can also be reproduced with single-configurational theory,

it will be meaningful to confirm whether MC-NRO analysis is consistent with the con-

ventional understanding of the well-studied reaction.

Fig. 4.11 shows energy along the intrinsic reaction coordinate (IRC) of Diels-Alder

reaction of ethylene and 1,3-butadiene in the singlet ground state (black curve) calcu-

lated at CASSCF(8,7)/cc-pVTZ level. The Cs symmetry of the system is preserved

along the IRC. The sum of squares of the singular values, which indicates the de-

gree of electron density change, are also shown for the four sub-blocks: active-active,

secondary-active, active-inactive, and secondary-inactive sub-blocks. It can be seen that

the active-active contribution is dominant throughout the IRC. Therefore, the active

space is sufficiently large to describe the density variation during the reaction. It is also

shown that the electron density significantly change at the TS. The slight change in the

sum of squares of the singular values around 4.6 amu1/2 bohr in Fig. 4.11 seem to con-

tributes to strengthening the C-C covalent bonds between ethylene and 1,3-butadiene

Fig. 4.12. Indeed, ϕR
2 , ϕ

L
2 and ϕR

3 , ϕ
L
3 show that the electron density increases along the

two covalent bond axes. The density change shown by ϕR
1 , ϕ

L
1 seems to just follow the

nuclear motion around the π bond.

There can be seen some discontinuity of the sum of squares of singular values of MC-

NRO in Fig. 4.11, e.g., at -10.30 amu1/2 bohr and around the TS. Such discontinuity is

attributed to the discontinuous change of density matrix along the IRC. Since the sum

of squares of singular values are computed with using the numerical differentiation of

density matrix, the discontinuity of density matrix causes the discontinuity of singular

values. However, the qualitative nature of dominant MC-NRO does not change signifi-

cantly around such discontinuous points. Hence, such discontinuity seems not fatal for

qualitative analysis of electron transfer during chemical reactions.

The MC-NROs at TS are shown in Fig. 4.13. The first MC-NRO pair character-

izes electron transfer from the C1-C2 and C3-C4 π bonds of 1,3-butadiene to the π∗

orbital of ethylene. The second MC-NRO pair characterizes electron transfer from the

π bond of ethylene to the 1,3-butadiene. This result is qualitatively consistent with

the previous study that analyzed the Diels-Alder reaction with NRO at the HF/6-

31G(d,p) level though the order of the pair is different(Fig. 3.14). [33] This result is

also consistent with the conventional understanding of the reaction mechanism based

on frontier orbital theory, [54] in which the mutual electron transfer from the high-

est occupied MO (HOMO) of 1,3-butadiene/ethylene to the lowest unoccupied MO

(LUMO) of ethylene/1,3-butadiene is considered to be the driving force of Diels-Alder

reaction. Indeed, the density changes shown by MC-NRO clearly characterize the mu-
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4 Extension of Natural Reaction Orbital to Multiconfigurational Theories

Fig. 4.11: Change of potential energy along the IRC of the Diels-Alder reaction of ethylene
with 1,3-butadiene (black curve), as well as change of the sum of squares of singular values
of MC-NRO for the active-active (red curve), secondary-active (blue curve), active-inactive
(yellow curve), and secondary-inactive (green) blocks (

∑
i λ

2
i ), at the CASSCF(8,7)/cc-

pVTZ level. s is the reaction coordinate. The geometries of reactants, TS, and products
are shown with the values of the reaction coordinates.
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Fig. 4.12: Secondary-active MC-NRO pairs for the Diels-Alder reaction at s =
4.59amu1/2bohr in Fig. 4.11. ϕR

i and ϕL
i represent the i-th right (active) and left (sec-

ondary) MC-NROs, and the number in parentheses indicates the occupation number of
each MC-NRO. The product of each MC-NRO pair is also shown and electron density
decreases/increases in its cyan/yellow colored regions. λi [amu−1/2bohr−1] denotes the sin-
gular value of the i-th MC-NRO pair. The contribution ratio of each MC-NRO pair to
the density change within active-active block, defined as 100 × λ2

i /
∑

j λ
2
j , is also shown

with its singular value. The isovalues of MC-NRO and density change are 0.020 and 0.004,
respectively.
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4 Extension of Natural Reaction Orbital to Multiconfigurational Theories

tual electron transfer. It is also noteworthy that MC-NRO belongs to the irreducible

representation of Cs symmetry, and therefore, chemical reactions can also be analyzed

from the viewpoint of symmetry by using MC-NRO.

