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Abstract

Since the nuclear fission reaction was confirmed in 1938, human beings realized that
the fission process can cause a self-sustaining chain reaction. After this point was
verified through experiment, the age of nuclear power utilization started. The first
commercial nuclear reactor plant Shippingport Atomic Power Station started to operate
in 1957, and since then more than 60-year operation experience on nuclear power
utilization has been accumulated. Currently, the development of nuclear reactors is
in the process of moving from the third generation to the fourth generation. The ma-
jority of commercial power plant reactors are thermal-neutron reactors, i.e., using
thermal neutrons (around 0.025 eV) to sustain a fission chain reaction and to output
energy. The utilization rate of uranium resources by thermal neutrons is low due
to the uranium nuclear properties. Therefore, fast-neutron reactors (fast reactors in
short), which can greatly improve the utilization rate of uranium resources, have
received widespread attention and been actively promoted. The fast reactors can
fully utilize uranium resources by converting fertile material into fissile material,
and therefore, this process is called as breeding. Besides, the minor actinide (MA)
from fast reactor spent fuel is considerably less than it from conventional thermal
reactor. With these unique features, fast reactor technology has been being actively
promoted in all major industrial countries. Currently, U.S. and Japan are promot-
ing the Natrium fast reactor project, and China is constructing demonstration fast
reactors Xiapu-1 and Xiapu-2.
In the research field of nuclear engineering, analysis strongly relies on computer

software. The development of a new type of reactor (such as a fast reactor) be-
gins with a conceptual design that explores a wide range of design parameter space,
followed by several stages of design refinement, and eventually leads to a detailed
design and plant construction. In the conceptual design stage, a large number of
quick calculations are necessary for giving a solution, whereas in the detailed design
stage, accuracy of the solution must be ensured. Therefore, software that is capable
of meeting different demands at each stage of the design work would be essential.
The research summarized in this dissertation focuses on software that can be used

in a variety of reactor designs. The first research is the development and verification
of a software for neutronics analysis applicable to various design stages in fast reac-
tor development. The second research is the development of a practical neutronics
analysis method for the intermediate stage of fast reactor design, which could be
regarded as a bridge between the conceptual design stage and the detailed design
stage.
The software used in this dissertation is CBZ, which is a general-purpose reactor

physics analysis code system, and it is independently developed at Hokkaido Univer-
sity. FRBurner is a fast reactor burnup calculation module that can realize various
combinations of calculation methods through incorporating them with various mod-
ules and solvers in CBZ. This module is being verified against an OECD/NEA fast
reactor neutronics analysis benchmark. This benchmark offers four sodium-cooled
fast reactor concepts, which represent the general type of sodium-cooled fast reac-
tors. Four key reactor physics parameters, effective neutron multiplication factor keff,



effective delayed neutron fraction βeff, sodium void reactivity∆ρvoid, and Doppler re-
activity ∆ρDoppler, are the focus and compared to reference results. Comparison with
the reference results provided by other institutes indicates that the FRBurner module
can provide acceptable results for general-type fast reactor physics analysis. Second,
a comprehensive comparison of these methods is performed in order to reveal the
features of each option on the calculation method. This helps users choose proper
methods for wide range utilization. Moreover, the computing burden is taken into
account to present desirable calculation conditions for the conceptual, intermediate,
and detailed design stages. In addition to the solvers based on the transport and
diffusion equations, a solver based on the simplified-P3 equation (SP3 equation) is
added to CBZ. The SP3 solver is positioned as an intermediate option between the
transport and diffusion solvers. Aside from the verification part of study, the nov-
elty of this study is that various methods that differ from whole-core step calculation
theory, dimension of lattice model, burnup chain model, and libraries (which can be
regarded as four aspects on calculation method) are thoroughly compared in the con-
text of fast reactor applications. It is noteworthy that a series of calculation methods
based on the SP3 theory are used for fast reactor analysis in this research. Utilization
of the SP3 theory in fast reactor analysis has been limited in the past. People have
started to use the SP3 theory in fast reactor analysis very recently. Therefore, the
accumulated data is insufficient, and this research fills the blank from the viewpoint
of application.
Building on the first research, the reliability of the FRBurner module is well

proved, and advantage of the SP3 solver is exhibited as well. Then, an innova-
tive reactivity calculation method is newly proposed through combining the SP3 and
perturbation theories. Equations of the SP3-perturbation (SPP) method is derived
at first, and then verification is carried with the same OECD/NEA benchmark after
code implementation is finished. Although all reactivity calculation methods based
on the perturbation theory could give component-wise reactivity, the SPP method
has a physical meaning unclear term in its equation. Through tracing to the theoret-
ical source of SP3 and defining a new form of it, the physical meaning unclear term
in the SPP method is eliminated. Thus, the component-wise reactivity calculation
based on the SP3 and perturbation theories is achieved firstly in the world. Through
component-wise reactivity analysis, it is demonstrated that more accurate prediction
of the scattering and leakage components of reactivity can be obtained with the new
method comparing to the diffusion-perturbation method.
In summary, the author has developed and verified a software applicable to meet

various demands on design requirements of fast reactors, and proposed a newmethod
(SPP method) which is useful for the reactivity analysis. These two works together
contribute to the nuclear engineering field significantly.
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Chapter 1

Introduction

1.1 Background

Nuclear reactors are devices which initiate and control nuclear reaction (fission reac-

tor in most cases) to output power. Nuclear reactors can be categorized as thermal

neutron reactors or fast neutron reactors according to the energy of the neutrons

that sustain the fission chain reaction. The fast neutron reactor (fast spectrum reac-

tor as well, or fast reactor in short) technology is given high expectations since the

beginning of nuclear energy utilization. The fast reactors have obvious advantages

in making full use of uranium resources and reducing transuranic elements (TRU).

From the perspective of limited resources and a growing emphasis on environmen-

tal conservation, the benefits of fast reactors over light water reactors (LWRs) are

obvious. The significance of fast reactor technology can be known from the fact that

three of the six Generation IV nuclear reactors are fast reactors [1]. Many nations,

including Japan, continue to develop the fast reactor technology as middle-long term

projects [2].

The reactor physics analysis is one crucial part of the work for reactor design.
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Generally speaking, the reactor physics analysis calculates key parameters such as

reactor thermal or electric power, the effective neutron multiplication factor keff, the

distribution of neutron flux ϕ (or angular neutron flux ψ), the reactivity coefficient

∆ρ, etc. by calculating the reaction rate between neutrons and the various materials

that make up the reactor. The essence of the reactor physics analysis is to obtain

the neutron flux distribution within the reactor by describing the properties (cross-

section) of each material and solving the Boltzmann transport equation [3] [4, p. 431],

or transport equation in short.

Reactor physics analysis relies on computers and computational programs, the

same as other engineering field calculations. Reactor physics analysis is time-consuming

since it is necessary to take the interactions between almost all materials and neu-

trons into account even when the complicated geometric structure of the reactor is

simplified.

There are two numerical methods to solve the transport equation from the per-

spective of computation: one is the deterministicmethod, and the other is the stochas-

tic method, which is known as Monte Carlo. The deterministic method gives unique

outputs with a series of input data, which means the result is predictable. The Monte

Carlo uses random number to simulate the behavior of neutrons so that result relies

on the number of simulations [5, p. 4]. The computation time of Monte Carlo is

significantly longer than that of the deterministic method in general, and the pre-

diction accuracy is higher than that of the deterministic method. This is because the

deterministic method requires the discretization of the neutron energy, flight angle,

space, and time. On the other hand, the discretization is not necessary for the Monte

Carlo method. 

Various computer programs (or code systems) have been developed since the
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first use of nuclear energy. These code systems vary in the governing equation (the-

ory), model, calculation strategy, nuclear data library, and other aspects. From the

perspective of research, there is a need to use a consistent code system to conduct

calculations ranging from fuel assembly or core design, nuclear fuel burnup calcu-

lation, nuclear fuel cycle strategy design, key parameter confirmation, etc. Then, it

is possible to avoid the differences in calculation introduced by using various code

systems.

1.2 Necessity of software development in this work

A brief introduction to several widely used fast reactor physics and burnup code

systems is given here. This dissertation also explains about the CBZ software, which

is a key tool and the focus of this dissertation.

REBUS (REactor BUrner System) [6] [7] is a nuclear reactor burnup analysis code

system developed by ANL (Argonne National Laboratory, USA). This code system

was initially developed for liquid metal fast breeder reactors in 1970. Till now, 50-

year development yields various modifications and extensions. REBUS combines a

neutronics model and a fuel cycle model to give complete integration of the in- and

ex-reactor fuel cycle. There is no geometric information involved in the fuel cycle

model. Therefore, the static neutronics calculation can rely on any other extensions

to be performed. Currently, REBUS offers a zero- to three-dimensional model, the

diffusion or transport theory solver, and a deterministic or Monte Carlo solution

through combining with other extensions. As for the burnup calculation, users can

set up the depletion chain according to their demands. The language of REBUS (and

the auxiliary extension) is FORTRAN-77 and C.
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ERANOS (European Reactor ANalysis Optimized calculation System) [8] [9] has

been developed and validated for neutronic calculations for fast reactors. This code

system consists of nuclear data libraries, a code for lattice calculation (ECCO), a

whole-core flux solver, a burnup calculationmodule, some processing modules, some

tools related to the perturbation theory and sensitivity analysis, and other function

tools. ERANOS could carry out neutron-gamma coupled calculations with specific

library files. It is intuitive to feel the difference between ERANOS and REBUS. ER-

ANOS is more like an independent fast reactor physics code, and REBUS focuses

on burnup calculation only. The ERANOS (and ECCO) code package offers four li-

braries based on JEFF-2.2 evaluated nuclear data files; the energy group structures

of these libraries are 1968-group, 175-group, 172-group, and 33-group, respectively.

ERANOS applies the classic two-step method to give the solution of reactor. On the

cell/lattice calculation step, the ECCO code offers many types of geometry models,

including 0-, 2-, and 3-dimensional lattice model options in several coordinate sys-

tems. Then, on the core flux calculation step, the diffusion, transport (SN: method

of discrete ordinates), and nodal variational transport options are available. The

language of ERANOS is FORTRAN-77 either.

MARBLE (and its update version MARBLE2) [10] [11] [12] is an advanced frame-

work which integrates some existing codes on fast reactor research works in Japan

with some refinements. From 1978 to 1988, Japan and the U.S. together conducted

a fast reactor research project, JUPITER. Japan analyzed almost all the JUPITER ex-

periments with domestic code systems [13], and these code systems were previously

part of MARBLE. The MARBLE framework is formed by capsuling existing codes

and adding new codes. Five sub-systems are constructed for specific purposes, and

SCHEME and ORPHEUS among them are for neutronics analysis and burnup analysis,
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respectively [11]. On the lattice calculation (resonance self-shielding effect evalua-

tion), MARBLE uses the SLAROM-UF [14] code as a plug-in solver. The feature of

the SLAROM-UF code is that ultra-fine group calculation in resonance range, two

energy group structure (70-g and 900-g) library files, and 0/1/2-dimensional geom-

etry model calculation. On the eigenvalue/flux calculation, finite difference/nodal

diffusion solver, and finite difference/nodal SN transport solver in 1-, 2-, and 3-

dimensional multiple coordinates system are available. SCHEME provides pertur-

bation calculation, group-collapsing, effective cross-section processing, and other

functions as well. 

Multiple options on the calculation method are needed to achieve the goal of

wide range utilization in fast reactor neutronic analysis. The existing fast reactor

burnup or analysis code systems offer multiple options for users to choose from.

However, there are not enough options offered in some aspects. Particularly, because

the eigenvalue or flux solver of these code systems is only diffusion- and transport-

based, the options on library files are not as free as other aspects. More importantly,

the solver is capsuled as a ”black  box” in some code systems so that users cannot

check the calculation process or add new functions easily.

CBZ is a general-purpose reactor physics deterministic code system that is devel-

oped at Hokkaido University. FRBurner, which is developed through the work in

this dissertation, is a fast reactor burnup calculation module in CBZ. In general, the

unique features of CBZ or the FRBurner module are as follows.

• CBZ has its own multi-group nuclear data library (NDL) generation system

based on FRENDY [15], which is a nuclear data processing code developed

by JAEA and Nagoya University. Arbitrary number of energy groups from

arbitrary evaluated nuclear data files (ENDF) can be prepared and used. It is
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convenient for users to use the latest ENDF library immediately.

• Arbitrary nuclide transmutation chain models can be applied into CBZ. The

detailed (or reference) transmutation chain consisting of all nuclides defined

in the ENDF library can be used, and inventory calculations of any actinides

or fission products in fuel are possible. Thus, nuclide inventory calculations

for spent fuel, which are generally carried out separately from the reactor core

calculations, can be carried out in a consistent way with the core calculations.

