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Chapter 1

Introduction

1.1 Background

Epistemic logic was invented in the 1950s and 1960s as a form of modal logic by von
Wright [60] and Hintikka [21]. In the 1980s and 1990s, it was studied extensively by
several computer scientists [8, 29]. From the point of view of logic, multi-agent epistemic
logic is a type of modal logic with a modal operator K, parameterized by agent a, where
the expression K, is interpreted as “an agent a knows that a proposition ¢ is the case.”
In multi-agent epistemic logic, K,¢ is interpreted in a relational structure called the
Kripke frame. A Kripke frame is a pair of a set of states (possible worlds) and a family
(Rq)aeagt of binary relations on the set, indexed by an agent where Agt is a set of agents.
Each state represents a possible situation and wR,v means that a state v is epistemically
possible (indistinguishable) for an agent a in a state w. Under this setting, “K,¢ is true

Y

in a state w.” is defined as “p is true in a state v for every state v satisfying wR,v,” that
is, “p is true in a state v for every state v that is epistemically possible for an agent a in a
state w.” By the nature of knowledge as understood by computer scientists, the operator

K, is usually required to satisfy the following axioms:

o (K) Ki(p =) = (Kup — Kuv) (knowledge is deductively closed or closed under

modus ponens).
e (T) K, — ¢ (a known proposition is a fact).

o (4) K, — K,K,p (if someone knows something, he/she knows that he/she knows
it).

o (5) “K,p — K,~K,p (if someone does not know something, he/she knows that
he/she does not know it).



These are collectively referred to as S5 axioms. The reason why (5) is considered valid in

computer science is described as follows:

[Flor some artificial agents, dealing with finite information, like only a finite
set P of propositional atoms and a finite set of formulas that it knows, the
truth of this axiom [the axiom (5)] may be argued (informally) like this: if
the artificial agent does not know a formula, then this formula does not follow
from the agent’s finite information, and the agent is able to detect this, so that
it knows that it does not know the formula. Also, in some cases, the validity
of the axiom follows directly from the special kind of models that is used in
applications - as in the case of using epistemic logic in distributed systems,
cf. Halpern and Moses (1990) [the paper [17]] and Meyer and van der Hoek
(1995) [the book [29]]. (]28, p.188])

As there are multiple agents, knowledge ascribed to a group of agents, not a single
agent, is conceivable in multi-agent epistemic logic, and has been an important subject
for the researchers in the field [8, 29]. The simplest group knowledge is the one called
“everyone knows.” This concept is represented by the modal operator Eg where G is
a group of agents. For example, the expression Ei,y ¢ indicates that K,p, Kyp, and
K.p are true. Another notion of group knowledge is common knowledge, which is the
most well-studied. The concept is represented by the modal operator Cg; intuitively, the
meaning of Cgp is an infinite conjunction “Eqgp A EgEqp AN EgEcEqp N ---7. That is,
common knowledge is knowledge publicly known to all the members of the group.

Another notion of group knowledge, which is the subject of this thesis, is that of dis-
tributed knowledge. In the context of epistemic logic, the notion of distributed knowledge
became known by Halpern and Moses’ [17]. Roughly speaking, distributed knowledge
is knowledge potentially held by a group. For example, suppose that an agent a knows
that if p then ¢ and suppose that an agent b knows that p. Then, the group {a,b} can
be said to potentially know ¢, which is the distributed knowledge of {a,b}. According
to Agotnes and Wang [1, Section 1], “distributed knowledge is the knowledge of a third
party, someone ‘outside the system’ who somehow has access to the epistemic states of all
the group members”. Fagin et al. [8, p. 3] provides an intuitive description of distributed
knowledge: “a group has distributed knowledge of a fact ¢ if the knowledge of ¢ is dis-
tributed among its members, so that by pooling their knowledge together the members
of the group can deduce .” At first glance, this seems clearer than the explanation by
Agotnes and Wéng described above. Agotnes et al. [1] state, however, that the aforemen-

tioned intuitive description is inappropriate in an illustrative example given in [1, Section



Formally, distributed knowledge is expressed as a modal operator Dg, parameterized
by a group of agents. Dgp holds at a state w, by the standard definition, if and only if:
v holds at all states v such that v can be reached in a single step from w for all agents in
G, that is, wR,v for all agents a € G.

Contrary to what the name suggests, distributed knowledge is generally not distributed
in a group GG under the aforementioned definition, in the sense that a proposition ¢ cannot
always be deduced from pieces of knowledge owned by each member of G, even when Dgp
is true. This is expressed by van der Hoek et al.’s [58], in their own words, as “the principle

> van der Hoek et al. and

of full communication does not hold for distributed knowledge.’
Gerbrandy [58, 14] present sufficient conditions for the Kripke model for the principle of
full communication to be valid, and Roelofsen [44] presents the necessary and sufficient
condition.

For the completeness theorem, which is an important type of theorem in logic which
assures that the notion of validity in semantics and the notion of provability in proof
theory are logically equivalent, the literature [7, 56, 18, 57, 8, 29, 14, 61] are known.
Recently, Wéng and Agotnes [62] provide a new detailed proof of the completeness of
epistemic logic with distributed knowledge.

We describe more direct background for the content of this thesis below. So far, the
study of distributed knowledge is mainly model-theoretic [1, 44, 14, 58]; proof-theoretic
studies have not been pursued actively. In modern logic, the study of proof theory is
conducted mainly using the proof system called “sequent calculus.” In sequent calculus,
one can express an inference between “sequents”. A sequnt is a pair of finite multi-
sets of formulas I' and A denoted by “I' = A" which reads as “if all formulas in T’
hold then some formulas in A hold.” To the best of the author’s knowledge, the existing
sequent calculi for logic with distributed knowledge are presented only in [16, 39, 15]. The
first one by Hakli and Negri [16] contains a natural G3-style (without structural rules)
formalization, in which each formula has a label designating the state where the formula
holds. The second one by Pliuskevicius and Pliuskeviciené [39] contains a Gentzen-style
sequent calculus for S4 distributed knowledge logic which is simpler than the one we are
interested in, in that the operator is not parameterized by group . The third one by
Giedra [15] contains Gentzen-style and Kanger-style sequent calculi for S5 distributed
knowledge logic with the same type of operator as the second one.

Moreover, epistemic logic as a whole has been studied mainly in the classical setting,
whereas several types of intuitionistic epistemic logics have been proposed from different

perspectives. Several philosophical logicians have proposed intuitionistic epistemic logics
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[63, 42, 3] to analyze Fitch’s knowability paradox [9], from the verificationist perspective.
Another type of intuitionistic epistemic logic [22] is proposed for the analysis of distributed
computing in the sense of [20, 45]. The intuitionistic aspect of the logic is required
to describe the property of asynchronous communication among agents in distributed
computing.

Jager and Marti [23] formulate intuitionistic epistemic logic with distributed knowl-
edge for the first time, to the best of the author’s knowledge, and prove the semantic
completeness of Hilbert systems of intuitionistic K and KT with distributed knowledge.
A formula of the logic is interpreted in the Kripke model with a preorder =< for the
intuitionistic aspect of the logic and relations (R;)1<;<; for agents ag; - - - ag;, where a con-
dition <; R; C R; is satisfied for each i. Here, the composition R;S of relations R and
S is defined as R;S := {(x,z) | there exists y such that xRy and ySz}. In the proof
of the semantic completeness, a notion of “pseudo-model,” where distributed knowledge
operators are interpreted as plain modal operators, is used as in the standard proof of the
semantic completeness of the epistemic logic with distributed knowledge based on clas-
sical logic. However, the way a pseudo-model is transformed into an intended model is
different from the standard proof where the transformation is conducted via an operation
of “tree unraveling”. Instead of tree unraveling, Jéager and Marti introduce an operation
called “strict extension” [23, Definition 4.4] which transforms a given pseudo-model into
another pseudo-model by indexing the set of states of the original pseudo-model by the
relations of the original pseudo-model. Relations in the strict extension are defined such
that the intended model, equivalent to the strict extension, can be constructed from the
strict extension. Aside from [23], Su et al. [50] also develop intuitionistic epistemic logic
with distributed knowledge, although their logic is based on the system IEL [3], which is
quite different in its sprit from the basic epistemic logic introduced in Section 1.3.

Recently, dynamic epistemic logic has played a significant role in the study of epistemic
logic. It is used to study changes in agents’ knowledge caused by an event or action. Public
announcement logic [38], through which one can express the change in agents’ knowledge
caused by the truthful public announcement of a proposition, is the simplest dynamic
epistemic logic [59]. It can be used to analyze problems in which the influence of publicly
conducted announcements or publicly observed actions on agents’ knowledge matters,
such as in the Muddy Children Puzzle [59, Section 4.10].

Since [38], many expansions and variants of public announcement logic have been
studied. Public announcement logic based on intuitionistic logic [25, 4, 32] is one of
such studies. According to [25], intuitionistic public announcement logic can be useful

when dealing with changes in constructive knowledge. They expand the intuitionistic
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modal logic IK [47, 48] and MIPC [41] with public announcement operators. Public
announcement logic expanded with distributed knowledge has also been studied [19, 61,
10]. [61] develops a public announcement logic with distributed knowledge PAD and a
public announcement logic with distributed knowledge and common knowledge PACD,
which are based on S5 epistemic logic, establishes the completeness of the logics, and
examines the expressivity and computational complexity of the logics.

However, public announcement logic with distributed knowledge based on intuitionistic

logic has not yet been studied.

1.2 Contributions

1.2.1 Sequent Calculus of Distributed Knowledge

In Chapter 2, Gentzen-style sequent calculi (without label) are proposed for five kinds
of multi-agent epistemic propositional logics with distributed knowledge operators, pa-
rameterized by groups, which are reasonable generalization of sequent calculi for basic
epistemic (modal) logic. The cut elimination theorem for four of them is further proved.
Using the method described in [26], the Craig interpolation theorem is also established
for the four systems, in which not only the condition of propositional variables but also
that of agents is considered. This is a new result for logic on distributed knowledge, as
far as the author knows. The Craig interpolation theorem does not hold for some expan-
sions of basic modal logic [53]. Thus, the result suggests that the logics with distributed

knowledge are “good” expansions of basic modal logic in this sense.

1.2.2 Distributed Knowledge over Intuitionistic Logic

In Chapter 3, intuitionistic epistemic logics with distributed knowledge are developed
based on [23]. Our logics are different from the one in [23] in the following respects:
First, in our logics, the distributed knowledge operator is parameterized by a group,
that is, a subset of all agents, whereas [23] deals with only the distributed knowledge of
all agents. Second, we handle more axioms than in [23] in proposing intuitionistic K,
KT, KD, K4, K4D, and S4 with distributed knowledge. One point to note here is
that axioms (K), (T), and (4) in our logics are simply a Dg-versions of the respective
axioms in the basic modal logic. However, our axiom (D) is restricted to a single agent
(i.e., mDyqyL). This is because the seriality for each R, is generally not preserved under
taking teh intersection among a group (refer to [2]), whereas reflexivity and transitivity

are always preserved. For proof of the semantic completeness, the method based on the
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concept of tree unraveling (of a pseudo-model) is adopted, unlike [23]. This is because
it is not obvious if the method using “strict extension” in [23] can be generalized to the
logic with distributed knowledge that is parameterized by group. Our method is similar
to the one in [62], in that there is no “folding” step which is included in the completeness
proofs in e.g., [7, 61]. Moreover, we also show the semantic completeness with respect to
more restricted classes of Kripke frames than the ordinary one, which are characterized
by the notion of “stability.” A Kripke frame F' = (W, <, (Ry)aenagt), Where a preorder < is
included for the intuitionistic aspect of the logic in question, is called stable if <; R, C R,
and R,; <C R, hold for any a € Agt (this is equivalent to <; R,; <C R). This notion of
stability is adopted from [46, 49] by Sano and Stell, and Stell et al. In their work, stability
is introduced in the context of defining a binary relation on hypergraphs. The same notion
is also studied in Wolter and Zakharyaschev’s [64] as O-frame, in order to define a natural
Godel transformation from an intuitionistic modal logic to a classical-logical poly-modal
logic. In our study, the notion of stability is introduced because Kripke frame should be
stable in order for the intuitionistic public announcement logic with distributed knowledge
introduced in Chapter 4 to be sound. To show this, first we prove the strong completeness
with respect to the suitable class of frames including nonstable ones, by constructing a
model called “tree unraveling.” Then, we make the tree unraveling model stable by the
operation called stabilization. Notably, the operation of stabilization is compatible with
tree unraveling by certain property of it (Proposition 3.42). In addition, cut-free sequent
calculi are proposed for our logics, based on the idea introduced in Chapter 2 and the
Craig interpolation theorem is proven using Maehara’s method [26, 35]. The decidability
of the sequent calculi are further established by the standard argument [11, 12] on a

cut-free derivation of a sequent, whereas [23] does not show this for their Hilbert systems.

1.2.3 Public Announcement with Intuitionistic Distributed Knowl-

edge

In Chapter 4, intuitionistic public announcement logics with distributed knowledge are de-
veloped based on the intuitionistic epistemic logics with distributed knowledge developed
in Chapter 3. The intuitionistic epistemic logics with distributed knowledge developed in
Chapter 3 are expanded with a public announcement operator except the ones having the
axiom (D) and its semantic strong completeness is proved by a standard argument using
a reduction axiom [59]. Note that a reduction axiom for the distributed knowledge is not
sound for the class of all frames, which are defined to enjoy the condition <; R, C R,.

This means that we must restrict our attention to a subclass of frames. As mentioned
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earlier, the condition for the restriction is called “stability.”

By naturally transforming the reduction axioms into inference rules, sequent calculi of
the logics are also developed, and the cut-elimination and Craig interpolation theorems
are proved. The inductive proof of the cut-elimination theorem is made possible by
using the complexity function for a formula, which is introduced in the argument of the
completeness proof, as a measure for cut formula, instead of the ordinary complexity
measure used in the cut-elimination theorem for other logics.

In the following three sections, the commonly known definitions and facts that form

the basis of this study are summarized.

1.3 Basic Epistemic Logic

In this section, the standard multi-agent epistemic logic is explained. The logic introduced
is essentially the same as basic modal logic with an operator [J because we only consider

knowledge of single agent here. The description is based on [6, 8, 59].

1.3.1 Language

We denote by Agt a finite set of agents. We call a nonempty subset of Agt “group” and
denote it by G, H, etc. Let Prop be a countable set of propositional variables and Form

be the set of formulas defined inductively by the following clauses:
Form> g u=peProp| L |—¢| v — ¢ | Kup.

It is noted that A and V are defined in the same way as in the classical propositional logic.
That is, ¢ A == =(p — =) and ¢ V¢ = =p — . We also define T as L — 1. We
define AT = A
VTI':=\V e for a finite nonempty set I' of formulas, and \/ 0 == L.

o ¥ for a finite nonempty set I' of formulas, and A () .= T. We define

1.3.2 Kripke Semantics

We introduce Kripke semantics for multi-agent epistemic logic here. Let W be a possibly
countable set of states, (Rq)aecagt be a family of binary relations on W, indexed by agents,
and V' be a valuation function Prop — P(W). We call a pair F' = (W, (R,).cagt) a frame
and a tuple M = (W, (R,)acagt, V) a model. For a model M = (W, (Ry)acagt, V) and a
state w € W, a pair (M, w) is called a pointed model. Satisfaction relation M,w = ¢ on
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pointed models and formulas are defined recursively as follows:

M,wEp iff we V(p),

M,wlE L Never,

M, w = —¢ iff M, w [~ o,

MwEe—¢ it M wpepor M,wkE,

M,wE Ky iff forallve W, if (w,v) € R, then M, v = ¢.

Given a frame F' = (W, (R, )qeagt), We say that a formula ¢ is valid in F' (notation: F' |= )
if (F,V),w | ¢ for every valuation function V' and every w € W. Moreover, a formula ¢
is valid in a class IF of frames (notation: F I ¢) if F' |= ¢ for every F' € F. Let us say that
a set I' of formulas defines a class F of frames if, for every frame F', F' € F is equivalent
to: F' = ¢ for all ¢ € T'. Based on the notion of satisfaction, the relation of semantic

consequence is defined as follows.

Definition 1.1 ([6, Definition 1.35]). A formula ¢ is a semantic consequence of I in a
frame class I if for all frame F' € F, a valuation V on F, a state w € |F|, if (F,V),w T,
then (F,V),w = ¢, where “(F,V),w = A” means that (F,V),w | ¢ for all » € A. We
write it as “T" =p ¢”.

1.3.3 Hilbert Systems

We review the known Hilbert system for epistemic logics with K, operators. Hilbert

system H(K) is defined as in the following table.

Hilbert System H(K)

(Taut) all instantiations of propositional tautologies
(K) Ka(@ — @b) - (Ka(vp — Ka@b)

(MP)  From ¢ — v and ¢ infer ¢

(Nec)  From ¢ infer K,p

Additional Axiom Schemes

(T) Ko — ¢

(D) -K,L

(4) K.p — K, K,
(5) Ko = Ko Kqp

Definition 1.2. Let X be a set and R C X x X. The binary relation R is:

o reflerive if wRw for any w € X.
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e serial if for any w € X, there exists v € X such that wRv.
e transitive if wRv and vRu jointly imply wRu for any w,v,u € X.
e Fuclidean if wRv and wRu jointly imply vRu for any w,v,u € X.

For additional axioms schemes, we note that (T), (D), (4) and (5) define the class
of reflexive, serial, transitive and Euclidean frames, respectively (here, e.g., a “reflexive”
frame means that R, is reflexive for all agents a € Agt). Hilbert systems H(KT), H(KD),
H(K4), H(K4D), H(S4), and H(S5) are defined as axiomatic expansions of H(K) with
(T), (D), (4), (4) and (D), (T) and (4), and (T) and (5), respectively). In any axiom
system H(X) (X € {K, KT, KD, K4, K4D, S4,S5}), (MP) and (Nec) is called “inference
rule” and the rest are called “axioms”. The notion of proof and provability is defined as

follows.

Definition 1.3 ([59, Definition 2.17]). Let ¢ be a formula. A proof for ¢ within H(X) is

a finite sequence (y;);" of formulas such that
1. om = .
2. every ; in the sequence is

(a) either an instance of one of the axioms

(b) or else the result of the application of one of the inference rules to one or more

formulas in the sequence that appear before ;.

A formula ¢ is provable in H(X) (notation: Fyxy ¢) if there exists a proof for ¢ within
H(X).

We also define derivability relation between a set I' of formulas and a formula ¢ as

below.

Definition 1.4 ([6, p.36]). A formula ¢ is derivable from I' in a logic X if Fyxy AT" — ¢

7

for some finite set I which is a subset of I'. We write it as “I" Fyx) ¢”.

We introduce a class of frames corresponding to each logic, in order to state soundness

of our axiomatization.
Definition 1.5. A class of frames F(X) is defined as follows:
e F(K) is the class of all frames.

e F(KT) is the class of all frames such that R, is reflexive (a € Agt).
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e [F(KD) is the class of all frames such that R, is serial (a € Agt).

e F(K4) is the class of all frames such that R, is transitive (a € Agt).

F(K4D) is the class of all frames such that R, is transitive and serial (a € Agt).
e [F(S4) is the class of all frames such that R, is reflexive and transitive (a € Agt).
e [F(S5) is the class of all frames such that R, is reflexive and Euclidean (a € Agt).

For Hilbert systems H(K), H(KT), H(KD), H(K4), H(K4D), H(S4), and H(S5), the

following soundness and completeness results hold.

Theorem 1.6 (soundness, [6, p.193]). Let X be any of K, KT, KD, K4, K4D, S4, and
S5. If Fux) ¢, then F(X) = ¢.

Theorem 1.7 (strong completeness, [6, Theorem 4.23, 4.27, 4.28, 4.29]). Let X be any
of K, KT, KD, K4, K4D, S4, and S5. Then, if I Frx) ¢, then I' Fyx) .

1.3.4 Sequent Calculi

We describe the sequent calculus of the basic epistemic logic, obtained by expanding the
sequent calculus LK [11, 12] of classical propositional logic. We refer to [35, 52, 40].

A sequent is a pair of finite multi-sets of formulas I' and A denoted by “I" = A”,
whose reading is “If all formulas in I" hold then some formulas in A hold.” If I' = (),
“= A” means “Some formulas in A hold (without assumptions).” If A = (), “T' ="
means “Assuming that all formulas in I hold leads to a contradiction.” Let X be any of
K, KT, KD, K4, K4D, S4, and S5. We denote by G(X), the sequent calculus consisting
of axioms, structural rules, propositional logical rules, and logical rules for K, of X in
Table 1.1 [52]. We note that when n = 0, e.g., in the rule (K) of Table 1.1, the multi-set
is regarded as the empty multi-set and that K,I' .= {K,p | p € T'}.

A sequent I' = A is derivable in each calculus G(X) if there exists a finite tree of
sequents, whose root is I' = A and each node of which is inferred by some rule (including
axioms) in G(X). We write it as Fgx) I' = A. It is well-known that for each logic X,
the provability of formula (or sequent) is equivalent between H(X) and G(X).

Theorem 1.8 (Equipollence). Let X be any of K, KT, KD, K4, K4D, S4, and S5.
Then, the following hold.

1. If |_H(X) @, then Fg(x):> .

2. Iftexy I' = A, then byxy AT = VA, where AO =T and \/ 0 = L.



Table 1.1: Sequent Calculi for K, KT, KD, K4, K4D, S4, and S5
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Axioms

(1d) 7= (L)

Y=

Structural Rules

= A = A I'= A p, o, = A
= (= w) i( ) —W(jc) L(C

= A o, I'=A = A o, I'=A
F'=Ap ¢ll=X%
TnoaAy  (Cul)
Propositional Logical Rules
o, = A = Ap
= A - (=-) ﬂgo,F:>A(ﬁ:>)

o, = A1) (=) ' = Ap ¢7F2:>A2(
F'=Ap—=19Y o — P, ', Ty = Ay, Ay

Logical Rules for K, of K

—=)

D1yeees P =
Kaprs. . Kopn = Koir 0

Logical Rules for K, of KT

Olye oy P = U (K) o, '= A
Koo1,..., Kopp = K K., I'= A

Logical Rules for K, of KD

9017"'79071:7#} I'=
Koo, ..., Kopn = Kt (K) (Kkp)

Logical Rules for K, of K4

Wl;'--ygpn;Ka@h-”;Kagpn:>¢

Kopr, . Kapn = kg (7 Fxa)
Logical Rules for K, of K4D
()017"'7()0n7Ka9017"-7Ka()0n:>w F7[(aF:>
Kopr, . Kaon = Koo (7 Bxa) = (5 Kxap)
Logical Rules for K, of S4
Kop1, ..., Kopp = o, I'= A
Koo Ko, o R0 7 Ksa) oA (B=)
Logical Rules for K, of S5,
Ka@la---aKagpn:>Ka¢17~-'7Ka¢m7X <:> KS5)

Ka901, CIRC) Ka(pn = Kawly EIRC) Kawm; KaX

o, I'= A

Kool oA K=
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For the logics except S5, we can show the cut-elimination theorem, which is regarded

as an important theorem concerning sequent calculi.

Theorem 1.9 (Cut-Elimination, [52, Corollary 2.4]). Let X be any of K, KT, KD, K4,
K4D, and S4. Then, the following holds: If Fgxy I' = A, then Fg-(x) I' = A, where
G (X) denotes a system “G(X) minus the cut rule”.

The cut elimination theorem does not hold for G(S5), because the application of
(Cut) rule in the following derivation cannot be eliminated, as pointed out by Onishi and

Matsumoto in [33, footnote 3 on p.116].

Id
p=0Dp ([d) Ka_‘p:>Ka_‘p (<:3 _|>
p,p = (_(\[?L) = _‘Ka_‘pa Ka_‘p (:> K. )
Ka_‘p7p:> <:> ) :>Ka_‘Ka_‘p7 Ka_‘p ( :>§5D
—K,— K, p = K,—K,—p
D= a P aP = I, a P (C’ut)

p= K,—K,—p
= p— Ka—\Ka—'p

(=—)

Based on the cut-elimination theorem, Craig interpolation theorem can be shown by the

method developed by Maehara [26, 35].

Theorem 1.10 (Craig Interpolation Theorem, cf. [35, Thorem 41]). Let X be any of
K, KT, KD, K4, K4D, and S4. Given that Fgx) ¢ = ¥, there exists a formula x

satisfying the following conditions:
1. Fgx) ¢ = x and Fgx) X = ¥.

2. Prop(x) < Prop(y) N Prop(v)).

1.4 Public Announcement Logic over Basic Epistemic
Logic
We describe the standard public announcement logic here. The description is based on

(59, 5].

1.4.1 Language

We expand the syntax of the basic epistemic logic with the public announcement operator

and define the set of all formulas of the expanded syntax as:

Form™ s pu=p|L|~p|o—¢| Ko | [ple,
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p

p
a
L a
GO0 , @
£
Figure 1.1: M, and M?,

where p € Prop.

1.4.2 Kripke Semantics

Definition 1.11 ([59, Definition 4.7]). Let M = (W, (R4)acag, V) and ¢,¢ € Form™®.

