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TRACE INEQUALITIES OF THE SOBOLEV TYPE AND

NONLINEAR DIRICHLET PROBLEMS

TAKANOBU HARA

Abstract. We discuss the solvability of nonlinear Dirichlet problems of the

type −∆p,wu = σ in Ω; u = 0 on ∂Ω, where Ω is a bounded domain in
Rn, ∆p,w is a weighted (p, w)-Laplacian and σ is a nonnegative locally finite
Radon measure on Ω. We do not assume the finiteness of σ(Ω). We revisit

this problem from a potential theoretic perspective and provide criteria for

the existence of solutions by Lp(w)-Lq(σ) trace inequalities or capacitary con-
ditions. Additionally, we apply the method to the singular elliptic problem

−∆p,wu = σu−γ in Ω; u = 0 on ∂Ω and derive connection with the trace
inequalities.

1. Introduction

1.1. Main results. Let Ω be a bounded domain in Rn, and let 1 < p < ∞. We
consider the existence problem of positive solutions to quasilinear elliptic equations
of the type

(1.1)

{
− divA(x,∇u) = σ in Ω,

u = 0 on ∂Ω,

where divA(x,∇·) is a weighted (p, w)-Laplacian type elliptic operator, w is a p-
admissible weight on Rn (see Sect. 2 for details) and σ is a nonnegative (locally
finite) Radon measure on Ω. We do not assume the global finiteness of σ. The
precise assumptions on A : Ω×Rn → Rn are as follows: For each z ∈ Rn, A(·, z) is
measurable, for each x ∈ Ω, A(x, ·) is continuous, and there exist 0 < α ≤ β < ∞
such that

A(x, z) · z ≥ αw(x)|z|p,(1.2)

|A(x, z)| ≤ βw(x)|z|p−1,(1.3)

(A(x, z1)−A(x, z2)) · (z1 − z2) > 0,(1.4)

A(x, tz) = t|t|p−2A(x, z)(1.5)

for all x ∈ Ω, z, z1, z2 ∈ Rn, z1 6= z2 and t ∈ R. For the standard theory of
quasilinear Dirichlet problems with finite signed measure data, we refer to [12, 36,
8, 48, 13, 23, 62]. See also [36, 37, 22, 10, 35] for the definitions of local solutions
(A-superharmonic functions or locally renormalized solutions) and their properties.

Most studies of the quasilinear measure data problem (1.1) assume the finiteness
of σ to ensure the existence of solutions satisfying the Dirichlet boundary condition.

1Data sharing not applicable to this article as no datasets were generated or analysed during
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However, the global finiteness of σ is not a necessary condition, and this existence
problem has been stated as an open problem in a paper by Bidaut-Véron (see, [9,
Problem 2]). If we recall classical potential theory (see, e.g., [41, 6]), the solution u
to the Poisson equation −∆u = σ in Ω; u = 0 on ∂Ω is given by the Green potential

u(x) =

ˆ
Ω

GΩ(x, y) dσ(y).

Since the Green function GΩ(·, ·) vanishes on the boundary of Ω, the integral may
be finite even if σ is not finite. In addition, the pointwise estimate of the Green
function yields more concrete existence results if the boundary of Ω is C2; u 6≡ +∞
if and only if

´
Ω
dist(x, ∂Ω) dσ(x) < ∞ (see, e.g., [44]). However, finding the

estimate is another problem, and furthermore, the method is completely useless for
nonlinear equations. Note that the use of the Green function is one of the methods
to solve the problem and that there are rich examples of solutions even for nonlinear
equations with infinite measure data.

One natural desire is to apply the theory of finite measure data problems to
infinite measures, but it is actually not enough, because the above examples do
not necessarily satisfy the Dirichlet boundary condition in the traditional sense.
Therefore, we should adopt a two-step strategy; (i) find a local solution that satisfies
the equation in a generalized sense, and (ii) confirm the boundary condition.

Variational methods (more generally, the theory of monotone operators) and
comparison principles are effective for good measures. Hence, we find the solution
u to (1.1) by

u(x) = sup
{
v(x) ∈ H1,p

0 (Ω;w) ∩ SH(Ω): 0 ≤ − divA(x,∇v) ≤ σ
}
,

where H1,p
0 (Ω;w) is a weighted Sobolev space and SH(Ω) is the set of all A-

superharmonic functions in Ω. Perron’s method for A-superharmonic functions
have been well studied (see, e.g., [29, 34]), and the relation between them and
their Riesz measures is also known ([36, 59]). Furthermore, if σ is absolutely con-
tinuous with respect to the (p, w)-capacity (below, we denote this condition by
σ ∈ M+

0 (Ω)), then the above set contains sufficiently many A-superharmonic func-
tions. As a result, u is a local solution if it is not identically infinite. In [18], Cao
and Verbitsky proved a comparison principle leading to the minimality of u (see
Theorem 3.5 below for a refinement of it). From this, u can be considered to satisfy
the boundary condition in a very weak sense. Therefore, the remaining problem is
to present a sufficient condition for u to not be identically infinite.

In previous work [32], the author provided an existence theorem for equations
of the type (1.1). The sufficient condition was given by the Lp(w)-Lq(σ) trace
inequality of Sobolev type

(1.6) ‖f‖Lq(Ω;σ) ≤ C1‖∇f‖Lp(Ω;w), ∀f ∈ C∞
c (Ω),

where 0 < q < p. Note that if (1.6) holds, then σ must be absolutely continuous
with respect to the (p, w)-capacity. Our first existence theorem is as follows.

Theorem 1.1. Assume that A satisfies (1.2)-(1.5). Let σ ∈ M+
0 (Ω), and let

0 < q < p. Assume that (1.6) holds, and let C1 be the best constant. Then, there
exists a minimal nonnegative A-superharmonic solution u to (1.1) satisfying

(1.7)
(α/β)p

α
Cq

1 ≤ ‖∇u
p−1
p−q ‖p−q

Lp(Ω;w) ≤
1

q

(
p− 1

p− q

)p−1
1

α
Cq

1
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and

(1.8)
(α/β)

α
1
p

C1 ≤
(ˆ

Ω

u
q(p−1)
p−q dσ

) p−q
qp

≤ 1

q
1
p

(
p− 1

p− q

) p−1
p 1

α
1
p

C1.

In particular, u satisfies the Dirichlet boundary condition in the sense that

(1.9) u
p−1
p−q ∈ H1,p

0 (Ω;w).

Conversely, if there exists a nonnegative A-superharmonic solution u to (1.1) sat-
isfying (1.9), then (1.6) holds.

Unlike [32], we deal with the variable coefficient equation (1.1). This assumption
is natural when considering flatification of Lipschitz boundaries. We verify that
results in [32] can be extended to (1.1) with small changes and give a direct proof
of Theorem 1.1. In addition, we present a more concrete existence result using
Hardy-type inequalies (Corollary 4.4). We also discuss what occurs when condition
(1.6) is relaxed (Theorem 5.1 and Proposition 5.4).

