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LOGARITHMIC A-HYPERGEOMETRIC SERIES II
GO OKUYAMA* AND MUTSUMI SAITO

ABSTRACT. In this paper, following [6], we continue to develop
the perturbing method of constructing logarithmic series solutions
to a regular A-hypergeometric system.

Fixing a fake exponent of an A-hypergeometric system, we con-
sider some spaces of linear partial differential operators with con-
stant coefficients. Comparing these spaces, we construct a funda-
mental system of series solutions with the given exponent by the
perturbing method. In addition, we give a sufficient condition for
a given fake exponent to be an exponent. As important examples
of the main results, we give fundamental systems of series solutions
to Aomoto-Gel’fand systems and to Lauricella’s Fo systems with
special parameter vectors, respectively.

1. INTRODUCTION

Let A = (a4,...,a,) = (a;;) be a d X n-matrix of rank d with
coefficients in Z. Throughout this paper, we assume the homogeneity
of A, i.e., we assume that all a; belong to one hyperplane off the origin
in Q?. Let N be the set of nonnegative integers. Let I4 denote the
toric ideal in the polynomial ring C[0,] = C[dy, ..., 0], i.e.,

Iy = (03— 0| Au = Av, u,v € N") C C[0,].

Here and hereafter we use the multi-index notation; for example, 0%
means ) -+ 9 for u = (uy,...,u,)". Given a column vector 8 =
(Bi,...,B4)T € C? let Ho(B) denote the left ideal of the Weyl algebra

D =C(x,0,) = Clz1,...,25,01,...,0,)
generated by I, and

Zaijﬁj—ﬂi (221,,d),
j=1
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2 GO OKUYAMA™* AND MUTSUMI SAITO

where 0; = z,;0;,. The quotient M4(8) = D/Ha(B3) is called the A-
hypergeometric system with parameter 3, and a formal series annihi-
lated by Ha(B) an A-hypergeometric series with parameter 3. The
homogeneity of A is known to be equivalent to the regularity of M4(3)
by Hotta [4] and Schulze, Walther [9].

Logarithm-free series solutions to M 4(3) were constructed by Gel’fand
et al. [2,3] for a generic parameter 3, and more generally in [8].

Note that the logarithmic coefficients of A-hypergeometric series so-
lutions are polynomials of logz® (b € L) [5, Proposition 5.2], where

L :=Kerz(A) = {u € Z" | Au = 0}.

To construct logarithmic series solutions, the second author [6] intro-
duced a method of perturbation by a finite subset B = {b(l)7 ey b(h)} C
L, and explicitly described logarithmic series solutions for a fake expo-
nent and a set B that satisfy certain conditions [6, Theorems 5.4, 6.2
and Remarks 5.6, 6.3].

In this paper, following [6], we continue to develop the perturbing
method of constructing logarithmic series solutions to a regular A-
hypergeometric system.

Fixing a fake exponent of an A-hypergeometric system, we consider
some spaces of linear partial differential operators with constant coeffi-
cients. Comparing these spaces, we construct a fundamental system of
series solutions with the given exponent by the perturbing method. In
addition, we give a sufficient condition for a given fake exponent to be
an exponent. As important examples of the main results, we give fun-
damental systems of series solutions to Aomoto-Gel'fand systems and
to Lauricella’s Fio systems with special parameter vectors, respectively.

This paper is organized as follows. In Section 2, we first recall a
power series to perturb from [6], associated with a fake exponent v
and a linearly independent subset B of L. In particular, we discuss
properties of each term a,(s) appearing in the series (for the definition
of a,(s), see (1)), and modify the series by changing the range of
the sum from NS, (v) in [6] to A which incorporates B. We give a
refinement of [6, Theorem 6.2] as Theorem 2.7.

In Section 3, for a fake exponent v of the A-hypergeometric ideal
H 4(B) with respect to a generic weight vector w, we recall the struc-
ture of the ideal @, associated with the fake indicial ideal find,,(Ha(3))
and that of its orthogonal complement @ defined in [8, Sections 2.3
and 3.6]. We introduce ideals Py and Pg of Cls], and their orthogo-
nal complements Py and Pz. Then we discuss relations among these
ideals. Under a certain condition, we can derive Q} as the image of a
linear map from Pj; (Proposition 3.11, Theorem 3.14).
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In Section 4, we give a sufficient condition for a fake exponent v to
be an exponent (Proposition 4.1). Then we construct a fundamental
system of solutions with the exponent v (Theorem 4.4) by applying
Theorem 2.7 and the results of Section 3 under the condition that B
is a basis of L, which is the main theorem of this paper.

In Sections 5 and 6, we deal with the Aomoto-Gel’fand systems and
Lauricella’s F systems, which are important examples of H(3). We
discuss a fundamental system of solutions to H4(0) in each system. In
each case, we have a unique fake exponent v = 0. Taking a basis B of
L, we can obtain a fundamental system of series solutions for 3 = 0.

2. REFINEMENT OF [6, THEOREM 6.2]

In this section, we refine [6, Theorem 6.2].
Recall that for v = (vy,...,v,)T € C" its support supp(v) and its
negative support nsupp(v) are defined as

supp('v) = {] S {17 s 7n} | Uj # 0}7
nsupp(v) = {j S {17 S 7n} ‘ vj € Z<0}’

respectively.
For v € C" and u € N", set

[l == [ [vi(v; = 1)+ (v; —u; +1).
j=1

Here recall that N = {0,1,2,---}.

Note that we can uniquely write w € Z" as the sum © = vy — u_
with u,,u_ € N™ and supp(u,) Nsupp(u_) = 0.

Let B = {dW,... .M} ¢ L. We write the same symbol B for the
n x h matrix (b, ... pM).

Set

h
supp(B) = | J supp(d™) € {1,...,n},
k=1

which means the set of all labels for nonzero rows in B.

Let s = (s1,...,54)7 be indeterminates, and let
h
(Bs); = Zb§k)8k € C[s] :=Clsq, ..., s
k=1

for j=1,...,n. Set

(Bs)” :=]](Bs), € Cls]

jeJ
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for J C {1,...,n}. Note that (Bs); = 0 if j ¢ supp(B), hence we have
(Bs)? =0 if J ¢ supp(B).

Lemma 2.1. Let B={b", ... 8"} C L, u,u' € L andv € C". Let
s =(s1,...,s1)" be indeterminates. Then [v + Bs + uly, # 0 if and
only if nsupp(v + u — u’) C supp(B) Unsupp(v + u). In particular,
[v+ Bs+ul,, # 0 if and only if nsupp(v) C supp(B)Unsupp(v +u).