The satisfaction relation M, w |= ¢ is defined as the basic epistemic logic except:

Mw = [ply iff M,w = @ implies M?, w = 1),

where M¥ = ([¢]um, (R?) V*?) (a model updated from M by ) is defined as follows:

ac€Agt )’

o [plar ={weW|MuwE e},
o R7 = RN ([elmr % [¢]m),
o V¥(p) = V(p) N lelu

Intuively speaking, the operation (—)? means “the publicly conducted act of elimi-
nating the possibility of ¢’s being false”. Therefore, by this operation, agents can know

more. It is easy to show the following.

Proposition 1.12 ([5, Public Announcement Closure Theorem|). Let M = (W, (R, )aengt, V)

and ¢ € Form™. If R, is reflexive (transitive, or Euclidean), then so is R,

This proposition assures us that the operation (—)? is well-defined on reflexive (transitive,

or Euclidean) model.

Remark 1.13. Seriality is not preserved under (—)?. A counterexample is depicted in
Figure 1.1. The model M, on the left is defined as: My, = ({w,v}, R,, V), where
Agt = {a}, Prop = {p}, R, = {(w,v), (v,v)}, and V(p) = {w}. The model Mj,, is serial,
but M?, on the right is not because R = (). Hence, the corresponding axiom (D) is not

in consideration below.

The notion of semantic consequence is defined the same as the basic epistemic logic.



20

1.4.3 Hilbert Systems

The axioms in Table 1.2 are for the expansion with the public announcement operator.
For X € {K,KT,K4,S4,S5}, we call the axiom system expanded from H(X) by all the
axioms in Table 1.2, H(X)™. The notions of proof, provability, and derivability are defined

in the same way as H(X).

Table 1.2: Axioms for Public Announcement Operator

(Ip)  [elp < (¢ = p) (L) [plL < (p—1)
(7)) el & (v = 2le]¥) (1 =) el = x) < ([l — [¢]x)
(1K) [plKap < (0 — Ka[plv) (1) [pll¥]x < [o A [eld]x

Proposition 1.14 ([59, Proposition 4.22]). The axioms in Table 1.2 are valid with respect

to the class of all frames.
Hence, we have the soundness theorem for H(X)*.

Theorem 1.15 (soundness, [59, Theorem 4.51]). Let ¢ € Form™. If byx)y+ @, then

Proof. Obvious from Theorem 1.6 and Proposition 1.14. O]

Theorem 1.16 (strong completeness, cf. [59, Theorem 7.26]). Let X be K, KT, K4, or
S4 and T U {¢} C Form™. If T lkpx) ¢, then T Fyx)+ .

Proof. Obvious from the reduction technique described in [59, Section 7.4] and Theorem

1.7. O

1.5 Intuitionistic Logic

We describe intuitionistic propositional logic here. The description is based on [55, 35].

1.5.1 Language

Let Prop be a countable set of propositional variables and Form be the set of formulas

defined inductively by the following clauses:

Fomspu=p|L|lo—=0|oAp|pVe,

where p € Prop. We define -p as ¢ —+ L and T as L — L.
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1.5.2 Kripke Semantics

We introduce Kripke semantics for intuitionistic logic.

Definition 1.17 (frame, model, satisfaction relation). A tuple F' = (W, <) is a frame if:
W is a set of states, and < is a preorder on W. A pair M = (F,V) is a model if F' is a
frame, and a valuation function V': Prop — P (W) satisfies the heredity condition, i.e., if
w € V(p) and w < v, then v € V(p). We denote an underlying set of states of a frame
F or a model M by |F| or |M|. For a model M = (W, <, V) and a state w € W, a pair
(M, w) is called a pointed model. Satisfaction relation M, w I+ ¢ on pointed models and

formulas is defined recursively as follows:

M, wl-p iff we V(p),

M, wl- L Never,

M, wlFp — it forallve W, if w<vthen M,vIf ¢ or M,v I,
MwlFpAy it M,wl-pand M,w -y

MwlFevey it Mwl-por M,wl-

The property of heredity is carried over to any formula.
Proposition 1.18 (heredity, [55, Lemma 6.3.4)). If M,w IF ¢ and w < v, then M, v |- .

Given a frame F' = (W, <), we say that a formula ¢ is valid in F' (notation: F'IF ¢)
if (F,V),w Ik ¢ for every valuation function V' and every w € W. Moreover, a formula ¢

is valid (notation: IF @) if F'IF ¢ for any frame F'.

Definition 1.19 (semantic consequence, [55, p.168]). A formula ¢ is a semantic conse-
quence of I if for all frame F', a valuation V on F', a state w € |F|, if (F,V),w IF T, then
(F,V),wlF . We write it as “T" IF ¢”.

1.5.3 Hilbert System

Table 1.3: Axioms and Rules for H(Int)
Axioms and Rules for Intuitionistic Logic

k) =@ —=9) (he1) (pAY) =

(s) (p=@W—=>x)=>(p=v)=(p—=Xx) (Aex)) (pAY) =

(Vi) @ — (pV ) (A) o= (= (pAY))

(Viz) ¢ — (¢ V) (L) L=

(Ve) (0—=x) = (¥ —=x)—=((¢Vy)—=x) (MP) From ¢ and ¢ — v, infer ¢
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The Hilbert system H(Int) for propositional intuitionistic logic is constructed from

axioms and rules shown in Table 1.3. Derivability is defined as follows.

Definition 1.20. Let I' U {¢} be a set of formulas. A proof for ¢ from I' within H(Int)

is a finite sequence (¢;)}" of formulas such that

1. om = .
2. every (p; in the sequence is
(a) either an instance of one of the axioms

(b) or a member of '

(¢) or else the result of the application of the inference rule (MP) to two formulas

in the sequence that appear before ;.

A formula ¢ is derivable from T' in H(Int) (notation: I' Fyme) ) if there exists a proof
for ¢ from I' within H(Int).

We have the following theorems.
Theorem 1.21 (soundness, [55, Theorem 6.3.6]). If Fyant) @, then |- .

Theorem 1.22 (strong completeness, [55, Theorem 6.3.10]). IfI' IF ¢, then I' Fyng) ¢-

1.5.4 Sequent Calculus

A sequent of the sequent calculus LJ [11, 12] for propositional intuitionistic logic is a pair
of finite multisets of formulas I' and A denoted by “I' = A”, where #A < 1. Here #X
denotes the number of elements in the multiset . A sequent I' = A is derivable in LJ
if there exists a finite tree of sequents, whose root is I' = A and each node of which is
inferred by some rule (including axioms) in LJ. We write it as Fry I' = A.

We note that H(Int) and LJ are equipollent in the following sense.

Theorem 1.23 (Equipollence, [54, Theorem 2.4.2, 3.3.1]). 1. If Fyant) @, then Fry= .
2. If by I'= A, then Fyany AT = VA, where A\@ =T and \/ @ = L.

We have the cut-elimination theorem for LJ.

Theorem 1.24 (Cut-Elimination, [13, ‘Hauptsatz’ in p.38], [35, Theorem 2]). Iftpy ' =
A, then Fpy- I' = A, where LI~ denotes a system “LJ minus the cut rule”.

We also have the Craig interpolation theorem by the Machara method [26, 35].
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Table 1.4: Sequent Calculus LJ

Axioms

(1d) 7= (L)

Y=

Structural Rules

I'=>

= A o, 0= A
F:>g0(:>w) go,F:>A(w ) o, I'=A (c=)
I'= e @,Héz(cut)

T = Y

Propositional Logical Rules

o, ['= 1 Ni=¢ ¢,I=A
rsooo ) oo noa 07

I'= ¢ F:Mp( ) o, ['=A (A =1) v, I'= A
=AY e AN, T = A e AN, T = A

I'= 1 I'=vy o o, I'=A Y T'= A

(A =7)

Theorem 1.25 (Craig Interpolation Theorem, [35, Theorem 35]). Given that Fry ¢ = 1,

there exists a formula x satisfying the following conditions:
1. Fry o= x and Fry x = .

2. Prop(x) C Prop(y) N Prop(v)).
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Chapter 2

Proof Theory of Distributed
Knowledge

This chapter is organized as follows. Section 2.1 provides the necessary preliminaries
of distributed epistemic logics. We fix our language and give semantic definition of a
distributed knowledge operator Dg. We also introduce the known Hilbert system of
epistemic logics with distributed knowledge. In Section 2.2, we propose Gentzen-style
sequent calculi for the logics defined in Section 2.1. We also establish the equipollence
results between the sequent calculi and the Hilbert systems introduced in Section 2.1
(Theorem 2.3). In Section 2.3, we prove our main technical results, Cut Elimination
Theorem (Theorem 2.4) and Craig Interpolation Theorem (Theorem 2.9).

The author’s contribution is as follows. The sequent calculus for Kp was constructed
by the author’s supervisor, Katsuhiko Sano. The author constructed the sequent calculi
for KTp, K4p, and S4, under the advice of his supervisor and the sequent calculus for
S5p by himself. The author proved the cut elimination theorem and Craig interpolation
theorem for Kp, KTp, K4p, and S4p.

The content of this chapter is based on [30].

2.1 Overview of Epistemic Logics with Distributed
Knowledge Operators

2.1.1 Language

We denote a finite set of agents by Agt. We call a nonempty subset of Agt “group” and

denote it by G, H, etc. Let Prop be a countable set of propositional variables and Form
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be the set of formulas defined inductively by the following clauses:
Forms o :=p|L]|—¢| ¢ = ¢ | Dayp,

where p € Prop and G is a group. It is noted that A and V are defined in the same way as
in the classical propositional logic. That is, ¢ A ¢ = =(¢ — =) and ¢ V ) = =p — .
We also define T as 1. — L. We also define the epistemic operator K,p (read “agent
a knows that ¢”) as Dy,¢. As noted above, an expression of the form Dy is not a

well-formed formula, since we have excluded () from our definition of groups.

2.1.2 Kripke Semantics

We introduce the ordinary Kripke semantics for multi-agent epistemic logic here. Let
W be a possibly countable set of states, (R,)ascage be a family of binary relations on
W, indexed by agents, and V be a valuation function Prop — P(W). We call a pair
F = (W, (Ry)acagt) a frame and a tuple M = (W, (R,)qcaet, V') @ model. For a model
M = (W, (Rq)aengt, V) and a state w € W, a pair (M,w) is called a pointed model.
Satisfaction relation M, w |= ¢ on pointed models and formulas are defined recursively as

follows:

M,wkE=p it weV(p),

M,wlE L Never,

M,w = —¢ iff M,w - o,

MwEe—¢ it Mwlpor M,wkE 1,

M,w = Dgp iff forallve W, if (w,v) € (,cq Ra then M,v = .

It is noted from our definition of K,p := Dy, that the satisfaction of K,p at a state w

of a model M is given as follows:
M,wE K,p iff forallve W, if (w,v) € R, then M,v = ¢.

Given a frame F' = (W, (R, )aeagt), We say that a formula ¢ is valid in F' (notation: F' |= )
if (F,V),w | ¢ for every valuation function V' and every w € W. Moreover, a formula
¢ is valid in a class F of frames if F' | ¢ for every F' € F. Let us say that a set I of
formulas defines a class F of frames if, for every frame F, F' € F is equivalent to: F' = ¢

for all ¢ € I'.
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2.1.3 Hilbert Systems

We review the known Hilbert system for epistemic logics with D¢ operators (cf. [8]).

Hilbert system H(Kp) is defined as in the following table.

Hilbert System H(Kp)

(Taut) all instantiations of propositional tautologies
(Incl)  Dgy — Dy (G C H)

(K)  Dale = ¢) = (Dap = Dat))

(MP)  From ¢ — ¢ and ¢ infer ¢

(Nec)  From ¢ infer Dgo

Additional Axiom Schemes
(T)  Dgy—¢
) Dep — DaDey
(5) “Dgyp = De=Day

For additional axioms schemes, we note that (T), (4) and (5) define the class of reflexive,
transitive and Euclidean frames, respectively (here, e.g., a “reflexive” frame means that
R, is reflexive for all agents a € Agt). Hilbert systems H(KTp),H(K4p), H(S4p), and
H(S5p) are defined as axiomatic expansions of H(Kp) with (T), (4), (T) and (4), and
(T) and (5), respectively). Given any Hilbert system X above, the notion of provability
is defined the same as Definition 1.3.

For Hilbert systems H(Kp), H(KTp), H(S4p) and H(S5p), the following soundness
and completeness results are known [8, 62] (we cannot find any explicit reference on

H(K4p), private communication by Thomas Agotnes).

Fact 2.1 ([8, Theorem 3.4.1], [62, Theorem 15]). Each of Hilbert systems H(Kp), HKTp),
H(S4p) and H(S5p) is sound and complete with regard to the class of frames defined by

additional axiom schemes.

2.2 Sequent Calculi

A sequent is a pair of finite multi-sets of formulas I' and A denoted by “I' = A”, whose
reading is “if all formulas in I" hold then some formulas in A hold.” We now propose our
sequent calculi for the logics for distributed knowledge as in Table 2.1. Axioms, structural
rules and propositional logical rules are common to LK [11, 12] and the rest are new. We
note that when n = 0, e.g., in the rule (D) of Table 2.1, the multi-sets {1, ..., ¢, } and
{Dg,¢1,...,Dg,n} are regarded as the empty multi-set and J._, G; = J0 = 0. A
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Table 2.1: Sequent Calculi for Kp, KTp, K4p, S4p, and S5p

Axioms
(1d) 1= )

Y=

Structural Rules

I'= A, o, o, = A
M( w) @(wé) —W(:>c) L(c:ﬂ

= Ap o, I'=A = A o, I'=A
'=A¢0 oll=X%
Fo Ay (U
Propositional Logical Rules
o, '= A I'= A
FoA-p 77 =A™

907F:A7¢ ($_>) FI:AI;QO ¢7F2:A2(
F:>A7%0_>w ()0—>77/}7F17F2:>A17A2

Logical Rules for Dg of Kp

p1-sen =% (U Gi €G)

—=)

D
DG1¢17--~7DGn90n:>DG"7Z) ( )
Logical Rules for D of KTp
o1, en=v (UL, Gi €G) o,['= A
D D ) D) popr=a P=)
G1¥P1, - VG, Pn = G¢ G, =
Logical Rules for Dg of K4p
Py Pny DG1Q01, o 7DGn<IOTL = w (Uz‘:l GZ C G) (:> DK4D)
DG1g01, e DGngpn = Dg’gb
Logical Rules for D of S4p
D s, D n = " G, CG
G111 Gn ¥ v (Uimy ) (= DS4n) o, I'=A (D =)
Dlel,...,DGn@niDgﬁ/) DGgO,F:>A

Logical Rules for Dg of S5)
DG1¢17 s 7DGn§0n = DH1¢17 .. 'aDHm¢m;X (U?:l G’L U U;n:l Hj g G)
DGlSolw--yDGnSOn = Dlelw“aDHmwmaDGX

o, '=A
DGgo,F:>A

(= DS5»)

(D =)
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sequent I' = A is derivable in each calculus G(X) if there exists a finite tree of sequents,
whose root is I' = A and each node of which is inferred by some rule in G(X). We write
it as Fgx) I' = A. We introduce a notion of “principal formula” for a proof described
later. A principal formula is defined for each inference rule, except for the axioms and
(Cut) rule and is informally expressed as “a formula, on which the inference rule acts”.
A principal formula of the structural rules, the rules for — and the rule (D =) is a
formula appearing in the lower sequent, which is not contained in I', A, 'y, 'y, Aq, or As.
A principal formula of the rules for D¢ operator other than (D =) is every formula in

the lower sequent.

Remark 2.2. The idea underlying the rule (D) is similar to that of an inference rule
called “R12” described in [43, section 4]. Sequent calculi G(KTp),G(K4p), G(S4p), and
G(S5p) are constructed based on the known sequent calculi for KT, K4,S4, and S5,

respectively (the reader is referred to subsection 1.3.4).

We note that for any epistemic logic X with distributed knowledge under considera-
tion, H(X) and G(X) are equipollent in the following sense, and hence that each system

G(X) deserves its own name.

Theorem 2.3 (Equipollence). Let X be any of Kp, KTp, K4p, S4p, and S5p. Then,
the following hold.

1. If |_H(X) @, then f_(_;(X):> ©.
2. Iftexy ' = A, then Fuxy AT = VA, where AO:=T and \/ 0 := L.

Proof. We show the case of Kp and S5p because the case of Kp is the simplest and the
case of S5p is the most non-trivial. The other cases can be similarly shown. Here we

focus on item 2 alone because item 1 is trivial in both cases.

(X = Kp) We show item 2 by induction on the structure of the derivation for the
sequent I' = A. We deal with the case for the rule (D) only, since the other cases are

well-known to be true. Suppose we have a derivation

D
@1, o0 =10 (UL Gi €G)
DGltpl, .. .,DGngOn = Dgl/J

(D)

We show Fuxy Aiey Da,pi — Dep. We have Fyxy Ay @i — ¥ as the induction hypoth-
esis for the derivation D. From this, we can infer by necessitation Fyxy Da(Ai; @i — ¥).

By this and axiom (K), we have Fyx) Da(Ai_; ¢i) = Dgt, which is equivalent to Fyx)
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A Depi = Degp. Therefore, it suffices to show that Fryx) Aiy Da,pi = Niey Daws,
which is equivalent to Fyxy Aoy Da,wi = D for any @ € {1,...,n}. This is evident
because we have a propositional tautology Fux) Ai; Da,i = Deg,¢i and the axiom

(Incl) }_H(X) DGiSDi — DGgOi.

(X = S5p) We show item 2 by induction on the structure of the derivation for the
sequent I' = A. We deal with the case for the rules (= DS5P) and (D =) only, since the

other cases are well-known to be true.

First, we show the case of (= DS%?). Suppose we have a derivation

D
DGlgpla . -;DGnSOn = Dleb .- '7DHmwm7X (U?:l G U U;ﬂ:1 Hj C G)

D¢ o1, ..., Da,on = D1, - -, D, m, Dax

(= DS5D).

We show l_H(X) /\?:1 DGZSOZ — v;nzl DHJQ/JJ' vV DGX- We have l_H(X) /\?:1 DGiSOi —
\/;7"”:1 Dpg;; V x as the induction hypothesis for the derivation D. From this, we can
infer by necessitation Fyx) Da(Ai; Dapi — \/;”:1 Dy V x). By this and axiom
(K), we have Fux) Da(AiZ; Dapi) — Da(Vjo, Du;iby V x), which is equivalent to
Fux) Aiey DaDa,pi — DG(\/?:1 Dy, V x). Therefore, it suffices to show that Fx)
/\?:1 DGﬁPz — /\?:1 DGDGiSOi and I_H(X) DG(v;n:1 Dijj V X) — \/;n:1 Dijj V Dgx.
First, we show the former. This is equivalent to Fyx) /\?:1 D¢,0i = DgDg,p; for any
i € {1,...,n}. This is easily shown by Fnx) Dg,i = D¢, Dg,¢; and the axiom (Incl)
l_H(X) DGiDGiSOi — DgDGiQOZ'. Next, we show the latter, i.e., |_H(X) Dg(\/;nzl DH]-wj\/X) —
Vi, Du¥jV Dgx. This is easily shown to be equivalent to Fux) Da (Vs Du, 5V X) A
/\;n:l —Dp,1; — Dgx through propositional tautologies. Then, it suffices to show that
P De(Viiy Dby Vv x) A N2y =Dy — De((ViZy Dby Vv x) A Ny = Diyiby)
and Fyx) Da((ViZ, Dujiby VvV x) A N\j=y ~Du;ib) — Dex. The former is easily ob-
tained through the axiom (K) from Fnxy AJZ; =Du;v; — Da(NjZ, ~Dp;ib;), which is
shown by the axioms (5), (Incl), and (K). The latter, i.e., Fux) Da((Vj2; Dat; V x) A
Nj1 ~Dr;¥;) — Dy is easily obtained through the axiom (K) from Fyx) (V2 DbV
X) A NjZy ~Dp;b; — x, which is the case because the antecedent (\/7_, Dp;1; V x) A

/\;n:1 —Dp;1; is equivalent to x A /\;n:1 —Dpy,; through propositional tautologies.

Second, we show the case of (D =-). Suppose we have a derivation

D
o, ['=A

DopT= A P=)
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We show Fuyx) Dep A AT — VA, We have Fyxy ¢ A AT — VA as the induction
hypothesis for the derivation D. Then, it suffices to show that Fpyx) DeeAAT = ¢AAT,
which is obvious by the axiom (T) Fyx) Dap — . O

2.3 Main Proof-Theoretic Results

2.3.1 Cut-Elimination

The cut elimination theorem does not hold for G(S5p), because the application of (Cut)

rule in the following derivation cannot be eliminated [33].

(Id)

p=0Dp (Id) D{a}_‘p = D{a}ﬁp

s (h =) D D =)

=D, D = = = Diay—p, Doy —p o5
—F—F (D =) (= D>°p)
Dioy—p,p = = Diay=Dioy—p, Diay—p

D (=-) =p Di—D - =)

p= "L “Day 7P = LPia} " P{a} TP (Cut)

P = Diay=Diayp
=>p— D{a}—\D{a}ﬁp

(==)

Therefore, we establish the cut elimination theorem for our sequent calculi except for
G(S5p).

Theorem 2.4 (Cut-Elimination). Let X be any of Kp, KTp, K4p, and S4p. Then,
the following holds: If Fgx) I' = A, then Fe-x) I' = A, where G~ (X)) denotes a system

“G(X) minus the cut rule”.

Following [24, Section 9.3] and [36, Section 2.2], we consider a system G*(X), in which

the cut rule is replaced by the “extended” cut rule defined as:

= A" " ¥ =0
'Y= A0 (ECut)

where ¢" denotes the multi-set of n-copies of ¢ and n,m > 0. Since (ECut) is the same
as (Cut) when we set n =m = 1, it is obvious that if Fgx) I' = A, then kg« x) [' = A,

so it suffices to show the following.

Lemma 2.5. Let X be any of Kp, KTp, K4p, and S4p. Then, the following holds: If
'_G*(X) I'= A, then }_G*(X) = A.

Proof. Let X be any of Kp, KTp, K4p, and S4p. Suppose Fg+(x) [' = A and fix one

derivation for the sequent. To obtain an (ECut)-free derivation of I' = A, it is enough
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to concentrate on a derivation whose root is derived by (FCut) and which has no other

application of (ECut). Let us suppose that D has the following structure:

L R
_ x — o~ rule
L= A, 0" gom,zzs@gmu%)

Y= A0 ,

(rule,)

where the derivations £ and R has no application of (ECut) and rule; and ruleg are
meta-variables for the name of rule applied there. Let the number of logical symbols
(including D¢) appearing in ¢ be ¢(D) and the number of sequents in £ and R be w(D).
We show the lemma by double induction on (¢(D),w(D)). If n = 0 or m = 0, we can
derive the root sequent of D without using (ECut) by weakening rules. So, in what follows

we assume n,m > 0. Then, it is sufficient to consider the following four cases following
[37, proof of Theorem 2.3], [24, Section 9.3], and [36, Section 2.2]: *

1. rule, or ruleg is an axiom.
2. rule, or ruley is a structural rule.

3. rule; or ruley is a logical rule and a cut formula ¢ is not principal (in the sense

we have specified in Section 2.2) for that rule.

4. rule, and ruleg are both logical rules (including (D)) for the same logical symbol

and a cut formula ¢ is principal for each rule.

We omit case 1 and case 2 in the proof since this is well-known in the proof for LK (cf.
[36, pp.28-29, Theorem 2.2]). For the same reason, the cases concerning propositional
logical rules are also not treated. Therefore, we treat case 3 and case 4 involving D¢ for

each logic X.

(X =Kp) There is no case to be considered in case 3. As case 4, we consider the case
where both rule; and ruleg are rules (D). In that case, the given derivation D has the

following structure.

L R
Prpn =¥ (UGS ) VT T =X CuUL B
D¢, 1, ..., Da,on = Dap (Deo)™, Dy, - ., Dy, om = Dux
(ECut)

DGﬁle--,DGnSOmDlela---aDHm@Z)n = DHX

In case 4, we assume the condition for both rule applications, because if the one of the two rule
applications does not satisfy the condition, the whole derivation should be categorized into one of the
rest cases.
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The derivation D can be transformed into the following derivation £: 2

£/ R/
801,~--790n:>1/} ¢m>¢17-~a¢m:>X
9017"'750n7w17"'7wm:>X ( ) (Ui:lGiUszlngH)

D o1y Da,ons Dai, - .o, Dy, = D

(D)

We call £ its subderivation whose root sequent is ¢1,...,©n, ¥1,..., %, = x. The
derivation &' have no application of (ECut) and ¢(€') < ¢(D). Hence, by induction
hypothesis, there exists an (ECut)-free derivation £ having the same root sequent. Re-
placing the derivation & by & in £, we obtain an (ECwut)-free derivation for the sequent

Dgyo1, ..., Dag,on, D01, ..., Dy, ¥m = Dy as required.

(X = KTp) As case 3, the case involving the rule (D =) should be considered. If

rule; = (D =), the derivation D has the following structure.

£/
0, L= A, ¢" R
Dy, T = A, " "5 =0
DI, S = A, 0

(D =) (ruleg)

(ECut)

This can be transformed into the following derivation &:

L R
v, = A" ™Y =0
P, I, = A0
Dgy, 'YX = A,0

(ruleg)
(ECut)
(D =)

The subderivation £ whose root is ¢, I', ¥ = A, © has no application of (FCut) except the
lowermost one, ¢(&') = ¢(D), and w(€’) < w(D). Hence, by induction hypothesis, there
exists an (ECut)-free derivation £ having the same root sequent. Replacing the derivation

& by £ in &, we obtain an (ECut)-free derivation for the sequent Dgyp, I, X = A, ©.