Fig. 4.13: Active-active MC-NRO pairs for the Diels-Alder reaction at TS. ϕR
i and ϕL

i

represent the i-th right and left MC-NROs, and the number in parentheses indicate the
occupation number of each MC-NRO. The product of each MC-NRO pair is also shown and
electron density decreases/increases in its cyan/yellow colored regions. λi [amu−1/2bohr−1]
denotes the singular value of the i-th MC-NRO pair. The contribution ratio of each MC-
NRO pair to the density change within active-active block, defined as 100 × λ2

i /
∑

j λ
2
j , is

also shown with its singular value. The isovalues of MC-NRO and density change are 0.020
and 0.004, respectively. The black arrows indicate the motion along the normal vibrational
mode with an imaginary frequency.
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4.3.4 Sigmatropic rearrangement
So far, MC-NRO analysis was applied to the reactions where symmetry is preserved

along the IRCs. In this subsection, [1,5]-sigmatropic rearrangement of 1,3-pentadiene,

where the nuclear motion along IRC reduces the symmetry of TS from Cs to C1, is

analyzed. IRC calculation was performed at CASSCF(6,6)/cc-pVTZ level.Fig. 4.14

shows changes of potential energy and the sum of squares of singular values which

indicates the degree of electronic density change for the four sub-blocks along the IRC.

It can be seen that the active space is not large enough to describe the density change

because the contribution of the secondary-active and active-inactive sub-blocks is not

negligible around the TS.

Based on the above result, the active space was refined by adding the first inactive

and secondary MC-NROs at TS, and the TS geometry was reoptimized for the expanded

active space. Fig. 4.15 shows the change in energy and sum of squares of singular

values along the IRC at CASSCF(8,8)/cc-pVTZ level. It can be seen that the quality

of the active space was improved by adding some dominant MC-NROs outside the

original active space. This way of improvement is also important from the viewpoint

of activation energy. Fig. 4.16 shows the energy difference between the CASSCF(6,6)

and CASSCF(8,8) results whereas the IRC was computed separately for each active

space. The energy difference is relatively large around the TS, where orbital mixing

between active and non-active spaces is observed (Fig. 4.14). This result implies that

the expansion of active space with using MC-NRO basis effectively improves the quality

of the active space. However, it is another matter whether convergent result can be

achieved with the expanded active space.

The dominant MC-NROs at TS optimized for the extended active space are dis-

played in Fig. 4.17. The first MC-NRO pair shows a C-H σ bond rearrangement: the

electron density increases/decreases between C1/C5 and the proton. A rearrangement

of the π bond from C3-C4 to C2-C3 is also observed. The second MC-NRO pair de-

scribes a π bond rearrangement from C1-C2 to C4-C5. Actually, these orbitals respon-

sible for the sigmatropic rearrangement, automatically extracted by using MC-NRO

method, are consistent with the representative orbitals shown in the conventional cor-

relation diagram. [127] Thus, the two MC-NRO pairs appropriately characterize the con-

certed bond rearrangements in the [1,5]-sigmatropic rearrangement of 1,3-pentadiene.

It was also confirmed that MC-NRO method works without any special problems even

when there is some symmetry reduction along IRC.
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Fig. 4.14: Changes of potential energy along the IRC of the [1,5]-sigmatropic rear-
rangement of 1,3-pentadiene (black curve), as well as change of the sum of squares of
singular values of MC-NROs, denoted by

∑
i λ

2
i , for the four blocks: active-active (red

curve), secondary-active (blue curve), active-inactive (yellow curve), and secondary-inactive
(green), at the CASSCF(6,6)/cc-pVTZ level. Geometries of TS and product (reactant) are
shown with the reaction coordinates.
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Fig. 4.15: Changes of potential energy along the IRC of the [1,5]-sigmatropic rearrange-
ment of 1,3-pentadiene (black curve), as well as change of the sum of squares of sin-
gular values of MC-NROs, denoted by

