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Abstract

As the effective field theory of the superstring theory, ten-dimensional N = 1 supersymmet-
ric Yang-Mills theory is induced. We consider the ten-dimensional space-time M, as direct
products of our four-dimensional space-time M, and three two-dimensional compact spaces
X; (1=1,2,3), i.e. Mjg= My x Xs x Xy x X3. In particular, we consider X; as a torus, the
torus orbifold, and also the blow-up manifold of the torus orbifold with background magnetic
fluxes. We discuss the modular symmetry in the magnetized torus and its orbifold compacti-
fications. We find that the modular flavor groups and the representations as well as modular
weights of the chiral fields such as quarks and leptons obtained from the magnetized torus as
well as the orbifold compactifications can be uniquely determined with the magnetic fluxes. We
also discuss the magnetized blow-up manifold compactification in which orbifold singularities
are replaced by parts of sphere as a smooth manifold. We find that the chiral zero mode num-
bers on the blow-up manifold as well as the orbifold can be determined only by the magnetic
fluxes including localized fluxes due to the Atiyah-Singer index theorem, and then the degree
of freedom of localized fluxes gives new additional chiral zero modes. We also find that the new
chiral zero modes correspond to localized modes around the orbifold singularities.
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Chapter 1

Introduction

In the particle physics, the standard model (SM) is the successful theory to explain a lot of
observations related to the strong and electroweak (EW) interactions by Ggy = SU(3)¢ X
SU(2)r x U(1)y gauge symmetry for their gauge bosons and the local symmetry for matter
fermions as well as Higgs fields in four-dimensional (4D) space-time. The SM particle contents
are listed in Table 1.1. Among them, there are three types of renormalizable couplings: gauge
couplings among gauge bosons and matter fermions as well as Higgs fields, Yukawa couplings
among matter fermions and Higgs fields, and Higgs self-couplings. Note that weak boson
masses and matter fermion masses are obtained by the EW spontaneously symmetry breaking
(SSB) of Higgs fields through the gauge couplings and Yukawa couplings with the Higgs fields,
respectively. On the other hand, before the EW symmetry breaking, gauge bosons and chiral
matter fermions cannot have their masses because of the gauge symmetries and the chiral
symmetries, respectively. Although neutrinos have much tinier masses than the other quarks
and charged leptons, they can be explained by considering the Weinberg operators among
lepton doublets and Higgs doublets with mass dimension 5 if neutrinos are Majorana neutrinos.
Then, by appropriately fitting their SM parameters: gauge coupling constants, Yukawa coupling
constants (as well as Weinberg operator coefficients), and Higgs self-coupling constants, the SM
predictions are consistent with a lot of observations.

However, there remain a lot of issues to be solved: quantum gravitational phenomena can-
not be explained in the SM, there are still some discrepancies between the SM predictions
and the experimental results, there are some mysteries such as the origins of the values of the
SM parameters to explain observations, and so on. In particular, to clear the origins of the
SM parameters may give us hints to discover more fundamental theories. For example, the
three gauge coupling constants may be unified around O(10'6)GeV, (see Ref. [1] for the current
renormalization group (RG) flows of the SM parameters,) which implies that there is a more
fundamental theory to unify the three gauge symmetries into one larger gauge symmetry in-
cluding Ggys such as SU(5) and SO(10) with one gauge coupling constant above the scale and
the large gauge symmetry is spontaneously broken at the scale like the EW symmetry breaking
by the SM Higgs fields. Such a fundamental theory is called a grand unified theory (GUT) [2-4].



In such a GUT, quarks and leptons can be also unified into several multiplets. For example, ¢
th generational quarks and leptons including right-handed neutrinos are minimally unified into
one multiplet 16; in SO(10) GUT. In other words, a GUT can answer the origin of three gauge
couplings as well as quarks and leptons. However, three-generational quarks and leptons have
quite different generational structure (flavor structure); both three-generational up-type and
down-type quarks have quite hierarchical masses among the generations and their flavor mix-
ing through the weak interaction, written by Cabbibo-Kobayashi-Masukawa (CKM) matrix,
is small, while charged leptons also have hierarchical masses but neutrinos have much tinier
masses than quarks, and charged leptons and their flavor mixing, written by Pontecorvo-Maki-
Nakagawa-Skata (PMNS) matrix, is large. Note that their flavor structure can be determined
by the structure of Yukawa coupling constants as well as Weinberg operator coefficients and
there are about 20 parameters related to quark and lepton masses, flavor mixing angles, and
CP phases. Then, it is significant to clarify the origin of the flavor structure, and it is useful
to consider a flavor symmetry among the generations by which some Yukawa coupling coeffi-
cients as well as the Weinberg operator coefficients are related to each other. In particular,
non-Abelian discrete flavor symmetries such as S,, A,, A(3n?), and A(6n?) have been well
studied [5-13]. We note that the flavor symmetry must exist at a certain scale and the flavor
structure can be determined. To break the flavor symmetry, we usually introduce additional
SM gauge singlet scalar fields, so-called flavons. Of course, it is also important how the Wein-
berg operators are generated at the cut-off scale. One of the famous scenarios is the type-I
see-saw mechanism [14-18] by heavy right-handed Majorana neutrinos. The typical scale of
right-handed neutrino Majorana masses around O(10')GeV if the Yukawa couplings are O(1).
Furthermore, we have not known yet why the EW symmetry breaking occurs at v ~ 246GeV,
which is the vacuum expectation value (VEV) of the Higgs fields. To understand it, it may
be useful to consider the supersymmetry between chiral fermions and bosons such as the mini-
mal supersymmetric standard model (MSSM) [19-21]" or/and consider gauge-Higgs unification
(GHU) [23-26], in which Higgs fields are regarded as extra-dimensional vector fields (4D scalar
fields) of higher dimensional vector fields with the gauge symmetries. In these ways, to solve
mysteries of the SM, it is useful to consider some symmetries. However, the above symmetries
are just assumptions and we have not known the reason why the symmetries are chosen.

The superstring theory, which is the string theory with the supersymmetry, is a promising
candidate for explaining all interactions including gravitational interaction above the Plank
scale O(10'8)GeV.?2 Note that there are 5 types of superstring theories: type-I, type-ITA, type-
IIB, SO(32) heterotic, and Eg x Eg heterotic superstring theories. In particular, we consider
type-II1B superstring theory. In addition, there are two types of strings: closed string and
open string, and particles are regarded as excitation modes of them in the string theory; from
the closed string, graviton and gravitino which is the superpartner of the graviton appear as
massless particles, while from the open string whose edge moves on D-branes, gauge bosons

1See, for a review, e.g. Ref. [22].
2See Refs. [27,28] for phenomenological aspects of string theory.



and gauginos which are the superpartners of the gauge bosons appear as massless particles. In
more detail, from open strings both of whose edges move on the same kind of N-stack D-branes,
U(N) gauge bosons and gauginos appear, that is, U(NN) supersymmetrc Yang-Mills (SYM)
theory is induced as the effective field theory (EFT), while from open strings whose edges
move on different N,-stack D-branes and N,-stack D-branes, respectively, chiral super fields
with (N,, N) representation ((N,, Ny)) representation) under U(N,) x U(N,) gauge symmetry,
corresponding to chiral matter fields as well as Higgs fields, appear. Thus, the superstring
theory is a promising theory to explain not only the strong and EW interactions but also the
gravitational interaction.

The superstring theory requires 10D space-time My, which means that there is an extra
6D compact space Mg in addition to our observable 4D space-time My. Hence, the superstring
theory leads to the 10D EFT and a 4D EFT can be led below the compactification scale, which
is typically considered as O(10')GeV ~ O(10'¥)GeV. Namely, the 4D EFT depends on the
compactifications. Thus, it is important to reveal the property of the 4D EFT by making
use of the properties of a 6D compactification and whether the 4D EFT is consistent with
the SM. In particular, a Calabi-Yau (CY) manifold is promising compact space to derive 4D
N = 1 EFT such as the MSSM. However, it is difficult to calculate physical quantities such
as Yukawa couplings analytically. On the other hand, toroidal orbifolds are supposed to be
singular limits of certain CY manifolds, where only orbifold fixed points have curvature, and
the analytical calculation can be possible. Furthermore, certain toroidal orbifolds have a kind
of the geometrical symmetry called the modular symmetry. In particular, a 2D torus orbifold
has I' = PSL(2,7Z) modular symmetry. Interestingly, the modular group contains certain non-
Abelian discrete groups such as S3, Ay, Sy, and As [29], and new type flavor models, called
modular flavor models, in which such non-Abelian discrete groups derived from the modular
group are assumed as flavor groups have been investigated recently [30-40]. Then, we mainly
consider toroidal orbifold compactifications. We also assume that a 6D compact space Mg can
be decomposed as three 2D compact space X; (i = 1,2, 3) for simplicity, i.e. Mg~ X7 x Xox X3,
and one 2D compact space as 2D torus orbifold, i.e. X = T?/Zy.

Therefore, in this paper,we consider 10D N =1 U(N) SYM theory on My x X x X5 X X3
(mainly X = T?/Zy) with homogeneous background magnetic fluxes on each X; (i = 1,2, 3) as
the EFT of magnetized D-brane models in the type-11B superstring theory, and the 4D EFT can
be obtained after overlap integration of wave functions on X; x X5 x X3. Due to the magnetic
fluxes, the U(N) gauge symmetry is broken into [[, U(N4) including Ggys. In particular, the
broken component fields, which become the fields with bi-fundamental representations under
[T, U(Na), have multi-generational chiral fermions as well as their superpartners [45-50] ? such
as matter fermions as well as Higgs fields. In other words, the 10D SYM theory can be regarded
as a kind of GUT as well as GHU model, and considering appropriate 6D compactifications
including magnetic fluxes can lead MSSM-like models. Especially, the three-generational modes
have been classified in Refs. [51-53]. Their Yukawa couplings [45,54] as well as higher-order

30riginally, it has been discussed in Refs. [41-44].



couplings [55] have been calculated. In addition, Majorana neutrino mass terms derived from
D-brane instanton effects have been calculated in Refs. [56,57]. Actually, realistic quark and
lepton masses and mixing angle as well as the C'P phase can be obtained in Refs. [54,58-65].

Since certain torus orbifolds have the modular symmetry, it can induce flavor symmetries
among the multi-generational chiral fermions as well as the superpartners. Originally, the
behavior of modular transformation for wave functions on the magnetized (torus and) torus
orbifold has been studied in Refs. [49,66]. Furthermore, in Refs. [67,68], details of the mod-
ular flavor structure was revealed. Then, the modular flavor structure of the 4D fields can
also be found in Ref. [67]. In particular, it was found that the three-generational 4D chiral
fields obtained from magnetized T?/Zy orbifold compactification transform under the modu-
lar transformation as three-dimensional representation of the modular Z(GM 2) group, which
is the quadruple covering group of A(6M?), or PSL(2,Zy;) x Zg group with modular weight
1/2 [68]. In addition, not only 4D fields but also coupling coefficients in 4D EFT such as
Yukawa couplings [53] 4 as well as Majorana mass terms [57,70] transform under the modular
transformation. To see these modular transformation behaviors is one of the main parts of this
paper.

Moreover, not only magnetized (2D) torus orbifold compactification but also its magnetized
blow-up manifold compactification were studied in Refs. [71-74], in which orbifold singularities
are replaced by the parts of the magnetized 2D sphere [75,76]. Through these studies, one can
understand the magnetized torus orbifold compactification deeply; certain magnetic fluxes are
localized at orbifold singularities and the total magnetic fluxes including the localized fluxes
decide the chiral zero mode numbers due to the Atiyah-Singer (AS) index theorem. In addition,
the degree of freedom of localized fluxes gives new chiral zero modes corresponding to localized
modes at the orbifold singularities. These studies will be useful to explore phenomena on the
CY compactification, for the future. To see behavior on the magnetized blow-up manifold is
the other of main parts of this paper.

This paper is organized as follows. In chapter 2, we discuss magnetized torus models. In
particular, we review magnetized torus compactification in section 2.1 and then we discuss
the modular symmetry in magnetized torus compactification in section 2.2. In chapter 3,
we discuss magnetized torus orbifold models. In particular, we review magnetized T?/Zy
compactification in section 3.1 and then we discuss the modular symmetry in magnetized T?/Zy
compactification (and also magnetized (T2 xT3)/ (Zg) X ng )) compactification) in section 3.2. In
chapter 4, we discuss magnetized blow-up manifold of magnetized T?/Zy orbifold. In particular,
we review magnetized S? compactification in section 4.1 and then we discuss the magnetized
blow-up manifold compactification in section 4.2. In chapter 5, we summarize this paper. In
Appendix A, we show the detailed calculation of modular symmetry on magnetized T2 and
T?/Zsy orbifold. In Appendix B, we show the detailed calculation of the normalization of wave
functions on magnetized blow-up manifold. In Appendix C, we discuss the detailed anomaly
structure of discrete symmetries.

4See also Ref. [69)].



Matter fermions
(Spinor fields)

left-handed quarks
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right-handed quarks
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Table 1.1: The standard model particle contents with Ggyy = SU(3)e x SU(2)p x U(1)y
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Chapter 2

Magnetized torus models

First, in this chapter, we discuss magnetized torus models. We consider magnetized torus
compactifications in which homogeneous background magnetic fluxes are inserted in a torus.
The review is in section 2.1. Moreover, since a torus has a geometrical symmetry, called the
modular symmetry, we discuss the modular symmetry in magnetized torus compactification
in section 2.2. In particular, we can find that multi-generational chiral bi-fundamental fields
such as quarks and leptons, which are obtained in the compactification, transform non-trivially
under the modular transformation.

2.1 Magnetized torus compactification

In this section, we review magnetized torus compactifications.

2.1.1 10D N =1 Super Yang-Mills theory

First of all, as the EFT of magnetized D-brane models in the superstring theory, let us start
from 10D N =1 U(N) SYM theory. We denote a 10D space-time as M. The coordinate
of My, is XM (M =0,...,9). The metric on Mg is Gy pn. It gives the gamma matrices for
2% = 32D spinor space such that {T™, TV} = 2GMNT,,. We consider U(N) gauge bosons
AF(X), which are U(N) adjoint vector fields, and U(N) gauginos A7 (X), which are U(N)
adjoint spinor fields and the superpartners of the gauge bosons, where I, J = 1,..., N. The 10D
N =1 SYM action Ssyy is given by

1
Ssym = / dVX/|det(Gun)| | —— F%N X)Fiiv(X) 4+ =5 A (X)iTY Dy M (X)}
Maio 4 J10 2910
(2.1)

where g19 denotes the U(N) gauge coupling constant in My with the mass dimension —3, F{/y
denotes the field strength of the gauge bosons,

Fiin(X) = 0 AN (X) — On Ay — i[An(X), An(X)]", (2.2)
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and D), denotes the covariant derivative for the gauginos,
Dy (X) = 0N (X) — i[Ap (X)), M(X)). (2.3)

Note that the chirality of A on Mg is fixed by I'i)yA = —A.

In this paper, let us assume the 10D space-time M, as product of 4D Minkowski space-
time My and three 2D compact spaces X; (i = 1,2,3), i.e. Mg = My x X; x Xy x X3. In
particular, in this chapter, let us consider X; = T? simply. In the following subsection, we
discuss wave functions on one 72 with background magnetic fluxes, called magnetized T2.

2.1.2 Magnetized T? compactification

In this subsection, we review magnetized T? compactification! [45,77].

Geometry of T2

First, let us review the geometry of a 2D torus, 72. A 2D torus 72 can be constructed by
dividing the complex plane C into 2D lattice A = {37,_, ,nies|n; € Z}, i.e. T? ~ C/A.

When we denote the complex coordinate of C as u, we define the complex coordinate of T2
as z = u/e;. Then, the coordinate of the point of one lattice vector e; is z = 1 while that of
the point of the other lattice vector ey is z = ey/e; = 7 (Im7 > 0). Note that 7 is called the
complex structure (CS) modulus of T?. Thus, T2 is defined by the identifications: z + 1 ~ z
and z + 7 ~ 2. In addition, dz is defined as dz = dy' + Tdy?, where dy* (i = 1,2) denote the
dual one-forms satisfying dy’(e;) = 0%. Similarly, 0 is defined as 9. = (2Im7)~' (70,1 — i0,2).

The metric of T2 is given by

ds?® = gi;dy' dy’ =2h,, dz"dz",

) ()
Then, the area of T2, A, is calculated as
A:/ dyldy2\/M:/ dzdz+/|det(2h)] = |ey|*Inr. (2.5)
72 72
The gamma matrices v* and +* satisfying {+*,7*} = 2h** are defined as follows, where h** is

the inverse matrix of h,;. First, the gamma matrices v' and 2 satisfying 2D Clifford algebra
{v*,9*} = 26 (a,b = 1,2) are given by

0 1 0 —i
1 1 2 2
e (1 0) e (z 0 ) ' (2:6)

1See also Ref. [78] for T? compactification without any magnetic fluxes.

O =

11



Next, we introduce two vielbeins e and f such that g;; = e?eg’-éab and hy, = f; f2gij, respectively.
They are given by

1 Rer _1 _1 (el e
— = 2.7
¢ ’€l| (0 I]ll’T) ’ f ‘61' (61 62) ’ ( )

g p—NBf—1Yi _9 _1 (ealmT —ejRer + e
= = ; = I . 2.8
(@0 = (e = e ) (1T O 29

Then, the gamma matrices v* and 7 satisfying {~*, v*} = 2h** are given as

z s—1\z . a - 0 2 z 5—1\z S— 00
v mat (§ 0). e =at (g ) (29)

The non-trivial Levi-Civita connection is given by

FEZ == hzgazhzg - O7

I'Z, = h**0;zhz, = 0. (2.10)
Moreover, the spin connection is given by
wy, = (E71);T58 — (€7);0.62 — (671);0.€5 =0,
o, = (€ TEe — (0. — (e j0uet = 0. 2
Note that the Lorentz generator is £ = 1[v%,~"].
The curvature of T? is given by
% . RZ_.dz Ndz = x(T?) =0, (2.12)
where RZ_; is obtained by
R, =017, =0, (2.13)

while x(7?) denotes the Euler number of T2

Wave functions on magnetized 7>

Here, let us consider that the following Abelian homogeneous background magnetic flux,

1 MeI 1
(F.5)dz A\ dz = ( Na ML ) : <% /T 2<F§§’bb>dz Adz = M“’b> , (2.14)
b

2 T2

is inserted on T2, where N, + N, = N and M*® must be integers? (Dirac’s quantization). Due
to this magnetic flux, U(N) symmetry is broken to U(N,) x U(N;) symmetry.® The magnetic

It comes from the fact that the fist homotopy group of U(1), w1 (U(1)), is m1(U(1)) = Z. On the other
hand, 71 (SU(N)) = {e} means that off-diagonal components of the magnetic flux are zeros.

3The magnetic flux is inserted along directions of the diagonal U(1) of U(N) ~ U(1) x SU(N) and the base
of Cartan subalgebra of SU(N). Then, U(N) ~ U(1) x SU(N) symmetry is broken to U(1), x SU(N,) x
U(1)p x SU(Np) =~ U(N,) x U(Np) symmetry.

12



flux is given by the 2-form field strength,

1 1 ab ;
S () = —(Fie®)dz pdz = T— %dz A dz, (2.15)

which satisfies the Yang-Mills equations
. (FA0™y = 9 (Fety = 0, (2.16)
Moreover, the field strength is obtained from the 1-form background gauge field,

(A9 (2)) = (AL (2))dz + (AZ""(2))dz

i 2w MP Z0b i 2w M*P
S 74 Ny + = @) dz 2.17
4 Imt (Z+C )Z+4 Imt <Z+C >Z ( )
2 M®b _
— I = a,b
T m((z + ¢*)dz),

by (Fa®b) = d(A) where (** denote Wilson line (WL) phases. The boundary conditions
(BCs) of the gauge field are

2n M b
aa,bb — aa,bb
(AYP(2 4+ 1)) = (A*™(2)) + d ( STy Imz) , (2.18)
aa,bb _ aa,bb 27TMa7b =
(AP (z+ 7)) = (A7 (2)) +d ( T Im7z |, (2.19)

which correspond to the Abelian gauge transformation. The covariant derivative is defined as

d —i(A(2))
D.dz + D:dz = (0. — i(A.(2)))dz + (9: — i(A:(2)))dz, (2.20)

A

Along with BCs of the gauge field in Eqgs. (2.18) and (2.19), U(N) adjoint spinor and scalar
fields on the magnetized T2,

aa (., oLb2 P
o= (28] 92

13



should satisfy the following BCs,

L M A oy 0
<I>T2 (Z -+ 1) = Ul(Z)(I)T2(Z)U1 (Z), Ul(z) = 0 emeIm(erg )+2mal]1 ’
(2.22)
D99 (2 + 1) = B4 (2)
(I)%bz (Z + 1) _ eﬂiMhnI(Iiiio+27ria1 (I)%bQ<2) ) .
o (24 1) = e—m‘M%—%ial@%(z)
miMeImECEHD) L orina
_ e Imt T]INa 0
Do (Z + T) = Ur(z>q)T2 (Z)Ur 1(Z>: UT(Z) = ( 0 ewiMbIm(?I(z+Cb))+2ﬂ.iab]I ) J
mT T Nb
(2.24)
D7 (z + 7) = 75(2)
(I)bb Z4T 7% (2
ab ( ) m]2\4(hn)(7(72+<))+2ma ab ) (225>
Pra(z+7) = 0% (2)
(I)ba, (Z + 7.) 77’F’LMM 2mior (I)ba (Z)

where af’ and a®® denote the Scherk-Schwarz (SS) phases. Here, ®% and @ denote fields
with U(N,) and U(N,) adjoint representations, respectively, while ®® and ®** denote fields
with bi-fundamental representations, (N,, N) and (N, N;), under U(N,) x U(Ny), respectively.
In particular, ®® feel the magnetic flux M = M — M®, the WL phase M¢ = M — M°C?,
and the SS phases a1, = of . — af _, while " feel the opposite sign of them. On the other
hand, the BCs of U(N) adjoint 1-form vector field on the magnetized T2,

_ (M) ARG
a0 = (G0 i) (220
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can be written as

Ar2(z 4+ 1) = Uy (2) Ap2 (2)Uy 4+ iUy (2 )dU;l(z), (2.27)
(A% (24 1) = A%(2) +d (227;11\1147171 z
Al (2 1) = A% (2) + d (B2 Tmz)
Ang b iV TETG) m(z+() ) b ? (228>
Aa (Z+ 1) m =+ ﬂzalAa (Z)
| Al (2 + 1) = e~miM B —2mica gba, ()
A2 (2 4+ 7) = U (2)Ap2 (2) U + iU (2)dU- 1 (2), (2.29)
(A% (z+7) = A%(2) +d (22’;% Im7z)
A (z+ 1) = A% (2) + 22’;51‘147 ImTz)
Ag b MIm(‘r(z+§)) 2 b (230>
A%Q (Z + ,7_) e Im_T + WZ&TA%Q (Z)
| Al (2 + 1) = e MR e Al ()

When we write Ap2(2) = (A(2)) + Ar2(z), BCs of the first term corresponds to Egs. (2.18)
and (2.19) while BCs of the second term corresponds to (2.23) and (2.25). We also note that
WL phases ¢ab Cf P4 75 can be converted into SS phases, o — o/%? = a4 + M2 and

b o/ = a®® — M(* by the following gauge transformation

(A(2)) = (A(2)) = (A(2)) + iU (2)dUc (),

2.31
Or2(z) — Drpa(z) = U (2)Pr2(2)Us(2), (2:31)
with
ara (Im(C%2) aca
y M (5 +<1<;2)HNa 0
UC (Z) - Im(¢ . (2.32)

O e_ﬂ—iMb ( Im‘rZ) +<1 CQ)

In,

Hence, hereafter, we consider vanishing WL phases (** = 0 and then consider only SS phases
(af b a®?). In the following, let us see wave functions of U(N) adjoint spinor, scalar, and vector
fields on T2 with the magnetic flux in Eq. (2.14), which satisfy individual equation of motions

under the BCs in Eqgs. (2.22) ((2.27)) and (2.24) ((2.27)).
e Spinor fields

First, let us see wave functions of U(NN) adjoint 2D Majorana-Weyl (MW) spinor fields on
the magnetized T2,

(2) 2) — 7vZ)T2,—&-<Z) ¢T2j:(z> ¢T2i(z>
o2 = (1) vt = (WM %M)
(v# () = VL, (1T =ab),

(2.33)
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which satisfy the Dirac equation,
(i(vzﬁz +9°D;) - mn) Y& (2) =0, (2.34)

under the BCs in Eqs. (2.22) and (2.24). Here, we define the Dirac operator,
A A . g .
i) =i(v*D, ++7°D;) = ( 0 2iey (0. @(Az(2)>)) _ (.0 iD ) |

2ie; H(0; — i(Az(2))) 0 iD 0
(2.35)
and then the Dirac equation for component fields can be written as
DYz 4 o(2) = 2087 (Ostr2 4,0(2) — i[(A2(2)), Y12, 4.0(2)]) = Mntfre 5 (2), (2.36)

((iDaats , ,(2) = 2670084 | (2) = mayss _ (2)
Dyl (@—aw#@w () =t (2)
ZDab,lvbT?-&-n(Z) = (a + QTIFI]K[T )sz-f—n( ) mn¢%g,—7n(z) 7
_ZDbaszJrn(Z = 2261 ( z 21m7— )wTQJrn( ) mn?ﬁg_,’%,,,n(z)
( QZél_laszz_i_n(z) = mn,lvb ( )
225;18Z¢T2+n() ma W(2)
2iey e vr 170, | g F7y) T2+n(2) = MY _a(2)
| 2iep Legimr 1270, [e St I ¢T2+n(z) = Ml n(z)
—iDTth (Z) = 2ie1 (0272, n(2) — i[(A:(2)), thn(Z)]) =mplr2 4 0(2),  (2.37)
( —iD}, 05 (2) = 2ie 0.8 L (2) = mags L (2)
_ngb¢ 2= 226113Z1/)T2_n( ) = mn¢Tz+n( z)
_ZDwa n(’z) = 2261 ( z QImT )w f,n( ) manern( ) 7
Z,D;raqu) (2) = (a + QTIFIJL/[T )¢ ( ) mn¢T2+n< )
( 2161 laszQ_n( ) mnl/)Tz—Fn( )
2261 laﬂﬁ ( ) mnqu)T?_A,_n( )
e

. 2 M 2
2ie; e | 0: [ ey _a2)| = mn¢T2+n(z)

(
mqem“ahwwwaa—mwww

2ImT

\

where n denotes the Landau level.
In particular, the lowest modes (n = 0) satisfying the above Dirac equation with my = 0

are expressed as

Ui ol2) = P (2), Ut ole) = Vo) = WP (2),

) = G, W o(2) = U o(2) = REC2), .
T2 +O(Z) —e i{;]I\WI \Qhab( )’ ¢ O(Z) 1/}392’4_70(2) e IIJI\HI'\/lI Phba(z)’ .
T2 +0(Z> 627{“”' P hba( )7 ¢ o(z) ¢%%,+ 0(2) =e 2 |2 |2h8b(2)7
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where h(z) denotes a holomorphic function. Since they should also satisfy the BCs in Egs. (2.23)
and (2.25), the holomorphic functions can be determined as

h8a<z): 0

W) = A §

M) = SNt | 7] (a1, arm) = S GV, (2:39)
|M|—1 M 2 —Utan) |M|—1 +ai,ar),—M

hga( ) Z '/\/S)C]Le 2imr 4 _<__JV; ) (_MZ7_MT) Z TQJO b (’Z)v

where N denotes a constant and 1) denotes the Jacobi-theta function,

9 |:CL:| (% 7_) _ Z em(“H)QTeQ’”(aH)(”J“b). (24())
b I€Z
When we also define
YUfarad My o) = emmr PRt enh M (), (2.41)

b, and 5%, can be written as

|M|—1 |M|-1

04,047— +04 ,oz-r
Zwﬁiol T), U o(z Z%Jl Mz, 7). (2.42)

Note that each j th wave function written by Eq. (2.41) satisfies the lowest mode (zero mode)
Dirac equation and the BCs, which means that there are | M| number of independent zero mode
solutions. Finally, these solutions must be normalizable. Thus, when M > 0 (M < 0), % (%)

i — +
as well as their anti-fields " = ¢* (** = ¥4*) have well-defined |M| number of degenerate
zero modes while ¢%* (%°) as well as their anti-fields )2 = ¢4 (" = 1)4®) have no physical

relevant zero modes. Indeed, this result is consistent with the AS index theorem,

1
n® —n®=_— [ F,=M, 2.43
+ N 27T T2 ab ( )
1
' —n"=_— [ F,=-M, (2.44)
27 T2
where n‘jrb, n, nl_’f, n?® denote zero mode numbers of wib, ab, T, ba respectively, and F,

Fy, denote the magnetic fluxes which ¢, 4% feel, respectively. Therefore, we can obtain | M|
generational bi-fundamental chiral fermions from the magnetized T? compactification. Here-
after, let us consider M > 0. In addition, we set the SS phases as 0 < oy, < 1 because of
the periodicity. Now, let us discuss the normalization of wave functions in Eq. (2.41) from the
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following inner product,

/ dzdz+/|det(2h) szfjg”’“T 2, )M (2, 7)
I mz jta 2

leZ

|Nab |2A(21m7'M)_1/26j7k

Here, we assume that the normalization factor ./\/’5”]’ does not depend on the geometrical param-
eters such as A and 7, that is, we set the normalization condition as

/ dzdz/|det(2h) [N (2, )yl (2, 1) = A(2Imr) V26, (2.46)

and then the normalization factor is determined by |./\/'§I; = (M)Y*. Although the phase of

Qﬂi%m—

NG% is not determined, it seems to be natural to set Ng% = |Ngb|e Therefore, we

consider the following M number of zero mode wave functions on the magnetized T2,

wTj;—(?l,aT%M(Z7T> =e 21m7—|z‘2h¥2+a1’a7')7M<Z>’
s 2.47
Bae oM (2) = (M) Ve o et ﬁ[ o } (Mz, Mr). (2.47)
5 _aT

Next, let us see wave functions of the n th excited modes. By further acting the Dirac
operator on the Dirac equation, we can obtain the characteristic equations,

(0 o) (i) =i (20n5) oy

where D and DT satisfy the commutation relations:

[Daa7 Dla] = 07 [Dbb7 Dbb] - 0 (249)
47 M —47 M

[Dab7 le] - Ta [Dbm Dl];a] = A

For 475 , and A +» the solutions satisfying the BCs in Egs. (2.22) and (2.24) are

(2.50)

Im(hz)

77Z)T27+H(Z) = Naa 2T nr ) ¢T2,_7n(z) ¢T2,+, (Z)

Im(nz)

Y L (2) = N gl () =yl o (2),

(2.51)

4When we set the phase at z = 0 as 1, from the BC (2.25), the phase at z = 7 becomes e*™*r, It implies
that the phase at z = y?7 is €2™%°7. Moreover, from Eq. (2.45), the wave function’s density |¢T]2+gl oM )
behaves as a gaussian whose peak at y? = Imz/Im7 = (j + ;)/M. Hence, it seems to be natural that the wave

function z/;épj;rgl’a*)’M(Z, 7) has the phase e2mili+a)ar/M
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with
2

2 (27)2 |n|2 ’ (252>

n = A Imr

27
— 1y
A

where n = ny + ™ny = (n1e1 + nges)/e; = ny, /eq, which corresponds to the coordinate of the
lattice point. In order for the normalization factors N2%* not to depend on the geometrical
parameters, we set the normalization conditions as

/ dzdz /[t RG22 (2) = Abwr (2.53)

On the other hand, let us consider @Z)ib and Q/th“. Note that when M > 0, 5 th zero mode of
(i 2 40 n Eq. (2.47) satisfies

abw;jgl’“T (z,7) =0, (2.54)
while it also becomes of the 7 th zero mode of ¢%a2, 0 wTQ 0 that is, it also satisfies
DLy M (z,7) = 0. (2.55)
Here, when we define oY) =/ DM they satisfy
[aas, ab] L, [aibaab,aab] = —Qab; [aj;baabvalb] = alb? (2.56)
(@bes ava] = 1, [abathy, al,) = —ab,,  [a6aa},, @ha] = Gpa.

