. HOKKAIDO UNIVERSITY

Title MILNOR K-THEORY, F-ISOCRYSTALS AND SYNTOMIC REGULATORS

Author (s) Asakura, Masanori; Miyatani, Kazuaki

Journal of the Institute of Mathematics of Jussieu, 23(3), 1357-1415

Citation https://doi.org/10. 1017/S1474748023000208
Issue Date 2024-05
Doc URL https://hdl. handle.net/2115/91149

This article has been published in a revised form in [Journal of the Institute of Mathematics
of Jussieu] [https://doi.org/10.1017/S1474748023000208]. This version is free to view and

gt download for private research and study only. Not for re-distribution, re-sale or use in
derivative works. © copyright holder.
Type journal article
File Information F-Isoc.HG.main. revise. pdf

kaido
wo¥ Uo%

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




MILNOR K-THEORY, F-ISOCRYSTALS AND SYNTOMIC REGULATORS

MASANORI ASAKURA AND KAZUAKI MIYATANI

ABSTRACT. We introduce a category of filtered F-isocrystals and construct a symbol map
from Milnor K-theory to the group of 1-extensions of filtered F'-isocrystals. We show that
our symbol map is compatible with the syntomic symbol map to the log syntomic cohomol-
ogy by Kato and Tsuji. These are fundamental materials in our computations of syntomic
regulators which we work in other papers.

1. INTRODUCTION

The purpose of this paper is to provide fundamental materials for computing the syntomic
regulators on Milnor K -theory, which is based on the theory of F'-isocrystals.

Let V' be a complete discrete valuation ring such that the residue field k is a perfect field
of characteristic p > 0 and the fractional field K is of characteristic 0. For a smooth affine
scheme S over V, we introduce a category of filtered F-isocrystals, which is denoted by
Fil- F-MIC(S) (see §2? for the details). Roughly speaking, an isocrystal is a crystalline sheaf
which corresponds to a smooth (Q;-sheaf, and “F” means Frobenius action. We refer the
book [?] for the general terminology of F'-isocrystals. As is well-known, it is equivalent to a
notion of an integrable connection with Frobenius action. According to this, we shall define
the category Fil- F-MIC(.S) without the terminology of F'-isocrystals. Namely we define it
to be a category of coherent modules endowed with Hodge filtration, integrable connection
and Frobenius action, so that the objects are described by familiar and elementary notation.
However, the theory of F-isocrystals plays an essential role in verifying several functorial
properties. The purpose of this paper is to introduce a symbol map on the Milnor K-group
to the group of 1-extensions of filtered F'-isocrystals. To be precise, let S be a smooth affine
scheme over V and U — S a smooth V-morphism having a good compactification, which
means that U — S extends to a projective smooth morphism X — S such that X \ U is
a relative simple normal crossing divisor (abbreviated to NCD) over S. Suppose that the
comparison isomorphism

O(S)k ®os),c Hip(Ux/Sk) — Hiy(Us/Sr)

holds for each i > 0 where Uy = U Xy Spec K and U, = U Xy Speck etc. Then, for
an integer n > 0 such that Fil"™ H ey YUk /Sk) = 0 where Fil* is the Hodge filtration, we
construct a homomorphism

[=luys K%l(ﬁ((])) — EXtI{“il—F-MIC(S)(ﬁSa H"(U/S)(n+1))

from the Milnor K -group of the affine ring &'(U) to the group of 1-extensions in the category
of filtered F-isocrystals (Theorem ??). We call this the symbol map for U/S. We provide an
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2 MASANORI ASAKURA AND KAZUAKI MIYATANI

explicit formula of our symbol map (Theorem ??). Moreover we shall give the comparison
of our symbol map with the syntomic symbol map

[loyn : K (O(U)) — HEH (U, Zy(n + 1))

syn

to the syntomic cohomology of Fontaine-Messing, or more generally the log syntomic coho-
mology (cf. [?, Chapter I §3], [?, §2.2]). See Theorem ?? for the details.

Thanks to the recent work by Nekovar-Niziol [?], there are the syntomic regulator maps
regyl, + Ki(X) ® Q — HIT' (X, Q,(7))

in very general setting, which includes the syntomic symbol maps (up to torsion) and the
rigid syntomic regulator maps by Besser [?]. They play the central role in the Bloch-Kato
conjecture [?], and in the p-adic Beilinson conjecture by Perrin-Riou [?, 4.2.2] (see also
[?, Conjecture 2.7]). On the other hand, the authors do not know how to construct reg;’yjn
without “®Q”. We focus on the log syntomic cohomology with Z,-coefficients since the
integral structure is important in our ongoing applications (e.g. [?]), namely a deformation
method for computing syntomic regulators.

It is a notorious fact that, it is never easy to compute the syntomic regulator maps. Indeed
it is non-trivial even for showing non-vanishing of regg’yjn in a general situation. The defor-
mation method is a method to employ differential equations, which is motivated by Lauder
[?] who provided the method for computing the Frobenius eigenvalues of a smooth projec-
tive variety over a finite field. The overview is as follows. Suppose that a variety X extends
to a projective smooth family f : ¥ — S with X = f~'(a) and suppose that an element
¢x € K;(X) extends to an element £ € K;(Y). We deduce a differential equation such that a
“function” F'(t) = reg,, (§]7-1(;)) is a solution. Solve the differential equation. Then we get
the reg,,, ({x) by evaluating F(t) at the point a € S. Of course, this method works only in a
good situation, for example, it is powerless if f is a constant family. However once it works,
it has a big advantage in explicit computation of the syntomic regulators. We demonstrate it
by a particular example, namely an elliptic curve with 3-torison points.

Theorem 1.1 (Corollary ??). Let p > 5 be a prime. Let W = W (IF,,) be the Witt ring, and
K := Frac(W). Let a € W satisfy a # 0,1 mod p. Let E, be the elliptic curve over W
defined by a Weierstrass equation y*> = x> + (3x + 4 — 4a)>. Let

o ={h1, ha} = {

y—3r—4+4a y+3r+4—4a
—8(1—a) = 8(1—a)

} € K3(E,),

where we note that the divisors div(h;) have supports in 3-torsion points. Then there are
overconvergent functions €1(t),e2(t) € K @ Wt, (1 — )~ which are explicitly given as in
Theorem ?? together with (??) and (??), and we have

rogyyn(€a) = a(a)dg n 62<a>% € 12, (E,.Q,(2) = Hiy(E/ ).

We note that the function ¢;(¢) are defined in terms of the hypergeometric series

wino
~—
3

2F1<§’1§5t) —Z(i)!n(n! t", (o) :=ala+1)--(a+n-1)

n=0
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Concerning hypergeometric functions and regulators, the first author obtains more ex-
amples in [?]. There he introduces certain convergent functions which satisfy Dwork type
congruence relations [?] to describe the syntomic regulators. Besides, in the joint paper [?],
Chida and the first author discuss K of elliptic curves in more general situation, and obtain
a number of numerical verifications of the p-adic Beilinson conjecture. In both works, our
category Fil-F-MIC(S) and symbol maps play as fundamental materials.

Finally we comment on the category of syntomic coefficients by Bannai [?, 1.8]. His
category is close to our Fil-F-MIC(S). The difference is that, Bannai takes account into
the boundary condition at S\ .S on the Hodge filtration, while we do not. In this sense our
category is less polish than his. On the other hand, he did not work on the symbol maps
or regulator maps. Our main interest is the syntomic regulators, especially the deformation
method. For this ours is sufficient.

Notation. For a integral domain V' and a V'-algebra R (resp. V-scheme X), let Ry (resp.
Xk) denote the tensoring R ®y K (resp. X Xy K) with the fractional field K.

Suppose that V' is a complete valuation ring V' endowed with a non-archimedian valuation
| - |. For a V-algebra B of finite type, let BT denote the weak completion of B. Namely
if B=VI[, - ,T,]/I, then Bt = V[T},--- ,T,]"/I where V[T},--- ,T,]" is the ring of
power series > a, T such that for some r > 1, |a,|r!®! — 0 as |a| — co. We simply write
Bl. = K ®y Bl

Acknowledgements. The authors are grateful to Atsushi Shiho for kindly answering their
questions and telling us about his previous results.

2. FILTERED F'-ISOCRYSTALS AND MILNOR K -THEORY

In this section, we work over a complete discrete valuation ring V' of characteristic 0 such
that the residue field £ is a perfect field of characteristic p > 0. We suppose that ' has a
p-th Frobenius Fy,, namely an endomorphism on V' such that Fy (z) = P mod pV/, and fix
it throughout this section. Let K = Frac(V') be the fractional field. The extension of Fy to
K is also denoted by Fy, .

A scheme means a separated scheme which is of finite type over V' unless otherwise spec-
ified. If X is a V-scheme (separated and of finite type), then X x Wwill denote Raynaud’s
generic fiber of the formal completion X, X # will denote the analytification of the K-
scheme Xy, and jx: X x — X ¥ will denote the canonical immersion [?, (0.3.5)].

2.1. The category of Filtered F-isocrystals. Let S = Spec(B) be an affine smooth variety
over V. Let o: B — B' be a p-th Frobenius compatible with Iy, on V/, which means
that o is Fy-linear and satisfies o(z) = 2P mod pB. The induced endomorphism o ®y
Q: B}( — BI( is also denoted by 0. We define the category Fil-F-MIC(S, o) (which we
call the category of filtered F'-isocrystals on S) as follows.

Definition 2.1. An object of Fil-F-MIC(S, o) is a datum H = (Hggr, Hyg, ¢, ©, V, Fil*),
where

e Hgg is a coherent By -module,
e H,, is a coherent B}(-module,
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o c: Hyr ®py B}( =, Higisa B}(—linear isomorphism,

o O: 0"Hyy =, H,ig 1s an isomorphism of BL—algebra,

o V: Hip — Q}3K ® Hgg is an (algebraic) integrable connection and

e Fil® is a finite descending filtration on Hagr of locally free Bx-module (i.e. each
graded piece is locally free),

that satisfies V(Fil’) C Qp, ® Fil'~! and the compatibility of ® and V in the following
sense. Note first that V induces an integrable connection Vi, : Hyp — QJlBJf ® H,ig, where
K

Q}BT denotes the sheaf of continuous differentials. In fact, firstly regard Hqg as a coherent

ﬁsj—module. Then, by (rigid) analytification, we get an integrable connection V*" on the
coherent Ogzn-module (Hgr)*™. Then, apply the functor jg to V2" to obtain an integrable

connection on I (S%“, jg((HdR)a“D = Hyr @B B}(. This gives an integrable connection

V.ig on H,, via the isomorphism c. Then the compatibility of ® and V means that ® is
horizontal with respect to V.., namely ®V,;, = V3, ®. We usually write V3, = V to
simplify the notation.

A morphism H' — H in Fil-F-MIC(S, o) is a pair of homomorphisms (har: Hijz —
Har, haig : H;ig — H,i,), such that h,;, is compatible with ®’s, hgr is compatible with V’s
and Fil®*’s, and moreover they agree under the isomorphism c.

Remark 2.2. (1) The category Fil-F-MIC(S, o) can also be described by using simpler
categories as follows. Let Fil-MIC(Sk) denote the category of filtered Si-modules with
integrable connection, that is, the category of data (Myg, V, Fil*) with Mg a coherent B-
module, V an integrable connection on Mg, and Fil® a finite descending filtration on Mg
of locally free Bx-module. Let MIC(BI() denote the category of coherent BL—modules
with integrable connections (M, V) on Bl., and let F-MIC(B!., o) denote the category of
the coherent B}(—modules with integrable connections (M,;,, V, @) with o-linear Frobenius
endomorphisms. Then Fil-F-MIC(S, o) is identified with the fiber product

F-MIC(B!., 0) *nio(sl,) FI-MIC(SK).

(2) Let F-IsocT(Bk) denote the category of overconvergent F-isocrystals on S,. Then
there is the equivalence of categories ([?, Theorem 8.3.10])

F-Isoc'(By) — F-MIC(BL, o).

Therefore, by combining with the description in (1), we see that our category Fil- F'-MIC(S, o)
does not depend on o, which means that there is the natural equivalence Fil-F-MIC(S, o) =
Fil-F-MIC(S, 0’) (see also Lemma ?? in Appendix). By virtue of this fact, we often drop

(13 2

o’ 1n the notation.

For two objects H, H' in the category Fil- F-MIC(.S, o), we have a direct sum H & H' and
the tensor product H/ ® H’ in a customary manner. The unit object for the tensor product,
denoted by B or OUg, is (B, BL, ¢,0p,d, Fil*), where c is the natural isomorphism, d is
the usual differential and Fil® is defined by Fil’Bx = By and Fil' Bx = 0. The category
Fil-F-MIC(S, o) forms a tensor category with this tensor product and the unit object B or
Os.
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The unit object can also be described as B = B(0) or s = O(0) by using the following
notion of Tate object.