Proof. Note that
[v+ Bs + uly,

= I (o + (Bs); +uwy) - (v + (Bs); +u; —uj + 1),

j;u3->0
Hence, [v + Bs + u],, = 0 if and only if there exists j such that
v+ U — u; € Z<o, v; +u; € N, and bg-k) =0 for all k.
Hence [v + Bs + u]y, = 0 if and only if nsupp(v + u — ') ¢
supp(B) U nsupp(v + u). O

Let w be a generic weight. Recall that v is called a fake exponent of
HA(B) with respect to w if Av = 3 and [v],, = 0 for all w € L with
Uy w > u - w, where w-w =37 ujw;.

Throughout this paper, fix a generic weight w, a fake exponent v of
H 4(B) with respect to w.

We abbreviate nsupp(v + u) to I, for w € L. In particular, Iy =
nsupp(v). Then the condition nsupp(v) C supp(B) Unsupp(v + u) in
Lemma 2.1 can be rewritten as

Iy C supp(B) U I,,.
For u € L with Iy C supp(B) U I, let

(1) ay(8) ==

Note that the denominator is nonzero by Lemma 2.1.

[+ BS|u_
[v+ Bs +ul,,

Lemma 2.2. Letu,u’ € L. Assume that u satisfies Iy C supp(B)UI,,.
Then the following hold.

(1) ay(s) # 0 if and only if I,, C supp(B) U Iy, if and only if
supp(B) U I,, = supp(B) U I,.
(ii) If I, U Iy_o ¢ supp(B) U Io, then 0% (ay(s)zvTP5+%) = 0.
Proof. (i) We have [v + Bs|,, = 0 if and only if there exists j such
that [v; + S0, skbgk)},uj = [v;]—u; = 0, namely v; € N, v; + u; € Zy,
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and bg-k) = 0 for all k. Hence it is equivalent to saying that there exists
j such that j € I, \ (supp(B) U Iyp), or I,, ¢ supp(B) U .

By the assumption, the inclusion I,, C supp(B) U Iy is equivalent to
the equality supp(B) U I,, = supp(B) U Ip.

(ii) Suppose that I, U I, ¢ supp(B) U Io. Note that

U (i (8)2¥TP*H%) = a,(s)[v + Bs + u]u;xHBS*"’“lﬁ

Hence, if I, ¢ supp(B) U Iy, then 0%+ (ay,(s)zv+P5+%) = 0 by (i).
If I, C supp(B)Uly, that is, I, \ (supp(B)UI,) # 0, then we have
[v+ Bs 4+ ]y = 0 and 0% (a,(8)2?TP*+*) = 0 by Lemma 2.1. [

Ut
We recall the definitions related to NS, (v) for a fake exponent v

from [6] and modify them.
Let

(i) (i)
g .= {89+ — 09~ ‘2': 1,...,m}
. . . . (1)
denote the reduced Grobner basis of I, with respect to w with 99+ €

ing (14) for all . Note that the G in [6, Section 4] should be the reduced
Grobner basis. Set

Clw) = Z Ng®.
i=1

A collection NS,,(v) of negative supports I,, (u € L) is defined by
NSw(v) :={l,|uw € L. If I, = Iy for v € L, then v’ € C(w).}.
In addition, define
NSw(v) :={I, |u € L} \ NSy, (v).
We modify the definition of NS,,(v). To do this, in this paper we

make the following assumption.

Assumption 2.3. A subset B = {b", ... b} C L is linearly inde-
pendent, hence rank(B) = h, and satisfies

Iy C supp(B) U I,
for any u € L.

Remark 2.4. (1) In the proofs of Lemma 2.6 and Theorem 2.7 be-
low, we need the condition Iy C I, Usupp(B) for any u,u’ €
L, which Assumption 2.3 guarantees.
(2) If a linearly independent set B satisfies Io C supp(B), then it
satisfies Assumption 2.3. For example, this condition holds for
each of the following cases:
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(i) supp(B) ={1,...,n},

(ii) nsupp(v) =0

(3) If B is a basis of L, then B satisfies
supp(B) U I, = supp(B) U I

for all w € L. Indeed, since B is a basis of L, we see that if
j ¢ supp(B) then u; = 0 for all w € L. This implies that
I, \ supp(B) = Ip \ supp(B) for all u € L.

Define a subset N of NS,,(v) as a modification of NS,,(v) by
(2) N :={l,|u € L,supp(B) U I, =supp(B) U Ih} N NS, (v),
and set

N :={I,|u € L,supp(B) U I, = supp(B) U Ip} N NS, (v)°.
Consider the subset L’ of L defined by
(3) L':={uell|l, e N}
By definition, we see that L' C C'(w).

Let
Ky =1,
IeN

and define the homogeneous ideal Py of C[s] for N as

(4) Py = <(Bs)fUJ\KN

IeN,JeN0>.

In addition, we define the orthogonal complement Pt for a homoge-
neous ideal P C C[s] as

(5) P :={a(9s) € C[s] | (4(Ds) ® h(8))|s=0 = 0 for all A(s) € P}
= {q(0s) € C[0s] [ q(05) @ P C (s1,.... 1)},

where C[0s] := C[dy,, ..., 0s,], and the symbol e denotes the natural
action of C[0s] on polynomials of C[s]. Since P and (si,...,sp) are
both homogeneous, P+ is homogeneous with respect to the usual total
ordering.

Example 2.5. (cf. [6, Examples 3.3, 4.8, 6.4]) Let n =5, d = 3, and

1 1 1 1 1
A=|-1 1 1 -1 0
-1 -1 1 1 O
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Let 8= (1,0,0)T and w = (1,1,1,1,0). Then v = (0,0,0,0,1)7 is the
unique exponent, and

g = {amax:s — 2

xs5?

89028964 - 8;35}7

where the underlined terms are the leading ones. Put g* := (1,0, 1,0, —2)"
and g := (0,1,0,1, —2)". Recall that

NSw(v) = {0 = Io, {5}},
NSw(v)* = {{1,3},{2,4},{1,3,5},{2,4,5},{1,2,3,4}}.
Let B := {g",g®}. Then we have supp(B) = {1,2,3,4,5}, and

N = NS, (v),
N¢ =NS,(v),
Ky =0.

The homogeneous ideal Py C C[s] = C[sy, s3] and the vector space
Pi; C C[0s] = Clds,, 0s,] are given as

Py = ((Bs)1"*, (Bs)®*) = (s1, 53),
P./\J/_' = {q(8317852) € (C[aslvasz] ‘q(aslvasz) hd <S§7 5§> C <817 52>}
— C1+ C,, +Ca,, + Cd, .

We consider another case. Let B; = {g(V}. Then we have supp(B;) =
{1,3,5} and
Ny = NS, (v) = {0 = Io,{5}},
Nlc = {{17 3}7 {17 3, 5}}’
Ky, =0.

