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ADDITIVE PROCESSES ON THE UNIT CIRCLE AND LOEWNER
CHAINS

TAKAHIRO HASEBE AND IKKEI HOTTA

ABSTRACT. This paper defines the notion of generators for a class of decreasing radial Loewner
chains which are only continuous with respect to time. For this purpose, “Loewner’s integral
equation” which generalizes Loewner’s differential equation is defined and analyzed. The defini-
tion of generators is motivated by the Lévy-Khintchine representation for additive processes on
the unit circle. Actually, we can and do introduce a homeomorphism between the above class
of Loewner chains and the set of the distributions of increments of additive processes equipped
with suitable topologies. On the other hand, from the viewpoint of non-commutative probabil-
ity theory, the above generators also induce bijections with some other objects: in particular,
monotone convolution hemigroups and free convolution hemigroups. Finally, the generators of
Loewner chains constructed from free convolution hemigroups via subordination are computed.
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2 T. HASEBE AND I. HOTTA

1. INTRODUCTION

1.1. Background and overview of the main results. A Loewner chain is a family of holo-
morphic mappings that describe an evolution of continuously increasing or decreasing family of
domains in the complex plane, and is typically governed by a first order differential equation.
Loewner chains had/have the main applications to the Bieberbach conjecture [2] and SLE
(Schramm-Loewner evolution) [36], where different kinds of Loewner chains have appeared.
One kind appearing in the Bieberbach conjecture is called the radial Loewner chains, where
the Denjoy-Wolff points, some special attractive fixed points of mappings of the Loewner chain,
appear inside the domain. The other kind used for SLE is called the chordal Loewner chains,
where the Denjoy-Wolff points appear on the boundary of the domain. A general theory of
Loewner chains has recently been established in [19, 23], which finally unified those classes of
Loewner chains and their differential equations.

On the other hand, in the context of (non-commutative) probability theory, bijections be-
tween the following three objects have been formulated in [28] (see [33, 44] for related works):

(I) multiplicative Loewner chains on the unit disk (see Section 3),
unitary multiplicative processes of monotonically independent increments,
I1 itary multiplicati f tonically ind dent i t

(IIT) monotonically homogeneous Markov processes on T.

There are various notions in each field: for example there are natural Loewner chains in terms
geometry of its ranges (e.g. slit, starlike or convex domains), and there are various probabilistic
notions on Markov processes. One of the motivations of [28] was to investigate how those notions
in different fields can be interpreted from the viewpoint of those bijective correspondences.
The main goal of the present paper is to establish a bijection from (I) to a yet another object:

(IV) additive processes on T (see Section 2.2).

This bijection is formulated in terms of a certain time-dependent infinitesimal generator. For
additive processes, the existence of the generator is known as the Lévy-Khintchine representa-
tion; on the other hand for Loewner chains, there is a notion of Herglotz vector fields which
can be interpreted as a time-dependent infinitesimal generator. It looks natural to identify
those generators and define a bijection between (I) and (IV); see the discussions in Section 3.2
for further details. However, there is a difficulty: Herglotz vector fields are available only for
differentiable (more precisely, absolutely continuous) Loewner chains with respect to time pa-
rameter, but the Loewner chains appearing in (I) are, in general, only continuous with respect
to time parameter, which is beyond the scope of the existing theory [23].

Therefore, the main issue is how to define a suitable generator for multiplicative Loewner
chains. We will settle this issue by introducing “Loewner integral equations” which generalize
differential equations. After all, the main results of this paper can be summarized in the
following figure:

Lévy-Khintchine repr. Loewner integral eq.
additive processes «———  generators «——— multiplicative Loewner chains
(®-convolution hemigroups) (O-convolution hemigroups)

FIGURE 1. The main results

The appropriateness of the definition of generators can be confirmed from convergence results:
we introduce certain topologies on the three sets in Fig. 1 and show that the bijections are
homeomorphisms. For example, the topology for Loewner chains is locally uniform convergence
on time and space.

We will actually consider the set of certain equivalence classes of additive processes, which
is in bijection with the set of continuous convolution hemigroups of probability measures with
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respect to the natural convolution, denoted by &, on the unit circle. On the other hand,
the set of multiplicative Loewner chains is in bijection with the set of continuous convolution
hemigroups with respect to multiplicative monotone convolution, denoted by ), which describe
the marginal laws of unitary multiplicative processes of monotonically independent increments
in non-commutative probability theory. Further details can be found in Sections 2 and 3 and
also in [28].

It is worth mentioning that our idea should work for additive processes on the real line and
“additive Loewner chains” on the upper half-plane, at least under some extra assumptions.
This will be discussed in another paper.

1.2. Further backgrounds: limit theorems in non-commutative probability. Bercovici
and Pata formulated and proved an equivalence of limit theorems for convolutions of identical
probability measures in classical probability and free probability [9]. More precisely, let {1, }nen
be a sequence of probability measures on R and {k, },en be a sequence of strictly increasing
natural numbers. Then the sequence

A -~ o
k,, fold

converges weakly to some probability measure on R if and only if the same holds for

S\n::unEEunBEl---Bﬂun.

kn, fold

Moreover, if one (and hence both) of these convergences holds, the limit distributions of A, and
A, are infinitely divisible and freely infinitely divisible, respectively. This leads to a bijection,
called the Bercovici-Pata bijection, between the set of infinitely divisible distributions and the
set of freely infinitely divisible distributions. Similar results were established between classical
and boolean probabilities as well in the same paper [9] and between classical and monotone
probabilities in [1].

A generalization of Bercovici-Pata’s theorem to non-identical probability measures was es-
tablished by Chistyakov and Goetze in [21] as follows. Let {ft,k}k,>k>1.,>1 be an infinitesimal
triangular array of probability measures on R, that is, {k, },>1 is a sequence of strictly increasing
natural numbers as before, and

lim sup pu,({z:|z| 2 €}) =0

n—oo 1Sk§kn

for all ¢ > 0. Let {a,},>1 be a sequence of real numbers. Then

(1.1) Un = Oq,, * ln1 % [l %+ % Uy g

converges weakly to some probability measure if and only if the same holds for
(1.2) Up i=0q, B pin1 B, o8-8k,

and if one of those convergences holds then the limits of v, and 7, are related by the Bercovici-
Pata bijection. A similar equivalence for limit theorems was established between free and
boolean convolutions by Wang [47]. However, the limit theorem for monotone convolution
is not equivalent. The main cause is that the limit distribution of monotone convolution of
an infinitesimal triangular array is not monotonically infinitely divisible in general; see [28,
Proposition 6.37].

By contrast, for probability measures on the unit circle, limit theorems for infinitesimal
triangular arrays in classical and free probabilities are not equivalent; one reason is that a
Lévy measure of an infinitely divisible distribution is not unique in general, see [38, Remark 3,
Chapter IV] and [22, 20, 30]. Accordingly, a Bercovici-Pata type bijection is not well defined.
On the other hand, the Lévy measure of any freely/boolean infinitely divisible distribution
is unique, and correspondingly the equivalence of limit theorems holds true between free and
boolean [47]. The limit theorem for monotone convolution is not equivalent to any other one
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of classical, free and boolean cases; the main cause is the same as the real line case: the
limit distribution may not be monotonically infinitely divisible [28, Theorem 7.5] (an explicit
counterexample may be constructed by imitating the arguments of [28, Remark 6.15]).

Overall, one cannot hope for an equivalence of limit theorems for infinitesimal triangular
arrays between classical and monotone probabilities, either on R or T. The main results of this
paper (that is, Figure 1) can be regarded as an attempt to overcome this situation by switching
to a “dynamical viewpoint”; we consider all the marginal distributions of a process, rather than
looking at a single marginal distribution of a process as in (1.1) and (1.2). In this dynamical
approach, for additive processes or convolution hemigroups, we can also recover the uniqueness
of (time-dependent) Lévy measures on T (Theorem 2.4) and, as a consequence, a bijection can
be established between different kinds of convolution hemigroups.

1.3. Organization of the paper. Section 2 starts by introducing basic notions, and then
reformulates and summarizes the Lévy-Khintchine representation of additive processes (or ®-
convolution hemigroups) on the unit circle (Theorem 2.4). As a new result (as far as the authors
know), the convergence of ®-convolution hemigroups will be characterized by the convergence
of the associated generators (Theorem 2.7). For this purpose we introduce the notion of locally
uniform weak convergence of a family of probability/finite measures.

Section 3 is the main part of this paper, where we introduce the Loewner integral equa-
tion (Section 3.3), the bijection between the sets of multiplicative Loewner chains and additive
processes (Section 3.4), and prove the equivalence of convergence of Loewner chains, the con-
vergence of generators and the convergence of O-convolution hemigroups (Section 3.5).

Section 4 is devoted to readers interested in free convolution and boolean convolution. We
add two more objects to Fig. 1: convolution hemigroups with respect to multiplicative free
convolution and boolean one, and hence five objects are in bijection. We also prove all those
bijections are homeomorphic with respect to suitable topologies. At the end, the generators
for the monotone convolution hemigroups associated with free convolution hemigroups are
computed.

Appendices A and B in the end of this paper summarize several needed facts, which are more
or less known but hard to find in the literature.

Acknowledgement. T.H. is supported by JSPS Grant-in-Aid for Early-Career Scientists
19K14546. 1.H. is supported by JSPS Grant-in-Aid for Scientific Research(C) 20K03632. This
research is an outcome of Joint Seminar supported by JSPS and CNRS under the Japan-
France Research Cooperative Program. This work was supported by JSPS Open Partnership
Joint Research Projects grant no. JPJSBP120209921. The authors express sincere thanks to
Kouji Yano for finding errors of the manuscript, and Pavel Gumenyuk, Takuya Murayama,
Sebastian Schleiffinger and Hiroshi Yanagihara for valuable suggestions and comments.

2. ADDITIVE PROCESSES AND CONVOLUTION HEMIGROUPS ON THE UNIT CIRCLE

2.1. Preliminaries on measure theory. We summarizes notions on (Borel) measures. Basic
results are summarized in Appendix A.

In this section, let S be a metric space; we will actually take S = T or S = T x [0, 00) in later
applications. Let B(S) be the set of Borel subsets of S and B,(S) the set of bounded Borel
subsets of S. A non-negative measure on S is a [0, ool-valued o-additive function on B(.S) such
that its evaluation at the empty set is zero. A non-negative measure is referred to as: locally
finite if it takes finite values on B,(S); finite if the total mass is finite; a probability measure if
the total mass is 1. A locally finite complex (resp. signed) measure on S is a C-valued (resp.
R-valued) o-additive function on By(S).
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Definition 2.1. Let p, p,,n =1,2,3,... be locally finite non-negative measures on S. We say
that p, converges vaguely to p if
(2.1) lim f ) dpn(z / f(z)dp(z

n—o0

for every bounded continuous functlon f: S8 — C with bounded support. Moreover, if p, p,, are
finite non-negative measures on S, then we say that p, converges weakly to p if (2.1) holds for
every bounded continuous function f: S — C.

Remark 2.2. The above definitions of locally finite measures and vague convergence are taken
from [35, 4], but the definitions depend on the literature. According to [5], a non-negative
measure is locally finite if every point of S has an open neighborhood of finite mass with respect
to this measure, and the vague convergence is defined by requiring (2.1) for all continuous
functions with compact support. When all the closed bounded subsets are compact (which is
valid for S =T and S =T X [0, 00)), then the two definitions are equivalent.

We conclude this section by introducing a suitable notion of convergence for a sequence of
families of finite non-negative measures. This will be a key concept throughout this paper.

Definition 2.3. Let T be a metric space and (Tt(n))teT, (Tt)ter,m = 1,2,3,... be families of
finite non-negative measures on S. We say that (Tt(n))teT weakly converges to (7y)ier locally

uniformly on T as n — oo if
[ 1@ @~ [ f@ydn(a)
S S

for every bounded subset B of T" and every bounded continuous function f: S — C.

(2.2) lim sup

n—o0 teB

=0

In this paper, the index set 7" is either [0,00) or {(s,t) : 0 < s <t < c0}.

2.2. Lévy-Khintchine representation for additive processes. We will focus on the group
T, the group of complex numbers with modulus one, but many facts in this section can be
extended to locally compact abelian groups with countable basis of its topology. The main
reference of this section is [31].