Definition 2.3. Let n be an integer.
(1) The Tate object in Fil-F-MIC(S), which we denote by B(n) or Og(n), is defined to

be (B, B}{, ¢,p "op,d, Fil*), where c is the natural isomorphism, d : Bx — Q}BK is the
usual differential, and Fil® is defined by Fil "By = By and Fil """ By = 0.
(2) For an object H of Fil-F-MIC(S), we write H(n) := H ® B(n).

Now, we discuss the Yoneda extension groups in the category Fil-F'-MIC(S). A sequence
Hy, — Hy — Hj
in Fil- F-MIC(S) (or in Fil-MIC(Sk)) is called exact if
Fil'Hy g — Fil'Hyqr — Fil' Hy 4r

are exact for all . Then the category Fil-F-MIC(S) forms an exact category which has
kernel and cokernel objects for any morphisms. Thus, the Yoneda extension groups

Ext®(H, H') = Extiy_pvrcs) (H, H')

in Fil-F-MIC(S) are defined in the canonical way (or one can further define the derived
category of Fil-F-MIC(S) [2, 1.1]). An element of Ext’(H, H') is represented by an exact
sequence

0—H — M — -+ —M,— H-—0
and is subject to the equivalence relation generated by commutative diagrams

0— H —> M, s M, H 0
00— H’ N s N; H——>0.

Note that Ext®(H, H') is uniquely divisible (i.e. a Q-module) as the multiplication by m €
Z~o on H or H' is bijective.

Nextly, we discuss the functoriality of the category Fil- F-MIC(S) with respect to S. Let
S’ = Spec(B’) be another affine smooth variety and i: S” — S a morphism of V'-schemes.
Then, ¢ induces a pull-back functor

@2.1) i*: Fil-F- MIC(S) — Fil-F- MIC(S")

in a natural way. In fact, if H = (Hgg, H,ig, ¢, ®, V, Fil*) is an object of Fil- F-MIC(S), then
we define i* H = (Har ®p, By, Hyig ®p1 Bl c Dp1 B, @' V' Fil'*), where V' and Fil’®
are natural pull-backs of V and Fil® respectively, and where @’ is the natural Frobenius struc-
ture obtained as follows. We may regard (H,ig, Vyig, ) as an overconvergent F-isocrystal
on S via the equivalence F- MIC(B}{) ~ F-Isoc'(By) [?, Theorem 8.3.10]. Then, its pull-
back along i;: S}, — Sy is an overconvergent F’-isocrystal on S, which is again identified
with an object of F- MIC(B\). Thus it is of the form (H}igs Viig, @), and HJ,, is naturally
isomorphic to H,i; ® B B}E ([?, Prop 8.1.15]). Now, @’ gives the desired Frobenius structure.
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2.2. The complex . (M ). In this subsection, we introduce a complex . (M) for each ob-
ject M in Fil-F-MIC(S, o) which is, in the case where M = Os(r), close to the syntomic
complex .7, (R) s, of Fontaine—Messing.

Before the definition, we prepare a morphism attached to each object of Fil-MIC(Sk).
Let H = (Hgr, V, Fil*) be an object of Fil-MIC(Sk). Let Q% ® Fil*™* Hg denote the de
Rham complex

Fil'Hip = Qp, @ Fil' 'Hog = -+ = Q@ Fil" "Hqg — - - -,
where ® denotes ®p,. and the differentials are given by
(2.2) w®r— dw’ @z + (—=1)w A V(z), (w®ergK®HdR).
Now, we define a natural map
(2.3) Extigvic(sy) (Osi H) — H' (%, @ Fil™* Hag)
in the following way. Let
2.4 0O—H — M, — M,y — - —My— Og, — 0
be an exact sequence in Fil-MIC(Sk). This induces an exact sequence
0— 0% @FI*H — Qp QFI*"M; — - — Q) QFil"*M; — Qf — 0

of complexes, and hence a connecting homomorphism 0: H(Q}, ) — H'(Qy, QFil™°H).
Then the map (??) is defined by sending the sequence (??) to §(1).

By the forgetful functor Fil-F-MIC(S,0) — Fil-MIC(S), the morphism (2?) clearly
induces a canonical morphism
(2.5) Extiy pios.e)(COs, H) — H'(Qy, @ Fil™* Har).

Let [’-mod = F-MIC(Spec K'), namely the category of K-modules endowed with Fy -
linear endomorphisms. Then, we have a functor

F-MIC(B),0) — D*(F-mod), (Mg, ®) — (Q%; @ My, ®)
K

to the derived category of complexes in /'-mod, where ® in the target is defined to be o ® ¢

(we use the same notation because we always extend the Frobenius action on the de Rham

complex Q;Bf ® M, by this rule). We note that the above functor does not depend on o.
K

Indeed, the composition
F-Isoc!(By) — F-MIC(Bl., o) — D(F-mod)

is the functor (E, ®) — (RI}ig(Sk, E), ®rig) Where @4, denotes the Frobenius action on the
rigid cohomology ([?, Proposition 8.3.12]), and this does not depend on o.

Definition 2.4. For an object M € Fil-F'-MIC(S, o), we define ./ (M) to be the mapping
fiber of the morphism

1—-®: Q.BK &® Fﬂ_.MdR — QJ.B}( ® Mrigu

where 1 denotes the inclusion QIBK ® Fil"*M4r — Q;BT ® M, via the comparison and ®
K

is the composition of it with ® on Q.BT ® Mg
K
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Note that, in more down-to-earth manner, each term of .& (M) is given by
(2.6) S (M) = Q. @ Fil ™ Mg © Q7" © Mg
K
and the differential . (M)" — & (M)"™! is given by
(w,€) — (dyw, (1 = P)w — dui€), (w € Qp, @ Fil" Mag, € € Q) @ My,)
K
where d,, is the differential (??).
An exact sequence
0O—H —M,— M,y — - —My— Os —0
in Fil-F-MIC(S, o) gives rise to an exact sequence
0 — S (H)— S (M) — S (M—y) — -+ — L (My) — S (Os) — 0
of complexes of Q,-modules. Let §: Q, = H°(#(0s)) — H'(Z(H)) be the connecting
homomorphism. We define a homomorphism
2.7) u: EXt%il-F-MIC(S,o)<ﬁ~97H) — H‘(Y(H))
by associating 4(1) to the above extension. The composition of u with the natural map
H' (S (H)) — H'(Q%, ®Fil™*Hgg) agrees with (2?).
The complex .’ (0s(r)) is close to the syntomic complex of Fontaine-Messing. More pre-

cisely, let S,, := S Xy Spec W/p"W and B,, := B/p"B. The syntomic complex .7, (r)s.»
is the mapping fiber of the morphism

l—pTo: Q" — QY
of complexes where we note that p~"¢ is well-defined (see [?, p.410—411]). Hence there is
the natural map

(2.8) H'(A(0s(r)) — Q@ im M, (S, Z3(r)s,0) =t Hiyy (S, Qp(r)).

Let
(2.9) EXtiFil-F-MIC(S,a)(ﬁ& Os(r)) — Hsiyn<S7 Qy(r))

be the composition morphism. Apparently, the both side of (??) depend on ¢. However,
if we replace o with ¢’, there is the natural transformation between Fil-F-MIC(S, o) and
Fil- F-MIC(S, ¢’) thanks to the theory of F-isocrystals, and there is also a natural transfor-
mation on the syntomic cohomology. The map (??) is compatible under these transforma-
tions. In this sense, (??) does not depend on the Frobenius o.

Lemma 2.5. Suppose Fil’Hqg = 0. Then the map u in (2?) is injective when i = 1.
Moreover, the map (??) is injective when i = 1 and r > 0.

Proof. Let
00— H —M—0Og—0

be an exact sequence in Fil-F-MIC(S, o). Since Fil"Hyz = 0, there is the unique lifting
e € Fil’M,;,. Then

(2.10) w(M) = (V(e),(1—®)e) € H' (L (H)) C QU @ Fil™ Hyy & Hyg
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by definition of w. If u(M) = 0, then the datum (Be, B}(e, ¢, ®, V, Fil*) forms a subobject
of M which is isomorphic to the unit object 5. This gives a splitting of the above exact
sequence. The latter follows from the fact that

HL(5.Q,(1) C Q@ lm(Q, @ B,),  HL,(5.Q,(r) C Q@ lm({0} & B,), (r > 2)

and
HY(S(05(1))) € Q@ By,  H'(S(05(r)) € {0} © B, (r > 2).
l

2.3. Log objects. In this subsection, we introduce the “log object” in Fil-F’-MIC(S) con-
cerning a p-adic logarithmic function. In the next subsection, it will be generalized to a
notion of “polylog object”.

For f € B* let

o

log(a)(f) =p 110g( ) “p 12 1_fp/fgn

n=1
An elementary computation yields log(")( )+ log®) (9) = log(”)( fg) for f,g € B*.

Definition 2.6. For f € B*, we define the log object Zvg(f) in Fil-F-MIC(S,0) as
follows.

o 20q(f)ar is a free Bi-module of rank two; 20g(f)ar = Bre_o ® Brey.

o 20g(f)uig = Ble—» ® Biceo.
e cis the natural isomorphism.
e @ is the o-linear morphism defined by

Ple_g) =p e, P(eg) =eo— 10g(0)(f)6—2-

e V is the connection defined by V(e_5) = 0 and V(ey) = d—fe_g.
e Fil® is defined by

D%g<f)dR if ¢ < —1,
Fil' %g(f)ar = { Breo ifi =0,
0 if 7 > 0.
This is fit into the exact sequence

(2.11) 0 — Os(1) —= Lg(f) - Os — 0

in Fil-F-MIC(S) where the two arrows are defined by €(1) = e_5 and 7(eg) = 1. This
defines a class in Extgy p ogs o) (Os, Os(1)), which we write by [f]s. It is easy to see that
f +— [f]s is additive. We call the group homomorphism

(2.12) [~]s: O(S)" — EXt%‘il—F-MIC(S,o)(ﬁS’ Os(1))

the symbol map.
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Lemma 2.7. The composition

0(5) 55 Exthy pancgse (O, Os(1) — HL (S, Q,(1)

syn

agrees with the symbol map by Kato [?] where the second arrow is the map (??). Namely, it
is explicitly described as follows,

o
f’—>(f7

where B := Wm B/p"B and Bx = Q® B.

log®( f)) € HL,(S,Q,(1)) € Q4 @ By

Proof. By definition of p in (??), one has

o(Log () = (V(eo), (1 — B)eg) = (% log(”)(f))

as desired. O

Lemma 2.8. The symbol map (??) is functorial with respect to the pull-back. Namely, for
a morphismi: S' — S, the diagram

« [
o(S) - EXt%ﬂ-F-MIC(S,o)(ﬁSJ Os(1))

7 li*

lgr
o(5")” d Extgipwic(sr o) (Fsr, Os (1))
is commutative where i* denotes the map induced from the pull-back functor (??).

Proof. Because of the injectivity of (??) (Lemma ??), the assertion can be reduced to the
compatibility of Kato’s symbol maps by Lemma ??. U

2.4. Polylog objects. In this subsection, we generalize the log object to polylog objects. To
define the polylog objects, we need the p-adic polylog function.
For an integer r, we denote the p-adic polylog function by

n

(2.13) mP(z) = ) 2 i — - ) Z—ezp{z 1]

nr 1—2
n>1,pfn 1<n<ps,pfn

where A" denotes the p-adic completion of a ring A. As is easily seen, one has

d
I (2) = (<) P, e () = P (e).

If » <0, this is a rational function. Indeed

1 1 d\"
P (z) = — , In®(z) = <Zd—) I (z).
2

1—2z 1—2zP -

If » > 1, it is no longer a rational function but an overconvergent function.

Proposition 2.9. Let r > 1. Put z := (1 — 2)~\. Then In'")(2) € (z — 2?)Z,[z]'.
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Proof. Since In”(2) has Z,-coefficients, it is enough to check In(2) € (z — 22)Q,[z] .
We first note

d
(2.14) (22 — )d—mkﬂ( 2) =P (2).

The limit in (??) can be rewritten as

1 psl_ —1\n
lim — D

s—o0 gV — (x — 1)P° nr

1<n<p®,pfn
This shows that In'?)(2) is divided by = — 22. Let w(z) € Z,[z] be defined by
1—2?

(1—2z)p

=2 — (x — 1)’ =1 — pw(x).