This means that a,, and a;;a can be regarded as lowering operators while alb and ap, can be
regarded as raising operators, and then albaab and Gbaale can be regarded as number operators.
Thus, we can obtain

baab¢ ﬁal’%) M(Z,T) = m/)éf;fgl’%)’M(z, 7), aabw(T];rgl’aT (2,7) =0, (2.57)
aq,x 1 aq,x
= M (1) = = (al) M (), (2.58)
n:
a0 M (2 1) = G M (), el el (2 ) =0, (2.59)
o a.,- 1 n a1,0r
= eI M (2 1) = ——(aa) szJ;Ol’ WMz 1), (2.60)

which correspond to the j th mode of n th excited modes of 9% . and Phe e,

M-—1
ag,0r) 1,0 M
A ZW“ (z,7), Y _a(2) = = oMz ), (261)
7=0
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with

47 M
2 _
Note that when we rewrite zero mode wave functions as
]+a1,a7— _ ab (j+a1,a7—),M
sz 0 ( ,T) = Zlez 0, )
. ) . . )
@z(ﬁal’%)’M _ €2ﬂlj7§\‘;‘1a_re7mMReT(3‘;/lal) emMReZ%ezm(MRez—aT)(“%H)e—m‘MImT(}g;j+a+1\?1 +1)

)

the n th excited mode wave functions in Eq. (2.58) can be explicitly written by using the
Hermite function,

Hy@) = (-1 e, (2.63)

as

w(]Jrozl,aT) M Nab Z @ (j+ai,ar), M < /9m M ImT (IIH_Z + Jt+a —+ l)) , (264)

Im7 M
leZ

where normalization factors NV¢% are determined by the normalization condition,

/ dzdz+/|det(2h)|1, ”al’% (2, 7)Y k+a1’a7 M) = AIm7) V25, 1460, (2.65)

and then they are related to those of zero modes: Ng}; = (2"n!)~Y 2./\/’&1]’-. On the other hand,
from Eq. (2.36),

ab¢T2+n( z) = manQ—n(z) g aab?/JTZJrn( z) = \/_Q/}TQ—n( ), (2.66)

and the fact that

aawaWT (z,7) = ( N a,,%?g*f“ff (2, )> NG %ﬁf“ﬁ (z,7), (2.67)

we can also find the solutions for @Di‘,‘f; and sz .
M-1 M-1
Fo,ar a0
Vs (2 ¢T]2 ;lla (2,7), V5, a(2) = wab Z t/JTJQ f;lla (z,7), (2.68)

with the eigenvalue m? in Eq. (2.62). We comment that Eq. (2.67) is also related to the property
of the Hermite function:

d

%Hn(x) =2nH, (). (2.69)

e Scalar fields
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Second, let us see wave functions of U(N) adjoint scalar fields on the magnetized T2,

bra(2) = (¢§;‘%(z) ¢§~;‘2(z)) | (2.70)

12(2) 072(2)

which satisfy the Klein-Gordon equation,
(hvf(bzbz +D.D.) + mi) dr2n(2) = 0, (2.71)
under the BCs in Eqgs (2.22) and (2.24). Here, we define the Laplace operator,
A=-n*(D.D:+D.D.) = % {D,D'} =DD' - % [D,D'] =D'D + % [D, D], (2.72)
and then the Klein-Gordon equation (2.71) can be rewritten as

A¢T2,n(z) = M ¢r2,(2). (2.73)

From Eq. (2.72) and Eqgs. (4.32)-(2.68), the well-defined solutions are

2

o) = vt ale), mi= CEIE 2 im0 e
S = (o), = CEIE 2, B e
) =02 = (w4 3) (020 (2.76)
Ol = (D =T (0 3) (0 20) 277

We note that even the lowest modes of both ¢4% and ¢5% are massive while those of ¢3¢ and

bb

7= are massless and constants.

e Vector fields

Third, let us see wave functions of U(N) adjoint vector fields on magnetized T2,

Ag2(2)
:AT27Z(Z)dZ + AT2’5d2
_ <<A2‘“<z>> FABL() ABL() ) .
A (2) (AP(2)) + AT. (2)
(A5°(2)) + A2 5 (2) AT () _
* ( A (2) (AP A%,Z(z)) *
(Ar2z = (Ar2.(2))1) (2.78)
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which satisfy the Yang-Mills-Proca equation,
WD, Frs .. +m2Aps, (2) = 0, (ffo)gFm2 +mE Az n(z) = o) , (2.79)
with the gauge-fixing condition,
B (DZATQ,M(,Z) + EEAT2,Z,H(Z)) —0, (2.80)
under the BCs in Eqgs. (2.27) and (2.29). The field strength in Eq. (2.79) can be rewritten as

Fro.2(2) = (Fuz) + D, Ap 5(2) — Dz Ap(2)
= (F.z) + 2D.Ap2 +(2) (2.81)
= (F.5) — 2D: Ape (),

where we use the gauge fixing condition (2.80) in the second and third lines. Then, the Yang-
Mills-Proca equation in Eq. (2.79) can be rewritten by

DDAz . (2) + ik [(F, ) Az (2)] = M Agz . (2),

= ( D, D] ) Agen(2) = m2 Age o (2), (2.82)
DD'Ar2 5, — ih**[(F. > A2 20 (2)] = M2 Ap2 5 0 (2),

= (A +[D, DT]) Arezn(z) = m2Aga 2 (7). (2.83)

Therefore, by using the results in Eqs. (2.74)-(2.77), the well-defined solutions are

2

_— 27)? |nl|? 2
02 = U8 (), AR = AR (), = CEEIE 2, )5
(2.84)
—_— @m)2 P2 |2r |
ATan( ) ¢T2+n< ) ATzzn( ) Ag%zn(z)? mfl: TE = Znu (‘l’l‘ > 0)7
(2.85)
_— A7 M 1
A () = U0 () = =TT (0= 5) w20, (280)
—_— A7 M 1
M) = U (), Al = B = (n=3) 2. @80

We note that the lowest mode of A% . (A% .) becomes tachyonic while that of A% = (A2)
becomes massive. On the other hand, the lowest modes of A9% (A% ) and A%, | (A%, ) are

massless but they are constants, which correspond to the WL phases.
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2.1.3 4D EFT

Now, let us see 4D EFT of 10D A/ = 1 SYM theory, in which the action is given by Eq. (2.1),
on Mg = My x T x T3 x T2, where the magnetic fluxes are inserted on each T? (i = 1,2, 3).
First, we denote the real coordinate of My as z* (u = 0,...,3) and the complex coordinate of

T? as (z;,2;). The metric of My is defined as
ds* = GyndXMdXN
= guda'da’ + Y 2h.:dzdz, (2.88)
i=1,2,3

I'M matrices are decomposed as

MM=yelhelel,

M=%y Lol I'=1%7"eLel,

[ =p3R0720LL, I'=y9%808723]I,,

[%=v%R000307%, I'®=yQ03801®7%,
where {y*,v"} = 2p*1; and {v*,~%} = 2h*%], are satisfied. The spinor fields A7 are
decomposed as

(2.89)

MI(X) = Y7 bl @) @l P () @ 0hP (2:) @ i) (2)
n1,n2,Mn3
UL 3($)> ( e (Zl)) ( i (Zz)) ( i (23))
ninan ® N1 ® N2 ® n3 , 2.90
nl%:’ng (¢Rn1n2n3('r> £{n1(21) i{ng(z2) 7 <Z3) ( )
where 501 (z) = I (2), vE (2) = +9F (), 039l (z) = 291 (27), and PP = 519712
are satisfied. On the other hand, the vector fields can be decomposed as
AJ(X) = s Aﬁ”’nﬁzng(x) w (21) &, (22) 073 (23),
ATX) = X ’(fll”if}"’( z) AL, (21) ”(22) ”(23),
ATX) = 3,0 s Ohitnana (2) AL (21) 05 (20) 01 (25)
z1)JI
= 2onimams nfn?}s(fﬂ)/lifm( 21)03 (22) 851 (23) = AL (X),
M) = T OO () AL ()00 ), )
AD(X) = g Ohiinana ()08 (21) AL (22) 68 (25)
22)JI
- an,ng,ng nan[?}S (.T) (21> Zz ng (22) (23) - AZJQI<X>7
AL X)) = X n?n%g(x) 1(21)0n (22) AL, (25),
AD(X) = 30, 0 Oinans (2)88) (1) 08 (22) ALY (25)
= Y s B (2) 83 (1) 7L (22) ALL,, (25) = ATI(X).
Here, we consider the following Abelian homogeneous background magnetic fluxes
. My,
— <ingi>dZ¢ NdzZ; = Mz’b]INb (Na + Np+-- = N)7 (292>
27T Ti2 .
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are inserted in each T?. Due to the magnetic fluxes U(N) gauge symmetry is broken to

IIA:quhu.l](va)‘
Then, by applying wave functions on the magnetized T? (i = 1,2, 3) obtained in the previous
subsection and calculating overlap integration of them, we can obtain the following 4D EFT:

S :/ d*zy/|det(g,u )]
w My "

x [ > (—%(Ff;’”l"”s(x»%%( > mii><A?:,"1"2”3<x>>2)

n1,n2,n3 9a i=1,2,3

CIJ LT ) CIJ .
+ > ) —g—i\DuGﬁﬁ%m(ﬂ?)! + (> ml)

i=1,2,3 n1,n2,n3 4 =123

i)

ninans

f/n(?’) —1,Mn, ez 2 _ s, .
| ( 2 ) {[6%0@), 6 @] 6 @)}, -, + b
Y?’Ef)zgm; hzzz Z, 1J

| )
§ : ct (H1J i D } : (4)1J
+ 292 1/}”1”2”3 (l‘) ('L')/ Iz + mni)q/}nlnzng; (ZL’)
4

i=1,2,3

~ 2
Vo hans @7 Jr 1 2 M4
nangn @) (). p® =103
+ 293 mnans (2) [¢4 (z),9 <x>]n1n2n3 + 493 A, ’

1=1,2,3 A

ninans

(2.93)

where, each coefficient can be obtained from overlap integration of wave functions on the
magnetized T? °. In more detail, we need to calculate two, three, and four point couplings of
them.

The two-point couplings are given by normalization conditions in Egs. (2.53) and (2.65).
Both of them include the are of T?, A;, which has mass dimension —2. Then, we can obtain
the mass-dimensionless gauge coupling on My, g;> = A1 A Az9;7. The two-point couplings
between bi-fundamental fields under the remaining gauge group are also proportional to C1/ =
Hi:1,2,3(21m7—i>_1/2 = Hi:1,2,3(i7_—i — i)V,

Next, let us see three-point couplings. The non-trivial three-point couplings are such as
couplings among bi-fundamental fields with (N,, Ny), (Ny, Ne), and (N, N,), which feel the
magnetic fluxes M® = M? — MP, MY = MP — Mf, and M = Mf — M¢, respectively.
Obviously, M + M + Mg = 0 and then one of them whose absolute value is largest has
different sign from the others. For example, let us consider that on one T?, M M > 0,
M < 0, and |[M| = M = M® + M" are satisfied. In this case, the non-trivial three-point

°In the 4D scalar three-point couplings, 2i4/ hz;ii Dz A, p, = Mp, Az, 1 is used.
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couplings are written by

K_;’_a 7Oéac Mac I+C|{ ’aab),Mab (J+abc abc) Mbe
R R L Wy N )

~TJK _ =
Y12 plnipk = /2 dzdz ’det 2hzz sz nk T2 pl T2 07 (Z, 7-)7
T

(2.94)

where a*{‘f = afT —aPf - (A, B = a,b,c) and they satisfy af b+ 0417 = af%. By applying the
multiple relation [45,54,77]%,
I a 7oCab Mab J abc’ i)_c 7]\41)(:
QﬁTz—Fnll ( )¢T2tﬂl ) (z ) T)

Mec—1 nl  nd

I+J Mab aac Oéac Moac
Z Z Z ygjpuzfprlz T(sl,s7) (7 )w( +IJ:Z " s (2,7), (2.95)

p=0 sI=03s7=0
IJp, MY nd g7 (SI + SJ)!(TLI —sl4+n’ — sJ)!
yTzif’nInJ(slst)<T) = nICsInJCsJ<—1) \/ nI!nJ!

(M) =T (VY =57ty o
% \/ (Moc)nt+n7+1 (T? Y btk (O 7), (2.96)

LYP + of = MY(1 + pM® + %) — M®(J + o), ¥ = Mb*a® — M®abe (2.97)
MY = A]\4ab‘]\4bc]\4ac7 ny = n[ _ SI +nJ o S‘], ) :
we can calculate Eq. (2.94) as

Mec—1 nl  nt

TTK _ Z Z Z 1Tp,MY
Y2 nindnkK — T2,n1”‘](51:3‘]) (T>

p=0 sI=0s/=0

_ K+ ac nac) )fac I+J+ Mab+ ac, ?—c JMac
X/ dzdz |det(2hzz Q;DT2 nil o) ( )¢T2 SI_;'_ZJ o407) (

Mac—1 nl nd

—1/2 § E § : 1Jp,MY
2Im7— / T2 TLITL‘] ( )(551+3J7nK6I+J+pMab’K+qMac

p=0 sI=0s5/=0
:A<2ImT) 1/2yi"‘g§1n‘]nk(7) (298>

2,7T)

with
Moc—1 nf  pnJ
IJK 2 : } : 2 : IJp,MY
Y2 nIanK T27nInJ(gI7£J)(7—)651+5‘7,nK5I+J+pM“b,K+qMac

p=0 sI=0s/=0
min(n’

} : § : LI (po+(M2¢/g)p"), MY

- yTz,nInJ(nK—K,ZJ) <T>
p'=0 s/ =max(0,n¥ —nl)

min(n’ nf)

= Z y;gi?f:J(nK_g’[]) (1), (2.99)

s/ =max(0,nK —nl)

6See also Ref. [79].
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where ¢¥ = ged(Ma, M, M), (¥ = lem(M®, M, M), MY = (¥(g¥)?, and (po, q) is the
solution of

Mo M 4K Mee M
- —p= """ ez, (gcd ( : ) = 1) . (2.100)
g g g 9" 9

In particular, when n! = n/ = 0, n must be also n® = 0. The 4D three-point coupling
coefficient Y1/K is given by Y//K = Hizl’zg(gjﬂf(, 5« /Ai), where Hi:1,2,3 A; is absorbed

R
in the gauge coupling constant. Now, let us see in detail the relation of g;{ﬁ 1o/ A and
yrds sk (T) ks, (T) becomes a holomorphic function of 7, which can be regarded as the
holomorphic three-point coupling in the supergravity theory in the following, while Q%Kn 1ponr] A
is the three-pint coupling in the global supersymmetric theory. Since a superpotential in the

global supersymmetric theory, W, and one in the supergravity theory, W (), are related as
W= MW ()], (2.101)

with the Kahler potential, K ,of the modulus 7,

K =—In[i(7 —7)] = —In(2Imr), (2.102)
we can write
gngI J K
o nn” = eK/Qy%ﬁsznK (7’) = (QImT)il/ngéﬁannK (7’) (2103)

A

Thus, g;;’{g i /A and y{F{Kn 1,x (T) are regarded as three-point couplings in the global su-
persymmetric theory and the supergravity theory, respectively. We note that Eq. (2.102) is
derived from the metric on the CS modulus space:

-1

1 ]
dssg = 20,0, KdrdT = / dzdz+/|det(2h,2)|(h**)26h,,6hzz = 2

where 6h., and dhss can be obtained from the modulus shift 7 — 7 + dr for dz = dy' + 7dy?
and dz = dy* + 7dy? in the metric of T2, ds? = 2h,:dzdz,

d d 7 7
dz—><1+ T)dz— T 4z, d2—>(1— T>d2+ T 4z,

T—T T—T T—T T—T
2h,=dT 2h,=d
= 5hzz = L_T7 6h22 = - = _T (2105)
T—T T—T

Similarly, the four-point coupling (with M@, M® M > 0, M9 < 0, and |M9¥| = M* =
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M® 4+ M + M<d) can be also calculated as

~TJKL
Yp2 nInInKnl
_ L+ , ad 7]\4acl I+ ab ab Mab J+ bcy bc Mbc K+ cd cd Mcd
= [ dsde/det@he g 5N Gl A I M ),
T2

T2 nl T2 n!

:/ d2zd22 ’det(thz)W](L-i_al ,aad ( )¢([+a%b7agb)7Mab(2)
T2

“ J c7 bc Mbc K cd7 cd 7]\4cal
x 0%(2 = 2 M N @),

= A~ (2Im7) Y x

a8d qad) \fad s qaby, prab abd obd) ppbd
3 ( / @22/ det(2hzz) [ ORI ()l el e () et e (Z))

HnH
H Ozbd,()(gd ’Mbd J abc abc Mbc K acd aCd 7]\/ch
. ( [ o R i P M ) )
2IH17_ —1/2 Z yéganlnH yY}“Ié]anJnK (7—) (2106)

HnH

Thus, once we obtain three-point coupling, we can also calculate four-point couplings as well
as higher order couplings [55,77].

Now, let us go back to the 4D effective action in Eq. (2.93). Here, since the mass scale A2
is around (O(10'9)GeV)? ~ (O(10'8)GeV)?, we focus on 4D massless modes. For unbroken
U(Na) (A = a,b,c,...) adjoint fields, ®44, the lowest constant modes are massless. By re-
minding the chirality on M is fixed, there are four number of massless gauginos and 4,C5 = 6
number of massless scalar fields for one massless gauge boson. That is, there remains 4D
N = 4 supersymmetry for the unbroken U(N4) adjoint sector. Next, let us see bi-fundamental
fields under U(N4) x U(Ng) (A, B = a,b,c,..., and A # B), ®*B. First, 4D vector gauge
bosons become massive, that is, the gauge symmetry between U(N4) and U(Np) is broken.
On the other hand, there are [],_, , 4 | MAB| number of degenerate bi-fundamental massless
chiral fermions like quarks and leptons as well as Higgsinos. The chirality is determined by the
signs of magnetic fluxes on each T? (i = 1,2, 3). In addition, if the following condition,

MAB 123 >0, M + M = M‘{‘B,
Ay Ay As
MEE MpP M)
+ —
Ay A, As

=0, (2.107)

is satisfied, only ¢#*)48(z) has [Ticios |MAB| number of massless modes, and they become
superpartners of the above chiral fermions like squarks and sleptons as well as Higgs bosons.
Thus, in such cases, there remains 4D N = 1 supersymmetry for the bi-fundamental sector.
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Therefore, 4D effective action for the lowest fields is given as

St = [ dtay/lder(g,)loi?
4

4
. (—E(FﬁA) = Y DA (@) +Zwﬁ)“(x)mmw?“(x)) (2.108)
=1

X
A 1=1,2,3
|MAB (z2)AB|? (®AB -
+H1Ml . D) @i D @) (2.109)
j=0 Hz(lﬂ — iTi)1/2 Hl(ﬁz - iTi>1/2 |
T LG N AT 2]
+Z<Y”lw§@”<x> 67 @ @]+ [P [0 @), 0 @) )]
7.kl

(2.110)

where Eqs. (2.108), (2.109), and (2.110) show that the 4D effective actions for the kinetic terms
of unbroken gauge adjoint sector, the kinetic terms of bi-fundamental fields, and their coupling
terms: Yukawa couplings and four-point scalar couplings, respectively. In particular, to identify
the [T, 23 | MAB| degenerate chiral bi-fundamental fermions )? as three-generational chiral
fermions such as quarks and leptons, it is needed that M{*® = 3 and Mj'® = M® which
means that the three-generational structure comes from only X; = T%? and the contributions
on Xy = T% and X3 = T7 are just constants. Then, we mainly focus on one 2D compact space
to search flavor structure.

2.2 Modular symmetry in magnetized T? models

In this section, we discuss the modular symmetry in magnetized 7% models.

2.2.1 Modular symmetry on 7?

In this subsection, let us review the modular symmetry on 72 and modular forms. 7

Modular symmetry

As mentioned before, T? is constructed by identifying the lattice A = {>°,_, , niesln; € Z}, i.e.
T? ~ C/A. The same lattice can be spanned by lattice vectors v(e;) (i = 1,2) transformed by

I = SL(2,Z) = {7: (Z Z)

"See e.g. Refs. [80-83] for the modular symmetry on T2 and modular forms of even weight. See Ref. [84]
for modular forms of odd modular weight. See Refs. [81,82,85-87] for modular forms of half-integral weight.

a,b,c,dEZ,de’w:ad—bc:l}, (2.111)
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such that

()= G -G ) -Gom) em

Here, the generators of SL(2,Z) are

sz(_ol (1)) T:(é D (2.113)

Z7=8*=-1, Z*=8'=(ST)?*=1, ZT=TZ. (2.114)

and they satisfy

Under the lattice transformation, the CS modulus 7 transforms as

es v(e2) ar+0b
) _ _ 2.115
YT el _>7(T) ’)/(61) CT—Fd’ ( )
1
S:t—8(r)=—-, (2.116)
T
T:1—=>T(r)=1+1, (2.117)

where S and T transformations for 7 satisfy
S? = (ST)* =1. (2.118)

This transformation is called the modular transformation, and the (inhomogeneous) modular
group is I' = SL(2,Z)/{%]} = PSL(2,Z). Thus, there is a symmetry between a torus with a
modulus 7 and another torus with the modulus v(7). This I symmetry for the modulus is called
the modular symmetry. Then, the fundamental region of the modulus 7 becomes |Rer| < 1/2
and Im7 > /1 — (Rer)2.

Although, in a 4D EFT with the modular symmetry, the modular transformed parameter
is only the modulus 7, not only the modulus 7 but also the coordinate z transform under the
modular transformation as follows:

u u 2
fy = — = = 2.11
vz el _>7<Z) 7(61) CT+d7 ( 9)
Sz S(z) =2, (2.120)
T
T:2—T(z) ==z (2.121)

Hereafter, we call v : (2,7) — (v(z,7)) as the “modular transformation”. In particular,
(S%(2,7)) = (—=2,7). Thus, I' = SL(2,Z) is important and it is called the full modular group
(or homogeneous modular group).
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Modular forms

Now, let us see modular transformation for functions of modular parameters. When holomor-
phic functions of 7, f7(7), satisfy

VP PO = BN, B = errdt a= (0 ) er @)

S fi(r) = fU(S(1)) = (S, T)fi(1), Ju(S,7)=(-7)F, S= (_01 (1)) erl, (2.123)
T f(r) = FI(T() = (T, D) f(7),  Jo(T,7) =1, T— <é D er,  (2.124)

f7(7) are called modular forms of weight k for I', where J;(7, 7) denotes the automorphy factor
with weight k& and satisfies

T2, 7) = Jk(2, (7)) Jk(1,7), iz €T (2.125)
Note that k& must be even since they transform under S? = —1I transformation as
F(S2() = F(r) = (=1 (7). (2.126)

Here, let us consider the principal congruence subgroup of level N, defined by

P(N) = {h _ (Z Z) €T (Z Z) _ <(1) ?) (mod N)}, (2.127)

which is a normal subgroup of T' (I'(NV)«T'). Obviously, I'(1) ~ T'. S? = —T is included in T'(N)
only with N = 1,2. Then we also define I' = I'/{#£I}. Similarly, holomorphic functions f’(7)
satisfying

h:fi(r) = f(h(1)) = Ju(h, ) (T), Ju(h,7) = (T +d), h= (Z; 21) e I(N),

(2.128)

are called modular forms of weight k for I'(/V). When N = 2, k must be even because of the
same reason for I'(1) ~ I'.' When N > 2, on the other hand, & must be integer because of
(1)} = 1. They transform under v € T transformation as

V1) = P) = BT (7), T ) = (er + ), 7:(3 Z)“’

(2.129)
| | ) i 0 1
S () = F5(1) = Je(S,m)p(S)jsr f7 (1), Jk(S,7) = (=7)° S = (-1 0) €l
(2.130)
| | ) 11
T: fi(r) = f(T(7) = J(T,7)p(T)j50 7' (1), Ju(T,7) =1, r= <0 1) <
(2.131)
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where p(7) denotes unitary representation satisfying

p(r2m1) = p(2)p(1), M,72 €T, (2.132)
and p(h) = I for h € D(N), i.e.
p(Z)? = p(S)" = [p(S)p(T)) = p(T)¥ =1, (p(S)* =T (N =2)). (2.133)
In addition, for v = $2 = —I, the following should be satisfied:
FS2(r) = f1(7) = (=1)"p(S)}; 17 (1) & p(Z) = p(S)?

which also satisfies

Il

|
—_
~—
>
=

(2.134)

p(Z)p(T) = p(T)p(Z). (2.135)
Thus, when k is even, because of p(S)? = I, p becomes the representation of the quotient group
'y = I/T(N), where I'(N) is defined as T'(N) = I'(N)/{£I} for N = 1,2 and I'(N) =T for
N > 2. Here, I'y is called the finite modular group since its order becomes finite. Interestingly,
I'y with N = 2, 3, 4, and 5 are isomorphic to well-known non-Abelian discrete groups, Sj,
PSL(2,Z3) ~ Ay, Sy, and PSL(2,Zs) ~ As, respectively. Moreover, for N > 5, (although
other algebraic relations in addition to those in Egs. (2.133) and (2.134) are imposed,) I';
is isomorphic to PSL(2,7Z7) while I's and I'js contain A(96) and A(384) as their subgroups,
respectively [29]. On the other hand, when k£ is odd, p becomes the representation of the
quotient group Iy = I'/T(NV), called the homogeneous finite modular group [84]. It is the
double covering group of I'y. Therefore, modular forms of odd (even) weight for I'(/V) transform
under Iy = T'/T(N) (T'y = ['/T(N)) non-trivially.
In order to treat modular forms of half-integral weight in the next section, we introduce the
metapletic double covering group of I' = SL(2,7Z), defined as

['=SL(22Z)={7=ydly el ee {£1}}. (2.136)
The multiplication is given by

72 = [, @l[r2, €2) = [M172, A, 2)erea], Y12 = (11,2, €12] € T, (2.137)

where A(71,72) denotes the Kubota’s twisted 2-cocycle [88] for I, satisfying the following the
relation,

(71%2)73 = 11 (F273),
& A, 72) A2, 713) = A7, 7273) A2, 7). (2.138)

It is defined as follows. First, let us introduce Kubota’s function y : I' — Z, defined by

x(7) ={ 2 EEigi , y= ((Z Z) er. (2.139)

31



We also introduce the Hilbert symbol, defined by

(a,b)y = { 1_1 Ezt;egving <0 (2.140)
Then, the 2-cocycle A : T' x I' — {£1} is defined as
A1, 72) = (detyy, detys) (X(”Yl%)’ X(0172) ) . (2.141)
x(n) 7 x(72)detyy
Here, let us set generators of [ as
S=1[5-1 (S'=[s1 1), T=[T1] (T'=[T""1)). (2.142)

They satisfy the following algebraic relations;

SP=[-Ll=2Z Z?=5*=[,-1], Z*=S=(TP=[L1=1 ZT=TZ (2.143)

The action of ¥ € T’ on 7 as well as z is the same as one of y € T, i.e. F(z,7) = 7(z,7).
Furthermore, we introduce the metapletic congruence subgroup of level N € 47, defined by

T(N) = {[h,e] €T|h € T(N),e =1}, (2.144)

which is a normal subgroup of I' (I'(V) «T') and isomorphic to I'(N). Now, modular forms of
half-integral weight k/2 for T'(N) (N € 4Z)8, fI(7), are holomorphic functions which transform
under 7 € I" as

¥ ()= () = Jk/Q(% 7)p(V) 45 fj( ) ~ a b p T
Tep2(7,7) = (e + d)F/? K ) } b (2145)
S f(r) = F(S(r) = TS, 7)p(S)p (1) 5 K 0 1) ,_1} eT,  (2.146)

Tops(8.7) = (—D)H(—r)2 1 ’
T i) PED) = T Fr)p @ (7)) = [(1 1) ] =
O aE -1 =) et e

and for h € f(N ) C T,in particular, satisfy
b fi(r) = PT)) = T D) (), Tija(hm) = Jija(h,7),  h=[h,1] € D(N). (2.148)
The automorphy factor Jy (¥, 7) = € Jy2(7, 7) satisfies

Tr2(FoA, 7) = (A2, 71))* T2, 31 (7)) k2, 7), - A1, 32 € T, (2.149)

81t is required to define modular forms of half-integral weight mathematically.
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while the unitary representation should satisfy p(k) =1 for h € ['(N) i.e.
p(Z)" = p(S)® = [p(S)p(T)] = p(T)" =T (2.150)

Here, we take (—1)% = e~™*/2 In addition, for Z% = §* = [, 1] and Z = 5% = [—I, 1], the
followings should be satisfied:

fj(?(T)):fj(T): p(S)i f7 (1) & p(Z)* = p(S)' = (2.151)
F(SP(r) = fi(7) = e ™ 2p(S)3 7 (7) & p(Z) = p(N) = ’”"“/2]17 (2.152)

which also satisfies
p(Z)p(T) = p(T)p(Z). (2.153)

Thus, p becomes the representation of the quotient group Iy=T / f(N ), called the metapletic
finite modular group. It is the further double covering group of Iy, that is, the quadruple
covering group of I'y. In other words, modular forms of half-integral weight for f(N ) transform
under Iy = I'/T(N) non-trivially. Note that these results are consistent with an integral weight
case.

Furthermore, we treat modular transformation of not only the CS modulus 7 but also the
complex coordinate z in the next section, we extend the definition of modular forms; in stead
of modular forms f?(7), when wave functions ¢(z, 7) transform under 5 € [ as

? : ¢j(za T) — ¢j (:YJ(Z’ 7_)) = jk/Q(Wv T)p(fy/)jj/’gbj/(z, T)> ‘716/2(§7 T) = Ek(CT + d)k/Qv :}7 € Fa

(2.154)
Sl (2,7) = ¥ (S(2,7)) = Jipa (S, 1)p(S) 50 (2,7),  Tepa(S,7) = (-1)F(—=1)¥?, SeT,
(2.155)
T (z,7) = W (T(2,7)) = Jija(T, )p(T) 507 (2,7),  Jnpa(T,7) = 1, T eT,
(2.156)
and for h € f(N ), in particular, they satisfy
b (z2,7) = (B2, 7)) = Jyja(h, )0 (2,7), heT(N), (2.157)

we call 1(z,7) as “modular forms” of weight k/2 for [(N) and they transform under I'y =
['/T(N) non-trivially. Note that Eq. (2.152) does not have to be satisfied since (S%(z,7)) =
(—z,7).

