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Abstract

We first review the localization-delocalization transition of a non-Hermitian ran-
dom tight-binding Anderson model, called the Hatano-Nelson model. We then
report a new result for a non-Hermitian extension of a discrete-time quantum
walk on a one-dimensional random medium; we numerically find a delocaliza-
tion transition similar to one of the Hatano-Nelson model. As a common feature
to both models, at the transition point, an eigenvector gets delocalized and at
the same time the corresponding energy eigenvalue (for the latter quantum-walk
model, the imaginary unit times the phase of the eigenvalue of the time-evolution
operator) becomes complex. One of the unique properties of the present non-
Hermitian quantum walk is that the localization length of all eigenvectors is
the same, and thereby all eigenstates simultaneously undergo the delocalization
transition and all eigenvalues become complex at the same time when we turn
up a non-Hermitian parameter.
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1. Introduction

Non-Hermiticity in quantum mechanics is attracting much attention in vari-
ous fields. The non-Hermiticity was presumably used for the first time in history
of quantum mechanics in the field of nuclear physics. We can perhaps go back to
Gamow [I], who tried to explain resonant scattering in terms of resonant states
with complex eigenvalues, which indeed emerge in open quantum systems. Sev-
eral papers on resonant states follow intermittently [2, [3] [4]. Perhaps Feshbach
played the most decisive role in the field of nuclear physics [5] [6] [7]; he intro-
duced the optical model, which has a complex potential, and then justified it in
terms of a theory in which he eliminated the environmental degrees of freedom
to obtain an effective complex potential. This is indeed a theory of open quan-
tum systems in the present-day terminology. This approach continues further
onto the field of quantum statistical physics; see Ref. [§] for a good textbook.

In late 1990s, there independently appeared three pieces of work that shifted
the paradigm of non-Hermitian quantum mechanics; namely a non-Hermitian
random Anderson model (often called the Hatano-Nelson model) [9] in 1996,
the non-Hermiticity in stochastic processes [10] in 1997, and the PT-symmetric
theory [II] in 1998. Although the original motivation of introducing the non-
Hermiticity varied, they all analyzed novel types of non-Hermiticity and stim-
ulated many researches that was motivated to study the non-Hermiticity itself
rather than stumbling on an effective non-Hermitian model. These days, there
appear many experiments that try to materialize theoretically proposed inci-
dents of the non-Hermiticity[12] [13] [14] [15], [16].

The main purpose of the present paper is to introduce a non-Hermitian
discrete-time quantum walk on a one-dimensional random medium and to show
numerically that it exhibits a localization-delocalization transition in the same
manner as the Hatano-Nelson model. In the Hatano-Nelson model, two things
happen at the same time at the transition point: first, an eigenvector that is
localized because of the Anderson localization in one dimension gets delocalized;

second, the corresponding energy eigenvalue becomes complex. While the delo-
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calization transition point depends on the energy in the original Hatano-Nelson
model, we here find the localization length of our non-Hermitian quantum walk
does not depend on the energy eigenvalue, and then all eigenstates simultane-
ously undergoes the non-Hermitian delocalization transition when we turn up
a non-Hermitian parameter, which implies that all eigenstates of the Hermitian
quantum walk have a common localization length. We argue that this observa-
tion results from the absence of symmetry of the particular Hermitian quantum
walk and the periodicity of the energy eigenvalue without band gaps. (In the
latter, the energy eigenvalue means the imaginary unit times the phase of the
eigenvalue of the time-evolution operator.)

We review in Sec. ] this transition in the Hatano-Nelson model. Section [3]
presents our new results for the non-Hermitian quantum walk. Section [ is

devoted to a summary.

2. An overview of the Hatano-Nelson model

For later use in Sec. [3] for the definition of non-Hermitian quantum walk on
random media, we here present a brief overview of a non-Hermitian random
Anderson model. In 1996, one of the present authors (N.H.) together with
a collaborator introduced a non-Hermitian extension of the random Anderson
model, which are now often referred to as the Hatano-Nelson model [9] [17]:

(5 +ig)°

H(g) =P

+ V(@) (1)

where p' is the momentum operator, ¢ is a constant real vector, which we refer
to as the imaginary vector potential, and V(&) is a real random potential. Note
that the Hamiltonian is non-Hermitian HT # H when § # 0. This was one of the
first studies on non-Hermitian systems that emerged in the late 1990s [10, [IT].