Then

This shows In{”)(2) € (z — 22)Q,z]", as required in case r = 1. Let
—(z — ;EQ)_llngp)(z) =ag+ a1+ apr® + -+ a2 + - € L[]t
By (??) one has

In{(2) = c+a + %x2+---+ na—jlx”“ + € Qyla]f
and hence ln2 ( ) € (x — 2?)Q,[x]", as required in case r = 2. Continuing the same
argument, we obtain ln,(f’ (z ) (z — 2%)Q, x| for every r. O

Remark 2.10. The proof shows that In{") () converges on an open disk || < |1 — ¢,|.

Definition 2.11. Let C' = V[T, T, (1-T) "], and o a p-th Frobenius such that o (T') =
T?. Letn > 1be an integer. We define the n-th polylog object Zol,,(T') of Fil- F- MIC(Spec C')
as follows.

Pol,,(T)ar is a free C-module of rank n + 1; Pol,,(T)qr = @?:0 Ck e_sj.
Dol (T)sig i= Pl (T)ar R, C.

c is the natural isomorphism.

O is the C’}}—linear morphism defined by

n

®leg) =g — » (=1 I (D)es;, Dle—y;) =p e, (j > 1).

J=1

V is the connection defined by

dT dT

V(GO) = T _ 16_2, V(e_zj) = ?

e_9j_2, (12>1)

where e_g,,_o := 0.
Fil® is defined by Fil™ Zol,,(T)ar = @ogjg—m Ck e_9j. Inparticular, Fil™ Zol,,(T)ar =
Lol (T)ar if m < —mand = 0if m > 1.
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When n = 2, we also write Zilog(T) = Pols(T), and call it the dilog object.

For a general S = Spec(B) and f € B satisfying f,1 — f € B*, we define the polylog
object Pol,,(f) to be the pull-back u* Fol,,(T) where u: Spec(B) — Spec V[T, T (1—
T) 'isgivenby u(T) = f. Whenn = 1, Hol,(T) coincides with the log object Zog(1—T)
in Fil-F-MIC(C).

2.5. Relative cohomologies. Let S = Spec(B) be a smooth affine V'-scheme and let o be
a p-th Frobenius on BY. In this subsection, we discuss objects in Fil-F-MIC(S) arising as a
relative cohomology of smooth morphisms.

Letu: U — S be a quasi-projective smooth morphism. We firstly describe a datum which
we discuss in this subsection.

Definition 2.12. We define a datum
H'(U/S) = (Hx(Uk /Sk), H. (Uy/Sk), ¢, V, ®, Fil*)

rig
as follows.
e H'!;(Ugk/Sk) is the i-th relative algebraic de Rham cohomology of u, namely the
module of global sections of the i-th cohomology sheaf Ri(uK)*Q'UK /5K and V
(resp. Fil®) is the Gauss—Manin connection (resp. the Hodge filtration) on H (Ur /Sk).

o (H},(Uy/Sk), @) is the Bl.-module with o-linear Frobenius structure obtained as the
1-th relative rigid cohomology of u;. In particular,

Hﬁlg(Uk/Sk) = F(S?(I'lv Riurigj(T]ﬁUfg‘)v

where R"urigj;]ﬁ(];(n = R'(u3b), ][T]Q'U;{ ssy s the i-th relative rigid cohomology
sheaf. (We justify this notation and definition in Remark ?? below.)

e ¢: Hiy(Ux/Sk) ®p, Bl — H},,(Uyx/Sk) is the natural morphism between the
algebraic de Rham cohomology and the rigid cohomology.

Let us give a construction of the comparison morphism c in this datum. We basically fol-
low the construction in [?, 5.8.2]. Let ¢: S%' — Sk be the natural morphism of ringed topoi
[2,0.3]. Then, by adjunction, we have a natural morphism Ru . Qf, P (Riug, 2 y SK)an.
Now, together with the natural morphisms

(RiUK7*Q(.]K/SK)an — Rl(u%)*ﬂl.]f{n/S}‘{n - RZ(U%)*]EQ.U?(D/S?’

we get amorphism Riuw Qg — B (ufl). j(T]Qz,%n /sa- By taking the module of global
sections, we get a morphism Hjp (U /Sk) — H,(Ui/Sk), and therefore the desired mor-
phism c: Hig (Ux/Sk) ®@p,c Bl — Hi,(Uy/Sy) because Hi,(Ux/Sy) is a Bi-module.

rig

Remark 2.13. (1) Let us justify our description of the rigid cohomology HY,,(Uy/S}) in
Definition ??.

We begin by rg\calling a usual definition of the rigid cohomology of uy: U — §k over
a frame (S, Sy, S), where S is a closure of S in a projective space over V and S is its
completion. Let X be the closure of U in a projective space over S and let f: X — S
be the extension of u. (We choose this notation because, in this article, X usually denotes
fﬁl(S) and f denotes f|x.) Then, by definition, the i-th relative rigid cohomology sheaf is
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R (fx)s jUQfan an gans where j;; : Uk — X is the natural inclusion, and H’_ (U, /Sy) is the

rig
module of global sections of this sheaf on S.

However, by using the fact that w: U — S is a lift of uy: Uy — Si to a smooth
morphism of smooth algebraic V-schemes, we may obtain the same module without re-
ferring to compactifications. In fact, firstly, since S%" is a strict neighborhood of S x [2,
(1.2.4)(iD)], H};,(Ui/Sk) is also the module of global sections of R'( Fre)eghae S g ON
Si by overconvergence Moreover, the restriction of this sheaf on S%' is 1som0rphlc to
Ri(u32), jUQUdn /Sdn by [?, 6.2.2] because again U} is a strict neighborhood of Ugk. Our

definition of Rty j,; Oysan and the description of H};, (U /Sy) in Definition 2?2 are thus jus-
tified.

(2) We will use the datum H'(U/S) only in the case where the rigid cohomology sheaf
R"urig j(T] ﬁU;(n is known to be a coherent j; ﬁg;(n—module for all ¢ > 0. In this case, we also
have

r1g<Uk/S/€) (Sla{na Riurigjg]ﬁU;}n)

by the vanishing of higher sheaf cohomologies for coherent jg Usa-modules. (This vanish-
ing is perhaps well-known, but we included it as Lemma ?? at the end of this subsection
because we could not find an appropriate reference.)

Now, we have defined the datum H*(U/S). This, however, does not immediately mean
that it is an object of Fil-F-MIC(S). For this datum to be an object in Fil-F-MIC(S), we
need the ¢-th relative cohomology Hﬁlg(Uk /Sk) to be a coherent B}(—module and we need
the morphism c to be an isomorphism. In the rest of this subsection, we discuss two settings
under which these conditions hold. Briefly said, these two settings are: the case of proper
smooth morphisms (Setting ??) and the case of smooth families of general dimension with

“good compactification” of both the source and the target (Setting ??).
We start with the first setting.

Setting 2.14. u: U — S is a projective smooth morphism of smooth V'-schemes with
S = Spec(B).

Proposition 2.15. Under Setting ??, the relative rigid cohomology sheaf R'u,iq jU Oyan is
a coherent j;ﬁse;(n—module for each i > 0. Consequently, H', (U,/Sy) is a coherent BT

rig
module for each v > 0. Moreover, the comparison morphism
(2.15) ¢: Hig(Ux/Sk) @5, Bl = Hiy(U/Sk)

is bijective for each v > 0.
In particular, the datum

H'(U/S) = (Hgp(Uk /Sk), H
is an object of Fil-F-MIC(S).

(Uk/Sk) C, V P Fll.)

rlg

Proof. Firstly, the coherence of the rigid cohomology follows from [?, Théoréeme 5]. Now,
since c is a morphism of coherent modules over the noetherian ring Bl, it suffices to prove
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that it is an isomorphism on the reduction by each maximal ideal of B!, which is the ex-
tension of a maximal ideal of By. Therefore we may assume that S = S = Spec(k) (after
a possible extension of k), and then the claim follows from comparison of the (absolute)
algebraic de Rham cohomology and the rigid (or, in this case, crystalline) cohomology (e.g.
[?2,4.2],[2, (D). 0

The second sufficient condition for H*(U/S) to be an object of Fil-F-MIC(S) is, briefly
said, that » has a “good compactification”.

Setting 2.16. Let S = Spec(B) be a smooth affine V-scheme, let S be a projective smooth
V-scheme with an open immersion S < .S such that the complement 7' is a relative simple
NCD on S over V. Let X be a projective smooth V-scheme, and let f: X — S be a
projective morphism. Let D" be a relative NCD on X over V', and put D' = 7_1(T) and
D=D"UD'. Weput X = X\ D", f = flx and U = X \ D. We then assume that the
following conditions hold:

(1) D=D"UD" is also a relative NCD over V.

(2) D:=D"NX < X is a relative NCD over . B
(3) The morphism f: (X,D) — (5,7) is log smooth and integral, and (S5,7’) is of
Zariski type.

The notation in Setting ?? can be summarized by the diagram

D' = D
X « s X < > U

fl %f /

T

where the notation above — shows the complement of the subscheme.

Proposition 2.17. Under Setting ??, the relative rigid cohomology sheaf R'u,iq j[T] Oy is
a coherent jgﬁs}?—module for each i > 0. Consequently, H’, (Uy/Sy) is a coherent Bl

rig
module for each 1 > 0. Moreover, the comparison morphism
c¢: Hig(Uk/Sk) ®p, Bl = Hiiy(Un/Sk)

is bijective for each v > 0.
In particular, the datum

H'(U/S) = (Hag(Urc/Sk), Hyy (Ui /Sk). ¢, V, @, Fil*)
is an object of Fil-F-MIC(S).

Proof. Our setting assures us that we are in the situation of [?, Section 2], i.e. the assumptions
before [?, Theorem 2.1] are satisfied. Moreover, since f is integral, the assumption (%) in
[?, Thereom 2.1] is also satisfied [?, Corollary 4.7]. Therefore, the coherence of the rigid
cohomology sheaves follows from [?, Theorem 2.2].

Now that the coherence is proved for all 7, the proof reduces to the absolute case as in
the proof of Proposition ??. Then, since the algebraic de Rham cohomology (resp. the
rigid cohomology) is isomorphic to the algebraic log de Rham cohomology (resp. log rigid
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cohomology by e.g. [?, Theorem 3.5.1]), the claim follows from the comparison theorem
between algebraic log de Rham cohomology and log rigid cohomology [?, Corollary 2.6].
U

We also have a Gysin exact sequence in Fil-F-MIC(S) for curves under this setting.

Proposition 2.18 (Gysin exact sequence). Let U = Spec(A) and S = Spec(B) be smooth
affine V-schemes and let w: U — S be a smooth morphism of relative dimension one with
connected fibers. Assume that there exists a projective smooth curve f: X — S with an
open immersion U — X such that f|y = u and that the complementary divisor D =
X\ U is finite étale over S. Moreover, assume that u satisfies the conclusions of Proposition
?? (namely, the coherence of the rigid cohomology and the bijectivity of the comparison
morphism), e.g. that we are in Setting ??.

Then, we have an exact sequence

0 — HY(X/S) = H'(U/S) — H(D/S)(~1) — H*(X/S) — 0.
in Fil- F-MIC(S).

Proof. Firstly, H'(X/S) and H'(D/S) are objects of Fil-F-MIC(S) by Proposition ??, and
sois H'(U/S) by assumption. Nextly, it is a standard fact about de Rham cohomology that
we have an exact sequence

0 = Hap(Xk/Sk) = Hig(Ux /Sk) = Hag(Di/Sk)(—1) = Hig(Xk/Sk) = 0

whose morphisms are horizontal and compatible with respect to Fil. Therefore, by the com-
parison isomorphism on each term and by the flatness of B}( over By, we get a correspond-
ing exact sequence

0— H}ig(Xk/Sk) — Hjig(Uk/Sk) — Hroig(Dk/Sk)(—l) — H?

vig(X&/Sk) — 0

for rigid cohomologies. The compatibility of this sequence with Frobenius structures on
each term can be checked on each closed point of Sk, therefore reduced to the absolute case
[?, Theorem 2.19]. ]

The following lemma is the promised statement in Remark ?? (2).

Lemma 2.19. Let X be a smooth V -scheme and let .# be a coherent j;( Oxan-module.
Then, for any j > 1, we have H (X3, .#) = 0.

