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Rigorous analysis of the effects of electron-phonon interactions on
magnetic properties in the one-electron Kondo lattice model

Tadahiro Miyao!, Kazuhiro Nishimata!, and Hayato Tominaga!

!Department of Mathematics, Hokkaido University
Sapporo 060-0810, Japan

Abstract

The Kondo lattice model (KLM) is a typical model describing heavy fermion systems.
In this paper, we consider the interaction of phonons with the system described by the
one-electron KLM. Magnetic properties of the ground state of this model are revealed in
a rigorous form. Furthermore, we derive the effective Hamiltonian in the strong coupling
limit (J — o0) for the strength of the spin-exchange interaction J; we examine the magnetic
properties of the ground state of the effective Hamiltonian and prove that the Aizenman—
Lieb theorem concerning the magnetization holds for the effective Hamiltonian at finite
temperatures. Generalizing the obtained results, we clarify a mechanism for the stability of
magnetic properties of the ground state in the one-electron KLM system.

1 Introduction and results

1.1 Background

The Kondo lattice model (KLM) is a typical model describing heavy fermion systems and has
been actively investigated; see, e.g., [2, 4, 8, 19, 20, 21, 27, 26]. The KLM Hamiltonian consists
of a hopping term for the conduction electrons and an exchange interaction term between the
conduction electrons and the localized spins, and is derived from the strong coupling limit of the
more basic Anderson model. In [22], the magnetic properties of the ground states of the KLM
system have been analyzed in the particular case of a single conduction electron. This result is
an essential clue to understanding the low electron concentration limit in the KLM system.

In this paper, we consider the interaction of phonons with the system described by the one-
electron KLM proposed in [22]. We show in a rigorous form that the magnetic properties of
the one-electron KLM system described earlier are stable under the interaction with phonons.
Furthermore, we derive the effective Hamiltonian in the strong coupling limit (J — oo) for the
strength of the spin-exchange interaction J and analyze the magnetic properties of the system
described by the effective Hamiltonian. To be more precise, we clarify the magnetic properties
of the ground state of the effective Hamiltonian and prove that the Aizenman—Lieb theorem
concerning the magnetization holds for this effective Hamiltonian at finite temperatures. More-
over, by synthesizing and generalizing these results, we reveal a mechanism of stability of the
magnetic properties of the one-electron KLM system. Rigorous analysis of systems in which
phonons interact with the KLM system has rarely been performed, and the results of this paper
are expected to provide a solid mathematical foundation for this system.

A characteristic feature of the analytical method in this paper is the application of the the-
ory of operator inequalities developed in [10, 11, 12, 18]. In [22], the magnetic properties of the
ground state of the one-electron KLM are analyzed by naively using the Perron—Frobenius the-
orem for finite-dimensional Hilbert spaces; in contrast, the Hamiltonian examined in this paper



acts on infinite-dimensional Hilbert spaces because it involves interaction with the phonons.
Therefore, the ordinary Perron—Frobenius theorem cannot be applied to the Hamiltonian un-
der consideration. On the other hand, our operator inequality-based analysis is adequate for
rigorous analysis of ground states in infinite-dimensional Hilbert spaces.

To highlight the novelty of this paper, we first review the previous work on the usual Kondo
lattice model. The Hamiltonian of the KLM on a finite lattice A is given by

Hiin = Y (~toy)ChgCyo + T 80 Sp — 2085, (1.1)
z,yeN TeA

Hygrv is a bounded self-adjoint operator acting on the Hilbert space @i'j(‘) (@102 (A)), where
A" indicates the n-fold antisymmetric tensor product. The annihilation operators of conduc-
tion electrons are denoted by c; » and those of f-electrons by f, »; these operators satisfy the
following anticommutation relations:

{Cx?"’ C;T} = 517?/5077'7 {Cﬂi,m Cyﬂ'} = 07 {fm,m f;;r} = (Sm,yéa,ﬂ {fm,m fy,T} = 0, (1-2)
{ez,0s fyr} = {ca0 f;,r} =0 (1.3)

for every z,y € A and 0,7 € {1,]}, where {X,Y} := XY 4+ Y X. This paper considers a system
with only one conduction electron and |A| f-electrons, one at each site. The Hilbert space £
to adequately represent this situation is the subspace spanned by vectors of the form

#
o [l i), o0y € {11} (y € A), (1.4)

yeA

where |@) denotes the fermionic Fock vacuum, and nge 4 indicates the ordered product ac-
cording to an arbitrarily fixed order in A. Denote the restriction of the operator Hkrn to
this Hilbert space by Hg, i.e., Hoq = Hgxrm | $He. For each site x € A, the spin operators

Sy = (s(xl), 39(02), 35;3)) of the conduction electrons are defined as follows:

Sgcl) = —(c;icm + C;,TCI&)’ S

@2 _ 1 3 _ L
2 xT

5 (CoiCat = Captal)s S0 = 5y —mgy),  (1.5)
where ng , is the number operator for the conduction electrons with spin o at site x € A:
NG s = CpoCso, and 1 represents the imaginary unit: i = v/—1. Similarly, the spin operators

S, = (Sél), 9(02), 83(63)) for f-electrons at site x are defined as

1 i

* * * * ]‘
SO = S fer + finfen)s S = G Fut = Fipfen), S8 =gl —ng ). (16)

where nﬁ;g = fr.ofzoc- The total spin operators Sior = (St(ét),St(zt), St(g’t) ) for this system are

defined by
Sl =" + 50y, i=123. (1.7)
zeA

The spin exchange interaction term between the conduction electrons and the f-electrons is
defined by

Sp Sy = Z POKION (1.8)
=123

The term 2hSt(§’t) represents the interaction of the electrons with the external uniform magnetic
field h. (ts,y)z,yca is the hopping amplitude, and J is the strength of the exchange interaction.
In this paper, we make the following assumptions regarding the parameters and the lattice

A:



(A.1) (i) tyy >0 for every z,y € A.
(ii) h eR.

(A. 2) Let G = (A, E) be the graph generated by the hopping matrix: E = {{z,y} : t;, # 0}
defines the set of edges. Then the graph G is connected.!

The following fundamental theorem is proved in [22].

Theorem 1.1. Assume (A. 1) and (A. 2). Assume J > 0 (antiferromagnetic coupling).

Then, the ground state of He is unique apart from the trivial |A|-fold degeneracy and has total
spin S = (|A] —1)/2.

1.2 The Kondo lattice system interacting with phonons

It is an intriguing question how the magnetic properties of the ground state are affected when
the interaction between the conduction electrons and the environmental system is taken into
account. This paper analyzes electron-phonon interactions in detail as a typical interaction
with environmental systems. We note that the analytical methods we use in this paper can
be extended to systems in which electrons and Bose fields interact, such as systems in which
electrons and quantized electromagnetic fields interact; see Section 1.4 for details.

The specific Hamiltonian we intend to analyze is given by

H=Ha+ Y gayns(by +b}) +wNph. (1.9)
z,yeA

The operator H acts on the Hilbert space ) = ¢ ® Hpn, where §py, is the bosonic Fock space
over £2(A): $Hpn = Do, ®%(A), where ®” indicates the n-fold symmetric tensor product.
by and b, are the creation and annihilation operators of phonons, respectively, and satisfy the
standard commutation relations:

basbyl = 0, [be, b = b2y m,y € A, (1.10)

where [X,Y] := XY — Y X. The operator N}, denotes the phonon number operator:

Npn =Y bib,. (1.11)
€A

The operator ng is the number operator of the conduction electrons at site x € A: nf =
n;T—i—n; - The phonons are assumed to be dispersionless with energy w > 0. g, € R represents
the strength of the interaction between conduction electrons and phonons. Using Kato—Rellich’s
theorem [24, Theorem X.12], we see that H is a self-adjoint operator on dom(Np}), bounded
from below, where dom(/Npp) denotes the domain of Npy.