2.2.2 Modular symmetry in magnetized 7? compactification

In this section, let us discuss the modular symmetry on the magnetized T2. The following
analysis is based on Refs. [53,67,68,70].
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In addition to the “modular transformation” for (z,7) in Egs. (2.115) and (2.119), by
considering the transformation,

v Imr — ‘CTH'Q, v :er — (et + d)ey, (2.158)
we obtain the following transformation:
v hy = et + dPhy,,
vyt = (e +d) 1Yz, vyt = (T +d)y
v i (Fz) = et + d|? ( ), (2.159)
v (A = (et +d)(AL),  v:(As) — (T +d)(As),
v:D, — (et +d)D,, v: Dz — (¢T +d)Ds.

Then, we find that the square of the line element ds?, the area of 72 A, the constant 2-form
field strength (F'), 1-form vector potential (A), the covariant derivative D and the derivative

operators such as DM, (a())) and mass eigenvalues m2, (m2,

(my,) are modular invariant. Hence,
both wave functions of (z,7) and (y(z, 7)) satisfy the same equation of motions. Indeed, non-
holomorphic parts of wave functions are modular invariant. Next, let us see the “modular
transformation” for the BCs by U; and U,. We note that the shifts on the coordinate S(z),
S(z) — S(z) + 1 and S(z) — S(z) + S(7), correspond to the shifts on the coordinate z,
z — z—1 and z — z + 1, respectively, while the shifts on the coordinate T'(z), T'(z) —
T(z)+ 1 and T'(2) — T(z) + T(7), correspond to the shifts on the coordinate z, z — 2z + 1,
z — z+ 7 + 1, respectively. Indeed, we can find that S(U;) = U_, and S(U,) = U; by
mapping S(ay’ b, “b) = ({1 — a®*},a?"), while T(U;) = Uy and T(U,) = U,4; by mapping
T(a4’, %) = (af’, {a®® + o’ + M*"/2}). Here, we define {z} for a number z such that
0 < {2} = x — [] < 1, where [z] denotes the floor function. In particular, when (a’, a®?) =
(0,0) [(1/2,1/2)] for M** = even [odd], the SS phases are modular invariant. In these cases,
wave functions of (z,7) and (y(z, 7)) satisfy same BCs as well as equation of motions.

Now, let us see the following “modular transformation” for wave functions in Eq. (2.47):

ar,or) a1,0r artal), z 1
S GFoIOTIM (1) Ly S M (g, ) “M(—;,—;), (2.160)

T - wQZ;(?l ,00r) (Z 7_) . w%;g“ ay,ar)),M (T(Z, 7_)) _ w%’;}gxn{ar+a1+M/2}),M<z’ _ 1). (2.161)

They can be rewritten by wzf;roa ver) M ) as follows:
]+{1 067'}7041)7M z 1 1/2 - Tm/4 M (j/+a17a7')7M
¢T2 0 T B Z M wTQ,O (2,7),
(2.162)
Mol
ot {ar+a I Tl) “1 at,0r)

wTJr 1, {ar+ar1+M/2}),M (Z,T+ 1) — Z e ]J wTJr 1, (Z,T). (2163)

§=0
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The detailed calculations are in Appendix A.1. In particular, for M = even and (a1, a..) = (0,0),
they can be expressed as

S G OOM (2 ry = GOOM (G2, 1)) = Ta(S,7) M p(8) 5 OO (2, 1),
T8y = (=12 p00(8), = =it

. (2.164)

Tl 00 (2 r) = & 0OM (T (2,7)) = Tp(T7) Y05 (1) oM (2, 7),
i/z(i =1, pg)QO) (T),5 = eﬂi%5j7j/’ (2.165)

where J; /2 and pé%’o) satisfy the following relations,

Jip(Z,7) = Jija(S%7) = (1) = e7™/2, PT2 (2)i5 = P50(8)2) = ™ /%605 50, (2.166)
Tio(Z2,7) = Ta(S 1) = =1, p52(2)2, = p50(S)Y, = =65, (2.167)
Tip(Z07) = Dp(S5,7) = 1, pa(2)1, = P (S)3 = 0y, (2.168)
Tia((STY 1) =1, [0 (S)prs ()3 = 6 (2.169)
Tip(TM 1) =1, pG(T)2! —5”, (2.170)
e (2)p” (T) = p” (Do (Z). (2171

Therefore, by comparing the definition of “modular forms” in the previous subsection, M (€ 2Z)
number of degenerate wave functions of bi-fundamental fields on the magnetized T? behave
as “modular forms” of weight 1/2 for T'(2M) and they transform non-trivially under Ty, =
I'/T(2M). The detailed calculations are in Appendix A.1. On the other hand, for M = odd
and (a1, ;) = (1/2,1/2), they can be expressed as

+2.45.M +i M, 5 TS (3.3 (G'+35,5),M
R CR S R A R CIER S BN ANCR D D (s )gg M (),
~ _emi/4 o G+3G"+3)

(l,l) 4T3/ TS
Tia(S,7) = =(=1)V2, pEP(8) = =Fire L

(2.172)
~ i1 1y ap i1y~ ~  ~ _1 (LD Ly
Tl r) 0 M (@) = DalTor) S35 o2 (Dl (207),

~ o~ 11y ~ G+%)
Rp(Tr) =1, o (@) = 5t by,
(2.173)
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22)

where J1 /2 and p%* satisfy the following relations,

Tya(Z.7) = Tia(S2,7) = (~1)YV2 = ™2, o573 (Z),, = pla?(5)%, = —€™ 200 () G dy
(2.174)
jl/z(ZQ,T) = :]V1/2(§4,7') -1, p(§ 5)(2)%/ = p,%z 5)(§)jfj/ = —0,, (2.175)

7 T ) = TS LD g _ ADg
Tip(Zh7) = TS5 7) = 1, o (Z)hy = 02 ()5 = 0y (2.176)

11y ~ 11y ~
Tia((ST)?,7) =1, [0 (S)p (D)) = 6, (2.177)
Jl/Q(TM,T) = 1, p;%’g)(j:‘)%[/ = 67ri/45]]/, (2178)
~ ~ 11y ~
Tip(TM 7y =1, p32 (T =5, (2.179)
33y (b () (D)

P2 (2)p 2 (D) = pB2 ()27 (2).  (2.180)

Therefore, similarly, M (€ 2Z+ 1) number of degenerate wave functions of bi-fundamental fields
on the magnetized T? behave as “modular forms” of weight 1 / 2 for I'(8 M) and they transform

non- trivially under I'sy; = I'/T(8M). Note that since p(T22 2)(T WM = em/4T commutes with

Vp(2 2’(7), it becomes the generator of the center group Zg of ng. The detailed calculations

are in Appendix A.1. For example, when M = 2 and («aq, a,) = (0,0), pgroéo) can be expressed

as
003 = et (-1 007 - (10 (2.181)
pT2 - \/§ _1 1 i pTQ - O ’L . .

Actually, according to Ref. [87], it corresponds to the 2D irreducible unitary representation’ 2

of I'y ~ S, which is further double covering group of I} ~ S} (quadruple covering group of
['y ~ S4). Here, we have a few comments. First, not only the above zero mode wave functions
but also any n th excited mode wave functions in Eq. (2.58) have same characters since a(?) is
modular invariant and it commutes with p as well as Ji /2. Second, as for wave functions of the
remaining U (N, ) adjoint fields on the magnetized 72 in Egs. (2.51), they are modular invariant
by considering the modular transformation of n = ny + 7ny = (n1e; + nges)/e; = n,/e; which
corresponds to the coordinate of the lattice point, i.e. v:n — n/(cr + d).

Then, let us consider the modular symmetry in the 4D EFT. Notice that the modular
transformation comes from SL(2,Z) transformation of lattice vectors and the lattice itself does
not change, that is, the modular transformation induces just basis transformation:

= (@) @D (2,7) = Y By je(7) @ Dy (2, 7). (2.182)
J J

From the modular transformation for wave functions on the magnetized T? in Eqs. (2.164)-
(2.165) and Egs. (2.172)-(2.173), the modular transformation induces the following transfor-

9When we denote 2 in Ref. [87] as Qref, Eq. (2.181) can be obtained by the unitary transformation, Jgérefagl.
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mation for j th 4D bi-fundamental fields @, ;(z);

F @, (x) = T 03,7 Zp;;a (3)5 Pt (2), (2.183)

with o = 0 for M € 2Z and o = 1/2 for M € 2Z + 1, where we used the unitarity (p~!)" = p.
Therefore, M-generational 4D bi-fundamental fields transform under the modular transforma-
tion as M-dimensional representation of T'ayy (M € 2Z) or Ty (M € 27 4 1) with modular
weight —k = —1/2. Actually, by combining the modular transformation for the coefficient
(i —i7)"Y2, (i —i7)"Y? = |er + d|(i7 — i7) "2, we can find that the kinetic terms in the
4D action in Eq. (2.109):

Ky =3 2 if!?i’;’j @), (2.184)

n7j

are modular invariant, where D denotes the covariant derivative operator. On the other hand,
remaining U(N,;) adjoint 4D fields are modular invariant since their wave functions on the
magnetized T? are modular invariant. It is also consistent with the 4D action. Next, let us
see the modular symmetry for three-point couplings. In particular, let us see the modular
symmetry for holomorphic three-point couplings in Eq. (2.95) as well as Eq. (2.99). Here, we
note that ¢ = lem(M®, M M) € 27Z and (af,a¥) = (0,0) (mod 1) whether each wave
function has (M; oy, a,) = (even;0,0) or (odd;1/2,1/2). We also note that the results of the
modular transformation for wave functions in Eqgs. (2.164) and (2.165) do not depend on the
coordinate z. Thus, holomorphic three-point couphngs become modular forms of weight 1/2
for F(Qﬁy) and they transform non-trivially under Fng Actually, the representation of the

holomorphic three-point couplings, ,oy( )(7)(zjk)(i/j’k’)7 is consistent with tensor products of the
representations of matter fields, pz(a o )(”y)”/:
0,0) /~ i(a,« i(ad,ad) j~ _k(ak,ak) ~
P00 F) iy = oo Fir @ P15 F)s50 @ P (F ) (2.185)

It can be also understood from Eq. (2.94). Then, combining the modular transformation for
4D fields, the holomorphic superpotential of the three-point couplings

Wy(T) = U i (7)ot ()@ () e g (), (2.186)
is transformed under the modular transformation as
v Wy(r) = J_a(y, 1)Wy (1) = (eT + d)*lVVy(T), (2.187)

which means that the holomorphic superpotential has modular weight —1. This is consistent
within the supergravity theory. In the supergravity theory, the following combination of the
Kéhler potential K and a holomorphic superpotential W (7),

G=K+In|W(r)? (2.188)
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called the supergravity Kéahler function, must be invariant under the modular transformation.
In T? case, the Kihler potential is given by Eq. (2.102) and it transforms under the modular
transformation as

v:K — K +1nler +dJ. (2.189)
Thus, a holomorphic superpotential W (7) should transform as
v W(r) = (e +d)"'W(T). (2.190)

(This is a Kéhler transformation.) Hence, the transformation in Eq. (2.187) is consistent with
Eq. (2.190). However, we consider global supersymmetric theory. Remind that the relations
of superpotentials as well as three-point couplings in the supergravity theory and the global
supersymmetric theory are discussed in Egs. (2.101) and (2.103). Thus, the super potential in
the global supersymmetric theory,

A

W,(r) = y;knm (T) i 4 () Py () Pyt g (), (2.191)

is modular invariant. Therefore, the 4D effective actions in Egs. (2.108)-(2.110) as well as
Eq. (2.93) are modular invariant. In other words, the 4D EFT obtained from the magnetized
torus compactification has I'y modular flavor symmetry, where N is determined by magnetic
fluxes.

Here, we comment on the “modular transformation” for wave functions on magnetized
2 2
Tl X T2 )

o@D jotal® a oM a® o@
‘I’EﬂzliTz 0J2+ )M1M2((21,71) (22, 72)) = ¢jl+ )Ml(zh 1)1#(”* )M2(Z2,7'2)> (2.192)
where aﬁ“’ = a£1’2) =a? =0, 1/2 for M, 5 =even, odd, respectively. In general, each torus

T? (i = 1,2) has the “modular symmetry” SL(2,Z;) independently and then wave functions on
magnetized T? transform under SL(2,Z;) independently. However, when the moduli 7; and 7,
are identified, i.e. 7 = 7 = 7, the “modular symmetry on T x T3 is reduced from SL(2,Z;) x
SL(2,7Zs) to SL(2,7Z). Then, in this case, the “modular symmetry” for wave functions in
Eq. (2.192) is non-trivial; we can find that the automorphy factor becomes (i/g(r};, 7))? =

Ji(7,7) and the unitary representation,

(a<1),a(2))

s Nama = 05" @aaets " @) (2.193)

satisfies
p %(:%?2>)(Z )= ,0;?1;(::’;?2))(5)2 = =G a1 4a®) M0 ®) Gy a@)s (2:194)
s (2 = ol () = ol (eliecs (T = St (2.195)
[pg:g@)) ( Z)p%:%m) (T)] = [p%t)%m) (T)p(TCI;:i;(z)) ) (2.196)
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and

a) a(2))

Phraers (TN = 005 401 (My = 251, My = 2s5),

T2(;>T2<2) (T)N=2012 = 64, ), (0,70 (M = 4sy, My = 255 — 1),
p;f(:T;”(T)%w = =01 524 35) (M; = 2(2s1 — 1), My = 255 — 1),

= P (TN = 60 5 G 2.107)

My +My

P ()02 = €300 4 gy, (M = 251 = 1, My = 285 = 1),
ly (M, + M, € 87)
N = 2019 (Ml + M, € 4Z) ,
415 (M + My € 27)

(a<1)’a(2))(T)N

Prat? = 0(j1,2),(31.4)

where (15 = lem(My, Ms), g1 = ged(My, M), and s10 € Z. Hence, the M; M, number of
wave functions (2.192) behave as “modular forms” of weight 1 for I'(/V) and they transform
non-trivially under Iy = I'/T'(N) [89].

2.2.3 (P symmetry in magnetized 7? compactification

In this subsection, let us discuss C'P symmetry in magnetized 7% compactification [67].
First of all, we consider the 6D space-time, Mg = R'? x T2, and a spinor field on M,

2)1J
W (x) — w(L,Zz,j (z) ®¢i{n,j(za7)
¢ ( ) - Zn,j (2)1J 1J )
¢R,n,j (‘I) &® w—,n,j (Z’ 7—) (2 198)
2)1J :
I\ W (@) @ VY, (2, 7)

where [.J corresponds to the charge in an internal space symmetry such as gauge symmetry.
Let us consider the simultaneous CP transformation: 4D CP transformation and the following
2D transformation [67,90] (see also Refs. [91,92]),

or (2) (8- DE)-(2) (). v

sopi(s= 2= 2) o (ope = SR opry - HED)

_ ( 5= Ao _) (2.200)

—61 —€

(CP:(z=y"+71y*,7 =Rer +ilm7) = (-2 = —y' — 7y*, =7 = —Rer —i(~Imr1)) ),
(2.201)

where it satisfies that Im(—7) = Im7 > 0, (CP)?* = I, and det(CP) = —1. That is the
complex conjugate transformation and the parity transformation for e;. Hereafter, we call this
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2D transformation 2D “C'P transformation”. Then, this simultaneous transformation can be
embedded in a 6D proper Lorentz transformation [93-98], that is, this transformation is the
same as 6D C' transformation. Under 6D C transformation,

C oy (X) = DI (X)), (2.202)
In addition, under 4D C'P transformation,
CP ) (x) = v, (@), (2.203)
Hence, under 2D “C'P transformation” in Eq. (2.200),
CP i, (2, m) = L0 (=2, =7) = 2L (2, 7) = i), (2, 7), (2.204)

will be obtained, where we also consider 2D MW condition: ¢, ;(z,7) = 1, (2, 7).

Now, let us see the “C'P symmetry” in the magnetized T? compactification. Along with
the “C'P transformation”, the magnetic fluxes M%® in 2-form field strength as well as 1-form
gauge field are also transformed as

CP:M*— —M* (A=a,b,..). (2.205)

Then, we can obtain the following “C'P transformation”

CP : 7% — —~7, CP:~v* — —v7,

CP: (F;) — (Fs) = —(F.s), (2.206)
CP:(A) — —(A), CP: (A;) —» —(A.), '
CP:D.— —D., CP:D; = —D..

From those “C'P transformation”, in particular, the Dirac operator iD,;, transforms into —iDZa.

ponenM

Indeed, wave functions of %, .(z,7) = transform as

CP - w(g+a1 Q) M(Z 7_) _ Q/JTz (j+o1),ar), M(_ ) w(]+a1 Q) M(Z,T). (2_207)

w(g+a1 ,our)

That is, we can obtain Eq. (2.204): wave functions of ¥¢°, ;(z,7) = M transform into

e (z,7) = wUMl ©7):M (> 7) under the “C'P transformation”.

Next, let us extend to the generalized “C'P symmetry” consistent with the modular sym-
metry [90]. First, among the “CP transformation” in Eq. (2.199) and the I' = SL(2,7Z)
transformation in Eq. (2.113), they have the following relations;

(CP)Y'S(CP) =81 (CP)T(CP)'=T"" (2.208)

Then, in this case, the symmetry can be extended as I'* = SL(2,7Z) x ZST ~ GL(2,7Z), called
the extended modular group. Under the extended modular transformation by v* € I'*, (z,7)
transforms as

(25,9, (dety* =1) a b
* * — ct+d’ ct+d * = rx 2.2
1 () - (7)) {(C;id,‘zz:is) T = (0 ) e eam)




where the above in Eq. (2.209) contains even number of C'P transformation, while the below
in Eq. (2.209) contains odd number of C'P transformation. Then, the automorphy factor with
weight k£ € Z is also extended as

. x (et +d)*, (dety* =1) . a b .
= = . 2.21
T 7) { (cF +d)F, (dety* =—1) * ¢ d)© (2.210)

Furthermore, we can consider the metapletic double covering group of the extended modular
group I'* = GL(2,Z), I'* = GL(2,7Z) [67,86], by simply replacing v € T" with 4* € T and
setting the generator C'P as

CP=[CP1], (CP  =[CP —1]). (2.211)

In this case, the generators S , f, and CP satisfy the following algebraic relations:
2 ~ — ~ ~
CP =[,-1]=2? CP =[1]=2*=1,

(CP)S(CP)t =[5 1] =571 (CP)T(CP) =[T"11] =T,
and also Eq. (2.143). The automorphy factor with weight k/2 is similarly written as Eq. (2.148)
by replacing Ji/o(7, 7) with J 5 (", 7).
Now, let us see the generalized C'P symmetry consistent with the modular symmetry in

magnetized T? compactification. We can rewrite the “C'P transformation” for wave functions
on the magnetized T2 in Eq. (2.207) as

(2.212)

CP  p, TN (2 7y — g eoh ™Mz —7) = J7,(CP, Z P (CP) &t M (2, 7),

1/2<CP )= (-1 = e ngaza (CP)J' _em/25

3,3

(2.213)
where av = 0 for M € 2Z or w = 1/2 for M € 27 + 1. Note that we can check that

Jip(CP,7) = (=12 = —e7™2 = ¢m2 - pla) (P i = = P (CP);) = e .

(2.214)

By combining Eqs. (2.164)-(2.165) or Egs. (2.172)-(2.173) , we can obtain the following relations

Tip(CP? 1) = Jip(Z22,7) = =1, pl&® (CP)%, = pis(2)%, = =0, (2.215)

Tip(CPY 1) = T (2 7) =1, plG® (CP)Y, = pi(2)Y, = 0,0, (2.216)
Ti((CP)S(CP) ™ 1) = (ST 7). [ (CP) o™ (S)pia™ (CP) iy = pi3® (9)31

(2.217)

Ts(CPYT(CP) ™ 7) = T (T 1), [0 (CP) s (T) o™ (CP) 5 = p;%a%?;;, |

2.218

in addition to Egs. (2.166)-(2.171) or Egs. (2.174)-(2.180). Therefore, we can find that the wave
functions, which behave as “modular forms” of weight 1/2 for F(N ) with N = 2M (M € 2Z)
or N =8M (M € 2Z + 1), transform non-trivially under [*y = I /T (N).
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Chapter 3

Magnetized torus orbifold models

Next, in this chapter, we discuss magnetized torus orbifold models. In the previous section, we
have seen that due to background magnetic fluxes, the original gauge symmetry is broken to the
smaller gauge subsymmetries, e.g. U(N) — [[, U(N4), and particularly we can obtain multi-
generational chiral bi-fundamental fields, which can correspond to three-generational quarks
and leptons. On the other hand, for unbroken U(N,4) adjoint sector, there remains 4D N =4
supersymmetry. (Even if we start from 6D space-time, i.e. Mg = R'? x T?  there remains 4D
N = 2 supersymmetry.) It means there are massless adjoint scalar fields. However, at least in
the low energy scale, e.g. below a TeV scale, we have not observed their existence. Thus, in the
following, we consider magnetized torus orbifold compactification to project out those 4D gauge
adjoint scalar fields by orbifold projection. In addition, although three-generational chiral bi-
fundamental fields can be obtained by only one case that the magnetic flux which they feel is
just equal to 3, there are various cases to obtain them in the magnetized torus orbifold models.
In section 3.1, we review magnetized T?/Zy compactification. Then, in section 3.2, we discuss
the modular symmetry in magnetized T?%/Zy compactification. We also discuss the modular
symmetry in magnetized (T2 x T2)/(ZY) x Z{) compactification. In particular, we can find
that the three-generation modes, in particular, transform as three-dimensional representations
of certain non-Abelian modular flavor symmetries.

3.1 Magnetized T?/Zy compactification

In this section, we review magnetized T?/Zy twisted orbifold compactification! [46,47,49,50].

3.1.1 Construction of 7?/Zy orbifolds

First, let us construct T%/Zy twisted orbifolds. A T?/Zy twisted orbifold can be constructed

27ri/N)

by further identifying a point of T2, z, with the Zy twisted point, pz (p = e Jle pz o~ oz,

1See also Ref. [78] for T?/Zy twisted orbifold compactification without any magnetic fluxes.
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in addition to z4+1 ~ z and z+7 ~ z. In particular, a lattice point z = my +meo7 (Vmy, ms € Z)
must transform into another lattice point ny + ne7 (Ing, ne € Z) under the Zy transforma-
tion, i.e. p(my + mae7T) = ny + ne7. Here, since (mgy,mq) and (ng,ny) are 2D integer vectors,
(n2,n1) can be obtained by a SL(2,Z) transformation of (mq, m;) as

(n2 nl) = (m2 ml) <Z b) = (amg +cmy bmo + dml) , a,byc,d € Z, ad—bc=1.

d
(3.1)
Thus, for Vmq, my € 7Z, the following relation should be satisfied;
p(my + ma7) = (bmg + dmy) + (amg + cmy)T, (3.2)
& (p—cr—d)ymy + (pr —at — b)my = 0,
- { p=cT+d,
pT = at + b,
<:>{c7'2—(a—d)7'—b:0, ((—T:%), (3.3)
p=cr+d.

Here, we consider the fundamental region of 7: |Rer| < 1/2, Im7 > /1 — (Re7)2. When ¢ = 0,
the solution is

a b -1 0 9
= = =—-1(N=2 ) 4
() =(3 2)=5=r=1v=n,w (3.4)
When ¢ # 0, the solutions are
Ca—d | JA—(a+d)?  a+d  JA—(a+d)?
T e e T 2 ! (3:5)
with
a+d=0,%1, l[a—d| <c<-=b, ad —bc =1, (3.6)
that is,
a b 0 —1 _1 . .
(c d) (1 0> ST = Tr=1i,p=1( ), (3.7)

(0 _1> = (TS)™"! = T:%%—z’?, p:—%jti? (N:?))),

AT () TS O w=o. @
(
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Therefore, there are only four types of T?%/Zy twisted orbifolds with N = 2,3,4,6. In detail,
T?/Zs twisted orbifold is allowed for any modulus 7, while the other T?/Zy twisted orbifolds
are allowed for 7 = p. Here, Eq. (3.2) can be reinterpreted as

p(m1 + mgT) :(m + ngT)

=(ny m) @

=(c7 + d)(mq +mor), (3.10)
(ml + mgT)

g P (matma). (3.11)

Thus, moduli 7 of T?/Zy orbifolds with N = 2,3,4,6 are invariant under [S?](-1), [ST]=V,
SV [ST~1Y transformations, respectively, and these transformations with the moduli in-
duce the Zy twists z — p(-Dz.

In the T2/Zy orbifolds, furthermore, there are some fixed points zI> = ¢ + 4 7 satisfying

p® +u+or =22 (Ju,ve ). (3.12)
Note that from the above analysis, the following relation is satisfied:
p(my +maor) + (1 — d)mq — bmg) + (—emy + (1 — a)mg) 7 = my + maT. (3.13)
Then, if there exists Imy, ma, k, u, v € Z satistying

(1 —d)ymy —bmg = ku
—cmy + (1 —a)ymg = kv (3.14)

0< ™2 <1

2P = AT satisfies Eq. (3.12). Therefore, fixed points 2P and (u,v) are given as

0’%’ %7177— (N = 2) (070)7 (170)7 (0’ 1)7(171) (N = 2)

fp __ 0, HTT’ 1-;)27 (N = 3) _ (070)7 (170)7 (17 1) (N = 3)

T o4 (N=a) =N (0,0).(1,0 (Noqy o B
0 (N = 6) (0,0) (N = 6)
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In addition, T?/Z4 has one Z, fixed point, and T?/Zg has one Z, fixed point and one Zs fixed

point. Here, since the deficient angle around a Zy fixed point becomes 27 — N = 27r— there
is the localized curvature,
& _N-1
S 3.16
Vo2, (3.16)
at the Zy fixed point zﬁp. The total curvatures of T?/Zy orbifolds become
TQ/Z‘ZQ:EXAL:Q (3.17)
LN 2 ’ '
T2/Z-Z§:2x3:2 (3.18)
3 - N 3 5 .
I
r3 1
T?)Z4: ) L ="x2+==2 3.19
/2 ZI: N 17T (3.19)
ko5 12
T?)Z: Y L =—-4-4-=2 2
[Z6:) N =ct+5+3=2 (3.20)

and they are the same as that of S? written by the Euler number, x(5?) =

3.1.2 Wave functions on magnetized 7?/Zy

Now, let us see wave functions on the T2 /Zy twisted orbifolds. Because of identifications under
Zy twists, a field on the T?/Zy, ®(z), should also satisfies the following BC(s),

CDT2/ZN (pZ) == S(I)UO ,D@TZ/ZN (Z)UO_’;, (321)
(I)TQ/ZN (pNZ) = SgU CI)TQ/ZN( )U&év = (I)TQ/ZN (Z), (322)

in addition to BCs in Egs. (2.22) and (2.24), where U, acts on the gauge space of ® while Sg
acts on a scalar ® = ¢, a vector = A, and a spinor ® = 7, as follows, respectively. First, S,
acts on a scalar ¢ as

Sy : ¢T2/ZN( z) =1 ¢T2/ZN( z). (3.23)
Accordingly, Uy, should satisfy

Uy =1

o

(3.24)
and then Sg should also satisfy

Sy =1 (3.25)
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Second, from the result in Eq. (3.23) and the fact that dz and dz are transformed under Zy
twist as dz — pdz and dz — pdZz, respectively, S4 acts on an 1-form vector (A= /z, ., ATz/ZNjg)T

as
S . A’%E/ZN z(’z) N (p ) A’%E/ZN z(z) ’ (326)
AT?/ZN 2(2) AT?/ZN :(2)
where it satisfies Eq. (3.25). Third, S, should satisfy
Y =8yS,t v =8,7S) (3.27)
In addition, it should also satisfy Eq. (3.25). Hence, Sy, acts on a spinor (¢r2/z, -, Y12z, - )"
as
Sy ¢T2/ZN +(z) N ptpN J4+1/2 <P 1/2 > wT2/ZN +<Z) ’ (p{\}f € Z/NZ. (3.28)
U1tz (2) i (2)

Note that there remains Zy C U(1), uncertainty? and Eq. (3.28) implies 1!/ has the U(1),
charge i/ +1/2. Finally, we assume that Uy , does not further break U(N,) x U(N,) symmetry.
Thus, Uy ,, satisfying Eq. (3.24), forms as

ma]I
Up,= 7 ™ ], m*mbez/NZ. (3.29)
) pm ]INb

For the component fields, the Zy twisted BCs are as follows:

TQ/ZN (pZ) ¢T2/ZN (Z)’
TQ/ZN (pZ) = ¢T2/ZN (Z)’ (3 30)
TQ/ZN (pz) = CZFbQ/ZN@)7 |
T2/ZN(pZ) = 7m¢%%/zzv(z)’
(A%, (p2) = p7r AR 5 (2), ASS g, L(p2) = pATS 4 (2),
Al (p2) = p T A (), A (p2) = pA,  (2), (3.31)
A%bz/ZN pz) = Pm_lAasz/ZN 2(2), AaTbZ/ZN =(pz) = pmHAaTb?/ZN 2(2), |
[ ATz (p2) = p " THAR 1y (2), ATy S(02) = p7 AR, (2),
(U752, 4 (02) = w%%/zzv +(2), V2, (P2) = pw%%/ZN -(2),
V1224 (P2) = wTZ/ZN +(2); Vi - (02) = VR 2, (2); (3.32)
V5% 7 1+ (P2) = PGS g, 4 (2), Uiy, (P7) = pm“ng/ZN -2, |
\ ¢17)“a2/ZN +<,OZ) = _m 1¢T2/ZN +( ) 2/}392/ZN7*('0Z) - p_mwT2/ZN ( >’

where m = m® — m® € Z/NZ and we adopted ¢3¢ = % = % =0, o¢ = —1.