Condition (1.9) has already appeared in the study of elliptic equations with
boundary blow-up type nonlinearity since the work by Boccardo and Orsina [14].
In Sect. 6, we apply our framework to the singular elliptic problem (Corollary 6.5)
and prove the following two theorems.

Theorem 1.2. Let 0 < q < 1. Suppose that σ ∈ M+
0 (Ω) \ {0}. Then there exists

a unique finite energy weak solution u ∈ H1,p
0 (Ω;w) to

(1.10)


− divA(x,∇u) = σuq−1 in Ω,

u > 0 in Ω,

u = 0 on ∂Ω

if and only if (1.6) holds.

Theorem 1.3. Let σ ∈ M+
0 (Ω) \ {0}. Let h : (0,∞) → (0,∞) be a continuously

differentiable nonincreasing function. Assume that there exists a continuous weak
supersolution v ∈ H1,p

loc (Ω;w)∩C(Ω) to (1.1). Then there exists a unique continuous

weak solution u ∈ H1,p
loc (Ω;w) ∩ C(Ω) to

(1.11)


− divA(x,∇u) = σh(u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

Conversely, if there exists a continuous weak supersolution u ∈ H1,p
loc (Ω;w) ∩ C(Ω)

to (1.11), then there exists a continuous weak solution v ∈ H1,p
loc (Ω;w) ∩ C(Ω) to

(1.1).

1.2. Related works. We consider weighted equations using a framework in [34]. In
particular, we directly connects the solvability of (1.6) with Hardy-type inequalities
of the form (4.3) without reduction to ordinary differential equations. All results
of the paper seem to be new even if w ≡ 1.

This work is strongly inspired by prior studies for Lp-Lq trace inequalities. Gen-
eral theory for (1.6) was started by Adams [1]. The first characterization of (1.6)
with 0 < q < p was given by Maz’ya and Netrusov [46, 47] using a capacitary condi-
tion. Cascante, Ortega and Verbitsky [20] and Verbitsky [61] studied non-capacitary
characterizations for inequalities of the type (1.6). Claims that are equivalent to
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Theorem 1.1 were given by Seesanea and Verbitsky [56] for linear uniformly elliptic
operators. In [32], their arguments were applied to (p, w)-Laplace operators and
Theorem 1.1 was proved for 0 < q < p with a different formulation. The results
were applied to elliptic problems of the form (1.10) for the case 1 < q < p. See
[19, 18, 30, 56, 33] and the above references.

When q < 1, the right hand side of (1.10) have a singularity at u = 0. General
existence results of classical solutions to elliptic equations with singular nonlinearity
were established by Crandall, Rabinowitz and Tartar [21]. Boccardo and Orsina
[14] established existence results of generalized solutions for Lm-integrable data.
For further information, we refer to [42, 40, 43, 65, 50, 14, 24, 53, 15, 17, 52, 4] and
the references therein. Our approach to singular nonlinearity is not much different
from the prior studies. New proposal is to consider connection with (1.6) and
utilization of analogs of Green potentials. Also, we use only (1.2)-(1.5) and prove

Theorems 1.2 and 1.3 for H1,p
0 (Ω;w)- or H1,p

loc (Ω;w) ∩ C(Ω)-solutions.
Theorem 1.2 corresponds to the case 0 < q < 1 in [32, Theorems 1.2 and 1.3].

Many authors have dealt with the existence problem of finite energy solutions (see,
e.g., [24, 52, 7] and the references therein). However, the necessary and sufficient
condition via (1.6) was not been discussed for a long time. After the first draft of
this paper, the same equivalence was asserted in [26] under the condition σ ∈ L1(Ω).
We confirm that this restriction is not necessary.

Theorem 1.3 is a nonlinear version of [43, Theorem 6]. In [43], Mâagli and Zribi
proved an existence theorem of continuous solutions for the Laplace operator and σ
in the Kato class and presented the bounds (6.1) and (6.6) using the Green potential
of σ. We replace the Green potential with the solution to (1.1). Similar criteria for
more specified linear and quasilinear operators can be found in [58, 60, 63, 54, 50].

1.3. Organization of the paper. In Sect. 2, we present auxiliary results from
nonlinear potential theory. In Sect. 3 we provide a framework to solve (1.1).
In Sect. 4, we prove Theorem 1.1. In Sect. 5, we extend Theorem 1.1 using
capacitary conditions. This section is independent of Sect. 6. In Sect. 6, we
apply the framework in Sect. 3 to Eq. (1.11) and prove Theorems 1.2 and 1.3 as a
consequence.

Notation. We use the following notation. Let Ω be a domain (connected open
subset) in Rn.

• 1E(x) := the indicator function of a set E.
• C∞

c (Ω) := the set of all infinitely-differentiable functions with compact
support in Ω.

• M+(Ω) := the set of all nonnegative Radon measures on Ω.
• Lp(Ω;µ) := the Lp space with respect to µ ∈ M+(Ω).

For simplicity, we often write Lp(Ω;µ) as Lp(µ). For a ball B = B(x,R) and λ > 0,
λB := B(x, λR). For measures µ and ν, we denote ν ≤ µ if µ− ν is a nonnegative
measure. For a sequence of extended real valued functions {fj}∞j=1, we denote fj ↑ f
if fj+1 ≥ fj for all j ≥ 1 and limj→∞ fj = f . The letters c and C denote various
constants with and without indices. The notation A ≈α,β B means that there is a
positive constant C depending only on α and β such that C−1B ≤ A ≤ CB.
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2. Preliminaries

2.1. Weighted Sobolev spaces. First, we recall basics of nonlinear potential
theory from [34]. Let 1 < p < ∞ be a fixed constant. A Lebesgue measurable
function w on Rn is said to be the weight on Rn if w ∈ L1

loc(Rn; dx) and w(x) > 0
dx-a.e. We write w(E) =

´
E
w dx for a Lebesgue measurable set E ⊂ Rn. We

always assume that w is p-admissible, that is, positive constants CD, CP and λ ≥ 1
exist, such that

w(2B) ≤ CDw(B)

and  
B

|f − fB | dw ≤ CP diam(B)

( 
λB

|∇f |p dw
) 1

p

, ∀f ∈ C∞
c (Rn),

where B is an arbitrary ball in Rn,
ffl
B

= w(B)−1
´
B

and fB =
ffl
B
f dw. For the

basic properties of p-admissible weights, see [11, Chapter A.2], [34, Chapter 20]
and the references therein. Every Muckenhoupt Ap-weight is p-admissible. One
important property of p-admissible weights is the Sobolev inequality. In particular,
the following form of the Poincaré inequality holds:ˆ

B

|f |p dw ≤ C diam(B)p
ˆ
B

|∇f |p dw, ∀f ∈ C∞
c (B),

where C is a constant depending only on p, CD, CP and λ.
Let Ω be a bounded domain in Rn. The weighted Sobolev space H1,p(Ω;w) is

the closure of C∞(Ω) with respect to the norm

‖u‖H1,p(Ω;w) :=

(ˆ
Ω

|u|p + |∇u|p dw
) 1

p

.