∑
i λ

2
i for the four sub-blocks, active-active (red

curve), secondary-active (blue curve), active-inactive (yellow curve), and secondary-inactive
(green), at CASSCF(8,8)/cc-pVTZ level. Geometries of TS and product (reactant) are
shown with the reaction coordinates.
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Fig. 4.16: Energy difference between CASSCF(6,6) and CASSCF(8,8) results for the [1,5]-
sigmatropic rearrangement of 1,3-pentadiene along the IRC.
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Fig. 4.17: Active-active MC-NRO pairs of the [1,5]-sigmatropic rearrangement at TS.
ϕR
i and ϕL

i represent the i-th right and left MC-NROs, and the number in parentheses
indicate the occupation number of each MC-NRO. The product of each MC-NRO pair
is also shown and electron density decreases/increases in its cyan/yellow colored regions.
λi [amu−1/2bohr−1] denotes the singular value of the i-th MC-NRO pair. The contribution
ratio of each MC-NRO pair to the density change within active-active block, defined as
100 × λ2

i /
∑

j λ
2
j , is also shown with its singular value. The isovalues of MC-NRO and

density change are 0.020 and 0.004, respectively. The black arrows indicate the motion
along the normal vibrational mode with an imaginary frequency.
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4.3.5 Intramolecular hydrogen transfer of malon-

aldehyde in the excited state
As the final example, the MC-NRO method is applied to the intramolecular hy-

drogen transfer of malonaldehyde in the S1 state. [20, 85, 102, 125, 164] Chemical re-

actions in electronically excited states are the most important targets of MC-NRO

method because multiconfigurational wavefunction is usually required to reproduce ex-

cited states. The S1 state of malonaldehyde is characterized as a one-electron nπ∗

excitation. [20,85,102,125,164] Fig. 4.18 displays the natural orbitals related to the ex-

citation to the S1 state, computed at the S1-optimized geometry at CASSCF(12,9)/cc-

pVTZ level. Indeed, the natural orbitals show the excitation from the in-plane lone

pair of the oxygen atom (hole) to the out-of-plane π∗ orbital (particle).

Fig. 4.19 shows the changes of the potential energy and the sum of squares of

the singular values along the IRC in the S1 state. The active space is large enough

to describe the density variation because the active-active contribution is dominant

throughout the IRC,.

Fig. 4.18: Natural orbitals of malonaldehyde relevant to the electronic excitation from S0

to S1. The geometry is optimized in the S1 state. Number in parentheses indicates the
occupation number of each natural orbital.
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Fig. 4.19: Change of potential energy along the IRC of the hydrogen transfer reaction
of malonaldehyde in the S1 state (black curve), as well as change of the sum of squares
of singular values of MC-NROs for the four blocks: active-active (red curve), secondary-
active (blue curve), active-inactive (yellow curve), and secondary-inactive (green), at the
CASSCF(12,9)/cc-pVTZ level. The geometry of TS and product (reactant) are shown with
the values of the reaction coordinates.
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Fig. 4.20 displays the MC-NROs at TS. The first and second MC-NRO pairs indicate

that the electron moves in the same direction as the proton. This result is consistent

with the behavior of the hole shown in Fig. 4.17. As the proton moves from the left

oxygen to the right oxygen, the hole center moves from the right oxygen to the left

oxygen. Therefore, electrons move in the opposite direction of the hole migration,

i.e., in the same direction as the proton migration. Since the electron moves with the

proton, this reaction should be characterized as hydrogen transfer rather than proton

transfer. This is contrary to the ground state, where electron moves in the opposite

direction of proton migration (Fig. 3.16). [33] It should be noted that the π density

change shown by the fourth and fifth MC-NRO pairs is smaller than the density change

induced by the first and second MC-NRO pairs. Actually, this is consistent with the

behavior of the particles shown in Fig. 4.17. The particle delocalized over the molecular

plane hardly changes its shape as the hydrogen transfer. Therefore, the change taking

place in the π electron density is minor to that in the σ electron density. In summary,

it was confirmed that MC-NRO method can systematically extract the representative

orbitals for the reaction even in electronically excited state. Although there are useful

orbitals to characterize the nature of excited states, such as natural transition orbitals

(NTOs), [112] natural difference orbitals (NDOs), [135] and natural orbitals, the ability

to systematically extract representative orbitals for reaction is a unique feature of MC-