The homogeneous ideal Py, C C[s] and the vector space Py, C C[0,]
are given as

PN1 = <(Bls){173}> - <82>a
Py, = {4(9,) € C[0,] | 4(8,) » (%) C (s)} = C1 + Co,.

Throughout this paper, put
m(s) := (Bs)lo\Ex,

The following lemma guarantees that we may plug s = 0 into the series
appearing in Theorem 2.7.
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Lemma 2.6. Let N be the set defined by (2), and let w,u' € L. Then,
under Assumption 2.3, each term of the power series for m(s) - aq(s) -
[v+ Bs +uly,_in the indeterminates s is divided by (Bs )™ fu-w\Fx,

Proof. By [6, Lemma 6.1], there exists a formal power series g(y) in
the indeterminates y = (y1,. .., ¥y,) such that

ay(8) - [v+ Bs+ ’u,]u/+

B [v + BSy_
~ o+ Bs+ul. v+ Bs+ufu,

Iu\Io
(Eg ;I"\I“ (Bs)fu_u/\1u> -9((BS8)1,...,(Bs),)

(Bs)(I‘U»UIu u’)\IO
(BS)IO\ I UL, )

- g((BS)1,...,(BS)y).

Hence we have

m(s) - ay(s) - [v+ Bs + ufu,
(BS)(IuUquu’)\IO
(BS)IO\(I“UI"*"') )
= (BS)I“UIu—u’\KN - g((BS)1,...,(Bs)n),

= (Bs)lo\Ex . g((BS)1,...,(Bs),)

and the assertion holds. O

We can refine the main results [6, Theorem 5.4, Theorem 6.2] as
follows.

Theorem 2.7. Let N be the set defined by (2). Set
FN(% 5) = Z au(s)xv—i-Bs—&-u’
ucl’

and
Fyx(x,s) :==m(s)Fy(x,s),

where L' is defined by (3).
Then (q(0s) ® Fy(x, 8))s=0 are solutions to Ma(B) for any q(0s) €
Py

Proof. Let w' € L andu € L'. If 9%+ (a,,(s)x?+tB5+%) =£ 0, then we have
I, ULy C supp(B)UIg by Lemma 2.2, and hence supp(B)U L, =
supp(B) U Iy by Assumption 2.3. Thus I, s ¢ N implies I,, . € N°.
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Similar to the arguments in the proofs of [6, Theorem 5.4, Theorem
6.2], we see that

(0% — 0" @ Ep(, s)
= > m(e)d (au(s)e

wel/ I, ENC

. Z Tn(s)a(—u)’+ (au(s)xv—i-Bs-l—u).

el I, ENC

Let ¢(85) € Pi. Then the series (¢(9,) @ Fy(, 8))|s=0 is a solution to
Ma(B) if
(q(@s) . (m(s)@“#au(s)x”JrBsJ““))l =0
s=0

for any w € L' and v’ € L with I,,_,, € N°.

By Lemma 2.6, each coefficient of

m(s) (au;au<s>$v+Bs+u)
= m(8)a,(s)[v+ Bs + u]u;x”Bs*“_“ﬁr

UL

in the indeterminates s is divided by (Bs)/#“u-w\5~" hence belongs
to Py. By the definition of Py, the assertion holds. 0

3. RELATIONS BETWEEN Pj; AND Qy

In this section, we recall @, and its orthogonal complement Q7 de-
fined in [8, Section 2.3], and discuss relations between Py and Q. For
the definitions of Py and Py, see (4) and (5).

Consider the fake indicial ideal find,,(Ha(3)) of H4(8) with respect
to w:

findy (HA(B)) := (A — B) + iny(I4) C C[0,] := Clhy, ..., 0,].
Here ing, (1) is the distraction of the initial ideal iny,(14) with respect
to w (cf. [8, Section 3.1]). Related to the reduced Grobuer basis G =
{899 —99Y |i=1,...,m} of I, with respect to w with 99v ¢ Ny (14)

for all 7, define

G(Z) = [79(1') \[0: {j S {1,...,%}‘Uj EN’gJ(Z) — Y >O}

fori=1,...,m. Since
izl,...,m>

gﬁi)fl
iYlw(IA) = <[‘9w]g$> = H H (‘91' —v)

g0 V=Y
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by [8, Theorem 3.2.2], we see that its primary component at a fake

exponent v is
(6)  iny(la)y = <([e]g$))v = [ 6 —v)|i= 1,...,m>.
jeG®)
We obtain the homogeneous ideal @, of C[f,] from find,,(H4(8))
by replacing 6; — 6;+wv; for j =1,...,n (cf. [8, Section 2.3]). Namely,

(7) QUZ<A9m>+<H9ji:1,...,m>.

jeG®
The orthogonal complement Q- of @, is defined by

Qu = {f € Clz] [ $(0z)(f) = 0 for all ¢ = ¢(0,) € Qu}-
Note that Q7 is a graded C-vector space with the usual grading.

Proposition 3.1. Let f(x) be a polynomial. Then z¥ f(logx) is a so-
lution to findy, (HA(B)) if and only if f(x) satisfies the following con-
ditions:

(i) f(x) € ClzG] := Clzg™,..., xg™)].

(ii) 0¢" o f(x) =0 for alli=1,...,m.

xr
Here

m 1 m
zG = (xgW, ... xg™) = (Zg]( )xj, . .,Zgj(. )x]-)
j=1 j=1

forx = (xq1,...,2,).

Proof. By [8, Theorem 2.3.11], the function 2" f(log «) is a solution to
find,, (Ha(B)) if and only if f(x) € Qx. From f(x) € (Adz)*, we see
(i) [5, Lemma 5.1]. (ii) follows from Equation (6). O

Example 3.2 (Continuation of Example 2.5). Note that v — g(V) =
(=1,0,-1,0,3)" and v — g® = (0,—1,0,—1,3)”. Thus we see that

G = I_y0 \ Io = nsupp(v — g") \ nsupp(v) = {1,3},
G =1 0\ Io = nsupp(v — gV) \ nsupp(v) = {2,4}.
The ideal Q, C C[0,] = C[01, 05, 603,0,,05] is given as

Qv = (01+05+03+0,+05, —014+05+03—0,, —01 —Os+05+0,, 6103, 620,).
In addition, we see that

Q:=C-14C-2zgW +C-xg? +C- (xgV) - (xg?).
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To compare @), with Py, we consider the graded ring homomor-
phism ®p : C[f,] — C[s| defined by 6, — (Bs); for j = 1,...,n.
By the linear independence of B, we see that ®p is surjective. Define
Pp := ®5(Qy). By the ring isomorphism theorem, ® 5 induces the ring
isomorphism

Oy : Cll,) /@5 (Pg) ~ Cls]/Ps.
Since (A6,) is vanished by ®p5, we have

(8) Py = ((Bs)*"

i=1,... ,m>.
Proposition 3.3. Let J € NS, (v)°. Then G% C J\ Iy for some i.