• Diffusion, transport (SN), and simplified-PN (SPN) solvers for eigenvalue or flux

calculation are available. Besides, various angular quadrature sets including

energy-group-dependent sets can be chosen for the SN solver.

• Multiple lattice model calculation functions have been implemented. Homoge-

neous (0-dimensional), cylinder (1-dimensional) and hexagonal (2-dimensional)

models are available to use. On the lattice calculation, several resonance cal-

culation methods such as the Dancoff factor method and Tone’s method can be

used.

• More importantly, CBZ is developed based on C++, and solvers are created

as classes. So that it is convenient to make modification and add new func-

tion. Since CBZ is a self-developed code system, extension is easy to be accom-

plished.

1.3 Research purpose and outline

The objective of this dissertation is to develop software to meet the demands of wide-

ranging use in fast reactor physics analysis with innovative calculation capability. In
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this dissertation, a fast reactor burnup calculation module with multiple calculation

options is developed and verified. The features of each option on the calculation

methodology are discussed through a comprehensive comparison. The efforts and

discussion on theory are crucial parts of this dissertation. Although the SPN theory

has been applied on reactor physics analysis in decades (also on others field, like an-

alyzing the radioactive cooling process of glass, crystal growth, radioactive transfer

of photon in biological tissues, plasma spectroscopy, etc. [16]), there is no sufficient

discussion on the use of SPN in fast reactor physics analysis. The SPN theory is used

in LWRs applications mostly. Therefore, one of the focuses of this study is on the

use of the SPN method in fast reactor analysis. Then, a new method for reactor re-

activity calculation based on the SPN and perturbation theories is proposed. The

categorization of reactivity with this new method is discussed in comparison with

traditional diffusion and transport perturbation calculations. These two researches

taken together can be viewed as a study of the advancement of fast reactor physics

analysis.

The structure of this dissertation is arranged as follows. Chapter 1 introduces

background and motivation. In Chapter 2, the development and verification of a fast

reactor burnup calculation module are summarized. Several famous reactor physics

code systems are briefly introduced to make a comparison on the calculation method-

ology as well in the Chapter 2. Chapter 3 contains the derivation, verification, and

discussion of the novel reactivity calculation approach based on the SPN and per-

turbation method. Chapter 4 summarizes the works in this dissertation from the

perspective of the entire story as a conclusion, and considerations about potential

future work are discussed. 
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Chapter 2

Development and Verification of Fast

Reactor Calculation Module

FRBurner

2.1 Introduction

Neutronics calculation methods have been well established by a number of studies

over the past decades, and there are two main directions in the neutronics calcula-

tion field: the deterministic and Monte Carlo methods. FRBurner is developed as

a fast reactor burnup calculation module in the CBZ code system [17], which is a

deterministic code under development at Hokkaido University. While the fast re-

actor calculation code systems REBUS [7], ERANOS [8], and MARBLE [10] exist,

the demand for a particular code system that enables diverse purpose (accuracy)

calculations still exists for new reactor designs. For instance, it is desirable to use

an identical code for preliminary design calculation with a low-resource-cost option
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and final parameter confirmation calculation with a high-accuracy option both, so

that consistency is maintained between calculations and computing resources are

saved. Moreover, the demand for a new algorithm, nuclear data library, burnup

chain model, etc., exists for our current and future works. It is difficult to meet such

flexible demands without a self-developed code system.

An OECD/NEA fast neutronic analysis benchmark [18] was chosen for the ver-

ification work. Four sodium-cooled fast reactor cores, which contain three types

of fuel—metallic fuel, MOX fuel, and carbide fuel—are provided in this report. In

addition, two of these cores are large-sized  with a thermal power of 3,600 MWth,

and the others are middle-sized with a thermal power of 1,000 MWth. The diver-

sity of the core type provides adequate universality, increasing the reliability of this

verification work.

From the perspective of practical application, it is beneficial to understand the

differences among the methodologies of a module, such as FRBurner, that has di-

verse calculation methodology options. Thus, the differences in (i.e., effects on)

numerical results while applying a 0-dimensional/1-dimensional/2-dimensional lat-

tice model, diffusion/transport theory for whole-core calculations, and a coarse/fine-

energy group structure cross-section library are investigated in this work. This im-

pact investigation would help potential users choose an appropriate methodology

for diverse purposes.

For the purpose of illustrating the advantage of the SP3 method, comparisons of

the SP3, diffusion, and transport methods on some reactor physics parameters are

provided in this section as well. These comparisons can be regarded as a bridge

leading to the next chapter. 
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2.2 Basic theory and numerical method

2.2.1 Multi-group library and its generation procedure

The FRBurner module uses a multi-group cross-section library called CBZLIB to cal-

culate problem-dependent medium-wise multi-group (or effective) cross sections.

CBZLIB consists of the infinite dilution cross sections (term for self-shielding effect

evaluation in resonance calculation [19] [20] [21]), the scattering matrices with an

arbitrary order of the Legendre expansion, and the self-shielding factors for the re-

actions of (n,n), (n,f), and (n,γ). The self-shielding factors for the elastic removal

cross sections and for the current-weighted total cross sections are also included.

These multi-group library data are obtained from the ENDF-formatted evaluated

nuclear data files and the point-wise (resonance-reconstructed) ENDF (PENDF) files

with the NJOY-99 code [22] through the processing sequence of the BROADR, PURR,

GROUPR and MATXSR modules. In the GROUPR module, the narrow resonance ap-

proximation is adopted, and the IWT=8 weighting function [23, Pages 187, 237],

which is adaptive for fast reactor study is chosen for multi-group constants calcu-

lation. The generated text files in the MATXS format are converted into the other

text files in a specific format readable by CBZ. The PENDF files are generated by the

FRENDY code developed at JAEA [15]. In this research, the author generates several

multi-group libraries with different numbers of energy groups from several evaluated

nuclear data libraries. Examples (Figure 2.1) of 70- and 280-energy group structures

that are going to be used in this work are shown with the total cross-section of 235U.

These two energy group structures can be regarded as coarse- and fine-group struc-

tures, respectively. It is clear to find out that different energy group structures make

changes on results since the cross-section values of them are quite different.
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Figure 2.1: Examples of energy group structure scheme.
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2.2.2 Fuel assembly calculations to obtain homogeneous (ho-

mogenized) cross sections

Since all the fuel assemblies are treated as homogeneous in the whole-core calcula-

tions by FRBurner, spatial homogenization of the fuel assemblies is required prior to

whole-core calculations. This is done at the assembly calculation step. In the assem-

bly calculation of FRBurner, all assemblies, including blanket assemblies, are mod-

eled with a single assembly with the reflective boundary conditions, and multi-group

cross-section calculations (or resonance self-shielding calculations) and neutron flux

spatial distribution calculations are conducted with this single assembly model.

Regarding the assemblymodel, three options can be chosen: the zero-dimensional

model, the one-dimensional cylinder model, and the two-dimensional hexagonal

model, as shown in Figure 2.2.

Figure 2.2: Three options of lattice model for assembly calculation: zero-

dimensional, one-dimensional and two-dimensional (left to right).

In the zero-dimensional model, nuclide number densities are spatially averaged

over a whole assembly with volume weight, and the resulting homogeneous mixture

is treated. The background cross sections for resonance treatment are calculated

with this mixture, and the multi-group cross sections of this mixture can be easily
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calculated. In this case, no spatial neutron flux calculations are required, and the

infinite neutron multiplication factor can be easily calculated by solving the one-

point B1 equation.

In the cylinder and hexagonal models, multi-group cross sections of each medium

are calculated using the method proposed by Tone [24]. In Tone’s method, the lat-

tice heterogeneity effect is taken into account in background cross-section calcula-

tions via the collision probabilities. After multi-group cross sections of each medium

are obtained, the multi-group neutron transport equation is solved by the collision

probability method, and multi-group neutron flux spatial distributions are calcu-

lated. The leakage effect is accounted for by the pseudo absorption cross sections

defined by the critical buckling. With the calculated neutron flux spatial distribu-

tion, spatial homogenization is carried out to obtain the homogenized multi-group

cross sections. The homogenized multi-group cross sections are used in the subse-

quent whole-core calculations without any group collapsing (or condensation). The

homogenized multi-group microscopic cross sections are calculated in the initial bur-

nup cycle, and the homogenized macroscopic cross sections in the subsequent bur-

nup cycles are calculated from these microscopic cross sections and nuclide number

densities in the concerned burnup step.

2.2.3 Whole-core calculations to obtain eigenvalues and neu-

tron flux distributions

Although several solvers for three-dimensional systems have been implemented in

CBZ, the present version of FRBurner can only use the two-dimensional cylinder

model; thus, users should construct a cylindrical coremodel from a three-dimensional
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core configuration. The neutron diffusion or transport equation defined for the cylin-

drical core model can be solved, and the eigenvalue and the neutron flux spatial

distribution over the whole core can be obtained. Another option for the core calcu-

lation, Simplified-P3, will be discussed in an independent section. When the neutron

diffusion equation is solved, a solver PLOS, which adopts the finite-volume spatial

discretization, is used. When the neutron transport equation is solved, a solver SNRZ,

which adopts the diamond-differencing spatial discretization scheme and the discrete

ordinates angular discretization scheme, is used. The discrete ordinates angular dis-

cretization scheme is also known as the SN method. The inner iterations are accel-

erated by the diffusion synthetic acceleration in SNRZ. Both solvers implement the

coarse-mesh finite difference acceleration (CMFD acceleration) for the outer power

iteration.

Calculations of the reactivity induced by the reduction in coolant density and the

increase in the fuel temperature can be calculated by the exact perturbation theory

in an arbitrary burnup cycle. The homogenized microscopic cross sections of the

assemblies at these perturbed states are conducted in the initial burnup cycle. The

effective delayed neutron fraction βeff can be also calculated with the forward and

adjoint neutron fluxes obtained by PLOS or SNRZ.

2.2.4 Fuel burnup calculations

With the neutron flux energy and spatial distribution obtained by the whole-core

calculation, the nuclide-wise reaction rates can be calculated, and with these reaction

rates, the changes in the nuclide number densities with time can be calculated. This

nuclide transmutation process is simulated by fuel burnup calculations with a nuclide

burnup chain.
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In the nuclide burnup chain, 21 important actinides are considered generally. On

fission products, the pseudo fission products are generally used in the fast reactor

neutronic analyses since the variation in neutron capture cross sections of various

fission products is not significant in fast reactors. When the pseudo fission products

are introduced to a burnup chain, the number of nuclides in the burnup chain could

be small, and the fuel burnup calculations can be done easily. On the other hand,

the detailed information on the nuclide inventory included in the spent nuclear fuel

is required for the works relevant to nuclear waste management or spent fuel repro-

cessing. In such cases, it is preferred that the fission products are explicitly treated

in a burnup chain. This requires a relatively large computer memory since the in-

formation on nuclide inventories including a large number of fission products must

be stored for all burnup media through whole-core burnup calculations. Such fuel

burnup calculations with the detailed nuclide burnup chain treating fission products

explicitly are also possible in FRBurner.

Nuclides transmutation is represented by the Bateman equation, and the solution

to this equation is obtained by the matrix exponential method in FRBurner. There

exists several methods to numerically calculate the matrix exponential in CBZ, and

FRBurner adopts the mini-max polynomial approximation method [25, 26]. This

can be adopted to the Bateman equation including the quite short half-lived nuclides,

which should be considered in burnup calculations with the detailed nuclides burnup

chain.

Fuel exchange during multiple burnup cycles can be simulated by FRBurner.

Since a reactor core is modeled as a cylinder, the explicit representation of a reactor

core consisting of fuel assemblies with different irradiation histories is impossible.

In FRBurner, nuclide number densities are calculated for each assembly with its ir-
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radiation history, but in the whole-core calculations, the macroscopic cross sections

are obtained through the averaged number densities over a region which is involved

in burnup calculation.

2.3 Verificationworkwith the OECD/NEA benchmark

In this section, essential information about four fast reactor cores provided by the

benchmark, the calculation methodology of FRBurner, and the reference results are

introduced. Bias comparison and error analysis are discussed also in this section.

2.3.1 Core configuration

As mentioned in section 2.1, four fast reactor cores are described in the benchmark:

MET-1000, MOX-1000, MOX-3600, and CAR-3600. The name of the cores indicates

the fuel type and power level (core size), as listed in Table 2.1. Each core is modeled

as multi-layer cylinder model, and the width of each layer is calculated from the sum

of the hexagonal-cross-section assembly areas of corresponding layers. The layout

of the MET-1000 multi-layer cylinder model is shown in Figure 2.3 as one example,

where the y-axis is the axial direction and the x-axis is the radial direction. Medium

information is listed according to the medium number in the right of this figure.