NRO.
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Fig. 4.20: Active-active MC-NRO pairs for hydrogen transfer of malonaldehyde at TS
in the S1 state. ϕR

i and ϕL
i denote the i-th right and left MC-NROs, and the numbers in

parentheses indicate the occupation number of each MC-NRO. The product of each MC-
NRO pair is also shown and electron density decreases/increases in its cyan/yellow colored
regions. λi [amu−1/2bohr−1] denotes the singular value of the i-th MC-NRO pair. The
contribution ratio of each MC-NRO pair to the density change within active-active block,
defined as 100×λ2

i /
∑

j λ
2
j , is also shown with its singular value. The isovalues of MC-NRO

and density change are 0.020 and 0.004, respectively. The black arrows indicate the motion
along the normal vibrational mode with an imaginary frequency.
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4.4 Conclusion

In this chapter, natural reaction orbital (NRO) was extended to multiconfigura-

tional theory and multiconfiguration natural reaction orbital (MC-NRO) was intro-

duced, which can reveal the reaction mechanism along a reaction path from the view-

point of electron density change. In MC-NRO method, pairs of representative orbitals

with common singular values are generated by applying SVD to a matrix which charac-

terizes the electron density change induced by nuclear displacements. The contribution

of each orbital pair to the electron density change is measured by the singular value of

the pair. The product of each orbital pair can show the electron density response to

the molecular deformation. These features are useful to analyze the electron transfer

taking place in the chemical reaction. It is also an important point that each MC-NRO

belongs to an irreducible representation of the point group of the molecular structure.

This allows reactions to be analyzed from the viewpoint of symmetry.

Although NRO also has the above mentioned features, MC-NRO method provides

an intuitive way to analyze configuration mixing in terms of molecular orbitals. Indeed,

the formation of hydrogen molecule, which proceeds by configuration mixing, was suc-

cessfully characterized with using MC-NRO method. It seems to be very important

that MC-NRO can automatically extract the representative orbitals characterizing the

reactivity even from multiconfigurational wavefunctions considering that complex re-

actions proceeding by configuration mixing have also been understood on the basis of

molecular orbitals. Also, MC-NRO is applicable to the reaction in electronically excited

states, as demonstrated in the excited state intramolecular hydrogen transfer (ESIHT)

of malonaldehyde. The nuclear motion in the ESIHT is hardly distinguishable from

that in the proton transfer in the electronically ground state. What distinguishes the

two process is the manner of electron transfer. Thus, it is essential to analyze electron

density change along the reaction pathway to clarify what actually happens in the re-

action. MC-NRO is expected to be a practical tool to study the reactivity in excited

states since it can provide a way to distinguish the character of reactions in different

states.

It is another interesting point of MC-NRO that can be used to improve the quality

of active space. As is the case with CAS calculation, the nature of active space can

change along reaction pathway. The worst case is that some of the active orbitals

discontinuously change. As demonstrated in a sigmatropic rearrangement, it was found

to be effective to improve the quality of active space to add some dominant MC-NROs

in non-active spaces to the active space.

In summary, MC-NRO is not only important for systematic analysis of chemical

reactions proceeding by configuration mixing but also useful for the construction of
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4.4 Conclusion

active space. Thus, MC-NRO seems to be a very promising orbital analysis method

which can promote theoretical studies of chemical reaction mechanisms based on mul-

ticonfigurational theory.
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Chapter 5

General conclusion

In the present thesis, the following three issues were discussed.

In Chapter 2, a detailed investigation of the mathematical aspect of the ADD sta-

tionary path was presented. It was confirmed that the maximum number of the ADD

stationary paths intersecting the EQ is given by 2f+1−2, where f denotes the degrees of

freedom of vibration. Also, the bifurcation of the ADD stationary path was discussed.

Bifurcation of ADD stationary paths takes place at the non-regular point of Hessian

matrix of ADD on the hypersphere or the isosurface of harmonic potential. Typical

bifurcations like saddle-node bifurcation and pitchfork bifurcation were discussed with

model potentials. Although the IOE method was originally introduced to detect the

ADD maximum direction on the initial hypersphere even for bifurcation, it does not

always work as expected. We showed the case in which only ADD maxima of the orig-

inal potential are followed and the technique fails to detect the bifurcation. However,

the idea to follow not only ADD maxima but also ADD inflection points is important

to reduce the risk of overlooking of the bifurcation. We demonstrated a case where

following the ADD inflection points leads to finding the ADD maxima generated on the

way by saddle-node bifurcation.