Proof. By definition and [6, Lemma 4.2], we see that there exists u €

L\C(w) such that J = I,, and 9%+ ¢ in,,(14). Hence 9%~ = in,, (0%~ —

9"+) is divided by some 994 Let j € G = I\ Ip. Then v; € N
+

and v; — g(i) € Z.y. Since gj(i)

Uj+Uj§Uj_g](~i)<O. Thus we have j € I, \ Ip = J \ Io. O

€ Z~g, we see that g](i) < —u; and

Three ideals Q),, Py, and Pg are related as follows.

Proposition 3.4. Let Q,, Py, and Pg be the ones in (7), (4), and
(8), respectively. Then, the following hold.

(i) m(s) - Pg C Py C Pp. In particular, if Ky = Iy, then Py =

Pg.

(ii) If B is a basis of L, then ®5'(Pg) = Q..
Proof. (i) Let I € N and J € N*. Since J € NS,,(v)° and Ky C I,
T'UJ\ Ky contains some G by Proposition 3.3. Hence the inclusion
Py C Pg holds.

For any i = 1,...,m, since —g® ¢ C(w) we see that I_,u €

NSy (v)". If Iy ¢ N°, then

(9) supp(B) U I_,u # supp(B) U Io.
By Assumption 2.3, (9) implies that G% = I__ )\ o ¢ supp(B). Hence
we have (Bs)¢"” = 0. If I_yw € N, then

m(s)(Bs)%" = (Bs)Y s\ ¢ p.

Hence we have m(s) - Pg C Py.
(ii) Since B is a basis of L, we have Ker(®p) = (A6,). Thus the
assertion ®5 ' (Pg) = Q, holds from (7). O
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Example 3.5 (Continuation of Example 2.5 and 3.2). Consider the
case where B = {gV), g®®}. Then we have m(s) = (Bs)? = 1, and
Py ={(Bs)"",(Bs)") = (s}.53) = Py
Furthermore, since B is a basis of L, we see that
! (Pp) = 51 ((Bs)9", (Bs)¥™)) = (6163, 026) + (Ab) = Qu.

Consider the other case where B; = {gM}. Then we have m(s) =
(Bys)? =1, and

PB1 = <(B1$)G<l>> = <82> = PNl.
We see that By does not span L and that

O3 (Pp,) = P5H(((B15)°")) = (0105) + (A0,) € Q.

We consider relations between Pj; and Pz, and between Pg and
Q. Recall the construction of a basis of orthogonal complements in [8,
Section 2.3].

Let P be a homogeneous ideal of C[s]. Fix any term order < on
C[s], and let H C C[s] be the reduced Grobner basis of P with respect
to <. For any p € N* with s* € inL(P), there exist unique c,, € C
for v € N with |v| = |u| and s ¢ inL(P) such that

Pu(s) = st — Z cup8” € P.
veN"; jv|=|pl,
s¥¢in-(P)
We obtain p,,(s) by taking the normal form modulo # for the monomial
s*. For v € N with s” ¢ in_(P), define the homogeneous polynomial
¢, (0s) of degree |v| by

1 Cu.v
w(0a) = =00+ Y Lol e Clo.
peN"; |ul=|v],
steiny (P)

Lemma 3.6. Let P be a homogeneous ideal of C[s|. Fix any term
order < on Cl[s|, and let H C C[s] be the reduced Grébner basis of P
with respect to <. Then

[puls) | s € in-(P))
and

{q,(0s) |v € N" with s ¢ in_(P)}
form C-bases of P and P+, respectively.
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Proof. This is similar to [8, Proposition 2.3.13]. O

Lemma 3.7. Let P and P be homogeneous ideals of C[s]. Then P C P
if and only if P+ > Pt.
Proof. Assume that P C P. By definition, P+ D P~ is clear.

Conversely, assume that P+ > PL. Fix any term order < on C[s],

and let H be the reduced Grobner basis of P. _

Let {q,(0s) | v € N" with s¥ ¢ inL(P)} be the C-basis of P+ as in
Lemma 3.6. Let p € P. Applying the division algorithm with respect
to H to p, we can express p as

p = ﬁ + Z d)\S)‘
A;shing (P)

with some p € P and dy € C. For each v € N" with s” ¢ in<(ﬁ),
since [OF o s>‘]|S:0 = p!o, » for any p and A, where d, » denotes the
Kronecker delta, we have

[62,(0s) ® pls—0

= |w@)e |5+ D, das’

A;siin (P)

— Z d)\ [(7,/(68) d SA} |s=0

;s in< (P)

|s=0

NI DY or | e s

A;sAin (P) peN”; |u|=|v|,
steiny(P) |s=0
=d,.
It follows from the assumption Pt > ?} that d, = 0 for all v € N*
with s” ¢ in,(P). Hence, we have p € P. O
Let C[0,] := Cl0.,,...,0.,] be the ring of partial differential opera-
tors with constant coefficients in indeterminates z = (21,...,2;). To

describe relations between Pi; and Pj, and between Pj and Q, we
define an action of C[d,] on C[Js] and a ring homomorphism Vg from
C[0s] to Clx].

For U(@ ) € Cl0,] and ¢q(9s) € C[0s], we define a C-linear operation
U0z, ...,0s)*q(0s) by

U(azu ey 02,) % q(0s) == (U(9:) ® q(2))]2=0, € Cl0s].
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Lemma 3.8. The following hold for the x-operation.
(i) Let k=1,...,h and q(0s) € C[0s]. Then
0.y (D) = a(D)sk — 510(Dy) € C(s, ).
(i) Let U(0,),U'(0,) € C[d,], and q(0,) € C[0s|. Then
U(02) x (U'(0z) x q(95)) = (U(92)U"(9z)) * q(0s)-

(iti) Let U(d,) = [[0_,1,(8.) € C[d.] be the product of non-zero
linear homogeneous polynomials 1,,(0,), and let q(0s) € C[0g].
Then there exists r(0s) € C[0s| such that U(0,)*1(0s) = q(0s).

Proof. (i) For any k =1,...,h, and p € N we have
0y, * OF = p, 08¢ = Ol'sy — s1,0%.

(ii) It suffices to show that the equality holds for U(9,) = 92,
U'(0,) = 0¥, and q(ds) = 0% with A, u, v € N*. We see that
02 % (0 % 07) = 02 (0L ® 2¥)|12=a,)
=[]0 x 0¥ M
= [V],(07 o ) jz=0,
i [ ]Aa" A
Iat

—(A+p)

= [v
= [v
= (07 M“ °<9”)|z=as
— P,

and hence the assertion holds.