Two stochastic processes (Y;)i=0 and (Y;);> on T are said to be stochastically equivalent if

(2.3) P(Y,, € By,Y,, € Bs,...,Y, € B,) =P(Y,, € B,,Y,, € Bs,...,Y, €B,)

foralln € N ty,...,t, >0and By,By,...,B, € B(T)

A stochastic process (Y;)¢>o on T is called an additive process if Yy = 1 a.s., it has independent
increments, that is, Yto_lYtl, Yt1_1Yt2, o ,Y;;llY;gn are independent for all 0 < ¢, <t; <-.- <1t,
and n € N, the mapping (s,t) — Y, 'Y} is stochastically continuous, and its sample path is
almost surely cadlag, that is, right continuous with finite left limits. An additive process (ﬁ)tzo
is called a Lévy process if the distribution of Y,7'Y; depends only on ¢ — s for every 0 < s < .

There is a natural binary operation on the set of probability measures on T, denoted by &,
arising from the group structure, but other associative binary operations from non-commutative
probability will also be discussed. Hence for generality, let x be an associative binary operation
(convolution) on the set of Borel probability measures on T. A family of probability measures
(fst)i>s>0 on T is called a x-convolution hemigroup (x-CH for short) if y1,, = 07 for every ¢t > 0
and figy x firy = psy for every 0 < s < t < w. It is furthermore said to be continuous if
(s,t) > 15, is weakly continuous. If a -CH satisfies the time-homogeneity, ps: = 10— for all
t > s > 0, then the probability measures p; := jip¢ form a x-convolution semigroup, namely,
one has s * p1; = gy for all s, > 0 and pg = 9.

Given an additive process (Yt)t>0 on T the distributions ps; = Py-1y, form a continuous
®-CH. Conversely, for any continuous ®-CH (f54)i>s>0 on T there exists an additive process
(Y)i>o0 such that p,; = Py-1y. [31, Remark 5.6.2] by taking the canonical coordinate process
associated with the Markov transition kernels kg(x,-) := 0, ® us, and then constructing its
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cadlag modification by Dynkin—Kinney’s theorem; the reader can also find detailed arguments
in [43, Theorems 9.7(ii) and 11.5] for the case of Euclidean spaces, which can be adjusted to
our case T. Note that this additive process is unique up to stochastic equivalence because the
quantity (2.3) can be computed only by (fis¢)e>s>0-

The characteristic function of an additive process has a Lévy-Khintchine representation as
follows. The results are more or less known, but some statements are not very straightforward
from the literature, so a proof is provided.

Theorem 2.4 (Lévy-Khintchine representation). For a continuous ®-CH (fis)i>s>0 on'T there
exists a unique family (ou, 0¢)e>0 such that

(LK1) t — a4 € R is a continuous function such that ag = 0,

(LK2) oy is a finite non-negative measure on T such that oo = 0 and the function t — o¢(B) is
continuous and non-decreasing for every B € B(T),

and

(2.4) /§ dpo (&) = exp (th +/ & —1-— mIm (€) Jt(d§)> , ner.

1—Re(¢

Conversely, given a family (o, 0¢)i>o satisfying (LK1) and (LK2) there exists a unique continu-
ous ®-CH (s t)i>s>0 on T for which (2.4) holds. The family (ou, 01)i>0 s called the generating
family for the corresponding continuous ®-CH.

Remark 2.5. For each n € Z the function

& —1—inlm ()
1 —Re(¢)

is set to be —n? at £ = 1, which makes it continuous on T.

&

Proof. 1t is proved in [31, Theorem 5.6.19] that for every ¢ > 0 there exist oy € R, v; > 0 and
a non-negative measure m, on T \ {1} such that [.(1 — Re(§))dm (&) < oo and

(2.5) /T € dpig(€) = exp (mtn - %nQ + /T (€" — 1 — inlm (€)) wt(d§)> . nel

Denote by (f/t)tzo an additive process corresponding to (). According to [31, Preparations
5.6.5], for each B € B(T) away from 1 (namely, the distance between B and 1 is positive),
m(B) is defined to be the expectation of the number of s € [0,¢] such that Y;Y;_ € B. The
non-negative finite measure

dou(6) = 50b1(d) + (1 = Re (§))dmlm ) (€)

on T then satisfies (2.4). Now we prove (LK1) and (LK2). Since et = E[Y;]/|E[Y]| is contin-
uous on t and Yy = 1, the function a; can be taken to be continuous such that oy = 0. The
definition of 7y implies that mo = 0, and by (2.4) vo = 0, showing og = 0. The definition of 7; and
the proof of [31, Lemma 5.6.13] show that the mapping t — m;(B) is non-decreasing and contin-
uous for every B € B(T) away from 1, and hence the same holds for o;(B). Since o4({1}) = v;/2
is non-decreasing on ¢ by [31, Theorem 5.6.19], we can see that ¢ — o4(B) is non-decreasing
for every B € B(T). It remains to show that ¢ — oy(B) is continuous for every B € B(T).
Since 04(T) = —log |E[Y¢]| is continuous on ¢, we conclude that ¢ +— o,(U) = 0¢(T) — 0:(U°) is
continuous as well for every open neighborhood U of 1. Now fix t; > 0. For 0 < s,t < ¢y and
every open neighborhood U of 1 the inequality

|o:({1}) — o({1D] < [0:(U) = 0u(U)] + [oe(U\ {1}) — 0u(U \ {1})]
< |ou(U) = os(U)] + 201, (U \ {1})
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holds. By taking U small enough and then ¢ close to s, we conclude that lim; s o:({1}) =
os({1}). Therefore it suffices to show the continuity of oy(B) for every B € B(T \ {1}). For
such B we have

0e(B) — 05(B)| < |o(BNU®) —os(BNUC)| + |o(BNU) —os(BNU)|
< |o(BNU®) —os(BNU®)| + 204, (U \ {1})

for every open neighborhood U of 1 and 0 < s,t < #3. Similarly to the previous case we
conclude that ¢t — o,(B) is continuous.

For the uniqueness of (a4, 0¢)t>0, suppose that (é, 6¢)¢>o is another family. There must exist
a function f: [0,00) X Z — Z such that

5"—1—mlm(§) 5”—1—m1m(§) 3 ,
(2.6) dayn+ / Re () o(d§) = idyn + / Re () a.(d&) + 2mif(t, n).

By the assumptions (LKl) and (LK2) the function f(-, n) is continuous for every n € Z, and
hence is constant, namely f(¢,n) = f(0,n) = 0. Setting n = 1 in (2.6) and taking the imaginary
part show a; = &;. Lastly, by [30, Propositions 6.2 and 8.2] we conclude that o, = ;.
Conversely, given a generating family, the corresponding ®-CH (us¢)i>s>0 exists by [38,
Theorem 7.1, Chapter IV], which is continuous by (LK1) and (LK2). O

By the hemigroup property one has the Lévy-Khintchine representation for the increments

n—1— 1
/5" dps(€) = exp (zas m+ / ¢ tnhm (f) as,t(df)) , neZ, 0<s<t,

where a,; = ay — o and 05y = 0y — 0.

In probability theory (2.5) is more common than (2.4). One advantage of (2.5) is that m,
called a Lévy measure, has a direct probabilistic interpretation by its definition. Moreover,
(2.5) is much easier to generalize to other locally compact abelian groups. Nevertheless, we
will use (2.4) which is more suitable to compare with the integral representation of Herglotz
functions.

In (2.4) the family of measures (0;);>0 associates the non-negative measure X on T X [0, 00)
defined by

(2.8) S(B x (5,1]) = 01(B) — o4(B)

forall t > s > 0 and B € B(T) (see the proof of Proposition 3.5 below). The non-negative
measure > obtained in this way is characterized by the following property:

(LK3) X is a locally finite non-negative measure on T x [0,00) such that (T x {¢t}) = 0 for
every t > 0.

We may thus employ the parameterization ((a:)i>0, ) instead of (o, 0t )>o-

2.3. Convergence of continuous ®-convolution hemigroups. This section characterizes
the locally uniform weak convergence of convolution hemigroups in terms of convergence of
generating families.

Proposition 2.6. Suppose that time-dependent finite non-negative measures (o¢)i>o0, (at(n))tzg, n=
1,2,3,... satisfy (LK2). Let ™ and ¥ be the non-negative measures associated to (Oén))tzo

and (01)i>0 via (2.8), respectively. The following assertions are equivalent as n — 0o:
Gl

(G1)
(G2)
(G3) (™ converges vaguely to ¥;
(G4) X

( )t>0 weakly converges to (ot)i>o locally uniformly on [0, 00);

lop) () converges weakly to o, for every t > 0;

" rxj0,] converges weakly to S|y as finite measures on T x [0,T] for every T > 0.
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Proof. Clearly (G1) implies (G2), and (G4) implies (G3). We proceed as (G3) = (G4), (G2)
& (G3) and (G2)+(G4) = (G1).

(G3) = (G4). Let T > 0 and g be a continuous (and hence bounded) function on T x [0, T7.
We approximate the function g by

g, te 0.7},
gr(&:1) = {max{—k(t —T)+1,04g(&,T), t>T.

Let C := supyepo 7y eer [9(§: )| Note that gy is supported on T x [0,7 + 1/k] and |gx| < C. By
(LK3) for ¥ and Proposition A.4 (3) for every € > 0 there exists a § > 0 such that

S(Tx[T,T+06))<e and  supS™(T x [T,T +4]) <e.

neN

Then, for every k > 6~ we have

sup / g(&,t) 2 (dgdt) — / gk<f7t>2<”><dfdt>'sce
neN |JTx[0,T] Tx[0,00)

and

/ g9(&,t) X(d&dt) —/ gk(g,t)z(dgdt)‘ < Ce.
Tx[0,T] Tx[0,00)

By the assumption that (™ converges vaguely to 3, for a fixed k > §~! and sufficiently large
n we also have

/ gr(&,1) 2 (dgdt) — / gM&t)E(d&dt)\éa
Tx[0,00) Tx[0,00)

Combining the three estimates we conclude that

[ ateozsn - [ gensiaan| < 20+ e
Tx[0,T] Tx[0,T7]

(G3) = (G2). Fix t > 0. We use Proposition A.2 (3). Suppose that B € B(T) is such
that 0¢(0B) = 0. The relation 9(B x [0,t]) = (0B x [0,¢)) U ((B U JB) x {t}) shows that
Y(9(B % [0,t])) = 0. Hence, thanks to Proposition A.4, we have

o™(B) = 2™ (B x [0,1]) = S(B x [0,1]) = 0,(B)
as n — oo.

(G2) = (G3). Take a continuous function f: T x [0,00) — C with compact support. Let T" > 0
be such that f vanishes outside T x [0,7]. The goal is to prove that

(29) [ ez > [ fe s,

Tx[0,T] Tx[0,T]
Let t, = tp(¢) = KT/C and let f,(&,t) = Zi;lo F(&te) Ly, 0,)(t). It is easy to see that
limy_,oo || fr — flloo = 0, and hence in (2.9) replacing f with f, for a sufficiently large ¢ yields
only a small error uniformly on n. Therefore, it suffices to estimate

(2.10) /T e O ear) - / fo(€. 1)S(dedr)

Tx[0,T]
/-1

=3 | [ ety @) - [ s do, )

k=0

- Z { / 16, 13) doly” (d) - / f(&.t) dcm(d&)} .



ADDITIVE PROCESSES ON THE UNIT CIRCLE AND LOEWNER CHAINS 9

The assumption (G2) implies that the RHS of (2.10) converges to 0 as n — oo, which establishes
(2.9).

(G2) and (G4) = (G1). Take ¢,7 > 0. By (G4), S™(T x -) converges weakly to (T x -) as
finite measures on [0,7]. Since the measure (T, -) does not have an atom, Polya’s theorem
[12, Theorem 4.5] implies that (T x [0,#]) converges to X(T x [0,¢]) uniformly on [0,7].
Combining this with the fact that ¢ — X(T x [0, t]) is uniformly continuous on [0, 7], we conclude
that there exists ¢ > 0 such that

X(T, (s,t]) <e and sup (T, (s,1]) < e

neN

forallstE[O T) with 0 <t —s < 4. Now, takeapartitionO—t0<t1< <tN—Tofthe

,,,,,

/ 1) o1 (de) - / f(€) %(dg)' <e

For t € [0,T] we take i such that t € [t;,t;—1]; then
o)~ [ reyaie)

" (de) - / 7€) 0 dé’ / 1) o (de) - /T f(f)%(dé)'
O'tl (d€) — /f o (d€) ’

<{Z(” () + (T, (G )} | f ]l + €
< 25||f||L°° +é,

whenever n > ng. This verifies (G1). O

such that

sup
n>n0

We provide the main result of this section.

