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Abstract. We investigate an instability toward a square-lattice formation of
magnetic skyrmions in centrosymmetric layered systems. By focusing on a bilayer
square-lattice structure with the inversion center at the interlayer bond instead of the
atomic site, we numerically examine the stability of the square skyrmion crystal based
on an effective spin model with the momentum-resolved interaction in the ground state
through the simulated annealing. As a result, we find that a layer-dependent staggered
Dzyaloshinskii-Moriya interaction built in the lattice structure becomes the origin of
the square skyrmion crystal in an external magnetic field irrespective of the sign of the
interlayer exchange interaction. The obtained square skyrmion crystal is constituted
of the skyrmion crystals with different helicities in each layer due to the staggered
Dzyaloshinskii-Moriya interaction. Furthermore, we show that the interplay between
the staggered Dzyaloshinskii-Moriya interaction and the interlayer exchange interaction
gives rise to a double-Q state with a uniform component of the scalar chirality in the
low-field region. The present results provide another way of stabilizing the square
skyrmion crystal in centrosymmetric magnets, which will be useful to explore further
exotic topological spin textures.

1. Introduction

One of the central issues in the field of magnetism is to discover materials hosting
nontrivial topological spin textures since they give rise to unconventional physical
phenomena arising from giant emergent electromagnetic fields, such as the topological
Hall effect [1, 2, 3, 4, 5] and the nonlinear optics [6, 7, 8, 9, 10]. A typical example to
possess such topological spin textures is a magnetic skyrmion with a two-dimensional
topological spin texture [11, 12, 13, 14], which has been studied in both theory and
experiment since the first observation of its crystal form referred to as the magnetic
skyrmion crystal (SkX) in the cubic chiral magnet MnSi in 2009 [15]. Subsequently, the
emergence of the SkXs has been clarified in various noncentrosymmetric magnets [16, 17,
18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29], where it was shown that the competition
between the ferromagnetic (FM) exchange interaction and the Dzyaloshinskii-Moriya
(DM) interaction, the latter of which originates from relativistic spin-orbit coupling in
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inversion-asymmetric lattice structures [30, 31], in an external magnetic field is a key
essence to stabilize the SkX from the theoretical aspect [13, 32, 33, 34]. Thus, the
absence of the inversion symmetry in the lattice structures is an important ingredient
to realize the topological spin textures, which provides a guideline for their exploration.
Indeed, the extensive searches based on this idea revealed the appearance of further
unconventional short-period SkX in EuPtSi [35, 36, 37, 38] and a hedgehog lattice
characterized by a three-dimensional topological spin texture in MnSi1−xGex [34, 39,
40, 41, 42, 43], which are accounted for by introducing multiple-spin interactions in
addition to the DM interaction [18, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57].

Meanwhile, a way of stabilizing the SkX and hedgehog lattice has been theoretically
established even in centrosymmetric magnets. There have been so far several
mechanisms for such topological spin textures, such as the frustrated exchange
interaction [58, 59, 60, 61, 62, 63, 64, 65, 66, 67], the Ruderman-Kittel-Kasuya-
Yosida interaction [68, 69, 70], the multiple-spin interaction [71, 72, 73, 74, 75, 76,
77, 55, 78, 79, 80, 81], and the crystal-dependent two-spin anisotropic interaction [82,
83, 84, 85, 86, 87, 88, 89, 90, 91]. These studies provide a deep understanding
of the microscopic origins of topological spin textures in centrosymmetric magnets,
which have recently been observed in Gd2PdSi3 [92, 93, 94, 95, 96, 97, 98, 99] and
Gd3Ru4Al12 [100, 101] hosting the triangular-lattice SkX, GdRu2Si2 [102, 103, 104]
and EuAl4 [105, 106, 107, 108] hosting the square-lattice SkX, and SrFeO3 hosting
the hedgehog lattice [109, 110, 111, 112].

Under these circumstances, an interesting situation to realize the triangular SkX in
centrosymmetric lattice structures has been investigated by focusing on the role of the
sublattice-dependent DM interaction [113, 114, 115, 116, 117]. Such a situation occurs
when considering the multi-sublattice systems in centrosymmetric lattice structures,
such as the zigzag [118, 119, 120, 121, 122, 123, 124], honeycomb [125, 126, 127, 128, 129],
diamond [130, 131, 132], and bilayer [133, 134, 135, 136] structures, where the inversion
center lies at the bond center between the different sublattices while there is no local
inversion symmetry at atomic sites [137, 138, 139, 140, 141, 142, 143, 144]. Since
the sublattice-dependent DM interaction ubiquitously appears in the centrosymmetric
systems to possess the magnetic ions located at the Wyckoff positions without the
inversion center, its mechanism extends the scope of the candidate materials hosting
the topological spin textures.