2Tt may depend on information on another Xy x X3 compact space.
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Furthermore, U;(z) and U,(z) are constrained by the Zy identification as follows:

Us(=2) =Ui(2), Uo(=2)=U:(2), (N=2)
{ Ur(12) = Ui(2), Ue(t2) = U (2), (N =3,4,6) (3.33)

)
(
af? = a0t = oot 3090 + M**/2 =0 (mod 1), (
(
(

205" =0 (mod 1), 2%’ =0 (mod 1), N =2)
N =3)
= T
af? = ab = oot 2090 =0 (mod 1), =4)
)

= =
I
D

off’b =a% =%, %+ M*/2 =0 (mod 1),

((0,0),(0,1/2),(1/2,0),(1/2,1/2)
(0,0),(1/3,1/3),(2/3,2/3) (Mt € 27)
{ (1/6,1/6),(3/6,3/6),(5/6,5/6) (M®** € 2Z + 1)
(0,0),(1/2,1/2)
{ (0,0) (Mt € 27)
(1/2,1/2) (M** € 2Z +1)

=
I
w N

—  ~— ~—

(3.34)

~— — — —
= =

[

=) =~

Here, we note that Eq. (3.21) is the BC around a Zy fixed point z” = 0. Then, let us see
the behavior of Zy twist around an arbitrary Zy fixed point zﬁp. First, let us define a new
coordinate Z; such that Z = 0 at the fixed point 2}, i.e.,

Zy=2z— 2P (3.35)
Second, we rewrite z as
2= (z— 2P+ 2P =27, + 2P (3.36)
In particular, the second term, zﬁp, can be regarded as the WL phase ( = zﬁp (G = y?}, (o= yg})
from the point of view of the coordinate Z. Then, the WL phase can be converted into SS
phases by gauge transformation Ug_zlzﬁp(z ), i.e.,
D2z, (2) = Proygy (Zr + 2P) = Un (2)(2)U SN (2). (3.37)
Similarly, pz can be rewritten as
pz = pZr+p2? = Z, + 2P —u — w7, (3.38)

where we use Eq. (3.12). Here, the third and fourth terms, —u — v, are regarded as T shifts

while the second term, zﬁp, can be also regarded as the WL phase, i.e.,

D2z (2)
=027, (pZ1 + zﬁp —u—vT)
=Viihr (02) 0722, (pZ1 + 27 )WVaior (02)
=Vibur (0D, (02) @122, (pZ1)U 33 (0Z) Virir (0Z), (3.39)

(Vi (02) = U021+ 2 = U (021 + 27))
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Combining Egs. (3.37) and (3.39), Eq. (3.21) can be rewritten by
B2 50 (021) = SeUs 122, (Z)U(2)U;), (3.40)
with
Urp =U PV (pZ1 + 21U (pZ1 + 2 — w)Uo,U.(2)
U o (02U, (pZ)UY (0Z1 + 2P VUL (pZ1 + 2 — w)Uo,

X(m)I]I
(e ) (3.41)
p(m)IHNb

where x(m)r = X{(myr — Xl()m) ; are given as
M
Xy =N {ual +va,; + — 5 —(uv + uyﬂ - vyu)} +m (mod N), (3.42)

and SS phases of 5T2 sz are modified from ®r2/7, as
(B, Br) = (o1 + My, a, — MyP) (mod 1). (3.43)

Here, X(m)r are called winding numbers around the fixed point zﬁp. We note that the above
results include 2" = 0 case.

So far, we have seen BCs under Zy twist. On the other hand, equation of motions are not
changed under the Zy. Thus, n th excited modes of a field ®/ (2) (I,J = a,b), satisfying

T2/zm
the following BC
mi7

in addition to BCs in Egs. (2.23) and (2.25), can be expressed by the following linear combi-
nation of the n th excited modes of wave functions on the magnetized 7%, ®13  (2);

N-1
mid s —
Ol i 1 (2) = Nt > () ren, (0"2), (3.46)
k=0
where NTQ gmi7 , denotes the normalization factor determined similarly from Eq. (2.46).
N
For IJ = aa bb the following condition is useful,

e (pF2) = g (). (3.47)

In particular, since the massless mode (n = 0) on 72 is constant (wi‘éli’o(p z) = w%lﬁ’o(z))

m‘mvbb)—k’ — 0) unless maa ,bb = 0 II] Other

there is no massless mode on 7%/Zy (because of >, (p
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words, only ngan% and 7,0;%/1)2N . have massless modes. That is, the unbroken U(N,p) sector

also becomes chiral.

For I.J = ab (ba), the following “modular transformation” for wave functions w(j o) My )
is useful:
¢ ]+a170¢7' ( 27ri/2 ) ¢ ]+a170¢7' (52(2 7_))
27720471/} (M— (]+Oé1 Al-ar}),M (Z, 7), (348)
a,a),M i yie a,a) T
S G Ui U520
77TZ 12 . -/ -/
_ Z i/ i(]+a)]\(; +a) o € La)Q 77Z)éz-Q/_L_Lc%,a),M(Z’ ezm'/g)7 (3.49)
o,a),M ;1 27 5 j+o,a),M /& i
A G =w¥:n M(S(z )
~— 1 GHa)G'+a) | (5
= —e%i%zp(] +a’a)’M(2, ezﬂi/4)’ (3.50)

‘—~ /M o
¢(]+aa)M< 2m’/6z7627ri/6) ¢]+0¢0¢ (ST ( 27ri/3))

M- rwif12

. ./ -/ 2 .
amIHQU D) it (' +asa),M

e
J'=0 \/M e ( ’

They show that eigenfunctions on the magnetized T2/Zy orbifold with Zy charge m®, i.e.
(j+a17aT)7M
wTQ/Zmab

on the magnetized 7%, 1 ]+a1’aT) M(2,7). Thus, the degenerate numbers of @DT];;Z;;Z‘J) Mz, 7)

7), and the sum of the
(z,7) for all Zy charges must be M. In particular, Ref. [50]

/%) (3.51)

(z,7), can be obtained from appropriate unitary transformation of wave functions

are reduced from M, Wthh is the degenerate number of 1/)(3 avan).M

J+041,067—) M
Q/Zmab
shows that the chiral zero mode numbers can be written by

MV
ab ab ab (m)
e
where V{,,y denotes the total winding number: V(;,y = >, X(m)r- In the next chapter, we show
that this zero mode counting formula can be also regarded as the AS index theorem. Note that
since only Zy twisted BC is further imposed while the equation of motion does not change,

degenerate numbers of ;/)(

+ 1, (3.52)

zero modes on the magnetized T?/Zy with Zy charge m, in particular, can be written as

M

: — M |52y (Gas,ar),M
wZZQ—;ZTlﬂOE)T (Z 7') =e 21mT|z| hg;}%inog) (z)’

+a1,0r), M —km +Oé 7aT
hng/Zt’"v,o) (2) = 225 N2z o5 Yo P hT2O L (oF2),

where hgpj;/%;aof "M (%) denote the holomorphic functions of z and the normalization factor

(3.53)

N2z 0,5 i determined by the normalization condition,

/ dzdz/|det(2h)] zp;;/;i,;‘g (2 r)¢§i+/;;;f“g)’M(z,T) = A(2Im7) Y26, 10, (3.54)
N
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since we use wave functions on the magnetized T72.

Similarly, we can calculate three-point couplings as well as higher-order couplings on the
magnetized T?/Zy by appropriate unitary transformation for each wave function. We have a
comment that the coupling coefficient must be Zy invariant.

Furthermore, in the orbifold compactifications, right-handed Majorana neutrino mass terms
can also be generated by D-brane instanton effects. Here, a D-brane instanton, which is localized
on 4D space-time but wrapped on the compact space, appears as a non-perturbative effect.
Since the D-brane instanton spreads on the compact space, additional fermionic zero modes
appear between the D-brane instanton and a U(N) gauge D-brane. Hereafter, we call them
D-brane instanton zero modes. First, let us consider that there are two gauge D-branes with
magnetic fluxes M® and M® (M® > M?®) and then the right-handed neutrino zero modes v/(z),
which feel the magnetic flux M = M®— M?, appear between their gauge D-branes. In addition,
if D-brane instanton with magnetic flux M, (M® > M;,s; > MP®) appears, D-brane instanton
zero modes [;(z) (7x(z)), which feel the magnetic flux Mg = M, — M (M, = Mips — M),
also appear between the D-brane instanton and the gauge D-brane. Then, the three-point
couplings QJI,C among 3;(z), x(z), and v/ (2) are generated.® Note that the D-brane instanton
zero modes are localized on 4D space-time at x. Then, after integrating out of the D-brane
instanton zero modes, additional couplings of v;(z) at x are generated by D-brane instanton
effects. In particular, the Majorana masses can be generated [56,57,99-101] by

ALyp = M v (z)vy(x)
o Sa(TaMinse) / (2 Bl T @ @ (a)

— o Sat (T Minst) (il 571 ()0, () (3.55)

= e SaTaMinst)y 1 ) (V) (1),

where the Majorana masses can be generated only if both the number of D-brane instanton
zero modes, B7(z) and y*(x) are just two (i, = 1,2) since they are Grassmannian satisfying

/ dpp =1 (=@ ). (3.56)

On the other hand, Sy (T, M) denotes the classical action of the D-brane instanton written
by Dirac-Born-Infeld (DBI) action, which depends on the moduli 7, corresponding to the
Kahler moduli and the dilaton as well as the axion in type-IIB string theory, and the magnetic
flux M;,s in the compact space. Note that since D-brane instanton is independent of the
gauge D-branes, we can consider an intermediate scale of Majorana neutrino masses such as
O(10'")GeV. Then, by combining their Yukawa couplings, we can also realize tiny neutrino
masses.

3We assume that the contributions on the other compact spaces, X, and X3, are just constants.
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3.2 Modular symmetry in magnetized 7%/Zy compacti-
fication

In this section, let us discuss the modular symmetry on the magnetized T2 /Zy twisted orbifolds.
The following analysis is based on Refs. [67,68].

3.2.1 Modular symmetry on magnetized T?/Zy orbifold

First of all, the moduli 7 of T?/Zy with N = 3,4,6 are fixed by 7 = 7y = >™/N. Thus, they
have only following modular subsymmetries,

Gy ={y €'y =7},
G3 = Zs = (ST|(ST)* =1T)
o d Gi=7,= (8|S =1) , (3.57)
Ge = Zg = <ST_1’(ST_1)6 = ]I)

and their generator v induces Zy twist, i.e. v : 2 — pz. Since wave functions on the magnetized
T?/Zy are Zy-eigenfunctions, they also have Gy modular subsymmetries.

On the other hand, T?/Z, can be constructed for any modulus 7. Thus, there remains
the full modular symmetry. Now, let us see “modular symmetry” of wave functions on the
magnetized T?/Z, twisted orbifold. The difference between wave functions on magnetized 1>
and T2 /Zs is just Zy BC for wave functions on T?/Z,, and it can be satisfied by the following
unitary transformation for wave functions on 7

WM (2, 7) =Nz (W (o, m) + (21l e (=2, 7))

_NTZ/Zm (w J+ai,ar) M(Z, 7_) + (_1)m+2aT¢T27;(j+a1),{1far}),M(z’ 7_)) ‘ (358)

Then, when a; = o, = o« = 0,1/2 for M =even, odd, respectively, the representations of S and
T are modified as

- Nr2/29 0 3NT2 129 1057 _%/4 cos (2WW> (m =0)

(o)
pT2 Z”L(S) j/ = _ 167”/ . o) (7 4o y (359)
/ NTQ/ZI anTQ/Zé,n,j’ZlW S1n (271'—(]+ )]\(JJ + )) (m = 1)
(J+a)
a,o -~ e M (5'7 i’ (m = 0)
,0512/2)5,1 (T)J:J/ - { i (G+a)? - ) (360)
em M 65 (m=1)
and they satisfy
p;i7z)m(z) i = pg?;’;lz)g” (5)32]/ = ( 1)m M/Q(Sj] , (361)

in addition to Eqgs. (2.167)-(2.171) and Egs. (2.175)-(2.180), in stead of Egs. (2.166) and (2.174).
It shows that both Zs-even and odd mode wave functions are closed under the “modular
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transformation” each other, that is, the representation on magnetized T2 can be reducible into
smaller representations on the magnetized T?/Zy orbifold. In addition, both of them with
M =even and odd also behave as “modular forms” of weight 1/2 for T'(2M) and T'(8M), and
they transform non-trivially under fg M and fg M, respectively. For example, let us consider the
case with M =4 and (a1, «,) = (0,0). For wave functions on the magnetized T2,

Tlgo)’4(z,f)
¥z, 7) 3.62
(2,0),4 ; (3.62)
,lvbT? (277-)
0),4
D50 (2, 7)

representations of S and T are given by

11 1 1 1 0 0 0
_mij4 1 . 1 _ 0 mi/4 0 0
0.0) 5y _ —€ ’ ! OOy — |V € 3.63
1 —i -1 i 0 0 0 e/
On the other hand, for wave functions on magnetized T?/Z, with m = 0,
Uiy (2.7) Wi (z,7)
W) | = | & (W87 + i) | (3.64)
2,0),4
i (2:7) Vg (2, 7)
and ones with m =1,
1,0) (1,0),4 3,0),4
Ui (1) = = (050 m) — gz m)) (3.65)
representations of S and T are given by
. 1 V2 1 1 0 0
00 & _ —¢* 0,0) (7 /4
pTZ/ZO<S) = 2 \/§ O _\/§ ) IOTQ/ZO<T) = O €7TZ O ) (366>
1 -2 1 0o 0 -1
and
P gy (S) = e o0 (T) = e, (3.67)

T2/7} T2/7}

respectively. It means that the 4D-representation on magnetized T2 in Eq. (3.63) are de-
composed into the 3D-representation on the magnetized T?%/Z, with m = 0 in Eq. (3.66) and
1D-representation on the magnetized T?/Z, with m = 1 in Eq. (3.67). The 1D-representation in
Eq. (3.67) becomes the representation of Zg group. On the other hand, the 3D-representation in
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Eq. (3.66) becomes non-trivial. In the next subsection, in particular, let us see 3D-representations
on the magnetized T?/Z, twisted orbifold compatible with the modular symmetry.

Before the end of this subsection, we comment on modular symmetry for Majorana neutrino
mass terms generated by D-brane instanton effects which are non-perturbative effects. Since
we can find the modular transformation for 4D fields and three-point couplings, we can check
the modular symmetry for Majorana mass terms in Eq. (3.55). However, we can find that they
are not modular invariant by the modular transformation for measures of D-brane instanton
zero modes:

T £ 2Py — o7, )det o ()b, (3.68)

which can be obtained from Eq. (3.56) and the modular transformation for 4D D-barane in-
stanton zero modes. In other words, this modular symmetry anomaly* comes from integration
of D-brane instanton zero modes appeared from D-brane instanton which is a non-perturbative

Qinst 7a1nst) (

effects. Especially, if det [pT2 i 1)] # 1 for the generator 7, € Zy, the Zy subsymmetry
of the modular flavor symmetry is broken by integration of D-brane instanton zero modes ap-
peared from D-brane instanton which is a non-perturbative effects. Thus, in order to clarify
which part of the modular flavor symmetry is broken, it is important to find which elements of
the modular flavor group such that the determinants of the representation of them are not equal
to 1. Note that the general analysis of the non-Abelian discrete symmetry anomaly has been
discussed in Ref. [102]. (See also Appendix C.) In particular, we can obtain the determinants
of the representation of T and S transformations from Eq. (3.61) and Egs. (2.167)-(2.171) as

well as Egs. (2.175)-(2.180);

(
e]w z:JQOJ — 624(M+1)(M+2)

(av m) = (07 O)
- %Z?fj — eH(M-1)(M-2) — (0.1
detpg?z’7z)m(T) T o (@,m)=(0.1) :
: et Zjﬁo D) o E M1 (M-2) (a,m) = (1,0)
\ e%z;?u%ﬁ) = B MADMHD) (g ) = (1)
e—%(M+2)(M+3) (a,m) (070)
. — T (M—2)(M-3)
) (a0 -2 _ e s (aum) (071)
ety (5) = detprsyyy (T) " detpfn, () = § _siarry (a,m) = (L,0)
) ) 29
e s M) (a,m) = (5,1)

(3.69)

Then, we can find that which combinations of S and 7' are anomaly-free or anomalous [103].

41f the other moduli T}, in the classical action of the D-brane instanton S¢;(Tu, p,,.,) also transform appropri-
ately under the modular transformation of 7, (which may be supported by the 4D Green-Schwarz mechanism,)
the modular symmetry anomaly can be canceled.
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3.2.2 Modular flavor symmetry of three-generation modes on mag-
netized 77 /7Z, twisted orbifold

In this subsection, let us see the detailed structure of modular flavor symmetry of three-
generational chiral zero modes on the magnetized T?/Z, orbifold. First of all, as shown in
Tables 3.1 and 3.2, there are four three-generation modes on the magnetized T /Z, orbifold con-
sistent with the “modular symmetry”: (M;aq, a;;m) = (4;0,0;0), (8;0,0;1), (5;1/2,1/2;1),
and (7;1/2,1/2;0), respectively.

M 214168

Zo-even: No(M) Y24+1]2 415
Zy-odd: Ny(M) Y_1]o| 1|2
order hof T (T"=1)| 2M |4| 8 |12 16

Table 3.1: The number of the Zs-even (m = 0) modes, No(M), and the Zs-odd (m = 1) modes,
Ni(M), on the T?/Z, twisted orbifold with M =even and (ay, ) = (0,0), and the order of 7.
The three generations are boxed.

M [1]3]5]7

Zoy-even: No(M) Melio] 1|2
Zy-odd: Ny(M) MELT1] 2 4
order hof T (T" =1) | 8M | 8|24 | 40 | 56

Table 3.2: The number of the Zy-even (m = 0) modes, Ny(M), and the Zs-odd (m = 1) modes,
Ny (M), on the T?/Z, twisted orbifold with M =odd and (ay,as) = (1/2,1/2), and the order

of T'. The three generations are boxed.

Here, we notice that Ref. [29] shows three-dimensional representations can be obtained
from specific finite modular groups I'y (N = 3,4,5,7,8,16): I's ~ PSL(2,Z3) ~ Ay, Ty ~ Sy,
I's ~ PSL(2,Z5) ~ As, I'y ~ PSL(2,Z7), I's D A(96), and I'\g D A(384). In the following,
we can find that the above four three-generation modes are representations of the covering or
central extended groups of corresponding finite modular groups I'y.

e M =even and (o, ;) = (0,0) case

Here, let us consider M =even and (o, o) = (0,0) case. In this case, there are only two
three-generation modes: (M;ay,a,;m) = (4;0,0;0),(8;0,0;1). From now, we show that the
three-generation modes with M = 4,8 are representations of the quadruple covering group of
A(6M2)(C Tapy), A6M2)(C Tong).

First, as in appendix A.2, if the representations of S and T transformation further satisfy

(ST'T'ST)® =1, (3.70)
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in addition to the algebraic relations of Lo (M € 47), the following generators,
a=ST?S°T*, o =ST?S™'T72, b=T3t3GMBTM = gTM=2gT5M-1 (3.71)
satisty

=M == =1, (3.72)

-1 1 —1 1

ad' =d'a, bt =b"1, bab P =a a7, ba'bt=a, cact =d 7 cdlc =a7t,

which means that they become generators of A(6M2) ~ (Zyy x Zng) X Zs X Zg ~ A(3M?2) x1 Zs,
where a(), b, ¢ denote ones of Zg}, Zs, 7, respectively. Note that if the representations of S and
T transformation satisfy Eq. (3.70) and the algebraic relations of Tays (I',,) (M € 47Z) instead of
Tsar, the generators in Eq. (3.71) satisfy the relations in Eq. (3.72) replacing ¢® = 1 with ¢2 = 1
(¢* = 1), that is, they become generators of A(6M?) =~ (Zy; x Zpr) X Zg X Ly =~ A(3M?) X Zs
(AN(6M2) ~ (Zpg X Zong) 3 Zg 3 Loy ~ A(BM?2) x Zy). Thus, A(6M2)(C Tans) (A(6M2)(C Thy,))
become the quadruple (double) covering group of A(6M?)(C Tapy).

The representations of S and T transformation for the three-generation modes, (M; oy, a3 m)
= (4;0,0;0) and (8;0,0;1) are given by

e7ri/4 1 \/5 1 1
0.0) (g _ 0,0) i
:0§12/)Z(2>(S) = 9 \/5 0 _\/§ ) pgo/)zg (T) = emi/4 ) (3'73)
1 —V2 1 —1
and
iem‘/4 1 \/§ 1 1
0,0 o - 0,0 — i i
pgm/)zé(s) B V20 —V2, pgv/)zé (T)=e /8 e3mifs ) (3.74)

1 —v2 1 —1
respectively. Both of the above S and T matrices are the same forms as

1 V2 1 1
p(S) = \/E 0 _\/§ s ,O(T) = €i92 6203 , ‘v’917273 - R, (375)
1 V2 1 -1

and we can find that they satisfy Eq. (3.70). Thus, the representations of the three-generation
modes (M; a1, a,;m) = (4;0,0;0),(8;0,0;1) in Egs. (3.73) and (3.74) become the three-
dimensional representations of A(6M2) (A(96) and A(384)).5 In other words, we can find that
the three-generation modes with (M;aq, a3 m) = (4;0,0;0),(8;0,0; 1) are transformed under
the modular transformation as three-dimensional representations of finite modular £(6M %)
(A(96) and A(384)) groups with weight 1/2.

5BEq. (3.73) also satisfies SST6ST4ST2ST* =1 [87).
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We comment on the modular flavor symmetry anomaly. Since we can find that the deter-
minants of generators are

det(a) = det(a’) = det(b) = 1, det(c) = det(S)Qdet(T)%_?’ —= ™4 det(c)® =1, (3.76)

from Eq. (3.69), only Zg symmetry, generated by ¢, can be anomalous while the normal sub-
groups A(3M?) (A(48) and A(192)) automatically remain anomaly-free. It is consistent with
the general result of non-Abelian discrete symmetry anomaly [102].

e M =odd and (a1, ;) = (1/2,1/2) case

Here, let us consider M =odd and (a4, ;) = (1/2,1/2) case. In this case, there are only two
three-generation modes: (M;aq,a;m) = (5;1/2,1/2;1),(7;1/2,1/2;0). From now, we show
that the three-generation modes with M = 5,7 are representations of the Zg central extension
group of I'yy ~ PSL(2,Zy), PSL(2,Zy) X Zs.

First, let us see modular flavor symmetry of the three-generation modes with (M; oy, a3 m) =
(5:1/2,1/2;1). The representation of S and T is given by

() vEN L, o
2Sln(?—g) 2SH1(17r—0) _\/5 7pT227/2Zg(fT>:e7rz/20 e27TZ/5

V5 V2 —2 1 o67i/5

(Ll ~ —jemi/4 2sin (%) 2sin

pT2272Z% (S) =

(3.77)
When we define the following generators,
a=ST» b=ST, c=1T°, (3.78)
they satisfy
a’> =b* = (ab)® = =1, ac = ca, bc = cb, (3.79)

which mean they are the generators of A; x Zg. Thus, we can find that the three-generational
modes with (M; aq, a3 m) = (5;1/2,1/2; 1) are transformed as the three-dimensional represen-
tation of finite modular Ay x Zg ~ PSL(2,7Z5) X Zs group with weight 1/2.

Next, let us see modular flavor symmetry of the three-generation modes with (M; g, a3 m) =
(7:1/2,1/2;0). The representation of S and T is given by

(l l) — _267Ti/4 Ccos (14) cos (1_2) cos (?_Z) (l 1 — . 1 )
AERE = 22 (o () con() o) | bRy = e (e
cos (22) —cos (L&) cos(31) o/
(3.80)
Note that they also satisfy
(ST'T1ST)* = 1. (3.81)



When we define the following generators,
=STY, b=ST, c=1T", (3.82)
they satisfy
a>=b = (ab)" = (a b 'ab)* = =1, ac = ca, bc = cb, (3.83)

which mean they are the generators of PSL(2,7Z7) x Zs. Thus, we can find that the three-
generational modes with (M; o, a3 m) = (7;1/2,1/2;0) are transformed as the three-dimensional
representation of finite modular PSL(2,7Z7) x Zg group with weight 1/2.

We comment on the modular flavor symmetry anomaly. Since we can find that the deter-
minants of generators are

det(a) = det(b) = 1, det(c) = det(T)M = ¥4 det(c)® = 1, (3.84)

from Eq. (3.69), only Zg symmetry, generated by ¢, can be anomalous while the simple groups
PSL(2,Zy) (PSL(2,Z5) ~ As and PSL(2,Z7)) automatically remain anomaly-free. It is
consistent with the general result of non-Abelian discrete symmetry anomaly [102].

3.2.3 Modular flavor symmetry of three-generation modes on mag-
netized (T2 x T2)/(Z x Z")) orbifold

In this subsection, similarly let us see the modular flavor symmetry of three-generational chiral
zero modes on the magnetized (T2 x T2)/(ZY x Z¥)) orbifold [89], where ZY denotes the
Zs twist: (z1,22) — (—21,—22), while ng) denotes the Z, permutation: (zi,22) > (22,21).
Note that Z(p identification requires that Ay = Ay = A, 71 = . =7, My = My = M,
a§2 04523 = a1,, and m; = my = m. In addition, since we consider the case that the wave
functions have modular flavor symmetries, it requires that a; = o, = @ and o = 0,1/2 for

M = even, odd, respectively. Hence, we consider the following wave functions,
(J1t+ojota), M — ArGi.ge) (j1t+ojota), M nqy, (J1tosjota), M
Vimmo (2122, 7) = N (\Puffw;)/zg”%o(zl’ZN) (=D q’(szx:rgi/z;“m,o@z’Zl’T))’

(3.85)
with

(j1+a,j2+0é)7M — (j1+ava)7M (j2+(1’706)7M
qj(TfXT;)/Zét)mp(Zl? 29, T) = leQ/Z;t)’O (217 T)ng/Z(;),O (22, 7_), (386)

where we set j; > j, and ./\f(“’J2 = 1/2 for j; = jo, otherwise ./\f]”2 = 1/v/2. Indeed, they
satisfy

(gltzg;za)M( 21, =2,7) = (=17 jl+a7]ZJBa)M(Zl>Zza )

Fojata),M n gy G1toota), M
Uy (22, 21,7) = (<1) ‘Pg(in)(piio) (21,22, 7).

(3.87)
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Now, we discuss the “modular symmetry” for the wave functions in Eq. (3.85). First, they
have the modular weight 1. On the other hand, the unitary representation,

(a,@)

, _ ) (2,00 n (@)
P (Mt = 2NN (p(t) Mm@ + (1 pEm (7)(j1j2)<j;j;>>, (3.88)

with
(a,a) (@) (~ (@) (~
Ptym (MG = Pr2zm (V) 1 P12z (V) 2.5 (3.89)
satisfies
Pl (Z) = Pl (S)? = =055, 4)- (3.90)
Pl (Z)? = “:,?(,,)n(S) ooy ()Pt s (DI = 8517).10) (3.91)
(Oé a) (a,) (o)
[p(t)m(p)n(z) t)m(p (7)) = [p(t m(p)n (T)P(t)m(p)n(z)]a (3.92)
and
(e, @) .
pgt)m(p)n(T)N M 5]132) (4135)> (M € 27)
pgz’iz(p)n(T)M = 20, Gy, (M€ 224 1) (3.93)
= Plymn (T = 01,61

Thus, wave functions on magnetized (T2 x T2)/(ZY x ZP)) orbifold behave as “modular forms”
of weight 1 for I'(N) with N = 2M for M € 2Z, N = 4M for M € 2Z + 1, and they transform
non-trivially under I"y.

In particular, in the following, let us see the modular flavor symmetry of three-generational
chiral zero modes. First of all, as shown in Tables 3.3 and 3.4, there are eight three-generation
modes on the magnetized (T2 x T2)/(ZY) x ZP) orbifold consistent with the “modular sym-
metry”: (M,a,m,n) = (2,0,0,0), (4,0,0,1), (6,0,1,0), (8,0,1,1), (3,1/2,1,0), (5,1/2,1,1),
(5,1/2,0,0), and (7,1/2,0, 1), respectively.
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M 2 468
(even, even): Ny (M) | (M +2)(M +4)/8 6 | 10 | 15
(even, odd): Ng1)(M) M(M +2)/8 1 6 | 10
(odd, even): N1 o) (M) M(M —2)/8 01 6
(0odd, odd): Nyyy(M) | (M —2)(M —4)/8|[ 0 | 0 | 1
order h of T (T" = 1) 2M 418 |12 |16

Table 3.3: The number of (th) twist, ng) permutation)-eigenmodes, Ny, (M), on the (T7 x

Tf)/(th) X ng)) orbifold with M =even and («y, as) = (0,0), and the order of T. The three
generations are boxed.

M 13|57
(even, even): Nyo)(M) | (M —1)(M +1)/8 [0 | 1 6
(even, odd): N (M) | (M —1)(M —3)/8[0] 0 | 1
(odd, even): Ny (M) | (M +1)(M +3)/8 | 1 6 | 10
(0dd, odd): Nypy(M) | (M +1)(M—1)/8[0] 1 6
order h of T (T" = 1) 4M 4112120 | 28

Table 3.4: The number of (th) twist, Zép) permutation)-eigenmodes, Ny, .y (M), on the (17 x
T2)/(ZY) x ZP) orbifold with M =odd and (v, ) = (1/2,1/2), and the order of 7. The

three generations are boxed.

Similarly, in the following, we can find that those three-generation modes are representations
of the covering or central extended groups of corresponding finite modular groups I'y (N =
3,4,5,7,8,16).

e M =even and o = 0 case

Here, let us consider M =even and o = 0 case. In this case, there are only four three-
generation modes: (M,a,m,n) = (2,0,0,0), (4,0,0,1), (6,0,1,0) (8,0,1,1). From now, we
show that the three-generation modes with M = 2,4,6,8 are representations of the double
covering group of A(6M?)(C Tapr), A'(6M?)(C Th,,)-

First, the representations of S and T' transformation for the three-generation modes, (M, a, m, n)
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=(2,0,0,0), (4,0,0,1), (6,0,1,0) and (8,0, 1, 1) are given by
. 1 2 1 1
0,0 0,0 .
pgt)ogp)o(*% - 92 V2 0 —V2 ’ pgt)ozp)o(T) = t , (3.94)
1 V2 1 -1
. 1 V2 1 1
0,0 0,0 T Tl
Pl (S) = =5 (V2 0 —V2|. (M) =t i . (3.95)
1 -2 1 1
. 1 V2 1 1
0,0 0,0 i .
Pt =—5 [vZ 0 V2], P00 S(T) = . (3.96)
1 -2 1 —1
1 V2 1 1
0,0 0,0 e i
Pt () =5 (V2 0 V2], Pl (T) = €7/8 - e5mifs . (3.97)
1 V2 1 -1

respectively. They satisfy the algebraic relations of I%,,, in Egs. (3.90)-(3.93). In addition, since
they are the same forms as ones in Eq. (3.75), they satisfy Eq. (3.70). Then, as mentioned in
previous subsection, we can prove that, in appendix A.2, the generators

a=ST?ST*, o =ST*S™'T~2, b=T2t3gaMB3TM o — gpM-2g73M-1 (3 9g)
with M = 4s (s € Z), and similarly the generators
a=ST2ST*, o =ST2S™'T2, b=T73S:MTM = 8STMSTM, (3.99)
with M =2(2s — 1) (s € Z), satisfy
al=a™=0p=c'=1, (3.100)

/-1

bl bab P =atd7h bbb =a, cact =d 7t cd'e -1

a -,

ad = d'a, cbe™! = =

which means that they become generators of A/(6M?) ~ (Zy; X Zpr) X Zz x Ly =~ A(3M?) x Zy,
where al), b, ¢ denote ones of Zg}, Zs, 7Ly, respectively. In particular, we have a comment
on Eq. (3.96). Since the T matrix in Eq. (3.96) also satisfies T* = ¢*™/3I, this can be the Z3
generator, d = T, and it commutes with all the generators in Eq. (3.99). In addition, in this
case, the generators a and @’ in Eq. (3.99) satisfy a® = a> = 1. Therefore, we can find that the
the three-generation modes with (M, o, m,n) = (2,0,0,0), (4,0,0,1), (6,0,1,0), and (8,0,1, 1)
are transformed as the three-dimensional representations of finite modular S} ~ A’(24), A’(96),
Sy X Zs, and A’(384) groups with weight 1, respectively.