Proof. This lemma is essentially given in the proof of [?, 6.2.12]. We recall the argument for
the convenience for the reader. Choose a closed immersion X < AY) to an affine space and
let Y be the closure of X in X < Al < P, Then, V, := X2 N BN (0, pT) for p > 1 form

a cofinal family of strict neighborhoods of X K-
By the coherence of .#, we can take a coherent Oy, -module M for some py > 1 such

that ,///|Vp0 = j}M [?,5.4.4]. Then, if j,: V, < V,, denotes the inclusion for 1 < p < py,
we have isomorphisms

RU(X32, M) = RU(Vyy, A |y,,) = lig RD(Vyy, (j,). M) = limg RT(V, M]y, ).
p p
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In fact, the second identification follows from quasi-compactness and separatedness of V/,,
and the third one holds because j, is affinoid. Now, the claim follows because each V), is
affinoid and M|y, is coherent. O

2.6. Extensions associated to Milnor symbols. In this subsection, we discuss how we as-
sociate an extension in Fil- -MIC(U) to a Milnor symbol.

Letu: U = Spec(A) — S = Spec(B) be a smooth morphism of smooth affine V-scheme.
We assume that u satisfies the consequences of Proposition ??, namely:

Assumption 2.20. For each ¢ > 0, the ¢-th relative rigid cohomology sheaf Riurig j;r] ﬁU;ﬂ
is a coherent jfg Usa»-module and the natural morphism

(2.16) Hin(Ux/Sk) ®p, Bl — H:. (Up/Sk)

rig
is bijective.

Remark 2.21. (1) As we have discussed in Proposition ??, Assumption ?? is satisfied if
we are in Setting ??.

(2) If there is a projective smooth morphism f: X — S with an open immersion U — X
such that X \ U is a relative simple normal crossing divisor over S, then the bijectivity of the
morphism (??) is deduced from the former half of the Assumption ?? (the coherence of the
i-th relative rigid cohomology sheaf for each ¢ > 0) as in the proof of Proposition ??.

(3) Note that (a part of) Assumption ?? allows us to interpret the relative rigid cohomology
as a cohomology of Monsky—Washnitzer type.

More precisely, for a smooth morphism u: U = Spec(A) — S = Spec(B) of affine
smooth V'-schemes, assume that, for each ¢ > 0, the ¢-th rigid cohomology sheaf Riurig j,TJ ﬁU?(n
satisfies H7 (S, Riuyg j,T]ﬁU;{n) = 0forall j > 1 (e.g. if all R'uy, j[T]ﬁUIa(n are coherent).
Then, the B].-module H}y(Uk/Sk) = T(S52, Riuyg j;rjﬁs;(n) is isomorphic to the cohomol-

) of the complex of continuous differentials (2°

ogy Hinw (Ui/Ar) = Hi(Q;xk/BL Al/Bl ~

N j(T]Q.U?( / S?{) This follows from our assumption and the vanishing of the cohomolo-

gies HI (U, ]TUQ’(}?( y S%,) = (O forall j > 1 and £ > 0 (which also follows from Lemma
??).

Recall that, for a commutative ring R, the r-th Milnor K-group K (R) is defined to be
the quotient of (R*)®" by the subgroup generated by

a1®...®b®...®(_b)®...®ar7 a1®---®b®---®(1—b)®---®ar.

Recall from §?? the log object Zog(f) in Fil-F-MIC(U) for f € 0(U)*, and the extension
(??) which represents the class

[flv € EthlTil-F-MIC(U)(ﬁU7 Oy(1)).
For hg, hy,..., h, € O(U)*, we associate an (n + 1)-extension
0 — Oy(n+1) — ZLog(h,)(n) — -+ — ZLog(h1)(1) — Log(ho) — Oy — 0
which represents the class
[holy U -+~ U [hy]y € EX‘LH_}_MIC(U)(@’U, Oy(n+1)).
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It is a standard argument to show that the above cup-product is additive with respect to each
h;, so that we have an additive map

(G(U))* — Extpth o (0v, Ou(n + 1),

Proposition 2.22. [f]yU[f]y = 0for f € O(U)* and [flyU[1— fly = O0for f € O(U)*
suchthat 1 — f € O(U)*. Hence the homomorphism

Kﬁl(ﬁ((])) — EXt;L‘?l_-lF-MIC(U)(ﬁU7 ﬁU(n + 1)), {ho, c.. ,hn} — [hO]U J---u [hn]U

is well-defined (note £og(—f) = og(f) by definition,).

Proof. To prove this, it follows from Lemma ?? that we may assume U = Spec V[T, T~!]
and f = T for the vanishing [f]y U [f]y = 0and U = Spec V[T, (T = T*)']and f =T
for the vanishing [f]y U [l — f]u = 0.

Here, we show the latter vanishing. Let C' = V[T, (T — T?)~'] and U = Spec(C'). Recall
the dilog object D := Zilog(T) which has a unique increasing filtration W, (as an object of
Fil-F-MIC(U)) that satisfies

0 if j < —5,
W D — ) Cxeca if j = —4, 3,
TTRTN Ope s @ ey ifj = —2,—1,
Dilog(T) ar ifj >0

and the filtration Fil* on W, Dgp, is given to be FilinDdR = W;Dgr N Fil’ Dag. Then, it is
straightforward to check that W_, = 0y(2), W_y = Zog(T)(1), Wo/W_y = ZLog(1 —T)
and Wy /W_y = Oy. Thus, [Ty U [1 — Ty is realized by the extension

0— W_4 — W_2 — Wo/W_4 — WO/W_Q — 0.

Consider a commutative diagram

(2.17) 0—> Oy (2) —L—~ Gy (2) —2 e — 0
0—>ﬁU(2)L—>ﬁU(2)@W_2 i WO ﬁU 0

| | L
00— W_4 W_, Wo/W_y —= Oy — 0,

where ¢ is the first inclusion, 7 is the first projection, 7 is the composition with the second
projection and the inclusion W_, < W, 73 is the quotient Wy — Wy /W_o = Oy, and
add: (z,y) — x + y. The above diagram shows the vanishing [T']y U [1 — Ty = 0.

The proof of the vanishing [Ty U [Ty = 0 goes in a similar way by replacing Zilog(T")
with Sym? Zbg(T). O

Let n be a non-negative integer, let hq, . . ., h,, € ¢(U)* and suppose that Fil""™' H"+1(U/S) =
0. Under this setting, we define an object

in Fil-F-MIC(U) in the following way.
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h,, be the complex
L0g(hy)(n) — -+ — Zog(h1)(1) — ZLog(ho)

in Fil-F-MIC(U) where the first term is placed in degree 0, which fits into a distinguished

triangle

(2.18) 0 — Oy(n) — My,

in the derived category of Fil-F-MIC(U).
Firstly, we define the de Rham part of M (U/S). Let 4}, ., .ar denote the de Rham
realization of .#},, . 1,. This can be seen as a complex of mixed Hodge modules by M.

-----

hn — ﬁU[—TL] — 0

.....

'''''

..........

.....

It follows from the Hodge theory that Im(§) C Fil"*™' H 7' (Ux /Sk) = 0. Hence we have
an exact sequence

0— HQLR(UK/SK) — M(U/S)ho
In particular, M (U/S)p,....n, ar is locally free. Therefore, together with the connection V
as relative de Rham cohomology, (M (U/S)n,.... h,.ar, V, Fil®) is an object of Fil-MIC(Sk).
Here, The strictness with respect to Fil® follows from the fact that the above can be seen as

an exact sequence of variations of mixed Hodge structures, again by the theory of Hodge
modules [?], [?].

hn,dR — ﬁsK — 0.

.....

,,,,,

seen as a complex of overconvergent F'-isocrystals. In particular, this can also be seen a
complex of coherent jg] Oyz»-modules with Frobenius structure. We define

MU/ S)ng,...hnxig = Hyig(Uy /Sy Mh,... 1y rig) = U (SE', R UnigMng, .. rig)

..........

.....

Hiq(Ux | Sic, Mng,...hy.ar) @By Bl — H, (Ui Sk, M. 1, si5)

for each 7. (The construction is the same as in the case of trivial coefficients in the beginning
of the previous subsection.) To prove that this is an isomorphism, as in the de Rham part,
note that we have an exact sequence

0 — H (Uy/Sk) — M(U/S)ny....hnuis — Bl — HEL(Ur/Si)

rig\~ k/ ~r/) 7 A\ [ M) ho,..., rig
because H'(S%, R g j(T] Oysn/san) = 0 by Assumption ??. Thus, the comparison homo-

morphism is an isomorphism by the flatness of Bk over By, by Assumption ?? and by five
lemma.
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Now, we have constructed an object My, 5, (U/S) in Fil-F-MIC(S) which fits into the

exact sequence
(2.19) 0— H"(U/S)(n+1) — Mp,...1,(U/S) — Os — 0.

The extension class (??) is additive with respect to each h; (one can show this in the same
way as the proof of bi-additivity of [ho|yU- - -U[h,]u, but based on the theory of mixed Hodge
modules concerning the strictness of the filtrations; for the rigid part, we use the functoriality
of the relative rigid cohomology and the comparison to algebraic de Rham cohomology), so
that we have a homomorphism

(2.20) (O(U))*™*' — Exthy. pances)(Os, H'(U/S)(n + 1)).

-----

.....

Theorem 2.23. Suppose Fil" ™ H\'(Ux /Sk) = 0. Then, under the assumption ??, the
homomorphism (??) factors through the Milnor K-group, so that we have a map

(2.21) [luys « Kty (O(U)) — Extrypancs) (s, H'(U/S)(n + 1))
which we call the symbol map for U/ S.

Remark 2.24. If it were possible to define a natural projection
Ext"™(Oy, Oy(n+ 1)) — Ext'(0s, H"(U/S)(n + 1))

under the assumption H"™(U/S) = 0, then the object My, .. . (U/S) should correspond to
the class [ho]yU- - -U[h, ]y, and hence Theorem ?? would be immediate from Proposition ??.
However this is impossible since we do not take into consideration the boundary conditions
such as admissibility etc. for constructing our category. We need to prove Theorem ??
independently while almost same argument works as well.

Proof. Write the homomorphism (2?) by p. It is enough to show the following.
phy@ - @fFQfR@--Qhy,) =0, plhy@ - @fR@(1—[f)® - ®h,)=0.

We show the latter. Let f € &(U)* suchthat1 — f € O(U)*. Letu : U — Spec V[T, (T —
T?)~1] be the morphism given by v*T = f. Recall the diagram (??), and take the pull-back
by w. It follows that

M

.

0= Op(n+1) = Log(hy) — - — Log(f)(i + 1) = Log(f)(i) — - — Log(ho) — Oy — 0

is equivalent to

A

N

0= Op(n+1) = Log(hn) — -+ — Op(i+2) > Opli) — -+ — Log(ho) = Oy — 0
N

as (n + 1)-extension in Fil-F'-MIC(U). This implies that .# is quasi-isomorphic to .#" as

mixed Hodge modules or F-isocrystals. Hence .4 gives rise to a splitting of

This completes the proof of p(hy ® -+ @ fR (1 — f)®---® h,) = 0.
Tosee p(hg®- - @ fRf®---®h,) = 0, we consider the similar diagram to (??) obtained
from Sym® .%g(T)). Then the rest is the same. O
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2.7. Explicit formula. In this subsection, we continue to use the setting of the previous
subsection. In particular, U = Spec(A) — S = Spec(B) is a smooth morphism of smooth
V' -schemes that satisfies Assumption ??. We fix a p-th Frobenius endomorphism ¢ (resp. o)
on A' (resp. B).

Let n > 0 be an integer. Suppose that Fil"*' Hii ! (U /Sk) = 0. Recall the maps

(-] n (??) n
KLy (A) = Extiypancs) (Os, H'(U/S)(n + 1)) == H' (S (H"(U/S)(n + 1))
Note that the last cohomology group is

{0.9) € (@, o 0/ 500) © (Bl i Ux/50) (1~ pusho = . d(e) =0

where ¢; 1= p~y and d is the differential map induced from the Gauss-Manin connection
asin (??). Let
(2.22)

QL@ Fil" Hiy (Ux /i) Bl ® Hix (U /Sk)

be the compositions of (??) and the projections (w, §) — w and (w, §) — & respectively. The
map 0 agrees with the map (??), and hence it does not depend on o, while R, does. We put

(2.23) Dyys =00 [=lyss, regl)s = Roo[~luys.

The purpose of this section is to give an explicit description of these maps.

Theorem 2.25. Suppose Fil""' Hi ' (U /Sk) = 0. Let & = {hq,...,h,} € KM (A).
Then

dho  dh dhs,
(2.24) Dyys(€) = (—1)"h—0° A= A A
1 n
(2.25)
- o . WP\ ([ dho\** dhi- \** dh; dh,
e = o e (5) (50) o (G o

=0
Here one can think of (??) as an element of

Qp, © Fil"Hip (Uk /Sk) = Qp, © I'(Xk, X%, s, (log D))

in the following way. Let ?ZB(K (log D) := Q% (log D) /Im(Q%, ® Q% >(log D)) which
fits into the exact sequence

0— Q4 @O} o (log D) — Qi (log Di) — D, /s, (log Dic) — 0.

