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aGraduate School of Information Science and Technology, Hokkaido University, Sapporo, Japan
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In this paper, a new method of vehicle platooning at an intersection is proposed based on self-triggered
pinning consensus control. Using the proposed method, collision avoidance is achieved with no vehicles
stopping/backing. First, the outline of self-triggered pinning consensus control is explained. Next, the
problem setting of vehicle platooning is given, and virtual merge and split of vehicle groups are
proposed. Furthermore, performance analysis of self-triggered pinning consensus control for vehicle
platooning at an intersection is conducted. Finally, a numerical simulation is presented to demonstrate
the proposed method.

Keywords: consensus; pinning control; self-triggered control; vehicle platooning; virtual merge and
split

1. Introduction

The consensus problem of multi-agent systems is to find a control input such that each agent
reaches a particular ordered state by using only neighborhood agents’ information (see, e.g.,
[1–4]). In the conventional consensus problem, the state of each agent converges to the average
of the initial states of all agents. To achieve consensus on the target value, it is important to
consider external inputs. From this viewpoint, pinning consensus control has been proposed (see,
e.g., [4–6]). Pinning control is a method that the external control input is added to some agents
(pinning agents), e.g., leaders [7, 8]. In [4, 5], pinning consensus control using model predictive
control (MPC) has been proposed. MPC is a control method that the control input is generated
by solving the finite-time optimal control problem at each discrete time (see, e.g., [9, 10]).
In the case of networked control systems, pinning consensus control has technical issues on

the amount of communication. This is because the external control input in pinning consensus
control using MPC is frequently calculated by a centralized controller, and is sent to some agents
[4, 5]. Event-triggered and self-triggered control methods have been proposed as a method to
avoid congestion in communication networks (see, e.g., [11]). In event-triggered control, the
control input is updated only when a certain condition on measured values is satisfied. In self-
triggered control, both the control input and the next update time are calculated using the
current measured values. Event-triggered consensus control has been studied in e.g., [2, 12, 13].
Self-triggered consensus control has been studied in e.g., [2, 14–16]. Moreover, event-triggered
pinning consensus control has been studied in e.g., [17, 18]. Self-triggered pinning consensus
control has been studied in e.g., [19].
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On the other hand, vehicle platooning has attracted much attention as an application of
control theory (see, e.g., [6, 20–28]). In vehicle platooning, consensus on the inter-vehicular
distance between vehicles is important. Several methods on applications of consensus control to
vehicle platooning have been studied (see, e.g., [6, 21–23, 27, 28]). Furthermore, in [6], merge
and split of vehicle platoons have also been studied.
In this paper, as an application of self-triggered pinning consensus control, a new method of

vehicle platooning at an intersection is proposed. To the best of our knowledge, vehicle platooning
at an intersection using self-triggered pinning consensus control has not been studied. To avoid
congestion in communication networks, it is appropriate to apply the external control input,
which is calculated by e.g., cloud systems, to only some vehicles. Furthermore, it is also significant
to adjust the communication intervals using self-triggered control.
Here, we use the problem setting in [21]. In [21], only a simple circular course has been

considered. We suppose that there are n one-way traffic lanes and one intersection. In each lane,
there is one vehicle group consisting of multiple vehicles. The inter-vehicular distance of each
vehicle is modeled as a linear state equation. Then, virtual merge and split of vehicle groups are
proposed. If the lead vehicle in some group reach a certain location on brink of an intersection,
then merge starts, that is, n groups are regarded as one group. For one group, self-triggered
pinning consensus control is performed. As a result, collision avoidance at an intersection is
achieved. After all vehicles pass an intersection, this group is split to n groups. Thus, collision
avoidance at an intersection with no vehicles stopping/backing is achieved. Furthermore, we
analyze performance of vehicle platooning at an intersection. From the viewpoint of optimal
control, we estimate the appropriate position where virtual merge should start for the case of
two lanes.
The conference paper [29] is a preliminary version of this paper. In [29], only the outline

of the proposed method has been explained. In this paper, details of the proposed method
are explained. Furthermore, a new result on performance analysis (Section 4) and a numerical
example are provided.
Notation: Let R denote the set of real numbers. Let In and 0m×n denote the n× n identity

matrix and the m× n zero matrix, respectively. Let 1n denote the n-dimensional column vector
whose elements are all one. For the finite set A, let |A| denote the number of elements in A. Let
M ≻ 0 (M ⪰ 0) denote that the matrix M is positive-definite (positive-semidefinite).