If ruleg = (D =), the derivation D has the following structure.

R/
L " P, Y= 0
L= A" " Dgp, ¥ = O
I, Dgy, ¥ = A, 0

(D =)
(ECut)

(rule;)

*Note that the condition | J;_, G;UUj-, H; C H in € can be obtained by the conditions | J;_, G; € G
and GUUj~, H; C H in D through “cutting” G.
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This can be transformed into the following derivation &:

L R/
T = A, Q" (rulec) o7 Y = O (ECut)
T4, = A0 D =)

T,Dct), > = A, ©

The subderivation £ whose root is I', 1), ¥ = A, © has no application of (FCut) except the
lowermost one, ¢(&') = ¢(D), and w(€’) < w(D). Hence, by induction hypothesis, there
exists an (ECut)-free derivation £ having the same root sequent. Replacing the derivation

& by £ in &, we obtain an (ECut)-free derivation for the sequent I', Dg), ¥ = A, ©.

In case 4, the derivation D has either the same structure as the case where X = Kp

or the following structure.

L R
Pls--Hr Pn = w (U?:l G'L g G) D w’(DG#))m_l’E =0

D=
DGlgol, R ,DGn(pn = DGw ( ) (Dg¢)m, Y= 0 (E(C’ut) )
DG1§017 ce DGnSOny Y=0
This can be transformed into the following derivation &:
L R
L Dg, 1. .., Da,on = Dgp 1, (D)™, % = © (ECut)
¢17"‘7@n:>77b DG1¢17"'7DGHSOTL7¢72:>®
D De.om X = © (ECut)
@1y Py Va1 P15 VG, Py (D :>>
: D=
DG19017---7DGn80mDG1S017-~,DGnSOmE:>@ ( )

(c=)

Dg,o1, - -y Dgnwn, Y=06 (c=)

The subderivation & whose root is Dg, 1, ..., Dg,¢n, ¥, 2 = © has no application of
(ECut) except the lowermost one, ¢(&1) = ¢(D), and w(&;) < w(D). Hence, by induction
hypothesis, there exists an (ECut)-free derivation &, having the same root sequent. Name
&>, the derivation obtained by replacing the derivation & by & in the subderivation whose
root is ¢1,...,¢n, Dg,p1, ..., Da, pn, 2 = ©O. The derivation & has no application of
(ECut) except the lowermost one and ¢(&) < ¢(D). Hence, by induction hypothesis,
there exists an (ECut)-free derivation &, having the same root sequent. Thus, we obtain

an (ECut)-free derivation for the sequent Dg,¢1, ..., Dg, ¢n, 2 = O.
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(X =K4p) There is no case to be considered in case 3. In case 4, the derivation D has

the following structure.

L R
Dg,p1, ..., Dg, pn = Dgv (Dg))™, Dy, Y1, ..., Dy, m = Dux (ECut)
Dg, 1, -, Da,on, D1, -+ Dy, e = Dax )
where £ and R are of the following form.
El
L1, 7()0n7DG1§017 ceey DGn()On = w (U?:l Gl - G) (:> DK4D)
L= DG1§017~~,DGn§0n:DG¢
RI

¢ma¢17 e 7'1/}m7 (DG’I/})mJ Dleb ce 7DHm’l/}m = X (G U U;n:1 H] g H) (:> DK4D)

R = (Da)™, Dyrs - -+ s Dpytbm = Diax

The derivation D can be transformed into the following derivation &:

L &1
Qpl,-.-,QOn,DGI(Pl,-.-,DGn@n:'l/) leawla"'aw’maDGﬁpla"'7DGn@n7DH1wl7"'7DHm,(/)miX (ECUt)
<P1a~~~7<Pna7f’1;~~~a7/fmaDG19017~~~»DGnSDn»DGﬁPla~~~7DGn90mDH1¢1a~~»DHm¢n:>X (C:>)
: c =
@17"'7@n71/)17"'7¢M7DG1S017"'aDGn,cpnaDqu/)la"'7DHm¢n =X E:> _D)K4D)
DGl(plw"aDGnSDTHDlelw"7DHmwm:DHX )
where
L R
DGlgpla s 7DGn§0n = DGw wmvwla s 7wm7 (DGwynaDlela s 7DHmwm = X (ECut)
glE wm7w17"‘71/}m7-DG1S017"'7DGnSO7LJDH1w17"'7DHm¢m:>X .

Note that (J_, Gi U U, H; C H is satisfied at the last rule application in €. The
subderivation & has no application of (ECut) except the lowermost one, ¢(&) = ¢(D),
and w(&;) < w(D). Hence, by induction hypothesis, there exists an (ECut)-free deriva-
tion & having the same root sequent. Name &, the derivation obtained by replacing the
derivation &; by 5'1 in the subderivation whose root is
Oly ooy Oy U1y o ooy Uy, Dayoty - Da,ny, Dayets - - Da,ony Dy, - ooy Dy, 0, = x. The
derivation & has no application of (ECut) except the lowermost one and ¢(&) < ¢(D).
Hence, by induction hypothesis, there exists an (ECut)-free derivation &, having the same

root sequent. Thus, we obtain an (FCut)-free derivation for the sequent

DG1<,017 ceey DGnSOny DleI; .. ,DHm”me = DHX
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(X =8S4p) We omit case 3 since the case to be considered is the same as KT p. In case
4, one of the possible structures of the derivation D is the following.

c' R’
Dg,e1,-- . Da,on =¥ (UL, Gi CG) o DStn) (D)™, Dy 1, -, D, vm = x (GUUSL, Hj C H)
=
Dg,¢1,---,Da, pn = Dgp (Dg¥)™, Dy Y1, -+ D,y Ym = DX
Dg,¥1,---,Dg,¢n; D1, ..., Dy, vn = DHX

(= DS4D)

(ECut)

The derivation D can be transformed into the following derivation &:

L R
Dlela o '7DGn§0n = DGw (DCﬂ/))m7DH11/J17~ . ~>DHm¢m =X
Dlely e ,DG,I,4P71,’DH17/)1’ . '7DHm,/lp7l = X (U:LZI G7 U U;n:1 H] g H)
DGﬁPl’ .. 'aDGn,SOn7DH1w17 e 7DHm'(/)7rL = DHX

(ECut)

(= DS4D).

The subderivation £ whose root sequent is D¢, @1, ..., Da, ¢n, D, 01, ..., Dy, n = X
has no application of (ECut) except the lowermost one, ¢(£’) = ¢(D), and w(E’) < w(D).
Hence, by induction hypothesis, there exists an (EC'ut)-free derivation & having the same
root sequent. Replacing the derivation & by &' in &, we obtain an (ECwut)-free derivation

for the sequent D¢, 1, ..., Da,¢n, D01, ..., Dy, m = Dpx.

The other possible structure of the derivation D is the following:

L R
DG19017"'7DG7L907L:>¢ (U?:l GZ g G) (:> DS4D> 77Z}7 (DGw)mil,Zﬁ@ (D :>)
DG19017 cee DG’n(Pn = Dgw (Dgw)m, Y =06 (EC’ut)
DG1SO17 e DGn(,On, Y= 0
This can be transformed into the following derivation &:
L R
ﬁl DG1¢17"'7DGn¢n:>DG¢ ¢7(DG¢>m_172:>@ (EC’LLt)
DGlng, ceey DGn(pn = ¢ DGlgplv s 7DGn(pn777Z}ﬂ =06 (ECut)
DGI(,Ol,...,DGngOn,Dglgpl,...,DGngOn,E:>@ (C :>)

D¢, o1, -, DGncpn, Y =0 (c=)

The subderivation & whose root is Dg, ¢4, ..., Da, ¢n, ¥, 2 = © has no application of
(ECut) except the lowermost one, ¢(&;) = ¢(D), and w(&;) < w(D). Hence, by induction
hypothesis, there exists an (ECut)-free derivation &, having the same root sequent. Name
&y, the derivation obtained by replacing the derivation & by & in the subderivation
whose root is Dg, 1, ..., Da, Yn, Dg,p1, - Da, pn, 2 = O. The derivation & has no
application of (ECut) except the lowermost one and ¢(&) < ¢(D). Hence, by induction
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hypothesis, there exists an (FECut)-free derivation &, having the same root sequent. Thus,

we obtain an (ECut)-free derivation for the sequent D¢, ¢1,. .., Dg, @n, 2 = ©. O

2.3.2 Craig Interpolation Theorem

As an application of the cut elimination theorem, Craig interpolation theorem can be de-
rived, using a Maehara method described in [26] (application of the method to basic modal
logic can also be found in [35]). To state a main lemma for proving Craig Interpolation

Theorem, some definitions are needed.

Definition 2.6 (Partition). A partition for a sequent I' = A is defined as a tuple ((T'; :
Aq); (T 0 Ag)), such that the multi-set union of I'; and I'y (A and As) is equal to " (A,

respectively).

Definition 2.7. For a formula ¢, Prop(y) is defined as the set of propositional vari-
ables appearing in ¢. For a multi-set of formulas I", Prop(I") is defined as U@EF Prop(y).
Similarly, Agt(y) is defined as the set of agents appearing in ¢ and Agt(I") as | o Agt(e)

The following is a key lemma for Craig Interpolation Theorem.

Lemma 2.8. Let X be any of Kp, KTp, K4p, and S4p. Suppose Fgx) I' = A. Then,
for any partition ((I'y : Ay); (T'y © Ag)) for the sequent I' = A, there ezists a formula ¢

called “interpolant”, satisfying the following:
1. Fexy 't = Ap, @ and Fgx) @, Ty = A,
2. Prop(¢) C Prop(I'y, A1) N Prop(I'y, Ay).
3. Agt(p) C Agt(I'y, Ar) NAgt(I'y, Ay).

Proof. We prove the case of Kp by induction on the structure of a derivation for I' = A,
because the other cases can be shown by the same idea. Fix the derivation and name it
D. By the cut-elimination theorem (Theorem 2.4), we can assume that D is cut-free. We
treat only the case of (D) below (for other cases, the reader is referred to [35]). Suppose

D is of the form ¢

9017---7€0n:>¢ (U?:legG)
DG19017"'aDGn%0n = DG,QZ}

(D)
There are the following two partitions of Dg,¢1,. .., Dag,on = Dat):
(a) a partition ((Dg,¢1,--.,Da, @k 2 0); (Dayy rs1s - - - Da,on - Dat))).

(b) a partition ((Dg, @1, ..., Dayor : Dath); (Deyyy Prtts - - - Dann = 0)).
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For case (a), induction hypothesis on & for a partition ((¢1,..., ¢k : 0); (Ckr1,- - @n 1 V))
is used. That is, we have derivations for ¢, ..., = x and X, Ykt1,-- -, Pn = ¢ for some
formula y. If £ > 0, we can choose DUZ o, X as a required interpolant, because we have

the following derivations:

LH. . .
Py P = X (Ui:l G’L g Ui:l G’L)

DG1Q017 s 7-DG]€S0’€ = DUILC:l GiX

(D)

I.H.
Xo Phtls - Pn = W (Ule G; U U?:k—i—l G; = U?:l G; CG)
DU§:1 GiX’ DGk+1 Pty - 7DGn Pn = DG¢

Furthermore, the interpolant enjoys the condition 2 and 3 by the induction hypothesis
and simple calculation. If £ = 0, we can choose y (equivalent to T) as an interpolant.
Next, consider case (b). By induction hypothesis on & for a partition ((¢1, ..., @ :
V)i (Pkst,- -5 on D)), we have derivations for ¢y, ..., ¢ = ¥, x and X, Pri1, .-, Pn =
for some formula . If k& < n, we can choose =Dy, ., ,7X as a required interpolant,

because we have the following derivations:

1.H.
©1,-- Pk = P X
X Py Pk = Y (U?:kJrl G; U Uf:l G; = U?:l Gi CG)
Dyr_., ¢;7X, Dayers - - Daypr = Datp
D¢ o1, ..., Dayor = Deb, ~Dyr, ¢, mX

(=)

(=)

I.H.
X7¢k+17"'7gpn:> <:>_|) n n
Pk+15 -+ Pn = X (Ui:k—f—l G; C Ui:k+1 Gi)

Dy ity -+ Da,on = Dy, 60X
ﬁDU?:k-&-l G; X DGk+1SOk+17 cee 7DGn§0n =

(D)

(==)

Furthermore, the interpolant enjoys the condition 2 and 3 by the induction hypothesis and

a simple calculation. If k = n, we can choose y (equivalent to L) as an interpolant. [

Theorem 2.9 (Craig Interpolation Theorem). Let X be any of Kp, KTp, K4p, and
S4p. Given that Fgx) @ = 1, there exists a formula x satisfying the following conditions:

1. |_G(X) Y =X and Fg(x) X = @/J
2. Prop(x) < Prop(y) N Prop(v)).
3. Agt(x) C Agt(yp) N Agt(1)).

We note that not only the condition for propositional variables but also the condition

for agents can be satisfied. By the third condition, it is assured, for example, that there
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exists an interpolant without any Dg operator for a pair of formulas ¢ and v such that
Fex) ¢ = ¢ and Agt(p) N Agt(y) = 0.

Proof. When we set I' := ¢ and A := 1, and take a partition ((¢ : 0); (0 : ¢)), Lemma

2.8 proves Craig Interpolation Theorem. O]
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Chapter 3

Intuitionistic Epistemic Logic with

Distributed Knowledge

This chapter is organized as follows. In Section 3.1, we introduce syntax and semantics
for intuitionistic epistemic logic with distributed knowledge to be made dynamic and the
notion of stability of Kripke frame. Section 3.2 defines Hilbert systems of the logics, and
states soundness results. In Section 3.3, strong completeness of the Hilbert systems of
the logics with respect to the suitable classes of stable frames is shown, via a notion of
“pseudo-model”. In Section 3.4, we introduce sequent calculi for the logics and prove the
cut-elimination theorem, Craig interpolation theorem, and decidability.

The author’s contribution is as follows. The definition of tree unraveling in the case
of IK was determined through discussions with the author’s supervisor. The definition of
tree unravelings in the case of the logics other than IK was found by the author on his own,
based on the case of IK. The author proved the strong completeness theorem with respect
to the class of stable Kripke frames, using the notion of stabilization presented by the
supervisor. The sequent calculi are defined by the author based on the suggestion by the
supervisor. The cut elimination theorem, Craig interpolation theorem, and decidability

are shown by the author.

The content of this chapter is based on [31].

3.1 Syntax and Semantics

We denote a finite set of agents by Agt. We call a nonempty subset of Agt “group” and
denote it by G, H, etc. We denote by Grp the set of all groups, i.e., the set p(Agt) \ {0}

of all non-empty subset of Agt. Let Prop be a countable set of propositional variables and

41
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Form be the set of formulas defined inductively by the following clauses:

Formsp:=p| Ll —=p|eVe|leAg|Day,

13

where p € Prop and G € Grp. We read Dgy as “p is distributed knowledge among a
group G7. We define —pas ¢ — 1, o> pasp >V AY — @, T as L — 1, and the
epistemic operator K,p (read “agent a knows that ¢”) as Dy,¢. As noted above, an
expression of the form Dy is not a well-formed formula, since we have excluded @ from
our definition of groups.

We introduce Kripke semantics for intuitionistic multi-agent epistemic logic with dis-

tributed knowledge, along the lines of [23]. !

Definition 3.1 (frame, model). A tuple F' = (W, <, (Ra)acnagt) is a frame if: W is a set
of states, < is a preorder on W, (R)acagt is a family of binary relations on W indexed
by agents, and <; R, C R, (for all a € Agt), where S1;Ss := {(x, z) | there exists y such
that 51y and ySsz}.

A pair M = (F,V) is a model if F' is a frame, and a valuation function V': Prop —
P(W) satisfies the heredity condition, i.e., if w € V(p) and w < v, then v € V(p). We
denote an underlying set of states of a frame F' or a model M by |F| or |M]|.

For a model M = (W, <, (Ra)aeagt, V) and a state w € W, a pair (M, w) is called a

pointed model.

The following notion of stability is needed in intuitionistic public announcement logic

with distributed knowledge introduced later.

Definition 3.2 (stable). Let < be a preorder on a set X. A relation R C X x X is called
stable with regard to < if <; R C R and R; <C R. We say a frame F' = (W, <, (Rq)acAgt)
is stable if each R, is stable with regard to <. We name the class of all stable frames ST.

Proposition 3.3. Let X be a set, R be a binary relation on X, and < be a preorder on
X.

1. R is stable with regard to < iff <; R; <C R.

2. If R 1s reflerive and transitive, then <; R C R implies R; <C R.

)y — =

Proof. e (item 1) Left-to-right: It is evident that (<; R); <C R; <C R. Right-to-left:
It is evident that <; R C<; R; <C R and that R; <C<; R;<C R.

IThere are other possible ways to build a model with a time-like relation like < in our definition and
a relation for modalities like R, in our definition. For example, in the system LORA in [65], a time-like
relation T is internalized in a possible world.
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Figure 3.1: Example of frame

e (item 2) By reflexivity and transitivity of R, we have R;<C R;<;R C R;R C
R. O

Due to item 1, we can show that for a certain tuple (W, <, (Rg)gear), Ra is stable
with regard to < for any G € Grp by checking whether <; Rg; <C R for any G € Grp.
Satisfaction relation M, w |- ¢ on pointed models and formulas is defined recursively as

follows:

M,wl+p ifft w e V(p),

M,wlF L Never,

M,wlkp— iff forallve W, if w<vthen M,vIff ¢ or M,v I 1,
MwlFpoAy it M,wl-pand M,wlFy

MwlFevVvey it M,wl-por M,wl-y

M,wlk Dgy iff for all v e W,if (w,v) € (),cq Ra then M, v Ik ¢.

It is noted from our definition of Kyp := Dy, that the satisfaction of K,p at a state w

of a model M is given as follows:
M,wlk K,p iff forallve W, if (w,v) € R, then M, v |- .

As is the case with ordinary intuitionistic logic, we have the following heredity property

for a formula.
Proposition 3.4 (heredity). If M,w IF ¢ and w < v, then M, v IF ¢

Proof. By induction on ¢. For the case where ¢ = Dg), it is noted that the condition
< R, € R, of a frame implies that <;(),cq Ra € Naea
is referred to [55, Lemma 6.3.4]. O

R,. For the rest cases, the reader

Example 3.5. Figure 3.1 is an example of a frame. The preorder is depicted by a dotted
arrow. Note that we omit reflexive arrows for the preorder. If a valuation is defined
by, for example, V(p) = {v} for any p € Prop, V satisfies the heredity condition. In
this model, it can be seen that different groups have different distributed knowledge even

at the same state. Indeed, Dyqpp is true at w, but Dy, p is false at w. We can see
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Figure 3.2: Example of stable model Mgaple

that seriality for each agent’s relation is not always preserved under taking intersection
among a group. Namely, R, and R, are serial but R, N R, is not in the example. This
is why we should restrict (D) axiom to =Dy, L, as defined in Table 3.1. Figure 3.2 is an
example of a stable model named Mg used later in the explanation of the extension
to public announcement logic. From this model too, it can be seen that different groups
have different distributed knowledge even at the same state. Indeed, Dy, —p is true at

v, but Dy, —p is false at v.

Given a frame F = (W, <, (R,)qeAgt), We say that a formula ¢ is valid in F' (notation:
F IF ) if (F,V),w IF ¢ for every valuation function V' and every w € W. Moreover, a
formula ¢ is valid in a class F of frames (notation: F Ik ) if F' I ¢ for every F € F.

Definition 3.6. A formula ¢ is a semantic consequence of I' in a frame class F if for all
frame F' € F, a valuation V on F, a state w € |F|, if (F,V),w |- T, then (F,V),w IF .
We write it as “I" kg 7.

3.2 Hilbert Systems

Hilbert systems for intuitionistic epistemic logics with D¢ operators are constructed from
axioms and rules shown in Table 3.1.

A Hilbert system H(IK) consists of axioms and rules for intuitionistic logic, axioms (Incl)
and (K), and a rule (Nec). Hilbert systems H(IKT), H(IKD), H(IK4), H(IK4D), and
H(IS4) are defined as axiomatic expansions of H(IK) with (T), (D), (4), (4) and (D),
and (T) and (4), respectively. Let X be any of IK, IKT, IKD, IK4, IK4D, and IS4 in
what follows. The notion of provability in each system is defined the same as Definition
1.3, and the fact that a formula ¢ is provable in H(X) is denoted by “Fnx) ¢”. We also

define derivability relation between a set I' of formulas and a formula ¢ as below.

Definition 3.7. A formula ¢ is derivable from I' in a logic X if Fyx)y AT" — ¢ for some
finite set I'" which is a subset of I'. We write it as “I" Fy(x) ¢”.
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Table 3.1: Axioms and Rules for Hilbert Systems
Axioms and Rules for Intuitionistic Logic

k) o= (@—=9) (ner) (pAY) =

(s) (p=>@W—=x)=>(p=v)=(p—=Xx) (Aex) (pAY) =

(Vi) ¢ = (V) (A1) o= (W= (pAY))

(Viz) ¢ — (e V) (L) L=

(Ve) (¢p—=x)=>(v—=x)—=((¢VY)—=x) (MP) From ¢ and ¢ — ¢, infer ¢

Axioms and Rules for H(IK)

(Nec) From ¢, infer Dgg

Additional Axioms for D¢ operators

(T) Dgp—¢ (D) ~Digyl (4 Dgp — DgDgy

We introduce a class of frames corresponding to each logic, in order to state soundness

of our axiomatization.
Definition 3.8. A class of frames F(X) is defined as follows:
e F(IK) is the class of all frames.
e F(IKT) is the class of all frames such that R, is reflexive (a € Agt).

e F(IKD) is the class of all frames such that R, is serial (a € Agt).

F(IK4) is the class of all frames such that R, is transitive (a € Agt).
e F(IK4D) is the class of all frames such that R, is transitive and serial (a € Agt).
e [F(IS4) is the class of all frames such that R, is reflexive and transitive (a € Agt).
Reflexivity, seriality, and transitivity are defined in Definition 1.2.

We can prove the following soundness theorem by induction on ¢. Note that axioms
(T) and (4) are valid in reflexive and transitive frames, respectively, because if R, is

reflexive or transitive for any a € G, [ .~ Ra is also reflexive or transitive, respectively.

acG
Theorem 3.9 (soundness). If Fryx) ¢, then F(X) IF ¢.
Proof. 1t is eveident from the proofs of Theorem 1.6, Theorem 1.21, and Fact 2.1. We

show the validity of the axiom (Incl) in the case of X = IK, for example. Suppose
G C H. We show F(IK) IF Dgp — Dpyp. Take any frame F', and any valuation V on F'
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and any state w € |F|. Suppose (F,V),v IF Dge for any v such that w < v. We show
(F,V),vlF Dyy. Take any u such that (v,u) € (), Raq. Since (), Ba €
have (F, V'), u - ¢ by the supposition, as required.

We remark on the other cases. To show the validity of the axiom (T) ((D), and (4)),

acG Ra’ we

the property of reflexivity (seriality, and transitivity, respectively) is used. ]

The soundness theorem with regard to the corresponding class of stable frames also

trivially holds.
Corollary 3.10. If Fyx) ¢, then F(X) NST I .

Proof. 1t is obvious from the fact that F IF ¢ implies FNST IF ¢ for any class F of frames

and any formula . m

3.3 Semantic Completeness

In the present section, we explain a proof of two kinds of the strong completeness theorems
of our logic. Let I' be a set of formulas and ¢ be a formula. We firstly show the ordinary

strong completeness theorem stated as follows.

Theorem 3.11. Let X be any of IK, IKT, IKD, 1K4, IK4D, and 1S4. Then, if
r ”_]F(X) (V2 then I’ I_H(X) @.

Then, we also show the completeness with regard to the corresponding class of stable

frames for the sake of the completeness proof for the PAL extension:

Theorem 3.12. Let X be any of IK, IKT, IKD, 1K4, IK4D, and 1S4. Then, if
[ lFrxynst @, then T Fyx) @

We show this based on the proof of Theorem 3.11, by way of the method called
stabilization. Note that any frame F' € F(IS4) is stable due to item 2 of Proposition 3.3,
that is, F(IS4) = F(IS4) N ST, which means that Theorems 3.11 and 3.12 are equivalent
for IS4.

As in [7], we show Theorem 3.11 via the notion of “pseudo-model”, which is Kripke
model with relations for a group, not a single agent. The reason why the notion of
pseudo-model is introduced is that the ordinary canonical model with relations for a
single agent only does not work when proving the completeness of a logic with distributed
knowledge, which is a consequence of the fact that a logic with distributed knowledge is
more expressive than the basic epistemic logic introduced in Section 1.3 (the reader is

referred to [44, Section 4]).
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2UEOW

Figure 3.3: Example of pseudo-frame

Definition 3.13 (pseudo-frame, pseudo-model). A tuple F' = (W, <, (Rg)gecrp) is a

pseudo-frame if:
1. <;Rg C Rg for any G € Grp, and
2. Ry C Rg if G C H (called “inclusion condition”).

A pair M = (F,V) is a pseudo-model if F' is a pseudo-frame, and a valuation function
V': Prop — P(WW) satisfies the heredity condition, i.e., if w € V(p) and w < v, then
veV(p).