Our first result is as follows:

Theorem 1.2. Assume (A. 1) and (A. 2). Assume J > 0 (antiferromagnetic coupling).
Then, the ground state of H is unique apart from the trivial |A|-fold degeneracy and has total
spin S = (]A] —1)/2.

Comparing this theorem with Theorem 1.1, we conclude that the magnetic properties of the
ground state of Hg are stable under interaction with phonons. We will prove Theorem 1.2 in
Section 3.

For each eigenvalue M of St(gt), we refer to Hr = ker(St(g’g — M) as an M-subspace. The
Hilbert space $) is decomposed into a direct sum of M-subspaces:

= P ou, (1.12)

Mespec(St(gg)

'To be precise, for any x,y € A, there is a sequence {{zi, zi+1}}77 in E satisfying zo = = and z, = y.



where, for given operator A, spec(A) denotes the spectrum of A. Corresponding to this decom-
position, the Hamiltonian H can be decomposed as follows:

H= @ Hu, Hu=H]$Hu. (1.13)
MEspec(Ssgg

In order to state the next result, we introduce the ladder operators of spin:

stH) = CyCr, | s$) = (sh) = C. | Co, 1 (1.14)
S = fr i fods S = (SED)* = fi  fan (1.15)

Our second result is the following theorem concerning two-point correlations between spins
in the ground state:

Theorem 1.3. Assume (A. 1) and (A. 2). Assume J > 0 (antiferromagnetic coupling). For
any M € {—(|A| —1)/2,—(|A| +1)/2,...,(|A] — 1)/2}, let ¥p;r denote the normalized ground
state of Hyy in the M -subspace, with (A)y = (Yar|Aar) denoting the ground state expectation.
Then, for any x,y € A, we have

<s§c+)sz(/_)>M >0, <s;+>5;—>>M <0, <s;+>5;—>>M >0, (1.16)
<s;—>s<+>>M >0, <sg—>55+>>M <0, <s§—>sg+>>M > 0. (1.17)

The proof of Theorem 1.3 will be presented in Section 3.
Remark 1.4. For J < 0 (ferromagnetic coupling), Theorems 1.2 and 1.3 are modified as follows:

Theorem 1.2° Assume (A. 1) and (A. 2). Assume J < 0 (ferromagnetic coupling). Then,

the ground state of H is unique apart from the trivial |A|+2-fold degeneracy and has total
spin S = (|A| +1)/2.

Theorem 1.3 Assume (A. 1) and (A. 2). Assume J < 0 (ferromagnetic coupling). For
every M € {—(|A| —1)/2,—-(|A] +1)/2,...,(|A] = 1)/2} and x,y € A, we have

<SL(B+)S?(J_)>M > 0, <S($+)S?(J_)>M > 0, <S£+)Sé_)>M > 0, (1.18)
<s§;>s§,+>>M >0, <35?)5§+)>M >0, <S§3’)S?§+)>M > 0. (1.19)

The proofs of these theorems are almost the same as the proofs of Theorems 1.2 and 1.3 and
are therefore omitted.

1.3 Strong coupling limit

Consider the strong coupling limit of J — oo. In [7], it is discussed that the usual KLM
system without the electron-phonon interaction is equivalent to the Nagaoka—Thouless system
in the strong coupling limit. However, the arguments in [7], while intuitively plausible, have
the following mathematical difficulties:

e since the ground state energy of H diverges to —oo in the limit of J — oo, in order to
rigorously realize the arguments of [7], we need an energy renormalization procedure, as
we will see below;

e furthermore, the Hamiltonian we consider contains unbounded operators describing the
phonon, making mathematical analysis complicated.



In this subsection, we clarify how the arguments of [7] can be expressed mathematically for the
Hamiltonian with the electron-phonon interaction, in the form of a theorem. In the proof in
Section 4, it will be shown how the issues mentioned above are overcome. We note that the
results for the usual KLM can be derived by setting g, , = 0(z,y € A) in the theorems given
below.

Set Sy := {—1,+1}l. For every z € A and o = (04)zec, define

i
|02) = foon || fr0.19), (1.20)

zeA

where the up-spin corresponds to 1 and the down-spin corresponds to —1: = +1, |= —1. This
vector represents a state in which there is a hole at site x and the spin configuration of the
electrons at the other sites is given by o, := (0y)ye\(z}- Given o = (0y)yea € Sa, define

1
lo2)0 = E(C;kmf;l - C;¢f;¢)|‘7’x>‘ (1.21)

This vector describes the situation where a conduction electron and an f-electron form a singlet
at site . We readily confirm that

0<0'x‘7-y>0 = 5x7y50'zy7'y (122)
holds. Therefore, we see that {|oz)o:z € A, o € Sp} forms an orthonormal basis. Put
X = 5pan{]on)o @ ¢ 0 € Spw € A g € ) (1.23)

and decompose the Hilbert space $) as $ = X @ X+, where, for a given set S, span(S) indicates
the linear span of S and Span(S) denots the closure of span(S). Henceforth, P stands for the
orthogonal projection from $) to X.

Theorem 1.5. Define the energy renormalized Hamiltonian as

Hyeny = H + % (1.24)

There exists a self-adjoint operator Hienoo on X, bounded from below, such that, for every
z € C\ spec(Hyen,00), it holds that

lim H(Hren,J — ) — (Hyenoo — z)*PH —0, (1.25)
J—00

Remark 1.6. In Section 5, Hien,oo is shown to be equivalent to the Nagaoka—Thouless Hamil-
tonian with added electron-phonon interaction.

The proof of Theorem 1.5 is given in Section 4.
For the system described by the Hamiltonian Hyen o, some information on magnetic prop-
erties can be obtained. In order to state our finding, we need the following condition:

(A. 3) Let G be the graph generated by the hopping matrix (see (A. 2) for the detailed
definition). Then, G is biconnected and it is not a simple loop (i.e., periodic chain) with
more than four sites.”

Regular lattices of two or more dimensions, such as triangular lattices, fcc, bee, and d-dimensional
hypercubic lattices (d > 2), satisfy this condition.

%In other words, one cannot make G disconnected by removing a single site.



Theorem 1.7. Assume (A. 1) and (A. 3). Then, the ground state of Hyen oo i unique apart
from the trivial |A|-fold degeneracy and has total spin S = (|A| —1)/2.

Remark 1.8. The Hamiltonian Hyen oo treated here describes an extreme situation, and the
reader may wonder about the significance of this theorem. In Section 1.4, we clarify the im-
portance of this theorem in the discussion of the stability of magnetic properties in the ground
state of Hyen oo-

We will prove Theorem 1.7 in Section 5.
The magnetization concerning Hyen o is defined by

010og Zren.0o

M, h) = ——F1—"— 1.26
ren,oo (67 ) a(ﬂh) ) ( )

where Zyen o is the partition function:
Zrenyoo = Tr[e™PHren.co] (1.27)
Theorem 1.9. Let d be a natural number greater than or equal to 2 and consider the case
A= [-L,L)¥NZ% Suppose (t.,) represents the nearest neighbor hopping matriz.> Then we

obtain

Mien,oo(B, 1) > (JA| — 1) tanh(Bh). (1.28)
Remark 1.10. e This result is very similar to Aizemann—Lieb’s theorem [1]. This agree-

ment follows from the facts stated in Remark 1.6. See Section 5 for details.

e Let M(B,h) be the magnetization defined by replacing Hyenoo by H in the definition of
Mien,0o(B,h). From Theorem 1.5, it is expected that limj oo M(8,h) = Myenoo(B,h)
holds. Indeed, in the case g, = 0, this immediately follows from Theorem 1.5. In the
case of g, # 0, however, showing this seemingly straightforward relationship requires a
rather complicated discussion of traces in infinite-dimensional Hilbert spaces, so we will
not go into it further in this paper.