Throughout the present paper, we will refer to its one-dimensional lattice

version [9] [I7]:

H(g) := —tn Z (€7 |z + 1)@| + e7? |2}z + 1]) + Z Ve )], (2)

T=—00 r=—00
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where t}, is the tight-binding hopping element, which for brevity we set to unity
hereafter, g is a lattice version of the imaginary vector potential with the unit
h = 1, and V, is a site-random real potential. If ig in Eq. were a real

Tied i the lattice

gauge field e/_f, it would be translated to phase factors e
Hamiltonian according to the Peierls substitution. In the non-Hermitian
Hamiltonian , we replace the phase factors e**4 by the amplitude mod-
ulations eT9. We remark that the non-Hermitian Hamiltonian possesses the
time-reversal symmetry defined by H(g) = H*(g) [18].

Although the Hatano-Nelson model was originally introduced after an inverse
path-integral mapping of a statistical-physical model of type-II superconductors
with columnar defects and a magnetic flux, the resulting quantum model had
an interesting implication for the Hermitian random Anderson model. Let us
explain it for the lattice Hamiltonian in one dimension. If g in Eq. were
1eA, we would be able to gauge it out completely and eliminate the vector poten-
tial by means of the gauge transformation |z) — €**4% |z), which would modify

only the phase of the eigenvectors. We could similarly use a transformation,

which we refer to as the imaginary gauge transformation, of the form
Wlz) = e’ |z), (3)
(x| W = e79% (], (4)

and thereby reduce the non-Hermitian Hamiltonian H(g) to the Hermitian limit
H(0). It might be easier to understand it in the matrix representation. While

the Hamiltonian is given in the evidently non-Hermitian form

Voo —e™9

—e9 Vo4 —e7Y
H(g) = —e9  V, —eY ) (5)
—e9  Vyp1 —e 9

—e9d Vz+2
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the imaginary gauge transformation f is not a unitary transformation but

a similarity transformation

e9(x—2)
ed(x—1)
W = e9* (6)
ed(z+1)
e9(z+2)
They would produce
(W H (W), = (W), (H(9)), ,(W),., = Vi, (7)
(W_1H<g)W>z+1,x = (W_l)x+1,z+1<H(g))I+1yl’(W)I’II/’
= —e 9@t ege0r -1, (8)
(WﬁlH(g)W)%x_;'_l = (Wﬁl)w,x(H(g))x,x-‘rl(W)x+1,:c+1
= —e 9% 9eI(H) — 1, (9)
and hence we would find
W~tH(g)W = H(0). (10)

Since we can transform the non-Hermitian Hamiltonian H(g) to the Hermi-
tian one H(0) under a similarity transformation, we would conclude that the
Hermitian spectrum with all real eigenvalues is common to the non-Hermitian
Hamiltonian for any g.

In fact, this is not true if we restrict ourselves to the Hilbert space. Each
real eigenvalue survives only for a specific region of small values of g. In order

to explain it, let us express an eigenvector of the Hamiltonian H(0) with

H(0) [¢n(0)) = Ex [¢n(0)) (11)
in the form
[n(0)) = Y M(0) |2). (12)



Since we have a site-random real potential V,, in one dimension, the argument of

the Anderson localization dictates that any eigenvector is localized in the form

e(0)] ~ emrele=,

(13)

) are the inverse localization length and the localization cen-

where k, and xE”
ter, respectively, of the nth eigenvector. Following the argument of the imagi-
nary gauge transformation 7, we would find the corresponding nth right-

eigenvector of H(g) in the form

¥ (9)) = W [ (0)) (14)

because we have H(g)W [¢,(0)) = E,W [¢,(0)) from Eq. (10). Note here
that since H(g) for g # 0 is non-Hermitian, the left-eigenvector defined as the

solution of

(Vn(9)| H(g) = En (5 (9)] (15)

is generally not the Hermitian conjugate of the right-eigenvector: <1/)%(g)| =+
W,l} (g)>T. Similarly to the right-eigenvector , we would obtain the nth left-

eigenvector in the form

(U (9)| = (Wn(0)| W1 (16)

because we have (1, (0)| W ~1H(0) = E, (¢,,(0)| W~! from Eq. (L0).
We would thereby conclude for the non-Hermitian Hamiltonian H(g) that
the eigenvalue remains the same E,, for any value of g and the right-eigenvector

is modified in the form

Unle) = 3. (@) lo) 17)
with
)| el (13)

which is not normalizable if |g| > &,,, however, and hence does not belong to the