In the present study, we further investigate the possibility of the SkX in the
centrosymmetric lattice systems consisting of locally inversion-asymmetric layers. In
particular, we aim at elucidating a new mechanism of the square SkX by considering a
bilayer square-lattice system, as its stabilization mechanism is limited compared to the
triangular SkX owing to the different nature of the multiple-Q superposition: The former
is characterized by the double-Q spiral superposition with two orthogonal ordering
vectors Q1 and Q2, i.e., Q1 + Q2 6= 0, while the latter is represented by the triple-Q
one with Q1, Q2, and Q3 satisfying Q1 +Q2 +Q3 = 0. An effective coupling by the
multiple-Q modulation in the form of (S0·SQ1)(SQ2 ·SQ3) appears in the free energy only
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in the latter triple-Q case, which results in the defferent stabilization tendency between
the sqaure and triangular SkXs. In fact, the stabilization of the centrosymmetric
square SkX has been achieved by considering the further effect of the bond-dependent
anisotropic exchange interaction or the dipolar interaction in addition to the frustrated
exchange interaction in insulating magnets [88, 89] and the multiple-spin interaction in
magnetic metals [145, 146, 86, 147, 148], which reproduces the multiple-Q instabilities
observed in GdRu2Si2 [102, 103, 104]. Besides, the scenario based on the competing
interactions in momentum space has recently been proposed, which might explain the
multiple SkX phases including the square SkX in EuAl4 [108, 149, 150, 151].

By analyzing an effective spin model incorporating the effect of the staggered
DM interaction and the interlayer exchange interaction and performing the simulated
annealing, we find that the square SkX consisting of the layer-dependent SkXs with
different helicities is stabilized on the bilayer square lattice. Although the square SkX
with a quantized integer skyrmion number appears for both FM and antiferromagnetic
(AFM) interlayer exchange interactions, the resultant spin textures are different from
each other. The skyrmion core positions on the different layers are different (the same)
for the FM (AFM) interlayer exchange interactions. In addition to the square SkX,
we find that the single-Q spiral spin state in the low-field region is modulated so as to
have a uniform scalar chirality in the presence of the interlayer exchange interaction.
We also discuss similarities and differences of the results in the bilayer triangular-lattice
system [115]. Our result provides a new lattice structure hosting the square SkX in
centrosymmetric magnets.

The rest of the paper is organized as follows. In Sec. 2, we introduce the effective
spin model including the staggered DM interaction on the layered structure. We also
present the numerical method based on the simulated annealing. In Sec. 3, we discuss the
main results in the present paper. After showing the result in the single-layer system, we
discuss the instability toward the square SkX while changing the sign and the magnitude
of the interlayer exchange interaction. We present the details of the spin and chirality
textures in real and momentum spaces obtained by the simulated annealing. Section 4
is devoted to a summary.

2. Set up

2.1. Spin model

The staggered DM interaction appears in the lattice structure where there is no inversion
center at the magnetic ions but there is an inversion center at the bond. We show
an example satisfying such a condition in figure 1(a); the two different square-lattice
planes lie in the xy plane and they are stacked along the z direction with alternative
bonds denoted by the dashed green lines and the thin blue lines. This lattice structure
corresponds to the 2g site under the space group #123, where the site symmetry is C4v;
the inversion center is located at the bond center along the z direction.
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Figure 1. (a) The layered square-lattice system with the staggered DM interaction,
where the magnetic instabilities for the middle bilayer are investigated. (b), (c) The
bilayer square-lattice structure consisting of (b) layer A and (c) layer B, which are
stacked along the z direction. The magnetic sites in each layer are affected by the
local crystalline electric field E along the opposite directions, where the green arrows
represent the DM vectors.

We investigate the instability toward the multiple-Q states in such a system with
the staggered DM interaction. For simplicity, we here consider a single bilayer square-
lattice system by extracting the middle bilayer connected by the thin blue lines from
the other layers in figure 1(a). We label the lower and upper layers in the targeting
middle bilayer as layer A and layer B, respectively. As there is no inversion center in the
intralayer, a crystalline electric field occurs locally on each layer along the z direction.
Owing to the inversion symmetry at the bond center along the z direction, the A and
B sites feel the electric field with the same magnitude but in the opposite direction.
Accordingly, the staggered DM vector is induced in the directions perpendicular to the
intralayer bond direction and the z direction in the opposite way for layers A and B, as
shown in figures 1(b) and 1(c).