We think (??) of being an element of I'( X g, Q};l (log Dk )). However, since Fil" ™ HIH Uy /Sc) =
0 by the assumption, it turns out to be an element of

I( Xk, Qg ® D, s, (log Di)) = Qp, @ I'(Xk, U, s, (log Di)).
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Proof. In this proof, we omit to write the symbol “A”.
Firstly, we describe the extension [{]y/s. Let
0 — Hir(U/S)(n+1) — M(U/S) — 5 — 0
be the extension ]/ in Fil-F-MIC(S, o). Let ¢ € Fil°M¢(U/S)ar be the unique lifting
of 1 € 0(Sk). Then
(2.26) U(Duys(€)) = Viee),  t(regy)s(€)) = (1 — D)eg

by definition (see also (??)) where V and ® are the data in M (U/S) € Fil-F-MIC(S, o).
We first write down the term M¢(U/S) explicitly. Write [; := p~'log(hi/hf). Let

{€i 0, €i—2} be the basis of ZLog(h;)(i) such that Fil™* Zbg(h;)(i)ar = Axe;o and

dh; —i —i —i—

n. €i,—2, (I)(ei,0> =P €o—P liei,f% @(61,72) =p 1€i,72-

)

Recall the (n + 1)-extension
0— Oy(n+1)— ZLog(h,)(n) = - — Log(h1)(1) = Log(hy) — Oy — 0.

Vieio) =

Let (T3, /p, D) be the total complex of the double complex €2} 5 ® ZLog(h.)ar. In
more down-to-earth manner, we have

d
TIZK/BK = @Q%K/BK ® gog<hi—Q)(i - Q)dR7 q €L
1=0

where we denote ZLog(h;)(j) := 0if j < 0 or j > n, and the differential D : T7 — T4 is
defined by

D' @ ;) =dw' @x; + (=1)'w' AV(x;) + (—1)'w' @ 7(x;)
forw' @ z; € QiAK/BK ® Log(h;)(j)ar, where w : Log(h;)(i) — Ake; is the projection.
We have the exact sequence

(2.27) 00— QX;"/BK — 1, /By

Y | N —

Ar /B

where the first arrow is induced from Oy, = Oy eq4_2 — ZL0g(hq)ar, the second arrow
induced from the projection Zog(ho)ar — Ou, €00 = Oy, , and the differential on QX;"/ Bi

is the usual differential operator d (not (—1)"d). For the rigid part, let (T /51 ,D) be
K K
defined in the same way by replacing 2% /B with Q°, . (see Remark ?? (3)). Then, we

also have an exact sequence corresponding to (??). Now, we have a description

Me(U/S)ar = H(T3, ), Me(U/S)iig = H (T 11 )

T T
Al /By

(the description of the rigid part follows from the exact sequence (??) on two sides with
Remark ?? (3)), and we have an exact sequence

0 —— H™(U/S)(n + 1) —= Mc(U/S) — O —0
in Fil- F-MIC(S, o).
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Before going to the proof of Theorem ??, we give an explicit description of e¢ in (??). Put
i dhodhy  dhiy

w" =1, w' =

ho b hi

However we note that w"*! = w" A 42 = 0 as w™ € Fil"" Hji ' (Uk /Sk) = 0. We claim

heBe (1<i<n41).

(2.28) e = Zw"ew € TXK/BK.
i=0

Indeed it is a direct computation to show D(e;) = 0. We see e € Fil’M¢(U/S)ar in
the following way. Let j : Ux — Xg. We think 77 /B of being a complex of Oy, -
modules. Let Fil° Zg(hi) x,. = Ox €0, Fil* Zog(hi)x,c = Ox,c€i0+ Oxpci_ofork <0,
Fil* %og(h;)x, = 0 for k > 0, and put

d
Fil* 7% s = @D Qs (log D) @ Fil* “Log(hi_g)x,c € 1.T4 5.
i=0
locally free O'x,. -modules. Then
FFMe(U/S)ar = I'(Xi, Fil* 7).
Therefore e, € Fil’M,(U/S)ar.
We prove (??). Apply 1 — @ on (??). We have

n

(2.29) (1—P)ee = Zwiei,o —i(w") (e —lie; o) = Z(l — i) (Weio+Ligi(w)e; _a.
i=0 =0
Put
k
‘ alho)“p1 (dhi_l)“p1 dhit1  dhy
= o, = -1 [ — 1<k<n).
Qo=lo O ;< ) < o hia ) e | )

A direct calculation yields

dh dh
dQr = (1 — pry1) (h_oo e h_:) = (1 = ) (W ).

It follows
D(Qk€k+1,o)

= (1 - ¢k+1)(wk+l)€k+1,o + (—1)ka

= (1 = oer) (@ Nerpro + (=1 (Qrer — (=1 M leror1 (W) errr,—2 + (—1)* Qren—2
= [(1 - ¢k+1)(wk+1)€k+1,o + lk+190k+1(wk+1)€k+1,72] =+ (—1)ka€k,72 - (_1)k+1Qk+1€k+1,72
for 0 < k <n — 1. Hence

n—1
D (Z Qk€k+1,0> = (1 = ®)(e¢) —loeo,—2 + (—1)"(1 — pn+1)(n)en,—2 + Qoeo,—2 — (—1)"Qnen,—2
k=0

= (1= ®)(ee) = (=1)"Qneén
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by (??). This shows (cf. (??))

© (€)= (—1)0, — (—1)7 S~ 1y, (o™ (@i dhiga - dh
(€)= (7@ = 0y () () e

as required.

We prove (??). Note that Dyy/s(€) is characterized by Dy/g(§)en,—2 = V(e¢) where V is
the Gauss-Manin connection on M¢(U/S)4r (cf. (22)). Let T3 _ be the complex defined in
the same way as T} by replacing Q% 5 with Q3 . Let
—;  dhodhy  dh;
W= —

ho hi o hio
and € := )" (&'e;p € T, . Then

ey  (1<i<n+1),

n

~ . (dh dh; dh dh;_ ndh dhy,
D(&) = Z(_1>z (_0 e o+ Z0 . _162.172) = (—1) h_oo e
1=0 n

and this shows (cf. (2?2)),
dh dh., n
(230) V(&)= (—1>"h—00 g en—2 € Qp,e ® I'( Xk, Uk, /5, (108 Dic))en,

as required. 0

3. COMPARISON WITH THE SYNTOMIC SYMBOL MAPS

In this section we compare the symbol map [—]y/s introduced in §2?? with the symbol
maps to the log syntomic cohomology. We refer to Kato’s article [?] for the formulation
and terminology of log schemes. Throughout this section, we write (X,,, M,,) := (X, M) ®
Z/p"Z for a log scheme (X, M).

3.1. Log syntomic cohomology. We work over a fine log scheme (S, L), flat over Z,). We
endow the DP-structure y on I = pO’s compatible with the canonical DP-structure on pZ ).
The log de Rham complex for a morphism f : (X, Mx) — (5, L) of log schemes is denoted

by Wi/ (12, (1L7)D.

Proposition 3.1 ([?, Corollary 1.11]). Let (Y,,, M,,) be a fine log scheme over (S,,, L,,). Let
(Y, M) <= (Z,, Ny,,) be an (S, L,,)-closed immersion. Assume that (Z,,, N,,) has p-bases
over (Sy, Ly,) locally in the sense of [?, Definition 1.4]. Let (D,,, Mp, ) be the DP-envelope

of (Y, My,) in (Z,, N,). Let J[DTL C Oy, be the r-th DP-ideal of D,,. Then the complex

Jgn_.] R Wy /s,

of sheaves on (D,,)¢, = (Yy,)er does not depend on the embedding (Y, M) < (Z,, N,,). In
particular if (Y,,, M,,) has p-bases over (S,,, Ly,) locally, then the natural morphism

(3.1) Jggﬂégwgwwn-—+ug§;%

is a quasi-isomorphism.

Concerning p-bases of log schemes, the following result is sufficient in most cases.
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Lemma 3.2 ([?, Lemma 1.5]). If f : (X, Mx) — (Y, My) is a smooth morphism of fine
log schemes over Z./p"Z, then f has p-bases locally.

Following [?, §2], we say a collection {(X,,, Mx n,i,)}, (abbreviated to {(X,, Mx.)}n)
an adic inductive system of fine log schemes, where (X,,, M ,) are fine log schemes over
Z|p"Z, and i, : (X, Mx ) = (Xpi1, Mx pny1) @ Z/p"Z are isomorphisms.

Let {(Y,, M)} — {(Z,, N,,) }», be an exact closed immersion of adic inductive systems
of fine log schemes over {(S,, L,,) }». We consider the following condition.

Condition 3.3. (1) Foreachn > 1, (Z,, N,,) has p-bases over (S, L,,) locally,
(2) Let (D, Mp,) — (Z,, N,) be the DP-envelope of (Y,,, M,,) compatible with the
DP-structure on (S, L,), and let J EL C Op, be the r-th DP-ideal. Then J ,[:7)1 is flat
over Z/p"Z and J}, | @ Z/p"L = T} .
Suppose that there is a compatible system o = {0, : (Sn, L) — (Sn, Ln)}n of p-th
Frobenius endomorphisms.

Condition 3.4. There is a hypercovering {Y*}, — {Y,}, in the etale topology which
admits an embedding {(Y,*, M)}, — {(Z%, N})}, into an adic inductive system of sim-
plicial log schemes over {(S,,, Ly) }», such that each {(Y,*, M})},, — {(Z, N})}, satisfies
Condition ??, and there is a p-th Frobenius {¢%, : (Z},N}) = (Z},, N}/) }» compatible with
0.

Let (Y, M) = {(Y,, M)} = {(S., L)} together with the p-th Frobenius o on (S, L)
satisfy Condition ??. We define the log syntomic complexes according to the construction in
[?, p.539-541]". Let r > 0 be an integer. Let (D%, Mp.) — (2%, N%) be the DP-envelopes
of (Y,Y, M}) compatible with the DP-structure on (S, L,), and J g; C Opy be the r-th
DP-ideal. Let . -

vz, = Joy - © Whys,
be the complex of sheaves on (DY) = (Y})sr. We also write

° . 0],e
Or v ) (zv vy s, = T (yv vy (2 Ny f(5.0)-
If » < p, then there is the well-defined morphism

v, [7‘],. o
©, Jn,(Y”,M”),(Z”,NV)/(S,L) — O,nq(Y)/’Mu)’(Zl/,Nu)/(S’L)
satisfying p"¢y = (¢% )* (cf. [2, p.540]). It follows from Proposition ?? that one can “glue”
the complexes J E:](’;y Mv)(Zv N /(S,L) SO that we have a complex
],
(3.2) Jn,(Y,M),(Z*,N*)/(S,L)

in the derived category of sheaves on (Y )¢ ([?, p.541], see also [?, Remark(1.8)]). Moreover
the Frobenius ¢ are also glued as o is fixed (this can be shown by the same argument as in
[?, p.212]), we have

. [T],O (]
Pr - Jn,(Y,M),(Z*,N*)/(S,L) — On,(Y,M),(Z*,N*)/(S»L)'

1Tsuji [?] defined the log syntomic complexes only in case S = Spec Z,, with trivial log structure. However
the same construction works in general as long as o is fixed.
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Then we define the log syntomic complex Yn(r)(y, M),(2*,N*)/(5,L,0) t0 be the mapping fiber
of
. qlrle
L= v zevnsny — Onwan, v,

In more down-to-earth manner, the degree g-component of Yn(r)m M),(Z*,N*)/(S,L,0) 18

@Ot

J[T]vq
n,(Y,M),(Z*,N*)/(S,L)

M),(Z*,N*)/(S’L

and the differential maps are given by («, 5) — (da, (1 — p411)a — df3). We define the log
syntomic cohomology groups by

H;yn((yv M)/(Sa L,U)7Z/pn(7“)) = H:’;t(yvl"Eﬂn(T)(Y,M),(Z*,N*)/(S,L,a))7
Hy, (Y, M)/(S, L, 0), Zy(r)) := L Hy, (Y, M)/(S, L, 0), Z/p"(r))

and H.  ((Y,M)/(S,L,0),Qu(r)) := H.,((Y,M)/(S, L,0),Z,(r)) ® Q. Note that they

syn R syn
depend on the choice of o.