The proof of Theorem 1.9 will be provided in Section 5.

1.4 Discussion: Stability of magnetic properties of the ground state

The reader may have noticed that the results of Theorem 1.2 and Theorem 1.7 are quite similar.
Is this a coincidence? Let us now examine the reasons for this coincidence from a higher
perspective. In a nutshell, the reason for this can be stated as follows:

Theorem 1.11. Hq, H and Hyen o all belong to the Nagaoka—Thouless stability class.

In the following, we will briefly explain the meaning of this theorem. The Nagaoka—Thouless
(NT) stability class is a set of Hamiltonians determined from the Nagaoka—Thouless Hamilto-
nian. A notable feature of the NT stability class is that it has the following properties:

Theorem 1.12. If a Hamiltonian Hy belongs to the NT stability class, its ground state is unique
apart from the trivial |A|-fold degeneracy and has total spin S = (|A| —1)/2.

From this fact and Theorem 1.11, Theorems 1.1, 1.2 and 1.7 follow immediately. For the
precise definition of the NT stability class, see Appendix A. Readers interested in the proof of
Theorem 1.11, see [13, 16].*

3To be precise, ty, =t > 0 if |z — y|| = 1, s, = 0, otherwise, where [la|| = /3¢, |ai|.

“More precisely, one can prove Theorem 1.11 in almost the same way as the idea of [13, 16].



The NT stability class describes the stability of the magnetic properties of the ground
state. For example, consider the following Hamiltonian, which further takes into account the
interaction between f-electrons and phonons:

Hp=H+kY nf(be+b5)+v Y bibs. (1.29)
z€A zeA

By the method of this paper, it can be shown that Hy, also belongs to the N'T' stability class.
Using this and Theorem 1.12, we find that the ground state of Hp, is unique and has total
spin S = (]A] — 1)/2. In general, if we can show that a Hamiltonian incorporating complicated
interactions between electrons and the environment belongs to the N'T stability class, we obtain
a similar claim about the ground state. In addition to the examples mentioned above, the KLM,
which incorporates the interaction between conduction electrons and quantized electromagnetic
fields, also belongs to the NT-stability class. (For more details on this model, see, for example,
[13, 16].)

Next, a word of explanation on the importance of Theorem 1.5 is in order. Theorem 1.5
and Remark 1.6 show that He and H are “connected” with the NT Hamiltonian in the limit of
J — 00. This theorem provides a clue that He and H belong to the NT stability class. From
these observations, we can conclude the following: although H,ep oo is a Hamiltonian describing
a very extreme situation, its ground state properties are useful in analyzing the stability of the
magnetic structure of the ground state of the KLM.

1.5 Organization

The paper is organized as follows: Section 2 presents a brief overview of the theory of operator
inequalities, which is necessary to prove the main theorems. In Section 3, we prove Theorems
1.2 and 1.3 by applying the theory of operator inequalities described in Section 2. Section 4
proves Theorem 1.5, and Section 5 proves Theorems 1.7 and 1.9. Appendix A is supplementary
to the discussions in Section 1.4; the stability theory of magnetic properties in many-electron
systems is outlined.
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2 Preliminaries

This section defines the operator inequalities necessary to prove our main theorems and lists
their basic properties. For more details on these operator inequalities, see [10, 11, 12, 18].
Note that the operator inequalities introduced here are different from the standard operator
inequalities treated in functional analysis textbooks.

Let X be a complex separable Hilbert space. We denote by #(X) the Banach space of all
bounded operators on X.

Definition 2.1. A Hilbert cone, 3 in X, is a closed convex cone obeying
(i) (u|v) > 0 for every u,v € ;

(i) for each w € X, there exist u,u’,v,v" € P such that w = u — v +i(v' — ') and (ulv) =
(W) = 0.

A vector u € P is said to be positive w.r.t. . We write this as u > 0 w.r.t. P. A vector v € X
is called strictly positive w.r.t. B, whenever (v|u) > 0 for all u € P\ {0}. We write this as
v >0 w.r.t. PB.



The operator inequalities introduced below form the basis of the analytical methods in this
paper.

Definition 2.2. Let A € Z(X).
(i) A is positivity preserving w.r.t. P if AP C P. We write this as A >0 w.r.t. P.

(ii) A is positivity improving w.r.t. B if, for all w € P\ {0}, Au > 0 w.r.t. P holds. We write
this as A> 0 w.r.t. P.

Remark that the notations of the operator inequalities are borrowed from [9].

The following lemma follows immediately from the definition:

Lemma 2.3. Let A, B € #(X). Suppose that A>0 and B> 0 w.r.t. PB. We have the following
(i) ~(iv)-
(i) For each u,v € B, (u|Av) > 0 holds.
(ii) Ifa >0 and b > 0, then aA+ bB >0 w.r.t. *B.
(i) A*>0 w.r.t. P.
(iv) AB>0 w.r.t. B.
Proof. See, e.g., [9, 11]. O

Lemma 2.4. Let {A,}2°, and A be bounded operators on X. If A, >0 w.r.t. B and A, weakly
converges to A as n — oo, then A> 0 w.r.t. P holds.

Proof. See, e.g., [14, Proposition A.1]. O

Let Xr be the real subspace of X generated by . From Definition 2.1, for all x € Xp, there
exist x4,x_ € P such that v = zy —2_ and (zy|z_) = 0. If A € B(X) satisfies AXp C Xp,
then we say that A preserves the reality w.r.t. B.

Definition 2.5. Let A, B € #(X) be reality preserving w.r.t. 8. If A — B> 0 holds, then we
write this as A > B w.r.t. 6. In this paper, we understand that A and B are always assumed
to be reality preserving when one writes A > B w.r.t. B.

The following two lemmas are useful for practical applications of the operator inequalities
introduced here.

Lemma 2.6. Let A,B,C,D € #A(X). Suppose A> B>0 w.rt P and C>D>0 wrt P.
Then we have AC > BD >0 w.r.t. *B.

Proof. For proof, see, e.g., [9, 11]. O

Lemma 2.7. Let A, B be self-adjoint operators on X. Assume that A is bounded from below and
that B € AB(X). Furthermore, suppose that e A >0 wrt. P for allt >0 and B> 0 w.r.t. P.
Then we have e " A=B) > e=tA 4 1 t. B for all t > 0.

Proof. Because B >0 w.r.t. B, we have ¢! =3 LB > 1 w.r.t. P for all t > 0. Note that

n=0 n!
we have used Lemma 2.4. By using the Trotter product formula [24, Theorem S. 20], we obtain

n
e HA=B) — lim (e*%Ae%B) > et wort. P (2.1)
n—oo
for all ¢ > 0, where Lemma 2.4 is again used in deriving the inequality. O



Definition 2.8. Let A be a self-adjoint operator on X, bounded from below. The semigroup
generated by A, {e™*1};>0, is said to be ergodic w.r.t. 9B, if the following (i) and (ii) are satisfied:

(i) e >0 w.r.t. P for all ¢ > 0;

(ii) for each u,v € P\ {0}, there is a ¢ > 0 such that (u|e~*4v) > 0. Note that ¢ could depend
on v and v.