Then, the spin model on the bilayer square lattice is given by

H =
∑
η

H⊥
η +H‖ +HZ, (1)

H⊥
η = −

∑
ij

[
JijSi · Sj +D

(η)
ij · (Si × Sj)

]
, (2)
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H‖ = J‖
∑
i

Si · Si+ẑ, (3)

HZ = −H
∑
i

Sz
i , (4)

where H represents the total Hamiltonian in the system consisting of three terms;
Si is the classical localized spin at site i with |Si| = 1. The first term H⊥

η in (1)
represents the intralayer Hamiltonian for layer η = A,B, which includes the layer-
independent exchange interaction Jij and the layer-dependent staggered DM interaction
D

(η)
ij (D(A)

ij = −D
(B)
ij and |D(A)

ij | = |D(B)
ij | ≡ Dij). It is noted that the DM vector has

only the xy component from the symmetry, as shown in figures 1(b) and 1(c). The
second term H‖ in (1) represents the interlayer Hamiltonian, where the positive and
negative signs of J‖ correspond to the AFM and FM interlayer exchange interactions,
respectively. The last term HZ in (1) represents the Zeeman coupling in an external
magnetic field along the z direction. We neglect long-range dipolar interactions for
simplicity.

For the model in (1), we investigate the stability of the square SkX characterized
by a superposition of double-Q spiral states. For that purpose, we suppose a finite-Q
magnetic instability as a result of the competition between the intralayer exchange
interaction Jij and the DM interaction D

(η)
ij in each layer. In such an assumption, the

intralayer Hamiltonian H⊥
η is simplified as

H̃⊥
η = −

∑
ν

[
JQνS

(η)
Qν

· S(η)
−Qν

+ iD
(η)
Qν

· (S(η)
Qν

× S
(η)
−Qν

)
]
, (5)

where S(η)
Qν

is obtained from the Fourier transform of Si at wave vector Qν for layer η; JQν

and D
(η)
Qν

are also the Fourier transforms of Jij and D
(η)
ij , respectively. The summation

of ν is taken over the dominant Qν among the wave vector q in the Brillouin zone,
which is determined by the minimum eigenvalues of the Fourier transform of H⊥

η in (2):
−
∑

q[J
(η)
q S

(η)
q · S(η)

−q + iD
(η)
q · (S(η)

q × S
(η)
−q)]. Although the dominant Qν components

and the magnitudes of JQν and D
(η)
Qν

are determined by the real-space interactions in
(2), we take them as phenomenological parameters for simplicity. From the fourfold
rotational symmetry of the square-lattice system, there are four minima in q space; we
take Q1 = (π/3, 0), Q2 = (0, π/3), Q3 = (−π/3, 0), and Q4 = (0,−π/3), where we
suppose that Qν lies on the high-symmetry lines on the Brillouin zone. For a given set
of Qν , JQν ≡ J and Dy

Q1
= −Dx

Q2
= −Dy

Q3
= Dx

Q4
≡ D owing to the fourfold rotational

symmetry. By considering the multiple-Q magnetic instability at low temperatures, we
neglect the contributions from the other q components in the interactions. In other
words, we do not consider the possibility of the triangular SkX, which might appear
in the square-lattice system [152]. In the following, we set J = 1 and D = 0.2, which
stabilizes the square SkX in the limit of J‖ = 0, as will be shown in Sec. 3.1. For fixed
J and D, we examine its stability while changing J‖ and H.
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2.2. Simulated annealing

The low-temperature spin configuration of the model H̃ =
∑

η H̃⊥
η + H‖ + HZ on the

bilayer square lattice is calculated by performing the simulated annealing based on the
standard Metropolis local updates in real space. The total number of spins is taken as
N = 2×L2 with L = 48. Starting from the high-temperature ranged from 1 to 10, i.e.,
1 ≤ T0 ≤ 10 (T0 is the initial temperature), we gradually reduce the temperature with a
ratio Tn+1 = αTn in each Monte Carlo sweep, where Tn is the nth-step temperature and
α = 0.999999. The decrease of the temperature is continued until it reaches the final
temperature T = 0.001. After reaching the final temperature, we perform 105-106 Monte
Carlo sweeps for thermalization and measurements. The simulations are independently
performed for a given parameter set of J‖ and H.