Let (Y',M'") — (S', L', 0') satisfy Condition ??, and let

Y' M) —— (Y, M)

L

(8", L") —— (S, L)

be a commutative diagram of fine log schemes in which ¢ and ¢’ are compatible. Then there
is the pull-back

f* o Hy (Y, M)/(S, L, 0), Z/p"(r)) — Hey(Y', M) /(S", L', 0"), Z/p" (7))

Proposition 3.5. Ler 0 < r < p. Suppose that (Y, M) — (S, L) is smooth. Let ®,

Hi (Y, w;,f/rs ) = Hy (Y, w3, /s,,) be the o-linear map induced from .. Then there is an

exact sequence

71— 4 1- q>7
o —H I(meY;/S ) —

Hi (Y, M) /(S,L,0), Z/p" (1) — Hip (Yaswi s ) — Hi (Y, wh s,) — -+

syn zar zar

zar

H (Y, wy, /s,) —

Proof. Since (Y, M) — (.S, L) is smooth, it has p-bases locally by Lemma ??. Therefore the
natural morphism (??) is a quasi-isomorphism, and the exact sequence follows. U

If S = Spec V with V' a p-adically complete discrete valuation ring and Y — S'is proper,
the exact sequence in Proposition ?? remains true after talking the projective limit with
respect to n. Indeed, each term is a V/p™V -module of finite length, so that the Mittag-Leffler
condition holds. The author does not know whether it is true for general (S, L).

We attach the following lemma which we shall often use.

Lemma 3.6. For a ring A, let A" .= l&n A/p™ A denote the p-adic completion. Let (S, L)
be a fine log scheme flat over Z,) such that S is affine and noetherian. Let (Y, M) — (S, L)
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be a smooth morphism of fine log schemes such that Y — S is proper. Let (Y, M,) =
(Y,M)®Z/p"Z and (S, L,) = (S, L) @ Z/p"Z. Then

o>k )
Yn/S'n

zar

O(8)" ®o(s) Hiny (Y, w355) — lim Hi, (Y, w

for any k. Note that 0'(S)" is a noetherian ring ([?, Theorem 10.26]).

Proof. For an abelian group M and an integer n, we denote by M|n] the kernel of the
multiplication by n. An exact sequence

o>k DP" o>k o>k
0 — wyjg = Wyjg — Wy /g, — 0

gives rise to an exact sequence

(Vw0 — Hiae (Vo i2f,) — (Vw785 — 0

)
0 H, Y/S zar Y5 /Sn zar e I

zar

of finitely generated &(.S)-modules as Y — S is proper. Therefore the assertion is reduced
to show that, for any p-torsion free noetherian ring A and any finitely generated A-module
M,

(3.3) AN @4 M —» lim M /p" M

where the transition map M /p"*!

(3.4) lim Mp"] = 0

— M /p" is the natural surjection, and

where the transition map M [p"*!] — M [p"] is multiplication by p. The isomorphism (??) is
well-known ([?, Prop. 10.13]). We show (??). Let

0— My — My — M3 — 0
be any exact sequence of finitely generated A-modules. Then
0 — M[p"] — Ms[p"] — Ms[p"| — M /p" — Ms/p" — M3/p" — 0

is exact. Suppose that M;[p"| = 0 for all n. Then, by taking the projective limit, we have

0 —lim Myfp"] — lim, (M, /p") —lim (My/p")

%T Tg

AN @4 M, AN @4 M.

Since A — A” isflat ([?, Prop. 10.14]), the bottom arrow is injective and hence the vanishing
Hm M; [p"] = 0 follows. For the proof of (??), apply this to M3 = M and M, a free B-
module of finite rank.

[l
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3.2. Syntomic symbol maps. We review syntomic symbol maps ([?, p.205], [?, Chapter I
§31, [2, §2.2], [?, p.542]). Let (Y, M) be a fine log scheme which is flat over Z,. We write
(Y, M,)) = (Y, M) ® Z/p"Z as before. Suppose that {(Y,,, M)}, — Spec Z/p"Z satisfies
Condition ?? where Spec Z/p"Z is endowed with the trivial log structure, the identity as the
Frobenius and the canonical DP-structure on pZ/p"Z. For a sheaf M of monoid, we denote
by M#P the associated sheaf of abelian group.

For 0 < r < p, there is the natural map

(3.5) LYo, M%) — Hy, (Y, M), Z/p"(1))

syn

where we omit to write “/(Spec Z/p"Z, (7Z/p"Z)*,id)” in the notation of the syntomic co-
homology or syntomic complexes in below. This is defined in the following way. We define
the complex C,, as

Cp = (1+Jp, — M}) (1+ Jp, is placed in degree 0),
where M} denotes the associated sheaf of abelian groups. We define the map of complexes
s Cny1 — Lu(1)(vam) (2#,8%)
as the map
sO 14 JBLH — JBL, a — log(a)
in degree 0, and the map
sl - M%I;Jrl — (ﬁDn ®ﬁzn w}n) D ﬁDn
b — (dlog(b)apil log(bpgpn-‘rl(b)il))

in degree 1. Here ¢,,41(b)b? belongs to 1+p0p,, ,, and the logarithm p~! log(bP¢,41(b) 1) €
Op, is well-defined. One easily verifies that the maps s° and s' yield a map of complexes.

Since there is a natural quasi-isomorphism C,, 1 = MS?,[—1], the map s induces a mor-

phism ([?, (2.2.3)])

ME (1] — (D) vim) (z#8%)

in the derived category, and hence (??) is obtained.
Now suppose that M is defined by a divisor D C Y. Let U := Y \ D. Then we have
Me#P = j,0};, and obtain a map

(3.7) OUni1)" — Hg, (Y, M), Z/p"(1)).

syn

This map and the product structure of syntomic cohomology give rise to a map

(3.8) [=lsyn + K (O(Uni1)) — Hiy (Y, M), Z/p"(r))

T syn

for 0 < r < p—1/(cf. [?2, Proposition 3.2]), which we call the syntomic symbol map.
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3.3. Comparison of Symbol maps for U/S with Syntomic symbol maps. Let /W = W (k)
be the Witt ring of a perfect field k of characteristic p > 0, and K the fractional field. Let £y,
be the p-th Frobenius on W or K. We omit to write “/(Spec W, W*| Fy,)” in the notation of
syntomic complexes or syntomic cohomology, as long as there is no fear of confusion, e.g.

Hio (Y. M), Z/p"(r)) = Hyy (Y, M)/ (Spec W, W™, Fy), Z/p"(r)), ete.

syn syn

For a flat (log) W-scheme X, we write Xy := X ®u K and X,, := X ® Z/p"Z as before.

Let () be a smooth affine scheme over W, and T a reduced relative simple NCD over V.
Let Y be a smooth scheme over W and let

[iY —0Q

be a projective morphism that is smooth outside f~!(7T"). Let D C Y be a reduced relative
simple NCD over W. Put S := Q\T and U := Y \ (DU f~(T)). Let L be the log structure
on () defined by 7', and M the log structure on Y defined by the reduced part of DU f~1(T).
We then suppose that the following conditions hold.

e U and S are affine.

e The divisor DU f~!(T) is a relative simple NCD over W and DN f~1(9) is a relative
simple NCD over S.

o f:(Y,M)— (Q, L) is smooth.

e There is a system 0 = {0y, : (Qm, Lim) = (@Qm, Lin) }m of p-th Frobenius endomor-
phisms compatible with Fyy.

e Assumption ?? holds for U/S, namely the i-th relative rigid cohomology sheaf
R frig jg]ﬁU%n is a coherent jgﬁggg—module for each 7 > 0 (this implies the com-
parison isomorphism (??) by Remark ?? (2)).

Theorem 3.7. Under the above setting, let w;,/Q (resp. wy, JOm ) denote the de Rham
complex of (Y, M)/(Q, L) (resp. (Yo, M) /(Qm, L)) Let 0 < n < p — 1 be an integer

which satisfies H ”(wiﬁfém) - H "“(w}z,ggm) = 0 for all m > 0. Then the following
diagram is (—1)"-commutative,
(3.9
Ka(0U))
~lu/s [~]syn
Ext'(0s, H*(U/S)(n + 1)) HG (Y, M), Zy(n + 1))
Ry
() @o(si) Hin (U / Sk) HEEH (Y. M)/(Q. L,0), Zy(n + 1))
n >
O(S)k ®osi) Hir(Uk /Sk) 0(Q)" ®o@) Hy (YW g)-

Here the extension group is taken in the category Fil-F-MIC(S, o). See (2?) and (??) for
the definitions of the symbol maps [—|u/s and |—|sy, and see (2?) for R,. The isomorphism

1 follows from Proposition ?? and Lemma ?? under the assumption H ”*1(w§”75 ) =0.
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To prove Theorem ??, we prepare for three lemmas.

Lemma 3.8. Let V' = Spec C be a smooth affine W -scheme. Let 0 = {0, : C,, — Cy, },,
be a compatible system of p-th Frobenius. Let V(R) = Homy, (Spec R, C') denote the set of
R-valued points for a W-algebra R. Put W,, :== W/p"W. Then for any a; € V (W), there
is a unique W -valued point a = (a,) € V(W) = lim V(W) which makes the diagram

Spec W,, —~=V/,

FWl L

Spec W, LN VS
commutative for all n.

Proof. For a,, € V(W,), we define ¢(a,) to be the morphism which makes the following
diagram commutative

Spec W,, —>V/,

ijE Lo'n
o(

an)

Spec W,, —=V,,.

One easily verifies that ¢(a,) is a W-morphism (i.e. ¢(a,) € V(W,,)), and commutes with
the reduction map p,, : V(W,,) — V(W,,_1). Put

VWb, = {an € VIW,) | pn(an) = bu1}

for b,_; € V(W,,_1). This is a non-empty set as the reduction map p,, is surjective (formal
smoothness property). We claim that a map

¢ VWa)ous = V(W) (b1

is a constant map. Indeed, let C,, = W,,[t1,...,t,]/I. One can write o, (t;) =t + pfi(t).
Let a,, be given by t; — «;. Then ¢(a,,) is given by the ring homomorphism

ti — Fit(of + pfla,...,an)) mod p"W.

which depends only on {«; mod p" '}, namely on p, (a,) = b,_1. This means that ¢(a,,)
is constant on the set V' (IW,,);, ..

We prove Lemma ??. We have shown that if b, € V(W,,_;) satisfies ¢(b,_1) = b,_1,
then ¢™(a,,) = ¢(a,) for all a,, € V(W,,),,_, and m > 1. Let a; € V(W) be an arbitrary
element, and take an arbitrary sequence

(a1,¢0y ... Cpy...) € @V(Wn) = V().
Since ¢ is the identity on V (17;), one has ¢?(c3) = ¢(ca) as co € V(Wa)qa,. Then ¢3(c3) =

$*(c3) as ¢(c3) € V(W3)p(cep)- Continuing this, a,, := ¢™ !(c,) satisfies that ¢(a,) = a, in
V(W,) and p,(a,) = ¢" (ca1) = 0" 2(cph_1) = an_1 € V(W,_1). Hence the sequence
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{an}n defines a W-valued point a = (a,,) € V(W) which makes a diagram

Spec W,, —~V/,

ij L

Spec W,, -~ V/,.

commutative for all n > 1. We show that such a is unique. Suppose that another W -
valued point ' = (aq,d),...,al,...) makes the above diagram commutative. This means

'

¢(ay,) = a, forall n > 1. Since ¢ is a constant map on V(W) , the point a;, = ¢(ay,) is

uniquely determined by a],_,, and hence by a;. Therefore o’ is uniquely determined by a;,
which means a = d'. 0

Lemma 3.9. Suppose that k = W/ pW is an algebraically closed field. Let V = Spec C
be a smooth affine scheme over W. Let C be the p-adic completion, and CK =C Qw K.
Let Hy be a locally free CK module of finite rank. Let {FP,}.cv k) be a set of W-valued
points of V' such that each P, € V(W) is a lifting of a € V (k). For an element x € Hg, let
z|p, € K(P,) ®c, Hr denote the reduction at P, where k(F,) = K is the residue field. If x
satisfies x|p, = 0 for all a € V(k), then x = 0.

Proof. Since there is an inclusion Hy — FEx into a free @K module of finite rank which
has a splitting, we may replace Hx with Ex and hence we may assume that H is a free

CK module Then one can reduce the proof to the case of rank one, i.e. Hx = C’K Let
S CK satisfy m[ p, = 0 for all P,. Suppose that x # 0. There is an integer n such that
z € p"C \ p"™'C. Write z = p"y withy € C \ pC that satisfies y|p, = 0 for all a € V (k).

Then y is zero in C / pC’ C'/pC by Hilbert nullstellensatz, namely y € pC This is a
contradiction. O

Lemma 3.10. Let Y be a projective smooth scheme over W, Dy a relative NCD in'Y over
W. Let M be the log structure on'Y defined by Dy, and put U =Y \ Dy. Then there is a
canonical isomorphism

(3.10) et Hip, (Y, M), Qp(5)) — Hiigagn (U, Qp(5))-

syn rig-syn

Moreover, a diagram

(3.11) KM(OU))

2

(s
I'egrigrsyn l \

rlg syn(U Qp( )) Hslyn(<y7 M),Qp(l))
is commutative.