Hilbert space. The correct conclusion is that we can apply the imaginary gauge
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transformation 7 to the nth eigenvector 7 as long as |g| < kp, and
hence the eigenvalue F,, is fixed only in this regime. Once |g| exceeds &, the
argument of the imaginary gauge transformation does not tell us anything.

So far, we have considered the infinite system. In reality, we would numeri-
cally analyze the model of finite size. Indeed, we will see below that a numerical
analysis for systems under a periodic boundary condition gives us a hint for
what happens in the region |g| > k,. Nonetheless, we should note that the
conclusion from the numerical analysis of finite systems is very much different
for periodic systems and open systems.

For periodic systems of size L, the argument for the imaginary gauge trans-
formation is valid again in the regime of |g| < k, only, at least for large
systems. The gauge-transformed nth eigenvector f would be almost
consistent with the periodicity as long as |g| < ky; the contradiction at the
points ¢ = x. + L/2 and ©z = z. — L/2 between exp[—(k, — |g|)L/2] and
exp[—(kn + |g])L/2] should be exponentially small as long as (k, — |g|)L > 1.
The argument of the imaginary vector potential is gradually violated as |g| ap-
proaches (k — 1/L) from below and absolutely invalidated when |g| > k,. In
this sense, large periodic systems mimic the infinite system in the Hilbert space.
We exemplify this in Fig.[l| where we plotted the product of the right- and left-
eigenvector of the ground state, which is defined to have the lowest real part
of the eigenvalue. The argument of the imaginary gauge transformation would
result in the conclusion that the product of Egs. and is conserved in

the following sense:

(v (@[5 (9)) = (Wn(0)|1n(0)) (19)

for any value of g. In reality, the eigenvector in Fig. [I] drastically changes
at a point in the region g = [0.9,1.0], from which we can presume that the
inverse localization length x, of this particular localized eigenvector is some-
where between 0.9 and 1.0. When g = 0.9, we have |g| < k,, and hence we
indeed find Eq. , but when g = 1.0, the eigenvector seems delocalized in

contradiction with the common knowledge that all eigenvectors are localized in
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Figure 1: The product of the right- and left-eigenvectors (the squared norm of the eigenvector)
for the lowest eigenvalue (which we can read off from Fig. [2] below) of a specific sample of
the random lattice Hamiltonian of size L = 1000; the part of 0 < x < 150 is shown. The
site-random potential is set for each site from the range [—1, 1]. The broken line indicates the

product for g = 0.9, while the solid line for g = 1.0.

one-dimensional random media.

The eigenvalue distribution changes as we vary the value of g as in Fig. [[a).
We can understand this variation as follows [9, [1I7]. For the Hermitian random
Anderson model H(0), the inverse localization length depends on the energy as
exemplified in Fig.[3] As we vary g from 0 up to 0.1, all eigenvectors satisfy the
inequality |g| < ky; hence the imaginary gauge transformation is applicable to
all states, and all eigenvalues remain fixed. This is what we observe in Fig. a)
and more closely in Fig. 2{b). As we increase g further, the inequality |g| < rn
is violated for states around the center of the energy spectrum. Accordingly,
we indeed observe in Fig. a) that the eigenvalues around the center are not
fixed anymore; they become pairs of complex eigenvalues, forming a bubble in
the spectrum. On the other hand, the inequality |g| < &, is not violated even
for the same value of g for states closer to the spectrum edges. Therefore, their
eigenvalues are fixed to the original real ones, as we can observe in Fig. b).
Since the energy range where the inequality |g| < &, is violated becomes wider
and wider as we further turn up g, the bubble of complex eigenvalues also expand
accordingly. By inverting the logic, we realize that we should find the equality