Theorem 2.7. Let (ji5)i>s>0, (Mg?t))tzszo, n=1,2,3,... be continuous ®-CHs and (o, 0¢)i>0,

(aﬁ”), ot(n))tzo be their respective generating families. The following conditions are equivalent as

n — Q.

(C1) (,uo t))t>0 weakly converges to (po+)i>o locally uniformly on [0, 00);

(C2) (,us t))t>s>0 weakly converges to (ist)i>s>0 locally uniformly on the index set {(s,t) : 0 <
s<t<oo};

(C3) ( o, )t>0 converges to (ay)e>o locally uniformly on [0,00) and the mutually equivalent
conditions (G1)—~(G4) in Proposition 2.6 hold.

Proof. The implication (C2) = (C1) is obvious.

(C3) = (C2). By the Stone-Weierstrass theorem, it suffices to consider the test functions f(§) =
&* k € Z for condition (C2). Then the conclusion is immediate from (2.7) and (G1).

(C1) = (C3). Fix T > 0. Since

oy 2 Edng (©) . o Jp€duo©)
exp(icy ) ’ngduglt)(g)) an exp(ioy) |fT§d,u0,t(§)’

the function exp(iagn)) converges to exp(ia;) uniformly on [0,7]. The same conclusion holds

(n)

for a; 7 and a4 since they are continuous and vanish at ¢ = 0.
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The identities
/gdﬂ((;?(f)’ — 6—2(n>('ﬂ‘x[0,t]) and /gd,UOt ‘ — —X(Tx[0,t])
T

and the assumption (C1) imply that the function (T x [0,]) converges to ™ (T x [0,1])
uniformly on [0,7]. In particular, the sequence {3 |y 71}n>1 is uniformly bounded and
hence has a weakly convergent subsequence by Prohorov’s theorem (see Theorem A.1), the limit
finite non-negative measure being denoted by ¥. We also set &,(-) = (-, [0,¢]) for ¢t € [0,T].
From the weak convergence and Proposition A.4 (3), we deduce that (™ (T x [0,]) converges
to X(T x [0,¢]) at all ¢ € [0,7] where X(T x [0,#]) is continuous. Since L (T x [0,]) is
uniformly converging to X(T x [0,#]) and 3(T x [0,¢]) is right-continuous, we conclude that
S(T x [0,2]) = S(T x [0,¢]), and hence (v, &;)sepo.r satisfies (LK1) and (LK2) until time 7.
Moreover, the proof of Proposition 2.6 (G3) = (G2) shows that at(n) — 0, weakly for each
t € [0,7T]. Passing to the limit n — oo in the formula

/gk dlLLOt = exp (ZOét k +/ gk —l- Zklm (6) O-lgn)(dg)) ) ke Z7 te [07 TL

(2.11)

1—Re(¢
we obtain
E_ 1kl
/5 dpios(€) = exp <zatk+/§ 1_Rle m (£) 6t(d§)>, keZ, teloT).

By the uniqueness of the generating family (Theorem 2.4), we have &, = oy for every t € [0,T].

The above arguments demonstrate that the whole sequence {at(n)}nzl converges weakly to oy
for every ¢ in [0, 7] and hence in [0, 00). O

3. BIJECTION BETWEEN CLASSICAL AND MONOTONE CONVOLUTION HEMIGROUPS

The aim of this section is to define a time-dependent generator for a general multiplicative
Loewner chain and then formulate a bijection between additive processes (up to equivalence)
and multiplicative Loewner chains, or equivalently, classical and monotone convolution hemi-
groups. For this purpose we introduce and analyze “Loewner’s integral equation”.

3.1. Multiplicative Loewner chains and monotone convolution hemigroups. We start
from recalling the definition of multiplicative Loewner chains from [28, Definition 3.1].

Definition 3.1. Let D be a simply connected domain of C such that D # C. A two-parameter
family (fs+)o<s<t<oo Of holomorphic self-mappings fs+: D — D is said to be a reverse evolution
family if the following conditions are satisfied;

(TM1) fss(2) =z forall z€ D and s > 0,
(TM2) fsio fiu= fsuforall 0 <s <t <wu< oo,
(TM3) (s,t) — fs: is continuous with respect to locally uniform convergence on D,

and each mapping f;, is called a transition mapping. The family (f;)i>0 := (fo+)i>0 is called a
(decreasing) Loewner chain on D. Moreover, (f)i>o is called a multiplicative Loewner chain if
D =D and f;(0) =0 for all t € [0, 00).

Remark 3.2. (a) By (TM2) the inclusion relation fs(D) D fi(D) holds for all s < ¢, so
that (f;)¢>0 is called a decreasing Loewner chain.

(b) It was shown in [28, Theorem 3.16] that all transition mappings fs;, and hence f; as
well, are univalent.

(c) Under a further regularity assumption, such a family (fs+)o<s<t is an example of a reverse
evolution family of order d in Loewner theory [24].
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Notation 3.3. Sometimes the notation f(z,t) is used for f;(z). In addition to the standard
notation for partial derivatives, we also use the notation f or f; for the ¢-derivative and fi for
the z-derivative. We will dlSCLlSS later sequences of Loewner chains, which will be denoted as
( ft("))tzo, not to be confused with higher order derivatives.

The set of multiplicative Loewner chains is in bijection with the set of continuous convolution
hemigroups with respect to multiplicative monotone convolution [28, Section 5.4] as follows.

For probability measures p and v on T, the multiplicative monotone convolution y O v is the
distribution of UV where U and V' are unitaries distributed as ;1 and v respectively, such that
(U — 1,V —I) is monotonically independent [8]. The binary operation O can be characterized
by the composition of a certain transform defined as follows. For a probability measure p the
moment generating function is defined by

=y [ = [ Edu.  ze.

n>1

A related function 7, called the n-transform of p, is then defined by

wu(z)
Nu(2) = m,

which is a holomorphic self-mapping of D. It is proved in [8] that

(3.1) Muow =1 ony on D
Note that the mapping p > 7, gives a bijection
(3.2) {probability measures on T} — {f: D — D | holomorphic, f(0) = 0},

which was proved in [6, Proposition 3.2]. It is furthermore a homeomorphism with respect to
weak convergence and locally uniform convergence [28, Lemma 2.11].

It is clear from (3.1) and (3.2) that the set of continuous O-CHs is in bijection with the
set of multiplicative Loewner chains. To make it more explicit, a continuous O-CH (vs;)o<s<t
(see Section 2.2 for the definition) associates the family of analytic self-mappings 7s¢ = n,,,
of I which fixes 0 and satisfies 15, = 75+ 0 Ny and 755 = id for all 0 < s < ¢t < u, and
the mapping (s,t) — 7 is continuous with respect to locally uniform convergence, and thus
(10, )¢>0 is a multiplicative Loewner chain. Conversely a multiplicative Loewner chain associates
the continuous O-CH as well.

3.2. Ideas from generators of moments. This section exhibits ideas for defining a bijection
between continuous ®-CHs and O-CHs omitting detailed mathematical proofs. The point is to
identify derivatives of moments of two kinds of CHs.

Suppose that (ps¢)i>s>0 is a continuous ®-CH such that its generating family is smooth
enough; for example

t t
(3.3) oy = / vsds and oy (B) = / ps(B) ds,
0 0

where t — 7, is continuous on [0, 00), and p; is a non-negative finite measure for every t > 0
such that t — p;(B) is continuous for every B € B(T). By (2.7) we deduce the time derivative

of moments
0 " —1—inlm(§)
— " g . s(d€), Z, s> 0.
o, L€ =i+ [ SIS e, nez s

(3.4)

On the other hand, suppose that (vs+)i>s>0 is a continuous O-CH whose transition mappings
Nt = T, satisfy the Loewner differential equation from [28, Proposition 3.12],

(3.5) Omsi(z) = —2p(2, 1) 0:1s,4(2), t>s,
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where p is of the form

(3.6) () = —im + /T ijﬁ dpy(€).

Recall that —zp(z,t) is called the (multiplicative) Herglotz vector field (of any order) for the
Loewner chain (7;);>0 in [24] or [28]. Setting t = s in (3.5) we have Oins(2)|=s = —2zp(z, s).
Since 1y, ,(2) = 1s¢(2)/(1 — ns4(2)) We obtain

Ot (2Nims =~ gab59) = gz |- [ 1 doal6)]

Using the identity

AR 1 [_ilm(ﬁ)z o z2(1=9 }
(=2 T-26 T-Re(® | (1—22 (1-2)(1-20
B > L& —1—inIm (§)

"L TR

and exchanging the sum and integral using the inequality [30, Lemma 5.2]

5"—1—in1m(§)‘ 3

< T N
=G <n”, §e€T, neN,

we get

BT (D=3 "[wsm / 5"‘1‘“““1(5) dps@)], )

n>1
/é-n dl/st
t=s

namely the sum and derivative commute, using the fact that ¢ — n,,(2) and hence t — 9 ,(2)
is of C'', Cauchy’s integral formula for the derivatives 971, ,(0), and Lebesgue’s dominated
convergence. Comparing the coefficients of (3.7) and (3.8) together with formula (3.4) we

obtain
9 /5% =2 /s"d (€), neN
at o s,t - 075 ot ,us,t ) 9

which actually holds for n € Z by complex conjugate.

It is natural from (3.9) to define a map, denoted O, sending the above ®-CH (is)t>s>0
to the O-CH (vs¢)t>s>0, identifying “time-dependent generators” of moments of two kinds of
CHs. This correspondence is also natural in terms of a “dynamical Bercovici-Pata bijection”
in non-commutative probability; see Section 4.

All those arguments at least require the differentiability of the parameters (a4, ;). The main
goal of Section 3 is to extend the map ©,; to the set of all continuous ®-CHs, where the
parameters (ay, 0;) satisfy assumptions (LK1) and (LK2) only. The problem is how to extract
a generating family from a given continuous O-CH or a multiplicative Loewner chain. This can
be done by generalizing the Loewner differential equation to the “Loewner integral equation”
developed in Section 3.3.

On the other hand, we can verify that

(3.8) Oy, (2)]t=s =

n>

z
8t
1

(3.9)

3.3. The radial Loewner integral equation. The Loewner integral equation we will intro-
duce is governed by a certain driving measure-valued holomorphic function in the following
sense.

Definition 3.4. Let D be a domain of the complex plane. A family {Q(z,+)}.cp of locally
finite complex measures on [0, 00) is called a Herglotz family of measures (H-family in short) if
the following two conditions are satisfied;
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(HF1) for each B € By(]0,00)) the function z — Q(z, B) is holomorphic on D,
(HF2) Re[Q(z,B)] > 0 for all z € D and B € B,([0,0)).

An H-family {Q(z,)}.ep is said to be continuous if Q(z,{t}) =0 for all t € [0,00) and z € D.

Proposition 3.5. A continuous H-family {Q(z,)}.cp has the form

(310)  Q(z B) = id(B) + /T 1 fz

[I(d¢ x B), ze€D, BeBy([0,0)),

where ® is a locally finite signed measure on [0,00) and 11 is a locally finite non-negative
measure on T x [0,00) such that II(T x {t}) = 0 for every t > 0. The pair (®,1I1) is unique.
Conversely, for such ® and I1, (3.10) generates a continuous H-family {Q(z,)}.cn.

Proof. The uniqueness of ® is a simple consequence of the fact ®(B) = Im [Q(0, B)]. For the
uniqueness of II, for each B the inversion formula (see [46, equation (8) in Theorem IV.14,
p.145] or [28, Lemma 2.8])

[I(A x B) = /ARe [Q(rw™, B)] dw

holds, where dw is the normalized Haar measure on T and A is any arc whose endpoints are
continuity points of II(- x B). This determines the values of II at bounded Borel subsets of
the product form and hence at every bounded Borel subset of T x [0, c0), e.g. by Dynkin’s 7-A
theorem.