Similarly, we comment on the modular flavor symmetry anomaly. Since we can find that
the determinants of generators are

det(a) = det(a’) = det(b) = 1,
2 M_3 _ —mi/2 —
det(c) = det(9) det(T)M e (M =4,8) det(c) = 1, (3.101)
det(S)%det(T)2 = e™/? (M =2,6)
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and also det(d) = det(T)* = 1, only Z, symmetry, generated by ¢, can be anomalous while the
normal subgroups, Ay ~ A(12), A(48), Ay X Zs, and A(192), automatically remain anomaly-
free. Tt is consistent with the general result of non-Abelian discrete symmetry anomaly [102].

e M =odd and o = 1/2 case

Next, let us consider M = odd and o = 1/2 case. In this case, there are only four three-
generation modes: (M,a,m,n) = (3,1/2,1,0), (5,1/2,1,1), (5,1/2,0,0), and (7,1/2,0,1).
From now, we show that the three-generation modes with M = 3,5,7 are representations of
the Z, central extension group of Iy, ~ PSL(2,Zy), PSL(2,Zy) x Z4s. We note that all of
the following representations of S and 7T transformation satisfy the algebraic relations of 17,
in Egs. (3.90)-(3.93).

First, from the following representation of S and 7' transformation for (M,a,m,n) =
(3,1/2,1,0),

(1 2 2 em/ﬁ
(%7%) S _ 1 (%7%) T _ 57Ti/6 3 102
p(t)l(p)o( )= 3 2 1 =27, p(t)l(p)O( )= € ‘ ) (3.102)
2 =2 1 e97rz/6

we can obtain the following generators,
a=28T" b=ST, c=T°, (3.103)
satisfying
a? =b> = (ab)® = c¢* = 1, ac = ca, bc = cb, (3.104)

which mean the generators in Eq. (3.103) are ones of Ay x Z4. Therefore, we can find that
the three-generation modes with (M, a,m,n) = (3,1/2,1,0) are transformed under the mod-
ular transformation as the three-dimensional representations of finite modular Ay x Z, =~
PSL(2,7Z3) x Z4 group with weight 1.

Second, from the following representation of S and 7 transformation for (M, o, m,n) =

(5,1/2,0,0),

(3,1 49 A2 \/§AB B? (3,1 e/t
Plinioo(S) = 5 | V2AB B2 — A —2AB | pifai(T) = e mi/10 7
B2 —\2AB A2 £97i/10

(3.105)

s 3T

Azcos(—),B:cos — ],
10 10
we can obtain the following generators,

a=ST* b=ST, c=T°, (3.106)
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satisfying
a’> = b = (ab)’ = ¢* = 1, ac = ca, bc = cb, (3.107)

which mean the generators in Eq. (3.106) are ones of Ay x Z,. Therefore, we can find that
the three-generation modes with (M, a,m,n) = (5,1/2,0,0) are transformed under the mod-
ular transformation as the three-dimensional representations of finite modular As x Z, ~
PSL(2,Zs) x Z4 group with weight 1.

Third, similarly, from the following representation of S and 7" transformation for (M, a, m, n)
=(5,1/2,1,1),

2(A2 - B?) —v2(A+B) —v2(A+DB)

(l’l) 21
Porn(9) = =5 | ~V2Z(A+B) Al )
—V2(A+ B) B+1 A—1
3
A:sin(i), B = sin _7T ,
10 10
£57i/10
(3.3) 137i/10
p(t)l(P)l(T) - € ’ (3.108)
177i/10

we can obtain the generators in Eq. (3.106) satisfying Eq. (3.107). Therefore, we can find that
the three-generation modes with (M,a,m,n) = (5,1/2,1,1) are also transformed under the
modular transformation as the three-dimensional representations of finite modular A5 x 7, ~
PSL(2,Z5) x Z4 group with weight 1.

Fourth, from the following representation of S and T transformation for (M, o, m,n) =
(7,1/2,0, 1),

AD—B? —(A?+BC) —(AB+CD)

DS =—| —(A22+BC)  AB-C? B2+ AC |,
~(AB+CD) B>+ AC  BD - A?

7T 3T om 9
A—cos<ﬁ>, B—COS(E), C’—cos(ﬁ), D—COS<ﬁ)7

e57rz/14

1

3) — L

2 (T) = A (3.109)
6177”/14

KNI

P(

which also satisfy Eq. (3.81), we can obtain the following generators,
a=ST* b=ST, c=1T", (3.110)
satisfying

a> == (ab)" = (a o 'ab)* = c* =1, ac = ca, bc = cb, (3.111)
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which mean the generators in Eq. (3.110) are ones of PSL(2,Z7) x Z4. Therefore, we can find
that the three-generation modes with (M, a,m,n) = (7,1/2,0,1) are transformed under the
modular transformation as the three-dimensional representations of finite modular PSL(2, Z7) X
Z4 group with weight 1.

Similarly, we comment on the modular flavor symmetry anomaly. Since we can find that
the determinants of generators are

det(a) = det(b) = 1, det(c) = det(T)M = e™™/2, det(c)* =1, (3.112)

only Z, symmetry, generated by ¢, can be anomalous while the simple groups PSL(2,7Zy;)
(PSL(2,Z3) ~ A4, PSL(2,Z5) ~ As, and PSL(2,Z7)) remain anomaly-free. It is consistent
with the general result of non-Abelian discrete symmetry anomaly [102].
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Chapter 4

Magnetized blow-up manifold of T7/Z
orbifold

In the previous chapter, we have considered magnetized T?/Zy orbifold compactification. Here,
we remind that 72 /Zy orbifolds have some fixed points and they become singularities with the
localized curvature in Eq. (3.16). Then, let us consider a smooth manifold constructed by
blowing up the orbifold singularities as a 2D compact space. We call the smooth manifold
the blow-up manifold of T?/Zy. (Hereafter, we call the blow-up manifold.) The blow-up
manifold can be constructed by replacing around singularities which become cones with smooth
manifolds. In particular, since the amount of the curvature of T?%/Zy orbifolds is the same as
one of S?, we embed parts of S? instead cut the cones whose tops are the orbifold singularities.
In this chapter, let us consider such a blow-up manifold with magnetic fluxes (magnetized
blow-up manifold). First, in section 4.1, we review the magnetized S? compactification. Then,
in section 4.2, we discuss the magnetized blow-up manifold compactification.

4.1 Magnetized S? compactification

In this section, we review magnetized S? compactification [75, 76].

4.1.1 Geometry of S?

Let us review the geometry of a 2D sphere, S2. First, as shown in Fig. 4.1, we can project a
point on S? whose cartesian coordinate is (R sin 6 cos o, Rsin 0 sin p, — R cos ), from the north
pole of S? whose cartesian coordinate is (0,0, R), onto the point on the complex plane passing
through the center of S? whose cartesian coordinate is (R tan(6/2) cos p, Rtan(0/2) sin ¢, 0), i.e.
S? ~ CP!. Here, we use the spherical parameters (R, 0, p).
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6
Rtan -\cos¢, Rtan = sing, 0
2 2

(Rsinfcosg, Rsinfsing, —Rcos6)

Figure 4.1: The cross section of §? ~ CP*

We define the complex coordinate on CP!, 2/, such that 2/ = Rtan gew at the point whose
cartesian coordinate is written by (Rtan(f/2) cos ¢, Rtan(6/2)sin g, 0).
The metric on S? ~ CP! is given by

ds® = g, dy" dy” = 2h!,,d="d>" (4.1)
R? 0
g 4.2
I <0 RQSin20>’ (4.2)
10 __2R
B — 0 2 cos 2\ _ 04 (R2+]2'|2)? (4 3)
2 cos* £ 0 2R 0 ’ '
2 (R2+]27

where dy'* = df and dy’* = de. Then, the are of S2, A’, is calculated as
A = / dy" dy*\/|detg!| = / dz'dz'\/|det(2h)| = 4 R?. (4.4)
52 52

The gamma matrices v and v satisfying {7*,77 } = 20’ are similarly defined as follows.
First, the gamma matrices v* and ~? satisfying 2D Clifford algebra {v%,7*} = 20% (a,b = 1,2)

0 1 0 —i

1 1 2 2

=0 = =0° = ) 4.
e (1 O) T (z 0 ) (45)

Next, we introduce a vielbein ¢’ such that &, = e’} ¢’ b 8. It is given by

R2 R2
r R2+|Z/|2 R2+|2/|2

R2+|21|2 R2+|2/|2

are given by

Then, the gamma matrices v° and 7% satisfying {v Z 2/} = 21'*% are given as
/ _ ’ 1 O ]iQ + ‘Z/|2 z! 5/ 1 0 0
12 =Nz _a 1Z —1\z' b
= — = = — . 4.7
Y (6 )a Y R2 (O 0 ) Y (8 )b g R2 R2 |Z/|2 0 ( )
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The non-trivial Levi-Civita connection is given by

24 12'Z -2z’
Fz/ h 8 h/zz R2+|Z/‘27 (4 8)
2 — WO, — =22 :
z'z! z z'z! R2+|z’\2'

Then, we should replace 0., (0z) with the covariant derivative V', (VZ,), which is defined for
a 1-form vector field V(') and a 2-form tensor field 77,.,(Z') as

VLVL() = (00 = D2)VA(),  (VVI(E) = (02 — T3 VA(Z)

)
VLT () = (00— D)D), (VATha() = (s — D)D), )

Moreover, the spin connection is given by

Wy = (€T eh — (€7 Oue't — (¢ 0ue't = Wiy = —Sgioe?, (4.10)
,a/b = (6 )b F,;Z’e/;’ — (@lil)glazlelg/ — (6,71)5/8’2/6/21 = wlgl]_z 2#‘2,‘22/. '

As the Lorentz generator is £%° = 1[y*,~"], £'? is obtained as

2_t v (1 0

Then, the covariant derivative V/, (V%) for a spinor S'(z") = (S (2), S".(2'))" is defined as
VLS'() = (0 + winyB7)S'(2), (VLS'(2) = (02 + whpy2')S'(+)). (4.12)

Note that V’, = 0., (V. = 0z) for a scalar.
The curvature of S? is given by

1 1 20 R?
R pdd N7 = o= | o de NdE = (5%) =2 4.13
ot Jou T N = o | R e N =) =2 (4.13)

where R'%,_,., is obtained by

: —2R?
R%, ., =0,T7% , = —— " 4.14
2'2'Z! Z'z (R2+‘Z’|2)27 ( )

while x(S?) denotes the Euler number of S2.

4.1.2 Wave functions on magnetized S?

Here, let us consider that the following Abelian homogeneous magnetic flux,

1 ra 1 .
it (). (3 e,
b
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is inserted on S2?, where N, + N, = N and M’*” must be integers (Dirac’s quantization). The
magnetic flux is given by the 2-form field strength,
1 1 M AR?

— (P = (P A A dE —d Ad2 4.16
27T< > 27T< > z 47TR2 (RZ + |Z/‘ ) Z ( )

which satisfies the Yang-Mills equations
VAR Sy = (8 = TZ )(F'S) =0, VL(F'Y) = (80 — T2 )(F'S)y = 0. (4.17)
Moreover, the field strength is obtained from the 1-form background gauge field,

(A ()Y = (A 4 (A () d

i2rM'™ 2R i 2rM'™ 2R?
= Zd "z, 4.18
sk Ry Y v e et (4.18)

by (F'*™) = d'(A“**). The covariant derivative is defined as

D' =d —i(A(Z))
D, dz + DLdz = (V. —i(A(2))dz' + (Ve — i(A'5(2)))dZ. (4.19)

In the following, let us see wave functions of U(N) adjoint spinor, scalar, and vector fields
on S? with the magnetic flux in Eq. (4.15), which satisfy individual equation of motions.

e Spinor fields

First, let us see wave functions of U(N) adjoint 2D MW spinor fields on the magnetized 52,

w2 = (1)) vl - (wsu(%) e ’))

Vs, (2) v L (2) Y& L(2) (4.20)
<¢g§’$(z’) — i@ () (1] = a, b)) ,
which satisfy the Dirac equation,
(6" D + 47 D) = ma ) w2, () = 0. (4.21)
Here, we define the Dirac operator,
~ ! !/ A s A
i) =i(y" Dy ++7 D)
0 %(821 —_ %w/ZqQ — Z<A21<2I>>)
iR (0. + £y — (AL (2))) 0
0 —iD"
= 4.22
(iD’ 0 ) ’ (4.22)
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and then the Dirac equation (4.21) can be rewritten as

D' 4 n(2) = i (00 + £ 510) 82 4 n(2) — I[(AL(2)), Y24 m(2)]) = Minthgz — n(2),

R2

(4.23)
(iDL (2) = 42 (R?+|2'1?)0z — 32)) v, . (2) = mnwsg,n( 2')
N Dy, (7)) = 72 (R +[2'])2 '—% ’) W& o (2) = mal (2
@D’b%zM(Z’):#((R“rIZ’I) = ,)%QM( 7)) = mnwsz_n( Z)
\ zDga@/JSQJrn(Z' — ((R2+|z/ ). _1+2M /)¢S2+n( 2 = mn@DSQ_n( 2')
’ <R2f|22’\2) 2 Oz |:<RQ+|2’|2) wSQ,-i- n< /)} B mnwgg,—,n(zl)
i(szfz’\2>_§ Oz {<R2+|z’|2) ws2,+n< /)} _manan( )
A < 2 _372Ml 2 = 2 )
i<R2flz’\2> 85' (%W) 77Z}52+n( ) _m”¢52—n( )
() | (i) )] = ettt

—iD g () = i (0 — S ana) e, a(2) — (AL () s n(2]) = Matbsn o (),

(4.24)
(—iD' g () = 4 (B2 + 220 —%z’)w () =mats ()
o ZD';;waginZ/):#(R2+|Z"2) _2 )/ bbi (2,) mnw52+n( 2')
DU () = gz (R A =B () = b ()
\ D/ZawSQ*nzl>ZR2( +|Z,| M_/)wSan(Z) m”wSQJrn( )
() o () 5] -
i(Rmz \2> Eaz’ {(Rmz |2> Vgs,—n(2 ')} = mnge (%)
<:> 2 2 1+2Ml ’ bl
(tim) 0| (miom) V)] = (2)
i(mlim) 0 |(mlom) T Bl =tk ()
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where M’ = M'® — M"* and n denotes the Landau level.
In particular, the lowest modes (n = 0) satisfying the above Dirac equation with my = 0
are expressed as

where h/(2') denotes a holomorphic function. In addition, they should be normalizable; they
must be finite on 32 ~ CP'. For example, in order for ¢ (¢%*) as well as the anti-fields
P = w“b (Y = ) to have physical relevant zero mode solutions on the magnetized S2, it
should be required that M’ > 0 (M’ < 0) and W& (") (W'2(2')) as well as h?*(Z') (h{®(Z')) are
written by (|M’| — 1)-polynomials, that is, there are |M’| number of degenerate zero modes. In
this case, however, ¥% (%) as well as their anti-fields 1 = ? (yb = ?) have no physical
relevant zero modes. Indeed, this result is consistent with the AS index theorem,

1
ab ab _ / /
ny —n F =M, 4.26
+ — 27T ab — ( )
1
ba ba / /
— = — F, =— 4.27
ny —nl= o Lo M, ( )
where n‘f, n? n’f, n’® denote zero mode numbers of w b, “ @ respectively, and Fy,

F, denote the magnetic fluxes which ¢, % feel, respectively. Note that although S? also has
the curvature, it does not contribute to the AS index theorem. Therefore, we can obtain |M’|
generational bi-fundamental chiral fermions from the magnetized S? compactification. On the
other hand, there are no physical relevant zero mode solutions. Hereafter, we consider the case
that ¥%° as well as the anti-fields ¢)** = zp_ib are zero modes;

M'—1
Wi N = () TR, (428)
WM () = Neow B2, (a € Z/MT),
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where the normalization factor Nz, on S? is determined from the inner product,

/ dz'dz'+/|det(2h) ws;ﬂg/ 1/1;/2]\({ ')

R2 R2 a R? M’'—1-2d’
=4, o 2N d| ———— l1—- ——— —_
a,b|NSQ,0, | A/o <R2—|— |z/|2) ( R? + |z/|2) <R2—|— |z’|2)

1
=00 | N2 0.0 > A’ / ditM'=a)=1(1 — )@+t
0
:5(1/’1)/ ’NS2707QI|2A/5(M, — CL/, CL/ + 1), (429)
where B(M’ —d’,a’+ 1) denotes the beta function and satisfies the following recurrence relation
obtained from the partial integral;

a’ 1

B(M'—a',a'+1)=M/_alﬁ(Ml—a'—i-l,a'), 6(M,71>:M (43())

IR
and then it can be written by the gamma function I'(X) satisfying I'(X + 1) = XT'(X);

T(M' — a'\T(d' + 1)

S = ) = =

(4.31)

Here, we comment for the n th excited states. (See Ref. [76].) By further acting the Dirac
operator on the Dirac equation, we can obtain the characteristic equations,

DD 0 Yo 1 a(2)) Vs 1 ()
(0 o) () =me () B

where D’ and D'T satisfy the following commutation relations:

D, 0L = - o, o), (133
D ) = - (o, — 70, (134
D) = - E 2 o, o, ), (1.35)
D,,. D) = _%(2@/ — 20y + M). (4.36)
In particular, to see the solutions of:
DDl 4 o(2) = mad@ L (2), (4.37)
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we define the following operators,

M -1
Jop = #0u = 70 — ——, (4.38)
! M -1
Jh = RO+ = (3, = —5—) (4.39)
1 1—-M
R ((R2 + | | ) 'z Z, + z’(z’@zf — 5/65/ — (M, — 1)))
1 M -1
B E(RQ@' + 20, — 9 '),
z M +1
J, =RD!, + R(Jj’b - 2+ ) (4.40)
1 1+M - _
= — = (R2 + ’Z,|2)0Z/ — + z — z’(z’@zl — 2/82/ — M’)
R 2
1 M —1-
= — (R0 + 2°0: + Z),
Joo = Ty + (Jon)* + Jay
1
= R*D!, D, + Z(M’Q —1), (4.41)
and they satisfy
T T = 2o o Jaa) = E T30 [Ta Jaa) = [Taps Jas] = 0. (4.42)
Then, it means that the solutions of Eq. (4.37) are eigenfunctions of J2, and J3; they are
written as
n+M’
SQ . n Z sza M —1 /
n+M A{;_l / / /M/ / 1 R2
= 2RO PYT T ———— || 4.43
Zn(R2+Iz’I2> Mol BN ()
with
N\ 2 N\ 2 2 N\ 2
) () e () »
m, = R2 = R2 ) ( : )

where P, denotes the Jacobi polynomial given by

/ dn / /
- % _\a4n b'+n
- ), (445)

and the Landau level n is related to the angular momentum J as in Eq. (4.44), which comes

Py = EV (14

21

from Eq. (4.41). Moreover, by solving Eq. (4.23) with the property:

d ! ! ! MI ! A !
%Ps M —a fl(x) — n +2 Pa +1,M'—a (l’), (446)
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the solutions of @/Jgf; _,, are expressed as

n+M’

0l = 3 V)

M’ M +1
R2 2 . n+M’ ’ ’ a’ '_q! R2
e I (e L R (s

= \R2 [P n R2 + |2/
(4.47)
Then, similarly we can obtain 4% _ =v¢@ and %, =v¢@% _ while y@3?  and 45"

are obtained from wgz o and wg@_m with M’ =0, respectlvely.
e Scalar fields

Second, let us see wave functions of U(NN) adjoint scalar fields on the magnetized S,

- () o)
o= () i) o

which satisfy the Klein-Gordon equation,
(h'”’( O, DL+ DLD.,) + m2> 52 () = 0. (4.49)

Note that the geometrical connection does not act on the scalar fields. Here, we define the
Laplace operator,

~ 1z A~ A A~ A
[ 122 / / / /
A'=—-n""(D,D. + D.D.)

= —2W*F DD, + W FD,, D)
= — Qh/Z,E,ﬁ;/D;/ - hlz,gl [D/Z/7 D;/]’ (450)
where D’Z, and Dy are given by
a aa a a J— M, >
py, — (DE D) Oz Ov = g ©
ToAD D)\ O+ s o | (451)
By (DEe DEY Oz O + st ? '
Z 7\ PHa b | M ’
Dzl DZ’ 85/ W 82/
and then they satisfy the commutation relations,
R (D, D] = o0, (4.52)
W¥E D, D) =0, (4.53)
!/
h/Z z [D/ab D/ab] R2’ (454)
I35l A ~ M’
WEDY, DY = ——. 4.55
(D, D) = — (4.55)
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Thus, the solutions of the Klein-Gordon equation,
Noge () =m2ps.(2), (4.56)

must be eigenfunctions for the operator 1'% D, D, (or D%, D’,). We also note that the operators
in the characteristic equation for spinors can be rewritten as

DD 0 oo (DLbL o
ryt ] —h = = . s (457)
0 D'D 0 DL D,
where b;, and ZA?’Z, are defined for
aa ry/a 1 > LM’ >
fy, — (D5 D\ _ (00— im0 — amitm
CoA\DE DY)\ = gm0 — s Y ) (4.58)
Naa Pva _ 1 I B Vi :
lA)/ B DIZ/ D/Z/b - 82’ 2(R2+|Zl‘2)z, az' 2(R2+|z’|2)2/
2 =\ pwa pob | — L+ M’ 1 ’
bae D2 )\ — om0 — s
as
b\; . Dg%a [);(}b . a + _R2+|z’|2)2, az’ + (]%2+]\|/§/| )_l
2 T ~ ~ - 1+M" 5 ’
Dy D) \O s O s (4.59)
A [ Dee Deh _ (0 + smmpm® Ot smitem
= | = A = 1- M’ 1 ,
Do Do) \% s 95 F s
and they satisfy the following commutation relations,
Naa Tyaal _ [TYaa 1) _ R?
(D7, D] = D2, D3] = — gy
1bb  7)/bb 1bb  T)/bb R—2
(D2, DY) = D2, D] = ~ i oy (4.60)
[D"fb, D/ab] [D/lia, D/ba] — W(M/ _ 1)
(D, D) = (D2, DEY) = — o (M +1).

Thus, when we denote the “effective” magnetic fluxes which spinors ¢¥42 and scalars ¢4%
(A, B = a,b) feel Mj*P and M'P, respectively, they are written by

M =0, M =1,
M/bb =0 M/bb =1

o ’ 4.61
M(;ab — M, M/ab M — 1 ( )
M(;ba — —M’, M/ba =M — 1’
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and then we can find the solutions of Eq. (4.56):

8,() =S @), =MD (>0, (4.62)
0 () = o), = n(nTtl) (n>0), (4.63)
0% . (2) = ¢§Z’,Af,/3b%Mlgb(Z’), ma = nin & é\f b, 2]\}4%; (n>0), (4.64)
b () = S gy gy ]fe‘f . 2]‘}4%2 (n>0). (4.65)

In particular, M’ + 1 number of the lowest modes of ¢%% and ¢% are massive while the lowest
modes of ¢%3 and (b%bQ are massless and constants. Here, we note that the curvature contribution
for a spinor reduces the “effective” flux of the spinor than that of a scalar by 1.

e Vector fields

Third, let us see wave functions of U(N) adjoint vector fields on magnetized S,

Ag2(2) =Ag2 1 (2)d2' + Agz »d?’ (Ag2z(?) = (Agz o (2)F) (4.66)
_ (AT ABLE) ARLE)
ABL) A T A ()
A/g;z ! Aaa , / Aab , !
4 (A5 (2 ZZ‘F /52,,3 () - ,52,,2 (Zbl , dz, (4.67)
A% (<) (A%() T A% ()
which satisfy the Yang-Mills-Proca equation,

h/Z/E/E;Fs275/z/ + miA5272/7n(z') = 0, (hlz/Z/ﬁ%’FS2,z’2’ + miASQ,E’,n(Z/) = O) ) (468)

with the gauge-fixing condition,
e (D;,Ay,g,,n(z') + ﬁg,AS2,Z,,n(z')) ~ 0. (4.69)
The field strength in Eq. (4.72) can be rewritten as
Flo o(2) = (Fly) + Do Agez(2) = DiyAge ()

z

= (F.,.) + 2D, Ag2 () (4.70)

= <Fz/’2’> - QD;’ASQ,Z/(Z/)7

where we use the gauge fixing condition (4.69) in the second and third lines. Then, the Yang-
Mills-Proca equation in Eq. (4.72) can be rewritten by

— 2h/2l2lﬁ;/D;/A5272/7n(Z/) + ihlz/z/[<FZ//2/>, ASQ,z’,n<Z,)] = miA527Z/7n<Z,),

& (A/ —2n#F [D;/, D/Z’D ASQ,z/,n(z,) = miASQ,Z’,n(Z/)v (4.71)
— 2h12/2lﬁ;—/ﬁ;/z45272’7n — Z'h/z/g/KF;’z’% Age z1.(2)] = mip Agz 20 (2),
& (& 4+ 207 (DL, DL]) Aseza() = M2 Ase za(2). (4.72)
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Note that although only the covariant derivative in Eq. (4.72) includes the Levi-Civita connec-
tion in Eq, (4.8) due to I'Z, = I'Z, = 0 and Eq. (4.9) this contribution is absorbed in Eq. (4.17).
Therefore, by using the results in Eqgs. (4.62)-(4.65), the solutions of Eq. (4.72) are

aa aa aa Naa () n(n + 1)
SQ,Z/,n(Z,) = SQ,n(Z/)7 S’2,2/,n(2,) = ASQ,Z’,n(Z/)7 mfl = T’ (473)
—_— 1
AL (&) = @ (), A () = AT, (), mE = % (n>0), (4.74)
- + M +1 M
Ag’g,z’,n(zl) = ¢gg,n(zl)7 A%%,Z’,n(z/> = A%g,z’,n(zl)7 mgz = n(n R2 ) N 2R2 <n Z 0)’
(4.75)
_— M +1 3M’
A% () = (), A () = AE (), mi= MD)W )

R 22
(4.76)

Here, we note that in the normalization condition, we need the additional term h*? to make
the vector quanta to be scalar quanta. Thus, the lowest massless modes of Ag”%x’ (Agféj,) and
Ag%’z, (Agbzz,) are not physical relevant solutions. On the other hand, M’ — 1 number of the
lowest modes of AGSZJ, (Ag‘é’g,) become tachyonic while those of Ag%,z/ (A2) become massive.

4.2 Magnetized blow-up manifold compactification

In this section, let us see wave functions on magnetized blow-up manifolds of 72 /Zy orbifolds.
The following analysis is based on our papers [71,73,74].

4.2.1 Construction of blow-up manifold of 7?%/Zy orbifold

In this subsection, we discuss construction of blow-up manifolds of 72 /Zy orbifolds. We notice
that a Zy fixed point becomes a singularity of the T?/Zy orbifold and around the singularity
becomes cone. The blow-up manifolds, as mentioned before, can be constructed by replacing
the cones with parts of S2. First, we cut the cone around the singularity with |z| < r, that is,
the slant height of the cone is r. The development of the cut-out cone is shown in the left figure
of Figure 4.2. Then, the radius of the base of the cone becomes r/N. Next, we embed a part
of S? smoothly instead of the cone as shown in the right figure of Figure 4.2. The right figure
shows the cross sections of the cone and the S?%, where the S? tangents to the surface of the
cone. Hence, the angle 6, in the right figure of Figure 4.2 satisfies cosy = 1/N and the radius
of the S? must be R = rcoty = T/m Thus, we embed a part of S%, 0 < 6 < 6, with
the radius R = r/v/N2 — 1, that is, we embed (N — 1)/2N-part of S?, which can be checked as

0

2" Rdg [T d9Rsing  4TR* 2N

JIT Ry [} d9Rsin® 27 RPN N 1

(4.77)
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Indeed, the curvature of the embedded part of S? becomes 2 x (N —1)/2N = (N —1)/N, while
the curvature of the cut-out singularity has (N —1)/N which comes from the deficient angle as
shown in Eq. (3.16). It means that this blow-up procedure does not change the total curvature
(which is a topological invariant number). Hereafter, we call remaining region of 72/Zy and
embedded regions instead of cut-out cones from T?/Zy as bulk region and blow-up regions,

)

respectively.

/ 90r t 6y Z
N w
1
&/cos Oy = —

N

Figure 4.2: The left figure shows the development of a cone around a singularity coming from
a Zy fixed point of T?/Zy orbifold. The right figure shows the cross sections of the cone
and the S? with radius R = r/y/N2 — 1. The blow-up manifold of the 72/Zy orbifold can be
constructed by cutting out the cone and embedding the (N — 1)/2N-part of 5% (0 <0 < ) =
cos 1(1/N)) instead. Here, 2 and 2’ denote the coordinates of T?/Zy and S?, respectively,

and they are related through the coordinate w; i.e. at the connecting points, z = re®/N and

N+1 s
N %

2 = L€' are related through w as z <> w =

T N+1 <

Next, let us see coordinate on the blow-up manifold. We use z and 2’ as the coordinates on
the bulk region and blow-up regions, respectively. From now, we show the relation of z and 2z’
at the connecting points. Hereafter, we show the case of blowing up of the singularity zép =0.
The following analysis can be also applied for another singularity zﬁp by replacing z with Z;.
First, at one of the connecting points, z and 2’ can be expressed as

i b i T
z=re¥rr = Wtan;e%@ = N+1e‘052, (4.78)

respectively. In addition, as shown in Figure 4.2, we define a new coordinate w on the complex
plane on which the cut surface is and which is parallel to the complex with the coordinate 2z’
such that the coordinate of the cut edge is w = %e“"s?. Thus, we can find that z and 2’ are
related through w as z <> w = %z’ at the connecting points in Eq. (4.78). Indeed, from the
left figure of Figure 4.2, we obtain the relation,

r P52

d 2 0 =
N90<¢S)<:><PT N

rd(ppe) = (4.79)
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Hereafter, we denote ¢ = pg2. On the other hand, from the right figure of Figure 4.2, we obtain
the relation

0 1 N +1
2| = Rd0 = 2c05* 2d|2'| = (1+ )| = T+d]z’|. (4.80)
By combining these relations, we obtain the relation,
3£ N+ 1 —q
e ‘Ndz z:rei% = Te ‘pdzl e , (481)
N+1
which can derived from
e iNdz = e iN 2 sdlz| +e —i% 8?z)d( ) =d|z| +ird(%), (4.82)
%e—wdzl _ N;[rl —waﬁil‘d’ /‘ + N+1 —upaz d(p — N+1d‘ /| —I—’L—d(p :

4.2.2 Singular gauge transformation

In order to obtain wave functions on the magnetized blow-up manifold by connecting ones on
magnetized T?/Zy and ones on magnetized S? smoothly, we should modify the BC under Zy
twist in Eq. (3.21). In detail, when wave functions on S? go round the circle which is the cut
edge, the values of them are the same as the original values: (I)Sz( 'e?™) = ®g2(2'). Then,
wave functions on T2/Zy should also satisfy ®2 5, (2¢2™/N) = B2, (2) when they go round
the circle. Hence, we consider modification of the BCs in Eq. (3.21) by a (singular) gauge
transformation, as in the case that SS phases and WL phases are related through a gauge
transformation.