|g| = K at the edges of the bubble of complex eigenvalues.
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Figure 2: The eigenvalue distribution of the lattice Hamiltonian H(g) of size L = 1000 under

the periodic boundary condition. The same set of the site-random potential as in Fig. [1] is

used, while the non-Hermitian parameter g is varied from 0 to 1.1. Each set of the eigenvalues

for the respective value of g is symmetric with respect to the real axis, but it is shifted up

with a respective offset so that it may not overlap with the other sets. (b) is an enhanced

view of a part of (a). Taken from Refs. [9] [17].

Figure 3:

-2 -15 -1 05 0 0.5 1 1.5 2

Energy dependence of the inverse localization length x of the Hermitian random

Anderson model H(0). The site-random potential is set for each site from the range [—1,1].

Green dots indicate the estimates from the variation of the energy spectrum shown in Fig. a),

which is why it only ranges in about [—1.67,1.67]. The solid red curve, on the other hand, in-

dicates an estimate by the Chebyshev-polynomial expansion found in Ref. [I9], which extends

to too but plotted only in [—2, 2] for comparison with the green dots. Taken from Ref. [19].
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We can take advantage of this fact in order to evaluate the energy dependence
of the inverse localization length, k(E). A straightforward way is to find the
inverse function E(k); that is, we fix the value of g and locate the energy
eigenvalue of a state close to the edges of the bubble of complex eigenvalues.
This is indeed how Ref. [I7] estimated the energy dependence of the inverse
localization length as indicated by dots in Fig. [3] Since this particular sample
of size L = 1000 has the energy eigenvalues in the range about [—1.67,1.67],
the green dots fill only this range. The red curve later found by an independent
method, namely the Chebyshev-polynomial expansion [I9], extends to +oo.

To summarize the argument for periodic finite systems, two transitions occur
at the same time when g = k,,: first, the delocalization transition occurs for the
nth eigenvector; second, the corresponding eigenvalue F,, becomes complex. We
note that the critical properties of the Hatano-Nelson model have been recently
investigated in details in Ref. [20].

For open finite systems, on the other hand, the argument of the imaginary
gauge transformation is always valid because the eigenvector is normalizable for
any value of g. For a positive value of g, the right-eigenvectors is exponentially
large on the right edge, whereas for a negative value of g, the left-eigenvector is
on the left edge. Nevertheless, they are still normalizable because of the finite
size of the system. Therefore, all eigenvalues remain the same real values. This
is recently called the non-Hermitian skin effect in the literature [2I], but we will

not go into its details since it is beyond the scope of the present paper.

3. Delocalization Transition of Non-Hermitian Quantum Walk on a

Random Chain

The purpose of the present paper is to convert the argument around the de-
localization transition in Sec. Bl for the non-Hermitian random Anderson model
into the one for a non-Hermitian extension of the discrete-time quantum walk on
random media. We first review the standard discrete-time quantum walk in one

dimension, then define a non-Hermitian quantum walk, and finally demonstrate

10



its delocalization transition numerically. We thereby find that all eigenstates of
the Hermitian quantum walk has a common localization length.

The standard quantum walk in one dimension is defined on a chain in which
each site accommodates two states as an inner degree of freedom, namely the
left mover and the right mover, which we denote by |xL) and |zR) for a site
x, respectively. Let us first introduce the shift operator S, which work on the

states as
Sl|lzL) = |(x —1)L), (20)
S|zR) = |(x + 1)R) (21)

for any site x. In the matrix representation, we can express it in the form

0 0|1
110 0
0 0|1
110 0
S = 00t , (22)
110 0
0 0|1
110 0
0 01
110 0

using the basis set
@ =2)L),[(z = 2)R),[(z - 1)L),|(z = 1)R) ,[«L) , |zR)
[z +1)L),|(z+1)R),[(z+2)L),|(z+2)R),--- .
(23)
Note that this is a unitary operator.