The benchmark provides number density data at the beginning of equilibrium

cycle (BOEC), and users calculate the number density data at the end of equilibrium

cycle (EOEC) through the burnup calculations. The effective neutron multiplication

factor keff, effective delayed neutron fraction βeff, sodium void reactivity ∆ρvoid and

Doppler reactivity∆ρDoppler are four target parameters, and the reference results pro-

vided by a variety of institutes of these four parameters at BOEC and EOEC are given
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Table 2.1: Fuel type and core size information of each benchmark core

Core name Fuel type Power level [MWe]

MET-1000 Metallic 1000

MOX-1000 MOX 1000

MOX-3600 MOX 3600

CAR-3600 Carbide 3600

Number Medium

0∼24 Inner-core

25∼44 Outer-core

45 Upper structure

46 Gas plenum

47 Replace sodium

48 Lower reflector

49 Lower structure

50 Empty duct

51 Control absorber

52 Shield rod

53 Radial reflector

Figure 2.3: Multi-layer cylinder model of MET-1000.
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in the benchmark. The condition for calculating ∆ρvoid is that all sodium is voided.

The condition for calculating ∆ρDoppler is that the temperature in the core regions are

changed to twice those of the reference state.

The normalized forward and adjoint neutron fluxes at the center of each core

calculated by the diffusion solver with the 70-group cross section are shown in Figure

2.4 in order to exhibit the basic neutronic characteristics of these four reactors. It

is obvious that MET-1000 consisting of metallic fuel has a harder neutron spectrum.

Energy group-wise ∆ρvoid and ∆ρDoppler, which are calculated by the diffusion solver

with the 70-group cross section, are shown in Figure 2.5, and component-wise∆ρvoid
is shown in Figure 2.6. From Figure 2.5 it is noticed that all four cores have a

significant ∆ρvoid peak around 0.8 MeV, which is caused by the sodium nuclide,

and that ∆ρDoppler in an energy range higher than 105 eV is negligible. Then, Figure

2.6 reveals that ∆ρvoid is mostly caused by the scattering and leakage component

reactivities.
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Figure 2.4: Forward and adjoint neutron fluxes.
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Figure 2.4: (Cont.) Forward and adjoint neutron fluxes.
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Figure 2.5: Energy group wise ∆ρvoid and ∆ρDoppler.
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Figure 2.6: Component-wise ∆ρvoid∗ of four cores.
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Figure 2.6: (Cont.) Component-wise ∆ρvoid∗ of four cores.

23



2.3.2 Calculation methodology in the verification work

FRBurner applies the traditional two-step method to solve problems. Three lattice

model options are available in the lattice calculation procedure: two-dimensional

hexagonal rigorous model, one-dimensional cylinder model and zero-dimensional

homogeneous model. The heterogeneity of the assembly structure cannot be con-

sidered in the whole-core calculation procedure since the whole core is completely

homogenized as a two-dimensional multi-layer cylinder. Considering other options

for theory, library and energy group structure, therefore, multiple combinations in

FRBurner can be chosen for diverse problems according to purpose.

In the verification part, the most rigorous methodology, the two-dimensional lat-

tice model in assembly calculation procedure with the transport theory-based solver

SNRZ (P1S4, this is explained in the subsection 2.4.4) with 280-group CBZLIB, is used.

The 280-group structure CBZLIB is based on the JAERI fast set-3 (JFS-3) structure

proposed for sodium-cooled fast reactor analysis, and each group of this 70-group

structure is divided into 4 groups. References provided by JAEA (Japan Atomic

Energy Agency) and CEA (Commissariat à l’énergie atomique) were used for verifi-

cation. The methodologies of these two chosen references are shown in Table 2.2.

The suffix of the reference name in Table 2.2 is to maintain consistency with the

benchmark. It should be noted that these references use 3-dimensional models in

the whole-core calculation step. Although these two institutes provided several ref-

erences, only one reference from each institute is chosen. The JENDL-4.0 [27]-based

CBZLIB and the JEFF-3.1.1 [28]-based CBZLIB were used for the present calculation

for comparison with the JAEA-2 and CEA-1 reference results, respectively.

To verify the burnup function of FRBurner, the number density at EOEC was
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calculated by FRBurner based on the BOEC number density which is given by the

benchmark.

Table 2.2: Methodologies used for the references.

JAEA-2 CEA-1

Library JENDL-4.0 JEFF-3.1

Lattice code MARBLE (SLAROM-UF) ECCO

Core code MARBLE (TRITAC) ERANOS VARIANT8

Lattice geometry Heterogeneous Heterogeneous

Core geometry Homogeneous Homogeneous

Approximation Diffusion (Transport correction) Transport SP3

Depletion chain - Pseudo FP

Fuel S/A One-dimensional multi-ring Two-dimensional hexagonal

Energy groups in lattice/core 70-group/70-group 1968-group/33-group

As this work was preliminary verification, the criteria of the FRBurner module

calculation on keff, βeff, ∆ρvoid and ∆ρDoppler were set at 0.5%, 3%, 10% and 10%,

respectively.

2.3.3 Bias comparison with the JAEA reference result

The JAEA-2 reference only contains the results of MET-1000 and MOX-3600. The

reference and the FRBurner calculation results are summarized in Table 2.3. Burnup

reactivity ∆ρcycle which is the reactivity caused by fuel burnup is shown as well. A

relative biases comparison is shown in Figure 2.7. The difference on keff is multiplied

by 10 and expressed as 10(keff) for a clear comparison in these figures, and this setting

is accepted by other figures in this chapter.
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Table 2.3: JAEA-2 reference and FRBurner results based on the JENDL-4.0 library.

BOEC EOEC

keff βeff ∆ρvoid ∆ρDoppler keff βeff ∆ρvoid ∆ρDoppler ∆ρcycle

JAEA-2

MET-1000 1.0289 339 2170 -375 1.0081 338 2256 -389 -2004

MOX-3600 1.0133 363 1948 -921 1.0193 355 1977 -881 581

FRBurner

MET-1000 1.0291 336 2147 -352 1.0082 335 2239 -366 -2019

MOX-3600 1.0089 361 2002 -924 1.0160 353 2027 -878 696

* keff is unitless parameter, the unit of the others are per cent mille (pcm).

* ∆ρcycle value in benchmark is not calculated from keff. To keep consistency, ∆ρcycle calculated by keff

is listed at here.
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The maximum bias of each parameter is less than 0.5%, 1%, 3% and 7% respec-

tively. Preferable results were obtained through comparison between the JENDL-

4.0-based CBZLIB FRBurner calculation results and the JAEA-2 reference results.

The biases at BOEC and EOEC were consistent with each other, suggesting perfect

performance of the burnup calculation function.

2.3.4 Bias comparison with the CEA reference result

The CEA-1 reference was used as supplement due to methodology differences be-

tween CEA-1 and FRBurner although it provides results for all four cores. The CEA-

1 reference and the FRBurner calculation results are summarized into Table 2.4.

Relative biases of each parameter are summarized into Figure 2.8.

The maximum bias of each parameter is less than 1.0%, 4%, 12% and 8%, re-

spectively. These results are regarded as acceptable regardless of the relatively large

biases (>10%) on MET-1000 ∆ρvoid, since just this one case shows a large bias.

2.3.5 Bias analysis

Firstly, the comparison between the FRBurner calculation and the JAEA-2 reference

suggested that FRBurner can give acceptable results on fast reactor analysis work, al-

though consistent results are not obtained when compared with the CEA-1 reference.

The reason for the discrepancy between FRBurner and CEA-1 is due to differences

in calculation conditions. More importantly, the biases at BOEC and EOEC show

obvious differences when compared with the CEA-1 reference. This is because the

depletion calculation conditions between FRBurner and CEA-1 are different. Accord-

ing to the benchmark, the recommended depletion calculation uses molybdenum to
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Table 2.4: CEA-1 reference and FRBurner result based on the JEFF-3.1.1 library.

BOEC EOEC

keff βeff ∆ρvoid ∆ρDoppler keff βeff ∆ρvoid ∆ρDoppler ∆ρcycle

CEA-1

MET-1000 1.0372 355 2190 -362 1.0100 354 2385 -357 -2596

MOX-1000 1.0316 345 1922 -789 1.0141 342 2060 -767 -1673

MOX-3600 1.0162 381 1931 -971 1.0136 - 2056 -887 -252

CAR-3600 1.0097 391 2122 -1048 1.0147 381 2233 -949 488

FRBurner

MET-1000 1.0384 343 2012 -348 1.0155 342 2108 -364 -2165

MOX-1000 1.0379 334 1845 -731 1.0242 332 1881 -747 -1289

MOX-3600 1.0145 370 1856 -926 1.0188 362 1896 -884 413

CAR-3600 1.0090 380 2053 -970 1.0205 371 2162 -921 1114

* keff is unitless parameter, the unit of others are per cent mille (pcm).
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substitute every fission product; therefore, the discrepancy caused by the depletion

mode can be eliminated. The same depletion calculation condition as the JAEA-2 ref-

erence applies is chosen for keeping consistency. CEA-1, however, applies pseudo-FP

treatment, which is different from the recommendation.

As the FRBurner module applies a two-dimensional cylindrical model in the whole-

core calculation step, the biases found in the two comparisons should be caused by

the difference in models in the whole-core calculation step. It is noteworthy that the

impact of this difference in the whole-core calculation step would not be large since

acceptable agreement was observed when compared with the JAEA reference result.

Additionally, as for the biases on βeff found in comparison with the CEA-1 ref-

erence, the delayed neutron emission data are partly responsible for them. While

energy-dependent delayed neutron yield, νd, is used in CBZ, energy-independent νd
is adopted by CEA-1. As νd becomes smaller with increased incident energy, FR-

Burner tends to give smaller βeff than the CEA-1 reference.

2.4 Impact of the methodology option on numerical

result

In this section, the effects about applying different lattice models (the zero-dimensional,

one-dimensional, or two-dimensional model), different theories (the diffusion or

transport theory), and different nuclear data library (the coarse- or fine-energy group

structure library) are investigated. The dependencies among these three aspects are

also studied. The differences between two different order options of the transport

theory solver (PNSN) are studied as well. Data used in this section is obtained only
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from the JEFF-3.1.1-based CBZLIB calculations, because there is no correlation be-

tween ENDF library and the terms analyzed in this section. Accordingly, the JENDL-

4.0-based calculation results are not discussed here. To investigate the differences,

not only keff, βeff, ∆ρvoid and ∆ρDoppler are focused, but also the components of ∆ρvoid:

the non-leakage and leakage components. To avoid redundancy, only the effects

at BOEC are shown in tables and figures in this section since these effects have no

relationship with the burnup calculation. 

2.4.1 Three lattice models (model effect)

Three options for the lattice model in the first step of the traditional two-step method

are provided in FRBurner. It is essential to recognize the degree of effect caused

by the one-dimensional cylinder model or two-dimensional hexagonal model when

comparedwith the zero-dimensional homogeneousmodel since the zero-dimensional

model is applied particularly at the beginning of work, and researchers would like to

adjust the core configuration based on this preliminary calculation result. It would

be beneficial if users could estimate a more accurate value using the result of such a

comparison.

Firstly, the two-dimensional lattice model effect (the difference between using

0-dimensional homogeneous and 2-dimensional heterogeneous lattice models) is

shown in Figure 2.9, where the terms ”N-Leak” and ”Leak” in these figures mean

the non-leakage component and leakage component sodium void reactivity, respec-

tively. From Figure 2.9 the followings can be concluded.

1. The utilization of a two-dimensional lattice model leads to notable alterations

in keff, ∆ρvoid, and ∆ρDoppler, resulting in an approximate increase of 0.4% to
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0.6%, a decrease of -5% to -8%, and an increase of 5%, respectively, when

comparing to the zero-dimensional lattice model.

2. The lattice model effect does not depend on the theory (diffusion/transport)

and the energy group structure.

Secondly, direct comparison between the 2- and 1-dimensional lattice models

is shown in Figure 2.10. According to Figure 2.10, it can be concluded that the

one-dimensional lattice model causes almost identical changes on four parameters

compared with the two-dimensional lattice model; namely, the one-dimensional lat-

tice model represents the characteristics of the two-dimensional hexagonal assembly

pretty well for standard fuel assemblies of fast reactors. 