In Chapter 3, a new orbital analysis method specialized to reaction mechanism anal-

ysis, natural reaction orbital (NRO), was introduced. NRO is defined as the left and

right singular vectors of the virtual-occupied block of the first-order response matrix

of molecular orbitals, which is the solution of coupled-perturbed self-consistent field

(CP-SCF) equation with respect to the perturbation of nuclear coordinates. Although

this definition is only for single configurational theories, e.g., Hartree-Fock (HF) the-

ory, the formal generalization to multiconfigurational theories was also presented in

Section 3.2.9. Hence, the concept of NRO is general.

In both cases of single-configurational and multiconfigurational theories, NRO can

be regarded as the optimal basis to characterize the first-order response of electron
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density induced by the infinitesimal nuclear displacements. Indeed, the product of

each pair of left and right singular vectors, virtual and occupied NRO pair in the case

of single-configurational theories, is a component of the density change. Each singular

value measures the rate of the density change with respect to the nuclear displacements.

Particularly in the case of single-configurational theories, singular value can also be

interpreted as the rate of orbital mixing between the occupied and virtual NRO pair

with respect to the nuclear displacements. Accordingly, NRO pairs with large singular

values are important for the electron transfer taking place in the chemical reaction.

Provided that the reaction involves some distinct bond rearrangements or some bond

formation/dissociation, the reactivity is appropriately characterized by the dominant

NRO pairs. The number of dominant NRO pairs is usually small, a few or so. It

indicates that the reactivity can be succinctly characterized with only a few dominant

NRO pairs. In other words, the contribution to the electron transfer distributed to so

many molecular orbitals can be consolidated to only a few NRO pairs. This considerable

dimensionality reduction realized by singular value decomposition (SVD) seems to be

very favorable for reaction mechanism analysis. Indeed, the application to a series of

typical reactions showed that NRO provides a clear description of the reactivity of each

reaction.

NRO has some particularly favorable features for reaction mechanism analysis. If a

system has some symmetry and the direction of nuclear displacements belongs to some

irreducible representation of the symmetry, NROs with nonzero singular values also

belong some irreducible representations of the symmetry. The direct product of the ir-

reducible representations of the occupied NRO, virtual NRO, and nuclear displacements

is totally symmetric. This symmetry-adapted nature of NRO is highly compatible with

the concept of symmetry preservation discussed by Woodward and Hoffmann. Also,

basis set dependence of NRO is relatively low, that is, the qualitative nature of pre-

dominant NRO pairs is not largely affected by the choice of basis set. This robustness

of NRO method seems to be very important for reliable analysis of chemical reaction

mechanism with using molecular orbitals.

The observation of the square of the Frobenius norm of the virtual-occupied block

of first-order response matrix, equivalent to the sum of the square of singular values,

along IRC showed that electron transfer usually proceeds in some characteristic regions

of IRC: the first-order saddle point and shoulder of IRC. This is reasonable consider-

ing that orbital mixing induces relaxation or downward distortion of potential energy

surface. It indicates that NRO analysis needs to be performed at these characteristic

regions. This is a great advantage of NRO method because trace of MOs along IRC,

which is often time consuming, is not required to identify the MOs responsible for the

reactivity. Although it seems interesting to trace the change of molecular orbitals along
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5 General conclusion

IRC, the capability of identifying representative MOs at single geometry is so favorable

in a viewpoint of practice. However, it should be remarked that there exits a case in

which electron transfer proceeds without modifying the shape of potential energy curve

as shown in the case of a carbocation rearrangement whereas NRO can appropriately

characterize the electron transfer even in such a case. Also, there is no need to cal-

culate NRO at all the geometry along IRC because the region where electron transfer

proceeds can be detected by only tracing the change in density matrix along IRC which

may evaluated numerically, of course. Thus, basically, it is enough for reaction mecha-

nism analysis to compute NRO only at the regions where the change of density matrix

is large. Omission of NRO analysis at the regions except for the first-order saddle point

will be reasonable if the interest is only in the barrier height.

The comparison of NROs of different compounds at the first-order saddle point of

SN2 reaction confirmed that the predominant NROs of same type of reaction of different

compounds resemble each other. The significance of this result is in that NRO provides

a reasonable procedure to compare the reactivities different compounds in same type of

reaction: the reactivities of different compounds can be analyzed by comparing similar

NROs. Indeed, the reactivities in SN2 reaction were clearly reflected in the orbital

energies of occupied NROs. Also, the comparison of dominant NROs of competing E2

and SN2 reactions between OH− and CH3Cl implied that NRO is capable of explaining

the selectivity with its orbital energy. These results indicate that NRO is not only

convenient for visualization but also effective to extraction of the essence of chemical

reaction.

