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ON A DIFFUSION EQUATION WITH RUPTURE

YOSHIKAZU GIGA AND YUKI UEDA

Abstract. We propose a model to describe an evolution of a bubble
cluster with rupture. In a special case, the equation is reduced to a single
parabolic equation with evaporation for the thickness of a liquid layer
covering bubbles. We postulate that a bubble collapses if this liquid
layer becomes thin. We call this collapse a rupture. We prove for our
model that there is a periodic-in-time solution if the place of rupture
occurs only in the largest bubble. Numerical tests indicate that there
may not exist a periodic solution if such an assumption is violated.

1. Introduction

1.1. Setting of the problem. We consider a cluster of bubbles which
occupies a domain in a plane R2 whose boundary is the graph of a function
h. We postulate that a bubble touches the graph y = h(x) (from below) on a
fixed horizontal region and that the difference of slopes of adjacent bubbles
is fixed. We further assume that h is periodic with period ω to simplify the
problem. To fix the idea, let Uk denote the k-th bubble on (ak, ak+1) whose
boundary contains

{
y = h(x)

∣∣ ak < x < ak+1

}
, where {ak}Kk=1 is a division

of [0, ω), i.e., 0 ≤ a1 < a2 < · · · < ω; see Figure 1. The index is taken
modulo K so that a1+K = a1. The angle condition is denoted as

Figure 1. bubbles and the graph
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(1.1) hx(ak + 0) = hx(ak − 0) + ck k = 1, 2, . . . ,K,

where ck is a given constant and hx denotes the derivative of h; here g(x±0)
is the directional limit defined by

g(x± 0) = lim
δ↓0

g(x± δ).

We rather consider that bubbles are moving by a kind of relaxation dynam-
ics. Specifically, we postulate that h = h(x, t) is assumed to fulfill a diffusion
equation

τht = σ1hxx +A in (ak, ak+1), k = 1, . . . ,K,

where τ > 0 is a relaxation parameter and σ1 > 0 corresponds a surface
tension. Here a constant A is to be determined later. If we include (1.1),
then our equation on T = R/(ωZ) becomes

(1.2) τht = σ1hxx − f, f =
K∑
k=1

ckδ(x− ak)−A,

where δ denotes Dirac’s delta function. It is noteworthy that
∫
T h dx is

conserved if we choose

(1.3) A =
K∑
k=1

ck/ω.

On the top of each bubble, we postulate there is a layer of liquid protect a
bubble from rupture. If thickness of the layer becomes thinner than a given
threshold value, we expect the bubble collapse. To describe this phenom-
enon, let ζ = ζ(x, t) denote the height of liquid surface so that η = ζ − h
describes the (vertical) thickness of the liquid layer; see Figure 2. We pos-

Figure 2. functions ζ and h at time t

tulate that ζ satisfies a kind of relaxation dynamics

(1.4) ζt = σ2ζxx − α(ζ − h), α ≥ 0, σ2 > 0

so that ζ would like to become flat. The last term including α describe
evaporation of a liquid.
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For a given threshold value ηc > 0, we postulate that if η = ζ − h decreases
to the value ηc at the first time t0 in some point [ak, ak+1), then we restart
η at t0 + 0 as

(1.5) η(x, t0 + 0) =

{
ηa for x ∈ [ak, ak+1),
η(x, t0 − 0) for x ̸∈ [ak, ak+1).

Here ηa is a given positive constant larger than ηc. Moreover, we set

(1.6) h(x, t0 + 0) =

{
h(x, t0 − 0)− d for x ∈ [ak, ak+1),
h(x, t0 − 0).

Here d > 0 is a fixed number and it roughly describes the vertical side length
of the collapsed bubble; see Figure 3.