Definition 3.14 (pseudo-satisfaction relation). For a pseudo-model M, a state w € |M],
and a formula ¢, a pseudo-satisfaction relation M,w IFP* ¢ is defined the same as the

satisfaction relation IF, except for the clause for Dgy: that is,
M, w IFP* Dgyp iff for all v € W, if (w,v) € Rg then M, v I .

Namely, in a pseudo-model, an operator D is treated like a primitive box operator,
parameterized by a group.

Considering the definition of satisfaction relation for Dgp, a pseudo-frame can be
seen as a frame in the sense of Definition 3.1 if the following “intersection condition” is

satisfied.

Definition 3.15 (intersection condition). Let F' = (W, <, (Ra)gearp) be a pseudo-frame.

The condition “Rg = (,cq Ryay for any group G” is called intersection condition.

acG

See that this condition is not always satisfied by way of the following example:

Example 3.16. Figure 3.3 is an example of a pseudo-frame. We name it F.,. Here,
we set Agt = {a,b}. Note that {a} is written as “a” and Ry, is defined as () here.
Since Riqp = 0, the condition of “Ry C R¢ if G C H” is self-evidently satisfied, i.e.,
Riapy € Ryqy and Ry, € Ry Note that the intersection condition is false for a group
{a, b}, because Rigy N Ry € Ryqpy. Any frame can be regarded as a pseudo-frame with

only relations for singleton groups, as in F,.
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In order to show Theorem 3.11, we first construct a canonical pseudo-model satisfying
truth lemma (subsection 3.3.1), and then transform it into another pseudo-model enjoy-
ing the intersection condition without changing satisfaction, by a method called “tree

unraveling” (subsection 3.3.2).

3.3.1 Canonical Pseudo-Model

We define a canonical pseudo-model of our logics and state some properties of it in the
present subsection. Since Dg operators are interpreted as primitive box-like operators
indexed by a group in a pseudo-model, a canonical pseudo-model defined here is essentially
the same as the canonical model of intuitionistic epistemic logics without distributed
knowledge, which is described in detail e.g., in [27, Chapter 1]. Let X be any of IK,
IKT, IKD, IK4, IK4D, and IS4 below.

Definition 3.17 (consistent, prime, theory). A set I' of formulas is:
o X-consistent if I" /yx) L.
o prime if 1 V o € I' implies 1 € " or g € T'.
e an X-theory if I" Fyx) ¢ implies ¢ € T".
The following are useful and well-known properties of a consistent and prime theory.

Lemma 3.18. Let a set I' of formulas be an X-theory.

~

NS}

Af{p,p =Y} CT, theny €T
3. L &7, if ' is X-consistent.

4. pANY el iffpel and ¢ €T.

v

.ovy el iffoel ory el if T is prime.

Proof. (item 1) The left-to-right is evident since I' is X-theory. We show the right-to-left.
Suppose ¢ € I'. Then I' Fy(x) ¢ is the case because Fyx) @ — ¢.

(item 2) Suppose {p,¢ — ¢} C I'. Then, by item 1, we have I' Fyx) ¢ and I' Fy(x)
@ — 1, that is, Fyxy AT1 — ¢ and Fyx) AT2 = (¢ — o) for some finite
sets I';, I’y € T'. Then we have Fyxy A(I't UT'2) = ¢ and Fpxy A(T1 UT,) —
(¢ — @), which jointly entail Fpxy A(ThW UT2) — (¢ A (¢ — ¥)). Since
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we have Fyx) (¢ A (¢ — %)) — 9 as an intuitionistic theorem, we obtain
Faxy At UTy) — 4, which means that ' Fyx) 9. Since I' is X-theory,
Y el.

(item 3) Suppose L € I for contradiction. Then, by item 1, I Fyx) L. However, this

contradicts with X-consistency of I'.

(item 4) First, we show the left-to-right. Suppose ¢ A1 € I'. By item 1, it suffices to
show I' Fyx) ¢ and I" Fyx) ¥. It is the case that I' Fyx) ¢, because we have
Fax) ¢ A — @ as an axiom. I' Fyx) ¥ can be similarly shown. Next, we
show the right-to-left. Suppose ¢ € I' and ) € I'. By item 1, it suffices to show
I' Frx) ¢ A%, which is the case because we have Fyx) ¢ A — @ A1) as an

intuitionistic theorem.

(item 5) The left-to-right is the case by primeness of I'. We show the right-to-left. Sup-
pose p € I'or ¢ € I'. By item 1, it suffices to show I' Fyx) ¢ V9. First, assume
@ € I'. Then I' Fyx) ¢ V ¢ is the case because we have Fyx) ¢ — ¢ V 9 as an
axiom. Similarly, I' Fyx) ¢ V 9 is the case by Fyx) ¢ — ¢ V ¢ when assuming
Y el. ]

Lemma 3.19 (Lindenbaum, [27, Lemma 1.16]). Let I' U {¢} be a set of formulas. If
I' uxy @, then there is an X-consistent and prime X-theory I't such that T' C T'" and

' Pax) .

Definition 3.20. A canonical pseudo-model M* = (W*, <X (RE)cecrp, V™) is defined

as follows:

o WX :={I' € P(Form) | T is an X-consistent and prime X-theory}.

o I <X AT CA.

e TRXAiff D,'T C A, where D;'T := {p € Form | Dgp € T'}.

o VX(p):={T e WX |peTl}.

The definition is well-defined and a canonical pseudo-model is always stable:
Proposition 3.21. MX is a stable pseudo-model.

Proof. First, we show the stability of RE, that is, <*; RX;<X*C RZ (cf. item 1 of
Proposition 3.3). Suppose that I'(<*; RE; <*)A. Then, there are sets © and II such that
[ C O, OREIL, and 1T C A. To show that TREA, assume that ¢ € D;'T'. Since I' C O,



50

¢ € D;'O. Then, ¢ € A since ORXII and 1T C A. Next, we show that RX C RX if
G C H. Assume that TR¥A and p € D;'T), i.e., Dgp € I'. We show that ¢ € A Since
Dgyp — Dy is an axiom in any H(X) and hence Dgp — Dyy € ', we have Dyp € T
by item 2 of Lemma 3.18. Then, by TRXA, ¢ € A. It is obvious that VX satisfies the
heredity condition. O

Lemma 3.22. Let a set I of formulas be an X-theory. Then, we have:

1 Ifo = &1, then T'U {p} Fux) .
2. If Dep & T, then DZ'T V) 1.

Proof. (item 1) We show the contraposition. Suppose I'U{y} Fux) 1. Then, there exists
a finite subset I" of I' such that Fyx) ATV — 1. First, assume ¢ ¢ I". Then, it turns out
that I' Fyx) 1. Since we also have I' Fyx) ¥ — (¢ — ¥), I' Fux) ¢ — 9 is obtained.
Then, ¢ — ¢ € T because T" is an X-theory. Next, assume ¢ € I". Put A =T — {p}.
Since Fryxy (ANI" = ¥) < (ANA = ¢ = 1), we have I' Fyx) ¢ — 9. Then, ¢ =9 €T
because I' is an X-theory.

(item 2) We show the contraposition. D;'T Frex) . Then, there exists a finite subset
A of DZ'T such that Fax)y AA — 9. By axiom (K), we have Fyxy A DeA — D,
which means that I" Fyx) Dgtp. Then, Dgyp € ' because I' is an X-theory. O

Lemma 3.23 (Truth Lemma). Let a set I' of formulas be an X-consistent and prime

X-theory. Then, ¢ € T if and only if M*X, T IFP$ .

Proof. By induction on ¢.
(the case of ¢ =p) Obvious by the definition.
(the case of ¢ = 1) Obvious by item 3 of Lemma 3.18.

(the case of ¢ = ¢ — 1) First, we show the left-to-right. Assume ¢y — 1y € I'. To
show MZX T IFPS 1), — 1)y, fix any A such that I' <* A, ie., I' C A and suppose that
MX A IFP5 4);. The goal is to show that MX, A [FP* 1. By the induction hypothesis,
we have ¢; € A. Further, we have ¥; — 1 € A by the assumption and I' C A. Then,
we use item 2 of Lemma 3.18 to obtain ¥y € A, which is equivalent to the goal by the
induction hypothesis.

Next, we show the right-to-left by contraposition. Assume 1 — 9 & I'. The goal is
to show that MX TIPS ¢); — 1o, that is, to find an X-consistent and prime X-theory A
such that I' <X A ie, I' C A, MX A IFPS oy, and M, A IfP 1)y, Applying item 1 of
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Lemma 3.22 to the assumption, we have I'U{91} #n(x) ¥2. Then, by Lemma 3.19, we can
find an X-consistent and prime X-theory A such that I'U{¢;} C A and A Fyx) 12. We
show A satisfies the three desired conditions. First, I' C A is obvious. Second, we show
MX, A IFP$ 9. Clearly, we have ¢, € A, which gives M*, A IFP$ 1), by the induction
hypothesis. Third, we show MZX A IfP$ 1h,. By A Phx) 2 and item 1 of Lemma 3.18,
we have ¥, € A, which gives MX, A IfP* ¢h, by the induction hypothesis.

(the case of ¢ =4 V1y) Obvious by item 5 of Lemma 3.18.
(the case of ¢ =11 A1y) Obvious by item 4 of Lemma 3.18.

(the case of ¢ = D) First, we show the left-to-right. Assume Dgy) € I' and fix
any A € WX such that TRXA, ie., D;'T C A. Clearly, ¢ € A, and by the induction
hypothesis, we have MX, A 75 4.

Next, we show the contraposition of the right-to-left. Assume Dgt ¢ I'. By item 2 of
Lemma 3.22 and Lemma 3.19, there is an X-consistent and prime X-theory A such that
D;'T'C A and A Hex) ¥. By item 1 of Lemma 3.18 and induction hypothesis, we have
MX, A FPs ap, which shows MX, TIPS Dgap. n

For each axiom, the canonical pseudo-model satisfies the corresponding property on

relations for Dg.

Proposition 3.24. 1. If X has the aziom (T), RE is reflexive in M*.
2. If X has the aziom (D), Rﬁ} is serial in M*.
3. If X has the aziom (4), RE is transitive in MX.

Proof. Ttems 1 and 3 can be shown the same as in the case of the basic classical-logical
modal logic (the reader is referred to [6, Theorems 4.27 and 4.28]). We show item 2. Fix
any X-consistent and prime X-theory I". The aim is to find an X-consistent and prime
X-theory A such that D{’al}F C A. By Lemma 3.19, it suffices to show D{’al}F Fhx) L
Assuming the contrary, we have Fyx) Ai; @i — L for some ¢; € D{_al}F. By (Nec),
(K), and intuitionistic propositional tautologies, Fux) Ay Dia3i — DiapL. Since
Diaypi € T, it means I' Fyx) Dyqy L. However, we also have I' Fyx) =Dy, L by the

assumption, which leads to contradiction by items from 1 to 3 of Lemma 3.18. O
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3.3.2 Tree Unraveling

If the canonical pseudo-model satisfies the intersection condition, we can regard it as a
model, and the completeness proof is done. However, the canonical pseudo-model does
not satisfy the intersection condition. A counterexample in the classical-logical setting is
described in [57, proof for ®3, of Proposition 3.13]. The counterexample is induced from
a certain (classical) Kripke model, so the counterexample works in our setting too, by
defining a preorder in the model as a mere identity relation.

Hence, we introduce a method called “tree unraveling”, which transforms a pseudo-
Ry = Rg

(i.e., a model in the sense of Definition 3.1). Our definitions below are intuitionistic

model into another pseudo-model satisfying the intersection condition (7,

generalizations of definitions proposed in [7] over classical logic.

Definition 3.25. Let M = (W, <, (Ra)cecrp, V') be a pseudo-model. A pseudo-model
M = (W', < (Ry)cear, V') is a generated submodel of M if:

e W CW.

=< NW' x W),

/G:Rgﬂ(wl X W/)

If we W and w < @' then w' € W',

If we W and wRgw' then w' € W

e V'(p) =V(p) N W’ for any p € Prop.

For X C |M|, we define My as the smallest generated submodel containing X. If M =
My, we say that M is generated by X.

Proposition 3.26. Let M = (W, <, (Rg)gearp, V) be a pseudo-model and
M = (W', <, (R)aecrm, V') be a generated submodel of M. Then, for any w € W' and
formula @, M’ w IFP$ @ iff M, w IFPS .

Proof. By induction on the structure of ¢. The cases of ¢ =1 — y and ¢ = Dgy are

shown. The other cases are obvious.

(the case of p = ¢ — x) First, we show the left-to-right. Assume M’ ,w IFP* ¢ — .
Take any v € W satisfying w < v and suppose M,v IFP* . We show M, v IFP* x.
Since M’ is a generated submodel of M, we have v € W’. Hence, by the induction
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hypothesis, M’, v IFP* 1), which entails M’, v IFP* y under the assumption. Then, again by
the induction hypothesis, we have M, v IFP® x as required.

Next, we show the right-to-left. Assume M, w IFP* 1) — y. Take any v € W’ satisfying
(w,v) e< N(W'x W) and suppose M’, v [FP* b. M’ v IFP* x By the induction hypothesis,
M, v IFP? 1) is obtained, which entails M, v IFP® x under the assumption. Then, again by

the induction hypothesis, we have M’ v IFP* x as required.

(the case of ¢ = Dg1p) First, we show the left-to-right. Assume M’ w IFP* Dgip. Take
any v € W satisfying wRgv. We show M, v IFP ¢). Since M’ is a generated submodel of
M, we have v € W’. Hence, by the assumption, M’ v IFP® 1), which entails M, v IFP% ) by
the induction hypothesis, as required.

Next, we show the right-to-left. Assume M, w IFP® Dgp. Take any v € W’ satisfying
(w,v) € Rg N (W' x W'). We show M’ v IFP* ¢h. By the the assumption, M,v IFP* 9 is
obtained, which entails M’, v IFP* ¢ by the induction hypothesis, as required. O

<

» ‘
: \
Fex
a,b C@: -\/' —>
Figure 3.4: Tree unraveling of F,,

Definition 3.27. Let M = (F,V) be a pseudo-model generated by w € W, where
F = <W7 ga (RG)GEGrp>~

e We put wy := w and define Finpath(F, w) as

{<w07L17w17 L27 e JLTL7wn> | n Z 07Lz € {<7RG}G€Grp7wi—1Liwi for all 1 S { S n }
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Figure 3.5: Tree unraveling of F/_



95

Y

We call an element of Finpath(F,w) “a path (from a state w)’

7, 7, etc.

and denote it by

e For 7 = <U)0, Lla Wi, L27 e 7Ln—17 Wn—1, Ln7 wn> € Flnpa‘th(F7 UJ),

body(W) == (wo, Ly, w, Ly, -+ , Ln_1, wn_1) and tail(W) = w,.

e We say that paths 7, D= Finpath(F, w) satisfy a relation U < U if and only if

= 7“<<, w'), where ~ means concatenation of two tuples.

e We say that paths 7, T € Finpath(F, w) satisfy a relation YRV if and only if
V=W (Ry,w') and G C H.

e A waluation function V: Prop — P(Finpath(F,w)) is defined by:

V(p) = {U € Finpath(F,w) | tail(?) € V(p)}.

Take F,, in Figure 3.3 as an example. The set Finpath(F,,, w) of paths on F,, and <
and R on this set are drawn in Figure 3.4. The point is that the a-arrow and b-arrow on
w in F,, are transformed into two arrows with different destinations, so that the condition
“Riay N Ry = Ryapy” is not satisfied in F, but becomes satisfied in Finpath(F,,, w).
However, as it is, (Finpath(F,,, w), <, (Ra)cearp) is not a pseudo-frame, since < itself is
not a preorder and the condition “<; Rz C R¢g” is not satisfied because, for example,
there is no a-arrow from (w) to (w, <,w,a,w). Therefore, a preorder and relations for
D¢ on Finpath(F,w) in general should be defined as follows.

A pseudo-frame F!, and its tree unraveling in Figure 3.5 is another example. Here, we
set Agt == {a, b}, and Ry, is represented by “ab”. It is noted that there are an a-arrow,
a b-arrow, and an ab-arrow from (w) to (w, <, w, ab, w). It can be seen that the definition

of R assures the inclusion condition defined in Definition 3.13.

Definition 3.28. Let R C X x X be a binary relation on X. The reflexive (transitive,

or reflexive and transitive) closure of R is defined and denoted as follows, respectively:
e R°:= RUId, where Id = {(z,z) | x € X},
o Rt = Un21 R",

o R = Unzo R",

——
where R .= R;--- ;R forn > 1 and R° := Id.
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Definition 3.29 (Tree Unraveling). Let M = (F,V) be a pseudo-model generated by

w € W, where F' = (W, <, (Rg)gearp). Tree unravelings of a pointed pseudo-model
(M, w) are defined as follows:

1.

2.

3.

4.

Tree(M7 w) = (Flnpath(F7 UJ), 4*7 (4*7 7zG)GEGrp? V)
Tree®(M, w) = (Finpath(F, w), <", (3" R ) cecr. V)-

Treet (M, w) = (Finpath(F, w), 5%, ((#*;RE)JF)GGGW,V).

Tree* (M, w) = <Finpath(F, w), %, (85 RE‘)*)GeGrp , V).

The following is an useful proposition for proving several properties of tree unraveling.

Proposition 3.30. Let R, Ry,--- , R, be binary relations on a set X.

1.

2

3

v

R

If Ry C Ry, then R; Ry C R; Rs.

If Ry C Ry, then Ry; R C Ry; R.

If Ry C Ry, then R} C R} for alln € N, in particular, R C Ry and R} C R;.
R (Nier Bi © e (Bs Ri).

(Mier Ri); B S e (Ris R).

(ﬂiel Ri)n -
(mz‘el Ri)* - ﬂz’e[ RY.

Proof. 1. Suppose Ry C Ry and z(R; Ry)y. we have xRz and zRyy for some z € X.

. Assume z(R; )

From the latter and the supposition, we have zRyy, which entails z(R; Rs)y in

conjunction with zRz.

. The same as item 1.

. Assume R; C R, and show R} C R} by induction on n € N. If n = 0, it is

obvious. We show RF™ C RE™ assuming R¥ C RS, From L.H. and item 1, we have
R¥1 C Ry; RE. By the assumption and item 2, we have Ry; RS C R5™1. Then, we

obtain R C RET.

ser Bi)y. Then, we can find z € X such that xRz and zR;y for any

i € I. The element z € X obviously makes “z ((,;(R; R;)) y” true.

The same as item 4.
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6. We show (M;c; Ri)" € Nic; B by induction on n. If n = 0, it is obvious. For the

step case, we have the following:
LH. and 2)

n . ( i (5) :
(miel Ri) = (ﬂiel R;) ?mz’el R; - (ﬂiel Rz’) 5ﬂz‘€1 R; C mz’el (Ri ) mjel Rj)

niez mjel (R Ry) = mz‘el (R?H N mj;éi (R} Rj)) - ﬂie[ R?H- [

Proposition 3.31. All the tree unravelings of a pointed pseudo-model (M, w) defined in
Definition 3.29 are pseudo-models.

Proof. The condition 1 “<;Rg C Rg for any G” of pseudo-frame is obvious by the
transitivity of <*. That is, by <*; *C<x*, we have <*; (X", R¢) = (5 5%); Re € <55 Re
for Tree(M, w).

It is seen from items 1 and 3 of Proposition 3.30 that it suffices to show “Rpy C Rg,
when G C H”, in order to make sure the condition 2 “Ry C Rqg if G C H” of pseudo-
frame. Suppose WRy U, i.e., U is of the form 7”‘(RH/, w') and H C H'. We thus have
G C H' by the assumption, and hence URcV. We show V is hereditary. Take any
p € Prop and suppose @ € V(p) and @ <* U. By the former, we have tail(@) € V(p).
By the latter, it is easily seen that tail(%) < tail(7'). Since V is hereditary, it turns out
that tail(7') € V(p), which means ¢ € V(p). O

Also, note that Tree®(M, w) is: a reflexive pseudo-model if @ = o, a transitive pseudo-
model if @ =+, and a reflexive and transitive pseudo-model if @ = * | which is easily seen
from the definition of the relation for D¢ in each tree unraveling. Moreover, seriality is

inherited from an original pseudo-model:
Proposition 3.32. <*; Ry, and (4*;R{a}+)+ are serial if R,y is serial.

Proof. Assume that Ry, is serial. It is sufficient to show that Ry, is serial, since <* is
reflexive. Take U € Finpath(F,w). Since Ry, is serial, tail(ﬁ)R{a}x for some x € W.
Therefore, (7, U <R{a}, l’)) € Ryay- L]

The following two propositions are used in the proof of Proposition 3.35.

Proposition 3.33. Let F = (W, <, (Rg)cearp) be a pseudo-frame and take w € W.
We refer to Rg and < on Finpath(F,w) collectively as “tree relation” and denote such

relation by R,S, R1, Ra, etc. The following hold for tree relations.
1. If URV, then W« = body(7).

2. If (W, V) € (Ry;-+ i Rm); (St;++ :8n) (m > 0,n > 1), then the only body™(7)

satisfies the conditions (U, body™ (7)) € (Ry;- -+ ; Rym) and (body™(7), T) € (S1;--- ;Sn),

where body™ (V') means body(- - - (body(7))).

(4
-

~
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3. If (Ry;++ ;Rm) N (S1;-++ ;Sn) # 0, then n =m.
4. Ri;- s R mie[(s(i,l); T §S(i,m)) = ﬂie[ (Rl; s ;Rm;S(i,l); s ;S(i,ni))
5 Micr (S 186amn) s R i Rm = Mier (S 38t Ras- -+ i Rom)
Proof. e (item 1) Item 1 is obvious by the definition of R¢ and <.

e (item 2) We show item 2 by induction on n. If n = 1, there exists 7 such that
U(Ry;--- ,Rn)?> and 7817. By item 1, 7 = body(7).
Since (Ri;- i Rm): (S13-+18n) = (R i R S1): (Sai -+ 5 Sy),
7(721; o R Sl)body”*1(7) and body”*1(7)(82; e ;Sn)7 hold by I.H. Then,
U (Ry; -+ Rm)body™(7) is obtained from the former.

e (item 3) Item 3 is obvious from item 2.

e (item 4) We show item 4. By item 3, if n; is not constant, the equation is equiv-
alent to ) = (). So, we assume n; is constant and call it n. The left-to-right is
obvious from item 4 of Proposition 3.30. We show the converse. Asuume (7, 7) €
Nier (Rus+ 5 Rms Sy -+ 1 Smy)s ies, (U, V) € (Ras++ s Rons Sy =+ 5 S(im))
for all 4. By item 2, (U, body™ (7)) € (Ry;- -+ ; Rm) and (body™(7), V) € (Su); -+ ; Siim))
for all i. Then, we have (7, 7) € Ry;--- : Rum; Nicr(Sa; - :Sim))-

e (item 5) Item 5 is shown similarly to item 4. O
Proposition 3.34. Let G1,G5 € Grp. Then, R, N Rea, = Ra,uG,-

Proof. The right-to-left is obvious by the fact that Tree(M, w) is a pseudo-model, so we
concentrate on the left-to-right. Assume (7, V) € Rg, N Re,, i.e. U = U~ (Ry,w'),
where G; C H for i = 1,2. Here, G; UGy C H holds, so we have 7RG1UG27. O]

Proposition 3.35. All the tree unravelings of a pointed pseudo-model (M, w) defined in
Definition 3.29 satisfy the intersection condition defined in Definition 3.15. That is:

1. In Tree(M,w), N,ea(S" Riay) = 35 R holds for any G € Grp.

2. In Tree®(M,w), N,eq(5"RY,y) = <7 RG holds for any G € Grp.

a€G

3. In Tree® (M, w), N

aceG

<<*QR{+¢1})+ = (4*;RJGF)+ holds for any G € Grp.