To identify the magnetic phases from the spin configurations obtained by the
simulated annealing, we calculate the spin and chirality structure factors. The spin
structure factor for layer η = A,B and spin-component α = x, y, z is given by

Sα
η (q) =

1

L2

∑
i,j∈η

Sα
i S

α
j e

iq·(ri−rj), (6)

where the site indices i and j are taken for the same layer. We also calculate
Sxy
η (q) = Sx

η (q) + Sy
η (q). The net magnetization for each layer is given by Mα

η =

(1/L2)
∑

i∈η S
α
i ; we also define the inplane component of the uniform magnetization

Mxy
η =

√
(Mx

η )
2 + (My

η )2. Meanwhile, the spin scalar chirality for layer η is represented
by

χsc
η =

1

L2

∑
i∈η

∑
δ=±1

χi, (7)

χi = Si · (Si+δx̂ × Si+δŷ), (8)

where x̂ (ŷ) is the unit vector in the x (y) direction on the square lattice [32]. The total
scalar chirality is given by χsc = χsc

A + χsc
B , which is a measure of the topological Hall

effect. The skyrmion number is calculated for each layer by using the scalar chirality
as [153]

n
(η)
sk =

1

2πNm

∑
i∈η

∑
δ=±1

tan−1 Si · (Sj × Sk)

1 + Si · Sj + Sj · Sk + Sk · Si

, (9)

where Nm is the number of magnetic unit cell in the system, and j = i + δx̂ and
k = i+ δŷ; the range of the arctangent is set as [−π, π). For example, n(η)

sk = −1 when
the SkX appears for layer η. The scalar chirality structure factor is calculated by using
χi as

Sχ
η (q) =

1

L2

∑
δ=±1

∑
i,j∈η

χiχje
iq·(ri−rj). (10)
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3. Results

In this section, we show the stability of the square SkX in the model H̃ =
∑

η H̃⊥
η +

H‖ +HZ. First, we discuss the result in the single-layer case against the magnetic field
in Sec. 3.1. Then, we discuss the result in the bilayer case while changing the magnetic
field and interlayer exchange interaction in Sec. 3.2.

3.1. Single-layer case

(a)

 0.0

 0.2

 0.4

 0.6

 0.8

 1.0

 0.0  0.5  1.0  1.5  2.0

(b)

-0.4

-0.3

-0.2

-0.1

 0.0

 0.0  0.5  1.0  1.5  2.0

Figure 2. H dependences of (a) the magnetization Mz
η and (b) the scalar chirality

χsc
η for signle layer A at J‖ = 0. The solid vertical lines represent the phase boundaries

between the SkX and the other magnetic phases.

We consider the instability of the SkX and the spiral state in the single-layer system
by setting J‖ = 0; hereafter, we present the result for layer A in this section. Then,
the system is regarded as the noncentrosymmetric polar system with a uniform DM
interaction. Figures 2(a) and 2(b) show the H dependences of the magnetization M z

A

and the scalar chirality χsc
A at D = 0.2, respectively. Although both quantities become

zero at H = 0, M z
A gradually increases while increasing H. Meanwhile, χsc

A remains
zero for small H. The real-space spin configuration for small H = 0.4 is shown in
figure 3(a), which is characterized by the out-of-plane cycloidal spiral modulation along
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(b) SkX

-1

0

1

-1

0

1

-1

0

1
(a) 1Q (low-field region) 

-1

0

1

-1

0

1
(d) 1Q (high-field region)

(e) SkX

(c) SkX

-1

0

1

-1

0

1
(f) SkX

Figure 3. Real-space spin configurations of (a) the 1Q state in the low-field region
at H = 0.4, (b,c) the SkX at H = 0.8, and (d) the 1Q state in the high-field region
at H = 1.2 for J‖ = 0. The arrows represent the xy components of the spin moment
and the color shows the z component. The data in (a), (b), and (d) are obtained for
D = 0.2, while those in (c) are obtained for D = −0.2. In (b) and (c), the triangle
and circle represent two types of vortex cores (vortex-1 core and vortex-2 core); see
the main text in detail. (e, f) Real-space scalar chirality configurations corresponding
to the spin configurations of (b) and (c) are shown.

the Q2 direction; the spiral plane lies on the xz plane. We refer to this spin state as a
1Q state. The 1Q state exhibits the single-Q peak structure at Q2 in the spin structure
factor, as shown in the left and middle panels of figure 4(a). The additional structures at
higher harmonic wave vectors like 2Q2 and 3Q2 appear in the presence of the magnetic
field, which modulates the spiral plane from the circular shape to the elliptical shape.
It is noted that the energetically degenerate spiral state with the peak structure at Q1

instead of Q2 is obtained in the simulations depending on the initial spin configuration
due to the fourfold rotational symmetry. Reflecting the coplanar spin structure, the 1Q
state does not show a peak structure in the chirality structure factor, as shown in the
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(a) 1Q (low-field region)
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π
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0 π-π
-π