Figure 3. at the time of rupture

1.2. Goal of this paper. We are interested in whether there exists a solu-
tion whose profile is time periodic under the assumption that ck > 0 for all
k = 1, 2, . . . ,K. Our first goal is to prove that there exists a time-periodic
solution η representing the thickness if (i) σ1/τ = σ2 or (ii) τ = ∞ under
conditions which guarantee that a rupture occurs only in one fixed subinter-
val (ai, ai+1). The time rupture occurs is called a rupture time (cf. Definition
2.2). In the cases (i), (ii), the equation is reduced to a single equation for η.
The existence can be proved by applying a Schauder’s fixed point theorem
(cf. [3, Theorem 11.1]) for a mapping from a profile at some rupture time
to the profile of the next rupture time.
The second goal is to give some numerical experiments and observe the role
of parameter σ1, σ2 by fixing τ = 1 which may not satisfy σ1/τ = σ2. From
numerical experiments, there may not exist a time-periodic solution when
σ1/τ = σ2 is not fulfilled. We consider the case σ1 = σ2 with τ = 1. In the
case when the existence of periodic solution is proved, we check its stability
numerically. If the dynamics is strongly order-preserving, the uniqueness
of a periodic solution can be proved by an abstract theory [6]. Although,
the equation for η has an order-preserving property, the theory of [6] does
not apply to our setting because of ruptures. From numerical experiments,
it looks that our periodic solution is globally stable. In the case a rupture
may happen in several subintervals, we check numerically whether a periodic
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solution may exist. From numerical experiments, we conjecture that there
is a chance that there is no periodic solution.
Here is a sketch of the proof of the existence of a periodic solution. To
apply the fixed point theory, we first check that the first rupture time is
well controlled both from above and below. This is also useful to prove the
compactness of the mapping since there exists a still regularizing effect for
the equation of η even if there is a singular term like δ(x − ak). To show
the compactness of the mapping is important step and this is done by an
explicit formula of a solution of the heat equation with an extend force term.

1.3. Related problems. As far as the authors know, there are few pa-
pers in mathematical community handling evolution of bubble clusters with
rupture. In [8], a numerical way is given to calculate evolution of bubble
clusters with rupture and drainage as well as rearrangement. Their bubbles
moves by the Navier-Stokes equations but they assume each bubble has a
microscopic layer of liquid. If this layer becomes thinner than critical thick-
ness, a rupture occurs. The evolution of liquid layer is assumed to satisfy a
thin-film model of a fluid. In their model, inner bubble may rupture. In our
model, we consider a simple setting so that it can be handled in a rigorous
way. We consider the situation where rupture only occurs on the boundary
of the domain where the cluster occupies; see Figure 4. It is assumed to

Figure 4. clusters

located at the top in Figure 4. Instead of working thin film equations, we
assume that it is just a diffusion equation for ζ. The motion of cluster itself
is simplified. It just slowly moves by a relaxation dynamic like a curvature
flow. In our setting, we only assume that the top is moving by a diffusion
equation.
If one only considers evolution of a cluster of bubbles just by a relaxation
dynamics like motion by mean curvature (without liquid layer), it is well
studied both as a strong solution (see e.g. [4]) or a weak solution allowing
disappearance of some bubbles (see e.g. [1]). This model is often called a
multi-grain model and each bubble is called a grain. The process includ-
ing disappearance of some grains is often called a coarsening phenomenon.
However, this phenomenon is not an occurrence of rupture since the grain
boundary does not suddenly disappear.
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1.4. Organization of this paper. This paper is organized as follows. In
Section 2, we give definition of a rupture time for thickness η. We estimate
a rupture time both from above and below when α > 0 when the system
(1.2) and (1.4) is reduced to a single equation for η. In Section 3, we prove
that a periodic solution exists under some condition which guarantees that
a rupture occurs only in one fixed subinterval (ai, ai+1). In Section 4, we
give numerical results.

2. A single diffusion equation with rupture

We are interested in the evolution of thickness η when ζ and h satisfies (1.4)
and (1.2) with (1.3), respectively. By a direct calculation, we see that

ηt = (ζ − h)t = σ2ζxx − αη − σ1
τ
hxx +

f

τ

= σ2ηxx − αη +
f

τ
+
(
σ2 −

σ1
τ

)
hxx.