The increase in keff obtained from the heterogeneous lattice model is due to

the spatial and energy self-shielding effects, which reduces the neutron absorption

of the two/one-dimensional lattice model system compared with that in the zero-

dimensional lattice. The decrease in ∆ρvoid is due to the decrease in the non-leakage

component of ∆ρvoid which is positive. More accurately, the decrease in the non-

leakage component of∆ρvoid is due to the changes in yield, absorption, and scattering

fractions (the main contribution being the scattering fraction). The signs of the yield,

absorption, and scattering fractions are negative, positive, and positive, respectively,

and the heterogeneous model enhances the yield fraction and decreases the absorp-

tion and scattering fractions. Thus, these total effects decrease ∆ρvoid when applying

the heterogeneous model. The increase in ∆ρDoppler is due to the change in the back-

ground cross section Σb in resonance calculations. Σb in the homogeneous model is

larger than that in the heterogeneous model. Therefore, the absorption cross section

of 238U and its change due to temperature increase in the homogeneous model are
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Figure 2.9: Two-dimensional lattice model effects of multiple methodologies.
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Figure 2.9: (Cont.) Two-dimensional lattice model effects of multiple methodologies.
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Figure 2.10: Direct comparison between 2- and 1-dimensional lattice models.
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Figure 2.10: (Cont.) Direct comparison between 2- and 1-dimensional lattice models.
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larger than those in the heterogeneous model.

2.4.2 Two solvers (transport effect)

At present, FRBurner offers three available solvers which employ the diffusion the-

ory, the transport theory and the SP3 theory, respectively. In this work, only the

diffusion and transport solvers are employed for verification and methodologies dif-

ferences investigation. The differences between the transport and diffusion theory

solvers under three lattice models with two energy group structures are studied

in this subsection. Figure 2.11 displays the transport effect obtained by this six

methodologies.

1. The transport theory solver (transport effect) causes a significant increase in

keff, about 0.4% for the 70-group calculation and 1.0% for the 280-group cal-

culations.

2. Concerning ∆ρvoid, the transport effect differs for different sized cores. The

effect on the middle-sized cores is more obvious than that on the large-sized

cores. The transport effect on ∆ρvoid of the large-sized cores is quite small.

3. The transport effect strongly relates to the energy group structure, and fine-

energy group structure enhances the transport effect. However, the transport

effect is independent of the lattice model.

In order to ascertain the root cause of the transport effect and determine why the

fine-group structure amplifies this effect, the MET-1000 and MOX-3600 cores are

selected as targets for investigation. Specifically, the neutron flux in various repre-

sentative locations, the relative difference between the transport-solver-calculated
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Figure 2.11: Transport effect obtained by multiple methodologies.
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Figure 2.11: (Cont.) Transport effect obtained by multiple methodologies.
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neutron flux ϕTr and the diffusion-solver-calculated neutron flux ϕDi (transport ef-

fect on the neutron flux), the macroscopic total and scattering cross-sections, as well

as the microscopic scattering cross-sections of Na and Fe are all examined. Figures

2.12 and 2.13 illustrate the energy-wise distribution of the transport effect on neu-

tron flux. For MET-1000, medium 0, 10, and 20 are situated in the inner-core, while

medium 27, 35, and 43 are located in the outer-core. Medium 0 and 27 are located

at the top, while medium 20 and 43 are located at the bottom. Similarly, for MOX-

3600, medium 0, 18, and 36 belong to the inner-core fuel assembly, while medium

47, 57, and 67 belong to the outer-core fuel assembly. Medium 0 and 47 are located

at the top, while medium 36 and 67 are located at the bottom.

The following points can be concluded.

• Although the transport effect show negative impacts in certain regions and

energy ranges, it ultimately has a positive effect on the target reactors.

• The transport effect in outer-core regions and near-reflector regions is more

obvious.

• Fine-energy group structure enhances the transport effect across the entire en-

ergy range, mostly in the outer-core regions.

Besides, Figure 2.12 suggests that the transport effect has a correlation with scatter-

ing cross-section since there is a peak around 3 keV, and Na has an elastic-scattering

cross-section peak around 3 keV (Figure 2.14).

The transport effect on neutron flux behaves differently in inner-core and outer-

core regions, suggesting that it is a ”spatially correlated” effect. The transport effect

reduces the inner-core neutron flux level and increases the outer-core neutron flux

level. Since the outer-core region has more fissile material, keff is increased eventu-
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(a) Medium-0 (belongs to inner-core fuel assembly and locates at top).
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(b) medium-10 (belongs to inner-core fuel assembly and locates at middle).

Figure 2.12: Transport effect on neutron flux, MET-1000.
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(c) Medium-20 (belongs to inner-core fuel assembly and locates at bottom).
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(d) Medium-27 (belongs to outer-core fuel assembly and locates at top).

Figure 2.12: (Cont.) Transport effect on neutron flux, MET-1000.
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(e) Medium-35 (belongs to inner-core fuel assembly and locates at middle).
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(f) Medium-43 (belongs to outer-core fuel assembly and locates at bottom).

Figure 2.12: (Cont.) Transport effect on neutron flux, MET-1000.
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(a) Medium-0 (belongs to inner-core fuel assembly and locates at top).
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(b) Medium-18 (belongs to inner-core fuel assembly and locates at middle).

Figure 2.13: Transport effect on neutron flux, MOX-3600.
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(c) Medium-36 (belongs to inner-core fuel assembly and locates at bottom).
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(d) Medium-47 (belongs to outer-core fuel assembly and locates at top).

Figure 2.13: (Cont.) Transport effect on neutron flux, MOX-3600.
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(e) Medium-57 (belongs to outer-core fuel assembly and locates at middle).
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(f) Medium-67 (belongs to outer-core fuel assembly and locates at bottom).

Figure 2.13: (Cont.) Transport effect on neutron flux, MOX-3600.
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Figure 2.14: Na elastic scattering cross-section (from PENDF data).

ally. If considering the transport effect reversely, the nature of the transport effect

is the error caused by the diffusion approximation. Therefore, these two figures in-

dicate that the diffusion solver increases the neutron flux level in the inner-core and

reduces the flux level in the outer-core. The gradient of neutron flux is increased by

using the diffusion solver. Naturally, the neutron leakage is further overestimated

due to the increased neutron flux gradient. 

As for the detailed mechanism of fine-energy group structure that enhances the

transport effect, it is difficult to give a quantified explanation since the system is

complicated, so that further discussion is omitted here.

Above discussion also indicates one thing that the diffusion solver shall cause

larger error for a sodium-cooled reactor, especially for reactor which has multiple

regions (inner region and outer region). Such an analysis for this type of reactor

system should not be conducted with the diffusion solvers. When neutronic analysis

of such a type of reactor system is conducted by the diffusion theory, one should pay

more attention to the bias caused by the diffusion approximation.

The reason for the increase in ∆ρvoid obtained by the transport solver for the
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middle-sized cores is the same as that for the increase in keff. That is, correcting the

neutron leakage overestimation would decrease the leakage component of ∆ρvoid, as

shown in Figure 2.11. Neutron leakage in large-sized cores, however, is less signif-

icant than that in middle-sized cores. Accordingly, correcting the overestimation of

neutron leakage for large-sized core calculations does not result in significant dif-

ferences when compared with the diffusion theory solver. It is believed that the

different levels of neutron leakage for different-sized cores are responsible for the

difference in this significant transport effect.

Additionally, the transport effect calculated for MET-1000 is larger than that for

the others. This is due to the relatively harder neutron spectrum of the metallic fuel

core than that of the other cores. For this reason, the overestimation of neutron

leakage is more significant.

2.4.3 Coarse/fine energy group structure (fine-energy group ef-

fect)

Two energy group structures were applied in this work: the 70- and 280-group.

There would be six methodologies for each core: two/one/zero/dimensional lattice

model with diffusion/transport theory solver.  Figure 2.15 shows this fine-energy

group effect and indicates that:

1. The fine-energy group calculation largely increases keff: around 0.2% for the

diffusion theory solver calculations, and from 0.2% to 0.6% for the transport

theory solver calculations.

2. The fine-energy group calculation has a negative effect on∆ρvoid. The negative

effect is due to the decrease of the non-leakage component of ∆ρvoid (positive
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(a) MET-1000.
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Figure 2.15: Fine-energy group structure effects under multiple methodologies.
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(c) MOX-3600.
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Figure 2.15: (Cont.) Fine-energy group structure effects under multiple methodolo-

gies.
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value) and the increase of leakage component of  ∆ρvoid (negative value). Be-

sides, the negative effects on ∆ρvoid differ between the middle-sized and large-

sized cores. In the middle-sized cores, the negative effect is more intense in

the diffusion theory solver calculations; however, in the large-sized cores, the

negative effect is nearly identical.

3. The fine-energy group effect is independent on the lattice model, but it has a

relationship with the calculation theory. For large-sized cores, the difference

between theories becomes negligible.

There are several possible explanations for these fine-energy group effects. The

first is the weighting function used to generate the multi-group constant. In this

study, IWT=8 weighting function was used. In the 70-group case, the IWT=8

weighting function may have caused errors, but the errors would be reduced in the

280-group structure case. The second is the change in the resonance absorption

cross sections of medium-mass nuclei such as Fe and Na. These two factors should

contribute to the fine-energy group effect.

2.4.4 The order of transport solver

In FRBurner, the order of the transport solver is determined by two parameters: PN
and SN, which are the maximum order of the Legendre polynomial for the anisotropic

scattering cross-section expansion and the number of discrete points in a direction

angle, respectively. It is notable that the PN-order here is different from the famous

 PN method. The PN method is using spherical harmonic functions (or Legendre Poly-

nomials) to expand the angular neutron flux. The SN method is discrete ordinates

method (DOM) in the reactor physics field, and it applies quadrature sets to choose
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angles which need to be considered. The weights of directions are different accord-

ing to geometry and the number of directions. The introduction of the SN method

can be found in many textbooks [4, page 821] [29, Page 171].  There are several dif-

ferent SN quadrature sets and the commonly used is the level symmetric quadrature

sets [30]. The order N decides the number of directions in space, and it must be even

integer (≥ 2). Figure 2.16 shows an example of the SN level symmetric quadrature

set when N=6. 

Figure 2.16: Example of SN (N=6) level symmetric quadrature sets.

Therefore, the order PNSN in FRBurner indicates the order of scattering cross sec-

tion expansion and level symmetric quadrature sets. Generally speaking, the option

P1S4 is applied. The option P3S8 is known to be more accurate; however, it could

be extremely time-consuming. Figure 2.17 shows the differences between the P1S4
and P3S8 options in 70-group calculations.
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According to Figure 2.17, one can know that the option P1S4 could provide prefer-

able results with enough accuracy for problems such as preliminary or initial stage

calculations that do not require high accuracy.

2.4.5 Dependency among three variables on methodology

The above investigations have thoroughly described the degree to which changes

would be caused by different methodologies. The dependencies among the lattice

model effect, the transport effect, and the fine-energy group effect are discussed in

this subsection.

Firstly, from Figure 2.9 it is obvious that the lattice model effect has no rela-

tionship with the core calculation theory and the energy group structure. This in-

dependence indicates that users could freely choose any lattice model according to

their demands. On the contrary, it is clear from Figure 2.11 that the transport effect

depends on the energy group structure. As discussed above, it is not appropriate to

apply the fine-energy group option with the diffusion theory. Accordingly, the fine-

energy group effect has relationship with the calculation theory as well, as shown in

Figure 2.15. 

The dependency investigation suggests to users how to properly set the calcula-

tion methodology with the FRBurner module.
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(b) MOX-1000.

Figure 2.17: Differences between P1S4 and P3S8 options for transport solver.
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(c) MOX-3600.
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Figure 2.17: (Cont.) Differences between P1S4 and P3S8 options for transport solver.
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2.5 SP3 calculation capability

There is another solver, the Simplified-P3 (SP3), available for the core calculation

step in FRBurner. The Simplified-PN (SPN) theory was initially proposed by Gel-

bard [31] in 1960. As concluded by Larsen [32], although a solid theory basis was

not constructed in the very beginning, the SPN theory was proved valid though ap-

plications. In this section, the SP3 core calculation function is compared with the

diffusion and transport solvers to show the feature on fast reactor analysis. 

The SP3 calculation function also needs to be verified in a similar manner since

this function has not been verified officially. As the transport calculation function

has been verified in section 2.3, the most rigorous calculation methodology option,

that the 2-D hexagonal lattice model SN (P3S8) calculation with fine energy-group

structure library (280-g), is used to provide reference results. Meanwhile, results

given by the diffusion solver calculation options are compared to the SN and SP3
calculation options results, intending to exhibit the feature of the SP3 method in fast

reactor analysis. The keff is focused here. The prediction accuracy and computing

time both are taken into account. On the computing time, a CMFD-acceleration fac-

tor is applied to evaluate the SP3 solver computing time since the CMFD-acceleration

has not been implemented to the SP3 solver yet. This CMFD-acceleration factor is

obtained by comparing the computing time of the diffusion solver with and without

the CMFD-acceleration. As the computing time strongly relates to the performance

of computer, each computational task is assigned an independent core to perform

the calculation. The maximum memory requirement (around 20 GB in the case of

SN solver P3S8 2-dimensional lattice model with 280-g library) is still much smaller

than the total memory of the computer (around 600 GB in total), therefore, comput-
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ing time is not affected by the competition on memory resource. 
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Figure 2.18: Comparison between diffusion, SP3 and transport solvers on MET-1000

keff calculation.