For the existence, it suffices to fix T > 0 and focus on the interval [0,7T]; once we have
obtained a finite signed measure ®7 on B([0,7]) and a finite non-negative measure Iy on
B(T x [0,T]) satisfying (3.10) for all B € B([0,T]) for each T > 0, we can prolong them
by setting ®(B) := limr_, $r(B) for B € By([0,00)) and II(C) := limy_, [I7(C) for all
C € B(T x [0,00)), which make sense thanks to the uniqueness established above.

Now we fix 7" > 0 and seek for a finite signed measure ® on B([0,7]) and a finite non-
negative measure II on B(T x [0,77]) satisfying (3.10) for all B € B([0,7]). By the Herglotz
representation (see [39, Theorem 2.4] or [28, Lemma 2.8]), for every B € B([0,T]) there exists
®(B) € R and a non-negative finite measure Ily(-, B) such that

1

(3.11) Q(z, B) = i®(B) +/ &z

T1—¢&2
holds. Since ®(B) = Im [Q(0, B)], ® is a signed measure on [0, 7. Note that since IIo(T, B) =
Re [Q(0, B)] it follows that IIy(T,-) is a finite measure on [0, 7] and IIy(T, {¢t}) = 0 for every
t > 0. We will show that Il extends to a measure on the product space T X [0,7]. Let
Q(z,-) = Q(z,-) —i®(:).
Step 1: we prove that Ily(+, ) is a o-additive measure on the second component as well. Fix
disjoint Borel subsets By, B, ... of [0,7] and define

HO(dgaB)a zeD

My(A) = To(A,Upz1B,) and T(A) =) T4(A, B,),  A€B(T),

n>1

which are finite measures on T with the common total mass Re [Q(0,U,>1B,)]. We have on
one hand

(3.12) Q(2, Un>1B,) :/TT_FZ

and on the other hand, by Lemma A.5 (2)

(3.13) Y Q(z, By) Z/ Hézno (d¢, B,) = /1+£ZH2(CZ§)

n>1 rl—¢&2

1T, (d€)

o(dé, Un>1B,) = /T 11_2
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because & — (1 + £2)/(1 — €z) is bounded and so Il,-integrable. Since Q(z,Un>1B,) =
2@1 Q(z, B,,), and by the uniqueness of the Herglotz representation, we have II; = II,. There-
fore, Iy(+, ) is a o-additive measure on each component.

Step 2: we extend Il to a finite non-negative measure Il on T x [0,7]. Consider the semiring
S={Ax][s,t): A€ A 0<s<t<T}, where A is the set of arcs of the form {e? : 0 € |a, 8)}
with 0 < f — a < 7. Define I1: § — [0, 00] by II(A X [s,t)) = II(A, [s,t)). We can show that
IT is finitely additive and countably sub-additive on § by arguments similar to the proof of [18,
Theorem 12.5], and hence by [18, Theorem 11.3] it extends to a o-finite o-additive measure on
the o-field generated by S, which is B(T x [0,77).

As an alternative proof, we can more directly resort to the characterization of two-dimensional
distribution functions [18, Theorem 12.5]. To begin, we identify T with [0, 27) by the obvious
bijection ¢: {e? : § € [0,27)} — [0,27) which is Borel measurable as well as its inverse.
Define =y: B([0,27)) x B([0,T]) — [0,00) by Z¢(A, B) = Iy(¢ *(A), B) and the function
F(0,t) = Z5((—00,0]N[0,27), (—oo, ] N[0, T]) on R2. The function F satisfies the assumption
of [18, Theorem 12.5]: it is continuous from the above thanks to the o-additivity on each
component and

(314) F(927t2> — F(QQ, t1> — F(Ql, tg) + F(Ql, tl) Z 0

whenever 6 < 65 and t; < t5. In fact the LHS of (3.14) is exactly Z((01,02] N[0, 27), (¢1,t2] N
[0,7]) thanks to the o-additivity for each variable of Zy. Therefore, there exists a finite non-
negative measure = on R? such that Z((—o0, 6] x (—oo,t]) = F(0,t). For § € [0,27) and
t € [0,T] we have Z([0,0] x [0,t]) = Z¢([0, 6], [0,%]) as desired. O

Now we are in a position to prove that a multiplicative Loewner chain with positive derivatives
at z = 0 satisfies an integral equation, called the Loewner integral equation in this paper.

Theorem 3.6. Let (g¢)i>0 be a multiplicative Loewner chain such that g;(0) > 0 for all t > 0.
Then there ezists a unique continuous H-family {Q(z,")},ep such that

0z
Moreover, it holds that Im [Q(0, -)] = 0, meaning that ® in (3.10) is zero.

(3.15) g1(2) =z — z/ot 99 (2)Q(z,ds), t>0,z€D.

Remark 3.7. If we drop the assumption g;(0) > 0 then such an H-family that (3.15) holds
may not exist; see Section 3.4.

Proof. Tt suffices to prove the statements on a fixed interval [0,7]. As in the proof of [28,
Theorem 3.16], ¢;(0) is of the form e~#®) where 3(t) is a non-decreasing non-negative continuous
function of t. We define U = (T") and

(3.16) 7(u) = sup{t > 0: B(t) = u}, u € [0,U]

which is a strictly increasing function. Then g.,)(2) = e “z + --- is a decreasing radial
Loewner chain in the classical sense, in particular an absolutely continuous function regarding
u. According to [28, Proposition 3.15], there exists a multiplicative Herglotz vector field of the
form —zr(z,t) where r is a function such that Re[r] > 0 and r(0,¢) = 1 for a.e. t > 0, such
that

* 097 (w)

Narx (2)r(z,v) dv.

Grw)(2) =2—2

Then we can define

(3.17) Q(z,B) = /1(3) r(z,v)dv
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for Borel subsets B C [0,7]. It satisfies Im [Q(0,-)] = 0 and Q(z,{t}) = 0 for all z € D and
t > 0. By change of variables we have

T U
(3.18) /Ok;(t)Q(z,dt):/o k(tT(v))r(z,v) dv

for all bounded measurable functions k. By taking k(t) = 0.9:(2)1j0,7(u)(t), we have

0z
Here note that [0, 7]\ 7([0, U]) is a union of disjoint intervals of the form [a, b) on which 5(t)
takes constant values. On each such interval, the function ¢ — g;(z) is constant by the Schwarz
lemma. Also, Q(z,-) is the zero measure on [0,7] \ 7([0,U]). Combining these facts together
implies that equation (3.19) extends to

gi(z) =2z — Z/O %Q(z,ds), t e 0,7].

z

(u)
(3.19) Grw)(2) = 2 — z/ 99t (z,dt), u e [0,U].
0

It remains to show the uniqueness of (). Suppose that there exists another continuous H-
family Q* such that (g;);>0 satisfies (3.15) with Q*. Setting L = —z(Q — Q*) one obtains
99gs
g 0z
for all z € D and B € B([0,T]). We fix z € D and denote L(z,dt) simply by L(dt). According
[

to [42, Theorem 6.12] there exists a measurable function h: [0,7] — C such that |h| = 1 and
L(dt) = h(t)|L|(dt). The equation (3.20) reads

(3.20)

(2)L(z,ds) =0

995
(3.21) | SeemelLids) =0, BeB(0.T),
B 0z
Since g, is univalent, the function ¢(s) := %(z)h(s) does not vanish at any s € [0,7]. This

implies that [0, 7] = {Re [¢(s)] > 0}U{Re [{(s)] < 0}U{Im [¢(s)] > 0}U{Im [¢(s)] < 0}. Taking
the real part of (3.21) and choosing B = {Re [{(s)] > 0} yields

[ el = o

{Re[¢(s)]>0}

which entails |L] = 0 on the set {Re[¢(s)] > 0}. Similar arguments apply to the other three
sets and show that |L| =0 on [0, 7. O

We establish a converse statement saying that the Loewner integral equation has a unique
solution.

Theorem 3.8. Let {Q(z,-)}.ep be a continuous H-family on [0, 00) with Im [Q(0, )] = 0. Then
there exists a unique multiplicative Loewner chain (g¢)i>0 on D such that g;(0) > 0 for allt >0
and (3.15) is satisfied.

Proof. Again we may focus on each finite interval [0,7]. For each Borel subset B € B([0,T])
the function Q(z, B) is of the form (3.10). Because of the assumption Im [Q(0, -)] = 0 we must
have ® = 0.

Step 1: reduction to Herglotz vector fields of order 1. The idea is similar to the proof of
Theorem 3.6. Let

(3.22) 7(u) :=sup{t > 0: I(T x [0,t]) = u}, R(z,B) := Q(z,7(B)).

The function 7 is strictly increasing and hence II(Ax 7(+)) is a finite measure for every A € B(T),
and satisfies II(T x 7(-)) = m(+), where m is the Lebesgue measure. Combined with (3.10) those
observations lead to

(3.23) |R(z, B)| <

aem B =
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for every z € D and B € B([0,T]), where d(-,-) is the standard distance on C. This estimate
implies that R(z,-) is absolutely continuous with respect to the Lebesgue measure m for each
fixed z € D, and then {nR(z, [t,t + 1])}22, defines a sequence of holomorphic functions on
D converging to a function pointwisely on D as n — oo for almost all ¢ > 0, where the null
set depends on z. The inequality (3.23) shows that {nR(z, [t,¢ + ])}22, is locally uniformly
bounded on D, and hence forms a normal family (Montel’s theorem).

Now fix k € {j € N:j > 2} and let z = 1/k. Then nR(3, [t,t + Z]) converges to a limit
function, say r(3,t), for all t € [0, 7]\ E, where Ej, is a null set. It then follows that a limit
r(+,t) exists for all k € {j € N:j > 2} and all t € [0, T\ E, where

L
E = U E,.
E>2

Applying Vitali’s theorem (e.g. [40, p.150]), we conclude that there exists a function r(z,1)
such that for every t € [0, \ E the sequence {nR(-,[t,t + 1])},>1 converges to r(-,t) locally
uniformly on D as n — oco. In particular, r(-, ) is holomorphic for every t € [0, T]\ E, Re r > 0,
the function ¢ — r(z,t) is integrable for every z € D, and

Rz B) :/Br(z,t)dt, -eD, BeB(0,T)).

Since R(0, B) = m(B), we have r(0,t) = 1 for a.e. t. By [28, Proposition 3.15], the Loewner
differential equation

(3.24) Oth(z,t) = —zr(z,t)0.h(z, 1), h(z,0) = z
has a solution h such that h}(0) = e™".
Step 2: going back to the original integral equation. The above equation (3.24) reads

h(z,u) =z — z/our(z, v)0.h(z,v)dv = z — z/ou 0.h(z,0)R(z,dv).

Define
9(z,t) = h(z, 7 (1)),
where
t'=inf{s>t:se7([0,T)} =min{s >t:se7(0,7])}.
This definition obviously implies g(z,7(u)) = h(z,u) and hence by the change of variables

Tt t
g(z,t) =2z — z/o 0.9(z,7(u))R(z,du) = z — Z/o 0.9(z,$)Q(z,ds).

By the definition of 7, we know that II(T x [t,#']) = 0, and hence

g(z,t) =z = Z/O 8zg<27T)Q(Z’ dT):

which verifies the existence of a solution. By definition, we have ¢;(0) > 0.

Step 3: uniqueness. Suppose that (g:);>o is a solution. Then both g,u) and g« satisfy
the same integral equation (3.19). By the definition of 7, the measure II(T x -) and hence
(Q)(z,-) vanishes outside the range of 7 (see also the paragraph after (3.19)). This enables us to
revert the definition of R in (3.22) into Q(z, B) = R(z,7 Y(B)), B € By([0,00)) or, equivalently,
(3.17). By the change of variables (3.18) applied to (3.19), we conclude that both g,y and G- ()
satisfy the same differential equation (3.24). Hence g,(y) = G- for all u > 0 (see [24, Theorem
4.1 and Theorem 4.2]). From the paragraph after (3.19), the equality also holds outside the
range or 7, so that g, = g, for all £ > 0. U
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Remark 3.9. Yanagihara essentially proved Theorems 3.6 and 3.8 in a different form [48,
Theorems 3.4 and 4.4]. The relationship is as follows. Let (g¢):>0 be a multiplicative Loewner
chain such that ¢;(0) > 0 for all t > 0, {Q(z,)}.ep be its H-family and II be the measure as
described in Proposition 3.5 (see also Definition 3.10). By the disintegration theorem (or the
existence of regular conditional probability [25, Section 10.2]), II can be decomposed as

II(d§ x dt) = 1(d€)da(t),

where a(t) = II(T x [0,t]) and 7 is a probability measure for all ¢ > 0 such that ¢ — 7,(A) is
measurable for every A € B(T). Then

Q(z,dt) — [ /T ign(d@} da(t) = b(z, t)da(?).