In the case τ = 0 so that hxx = f/σ1, we proceed

ηt = σ2ηxx − αη + σ2hxx = σ2ηxx − αη +
σ2
σ1

f.

With a special choice of parameters, the evolution equation for η is decou-
pled.

Proposition 2.1. Assume that ζ and h satisfy (1.4) and (1.2) respectively.
Let η = ζ − h.

(i) If σ2 = σ1/τ in (1.4) and (1.2), then

ηt = σ2ηxx − αη +
f

τ
.

(ii) If τ = 0 in (1.2), then

ηt = σ2ηxx − αη +
σ2
σ1

f.

In the case σ2 = σ1/τ or τ = 0, our problem is reduced to the evolution
equation of the form

(2.1) ηt = σηxx − αη + f, f =

K∑
k=1

ckδ(x− ak)−A

with σ = σ2 and possibly different values of ck’s. Its stationary solution
(time-independent solution) η = s(x) is easy to find. It must satisfy

σsxx − αs = A in (ak, ak+1),

sx(ak + 0) = sx(ak − 0)− ck/σ for k = 1, . . . ,K.

In particular, s is of the form

s(x) = −A

α
+ b+e

λx + b−e
−λx, λ =

√
α/σ
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with constants b± in each (ak, ak+1) whose derivative jumps at ak. Such
a solution uniquely exists for x > 0; see Figure 5. If α = 0, a stationary

Figure 5. graph of s

solution exists if and only if (1.3) holds and it is quadratic in each (ak, ak+1).
If we consider η̄ = η − s, then η̄ satisfies

η̄t = ση̄xx − αη̄.

Since we impose the periodic boundary condition, in the case α = 0, η̄ does
not converge to zero as t → ∞ provided that the average of η̄ on [0, ω) is
not zero. This indicates that there is a chance that collapse of bubbles may
not occur when α = 0. If the evaporation parameter α > 0, then bubbles
may collapse. For later convenience, we give a definition of rupture time.

Definition 2.2. Let ηc > 0 be a threshold value. Let η be a solution of (2.1)
with initial data η0 = η(x, 0) > ηc. The time

tr(η0) := sup

{
t

∣∣∣∣ infx∈T
η(x, t) > ηc

}
is said to be a rupture time for η0.

Proposition 2.3. Assume that
∫ ω
0 f dx ≤ 0. Then, the rupture time tr is

finite provided that α > 0. Moreover,

tr ≤ − 1

α
log

(
ηc

1
ω

∫ ω
0 η0 dx

)
.

Proof. We integrate (2.1) on (0, ω) to get

d

dt

∫ ω

0
η dx ≤ −α

∫ ω

0
η dx

i.e.,
1

ω

∫ ω

0
η dx ≤ e−αt

(
1

ω

∫ ω

0
η0 dx

)
.

If the average 1
ω

∫ ω
0 η dx(t) ≤ ηc, we see tr ≤ t. The desired estimate now

follows. □

We next give an estimate of the rupture time from below.
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Proposition 2.4. Assume that ck is nonnegative for all k = 1, 2, . . . ,K and
A ≥ 0. If inf η0 > ηc, then

tr ≥ t∗ :=
1

α
log

[(
A

σ
+ inf η0

) / (
A

α
+ ηc

)]
> 0.

Proof. Let ξ be a solution of an ODE

ξt − αξ +A = 0.

Since ck ≥ 0 for all k, this ξ is a subsolution of (2.1). We consider ξ with
initial data ξ(0) = inf η0. By the comparison principle, we observe that

η(x, t) ≥ ξ(t).

Thus, we have

tr(η0) ≥ t∗ := sup

{
t > 0

∣∣∣∣ inf(0,t)
ξ(τ) > ηc

}
.