(iii) We show the statement by induction on N. First, let U(0,) be
a non-zero linear homogeneous polynomial, and let ¢(ds) € C[0s]. By
changing coordinates, we may assume that U(9d,) = 0,,. Put

=) da.

veNh
Then
dV v+eq
r(@s) = mas
veNh

satisfies U(0,) x(0s) = q(0s).

Next, fix N > 1, and let U(3.) = [, 1,(8.) such that [,(8.)
are non-zero linear homogeneous polynomials. Assume that the as-
sertion holds for any product of non-zero linear homogeneous polyno-

mial of degree less than N. By the induction hypothesis, there exist
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7(0s),7(0s) € C[0s] such that

= ll(ﬁz) */7\'/( s
= Q<as)a

and hence the assertion holds. O

Lemma 3.9. Let U(0,) € C[0,], q(0s) € C[0s], and f(s) € C[[s]].
Then

(4(95) @ (U(8)f(8))]js=0 = [(U(82) % 4(05)) ® [(8)] 50 -

Proof. We show that the statement holds for any monomial operator
U(0,) = 0¥ by induction on |p|. Firstly, the assertion is clear for
pn=0.

Secondly, assume that u = e, for k = 1,...,k, hence U(0,) =
o = 0.,. Note that [spq(0s) ® f(8)]js=0 = 0 for any & = 1...,h,
q(0s) € C[0s], and f(s) € C|[s]]. Thus, by Lemma 3.8, we see that

[4(0s) @ (U(8)f(5))]js=0

Hence the assertion holds for |u| = 1.
Finally, fix pu € N* with |u| > 1. Let U(9,) = 9", q(d,) € Cld,],

and f(s) € C[[s]]. Assume that the assertion holds for any U(d,) = 9&
with || < |p|. Then there exists k such that p;, > 0. Applying the

induction hypothesis to the operators 0,, and 0¥~ ¢, respectively, we
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see from Lemma 3.8 (ii) that

[9(0s) ® (U(s)f(s))]js=0

= [(0s) ® (s - 8"~ [(5))] |,
(2 x (D5)) ® (s*7* £(5))]
(087 % (D, % (02))) ® £(9)]
= [(U(0:) x q(0s)) ® f ()]s -

Hence the assertion holds. O

We define a ring homomorphism Vg : C[ds] — Clz]| as

(10)  Wp(q(da))(x) = q(@B) = g (Z by w0 D bﬁ-h)xj)

for q(0s) € C[0s]. Note that Wy is injective by the linear independence
of B.

Proposition 3.10. Let q(0s) € C[0s]. Then
[4(0s) & (m(s)z* )] _o = 2"Tp (m(Dz) * q(0s)) (log ),

where log x := (logxy,...,logx,).

v+Bs Bs

Proof. Note that we can regard x as the formal series zve(l°e®)

in s, where

n h
(logx)Bs := Z Z(log xj)bgk)sk

=1 k=1
Put r(0s) :== m(0,) * ¢(Js). Then, by Lemma 3.9,
[4(05) & (m(s)a"7*)] o = [(m(02) x q(0s)) ® z"*7%]
= [r(0s) ® z¥T 7] s=0
= [r((log ) B)z"* "] 50
— U (r(05)) (log ).
O
Proposition 3.11. The following hold.
(i) m(a ) *PN C Pg C Pg. In particular, if Ky = Io, then

(i) m(s ) € PN if and only if m(0 )*PN {0}.
(iii) If Py = m(s) - Py, then m(9,) * Pyz = Pj.
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Proof. (i) P5 C Py is clear by Lemma 3.4 (i) and Lemma 3.7. Let
q(0s) € Pi;. Then, for any f(s) € Pg, Lemma 3.9 shows that

[(m(92) x ¢(05)) ® f(8)]}5—0 = [4(0s) @ (m(8)f(8))] 5= -

It follows from Lemma 3.4 (i) that the right hand side is 0. Hence we
have m(9,) x Py C Pg.

(ii) Assume that m(s) € Py. Let q(9s) € Py. Put m(9,) * q(9s) =
>, a,0%, where a,, € C. Then, by Lemma 3.9, we have

via, = [(m(9z) * ¢(0s)) @ 8"] |,
= [4(0s) @ (m(5)s")]|4—o = 0

for any v € N, Hence, we have m(9,) x q(9;) = 0.

Conversely, assume that m(9,) x Py = {0}. Let ¢(9s) € Py Then,
Lemma 3.9 shows that

(4(95) @ (m(8) [ (8))]|s—0 = [(1(2) % ¢(05)) ® f(8)] oo = O

for any f(s) € C[s]. Thus we have ¢(9s) € (m(s))*, that is, P{; C
(m(s))*. By Lemma 3.7, m(s) € Py.

(iii) In (i), we have seen m(9,) x Pyv C Pg. We show its reverse
inclusion. Let ¢(ds) € P5. By Lemma 3.8 (iii), there exists r(0,) €
C|0s] such that q(0s) = m(0,) x r(0s). It suffices to show that r(9s) €
Pi:. Let f(s) € Py. By the assumption, we have f(s) =m(s)g(s) for
some g(s) € Pg. By Lemma 3.9, we see that

[7(0s) @ f(8)]js=0 = [r(0s) @ (m(8)g(5))]js=0
= [(m(9z) x(0s)) ® 9(8)]s=0
= [q(0s) o 9(3>]|520 = 0.

Hence we have the assertion. O

Example 3.12. (cf. [6, Examples 3.2 and 4.7]) Let A = [(1) i ; ﬂ
and let w = (3,1,0,0). Then the reduced Grébner basis of 4 is
G =1{0,0% — 8223“,8 02 — 02 0% 0y, — 020,00, — O2y0ss ).

T1Yxs T2~ 1Y x3) Yx1 T 9

Here underlined terms are the leading ones. Thus we have

inw(IA) - <8I18§37 axzagzu 631313, axlax4>-

Put
g(l) — (17 _27 2’ _1)T’ g(2) = (O, 1, —3, 2)T7

g® =(2,-3,1,00", g¥=(1,-1,-1,1)T.
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Let B = (—2,—1)T, and let

10
2 1

B=(g".g")=1,
12

Note that supp(B) = {1,2,3,4}. Take v = (0,—-2,—1,1)T as a fake
exponent. Then we have

N ={{2}{3},{2,3} = Io},
Ne={{1,2},{1,3},{1,4},{2,4},{1,2,4},{1, 3,4} },
Ky = 0.
Furthermore, we have
GO =1 ,m\Ilo={1}, G® =1 0\ Io={4},
GO =1 5\ Ilo={1}, GW =1 ju\Io={1}.
Thus the ideals Py and Pp are
Py = ((Bs)12), (Bs)W¥, (Bs) 24
= (51(—281 + $2), 51(251 — 382), (—281 + $2)(—$1 + 252))
= (s1, 5152, 53)
and
Pz = ((Bs)W, (Bs)™) = (51, —s1 + 255) = (51, 59),
respectively. The orthogonal complements Py and Pg are
Py = C1 + C0,, + Co,,
and
Pz =Cl,
respectively. In this case, note that
m(s) = (Bs)o\Ev = (Bs)123} = (—2s; + 55)(251 — 35,) € Py
Hence, by Proposition 3.11, we have
m(0,) x Py = {0}.