The corresponding local spaceH1,p
loc (Ω;w) is defined in the usual manner. We denote

by H1,p
0 (Ω;w) the closure of C∞

c (Ω) in H1,p(Ω;w). Since Ω is bounded, we can take

‖∇ · ‖Lp(Ω;w) as the norm of H1,p
0 (Ω;w) by the Poincaré inequality.

Let Ω ⊂ Rn be open and letK ⊂ Ω be compact. The (variational) (p, w)-capacity
capp,w(K,Ω) of the condenser (K,Ω) is defined by

capp,w(K,Ω) := inf
{
‖∇u‖pLp(Ω;w) : u ≥ 1 on K, u ∈ C∞

c (Ω)
}
.

Since Ω ⊂ Rn is bounded, capp,w(E,Ω) = 0 if and only if Cp,w(E) = 0, where
Cp,w(·) is the (Sobolev) capacity of E. We say that a property holds quasieverywhere
(q.e.) if it holds except on a set of (p, w)-capacity zero. An extended real valued
function u on Ω is called as quasicontinuous if for every ε > 0 there exists an open
set G such that Cp,w(G) < ε and u|Ω\G is continuous. Every u ∈ H1,p

loc (Ω;w) has a
quasicontinuous representative ũ such that u = ũ a.e.

We denote by M+
0 (Ω) the set of all Radon measures µ that are absolutely contin-

uous with respect to the (p, w)-capacity. If µ ∈ M+
0 (Ω) is finite, then the integral´

Ω
f dµ is well-defined for any (p, w)-quasicontinuous function f on Ω.

2.2. A-superharmonic functions. Assume that A satisfies (1.2)-(1.5). For u ∈
H1,p

loc (Ω;w), we define the A-Laplace operator divA(x,∇·) by

〈− divA(x,∇u), ϕ〉 =
ˆ
Ω

A(x,∇u) · ∇ϕdx, ∀ϕ ∈ C∞
c (Ω).
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If u ∈ H1,p
loc (Ω;w) satisfiesˆ

Ω

A(x,∇u) · ∇ϕdx = (≥) 0, ∀ϕ ∈ C∞
c (Ω), ϕ ≥ 0,

then it is called a weak solution (supersolution) to − divA(x,∇u) = 0 in Ω.
A function u : Ω → (−∞,∞] is called A-superharmonic if u is lower semicon-

tinuous in Ω, is not identically infinite, and satisfies the comparison principle on
each subdomain D ⋐ Ω; if h ∈ H1,p

loc (D;w)∩C(D) is a continuous weak solution to
− divA(x,∇u) = 0 in D and if u ≥ h on ∂D, then u ≥ h in D.

If u is an A-superharmonic function in Ω, then for any k > 0, min{u, k} is a weak
supersolution to − divA(x,∇u) = 0 in Ω. Conversely, if u is a weak supersolution
to − divA(x,∇u) = 0 in Ω, then its lsc-regularization

u∗(x) := lim
r→0

ess inf
B(x,r)

u

is A-superharmonic in Ω. If u and v are A-superharmonic in Ω and u(x) ≤ v(x)
for a.e. x ∈ Ω, then u ≤ v in the pointwise sense.

A Radon measure µ = µ[u] is called the Riesz measure of u if

lim
k→∞

ˆ
Ω

A(x,∇min{u, k}) · ∇ϕdx =

ˆ
Ω

ϕdµ, ∀ϕ ∈ C∞
c (Ω).

It is known that every A-superharmonic function has a unique Riesz measure.
The following weak continuity result was given by Trudinger and Wang [59].

Theorem 2.1 ([59, Theorem 3.1]). Suppose that {uk}∞k=1 is a sequence of nonneg-
ative A-superharmonic functions in Ω. Assume that uk → u a.e. in Ω and that u
is A-superharmonic in Ω. Let µ[uk] and µ[u] be the Riesz measures of uk and u,
respectively. Then µ[uk] converges to µ[u] weakly, that is,ˆ

Ω

ϕdµ[uk] →
ˆ
Ω

ϕdµ[u], ∀ϕ ∈ C∞
c (Ω).

The Harnack-type convergence theorem follows from combining Theorem 2.1
and [34, Lemma 7.3]: If {uk}∞k=1 is a nondecreasing sequence of A-superharmonic
functions in Ω and if u := limk→∞ uk 6≡ ∞, then u is A-superharmonic in Ω and
µ[uk] converges to µ[u] weakly.

3. Minimal A-superharmonic solution to (1.1)

Next, we introduce classes of smooth measures. For detail, see [32] and the
references therein.

Definition 3.1. For µ ∈ (H1,p
0 (Ω))∗∩M+(Ω), we denote byW0

Aµ the lsc-regularization

of the weak solution u ∈ H1,p
0 (Ω;w) toˆ

Ω

A(x,∇u) · ∇ϕdx = 〈µ, ϕ〉, ∀ϕ ∈ H1,p
0 (Ω;w).

Furthermore, we define a class of smooth measures Sc[A](Ω) by

Sc[A](Ω) :=

{
µ ∈ (H1,p

0 (Ω))∗ ∩M+(Ω): sup
Ω

W0
Aµ < ∞ and suppµ ⋐ Ω

}
.
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By the two-sided Wolff potential estimate for A-superharmonic functions due to
Kilpeläinen and Malý (see [37, 48]), if u ≥ 0 is A-superharmonic in B(x, 2R) and
if µ is the Riesz measure of u, then,

1

C
WR

1,p,wµ(x) ≤ u(x) ≤ C

(
inf

B(x,R)
u+W2R

1,p,wµ(x)

)
,

where C = C(p, CD, CP , λ) and WR
1,p,wµ is the truncated Wolff potential of µ,

which is defined by

(3.1) WR
1,p,wµ(x) :=

ˆ R

0

(
rp

µ(B(x, r))

w(B(x, r))

) 1
p−1 dr

r
.

Using this estimate twice, we can prove that Sc[A](Ω) = Sc[w(x)|∇ · |p−2∇·](Ω).
Below, we write Sc[A](Ω) as Sc(Ω) for simplicity.

Theorem 3.2 ([32]). Let µ ∈ M+(Ω). Then µ ∈ M+
0 (Ω) if and only if there exists

an increasing sequence of compact sets {Fk}∞k=1 such that µk := 1Fk
µ ∈ Sc(Ω) for

all k ≥ 1 and µ (Ω \
⋃∞

k=1 Fk) = 0.