If we had only the shift operator, the right mover would keep moving to the
right ballistically, the left mover would keep moving to the left ballistically, and

11
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nothing else would happen. We next introduce the coin operator C' to shuffle

the ballistic movements of the left and right movers at each site:

C=> lafz|®C (24)

with
L)) _ e ) [ l=D) (25)
|xR) B 6 |xR)

for any site x, where the two-by-two matrix on the right-hand side is a unitary
matrix, and hence |a|> + |8]> = |7]> + 0] = 1 with a*y + 3*6 = 0. The time
evolution of a quantum walk consists of operating S and C' on the initial state
alternatively, as is expressed by a unitary operator U = SC.

We exemplify the time evolution in Fig. a). We here plotted the probability

amplitude

P(a,t) := [(LI ()] + [(RlH (1)), (26)

where

[¥(1)) = (SC)* [4(0)) (27)

with the coin operator set to

co Lt (28)
V2o
and the initial state set to
1 )
19(0)) = —=(|0L) + i |OR)). (29)

V2

We can observe a ballistic propagation of the wave fronts, which is one of the
critical features of the discrete-time quantum walk.

We can introduce a site-random potential by using a new coin operator

o= fael © M, (30)

12
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Figure 4: Time evolution of the discrete-time quantum walk with (a) the uniform coin operator
and (b) the random coin operator. In each panel, the thin purple lines indicate the profiles of
the probability amplitude from ¢ = 0 to t = 99, while the thick blue line indicate the last one
at t = 100.

13



where the two-by-two matrix C:"¢ is a random unitary matrix

4 ” e costy  —eBsindd
Clhé=¢' ' _ . (31)
e~ Pgind e cos?d

We chose each random unitary matrix C:*¢ from the ensemble given in Ref. [22];
the values of «, 3, and ¢ are uniformly distributed in the range [0, 27) while ¥

obeys the distribution function
P(9)d9 = sin(29)dv

in the rage [0,7/2]. Randomness generally localizes the quantum walker, as is
exemplified in Fig. b). We here plotted the probability amplitude with

the coin operator replaced by C™9 as in

[%(2)) = (SC™)" 4(0)) . (32)

Let us now define a non-Hermitian extension of the quantum walk. We make
either S or C' non-unitary. The lattice Hamiltonian of the Hatano-Nelson

model inspires us to modify the shift operator in the following way:
S(g) leL) = e 9 [(x = 1)L, (33)

S5(9)|zR) = e |(z + 1)R) (34)

for any x. This is actually related to the PT-symmetric quantum walk defined
in Ref. [23] 24] 25] with a gain-loss operator. The simplest version of the time-

evolution operator defined there is given by
Upr(g) := S(0)G(—g)CS(0)G(9)C, (35)
where the gain-loss operator is defined by

Gg)|zL) = e 7 |zL), (36)
G(9)|zR) = ¢’ |zR) (37)

for any x while C is set to Eq. , for example. It is straightforward to find that
S(0)G(g) = S(g). We therefore conclude that the time-evolution operator

14
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Figure 5: The same as in Fig. b) but with g = 0.5.

of the PT-symmetric quantum walk is written as
Upr(g) = S(=9)CS(9)C. (38)

The PT-symmetric quantum walk has been experimentally realized by using
classical laser lights [26] and optical devices with single photons [27].
In the following, we rather focus on the single non-unitary shift operator

S(g) with a site-random unitary coin operator C™% in Eq. (30)),
Unn(g) := S(g)C™. (39)

Below we will show that Upn(g) has properties similar to the non-Hermitian
Hatano-Nelson model reviewed in Sec. [2] The most significant difference lies in
the fact that the quantum walk exhibits the localization-delocalization transition
for any energy eigenstates at the same value of the non-Hermitian parameter
g. This is because the specific quantum walk in Eq. does not possess any
symmetry that is relevant to the classification of topological phases.

Figure [5] exhibits what happens to the situation of Fig. [f{b) when we turn
on the non-Hermitian parameter g. We can observe that the probability ampli-

tude moves to the right as the time progresses. The movement reminds us of

15
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Figure 6: The energy eigenvalues of H(g) for g = 0.4, 0.45, 0.5, 0.55, and 0.6. The data points

for the eigenvalues for g = 0.4 and 0.45 are hidden below those for g = 0.5. The length of the
system is 5001.

variable-range hopping of electrons in disordered semiconductors [28],29] [I7]; the
quantum walker does not move uniformly, but rather hops from a meta-stable
point to the next one.