4. In Tree*(M,w), N (4*;72’{@})* = (5% R%)" holds for any G € Grp.

e
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Proof. First, we show that (R¢)gearp satisfies the intersection condition, i.e., (,cq Ria} =

Re for any G € Grp. We show by induction on the cardinarity G of a group G. If G = 1,

aeG

the equation trivially holds. Let #G = 2 and suppose G = {a,b}. Then, by Proposition
3.34, Riay "Ry = Ryapy- Let #G > 2 and suppose G = {a,b}UG’. Then, by Proposition
3.34 and LH., N.ce Rt = Riay "Ry N Neeer Rier = Riapy N Rer = Riapue = Ra-
Thus, we obtain (),.; R{s} = Rg for any G € Grp. We show each item based on this

equation.

e (item 1) From this equation, we have <*;(,c R{a} = =*; Ra- So, it suffices to show
Nocc (5 Rtay) = <5 Nuee Riay- The right-to-left is the case by 4 of Proposition
3.30. We show the left-to-right. Suppose 70(16@(%*;7%{@)7- That is, we have
7(4*; R{a})? for all a € G. Then, we can take t_; such that 7—4*5 and t_gR{a}7,
depending on a € G. Actually, however, according to 1 of Proposition 3.33, we have
t_; — body(7), regardless of a € G. Therefore, body(7) satisfies 7 <*body(7/) and
body(?)R{a}7 for all a € G, which entails 7 (<*; Nuce R{a})7.

e (item 2) From “N,cqRa} = Re”, we have ((N,co Riar)” = R&. It is easy to see
that (Noeq Ria) = Nace R{,- Then, we obtain (s Ry, = Rg, which en-
tails <*;(Nyeq R‘Ea} = 5" Rg. Therefore, our goal is to show that <*;(,.¢ R‘{’a} =
Nuce <71 Ry Wehave RS, = Ry UId, where Id == {(, ) | W € Finpath(F, w)},
and, for any binary relations R and S, R; (S1USs) = R; S1UR; Ss, as easily checked.
Using these and (,co(5"3Ria}) = 5 ueq Riay shown in the proof of item 1, we

have:

<R = 5[ R UId)
a€G aeG
= 4*,(0 R{G}de)
aceG
= (5[ Riap) U (573 1d)
aceG
= (] 5" Rw) V(57 1d)
acG
= ﬂ (5 RiU ™5 1d)
acG

= [ (5 (R U 1d))

acG

= ) (5%R) -

aeG

e (item 3) By applying the same operations to the both sides of the equation (), Ria} =

aeG
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+
Re, we have (4*; (Nuea R{a})+> = (4*;725)# So, the goal is to show
+ +
Naocc <§*;RL}> = (4*; (maEG R{a})+> . We divide the goal into three parts:
+ * *
(ﬂaeG R{a}) = Naec R?a}’ <" Naec R?a} = Naec (4 ;Rr{i_a}>’ and
+ +

(naEG (4*’ R?a})) = ﬂaEG (4*7 R?a}) - We ﬁI’Stly prove (ﬂaGG R{a})+ = ﬂaeG R?—a}'
It suffices to show that ((N,cq Ria}) = Nucc R,y for all n. We show it by induc-

tion on n. The case of n = 0 is already treated in the proof for item 2. As for the

step case, we have the following sequence of equations:

( M R{a}) B = ( M R{a}) " () Ry

aclG aclG beG

(m%) Nre

aeG beG

o ) 1)

ac€CG beG

(4 of Prop. 3.33) n
= ﬂ (ﬂ (R{a}§R{b})>

acG \beG

. (R?;; N (R?a};n{b}))

acG b#a

= RGN ) (R Rey) -

acG a€G b#a

We show (,cq R?{j}l N Naea MNoa <R?a}; R{b}> = Nucc R?:}l to complete the step
case. The left-to-right is obvious. Suppose 70(16G R?;T? Then, by item 2
of Proposition 3.33, 7R?a}body(7) and body(?)R{a}ﬁ for all @ € G. The path

body(7') obviously makes “@ (maEG Mbota (R?a}; R{b}>> V7 true. Second, we show
<55 Naee R?a} = Nuca (4*; R?a}) The left-to-right is evident. We show the oppo-

site. Assume (7,7) € Nuee <<*;RE’G}>, e, W (4*;7332}) o for all a € G. By
the definition of < and R, it can be seen that ¢, satisfying 74*157 and thEra}?
is constant regardless of a € G, and determined from the form of 7. We name

it 7. This path 7 obviously establishes 74*;(](16(; Rfa}ﬁ. Third, we show

+ +
<ﬂa€G (#*; RE})) = Nuea (4*; R{Z}> . The left-to-right is the case by item 6 of

Jr
Proposition 3.30. We show the right-to-left. Suppose (7, 7) € Nuee (%*; RE}) ,

_l’_
ie., (W, 7)€ (4*;7@ ) for all @ € G. By the definition of < and R, ¥ should

+
{a}
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be of the following form:

7 7/\< \>w117 : 7w1,l1—1a<7wl,l1aH1,laul7la"' 7u1,n1—17H1,n17u1,n17
S, Wity Wig—1, < Wiy, Hin, Wity Wing—1, Hipg s Win,,
g: wm,la e 7wm,lm717 <7 wm,lm7 Hm,l: um,17 e 7um,nmfla Hm,nm7 um,nm>

(3.1)

It is noted that Ry, , is denoted by H; ; for the sake of simplicity, that /; (the number
of < in in the i-th sectlon) can be 0 for any i € {1,---,m}, and that the symbols
w;;and uiy, (5 €{1,--- L}, ke{l,---,n}, i € {1,--- ,m}) denote states in |M]|.
By the definition of Ry, a € H;; (i =1,--- ,mand j =1,--- ,n;) for any a € G.
Hence, it is obvious by the form of ¥ that (7, 7) € (ﬂaeG (4*, Rﬁa}>)m.

(item 4) By applying the same operations to the both sides of the equation (), ; R{a} =
Re, we have (575 (Nyeq R{a}) ) = (X5 RE)™. So, the goal is to show (.4 ( <*; ?a}> =
(=5 (Muee R{a})*)*. We divide the goal into three parts: ((N,cq Ria}) = Nuee R {a},

< Mcc Ry = Maca (<R ) o0 (Mocer (373Riy)) = Mee (S5 Rin)

First, we have (ﬂaeG R{a}) = Nwec: RY,, because it is shown in the proof for item 3

that (Nueq Riar)” = Nace RY,y- Second, we show <™ (,cq Rl = Nuca (4*, R?a})
Under the equation R}, = R{a} U Id, the equation R;(S;USs) = R;S1UR; .Sy used

in the proof for item 2 and the equation <*;(,.¢ R?a} = Nuee (—4*; R?a}) shown

in the proof for item 3, we have:

<\ Riw = <5 R VId

aeG aeG

= [ RLUS

aceG

- ﬂ(< R{*a}> < Id

a€G

= ﬂ<< R,V *-]d>

aeG

= &R
aeG
Third, we show (ﬂaeG (4*; ?a})) = Nuce (4*; E}) . This is equivalent to

+ +
<ﬂa€G (4*, R’Ea}» = Nuec (4*; R’Ea}) because Id is a subset of the both side.
The left-to-right is the case by item 6 of Proposition 3.30. We show the right-to-left.
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+ +
Suppose (U, 7) € Nacc: (4*; @}) Jie, (W, 7) € (#*; @}) for all a € G.

Then, as in the proof for item 3, ¥ should be of the the same form as (3.1), except
that each n; can be 0. Since a € H;; (i = 1,--- ,mand j = 1,--- ,n;) for any

a € G, it is obvious by the form of ¥ that (7, ?) € (ﬂaea (%*;R%)) : ]

Definition 3.36 (bounded morphism). Let M = (W, <, (R¢)gearp, V) and M’ = (W', <
. (Rz)cearp, V') be pseudo-models. A function f: W — W is called a bounded morphism

from M to M’ if and only if any of the following is satisfied:

if w < v then f(w) < f(v).
if f(w) <" v’ then there is v € W such that w < v and V' = f(v).
if wRgv then f(w)Ry, f(v).

if f(w)Rgv' then there is v € W such that wRgv and v = f(v).

e we V(p) iff f(w)e V'(p).

Proposition 3.37. Let f be a bounded morphism from a pseudo-model M = (W, <
(Ra)cearp, V) to a pseudo-model M' = (W', <" (Ri)Gearp, V). Then, for any w € W

and formula ¢,

M,w IFP o aff M, f(w) IFP .

Proof. By induction on ¢. We deal with only the case of ¢ =9 — y and ¢ = Dgv.

e (the case of ¢ = 1p — x) First, we show the left-to-right. Fix any v such that

f(w) <" v and assume M’ v [FP5 9. We show M’ v' IFP* x. Since f is a bounded
morphism, there exists v € W such that w < v and v = f(v). Then, we have
M, f(v) IFPS 9h, which entails, by L.H., M, v [FP® 4. Since we have M, w IFP* ¢p — x
and w < v, we obtain M, v IFP* y. By LH., we get M’ ,v'(= f(v)) IFP® x. Second,
we show the right-to-left. Fix any v such that w < v and assume M, v IFP? ). We
show M, v IFP* x. Since f is a bounded morphism, f(w) < f(v). By L.H., we have
M’ f(v) IFP* 4. Hence, M’ f(v) IFP® x is obtained by the assumption. We thus
have M, v IFP® x again by I.H.

(the case of ¢ = Dgtp) First, we show the left-to-right. Fix any ¢’ such that
fw)Ryv'. We show M’ v IFP* 4). Since f is a bounded morphism, there exists
v € W such that wRgv and v' = f(v). By the assumption, we have M, v IFP® 1,
from which it follows, by L.H., that M, f(v)(= v') IFP* 4, as desired. Second, we
show the right-to-left. Fix any v such that wRgv. We show M, v IFP* ¢). Since f
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is a bounded morphism, f(w)Rf(v). Hence, by the assumption, M’ f(v) IFP* 1.
Then, by I.H., we obtain M, v IFP% 1. O]

Theorem 3.38. Let M = (F,V) be a pseudo-model generated by w € W, where F =
(W7 <7 (RG)GGGrp>’

1. There is a surjective bounded morphism from Tree(M,w) to M.
2. There is a surjective bounded morphism from Tree®(M,w) to M, if Rg is reflexive.
3. There is a surjective bounded morphism from Tree™ (M, w) to M, if Rq is transitive.

4. There is a surjective bounded morphism from Tree* (M, w) to M, if Rg is reflexive

and transitive.

Proof. In any item, we define a function f from |Tree®(M,w)| to | M| as one which maps
W € Finpath(F, w) to tail() (e € {e, 0,4, %}). Surjectivity is evident from the definition
of Finpath(F,w) and the assumption that M is generated by w. We show that f is a
bounded morphism. The condition for a valuation is obviously satisfied by the definition
of V. We check the condition for preorder. Suppose U<, Then, it is obvious by the
definition of < and the transitivity of < that f(@) < f(). Suppose f(¥) < v. Put ¥ =
U (<, v), which clearly gives @ < ¥ and f(7/) = v. We check the condition for R¢
relation. The back condition is easier. Suppose f(@)Rgv. Put ¥ := U~ (Rg, v), which
clearly gives URGT and v = f(?) Since R¢ is a subset of x*; R¢, %5 RE, (4*; RE)Jr,
and (*;R§,)", the back condition turns out to be satisfied in all items by . We check

the forth condition for each item below.

e (item 1) Suppose 7(4*;73(;)7. By definition, v = 7“<<, Wi, We1, <, Wy, Ry, v)
(n >0 and G C H). Therefore, f()(<; Ry)f(V), which entails f(W)Ryf(7).
Since Ry C Rg, we have f(ﬁ)Rgf(7).

e (item 2) Suppose UW(x*RL)V, ie. W(K5Re)V or @ <* V. In the former
case, the same argument as item 1 can be applied. In the latter case, we have
f() < f(V). Since Rg is reflexive, <C<; Re(C Rg). Hence, f(W)Raf (7).

e (item 3) Suppose (=% Rg)+ . Then, ¥ is of the same form as (3.1) in the proof
of Proposition 3.35. Note that G C H;; (i =1,--- ,;mand j =1,--- ,n;). Under
Ry,; € Rg, we obtain f(ﬁ)(g;Rgl; e ;g;Rgm)f(ﬁ). Since R is transitive,

GRY; - <G RE C (K3 Re)™ € R2 C Rg. Thus, f(W)Raf(V).
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e (item 4) Suppose U (x*;RE)* V. If @ = 7/, then it is evident from the reflexivity

of R that f(W)Ref(T). So, we assume @ % ¢. Then, ¥ is of the same form
as (3.1) in the proof of Proposition 3.35, except that n; can be 0. Also, G C H, ;
(i=1,---,mandj=1,---,n;). Under Ry, ; C Rg, we obtain f(ﬁ)(g, R -5 <
;Rgﬂf(?). Since Rg is reflexive and transitive, <; R+ 5 <; R C (<3 Rg)™ C
R” C Rg. Thus, f(U)Raf(V). O

We prove Theorem 3.11. The statement is “Let X be any of IK, IKT, IKD, TK4,

IK4D, and IS4. Then, if I Ibpix) o, then I' Fpx) ¢.”

Proof. We show the contraposition. Assume I' i/yx) ¢. By Lemma 3.19, We can find an
X-consistent and prime X-theory I'* such that I' C I'" and I'" t/yx) ¢. Since I' C T'F,
MX,T* IFPs T by the left-to-right of Lemma 3.23. On the other hand, MX,I'* [** ¢ by
the right-to-left of Lemma 3.23 and item 1 of Lemma 3.18. We take an appropriate tree

unraveling depending on X.

e (X =IK,IKD) We can take Tree (Mgi,f”r), because, by Proposition 3.21, Mgﬁ

is a pseudo-model generated by I't. Since Tree (Mlzi, F*) can be seen as a model
in the sense of Definition 3.1 by Proposition 3.35, it suffices to show that (M*,'")
satisfies exactly the same formulas as (Tree (Mgi,f‘*) , <F+>) in the case of IK.
First, (M*,T'T) satisfies exactly the same formulas as (M2 ,T'") by Proposition
3.26. Next, (M, I'") satisfies exactly the same formulas as (Tree (M., I'T) , (I'T))
by Proposition 3.37, because f((I'*)) = I'* for the bounded morphism f, which is
shown to exist in Theorem 3.38. Hence, Tree (Mgi, F+) ,(TT)IFT but

Tree (MZX.,TF) (I'") I ¢. In the case of IKD, we need to additionally show
that Tree (Mgﬁ, F*) is serial. This is true, because of item 2 of Proposition 3.24,
the obvious fact that seriality is preserved under taking generated submodel, and

Proposition 3.32.

(X = IKT) Take Tree® (MZ,T'"). We can show that (Tree® (M2 ,I'M),(I'")),
which can be seen as a model by Proposition 3.35, satisfies exactly the same formulas
as (M*,T") by the same argument as the case of IK. Note that Tree® (Mgi, F*)

is reflexive.

(X = IK4,IK4D) Take Tree* (MX ,T"). We can show (Tree™ (MZ ,I'F),(T'M)),
which can be seen as a model by Proposition 3.35, satisfies exactly the same formulas
as (M*,T'") by the same argument as the case of IK. Note that Tree™ (Mgi, F*)
is transitive. For the case of IK4D, we can show that Tree™ (Mgi, F+) is serial by

the same argument as the case of IKD.
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e (X = IS4) Take Tree* (M ,I'"). We can show (Tree* (MZ ,I'"),(I'")), which
can be seen as a model by Proposition 3.35, satisfies exactly the same formulas as
(M*,T*) by the same argument as the case of IK. Note that Tree® (MX ,T'") is

reflexive and transitive. O

Proof for Theorem 3.12

For Theorem 3.12, we introduce an operation which turns a pseudo-model into a stable
one without changing satisfaction on any state. Moreover, the operation preserves reflex-
ivity, transitivity, and seriality, and for tree unravelings, also preserves the intersection

condition. Using these properties, we prove Theorem 3.12.

Definition 3.39 (stabilization). Let M = (W, <, (Rg)cecrp, V) be a pseudo-model.
M = (W, <, (Ra; <)aearp, V) is called “the stabilization of M”.

Proposition 3.40. Let M = (W, <, (Rg)cearp, V) be a pseudo-model. Then, the stabiliza-
tion M** = (W, <, (Ra; <)aearp, V) of M is a stable pseudo-model. Moreover, M, w IFP* ¢
iff M3 w IFPS o for any ¢ € Form and w € W.

Proof. First, we show that M® is a stable pseudo-model. We show <; (Rg; <); <C Rg; <
Using <; Rg € Rg and the transitivity of <, we have <; Rg; <; <C Rg; <;<C Rg; <.
Further, if G C H, we have Ry; <C Rg; < by Ry C Rg.

Next, we show the latter by induction on ¢. Only the case ¢ = Dgt is treated.
(left-to-right) Assume that M,w IFP* Dgiy. We show that M w IFP* Dgep. Fix v such
that w(Rg; <)v. Then, there is u such that wRgu and u < v. From the former and
the assumption, we have M, wu IFP° ¢). Then, by the latter and the heredity, M, v [FP* ).
(right-to-left) Obvious by Re C Rg; <. O

Proposition 3.41. Let M = (W, <, (Rg)gearp, V') be a pseudo-model. If R¢ is reflexive

(transitive, or serial), then Rg; < is also reflexive (transitive, or serial, respectively).

Proof. (reflexivity) Obvious by Id C<, where Id = {(w,w) | w € W}. (transitivity)
Under <; Rg C Rg and the transitivity of Rg, we have: Rg; <; Rg; <C Rg; Rg; <C
Rg; <. (seriality) Obvious by Rg C Rg; <. ]

However, in general, the intersection condition (ﬂaeG Ry = Rg) is not preserved
under the stabilization. That is, there is a pseudo-model which satisfies (. Ria} = Re
for any G € Grp, but does not satisfy “(,.o(Ra}: <) = Rg; < for any G € Grp”. The



66

Figure 3.6: Counter pseudo-model M to preservation of intersection condition under
stabilization

pseudo-model M depicted in Figure 3.6 is such a model. Let Agt = {a,b}. The pseudo-
model M is defined as ({w,v,u,t}, <, (Rya}, Ry, Riapy), V) , where

<= {(w,w), (v,v), (v,1), (u,u), (u,t), (t, 1)}, Riay = {(w,v)}, Ry = {(w,u)}, and Ry, py = 0.

The valuation V' can be any. The solid line stands for the relations for groups and
the dotted arrow stands for the preorder. Reflexive arrows for the preorder is omitted
in the figure. We can easily see that ()., R = Rg for any G € Grp. However,
Nece(Riep; <) = Re; < is not true when G = {a, b}, because (w,t) € (Ra}; <) N (Rypy; <)
but (w,t) & Riapy; <= 0.

As can be guessed from the counterexample, “(Rg,; <) N (Ray; <) € Reyuey; <7 is a

sufficient condition for the preservation of the intersection condition.

Proposition 3.42. Let M be a pseudo-model satisfying the intersection condition and
“Rey; )N(Ray; <) € Rayucy; <7 for any Gy, Go € Grp. Then, the intersection condition
holds in M5, too.

Proof. “Ra; <C \,ea (R{a}; <)” always holds, so we show (7, (R{a}; <) C Rg; < by
induction on 4G. If §G = 1, the equation trivially holds. Let §G = 2 and suppose
G = {a,b}. Then, by the assumption, (R{a};g) N (R{b};g) C Rpapy; <. Let §G > 2
and suppose G = {a,b} UG’. Then, by the assumption and LH., (... (R{c}; <) =
(Riay; <) N (Reeys <) N Neer (B <) € (Rpanyi ) N Neer (Bieyi <) € (Rpapyi <) 0
R <C Rg; <. O

We show that the tree unravelings satisfy the very condition.

Proposition 3.43. The tree unravelings of a pointed pseudo-model (M, w) satisfy the
condition “(Rg,; <) N (Rg,; <) € Rayua,; <7 for any G1, Gy € Grp.

Proof. o (Tree(M,w)) Assume (7 ) € (5,Re;:<%) N (5% Ray; <), We show
that (7, V) €<*; Ra,ua,; <*- Then, by the definitions of 5 and R,
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7 = 7/\<<7ujl7' © o, Wn—1, gawnaRH7u07<7ula' T 7um—17<7um> ) where n,m 2 0

and G; C H for i =1,2. Since G;UGy C H, we also have (7,7) €x*;Raua.; <5

o (Tree’(M,w)) Since (5*; Rg,; °)N(5* Re,: <) = (K5 Re; ) N (K Ry 7)) U

and (< s RG0S *) (" 7RG1UG27 *)U <*, the condition is obviously satisfied

by the argument of the case of Tree(M, w).

o (Tree™ (M, w)) Assume (7, 7) € ((4*;726; <* ﬂ( <*,RJGFQ ;< *) We show
(7, 7) € (4*; Rgluc2)+, . By the definitions of < and Rg,

7 = 7/K< <7w1,17 s, Wr-1, <7 Wiy, Hl,la U1, Ul ng—1, Hl,nu UL ,ng,
Wity s Wig—1, < Wiy, Hy, i,y Wimg—1, Hipyy Wi,
<7 Wim,15 " s Wmlpy,—1, <7 wm,lma Hm,h um,la T 7um,nm—17 Hm,nma um,nm7
Wit 1,15 Win L1 — 1 6 Winep g1 )

where Ry, ; is denoted by H; ; for the sake of simplicity, I; (> 0) denote the number of

< in in the i-th section for any i € {1,--- ,m+1}, n; > 0foranyi € {1,--- ,m}, and
Re, Gy, CH;j (i=1,---,m,and j=1,--- ,n;) for k =1,2. Since Gy UG, C H, ,,
we have (7, V) € (5 RE,0a,) 15" O

We end the present section by proving Theorem 3.12. The statement is “Let X be any
of IK, IKT, IKD, IK4, IK4D, and IS4. Then, if I' lFpx)nst @, then I' Fyx) ©. 7

Proof. We show the contraposition. Assume I' /yx) . By the same argument as the

proof of Theorem 3.11, we have M, T'" IF?* T and MX,T'F /7S

e (X = IK,IKD) First, by Proposition 3.40, (Tree (Mgi, F*)St , <F+)> satisfies the
same formulas as (Tree (Mr)i, F*) (F*)), which is shown in the proof of Theorem
3.11 to satisfy the same formulas as (M*,T'F). Second, Tree (Mgi, F*)St also can be
seen as a model by Proposition 3.42 and 3.43. Therefore, Tree (M3, I”“)St (T IET
and Tree (Mf&,I‘*)St ATT) I p. For the case of IKD, we have to show that
Tree (Mgi, F*) is serial. This is true by the fact shown in the proof of Theorem
3.11 that Tree (Mg&, F+) is serial and Proposition 3.41.

e (X = IKT) By the same argument as the case of IK, Tree® (M2, 1““)8t ATTY IF
' and Tree® (Mfffr,f‘*)st (Y IF p. Note that Tree® (Mﬁi,ﬁ)“ is reflexive by
Proposition 3.41.
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e (X =IK4,IK4D) By the same argument as the case of IK, Tree™ (M, 1““)8t AT IF
T and Treet (MX,T+)™ (D) I ¢. Note that Tree™ (MX,TF)™ is transitive by
Proposition 3.41. If X = IK4D, Tree" (MY, F*)St is also serial, because of the fact
shown in the proof of Theorem 3.11 that Tree™ (Mgi, F*) is serial and Proposition

3.41.

e (X = IS4) Theorem 3.11 is sufficient because F(IS4) = F(IS4) N ST by item 2 of
Proposition 3.3. O

3.4 Sequent Calculi

3.4.1 Equipollence and Cut-Elimination

A sequent is a pair of finite multisets of formulas I' and A denoted by “I' = A”, where
#A < 1. The multiset I' is called an“antecedent” of a sequent I' = A, and A a “succe-
dent”. A sequent is intuitively interpreted as “if all formulas in I" hold, then a formula in
A holds.” The reason why the number of A is restricted is that we build our calculus on
the basis of Gentzen’s LJ [11, 12] for intuitionistic propositional logic. Our sequent calculi
for the intuitionistic epistemic logics with distributed knowledge are presented in Table
3.2. Axioms, structural rules, and propositional logical rules are common to LJ. The
other rules are the same as the ones in [30], except that rules for (D) axiom, i.e., (Dixp)
and (Dikap) are added, in order to construct calculi for the logics IKD and IK4D.

We note that when n = 0, e.g., in the rule (D) of Table 3.2, the multiset is regarded
as the empty multiset and thus (J_, G; is regarded as @. A sequent I' = A is derivable
in each calculus G(X) if there exists a finite tree of sequents, whose root is I' = A and
each node of which is inferred by some rule (including axioms) in G(X). We write it as
Feoxy I' = A.

We note that for any logic X under consideration, H(X) and G(X) are equipollent in

the following sense.

Theorem 3.44 (Equipollence). Let X be any of IK, IKT, IKD, IK4, IK4D, and
IS4. Then, the following hold. 1. If Fyx) @, then Fexy= ¢. 2. If Foxy I' = A, then
Faxy AT = VA, where N\@:=T and \/ @ := L.

Proof. We show the case of IK. The idea for proof is common to the rest. Here we focus
on item 2 alone. We show item 2 by induction on the structure of the derivation for

the sequent I' = A. We deal with the case for the rule (D) only. Suppose we have a
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Axioms

= U T W)
Structural Rules
I'= I'=A 907()0711:>A
oo =W oroa@=) Ursa 67
I'= e @,Héz(cut)

T =Y

Propositional Logical Rules

<P7F2>¢ F1:>§0 ¢7F2:>A
rsooo ) oo noa (07

I'= @ F:M,b( ) o, ['=A (/\:>1> v, I'= A
= oAy oA, = A oA, = A
I'=p 1 I'=vy o o, I'=A ¢, T'= A
F:>g0\/w(:> ) F:>g0\/w(:> ) oV, I'= A (V=)
Logical Rules for D¢ of IK

¢1,- o0 =10 (UL Gi €G)
DG19017 .. -,DGnSOn = DGw

(A =7)

Logical Rules for Dg of IKT

yeee s Pp = v G, CG

©P1 2 1/} (Uz_l ) D @, F = A (D :>>
DG1¢17---aDGnSOn:>DG¢ DGgO,F:>A

Logical Rules for D of IKD

o1, o0 =0 (U, Gi € G)
DGlgpl,...,DGngOn = Dg¢

I'=>
(D) Dl = (Dikp)

Logical Rules for D of IK4

gplw-wgpnaDG’ﬁOlu"'?DGn@n:>w (U?:legG)

=D
Da, 1, - - -, Da,pn = Da) (= Dixa)
Logical Rules for D¢ of IK4D
01y n Dayory - Dayon = (U, Gi CG) I', Dyl =
(= Dika) —F———
DG1§017 RN ,DGngOn = Dg¢ D{a}r =
Logical Rules for D of IS4
DGSDW'WDGn(pn$¢ ?: GZQG ,F:>A
1¥1 (U 1 ) <: DIS4) 2 (D -
DG19017"'7DGn90n:>DGw DG§07F:>A

(= D

IK4D)
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derivation

D
e o0 =Y (U Gi € G)
DGlSOIw-'aDGn(Pn = DG¢

We show Fuxy Aiey Da,pi — Dep. We have Fyxy A, @i — ¥ as the induction hypoth-
esis for the derivation D. From this, we can infer by necessitation Fnyxy Do (A, ©i = ¥).
By this and axiom (K), we have Fyx) Da(A;_; i) = Dgtp, which is equivalent to Fpx)
A Dawi = D, Therefore, it suffices to show that Fryx) Aimy Da.pi = Niey Dy,
which is equivalent to Fyx) Aoy Da,wi = D for any @ € {1,...,n}. This is evident
because we have a theorem in intuitionistic propositional logic Fnxy Ai; Da, i = Da, ¢

and the axiom (Incl) Fyx) Dg, i — Dag;. O

We have the cut-elimination theorem for all of the logics in consideration. First, we
introduce a notion of “principal formula”. A principal formula is defined for each inference
rule, except for the axioms and (Cut) rule and is informally expressed as “a formula, on

which the inference rule acts.”