Since

ξ(t) = A

(
e−αt − 1

α

)
+ (inf η0)e

−αt,

t∗ has an explicit form

t∗ =
1

α
log

[(
A

α
+ inf η0

) / (
A

α
+ ηc

)]
.

□

3. Existence of a periodic solution

We consider the evolution of η by (2.1) with rupture. Here is a precise form
of the dynamics. We consider η of (2.1) with initial data η0 > ηc, where
ηc > 0 is a given threshold value. At the first rupture time t1, let R = R(t1)
be the set such that

R(t1) =
{
x ∈ T

∣∣ η(x, t1) = ηc
}
.

We call this set the rupture set. Let ηa be a given number satisfying ηa > ηc.
We set

η(x, t1 + 0) = ηa
for x ∈ [ak, ak+1) if [ak, ak+1) ∩R is not empty. For other x, we set

η(x, t1 + 0) = η(x, t1 − 0).

For t > t1, let η be the solution of (2.1) such that the value at t = t1
equals η(x, t1 + 0) defined above. Let tr be the rupture time with initial
data η(x, t1 + 0). We set t2 = t1 + tr, which is the second rupture time.
We repeat the same modification of η at t = t2 and proceed further until
the third rupture time. We modify η again at that time. We say that the
resulting η is a solution of (2.1) with rupture (fixing ηa and ηc with ηa > ηc).
We are interested in the behavior of η. Proposition 2.3 says that there
is infinite many rupture times. However, it is not clear whether or not
the set of rupture times is discrete. To simplify the situation, we give a
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sufficient condition that the rupture set R is contained in a single fixed
interval (ai, ai+1).

(S) Let s be a stationary solution of (2.1). Assume that ηc satisfies
s > ηc outside single interval (ai, ai+1). See Figure 5 with k = i.
Moreover, we assume that ηa(> ηc) satisfies s < ηa on [ai, ai+1].

For later convenience, we collect assumptions so that Proposition 2.3 and
2.4 apply. We shall assume

(C) the constant ck is nonnegative for all k = 1, 2, . . . ,K and A ≥∑K
k=1 ck/ω so that

∫ ω
0 f dx ≤ 0, where f =

∑K
k=1 ckδ(x− ak)−A.

As the next lemma indicates, these assumptions guarantee that the bubble
collapse occurs only on (ai, ai+1).

Lemma 3.1. Assume (C) and (S). Let η be the solution of (2.1) with rup-
ture where initial data η0 > max(s, ηc). Then the times {tj} when η ruptures
are ordered as

0 < t1 < t2 < · · · < tj < · · ·
and limj→∞ tj = ∞. Moreover, the rupture set R at each rupture time is
included in (ai, ai+1).

Proof. By a comparison principle, η > s for t ∈ (0, t1). By (S), we have
η > ηc outside [ai, ai+1]. Thus R(t1) is included in (ai, ai+1). At t = t1,
η(x, t1 + 0) > s(x) for x ∈ T because of the assumption on ηa in (S).
Moreover,

inf
x
η(x, t1 + 0)− ηc > inf

x̸∈(ai,ai+1)
s− ηc =: ρ > 0

by (S). Let t2 denote the second rupture time. By Proposition 2.4,

t2 − t1 ≥ t∗ > 0,

where t∗ is a constant depending only on σ, ηc, α and A. The same procedure
implies that tj − tj+1 ≥ t∗ > 0. The existence of t1 < t2 < · · · is guaranteed
by Proposition 2.3. As in the first step, at each step the rupture set is always
contained in (ai, ai+1). The proof is now complete. □

We are now in position to state our main result on existence of a periodic
solution.

Theorem 3.2. Assume (C) and (S). There exists a solution η of (2.1) with
rupture and T > 0 such that

η(x, t+ T ) = η(x, t) for all t ∈ R, x ∈ T.