The Loewner integral equation for (g;);>o then reads

(3.25) g1(2) =z — Z/OOO 0.9(z,5)Q(z,ds) = z — Z/OOO 0.9(z, 5)b(z, s) da(s),

so that b(z,t) is basically the function P(z,t)/a(t) in [48, Theorems 3.4 and 4.4]; note that the
Loewner chains in [48] are increasing and hence the sign in the Loewner equation is different
from (3.25).

3.4. Generating families of multiplicative Loewner chains. In this section we make the
ideas in Section 3.2 rigorous: we extract a generating family (o4, 0¢):>0 satisfying (LK1) and
(LK2) from a given continuous O-CH.

For each continuous O-CH (v, ;)i>s>0 define f; = n,,, which form a multiplicative Loewner
chain, namely a decreasing Loewner chain of analytic self-mappings of D such that t — f;(z)
is continuous for every z € D, fo =id and f;(0) = 0.

Idea. To get an idea for how to extract a generator (o, o¢)i>o from (f;)i>0, suppose first that
(ft)i>0 is a multiplicative Loewner chain which is smooth enough (say, of order 1 in the sense
of [24, Definition 1.6], or C' as in Section 3.2). According to [28, Proposition 3.13], (f;)i>0
satisfies the differential equation

(3'26) atf(zvt) = —zp(z,t)@zf(z, t)a

where p is a function of the form (3.6). The idea in Section 3.2 was to define (3.3) to be the gen-
erator of (fi)i>0, but we met a difficulty that the arguments there required the differentiability
of the parameters a4, o;.

In order to extract a generator, we take the following detour. For a multiplicative Loewner
chain (f;)¢>0 which is just continuous on ¢, write f/(0) = |f/(0)|e’* with a continuous function
a; € R such that oy = 0 and define a supplementary function g(z,t) = g,(2) = f;(e7"z). The
point is that (g;)¢>0 is also a multiplicative Loewner chain with additional property g;(0) > 0,
so that Theorem 3.6 is available; denote by {Q(z,+)}.ep the continuous H-family associated
with (g¢)i>0. We will relate this @ with o;. For this purpose, again assume the smoothness of
Loewner chains (f;):>0 and hence of (g;)i>0 (later the smoothness will be removed in Definition
3.10). Then the Loewner differential equation

(3.27) (2, t) = —2q(z,1)0.9(2, 1)

holds for a function g such that g(-,¢) is analytic, Re [¢(z,t)] > 0, and also ¢(0,t) € R (thanks
to ¢;(0) > 0 and g;(0) = exp [— f(f q(0,s) ds] ), so that it has the Herglotz representation

1
o) = [ Tedn(©)
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for some finite non-negative measure 7; such that ¢t — 7,(T) is locally integrable. Note that
Q(z,dt) = q(z,t)dt, and so

(3.28) Q(z,B):/Bq(z,wdt:/TiZ M x B), B € By([0, ),

where II is a locally finite non-negative measure on T x [0, c0) defined by II(d¢ x dt) = 7(d€)dt.
On the other hand, the relationship between p and ¢ is given by

p(z,1) = ez, 8) — iy,
because
Oif(2,t) = Dg(e"™ 2, t) + icue'™ 20,9(e"* 2, t)
= 2(—e"q(e" 2, t) + ice"™)D,g(e 2, 1)
= —2(q(e"z,t) —icy)0.f(2,1).
So the Herglotz function p(-,t) associated with (f;) is

1+ eiatgsz .

2,t) = q(e™z,t) —idy = —idy + | ————=
plest) = gz, t) = icn = =i+ [ T

and hence the continuous H-family for (f;):>o is given by

(3.29) P(z, B) ::/Bp(z,t) dt:—z’/Bo'ztdtJr/Tij_LZE(dng),

where Y is the push-forward of II by the map (£,¢) — (e&,t) on T x [0,00). Finally, the
measure oy is defined by o;(A) = (A x [0, ]).

General case. For a general multiplicative Loewner chain (f;);>o the function «; is only con-
tinuous and it is difficult to give a reasonable definition of ¢; dt and hence of P(z,dt). However,
in view of the discussions above, a; and o; can still be defined as follows.

Definition 3.10. Let (f;):>0 be a multiplicative Loewner chain.

(i) Define a continuous function ¢ — «a; such that f/(0) = |f/(0)|e** and «g = 0;

(ii) apply Theorem 3.6 to the multiplicative Loewner chain g;(z) = f;(e7*z) and take the
continuous H-family {Q(z,dt)}.ep for (g;)i>0 with the representation

1

Q(z, B) = / T2 e x B),  zeD, BeBy,o0)):
Tl—¢&z

(iii) define ¥ to be the push-forward of II by the mapping (&,t) — (e"£,t) and also oy(-) =

Again, the point is that we cannot define an H-family for (f;):>o because of the high singu-
larity of ¢ dt, but we can still define a pair (a4, 0¢)i>0.

This definition is compatible with the smooth case discussed earlier: the functions p,q in
(3.26) and (3.27) are then related to 3, II via (3.29) and (3.28).

Definition 3.10 gives a mapping from the set of the multiplicative Loewner chains to the set
of the families (o4, 0¢)i>o satisfying (LK1) and (LK2). This mapping is well defined by the
unique existence of the H-family in Theorem 3.6, it is surjective by the existence of the solution
in Theorem 3.8, and injective by the uniqueness of the solution in Theorem 3.8. Furthermore
it is homeomorphic with respect to suitable topologies, see Theorem 3.15 below.

In [28] a bijection is established between the set of multiplicative Loewner chains and the set
of continuous O-CHs that arise from monotone probability. We call the associated (o, 0¢)t>0
the generating family for the corresponding continuous O-CH.
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Definition 3.11. A bijection
O : {continuous ®-CHs on T} — {continuous O-CHs on T}

is defined by sending the continuous ®-CH characterized by a generating family to the contin-
uous O-CH having the same generating family.

Note that a continuous ®-CH is time-homogeneous if and only if (a4, 0¢)¢>o is of the form
(ta, to)>o for some v € R and a finite non-negative measure o if and only if the corresponding
multiplicative Loewner chain (f;);>0 is a semigroup, namely f; o fs = f;1 for all s,¢ > 0.

Example 3.12. The normal distribution on the unit circle Nyp(m,v) is defined to be the law
of ¢/Z where Z is distributed as N(m,v). The ®-semigroup of normal distributions on the
unit circle (Np(0,t)):>0 is characterized by (oy,0:) = (0, (t/2)d1), and is mapped by O, to
the (O-semigroup consisting of the marginal distributions of monotone unitary multiplicative
Brownian motion introduced in [29].

Example 3.13. Let f: [0,00) — T be a measurable function and \: [0,00) — [0,00) be a
locally integrable function. The slit multiplicative Loewner chain governed by the Herglotz
vector field

pzt) = A(tﬁ%";g

associates a continuous (O-CH whose generating family (o, 0y) is given by a; = 0 and o4(B) =

JEX(s)La(f(s)) ds.

3.5. Convergence of Loewner chains. Motivated by probability theory, we defined a time-
dependent generator in Section 3.4. Now we show that this definition is appropriate by demon-
strating that convergence of Loewner chains is equivalent to that of generating families.

Lemma 3.14. Let p be an atomless, locally finite non-negative measure on [0,00) and a,b € R.
Then the integral equation

¢
u(t) =a+ b/ u(s) dp(s), t >0,
0
has a unique solution u € C([0,00)) given by

u(t) = aexp(bp([0,1])).

Proof. Let T > 0 and W be a mapping on C[0, 7] defined by

Wiul(t) = a+ b/ﬂ u(s) dp(s).
Then

W u] = Wlolllepry < [blp([0, TH[u = vllcron,

and hence W is a contraction mapping if 7' > 0 is chosen such that |b|p([0,7]) < 1. This
implies (the local existence and) uniqueness of a solution.
Let u,, be functions defined by

(3.30) up(t) = a, up(t) =a+ b/ot Un—1(8) dp(s), n € N.
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We obtain

n(t) — tna(t) = b / 1 (51) — tin(51)] dp(s1)

=5t [Canton) [t [ nsam) = st

(= 2O _ ool

(A
where A, (t) = {(s1, 82, ..., 8,) € [0,t]" : 51 > 59 > --- > s, > 0}. This implies that

un(t) =a (o(0. )" — U (t) := aexp[bp([0,1])]

k!
k=0

= ab”p®"

Y

locally uniformly as n — oco. Taking the limit in (3.30) we conclude that u, is the solution. [

Now we state the main convergence result.

Theorem 3.15. Let (fi)i>0, (ft(n))tZO; n=1,2,3,..., be multiplicative Loewner chains, (fs)t>s>0,

(fs(z))tZSZO be their reverse evolution families and (Vst)i>s>o, (Vﬁ?)tkszo be the associate con-

tinuous O-CHs with generating families (au, o¢)e>0, (agn),afn))tzo, respectively. The following

conditions are equivalent as n — oco:

(M1) (ft(")) >0 converges to (fi)i>o locally uniformly on D x [0, 00);

(M2) (fs(?))t >0 converges to (fsi)i>s>o locally uniformly on D x {(s,t) : 0 < s <t < o0};
(M3) (V((]?)tzo weakly converges to (Vo +)i>o locally uniformly on [0, 00);

(M4) (Vé?)t >0 weakly converges to (Vst)i>s>o locally uniformly on {(s,t) : 0 < s <t < oo};
(M5) (« n))tzo converges to (au)eo locally uniformly on [0,00) and the mutually equivalent

conditions (G1)—(G4) in Proposition 2.6 hold.

Proof. Let gi(z) = fi(e~™z) and ¢\ = f{™ (e —iai" 2}, We will proceed as (M1) & (M2), (M1)
< (M5), (M2) = (M4) = (M3) = (M1). Among them the implications (M2) = (M1) and
(M4) = (M3) are obvious.

(M1) = (M2). Recall that & := (fi)" o £ and f,,:= f; o fi. Fix T > 0 and 0 < ry <
r < 1 and let K = r,D. Since f i (rlD) C rD by the Schwarz lemma, we obtain
(3.31) V(1) cc f7(D) = f(£7 (D)) € £ (rD)

forall 0 < s <t < oo and n > 1. Therefore, £ (K) is surrounded by the simple curve f{" (rT)
and they do not have intersection, and hence the Lagrange inversion formula for ( fs(”))_1 implies

" -1, (o ! w(f”) (w)
1@ =) @) = 5 / ) ft<n><)dw7 2 € Kyn 2 m.

Therefore, in order to prove the uniform convergence of f Y fapon K x{(s,t): 0<s<t
T}, it suffices to prove that

(3.32) ci=inf  d(f"(K), [ T)) > 0,

0<s<t<T),n>1

IN

where d(+, -) is the Euclidean distance of sets. Since the inclusion FM(EKY c MK ) holds from
the same arguments used in (3.31), we have actually

c= inf d(f"W(K), f™T)).

0<s<T,n>1 s
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Now suppose to the contrary that ¢ = 0. We may find a sequence {sx}32, of [0,7] and a
sequence {ny}r>1 of N such that

(3.33) d(f5 (K), [ (rT) = 0.