The following lemma immediately follows from the definitions:

Lemma 2.9. Let A be a self-adjoint operator on X, bounded from below. If e *4 >0 w.r.t. P
for all t > 0, then the semigroup {e~*4};>0 is ergodic w.r.t. P.

The following theorem illustrates why the operator inequalities introduced in this section
are useful in this paper:

Theorem 2.10 (Perron—Frobenius—Faris). Let A be a self-adjoint operator, bounded from below.
Assume that E(A) = infspec(A) is an eigenvalue of A. If {e 7 };>¢ is ergodic w.r.t. 5B, then
dimker(A — E(A)) =1 and ker(A — E(A)) is spanned by a strictly positive vector w.r.t. L.

Proof. See [5]. O

3 Proof of Theorems 1.2 and 1.3

3.1 Deformation of the Hamiltonian

As a first step, one deforms the Hamiltonian H into a form that is easy to analyze by a unitary
transformation.
Let N{ be the number operator for the conduction electrons with down-spin: N =3, ng .

. . . . i c .
Performing the unitary transformation induced by e”rNi, Hxkra is transformed as follows:
: c 3 c
617TNl HK e 17er

=3 N (tay)gpe — I Y (58780 4 518 1 T ST s@ 8B —2nsl) (3.1)

ryeNo=1,] zeA TeA

. ’ . \/§ w '

Both p, and ¢, are essentially self-adjoint. Therefore, we will also write the closures of these
operators with the same symbols. Next, define the anti-selfadjoint operator L. as

V2
L.:=—-1— 2y NeDy- .
0 Z G,yTaPy (3.3)

z,yeA

The unitary transformation induced by the operator e is called the Lang-Firsov transforma-

tion. The following formulas are helpful for specific calculations:

V2 _ 1
renge e = exp <1w D Graby |eros €bpeTE =be = =% gyamy. (34)

yeA yeA

With the above preparations, we transform H as follows:



Lemma 3.1. Define the unitary operator F as F = elce Ny . If we set H= FHF™!, then the

following holds:
Z Z try) exp(i®@y )y JZ (s{H) 8¢ {7 50H)

z,yeAo=1,) zeA
+ 73 sD8E —onSE) + Ny — 3 Gayning, (3.5)
zeA r,yeA
where Y
2 1
Pyy = o Z(gy,z - gz,z)pz, Gry = " ng’zgy’z. (3.6)
z€A zeA
Remark 3.2. Let us denote the restriction of H to the M- subspace by H M, that is, H M =
H I . Since €' ™ commutes with St(ot), ™1 remains 6 M invariant. However, since
_ 2) e
FSGF =3 (=) +81), FSEIF =3 (=5 + 52, (3.7)
€A z€eA

we must be careful not to confuse the total spin of the ground state of Hj; with that of Hyy.

3.2 Strategy of the proof of Theorem 1.2

In this section, we explain our strategy for proving Theorem 1.2. First, note the following
identification of the bosonic Fock space:

Hpon = L2(Q), 9 =R, (3.8)

Henceforth, this identification is frequently applied without any declaration. Define the Hilbert
cone in $p, by

12(0); = {6 € I(Q) : () > 0 ane. q). (3.9)

For every z € A,0 € {—1,1} and o = (04)zea € Sa, we set

i
jw.0:0) ==, [] 150, 12)- (3.10)
yeA
For each M € spec(St(m)) define

SA,M:{(U,J)E{1,1}><8A:J+Zax:2M}. (3.11)

zeA

With these preparations, if we put
Cam ={|z,050) :x €A (0,0) €Sam}, (3.12)

then €4 forms a complete orthonormal system (CONS) in the M-subspace e 1. Now we
define the Hilbert cone in $e1 s by

Per, v = coni(Cy ), (3.13)

where, for a given set S, coni(S) stands for the conical hull of S. Lastly, define the Hilbert cone
in s as

P =coni({p @Y : ¢ € Perar, ¥ € L*(Q)4}), (3.14)

where coni(S) denotes the closure of coni(S5).
In Section 3.4, we will prove the following theorem:

Theorem 3.3. For every M € spec(St(O,z) and B > 0, it holds that e P > 0 w.r.t. Py
Especially, the semigroup {e_fBHM }p>0 is ergodic w.r.t. Pas.

Once we accept this theorem, we can prove Theorem 1.2:
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Proof of Theorem 1.2 given Theorem 5.3

By Theorems 2.10 and 3.3, the ground state of H)ys in each M-subspace is unique and can be
chosen to be strictly positive w.r.t. Pys. Thus, the ground state of Hps in each M-subspace is
unique.

With Muyax = (JA| +1)/2, let us first examine the properties of the ground state ¥y,
of Hp,,,. Then, the ground state of Hyyp,,.. is given by .. = Fiyy,.... Furthermore,

UMae > 0 Wt Pas .-
Define the vector in ... by

X =147z tior) @ ¢, (3.15)
€A
where oy = (0;), € Sa is given by o, = 1 for all x € A, and ¢ € L?(Q) is a strictly positive
normalized vector. We readily confirm the following: (i) x is strictly positive w.r.t. By, .. and
normalized; (ii) F'x = x; (iii) x has total spin S = (|A| +1)/2.
Imagine now that ¢y, .. has total spin Sy. Because both x and ¥ Mo are strictly positive
w.r.t. Par,.., we find that the overlap between x and vy, . is strictly positive, that is,

max

XM ) = XM ) > 0, (3.16)

which implies that

S(S + 1) (XY Munan) = (Stot XV Minar) = (XSt ¥ Mua) = S0(50 + 1) (X [V M) - (3.17)

Hence, we conclude that Sy = S = (|]A| + 1)/2. Putting Muyin = —(]A| + 1)/2, we see in the
same way that 17 . also has total spin (|A4] +1)/2.

min

Next, let M; = (|A] —1)/2. Define the vector 7 in s, with

n=A723 o), @ ¢, (3.18)

rzed
where |042), is the vector defined as o = o4 in (1.21) and ¢ is a strictly positive vector in
L?(Q) as before. Note that 7 has total spin (|A] —1)/2. As F > 0 w.r.t. Py, it follows that
<FT]’1/~JMT> > 0. Thus, by the “overlap argument” used above, ¥y, has total spin (|A| —1)/2.
Set S,go_t) = ExeA(s(_) + Sg(g_)). If we define 7, = (Sfo_t))”n (n=0,1,...,]|A4] = 1), then each
nn belongs to Hr, —n and has total spin (|A| —1)/2. Furthermore, since Fn, is strictly positive
w.r.t. &BMT_n, we obtain

(Ml that;—n) = (Fa|thag,—n) > 0. (3.19)

Thus, again by applying the “overlap argument”, we conclude that ¥, —, has total spin (|A] —
1)/2. Let Ej; be the ground state energy of Hys. From the conservation law for total spin,
one finds the inequalities Eprr, < Eg,,, and Eyt < Eny,,,, and furthermore, when |[M| < M,
Enr = By, follows. We have thus completed the proof of Theorem 1.2. O

3.3 The heat semigroup generated by H,, preserves the positivity

In the following subsections, we prove Theorem 3.3. In order to achieve this goal, this subsection
is devoted to proving the following proposition.

Proposition 3.4. For each M € spec(St(gt)) and B> 0, one obtains e PHM >0 w.r.t. Py
To show the proposition, we make some preparations. The following lemma is often useful:

Lemma 3.5. Let A be a bounded linear operator on $pr. Then, the following (i) and (ii) are
equivalent to each other:
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(i) A>0 w.rt. Puy.

(ii) For each xz € A,(0,0) € San and f € L*(Q)+ \ {0}, it holds Al|x,o;0;f) > 0 w.r.t.
P, where ’33,0';0';f> = ’.’E,O’;O’) ® f.