We shall prove Theorem 3.2 by applying Schauder’s fixed point theorem (cf.
[3, Theorem 11.1]). We set

(3.1) E :=
{
ξ ∈ C (T\(ai, ai+1))

∣∣ s ≤ ξ ≤ s+B on T\(ai, ai+1)
}
,
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where B is taken so that infx∈T(s+B) > ηa. For ξ ∈ E, we set

(3.2) η0 =

{
ηa, x ∈ (ai, ai+1),
ξ(x), x ̸∈ (ai, ai+1).

We solve (2.1) with initial data η0. Let η be the solution of (2.1) with initial
data η0. Let tr(ξ) denote its rupture time. By Lemma 3.1, the rupture set
is contained in (ai, ai+1). We define a nonlinear map T by

(3.3) (T ξ)(x) := η (x, tr(ξ)− 0) for x ∈ T\(ai, ai+1).

A fixed point of T gives a time-periodic solution of (2.1) with rupture. In
the rest of this section, we shall prove the existence of a fixed point by
applying Schauder’s fixed point theorem.
To say compactness of the mapping T , we prepare a regularity lemma for
the heat equation with irregular inhomogeneous term. We begin with a
simple estimate of the Gauss kernel Gt(x) = (4πt)−n/2 exp

(
−|x|2/4t

)
for

x = (x1, . . . , xn) ∈ Rn. We begin with a well-known estimate.

Lemma 3.3. Let Γ(z) denote the Gamma function, i.e.,

Γ(z) =

∫ ∞

0
e−rrz−1 dr.

Then

sup
t>0

sup
x∈Rn

∫ t

0
|∇Gτ (x)| dτ · |x|n−1 = Γ

(n
2

)
π−n

2 .

Proof. We give here a proof for completeness. Since

∂

∂xi
Gτ (x) = − xi

2τ
Gτ (x),

we proceed ∫ t

0
|∇Gτ (x)| dτ ≤

∫ t

0

|x|
2τ

1

(4πτ)
n
2

exp

(
−|x|2

4τ

)
dτ.

By charging the variable τ of integration by τ = |x|2/4r, the right-hand side
equals

π−n
2

∫ ∞

|x|2/4r
e−rr1+

n
2
−2 dr|x|−1−n+2

since dτ = −
(
|x|2/2r2

)
dr. This quantity is estimated from above by

π−n/2Γ(n/2)|x|1−n. □

For η0 ∈ C(T), let η be the solution of (2.1) with initial data η0. Let S(t) :
η0 7−→ η(·, t) denote the solution operator so that η(x, t) = (S(t)η0) (x).

Lemma 3.4. There is a numerical constant C such that for each T > 0
there is a constant CT depending only on T and ω satisfying

∥∂xS(t)η0∥∞ ≤ C

t1/2
∥η0∥∞ + CT

K∑
k=1

|ck|
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for all t > 0, η0 ∈ C(T), where ∥ · ∥∞ denotes the sup norm on T.

Proof. We note that

(3.4) S(t)η0 = etLη0 +

∫ t

0
e(t−τ)Lf dτ, f =

K∑
k=1

ckδ(x− ak)−A,

where L = ∆− α so that

(etLη0)(x) = (Gα
t ∗ η0)(x) =

∫
R
Gα

t (x− y)η0(x) dx, Gα
t := e−αtGt.

Here η0 is regarded as a periodic function on R with period ω. The estimate

C := sup
t>0

t1/2∥∂xetLη0∥∞
/
∥η0∥∞ < ∞

is standard and known as an L∞-L∞ estimate for derivative. It suffices to
estimate the term ∂x

∫ t
0 e

(t−s)Lf dτ . Since ∂x(e
tLA) = 0 and |e−αt| ≤ 1, it

suffices to estimate

I(x) =

∞∑
j=−∞

∂x

∫ t

0

∫
R
Gt−τ (x− y)δ(y − jω − ak) dydτ

for each k = 1, . . . ,K. We may assume that ak = 0. We may also assume
that ω = 2 by scaling. It suffices to estimate

I(x) =

∞∑
j=−∞

∫ t

0
∂xGt−τ (x− j) dτ

for x ∈ [−1, 1]. We proceed

I(x) = ∂x

∫ t

0
Gt−τ (x) dτ +

∑
j ̸=0

∫ t

0
(∂xGt−τ )(x− 2j) dτ = I1 + I2.