π

0
10

1

0
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(b) SkX

0

10

20

0 π-π
-π

π

0

0

10

0 π-π
-π

π

0

0 π-π
-π

π

0

0

10

(c) 1Q (high-field region)

0

20

40

0

1

20

0 π-π
-π

π

0

0 π-π
-π

π

0

0 π-π
-π

π

0

Figure 4. (Left and middle) The square root of the xy and z components of the spin
structure factor in the first Brillouin zone for layer A in (a) the 1Q state in the low-field
region at H = 0.4, (b) the SkX at H = 0.8, and (c) the 1Q state in the high-field region
at H = 1.2 for J‖ = 0. (Right) The square root of the chirality structure factor for
layer A.

right panel of figure 4(a).
While a further increase of H, the 1Q state turns into another magnetically ordered

state at H ' 1.05 while showing jumps of M z
A and χsc

A in figure 2; both quantities
become nonzero for 1.05 . H . 1.25, which indicates the emergence of the SkX. In this
intermediate field region, one finds the square lattice formation of the skyrmion core
at Sz

i = −1 in the real-space picture in figure 3(b). The skyrmion core is located at
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the center of the square plaquette due to the nature of the discrete lattice system [154],
which is surrounded by spins parallel to the radial directions so as to have the positive
winding number of +1. This indicates that this SkX is identified as the Néel SkX with
n
(A)
sk = −1. It is noted that this SkX includes the other two types of vortex cores

in addition to the skyrmion cores: One is the vortex with the winding number of +1

surrounded by the four skyrmion cores and the other is that with the winding number
of −1 surrounded by the two skyrmion cores, as denoted by the triangle and circle in
figure 3(b), respectively. We call the former a vortex-1 core and the latter a vortex-
2 core. By considering the z-spin polarization in each core, the local scalar chirality
becomes positive around the vortex-1 core, while that becomes negative around the
vortex-2 core, as shown in figure 3(e).

From the momentum-space viewpoint, the SkX spin texture is characterized by
a double-Q superposition of two cycloidal spiral waves at Q1 and Q2, as shown in
the left and middle panels of figure 4(b). In addition, this state also accompanies the
chirality density waves at the finite Q components in addition to the uniform (q = 0)
component; the dominant intensities are found at Q1 and Q2 in the chirality structure
factor as shown in the right panel of figure 4(c).

It is noted that the spin configuration of the SkX depends on the sign of the
DM interaction, although its stability region remains the same. For example, we show
the spin configuration in the SkX phase when setting D = −0.2 and H = 1.2 in
figure 3(c). The sign of the xy-spin components is opposite compared to that of the spin
configuration in figure 3(b); the direction of the in-plane spins around the skyrmion core
is inward in figure 3(b), while that is outward in figure 3(c). As a result, the helicities
of the skyrmion core, vortex-1 core, and vortex-2 core become opposite. Meanwhile,
the topological property is unchanged when reversing the sign of the DM interaction,
since the sign of the scalar chirality is unchanged, as shown by the real-space chirality
configuration in figures 3(e) and 3(f).

When the magnetic field is increased from the SkX phase, the 1Q state with zero
χsc
A appears again in the high-field region, as shown in figure 2. Similar to the 1Q state

in the low-field region, the spiral state with the peak structure at Q1 has the same
energy as that at Q2; in the simulations, their appearance depends on the initial spin
configuration. In contrast to the 1Q state in the low-field region, the spiral plane is
tilted from the out-of-plane cycloidal plane to the in-plane one so as to gain the Zeeman
energy. Accordingly, the modulation regarding the z-spin component becomes small, as
found in the real-space spin configuration in figure 3(d) and the spin structure factor
in the middle panel of figure 4(c). Besides, the tilted spiral spin configuration induces
the in-plane magnetization, as shown in the left panel of figure 4(c). This state does
not exhibit the chirality density wave similar to the low-field case, as shown in the right
panel of figure 4(c). This 1Q state continuously turns into the fully-polarized state at
H = 2 shown in figure 2(a). The resultant phase sequence against H is consistent with
that in the model with the FM exchange interaction and the DM interaction between
the nearest-neighbor spins [32, 155, 156].
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3.2. Bilayer case

 0

 1

 2

 3

-0.8

-0.6
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fully-polarized state
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-1.0 -0.5  0.5  1.0 0.0
 0

 1

 2
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(a) (b)

Figure 5. (a,b) The phase diagram in the plane of the interlayer exchange interaction
J‖ and the magnetic field H. The color plot represents (a) the spin scalar chirality,
χsc, and (b) the in-plnae magnetization for layer A, Mxy

A . The regions for J‖ > 0 and
J‖ < 0 represent the cases of the antiferromagnetic (AFM) and ferromagnetic (FM)
interlayer interactions, respectively.