2. Preliminaries

In this section, the outline of self-triggered pinning consensus control is explained. See, e.g., [19]
for further details.

2.1 Pinning Consensus Control

First, pinning consensus control is summarized.
The dynamics of the agent i ∈ V ,V = {1, 2, . . . , n̄} are defined as the following discrete-time

integrator:

xi(k + 1) = xi(k) + ui(k), (1)

where xi ∈ R and ui ∈ R are the state and the control input of the agent i, respectively.
Communication links between agents are represented by an undirected connected graph G =
(V, E), where E ⊂ V × V is the set of edges. Let A ∈ {0, 1}n̄×n̄ denote the adjacency matrix of
G. We assume that there is no self-loop, that is, the (i, i)-th element of A is zero. Let Ni ⊂ V
denote the set of agents that are adjacent to the node i. The degree matrix D is defined by
D := diag(|N1|, |N2|, . . . , |Nn̄|).
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In pinning control, pinning agents are introduced. Pinning agents may be set as “leaders”. Pin-
ning control is a method of controlling only pinning agents by the external signal. By communica-
tions between agents, the state of each agent converges to a target value different from the average
of the initial states of all agents. The set of pinning agents is defined by Vp = {i1, i2, . . . , im} ⊂ V ,
m≪ n̄. The external control input vi(k) ∈ R is added to pinning agents as follows:

ui(k) = −ε
∑
j∈Ni

(xi(k)− xj(k)) + vi(k), i ∈ Vp, (2)

ui(k) = −ε
∑
j∈Ni

(xi(k)− xj(k)), i ∈ V \ Vp, (3)

where ε ∈ (0, 1/maxi |Ni|) is a given parameter. In the case of vi(k) = 0, limk→∞ xi(k) =∑n̄
i=1 xi(0)/n̄ holds [3].
The system consisting of (1), (2), and (3) is represented as

x(k + 1) = Px(k) +Bv(k), (4)

where P = In̄ − ε(D − A) and v = [v1 v2 · · · vm]⊤. In the matrix B ∈ {0, 1}n̄×m, the (ij , j)-th
element is given by 1, and other elements are given by 0.

2.2 Self-Triggered Pinning Consensus Control

Next, we consider combing pinning consensus control with self-triggered control. In the case of
networked control systems, through a communication network, the external control input is sent
from the centralized controller to each pinning agent. It is desirable that the number of times
for sending of the external control input is low from the viewpoint of reduction of the amount
of communication. Using self-triggered control, the number of times for sending can be reduced,
because the next update time of the external control input is also optimized. Hence, we consider
self-triggered pinning consensus control.
Here, we consider utilizing MPC [19, 30]. In the conventional MPC, the finite-time optimal

control problem is solved at each time. In the finite-time optimal control problem of self-triggered
control, both the control input and the next update time are calculated. For (4), we calculate
v(k), k ∈ [t, t + T − 1], where t is the current time, t + T is the next update time (i.e., T is
the sampling interval), and v(t) = v(t + 1) = · · · = v(t + T − 1). Both v(k) and T are decision
variables. It is not necessary to calculate all update times in the prediction horizon, because only
the first external control input and the first update time are applied to the system.
To derive both v(k) and T , we consider the following finite-time optimal control problem for

the system (4), where x̃(k) := x(k)− xd1n̄ and xd ∈ R is the target state given in advance.