The first term I1, which is the leading term is estimated as

|I1(x)| ≤ 1(= π−1/2Γ(1/2))

by Lemma 3.3. We shall estimate I2(x) for |x| ≤ 1. Since xe−x2 ≤ (2e)−1/2

for x > 0 and ∂xGt = −(x/2t)Gt, we see

|∂xGt| ≤
C0

t1/2
Gt/2

with some constant C0 independent of t and x. Thus,

sup
|x|≤1

|I2(x)| ≤
∑
j ̸=0

∫ t

0

1

(t− τ)1/2
G(t−τ)/2(x− 2j) dτ

≤ 2

∞∑
j=1

∫ t

0

1

r1/2
Gr/2(2j − 1) dτ.
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Since (2j − 1)2 ≥ j for j = 1, 2, . . ., we see
∞∑
j=1

Gr/2(2j − 1) ≤
∞∑
j=1

Gr/2(1)e
−j/4r = Gr/2(1)

e−1/(4r)

1− e−(1/4r)
.

Thus

sup
|x|≤1

|I2(x)| ≤
∫ t

0

1

r1/2
Gr/2(1) dr

1

1− e−(1/4T )
.

The integrand r−1/2Gr/2(1) is integrable on (0, T ) so we have a bound of
sup|x|≤1 |I2(x)| for t ≤ T . We now conclude that sup0≤t≤T sup|x|≤1 I(x) :=
CT is finite. The proof is now complete. □

Proof of Theorem 3.2. We consider the mapping T defined by (3.3) on the
set E defined by (3.1). To have a fixed point by Schauder’s theorem, it
suffices to prove that

(i) E is a convex, closed set in a Banach space C (T\(ai, ai+1));
(ii) the mapping T is continuous from E into E;
(iii) its image T (E) is relatively compact.

The convexity of E is clear by definition. The closedness of E under the
sup-norm in C (T\(ai, ai+1)) is also clear. By the solution formula (3.4), it
is not difficult to see that η ∈ C (T× (δ,∞)) for any δ > 0. Since s+ B is
a supersolution of (2.1), we see S(t)η0 ≤ s+B for η0 defined by (3.2) if we
choose B such that infx∈T(s+B) > ηa. Since S(t)η0 ≥ s for η0 ≥ s, we now
observe that s ≤ S(t)η0 ≤ s+B. By the maximum principle, we know

∥S(t)η01 − S(t)η02∥L∞(T) ≤ ∥η01 − η02∥L∞(T)

which implies that tr(ξ) moves continuously in ξ ∈ E. Thus, the mapping
T is continuous from E into E so we obtain (i) and (ii). Up to this moment,

we only use the assumption that
∫ ω
0 f dx = 0 for f =

∑K
k=1 ck − A so that

the rupture time exists.
It remains to prove that T (E) is relatively compact. By our assumption
(S), if we take

η0 =

{
ηa, x ∈ (ai, ai+1)
ξ(x), x ̸∈ (ai, ai+1)

for ξ ∈ E, then inf η0 ≥ ηc+δ for some δ > 0 independent of ξ ∈ E. Since we
assume (C), applying Proposition 2.4, we observe that tr(ξ) ≥ δ′ with some
δ′ > 0 independent of ξ ∈ E. This estimate for tr(ξ) from below is crucial
in our proof. The estimate for tr(ξ) from above is obtained by Proposition
2.3. The estimate in Proposition 2.3 implies that there is T depending only
on E and the equation (2.1) such that

tr(ξ) ≤ T

for all ξ ∈ E. We now apply Lemma 3.4 to get

∥∂xT (ξ)∥′∞ ≤ C∥ξ∥′∞
(δ′)1/2

+ CT

∞∑
k=1

ck,
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where ∥·∥′∞ is the sup norm on T\(ai, ai+1). Since T (E) is bounded, we are
able to apply the Arzelà-Ascoli theorem to conclude that T (E) is relatively
compact in C (T\(ai, ai+1)). The proof is now complete. □