Lemma 3.13. Let q(z) € C[z]| := Clz,..., 2] be a homogeneous
polynomial in indeterminates z of degree r. Then

2(0n) o (1<wBs>f) — 4(@B) = Ualg(d,))(x).

rl
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Here,

n h
xBs = Z Z ijg-k)sk

j=1 k=1

denotes the quadratic form associated with B.

Proof. We show the assertion by induction on r. In the case of r = 1,
the assertion is clear. Fix r > 1 and assume that the assertion holds
for any homogeneous polynomial of degree less than r. Let p € N”
with || = r and py > 0. Then, by the chain rule and the induction
hypothesis, we see that

O e (%(mBs)’) — o (ask . (%(wBs)r))

= (xB)- 0" o ((r _1 i (ar;Bs)r_l)
= (xB)p(xB)""** = (xB)* = Up(9%)(x).

Two vector spaces Qi and Pz are related as follows.

Theorem 3.14. Let Uy be the homomorphism in (10). Then, Py =
VN QL) and dime(P3) < dime(QF). Furthermore, if B is a basis of
L, then Vp(P5) = Q+ and dimc(Qy) = dime(Pg).
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Proof. Let deg(q(z)) = r. Then, it follows from Lemma 3.13 that

07" e q(xB) = 0" o {Q(as) . <%(wBS)T)}

x”fec(i)

ErD e

pEN™;| p|=rsupp(pu) DG

xH e
- Z (& — eco)! {q(9,) @ (Bs)"}
BENT; | u|=r,supp(p) DG G )
for any i. Here e =) e €; denotes the indicator vector of G,

Since 9P e s7 = plj, , for any p,q € N" with |p| = |q|, by Proposition
3.1 we have

q(xB) € QF — 9" eq(wB)=0foralli=1,....m
= (0.) ¢ (Bs)* =0
for all i and all g € N" with || = 7, supp(p) > G?
= q(0) € P3.

Here, the second equivalence follows from the linear independence of
the monomials x*. The third equivalence follows from the linear in-
dependence of B, because it yields that the ideal Pg is spanned as a
vector space by the polynomials whose terms are of the form (Bs)*
with supp(p) D G@ for some i. Thus we have P5 = U;'(Q%).
Moreover, we have the inequality dimc(Pgz) < dime(QF) because
Up(Ppt) = Vg (V51(QL)) C QF and Up is injective.

Assume that B is a basis of L. Note that each xg®) = 2?21 gj(k)a:j
can be represented by a linear combination of (xB)i,...,(xB),. Let
f(x) € QL. Then, by Proposition 3.1 and the above result, there
exists q(0;) € Pg such that f(x) = q(xB). Thus we have f(x) =
U5 (g(0,)) (). O
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4. FUNDAMENTAL SYSTEMS OF SOLUTIONS

In this section, we construct a fundamental system of series solutions
with a given exponent to M4(3). We recall that the homogeneity of A
yields the regular holonomicity of M4(3). This means that, for a fixed
generic weight w, the solution space to M4(3) has a basis consisting of
canonical series with starting monomial z°(logx)® for some exponent
v and b € N". Note that each z°(logx)® is derived as the initial
monomial of a solution to the indicial ideal ind.,(H(3)),, or of an
element of QF. For the detail, see [8, Sections 2.3, 2.4, and 2.5] and
Proposition 3.1.

Throughout this section, we assume that B is a basis of L. Since
B satisfies Assumption 2.3 (see Remark 2.4), we have the following
homomorphisms by Propositions 3.1, 3.10, and Theorem 3.14:

(11) P/\J/_' - Pé_ = SOl(ﬁndw<HA</3)>v)v

q(0s) — m(0y) *q(0s) < z’Vp(m(0y)*q(0s))(logx).
Here, Sol(find,, (H(83))») denotes the solution space of the fake indicial
ideal find, (HA(B))e-
Proposition 4.1. If m(s) ¢ Py, then v is an exponent.

Proof. Assume that m(s) ¢ Py. Then, by Proposition 3.11 (ii), there
exists q(0s) € Py such that m(9,) * q(ds) # 0. We see from Theorem
2.7 that

(¢(0s) @ Fix(x, 8))|s=0
= >~ (a(@) o (m(s)au(s)a™ P,

= ((0s) ® (m(8)2"" ") j5=0

Y (0@ e ml)aus)e )
ueL’\{0}
is a solution to M4(3). By Proposition 3.10, we have
(4(0s) @ (m(8)2"%)j520 = 2" T p(m(9;) * q(0)) (log ),
hence this solution has a non-zero starting term. Hence v is an expo-

nent. O

Example 4.2 (Continuation of Example 3.12). Let A and v be the
ones in Example 3.12. Recall that m(s) € Py, which is a necessary
condition for the fake exponent v not to be an exponent. We see that
v is not an exponent from the following calculation. Note that

0, — 205 — 30, + 1 € (Af, — B).
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Then we have
0=06103(0; — 205 — 30, + 1)
= 0705 — 20,05 — 301050, + 0,05
=01(0; — 1)03 — 20,05(03 — 1) — 30,050,
= 231302 Oy, — 221230,, 02, — 331232340,, 05,0y,
= 272300, — 2312307, 0y, — 30123240,,02,
modulo H4(3). Hence
x%a:g,@i’z - 233@%8%28“ — 3x123240,,0%. € Ha(B),

23

and
112302,00, € () (Ha(B)).
Since
112502,0,, @ 2¥ = 1123507 0,, @ T3 w5 wy # 0,
v 18 not an exponent.

Corollary 4.3. Assume that B is a basis of L. If |[I U J| > |Io| for
any I € N and J € N, then v is an exponent.