Proof. (i) = (ii): This part is trivial.
(ii) = (i): Any ¢ € P can be expressed as

N
=3 |Tn,0n; On; fu) (3.20)
n=1
where (0, 07,) € San and f,, € L2(Q)+ \ {0}. Using (ii), we have A |2y, 0n; 00n; fn) > 0 w.r.t.
Vs, which implies Ap = ZnNzl ATy, 0n; 00 fr) > 0 wart. Py O
Lemma 3.6. For all M € spec(St(gt)), we have the following:
(i) ¢ oCyo >0 wr.t. Py for each x,y € A and o € {—1,1}.
(ii) s§;+)Sg(c_) >0 and s;‘)sﬁﬁ) >0 w.r.t. Vs for each x € A.
(iii) €=y >0 w.r.t. Pas for each z,y € A.
(iv) e #Neh > 0 w.r.t. Py for all B> 0.

Proof. For each x € A, let the map T, : Sy — S4 be the spin-flip at site z: for each o € Sy,
(Tyo)y = oy if y # x, (Tyo), = —0, if x = y. First, we note the following:

o)=L o o oy

R (RO A

it ={( o Lo
and

Fiabnilv.o0) = {(')y"’;Tx‘” o (3.21)

fisbet ly.oo) = {?y,a; o) 1 (3.25)

(i) Using (3.21), we see c; ,Cy 0|2, 1505 f) > 0 wrt. By for each v € A, (0,0) € Sy p and
f € L*(Q)+ \ {0}. Hence, we conclude (i) by applying Lemma 3.5. Similarly, we can prove (ii).

(iii) Under the identification (3.8), we can identify ¢, with the multiplication operator on
L?(Q), and p, with the partial differential operator —id/dq,. Thus, €%+ (a € R,z € A) can be
regarded as a translation operator: (€= f)(q) = f(q+ad,) (f € L?(Q)). If f(q) > 0 a.e., then
(€!%= £)(q) > 0 a.e. holds, which implies that €% > 0 w.r.t. L?(Q);. Therefore, we conclude
that e'%«|z, u; o3 f) = |z, p; o5 P f) > 0 wr.t. Pas.

(iv) Again using the identification (3.8), we can express Npp as Npb = 5 >, 4(—Ag, +¢2—1),
a Hamiltonian of harmonic oscillators. As is well-known, the kernel of the heat semigroup
generated by the Hamiltonian of harmonic oscillator is strictly positive, see, e.g., [23]. Using
this fact, we immediately obtain (iv). O
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Decompose the operator H as

H=—-D+V + wNp, (3.26)
where
D=7 Y toyexp(isy)ch cpo+J (557507 450750, (3.27)
ryeAo=—1,1 zEA
V=03 s&5O —ons) - N Guynint (3.28)
e z,yeA

Note the minus sign in front of D in (3.26).

Lemma 3.7. For every M € spec(SEi%), we have the following (1) and (ii):
(i) D>0 w.r.t. Pas.

(ii) e PV >0 w.r.t. Pas for all B> 0.
Proof. (i) By applying (i) and (iii) of Lemma 3.6, we obtain exp(i®. y)c; ,¢y.0 >0 w.r.t. Py

Using (ii) of Lemma 3.6, we see that 8;(;_)5’9(5_) + sg_)S;E«H >0 w.r.t. Pas. Putting these together,
we can conclude (i).

(ii) As can be easily seen, |z,0;0) is an eigenvector of V. So, denoting the corresponding
eigenvalue as V(z,0;0), we have

eV, o0 f) = e AV(z.0i0) |z, 050 f) >0 wr.t. P (3.29)
for all f € L?(Q) \ {0}. Hence, by applying Lemma 3.5, we conclude (ii).
O
Proof of Proposition 3.4
Because V' commutes with Ny, we have, by using Lemmas 3.6 and 3.7,
e PVAGNm) — o=BV o=BuNon 1> ) wr 4. By for all B> 0. (3.30)

Hence, by applying Lemma 2.7 with A = V +wN,,;, and B = D, we obtain the desired assertion.
O

3.4 The heat semigroup generated by H,, improves the positivity

Let G = (A, E) be the graph generated by the hopping matrix (t,,); see (A. 2) for details. For
each {z,y} € F and x € A, set

DY) = N tayexp(iPay)ch cp0, DY = J(s{DS0) 4 50 8(H), (3.31)
o=-1,1

For any given path p = ({z, a?i+1})?__11 C E, we define the operator D,(,O) by
D(O) DO p) . pO) ) (3.32)

z1\mo Py w3 Tp—1,2n
The purpose of this subsection is to prove the following proposition:

Proposition 3.8. A sufficient condition for e=BHM 5 () w.r.t. PBas to be valid for all 5> 0 is
that the following condition holds:

(R) For every z,y € A, (0,0),(7,7) € Sam, [ € L*(Q)+ \ {0} and g € L*(Q)+ \ {0}, strictly
positive, there exist paths p1,...,p, and sequence {xi}?z_ll C A such that
(x, 0505 | (D) DOYDR) DY) - (D), DY) DY) [y, 73 759) > 0. (3.33)

Tn—1

The proof consists of four steps.
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Step 1

By applying Duhamel’s expansion, we have
=3 7(8), (3.34)
n=0
where the right hand side of (3.34) converges in the uniform topology and 2,,(3) are defined by
D(B) = / D(s1) - D(sn)e—PLds: - - - dsn, (3.35)
An(B)

where Ay (B) = {(s1,...,80) ER?" : 0 <51 < - <5, < B}, L =V 4wy, and D(s) =
e~ *LDesl. By using Lemma 3.7, we readily confirm

D(s1)---D(sp)e PE >0 wrt. P, (3.36)

provided that (si,...,s,) € Ap,(5). Combining this with Lemma 2.4, we obtain Z,,(5)>0 w.r.t.
PBas. Therefore, for every n € Z,, we have

e P> 9,(8), (3.37)
which implies the following lemma:

Lemma 3.9. A sufficient condition for e PHM 1> 0 w.r.t. Vs to be valid for all 5 > 0 is that
the following condition holds:

(R. 1) For every ¢, € Par\{0} and 5 > 0, there exists ann € Z such that (p|Zn(5)y) > 0.

Step 2
For simplicity of presentation, set

Dn(By8) = D(s1) -+ D(sn)e™ ™ (5= (s1,....50) € An(B)). (3.38)
Lemma 3.10. A sufficient condition for (R. 1) to be valid is that the following condition holds:

(R. 2) For every p,v € Par \{0} and B > 0, there exists ann € Zy such that {(p|Z,(5;0)v) >
0, where 0 = (0,...,0) € A,(B).