There is a trend that the SP3 solvers can give more accurate results comparing to

the diffusion solvers while the computing time is less than the SN solvers.  Figures

2.18 and 2.19 can be used to help users choose appropriate calculation method ac-

cording to real calculation demand. For instance, methods locates at the left bottom

can be used for preliminary stage work, methods at the center can be used for inter-

mediate stage work, and methods locates at the top right are suitable for final stage

work.

It would be clear to check the advantage of the SP3 method through comparing

the errors on power distribution as well. Errors on power of each spatial mesh of fuel

assembly given by the SP3 and diffusion solvers are summarized into Figures 2.20

and 2.21. In these two figures, the x-axis is the position of the spatial mesh along

the radial-direction in the 2-dimensional multi-layer cylinder model of reactor, the

y-axis is the position of the spatial mesh in the axial-direction, and the z-axis is the
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Figure 2.19: Comparison between diffusion, SP3 and transport solvers on MOX-1000

keff calculation.

relative error on power comparing to the reference given by the SN solver. Since the

fuel region is further divided into several spatial meshes in FRBurner intending to

improve the calculation accuracy, the numbers on the x-axis only indicate the spatial

meshes potion (for instance, the 9-layer fuel region of MET-1000 is further divided

into 36 spatial meshes).
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(a) Diffusion solver.

(b) SP3 solver.

Figure 2.20: SP3 and diffusion solvers calculation error on power distribution, MET-

1000.
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(a) Diffusion solver.

(b) SP3 solver.

Figure 2.21: SP3 and diffusion solvers calculation error on power distribution, MOX-

1000.
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Although both the SP3 and diffusion solvers give relatively large error on the

positions near the neutron absorber (error peaks at top position), the SP3 solver

gives more accurate results over all the core. More importantly, there are obvious

error increases in the regions near the control rod assembly, and such error increase

is not shown in SP3 solver calculations.

It can be said that the SP3 method can be regarded as an intermediate point

between the diffusion and transport methods. According to this conclusion, a new

reactivity calculation method based on the SP3 theory has been developed with CBZ,

and this new method is going to be discussed in the next chapter.
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2.6 Conclusion

FRBurner, which is a recently developed fast reactor neutronic calculation module

of the CBZ code system, has been verified through the calculation of four fast reactor

core problems and compared with two references provided by two institutes. Four

key reactor physics parameters were focused on in this verification: keff, βeff, ∆ρvoid
and ∆ρDoppler. The maximum biases obtained from the JENDL-4.0-based CBZLIB and

the JEFF-3.1.1-based CBZLIB were less than 0.5%, 1%, 3% and 10%, and 1.0%, 4%,

12% and 8%, respectively. This verification work indicated that FRBurner could

provide an accurate prediction on keff, βeff, ∆ρvoid and ∆ρDoppler for general-type fast

reactor systems since the four fast reactor cores used for verification cover typical

fuel types and core sizes proposed as fast reactor concepts.

Secondly, the differences between methodologies available in FRBurner are in-

vestigated. The investigation of the lattice model effect suggested that the hetero-

geneous model is crucial for calculation but that the one-dimensional lattice model

is sufficiently accurate to estimate the neutronic properties. As the heterogeneous

models have large influence on keff, ∆ρvoid and ∆ρDoppler, it is essential to take into

account the effect when studying these three parameters with the 0-dimensional ho-

mogeneous lattice model.

The transport-effect study indicated that the transport solver has a large impact

on keff and∆ρvoid (only for the middle-sized cores). A large transport effect on keff for

the fine-energy group calculations means that the diffusion theory solver should not

be applied with the fine-energy group library. Thus, the use of methodology options

in combination with the fine-energy group library and the diffusion theory solver

should be avoided. The transport effect investigation also indicates that the diffusion
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approximation may cause a large bias for sodium-cooled fast reactors, especially in

systems with multiple core regions. Therefore, when the diffusion theory is used

in sodium-coolant fast reactor analysis, more attention should be paid to bias. In

addition, the study on the PNSN order of the transport solver revealed that the P1S4
option is sufficiently accurate to represent P3S8 for a problem that does not require

a highly accurate calculation in the preliminary/initial stage.

The fine-energy group effect investigation suggests that the fine-energy group

structure calculation is necessary for reasonably accurate analysis of keff. Considering

the magnitude of biases, it is not necessary to apply the fine-energy group calculation

for reasonably accurate analysis of βeff, ∆ρvoid and ∆ρDoppler .

A comprehensive investigation of the above-mentioned effects while applying

diverse methodologies may be useful in choosing an appropriate methodology for

work with a different purpose.

More importantly, the feature of the SP3 method on fast reactor analysis is dis-

cussed through comparing with the diffusion and transport solvers. Therefore, the

novelty of the work in this chapter is that various methods differ from the calcu-

lation theory (whole-core calculation step), the dimension of lattice model (lattice

calculation step), the burnup chain model, and the library. These four aspects are

comprehensively compared in the field of fast reactors. It is noteworthy that a se-

ries calculation methods based on the SP3 theory is used for fast reactor analysis in

this chapter. Utilization of the SP3 theory in fast reactors analysis is limited in the

past. People have started to use the SP3 theory in fast reactor analysis very recently.

Therefore, the accumulated data is insufficient, and the work summarized in this

chapter fills the blank from the point of view of application.

Future work on the FRBurner module includes implementing the capability for
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three-dimensional core calculations, generating libraries based on recent libraries

such as JENDL-5.0 [33], ENDF/B-VIII.0 [34], and JEFF-3.3 [35], and implementing

the advanced leakage theory [36].
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Chapter 3

A New Method for Reactivity

Calculation

3.1 Introduction

The Simplified-PN (SPN) theory was initially proposed by Gelbard [31] in 1960. As

concluded by Larsen [32], although a solid theoretical basis was not constructed in

the very beginning, the SPN theory was proven effective through applications. The

SPN theory can be regarded as an intermediate point between the transport theory

and the diffusion theory. From the perspective of practice, the SP3 method has an ob-

vious advantage since it could give more accurate results than the diffusion method

does and with less computation burden than methods based on the transport theory,

such as the spherical harmonic (PN) method, the discrete ordinates (SN) method, and

the method of characteristic. In the following decades, theoretical basis of SPN was

gradually filled, and the field of the SP3 utilization has been expanded to analyz-

ing radioactive cooling process of glass, crystal growth, photon radiative transfer
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in biological tissues, plasma spectroscopy, etc. [16]. Recently, a new and rigorous

SPN theory with rigorous interface and boundary conditions was built by Chao [37]

in 2016. However, the conventional SPN theory is still attractive to the nuclear en-

ergy research community from the perspective of engineering practice. The research

themes vary from GPU acceleration for reactor physics analysis [38] [39], pin-wise

homogenization treatment [40], variance reduction [41] and so on.

The perturbation theory, which origins from the quantum science, was developed

to evaluate the impact of perturbation (small disturbances) on systems. In the field

of reactor engineering, there is great concern about the impact of perturbations on a

reactor system. Therefore, the perturbation theory has been widely used in reactor

reactivity analyses. We all know that the reactivity can be calculated using two ef-

fective neutron multiplication factor (keff) values before and after the perturbation,

and this is known as direct calculation. This way, however, cannot reveal the nature

of reactivity, i.e., the causes of reactivity. On the contrary, through the perturbation

theory we could acknowledge how much reactivity is contributed by each of the

different physical quantities. In the field of fast spectrum reactor analysis, the re-

activity can be categorized into different components: yield, absorption, scattering,

and leakage components. The sum of yield, absorption, and scattering components

is referred to as the non-leakage component. Component-wise reactivity information

is crucial for fast reactor analysis due to the physical processes that it can reveal. 

In this chapter, a novel SP3-Perturbation (SP3P) method is developed for fast reac-

tor reactivity analysis based on the SP3 and perturbation theories. A physical mean-

ing unclear term is discussed since it brings difficulty on its reactivity categorization.

This difficulty is solved through using the perturbation equations under the P3 the-

ory. The P3-Perturbation equations (P3P) suggest that the physical meaning unclear
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term in the SP3P equations comes from math manipulation. The author innova-

tively uses a form-changed SP3 equations set which is different from the widely used

form to give the perturbation expression under the SP3 theory.  To distinguish these

two SP3P methods, they are named as SP3P and Original-SP3-Perturbation (OSP3P)

methods, respectively. The word original represents the SP3 equations which are not

manipulated to form diffusion-like equations. The method of OSP3P can be regarded

as a second version of SP3P actually. Then, both methods are implemented into CBZ,

which is a general-purpose deterministic reactor physics analysis code system. The

verification of the new method is carried out with an OECD/NEA fast reactor bench-

mark [18] used in the preceding chapter.

3.2 Theory and implementation

3.2.1 Perturbation theory and component-wise reactivity

Reactivity (coefficient) calculation is a crucial part of work for reactor physics anal-

ysis from the perspective of reactor transient safety and control. There is a need of

decomposing the reactivity to acknowledge the inside physical processes. A classi-

cal way is using the perturbation theory to conduct reactivity calculation. Therefore,

the perturbation theory and reactivity categorization are introduced in this section

at first.

The discretized neutron transport equation (and its approximation form) can be

expressed into a matrix form,

Aϕ =
1

keff
Fϕ, (3.1)

in which
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A : operator for neutron loss,

F : operator for neutron generation by fission reaction, and

ϕ : vector representing neutron flux.
The adjoint neutron transport equations can be obtained through transposing the

operators simply. The perturbation theory requires the adjoint matrix A† (which

could also be written asAH orA∗, representing the Hermite transform), and it is the

conjugate transposition matrix ofA in actuality. The conjugate transposition matrix

of A is identical to its transposition matrix AT in reactor physics calculations since

all parameters are real numbers.

The reactivity ∆ρ can be calculated with the following equation according to the

perturbation theory,

∆ρ =
1
k

⟨
ϕ†,∆Fϕ′⟩− ⟨ϕ†,∆Aϕ′⟩

⟨ϕ†,F ′ϕ′⟩
, (3.2)

in which

ϕ′ : neutron flux after perturbation,

ϕ† : adjoint neutron flux,

⟨, ⟩ : integrating for all phase space,

∆F ,∆A : changing on operators A and F after the perturbation, and

A′,F ′ : operators A and F after the perturbation.

Typically, the reactivity can be decomposed into four parts: yield, absorption,

scattering, and leakage components, in which the sum of yield, absorption, and

scattering components is regarded as a non-leakage component. This categoriza-

tion is general for reactivity analysis.  Given that the problem under study is the

coolant (sodium) loss reactivity in fast spectrum reactors, another categorization
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that is specified for the fast reactor reactivity analysis is introduced here. Four phe-

nomena [42] contribute to the overall sodium void reactivity; they are (1) spectral

hardening, (2) increased leakage, (3) elimination of sodium capture, and (4) change

in self-shielding. They can be a categorization of the sodium void reactivity. The

correspondence between these two categorization ways will be explained as follows. 

In the first categorization way, which is the general way, the νΣf -perturbation

reactivity and the χ-perturbation reactivity are regarded as yield component; the

Σa-perturbation reactivity is categorized as absorption component reactivity; the

Σs,g→g′-perturbation reactivity is categorized as scattering component; and the diffu-

sion coefficient D-perturbation reactivity (in the case of theories with the diffusion

approximation) is categorized as leakage component. Note that the notations here

are classical. 

Table 3.1 lists the general way of sodium void reactivity categorization with ex-

pression example in component-wise. The actual categorization corresponding to

the SP3P method in the section of numerical calculation result is slightly different

from this table since there are two neutron fluxes and two adjoint neutron fluxes in

the SP3P equations. The ϕ2 is the second-order Legendre expansion moment of angu-

lar neutron flux. Higher-order Legendre moments of angular fluxes are considered

to be related to neutron leakage. Therefore, the reactivity described by both ϕ2† and

ϕ2 is categorized as leakage component in the present work. 

Here, it is necessary to emphasize that there is a clear corresponding relationship

between the two categorization ways mentioned above. The spectral hardening com-

ponent is exactly the scattering component; the increased leakage component is the

leakage component; the elimination of sodium capture and change in self-shielding

components together are the absorption and yield components [42].  Out of the clear
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Table 3.1: Information about reactivity categorization in present work.