Generalization. The proof of existence of a periodic-in-time solution can
be easily generalized in more general setting. Let Ω be a metric measure
space. We consider a family {S(t)}t≥0 is an order-preserving semigroup
which is ∗-weakly continuous at t = 0. In other words, we assume

(S1) (semigroup property) S(t)S(τ)η0 = S(t+τ)η0. t, τ ≥ 0, η0 ∈ L∞(Ω)
and S(0) is the identity operator;

(S2) (convergence at time zero) S(t)η0 converges to η0 as t ↓ 0 in the
∗-weak topology of L∞(Ω);

(S3) (order preserving) if η0 ≥ η1 in L∞(Ω), then S(t)η0 ≥ S(t)η1 for all
t ≥ 0.

For a stationary solution s, we assume

(S4) (unique existence of a stationary solution and its global stability)
there is a unique s ∈ C(Ω)∩L∞(Ω) such that S(t)s = s for all t > 0.
Moreover, S(t)η0 → s in L∞(Ω) as t → ∞.

Let ηc > 0 be a given threshold value. For the stationary solution, we further
assume

(S5) there is an open set D ⊂ Ω such that infΩ\D s > ηc and infD s < ηc.

This assumption implies that the rupture occurs only in D. We consider the
evolution with rupture. Let tr(η0) be the rupture time starting with η0, i.e.,

tr(η0) := sup

{
t
∣∣∣ inf

Ω
S(t)η0 > ηc

}
.

By (S4) and (S5), such tr(η0) exists as a positive number. We set

Sr(t)η0 := S(t)η0, 0 < t < tr(η0)

and

(Sr (tr(η0)) η0) (x) :=

{
ηa for x ∈ D
(S (tr(η0)) η0) (x) for x ∈ Ω\D.

Here ηa is a positive number such that ηa > supD s. To guarantee that tr is
bounded from below, we assume that

(S6) there is t+ depending only on inf η0 − ηc such that tr(η0) ≥ t+ > 0.

We define Sr(t) successively. We set t1 = tr(η0) and set

Sr(t)η0 := S(t−t1)η
t1 , ηt1 = Sr(t1)η for t satisfying t1 ≤ t < tr(η

t1)+t1

and

(Sr(t2)η0) (x) :=

{
ηa for x ∈ D
S
(
tr(η

t1)
)
ηt1 for x ∈ Ω\D, t2 = t1 + tr(η

t1).

For j = 2, 3, we denote ηtj = Sr(tj)η0 and define tj+1 = tj + tr(η
tj ) so that

Sr(t)η0 := S(t− tj)η
tj for t, tj ≤ t < tj+1
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(Sr(tj+1)η0) (x) :=

{
ηa for x ∈ D
S
(
tr(η

tj )
)
ηtj for x ∈ Ω\D.

By (S3), (S6) together with (S4), we see that limj→∞ tj = ∞. It is easy to
see that Theorem 3.2 can be generalized as

Theorem 3.5. Assume that (S1)–(S6). Assume, moreover, that S(t)(s +
B) ≤ s + B for all B ≥ B0 and t ≥ 0 with some B0 > 0. Assume,
furthermore, that {

S(t)z
∣∣ z ∈ U, t > δ

}
is relatively compact in L∞(Ω) for any bounded set U and δ > 0. Then,
there is a periodic-in-time evolution Sr(t)η∗ with rupture. In other words,
there exists T and η∗ ∈ L∞(Ω) such that

Sr(t+ T )η∗ = Sr(t)η∗

for all t > 0.