Proof. First, remark the fact that 2,(8;s) > 0 w.a.t. Py for every s € A,(f) implies
(0| Zn(B; 8)1p) > 0. Because Z,,(5; s) is continuous in s, we get

(| Zn(B)) = /A RECCRETE (3.39)

Thus, we are done. ]

Step 3
To describes the next step, we divide D as D = D© 4+ D) where

DO = Z Z tey exp(i®z y)Ch o Cy.os D = JZ(S;'HSJ(C—) + s;—)sﬁ)). (3.40)
ryeNo=—1,1 e

Lemma 3.11. A sufficient condition for (R. 2) to be valid is that the following condition holds:
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(R. 3) For every z,y € A, (0,0),(1,7) € Sam, f € L*(Q)+ \ {0} and g € L*(Q)+ \ {0},
strictly positive, there exist n € Z4 and €1,...,e, € {0,1} such that

(z,0005 f| DEV .. DED |y 771 g) > 0. (3.41)

Proof. For each i) € Py \ {0}, there exist z € A, (0,0) € Sy and f € L*(Q)4 \ {0} such that
n>l|z,o,0;f)  wrt. P (3.42)

To see this, we just recall that 77 can be expressed as n = Zf\il |z, 04,00 f;) with f; € L2(Q)4\

{0}
From the above discussion, we see that there exist xz,y € A,(0,0),(1,7) € S n and
f,g € L*(Q)+ \ {0} such that

o> lz,00;f), >y, f) wrt P, (3.43)
which implies that
(0| 2n(B;0)0) > (x, 0305 | Zn(B;0) ly, 7575 9) - (3.44)

On the other hand, since e AL |y, 7;7; g) = e PV W) |y 7,7, e BNong) | we obtain
(x,0:05 f| Du(B;0) ly, 73 75.9) = e VO (@ gy 05 f| D |y, 73 73 ¢ Nong) (3.45)

where V (y, 7;7) is an eigenvalue of V; see the proof of Lemma 3.7 for details. Because D> D
w.r.t. Py (e =0,1), we find

the right hand side of (3.45) > e PV lyTiT) (x,0;0; f] DY ... plen) ly, 737 e PoNphg)
(3.46)
From (iv) of Lemma 3.6, it follows that e #“Nphg > 0, so if (R. 3) holds, then we can find
n € N and e1,...,&, € {0,1} such that the right hand side of (3.46) is strictly positive. This
completes the proof of Lemma 3.11. 0

Proof of Proposition 3.8

For any path p = ({z;, 7;+1})}=]', we denote its length by |p|: |p| =n — 1. Since Dg(c?) >0 and

Dg(cl) >0 w.r.t. Bs due to Lemma 3.6, it holds that
DO > p) DW= DM ot P (3.47)
Accordingly,

(z,0;0; f| (D(U))|P1\D(1)(D(O))|P2\D(1) . (D(O))Ipnl ly, ;75 9)
> (1,050 f| (Dg) DY) (DY) DY -+ (Dy  DINDY) - DY) |y, 75739) > 0. (3.48)

Pm+1

This indicates that (R. 3) holds. Therefore, by combining Lemmas 3.9, 3.10 and 3.11, we
conclude the assertion in Proposition 3.8. ]

3.5 Proof of Theorem 3.3

What has been proved is that to prove Theorem 3.3, it suffices to show (R) in Porposition 3.8
holds.

Suppose that x,y € A is given arbitrarily. It follows from the assumption (A. 2) that there
exists a path p = ({z;, $i+1})?;11 C FE such that y = x1 and z = z,,. Then we readily confirm
that

DY) |v,0:0: f) = tp |y, 010 Op ) | (3.49)
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where tp =ty wolao ey ton 1,2, > 0 and
@p — ei‘-bzl,zg ei‘Pzg,zg v eiéxn—lvwn . (350)

From (iii) of Lemma 3.6, if f > 0, then @, f > 0 holds; in addition, since ©), is unitary, if f # 0,
then ©p f # 0 holds. From the above, one can conclude the following:

Property 1. The position x of the conduction electron in the state vector |z,o;0; f) can be
moved freely without breaking the positivity of this vector by the action of the operator
DY

Next, let us examine the action of the operator Dg(,;l). We readily confirm that

DMy, ri75g) = Ty, —7: Turig) (3.51)

where T, denotes the spin-flip of the f-electron at site x; see the proof of Lemma 3.6 for details.
From this, we can see the following:

Property 2. The spin configuration at site = of the state vector |z,o;0; f) can be reversed

without breaking the positivity of this vector by the action of the operator D§}).

Using these two properties, for any =,y € A and (o, 0), (7,7) € S, we will construct an

operator C((x,0;0) — (y,7;7)) from a product of several Déo)’s and D{"’s that satisfies the
following properties:

Cl(z,070) = (y,757)) |z, 000 f) =C |y, 7;7;6p, - - - Op,. f) (3.52)

where C' is a constant expressed as the product of several J’s and ¢, ,’s, and is particularly
strictly positive; pi,...,p, are paths used to construct the operator C((z,0;0) — (y,7;7)).
Because g is stirictly positive and Op, --- Op, f > 0, if we can construct the operator satisfying
(3.52), then we obtain

<y,7’,7’;g|C((ﬂf,0’; G) - (y7T;T)) |ZL‘,O’;0’; f> = C<g|8p1 e @Pnf> > 0. (353)

From the discussion above, if we can construct an operator C((x,0;0) — (y,7;7T)) of the
form appearing in (3.33), the condition (R) is satisfied, thus completing the proof of Theorem
3.3. In the following, we will briefly describe its construction. To this end, define the subset
By of A as

Bor={zve€A:0, # 12} (3.54)
First, choose 21 € By + arbitrarily. Let p; be a path connecting x and z;. Then we have
0
Dél) |z, 0503 f) =tp, |21,05;0;60p, f). (3.55)
When Dg) is further applied to the resulting state, the following is obtained:
0
Dg)Dz(,l) |z, 050 f) = Jtp, |21, —0; 15,060, f) . (3.56)
Note that the spin configuration of o := T, o is equal to that of T at site z;:
Boir C Boyr, Bor\ Boyr ={u} (3.57)
Next, choose z9 € Bg, r arbitrarily, and let ps be a path connecting z; and 2. If we let the
operator Dg)Dg;) act on the state |21, —0;071;Op, f), we obtain
Dg;)Dz(,g) |21, —0;01;Op, f) = Jtp, |22, +0: 12,01, Op,Op, f) . (3.58)
Setting oy = T},01, we have
Boy+ C Boy vy Boyr \ Boyr = {22}. (3.59)

By repeating this procedure until there is no element of B, , left, we can construct an operator
C((z,0;0) = (y,7;7)) of the form appearing in (3.33). This completes the proof of Theorem
3.3. O
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3.6 Proof of Theorem 1.3

Let 1[1M be the ground state of Hjs. Due to Theorems 2.10 and 3.3, 1/~JM > 0 w.r.t. Pys holds.
In addition, by the arguments similar to those in the proof of Lemma 3.6, we have

s$s( >0, s(HS >0, 8PS >0 wart. Pas (z,y € A). (3.60)

Combining these facts, we find
Warl s$s5000) > 0, (Par| sSVSTPar) > 0, (dhar] STVSSPar) > 0. (3.61)
On the other hand, we readily confirm that
F16s0F = slDsl) | P10S0p = oI5, prigthgip = 55l (3.62)

Putting (3.61) together with this fact, we obtain the assertion of Theorem 1.3. O

4 Proof of Theorem 1.5

We prove Theorem 1.5 by extending the ideas in [12]. By straightforward computation, we have

s5Pa,)0 =0, (4.1)
— 1 * *
78 o) = =5 low), (42)
— 1 * *
If x # y, then
s8Play)o = s ay)o = 5L oy )o = 0, (4.4)
SO we get
J
JZ Sa - Saloy)o = _5‘0y>0' (4.5)
€A
Next, for each o = (0y)yea € Sa, we set
‘O'x>1,1 = C;,Tf;ﬁ‘ax% (4.6)

lo2)12 = C;,¢f;,¢‘0'x>’

1 * * * *
0213 = %(Cmfx,¢ +cg fapdlo). (4.8)

These vectors represent situations where the conduction electron and f-electron form a triplet
at site . The subscript 1 denotes this fact. We readily confirm that