Definition 3.3 ([18]). Let µ be a nonnegative Radon measure on Ω. We say that
a function u is an A-superharmonic solution (supersolution) to − divA(x,∇u) = µ
in Ω, if u is A-superharmonic in Ω and µ[u] = µ (µ[u] ≥ µ), where µ[u] is the
Riesz measure of u. We say that a nonnegative solution u is minimal if v ≥ u in Ω
whenever v is a nonnegative supersolution to the same equation.

Definition 3.4. For µ ∈ M+
0 (Ω), we define

WAµ(x) := sup
{
W0

Aν(x) : ν ∈ Sc(Ω) and ν ≤ µ
}
.

If µ ∈ (H1,p
0 (Ω))∗ ∩M+(Ω), then WAµ = W0

Aµ. If WAµ 6≡ ∞, then u = WAµ
is the minimal nonnegative A-superharmonic solution to − divA(x,∇u) = µ in Ω.
From the argument in [32, Theorem 3.1], the following comparison principle holds.

Theorem 3.5. Let Ω be a bounded domain. Let v be a nonnegative A-superharmonic
function in Ω with the Riesz measure ν. Assume that µ ∈ M+

0 (Ω) and that µ ≤ ν.
Then WAµ ≤ v in Ω.

By the minimality, we can regard u as a solution to (1.1). We will discuss
sufficient conditions for WAµ 6≡ ∞ below.

4. Strong-type inequality

In [61], the following theorem was proved: If Ω = Rn, w = 1 and 0 < q < p, then
the best constant C1 in (1.6) satisfies

1

c
C1 ≤

(ˆ
Rn

(W1,pσ)
q(p−1)
p−q dσ

) p−q
qp

≤ cC1,

where c = c(n, p, q) and W1,pσ = W∞
1,p,1σ is the Wolff potential of σ. Following

the strategy of the proof, we prove a logarithmic Caccioppoli type estimate. For
(p, w)-Laplace operators, it follows from the Picone-type inequality (see [3, 16]).

Lemma 4.1. Let σ ∈ Sc(Ω), and let u = WAσ. Thenˆ
Ω

|f |p dσ

up−1
≤ βpα1−p

ˆ
Ω

|∇f |p dw, ∀f ∈ C∞
c (Ω).
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Proof. Without loss of generality we may assume that f ≥ 0. Let v = u+ ε, where
ε is a positive constant. Since v ≥ ε > 0, we have fpv1−p ∈ H1,p

0 (Ω;w); hence,ˆ
Ω

fp dσ

vp−1
=

ˆ
Ω

A(x,∇v) · ∇(fpv1−p) dx.

By (1.2) and (1.3), for a.e. x ∈ Ω,

A(x,∇v(x)) · ∇(f(x)pv(x)1−p) = pA(x,∇v(x)) · ∇f(x)f(x)p−1v(x)1−p

+ (1− p)A(x,∇v(x)) · ∇v(x)f(x)pv(x)−p

≤ pβw(x)|∇v(x)|p−1|∇f(x)|f(x)p−1v(x)1−p

+ (1− p)αw(x)|∇v(x)|pf(x)pv(x)−p.

Then, Young’s inequality ab ≤ 1
pa

p + p−1
p b

p
p−1 (a, b ≥ 0) yields

A(x,∇v(x)) · ∇(f(x)pv(x)1−p) ≤ βpα1−p|∇f(x)|pw(x).

Therefore, ˆ
Ω

|f |p dσ

(u+ ε)p−1
≤ βpα1−p

ˆ
Ω

|∇f |p dw, ∀f ∈ C∞
c (Ω).

The desired inequality follows from the monotone convergence theorem. □

Proof of Theorem 1.1. We first prove the existence part. Take {σk}∞k=1 ⊂ Sc(Ω)

such that σk = 1Fk
σ and 1Fk

↑ 1Ω σ-a.e. Set uk = WAσk ∈ H1,p
0 (Ω;w) ∩ L∞(Ω).

By (1.5), for each ε > 0, we have

1

q

(
p− 1

p− q

)p−1 ˆ
Ω

(u
q(p−1)
p−q

k − ε
q(p−1)
p−q )+ dσk

=

ˆ
{x∈Ω: uk(x)>ϵ}

A(x,∇u
p−1
p−q

k ) · ∇u
p−1
p−q

k dx.

Take the limit ε → 0. By the monotone convergence theorem and (1.2),

α

ˆ
Ω

|∇u
p−1
p−q

k |p dw ≤
ˆ
Ω

A(x,∇u
p−1
p−q

k ) · ∇u
p−1
p−q

k dx

=
1

q

(
p− 1

p− q

)p−1 ˆ
Ω

u
q(p−1)
p−q

k dσk.

The right-hand side is finite, and thus, u
p−1
p−q

k ∈ H1,p
0 (Ω;w). By (1.6) and density,

ˆ
Ω

u
q(p−1)
p−q

k dσk ≤ Cq
1

(ˆ
Ω

|∇u
p−1
p−q

k |p dw
) q

p

.

Combining the two inequalities, we obtain(ˆ
Ω

|∇u
p−1
p−q

k |p dw
) p−q

p

≤ 1

q

(
p− 1

p− q

)p−1
1

α
Cq

1 .

By the Poincaré inequality, uk ↑ u 6≡ ∞, so u = WAσ is A-superharmonic in Ω
and satisfies (1.1) by Theorem 2.1 and the monotone convergence theorem. By the

uniqueness of the limit, u
p−1
p−q satisfies the latter inequality in (1.7).
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Conversely, assume the existence of u. Take {σk}∞k=1 ⊂ Sc(Ω) such that σk =
1Fk

σ and 1Fk
↑ 1Ω σ-a.e. by using Theorem 3.2, and set uk = WAσk. By Lemma

4.1, ˆ
Ω

|f |q dσk =

ˆ
Ω

|f |qup−1
k

dσk

up−1
k

≤

(ˆ
Ω

|f |p dσk

up−1
k

) q
p
(ˆ

Ω

u
p(p−1)
p−q

k

dσk

up−1
k

) p−q
p

≤
(
βpα1−p

ˆ
Ω

|∇f |p dw
) q

p
(ˆ

Ω

u
q(p−1)
p−q

k dσk

) p−q
p

.

(4.1)

Note that v := u
p−1
p−q ≥ u

p−1
p−q

k by Theorem 3.5. Since v ∈ H1,p
0 (Ω;w), by density,

ˆ
Ω

u
q(p−1)
p−q

k dσk ≤
ˆ
Ω

vq dσk ≤
(
βpα1−p

ˆ
Ω

|∇v|p dw
) q

p
(ˆ

Ω

u
q(p−1)
p−q

k dσk

) p−q
p

.