Definition 3.45. A principal formula of the structural rules, the propositional logical
rules, and the rule (D =) is a formula appearing in the lower sequent, which is not
contained in I', 'y, I'y, or A. A principal formula of the rules for Dg operator other than

(D =) is every formula in the lower sequent.

Theorem 3.46 (Cut-Elimination). Let X be any of IK, IKT, IKD, IK4, IK4D, and
IS4. Then, the following holds: If Fgxy I' = A, then Fg-x) I' = A, where G (X)

denotes a system “G(X) minus the cut rule”.

Proof. Following [24, Section 9.3] and [36, Section 2.2], we consider a system G*(X), in

which the cut rule is replaced by the “extended” cut rule defined as:

T= " " Y=06
I'Y=0 (ECut)

where ¢" denotes the multi-set of n-copies of ¢ and n = 0,1 and m > 0. Since (ECut)
is the same as (Cut) when we set n = m = 1, it is obvious that if Fgx) ' = A, then
Fe-x) I' = A, so it suffices to show that if Fg«x) I' = A, then F¢-(x) I' = A.

Suppose Fg+xy I' = A and fix one derivation for the sequent. To obtain an (ECwut)-
free derivation of I' = A, it is enough to concentrate on a derivation whose root is derived
by (ECwut) and which has no other application of (FCut). In what follows, we let X be
IKT. The cases of the other logics can be similarly shown. Let us suppose that D has
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the following structure:

L
I'= "

Sy @ (ruler)
Y=0 ’ (ECut)

(rule)

where the derivations £ and R has no application of (ECut) and rule, and ruleg are
meta-variables for the name of rule applied there. Let the number of logical symbols
(including D¢) appearing in ¢ be ¢(D) and the number of sequents in £ and R be w(D).
We show the lemma by double induction on (¢(D),w(D)). If n = 0 or m = 0, we can
derive the root sequent of D without using (ECut) by weakening rules. So, in what follows
we assume n = 1 and m > 0. Then, it is sufficient to consider the following four cases

following [37, proof of Theorem 2.3], [24, Section 9.3], and [36, Section 2.2]: 2
1. rule, or ruleg is an axiom.
2. rule,; or ruley is a structural rule.

3. rule, or ruleg is a logical rule and a cut formula ¢ is not principal (in the sense

we have specified above) for that rule.

4. rule; and ruleg are both logical rules (including (D)) for the same logical symbol

and a cut formula ¢ is principal for each rule.

We omit case 1 and case 2 in the proof since this is well-known in a proof for LJ (the
reader is referred to [36, p.28]). For the same reason, the cases concerning propositional

logical rules are also not treated. Therefore, we treat case 3 and case 4 involving Dg.

(Case 3) If rule; = (D =), the derivation D has the following structure.

El
v, I'= ¢ R
B2 =Y (p=) — R (pul
DG¢,F;»¢< ) @m,z;»@ErE“C‘Z’;))
Do, T.5 = O

This can be transformed into the following derivation &:

L R
v, I'=¢ "X =0
v, [, Y= 0
Dey, T, ¥ = ©

(ruleg)
(ECut)
(D =)

?In case 4, we assume the condition for both rule applications, because if the one of the two rule
applications does not satisfy the condition, the whole derivation should be categorized into one of the
rest cases.
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The subderivation £ whose root is 1, I', ¥ = © has no application of (ECut) except the
lowermost one, ¢(&’') = ¢(D), and w(€’) < w(D). Hence, by induction hypothesis, there
exists an (ECut)-free derivation £ having the same root sequent. Replacing the derivation

£ by £ in &, we obtain an (ECut)-free derivation for the sequent Dgip, T, ¥ = ©.

If rulegr = (D =), the derivation D has the following structure.

R/
L " P, X =0
Ty ruled) Gn gy =6 Egii)
T, Dgih, S = © "
This can be transformed into the following derivation &:
L R
o rules) Gy s=e
I¢,5= 0 (ECut)
FDs=6 )

The subderivation £ whose root is I', 1, 3 = © has no application of (ECut) except the
lowermost one, ¢(&') = ¢(D), and w(€’) < w(D). Hence, by induction hypothesis, there
exists an (ECut)-free derivation £ having the same root sequent. Replacing the derivation

E by £ in &, we obtain an (ECut)-free derivation for the sequent I', Dgp, ¥ = ©.

(Case 4) One of the possible structures of the derivation D is the following.

L R
901,...,80n:>’1l) (U:LzlGlgG) ¢m7¢177¢m:x (GUUT:IHJQH> (D)
DG19017 - ,DGHQO“ = DGw (DG’I/})m7DH1w17 sy DHm’l/}m = DHX (EC'LLt)
DG19017"'7DGn§0n7DH1¢17"‘a-Dquvz)n = DHX
The derivation D can be transformed into the following derivation &:
ﬁ/ R/
Q01,...,Q0n:>¢ ¢m7¢17~-7¢m:>)(
9017"'7§0n7w17"'7wm:>X ( ) (Ui:lGiUszlngH) (D)

DGlgpla s 7DGn(;0naDH1q/Jla s 7DHmwm = DHX

We call £ its subderivation whose root sequent is ¢1,...,©,, ¥1,..., %, = x. The
derivation £ have no application of (ECut) and ¢(€') < ¢(D). Hence, by induction
hypothesis, there exists an (ECut)-free derivation & having the same root sequent. Re-

placing the derivation & by £ in £, we obtain an (ECut)-free derivation for the sequent

Dgyo1, ..., Dag,on, D01, ..., Dy, ¥ = Dy as required.
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The other possible structure of the derivation D is the following:

i R
o1, =>1v (UL, Gi CG) ¥, (D)™ 1, X = ©

D=
Deron - Dayen = Dat_ D) Den)"£ =0 0 =)
DGl(pl, ce DGn(Pna Y= 0
This can be transformed into the following derivation &:
L R
El DG1(p17"'7DGnSOn:>DGw w7(DGw)m_1aE:>®
(ECut)
<P1;---;<Pn:>¢ D019017-~-;DGn<Pm?/J;E:>@
D Do, gn, S = O (ECu)
L1y Pns Va1, - - VG, Pnsy (D :>>
: D =)
D ..., Dg,on, D .., D n,E:>@(
G115 y V@, Yn, VG ¥1, yVa, P (C :>)

D¢, o1, -y Dgngpn, ¥=0 (c=)

The subderivation & whose root is Dg, 1, ..., Dg, ¢n, ¥, X = O has no application of
(ECut) except the lowermost one, ¢(&1) = ¢(D), and w(&;) < w(D). Hence, by induction
hypothesis, there exists an (ECut)-free derivation & having the same root sequent. Name
&,, the derivation obtained by replacing the derivation & by &; in the subderivation whose
root is ¢1,...,¢0n, Dg,¢1, ..., Da, n, 2 = O. The derivation & has no application of
(ECut) except the lowermost one and ¢(&) < ¢(D). Hence, by induction hypothesis,
there exists an (ECut)-free derivation &> having the same root sequent. Thus, we obtain

an (ECut)-free derivation for the sequent Dg,¢1, ..., Dg, ¢n, 2 = O. ]

The following subformula property is an important corollary of the cut-elimination

theorem, and later used in a proof of decidability.

Corollary 3.47 (Subformula Property). Let X be any of IK, IKT, IKD, IK4, IK4D,
and IS4 and suppose Fgxy I' = A. Then, there exists a derivation of I' = A satisfying a

condition that any formula occurring in the derivation is a subformula of certain formula
inT or A.

Proof. A cut-free derivation of I' = A satisfies the condition, because any formula in the
upper sequent is a subformula of certain formula in the lower sequent in every inference

rules of our calculi except (Cut). O
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3.4.2 Craig Interpolation Theorem and Decidability

In many logics, the Craig interpolation theorem can be derived as an application of
the cut-elimination theorem, using a Maehara method originally described in [26]. An
application of the method to basic modal logic can also be found in [35]. Unlike [30], the
concept of ‘partition’ is simplified, because we do not allow multiple formulas to appear

in the succedent of a sequent.

Definition 3.48 (Partition). A partition for a sequent I' = A is defined as a tuple
(I'1; T'9), such that I' = I'y, ['s.

Definition 3.49. For a formula ¢, Prop(p) is defined as the set of all propositional
variables appearing in ¢. For a multiset I" of formulas, Prop(I') is defined as |J .- Prop(y).
Similarly, Agt(y) is defined as the set of agents appearing in ¢ and Agt(I") as Usoer Agt(y)

The following is a key lemma for Craig Interpolation Theorem.

Lemma 3.50. Let X be any of IK, IKT, IKD, IK4, IK4D, and IS4. Suppose Fg(x)
' = A. Then, for any partition (I'y;Ts) for the sequent T' = A, there exists a formula ¢

called “interpolant”, satisfying the following:
1. Fex) ' = ¢ and Fgx) ¢, T2 = AL
2. Prop(¢) € Prop(I'y) N Prop(T'y, A).
3. Agt(p) C Agt(l'1) NAgt(I'2, A).

Proof. We prove the case of IKT by induction on the structure of a derivation for I' = A.
Fix the derivation and name it D. By Theorem 3.46, we can assume that D is cut-free.
We treat the case for axioms and the case involving D¢ below (for other cases, the reader
is referred to [35]).

Suppose D is of the form p = ¢ (1d) . For the partition (¢; ), ¢ is clearly an interpolant
of the sequent ¢ = . For the partition (;¢), L — L is an interpolant of the sequent

© = ¢, because we have the following derivations:

) m(ld)
L—=1l, o=

(=)

Items 2 and 3 are clearly satisfied because Prop(L) = Agt(L) = (.
Suppose D is of the form | = (J_) For the partition (L;), L is clearly an interpolant
of the sequent L =. For the partition (; L), L — L is an interpolant of the sequent L =,
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because we have the following derivations:

(Id)

=1 -1

Item 2 and 3 are clearly satisfied because Prop(L) = Agt(L) = Prop(L — 1) = Agt(L —
1)=190.
Suppose D is of the form
D/
o1, on =1 (UL Gi €G)
DG1§017 ey DGn(pn = Dagt

A partition of Dg, 1, ..., Dg, on = Dgt is of the following form:

<DG19017 ey DGk(Pk; DGk+1§0k+1u .. 7DGn90n>-

As the induction hypothesis for D" with the partition (@1, ..., Yk ki1, -- -, Pn), We have

Fexy+ @1, -5 0x = X and Fexy+ X, ka1, - - -5 Pn = ¢ for some formula x. If £ > 0, we

can choose DUIE1 ¢, X as arequired interpolant, because we have the following derivations:

LH. . .
Py P = X (Ui:l G’L g Ui:l G’L)

DG1§017 ce 7DGkS0k = DU§:1 a; X

(D)

[.H.
X Pk pn = 0 (UL GiUUL Gi= UL, Gi € 6)
DU§:1 G Xo DGk+190k+1a ...y Da, on = Dap

(LH)
The interpolant D\ jr o X satisfies item 2, because Prop (DU’?_IGiX) = Prop(x) C

Prop(e1, ..., @) N Prop(@it1, - - - @ns ¥) =
Prop(Dg, 1, - - - Da, o) NProp(Dea, , , @kt - - - Da,ons D). Ttem 3 is also satisfied. As
the induction hypothesis, we have Agt(x) C Agt(e1, ..., pr) VAgt(Pk+1s - - - ©n, ). Then,
Agt (Dui-; G¢X> = UL, GiUAgt(\)C UL, GiU(Agt(1, - ... 01) N AGH(@ki1, - -, s 1)) =
(Ui, GiUAgt (1, - -, 0))N(ULL, GiUAgH (ka1 - s ¥)) € (Ui GiUAgE(#1, -, 1))N
(GUAgt(0rt15 - - -, 0ns ) = Agt(Dg, 01, - - -, Dayor) NAgt(Day, Prrts - - - Da, o, Dath).
If Kk =0, we can choose x as an interpolant, since we have the following derivations:
D
o1 =¥ (UL Gi €6
LH D¢, ¢1, ..., Dg,pn = D

(w =)

X X?DG13017"'7DG7180H:>DG¢ .
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(LH.)
Item 2 is satisfied, because Prop(x) C Prop(¢1, ..., ¢n, ) = Prop(Dg,¢1, - .., Dg, ¢n, Dat).

(LH.)
Item 3 is satisfied, because Agt(x) C Agt(p1,...,¢n, ) C Agt(Dg,¢1, - - ., Da,©n, Dat).
Suppose D is of the form
D/
o, '=A

Dop.T = A (P=)

There are two types of partition for the sequent D, I' = A depending on whether Dgp
belongs to the left or the right of a partition. First, fix the partition (I';, Dgy; I'y). As the
induction hypothesis for D' with the partition (I'1, ¢; I's), we have Fgx)+ I'1, ¢ = ¢ and
Fexy+ ¥, 'y = A for some formula ¢). The formula 1 is an interpolant for the sequent

I', Dy = A, too, because we have the following derivation:

1L.H.
F1790:>77ZJ
— (D =
F17DGSO:>w( )

(LH.)
The interpolant 1 also satisfies item 2, because Prop(v)) C Prop(I'y, ¢) N Prop(I'y, A) =

Prop(T'y, Dgy) N Prop(I'y, A). Item 3 is also satisfied, because Agt(v)) (Ig) Agt(T'1, ) N
Agt(T's, A) C Agt(I'y, Dap) N Agt(I'2, A).

Next, fix the partition (I';;T's, Dgw). As the induction hypothesis for D' with the
partition (I'y; 'y, ), we have Fgxy+ 'y = ¥ and Fgxy+ 1,9, 0 = A for some formula
1. The formula v is an interpolant for the sequent I', Doy = A, too, because we have

the following derivation:
I.H.

77Z)7]~—‘27(l0$ A
¢7F27DG90 = A

(D =)

(LH.)
The interpolant 1 also satisfies item 2, because Prop(¢)) C Prop(I'y) NProp(T'y, p, A) =

(LH.)
Prop(I'y) N Prop(I'y, D, A). Ttem 3 is also satisfied, because Agt(y)) C Agt(I';) N
Agt(r% ¥, A) - Agt(Fl) n Agt(F27 DGgpa A) u

Theorem 3.51 (Craig Interpolation Theorem). Let X be any of IK, IKT, IKD, TK4,
IK4D, andIS4. Given that Fgx) @ = 1, there exists a formula x satisfying the following

conditions:
1. Fgx) v = x and Fgx) X = 7.
2. Prop(x) € Prop() N Prop(y).

3. Agt(x) C Agt(yp) NAgt(v).
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We note that not only the condition for propositional variables but also the condition

for agents can be satisfied.

Proof. When we set I' := ¢ and A := 1, and take a partition (I'; @), Lemma 3.50 proves

Craig Interpolation Theorem. O]

Further, decidability of the logics we investigate also follows from the cut-elimination
theorem (Theorem 3.46). To show decidability, we introduce a notion of “(1-)reduced

sequent”.

Definition 3.52. A sequent I' = A is called reduced if every formula occurs at most
three times in I'. A sequent I' = A is called I-reduced if every formula occurs at most

once in I

Definition 3.53. For any sequent I' = A, a sequent I'* = A is a I-reduced contraction
of ' = A if I'" = A can be derived from I' = A by applying (¢ =) to I' = A and is

1-reduced. Clearly, a 1-reduced contraction is determined uniquely.
Proposition 3.54. Fgx) I' = A if and only if Fgx) I'" = A.

Proof. By definition of the 1-reduced contraction, the left-to-right is obvious. The right-
to-left is also easily shown by applying (w =) to I = A. [

Lemma 3.55. Suppose that Fgx) I' = A. Then, there exists a derivation of I' = A

such that the derivation is cut-free and has only reduced sequents.

Proof. Thanks to Theorem 3.46, we can take a cut-free derivation of I' = A. We name it
D. We show by induction on the height of D. We treat only the case where the last rule
application of D is (D). That is, suppose D is of the form
'D/
o1, =0 (UL, Gi CG)
DGlSOh e DGn@n = DG77/1

By induction hypothesis, we have a derivation & of (p1,...,¢,)* = 1 such that &£ is
cut-free and has only reduced sequents. Applying the rule (D) to £, we obtain the desired
derivation of (D¢, @1, ..., Da,n)* = Dgt. O

Remark 3.56. We admit three occurrences of the same formula in a reduced sequent,
because if we only allow at most two occurrences, induction fails in the case of (—=) in

the proof of this lemma.
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Theorem 3.57 (Decidability). Let X be any of IK, IKT, IKD, IK4, IK4D, and 1S4.
A logic X is decidable, that is, there is an algorithm checking whether each sequent ' = A

has a derivation in G(X) or not.

Proof. We describe a rough sketch of the proof, based on [35, p. 228]. By Proposition
3.54, it suffices to check whether I'* = A has a derivation. In what follows, by “tree (of
Y = 0)”, we mean a tree of sequents (ending with ¥ = ©), whose leaves are axioms, or
sequents, to which no rule can be applied. Without any restriction, there are infinitely
many trees of I'* = A. Therefore, in order to execute a brute-force search, we impose
three restrictions on the trees. In general, if a derivation exists, Lemma 3.55 allows us
to find a derivation such that (i) it is cut-free and (ii) it has only reduced sequents. By
Corollary 3.47, it has subformula property. Therefore, there are finitely many reduced
sequents that can be a part of the derivation. Moreover, we can safely assume that (iii) for
each path in the derivation from the root sequent to an initial sequent, each sequent in the
path occurs exactly once, because, if there are multiple occurrences of the same sequent,
we can always eliminate the redundant occurrences by grafting the subderivation for the
uppermost occurrence onto the lowermost occurrence. From the above argument, if we
impose the conditions (i) to (iii) on the trees of I'* = A, the number of trees becomes finite
and we can construct an algorithm enumerating all of them which also checks whether
each tree is a derivation or not. If the algorithm does not find any derivation, we can

conclude that I'* = A has no derivation. O]



Chapter 4

Intuitionistic Public Announcement

Logic with Distributed Knowledge

This chapter is organized as follows. In Section 4.1, we expand the intuitionistic epistemic
logic of Chapter 3 with reduction axioms for a public announcement operator, and prove
its completeness by reducing to the completeness of static one via translation from a
formula possibly with public announcement operators to a formula without any public
announcement operators. In Section 4.3, we introduce sequent calculi for the logics and
prove the cut-elimination theorem and Craig interpolation theorem.

The author’s contribution is as follows. Regarding the Hilbert systems defined by the
author, the author found that the soundness does not hold for the corresponding class of
frames without any condition. The author confirmed that the problem can be solved by
imposing the condition of stability defined in [64, 49, 46] on Kripke frames. The solution
was a suggestion by the supervisor. The author proved the completeness theorem on his
own. The sequent calculi were defined through discussions with the supervisor, and the

author proved the cut elimination theorem and the Craig interpolation theorem.

4.1 Syntax, Semantics, and Hilbert System

We expand our syntax with the public announcement operator and define the set of all

formulas of the expanded syntax as:

Form™ s pu=p| Lo =9loAp|leVe]|Dapl e,

where p € Prop and G € Grp. We define ~pas o — L, o <> tpasp = P A — p, T as
L — 1, and the epistemic operator K,p (read “agent a knows that ¢”) as Dyay¢.

79
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~ : PV=p () rPVopP
Figure 4.1: Maple, ML 0, (ME D)

Definition 4.1. Let M = (W, <, (Ry)acagr; V) and ,70 € Form®. The satisfaction

relation M, w I ¢ is defined as before except:
M,wlF [p]yp iff  forall v e W,w < vand M,v I ¢ jointly imply M¥, v I,

where M? = ([¢]a, <%, (R?)

follows:

V?) (a model updated from M by ) is defined as

a€Agt

o [o]y ={weW | Muwl-p},
o <%= <Nl x [e]m),
o R = Ra N ([eln % [elu),
o V?(p) = V(p) N gl
It is easy to show the following.
Proposition 4.2. Let M = (W, <, (Ry)acag, V) and ¢ € Form™.
1. MY satisfies all the conditions of a model.
2. If R, is reflexive (or transitive), then so is RY.
3. If M s stable, then so is M¥.

Remark 4.3. Seriality is not preserved under (—)¥, as explained in Remark 1.13. Hence,

the corresponding axiom (D) is not in consideration below.

Example 4.4. In Figure 4.1, we consider updates of the model Mg, discussed in Ex-
ample 3.5 (recall Figure 3.2). If we update the first (leftmost) model by pV —p, we obtain
the second model, Mgg;ﬁ. This amounts to making the situation classical-logical. That

is, the updated model can be seen as a classical Kripke model since no proper pair is
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ordered by <PV7P. By this update, p becomes a distributed knowledge at v of a group
{a, b}, that is, Msapie, v IF = Dyapyp but MEL v |- Dygpyp. Next, we update M5/, P by p

stable’ stable

to obtain the model (MZ! P)". Tt is easy to see that (MZE! P)" and M?

. . =
By this update, p becomes a knowledge at v of an agent b, that is, M2 ",
but (ML P v - Dygyp.

stable

are the same.

v Ik —|D{b}p

Under these definitions, the heredity condition still holds.
Proposition 4.5. If M, w IF ¢ and w < v, then M, v IF .

Proof. We show the case where ¢ = [¢)]y. For the rest cases, the reader is referred to
Proposition 3.4. Suppose M, w IF [¢]x and w < v. To show M, v I [¢]x, fix u such that
v < u and assume M, u IF 9. Then, from M, w IF [¢]x and w < u, we have MY u I+ x as
required. O

Note that this would not hold if we were to adopt “M,w I ¢ implies M¥, w I 9" as
the definition of M, w IF [p]4.

The axioms in Table 4.1 are for the PAL extension. We call the axiom system expanded
from H(X) by all the axioms in Table 4.1, H(X)*, where X = IK, IKT, IK4, and IS4.

The notion of semantic consequence and derivability is defined in the same way as H(X).

Table 4.1: Axioms for Public Announcement Operator

(Ip)  lelp < (¢ = D) (L) [plL < (¢ — 1)

(=) el —=x) < (el = lelx) (V) (el V)< (e = [plvVIelx)
(IAN) - el A x) < ([elv A lelx) (1D) [¢]Dat <+ (¢ — Dalel)

(D) lellvlx < e Aleldlx

In what follows, we establish that all the axioms in Table 4.1 are valid with respect
to the class of all stable frames. First, we deal with composition of two announcements.
Recall from Example 4.4 that (M5 P)” and M?%_ . of Figure 4.1 are the same. This can

be understood as an example of the following lemma, because (p V —p) A [p V —p]p and p

are equivalent.

Lemma 4.6. Let M = (W,<,(Ra)acag, V) be a model and ¢,vp € Form™. Then,
(Mwyﬁ — Nl

Proof. Tt suffices to show that |(M*#)?| = |M# €Y Assume w € |M#N#¥| which is
equivalent to M, w IF ¢ A [p]p. This is equivalent to M, w IF ¢ and “M,v I ¢ implies

M? v -1 for any v such that w < v”. By instantiating v with w, we can infer “M, w IF ¢
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implies M?, w IF 4" from the latter. Then, we have M% w I ¢ by modus ponens, which
means w € |(M#)¥]. For the left-to-right, let us assume M¢¥, w |- 1. We have to show
M, w - ¢ and “M,v IF @ implies M¥, v IF 9 for any v such that w < v”. The assumption
presupposes w € |M¥|, which means M, w IF ¢, the former goal. For the latter implication,
fix a v satisfying w < v. Then, by the heredity, M, v IF ¢, so w <¥ v. Then, again by the
heredity, M¥, v I 1. O

Proposition 4.7. The azxioms in Table 4.1 except ([|D) are valid with respect to the class

of all frames.