Component Causes Expression example

Yield νΣf and χ
⟨
ϕ†,∆Σfϕ

′⟩
Absorption Σa

⟨
ϕ†,∆Σaϕ

′⟩
Scattering Σs,g→g′

⟨
(ϕ†

g′ − ϕ†
g),∆Σs,g′→gϕ

′
g′

⟩
Leakage Diffusion coefficient D (i.e., on flux gradient) ⟨

∇ϕ†,∆D∇ϕ′⟩
corresponding relationship, therefore, the general categorization way is accepted in

the present work.

3.2.2 Derivation of SP3-Perturbation (SPP) equation

This work starts with derivation of perturbation equations of the SP3 theory. The

SP3 equations with isotropic scattering source can be expressed as below, according

to the works of Larsen [32], Tatsumi and Yamamoto [43].

−Dg∇2
(
ϕ0
g + 2ϕ2

g

)
+ Σr,g

(
ϕ0
g + 2ϕ2

g

)
=

χg

keff

G∑
g′=1

νΣf,g′ϕ
0
g′ +

G∑
g′ ̸=g

Σ0
s,g′→gϕ

0
g′ + 2Σr,gϕ

2
g,

(3.3)

− 27

35
Dg∇2ϕ2

g + Σt,gϕ
2
g =

2

5

{
Σr,gϕ

0
g −

(
χg

keff

G∑
g′=1

νΣf,g′ϕ
0
g′ +

G∑
g′ ̸=g

Σ0
s,g′→gϕ

0
g′

)}
, (3.4)

where

Dg : diffusion coefficient of group g,

∇2 : Laplace operator,

ϕl
g : neutron flux of the l-th order in group g,

Σr,g : removal cross-section in group g;

71



χg : neutron fission spectrum in group g,

Σl
s,g′→g : the l-th order macroscopic scattering cross-section from group g′ to g.

G : the number of energy groups.

Then, writing the SP3 equations set into operator form and obtaining the adjoint SP3
equations set,

−Dg∇2ϕ0†
g + Σr,g(ϕ

0†
g − 2

5
ϕ2†
g )−

G∑
g′ ̸=g

[
Σ0

s,g→g′(ϕ
0†
g′ −

2

5
ϕ2†
g′ )

]
=

1

k
νΣf,g

G∑
g′=1

χg′(ϕ
0†
g′ −

2

5
ϕ2†
g′ ),

(3.5)

−Dg∇2(2ϕ0†
g +

27

35
ϕ2†
g ) + Σt,gϕ

2†
g = 0, (3.6)

in which ϕl†
g is l-th order adjoint neutron flux.

The adjoint neutron flux ϕ† is used as weighting in reactivity calculations. Split-

ting Eq. (3.2), and writing out the specific expression of ⟨ϕ†,∆Aϕ′⟩ and ⟨ϕ†,∆Fϕ′⟩,
as shown with Eqs. (3.7) and (3.8). Although the math manipulation of ⟨, ⟩ has been

defined as integrating for all phase space, only energy group (one phase space) is

assumed in these equations here for simplicity. Therefore, the integral for material

zones (another phase space) is omitted in these equations. Please also note that as-

suming the fission spectrum χ is not affected by perturbation for simplification here.

If taking the perturbation on χ into account, we can add ∆χg term into Eq. (3.8).⟨
ϕ†,∆Aϕ

⟩
=

G∑
g=1

{
ϕ0†
g

[
(−∆Dg∇2 +∆Σr,g)ϕ

′0
g − 2∆Dg∇2ϕ

′2
g −

G∑
g′ ̸=g

∆Σ0
s,g′→gϕ

′0
g′

]

+ ϕ2†
g

[
−2

5
∆Σr,gϕ

′0
g − (

27

35
∆Dg∇2 −∆Σt,g)ϕ

′2
g +

2

5

G∑
g′ ̸=g

∆Σ0
s,g′→gϕ

′0
g′

]}
,

(3.7)

⟨
ϕ†,∆Fϕ′⟩ = G∑

g=1

(
ϕ0†
g χg

G∑
g′=1

∆νΣf,g′ϕ
′0
g′

)
. (3.8)
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The form of Eq.(3.7) can be modified according to the definition of component-

wise reactivity. Among them, the most important one is the scattering component

reactivity since the expression for considering the removal cross-section is 

Σr,g = Σa,g +
G∑

g′ ̸=g

∆Σs,g→g′ − Σn2n,g. (3.9)

The scattering component reactivity in the SP3P method can be expressed as Eq.

(3.10) based on the general way of categorization,

⟨
ϕ†,∆Aϕ′⟩

scat
=

G∑
g=1

G∑
g′=1

(ϕ0†
g′ − ϕ0†

g )∆Σ0
s,g′→gϕ

′0
g′ −

2

5

G∑
g=1

+
G∑

g′=1

(ϕ2†
g′ − ϕ2†

g )∆Σ0
s,g′→gϕ

′0
g′ .

(3.10)

It is notable that the physical meaning of the second term on the right-hand-

side of Eq. (3.10),
⟨
−2

5
(ϕ2†

g′ − ϕ2†
g )∆Σ0

s,g′→gϕ
′0
g′

⟩
, is not as clear as the first term. The

reasons for clarifying the physical meaning are (a) that it helps us categorize the

different components of reactivity, which is important from the viewpoint of safety

design, and (b) that such information could help people on nuclear data sensitivity

analysis research. The physical interpretation of ϕ2† is clear since ϕ2 comes from

the Legendre polynomials expansion of the angular neutron flux in the transport

equation and ϕ2† represents the weight of ϕ2. The higher-order Legendre expansion

moment is considered to be related to neutron leakage, as mentioned previously. A

straightforward interpretation about the physical meaning of this term is that ϕ2† is

used as a weight function to evaluate the reactivity caused by perturbation on Σr.

However, here comes a difficulty in categorizing this term. 

From the perspective of angular neutron flux ϕ2†, the
⟨
−2

5
(ϕ2†

g′ − ϕ2†
g )∆Σs,g′→gϕ

′0
g′

⟩
term shall be categorized as the leakage component. According to the calculation

result shown in Section 3.3, however, this term is reasonable to be considered as

scattering component reactivity. This confusing fact leads us trace the source of this
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part of reactivity through comparing to the P3-perturbation equations. This part of

work is summarized in the next section. 

3.2.3 Derivation of OSP3-Perturbation method

The SP3P method is implemented in the CBZ code system.  The numerical calcu-

lation result implies a fact that the
⟨
−2

5
(ϕ2†

g′ − ϕ2†
g )∆Σs,g′→gϕ

′0
g′

⟩
term belongs to the

scattering component since the result on the scattering component given by the SP3P

method is more accurate if this term is counted (Table 3.2). To give theoretical expla-

nation, further investigation is carried out through using the PN-perturbation since

the SPN theory origins from the PN theory. 

The P3 equations set of a one-dimensional planar system is

d

dx
ϕ1
g + Σr,gϕ

0
g −

G∑
g′ ̸=g

Σ0
s,g′→gϕ

0
g′ =

χg

keff

G∑
g′=1

νΣf,g′ϕ
0
g′ , (3.11)

1

3

d

dx
ϕ0
g +

2

3

d

dx
ϕ2
g + Σt,gϕ

1
g −

G∑
g′=1

Σ1
s,g′→gϕ

1
g′ = 0, (3.12)

2

5

d

dx
ϕ1
g +

3

5

d

dx
ϕ3
g + Σt,gϕ

2
g −

G∑
g′=1

Σ2
s,g′→gϕ

2
g′ = 0, (3.13)

3

7

d

dx
ϕ2
g + Σt,gϕ

3
g −

G∑
g′=1

Σ3
s,g′→gϕ

3
g′ = 0. (3.14)

In Gelbard’s work [31], the SP3 equations are derived through replacing the one-

dimensional operator with multi-dimensional operator ∇. The subsequent deriva-

tions included in this dissertation will use the same expression to keep consistency.

Besides, the higher-order scattering moment than the second-order is ignored gener-

ally, i.e., Σl
s ≈ 0, (l ≥ 2). The higher-order scattering terms in Eqs. (3.13) and (3.14)

are retained for consistency with the other equations. Then, introducing the widely

used out-scatter approximation for the odd-order moment, which is used to get the
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transport cross-section [44],
G∑

g′=1

ΣN
s,g′→gϕ

N
g′ ≈

G∑
g′=1

ΣN
s,g→g′ϕ

N
g , (N = 1, 3, 5, ...), (3.15)

and after straightforward derivation, a form-changed SP3 equations set can be ob-

tained as

−Dg∇2(ϕ0
g + 2ϕ2

g) + Σr,gϕ
0
g −

G∑
g′ ̸=g

Σ0
s,g′→gϕ

0
g′ =

χg

keff

G∑
g′=1

νΣf,g′ϕ
0
g′ , (3.16)

−2

5
Dg∇2(ϕ0

g + 2ϕ2
g)−

3

5
D3

g∇2ϕ2
g + Σt,gϕ

2
g −

G∑
g′=1

Σ2
s,g′→gϕ

2
g′ = 0. (3.17)

in which

Dg =
1

3(Σt,g −
G∑

g′=1

Σ1
s,g→g′)

, (3.18)

D3
g =

3

7(Σt,g −
G∑

g′=1

Σ3
s,g→g′)

. (3.19)

This form-changed SP3 equations is named as original-SP3 (OSP3) equations since

they are derived from the P3 equations straightforwardly.

The expression of Eq.(3.19) is not as common as Eq.(3.18) which is the defi-

nition of the diffusion coefficient. Assuming the third-order Legendre coefficient of

scattering cross-section is approximately equal to the first-order Legendre coefficient

of scattering cross-section, which can be described by
G∑

g′=1

Σ1
s,g→g′ =

G∑
g′=1

Σ3
s,g→g′, the

following relation holds,

D3
g =

3 · 3

7 · 3(Σt,g −
G∑

g′=1

Σ3
s,g→g′)

≈ 9

7
Dg.

Then, the OSP3 equations can be written as the exactly same form as the SP3 equa-

tions with assuming that
G∑

g′=1

Σ2
s,g′→gϕ

2
g′ ≈ 0.
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With the approximations mentioned above, Eqs. (3.16) and (3.17) are equiva-

lent to Eqs. (3.3) and (3.4) completely. Their adjoint equations, however, are not

equivalent. This means that although the neutron fluxes ϕ0 and ϕ2 described by SP3
and OSP3 are identical, their adjoint neutron fluxes, ϕ0† and ϕ2†, are not identical. As

described in Section 3.2.1, the adjoint equations are obtained through transposing

the operators A and F . Equations (3.5) and (3.6) are adjoint equations for SP3. For

OSP3, the adjoint equations are

−D1
g∇2ϕ0†

g − 2

5
D1

g∇2ϕ2†
g + Σr,gϕ

0†
g −

G∑
g′ ̸=g

Σ0
s,g→g′ϕ

0†
g′ =

1

k
νΣf,g

G∑
g′=1

χg′ϕ
0†
g′ , (3.20)

− 2D1
g∇2

(
ϕ0†
g +

2

5
ϕ2†
g

)
− 3

5
D3

g∇2ϕ2†
g + Σt,gϕ

2†
g −

G∑
g′ ̸=g

Σ2
s,g→g′ϕ

2†
g′ = 0. (3.21)

Following the same derivation process, one can obtain the perturbation equa-

tions based on OSP3 for reactivity calculation. The specific expression of the OSP3-

perturbation is shown here, in the same style as Eqs. (3.7) and (3.8),

⟨
ϕ†,∆Aϕ′⟩ = G∑

g=1

{
ϕ0†
g

[
(−∆Dg∇2 +∆Σr,g)ϕ

0′

g − 2∆Dg∇2ϕ2′

g −
G∑

g′ ̸=g

∆Σ0
s,g′→gϕ

0′

g′

]

+ ϕ2†
g

[
−2

5
∆Dg∇2ϕ0′

g + (∆Σr,g −
4

5
∆Dg∇2 − 3

5
∆D3

g∇2)ϕ2′

g

]}
,

(3.22)

⟨
ϕ†,∆Fϕ′⟩ = G∑

g=1

(
ϕ0†
g χg

G∑
g′=1

∆νΣf,g′ϕ
′0
g′

)
. (3.23)

An important fact that can be observed from Eq.(3.22) is that there is no such⟨
(ϕ2†

g′ − ϕ2†
g ),∆Σ0

s,g′→gϕ
0
g′

⟩
term. The scattering component reactivity in the OSP3P

method only has

⟨
ϕ†,∆Aϕ′⟩

scat
=

G∑
g=1

G∑
g′=1

(ϕ0†
g′ − ϕ0†

g )∆Σ0
s,g′→gϕ

′0
g′ . (3.24)
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This discovery indicates the physical meaning unclear term in the SP3P method oc-

curs due to math manipulation. Using OSP3P can avoid the difficulty on categorizing

reactivity since each term in OSP3P implies certain physical meaning.