Using (4.1) again, we obtain

ˆ
Ω

|f |q dσk ≤ βpα1−p

(ˆ
Ω

|∇f |p dw
) q

p
(ˆ

Ω

|∇v|p dw
) p−q

p

.

The former inequality in (1.7) follows from the monotone convergence theorem. □

If A and A′ satisfy the same structure conditions, then(ˆ
Ω

(WAσ)
q(p−1)
p−q dσ

) p−q
qp

≈α,β

(ˆ
Ω

(WA′σ)
q(p−1)
p−q dσ

) p−q
qp

.

Note that we do not have a global pointwise estimate between solutions. The
boundary behavior of two solutions may not be comparable.

Finally, we observe examples of σ satisfying (1.6). If w ≡ 1, p < n and σ ∈
Lm(Ω; dx) with

(4.2) m =

(
p∗

q

)′

=

(
np

q(n− p)

)′

,

then (1.6) follows from Sobolev’s inequality and Hölder’s inequality.
Other type examples can be found from Hardy type inequalities. For one-

dimensional cases, we refer to [46, Section 1.3.3] and [57]. To present multi-
dimensional sufficient conditions, we add an assumption to the boundary of Ω.
We say that a bounded domain Ω is Lipschitz if for each y ∈ ∂Ω, there exist a local
Cartesian coordinate system (x1, . . . , xn) = (x′, xn), an open neighborhood U = Uy

and a Lipschitz function h = hy such that Ω ∩ U = {(x′, xn) : xn > h(x′)} ∩ U . If
Ω is bounded and Lipschitz, then by the Hardy inequality in [51, Theorem 1.6],

(4.3)

ˆ
Ω

|f |pδt−p dx ≤ C

ˆ
Ω

|∇f |pδt dx, ∀f ∈ C∞
c (Ω),

where δ(x) := dist(x, ∂Ω), t < p− 1 and C is a constant independent of f .

Proposition 4.2. Let Ω be a bounded Lipschitz domain. Set w = δt and dσ =

δ−sdx, where −1 < t < p− 1 and 1 ≤ s ≤ p− t. Then, for any q ∈ (p(s−1)
p−1−t , p), the

trace inequality (1.6) holds.
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Proof. By the inner cone property of Lipschitz graphs, for each r > −1,ˆ
Ω

δr dx < ∞.

(For further information about the integrability of δ, see [31, Theorem 6] and the
references therein.) Thus, by the Hardy inequality (4.3),

ˆ
Ω

|f |qδ−s dx =

ˆ
Ω

|f |q

δq
δq−s−tδt dx

≤
(ˆ

Ω

|f |p

δp
δt dx

) q
p
(ˆ

Ω

δ
p(q−s−t)

p−q δt dx

) p−q
p

≤ C

(ˆ
Ω

|∇f |pδt dx
) q

p

, ∀f ∈ C∞
c (Ω).

This completes the proof. □

Remark 4.3. The boundary of a bounded Lipschitz domain is (n − 1)-regular.
Thus, by [25, Lemma 3.3] (see also [2] and [11, Chapter A.3]), w = δt is an Ap-
weight (and hence a p-admissible weight) on Rn for −1 < t < p− 1.

Corollary 4.4. Let Ω be a bounded Lipschitz domain and let w = δt, where −1 <
t < p−1. Let 1 ≤ s < p− t. Assume that σ ∈ L1

loc(Ω) satisfies 0 ≤ σ(x) ≤ Cδ(x)−s

for a.e. x ∈ Ω. Then, there exists a minimal nonnegative A-superharmonic solution
u to (1.1).

Proof. Combine Proposition 4.2, Remark 4.3 and Theorem 1.1. □

Remark 4.5. Corollary 4.4 is not trivial even if divA(x,∇u) = ∆u. In fact, the
Green function of a polygon is not comparable to δ near the corners. This result
asserts that the threshold of s still be 2 (= p) even if such a case. We refer to an
excellent work on barriers by Ancona [5] for further results for linear operators.

Remark 4.6. Note that Lp(w)-Lp(σ) trace inequalities do not yield the existence
of (bounded) solutions to (1.1). Let Ω = B(0, 1) and dσ = δ−2 dx. Then, the
L2(dx)-L2(dσ) trace inequality holds by (4.3), but the Green potential of σ does
not exist.

5. Weak-type inequality and capacitary condition

In [20], the following form of a weak-type trace inequality was studied:

(5.1) ‖f‖Lq,∞(σ) ≤ C2‖∇f‖Lp(w), ∀f ∈ C∞
c (Ω).

Here, Lq,∞(σ) is the Lorentz space with respect to σ (see, e.g., [28, Chapter 1]).
By a truncation argument, (5.1) implies

σ(K)
p
q ≤ Cp

2 capp,w(K,Ω), ∀K ⋐ Ω.

Hence, by Maz’ya’s capacitary inequality (see, e.g., [45], [11, Lemma 6.22]), (5.1)
is equivalent to the embedding into Lq,p(σ). In particular, the condition (5.1) is
weaker than (1.6) because Lq(σ) = Lq,q(σ) ⊊ Lq,p(σ) for q < p.
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Theorem 5.1. Assume that 0 < q < p. Let σ ∈ M+
0 (Ω) and let C2 be the best

constant of (5.1). Then,

(5.2)
(α/β)

α
1
p

C2 ≤ ‖WAσ‖
p−1
p

L
q(p−1)
p−q

,∞
(σ)

≤ 4
p−1
p−q

1

α
1
p

C2.

To prove the lower bound in (5.2), we consider the counterparts of Lemma 5.10
and Proposition 6.1 in [55].

Lemma 5.2. Let 0 < q < ∞. Assume that σ ∈ M+
0 (Ω) satisfies the following

weighted norm inequality:

(5.3) ‖WAν‖p−1

L
q(p−1)

p
,∞

(σ)

≤ C ′
2ν(Ω), ∀ν ∈ M+

0 (Ω).

Then, (5.1) holds with C2 =
(
βpα1−pC ′

2

) 1
p .

Proof. LetK be any compact subset of Ω. Let u be the A-potential of the condenser
(K,Ω), and let ν be the Riesz measure of u. Then, by [48, Corollary 4.8],

ν(Ω) ≤ βpα1−pcapp,w(K,Ω).

Since u = WAν ≥ 1 on K,

σ(K)
p
q ≤ ‖WAν‖p−1

L
q(p−1)

p
,∞

(σ)

≤ C ′
2ν(Ω) ≤ βpα1−pC ′

2capp,w(K,Ω).

Therefore,

‖f‖pLq,∞(σ) = sup
k≥0

kp σ({|f | ≥ k})
p
q

≤ Cp
2 sup

k≥0
kp capp,w({|f | ≥ k},Ω) ≤ Cp

2‖∇f‖pLp(w).