Sk
Case (a): if {ng} is unbounded, we may assume, passing to a subsequence if necessary, that

sk converges to a certain v and that ny < ny < ---. Since ft(n) converges to f; uniformly on
K x [0,T], we have, for every ¢ > 0,

IN e NVn> N Vs e[0,T]: f(K) C f(K), f™T) C fo(rT),

where A° is the epsilon neighborhood {z € C : d(z, A) < €} of a subset A C C. Furthermore,
we have fI"™(K) c [s.(K)¢ C fu(K)* and Fom) () fs.(rT)¢ C fu(rT)* whenever k is
large enough, and hence, by choosing ¢ = 1d(f,(K), f.(rT)) > 0 we get

d(f(K), f) (rT)) > d(fu(K)*, fu(rT)*) > e,

a contradiction to (3.33).
Case (b): if {n,} is bounded then we can assume that n; = ny = --- by passing to a
subsequence. The remaining arguments are simpler than case (a)

(M1) = (M5). Fix T > 0. By the assumption, explia!™] = (7™)(0)/|(f{™)'(0)| converges to

explicy] uniformly, and so does aﬁ”) to a;. This also implies that gg m) converges to g; locally

uniformly on D x [0, 7). Let II and II™ be the measures associated to g, and gﬁ”) in Definition
3.10, respectively. The Loewner integral equation

1
B30 @@=z [ oI xds),  zeD, te0.7]
Tx[0,4] 1—-¢&z
specializes to
8th =1 —/ d.g™(0) TI™ (T, ds).
Lemma 3.14 yields 8.g{™ (0) = exp(—II™(T x [0,])), and hence
(3.35) ST % [0,1]) = H(”) (T x [0,t]) — 2(T x [0,])

uniformly on [0, 7]. In particular, £ |TX[0 71 is uniformly bounded, and hence by Prohorov’s
theorem (see Theorem A.1), it has a subsequence, still denoted by ¥.(™ |Tx[0,7], Weakly converging
to some finite non-negative measure on T x [0, 7], denoted by ¥. From (3.35) we infer that the
marginal measure $(") (T x -) weakly converges to both (T x -) and (T x -) on [0, 7], and hence
those limits coincide. In particular, ¢ + S(T x [0,#]) is continuous. The measure T1™| .o 7
also converges Weakly to the measure II corresponding to Y because the push-forward map

(&,t) — (exp(zat )f t) is uniformly convergent as n — oo. Passing to the limit in (3.34) we

obtain
1
g(2) =2z — z/ 0.9s(2 )+—€Z I1(d¢ x ds), zeD, te€[0,T].
Tx[0,4] 1—-¢&2

By the uniqueness (Theorem 3.6) we conclude that I = | rxjo,r1 and hence Y = Elrx[o,1]-
These arguments verify condition (G4).

(M5) = (M1). By Theorem B.2, we have

(330 67(2) — g ()] < 7oL M0 o))

(1—1z))
forzeDandt > s> 0. Fix T > 0, a compact subset K of D and r € (0, 1) such that K C rD.
Let d be the distance of rT and K. Combining (3.36) and Cauchy’s integral formula yields
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that, for all z,w € K and s,t € [0, 7],

8™ (2) — g (w)] < |t (2) — g™ (w >|+|gt N(w) — g™ (w)]

|2 — wl|g{™( 10 (&) — g (€))]
S/mzwu 2)(E - \‘df”/qr 215 o el

8T2€H<n>(1r [0,77)

r

3.37 S 1 — IO
(337) < Gl -l + | !
As in the proof of Proposition 2.6 we have
(3.38) lim sup [T (T, (s, t])| = 0.
h=0 g te[0,1],0<t—s<h
neN

Combining (3.37) and (3.38) implies that the family {gt(")(z)}nzl is equi-continuous on [0, 7] X
K. Tt is D-valued and hence uniformly bounded. By Arzela-Ascoli’s theorem {g§">(z)}n21 has
a convergent subsequence in the locally uniform topology on C([0,00) x D). Denote by g; its
limit. In (3.34) passing to the limit one arrives at

1+¢&z

Ol

By the uniqueness of the solution we conclude that ¢, = ¢;. Therefore, the whole sequence
{9} 1 converges to g; locally uniformly on [0, 00) x D and so does {f™ } =1 to fi.

(M2) = (M4). Recall that f &= 0, and fs; = n,,,. The functions wg) = f(n)/(l - fs(rtb))
converge to Vs = for/(1 — for) locally uniformly on s, t, z as well. Using the formula

1 B (€) 1 s a(€)
iy ol d Fdve(€) = 5= o d
/§ g T2 Jgoay € oo /Tg vl®) = 5 g=1/2 & ‘

TI(d¢ x ds).

one obtains the desired conclusion for test functions f(£) = ¥,k € N. For general continuous
functions one may use Stone-Weierstrass’ theorem.

(M3) = (M1). Recall that F = n,m and f; =mn,,,. Taker € (0,1) and T, e > 0. Pick p € N
0,t ’
such that Y7, r* <. We have

57 (2) — Yo (2

/f duOt )—/Tgkdyw(&)‘—i-%, t>0,z€rD.

Taking the supremum over (z t) € rD x [0,7] and letting n — oo show the locally uniform
convergence of @Z)((]nt)( ) and hence of f, (n)( ). O

Combining Theorem 2.7 and Theorem 3.15 establishes the following property of ©,;.

Corollary 3.16. The bijection Oy is a homeomorphism with respect to the locally uniform
weak convergence of convolution hemigroups.

Note that the bijection ©,; induces a bijection between classical and monotone continuous
convolution semigroups. This is also homeomorphic.

Remark 3.17. The conditions (M1)—-(M5) are also equivalent to

(M17) a!™ converges to o, locally uniformly on [0, 00), and g™ converges to g, locally uniformly
on D for every t > 0,

where ¢, gt(") are the Loewner chains introduced in the proof of Theorem 3.15. The proof

of the implication (M1") = (M1) is sketched below. Since II(T x [0,¢]) = —logg;(0) and
I™(T x [0,t]) are continuous and non-decreasing, by Polya’s theorem [12, Theorem 4.5], the
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pointwise convergence implies the locally uniform convergence. Then we can prove that the

family {gf")}nzl is equi-continuous on each compact subset of D x [0, 00) by the estimates (3.37)
and (3.38).

We cannot replace (M1’) by “ ft(n) converges to f; locally uniformly on D for every ¢ > 07,
because ( ft("))’ (0) = exp(iagn)) and f/(0) = exp(ia;) can be quite general continuous functions,
so that just the pointwise convergence does not imply the locally uniform convergence in general.

Remark 3.18. Theorem 3.15 has intersections with several known convergence results. Roth
gave a sufficient condition for a locally uniform convergence of Loewner chains in [41, Lemma
1.37], where the Denjoy-Wolff points of Loewner chains are arbitrary (see also [32, Lemma 3.1];
Roth puts an additional parameter). Johansson, Sola and Turner gave a sufficient condition for

the convergence of Loewner chains at a fixed time in the setting that o, = 04,5") = 0 and that
(T x -), 2(T x -) are the Lebesgue measure [34, Proposition 1]. Miller and Sheffield proved
the equivalence (M1’) < (M5) when a; = al™ =0 and (T x -), (T x ) are the Lebesgue
measure [37, Theorem 1.1].

4. BIJECTIONS BETWEEN CLASSICAL, FREE AND BOOLEAN CONVOLUTION HEMIGROUPS

This section aims to add further two objects in Figure 1 in Section 1.1: the set of continuous
free CHs and the set of continuous boolean CHs. Also, an embedding of free CHs into monotone
CHs, based on subordination, will be discussed.

In this section we use the notion of infinite divisibility. Given an associative binary operation
* on the set of probability measures on T, a probability measure p is said to be x-infinitely
divisible (or x-ID for short) if, for every n € N, there exists a probability measure p,, such that

= [y % iy %+ K fly, (n-fold).

4.1. Free convolution hemigroups on the unit circle. A ®-ID distribution without idem-
potent factors (or equivalently, with non-zero mean) has a Lévy-Khintchine representation, but
its Lévy measure is not unique in general, see [38, Remark 3, Chapter IV]. Because of this, one
is unable to define a bijection of Bercovici-Pata type from the set of ®-ID distributions with
non-zero mean to the set of X-ID distributions with non-zero mean. For further discussions,
see [20, 22]. However, thanks to the uniqueness of the continuous family (o4, 0¢)¢>0 in Theorem
2.4 we are able to define a dynamical version, that is, a bijection from continuous ®-CHs to
continuous X-CHs, see Definition 4.5.

Here we introduce some notions in free probability; the reader is referred to [10] for further
details. For free unitary operators U and V' whose distributions on T are p and v respectively,
the distribution of UV is called the free multiplicative convolution of p and v, denoted by pXw.
Free multiplicative convolution can be computed by the YX-transform. If the mean fT§ du(€)
of a probability measure p is non-zero, then the inverse function 7];1(2) can be defined in a
neighborhood of 0 as a convergent power series, and the function

~1
. (2)
(4.1) £, (z) = 2
defined in the neighborhood is called the »-transform. For two probability measures 1 and v
on T with non-zero means it holds that
ZMX]V(Z) = ZM<Z)EV(Z)

on the common domain. If ¥, =3, in a neighborhood of 0 then yu = v.

The definition of freeness yields that a X-ID distribution is the normalized Haar measure
if and only if its mean is zero. A X-ID distribution g with a non-zero mean has the free
Lévy-Khintchine representation

(4.2) 5,(2) = exp (—m + /Tr 1 - Z g(dg))
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in the domain of ¥, where a € R and ¢ is a non-negative finite measure on T. In this case the
function ¥, can be extended to D. The measure o is unique and « is unique up to translations
by 2nZ.

Conversely, given a € R and a non-negative finite measure ¢ on R, there exists a X-ID
distribution p such that (4.2) holds. The pair (a, o) is called a generating pair.

The main result of this section is the following.

Theorem 4.1 (Free Lévy-Khintchine representation for X-CHs). For a continuous X-CH
(Ast)t=s>0 on T there exists a unique family (ay, or)i>0 with (LK1) and (LK2) and

1
(4.3) Yo, (2) =exp (—iat +/ 1 i EZ at(dﬁ)) : zeD, t>0.
: 1 ¢z

Conversely, given a family (a, 0¢)e>o satisfying (LK1) and (LK2) there exists a unique continu-
ous M-CH (Xst)i>s>0 on T for which (4.3) holds. The family (ou, o1)i>0 s called the generating
family for the corresponding continuous X-CH.

As analogy to the classical case, Theorem 4.1 implies the free Lévy-Khintchine representation
for the increments

1
(4.4) Y., (2) =exp (—z’as,t + / 1+—§Z as,t(df)) , zeD, 0<s<t,
: Sy

where a,; = oy — o and o5y = 0y — 0.
For the proof of Theorem 4.1 we prepare some lemmas.

Lemma 4.2. Let (As1)i>s>0 be a continuous W-CH. For every t > s > 0 the measure \s; is
X-ID and has a non-zero mean.

Proof. We can prove that, for every ,7 > 0,
(4.5) lim sup A ({E€T:[E—1>e}) =0,

=071 0<s<t<T

0<t—s<0d

because otherwise there would be a sequence 0, | 0, 0 < s, <t < T and an o > 0 such that
Ogtk—skg(Sk and

At {E€T -1 >¢}) >, k € N.

By passing to a subsequence if necessary, we may assume that sy — v and t; — u for some
u € [0, T]. This would imply by Proposition A.2 that

Mau({E €T [E 1] > e}) > limsup A, ({£ €T : [ — 1] > €}) > a,
k—o0

which is a contradiction to the fact A, , = d;.
The claim that A, is X-ID now follows from the free analogue of the Bawly and Khintchine
theorem [7, Theorem 1.1] applied to the decomposition

Mst = Hss+(t—s)/n X Mst(t—s)/n,s+2(t—s)/n X Hs+2(t—s)/n,s+3(t—s)/n - X Hst+(n—1)(t—s)/n,t

and that {/ftst(k—1)t—s)/ns+k(t—s)/n fn>1,n>k>1 is an infinitesimal triangular array thanks to (4.5).
We are in a position to prove that each Ay; has a non-zero mean m(s,t). Suppose to the
contrary that m(sg, %) = 0 for some tq > s¢o > 0. Since m(sg, S9) = 1, the minimum

ty = min{t > so : m(sg,t) =0} € (so, to]

exists. For sp <t < t; we have 0 = m(so,t1) = m(so,t)m(t,t1) and hence m(t,t;) = 0 since
m(sg,t) # 0. By taking the limit t — t; we obtain 1 = m(¢y,t;) = 0, a contradiction. O

Remark 4.3. The same proof can be used to prove that for any continuous ®-CH (ps)t>s>0,
each p; is ®-ID and has no idempotent factors (or has non-zero mean), which is stated in [31,
Remark 5.6.18].
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To the authors’ knowledge the following is not explicitly written in the literature, but can
be easily guessed from a similar result for free additive convolution [3, Theorem 3.8].