Remembering the argument for the Hatano-Nelson model that we summa-
rized near the end of Sec. 2] we presume that the delocalization transition
happens at the same time as the transition in which the energy eigenvalues
become complex. We here define the energy eigenvalues by the eigenvalues of
H(g) = ilog (S(g)C™9); in other words, we first numerically find the eigenval-
ues {\,,} of the operator S(g)C™9 and obtain its phases 6,, as in \,, = exp(if,,),
where we adjusted the range of its real part as in —7 < Re6,, < m. We plotted
in Fig. [0] the eigenvalues, varying the non-Hermitian parameter g. We can see
here that (i) all eigenvalues behave similarly and (ii) the eigenvalues are on the
verge of becoming complex at g = 0.5. We thereby presume that all eigenstates
of the Hermitian quantum walk with the present unitary randomness have a
common inverse localization length, which is close to k, ~ 0.5.

Let us confirm this by an independent method of calculation. We calculate
the inverse localization length x of the Hermitian quantum walk by the transfer-

matrix method. By rearraning the wave function amplitudes around the position

16



165

170

175

x of the eigenvalue equation Unn (0) |[¢0) = €'? [4b), we derive the transfer matrix

Vaot1,R _7 Yz R 7 (40)

¢m,L qum—l,L

where ¢, r = (x, R]¢)) and ¢, = (z, L|¢)) while the transfer matrix is given
by

i(—0+p+a)
6719 —ei(o“"B) tanﬁ
T, = o8 oo | (41)
i(0—¢+a
_ei@=8) tan e
cos ¥

Applying Eq. repeatedly, we have the product the random transfer matrices

as in

YN+1,R _nT, YR . (42)

Y.L Yo,
We find the inverse localization length k from the Lyapunov exponent of the
product of the transfer matrices.

Figure [7] shows the energy dependence of the inverse localization length x
for N = 10°. In contrast to the result shown in Fig. |3| the inverse localization
length x of Unn(0) is almost always close to k = 0.5, not depending on the
energy variable #. This is the reason why all eigenstates of the non-Hermitian
quantum walk described by Ugn(g) simultaneously undergo the non-Hermitian
delocalization transition when g = 0.5.

Finally, we argue that the common localization length originates from the
absence of symmetry of the present quantum walk and the periodicity of the en-
ergy eigenvalues without band gaps. In the Hermitian systems, it is well known
that the localization length becomes smaller near band edges; it also diverges
at zero energy if the Hamiltonian has chiral and/or particle-hole symmetry.
Meanwhile the present quantum walk does not have chiral and/or particle-hole
symmetry, because of which the localization length does not diverge at any spe-
cific energy eigenvalue. Furthermore, since the real part of energy eigenvalues

of Unn(g) occupies the whole range of Ref,, in a periodic way as shown in

17
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Figure 7: The inverse localization length x as a function of the energy 6. The system size is

N = 10°.

Fig. [6] there are no band edges. These two facts produces the result that the
localization length does not depend on the energy eigenvalue. We remark that
since the occupation of the whole range of Re 0,, originates from the periodicity
of the energy eigenvalue of the quantum walk, the common localization length

does not occur in the original Hatano-Nelson model.

4. Summary

In the present paper, we first review the delocalization transition of the
Hatano-Nelson model in one dimension. At the transition point g = k,,, the nth
eigenvector gets delocalized from a fixed profile of <1/J,€|x> <x‘w§> to a nearly
plain wave. At the same time, its eigenvalue jumps out of a fixed real value onto
a complex plain.

We then demonstrate that the same delocalization transition occurs for a
non-Hermitian extension of the discrete-time quantum walk on a one-dimensional
random media. The result suggests that if we introduce the site randomness by
choosing the coin operator for each site out of a random unitary ensemble in

Ref. [22], all eigenstates have a common value of the inverse localization length.
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We indeed confirm this by the transfer-matrix calculation of the Hermitian

quantum walk.
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