This completes the proof. □

Lemma 5.3. Let ν, σ ∈ M+
0 (Ω). Then,∥∥∥∥WAν

WAσ

∥∥∥∥
Lp−1,∞(σ)

≤ ν(Ω)
1

p−1 .

Proof. Without loss of generality, we may assume that σ, ν ∈ Sc(Ω). Set u = WAσ
and v = WAνt, where νt = t1−pν. For k > 0, set Ik(v− u) = k−1 min{(v− u)+, k}.
By (1.4),ˆ

Ω

Ik(v − u) dνt −
ˆ
Ω

Ik(v − u) dσ

=
1

k

ˆ
{x∈Ω:0<v(x)−u(x)<k}

(A(x,∇v)−A(x,∇u)) · ∇(v − u) dx ≥ 0.

Passing to the limit k → 0 yields

νt(Ω) ≥ σ({x ∈ Ω : v(x) > u(x)}).

By (1.5), v = t−1WAν, and thus,

tp−1σ

({
x ∈ Ω :

WAν(x)

WAσ(x)
> t

})
≤ ν(Ω).

Taking the supremum over t > 0, we obtain the desired inequality. □



12 TAKANOBU HARA

Proof of Theorem 5.1. We first prove the latter inequality for σ ∈ Sc(Ω). Let
u = WAσ. Then,

sup
j∈Z

2j
q(p−1)
p−q σ(Ej) ≤ ‖u‖

q(p−1)
p−q

L
q(p−1)
p−q

,∞
(σ)

≤ sup
j∈Z

2(j+1)
q(p−1)
p−q σ(Ej),

where Ej = {x ∈ Ω: u(x) > 2j}. By (5.1), we have

σ(Ej) ≤ Cq
2capp,w(Ej ,Ω)

q
p ≤ Cq

2capp,w(Ej , Ej−1)
q
p .

Let Uj = min{(u − 2j−1)+, 2
j−1}. Then Uj ∈ H1,p

0 (Ej−1;w), 0 ≤ Uj ≤ 2j−1 in
Ej−1 and Uj ≡ 2j−1 on Ej . By (1.2),

capp,w(Ej , Ej−1) ≤ 2(1−j)p

ˆ
Ω

|∇Uj |p dw ≤ 2(1−j)p

α

ˆ
Ω

A(x,∇u) · ∇Uj dx

=
2(1−j)p

α

ˆ
Ω

Uj dσ ≤ 2p−12j(1−p)

α
σ(Ej−1).

Combining these inequalities, we obtain

‖u‖
q(p−1)
p−q

L
q(p−1)
p−q

,∞
(σ)

≤ 2
q(p−1)
p−q

Cq
2

α
q
p

(
2p−1 sup

j∈Z
2j

q(p−1)
p−q σ(Ej−1)

) q
p

≤ 4
q(p−1)
p−q

Cq
2

α
q
p

(
‖u‖

q(p−1)
p−q

L
q(p−1)
p−q

,∞
(σ)

) q
p

.

Hence the desired inequality holds.
Let us prove the existence. Take {σk}∞k=1 ⊂ Sc(Ω) such that σk = 1Fk

σ and
1Fk

↑ 1Ω σ-a.e. By the monotone convergence theorem,

‖WAσ‖
q(p−1)

p

L
q(p−1)
p−q

,∞
(σ)

≤ lim
k→∞

‖WAσk1Fk
‖

q(p−1)
p

L
q(p−1)
p−q

,∞
(σ)

≤ 4
q(p−1)
p−q

α
q
p

Cq
2 .

Thus WAσ 6≡ ∞ and is A-superharmonic in Ω.
Conversely, assume that ‖WAσ‖

L
q(p−1)
p−q

,∞
(σ)

is finite. By Hölder’s inequality for

Lorentz spaces, Lemma 5.3 yields

‖WAν‖
L

q(p−1)
p

,∞
(σ)

≤ ‖WAσ‖
L

q(p−1)
p−q

,∞
(σ)

∥∥∥∥WAν

WAσ

∥∥∥∥
Lp−1,∞(σ)

≤ ‖WAσ‖
L

q(p−1)
p−q

,∞
(σ)

ν(Ω)
1

p−1 , ∀ν ∈ M+
0 (Ω).

From Lemma 5.2, the desired lower bound follows. □

To treat the more general σ ∈ M+
0 (Ω), we consider the following relaxed capac-

itary condition. A typical example of such a measure is the sum of a finite mea-
sure in M+

0 (Ω) and a measure satisfying (1.6). Note that it is not clear whether
WA(σ1 + σ2) 6≡ ∞ even if WAσi 6≡ ∞ for i = 1, 2.

Proposition 5.4. Let σ ∈ M+
0 (Ω). Assume that there exists a constant C3 > 0

such that

(5.4) σ(K) ≤ C3

(
capp,w(K,Ω)

q
p + 1

)
, ∀K ⋐ Ω,

where 0 < q < p and C3 > 0 is a constant. Then, there exists a minimal nonnegative
A-superharmonic solution u to (1.1).
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Proof. We first claim that if σ ∈ Sc(Ω) satisfies (5.4), then

(5.5) ‖(u− 1)+‖Lp−1,∞(w) ≤ C,

where C = C(p, q, w, α, C3). Let Ej = {x ∈ Ω: u(x) > 2j}. As in the proof of
Theorem 5.1,

σ(Ej) ≤ Ccapp,w(Ej ,Ω)
q
p + C ≤ C

(
2j(1−p)σ(Ej−1)

) q
p

+ C.

Thus,

2j
q(p−1)
p−q σ(Ej) ≤ C

(
2(j−1)

q(p−1)
p−q σ(Ej−1)

) q
p

+ 2j
q(p−1)
p−q C,

and hence

max

{
σ(E0), sup

j≤−1
2j

q(p−1)
p−q σ(Ej)

}
≤ C

(
sup
j≤−1

2j
q(p−1)
p−q σ(Ej)

) q
p

+ C.

By Young’s inequality, σ(E0) ≤ C. Using the test function min{(u−1)+, l} (l > 0),
we obtain

α‖∇min{(u− 1)+, l}‖pLp(w) ≤
ˆ
Ω

A(x,∇u) · ∇min{(u− 1)+, l} dx

=

ˆ
Ω

min{(u− 1)+, l} dσ ≤ lσ(E0).

Then, the Poincaré inequality yields

lpw({x ∈ Ω : (u− 1)+(x) ≤ l}) ≤ Cl.

This result implies (5.5).
Take {σk}∞k=1 ⊂ Sc(Ω) such that σk = 1Fk

σ and 1Fk
↑ 1Ω σ-a.e. Then WAσk ↑

WAσ 6≡ ∞ by (5.5). Hence, u := WAσ is the desired minimal A-superharmonic
solution. □

6. Applications to singular elliptic problems

We first prove the following general existence result.