Proof. Write Uy = U xyw K and (Yx, Mg) = (Y, M) xw K. There is a canonical
isomorphism

. ~U 117 1- 7j¢crys
Rfiog—syn(Uv Qp(])) = Cone[FlljRﬂog—dR((YK7 MK)) P—> erog—crys((yvla Ml)/K>] [_1]
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arising from (??) (see also Proposition ??) where ¢,y is the p-th Frobenius which is defined
thanks to the comparison of log de Rham and log crystalline cohomology. There is also a
canonical isomorphism ([?, Remark 8.7, 3])
. .17 1- _jd)rig

(3.12) RIigsyn (U, Qp(4)) = Cone[Fil RIyr (Ux /K) ERERCLN RIig(Uy/E)][—1]
where ¢,i, is the p-th Frobenius which is defined thanks to the comparison of the algebraic
de Rham cohomology and the rigid cohomology. Now, the isomorphism c is induced by the
comparison morphism between the rigid and the log crystalline cohomology [?] and the one
between the de Rham cohomology and the log de Rham cohomology.

By the construction, c is compatible with respect to the cup-product and the period map to
the etale cohomology,

Hp (U, Qp(4)) - Hiig-syn (U, Qp (7))

H, (U, Qp(7))

where pgy 18 as in [?, §3.1], and prigeyn 1s as in [?, Corollary 9.10]. Moreover both of
Psyn © [~Jsyn and prig.yn © T€E, ., agree with the etale symbol map ([?, Proposition 3.2.4],
[?, Corollary 9.10]). We show the commutativity of the diagram (??). Thanks to the com-
patibility with respect to the cup-product, one can reduce the assertion to the case ¢ = 1,
namely it is enough to show that for f € &(U)* an element u := c[f]syn — reg,, on(f) is
zero. There is an exact sequence

0— HY (U /K) —= H}Y, (o (U,Qy(1)) = Fil' i (Ux /K)

rig-syn

from (2?). By the construction of ¢ and the definition of [—|sy, in (??) and [?, Def.6.5 and
Prop.10.3], one has h(u) = df / f —df / f = 0. Therefore u lies in the image of Hx (U /K).
We claim that the composition of the maps

Hp (Ure /) — H} (U, Q,(1) 522 HY (U, Q,(1))

is injective. We may assume that U is connected. Moreover we may replace W with W (k),
so that we may further assume that U has a 1¥-valued point. Then HJ; (U /K) = K and
the injectivity can be reduced to the case U = Spec W, which can be easily verified. We turn
to the proof of u = 0. It is enough to show pig.syn(u) = 0. However

Prigsyn(U) = prig-Syll(regrig—syn(f>> — Prig-syn (C[f]syn)
= prig'syﬂ(regrig—syn(f)) - psyn([f]syn) = [f]ét - [f]ét =0

where [—| is the etale symbol map, so we are done. U

(Proof of Theorem ??). By replacing W with W (k), we may assume that k is an algebraically
closed field. We fix a p-th Frobenius ¢ on &(U)' compatible with o. Recall the diagram
(??). Let& € KM (0(U)), and let

(vs; (E)sym € O(S)k ®o(sy) Hin(Uk /Sk)
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be the elements sent along the diagram in counter-clockwise direction, clockwise direction
respectively. We want to show (£)y/s = (—1)"(§)syn. For a closed point a € S;(k), we take
the unique lifting P, € S(W) as in Lemma ??. By Lemma ??, it is enough to show

(©vssle, = (E)synlp. € K(Fa) @5, Hig(Uk/Sk)

for every a where k(P,) = K denotes the residue field of P,. Therefore, to show the (—1)"-
commutativity of the diagram (??), we may specialize the diagram at F,, so that the proof
is reduced to the case (@, L, o) = (Spec W, W* | Fy,). Summing up the above, the proof of
Theorem ?? is reduced to showing (—1)"-commutativity of the following diagram,

(3.13) KM, (0U))
Ext'(W, HY(U/W)(n + 1)) HIAY(Y, M), Zp(n + 1))
%ldﬁpw %’]
Hi (Uk/K) Hy, (Y, Q5 )y (log D)).

Here Y is a projective smooth scheme over W, D a relative NCD over W, U = Y \ D and
M is the log structure on Y defined by D. The extension group is taken in the category of
Fil- F-MIC(Spec W, Fy).

To compare [—]y/w and [—]sm, we use the explicit formula for [—]y/y (Theorem ??) and
the theory of rigid syntomic regulators by Besser [?]. Consider a diagram

(3.14) KM (0U))

[—Jsyn
regy,/w Te&rig-syn

HEL (U, Qy(n + 1))~ HEL (Y, M), Zy(n + 1))

rig-syn syn

=g N]

Hip (Uk/K) Hy (Y, 5y (log D))

zar

(="

Hig (U /K)

where regy; y := ¢ry, © [~]uyw. Here the isomorphism i follows from [?, (8.5)] and c is the
canonical isomorphism (??) in Lemma ??. The commutativity of the right upper triangle is
proven in Lemma ??, and that of the right lower square is immediate from the construction
of c. We show the commutativity of the left. Let £ = {ho,...,h,} € KM (O(U)). Then
using [?, Def.6.5 and Prop.10.3] one can show that

(3.15)
= - RPN ([ dho\? dhi_1\?*  dhi dh,,
g n(8) = D (~1)'p" los (17) (h_) e ( h ) N VN
i=0 7 0 1—1 i+1 n
3 1 n n n—1 ~ n n—1 . . .
under the inclusion Hig (U /K) < Q) /dY -0 = QA}(/K/dQA}(/K in a similar way

to the proof of [?, Cor. 2.9]. This agrees with (—1)"reg;; ;y(£) by Theorem ??, and hence the
commutativity of the left square follows. This completes the proof of (—1)"-commutativity
of the diagram (??), and hence Theorem ??.
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4. p-ADIC REGULATORS OF K5 OF CURVES

For a regular scheme X and a divisor D, let (X, D) denote the log scheme whose log
structure is defined by the reduced part of D.

4.1. Symbol map on K, of a projective smooth family of curves. Let p > 2 be a prime
and let 1 be the Witt ring of a prefect field &k of characteristic p. Put K = Frac(W) the
fractional field. Let Fj; be the p-th Frobenius on 1. Let () be a smooth affine curve over
W,and T' C () a closed set that is finite etale over W. Put S := @ \ 7. Let Y be a smooth
quasi-projective surface over W, and let

f:Yy —aq@

be a projective surjective W -morphism such that f is smooth outside F' := f~!(T), and
the fibers are connected. Let D C Y be a reduced relative simple NCD over IV. Put
X :=f1S) =Y\F,Dx :=DnNnXand U := X \ Dy. Suppose that the following
conditions hold.
i) There is a system 0 = {0, : (Qn,Tn) — (Qn,T,)}n of p-th Frobenius endomor-
phisms compatible with Fyy, where (X,,, M,,) := (X, M) ® Z/p"Z as before.

ii) The divisor D + F'is a relative simple NCD over W, and Dy is finite etale over S.

ii1) The multiplicity of each component of ' is prime to p.

iv) Assumption ?? holds for U/ S} the i-th relative rigid cohomology sheaf R'u,i, j(T] Oran
is a coherent jgﬁsz;(n—module for each ¢+ > 0, where u : U — S (this implies the
comparison isomorphism (??) by Remark ?? (2)).

Here is the summary of notation,

F DUF
X -« > Y < > U

(4.1) | |7

S<L .0
where the notation above — shows the complement of the subscheme.

The following lemma provides a sufficient condition for that the condition iv) holds.

Lemma 4.1. Let C' be a smooth affine curve over W and v : V. — C' a smooth W -
morphism. Suppose that there is a commutative square

where — are open immersions, that satisfies the following.

o C (resp. Z) is a smooth projective curve (resp. a smooth projective scheme) over W.

o Put Z := g~ Y(C). Then Z — C is projective smooth.

o PutT' := C\ C. Then T' is finite etale over W, Z \ V is a relative simple NCD over
W, and Z \ 'V is a relative simple NCD over C.

o The multiplicity of an arbitrary component of g~ (T") is prime to p.
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Then Rivrig j‘T/ ﬁvﬁn is a coherent jgﬁc;x(n -module for each v > 0.
Proof. The conditions imply that the morphism
g:(Z,Z\V)— (C,T)
of log schemes is smooth, so that V/C'is adapted to Setting ??. Therefore Rivrig j‘T/ ﬁ’vﬁn s a

coherent j(Tj Ocz»-module for each i > 0 by Proposition ??. U
We turn to the setting (??). We have the symbol map

[—loys KNOWU)) — Ethlfil-F—MIC(S)(ﬁ& HY(U/S)(2))

by Theorem ??. We omit to write the subscript “Fil-F-MIC(S)” in the extension groups, as
long as there is no fear of confusion.

Lemma 4.2. The following diagram is commutative,

K} (0(U)) . 0(Dx)"

[_}U/Sj l[]DX/S

Ext!(0s, H'(U/S)(2)) === Ext!(0s, H(Dx /S)(1)).

Here, the right vertical arrow is the symbol map defined in Theorem ??, and O is the tame
symbol which is defined by

(@) fordDX (g)
gordDX (f) Dy

Proof. We first note that K37(&(U)) is generated by symbols {f, g} with ordp, (f) = 0.
Suppose ordp, (f) = 0, namely f € &(U U Dx)*. The natural morphism

p: Cone[Lbg f(1) — ZLog(g)] [=1] — Zog f(1)

and the residue map induce the following commutative diagram
4.3)

0—— HY(U/S)(2) My, (U/S) s — = H2(U/S)(2)

| | | |

Os —— H'(U/S)(2) —— H' (Lg f(1)) — H'(U/S)(1) —— H*(U/9)(2)

L Res l Res l Res l Res

0 —— H(Dx [8)(1) — H" (Zog f|Dx) — H'(Dx/S) —"% H'(Dx/$)(1)

“2) 0+ {f,g} > (—1)Px (Nordoy

with exact rows where 67,4(1) = df dg ,0p(1) = % and 67 p, (1) = 7|Dx' The maps “Res”s
are residue maps appearing in the Gysm exact sequence; as for the middle one, we are
considering the Gysin exact sequence with coefficient in Zog(f)(1) which is constructed in
the same manner as Proposition ??. We show that p’ agrees with the map d, : 1 — %g. Let
[A — B] denote the complex

-—0—A—B—0—---
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with A placed in degree zero. Consider a commutative diagram

o

[Zog(f)ar — £09(9)ar] — [L09(f)ar/Ove—2 — L0g(g)ar] — [0 — Oy, ]

[-Zbg(f)ar — 0] [Zog(f)ar/Ovye—2,5 — 0]

of complexes in Fil-F-MIC(U) where the two horizontal morphisms on the left-hand side
are the canonical surjections and the vertical ones are the projections. Under the identifica-
tion 20g(f)ar/Ov,e—2,r = O, (Which sends e ¢ to 1), the homomorphism p’ is nothing
but the connecting morphism arising from the extension 0 — Oy, — 209(9)ar — Ov, —
0. This means p’ = d,.

Since the composition Res o p’ is multiplication by ord(g), the diagram (??) induces

[ﬁUK — O} ,

44  0—— H\(U/S)(2) My ,(U)S) s —22 H2(U/S)(2)
L Res j j ordp (9) lRes
0 — HO(Dy/S)(1) —= H® (Lo f|Dy) — O, —= H'(Dx/S)(1).

Now we show the lemma. Let £ € K} (0(U)) N Ker(dlog) be arbitrary. Fix t € 0(U)*
such that ordp, () > 0. Replacing & with m& for some m > 0, one can express

E={ft}+ Z{uj,vj}

with ordp, (f) = ordp, (u;) = ordp, (v;) = 0. Then (??) induces a commutative diagram

4.5) 0—— HY(U/S)(2) M¢(U/S) Os, 0
L Res j l ordp (t)
0 —— H(Dx/S)(1) — H° (Zbg f|Dx)’ Osy 0.
Since the tame symbol of £ is f|p,, the assertion follows. U

Proposition 4.3. Let K (0(U))s=o be the kernel of the tame symbol 0 : KY'(0(U)) —
O(Dx)*. Then the symbol map |~y /s uniquely extends to

(x5 : K3'(O(U))og—o — Ext' (05, H'(X/5)(2)) .

Proof. Let N be the kernel of the connecting homomorphism H°(Dx /S)(—1) — H?*(X/S)
in the Gysin exact sequence. Since H]?ig(D x/S) is an overconvergent F-isocrystal on S of
weight 0, the weight of N, is —2 and therefore we have Hompj. r_ mic(s) (ﬁs, N (2)) =0.