We note that since there is a freedom to insert additional magnetic fluxes independent of
background magnetic fluxes at orbifold singularities (localized fluxes!), a singular gauge trans-
formation by which the flux is changed only at the one point can be allowed while usual gauge
transformation does not change the flux. Now, we introduce the singular gauge transformation

at z(f)p = 0, by the following unitary transformation?,

Vir (2) = (V&’F e LY ) , (4.59)

0 V£0 (Z)]IN;,
with
1/2
(3.3)1 11y 1/2 11 1/2 11
PO V1) B C0) N TN Ry (0 S
PG | (5.5).1 N R TICEIENTS
T2/Z3,,0 %7) wTQ,O (2,7) 0 (%) (hy2?7)M(0)2

1For example, see Ref. [104-106].
2See Refs. [104-107].
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as

(ArP(2)) = (A(2)) = (A"2(2)) + 6(A(2)),

slAmd(z)) = Ve (2)av- (2) (4.85)

Fasb (h(%’%)’l)(l)(z) Fasb (h(%’%)yl)(l)(z) Fasb Fasb
= &8 e 0 Do ~ i Lgy 481z
2 (3.3).1 2 1.1 - 2 =z 2z
hys 2" (2) h,%27 ()

()

where we showed the approximation around z(f]p = 0 in the rightest sides and (h,%

11
an3 2 (2

——— Then, the singular gauge transformation modifies the field strength,

%<Faa,bb> S %<ﬁaa,bb> _ %(Faa,bb> + %5<Faa,bb>7 L6
L§(Faathy — el 5(2)6(2)dz A dz, (4.86)
which induces the localized flux & a’b /N at z(f)p = 0. Moreover, we also consider a singular
gauge transformation for the spin connection since only orbifold singularities have localized
curvatures in Eq. (3.16). Here, we note that the functional form of the spin connection on S?
is the same as one of the gauge connection field on S? replacing the magnetic flux M by the
curvature x(S?) = 2. Then, the localized curvature at z* = 0, ¢8/N = (N —1)/N, is taken in
by the following singular gauge transformation for the spin connection,

w=0—w(z) =w+dw(z) = ow(z),

I it g
~ @2Zdz+225dz.

dw(z) = iV (2)dV 4" (z) = —i 12 4 s

2 (%,%m(z) 2

11 11
& (h(22 M (z) el (h(%’Q)’l)(l)(Z)
(3,
h,% 2" (2)

(4.87)

From those singular gauge transformation for the gauge connection field and the spin connec-
tion, wave functions on the magnetized T?/Zy are changed as

Bre gy (2) = Vo0 (2) VN TG0 000 () Vo (2) B2z, (2) Vi (2), (4.88)

&

where s¢ denotes the spin charge of ®: s¢ = 0 for & = ¢, s¢ =1 (—1) for & = A, (A;), and
se = 1/2 (=1/2) for & = ¢, (¢_), and we also introduce the localized flux of U(1)s, &5°/N.
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For the component fields, Eq. (4.88) can be expressed as

;

T2/ZN(Z) D727, (%),
012z, (2) = ¢T2/ZN( z), (4.89)
T2/ZN(Z) = ( )¢T2/ZN( )’
\ TQ/ZN(Z) =V ( )(bT?/ZN( 2);
( AGT%/Z L(2) = VR(2)A , (2), ATz 2(2) = VE P (2)A 7, (),
Ag{;g/z Z(’Z) I’ 50 ( )Ag%/Z]l\); z(z) 43{;2/21\7,2(2) = V R( )A’I}??/Z]l\)/ Z<Z> (490)
A%Q/Z z<Z> V- 50 +fo( )A%Q/Z Z(Z) 4%2/21\“2(2) = Vfo +fo< )A%Q/Z Z(Z)
| Al L (2) = V- < AR5y (2) Ay o(2) = VI (2 >A‘%‘%/z 2);
4 7 éR
Fns D =V T W00 T2 =V @t (o)
¢Fs ~ et €FS
T2/ZN +(Z> =V- L 3 ( )@ZJ;}%/ZN +(Z)’ ¢3§2/ZN,—(Z) - V% ( )¢T2/ZN (Z)
3 55 iy &' i ¢
T2/ZN +(Z) =V 2t ( )szQ/ZN Jr(z) ng';’;/ZN’_(z) = V2 1 ()2 Tz/zN (2),
(?,i, ba ifi* 4
TQ/ZN +(Z) — V%3 ( )¢T2/ZN +(,,7,) 1/}312/2]\]’7(2) =V 7 (2) TQ/ZN (Z)a
(4.91)

where &8 = ¢ — ¢ Since V(z) satisfies V(pz) = pV (2), by combining Egs. (3.30)-(3.32),
the ZN twisted BCs are modified as

T2 Jan (PZ) = (z)TQ/ZN(Z)’
12z, (P2) = TQ/ZN(Z)’ (4.92)
T2/ZN(pZ) p£0 JrmquQ/ZN( )’
Tz/ZN(PZ) =p & m¢T2/ZN( z),
( AGT%/ZN Lpz)=p~ _1AGT%/Z 2(2), AT 2y 2(P2) = poo +1“LlaTaZ’/ZN 2(2),
Agi’z/zN Jpz)=0p fl 1A§5’z/z (%), ATaz,2(7) = piHA%/ZN (%), (4.93)
A olom) = pSr A (), B (o) = AR, (),
o _¢R_¢F_p_ a Tha R_eF_ aa
\ Ag?/ZN z(pz> =p 50 50 1"43’2/21\1 z(z>7 A%Q/ZN 2(p2) - IO£0 % +1AT /ZN,E(Z)’
( T oa _ﬁ ﬁ T aa & i /)0
V3% g (p2) = p7 2T wTZ/ZN +(Z)7 Vg, (p2) = p2 77 HwTQ/ZN (2,
50 ~ 50 50
Ta _f go— E m~a a gl EO m
Q/JT%/ZN +(PZ) =p 2 i 127 e ¢Tg/ZN +(Z)’ ng/ZN _(pZ) =pz +£0 " +1wT 2/ LN ,— <Z)’
5R £ns —~ ~ iR
\ eraz/ZN +(PZ) - p_%_%_gg_m_ll/}%a?/ZN +(Z)7 w’llj%/ZN _(pZ) - p% EO _m¢T2/Z ( )

(4.94)

Therefore, in order for ®r /2y (%) to satisfy Do Jzn(p2) = D2 /zx (%), the following relations,

=N—-1, ¢ =-m (mod N), &7 =¢l (mod N), (4.95)
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are needed. In particular, the total localized flux which ®® feels at 2> = 0 becomes

Fiotal F

tota 153 § N -1 m

S _ 14 o N1 ™M, ez 4.96
N "o Nty T oy Tyt fhES (4.96)

where ¢y comes from mod N property. Similarly, around a Zy singularity z?p, in order for
D27, (Z) to satisty g2y, (pZ) = Pr2/z, (Z), the following relations

=N-1, & =X (mod N), &7 =¢f (mod N), (4.97)
are needed and the total localized flux which ®® feels at z?p becomes
Fiotal
L& 6 N—-1 Xz
I S
== = — lr, lreZ. 4.98
N TenN"wPTNT Ty Ty T hE (4.98)

We note that the shift BCs are modified by
Imz

V(z+1) = e2/DeminmzV(2), (4.99)
V(Z+T) 27rz(1/2 mII“r“n”v( ) ’

Hereafter, we consider the following lowest modes on the magnetized T?/Zy with Zy charge

m’
ay,ar),M —m 1,00
Oty M (2, m) VIO ()M (2, )
o 11 m—LoN 11 —m—+LoN
—¢ Fimr 1o h(T22’2)’1(z)‘ (h(TQz’Q)’l(z)> héf;/%in“g)M(z)
~ve Fmr 4|2 N CF N 0N (4.100)
—m~+Lo N .
,1 +ai,00), M\ (m
i [ ETHO0 S, (ha™ ™) (0) (@101
O T2 ZT’T’L7 7‘/ 9 .
(W) N !
where we take the normalization condition,
/ dzdz~/|det(2h)] ¢§Z;;zin0g)M )@DT]ZJ;L%T (2,7) = 0. (4.102)

4.2.3 Wave functions on magnetized blow-up manifold

Now, let us see wave functions of the lowest modes on the magnetized blow-up manifold by
connecting smoothly ones on the magnetized T?/Zy in Eq. (4.102), which become ones on the
bulk region, and ones on magnetized S? in Eq. (4.28), which become ones on blow-up regions.
In the following, we consider blow-up of the singularity z(f)p =0.

Due to the coordinate relation in Eq. (4.81), the junction condition is given by

T(Jtai,ar),M M'(—-1
77Z)(j+1 ) (Z) _77Z)S2( )(Z)

T2/Z%,0 o/ N ’
z=ret¥ 2/ =L et®
N+1
s (jtarp,ar),M ’ (4.103)
1 d"z)TZ/Zm 0 (Z) o 1 dwsj\é’o(zl)
—ig dz TN+l —dp dz’
e N z=retp/N N ¢ 2= N:—l ete
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From the non-holomorphic parts of wave functions, we obtain the following relations:

7r? N—-1 m N-1_,
N It oy TN = 5y M (4.104)
for spinor fields and
w2 m N -1
M—-——+0yg=—M 4.105
Nimr '~ N T oy (4.105)

for scalar and vector fields. (Note that in the above result as well as the following analysis, we
can similarly obtain the results for scalar and vector cases by replacing the magnetic flux which
the spinor feels, M’, with M’ + 1, and then hereafter, we mainly discuss the spinor cases.) On
the other hand, from holomorphic parts, the holomorphic function on the blow-up region can
be determined as

!

£y M -1
/ ; ; ; S N+1\2 (N4+1) <2
hg/[z (z’) = C’%R—foz/%’ C’{) — C(J)Nrme_ S (N—i—l) (%) . (4106)

Therefore, wave functions on the magnetized blow-up manifold can be written as

) M’;1 .
(weliem) * CaRoa (121 < 557)
> —m+Lo N

Rl M) (r < )2))

T2 T2 /27,0

J _ 11 m—~LoN 11
— _ oM 2 535 ,1 555 71
¢b10w—up70 € 2Tmr |Z‘ hg—‘22 2) (Z)‘ (h(2 2) (Z)
M .
~ e tmr 12| 7| N U N 200N

To determine the normalization, we first calculate the following inner product,

Gij :/ dZdZ\/ldet<2h)|wi)low—up,0w{)low—up,0
blow—up manifold

M

' ¥ ‘ i AT2 .12 2
—by— [ dellel [ d(Cly Cinppmen e
0 0

ﬁ 21 2R2 2 RQ M'-1 . .
d I d C«/Z *C/J R—zﬁo 1124o
s [T [T () () o)

~ 0,5+ (Cy) Cim (1) By , (4.108)

with

N—1 N

_ 1 I'(M'+1) N+1\M'—=p N_1\P _
B ~ N — 1(M’ —0) '1- ZpO:O T(M’—p+1)T(p+1) ( QE ) (W) I _m +1 !
0— IN 0 I'(M'+1) (N.H)M/*fo (N_1)fo )
F(M’—€0+1)F(Z0+1)

2N 2N
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We show the detailed calculation in Appendix B.1. Then, we next perform the unitary trans-
formation for flavor index j,

wjblow—up,() = Uj'jw{ﬂow—up,m ]
U = HJ (UJ(J+1)) diag(e—iarg(Cé))7

1
0 —sind J 1012
UJ/U+1) — COSUy(J+1) J(J+1) tan2 @ _ 2i—11G] _
sin 0](J+1) COS 9J(J+1) ’ A O+ |C()]+1‘2
1
(4.109)
Then, the inner product (G);;» can be rewritten as
1
G~ | . . (4.110)
1+ 3 |G Pr(r?)™*1 By

Thus, by redefining the normalization factor for the last mode j/ = j/ .. as N ’Jf‘/‘;ijN =

%;;%N(l + O((r?)™*+1))=1/2 all of the above modes can be orthonormal basis.

So far, we have obtained zero mode wave functions on the magnetized blow-up manifold
by blowing up the singularity zép =0 in Eq. (4.107). (Hereafter, we call them bulk zero mode
wave functions.) We can also apply for blowing up another singularity zﬁp by replacing z, m,
and (a1, ;) with Z, x (), and (81, B-), respectively. In particular, Eqgs. (4.104) and (4.105)

can be rewritten as

2
mr? N—1 X N-1_,
M _ br=——"M 4.111
N P ToN N Ta= M ( )
for spinor fields and
2
T X(m)I N-1_,
M — lo=——M 4.112
NImr N =y ( )

for scalar and vector fields. We discuss their physical meaning in the next subsection.

4.2.4 Physical meaning of the result from junction condition

In this subsection, we discuss the physical meaning of the results from the junction condition
in Eq. (4.111) as well as Eq. (4.112). By using the result in Eq. (4.96), they can be rewritten
as

ﬂ.,r? é‘IFtotal B N . 1
NImt N 2N

M (4.113)
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Now, we can find the physical meaning: the left-hand side shows the magnetic flux on the
cut-out cones from T?/Zy including localized flux®, while the right-hand shows the magnetic
flux on the embedded part of S2. In other words, not only the curvature but also the magnetic
flux (which are topological invariant numbers) are not changed under the blow-up procedure.
In particular, in the orbifold limit r; — 0, the magnetic flux on the blow-up region corresponds
to the localized flux at zﬁp indeed:

fftotal N—1

— M’
N 2N

(4.114)

rr—0

Moreover, since the blow-up manifold is a smooth manifold, we can apply the AS index
theorem for the magnetized blow-up models. We notice that the AS index theorem on a
general 2D compact smooth manifold Mo [93,108] has only flux contribution:

1
n, —n_=— (4.115)
27T Mo
Then, the AS index theorem on the blow-up manifold can be expressed as
1
ab ab
ny —n® = — F, 4.116
* 27 blow—up manifold ( )
1 1
= — Fo + — / y 4.117
27 72 /7.5 bulk ; 2 ML xs2 ’ ( )
M mr? N -1
== - M —M; 4.118
(N . Nimr > * ZI: on Mi(rr) (4.118)
M nr? r? Sf”“’"
= —=- M M+ 22— 4.119
(N ;NlmT > +;<N1mr + N ( )
M gftotal
= — = 4.120
vy (e

We emphasize that the result does not depend on the blow-up radius r;. In other words, the
result still holds in the orbifold limit r; — O:

1 ~
ab ab
n? —n®? = — Fy (4.121)
+ 21 T2 /7N
1 1
- Fot+> — / 3 Frap (4.122)
27T TQ/ZN XI: 27T TQ/ZN
M é‘ftotal
= _ 4.123

3Since wave functions on the blow-up region are different for spinor case and scalar and vector cases because
of the curvature contribution, the results in Eqgs. (4.111) and (4.112) seem to be inconsistent. However, due to
the additional U(1), localized flux which only spinors feel, the contribution of it and the curvature contribution
for spinors are cancelled each other, and then it becomes consistent with scalar and vector cases.
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where Egs. (4.121), (4.122), and (4.123) correspond to the limit of Eqs. (4.116), (4.117), and
(4.119), nothing but (4.120), respectively.* Therefore, this can be regarded as the AS theorem
on the T?/Zy orbifold and it is important that the index can be given by only the amount
of magnetic fluxes including localized fluxes which ¥ feels. Here, the localized fluxes are
determined by Eq. (4.98), which are related to the localized curvature and the winding numbers.
Then, this AS theorem can be rewritten as

m)I 15[ M V(m)
b = 22 () == -2 ‘. 4.124
+Z( +o ) e +2}:1 (4.124)

Thus, when we take ¢; = 0, it corresponds to Eq. (3.52), which shows that the above result of
AS theorem is correct. However, the degree of freedom of localized fluxes ¢;, which comes from
mod N property in Eq. (4.97), shows that there also exists ), ¢; number of chiral zero modes
on the blow-up manifold as well as the T?/Zy orbifold. We will discuss the detailed physical
meaning in the next subsection.

4.2.5 Localized zero-mode wave functions

Now, let us see the new chiral zero mode wave functions due to the degree of freedom of localized
flux ¢;. In particular, we discuss ¢y, # 0 case.

First, we recall that the bulk zero mode wave functions on the bulk region near the fixed
point z(f)p = 0 and the blow-up region are proportional to z" and 2", respectively. Then,
it indicates that the new zero mode wave functions on the bulk region near z* = 0 and the
blow-up region will be proportional to z%¥ and z/% for ag = 0, ..., £y — 1, respectively. We also
remind that the factor 2" comes from the fact that the holomorphic function of the following

wave function,

W ()= (U ))N —( (T%’é)’l(z))N, (4.125)

is proportional to 2z near z = 0 though it is Zy invariant. Here, BCs of Eq. (4.125) are the

same as ones of wave functions with M = N, (o, a,) = (5 = [F]. 5§ = [§]), and m = 0, i.e.,
N N_ (N
1/17?;;20 513 [2])’N(z), where [z] denotes the floor function. It means that wave functions

G+5 151515 .
in Eq. (4.125) can be expanded by (z) Thus, if we construct other wave

T2/79,
function ¢z 50 (z), which has the same BCs of @/}TQ /ZO
N

(m = 0) mode, we can obtain new zero mode wave function whose holomorphic function is

(z), from a Zy invariant

4We note that in the orbifold limit r; — 0 (R — 0), the second term of Eq. (4.122) with the field strength
in Eq.(4.16) can be written by

/ iM76(2")6(z")d2" N dZ'.
N1 xs52

2N
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proportional to 2" near zép =0 by replacing (YN, /7, (2))fo~9 with (YN, /23, (2))~%. Actually,

[NL%_[%]):N

we can know the zero mode number of wTQ /22, (z) is just two, which means that there

exists the other zero mode different from Eq. (4.125). The result of ¢, /20 (z) is the following:
N

Upaym (2) = e N
(1 ) = ()" (v =29
= (wé%;éz’g(z))N (Wﬁ ())N (N=3) |, (4.126)
(w0 )i (2)) s (N = 6)

with

00)2 V3+1 _m/sw(m)z ﬁ,/8¢(10
T/Z 2\/_ 2\/_

Therefore, the ¢, number of new chiral zero mode wave functions can be expressed as

s g () 070

% = N Ty w (01,07) (2)

T2/Txt0 =TI \ BNy ) T2 /7,40 (4.127)
~ 080 N |2 m—toN g~ Fnk P a0

where the coefficient C* is given by

lo—ag

N .
o (0) >, ap € L (4.128)

(lvl) N
(A=) 0(0))
Note that the non-holomorphic part of Eq. (4.127) does not change from that of Eq. (4.100),
which means that the new chiral zero mode wave functions (4.127) satisfy not only the same

ag — ao
CO - T2 /ZN

BCs but also the same equation of motion with the bulk zero mode wave functions. These new
zero-modes diverge at the singular point z(f)p = 0, while they are suppressed as they go away
from the singular point, as shown in Figure 4.3.

04 7
pe

i
02

1000 [
}
[

i
500 |
Y

ap=Flp—1 |2

Figure 4.3: Probability density of unnormalized zero mode wave function |1/~}T2 1zl
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That is, the ¢y number of new zero modes correspond to localized modes around the singular
point z(f)p = (0. Similarly, there are ; number of zero modes around the singular point z?’ as
the localized modes. Therefore, there also exists ), ¢; number of localized zero modes.

Although these localized modes in Eq. (4.127) diverge at 2> = 0, they can be regularized by
replacing the cone around z(f)p = 0 with the part of S2. Then, to calculate their normalization,
we consider their wave functions on the magnetized blow-up manifold. Similarly, by applying
the junction condition in Eq. (4.103), the wave functions, corresponding to localized modes, on
the magnetized blow-up manifold can be obtained as

( M -1

(i) © R (1 < 5%

djblow oo = ‘ 2 (%7%)71 m—~LoN - h(f)\’(z) lo—ao _ 7
P, e Pl hT2 (2)‘ T2/Zy m Zj h (Z) (7" < |Z|)
T2
|~ —FM |, |2‘Z’m—ZONCgoNZaON
(4.129)
where the coefficient C"* is given by
M -1
x N +1 N +1

C/ao CaON —(o—ag)N —gtip2 [ IV T 2 . 4.130
' < N-1) 2N (4.130)

Furthermore, since these wave functions are suppressed as they go away from the orbifold
singular point and then the contributions of wave functions on the bulk region are tiny, we
assume that the approximation of wave functions on the bulk region near the singular point
z? = 0 is valid on bulk region anywhere and also we expand the integral region to |z| — oc.
Under the assumptions, it turns out that the £y number of new zero modes are orthogonal to
each other and also orthogonal to all of the bulk zero modes by using the following results:

2m

/N darg(z) 2V =0, /QW darg(z) 2" =0, (k+#0). (4.131)
0 0

Thus, the normalization of localized modes can be determined in the following way:

1 :/ dzdz+/|det(g)|| Yo, upO
blow—up manifold

2w
> ~
:/ d\szy/ dip|C0|2 N2 |z 2= (lo—a0)N) o= M2
0

T

N 2 2R2 2 R2 M'—1
_|_ d / / / d C/ao 2R72a0 /2ag9
[ [ e () () lovERE

(bo—ag)N—(m+1) M 2\ (bo—ao)N—(m+1)
1 (- y2) ™
~|Ce )P (= N lmr E +L 4.132
ol ”(ﬂ) [ (o — ag)N — (m + 1)]! 1(11117 ) 0]’ (4.132)
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with

Vot NSt () (R e
Lo = (WWP B aO)) I;w'! (ivil)M’—ao (R=1ye ((60 — )~ T) ’
2N

(M’—ap)lap! \ 2N

where E; denotes the exponential integral. The detailed calculation of Eq. (4.132) is shown in
Appendix B.2. Therefore, we obtained normalizable zero mode wave functions in Eq. (4.129)
and they correspond to localized modes under the orbifold limit » — 0. Similarly, we can apply
the above analysis for localized modes around other orbifold singular points by replacing z, m,
and (aq, o) with Z, X1, and (581, B-), respectively.

Finally, we comment for three-point couplings of bulk zero modes as well as localized modes
on the magnetized blow-up manifold. When we denote bulk zero-modes and localized zero-
modes shortly as B and L, respectively, only three patterns of three-point couplings: (i) B;-
B2-Bj coupling, (ii) Li-Lo-Ls coupling, and (iii) B;-Lo-Ls coupling, can become non-vanishing
three-point couplings®. These three-point couplings can be similarly calculated by applying the
calculation of normalization.

5This selection rule may come from conservation of angular momentum.
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Chapter 5

Summary and discussions

We summarize this paper. We have considered ten-dimensional N'= 1 U(NN) supersymmetric
Yang-Mills theory on My x X5 x Xy x X3 with background magnetic fluxes on each two-
dimensional compact space X; (i = 1,2, 3) as the effective field theory of magnetized D-brane
models in type-1IB superstring theory. As the two-dimensional compact space, we have consid-
ered two-dimensional torus 77 in chapter 2, its Zy twisted orbifold 72/Zy in chapter 3, and
furthermore blow-up manifolds of the T?/Zy orbifold which are constructed by replacing the
orbifold singularities with parts of two-dimensional sphere S? in chapter 4.

In chapters 2 and 3, we have discussed the modular symmetry in magnetized torus and
torus orbifold models. (The detailed calculations related to the modular symmetry are in
Appendix A.) In particular, we have found the followings.

e When the magnetic flux M on the magnetized T? is even (odd) and the Scherk-Schwarz
phases (a1, o) = (0,0) ((on, ;) = (1/2,1/2)), M number of bi-fundamental chiral zero
modes behave as “modular forms” of weight 1/2 for I'(2M) (I'(8M)) and then they
transform under Iyyy = I/T(2M) (I'syy = I/T(8M)) non-trivially.

e In addition, T?%/Z, orbifold also has the same modular symmetry as 72 and both Z,-
even (m = 0) and odd modes (m = 1) are closed independently under the “modular
transformation”. In other words, the M number of zero modes on the magnetized T2 can
be decomposed into smaller representations on the magnetized T?/Z, orbifold.

e In particular, three-generational zero modes with (M;aq, a;m) = (4;0,0;0),(8;0,0;1)
transform as three-dimensional representations of modular £(6M %) group (which is the
quadruple covering group of A(6M?)), while three-generational zero modes with (M; ay, o)
= (5;1/2,1/2;1),(7;1/2,1/2;0) transform as three-dimensional representations of modu-
lar PSL(2,Zy) X Zg group.

e Along with the “modular transformation” for wave functions on the magnetized T2 as
well as T?/Z, orbifold, the four-dimensional fields also transform non-trivially under the
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metapletic finite modular group Lo (ng) with modular weight —k = —1/2. Then, we
can find that the kinetic terms are modular invariant.

e Furthermore, since coupling coefficients in the four-dimensional effective field theory such
as Yukawa couplings can be obtained from overlap integration of wave functions on the
magnetized T? as well as T2 /Zs orbifold, we can also find the modular transformation for
them. Note that the obtained couplings are couplings in a global supersymmetric theory
and they are related to the (holomorphic) couplings in supergravity theory through Kéhler
potential. In particular, holomorphic three-point couplings become modular forms of
weight 1/2 for f(2lcm(M ab MY M) and then they transform under lecm( Mab ppbe pfea)
non-trivially, where M4? (A, B = a,b,c) denote the magnetic fluxes which coupling
fields feel. By combining the modular transformation for the four-dimensional fields, we
have found that the holomorphic superpotential of the three-point couplings has modular
weight —1, which is consistent within the supergravity theory. Through the Kahler po-
tential of the modulus on 72 as well as T?/Zs,, we can obtain the couplings in the global
symmetric four-dimensional effective theory and then we can find that their coupling
terms are also modular invariant.

e However, when we consider non-perturbative effects such as Majorana neutrino mass
terms derived from D-brane instanton effects, some parts of the modular symmetry which
a classical action has can be broken. For example, the Majorana neutrino mass terms are
not modular invariant by the modular transformation for measures of D-brane instanton
zero modes which are integrated out. (We discuss, in Appendix C, which parts of discrete
symmetries can be anomalous.)

In addition, we have discussed the magnetized blow-up manifold compactification in chap-
ter 4. In particular, we have obtained wave functions on the blow-up manifold by replacing
around orbifold singularities like cones with parts of S2 not to modify the topological invariant
numbers: curvature and magnetic fluxes. In addition, since the blow-up manifold is a smooth
two-dimensional manifold, we can apply the Atiyah-Singer index theorem on the blow-up man-
ifold, and then we have found that the chiral zero mode numbers on not only the blow-up
manifold but also the orbifold, by taking orbifold limits, are determined only by the magnetic
fluxes including localized fluxed at the orbifold singularities. Moreover, the Atiyah-Singer index
theorem on the T?/Zy orbifold also shows that the additional degree of freedom of localized
fluxes gives additional new chiral zero modes. We have found that the additional new zero
modes correspond to localized modes around orbifold singularities. (The detailed calculations
of normalizations of their zero mode wave functions on the magnetized blow-up manifold are
in Appendix B.)

Since coupling coefficients such as Yukawa couplings are obtained from overlap integration
of wave functions, it is important to clear the wave functions on the compact space and their
properties such as symmetries to understand the structure of couplings such as flavor structure.
Then, I would like to study followings for the future.
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We have found the modular groups and the representations as well as modular weight of
four-dimensional fields obtained from the magnetized T? as well as T?/Zy orbifold com-
pactifications. They are determined by the magnetic flux and the fact that the modular
weight is 1/2. However, it has not been clear that the reason why the modular weight is
1/2. T would like to reveal it elsewhere.

I would also like to explore the detailed properties of wave functions on magnetized blow-
up manifolds such as the modular symmetry.

It is important to extend those analyses to more higher-dimensional toroidal orbifolds
such as T /Zy and T°/Zy, and also their blow-up manifolds. Then, we may analytically
find phenomena on the Calabi-Yau manifold indirectly for the future.