{loz)o, |loz)1j:7=1,2,3,0 € Sp,xz € A} (4.9)

is a CONS of $. By performing the similar calculations as before, we have

J .
JZS;D . Sl«|0'y>1,j = Z|ay>1’j7 ] = 1,2,3. (4.10)
€A
Furthermore,
Xt =Lin{lo.)1,;®@¢:j=1,2,3,06 €S,z € A, ¢ € Hypp} (4.11)

holds, where X is defined by (1.23).
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To study the limit of J — co, one considers the renormalized Hamiltonian:

J
Hren,J =H + 5

To simplify the discussion, we introduce the following operators:

Hy = PHren,JP7 Hy = PLHren,JPLa HOl = PI_Iren,JPL +PLHren,JP7

(4.12)

(4.13)

where P is the orthogonal projection from §) to X and P+ = 1 — P. Because the spin exchange
interaction term commutes with the interaction term between the spins and the external mag-

netic field, we see
Hy, = PTP+ + P*TP,

where T stands for the hopping term:

T= Z Z (_t:my)cz,ocy,a‘

zy€Ado=1,4

Define
R =Ty + Hpp,

where
3 *
T, =T —2hS®),  Hyy = wNyp, + > GuynS(by +b2).
r,yeA

Then, from the above arguments, we know the following;:

(4.14)

(4.15)

(4.16)

(4.17)

Lemma 4.1. For a given self-adjoint operator A, bounded from below, set E(A) = inf spec(A).

We have the following:
(i) E(Hyx | X) = E(PRP).

(i) E(H, | ¥1) = E(PtRP*) + %.

Proof. Denote by Hey the spin-exchange interaction term: Hex = —J Y 4 82-S,. Due to (4.5)

and (4.10), Hex commutes with P, and

__J
)

J

H,P P, HyPt+ = ZPL.

Hence, we obtain
H., = PRP, H, = P*RP+ + %Pi.
Consequently, (i) and (ii) of Lemma 4.1 immediately follow.
From (ii) of Lemma 4.1, the following corollary follows:
Corollary 4.2. If J is sufficiently large, then HfPL 18 a bounded operator.

Proof. Using the commutation relations (1.10), we have

1/2 * 1/2
ool <INl b5l < [(Npn + 120l (¢ € dom(N?)),

which implies

3 gx,yn;<by+b;;>saH < Cyll(Ngp + D20 (0 € dom(NY?)).
z,yeA
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where Cg = > |92,y|. Combining this with the elementary inequality ab < ea?+b%/4e (¢ > 0),
we obtain

() > (2~ Co)lolNons) — gl (€ dom(N}). (4.21)

Therefore, choosing € > 0 such that w —eC,; > 0, we get
1/2
(¢ Ro) = =Cllgll (€ dom(Nyi?), (4.22)

where C' = }° 4 ltsy| + Cg/4e. This together with (ii) of Lemma 4.1 yields E(H; | xt) >
—C + 3J/4. Note that C does not depend on .J. Because E(H; | X1) is strictly positive
whenever J > 4C/3, we obtain the desired assertion in the corollary. O

For simplicity of notation, set £(H;) = E(H; | X%). According to (ii) of Lemma 4.1, it
follows that
lim £(H;) = oo. (4.23)
J—00

This fact is used repeatedly in the following discussion.

Lemma 4.3. Let z € C\R. If J is sufficiently large enough, we have
I(Hy = )" P < {€(H1) — |21} (4.24)

Proof. Since H{ LpL s bounded due to Corollary 4.2, we have

(H, —2)" 1Pt = i(H{lpLz)”HﬁPL, (4.25)
n=0
which implies that
I(Hy —2)7 P < ig(ﬂl)_"_IIZI" = {&(Hy) — [z}~ (4.26)
n=0
O
Lemma 4.4. Let z € C\ R. If [Imz| is large enough, then we have
lim H(H — )" — (Hoo + Hy — z)_1H ~0. (4.27)
Proof. First, remark that
{(H — ) (Hoo + Hy — z)_l}P = (H — 2) ' P (~Hyy)(Hoo — 2)"'P. (4.28)
The norm of (H — z)~! P+ is estimated as follows: Since
(H—2)7'Pt = i(—l)”{(Hoo + Hy — 2)_1H01}n(H1 —2)7' P, (4.29)
n=0
we have, by using Lemma 4.3,
I(H —2)7'P| < (i IImZI_”IleH”) {&(H) — |-}
n=0
= C.{E(H) — |2}, (4.30)
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where z is chosen such that [Imz|~!||Hp|| < 1. Note that since ||Ho|| does not depend on J,
so too C, does not depend on J. Thus, by using (4.23) and (4.28), we find

< C,||Ho |||Tmz| " {E(H,) — 2]} =0 (4.31)

'{(H — )~ (Hao + Hy — z)’l}P

as J — oo.
Next, together (4.23) and Lemma 4.3 with the following identity:

{(H — )~ (Heo + Hy — z)’l}PL = (H — 2)"'P(—Hoy)(H; — 2)"'P*, (4.32)
we obtain

{(H — ) — (Hoo + Hy — z)—l}pL < [mz| Y| Hot [{EH) — [} =0 (4.33)
as J — oo. L]

Lemma 4.5. Let z € C\ R. If [Imz| is large enough, then we have

lim H(Hoo YH - 2) T (He — z)*IPH —0. (4.34)
J—00
Proof. Remark that
(Hoo + Hy — 2) ' = (Hoo — 2)'P = (Hy — 2)7' P+, (4.35)

Hence, we obtain, by applying (4.23) and Lemma 4.3,

)(Hoo YH —2)7h — (He — z)_lPH <{E(H) -z}t =0 (4.36)
as J — oo. O
Completion of the proof of Theorem 1.5

By applying Lemmas 4.4, 4.5 and [24, Theorem VIII. 19], we obtain the desired result in
the theorem. O

5 Proof of Theorems 1.7 and 1.9

5.1 Equivalence with the Nagaoka—Thouless system

The outline of the proof of Theorems 1.7 and 1.9 is as follows: (i) we show that the renormalized
Hamiltonian Hyen oo is unitarily equivalent to the Nagaoka—Thouless Hamiltonian Hyt in the
electron-phonon interaction system, and (ii) we apply existing results concerning Hyp. In this
subsection, we show the first step of the proof, the unitary equivalence of Hyen oo and Hyr.

Consider a system with |A| — 1 electrons on the lattice A. The Hilbert space describing this
system is given by /\‘A|_1 (€2(A) @ £%(A)). The electron creation and annihilation operators of
this system are denoted by d}. and d, respectively. These satisfy the standard anticommutation
relations:

{dz’,07 dy,‘r} = 07 {dz,07 dz”r} = 60,76x,y- (51)

The Nagaoka—Thouless (NT) system is a many-electron system in which there is precisely a
single hole and all other sites are occupied by a single electron. In order to mathematically
describe the NT system, we introduce the Gutzwiller projection by

Q= H(ﬂ - ”gm”g,¢)~ (5.2)

zeA
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@ is the orthogonal projection onto the subspace with no doubly occupied sites. The Hilbert

space:
[A]—1

Q N\ (e i) (5.3)
describes the states of the ordinary NT system. The operator
Kn= 30 D bey@dl,dyo@ — 205 ,Q (5.4)

z,y€Ao=1,]
acting on this Hilbert space is referred to as the Nagaoka—Thouless Hamiltonian,” where
3 1 « y
Sigot),d = 5 Z(d:c,deyT - dz,¢d17$)' (55)
z€eA

We are interested in the interaction of phonons with the NT system. As a Hamiltonian describ-
ing such a system, we consider

Hyr =Kp+ Y goynid(by +5)Q + wNpp, (5.6)
z,yeN
where n¢ = 3" o=t Yz.odz,0- Hn is a self-adjoint operator, bounded from below, acting in the
Hilbert space:
|A]—1
HNT = Q /\ ((A) @ £2(A)) ® Hin. (5.7)

Remark 5.1. This Hamiltonian can be derived from the Holstein-Hubbard Hamiltonian by
taking the limit of the strength of the Coulomb interaction U to infinity.