Next, we consider the effect of the interlayer exchange interaction J‖ for the bilayer
square-lattice model with the staggered DM interaction. Figure 5 shows the low-
temperature phase diagram at T = 0.001, which is obtained by simulated annealing
while changing the interlayer exchange coupling J‖ and the magnetic field H on the
bilayer square lattice. The region for J‖ < 0 (J‖ > 0) corresponds to the FM (AFM)
interlayer interaction. The contour plots of figures 5(a) and 5(b) represent the total
scalar chirality, χsc, and the inplane magnetization for layer A, Mxy

A , respectively. When
J‖ = 0, the 1Q state, the SkX, the 1Q state, and the fully-polarized state appears in
order upon increasing H, as shown in Sec. 3.1.

In the following, we discuss the details of the spin and chirality configurations in the
2Q′ state stabilized in the low-field region and in the SkX in the intermediate-field region,
both of which exhibit a uniform scalar chirality, as shown in Fig. 5(a). Meanwhile,
we omit the result of the other 1Q state in figure 5(a), since it shows a similar spin
configuration to that in the single-layer model in figure 3(d); the spin structure factor
shows a dominant intensity at Q1 or Q2 in addition to the in-plane magnetization at
q = 0. We show a contour plot of Mxy

A in figure 5(b), where the appearance of Mxy
A

corresponds to the region of the 1Q state except for small J‖ in the low-field region. It is
noted that the in-plane magnetization is induced in a staggered way for different layers
so as to vanish the net magnetization. The 1Q state changes into the fully-polarized
state at H = 2 for J‖ < 0 and at H = 2(1 + J‖) for J‖ > 0, as we ignore the effect of
the interaction at q = 0.
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(a) 2Q’ (FM stacking, layer A)
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Figure 6. (Left) Real-space spin configurations of the 2Q′ state on (a), (d) layer A
and (b), (e) layer B in (a), (b) the FM stacked case at J‖ = −0.5 and H = 0.4 and
(d), (e) the AFM stacked case at J‖ = 0.5 and H = 0.5. (c), (f) The averaged spin
configurations over layers A and B in (c) the FM stacked case and (f) the AFM stacked
case. The arrows represent the xy components of the spin moment and the color shows
the z component. (Right) Real-space scalar chirality configurations corresponding to
the spin configuration.

The snapshots of the real-space spin and chirality configurations obtained by
simulated annealing in two phases (2Q′ state and SkX) are shown in figures 6 and
7. In addition, we also show the spin and chirality structure factors in momentum
space in figure 8. In both real and momentum spaces, we show the spin- and chirality-
related quantities in each layer. Furthermore, we show the averaged spin and chirality
configurations over layers in order to clearly show the similarity and difference between
layers A and B.

First, we discuss the 2Q′ state, which is realized in the low-field region by taking
into account J‖ 6= 0, as shown in figure 5(a). This state is stabilized for both FM and
AFM interlayer interactions, whose stability region is almost symmetric in terms of the
FM and AFM interlayer interactions.

The real-space spin configurations in the 2Q′ state are presented in the case of the
FM interlayer interaction in the left panel of figures 6(a) and 6(b) and the case of the
AFM interlayer interaction in the left panel of figures 6(d) and 6(e), which are modulated
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Figure 7. (Left) Real-space spin configurations of the SkXs on (a), (d) layer A and
(b), (e) layer B in (a), (b) the FM stacked case at J‖ = −0.1 and H = 1 and (d), (e) the
AFM stacked case at J‖ = 0.05 and H = 1. (c), (f) The averaged spin configurations
over layers A and B in (c) the FM stacked case and (f) the AFM stacked case. The
arrows represent the xy components of the spin moment and the color shows the z

component. (Right) Real-space scalar chirality configurations corresponding to the
spin configuration.

from the single-Q cycloidal spiral wave in the single-layer 1Q state in figure 3(a). A way
of modulation is found in the spin structure factor in figures 8(a) and 8(b); in each layer,
there are dominant single-Q peaks at either Q1 or Q2 in both xy and z spin components
and the subdominant peaks at the remaining other Qν . In other words, the intensities
of the spin structure factor at Q1 and Q2 are different from each other, although the
fourfold rotational symmetry seems to be recovered by summing the intensities in the
spin structure factor over the layers, i.e., Sxy