Moreover, to determine the flavor structure, we should fix the value of the modulus, called
the modulus stabilization. Actually, the modulus stabilization was studied in supergravity
theory (with some assumptions) in Refs. [109,110]. Then, it is important to consider
not only ten-dimensional supersymmetric Yang-Mills theory but also ten-dimensional
supergravity theory as the effective field theory of the superstring theory. I would also
like to reveal properties such as the modular symmetry of the four-dimensional effective
field theory of not only ten-dimensional supersymmetric Yang-Mills theory but also the
supergravity theory in concrete compactifications such as toroidal orbifolds as well as their
blow-up manifolds with background magnetic fluxes and three-form fluxes. Furthermore,
by applying those results, I would like to determine the structure of coupling coefficients
such as Yukawa couplings without any assumptions for the future.
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Appendix A

Modular symmetry on magnetized 72
and T°/Z, orbifold

A.1 Modular transformation for wave functions on mag-
netized 72

Here, we show the detailed calculations of “modular transformation” for wave functions on the
magnetized 72.
First, let us show the explicit calculation of Eq. (2.163) in the following:

w j+a1,{a‘r+al+M/2}),M<Z7 T + 1)

72,0
:e’mw(M)l/‘l 2mi g {ar+ar+M/2} pammirrn 2y jﬁ?l (Mz, M( +1))
—{ar + a1 + M/2} ’

_ 2 ,
26—27{5:17|z\2(M)1/4 2mi i {artan+M/2} , AL 22 ZemM(TH)(”];l ) p2mi(Mz—{ar+a1+M/2}) (T +)

lEZ

jtoq)? M |2 jtoq M 2
TFZM( M ) Q_QTIrm‘r‘z| (M)1/4627r17a76271rm7‘z

« § : miMT ]+a1+l 271'1(Mz oz,—)(J+a1 —H) 2mi((j+a1)+M/2+ar —(ar+a1+M/2)+[ar+a1+M/2])1
lez
o dtar )2 M + M . ita 2 : jta
:emM( Ml) 672TIrmT‘Z|2(M)1/4 2#131;104 3727{1117—22 E eTl"LMT( Ml—Q—Z) eQm(Mz—aT)( Ml-i-l)

leZ

o
+aq)2 M |2 jto M 2 1
i) (eﬂmfz| (M)1/4 2ah MlaTeﬂmfz 19|: M :| (MZ,MT))

7riM(j

=€
—Q

M—
J+ 1) o aT M
Z 0 tbia ™M (2, 7). (A1)

§'=0
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On the other hand, the explicit calculation of Eq. (2.162) is the following:

A (—?—1)

T T
,W7M|,£ 2 i(,zf j+H{1—ar}
_1 T jt{l—ar} _1 T — z 1
o 2m(-1) (M)1/4627rz ortar  2m(-1) 9 M —MZ M=
—aq T T
M {1 M 22 gl (it{i-ar}  )\2 5 j+{l-ar}
:e—glrrm_\z|2(M)1/462m%a16qul]Tzze—mM%§ :e—mM;(TT—H) €2m(—M§—a1)(TT+l)
leZ
2 M _2 .M jtH{l—ar} 2 .
—e 2Im7" 2| (M)1/4627{mTz § :efmj(erTT+l) e—2mall
lEZ
M-1 mi/4 ; i’ ey /2 ; jt{i—ar}\(i'+e1  p
_ (_7_)1/2 Z LG 21m7|2‘2(M)1/4621m7z2 ZemMT -+ 627r2M(z+ e ) 2+
vM
7'=0 VeEZL
(A.2)
Jir2 —emi/4 miGHIZeT DG oD M e 1 amid e, M2
= — / E ™ M e 2mr 17| (]\/[) [42MIR O o g 2
3’=0
. a1 0\ o ity
y Z@TWMT( i +l) 627”(MZ—%)< M +l)e27ri(j+1—a7——[l—oc-r]+om—)l’
VeZ
2 —emi/4 JamiGzaz G o)
=— / E [
2 i +oq M 2 TriMT(j/JrD‘lJrl’)2 2mi(Mz—a )<@+l’)
y T
X e 2Irm—| 2| (M)1/4627rzTa7—621m7_z E :6 M e M
VeZ
M-1  rij4 / i'+an
—e c(H{l-ar (G +aq) oM ()2 ap M 2
=—(=)'PY ——=e e (M) e il o iy | T (Mz, M)
j’:o vV M O
2 —emi/4 i GHI=aE DG 0D (5 ) M
- E M %2,0 (z,7). (A.3)

Here, in Eq. (A.2), we used the Poisson resummation:

Y =), (A4)

leZ neZ

where f denotes the Fourier mode of a function f,

) = [ dapoyem

o0

Specifically, when we set

Fla) = e (e ) oo

Y
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we obtain
A o M (L, j+{l—ar} | )2 <
f(k) :/ diCe_mT(Z—i_T—Hc) 6727rz(k+a1)a:

. 2
ﬂz—(k+a1)2 2wz<z+M)(k+a1 —ﬂz%(z-{—w—&-x—f—k—&—al)

&)
)/ dze
—o0
. (k4aq)? . i+{1—ar} M
7rzTM1627rz(z+JM)(k+a1)/ dye—ﬂz— y?
—00

=€
wi/4

27€

VM

— (=) M (s )2€2m-(z+w)(k+al)’

and then we can obtain

Z e—m (z—i—M—H) e—27ria1l
Iz
—eTi/4 7T’LM’T 7_’_al-&—l' ’ 27riM(z+7j+{1iaT}> 7j,+a1+l'
_ 1/2 Z Z € ( ) e M M
j'=0 I'eZ
where we redefined n = MI' + 5 (j/ =0,...,M — 1).
The detailed calculations of Egs. (2.166)-(2.171) and (2.174)-(2.180) are as follows:

?

mij2 M—1 1 ; 1
(0) Gy2 _C / o U H)T(THe)) ory, mi/2 5
P (i =7 D¢ = 00 () (7 +a);
/=0

M—-1
ngéa)(s JJ’ = Z 5M (G+a), ”+a)5(J”+a M—=(j'+a) = —0j5,
// 0

P58, =6,

[0\ () o™ (1))
37rz/4

"

./ . . 2 A1 2
Z o J+a)(J +a> il +a) 2 e +a)h<;”+a) e”i(]”;za) 2 il +oc>(J +a) em-(J ;200

/ //

M-
_637rz/4

= — e
M M '/ '//70

Z 2m(] +0c)(J F)

6 111

53"

() +G" )+ G
e Wi

" ta))? iU’ +a)(J "
6

pg%,O) (T)2]\/4 _€2mMM5 = 5]] : (a _ 0)
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(3:3) mim Y +g)° i (3:3) 7 1
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oo o, - o (" 4a)?
[p'g’Q )(S) pfgﬁ )( Z € /2(5M ]+a)( //+a) M 5j//,j/
// 0
M—-1 e
A ——— T
= Z e M 6]",]'"6 /25(j’/+a),M7(j+a)

=[5 (T)pl% ™ (5)5, (A.13)

where a = a; = a, = 0,1/2 for M =even, odd, respectively. Here, in Eq. (A.9), we used the
Landsberg-Schaar relation:

-1 rinq iTr/4 g—1 9

Tin“p

Z = ;e—q. (A.14)

=0

A.2 A(6M?) as subgroup of Iy,

Here, we prove that when the generators of fg M:
ST =T8?, §t=¢mk/21 8% = (ST) =T?M =1, (A.15)
further satisfy Eq. (3.70):
(S~'T71ST)? =1, (A.16)
the generators in Eq. (3.71):
a=ST?S°T*, o =ST?S7'T72, b=T73GMBTM o — GPM-2GT3M-1 " (A17)
in particular for M € 47, become the generators of the subgroup of fQM, 8(6]\/[ %) ~ (Zy %
Zpg) X Ly X Zg:
= =0"=c"=1, (A.18)

-1 /-1 —1 / -1
a

ad =d'a, cbe P =b"t, bab~t = ,babt=a, cact =d Y ede=a"t,

where ), b, ¢ denote ones of Zgw), Zs, g, respectively. Note that when k/2 = integer [even],
that is, S and T are generators of I, [FgM] we can similarly prove that the generators
in Eq. (A.17) satisfy Eq. (A.18) replacing ¢® = 1 with ¢* = 1 [¢* = 1], which means that
they become the generators of the subgroup of T, [Canr], A(6M?) ~ (Zpr X Zpg) X Zs X Zy
[A(6M?) =~ (Zpg X Zpy) X Zg X ZLo).
First, by using Egs. (A.15), Eq. (A.16) can be rewritten' as
1 = (§F157y

= (T'STSST)?
_ (f§3f2)3
= (S°T?)°. (A.19)

"When k/2 € Z and M = 1,2, we can check that Eq. (A.16) is already satisfied.
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By using Egs. (A.15) and (A.19), the generator ¢’ can be rewritten as

o = ST?S 172
— ST3T15 1T 11

— T3TSTTS ™
— 7257?57 1. (A.20)
Then, we can obtain the relation,
ST*»S-1T% = (ST?S-YT% = TUST*S~ p qeZ, (A.21)

in general. Similarly, by using this relation, the generator a can be rewritten as
a = ST?5°T!
— 7157255, (A.22)
Thus, we can prove the following relations,
M _ g 2MPAMQTeM Gt — 1 /M — P2Mg2M G-l — 1 (A.23)
ad = ST*S°T? = da, (A.24)

where we also use Eq. (A.15) with M € 4Z. ? Furthermore, from Egs. (A.15) and (A.19), we
also obtain

= T°S*T*S*T*STSTS*
= T 2P S5 S5 TS TS\ 7151 TS
2,1?5 §5f5 gsfs §5T2
= (S5T5) : (A.25)
Then, we can prove
(5217?13 =1, n e N, (A.26)

21t is because S—2M = 1, which is satisfied only if M € 4Z. However, when k/2 € Z, it is satisfied even if
M =22s—-1) (s €Z).
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on the mathematical induction. Thus, we can prove the other relations in Eq. (A.18),
b3 — (f%+3§gM+3fM)3
_ f%+3(§gM+3ng+3)3f—%—3
=1, (A.27)
2 = FTM-2 TN GTM 2T
_ ng—z§—1f—1§—1f—1fM—1§M—1fM—1§—M+6

_ ng—zfgg—Mﬂf—Mﬂg—Mﬂ§—M+6

— §M2, (A.28)
=84, (A.29)
A =1, (A.30)

che! = (ngﬁgngq)(f%+3§gM+3fM>(TigMngTiMng)
_ ng—z§fz§gM+3f—%+1§—1f—M+2§—1
_ §3M+4f2§f%—1§—1f—M+2§—1
_ g%M+6f2§—1f—1§—1ffM+2§—1f%
= SHTAST MG
_ g%MffofMJr?;§7M+3T7M+3§7M+3ffM+3ff%73
_ T“—M§—%M—3T“—%—3
=b", (A.31)
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M 3

bab~! — (f%+3§gM+3T“M)(§T2§5T“4)< M G- M3~ )

_ §3M+4f%+5§5f4§—§M—3f—7—3

_ T5SST5 15« 1T 1T 252

= ST 585 ST 252

_ §—5f—4§—1f—2

_ f—2§—5f—4§—1
“la/ (A.32)
ba'b~ 1 ( % M+3TM)(§f2§flff2)(ffMgngfi%ff%fS)

=557 285!

_ f4f—1§—1f—1f—1§—1f—1§2

Il
3

= T45T2S°

= ST25°T*

=a, (A.33)
cac™! = (STM-23TAM-1)(GT2Go ) (FI- M G172~ M §1)

= STM=2G-1T- 1S\ 2P ST* M S

= STM-1ST3S°T° ST M3

_ ng71§Tf2§f5f73fM§f3

= ST\ T ISTT 35737353

= TST*S°T*

= T*TST*STS!

= T25T7 257!

=a ', (A.34)
cd'ct = (STM-28T2M-1)(ST2S 12 (T2 M G172~ M g1y

_ §fM—2§—1f—1§—1f2§—1f—1§—1f2—1\/[§3

= STM-1ST4ST*M5?

= SBT3 T3TST 157!

735378715
= T45-°7 25!
=at (A.35)

Therefore, when Eq. (A.16) is also satisfied in addition to Eq. (A.15), particularly for M € 4Z,
the generators in Eq. (A.17) become generators of A(6M?) ~ (Zy; X Zys) x Zs X Zg, which is
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the subgroup of Tons.
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Appendix B

Normalization of wave functions on
magnetized blow-up manifold

B.1 Normalization of bulk zero modes

Here, we show the detailed calculation of Eq. (4.108). It consists of three terms. The first term
comes from all regions of the original T2 /Zy orbifold. The second term comes from the region
of the cone around 2P = 0 which is cut out from the T2/Zy orbifold. The third term comes
from the region of the part of S? which is embedded instead of the cone. In the following, we
show the detailed calculation of the second and third terms.

The second term can be calculated as

M

27
" N o
6= [ dslel [T dp(Cy cin?apre 7
0 0

—(m+1) M .2 m

; ; TM ImT TM TM TM |2
— i I N dl == 2 T2 7( o |2 )
(CO) Com (Irm’) /0 (ImTM ) (Im7’|z| ) e

o M\ D) e
= (Cy)"CymN (L) /I dt D1t
Im7 0
—(m+1)
- ; M M
— T\ * Y] N 1 2
(OO) O(]ﬂ- (Irm’) Y (m + ) ImTT > )

M .2

where y(m + 1, {=2r%) denotes the lower incomplete gamma function. It satisfies the following

recurrence relation:
7 (m + 1, Br%) =y (m, F4402) = (F2r%)" ()

0% (17 %TZ) =1- 67<% )
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By solving this recurrence relation, vy(m + 1, ”M 7“2) can be expressed as
7TM oM .2 M .2 " 7TM
m+1,—7r? ) =mle " e — r
7 ( Imr ) Z p' (Imr )

m+1 o0
:e_Iﬂ;IJZ_T,Q 1 WMTQ Z (m+1>‘ 7TMT2 p'
m+1 \Im7 = (m+1+p)! \Imr

Thus, the second term GZ(JZ-) can be written by

—1 oo »

@) _ (i mil —xM2 (m+1 Z (m+1)! [(7M ,
A ImTt - ] 1
Gy = (Go) Corlr e ( N ) =0 (m+1+p)! Tmr (B.1)

On the other hand, the third term can be calculated as

27 2 2 2
@ _ [TF 2R R 1i sk 11G o200 | 11260
6= [ [T (s ) () oot

=(C"})*C"4r R?

1 R2 R2 o R2 M'—lg—1
« / a(—1 Y (1-
N4l R? + |2']2 R2 + |22 R? + |22

Nk w2 (N +1 oN \ M1 2
=(C"? *CJNQ 2\m ,— o A
(Coreanone (N—l) (N+1> ﬂ((N—l)(NJrl))
1 N1
X </ dt tM' =) =1 — )+ D= / d 1M1 t)(eo+1)1>
0
. . <M 2 2N M'—4y 2N lo+1
— <Y m+1 _IH)TT J—
~(ChyCinry e (N+1) ()
X <B(M, — Uy, by +1) — ﬂ%(M/ — Yo, by + 1)) ,

where (M’ — £y, lp+ 1) and ﬁ%(M’ —lo, lo+ 1) denote the beta function and the incomplete
beta function, respectively. They satisfy the following recurrence relations:

ﬁ( —fo,fo—l—l) M’ 7 5N+1( /—fo—i-l,go)

BM' 1) = 5 7
Bav (M — b, g +1) = (ﬁoﬁm( f— o+ 1, 6) + ()M (%)ZO)
B (M, 1) = 47 (]gfvl)
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By solving these recurrence relations, they can be expressed as
M — 0)T'(ly + 1)
(M’ +1) ’

, DM — 6T (G + 1)

xf: T(M +1) N+I\M7?/N-1\7
T(M —p+1T(p+1) \ 2N 2N )’

respectively. Here, I'(X) denotes the gamma function, which satisfies the recurrence relation

T'(X +1) = XI(X).

B(M" — Ly, by — 1) :F(

Thus, the third term GE?) can be written by

-1
3 7\ * /Y] m —xM .2 N -1
Gl(]) :(OO> 0877'(7’2) +1€ Im7 (W(M, - 60))
1) (M’+1) N+1\M'=p (N_1\P
1 - Zpo=0 T(M'—p+1)T(p+1) ( QE ) (W) (B.2)
D(M'+1) (N+1)M’—4’0 (M)ZO '
T(M' —to+1)T (6o+1) \ 2N 2N

By combining those results, we obtain Eq. (4.108).

B.2 Normalization of localized zero modes

Here, we show the detailed calculation in Eq. (4.132). The first term comes from the bulk
region, while the second term comes from the blow-up region. The first term can be calculated

as

271
o0 ~ i
/d!szl/ dip|C2 [2 N2 |z [20m—(fo—a0)N) o= F7 1=
r 0

M (fofao)Nf(eri»l) [e’) M M mf(fofao)N . )
~legpan (For ) Lo a(Ehee) () ()
nM .2

Im7 AL, Im7 Im7
(bo—ao)N—(m+1) 0o
=|Cse > TN mMA T dt ¢~ (bo—ao)N =t
0 Im7 M 2
M (lo—ag)N—(m+1) M
=|CoP =N e r 1—|—m—(€0—a0)N,7T—7“2 :
Im7 Im7

where I’ (1 +m — (b — ag)N, %7’2) denotes the upper incomplete gamma function. Note that

L+m — (b — ap)N < 0. It satisfies the following recurrence relation:

I'(14+m— (b —ao)N, ELr?) =

’ ImT

1 N(I‘(2+m—(€0—a0)N Mrz)_(MTQ

1+m—(¢p—ao) > ImT Im7

r (0 MT’Z) =F; (MTZ)

’ ImT Im7

Im7

)1+mf(€07a0)N e_(LMr2)> :
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where E (%7‘2) denotes the exponential integral. We note that if ”M 7“2 is sufficiently large,
By (£4r?) can be expanded as

—(p+1)
M —(,2) oy M
E (Irm’r > ~ e \T Z( 1)Pp! IIIlTT :

p=0

By solving this recurrence relation, I' (1 4+ m — (€ — ag) N, E£7%) can be expressed as

F(l—i—m (ﬁo-@g)N ;T—MT')

(fo—ao)N— (m+2)

(_1)(50—a0)N—(m+1) M —(2442)
“[(lo —ag)N — (m + 1)]! (Imrr ) e

(—1)7p! (”Mr ) o

Im7

(]

p=0

On the other hand, the second term is the same as GE?) in the previous appendix by replacing
lp with ag. Thus, by combining those results, we obtain Eq. (4.132).
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Appendix C

Anomaly structure of discrete
symmetries

C.1 Anomalies of discrete symmetry

Here, we review anomalies of discrete symmetry [111,112]. First of all, let us assume that a
classical action S is invariant under unitary transformation by a discrete group G for chiral
fermions ¢, = PV, ¥, — p(g9)Yr, where p(g) denotes a unitary representation of Vg € G.
In this case, we say that the theory has G symmetry at least at classical level. However, the
classical chiral symmetry can be broken by quantum effects. In the following, we see quantum
anomalies of the chiral discrete symmetry by the Fujikawa’s method [113,114].

First, let us see the case with the global G = Zy symmetry under background non-Abelian
gauge fields as well as gravity, where the chiral fermions have R representation under the
non-Abelian gauge group Ggauge. Note that the generator g € Zy satisfies g = e and then
the unitary representation can be expressed as p(g);x = €“%§;, with the phase parameter,
a =27 /N, and the Zy charge of j th component of ¢, ¢; € Z/NZ. In the Fujikawa’s method,
the measure in the path integral, [ DU DWe*, transforms as

DYDY — J(a)DUDV. (C.1)

The Jacobian J(a) can be written as [115,116],
J(a) = exp {i/d‘lx (A(x; ) gauge + A(T; @) grav) | (C.2)

with a = 2w /N. The anomaly functions are written by

1 11 1,
5 O Fyel), Al )y = =5 3255 R Ry tr{agR),
(C.3)

A(; @) gange =
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where Tr denotes the summation over all internal indices. The index theorems [115,116] give

1 1 1 1
/d%wew’wFﬁngatr[tatb] €Z, 3 / d4x384712 §€#VPUR23RPU>\’Y €7, (C.4)

where t** denote generators of Ggange in the R representation. We use the normalization of
Dynkin index T5(R),

To(R)dyp = tr[t"], (C.5)

such that T5(R) = 1/2 for N fundamental representation of SU(N) and T3(R) = 1 for 2N
vector representation of SO(2N). In the case of R = 27 representation of Fg, for example, we
obtain 7T5(R) = 3. Thus, the anomaly-free condition for the mixed anomaly Zy — G gauge — G gauge
is given by

J(a) = ML BN 1 vy e o ZQJQTQ(R) =0 (mod N). (C.6)

Otherwise, the Zy symmetry can be anomalous.

Next, let us see the case with the global non-Abelian discrete G symmetry. Since each
element g € G satisfies gV = e, where N(g) is the order of g, we can study its anomalies
similar to the case with Zy symmetry. We note that chiral fermions construct a multiplet under
the non-Abelian G symmetry in general, and then the unitary representation of g € G for such
a multiplet, p(g), forms as unitary matrix. However, we can always make p(g) diagonalized as
p(g)jx = €995, with the phase parameter of the g transformation, a(g) = 27/N(g), and
the charge of j th component of the multiplet for ¢ transformation, ¢; € Z/N(g)Z, by taking
the appropriate base of the fermions. Here, we comment that, in such a base, the unitary
representations of some of the other elements ¢’ € G, p(¢'), form as non-diagonalized matrices.
Then, we can apply the analysis of the Zy symmetry anomalies to the non-Abelian discrete G
symmetry anomalies. The anomaly-free condition for the mixed anomalies G — Ggauge — Ggauge
is given by

J(a(g)) — 2mi224;2T2(R)n/N(g) — (e2rriQ(g)/N(g))ZR 2T (R)n (detp(g))ZR 2T (R)n 1, Vn e Z,
(C.7)

where Q(g) = >_; ¢;(¢g) and it is preserved even if the representation p(g) is non-diagonalized
matrix. Hence, the symmetries given by elements g with

detp(g) =1, (& Q(g) =0 (mod N(g))), (C.8)

are always anomaly free. Other parts of G can be anomalous. The anomalies of symmetries
given by elements g with p(g) # 1 depend on matter contents. That is, for ) g 275(R) = P, the
subgroup constructed by elements g with (detp(g))? = 1 is anomaly free, although the subgroup
constructed by elements g with detp(g) = 1 is always anomaly free. Thus, the determinant
detp(g) is the key point in the analysis of following sections.
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C.2 Determinant of representations

Here, let us see the anomaly structure of non-Abelian discrete G symmetry by using concrete
representations p(g) for the elements g € G. In this section, in particular, we concentrate on
the theory with ) 5 275(R) = 1, and then the anomaly-free condition is detp(g) = 1. We
comment on the theory with > g 275(R) = P > 1 and anomaly-free condition (detp(g))” = 1
in section C.4.

When we know representations of Vg € G, p(g), we can calculate detp(g) explicitly. Let
us suppose that ¢V9 = e and then detp(g)V9 = 1 are satisfied for a fixed element g, and
also (detp(g))"N = 1 is satisfied for any element g in G. Then, the determinant detp(g) for
Vg € G can be written as detp(g) = e2™@' /N where Q'(g) is written by Q'(g) = Q(g9)N/N(g).
As shown in the previous section, if detp(g) = 1 (Q'(g9) = 0 (mod N)) is satisfied, the g
transformation can be regarded as anomaly-free transformation. Here, we define

Go = {g0 € G|detp(go) = 1}, (C.9)

as the subset of G. In the following proof, we can find that Gy becomes a normal subgroup
of G, Gy < G. Thus, if all of anomalous transformations are broken by quantum effects, the G
symmetry is broken into the normal subgroup Gy at quantum level.

Proof
We can prove that Gy is a subgroup of G, Gy C G, from (I), and also a normal subgroup of G,
Go <G, from (II).

(I) Let us take Vgo € Gy and Vg, € Gy (detp(go) = detp(gy) = 1). Then, the element goyg; is
also included in Go, gog) € Go (detp(gogy) = 1). In particular, the identity element e is
included in Gy (detp(e) = 1), and then the inverse element g, ' for Vgo € Gy (detp(go) = 1)
is also included in Gy (detp(gy') = 1).

(IT) When we take Vgq € Gy (detp(go) = 1) and Vg € G, the conjugate element ggog~' is also
included in Gy, ggog™" € Gy (detp(ggog™) = detp(go) = 1).

Now, we can rewrite Vg € G with detp(g) = ™Y (Q'(g) = k (mod N)), by ¢ with
detp(g1) = >N (Q'(g1) = 1 (mod N)) and gy € Gy, as g = gog¥. That is, the coset,
whose element g satisfies detp(g) = e*™*/N can be expressed as Gog¥. (See also Fig. C.1.) In
addition, in the following proof, we can find that such cosets generate the residue class group

G/GO ~ ZN-

Proof
We can prove that the residue class group G/Gq is Abelian from (I) and also isomorphic to Zy
from (II).

() Gog/’f1 and Goglf2 satisfy the relation (Gogfl)(Gogfz) = (Goglfg)(Goglfl) = Goglf1+k2.
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(II) Gogl =" becomes inverse coset of Gog¥ since gV € Gy (detp(g)) = 1).

We comment that the element g; € G generally satisfies g = go (390 € G), while it satisfies
g9 = ¢. Hence, we find Gy N ZiN(g1) = ZiN(gy)/N in general, where Zy (g, (Zn(g,)/n), Whose
generator is ¢g; (¢g1Y), is the subgroup of G (Gy). By applying the isomorphism theorem 2 in
subsection C.5.1, indeed, we obtain

G/Gg ~ GOZN(gl)/GO ~ ZN(gl)/ZN(gl)/N >~ ZN. (010)

In particular, if g; satisfies g = e € Gy (N(g1) = N), g1 generates Zy subgroup of G and
also the Zy subgroup satisfies G = GoZy and Go N Zy = {e}. Hence, in this case, G can be
decomposed' as

G ~ Gy x Zy. (C.11)

It means that the anomaly-free and anomalous parts of G can be separated. In more general, if
there exists 3g € G with N(g) = N and ged(Q(g), N(g)) = 1, G can be written as Eq. (C.11)
since the element g generates Zy subgroup of G and it satisfies G = GoZy and GoNZy = {e}.
For example, when N is a prime number, they are automatically satisfied.

N-1 2mi
i

L
N

detp(g) = e

detp(g) = e”

N-1
1

g

Gog V1
detp(g) =1

e

Go

Figure C.1: Image of cosets Gog¥ to which elements g with detp(g) = €>"*/V belong. Here, g~
(written by blue) denotes the representative element of the coset Gogf

We summarize the important points in this section.

e Generally, the anomaly-free subset of GG, GGy, becomes a normal subgroup of G, Gy < G,
and then the anomalous part becomes G /Gy ~ Zy, where N can be found from detp(g) =

2 W/IN (Yg € G).

1See also subsection C.5.2.
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e In particular, if there exists 3g € G with N(g) = N and ged(Q(g), N(g)) = 1, G can be
decomposed as G ~ Gy X Zy. It means that the anomaly-free and anomalous parts can
be separated.

C.3 Group structure

In the previous section, we have obtained G/Gy ~ Zy generally when we know the representa-
tion of Vg € G, p(g). However, even if we do not use explicit representations, the result is still
useful although we do not know the explicit number N from the beginning. In this section,
we study the detailed structure of Gy and G/Gy ~ Zy from the group structure of G. We
emphasize that the following analysis can be applied for any representations.

First, we introduce the derived subgroup of G,

D(G) =< zyz 'y ' €Glr,y € G > (C.12)
(It is also called the commutator subgroup.) The derived subgroup D(G) is a normal subgroup
G, D(G) < G. Tt can be checked by
gleya™ly™ g™ = (9297 ) gy ) gzg™) gy )™ € D(G),
for Veyz~ly~! € D(G) and Vg € G. The quotient group G/D(G) becomes Abelian. It can be
checked by
(D(G)X)(D(G)Y) = (D(G)Y)(D(G)X),

for any cosets D(G)X and D(GQ)Y with X|Y ¢ D(G), because of XY X 'Y~ € D(G). We
note that, among normal subgroups of G, K¢, such that G/Kg becomes Abelian, the derived
subgroup D(G) is the smallest normal subgroup.? Thus, since G/Gy ~ Zy, we can find that

Go 2 D(G). (C.13)
Indeed, we can check it by

detp(zyz™'y™") = det[p(x)p(y)p(x) " ply) ] = 1.

Therefore, the derived subgroup of G, D(G), is always anomaly free. The whole anomaly-free
subgroup G is either the same as D(G) or larger than D(G). In the following, we study how
large Gy is compared with D(G).

When we factorize the order of G/D(G) into prime numbers p;, i.e. |G/D(G)| = [[\—, pi" =
pit - pAr due to the fundamental structure theorem of finite Abelian group?, G/D(G) can be
generally written as

G/D(G) ~ (Zp‘lll,l X e X Zpal,nl) X oo X (Lyjara X oo X Lyaronr ), (C.14)

2If a discrete group G itself is an Abelian group, we obtain D(G) = {e}.
3See also subsection C.5.3.
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where a; ; satisfy
n;
A = E Qij, Wij = Q41
Jj=1

On the other hand, G/G| is isomorphic to a single cyclic group Zy. Thus, the structure of the
Abelian group G/D(G) in Eq. (C.14) is clue to study how large Gy is compared with D(G).

Now, let us classify our particle theories by the determinant of the representation (including
reducible representation), detp(X; ;), for the element X, ; € Zp‘;i,j c G/D(G).*

(i) In the theory in which the element VXi; € Zp?i,j for Vi, j satisfies
detp(X; ;) =1, (C.15)
we can easily find that
Go=G. (C.16)
(ii) In the theory in which the element 3X;; € Zp?i,]- — {e} for Ji, j satisfies
detp(X; ;) =1, (C.17)
while any other element V.X; ; € Zp?i,j —{e, X ;} for Vi, j satisfies
detp(X; ;) # 1, (C.18)
we can find that
G D Gy D D(G). (C.19)

Since there are several patterns belong to this class in some discrete groups G, we do not
discuss this class in detail. However, we can also apply the following analysis to this class.

(iii) In the theory in which the element VX, ; € iji,j — {e} for Vi, j satisfies

detp(X.;) £ 1, (C.20)
we can find that

G > Gy 2 D(G), (C.21)

4Although Zpei, ; is a subgroup of G/D(G), it is not a subgroup of G in general. In other words, the element
X5 € Zpgi,j corresponds to an element of the coset D(G)X;; in G. However, since we obtain detp(gp) =
1 (Vgp € D(G)), the determinant detp(X; ;) can also be reflected in G as the same way.
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in the following. First, if there exists a;2 # 0 for Ji, p;** — 1 numbers of combination
elements X' X[ satisfy

detp(XﬁlX;’;?) =1, (C.22)
where m; and ms satisfy the following relation;

QXY XTY) = miQ(Xin) + maQ(Xig)pi ™ ™ =0 (mod p;),

aij1—a a a; C.23
s mQ(Xi) =p;" ", meQ(Xi0) =p;"* —n, VneZ/p;Z—{0}. ( )
Thus, those X}')' X'y’ as well as e are also included in Gy, which means that

G D Gy D D(G), (C.24)

and also they construct Z «.> subgroup of Go/D(G). Generally, if there are Zy, and Zy,
symmetries in G/D(G), where N; and N are not coprime to each other, ged(Ny, No) — 1
numbers of elements X{"* X" (X € Zy,, Xo € Zy,) as well as e satisfy detp(X;Xy) =1
and then they construct Zgeq(n,,n,) subgroup of Go/D(G). In a similar way, we can find
that

Go/D(G) ~ (Zptlzl,z X +ee X chlu,nl) Xooo X (Lyora Xwv o X DLyariny ). (C.25)

Then, by applying the isomorphism theorem 3 in subsection C.5.1 with Egs. (C.14) and
(C.25), we can obtain

Indeed, when Eq. (C.20) is satisfied, the determinant of the representation for Vg € G,
detp(g), can be written as detp(g) = €27 /@™ ") Tt also shows Eq. (C.26). Notice
that N = pi*'---pr™t = ], pi"" is the least common multiple of orders of each Z i
in G/D(G), which becomes the maximum order of the anomalous G/Gy ~ Zy. In other
words, the maximum order of the anomalous G/Gy ~ Zy can be found from G/D(G),
which is determined by G.

In particular, if and only if A; = a;; (a;2 = 0) for all i, any element X in the Abelian
group G/D(G) leads to

detp(X) # 1. (C.27)
It means that
Go = D(G), (C.28)
and then, by applying Eq. (C.100) in subsection C.5.3, we can obtain
Zn ~ G/Gy=G/D(G) ~ Z(pfl...p;}r)- (C.29)

Therefore, D(G) and G/D(G) are important clues to understand the structure of Gy
and G/Gy ~ Zy. In the following analysis, we mainly discuss this class (iii) in which
Eq. (C.20) is satisfied.
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C.3.1 Various examples of discrete groups

Here, let us see the detail structure of Gy and G/Gy ~ Zy from the structure of D(G) and
G/D(G) in specific examples of discrete group G.

First, let G be a perfect group, which is defined as a group satisfying D(G) = G. In
this case, we obviously find that G = Gy = D(G), that is, the whole G symmetry is always
anomaly free. One of the example is non-Abelian simple group such as A4, (n > 5) and
PSL(2,Z,) (p#2,3, peP).S

On the other hand, an Abelian simple group, which is just isomorphic to Z, (p € PP), is not
a perfect group since D(G) = {e}. In this case, the flavor model can be classified as either the
class (i), Go = G ~ Z,, or the class (iii), Go = D(G) = {e}, G/Gy ~ Zn = Z,. One of the
example is G = A3 ~ Z3 group.

Next, let us see the case that the group G can be written by a semidirect product, i.e.
G ~ Ko x GW | in the following four steps.

Step 1 (G ~7Za % Zp)
Let us start from the simplest group, G ~ Z4 x Zp (A > 3). Here, we find that D(G) C Za
from G/Z4 ~ Zp. The algebraic relations for generators o € Z4 and € Zp are given by

ot =P =e, (C.30)
and also

Bapt=a™ € Zy, (Baplat=a™' e D(G)), meZ/AZ—{0,1}, (C.31)

b

= a8t =" (Ba’Bta* =a™ "V € D(G)), a€Z/AZ, be Z/BZ, (C.32)
where m satisfies® the following conditions,

(mb—1) = (m—1)(X0Zim") #0 (mod A) for Vb

(mP —1) = (m—1)(X 20 m) =0 (mod A) (C59)
From Eq, (C.32), we find that
D(G) = {a”st 1D € Z/(Afged(m — 1, A))Z} = Lajged(m—1,4) © Go. (C.34)
Note that, in the case of G ~ Z,4, D(G) = {e}. Then, we obtain that
G/D(G) = Zged(m—1,4) X L, (C.35)

5Since a simple group is defined as a group G' whose normal subgroups are just {e} and G itself, in order for
G/D(G) to be Abelian, D(G) must be G itself for a non-Abelian simple group G.