3.2.4 Implementation into the CBZ code system

The work to achieve the SP3P and OSP3P functions includes two parts,

(a) implementation of adjoint neutron flux ϕ† calculation functions, and

(b) implementation of perturbation calculation function according to the cor-

responding equations.

The first part of this work is to get the forward neutron flux, adjoint neutron flux,

and eigenvalue. The forward neutron flux given by the SP3 and OSP3 equations are

identical since these two equation sets are equivalent. Therefore, the SP3 forward

calculation function can be used for the OSP3P calculation, and this means it is not

necessary to implement the OSP3 forward calculation function. The form of equa-

tions implemented into CBZ should be changed into diffusion-like form,

−D∇2f + Σf = S.

This is because the diffusion-like form is a numerically solvable form, and the diffusion-

like form equation can be implemented with an existing diffusion solver module. The

diffusion-like form of the SP3 forward equations set is

−Dg∇2
(
ϕ0
g + 2ϕ2

g

)
+Σr,g

(
ϕ0
g + 2ϕ2

g

)
=

χg

keff

G∑
g′=1

νΣf,g′ϕ
0
g′ +

G∑
g′ ̸=g

Σs,g′→gϕ
0
g′ + 2Σr,gϕ

2
g,

(3.25)
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−27

35
Dg∇2ϕ2

g+(Σt,g +
4

5
Σr,g)ϕ

2
g =

2

5

{
Σr,g(ϕ

0
g + 2ϕ2

g)−

(
χg

keff

G∑
g′=1

νΣf,g′ϕ
0
g′ +

G∑
g′ ̸=g

Σs,g′→gϕ
0
g′

)}
.

(3.26)

The diffusion-like form of the SP3 adjoint equations set is

−Dg∇2(ϕ0†
g + ϕ2†

g ) + Σr,g(ϕ
0†
g + ϕ2†

g ) =

1

keff
νΣf,g

G∑
g′=1

χg′(ϕ
0†
g′ + ϕ2†

g′ ) +
G∑

g′ ̸=g

[
Σs,g→g′(ϕ

0†
g′ + ϕ2†

g′ )
]
− 2Dg∇2ϕ2†

g ,

(3.27)

− 27

35
Dg∇2(−28

27
ϕ0†
g + ϕ2†

g ) + Σt,g

(
−28

27
ϕ0†
g + ϕ2†

g

)
= −28

27
Σt,gϕ

0†
g . (3.28)

The diffusion-like form of the OSP3 adjoint equations set is

−Dg∇2

(
ϕ0†
g +

2

5
ϕ2†
g

)
+Σr,g

(
ϕ0†
g +

2

5
ϕ2†
g

)
=

1

keff
νΣf,g

G∑
g′=1

χg′ϕ
0†
g′ +

G∑
g′ ̸=g

Σ0
s,g→g′ϕ

0†
g′ +

2

5
Σr,gϕ

2†
g ,

(3.29)

− 2Dg∇2

(
ϕ0†
g +

7

10
ϕ2†
g

)
+

10

3
Σt,g

(
ϕ0†
g +

7

10
ϕ2†
g

)
=

10

3
Σt,g

(
ϕ0†
g +

2

5
ϕ2†
g

)
. (3.30)

After the calculation functions of these three coupled equation sets are implemented

in CBZ, the perturbation reactivity calculation function is implemented separately

for the yield, absorption, scattering, and leakage components, respectively. Due to

the high similarity of the SP3P and OSP3P equations, the implementation of OSP3P

can be done with minor modifications based on the SP3P method. 

3.3 Numerical calculation and result analysis

3.3.1 Numerical calculation information

CBZ applies the classic two-step method in reactor physics calculation and multiple

methodologies are available. The calculation methodology chosen for this work
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is the two-dimensional lattice model (in the lattice calculation step) with a 70-

group structure. The multi-group constant is generated by CBZ based on the JENDL-

4.0 library. As for the whole-core calculation step, the core is modeled as a two-

dimensional multi-layer cylinder. The perturbation setting (void patterns) for sodium

void reactivity calculation is based on the assumption that (1) all sodium in the core

is lost and (2) sodium in some regions is lost. The second void pattern is called the

local void pattern in this work. 

The result given by a transport solver (SN method) in CBZ is regarded as a ref-

erence in the current work, and it is compared with the SP3P and OSP3P methods

calculation in the next section. 

Since the result given by perturbation calculation must be identical to the di-

rect calculation result theoretically, it is necessary to compare the perturbation cal-

culation result with the direct calculation result to confirm the validity. Reactivity

evaluated by direct calculation is given by two keff values before and after the per-

turbation,

∆ρ =
1

keff
− 1

k
′
eff
. (3.31)

The reactivity value should be unique no matter what method is applied.

3.3.2 Whole-core void pattern

At first, the whole-core void pattern is discussed. This void pattern is also discussed

in the benchmark [18]. All sodium in the core is voided (bond sodium insides fuel

is kept). Tables 3.2 to 3.5 exhibit the component-wise reactivity results given by

SNP, OSP3P ,OSP3P and diffusion-perturbation (DP) methods for the four reactors,

respectively. The relative percent difference (RPD) of the results given by the OSP3P,
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SP3P and DP methods comparing with the SNP method result is also listed in these

tables. The direct calculation results of the SP3 and OSP3 solvers in CBZ are included

to prove the validity. For the SNP method, the yield, absorption, scattering, non-

leakage and leakage component reactivities, and net reactivity are shown in these

tables. In particular, the scattering component is separated into two parts: ϕ0† and

ϕ2† parts for the SP3P method. 

Table 3.2: Verification and comparison of OSP3P and OSP3P functions for reactivity

calculation (unti: pcm), MET-1000.

Yield Absorp. Scat. Non-leak Leak Net

SNP -14 221 3922 4129 -1812 2317

Yield Absorp. Scat. ϕ0† Scat. ϕ2† Scat. Non-leak Leak Net Direct

OSP3P -14 222 3922 3922 - 4129 -1734 2396 2395

SP3P -14 222 3922 3816 105 4129 -1734 2396 2395

DP -14 222 3902 - - 4111 -1843 2268 -

RPD_OSP3P -0.70% 0.29% -0.01% 0.01% -4.33% 3.40%

RPD_SP3P -0.70% 0.29% -0.01% 0.01% -4.33% 3.40%

RPD_DP 1.89% 0.53% -0.49% -0.45% 1.68% -2.11%

* Net value and direct calculation result for OSP3P/SP3P method are 2395.6 and 2395.3, respectively.

Firstly, we could confirm that the development of SP3P and OSP3P are successful

since the direct calculation results are exactly identical to the perturbation calcu-

lation in all four reactors calculation. The validity of SP3P and OSP3P calculation

function in CBZ can be proved. 

Secondly, the sum of ϕ0†-scattering and ϕ2†-scattering components given by the

80



Table 3.3: Verification and comparison of OSP3P and OSP3P functions for reactivity

calculation (unti: pcm), MOX-1000.

Yield Absorp. Scat. Non-leak Leak Net

SNP -25 434 2970 3380 -1215 2165

Yield Absorp. Scat. ϕ0† Scat. ϕ2† Scat. Non-leak Leak Net Direct

OSP3P -25 440 2965 2965 - 3381 -1166 2215 2215

SP3P -25 440 2965 2907 58 3381 -1166 2215 2215

DP -25 441 2954 - - 3370 -1214 2156 -

RPD_OSP3P 0.04% 1.25% -0.15% 0.03% -4.08% 2.34%

RPD_SP3P 0.04% 1.25% -0.15% 0.03% -4.08% 2.34%

RPD_DP 1.58% 1.47% -0.54% -0.30% -0.08% -0.42%

Table 3.4: Verification and comparison of OSP3P and OSP3P functions for reactivity

calculation (unti: pcm), MOX-3600.

Yield Absorp. Scat. Non-leak Leak Net

SNP -19 439 2441 2861 -662 2199

Yield Absorp. Scat. ϕ0† Scat. ϕ2† Scat. Non-leak Leak Net Direct

OSP3P -19 445 2435 2435 - 2861 -626 2235 2235

SP3P -19 445 2435 2399 36 2861 -626 2235 2235

DP -20 445 2428 - - 2853 -646 2207 -

RPD_OSP3P -0.37% 1.33% -0.25% 0.00% -5.40% 1.62%

RPD_SP3P -0.37% 1.33% -0.25% 0.00% -5.40% 1.62%

RPD_DP 4.71% 1.40% -0.55% -0.29% -2.43% 0.36%
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Table 3.5: Verification and comparison of OSP3P and OSP3P functions for reactivity

calculation (unti: pcm), CAR-3600.

Yield Absorp Scat Non-leak Leak Net

SNP -21 499 2867 3345 -871 2473

Yield Absorp Scatt ϕ0† Scat ϕ2† Scat Non-leak Leak Net Direct

OSP3 -21 509 2855 2855 - 3343 -831 2513 2513

SP3 -21 509 2855 2807 48 3343 -831 2513 2513

Diffusion -21 510 2849 - - 3338 -858 2481 -

RPD_OSP3 0.96% 2.10% -0.40% -0.03% -4.63% 1.59%

RPD_SP3 0.96% 2.10% -0.40% -0.03% -4.63% 1.59%

RPD_Di 1.31% 2.30% -0.60% -0.18% -1.55% 0.30%

 SP3P method equal to the ϕ0†-scattering component reactivity given by the OSP3P

method. This suggests that reactivity defined by the physical meaning unclear term

belongs to scattering-component reactivity. This term can be eliminated by math-

ematical manipulation. So that the OSP3P method is better than the SP3P method

from the perspective of physical interpretation. 

Thirdly, there is slight advantage of the SP3P/OSP3P method with Tables 3.2 to

3.5. These two methods show more accurate non-leakage component calculation

capability than the DP method. Besides, the computing time is significantly reduced

comparing to the SNP method. These results demonstrate the advantages of using

SP3 to calculate reactivity because this new method could provide more accurate

results with shorter computing time. Additionally, the advantage of the newmethods

is more obvious in the middle-sized cores. The biases on non-leakage component

reactivity in middle-sized core calculations are less than those in the large-sized
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cores. Due to the core size, the middle-sized core has stronger neutron leakage.

Furthermore, the difference on biases between SP3P/OSP3P and DP methods in the

MET-1000 problem calculation is larger than that in the MOX-1000 problem. This is

because MET-1000 applies metallic fuel, so the MET-1000 core has a harder neutron

spectrum than the MOX-1000 core (also harder than two large-sized cores). 

The advantage of the SP3P method can be further exhibited through the spa-

tial mesh-wise reactivity error distribution by taking the MET-1000 and MOX-1000

reactors as examples. The prediction errors on sodium void reactivity of SP3P and

diffusion-perturbation methods in every media of fuel region (Figure 3.4 shows how

a reactor core is modeled with FRBurner and indicates the core layout pf MET-1000)

are shown in Figures 3.1, 3.2, and 3.3.
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Figure 3.1: Error on cell wise net sodium void reactivity, MET-1000.
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Figure 3.2: Error on cell wise scattering component sodium void reactivity, MET-

1000.
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Figure 3.3: Error on cell wise leakage component sodium void reactivity, MET-1000.
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The advantage of the SP3P method on net and scattering component reactivities

is obvious. As for the leakage component reactivity prediction, the SP3P method

does not exhibit clear advantage. 

At present, the SP3P and OSP3P methods underestimate the leakage component

reactivity by about 4∼ 5%, which makes the net reactivity overestimated. One pos-

sible reason for this underestimation on leakage component reactivity may relate

to the treatment of interface and boundary conditions. The current SP3P/OSP3P

method is developed based on the conventional SP3 theory which was built up with

ad-hoc interface and boundary conditions. Very recently, the interface and bound-

ary conditions have been systematically discussed by Y. Chao [37] in the rigorous

SPN theory. Chao’s work finally yields to the Generalized SPN theory (GSP(K)
N ). Al-

though the author wants to implement the rigorous SPN into CBZ, the difficulty on

numerical solution [45] and code implementation made the author postponed this

idea as a future plan. 

3.3.3 Local void pattern

The problem brought by the physical meaning unclear term and verification of the

new methods have been discussed in the last section. Then, applicable scenarios of

the new methods are going to be discussed with a local void pattern problem. 

As introduced at the beginning of Section 3.1, the reactor is modeled as a two-

dimensional multi-layer cylinder in FRBurner. Figure 3.4 depicts how MET-1000

reactor is modeled in FRBurner as an example. The y-direction is axial direction,

and the x-direction is radial direction. The width of each layer is calculated from

the number of assemblies of each layer. Medium information corresponding to each

region with number are listed in the right of the figure. Each layer consists of eleven
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media, and five of them are fuel mediums for fuel layers (fuel assemblies). The

local void pattern which is going to be discussed contains three cases: (1) the first

plate (all fuel regions locate at the same position in z-axis together are regarded as

a plate) is voided, (2) the third plate is voided, and (3) the axial-center region is

voided. Since it is known that SP3P gives exactly the same result as OSP3P, only the

result of OSP3P will be discussed in this section.