Theorem 6.1. Let σ ∈ M+
0 (Ω) \ {0}. Assume that there exists a nonnegative

A-superharmonic supersolution v to (1.1). Let h : (0,∞) → (0,∞) be a contin-
uously differentiable nonincreasing function. Then there exists a nonnegative A-
superharmonic solution u to (1.11) satisfying the Dirichlet boundary condition in
the sense that

(6.1) 0 < g(u)(x) ≤ v(x), ∀x ∈ Ω,

where

g(u) :=

ˆ u

0

1

h(t)
1

p−1

dt.

Remark 6.2. By assumption, g is a convex increasing function. In particular,
limt→∞ g(t) = ∞. Use of this type transformation can be found in [64, 43, 27].

As in prior studies, we use the following approximating problems:

(6.2)

− divA(x,∇uk) = σkh

(
uk +

1

k

)
in Ω,

u = 0 on ∂Ω,
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where k ∈ N, σk := 1Fk
σ and {Fk}∞k=1 is a sequence of compact sets in Theorem

3.2. We may assume that σ1 6= 0 without loss of generality.
If {uk}∞k=1 ⊂ H1,p

0 (Ω;w) is a sequence of weak solutions to (6.2), then uk+1 ≥ uk

a.e. in Ω for all k ≥ 1. In fact, using the test function (uk − uk+1)+ ∈ H1,p
0 (Ω;w),

we haveˆ
Ω

(A(x,∇uk)−A(x,∇uk+1)) · ∇(uk − uk+1)+ dx

=

ˆ
Ω

(uk − uk+1)+ h

(
uk +

1

k

)
dσk −

ˆ
Ω

(uk − uk+1)+ h

(
uk +

1

k + 1

)
dσk+1

≤
ˆ
Ω

(uk − uk+1)+

{
h

(
uk +

1

k + 1

)
− h

(
uk+1 +

1

k + 1

)}
dσk+1 ≤ 0.

By (1.4), ∇uk = ∇uk+1 a.e. in {x ∈ Ω: uk(x) > uk+1(x)}, and thus, (uk−uk+1)+ =

0 in H1,p
0 (Ω;w).

It is well-known that the singular problem has a convex structure (see e.g.,
[40, 14]), so we use the Minty-Browder theorem (e.g., [38, Corollary III.1.8] and
[49]). The same approach can be found in [39].

Lemma 6.3. There exists a nonnegative weak solution uk ∈ H1,p
0 (Ω;w) to (6.2).

Proof. Set V = H1,p
0 (Ω;w). For u ∈ V , we define

A(u) := − divA(x,∇u)− σkh

(
u+ +

1

k

)
.

We apply the Minty-Browder theorem to A. Since σk ∈ Sc(Ω) ⊂ (H1,p
0 (Ω))∗,∣∣∣∣ˆ

Ω

ϕh

(
u+ +

1

k

)
dσk

∣∣∣∣ ≤ h

(
1

k

)ˆ
Ω

|ϕ| dσk ≤ h

(
1

k

)
‖σk‖V ∗‖∇ϕ‖Lp(Ω)

for all ϕ ∈ V . Thus, A is a bounded operator from V to the dual V ∗ of V . Moreover,

〈A(u), u〉
‖u‖V

→ ∞ as ‖u‖V → ∞.

Since h is nonincreasing,ˆ
Ω

(u− v)

{
h

(
u+ − 1

k

)
− h

(
v+ − 1

k

)}
dσk ≤ 0, ∀u, v ∈ V,

and hence,

〈A(u)−A(v), u− v〉 ≥ 0, ∀u, v ∈ V.

Finally, we claim that if {ui}∞i=1 ⊂ V and ui → u in V , then for any ϕ ∈ V ,

(6.3)

ˆ
Ω

A(x,∇ui) · ∇ϕdx →
ˆ
Ω

A(x,∇u) · ∇ϕdx

and

(6.4)

ˆ
Ω

ϕh

(
(ui)+ +

1

k

)
dσk →

ˆ
Ω

ϕh

(
u+ +

1

k

)
dσk.

The proof of (6.3) is standard (see [34, Proposition 17.2]). Let {uij}∞j=1 be any

subsequence of {ui}∞i=1. Since σk ∈ Sc(Ω), the embedding V ↪→ L1(Ω;σk) is
continuous, and hence uij → u in L1(Ω;σk). We choose a subsequence {uij′ }

∞
j′=1
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of {uij}∞j=1 such that uij′ → u σk-a.e. Since h is continuous and nonincreasing, by
the dominated convergence theorem,ˆ

Ω

ϕh

(
(uij′ )+ +

1

k

)
dσk →

ˆ
Ω

ϕh

(
u+ +

1

k

)
dσk.

The right hand side is independent of the choice of {uij}∞j=1, and hence (6.4) holds.
Consequently, the map A : V → V ∗ is onto. In particular, there exists a unique
u ∈ V such that A(u) = 0. Since u is a supersolution to − divA(x,∇u) = 0 in Ω,
u ≥ 0 q.e. in Ω. Thus, u = u+ σk-a.e. in Ω and satisfies (6.2). □

Lemma 6.4. Let uk ∈ H1,p
0 (Ω;w) be an lsc-regularized weak solution to (6.2).

Then 0 < g(uk) ≤ WAσk in Ω.

Proof. By the comparison principle for weak solutions,

0 ≤ uk(x) ≤ WA

(
h

(
1

k

)
σk

)
(x), ∀x ∈ Ω.

Since σk ∈ Sc(Ω), uk ∈ H1,p
0 (Ω;w) ∩ L∞(Ω). Fix a nonnegative function ϕ ∈

C∞
c (Ω). By assumption, the function t 7→

(
1

h(t) − ε
)
+
(ε > 0) is nondecreasing and

locally Lipschitz. Consider the test function
(

1
h(uk)

− ε
)
+
ϕ ∈ H1,p

0 (Ω;w). Since

ˆ
Ω

A(x,∇uk) · ∇
(

1

h(uk)
− ε

)
+

ϕdx ≥ 0,

we have ˆ
Ω

A(x,∇uk) · ∇ϕ

(
1

h(uk)
− ε

)
+

dx

≤
ˆ
Ω

(
1

h(uk)
− ε

)
+

ϕh

(
uk +

1

k

)
dσk ≤

ˆ
Ω

ϕdσk.

By (1.5) and the dominated convergence theorem,ˆ
Ω

A(x,∇g(uk)) · ∇ϕdx =

ˆ
Ω

A(x,∇uk) · ∇ϕ
1

h(uk)
dx ≤

ˆ
Ω

ϕdσk.