Lemma 4.4. Let pp,,n = 1,2,3,... be X-ID distributions with non-zero mean and let
(v, 0), (an, 04) be their generating pairs respectively. Then i, converges to p weakly asn — oo
if and only if e’ — €' and o, — o weakly as n — oc.

Proof. Suppose that e“*» — €'* and 0, — o weakly asn — oco. Then X, (z) converges uniformly
to 3, locally uniformly on D by applying [28, Lemma 2.11]. The convergence p, — p then
follows from [10, Proposition 2.9].

Suppose that p, converges to p weakly. Again by [10, Proposition 2.9] the function X,
converges to X, uniformly in a neighborhood of 0. Since ¥, (0) = e~"*» e (M the sequence e’
converges to ¢ and the sequence o,(T) is bounded. By the latter fact and Helly’s theorem (or
Prohorov’s theorem), there exists a subsequence of o,,, denoted by 0,1, that converges weakly
to a finite non-negative measure o’ on T. For this subsequence X, (z) converges to ¥,/(2)
on D, where ' is the X-ID distribution characterized by the generating pair («,o’). Since
¥, = X,/ in a neighborhood of 0, we must have ¢ = yi/ and hence o = ¢’ by the uniqueness of
the generating pair. Those arguments show that o,, converges to o weakly. U

Proof of Theorem 4.1. By Lemma 4.2 for each t > s > 0 the measure A, ; is X-ID and is not the
normalized Haar measure, and hence \s; has a generating pair (as¢, 05¢). The formula (4.3)
holds for oy = ap; and o, = 7¢;. Since A\, s = §; we obtain ¢'** =1 and o, , = 0. By Lemma
4.4, the mapping (s,t) — 0,4, and in particular the mapping ¢ +— oy, is weakly continuous,
and we can take a; such that oy = 0 and the mapping ¢ — «; is continuous. The relation
0s + 05 = 04 holds because of the hemigroup property Ao s X A;; = Ao, and the uniqueness of
o;. Therefore, for every Borel set B € B(T) we have o4(B) < 04(B), and since o5 4(0B) = 0 we
conclude by weak continuity that lim,; 0,+(B) = 0 and so 04(B) — 05(B) as t | s. A similar
argument shows that oy(B) — o4(B) as t 1 s. In conclusion, the properties (LK1) and (LK2)
are fulfilled. Uniqueness of the family (v, 0)i>0 easily follows from the uniqueness of e** and
o, for each t > 0 and (LK1).

Conversely, given a generating family (a4, 0¢)>0, for every ¢ > s > 0 there exists a X-ID
distribution A,; whose generating pair is (ay — oy, 0y — 05). Those measures form a X-CH.
Continuity of the hemigroup follows by Lemma 4.4. O

Definition 4.5. A bijection
Op: {continuous ®-CHs on T} — {continuous X-CHs on T}

is defined by sending the continuous ®-CH characterized by a generating family to the contin-
uous X-CH having the same generating family.

Example 4.6. Then ®-convolution hemigroup (Nt(0,t — s)):>s>0 is characterized by the gen-
erating family (0, (¢£/2)d;) and is mapped by Op to a K-CH (4—s)i>s>0, where v is the free
normal distribution with mean e~ introduced and investigated in [13, 14].

Now we characterize the convergence of X-CHs by means of convergence of generating fami-
lies. This will add another object to Fig. 1 that is homeomorphic to the other objects.

Proposition 4.7. Let (Ast)i>s>0- ()\gf?)tZSZO, n=1,23,... be continuous X-CHs, (Ns)t>s>0,

(Wéz))tzszo be their n-transforms, and (cu,o¢)is0, (™, 0 )0 be their generating families,

respectively. The following conditions are equivalent as n — oo:
(F1) (Uét?)tzo converges to (not)e>o locally uniformly on D x [0, 00);
(F2) (ngi))t_szo converges to (Ns)i>s>o locally uniformly on D x {(s,t) : 0 < s <t < o0};

(F3) (A(()Z))tzo weakly converges to (No+)i>o locally uniformly on [0,00);
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(F4) (AS}})QSZO weakly converges to (Ast)i>s>o locally uniformly on the index set {(s,t) : 0 <
s <t < oo}

(F5) (agn))tzo converges to (au)e>o locally uniformly on [0,00) and the mutually equivalent
conditions (G1)—(G4) in Proposition 2.6 hold.

Proof. We will establish the equivalence of (F3), (F4) and (F5). Once we establish it, then the
proof of (F4) = (F2) = (F1) = (F3) will be almost the same as the arguments (M3) = (M1)
and (M2) = (M4) in Theorem 3.15.

(F4) = (F3): obvious.

(F3) = (F5). Because )\g? weakly converges to A\, for each ¢ > 0, condition (G2) follows by
Lemma 4.4. Since

o _ S €A (©)
| eari(©)]

the locally uniform convergence of explia™] to explicy] holds, and hence of o™ to a; holds.

gior _ Jr&dhd)
| [ EdXo ()]

and

(F5) = (F4). Denote by my (o) the k-th moment [ " do of a finite measure 0. The assumption

implies that ag? converges to a,, locally uniformly and mk(agz)) converges to my (o) locally
uniformly for every k£ € N, where a,;, = oy — g, 054 = 0, — 05 and o™ " are similarly

st rYsit
defined. By examining the relations between Xy, 7, and 1, one sees that for each k € N there
is a universal polynomial Py(xy, s, ..., z)) independent of A such that
mr(N\) = Pe(eM my(0),. .., me_1(0))

for every X-ID distribution A with a generating pair (o, 0); for example
my(\) = e, ma(X) = (e277T)2(1 — 2m4(0)).

Hence mk()\g?) converges to my(As¢) locally uniformly on (s,t) for each & > 0 and hence
for k € 7Z by complex conjugate. The use of Stone-Weierstrass’ theorem gives the desired
conclusion. U

Corollary 4.8. The bijection O is a homeomorphism with respect to the locally uniform weak
convergence of convolution hemigroups.

4.2. Interpretation of the bijection: generator of moments. This section exhibits an
interpretation of the bijection in Definition 4.5 in terms moments. Suppose that (fis:)i>s>0 1S &
continuous ®-CH as in Section 3.2 such that its generating family (o, o¢)i>0 is given as (3.3).
Let (Ast)i>s>0 = Op((fst)i>s>0); namely, it is a continuous X-CH characterized by the same
generating family. Let n,, be the n-transform of A, ;. Since n} (z) = 2X,_,(z) we have by (4.4)
atns_,tl(z)’tzs =z [_iys + / 1 * gzdps<§>:| .
Tl1—§z

Taking the derivative of the identity 775_151 (Nst(2)) = z gives Oims1(2)|1=s = —8,517;,51 (2)|t=s. Switch-
ing to the moment generating function ¢ ¢(z) = 1s:(2)/(1 — ns.(2)) we obtain

1
atl/}As,t(Zﬂt:S - (1_—22)2 |f7$ - /11‘ 1 i_ Ezdps(f)] :

Following the corresponding computations in Section 3.2 we arrive at

Y . 0 )
ot ts/Tf dAs1(§) = ot ts/Tﬁ ds(£), ne7.

Therefore our bijection between convolution hemigroups is defined so that the “generators” of
moments coincide.
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4.3. Boolean convolution hemigroups on the unit circle. The results in Section 4.1-4.2
have analogy for boolean convolution. The multiplicative boolean convolution p W v of proba-
bility measures on the unit circle was defined in [27] and was characterized by

M (2) = Nu(2)10(2), z € D.
If pis W-1ID with fT €du(&) # 0 then the boolean Lévy-Khintchine representation

(4.6) nu(2) = 7 exp <m _ /T i * Z a(df))

holds on D, where a € R and o is a non-negative finite measure on T. The measure ¢ is unique
and « is unique up to translations by 277 as in the free case. Conversely, given o € R and a
non-negative finite measure ¢ on R, there exists a ¥-ID distribution p such that (4.6) holds.
The pair («, o) is called a generating pair of p.

One can prove the following boolean analogue of Theorem 4.1.

Theorem 4.9 (Boolean Lévy-Khintchine representation for W-CHs). For a continuous W-CH
(Cs.t)t>s>0 on T there exists a unique family (au, o¢)e>o with (LK1) and (LK2) and

(4.7) Mo, (2) = 2 €xp <z’at - / 1 T Z at(d§)> : zeD, t>0.
1

Conversely, given a family (ou, 0¢)i>o satisfying (LK1) and (LK2) there exists a unique contin-
wous W-CH ((st)e>s>0 on T for which (4.7) holds. The family (cu, o¢)i>0 s called the generating
family for the corresponding continuous W-CH.

The proof is quite similar to the free case, with the help of the following facts.

Lemma 4.10. Let ((st)i>s>0 be a continuous W-CH. For every t > s > 0 the measure (s is
¥-ID and has a non-zero mean.

Proof. The proof of Lemma 4.2 works; we only need to use [47, Theorem 3.4] instead of [7,
Theorem 1.1]. O

Lemma 4.11. Let pp,,n = 1,2,3,... be W-ID distributions with non-zero mean and let
(v, 0), (an, 0) be their generating pairs respectively. Then u, converges to p weakly as n — oo
if and only if €' — € and 0, — o weakly as n — oo.

Proof. The proof is similar to Lemma 4.4. We can use [28, Lemma 2.11] instead of [10, Propo-
sition 2.9]. O

Imitating Definition 4.5 provides with a bijection between classical and boolean continuous
CHs. It is a homeomorphism by the boolean analogue of Proposition 4.7, so that the new object
of continuous W-CHs can be added to Fig. 1. The proof is similar and details are omitted.
Moreover, under some assumptions on «; and o; we can see that this bijection identifies the
time-derivative of moments of two convolution hemigroups in a way similar to Section 4.2.

4.4. Embedding of free convolution hemigroups into monotone ones. As pointed out
by Franz [26, Corollary 5.3] after the pioneering work by Biane [15], a subordination property
for free convolution yields an embedding of the set of free CHs into the set of monotone ones.
Related work can be found in [44], [28, Sections 4.7 and 5.5], [33].
Let (Ast)i>s>0 be a continuous X-CH. There exists a unique probability measure 5\87,5 such
that )
)‘O,t = A0,5 O )\s,t) 14 2 S Z 0.

The family (As:)i>s>0 forms a O-CH because each mapping . 1S univalent as a consequence

of Lemma 4.2 and [28, Proposition 7.12]. The weak continuity of (s,t) — A, is a consequence
of the representation 75 . =1 o7, and [28, Lemma 2.11] and Proposition B.1.

o

In this section we compute the generating family of (Ast)i>s>0-
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Proposition 4.12. Let (As+)i>s>0 be a continuous X-CH with generating family (o, o¢)e>0 and
let 2 be the measure on T x [0,00) associated to (o1)i>0. Then the generating family (¢, 0¢)e>o

for the continuous O-CH (/O\s,t)tzszo is given by
G —op and Gy(A) = / (5e O hos)(A)S(deds),  t>0, AeB(T).
Tx[0,t]
Proof. Let n; :=1,, = n3,,- One can see from the definition of the ¥-transform that 7;(0) =

e’=ou(T) " By the definition of the generating family for monotone CHs, we conclude that
Ooét = Q.
Assume that there are continuous functions +; and f(&,t) such that

oy :/0 s ds and o(A) = /AX[M f(&, s)dds, A e B(T).

Note that in this case we obtain Y (dédt) = f(&,t)dédt. Write ;' (2) = z exp(uy(z)), where

() = —icy + /T igz o, (dS).

After some calculus around the relation 1, ' (2) = ze**), we arrive at
1 Om(z
) (D) (2),

p(z,t) = ——-
(%) z O,m(2)

so that —zp(z,t) is the Herglotz vector field for the decreasing Loewner chain (7;)¢>o. Now we
proceed as

L+ &n(2)
1 —¢&ni(2)

1+§77t(z)_/1+wz
L—&n(z)  Jpl—wz

P, ) = —im + / fle 1) de.