Number Medium

0∼24 Inner core

25∼44 Outer core

45 Upper structure

46 Gas plenum

47 Replace sodium

48 Lower reflector

49 Lower structure

50 Empty duct

51 Control absorber

52 Shield rod

53 Radial reflector

Figure 3.4: Multi-layer cylinder model of MET-1000.

Figure 3.5 can represent themodel of the core if further simplifying the schematic.

The colored part represents voided region, therefore, coolant void in (a) the regions

0 ∼ 4 and 25∼28 are regarded as the first plate void pattern, (b) the regions 10 ∼ 14

and 33 ∼ 36 are regarded as the third plate void pattern, and (c) the regions 0, 5, 10,

15, and 20 are regarded as axial-center void pattern. The dominant neutron leakage

for these three void patterns is quite different since the gradient of neutron flux in
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Figure 3.5: Local void pattern schema.

these voided regions is different. In the first-plate void pattern case, neutron leak-

age in axial- and radial-directions both are dominant. In the third-plate void pattern,

the axial-direction neutron leakage is suppressed. In the axial-center void pattern,

the axial-direction neutron leakage must be the dominant component. Therefore,

we can investigate for which void pattern the OSP3P method is more advantageous

through these local void pattern problems, which have different dominant leakage

component. 

The net, scattering, and leakage component reactivity given by the OSP3P and

DP methods are compared to the results given by the SNP method. The comparisons

are summarized into Figures 3.6 to 3.8, and the corresponding data are summarized

into Tables 3.6 to 3.8.

Table 3.6: Net reactivity perturbation calculation of local void pattern. [unit: pcm]

1st-void 3rd-void Axial-void

OSP3P DP SNP OSP3P DP SNP OSP3P DP SNP

MET-1000 -78.7 -89.8 -106.1 910.8 883.4 907.8 165.9 163.2 164.8

MOX-1000 -26.6 -40.3 -33.3 842.0 828.1 841.3 141.1 140.9 139.8

MOX-3600 89.5 81.8 76.7 785.1 778.9 789.2 58.4 57.5 57.0

CAR-3600 99.1 89.3 85.1 884.7 877.5 888.2 5.9 5.9 6.0
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Figure 3.6: Net reactivity perturbation calculation of local void pattern.

Firstly, it seems that the SP3P (OSP3P as well) method does not show any ad-

vantage on the net reactivity calculation (Figure 3.6). This is caused, however, by

error cancellation with the DP method. The symbols of non-leakage and leakage

component reactivities are opposite. Therefore, there is error cancellation on net re-

activity calculation, and this is one aspect of why reactivity decomposition is needed.

Naturally, the component-wise reactivity calculation should be paid more attention

to. 

Secondly, the following points can be summarized.

1. The SP3P method shows advantage on the scattering and leakage component

reactivity calculations overall. This point can be explained with the character-

istic of these two components of reactivity.
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Figure 3.7: Scattering component reactivity perturbation calculation of local void

pattern.

Table 3.7: Scattering component reactivity perturbation calculation of local void

pattern. [unit: pcm]

1st-void 3rd-void Axial-void

OSP3P DP SNP OSP3P DP SNP OSP3P DP SNP

MET-1000 396.4 390.2 402.7 1052.1 1044.2 1051.5 212.7 214.0 213.0

MOX-1000 242.1 237.5 246.3 884.0 879.7 887.1 152.8 154.0 153.3

MOX-3600 240.1 237.4 238.7 722.1 719.4 727.5 59.8 59.3 58.6

CAR-3600 296.8 293.8 297.2 830.0 827.1 835.1 6.1 6.2 6.2
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Figure 3.8: Leakage component reactivity perturbation calculation of local void pat-

tern problem.

Table 3.8: Leakage component reactivity perturbation calculation of local void pat-

tern problem. [unit: pcm]

1st-void 3rd-void Axial-void

OSP3P DP SNP OSP3P DP SNP OSP3P DP SNP

MET-1000 -497.9 -518.5 -514.4 -200.2 -219.9 -202.3 -59.6 -64.0 -61.0

MOX-1000 -299.6 -308.1 -309.4 -160.8 -170.8 -162.7 -34.7 -36.4 -35.9

MOX-3600 -190.5 -195.1 -200.6 -52.3 -55.7 -52.3 -12.1 -12.6 -11.8

CAR-3600 -247.2 -253.5 -259.5 -76.4 -81.1 -75.8 -1.2 -1.3 -1.3
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2. About the scattering component, it is defined with both forward and adjoint

neutron fluxes. The peak of both fluxes is in the center of reactor. Conse-

quently, the third-plate void pattern has the largest scattering component re-

activity. Although scattering component reactivity has no direct relationship

with the neutron flux gradient, the correlation between them can be revealed

through comparing the first- and third-plate void patterns. There are two rea-

sons which make a larger neutron flux gradient for the first plate, one is the

proximity to the edge, and the other is the presence of strong neutron absorber.

3. As for the leakage component, it is defined with the changes on diffusion co-

efficient and the gradient of neutron flux. Comparing the first- and third-plate

void patterns, the SP3P method predicts the leakage component reactivity well

for the regions in which the neutron leakage is not obvious.

4. On the whole, the biases of new method results are less than that of DP method

result.

It is necessary to point out that the center assemblies of the MET-1000, MOX-1000,

MOX-3600, and CAR-3600 cores are the secondary control assembly, the secondary

control assembly, the center reflector, and the fuel assembly, respectively. For the

secondary control assembly, the control absorber material is located beyond the

active fuel region, as shown in the benchmark report [18]. This is the reason that

the axial-center void pattern calculation behaves quite differently on the MOX-3600

and CAR-3600 cores.

Thirdly, the energy wise reactivity information would be helpful. Regarding the

discussion above, only the scattering and leakage component reactivities of MET-

1000 calculation are summarized into Figure 3.9. The Figures 3.9 (a), (c), (e) are
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(a) Scattering component void reactivity.
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(b) Leakage component void reactivity.

Figure 3.9: MET-1000 core local void pattern energy-wise reactivity comparison.
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(c) Scattering component void reactivity.

-30

-25

-20

-15

-10

-5

0

5

10
2

10
3

10
4

10
5

10
6

10
7

R
ea

ct
iv

it
y
 (

p
cm

)

Energy(eV)

MET-1000, 3rd-plate void pattern

  DP
 OSP3P

  TP

(d) Leakage component void reactivity.

Figure 3.9: (Cont.) MET-1000 core local void pattern energy-wise reactivity com-

parison.
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(e) Scattering component void reactivity.
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(f) Leakage component void reactivity.

Figure 3.9: (Cont.) MET-1000 core local void pattern energy-wise reactivity com-

parison.
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scattering component reactivity and Figures 3.9 (b), (d), (f) are leakage component

reactivity. It is notable that the DP method results display a relatively large bias on

leakage component reactivity calculation for the third-plate void and axial-center

region void patterns, while the OSP3P method can give more accurate results on the

whole. For the scattering component reactivity, we can refer to a partial enlargement

figure (Figure 3.10) for a clear view. The enlarged energy range is 105 eV to 106 eV

since the reactivity in this energy range is higher than other ranges. Although the

bias of on each energy group is small, we can still say that the OSP3P method gives

more accurate result on the scattering component reactivity in general. Especially

when the difference on bias for each energy group is summed together, the total

difference is not negligible (Figure 3.7). Despite the magnitude of leakage compo-
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Figure 3.10: Partial enlargement of energy-wise scattering component reactivity,

first-plate void case.

nent reactivity itself is not large, Figure 3.9 still presents the advantage of the OSP3P
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method on the scattering and leakage component reactivity calculation. Meanwhile,

the results displayed in the previous section reveal that the bias on leakage com-

ponent reactivity of the DP method is less than that of the SP3P method, which is

opposite to the results shown in this section. This opposite point is because the void

pattern of calculations in these two sections are different. The whole core void pat-

tern leads to more significant neutron leakage. The local void pattern calculation

results suggest that the neutron leakage of voided region affects the OSP3P methods

significantly. For scattering component reactivity, the OSP3P method shows advan-

tage when neutron leakage is obvious. For leakage component reactivity, the OSP3P

method shows advantage when neutron leakage is not obvious. 

Based on the calculations involved in the present work, the author concludes that

the OSP3P and OSP3P methods show advantage on void reactivity calculation if the

neutron leakage is significant. 

98



3.4 Conclusion

A new method, SP3P (OSP3P), for fast reactor reactivity analysis based on the SP3
and perturbation theories is proposed in this chapter. This new method is verified

through comparing to direct calculation and transport (SN) perturbation calculation

with four fast reactor concepts which differ from each other in the fuel type and core

size. 

Firstly, the SP3P results match the direct calculation results in all four fast reac-

tor calculations, and this suggests the equations derivation is correct and the code

implementation is successful. The biases of SP3P results on non-leakage component

reactivity calculation are 0.01%, 0.03%, 0.00% and -0.03%, respectively. Compar-

ing to the biases of the DP method on non-leakage component, advantage of the SP3P

method is obvious. Then, the SP3P method can substitute the DP method in fast re-

actor reactivity analysis, considering the computing time and calculation accuracy. 

Secondly, the author solved the difficulty on categorizing the
⟨
−2

5
(ϕ2†

g′ − ϕ2†
g )∆Σ0

s,g′→gϕ
′0
g′

⟩
term through tracing the source of it. The sum of ϕ0†-scattering and ϕ2†-scattering

components given by the SP3P method equals to ϕ0†-scattering component given by

the OSP3P method. This fact indicates that this innovative treatment solved the

difficulty properly. 

Thirdly, three different local void pattern problems are used to illustrate the ad-

vantage of the SP3P method. Based on the calculation result with the designed void

condition in the present work, the SP3P method shows an advantage on scattering

component reactivity prediction when the neutron leakage is relatively significant. 

At the end of this research, considerations about potential future work are dis-

cussed here.  Currently, there is no acceleration treatment for the SP3 eigenvalue
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calculation in CBZ, although the effect of acceleration is evaluated with diffusion

solver with and without CMFD acceleration. The acceleration treatment on the SP3
eigenvalue calculation should be benefit for CBZ. Additionally, the SP3-perturbation

method is developed based on the conventional SP3 theory in this dissertation. There

is a possibility that the SP3P (OSP3P) method could be improved with the rigorous

SP3 theory, but significant efforts are necessary. 
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Chapter 4

Conclusions

In this dissertation, a fast reactor analysis software, FRBurner, that meets various

demands on new type fast reactor designs at different stages is developed and ver-

ified through a verification study, a multiple methods characteristic study, and an

innovative reactivity calculation method study. 

The verification of FRBurner suggests that this software can predict reactor physics

key parameters like effective neutron multiplication factor, sodium void reactivity,

Doppler reactivity, effective delayed neutrons fraction, and burnup reactivity accu-

rately for general type of sodium-cooled fast reactors. The reliability of this module

is clearly exhibited by the most rigorous option of the calculation method. Then, the

multiple calculation methods characteristic study provides strong data support for

choosing proper calculation for wide range utilization. As for the SP3-based eigen-

value/flux calculation method, the proof about advantage of it through comprehen-

sively comparing the calculation burden and accuracy with the transport and diffu-

sion methods is a crucial part of work in this dissertation. It lays the data foundation

for the subsequent SP3-perturbation reactivity calculation research. 

The study about the SP3-perturbation reactivity calculation method is the most
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important innovation in this dissertation. It fills the blank of SP3 method utiliza-

tion in fast reactor field research. Starting with the sodium void reactivity, the

component-wise reactivity is discussed in depth. This dissertation points out a fact

that widely-used form of the SP3 equation set leads to an physical meaning un-

clear term in perturbation calculations, and this term can be eliminated with a

form-changed SP3 equations set. The comparison of prediction on scattering com-

ponent reactivity between diffusion-perturbation, transport-perturbation, and SP3-

perturbation methods exhibits the advantage of the SP3-perturbation method obvi-

ously. This advantage is discussed with three designed void pattern problems in this

dissertation. Results indicate that the SP3 method shows clear advantage in regions

where neutron leakage is significant. 

On the whole, the author has developed and verified a software applicable to var-

ious demands on fast reactor designs, and proposed a new method (SP3-perturbation

method) which is useful for the reactivity analysis. This software is useful for the

new type fast reactor design in the future, and these two works together contribute

to the nuclear engineering field greatly.
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