Proof. We show the validity of ([]V) and ([][]) alone. First, we show the validity of ([]V).
For any model M and w € |M|, we show M, w IF [p](¢1 Viba) = ¢ — ([p]i1 V [plie). Fix
any v such that w < v and M, v IF [p](¥1 Viba). To show M, v - o — ([¢|tr V [p]ibs), fix u
such that v < w and M, u I . We show M, u IF [p]i)y V [@]ts. From M, v IF [@] (11 V1),
v < u, and M, ulF ¢, we have M¥, u IF 1y V1y. Then, it suffices to show that M¥ u IF ),
implies M,u IF [pl; for i = 1,2. Assume M? u |- 1; and fix any ¢ such that u < ¢
and M, t IF o. Obviously, we have u <% t. Then, by the assumption and the heredity,
M? tIF ;. Next, we show M, w IF (¢ — ([¢]vr V [ple)) = [¢] (11 V )e). Fix any v such
that w < v and M, v - ¢ — ([p]1 V [p]a). To show M, v I [¢](11 V1by), fix u such that
v < uwand M,ulF . We show M? u I ¢ Vg Since v < u and M, u I- ¢, we have
M, u Ik [plir V [@]the. Then, it suffices to show that M, u I [¢]y; implies M¥, u IF 1); for
t = 1,2. This is obviously true because M, u I- ¢.

Second, we show the validity of ([|[]). First, for any model M and w € |M]|, we show
M, w Ik [p][Y]x = [¢ A [p]]x. Fix any v such that w < v and M, v IF ][] x. To show
M,v I [ A [p]]x, fix u such that v < w and M,u I ¢ A [¢|t. Since M, u IF ¢ and
M, v I [¢][¢]x, we have M¥, u - [¢]x. Also, by M, u - [¢]y, we have M¥ w I . Then,
by these two, we obtain (M”)w, w Ik x, which is equivalent to M# ¥ 4 | x by Lemma
4.6. To show the right-to-left, Fix any v such that w < v and M, v IF [p A[p]e]x. Fix any
u such that v < w and M, u Ik p. We show M? u I [¢]x. Fix any ¢ such that u <% ¢ and
M®?,t I 1. Instead of (M“”)w,t Iy, we use Lemma 4.6 to show M¥¢¥ ¢ |- y. To show
this, we show v < ¢t and M,t IF ¢ A [¢|tp. The former is obvious. Also, M,t IF ¢ since
t € |M?|. Further, we have M,t IF [p]ip. For this, take s such that t < s and M, s I .
Then, M*¥,s Ik, since M, t |1 and t <¥ s. O

Proposition 4.8. The aziom ([|D) is not valid with respect to the class of all frames.

Proof. The model M depicted in Figure 4.2 is a counterexample. Let Agt = {a}. The
model M is defined as ({w,v,u}, <, R,, V'), where
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Figure 4.2: Counter model M to validity of ([|D)

< = {(w>w)> (va)7 (Uvu)v (uvu)}v

R, = {(w,v)}, and V is such that V(p) = {w,u} and V(q) = 0. The solid line stands for
the relations for agents and the dotted arrow stands for the preorder. Reflexive arrows
for the preorder is omitted in the figure. The condition “<; R, C R,” is easily checked.
Also, the condition “R,; <C R,” is easily seen not to be satisfied, since w(R,; <)u holds
but wR,u fails. Therefore, M is not a stable model.

To show that the axiom ([]D) is not valid with respect to the class of all frames, we
show [p]K,q — (p — K,[p|q) is not satisfied at the state w in M. First, M, w IF [p|K,q,
because MP,w |- K,q is vacuously true by the model update which eliminates v, and w
is the only world accessible from w by <. Second, however, M, w |} p — K,[p]qg. The
antecedent is obviously true at w. To reject the consequent, we focus on v, the only world
accessible from w by R,, to show M, v I [p]g. This is true because we can find u, which

is ahead of v, satisfies p, but does not q. n

By restricting our attention to the class of all stable frames, we can recover the validity
of ([|D) as follows.

Proposition 4.9. The aziom ([|D) is valid with respect to the class of all stable frames.

Proof. For any stable model M and w € | M|, we show M, w Ik [p]Dgy — (¢ — Dgp]w).
Fix any v such that w < v and M,v I [¢]|Dgyp. We show M, v IF ¢ — Dglply. Fix
any u such that v < w and M,u I ¢. To show M,u IF Dglp], fix any t such that
(u,t) € Nyeq Ra- We show M, t IF [p]tp. Fix any s such that ¢ < s and M,s |- p. We
show M¥, s Ik 1. By the stability of the underlying frame, we have (. Ra; <= [,eq Ba-
Hence, (u,s) € (V,eq Ra- Then, we have M¥ s I 1, because M¥,u IF Dgv holds
by M,v Ik [¢]|Dgp, v < u, and M,u |- ¢ and we have s € |M?|. Next, we show
M,w Ik (¢ = Dglelt) — [p]Dgtp. Fix any v such that w < v and M, v Ik ¢ — Dg[p].
To show M, v IF [p|Dg, fix any u such that v < v and M, u I+ . Take any ¢ such that
(u,t) € Nyeq BE- We show M? t 1. By M,v Ik ¢ = Dgle]y, v < u, and M, u Ik ¢,
we have M, ulF Dglplp. Then, M, t I [p|p. Since M, tIF o, we obtain M t I 1. ]

Theorem 4.10 (soundness). Let ¢ € Form™. If Fyx)+ ¢, then lFpx)nst ¢

Proof. Obvious by the soundness of the static part of the axiom system and Proposition
4.7. O
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Note that H(X)" is sound with respect to the class of all stable frames due to the
axiom ([]D).

4.2 Semantic Completeness

We show the strong completeness of H(X)* with respect to the class of stable frames

using a translation Form™ — Form as in [59)].

Definition 4.11 (translation). The translation function t on Form™ is defined as follows:

- (gl Dayp) = (e = Daleld)

- t{[pl[Ylx) = tle A le]d]x)

To show that ¢ is Form-valued, a measure called complexity of a formula is introduced.

Definition 4.12 (complexity). The complerity function c: Form®™ — N is defined induc-

tively as follows:
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Note that ¢(p) > 1 for any formula ¢, as easily shown.

Lemma 4.13. Let @,1),x € Form™*. The following holds:

1.

7.

Proof.

c() > c(p) if p € Sub(v) and ¢ # 1, where Sub(1)) denotes the set of subformulas
of .

c([elp) > (e = p).

c([]L) > el = L).

([l xx)) > elleld * [elx). (x € {=,A})
c([pl(¥ VX)) > cle = [lv V [elx)-
c([¢lDap) > el — Dalel).

c([el[Wlx) > elle Alelvlx)-

e (item 1) By induction on the structure of 1. If ¢y = p or L, item 1 is trivially
true because there is no proper subformula of ¢. Suppose ¢ = 1), @ Yy (o € {—
,V,A}). By the assumption, ¢ € Sub(1);) (i =1 or 2). Then, by LH., ¢(1;) > c(y).
Thus, ¢(y)) = 1+ max(c(¢1), c(v2)) > 1+ c(¢;) > c(p). Suppose ¢ = Dgx. By the
assumption, ¢ € Sub(x). Then, by L.H., ¢(x) > ¢(p). Thus, c¢(v)) = 1+¢(x) > c(p).
Suppose 1) = [11]15. By the assumption, ¢ € Sub(v);) (i =1 or 2). Then, by I.H.,
c(h)) > clp). Ifi=1,c(y) = 24+ c(yr)) - c(¥2) > 2+ (1) > c(p). Ifi =2,
c(¥) = (2+c(¥n)) - c(iha) = 3+ c(2) > c(e).

(item 2) We have c([plp) = (24 c(p)) - c(p) = 2+ cle) > 1+ c(p) = 1+
max(c(p), ¢(p)) = (¢ = p).

(item 3) The same as item 2.

(item 4) We may assume that c¢(¢) > ¢(x) without loss of generality. Then, we have
(el x)) = 2+ clg)) - c(px x) = (24 c(p)) - (1 +¢(¥)). On the other hand,
c(lev  [elx) = 1+ max(c([g]y), clg]x)) = 1+ c(lgle) = 14 (2 4 c(9)) - c(¥).
Thus, ¢([@](¢ * X)) = clplv * [plx) =1+ c(p) > 0.

(item 5) We may assume that c(1)) > ¢(x) without loss of generality. Then, ¢([p](¢)V
X)) = 2+ c(p)) - (1 +¢(x)). On the other hand, c(¢ — [p]¥ V [p]x) = 1 +
max(e(), 1+ e([pl) =7 1+ 1+ e(el) = 2+ (2+ () - (®). Then, e((g)( v
X)) —cle = [pl V [elx) = c(p) > 0.
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e (item 6) We have c([¢]Dgv)) = (2 + c(p)) - c(Dav)) = (24 c(p)) - (1 + c(¢)). On
the other hand, c(¢ — Dg[p]) = 14+ max(c(p), c(Dgle])) tremt) +c(Dglel) =
1+ (1+c([e]v)) = 2+ (2+c(p))-c(v). Thus, c([¢]Dap)—c(p — Dealeld) = c(p) > 0.

o (item 7) We have e([p][]x) = 2+ c(9)) - e([]x) = (2+c(9)) - 2+ c(¥)) -¢(x). On

the other hand, e([pA[ple]x) = (24c(pA[P]))-c(x) = (24 1+max(c(p), e([p]1)))-

() "=V B+e(p]) - e(x) = B+ 2+c(p))-c(¥))-e(x). Then, e([][t]x) — (oA
)-(

): [
[elyx) = c00) - ((2+e(p)) - (2+c(¥) = B+ (2+clp) - () = c(x) - (1+2-¢(p)) >
0. O

Lemma 4.14. The translation function t is indeed a Form-valued function, i.e., t(y) does

not include a public announcement operator for any formula ¢ € Form™.

Proof. By induction on ¢(y). It is obvious if ¢ = por L. If o =1y @1y (e € {—= A, V}),
c(p) > c(¢;) by item 1 of Lemma 4.13. Hence, by LH., t(1); @ 1)9) = t(1)1) ® t(1)2) € Form.
The same argument applies to the case that ¢ = Dg1. Suppose that ¢ = [¢b]y. Depending
on the form of y, the corresponding item from among items 2 to 7 of Lemma 4.13 assures

that t(¢) € Form. O
Lemma 4.15. Let X = IK, IKT, IK4, or IS4 and ¢ € Form™. Then, byx)+ ¢ > t(p).

Proof. By induction on ¢(p). If ¢ = p or L, it is obvious. Suppose ¢ =1, e 1)y (e € {—
, A, V}). By LH., 4); <> t(1);). Then, by intuitionistic tautologies, we have Fyx)+ ¢ 81 <>
t(11) @ t(1h2). Suppose ¢ = Dgtp. By LH. and the axiom (K), Fyx)+ Dgy) <+ Dat(v).
Suppose that ¢ = [1)]x. Depending on the form of x, the corresponding item from among
items 2 to 7 of Lemma 4.13 assures that Fyx)+ ¢ <> t(p). O

Theorem 4.16 (strong completeness). Let X = IK, IKT, IK4, or IS4 and I' U {¢} C
Form™. IfT IFrex)nst @, then I' Fyxy+ .

Proof. Assume that I' IFgx)nst ¢. By Theorem 4.10 and Lemma 4.15, we have ¢[I'] IFgx)nst
t(¢), where t[A] == {t(¢v)) | ¥ € A}. By Lemma 4.14, ¢t[I" U {¢}] € Form. Then, by The-
orem 3.12, t[I'] Fryx) t(y). Then, for some finite set IV C T, Fyx) At[I'] — t(¢). Since
H(X) is a subsystem of H(X)", we also have Fyx)+ At[I"] = t(¢). Then, by Lemma
4.15, Fuxy+ AT = ¢, which means that I' Fyx)+ ¢. O

4.3 Sequent Calculi

Our sequent calculi G(X)* for the intuitionistic public announcement logic with dis-
tributed knowledge are obtained by adding the rules in Table 4.2 to G(X) defined in
Table 3.2.



Table 4.2: Additional Logical Rules for G(X)*
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F,@Z}p F1:>90 p,F2:>A

T = [glp (= [p) Plp Trly = A (Ip=)
e= I'= ¢
Faor G prrs 04=)

L, [pld = [p]x [y = [l [elx, T2 = A
T= -0 U Puoonhsa U7
L', o= [0V [p]x (= V) Ii=¢ [p,Te=A [gx,[2=A ([
I'= [p](¥Vx) [, Do [pl(w vV x) = A
= (ol T =[p]x
T=gwnry N
Ll = A ) [ felx = A )
Fwrn=a =) T wag=a 1h=)
L', = Dglely [y = ¢ Dglply, Ty = A
f = poes P T peninoa U0
I'= [ AlelY]x [ A lp]Y]x, T = A
r= o W Tgeer=a W)

=)

Since the rules are constructed naturally from the reduction axioms for the public

announcement operator, the following equipollence theorem is easy to prove.

Theorem 4.17 (Equipollence). Let X be any of IK, IKT, IK4, and 1S4. Then, the

following hold. 1. If Fyxy+ @, then Fexyr= ¢. 2. If Fgxy+ I' = A, then Fyx
VA, where N\&@ =T and \/ @ = L

Proof. We show a part of (item 1). The axiom ([|p) can be derivable in G(X)™:

(Id) 1d)

sy 0 Tl Ly
[w]p’isﬁ—w(i_)) | (= lp)

©—p=[plp
= [¢lp — (¢ = ) (=) = (¢ —=p) = [¢lp Ez A))
= ([plp = (¢ = p)) A ((¢ = p) = [©lp) :

The axiom ([].L) can be derivable in G(X)*:

. (Id

=9

[@]L,wi(&hz; 7=p 1) Lé(i;)
e ey
[l L = ¢ — (o) 22 =[] (=)
[plL = (p— 1) :>(90—>J-)—>[<P]J-(:>A)

= ([p]lL = (¢ = L) A((p = L) = [p]L)

w AL —
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The axiom ([] —) can be derivable in G(X)*:

O P A P O P o Al N C e
[l (¥ — x), [e]Y = [plx (=) [l = [elx; [elY = [plx (= Ip)

[l (¥ — x) = [l — [plx (=) [plv = [elx = [¢](¥ = X) (=)

= [pl(¥ = x) = ([plY = [#]x) = ([ly = [pIx) = [@l(® — x) (= A)

= ([e](¥ = x) = ([e] = [@]x) A (([e] = [e]x) = [e](¥ = X))

The axiom ([]V) can be derivable in G(X)™:

(1d) (Id)

oV o= oo Vg Y
—=)

(= V)

(=)

=N

[elY = [@l V [plx 1d) [elx = [@lY V [p]x Eé(\?:) =
[e](¥ V X), 0 =[]y V [plx o = [plY V [elx, ¢ = @l V [e]x
(=)
[el(¥ vV x) = o = [plY V [plx (=) © = [PlY V[plx = [P](¥ V x)
= [pl(¥ V x) = (¢ = [p]¥ V [p]x) = (o = [plY V [plx) = [el(¥ V x)
= ([Pl vV x) = (e = [plY V [elx) A (¢ = [e]¥ V [e]x) = [e](¥ VX))

=9

4.3.1 Cut-Elimination

We show the cut-elimination theorem for G(X)*. The proof is different from Theorem
3.46, in that we use the complexity function for a formula, which is introduced in the
argument of the completeness proof, as a measure for cut formula, not the complexity
measure used in Theorem 3.46. First, we introduce a notion of “principal formula” as
in Definition 3.45. A principal formula is defined for each inference rule, except for the
axioms and (Cut) rule and is informally expressed as “a formula, on which the inference

rule acts.”

Definition 4.18. A principal formula of the structural rules, the propositional logical
rules, the rule (D =), and the rules for public announcement operator is a formula
appearing in the lower sequent, which is not contained in I', 'y, I's, or A. A principal
formula of the rules for D¢ operator other than (D =) is every formula in the lower

sequent.

Theorem 4.19 (Cut-Elimination). Let X be any of IK, IKT, IK4, and IS4. Then, the
following holds: If Fgxy+ I' = A, then Fg-(x)+ I' = A, where G~ (X)* denotes a system

“G(X)™ minus the cut rule”.

Proof. Following [24, Section 9.3] and [36, Section 2.2], we consider a system G*(X)*, in

which the cut rule is replaced by the “extended” cut rule defined as:

T= ¢ " Y=06
I 'Y=0 (ECut)
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where ¢" denotes the multi-set of n-copies of ¢ and n = 0,1 and m > 0. Since (ECut)
is the same as (Cut) when we set n = m = 1, it is obvious that if Fgx)+ I' = A, then

Fe+x)+ I' = A, so it suffices to show that if Fg«(x)+ [' = A, then F¢-(x)+ I' = A.

Suppose F¢-(x)+ I' = A and fix one derivation for the sequent. To obtain an (ECut)-
free derivation of I' = A, it is enough to concentrate on a derivation whose root is derived

by (ECut) and which has no other application of (ECwut). In what follows, let X be IK.
Let us suppose that D has the following structure:

L

R
= o (ruleg)

myY =0
FE:>(2)0 (ECut)

(rule,)

where the derivations £ and R has no application of (ECut) and rule; and ruleg are
meta-variables for the name of rule applied there. We define ¢(D). ¢(D) :=0ifn=m =0
and ¢(D) = c(p) (the complexity of ¢ defined in Definition 4.12) otherwise. Let the
number of sequents in £ and R be w(D). We show the lemma by double induction on
(¢(D),w(D)). If n = 0 or m = 0, we can derive the root sequent of D without using
(ECwut) by weakening rules. So, in what follows we assume n = 1 and m > 0. Then, it
is sufficient to consider the following four cases following [37, proof of Theorem 2.3], [24,

Section 9.3], and [36, Section 2.2]: !

1. rule, or ruley is an axiom.

2. rule, or ruley is a structural rule.

3. rule; or ruley is a logical rule and a cut formula ¢ is not principal (in the sense

we have specified above) for that rule.

4. rule; and ruleg are both logical rules (including (D)) for the same logical symbol

and a cut formula ¢ is principal for each rule.

We concentrate on the case where D¢ or [¢] is involved. Among the rules for public

announcement operator, the rules for [p]p and [¢](¢ V x) are treated.

In case 4, we assume the condition for both rule applications, because if the one of the two rule
applications does not satisfy the condition, the whole derivation should be categorized into one of the
rest cases.
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(Case 3) Consider the case where the logical rule is (= []p). The derivation D has the

following structure.

R/
" 2 = p
=y e or sl E]?é%
Y= [p

This can be transformed into the following derivation &:

L
I'= ¢

R/
", 2 =p
Y, =p

(rule;)

(ECut)

The subderivation & whose root is I, ¥,1 = p has no application of (ECut) except
the lowermost one, ¢(£’) = ¢(D), and w(€’) < w(D). Hence, by induction hypothesis,
there exists an (ECut)-free derivation £ having the same root sequent. Replacing the
derivation £ by £ in £, we obtain an (ECwut)-free derivation for the sequent I', ¥ = [¢]p.

Consider the case where the logical rule is ([|p =). If rule; = ([Jp =), the derivation

D has the following structure.

£1 ,Cg
h=¢ ph=e R
=) — 2  (rul
[, To [hlp= o (llp =) " Y =0 E%ucj;)
F17F27 W]]% E = @

This can be transformed into the following derivation &:

Loy R
1
Ly p o= " ¥ =0 ErEuCi;))
I'h=v p, 3,2 =0 (Ip =)
Fla F27 [w]pa Z = @

The subderivation £ whose root is p, 5, % = © has no application of (ECut) except
the lowermost one, ¢(&') = ¢(D), and w(f’) < w(D). Hence, by induction hypothe-
sis, there exists an (FCut)-free derivation £ having the same root sequent. Replac-
ing the derivation & by &£ in &, we obtain an (ECut)-free derivation for the sequent
[y, Ty, [Y]p, X = ©.

If ruleg = ([Jp =), the derivation D has the following structure.

Rl RQ
,C @mlazliw p,¢m2722:>@
(rule.) (Ip=)
r m Y,
:>90 2 7[1/}]])7 1 27:>@ (ECUt)

I, [Yp, 21,5, = O
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Here, m = my + my. This can be transformed into the following derivation &:

. R r Ro
e, (rule,) TN S (ECut) I (rule.) DO 3, = © (ECut)
F,lew F7p722:>@
(lp=)

.U Y1, 2
) 7[¢}pa 1 2$@ (C :>)

I o6 )

The subderivation & whose root is I',3; = 1) has no application of (ECut) except
the lowermost one, ¢(&;) = ¢(D), and w(&;) < w(D). The subderivation & whose root is
I, p, X9 = O also satisfies the same condition. Hence, by induction hypothesis, there exist
(ECut)-free derivations &, and &, having the same root sequent as & and &, respectively.
Replacing the derivation & by & in £ (i = 1,2), we obtain an (ECut)-free derivation for
the sequent T, [¢]p, X1, Xs = O.

The case where the logical rule is (= []V) is is similar to the case for (= []p), so we

skip it. Consider the case where the logical rule is ([|]V =). If rule; = ([]V =), the

derivation D has the following structure.

L1 Lo Ls
=y ixTe=e [Wpla=e R
V=) ——— 1
I, Do, [9](x V) = ¢ (V=) "X =06 EZ%Z;
Fla FQ: W](X \ p)7 Y=0

This can be transformed into the following derivation &:

Ly R Ly R

rule rule
L Wix.Ta=¢ ¢"EX=06 EECU%) WlpTa=p ¢ X=0 EEOJ;))
Fl :>,(/) [¢]X7F27E:> © W)]pa F2aE:>@ (H :)
F17F27 W](X \ p)72 = 0

The subderivation & whose root is [¢)]x, 2, = © has no application of (ECut)
except the lowermost one, ¢(&;) = ¢(D), and w(&;) < w(D). The subderivation & whose
root is [¢]p, T2, X = O also satisfies the same condition. Hence, by induction hypothesis,
there exist (FCut)-free derivations f:'l and 52 having the same root sequent as & and &,
respectively. Replacing the derivation & by & in £ (i = 1,2), we obtain an (ECut)-free
derivation for the sequent I';, Ty, [¢](x V p), X = ©.

If ruleg = ([JV =), the derivation D has the following structure.
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Rl R2 Rg
L (pmlv Z1 = ID [¢]X7 ¢m2722 = 0 ["MIOJ g0m2722 = 0
I'= ' <rUIe£> Spmﬂ W](X \4 p)7 21)227 = 0 (H\/ :>)

L [0](x Vp),%1,2 = O (ECut)

Here, m = m; + my. This can be transformed into the following derivation &:

£ (ruleg) R £ (ruleg) Re £ (rule,) Rs
r -~ _£ - = G
T=, " °F omin 5y = 7 Wix. ¢™2,%5 > © 7 Wip 2,5, > 0
(ECut) (ECut) (ECut)
r,s; =29 T, [¥]x, 22 = © T, [¥]p, X2 = ©

T,T, [@](x V p), 51,55 = © (V=

(e=)

Va6 )

The subderivation & whose root is I', X1 = 9 has no application of (FCut) except the
lowermost one, ¢(&;) = ¢(D), and w(&;) < w(D). The subderivation & whose root is
T, [¥]x, 22 = O and The subderivation £ whose root is T, [¢)]p, Xo = O also satisfy the
same condition. Hence, by induction hypothesis, there exists (ECut)-free derivation &
having the same root sequent as & (i = 1,2,3). Replacing the derivation &; by Ein &
(1 =1,2,3), we obtain an (ECut)-free derivation for the sequent I, [¢)](x V p), 31, 2o = ©.

(Case 4) Consider the case where the cut formula is [¢)]p. The derivation D has the

following structure.

L' R4 Ry
Lo=p gy @S2 p W)™ =0

I'= [4]p ([Wlp)™, 21,5, = ©
T.5.%, =60 (ECut)

(lp =)

Here, m = my 4+ mqy + 1. This can be transformed into the following derivation &:

L Ro
L R Yo I'=[lp p([Wlp)™, 2 = © (ECut)
L= [Ylp (Wp)™, %1 =9 L, =p IpYy=0
(ECut) (ECut)
F,21:>1/) F,F,¢,22:>@(EC t)
O,T,T,5,% = O b
(c=)
Ty, 506 )

The subderivation & whose root is I', X1 = 9 has no application of (ECut) except the
lowermost one, ¢(&;) = ¢(D), and w(&;) < w(D). Hence, by induction hypothesis, there

exists an (ECwut)-free derivation & having the same root sequent. For the subderivation
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&y whose root is I', p, ¥ = O, we have an (ECut)-free derivation & having the same root
sequent, by the same argument as £. Name &3, the derivation obtained by replacing the
derivation & by &, in the subderivation whose root is T, 'y, = O. The derivation
&s has no application of (ECut) except the lowermost one and ¢(&;) < ¢(D) by item 1
of Lemma 4.13. Hence, by induction hypothesis, there exists an (ECut)-free derivation
&; having the same root sequent. Name &, the derivation inferring I',I', T, %, 2y = ©
from & and &. We have an (ECut)-free derivation & having the same root sequent,
by the same argument as . Thus, we obtain an (ECut)-free derivation for the sequent
[,%,% = 0.

Consider the case where the cut formula is [¢)](x V p). The derivation D has the
following structure.

o R1 Ra R3
L= [¢x vV [Ylp (= V) ([WIx v )™, =9 [, (WlxVe)™2,82=0  [¢lp, ([¥](xVp)"?, 2 = O (v
I'= [Wl(xVp) ([l x Vv p)™, £1,52 = © (ECut)
I'¥,3% =06
Here, m = my + ms + 1. This can be transformed into the following derivation &:
52 83
ECut ECut
o Lk =6 P Ephy,—e (0
& powy D= WV VTS0 o
F,Eljw F,F,¢,22:>@(EC t)
,T,1,%,% = 0 Y
(c=)
ry, 506 )
where &; is the derivation
L R
I'= \Y Vop))mL Y, =
Vo) WOV )™ S =0
F? Zl = w )
&, is the derivation
L Ro
I'= Vv Vp))™2 Y, = 6
[DI(x V) []x, ([l (x V p)"2, 2 (ECut)
Fa [¢]X7 22 = @ ;
and &5 is the derivation
L Rs
I'= \% Vp))m2 Y, = 0
DIV p) [, ([W](x V p))™2, Xy (ECut)

F, [lp]p, 22 =0 .