For all the features of NRO shown above, NRO seems to be a very promising or-

bital analysis method enabling automated extraction of representative MOs responsible

for the reactivity. It is notable that the electron density changes shown by products

of NRO pairs represent the patterns corresponding to the chemical bond rearrange-

ments described by the electronic theory of organic chemistry. Although the pictures of

chemical reactions provided by quantum chemistry and the electronic theory of organic

chemistry are not completely identical, the consistency to a considerable extent is re-

ally surprising. This seems to imply how essential the concept of chemical bond is for

describing chemical reactivity. Hopefully, NRO is expected to play an important role

in bridging the gap somehow still lain between quantum chemistry and the electronic

theory of organic chemistry through the concept of chemical bond.

In Chapter 4, a practical orbital analysis method for reaction mechanism analysis

which is also applicable to multiconfigurational theory, MC-NRO, was introduced. Al-

though the concept of NRO is general, the straightforward generalization presented in

Section 3.2.9 is not very practical because it requires the derivatives of configuration

interaction (CI) coefficients. MC-NRO, however, does not require the derivatives of CI

154



coefficients so far as it is computed numerically. In MC-NRO method, density chage

with respective to nuclear displacements is evaluated with a matrix composed of square

root of density matrix, numerical differentiation of square root of density matrix, and

square root of overlap matrix. The matrix is divided into sub-blocks within which any

orbital rotation does not violate the orbital invariance of the theory. MC-NRO is ob-

tained by applying SVD to thses sub-blocks. In principle, MC-NRO method can be

applied to any electronic structure theory provided density matrix is available.

As the first demonstration, MC-NRO method was applied to complete active space

self-consistent field (CASSCF) theory. Application to H2 bond formation and N2 bond

formation, which can not be reproduced by single configurational theory, confirmed

that the MOs participating in the covalent bond formation are extracted appropriately.

The examples of Diels-Alder reaction and [1,5]-sigmatropic rearrangements showed that

MC-NRO method extracts MOs qualitatively resembling those extracted with NRO

method for single configurational theory. Considering that these reactions can also

be reproduced with single configurational theories, it is a reasonable result that the

dominant MC-NROs and NROs resemble each other.

Also, in the application to [1,5]-sigmatropic rearrangements, it is implied that MC-

NRO can provide a systematic procedure to improve the quality of active space along

given reaction pathway. It should be noted that electron transfer between the inside

and outside the active space induced by nuclear displacements can be used to confirm

whether the active space is large enough for the description of the reactant or not. If

the active space is insufficient for the description, the active space may be improved by

adding dominant MC-NROs characterizing the electron transfer between the inside and

outside the active space. Indeed, in the case of [1,5]-sigmatropic rearrangements, the

variational energy was considerably lowered by adding dominant MC-NRO, particularly

in the vicinity of the first-order saddle point. Accordingly, improvement of the active

space with NC-NRO is also important in a viewpoint of energetics.

The last example of the excited-state intramolecular hydrogen transfer in the S1 state

of malonaldehyde confirmed that MC-NRO method is also applicable to the reaction

in electronically excited states. Although the nuclear motion of proton in S1 state is

almost indistinguishable from that in S0 state, the density change is definitely different

from that of S0. Thus, MC-NRO method seems to be useful to identify the reactivity

of the reaction in electronically excited states.

NRO and MC-NRO, new orbital analysis methods for automated extraction of

molecular orbitals responsible for the reactivity, were developed motivated by ADDF

method, an automated reaction pathway searching method. Considering that orbital

mixing and configuration mixing contribute to distortion of the potential energy sur-

face, they can be regarded as an origin of ADD. Hence, the driving force of a chemical
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5 General conclusion

reaction can be analyzed with NRO and MC-NRO. Also, as noted above, they are

expected to bridge the gap lain between quantum chemistry and the electronic theory

of organic chemistry. NRO and MC-NRO will be very promising orbital methods for

understanding of chemical reactivity. Combined with the automated reaction pathway

search methods, ADDF and AFIR, these automated methods to extract essential MOs

for the reactivity are expected to be a very powerful tool for realization of an automated

data sampling system with computational chemistry.
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