By the comparison principle for weak solutions, 0 < g(uk) ≤ WAσk a.e. in Ω. In
other words, 0 < uk ≤ g−1(WAσk) a.e. in Ω, where g−1 is the inverse function of
g. Since g−1 is concave and increasing, g−1(WAσk) is A-superharmonic in Ω, and
thus, the same inequality holds for all x ∈ Ω. □

Proof of Theorem 6.1. Let {uk}∞k=1 be the sequence of lsc-regularized weak solu-
tions to (6.2). By Lemma 6.4,

0 < g(uk) ≤ WAσk ≤ WAσ ≤ v in Ω.

Thus, u(x) := limk→∞ uk(x) is not identically infinite. By Theorem 2.1, µ[uk]
converges to µ[u] weakly. Fix ϕ ∈ C∞

c (Ω). By the weak Harnack inequality, there
exists a constant c such that uk ≥ u1 ≥ c > 0 on suppϕ. By the dominated
convergence theorem,

lim
k→∞

ˆ
Ω

ϕh

(
uk +

1

k

)
dσk =

ˆ
Ω

ϕh(u) dσ.

Thus, u satisfies (1.11) in the sense of A-superharmonic solutions. □
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The following existence result was established by Boccardo and Orsina [14] for
unweighted equations. The necessity part seems to be new.

Corollary 6.5. Suppose that σ ∈ M+
0 (Ω) \ {0}. Set h(u) = u−γ , where 0 <

γ < ∞. Then there exists an A-superharmonic solution u to (1.11) satisfying

u
p−1+γ

p ∈ H1,p
0 (Ω;w) if and only if σ is finite.

Proof. Assume that σ is finite. Then WAσ 6≡ ∞ by [48, Theorem 6.6]. Thus, the
existence of u = WA(u

−γσ) follows from Theorem 6.1. Set µ = u−γσ. By (1.7)
and (1.8),ˆ

Ω

dσ =

ˆ
Ω

uγu−γ dσ =

ˆ
Ω

(WAµ)
γ
dµ ≈α,β

ˆ
Ω

|∇u
p−1+γ

p |p dw.

The necessity part follows from this two-sided estimate directly. □

Remark 6.6. If there exists a finite energy solution u ∈ H1,p
0 (Ω;w) to (1.11), thenˆ

Ω

ϕh(u) dσ =

ˆ
Ω

A(x,∇u) · ∇ϕdx

≤ β

(ˆ
Ω

|∇u|p dw
) p−1

p
(ˆ

Ω

|∇ϕ|p dw
) 1

p

, ∀ϕ ∈ C∞
c (Ω).

(6.5)

Thus, the embedding H1,p
0 (Ω;w) ↪→ L1(Ω;h(u)σ) is continuous. Furthermore, such

a solution is unique in H1,p
0 (Ω;w). In fact, if v ∈ H1,p

0 (Ω;w) is another solution,
thenˆ

Ω

(A(x,∇u)−A(x,∇v)) · ∇(u− v) dx =

ˆ
Ω

(u− v) (h(u)− h(v)) dσ ≤ 0.

Hence ∇u = ∇v a.e. in Ω and u = v in H1,p
0 (Ω;w).

Proof of Theorem 1.2. Assume that (1.6) holds. Let h(u) = uq−1, and let {uk}∞k=1

be the sequence of lsc-regularized weak solutions to (6.2). Then

α

ˆ
Ω

|∇uk|p dw ≤
ˆ
Ω

A(x,∇uk) · ∇uk dx =

ˆ
Ω

uk

(
uk +

1

k

)q−1

dσk

≤
ˆ
Ω

uq
k dσ ≤ Cq

1

(ˆ
Ω

|∇uk|p dw
) q

p

.

Therefore, u(x) = limk→∞ uk(x) belongs to H1,p
0 (Ω;w), and

‖∇u‖Lp(Ω;w) ≤ lim inf
k→∞

‖∇uk‖Lp(Ω;w) ≤ α
−1
p−q C

q
p−q

1 .

Meanwhile, by the argument in the proof of Theorem 6.1, u satisfies (1.11) in the
sense of weak solutions. The uniqueness follows from Remark 6.6.

Conversely, assume the existence of u. By (6.5) and Hölder’s inequality,ˆ
Ω

ϕq dσ =

ˆ
Ω

uq(1−q)
(
ϕuq−1

)q
dσ

≤
(ˆ

Ω

uq dσ

)1−q (ˆ
Ω

ϕuq−1 dσ

)q

≤ β

(ˆ
Ω

|∇u|p dw
) p−q

p
(ˆ

Ω

|∇ϕ|p dw
) q

p

, ∀ϕ ∈ C∞
c (Ω), ϕ ≥ 0.
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Therefore, (1.6) holds with C1 ≤ β
1
q ‖∇u‖

p−q
q

Lp(Ω;w). □

Proof of Theorem 1.3. Assume the existence of v. Then, Theorem 6.1 gives a
bounded (p, w)-superharmonic solution u to (1.11). By [34, Theorem 7.25], u ∈
H1,p

loc (Ω;w) ∩ L∞(Ω). By the weak Harnack inequality, h(u) is locally bounded in
Ω. Fix x0 ∈ Ω. By [37, Theorem 4.20] (see also [48, Corollary 3.17] for weighted
equations), u is continuous at x0 if and only if

lim
R→0

sup
x∈B(x0,R)

WR
p,w(h(u)σ)(x) = 0.

On the other hand, since v is continuous at x0, by the same reason,

lim
R→0

sup
x∈B(x0,R)

WR
p,wσ(x) = 0.

Therefore, u is continuous in Ω. The boundary continuity of u follows from (6.1).

Let u, v ∈ H1,p
loc (Ω;w) ∩ C(Ω) be continuous weak solutions to (1.11). Assume

that there exists x ∈ Ω such that u(x) > v(x). Then the open set D = {x ∈
Ω: u(x) > v(x) + ε} is not empty for ε > 0 small. Recall that u vanishes on ∂Ω
continuously and that v ≥ 0 in D. Thus D ⋐ Ω and u, v ∈ H1,p(D;w). Using the

test function (u− v − ε) ∈ H1,p
0 (D;w), we get

ˆ
D

(A(x,∇u)−A(x,∇v)) · ∇(u− v) dx

=

ˆ
D

(A(x,∇u)−A(x,∇v)) · ∇(u− v − ε) dx

=

ˆ
D

(u− v − ε) (h(u)− h(v)) dσ ≤ 0.

Thus, ∇u = ∇v a.e. in D and (u−v−ε) = 0 in D. This contradicts the assumption.
Conversely, assume the existence of u. By Theorem 3.5,

u(x) ≥ WA (h(u)σ) (x)

≥ WA

(
h(sup

Ω
u)σ

)
(x) = h(sup

Ω
u)

1
p−1WAσ(x), ∀x ∈ Ω.

Therefore, v = WAσ is a bounded weak solution to (1.1), and

v(x) ≤ u(x)

h(supΩ u)
1

p−1

, ∀x ∈ Ω.(6.6)

The interior regularity of v follows from the same argument as above. □
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