=)
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The subderivation & has no application of (ECut) except the lowermost one, ¢(&;) =
¢(D), and w(&) < w(D). Hence, by induction hypothesis, there exists an (ECut)-free
derivation & having the same root sequent. For the subderivation & and &, we have
(ECut)-free derivations &, and &; having the same root sequent as & and &, respectively,
by the same argument as £;. Name &, the derivation obtained by replacing the derivations
& and & by & and &, respectively, in the subderivation whose root is I',I", ¢, £y = ©.
The derivation & has no application of (ECut) except the lowermost one and ¢(&;) <
¢(D) by items 1 and 5 of Lemma 4.13. Hence, by induction hypothesis, there exists an
(ECwut)-free derivation &, having the same root sequent. Name s, the derivation inferring
I,I\T,%, % = O from & and &. We have an (ECut)-free derivation & having the same
root sequent, by the same argument as £;. Thus, we obtain an (ECut)-free derivation for
the sequent I', 31,3, = O.

Consider the case where the cut formula is Dgt. The derivation D has the following

structure.
L R
DG1(;017 ey DGnSOn = DGdj (DGw)vaHld)l) ey DHmwm = DHX (ECU[[,')
DG19017 ) DGnngL7DH1¢17 KR DHmwn = DHX
The derivation D can be transformed into the following derivation &:
L R’
(1017"'790n:>w ¢m>"¢11,---a¢m=>X
8017"'790n71/)17"'7¢mz>x ( ) (Ulzleuujle]gH) (D)
Dlela---,DGnSOmDlelw--,DHm¢m:>DHX .

The subderivation £ whose root sequent is @1, . . ., ©n, Y1, . . ., ¥, = X has no application

of (ECut) except the lowermost one and ¢(€’') < ¢(D) by item 1 of Lemma 4.13. Hence,
by induction hypothesis, there exists an (ECut)-free derivation £ having the same root
sequent. Replacing the derivation £ by & in &, we obtain an (ECut)-free derivation for
the sequent Dg, 1, .., Dag,¢n, D, 01, ..., Dy, tm = Dpx. O

4.3.2 Craig Interpolation Theorem

Now, we show Craig interpolation theorem for G(X)* by the similar method to G(X).

Definition 4.20 (Partition). A partition for a sequent I' = A is defined as a tuple
(I'y; ), such that I' = I'y, I'y.

Definition 4.21. For a formula ¢, Prop(p) is defined as the set of all propositional
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variables appearing in . For a multiset I' of formulas, Prop(T") is defined as per Prop(y).

Similarly, Agt(y) is defined as the set of agents appearing in ¢ and Agt(I") as | o Agt(e)
The following is a key lemma for Craig Interpolation Theorem.

Lemma 4.22. Let X be any of IK, IKT, IK4, and IS4. Suppose Fgxy+ I' = A.
Then, for any partition (I'1;T9) for the sequent T' = A, there exists a formula ¢ called

“interpolant”, satisfying the following:
1. Fexyr I't = ¢ and Fexy+ ¢, T2 = AL
2. Prop(y) € Prop(I'y) N Prop(I'y, A).
3. Agt(p) C Agt(l'1) N Agt(l'2, A).

Proof. We prove by induction on the structure of a derivation for I' = A. Fix the
derivation and name it D. By Theorem 4.19, we can assume that D is cut-free. We only
concentrate on the cases involving public announcement operator. Among the rules for
public announcement operator, the rules for [¢]p, [¢](¥V x), and [¢]Dg1) are treated. For
the other cases, the reader is referred to Lemma 3.50.
Suppose D is of the form o
', To,o=p
I, Ty = [g]p

(= )

Fix the partition (I';;T's) for the sequent I'1, T’y = [p]p. As the induction hypothesis for
D’ with the partition (I';; 'y, ), we have Fgx)+ I't = ¢ and Fgxy+ 0,9, = p for
some formula . The formula ¢ is an interpolant for the sequent I'y, Ty = [¢]p, too,

because we have the following derivation:

1.H.
P, Lo, 0= p
6Ty = [glp 7 UP)

(LH.)
The interpolant ¢ also satisfies item 2, because Prop(1)) C Prop(I'y) N Prop(T'y, ¢, p) =
Prop(I'y) N Prop(I'y, [¢]p). Item 3 is also similarly satisfied.
Suppose D is of the form
D, D,

Faurag:}@ pan17Fb2:>A
Fau Faw an Fbw [90]}7 = A

(p =)

There are two types of partition for the sequent I'y,,T's,, T, T, [p]lp = A depending
on whether [p]p belongs to the left or the right of a partition. First, fix the partition
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(Tay, Loy [@]p; Tay, Thy). As the induction hypothesis for Dy with the partition (I'y,; [y, ),
we have Fgx)+ I'a, = ¢1 and Fgxy+ 91, [, = ¢ for some formula 1. As the induction
hypothesis for D, with the partition (p,I%,;'y,), we have Fgxy+ p, L'y, = 12 and Fgx)+
9, 'y, = A for some formula 5. The formula 1)1 — 15 is an interpolant for the sequent

Loy Loy Toyy Doy [0lp = A, because we have the following derivations:

I.H. 1.H.
wlvra = p p7Fb1 :>77Z)2
I lrb [o]p, Y1 = o (lp =)
at 1) ) (j%)

| R ) T T ,

I.H. I.H.
Fa2 = "Lpl "Lpg,FbQ = A (
U = P2, Loy, T, = A

—=)

(LH.)
We show the interpolant 1; — 1y satisfies item 2. First, Prop(v;) C Prop([y,) N
Prop(I's,, ) C Prop(Faz,Fbg) N Prop(Ts,, Tsy, ) C Prop(Ty,, Ty, [@]p) N Prop(Ty,, Ty, A).
(LH
Second Prop(qu)Q) C Prop(p, Fbl) N Prop(rbza A) - Prop(p, Fa1 ) Fbl) N Prop(raw F627 A) -
-

Prop(T'a,, I'vy, [¢]p) N Prop(Ia,, T'e,, A). Thus, Prop(yn — v2) = Prop(i1) U Prop(i)
Prop(T's,, Iy, [¢]p) N Prop(T'a,, T's,, A). Item 3 is also similarly satisfied.

Next, fix the partition (T'y,,Tp;Ta,, Ty, [p]p). As the induction hypothesis for Dy
with the partition (I'q,;I,), we have Fgx)+ I'a; = 91 and Fgxy+ 91, T, = ¢ for some
formula ;. As the induction hypothesis for Dy with the partition (I'y;p,T',), we have
Fexy+ T'ey = 2 and Fgxy+ Y2, p, 'y, = A for some formula 1),. The formula ¢y A 1)y is
an interpolant for the sequent I'y,, T'o,, T's,, Is,, [0]p = A, because we have the following

derivations:
LH. _LH.
Ly = [y, =
Loy =¥ (w =) Ty, = v (w =)
Fanrb; = wl (w :>) FU«l? Fbl = w2 Ei:/i))
| e AN
1.H. 1.H.
wlarag :>90 1 parb2a¢2:>A 2
P Npa, Ty = (n=7) D, Doy 01 Ag = A Ef]\pz;i
A A I, Th, = A
1 N apa, 1 A g, [@]pa 29 L by (c :>)

¢1 A 2/}27 [QO]]?, Fa27Fb2 = A

(LH.)
We show the interpolant ¥ A 1, satisfies item 2. First, Prop()1) C  Prop(Iy,) N
Prop(Ty,, ¢) C Prop(Fal,Fbl) N Prop(Ta,, ['e,, ) C Prop(I'y,, I's,) NProp(Ly,, Ty, [¢]p, A).
(LH.)
Second, Prop(v;) € Prop(Ty,) NProp(p, I's,, A) € Prop(I'a,, ', ) NProp(p, Tay, s, A)

C
Prop(Ty,, y,) N Prop(Ty,, Ty, [¢]p, A). Thus, Prop(i1 A 1s) = Prop(1) U Prop(v) C



97

Prop(T's,, 'y,) N Prop(Le,, Iy, [@]p, A). Item 3 is also similarly satisfied.

Suppose D is of the form

D/
[y, Do, 0= [0y V [p]x (
[, Ty = [0](¥ V x)

= V)

Fix the partition (I';;T'9) for the sequent I'1, T's = [p](1V x). As the induction hypothesis
for D" with the partition (I'1; Ty, ), we have Fgxy+ 't = ¢ and Fgxy+ ¥, 2,0 =
[o] V [p]x for some formula ¢. The formula v is an interpolant for the sequent I'y, T’y =

[0](¥ V x), too, because we have the following derivation:

LH.
Y, T, 0 = [p]Y V [p]x
¥, Ty = [p](¥ V x)

(= V)

(LH.)
The interpolant 1 also satisfies item 2, because Prop(¢)) C Prop(I'y) NProp(I's, ¢, [¢|t Vv
[¢]x) = Prop(I'y) N Prop(T, [¢] (¥ V x)). Item 3 is also similarly satisfied.

Suppose D is of the form

Dy D, Ds
Fan Faz =@ [90]7#7 Fbu FbQ = A [@]X? Fbu sz = A (HV :>)
Fa1>ra2arb1vrb27[@](¢\/>{):>A .

There are two types of partition for the sequent I'y,, T, , T'o,, Iy, [90] (VYY) = A depending
on whether [p](1)V x) belongs to the left or the right of a partition. First, fix the partition
(Tay s Ty [0] (W0 V x); Tays Tey). As the induction hypothesis for D; with the partition
(Pay;Tay), we have Fgxy+ Loy = p1 and Fgx)+ p1, e, = ¢ for some formula p;. As the
induction hypothesis for D, with the partition ([¢], Iy, ; T'y,), we have bFgx)+ [p]Y, Ty, =
p2 and Fgxy+ pa2, s, = A for some formula p,. Similarly, we have Fgx)+ [¢]x, Is, = p3
and Fgx)+ p3, Iy, = A for some formula ps, as the induction hypothesis for D;. The
formula p; — ps V p3 is an interpolant for the sequent I'y,, Ty, Ty, Ty, [0] (00 V x) = A,

because we have the following derivations:

1.H. I.H.
Iy, = Iy, =
LH. [P, T, = po (=) [olx, To, = p3 L2
Loy Doy [@] (0 V X), p1 = p2 V ps
—)
Fal;rb17[§0](¢\/X):>P1—>/02\/p3 )

V=)
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IL.H. I.H.
[.H. 027Fb2 = A p37F52 = A (\/ :>>
Lo, = Vops, Th, = A
2 = P1 P2V P35 L b, (o=)

P1 _>p2vp37Fa27Fb2 :>A

(LH.)
We show the interpolant p; — po V ps satisfies item 2. First, Prop(p;) € Prop(I'y,) N
Prop(Ta,, ¢) C Prop(T'a,, [, )NProp(I's,, I, , ©) C Prop(Ly,, Ty, [0](¥Vx))NProp(La,, Ty, A).

Second, Prop(p,) (C Prop([]¢), I, )NProp(I'y,, A) C Prop([]t), Ty, ', )AProp(La,, e, A) C
Prop(T's,, I's,, [¢](¥VX))NProp(Ly,, I'y,, A). Similarly, we have Prop(ps) C Prop(I'a,, I's,, [¢](¥)V
x)) N Prop(L'a,, I'y,, A). Thus, Prop(pr — p2 V p3) = Prop(p1) U Prop(p2) U Prop(ps) C
Prop(La,, Teys [0] (¥ V X)) N Prop(Iay, Iy, A). Item 3 is also similarly satisfied.

Next, fix the partition (I'y,, I Tay, Iny, [0] (¥ V x)). As the induction hypothesis for
D, with the partition (I'y,;T',), we have Fgx)+ I'a, = p1 and Fgxy+ p1, e, = ¢ for
some formula p;. As the induction hypothesis for Dy with the partition (I'y,;[¢]v, T, ),
we have Fgx)+ Iy, = p2 and Fexy+ p2, [¢], [y, = A for some formula p,. Similarly,
we have Fgxy+ Iy, = p3 and Fgx)+ ps, [e]x, Ty, = A for some formula p3, as the
induction hypothesis for D3. The formula p; A (p2 A p3) is an interpolant for the sequent
Loty Loy Doy Doy [0] (00 V X) = A, because we have the following derivations:

1.H. 1.H.
Iy, = Iy, =
Fal = pP1 (w :>>
: Fa17 1—‘171 = P2 (w :>) Fau I_‘b1 = pP3 (w :>)
o (w=) (= A)
Fa17 Fbl = P1 Falv Fbl = P2 A P3 (:> /\)
Fanrbl = p1 A (p2 A p3)
I.H. I.H.
1L.H. [@]warbme = A (/\ :>1) [@}X,FbZ,pg = A (/\ :>2)
p1;la, = ¢ . [P, Ly, p2 A ps = A ) [P1x Toys p2 A ps = A )
(n=1) (A =2) (N =2)
p1 A (p2 A p3),Ta, = ¢ (@], Ty, p1 A (p2 A p3) = A (01X Loy, p1 A (P2 A p3) = Qv =)

p1 A (p2 A ps),p1 A(p2 Ap3), [@](¥V X), Tayy To, = A
P1 A (p2 A p3)a [‘P]W \ X)vra27rb2 = A

(c=)

We show the interpolant p; A (p2 A ps) satisfies item 2. First, Prop(p) (Ig) Prop(T'y,) N
Prop(T'y,, ») C Prop(T'y,,y,) N Prop(Ty,, Ty, ©) € Prop(Ly,, Ty, ) N Prop(Ly,, Ty, [¢] (¥ V
X), A). Second, Prop(ps) (C Prop(I'y,) N Prop([p]i, Ty, A) C

Prop(La,, Iy, ) N Prop([¢]ih, Ty, Tey, A) € Prop(Lay, Ty, ) N Prop(Tay, Toy, [0](4 V X), A).
Similarly, we have Prop(p3) C Prop(I's,, I's,)NProp(La,, I's,, [¢](¥VX), A). Thus, Prop(pi A
(p2 A\ p3)) = Prop(p1) UProp(p2) UProp(ps) C Prop(T'y,, 'y, ) NProp(Lo,, Ty, [@] (¥ V x), A).

Item 3 is also similarly satisfied.
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Suppose D is of the form

D/
F17F27()0:> DG[QOW
[, Ty = [¢]Dgyp ( [D)

Fix the partition (I';;T'9) for the sequent I'y, 'y = [¢]|Dgtp. As the induction hypothesis
for D’ with the partition (I';; I's, ), we have -gxy+ 't = x and Fgx)y+ x, 2, ¢ = Dalply
for some formula x. The formula x is an interpolant for the sequent I'y,T'y = [p]Dg,

too, because we have the following derivation:

[.H.
X7F27S0 = DG[SOW (
X?FQ = [SO]DGIp

= D)

(LH.)
The interpolant x also satisfies item 2, because Prop(x) < Prop(I'y)NProp(I'e, ¢, Dalel) =

Prop(I'y) N Prop(I's, Dgp]w) = Prop(I'y) N Prop(Ty, [¢]Dgtp).  Since Agt(Dglely) =
Agt([p]Detb) = G U Agt(p) U Agt(e)), item 3 is also similarly satisfied.

Suppose D is of the form

Dl DQ
Fanrtm = P DG[‘P]@Z)arbusz = A (HD :>)
Falara27rb1a Fbga [QO]DGd) = A

There are two types of partition for the sequent Iy, T'o,, Ts,, Ts,, [0]Detv = A depend-
ing on whether [p]Dg1 belongs to the left or the right of a partition. First, fix the
partition (Ty,, Ty, [p]Dgt); Ty, Th,). As the induction hypothesis for D; with the par-
tition (I'y,;,), we have Fgxy+ Loy, = p1 and Fgxy+ p1,0a, = ¢ for some formula
p1. As the induction hypothesis for Dy with the partition (Dg[p]i, Iy, ; Ty, ), we have
Fexyt Dalel, s, = p2 and Fgxy+ p2, Iy, = A for some formula p,. The formula
p1 — pe is an interpolant for the sequent T'y,, Ty, To,, Ty, [0] Dath = A, because we have

the following derivations:

I.H. 1.H.
P1, Fal = P Dg[@]¢, 1_‘b1 = P2 (HD :) 1.H. 1.H.
Fan Fbu [‘P]DG@%Pl = P2 (:>_>) Fa2 = 01 P2, Fb2 = A (_>:>)

Fa1>Fb17[¢]DG¢:>pl — P2 P1 _>p2>ra27Fb2 = A

(LH.)
We show the interpolant p; — po satisfies item 2. First, Prop(p;) C Prop(I'y,) N
Prop(T'y,, ») C Prop(T'y,, I'y, )NProp(Ty,, Ty, , ) € Prop(Ty,, Ty, [¢] Dat)NProp(Ty,, Ty, , A).
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Second, Prop(ps) C Prop(Dalgli, Ts,) 1 Prop(Ty, A) C

Prop(Dcelt), Tay, Tey) M Prop(Tay, I'y,, &) = Prop(T'ay, ey, [] D)) M Prop(Ta,, T'e,, A).
Thus, Prop(py — p2) = Prop(p1) U Prop(p2) € Prop(Ly,, Iy, , [¢] Dap) N Prop(Ly,, Ty, A).
Item 3 is also similarly satisfied.

Next, fix the partition (I's,, I, ; Doy, Iny, [0] Dat)). As the induction hypothesis for Dy
with the partition (I'y;; ['a,), we have Fgx)+ I'a; = p1 and Fgx)+ p1,14, = ¢ for some
formula p;. As the induction hypothesis for Dy with the partition (I'y,; Dg[e|e, T, ), we
have Fgx)+ 'y, = p2 and Fgx)+ p2, Da (o], Ty, = A for some formula py. The formula
p1 A p2 is an interpolant for the sequent I'y,, T'a,, T's,, Ty, [0] Datb = A, because we have

the following derivations:

[LH. [LH.

Fal = /01 (’U} :>) Fbl = 102 (U) :>)

(w =) (w =)

Fal7rb1 = p1 Fa17rb1 = P2 (:> /\)

Falurln = 01 A P2

L.H. LH.
p1;La, = (A =) Dalelth, Ty, pa = A
pLAp2,Ta, = ¢ Dglelt, Ty, pr App = A
p1 A p2, p1 A pa, [0]Datp, Loy, Ty, = A
p1 A p2, @] Da, Loy, Ty, = A

(A =7)
(1D =)

(c=)

We show the interpolant p; A pe satisfies item 2. First, Prop(p;) (IE') Prop(L'y,) N
Prop(T,,, ») C Prop(T'y,, Ty, )NProp(Ty,, Ts,, ) C Prop(Ty,, Ty, )NProp(Ty,, Ty, [¢] Dath, A).
Second, Prop(p2) (C Prop(T',,) N Prop(D¢gle|t, Ty, A) C

Prop(T's,, 'y, ) N Prop(Dg|p]i, Loy, Ty, A) = Prop(La,, T's,) N Prop(Luy, Ty, [@] Dat), A).
Thus, Prop(p; A pa) = Prop(p1) U Prop(p2) € Prop(T's,, T'%,) N Prop(La,, T, [p] Do), A).

Item 3 is also similarly satisfied. m

Theorem 4.23 (Craig Interpolation Theorem). Let X be any of IK, IKT, IK4, and I1S4.

Given that Fgx)+ @ = 9, there exists a formula x satisfying the following conditions:
1. Fgx)y+ v = x and Fgx)+ X = .
2. Prop(x) C Prop(¢) N Prop(v).
3. Agt(x) € Agt(p) N Agt().

We note that not only the condition for propositional variables but also the condition

for agents can be satisfied.
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Proof. When we set I' .= ¢ and A =1, and take a partition (I'; @), Lemma 4.22 proves

Craig Interpolation Theorem. O]
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Chapter 5

Conclusion

5.1 Conclusion of Thesis

In Chapter 2, we propose Gentzen-style sequent calculi G(Kp), G(KTp),G(K4p), G(S4p),
and G(S5p) for multiagent epistemic propositional logics with distributed knowledge op-
erators, parameterized by groups, which are reasonable generalization of sequent calculi
for basic epistemic (modal) logic. We show the equipollence of the sequent calculi to the
known Hilbert systems (Theorem 2.3) and prove the cut-elimination theorem for G(Kp),
G(KTp),G(K4p), and G(S4p) (Theorem 2.4). Using a method described in [26], Craig
interpolation theorem is also established for G(Kp), G(KTp),G(K4p), and G(S4p), in
which not only condition of propositional variables but also that of agents is taken into
account (Theorem 2.9).

In Chapter 3, we develop intuitionistic K, KT, KD, K4, K4D, and S4 with dis-
tributed knowledge operator, parameterized by group G, based on [23]. We show the se-
mantic completeness of the Hilbert systems H(IK), HIKT), HIKD), H(IK4), HIK4D),
and H(IS4) (Theorem 3.11), where we adopt a more standard method via the concept of
“pseudo-model” and “tree unraveling” than [23]. Moreover, we also show the semantic
completeness with respect to more restricted classes of Kripke frames than the ordinary
one, which are characterized by the notion of ‘stability’ (Definition 3.2, Theorem 3.12).
This is because Kripke frame should be stable in order for the intuitionistic public an-
nouncement logic with distributed knowledge introduced in Chapter 4 to be sound. To
show this, first we prove the strong completeness with respect to the suitable class of
frames including nonstable ones (Theorem 3.11) by constructing a model called “tree
unraveling”. Then, we make the tree unraveling model stable by the operation called sta-
bilization (Definition 3.39). It is noted that the operation of stabilization is compatible

with tree unraveling by certain property of it (Proposition 3.42). We also propose cut-free
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sequent calculi G(IK), G(IKT), G(IKD), G(IK4), G(IK4D), and G(IS4) for our logics
(Theorem 3.44, Theorem 3.46), based on the idea introduced in Chapter 2 and prove
Craig interpolation theorem (Theorem 3.51) by Maechara’s method [26, 35]. In addition,
we establish decidability (Theorem 3.57) of the sequent calculi by the standard argument
[11, 12] on a cut-free derivation of a sequent, while [23] does not show it for their Hilbert
systems.

In Chapter 4, we develop intuitionistic public announcement logics with distributed
knowledge based on the logics developed in Chapter 3. We expand the logics developed
in Chapter 3 except the ones having the axiom (D) with a public announcement opera-
tor to obtain H(IK)*, H(IKT)", H(IK4)", and H(IS4)" and prove its semantic strong
completeness (Theorem 4.16) by a standard argument using reduction axiom [59]. Note
that a reduction axiom for the distributed knowledge is not sound for the class of all
frames, which are defined to enjoy the condition <; R, C R,. This means that we need
to restrict our attention to a subclass of frames, called a class of stable frames. We also
develop sequent calculi G(IK)*, G(IKT)*, G(IK4)*, and G(IS4)" of the logics by natu-
rally transforming the reduction axioms into inference rules and prove the cut-elimination
theorem (Theorem 4.19) and Craig interpolation theorem (Theorem 4.23). The inductive
proof of the cut-elimination theorem is made possible by using the complexity function
(Definition 4.12) for a formula, which is introduced in the argument of the complete-
ness proof, as a measure for cut formula, not the ordinary complexity measure used in

cut-elimination theorem for other logics.

5.2 Further Direction

We mention possible directions of further research of the work in Chapter 2. First, we
may provide sequent calculi KD p, K4Dp or KD45), to establish the cut-elimination and
Craig interpolation theorems. Second, we may establish the subformula property for S5,
along the line of [51, 52], which proves the property on a sequent calculus for S5 though
the calculus is not cut-free. We note that even if the sequent calculus for S5 is not cut-free
but still we can apply Maehara method to establish Craig interpolation theorem (cf [35]).
Third, it is interesting to see if we can construct a cut-free sequent calculus for S5, on
the basis of one of the known cut-free calculi for S5 (with label or with the notion of
hypersequent). Fourth, we may check what follows from Craig interpolation theorem. It
is known that Craig interpolation theorem entails Beth definability theorem or Robinson
consistency theorem in many systems. It is interesting to see whether these hold for our

logics. Finally, we may establish completeness results on epistemic logics with distributed
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knowledge other than the ones mentioned in Fact 2.1 (if it has not been done).

Next, we mention possible directions of further research of the work in Chapters 3
and 4. The first direction is to simplify our semantic completeness argument of H(X) via
a similar method given in [62] for classical epistemic logic with distributed knowledge.
One of the merits of the method is that the notion of pseudo- (or pre-) model is not
necessary. The second direction is to add S5-type axioms to our intuitionistic epistemic
logic with distributed knowledge. Since Ono [34] showed that there are at least four
distinct S5-type axioms over the intuitionistic modal logic S4, it would be interesting to
study the corresponding S5-type axioms in our setting. The third direction is to expand
our syntax with the common knowledge operator (cf. [59]). This amounts to investigating
the intuitionistic counterpart of [62]. The final direction is to consider another dynamic
expansions of our syntax. In order to formalize changes of agents’ constructive knowledge

caused by communication among a group, we may add resolution operators [1].
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