Proof. For any I € N and J € N°¢, we see that
[TUJN\ Ky| = [TUJ] = |Ky| > o] = |Kx| = o\ Ky

because both of I and Ip contain K. Since the degree of m(s) =
(Bs)o\E~ g less than that of any (Bs)™/\W m(s) cannot belong to
Py. By Proposition 4.1, v is an exponent. 0

Theorem 4.4. Assume that B is a basis of L, and that Pyy = m(s)-Pg.
Then v is an exponent, and the set

{(a(0s) ® Fi(,5))1s=0 | 4(3s) € Py}
spans the space of series solutions in the direction of w to Ma(8
with exponent v. In particular, for q(0s) € Py, the solution (q(0s) e
Fir (2, 8))js=0 has the starting term x¥Wg(m(0,) * ¢(0s))(log x).
Proof. By definition, Pg # C[s]|. Tt follows from the assumption that
m(s) ¢ Py. Hence, by Proposition 4.1, v is an exponent. Moreover,

by Proposition 3.11, the homomorphism (11) is surjective. Hence we
have

dlm@(PN) > dime(Pg3) = dime(QF) = dime (Sol(find, (HA4(8))s))
> dimge(Sol(indy, (Ha(8))w))-
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By [8, Proposition 2.3.6, Theorem 2.5.1, and Corollary 2.5.11], the
regularity of M4(3) indicates that the dimension of the space of series
solutions with the exponent v coincides with dime (Sol(indy, (H4(8))w))-
Hence, by Theorem 2.7, we have the former half of the assertion.

The latter half of the assertion follows from Proposition 3.10. U

Example 4.5 (Continuation of Examples 2.5, 3.2, and 3.5). Consider
the case where B = {g"), g®}. Then, B satisfies the assumption in
Theorem 4.4. Recall that m(s) = (Bs)? =1, and

Py = ((Bs)™,(Bs)?") = (s}, 53) = P.
Hence, we see by Proposition 4.1 that v is an exponent, and that
{L 8817 6827 881882}

is a basis of Pg. Hence 2V f(logx) is a solution to findy(H4(B))s if
and only if

fe,zgV xg?, (xg") - (xg?))c.

By the uniqueness of an exponent, the above space coincides with the
space of solutions to M4(3). Note that the holonomic rank of M4(3)
is four (cf. [8, Example 3.5.2]).

Example 4.6. [8, Examples 3.6.3, 3.6.11, 3.6.16] Let d = 3, n = 9
and

1
A= 2
0

o O
O ==
— O
— =
— N
o O
(NI
NI ORI

Let w = (2,0,0,0,—1,0,0,0,2), 8 = (1,1,1)T = a5. Consider an
exponent v = (0,0,0,0,1,0,0,0,0)7. Then Ky, = Iy = 0. The
reduced Grobner basis consists of the following twenty binomials

(99Y —99” |i=1,2,...,20},
where
gV :=(0,1,-1,0,-1,1,0,0,0)",¢® :=(0,0,0,1,—-1,0,-1,1,0)T,
g® :=(0,0,0,1,-2,1,0,0,0)7,g® := (0,1,0,0,-2,0,0,1,0)7,
g® :=(1,-1,0,-1,1,0,0,0,0),9® := (0,0,0,0,1,—1,0,—1,1),

g(7), Ce ,9(20).
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Hence we have
{(GD =1 o\ Io|li=1,...,20}
= {GW ={2,6},G = {4,8},G® = {4,6},GY = {2,8]},
G® = {1},G = {9}, {1,8}, {2, 7}, {1, 3}, {1, 6}, {3,4},

{1,9},{3,7},{4,9},{6,7},{7,9},{2,9},{3,8},{3,9},{1,7}}.
Let

0 0 0 0 1 07

1 0 0 1 -1 0

-1 0 0 0 0 0

0 1 1 0O -1 0

B = {g(l)a9(2)79(3)79(4)79(5)79(6)] =|-1 -1 -2 =2 1 1
1 0 1 0 0 -1

0O -1 0 0 0 0

0 1 0 1 0 -1
0 0 0 0 0 1)

Then
Py = Pp

= ((s1+ 84— 85)(s1 + 83 — S6), (S2 + 83 — S5)(S2 + S4 — S¢),
(s2 4 83— 85)(s1+ 83 — S6), (S1+ 84 — S5)(S2 + 84 — Sg),
S5, S6, S2(S1 + S4 — S5), S1(S2 + S3 — S5),
$182, S2(81 + 83 — S6), S1(S2 + S4 — Sg))
= (518, 5153, 5154, 5253, 5254, 53, 51, 51 + 5354, S5 + 5354, S5, 56),
where the last generator set gives the reduced Grébner basis with re-
spect to the lexicographic order < with s; > s9 > s3 > s4 > 55 > 5.
We see that
{veN®|s” ¢in(Pp)} ={0,e1,e,e3 €4, €3+ €4},

and hence we immediately have

qo = 17Qe1 = 8317Qe2 = 8827q63 = 8537(]64 = 854-

As to the last generator ge,..,, since

—1 (if p = 2e4,2e2)
C =
poeates 0  (otherwise)

we have

1 1 1
Jes+es = 833854 + |E| 2Cu’e3+e4mag = 883834 — 5851 — 58322
K=
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Hence a C-basis of Q is given by
1 1
{1, 29", 29?29, 29", (xg"?)- (29" — S (xg")* 5 (xg"?)?}.

5. AOMOTO-GEL’'FAND SYSTEMS

In this section, let

A={a;;j|1<i<m,m+1<j<m-+l},

where a; ; = e; + €;, and {ey, ..., e} is the standard basis of Z™.
Then ZA = {a € Z"™ | 32" 1a; = 37 a;}, rank(A) = m+1-1,

and rank(L) =ml — (m+1—1) = (m —1)(l — 1), where

L = {[eghi<ismmirizmit € Muna(Z) | ) ciyas; = 0}

Since A is normal, (that is, NA = ZANRs(A), I, is a Cohen-Macaulay
ideal and hence rank(M4(8)) = vol(A) for any B (see [3]).
Take a weight vector w satistying w; ; > w, , whenever (7, j) # (p, q),
i <p,and j <gq.
Then the reduced Grobner basis of 4 with respect to w equals
g = {a(ngJJ) 8(9(10 o/~ |Z <p,J< q}

and
in'w(IA) = <8i,j8p,q |Z <p,J< Q>a

where ggp q)) =L ;+E,;— L, — E,; € L and E;; are matrix units.
The weight w induces a staircase regular triangulation, which is
unimodular (cf. [10, Example 8.12]); for example, let m = 2,1 = 4, the

standard pairs are
x % ok % 0 * % x 0 0 % = 0 0 0 =
x 0 0 0|7 | x 0 O] |[*x *x x 0| [* *x % x|’
where let the row-numbers be 1,..., m and the column-numbers m +
1,....m-+1.
For general [,m, the standard pairs correspond to the paths from

the southwest corner to the northeast corner going only northward or
eastward. In this way, we see

m+1—2
1(A) = .
vol(A) ( m— 1 )
Let
Bi={b" =g |1<i<m m+1<j<m+l}
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Then B is a basis of L and supp(B) = {1,...,m+1(}, hence B satisfies

Assumption 2.3. Let s = (5(j))1<icmm+1<j<m+i be indeterminates
such that s(; ;) corresponds to b7, For convenience, set S5 = 0
unless (i,7) € {1,....m—1} x {m+1,...,m+1—1}. Then
_ (4.4)
By = D san(9uihion)ww)
1<i<m
m+1<j<m+l

= S(uw) = S(pw-1) T S(u-1w) T S(u-1v-1)-
Lemma 5.1. Let 3 =0. Then v = 0 is a unique exponent.