Using the identity

(9 O Aor)(dw)

we arrive at

t
/ Bz, 8)ds = —icy + / { / L we oo )\073)(dw)} S(deds), =€ D.
0 Tx[0,¢] LJT

1 —wz

In view of (3.29), we obtain

(4.8) /T LW s w) = /T » l /T sz@mo,s)(dw)} S(déds).

1 —wz 1 —wz

By the inversion formula (see e.g. [46, equation (8) in Theorem IV.14, p.145] or [28, Lemma

2.8]), the measure oy is given as desired.
In the general case, we approximate a; and > by smooth functions @E"’ and measures %™
with smooth densities respectively such that aﬁ”) — «y locally uniformly and at(n) — o, weakly

for each t > 0. Let (/\g,?t))tZSZO denote the X-CH corresponding to the generating family
(n)
¢

(n)

(a ,a,g"))tzo. Since 5\(()7:;) = )\[(ﬂ) and 5\07,5 = Aoy, the family (5\07t )i>0 converges weakly lo-

cally uniformly to (5\0,15)1520 by Proposition 4.7. Therefore, we infer from Theorem 3.15 that

6" — &, weakly for each t.
We have already established in (4.8) that
1+wz - (n) / |:/1—|—’LUZ (n) }
4.9 / de," (w) = d(6e O M) (w) | 2™ (déds).
ao) [T = [ | [ o M) | 50 e

By Proposition 4.7 we know that

L+&n,om(2) - +

1 1 1

/ e d(0¢ O )\éns))(w) = 20 — oo, (2) = / =
Tl—wz ’ 1 - 577/\82)(2’) 1 —&nx,, (2) T
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uniformly for (£, s) € T x [0,¢] and a fixed z as n — co. Now, letting n tend to infinity in (4.9)

yields
1+wz / [ / 14+ wz
doy(w) = d(0g O Nos)(w) | X(d&ds),
[ irante = [ | [ o x| Sieds)
which leads to the desired conclusion again by the inversion formula. U

Remark 4.13. Recently Biane proved that (5\5775)752520 is time-homogeneous if and only if
(Xot)i>0 is a convolution semigroup of Poisson kernels or delta measures [16, Theorem 5.3].
An equivalent statement is that the generating family (¢, 0¢)¢>0 above is of the form &; = t&
and 0; = to if and only if oy = ta and o; = tch for some o € R and ¢ > 0, where h is the
normalized Haar measure on T. In this case we also have o = & and ¢ = ch.

APPENDIX A. MEASURE THEORY

This section collects basic notions and supplementary facts in measure theory. For further
basic notions, see Section 2.1.

In this appendix, let (S,d) be a polish space (= complete separable metric space), while
some results hold under weaker assumptions (for example, Propositions A.2 and A.4 hold on
any metric space S). The function

dp(o,7) =inf{e > 0:0(B) <7(B°) + ¢ and 7(B) < 0(B°) + ¢ for all B € B(5)},

where B¢ = {z € S : d(x,B) < €} as before, with the convention that d(z,0) = oo, defines
a metric, called the Prohorov metric, on the set of finite non-negative measures on S. The
Prohorov metric is compatible with the weak convergence, that is, for finite measures o, o, (n >
1) on S, o, converges weakly to o if and only if dp(o,,0) converges to 0. For the proof, the
reader is referred to [35, Lemma 4.3] or [25, Theorems 11.3.1, 11.3.3], the latter of which treats
the case of probability measures but the proofs can be easily adapted to finite non-negative
measures.

Prohorov’s theorem characterizes the relative compactness (or equivalently, sequential com-
pactness thanks to the Prohorov metric) for probability measures (see e.g. [25, Theorem 11.5.4]
or [17, Theorems 6.1 and 6.2]). It can be easily extended to finite non-negative measures. A
family F of finite non-negative measures on S is referred to as tight if for every € > 0 there
exists a compact subset K such that sup,.ro(S\ K) < . We say that F is uniformly bounded
if sup,cr0(S) < oo. By definition, if S is compact then any family of finite non-negative
measures is tight.

Theorem A.1 (Prohorov’s theorem). A family of finite non-negative measures on S is relatively
compact if and only if it is tight and uniformly bounded.

Proof. See [35, Theorem 4.2], or alternatively, using Prohorov’s theorem for probability mea-
sures, one can also give a short proof by normalizing measures by their total masses. O

The Portmanteau theorem provides a characterization of convergence of probability measures
[17, Theorem 2.1]. It can be extended to finite non-negative measures.

Proposition A.2 (Portmanteau theorem). Let o,0,,n = 1,2,3,... be finite non-negative
measures on S. The following statements are equivalent.

(1) o, converges weakly to o,
(2) for every closed subset C' of S and open subset G of S
limsup o, (C) < o(C) and liminf o, (G) > o(G),

n—oo n—oo

(3) for every Borel subset B of S such that o(0B) = 0,
o(B) = lim 0,(B).

n—oo
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Remark A.3. For probability measures, one inequality of the two of (2) implies the other. For
finite measures, only one inequality does not guarantee the convergence of the total mass, so
both inequalities are needed.

Proof. Note that any of the three statements implies that the total mass ¢,(S) converges to
o(S). Two cases are possible: o(S) = 0 and o(S) > 0. In the former case the proof is
easier, and in the latter case one can reduce the problem to probability measures by rescaling.
Alternatively, one can also modify the proof of Proposition A.4 below. The details are left to
the reader. O

A Portmanteau-type theorem also holds for vague convergence as follows. Some part is known
in [35, Lemma 4.1] but we give a complete proof for the sake of convenience.

Proposition A.4. Let p,p,,n =1,2,3,... be locally finite non-negative measures on S. The
following statements are equivalent.

(1) pn converges vaguely to p,
(2) for every open bounded subset G of S and closed bounded subset C of S

p(G) < liminf p,(G) and p(C) > limsup p,(C),

n—oo

(3) for every B € By(S) such that p(0B) =0
p(B) = lim p,(B)

n—oo

Proof. (1) = (2). For a closed bounded subset C' of S, take continuous functions fi, k =

1,2,3,... such that 1o < fr <1, fr — 1¢ pointwisely, and the supports of f; are uniformly
bounded. For example, set fi(x) =0V [1 — kd(z,C)]. Then we have

lim sup p,, (C <hmsup/fk ) dpn(zx /fk ) dp(x

n—oo n—0o0

and the dominated convergence theorem yields that the RHS converges to p(C) as k — 0.

For an open bounded subset G of S, take continuous functions gx, k = 1,2,3,... such that
0 < gr < 1g, gr — 1g pointwisely, and their supports are uniformly bounded. For example,
set gr(z) = 1 Ad(x, S\ G)*. Then

lim inf p, (G) > lim in /S o) dpn (z) = /S o) dp(x),

n—oo n—oo
and the dominated convergence theorem yields that the RHS converges to p(G) as k — oo.

(2) = (3). For every B € B,(S) such that p(9B) = 0 we have p(B) = p(B) = p(B), where B is
the interior of B and B is the closure of B. Since B is open bounded and B is closed bounded,

p(B) = p(B) < liminf p,(B) < liminf p,(B)
n—0o0 n—o0
< limsup p,(B) < limsup p,(B) < p(B) = p(B),

n—oo n—oo
so that the desired conclusion follows.
(3) = (1). The arguments follow the lines of the proof of [35, Lemma 4.1]. Let f: S — C be

a bounded continuous function with bounded support. We may assume that f > 0. Set the
notation {f >t} :={zx € S: f(z) >t} and {f =t} :={z € S : f(x) =t} for t > 0 and
| flloo :=sup{|f(x)| : x € S}. We will use the well known formula

[s@idota)= [ ot > 1y a
S [0,00)

which follows from Tonelli’s theorem applied to the function F'(z,t) := 1) (f(z) —t).
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For all ¢ > 0, it holds that 0{f >t} C {f = t}. Since J,.,{f =t} is a support of f and is
bounded, it is of finite mass with respect to p, so that there are at most countably many ¢ > 0 for
which p(0{f > t}) > 0. In particular, by the assumption (3), lim,, o, p.({f > t}) = p({f > t})
for a.e. t > 0. By a similar argument, we can find a ball B = {z € S : d(zo,z) < r} withr >0
such that {f > 0} C B and p(0B) = 0. Observe that p,({f > t}) < p.({f > 0}) < p,(B) for
all n € N and ¢t > 0, and sup,,cy pn(B) < oo since lim,, . p(B) = p(B). By the dominated
convergence theorem,

/ £(2) dpu(z) = / pulf > 1)) dt - p({f > 1)) dt = / f(2) dp(z),
S (0,11 f]l oo ] [0,]1flloo] S

as desired. ]

We close this section by proving a simple fact on the sum of measures.

Lemma A.5. Let (X, F) be a measurable space. For a sequence of measures {p;}i>1 on (X, F)
define a measure 1 := Y, i
(1) For every measurable function f: X — [0, 00] we have [, fdu = > s Iy fdui.
(2) Let g: X — C be p-integrable (or equivalently, Y.~ [y lgldu; < oo, due to (1)). Then
we have [ gdp ="~ [ gdp.

Proof. The second statement is an obvious consequence of the first one. For the first statement,

dﬂ/

take a sequence of nonnegative simple functions f, = ) ,"; an 14, such that f, T f. For every
m € N we obtain
dn oo dn
/ fdu = li_}rn Zan,ku(Ak) = li_>m ZZamkui(Ak)
X et [

m  dn m

> lim 30> anutdn) = Y [ s

i=1 k=1 =1
and hence
fdp > / Fpe

On the other hand,

oo dn [e'e) 0o
fdp = Tim om0 = i 3 [ fudm <Y [ s
which completes the proof. U

APPENDIX B. UNIVALENT MAPPINGS

Proposition B.1. Let f, f,,: D — C be univalent mappings forn =1,2,3,... such that f, — f
locally uniformly.

(1) For every compact subset K of f(ID) there exists ng € N such that K C f,(D) for all
n > ng.

(2) f1: fu(D) — D converges locally uniformly on f(D).

Proof. The first statement follows from the kernel convergence of the ranges f,(ID); see [39,
Problem 3, p.31] or [48, Theorem 6.1], the latter of which contains a detailed proof. Note
that we can choose 0 as a reference point and we may assume that f,(0) = f(0) = 0 and

'(0), £,(0) > 0 by considering [fn(2) — fn(0)]/f,(0) and [f(z) — f(0)]/f'(0).
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For the second statement, take the compact subset K of f(ID) above. There exists r € (0, 1)
such that K C f(rD) and K C f,(rD) for all n > ny. By the Lagrange inversion formula, we

have . ()
T S e

and a similar formula for f=!. The desired conclusion readily follows from those formulas. [J

dz, we K,n>ng

Theorem B.2. For a multiplicative Loewner chain (fi)i>0, we have
8alz| 41p]|=|

(B.1) ) = ) € o+ s 0<s<t €D,
uhere 110) = £(0) £1(0) = £1(0)
R 7110 76 R 271 B () B
In particular, if f/(0) > 0 for allt >0, then
82| 1 1
B2 1L A0S o (G ) 0Se st seD

Proof. Let fq := f; 1o f;. First we estimate |z — fy(2)|. By the Schwarz lemma, the inequality
|fst(2)/z] <1 holds and hence
= fst(z>

z) = ————=
a2) =T )
where ¢(0) := a + if3. Thus the Herglotz representation [39, Theorem 2.4]

4 E+ 2
q(z) =if + dp(§),
T§— %
holds for a finite measure p on T with the total mass «, which implies that

1+ |7
< .
o2 < |41+t 1

:D — {Re z > 0},

Consequently, we obtain

(B.3) o~ ful2) <2 \( +'| =+\ﬁl)

Now making use of [39, Theorem 1.6 in p.21] and (B.3) one obtains

f:(2) = fu(2)] = | fa(2) = fo(far(2)) fi(u) du
8alz| 41pl=]

-
fst(z)

< |Z_fst(2)|‘fé(0)|(1+|j) T—1zD* " 1=z

|
which implies (B.1). For the last statement (B.2), note that f.(0) = f/(0)/f.(0) > f/(0)
by the Schwarz lemma and the simple inequality (b — a)/(b+ a) < (1/a) — (1/b) holds for
O<a<b<l. O
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