Problem 1.

given x(t) = xt

find T ∈ {1, 2, . . . , T̄},

v̄ = [v⊤(t) v⊤(t+ 1) · · · v⊤(t+N − 1)]⊤ ∈ RmN

min J =
α

T
+ Js,

Js =
t+N−1∑
k=t

{
x̃⊤(k)Qx̃(k) + v⊤(k)Rv(k)

}
+ x̃⊤(t+N)Qf x̃(t+N)
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s.t. System (4),

v(t) = v(t+ 1) = · · · = v(t+ T − 1), (5)

v(t+ T + rT̄ ) = v(t+ T + rT̄ + 1) = · · · = v(t+ T + rT̄ + T̄ − 1),

r ∈ {0, 1, . . . , f − 1}, (6)

v(t+ T + fT̄ ) = · · · = v(t+N − 1). (7)

In this problem, α ≥ 0, Q ⪰ 0, R ≻ 0, and Qf ⪰ 0 are given weights, and N is a given
prediction horizon. For a given N , the relation N = T + fT̄ + s, i.e., N − T ≡ s mod T̄ is
satisfied (T̄ is a given upper bound of T ), where f ≥ 0 and s ≥ 0 can be determined by fixing T .
The control input is constrained by (5), (6), and (7). In the first time interval [t, t + T − 1],

the control input is a constant, and both T and v(t) in (5) are decision variables. The scalar T
is chosen from the finite set {1, 2, . . . , T̄}. In the time interval [t+ T + rT̄ , t+ T + rT̄ + T̄ − 1],
the control input is a constant. Also in the time interval [t + T + fT̄ , t + N − 1], the control
input is a constant. Hence, in the time interval [t + T, t + N − 1], only v(t + T + rT̄ ) in (6)
and v(t+ T + fT̄ ) in (7) are decision variables. To consider the worst performance in the time
interval [t+ T, t+N ], the sampling interval in [t+ T, t+ fT̄ ] is given by T̄ .
We briefly summarize a solution method for Problem 1. First, the optimal value of Js and the

optimal control input sequence can be analytically derived under the assumption that xt and T
are given. Let J∗

s (xt, T ) and v̄∗(xt, T ) denote the optimal value of Js and the optimal control
input sequence, respectively. For a given xt, the optimal T for Problem 1 can be derived by

T ∗ = arg min
T∈{1,2,...,T̄}

{α

T
+ J∗

s (xt, T )
}
.

Using T ∗, the optimal control input sequence for Problem 1 can be derived by v̄∗(xt, T
∗).

According to the receding horizon policy, the control input is persistently generated by the
following procedure:

Procedure of self-triggered pinning consensus control:

Step 1: Problem 1 is solved at the current time t.

Step 2: Apply [Im 0m×m(N−1)]v̄
∗(xt, T

∗) to the system (4) in the time interval [t, t+ T ∗ − 1].

Step 3: Update t← t+ T ∗, and go to Step 1.

By this procedure, not only the external control input but also the next update time of
the external control input are calculated. Thus, self-triggered pinning consensus control can be
realized.

3. Virtual Merge and Split of Vehicle Groups at Intersection

Based on self-triggered pinning consensus control, we consider virtual merge and split of vehicle
groups to avoid collisions of vehicles at an intersection. First, a mathematical model of vehicle
platooning is derived based on [21]. In [21], only a simple circular course was considered. In this
paper, we consider a more complicated case. Next, we propose virtual merge and split of vehicle
groups.

3.1 Mathematical Model of Vehicle Platooning

Fig. 1 shows an intersection where n one-way traffic lanes intersect. Suppose that in each lane,
there are p vehicles. The p vehicles over the lane i is called a group. That is, there are n vehicle
groups. Suppose also that all vehicles do not turn left/right at an intersection. Hence, the number
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Figure 1. Intersection with n lanes before merge.

of vehicles of each group is not changed physically. For the lane i ∈ {1, 2, . . . , n}, the coordinate
axis yi is introduced. Set the position of the intersection O as yi = 0.
The j-th vehicle in the lane i is labeled by (i, j). Let li,j(k), i ∈ {1, 2, . . . , n}, j ∈ {1, 2, . . . , p}

denote the position of the vehicle (i, j) along the coordinate axis yi at time k, where k = 0, 1, 2, . . .
is the discrete time. The speed and the inter-vehicular distance corresponding to the state in the
consensus problem are given by

si,j(k) = li,j(k + 1)− li,j(k), j = 1, 2, . . . , p, (8)

xi,j(k) = li,j(k)− li,j+1(k), j = 1, 2, . . . , p− 1. (9)