Remark 3.6. Our idea for proving the existence of a periodic solution based
on compactness somewhat resembles that of [7] and [2]. The existence of a
periodic solution (rotating spiral type solution) for an Allen-Cahn type equa-
tion on an annulus was proved in [7]. The existence of a spiral type solution
for a forced (weakly anisotropic) curvature flow equation on an annulus was
proved in [2]. In both cases, uniqueness and stability of a periodic solution
have been established based on an abstract theory [6] for the strongly ordered
dynamics. Unfortunately, our system does not satisfy their assumptions.
Although there is another abstract theory [5] for convergence to one of pe-
riodic solutions, our situation does not seem to fall in their setting because
our mapping T is not order preserving; see Figure 6. We do not know the

Figure 6. Initially η0 ≥ η0 but at the rupture time the order
is not preserved because tr(η0) is far larger than tr(η0).

stability of our periodic solution although it is likely by numerical experiment.
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Figure 7. Example 4.1: η(x, 0) = ηa

4. Numerical results

In this section, we show some numerical results. For simplicity, we only
consider the case τ = 1, ω = 1, ηa = 0.03, d = 0.1 and ck = 1 for all
k = 1, 2, . . . ,K. Furthermore, we let A =

∑K
k=1 ck/ω = K for all examples,

then the assumption (C) is always satisfied. We employ the finite element
method with Lagrange P1 element for spatial discretiazation and backward
Euler method for temporal discretization.

Example 4.1. The first example demonstrates the periodic solution η. Let
σ2 = σ1/τ = 1, then we have equation (2.1). The domain [0, 1) is divided
by {ak}Kk=1 = {0.1, 0.6, 0.9}. The interval [a1, a2] = [0.1, 0.6] is significantly
longer than the other intervals. Then it is expected that the assumption (S)
is satisfied for sufficiently small α and ηc, that is, s > ηc holds except on the
longest interval. Here we check the numerical results η for different initial
conditions: η(x, 0) = ηa and η(x, 0) = ηa + ηa

2 sin(2πx). We let α = 1.0

and ηc = ηa × 10−12 for each case. The numerical results are plotted in
Figure 7 and 8. Let t1 < t2 < · · · denote the sequence of rupture time as in
Lemma 3.1. For each figure, the left side shows the profile of the numerical
solution one time step before t1 < · · · < t11, and the right side is one at
t1 < · · · < t11. These figures show the convergence of the profile of η at
rupture time. In our notation, our numerical experiments indicate that
T mη0 converges to unique fixed point of T as m → ∞ and the convergence
looks monotone increasing.

Example 4.2. In this example, we also consider the case σ2 = σ1/τ = 1 and
{ak}Kk=1 = {0.1, 0.6, 0.9}. In contrast to the previous example, we suppose
that α and ηc are large, then it is expected that the assumption (S) is not
satisfied. Let α = 60 and ηc = ηa×10−1. Figure 9 shows the numerical result
η just before each rupture time. We can find that the rupture set at each
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Figure 8. Example 4.1: η(x, 0) = ηa +
ηa
2 sin(2πx)
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Figure 9. Example 4.2: η before each rupture time

rupture time is no longer included in single interval, that is, the assumption
of Lemma 3.1 does not hold. This example demonstrates the case that the
assumption (S) is not satisfied, and the periodic solution may not exist.

Example 4.3. The third example shows the numerical solution when σ1/τ =
0.5, σ2 = 1.0, α = 1.0 and ηc = ηa × 10−12. Since σ1/τ ̸= σ2, equation
(2.1) does not hold. We have the numerical results h and ζ by applying the
numerical method for equation (1.2) and (1.4), respectively. Then η = ζ−h
can be plotted for each time step. Figure 10, 11 and 12 show the graph of
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Figure 10. Example 4.3: graph of h before each rupture
time
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Figure 11. Example 4.3: graph of ζ before each rupture
time

numerical solutions h, ζ and η before the rupture time, respectively. The
periodic behavior is not observed.
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Figure 12. Example 4.3: graph of η before each rupture
time
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