If m = 1, in particular, the group G can be written as G ~ Z 4 x Zg. This is the specific case of the above
general analysis.
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since cosets D(G)a and D(G)p satisfy

(D(G)a)sedtm=14 = (D(G) )"
(D(G)B)D(G)a)(D(G)B) ™
The above result can also be understood from the viewpoint of Z 4 charge constraint. Sup-

pose that the chiral fermions are Z, eigenstates, p(a)jx = e*4/45,;,, and g; is the Z, charge
of j th component. Eq. (C.31) means that there exists a state with Z4 charge mg; and 3

D(G),
D(G)(Bapta™Ha = D(G)a.

transforms the j th component with g; to the state with mg;. For example, when we consider a
fundamental irreducible representation, it forms B-dimensional representation with Z 4 charge
a1, q2, G35 -, q8) = Y(q,mq,m?q, ...,mB~1q). It means that Z, charges in a multiplet are con-
strained by the semidirect product by Zg, while there is no constraint for Zpg charges. Indeed,
we obtain

detp(a) = €2 Lrse M /A — 2mian/sed(m—1,4) (C.36)

and then we can check Egs. (C.34) and (C.35) from it.
Now, as discussed in the above general analysis, let us study the class (iii). First of all, we
denote A’ = ged(m — 1, A). When we consider the elements, a”3Y, which satisfy

Q(a™)B/ged(A', B) + Q(BY) A’ /ged(A', B) =0 (mod lem(A4’, B)), (C.37)
& 2Q(a) = (ged(A', B) — s)A'/ged(A', B), yQ(B) = sB/ged(A', B), s € Z/ged(A', B)Z,
they satisfy detp(a®(Y) = 1. It means that the elements of ged(A’, B) numbers of cosets

D(G)a*BY (including D(G)a = D(G)) become the elements of Go. In addition, since those
cosets satisfy (D(G)a®pY)sd4B) = D(G), they give

Go/D(G) = Zgea(a,B): (C.38)
which is the (normal) subgroup of G/D(G). We note that the generators of Gy are o’ and
a” Y with Eq. (C.37), and they satisfy

’ / / ’ k——x(mngd(A/’BU_l) / '\ ¥
(OéA )A/A —e, (Ozxﬁy)ng(A B) _ (OéA) = AT (mV—1) ’ (Oémﬁy)(o/‘ )(axﬁy)_l — (aA )m '
(C.39)

In particular, if £ =0 (mod A/A’), that is, if a®3Y generates Zgq(a,5) subgroup of Go, G can
be decomposed as

GO >~ D(G) X chd(A’,B) = ZA/A’ X Zng(A’,B)- (C40)
Then, by applying the isomorphism theorem 3 in subsection C.5.1, we can obtain

ZN ~ G/GO ~ (G/D(G))/(GO/D(G)) ~ (ZA/ X ZB)/chd(A’,B) ~ Zlcm(A’,B)7 (C41)
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where we also apply Eq. (C.101) in subsection C.5.3 for Eq. (C.35),
G/D(G) > Za X Lp =~ Lgca(ar,B) X Licm(A,B)- (C.42)
Similar to Eq. (C.37), there exists o® ¥ with 3(z’,y'), which satisfies
Q(a*)B/ged(A', B) + Q(8Y)A' /ged(A', B) =1 (mod lem (A, B)), (C.43)

since A"/ged(A’, B) and B/ged(A’, B) are coprime to each other. It means that the element
a® BY corresponds to g; in the previous section. Indeed, the coset D(G)oﬂ”’ﬂy/ C Goa®' BY
satisfies (D(G)a® p¥)lmA'B) = D(G) C Gy. We note that, similar to Eq. (C.39), the element
o BY" with Eq. (C.43) generally satisfies

k/_zl(my/lcm(A/,B)_l)
(a:v’ﬂy’)lcm(A’,B) — (aA’) - Al(mY 1)

(0¥ B8Y ) (o) (a® B )L = (0™ (C.44)
(a3 ) (an 37) (o BY) 1 = ()¢ lelm D=t —U/A' (g ).

/

If ¥ =0 (mod A/A'), that is, if o 3Y" generates Zyem(ar,By subgroup of G, G can be written as
G ~ Gy X Zaem(ar,p)- In addition, if ¢ = 0 (mod A/A’), a® Y commutes with a”3Y. Thus, if
k, k', ¢" are multiples of A/A’, that is, if Zscq(ar,) X Ziem(a,p) in Eq. (C.42) is actually a subgroup
of G, G can be written as

G ~ D(G) X (chd(A/,B) X Zlcm(A,B)) ~ ZA/A’ X (ZA’ X ZB)
~ (D(G) X Zgea(a,B)) X Licm(a,B) (C.45)
= GO X Zlcm(A,B)?

where the second line can be found from Egs. (C.94) and (C.95) in subsection C.5.2.
Now, let us see examples. First, if A = p € P, we obtain A’ = 1, and then we find that
D(G) =7Z4 C Go. In the class (iii), we obtain Gy = D(G) =Z4 and G/Gy ~ Zy = Zp.
Second, let us see G = Dy ~ Za X Zsy case. In this case, we obtain m = A — 1 from
Eq. (C.33), and then we can find that

<alaVt=e>=Zs;n (A€2Z)

D(G) = C.46
(@) {<a\o/‘—e>—ZA (Ae2Z+1) ( )
G/D(G) ~ Ly X o :<2 (da,dﬂ”di = d% =d,, dadg = dﬁda = daﬁ > (A S ZZ) ’

Ly =< dg|d5 = d. > (Ae2Z+1)
(C.A47)
where @ = o?, dx = D(G)X. In the class (iii), we can obtain
<a,flar?=pt=e Baft =at >=Zap 3 Lo~ Dap (A€ 2Z)
<ala?=e>=7y (Ae2Z+1)
G/GO = ZN = ZQ =< gﬁ|g§ = Gge >, VA) (C49)
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where f = aff (z =y = 1), gs = Gof (' = 0,y = 1). In particular, since 5% = B2 = e,
G = D4 can be written as

DA =G ~ GO X Zg

| (D(G) xZy) 07y (A€ 2Z)

o { D(G) % Zs (Ae2Z+1) (C.50)
_f DajppxZy (A€?2Z)
_{Z,MZQ (Ae2Z+1)

Here, we comment on the case with A = 2(2m — 1) (m € Z) especially. In this case, we have
the coset relation, gz = g,a/2 (' = A/2,y' =0), and then k, k', ¢’ are multiples of A/A" = A/2.
Thus, Eq. (C.45) is satisfied;

DA =G~ D(G) X (ZQ X ZQ) ~ ZA/Q X (ZQ X ZQ)
~ GO X Z2 ~ DA/2 X ZQ.

One of the example is G = S35 ~ D3 ~ A3 X Zs. In this case, the S3 flavor model can be
classified as either the class (iii), Go = D(G) = Z3 ~ A3, G/Gy ~ Zy = Z,, or the class (i),
Gy = G = S3. Tt depends on representations (including reducible representations) in the model.
Indeed, S3 group has three irreducible representations, 1 (detp1(8) = 1), 1’ (detp1/(8) = —1),
and 2 (detps(8) = —1) [6,7]. Then, the whole S3 symmetry is anomaly free in flavor models
in which even numbers of 1’ and 2 are included. Otherwise, the Z, subsymmetry can be
anomalous.

We comment on G = Q4 case. The algebraic relations of ()4 are same as those of D, with

A € 27, except that 2 = a4/? instead of 52 = e. Then, we find that D(Q4) = D(D,), while

A2 and e

the representation of 8 depends on that of a. In the case of A € 4Z, since both «
are elements of D(Q4), the analysis of Q)4 is the same as that of D4. On the other hand, in
the case of A € 2(27Z + 1), since a2 ¢ D(Q,), B becomes anomalous Z, generator in general.
This is the different point from D 4.

Third, let us see G = Tpr =~ Zy X Zz with p # 3 and p € P. If ged(m — 1,p") # 1, m can

be expressed as m = p* + 1 with £ € Z/kZ — {0}. It needs to satisfy that

m® — 1 =p"(p** + 3p’ +3) = 0 (mod p"),
= p*+3pt+3=p" "2, (x € Z),
3= pk’% — p% — 3p£ = pe/y. (C.51)

However, it cannot be satisfied if p # 3. Hence, we find that ged(m — 1,p*) = 1 and then
D(G) = Zy C Go. Therefore, the T, flavor model corresponds to either the class (iii),
Go = D(G) = Zy, G/Go ~ Ly = Zs, or the class (i), Gy = G = T. In more general, when
we consider G ~ Z, X Zpg with ged(p, B) = 1, we find that ged(m — 1,p*) = 1 and then
D(G) = Z,. C Gy.
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Step 2 (G~ (Za X Z'y) X Zp)

Next, we study more complicated case, G ~ (Z4 x Z/,) x Zpg. First, let us see G = 3(2n?) ~
(Z,, x Z1)) x Zs. The algebraic relations for generators a € Z,,, o € Z!,, and § € Z, are given
by

a"=ao"=p*=e, (C.52)

and also
dad ' =a €, (adat=d €7Z)) (C.53)
paft =a™a™ € Z, x 7, patpt=a"a™ €Ly x 7. (C.54)

Here, m; (i = 1,2,3,4) can be determined by the constraints, f2a872 = a, 3%a/f72? = o/, and
then we obtain m; = my = 0, my = mg = 1. Namely, Eq. (C.54) can be rewritten as

Baft=d!, BaB!=a. (C.55)

Hence, we can find that
D(G) =< ala™ = e >=7Z,, (C.56)
G/D( ) Ly X Ly =< (dd/,dg)‘dg/ = d% = de,dd/dg = dgd&/ = dag >, (057)

where @ = aad’™!, dxy = D(G)X.

The above result can also be understood from the viewpoint of Z,, and Z!, charge constraints.
Suppose that the chiral fermions are Z,, and Z!, eigenstates, where we denote [Z,, Z | charges
of the j th component field as [g;, ¢j]. Eq. (C.55) means that there exists a state with charge
[}, qj] and 3 transforms the j th component with charge [g;, ¢j] to the state with charge [g}, ¢;].
For example, when we consider a fundamental irreducible representation, it forms a doublet
with charge *([q1, ¢1], [92, ¢5]) = “([q, 4], [d, q]). Then, we obtain

detp(a) = detp(a’) = e?rilatdl/n, (C.58)

and we can actually check Eqgs. (C.56) and (C.57). We note that there is no constraint for Zs
charges.
In the class (iii), we can obtain

S Al o, A2 an/2 AaA-1 _ A-1 o
Go = <o~z,~6]oz e, 3% =a"? Baps alt>=Q, (ne€2Z) | (C.59)
<ala"=e>=17Z, (ne€2Z+1)
Lp =< ga|gl = ge > (n € 27Z)

G/Gy~7Zyn = > ) C.60

/Go N {ZRXZQZZQn:<g§/|g%n:ge> (ne2Z+1) ( )

where = a2, 5 = a~ (D28, g = GOX We also introduce & = 32 = &~ 1/2¢/ and
B =4"=a (D13 and then since o = 32 (= @™ = %) = e, G = %(2n?) can be written
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as

Y(2n?) =G ~GyxZy

| QuxZ, (ne2Z)
_{ Ly X Loy (n€2Z+1) (C.61)
~ Qn X L, (TLE2Z)
_{(anzg)xzn:anZn (ne2z+1) "’

where the semidirect products for n € 2Z case and n € 2Z + 1 case come from the relations,
afa~t=apB, and faf "t =at, dad "t =&, @@ = f, respectively.

This analysis can be easily applied to G = %(3n?) ~ (Z, x Z! x Z!) x Z3. The algebraic
relations for generators o € Z,,, o/ € Z!,, o € Z!, and § € Z3 are given by

a®” = o = o™ = /33 =e,
ad =da, /o =d"d, o"a=ad”, (C.62)

5Oéﬁ_1 — Oé/, ﬁa,ﬂ_l — Oé”, ﬁOé”ﬁ_l = a.

Then, we can find that

D(G) =< &,&|a" = &" = ¢,ad = && >= L X Ly, (C.63)
G/D(G) ~ Zy, x Lz =< (dq, dg)|dl = dz =d.,dodg = dgdy = dog >, (C.64
where @ = /o’ !, @ = a7, dx = D(G)X. In the class (iii), we can obtain
<a,d, BB = (aa—)"3 Bapt =a'e/ T, B’ =@ >= R, (n€37)
Go = ., ,
< Q& >= Ty X L, (otherwise)
(C.65)
Ln, =< |9l = ge > (n € 3Z)
~ 7N = o :

G/Go N { Ly X Lz ~ T3y =< g5]g2" = ge > (otherwise) (C-66)

where 8 = a /33, 7 =a "FUBB gy = GyX. Here, since the relations between & and &' are
same as Eq. (C.63), we omit them. We also introduce &" =
a" =3 (=a" = B7) = e, G = X(3n?) can be written as

73 and §/ = 3", and then since

Y(3n?) =G ~GyxZy

_f R.x1, (n € 32)

N { (Zy, X L) X Zs,, (otherwise) (C.67)
_f R.x1Z, (n € 32)

N { (Z), X Zy) x Z3) X Zp, ~ A(3n?) X Z,, (otherwise)

where R, is related to the following A(3n?) as with the case that @, is related to D,. The
semidirect products for n € 3Z case and n € 3Z=+1 cases come from the relations, aBa~! = &',
and Bap~t =atat BB =a, a"da" =6 (0 = a,d, B'), respectively.
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Next, let us see another example, G = A(3n?) ~ (Z, x Z.)) x Z3. The algebraic relations
for generators o € Z,,, o € Z!,, and f € Z3 are given by

Q" =a" =3 =e, (C.68)
and also
dad ' =a €, (adat=d€Z) (C.69)
BaBt=a™a"™ €L, x 7, Ba'Bt=a"ad™ €7, x 7, (C.70)
Here, m; (i = 1,2,3,4) can be determined by the constraints, f3a872 = a, 32a/f7 = o/, and
then we obtain m; = mg = —1, m3 = 1, my = 0. Namely, Eq. (C.70) can be rewritten as
Baft =a /7Y, BB = (C.71)

Hence, we can obtain

< &,&a" = &P = e, 4 = &'& >= Ly X Lnj3 (n € 3Z)
D — ’ Y n n ) 2
(@) { <a,dla"=a"=e,ad =d'a>=7Zy, X Ly (otherwise) (C.72)
Ty X Ty = 3 _ 3 — - - Z
G/D(G) ~ 3 i 3 <3 (ﬁa, dﬁ)‘da dﬁ de, dadﬂ dgda dag > (77, €3 )
Ly =< dgldy = d. > (otherwise)
(C.73)

where & = aa/™!, &/ = a3, dx = D(G)X.

The above result can also be understood from the viewpoint of Z,, and Z, charge constraints.
Suppose that the chiral fermions are Z,, and Z/, eigenstates, where we denote the [Z,, Z! ] charges
of the j th component field as [g;, ¢j]. Eq. (C.71) means that there exists a state with charge
[—(¢; +q),q;] and 3 transforms the j th component with charge [g;, ¢j] to the sate with charge
[—(g; + ¢;), q;]. For example, when we consider a fundamental irreducible representation, it

forms a triplet with charge *([q1, ¢1], [92, 45, [43, ¢5]) = "(la, ¢', [=(¢+¢'), 4], [¢'s —(g+¢")]). Then,
we obtain

detp(a) = detp(a’) =1, (C.74)

and we can actually check Egs. (C.72) and (C.73). We note that for the triplet, Eq. (C.74) and
also detp() = 1 are satisfied, even if n € 3Z.
In the class (iii), we can obtain

<a,d BB =e faf T = ad, fA/BN = a P& 2 >= (Ly X Lyyz) X L3 (n € 37)
GO - ~ ~ o .
<a,d >=Zy X Ly, (otherwise)
(C.75)
G/Gy~7Zn =73 =< gﬁ\gg =g, >, Vn, (C.76)
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where 8 = a5, gs = Gof3. Here, since the relations between & and & are same as Eq. (C.72),
we omit them. Then, since 8% = 3% = ¢, G = A(3n?) can be written as

A(?)TLQ) =G ~GyXZs
- { (D(A(3n?)) % Zs) x Zs (n € 3Z)

D(A(3n?)) % Zs (otherwise) (C.77)
o (Zn X Zyy3) % Zs) x Zs  (n € 3Z)
N { (Zn X Zn) X Zs (otherwise) ’

where the last Zs semidirect product for n € 3Z comes from the relations, faf~! = ad’,
Ba/ft = a3a/2, BB = a '@ 'B. One of the examples is G = A; ~ A(12). In this
case, the Ay flavor model can be classified as either the class (iii), Gy = D(G) = Z, x Z,,,
G/Gy ~ Zn = Zs, or the class (i), Go = G = A,. Indeed, the A; symmetry has four
irreducible representations, 1 (detpy(3) = 1), 1’ (detpy/(B) = €*™/3), 1" (detpyn(3) = e*™/3),
and 3 (detps(B) = 1) [6,7]. Then, the whole A, symmetry is anomaly free in flavor models
in which proper numbers of 1" and 1” are included. Otherwise, the Z3 subsymmetry can be
anomalous. Note that, in the double covering group 7", there is no modification from A, case
except the double covering.

Step 3 (G ~ Kg X Zg)

All of discrete groups discussed in the steps 1 and 2 are specific cases of G ~ Kg X Zp type.
Now, we study a more generic case, G ~ KgxZpg. Since G/Kg ~ Zp, we find that D(G) C Kg.
Then, we can find that

G/D(G) ~ (Ku/D(G)) % Zs, (C.78)
from the following proof.

Proof
We can prove Eq. (C.78).

(I) From the isomorphism theorem 3 in subsection C.5.1, we obtain

Zp ~G/Kg~ (G/D(G))/(Ka/D(G)). (C.79)

(IT) Since G ~ K¢ X Zg, Zg is a subgroup of G and the relation K¢ NZp = {e} is satisfied.
Then, the relation (K¢ /D(G))NZp = {e} is also satisfied. Hence, we can write G/D(G) ~
(Ke/D(G)) % Zg.

(III) In particular, since G/D(G) is Abelian, G/D(G) ~ (K¢ /D(G)) x Zp.
In the class (iii), the order N of Zy ~ G/Gy can be calculated as the least common multiple

of all orders of cyclic groups in G/D(G).
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One of the example which is not mentioned in the steps 1 and 2is G = S, >~ A,, X Zy (n > 5).
Then, it should be satisfied that D(G) C A,,. On the other hand, since A,, (n > 5) is a perfect
group, A, should be included in D(G), A, C D(G). Hence, we find that D(G) = A,. In
this case, the S, flavor model can be classified as either the class (iii), Gy = D(G) = A,,
G/Gy ~ Zn = Zs, or the class (i), Go = G = S,,.

Step 4 (General G ~ Kg x GW)

Finally, we study general case G ~ Kgx G, We note that the case that GV is Abelian comes
down to the step 3 by applying the fundamental structure theorem of finite Abelian group in
subsection C.5.3 and Egs. (C.94)-(C.95) in subsection C.5.2. In this case, we can generally
obtain

G/D(G) ~ (Kq/D(G)) x GV (Abelian). (C.80)

Now, let us consider the case that G() is non-Abelian. Since G/Kg ~ G and G
D(GW) # {e}, by applying the correspondence theorem in subsection C.5.1, we find that
Kqe € D(G) C Gy. Here, similar to Gy, we define G((]l) = {g(()l) € G(1)|detp(g(()1)) =1}, and then
we find D(GW) C G(()l). By applying the isomorphism theorem 3 in subsection C.5.1, we can
find that

ZN 2G/G0
~ (G/D(G))/(Go/D(G))
:fKG/Kb)KIXCU/KTH/KC%/Kb%KIXCU/KbH (C.81)
~ (GM/D(GW)) /(G /D(GW))
o~ G(l)/Gol).

Therefore, in this case, the structures of D(G), G/D(G), Gy, and G/Gy depend on D(GW),
W /DGEW), G, and GV /G, respectively.
For example, let us see G = A(6n?),

A(6n?) ~ (Zy x 7)) x S3 = (Z, X Z,)) ¥ (Z3 X Zs) (C.82)
~ ((Zy X Z) ¥ Z3) X Zy ~ A(3n?) X Zo, '
where we use Egs. (C.94) and (C.95). Then, we can ﬁnd that Z,, x Z,, C Gp and Zy ~ Sg/G((]l).
In addition, since S3 ~ Az X Zy >~ Zs3 X Zso, we obtain G D Az ~ Z3. Thus, in this case, A(6n?)
flavor model can be classified as either the class (iii), Gy = D(G) = A(3n?), G/Gy ~ Zy = Zo,
or the class (i), Gy = G = A(6n?). One of the examples is G = Sy ~ A(24) ~ A(12) %
Zy ~ A4 X Zs. Indeed, the S, group has five irreducible representations, 1 (detps(8) = 1),
1 (detpu(8) = —1), 2 (detpa(8) = —1), 3 (detps(8) = —1), and 3 (detps (8) = 1) [6,7).
Then, the whole Sy symmetry is anomaly free in flavor models in which even numbers of 1/, 2
and 3 are included. Otherwise, the Z, subsymmetry can be anomalous.
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So far, we have seen the detailed structure of the anomaly-free subgroup GGy and the anoma-
lous part G/Gy ~ Zy for various typical discrete groups G from the structure of the derived
subgroup D(G) and its residue class group G/D(G). Here, we list D(G) and G/D(G) for those
typical discrete groups G in Table C.1. We note again that no matter what representations
of G our model has, the derived subgroup D(G) automatically becomes the subgroup of the
anomaly-free group Go. Then, in the case of G = S,, ~ A, xZy and G = A(6n?) ~ A(3n?) x Z,,
in particular, we can find that Gy 2 A, and Gy 2 A(3n?) at least, respectively.

G | D(G)(C Go) | G/D(G)
Zy {e} Ly
(As >~ Zs) ({e}) (Z3 ~ As)
N Zn/2 (n € QZ) Lo X Lo (n S QZ)
Dn = 2y % 2 { Z, (n€2Z+1) Zo (ne€2Z+1)
Tpk >~ Zpk X Zg (p 7& 3) Zpk Zg
¥(2n?) =~ (Zyp, X Zy) % 2o Ly, Ly X Lo
¥(3n3) ~ (Zy, X Zyy X L) X L3 Ly X L, Ly, X L
Ly X7 (n € 37) Zs x Lz (n € 3Z)
2\ ~u n/3 3 3
A7) = (Zn X Zn) 3 L3 { Ly X Ly, (otherwise) { Zs (otherwise)

Ay ~ A(12)) (Zy X Zs) (Z3)

X
X L) X (Z3 X L)

~ (Zy, 5
~ ((Zyy X L) ¥ T3) 3t Zo An’) Z:
~ A(3n?) x Z,
(Sy =~ A(24)
~ A(12) X Zy (A(12) =~ Ay) (Zs)
~ Ay X Zs)
PSL(27ZP) (p;&Q,B) PSL(2>ZP) (p#2,3) B
A, (n>75) A, (n>5) -
Sp~ Ay X Zy (n>5) A, (n>5) Zs

Table C.1: The derived subgroup D(G) and its residue class group G/D(G) for various typical
discrete groups G.

Finally, we summarize the important points in this section again.

e The derived subgroup of G, D(G), defined in Eq. (C.12), is always included in Gy, i.e.,
D(G) C Gy (D(G) <« Gy), even if we have any representations of G. In addition, G/D(G)
becomes Abelian as in Eq. (C.14) and each cyclic groups can be anomalous, while G/G ~
Zy. The order N is given by the least common multiple of orders of the anomalous cyclic
subgroups (which is a divisor of the least common multiple of orders of all cyclic subgroups
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of G/D(G)). Therefore, D(G) is important to explore the structure of the anomaly-free
subgroup Gy and the anomalous part G /Gy ~ Zy.

e The detailed structure of D(G) depends on the structure of G. In particular, when
G can be written by semidirect product, i.e. G ~ Kg x GU, we can obtain some
information as discussed in the above step 4; we can obtain D(G) C K¢ and G/D(G) =~
(Kg/D(GQ)) x GY in the case that GWV) is Abelian, while we can obtain K¢ C D(G) C Gy
and G/D(G) ~ GV /D(GW) in the case that GV is non-Abelian. For example, in the
case of G = S, ~ A, X Zy and G = A(6n?) ~ A(3n?) x Zy, in particular, we find that
Go 2 A, and Gy D A(3n?) at least.

C.4 Comment on generic theories with P > 1

Here, we extend our analysis to the theory with ) 5 275(R) = P > 1 and anomaly-free
condition (detp(g))” = 1.

Suppose that the representation of any element Vg € G satisfies (detp(g))Y = 1. In this
case, the representation of the anomaly-free element g,, which satisfies (detp(g,))” = 1, also
satisfies (detp(g,))” = 1 with n = ged(N, P). Namely, the determinant can be written as
detp(gn) = *™Q"9n)/" Here, we define the subset of G,

G, = {gn € G|detp(g,) = 2@ 9)/N — 2miQ"(gn)/n (C.83)

where Q' (g,)(= Q(9,)N/N(gn)) = Q"(g,)N/n. Similar to Gy, we find that G,, is also a normal
subgroup of G, GG,, < G. We note that G is included as the normal subgroup of G,,, Gy < G,,.
Then, we can similarly find that G/G, ~ Zyy, and G, /Gy ~ Z,. Indeed, by applying the
isomorphism theorem 3 in subsection C.5.1, we obtain

GG~ (G)Go) /(G )Go) ~ Ly /Ty = L. (C.84)

Therefore, in the theory, the subgroup G, is anomaly free while G/G,, ~ Zy,, can be anoma-
lous. We notice that the anomalous symmetry becomes the single cyclic group. Furthermore,
if there exists g € G with N(g) = N/n and ged(Q(g), N(g)) = 1, G can be decomposed as

G ~ Gy % L. (C.85)

It means that the anomaly-free and anomalous parts of G' can be separated.

There is an interesting example. When P is a multiple of N, the whole G symmetry is
anomaly free. As the example, let us suppose that our particle theory has Eg gauge symmetry”
and all chiral fermions in the theory transform as 27° representation under Eg transformation,
where i denotes the flavor index. (For example, the i th generational standard model quarks

"E¢ gauge symmetry is automatically anomaly free.
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and leptons are embedded in 27" representation.) Furthermore, we also suppose discrete G
flavor symmetry for those chiral fermions at least at classical level. In this case, we obtain
P =2T5(27) = 6. Then, from Eq. (C.26), when G corresponds to either of the groups listed in
Table C.1 except X(2n?) and X(3n?), at least, we can find that whole G flavor symmetry can
be automatically anomaly free no matter what representations of GG the fermions have.

C.5 Property of group theory

C.5.1 Isomorphism Theorems

We give the fundamental homomorphism and then the isomorphism theorems as well as the
correspondence theorem.

Fundamental homomorphism theorem

Let K be a normal subgroup of G, K<G. Then there is a natural homomorphism 7 : G — G/ K.
In addition, let f : G — G’ be a group homomorphism. Then, Ker(f) <G and we can consider
G’ = Im(f) without loss of generality. If K is a subset of Ker(f), K C Ker(f), there exists a
unique homomorphism F' : G/K — G’ such that F o = f.

Isomorphism theorem 1
In particular, if K = Ker(f), F': G/K — G'(=Im(f)) becomes a isomorphism;

G/Ker(f) ~TIm(f). (C.86)
This is always satisfied whenever we consider f : G — G.

Correspondence theorem
It can be applied even if K C Ker(f). In this case, we obtain G/K > Ker(F) # {e} and then

(G/K)/Ker(F) ~ G' ~ G/Ker(f). (C.87)

Here, K C Ker(f) = Ker(F o7) = 7 }(Ker(F)) < G. Furthermore, there exists a group
homomorphism ¢ : G — G” such that Ker(¢) = K, and then G” ~ G /K. Accordingly, there
exists K" 4 G” such that K” ~ Ker(F). Thus, for ¢ : G — G”, we obtain

G/K ~G"/K", (C.88)

in general, where K” < G” and K = ¢~ '(K")(D Ker(¢)) <« G. This is often called the corre-
sponding theorem.

Isomorphism theorem 2

Let K be a normal subgroup of G, K <G. Let H be a subgroup of G, H C G. In this case, K
is also a normal subgroup of K H. In particular, H N K is also a normal subgroup of H. When
we consider ¢ : KH — H, we obtain ¢(K) = H N K and then

KH/K ~H/(HNK). (C.89)
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Isomorphism theorem 3
Let both K; and K5 be normal subgroups of G with K; C K,. In this case, K; < Ky and
K,/K, <G/K,. By applying the corresponding theorem, we obtain

G/Ky ~ (G/Ky)/(Kay/Ky). (C.90)

C.5.2 Semidirect Product

We comment on semidirect product. If a normal subgroup of G, K¢, and a subgroup of G, GV
satisfy the following conditions,

G=KsGY, K;nGW = {e}, (C.91)
G can be written by Kg and GV as
G~ KgxGW. (C.92)

In particular, if any elements in G commute all elements in K¢, G can be written as G ~ K¢ x
GW. Applying the second isomorphism theorem in subsection C.5.1, we find that G/K¢g ~ GW).
Note that G cannot be always decomposed as G ~ Kg x G just because G/Kg ~ G, If
this G is actually a subgroup of G, Eq. (C.91) can be satisfied and then G can be written as
Eq. (C.92). In terms of group elements in Eq. (C.92), since K¢ is the normal subgroup of G,
the following relation,

gkgr "t = k9 € K, (C.93)

should be satisfied, where k, k9 € K and ¢ € GW.
Now, let us consider the case that G(!) can be further decomposed as G ~ K,q) x G,
In this case, G can be written as

G~ KgxGY e~ Ko x (Kgw x G?), (C.94)
= G~ (KgxKgon)xG? ~ KL xG?, (C.95)

This can be found, in the following, by considering relations among their elements: k, k%1,
k()| kloe=k) € Kook, K92 k9T e Koo, and o € G@). In the case of Eq. (C.94),

ikt = k®) | gokgr ' = k9 gokigyt = k9, (C.96)
are satisfied, while in the case of Eq. (C.95),
kakki ' = k" gokgyt = KRN gakgyt = kORI (C.97)

are satisfied. Thus, Eq. (C.96) is a sufficient condition for Eq. (C.97), but Eq. (C.97) does not
always satisfy Eq. (C.96).
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C.5.3 Finite Abelian Groups

We give several theorems of finite Abelian groups.

Fundamental structure theorem of finite Abelian group
Every finite Abelian group G with the order |G| = p{' - - - pA = []/_, pi** can be written as

G~ (Zptlzl,l X -ee X Zptlu,nl) X oo X (Lyora X v oo X Lronr ), (C.98)

where each p; is a distinct prime number and a; ; satisfy
ng
Ai = Zai,j, Qg 5 > Qg 541- (C99)
j=1

Note that a; ; is uniquely determined by G.
Here, in the above theorem, the following theorem is applied.

The Chinese remainder theorem
When m and n are coprime to each other, it is satisfied that

Ly, = Loy X Loy (C.100)
Note that, by using this theorem, the following relation,
Zm X Zn = chd(m,n) X Zlcm(m,n)) (010]—)

is generally obtained.
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