A (Q1) + Sxy
B (Q1) = Sxy

A (Q2) + Sxy
B (Q2)

and Sz
A(Q1) + Sz

B(Q1) = Sz
A(Q2) + Sz

B(Q2). This double-Q superposition leads to a
noncoplanar spin configuration with nonzero local scalar chirality, as shown in the right
panel of figures 6(a), 6(b), 6(d), and 6(e). Indeed, the chirality structure factor Sχ

η (q)

shows the dominant peak at the second-largest Qη component in the spin structure
factor. For example, one finds a chirality density wave along the x direction in real
space (Q1 component) perpendicular to the dominant spiral modulation along the y

direction (Q2 component) in figure 6(a). A similar double-Q state with the chirality
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Figure 8. (Left and second left) The square root of the xy and z components of
the spin structure factor in the first Brillouin zone for layer A in (a) the 2Q′ state at
J‖ = −0.5 and H = 0.4, (b) the 2Q′ state at J‖ = 0.5 and H = 0.5, (c) the SkX
at J‖ = −0.1 and H = 1, and (d) the SkX at J‖ = 0.05 and H = 1. (Middle left)
The square root of the chirality structure factor for layer A. The right three panels
represent the data for layer B corresponding to the left three ones.

density wave has been discussed in itinerant magnets without the spin-orbit coupling
on a single-layer square lattice [157, 158, 159], where the multiple-spin interactions
arising from the itinerant nature of electrons play an important role. Meanwhile, the
present 2Q′ state is stabilized by incorporating the effect of both the staggered DM and
interlayer interactions. In fact, the 2Q′ state turns into the 1Q state when decreasing
D (not shown) or J‖. Thus, the 2Q′ state is a consequence of the bilayer lattice system
with the staggered DM interaction.

Notably, the q-peak structure shows the layer dependence in the 2Q′ state
irrespective of the FM and AFM interactions, as shown in figures 8(a) and 8(b); the
dominant peak of Sxy

A (q) and Sz
A(q) lies at Q2, while that of Sxy

B (q) and Sz
B(q) lies at

Q1. Similarly, the chirality structure factor also shows the layer-dependent structure;
the dominant peak of Sχ

A(q) is found at Q1, while that of Sχ
B(q) is found at Q2. One finds

such a difference in the real-space spin and chirality configurations in figures 6(a), 6(b),
6(d), and 6(e). This layer-dependent q peak structure is attributed to the staggered
DM interaction that fixes the helicity of the spiral in an opposite way for layers A
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and B, which brings about magnetic frustration. A similar situation also happens
for the bilayer triangular-lattice model [115]. The difference between the FM and
AFM interlayer interactions appears in the relative phase difference for layers A and
B; the spins for different layers are aligned so as to gain the energy by J‖ in terms
of the xy-spin component, as clearly found in the averaged spin configuration over
layers A and B in figures 6(c) and 6(f). This is because the intensity of Sxy

η (Qν) is
larger than that of Sz

η(Qν), as shown in figures 8(a) and 8(b). Such a situation might
change when introducing the easy-axis single-ion anisotropy like −A

∑
i(S

z
i )

2 leading to
Sxy
η (Qν) < Sz

η(Qν); it is expected that the spins for different layers are aligned so as to
gain the energy by J‖ in terms of the z-spin component, although a further investigation
is required.

Owing to the noncoplanar double-Q spin texture, this state exhibits the uniform
component of the scalar chirality χsc in addition to the finite-Q component, as shown
in figure 5; see also the q = 0 component of the chirality structure factor in figures 8(a)
and 8(b). The sign of the induced scalar chirality depends on the magnitude of J‖; it
tends to become negative (positive) for small (large) |J‖| in the 2Q′ phase, although
the negative value is much smaller compared to the SkX in figure 5(a). For example,
χsc ' −0.0497 at H = 0.85, χsc ' −0.0015 at H = 0.5, and χsc ' −0.00018 at H = 0.3

in the case of J‖ = −0.1. It is noted that the small value of χsc is not due to the
finite-size effect. The nonzero chirality is owing to an imbalance between the regions
with the positive and negative chiralities in real space, as shown in the right panel of
figure 6. Thus, the anomalous Hall effect triggered by the noncoplanar spin texture is
expected in the 2Q′ state. On the other hand, it is noted that the skyrmion number is
not quantized in the 2Q′ state, which indicates that this state is topologically trivial in
contrast to the SkX. Since the magnitude of χsc becomes larger while increasing |J‖|,
the layered structure with the different ordering vectors is an essence to induce χsc. A
similar multiple-Q state with a nonzero scalar chirality in the low-field region has also
been found in the bilayer triangular-lattice model [115]. Thus, the emergence of such
a state with a nonzero scalar chirality is one of the characteristic points in the bilayer
system with the staggered DM interaction irrespective of the detailed lattice structures.