Suppose that a part of xi,j(k) is regarded as a pinning agent. Let γ(i) ∈ {1, 2, . . . , p− 1} denote
a pinning agent for the lane i. For simplicity of discussion, assume that the number of pinning
agents in each vehicle group (i.e., each lane) is one. In addition, si,j(k)− si,j+1(k) is regarded as
a control input in (1). Hereafter, si,j(k)− si,j+1(k) is denoted by ui,j(k).
Thus, the state equation of the inter-vehicular distance is given by

xi,γ(i)(k + 1) = xi,γ(i)(k) + ui,γ(i)(k) + vi,γ(i)(k),

xi,j(k + 1) = xi,j(k) + ui,j(k), j ∈ {1, 2, . . . , p− 1}\{γ(i)},

where vi,γ(i)(k) is the external control input applied to the pinning agent. These equations
correspond to the system (4), where n̄ = n(p− 1) and m = n.

3.2 Proposed Virtual Merge and Split

Assume that the speed si,1(k) of the lead vehicle in each group is constant and is given in
advance. Using self-triggered pinning consensus control, it is expected that the inter-vehicular
distance of each vehicle in the group approaches the target value xd. Hence, it is also expected
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Figure 2. Illustration of merge in vehicle groups.

that consensus is practically achieved in each group. Noting that si,1(k) is given, the speed of
each vehicle is given by si,j(k) = si,j−1(k)−ui,j−1(k), j = 2, 3, . . . , p. It is also expected that the
speeds of all vehicles in the group approach a constant.
However, in vehicle platooning for each lane, the positions of vehicles in other lanes are not

considered. Hence, there is a possibility that collisions between vehicles occur at an intersection.
In this paper, we consider collision avoidance by performing both virtual merge and split.
The outline of virtual merge and split of vehicle groups is given as follows.

Merge: Before approaching an intersection, n vehicle groups are regarded as one group. For one
group consisting of np vehicles, self-triggered pinning consensus control is performed.

Split: After all vehicles pass an intersection, one group is regarded as n groups, where each group
consists of p vehicles. For each group, self-triggered pinning consensus control is performed.

Fig. 1 shows the situation before merge and Fig. 2 an illustration of merge. In Fig. 1 and Fig.
2, L(< 0) is the position where merge starts. When vehicle groups merge, we introduce the
coordinate axis y∗ and all vehicles in all lanes are regarded as one vehicle group. Let l∗,j′(k), j

′ =
1, 2, . . . , np denote the position of the vehicle over the coordinate axis y∗. From (8) and (9), the
speed and the inter-vehicular distance are respectively given by

s∗,j′(k) = l∗,j′(k + 1)− l∗,j′(k), j′ = 2, 3, . . . , np, (10)

x∗,j′(k) = l∗,j′(k)− l∗,j′+1(k), j′ = 1, 2, . . . , np− 1, (11)

where s∗,1(k) (the speed of the lead vehicle) is a constant. In addition, for the vehicle group
over the coordinate axis y∗, the inter-vehicular distance x∗,γ′(i)(k), γ

′(i) ∈ {1, 2, . . . , np − 1}
corresponding to the pinning agent is chosen from the group. For simplicity of discussion, the
number of pinning agents in the vehicle group is limited to one. The state equation of the
inter-vehicular distance is given by

x∗,γ′(i)(k + 1) = x∗,γ′(i)(k) + u∗,γ′(i)(k) + v∗,γ′(i)(k),

x∗,j′(k + 1) = x∗,j′(k) + u∗,j′(k), j′ ∈ {1, 2, . . . , np− 1}\{γ′(i)}.

Since s∗,1(k) is given as a constant, the speed of each vehicle is given by s∗,j′(k) = s∗,j′−1(k) −

6
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u∗,j′−1, j
′ = 2, 3, . . . , np.

The inter-vehicular distances over the coordinate axis y∗ are defined based on the location of
each vehicle from the intersection in different lanes. These distances approaches the target value
by performing self-triggered pinning consensus control for virtual one group. The speeds also
approaches a constant. As a result, collision avoidance at an intersection can be achieved.