For each z € A and o = (03)zea € Sa, set

i
[o2)NT = da o, H d;,oz’®>' (5.8)
zeA

We define the unitary operator W : X — Hnr by
Wloz)o® ¢ = |oz)nt ® ¢ (0 € Sa, ¢ € Hpn), (5.9)
where |o;)0 is given by (1.21).
Proposition 5.2. Choosing by, = %tx,y; one has
W Hyen,oo W™ = HNr- (5.10)

Proof. For each z € A and o € Sy, we readily confirm

1 px : 1 px :
—= fz= ——=f¥ o) ifzx=p
_ S feqlow) o= _ TRl 5.11
Cut|Oz)0 = . y Cu,l|0x)0 = . .
wiles) {0 otherwise otlos) 0 otherwise. ( )
Using these, we find
1
0<0':c|Th|'Ty>D = 3 Z tx,yéazu{o}z, Ty U{o}y — h Z Uz5ac,y5crm7‘ry7 (5.12)
o=1,] zeA\{x}

5Various studies have been conducted on the NT Hamiltonian. For an extension in a different direction from
this paper, see [6].
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where, for each o = (0y)y € Sa, we define o, U{o}s = (§y)yea € Sa by

&y = {Uy fy#a (5.13)

o ify=u.

On the other hand, using the following fact:

loxU{o}ts) ifp=u
& o _ 5.14
w,o ’ >NT { 0 otheI‘Wise, ( )
we obtain
NT<0-$|Kh’Ty>NT — Z bw,y(SO'zU{O'}zy TyU{O'}y - h Z O_z(siﬂ,y(sa'm,‘l'y- (515)
o1l z€A\{z}

Therefore, by choosing b, , = %tx,y, we get o(oz|Th|Ty)o = NT (0% Kp|Ty)NT. Similarly, we can
show that

ofowi f1 D nG(by + )7y 9)o = Nr{owi fI > by + b3)l7y; g)n, (5.16)

7y€A 7y€/1
where we set
loz; flo =1o2)0 @ f,  |ow; finy = |oz)ne @ F (f € Hpn). (5.17)
To summarize the arguments so far, we obtain

0(0z; [|Hren,00| Ty; 9)0 = NT(02; fIHNT| Ty 9)NT (5.18)

for any x,y € A,o,7 € Sy and f,g € dom(Npy). From the definition of W and (5.18), we
obtain the desired assertion. O

5.2 Proof of Theorems 1.7 and 1.9

In [12], the following theorem is proved:

Theorem 5.3. Assume (A. 1). Suppose that the hopping matriz (by,) of Hnr satisfies the
sitmilar condition as (A. 3).6 Then the ground state of Hyen oo s unique apart from the trivial
|A|-fold degeneracy, and has total spin S = (|A] —1)/2.

On the other hand, the following theorem is proved in [15]:

Theorem 5.4. Let d be a natural number greater than or equal to 2 and consider the case where
A= [-L,L)*NZ% In addition, assume that the hopping matriz (by,) of HxT expresses the
nearest neighbor hopping. Let Mt (5, h) be the magnetization defined by replacing H with Hxt
n (1.26). Then one obtains

Myr(8,h) > (JA| — 1) tanh(8h). (5.19)

Using these theorems with Proposition 5.2, we can prove Theorems 1.7 and 1.9. O

5Tt is proved in [3] that the condition (A. 3) is equivalent to the connectivity condition in [12]. For a clear
explanation concerning the connectivity condition, see [25].

22



A Brief overview of the definition of stability classes

The theory of stability classes in many-electron systems is originated in [13]. A more mathe-
matically refined construction of the theory is presented in [16]. The essence of the idea is as
follows.

Let $1 be a Hilbert space and )¢ be its closed subspace. Suppose that the total spin
operators Siot act on the two Hilbert spaces, and furthermore that the two Hilbert spaces $g

and $); are subspaces of the M = 0O-subspace: ker(St(gt)).
Let P; be the orthogonal projection from $; to $9. Moreover, let Py and 31 be Hilbert
cones in $Hy and $H1, respectively. Now, suppose that

PioB1 =Po (A1)

holds. Assume that vy € Py is strictly positive and has total spin So: SZ,10 = So(So + 1)vo.
Next, assume that a vector ¢; in $; is strictly positive with respect to 3; and has total spin
S1. With these settings, we claim that

So =51 (A.2)

holds. Indeed, because P g1 # 0 and Pj i1 > 0 w.r.t. PBo hold due to (A.1), we get the
positive overlap property: (o|P10%1) > 0, which implies that

So(So + 1) (0| Pr o) = (Setbo|Provn) = (Yol ProSEn) = S1(S1 + 1) (ol Pron).  (A.3)

Hence, we conclude (A.2).
Let € (Po) be the set of pairs (9,P) of a Hilbert space and a Hilbert cone satisfying the
following conditions:

e B is a Hilbert cone in H;
e f) is a subspace of £;

e a similar relation to (A.1):
PP = Po (A4)
is fulfilled, where P is the orthogonal projection from $) to .

If we choose arbitrarily a pair (9,) € €(Bo), and assume that a vector ¢ € § is strictly
positive with respect to 3 and has total spin S, then we conclude S = Sy using the positive
overalp property as in the previous discussion.

Now, suppose we are given a Hamiltonian H acting on §). Assume then that this Hamiltonian
satisfies the following conditions:

(i) H commutes with the total spin operators St((j)g (1=1,2,3).
(ii) The heat semigroup {e #H} is ergodic w.r.t. L.

Theorem 2.10 shows that the ground state 14 of H is strictly positive with respect to 98, and
consequently, we know that 14 has total spin Sy due to the positive overlap property.

Now, let 4z, ($,B) be the set of all Hamiltonians satisfying the two conditions (i) and
(ii). Then the ground state of any Hamiltonian belonging to .2z, ($),B) has total spin Sy. The
Po-stability class is defined by

gy = U Eo (9,%). (A.5)
(9, B)e?(Po)
From the construction, we see that the ground states of all Hamiltonians belonging to .24p, have

total spin Sp.
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This theory describes the stability of magnetic properties of ground states in many-electron
systems. To a given Hamiltonian H;, let H2 be a Hamiltonian obtained by adding complicated
interaction terms with the environment typified by phonons. In general, the analysis of Hs
becomes more difficult, but if we find that H; and Hs both belong to the same stability class
afyp,, we conclude that the ground states of these Hamiltonians have the same total spin S.

Define

PT = coni({ |o2)nT 1 O € SA, Z oy =0, € A}) (A.6)

yeA\{z}

Then Pyt is a Hilbert cone in the Hilbert space Q/\M'_1 (2(A) @ £2(A)) N ker(S’t(gt)) that
emerged in defining the NT system.7 The Pnr-stability class constructed from Py is called
the Nagaoka—Thouless stability class. Theorem 1.12 and other fundamental properties of the
NT stability class are discussed in detail in [13]. Under these settings, the meaning of Theorem
1.11 should now be clear. From this theorem, it immediately follows that the values of total
spin in the ground state coincide in Theorem 1.2 and Theorem 1.7.

In addition to the NT stability class discussed here, several other stability classes are known.
Recently, it has become clear that the stability theory can describe the flat-band ferromagnetism
[17]. On the other hand, some progress has been made in grounding this theory with the Tomita—
Takesaki theory in operator algebras [16].
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