Next, we discuss the square SkX appearing in the narrow region for small |J‖| in the
intermediate field in figure 5(a). Although the square SkX is stabilized for both FM and
AFM interlayer interactions, the stability range is different from each other. For the FM
case, the square SkX is stabilized up to J‖ ' −0.14, while it is stabilized up to J‖ ' 0.085

for the AFM case. Since the square SkX phase for nonzero J‖ smoothly connects that at
J‖ = 0, its origin is attributed to the presence of the DM interaction. This result clearly
indicates that the staggered DM interaction can become the microscopic origin of the
square SkX in centrosymmetric magnets in addition to the triangular SkX [115, 116].

The SkX phase consists of the SkX layers with different helicities for both FM and
AFM interlayer interactions, as shown in figures 7(a), 7(b), 7(d), and 7(e). The SkX
spin and chirality textures in real space for each layer well correspond to that obtained
in the single-layer model, as shown in figures 3(b) and 3(c). The behaviors of the spin
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Figure 9. H dependences of (a), (c) the magnetization Mz
η and (b), (d) the scalar

chirality χsc
η for layers η =A and B at (a), (b) J‖ = −0.1 and −0.5 and (c), (d)

J‖ = 0.05 and 0.5. The solid (dashed) vertical lines represent the phase boundaries for
small (large) |J‖|.

and chirality structure factors in the bilayer case in figures 8(c) and 8(d) are also similar
to those in the single-layer case in figure 4(b). The skyrmion number in each layer is
quantized as −1.

Reflecting the different helicities of the SkX in each layer, the relative skyrmion
core positions are different for FM and AFM interlayer interactions, which is clearly
found in local spin and chirality configurations in real space shown in figure 7. For the
FM interlayer interaction, the skyrmion cores lie at the different positions on layers A
and B as shown in figures 7(a) and 7(b), while those lie at the same position for the
AFM interlayer interaction as shown in figures 7(d) and 7(e). Specifically, the skyrmion
core on layer B lies at the same position as the vortex-1 core on layer A in the FM
interlayer interaction. This difference is understood from the energetic point of view;
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the SkXs are stacked so as to align the in-plane spins on two layers in a (anti)parallel
way in the FM (AFM) interlayer interaction to gain the exchange energy in terms of
the xy spin component rather than the z spin component. Indeed, the intensities of xy
spin in the spin structure factor at Qν component are larger than those of z spin. Such
a difference regarding the skyrmion core position between the FM and AFM interlayer
interactions is found in the averaged spin textures over the layers in figures 7(c) and
7(f).

Finally, let us discuss the phase transition between the obtained phases in terms
of the magnetization M z

η and the scalar chirality χsc
η in figure 9. Figures 9(a) and 9(b)

represent the H dependences of M z
η and χsc

η , respectively, for J‖ = −0.1 and −0.5. For
J‖ = −0.1, the phase transitions between the 2Q′ state and the SkX and between the
SkX and 1Q state denoted by the solid lines are characterized by the first-order phase
transition with jumps of M z

η [figure 9(a)] and χsc
η [figure 9(b)]. Similarly, the phase

transition between the 2Q′ state and the 1Q state denoted by the dashed lines is of first
order with a jump of M z

η [figure 9(a)]. It is noted that the scalar chirality in the 2Q′

state takes negative (positive) values for small (large) |J‖|, as discussed above. A similar
tendency is found in the case of the AFM interlayer interaction, as shown in figures 9(c)
and 9(d).

4. Summary

To summarize, we have investigated the possibility of the square SkX in the
centrosymmetric tetragonal system with the bilayer structure. By carrying out the
simulated annealing for the spin model, we found that the staggered DM interaction
that originates from the bilayer structure is a microscopic key ingredient to stabilizing
the square SkX at low temperatures. The obtained SkX remains stable for both FM
and AFM interlayer exchange interactions, although their stability region becomes
narrower compared to the bilayer triangular-lattice model. We also show that the
single-Q spiral state in the low-field region in the single-layer model is replaced with
the double-Q state with a net scalar chirality by taking into account the interlayer
exchange interaction. The present results provide another way to realize the square
SkX in centrosymmetric magnets with the sublattice degree of freedom. As the recent
studies have indicated the possibility of further exotic SkXs in the multi-sublattice
systems, such as the AFM SkX [160, 161, 162, 163, 164, 165], and their related
dynamics [166, 167, 168, 169, 170, 171, 172], it is intriguing to explore a further
possibility to realize the AFM SkX based on the present layered model with the layer-
dependent DM interaction, which will be left for future study.
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