Proof. Since in,, (1) is square-free, every fake exponent is an exponent
by Theorem 3.6.6 in [8].

Let v be an exponent. Then there exists a standard pair (a,o0) =
(0,0) corresponding to v such that

v; =0 (j¢o), Av=p8=0.

Since the submatrix A, = (a;),e, is invertible and satisfies A,v, = 0,
we have v = 0. [

From now on, let 3 =0 and v = 0. Hence Iy = () = K.

Lemma 5.2. (i) {(ij), (pg)} € N = NSy (v)® fori <p, j <q.
(ii)) Let J € N = NS, (v)°. Then there exist i < p, j < q such that
J 2 {(i5), (pa)}-
(i)

Proof. (i) This follows from GEZ])) = nsupp(v—g,,)) = nsupp(—g

{(i7), (pg)}-

(ii) This is immediate from Proposition 3.3. O

(i7) )

(pq)

Proposition 5.3.
Pp = ((Bs){tD0D [ < p j < q) = (3655ma |1 <p, J < 0).

Proof. The first equality follows from Lemma 5.2. We show the second
equality. Since, for any 7, j, p, ¢ with ¢ < p and j < g,
(Bs){DPDY = (535 = 8(15-1) = S(i-14) + S(i-14-1)
X (5(pq) = S(pa-1) — Sp-10) + S(p-14-1)) € RHS,

we only need to show the reverse inclusion. We introduce the total order
<on X :={((1,)), (@)1 <i<p<mm+1<j<qg<m+l}
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defined by
((4,9), (p, @) < ((7',57), ¥, q"))

1<,

or [i =14 and j < j'],

or [(i,4) = (¢',j") and p > p'],

or [(i,4,p) = (¢,5',p') and ¢ > ¢/].
We prove by induction on the totally ordered set (X, <).

First, for the minimum element ((1,m + 1), (m —1,m+1— 1)), we
have

S(1,m+1)S (m— BS){(I’m+1)’(m’m+l)} € LHS.

1,m+l-1) — (
Next, fix ((4, ), (p, ))7&(( ,m+1),(m—1,m+1—-1)) with 1 <i <
p<mandm+1<j§q<m—l—l Suppose that sy jnsg ) € LHS
(2,7), (p;

for all ((#, ), (¥, 4')) < ((4,7),

q)). Then the leadmg monomial in

(LHS 3) (Bs) DLt = (5 5y — s5-1) — S-1) + S-14-1))

X (5(p+1,q+1) — S(p+1,9) ~ S(pg+1) T S(pyq))

IS 5(; j)S(p,q)- It follows from the induction hypothesis that s ;s €
LHS. Hence we have the assertion.

Corollary 5.4.
Péz <a§|3p¢ <3(u (p,q) |Z<p7] <q>>

= (Os(iy jp)  Osgiy oy |11 <o <y J1 >+ > i)
Furthermore,
min{l—1,m—1}
=1\ /m—1 I+m—2
dim¢(P3) = _ .
merp =3 ()(7)= ()

Proof. The first part follows from Proposition 5.3. For the second part,
compare the coefficients of ™! in the following:

I+m—2
l -2
Z(“Z ) = (L4272 = (14 2) (14 2)" !

k=0
-1 -1
iy (z - 1) ) (m - 1) P
“\ p . q

R

3

Il
=)

pq
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Corollary 5.5.

{(Osi, 50y 7" 05y i) @ EN (@, 8)) =0 |11 <+ v+ <y j1 >+ > i}
forms a fundamental system of solutions to M4(0).
Proposition 5.6.

1 (ikdk)
Qo = <H<w9<i:ﬁ,jk+1))

k=1

1 <lg <o+ <1,
J1>J2 > > Jr

Proof. This is immediate from Theorem 3.14 and Corollary 5.4. U

Example 5.7. Let m = 2. This case corresponds to the Lauricella’s
Fp (e.g. see [1, §3.1.3]). Then vol(4) = (") =1, and

1
1 _
Pl = (1,05, 41 Ospse e+ O iy

Example 5.8. Let [ =m = 3. Then vol(4) = (") = (}) =6, and

m—1

L
PB - <17 88(1’4)7 88(1’5>7 88(2’4>7 85(275>7 88(175) 88(274>>(C'

6. LAURICELLA’S F
Let
A={a;:=e +e,a =€ —eli=12...,m}

In this case, A is normal, and the A-hypergeometric systems correspond
to Lauricella’s Fio [7]. Then

ZA={acZ™" | a; €2L},
=0

and
L={tez™| Y L;=01L—-1,=0(1<i<m)}

i==+1,...,.&2m

We have rank(L) =2m — (m+1) =m — 1.
Take a weight w so that

W1+ W1 > Wy W_g >+ > Wy + W_py.
Then

Ny (1) = (010-1,020-9, ..., On-10_(m-1)),
and the reduced Grébner basis G is given by

G=1{09% —o9”|i=1,2,....m—1},
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where g@) = e; +e_; — €, —€_,,. Set B:={g?|i=1,2,....,m —
1}. Since B is a basis of the free Z-module L, it satisfies Assumption
2.3. Note that supp(B) = {£1,...,£m}. Let s = (8;)i1<i<m—1 be
indeterminates such that s; corresponds to b = g®. The standard
pairs are pairs of x-place {e(i)i|i € [1,m—1]}U{Etm} (e: [I,m—1] —
{£1}) and 0-place its complement.

Hence vol(A) = 2™~ 1,

Lemma 6.1. Let 3 =0. Then v = 0 is a unique exponent.

Proof. The proof is similar to Lemma 5.1. U

Proposition 6.2.
Pg={(Bs)*|i=1,....m—1)=(s2|1<i<m—1).

Proof. We have G® =1 \ Iy = {£i} and

m—1 m—1
(BS){i’L} = <Z SygSi/z)) (Z Sl/g(_yz)> = 812
v=1

v=1

Proposition 6.3.
P§z<8§]3”§é<s?!1§i§m—l>>c
=@ =10 1Tc{1,....m—1}),
iel
and
Qo = (J[(xg) | T c{1,....m - 1})c.
iel
Furthermore,

dime(Qy) = 2™

Proof. This is immediate from Lemma 3.6, Theorem 3.14, and Propo-
sition 6.2. U

Corollary 6.4. {((I[;c;0s,) ® Fx(x,8))s=0 |1 C [1,m — 1]} forms a
basis of solutions of M4(0).
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