4. Performance analysis: Estimation of L

In this section, performance analysis of vehicle platooning at the intersection using the proposed
method “virtual merge and split” is conducted. In order to avoid a collision at the intersection,
it is sufficient that the inter-vehicular distances are larger than a given threshold. It may not
be necessary to utilize consensus control. However, when vehicle platooning is performed before
and after the intersection, a smaller threshold is desirable. In such cases, consensus control is
useful as one of the control methods. Moreover, the shorter time during a merge, the smoother
driving around the intersection. That is, it is desirable that L is as close to the intersection
as possible. Therefore, we propose a method for estimating L from the viewpoint of optimal
control. By assuming the situation that takes the longest to reach consensus, effective L for
collision avoidance in any vehicle placement is calculated.
Here, L is estimated for the case where the number of lanes n is two. As a preparation, consider

the conditions that require virtual merging. The following assumption is made for the proposed
method.

Assumption 1. The number of lanes n is given by n = 2. At the start of merge, the following
relations hold:

s1,1(k) = s1,2(k) = · · · = s1,p(k) = s2,1(k) = s2,2(k) = · · · = s2,p(k),

x1,1(k) = x1,2(k) = · · · = x1,p−1(k) = x2,1(k) = x2,2(k) = · · · = x2,p−1(k) = xd.

This assumption implies that at the start of merge, vehicle groups in each lane are traveling
in a state of converging to the same speed and the same inter-vehicular distance. Then, we can
derive the following lemma.

Lemma 1. Let J∗
s denote the optimal value of the cost function Js of the finite-time optimal

control problem in Problem 1. Under Assumption 1, at the start of merge, the candidates of the
current state x(t) = xt maximizing J∗

s are given by the following p vehicle placements (see also
Fig. 3):

1) l1,1(t) = l2,1(t),

2) l1,2(t) = l2,1(t),

...

p) l1,p(t) = l2,1(t).

Proof. Without loss of generality, consider the case of l1,1 ≥ l2,1. In this case, when the vehicle
(1,1) reaches L, and l2,1 (the position of the lead vehicle of another group) is in the range
L − xd(p − 1) ≤ l2,1 ≤ L, merging is needed to avoid a collision (see also Fig. 4). At the time
of merge, J∗

s is a downward convex function with respect to the inter-vehicular distance of the
virtual group x∗,j , j = 1, 2, . . . , 2p− 1, thus it takes the maximum value at the end point. When
merge is required, the possible range of x∗,j at the start of merging is 0 ≤ x∗,j ≤ xd. Therefore,
there are 22p−1 combinations of 0 and xd as the end points of J∗

s . The end points that can be
taken as the inter-vehicular distance of a virtual group are only p combinations (see also Fig. 3)

7
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Figure 3. Vehicle placement at end points.

Figure 4. Example when merge is required.

This completes the proof.

Based on this lemma, the procedure for estimating L is shown below.

Procedure for estimating L:

Step 1 (Find the worst vehicle placement):
Given each vehicle placement obtained in Lemma 1 as the initial state, solve the finite-time

optimal control problem once at time t = 0. In self-triggered control, the optimal communication
interval T is obtained along with the input by solving the problem. Since the convergence of the
state becomes slower as T becomes larger, the calculation is performed by fixing T to its upper
limit value T̄ . Set a sufficiently long prediction horizon N . For each vehicle placement, find the
optimal value of the cost function J by solving Problem 1. Find a vehicle placement such that
the optimal value is maximum.

Step 2 (Calculate L):
Calculate the optimal predicated state trajectory in Problem 1 when the worst vehicle place-

ment obtained in Step 1 is used. From the obtained trajectory, find the time tmax that approaches
the target inter-vehicular distance. Using tmax, derive L, which is as close to the intersection as
possible, as L = −s∗,1 · tmax (s∗,1 is the speed of the lead vehicle of the virtual group).

By applying L estimated in the above procedure for “virtual merge and split”, it is considered
possible to merge so as to avoid collision for any vehicle placement. In addition, with the proposed
estimation method, efficient L can be calculated offline in advance.
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X 49

Y 29.57

Figure 5. Time-series graph of the inter-vehicular distance.

5. Numerical example

We present a numerical example.
Consider the case of n = 2 and p = 3. In each lane, communications between agents are given

by a complete graph. The pinning agent for the lane i is given by xi,1 (in other words, the
control signal from the external is sent to the vehicle (i, 2)). When virtual merge is performed,
the pinning agent is given by x∗,1 (i.e., the number of pinning agents is given by one). The
parameter ε is given by ε = 0.15. To represent communication delays, instead of (4), we consider
the input-delay system x(k+ 1) = Px(k) +Bv(k− 1), where v(−1) is given by v(−1) = 0. Also
for this system, Problem 1 can be solved1. In Problem 1, Q, R, α, and T̄ are given by Q = 500In,
R = 15000Im, α = 100, and T̄ = 5, respectively. The target value xd is given by 30m (when
virtual merge is performed) and 25m (otherwise). The initial locations of vehicles are given by
l1,1(0) = −1005m, l1,2(0) = −1055m, l1,3(0) = −1090m, l2,1(0) = −1030m, l2,2(0) = −1070m,
and l2,3(0) = −1100m. Suppose that the speed of the lead vehicle is always 10m/s.
First, we consider estimating L. In Step 1 of the procedure for estimating L, the worst vehicle

placement can be derived as the first placement in Fig. 3. In this case, the optimal value of the
cost function is 1.20× 107. In Step 2, if we suppose that a tolerable error is 1.5%, then tmax can
be derived as tmax = 49s (see Fig. 5). Thus, L can be estimated as L = −s∗,1 ·tmax = −10 ·49m =
−490m. In the numerical simulation below, considering margins, L is set as L = −500m.
Next, we present the computation result in the case where virtual merge and split are not

performed. Fig. 6 and Fig. 7 show the inter-vehicular distance and the speed, respectively. From
these figures, we see that consensus about the inter-vehicular distance and the speed is achieved.
Fig. 8 shows the position of each vehicle. From this figure, we see that some vehicles collide at
the intersection.
Finally, we present the computation result using the proposed method. Fig. 9 shows the inter-

vehicular distance. From this figure, we see that before virtual merge is performed, the inter-
vehicular distance converges to 25m. We also see that when virtual merge is performed, the
inter-vehicular distance converges to 30m. Fig. 10 shows the speed of each vehicle. From this
figure, we see that the speed converges to 10m/s (the speed of the lead vehicle). Fig. 11 shows
the position of each vehicle. From this figure, we see that all vehicles pass the origin at different

1We suppose that collections of measurements in vehicles, calculations of Problem 1, and transmissions of external control

inputs to vehicles are performed by utilizing ITS (Intelligent Transport Systems).
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Figure 6. Inter-vehicular distance in the case where virtual merge and split are not performed.
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Figure 7. Speed in the case where virtual merge and split are not performed.

times. That is, collision avoidance at the intersection is achieved. Fig. 12 shows the external
control input applied to pinning agents. We remark that when a virtual merge is performed,
the number of pinning agents is one. Thus, using the proposed method, vehicle platooning with
collision avoidance at the intersection can be achieved.

6. Conclusion

In this paper, we proposed a new method of vehicle platooning at an intersection using self-
triggered pinning consensus control. To avoid a collision at an intersection, virtual merge and
split of vehicle groups were proposed. In addition, we analyzed the performance of the proposed
method for the specific case of two lanes. Finally, a numerical simulation was presented to
demonstrate the proposed method.
In future work, it is important to improve the estimation method of L from the viewpoint of
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Figure 8. Position in the case where virtual merge and split are not performed.
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Figure 9. Inter-vehicular distance in the case where the proposed method is applied.

smooth intersection driving. The start position of virtual merge L is determined only based on
the vehicle placement with the longest state convergence time. For placements that are easier
to achieve consensus, we consider that a collision can be avoided in a shorter merging time. In
other words, L may be set closer to the intersection. We consider that smoother merging at an
intersection will be possible by making L variable according to the situation of vehicle groups.
Furthermore, it is important to develop the estimation method of L for any number of lanes. It
is also significant to develop a method of vehicle platooning in consideration of the existence of
disturbances. Finally, in this paper, we considered one-way streets. Also in the cases of undivided
streets and streets with double track, we consider that the problem setting in this paper is useful.
It is future work to consider further details.
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Figure 10. Speed in the case where the proposed method is applied.
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