This shows that the Gysin exact sequence induces an exact sequence
0 — Ext' (05, H'(X/S)(2)) — Ext' (05, H'(U/S)(2)) — Ext' (05, N(2))

where the extension groups is taken in the category of Fil- - MIC(S). Now the construction
of [—]x/g is immediate from Lemma ??. O
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Lemma 4.4. Let

HE, (Y, F), Zy(r) = 1#1 H, (Y, F), Z/p"(r))

denote the syntomic cohomology with coefficients in Z, where we omit to write “ /| (W, W >, Fy,)”.
Then the syntomic symbol map [—|syn induces a map

Ry (0(U))o—0 — H

syn

(Y, F), Zy(2)),

which we write by the same notation. When Q = S = Spec W (F = (), this is compatible
with the regulator map by Besser [?] (or equivalently by Nekovdr-Niziol [?]), which means
that a diagram

KM O(U))gmo 2 H2, (Y, Z,(2))

syn

| |

regrig—syn
KQ(Y)(2) rlg syn(Y @p( ))

is commutative where K;(—)) C K;(—) ® Q denotes the Adams weight piece.

Proof. To show the former, it is enough to show that a diagram

(4.6) KM (6(U)) 2 0(D*)*

[lsyn l L [Jsyn

H2.((Y, D+ F),Z/p"(2)) === HL.((D,D N F),Z/p"(1))

syn syn
is commutative. Then the required symbol map is induced from an exact sequence

0— H2 (Y,F),Z/p"(2)) = H2 ((Y,D+F),Z/p"(2)) — H. ((D,DNF),Z/p"(1)).

syn syn syn

To show the commutativity of (??), it is enough to check [0(§)]syn = Res([{]syn) for an ele-
ment & = {f, g} € K} (0(U)) suchthatordp, (f) = 0. One has [0(&)]syn = [(f| Dy )2x D]y =
ordp, (9)[f|py]syn- On the other hand, one has

Res([floyn U [glsyn) = [flsynlpx U Res'([glsyn) = Res'([g]syn) [f1DxJsyn

where

1 n 0 n _ n
By the construction of [—]s, in §??, one can verifies Res'([g]syn) = ordp,(g). Hence
[0(€)]syn = Res([¢]syn) as required.

When @Q = S = Spec W, the latter assertion can be derived from Lemma ?? as H2 (Y, Q,(2)) =
Hiz(Yx/K) — H2 ((Y,D),Q,(2)) = Hiz (Uk/K) is injective. O

syn
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Theorem 4.5.
Ky (O(U))o=0
/s N‘\
Ext! (s, H'(X/S)(2)) HZ, (Y, F), Z,(2))
Rs | (27
0(8)k ®os) Hip(X/5) H2 (Y, F)/(Q,T,0),Z,(2))
O(9)k ®o(s) Hig(X/S) 0(Q)" ®o(q) Hyu (Y wy0)

is (—1)-commutative where the extension group is taken in the category Fil-F-MIC(S, o)
and wy, , is the log de Rham complex of (Y, F') /(Q, T).

Proof. Noticing that Hi; (X /Sk) — Hiz(Ux/Sk) is injective, one can derive the (—1)-
commutativity from Theorem ??. U

4.2. Syntomic regulators of K of Elliptic Curves with 3-torsion points. Let
fo: Xg — Sg = SpecQ[t, (t —t*) 7]
be a family of elliptic curves given by a Weierstrass equation
y? = 2® 4+ 3z +4(1 — 1))
This is the universal elliptic curve over the modular curve X;(3) = ]Pﬂb with 3-torsion points
(x,y) = (0,£4(1 — ¢)) and = = oco. The j-invariant of the generic fiber X, is
3
ooy~ T2
Let p > 5 be a prime. Let W = W (F,) be the Witt ring of the algebraic closure F,, and
K = FracW the fractional field. We define an elliptic fibration
4.7) f:Y — Py (1)

over the projective line in the following way. For o € W U{oo}, let P, denote the 1V-valued
point of PJ;(¢) given by t = a. Let Sy = Spec W[t] C P}, (t), and Yj the subscheme in
P%, xy Sy defined by a homogeneous equation

XIXo = X} 4+ Xo(3X1 +4(1 — 1) X,)?

where (X, X1, X5) denote the homogeneous coordinates of P%,. We set z = X;/X, and
y = X/ Xo. Let fy : Yy — Sy be the natural morphism. The singular fibers are f; '(P,) and
fo'(Py), and their singular points are By = {(z,y,t) = (—4,0,0)} and R, = {(x,y,t) =
(0,0, 1)} respectively. The scheme Yj is non-regular only at the point R;. The fiber f; *(P)
is the Neron 1-gon, in particular, it is not a simple NCD. Let 170 — Y| be the blowing-up at
{Ry, R1}, and then we have an elliptic fibration

J?oiffo—hgo
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that satisfies the following.

° }70 is smooth over .

e The singular fiber ﬁ]—l(PO) 1s a non-reduced curve with two components whose mul-
tiplicities are 1 and 2, and the reduced part %’1(P0)red is the Neron 2-gon over W,
say fo ' (Py) = Z + 2E.

e The singular fiber }B_I(Pl) is the Neron 3-gon over W, say %_I(Pl) = I+ Fy+ Fs.
Next, let s = 1/t, z = s’z and w = s3y. Then the Weierstrass equation of the generic fiber
of fo turns out to be w? = 23 + s%(3z + 4s(s — 1))2 Let Su := Spec W]s, (1 — s)~1]. The
homogeneous equation

X2Xo = X+ 52 Xo(3X, +4s(s — 1)X0)?, 2z=X/Xo, w=X3/X,

defines a subscheme Y,, C IP’%V Xw Ss and a projective flat morphism f, : Yo — Se.
The singular fiber is ' (Ps,) with one singular point R., = {(z,w, s) = (0,0,0)}, and the
scheme Y, is non-regular only at R .. It is a standard exercise to resolve it. Namely, 4-time
blowing-ups Y, — - -+ — Y provides an elliptic fibration

foo Yo — Soos
and it satisfies the following.

° }700 is smooth over .

e The singular fiber f_'(P,) is the (non-reduced) curve of Kodaira type IV* over W,
say [l (Ps) = Cy + Cy + Cs + 2B + 2E, + 2E5 + 3F (e.g. [2, IV, Fig.4.4]). This
is a relative simple NCD over W.

We define the fibration (??) to be
F:Y =YUYe — PL(2).
Let Q :=PL \{P,P.} DS =Py \ {Py, P, Px,}and put Y := f~1(Q), X := f~1(S).
Letc € 1 +pW, and let 0 = {0, : (Qn,Porn) — (Qn,Pon)}n be the system of p-th
Frobenius endomorphisms given by on(t) = ct?. Let D+ C Y be the closure of sections
(z,y) = (0,£4(1 — t)) and Do the closure of the infinity section z = oco. Put D =
D,.UD_UDy,D=YND,Dx =DNXandU = X \ Dx. By the construction of f,
one sees that the following holds.
e Each component of D defines a section of f (and hence is isomorphic to P};).
e In the fiber f _1(P0) = Z + 2F, D meets only with Z, and each intersection is
transversal. o o o
e In the fiber f~! (Py), D, meets only with F;, D_ meets only with F5, and D, meets
only with F3. Each intersection is transversal. o
e In the fiber f~!(P,), D, meets only with C}, D_ meets only with C5, and D,
meets only with C's. Each intersection is transversal.
Now the data (Y/Q, S, D, o) satisfies the conditions i), ..., iv) in the beginning of §?? (note
iv) follows from Lemma ??).

Let B (resp. BT) denote the p-adic completion (resp. the weak completion) and write
By := B®w K, Bl. :== B' @y, K as before.
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We consider a Milnor symbol

“8) ¢ = {y_i:;(_li(;_t)>y+3§;r_4g_t)} e KM(oU)).

It is a simple exercise to show 9(£) = 0 where 0 is the tame symbol (??). Hence we have a
1-extension

(€]x/s € Ethl?ﬂ-F-MIC(S) (ﬁs, H1<X/S)(2))
by Proposition ??. Put h = 3z + 4(1 — t). One has

dlog(§) = dlog (_3(1;1)) A\ dlog (8(y1+—ht)>

_dy—dh/\dy+dh+ dt N dy —dh  dy+ dh
- y—h y+h t—1 y—h y+h

—E(dy/\das—idwdwr Y dx/\dt) (by y* — h% = &%)

a3 t—1 t—1
3dt  dz 9
Hence it p
T

by Theorem ?? (??). The purpose of this section is to describe
reg()s(¢) € B ® Hig(Xx/Sk)
in terms of the hypergeometric functions

o Fy (aib5t) _ i (Z)‘n (Z)!"t"

n=0

where (a),, := a(a +1)---(a +n — 1) denotes the Pochhammer symbol. Put

d d
4.9) w = —x, n = rae
Yy Y

a By-basis of HJg(Xx/Sk). Let

and put

. 1 dz .o dx xdx
(4.10) W : ORTR n:=4(1—t)(F(t) + 3tF'(t)) ) + F(t) o
a K((t))-basis of K((t)) ® Hjr(Xk/Sk). Let A := SpecW][[t]] — P}, (¢) and O :=
Spec W([[t]]/(t) — A. The fibration & := f~!'(A) over A is a Tate elliptic curve with
central fiber f~1(0) = F = Z + 2E. Let q € tW/[[t]] be the Tate period of &/A which is
characterized by
27(1+ 8t 1
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-
1= 57t g3 213 81

Let w5 be the de Rham complex of (&, F)/(A, O). Thanks to the fundamental theorem
on log crystalline cohomology by Kato, we have the canonical isomorphism

Hziar(g7 w;’/A) = Hérys((gh Fl)/(A7 O))
([?, Theorem 6.4], see also Proposition ??) where (&,,, Z,,) = (&, Z) ® Z/p"Z as before.

( 1 250289 , 5507717 , 25287001 , )
2 — £+ ).

Proposition 4.6. Let V : K((t)) ® Hiz(Xk/Sk) — K((t))dt ® Hix(Xx/Sk) be the
Gauss-Manin connection. Then

dt dt 4dt dt
4.11 S PR - =W+t —
o dg _ .

Let L := Frac(W([t]]). Then {3@, 37} forms the de Rham symplectic basis of L @y
HL (&, wg /) in the sense of §?2. Moreover W and 1] lie in HL (&, WE/A)-

Proof. One can derive (??) from the well-known formula on the Gauss-Manin connection
for an elliptic fibration (e.g. [2, p.304], [?, Theorem 7.1]). We show that {3, 17} forms the
de Rham symplectic basis. Then (??) follows from Proposition ??. Firstly, thanks to (??),
one can directly show

B dt
C12(12 — ) F(t)
where we note that the hypergeometric function F'(t) satisfies t(1—¢)F" (t)+(1—2t)F'(t) —
%F(t) =0 (e.g. [?, 16.8.5]). Let {qr, ar } be the de Rham symplectic basis. Then

(4.13) V(@)

@7, V(@) =0

R dqg .
(4.14) V(@ar) = ;q ® Nar,  V(7ar) =0

by Proposition ??. Since ker(V) = K, we have 7 = aijgr for some a € K*. Since @ and
Wqr are regular 1-forms, there is a h € L™ such that & = hgr. We then have

- ~ ~ ~ ~ dg
V(@) = V(hGar) = dh @ Gag + hV (@qr) = dh @ Dar + h;q D Tun.

By (??), h = bis a constant. Let G,,, = Z \ (Z N E) be the reduced regular locus of F" and
i : G, — & the inclusion. Put vy = y/(z +4) and u = (ug — v/—3)/(uo + +v/—3). Then
Gy, = Spec Wu,u™'] and

~ L [d d e~
7% = 2V 3i* (—x) =22 = %G
Yy u
This shows W = 2Wqr. By (??) and (??), we have

dt
1262 — ) F(1)?

Take the residue at ¢ = 0, and then we see a = 2.

N d . . d -
®n:2?q®ndR:2a lzq@m.
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There remains to show ©,7 € H,, (&, ws / A)- It is straightforward to see that dz/y €
I'(&,wg ), so that one has W € I'(&,w}/5). The Gauss-Manin connection induces a
connection

. dt .
V: Hzlar(éavw@m/A) — 7 ® Hl (g7w£/A)7

and one has from (??)
d d dt
d—q@ = u(t) - tafu, where u(t) := t’lqd—q e WI[t]]"

(note that T {[q]] = W[[t]]). This shows j € H., (&, wg 5 )- This completes the proof. [

n=q

Proposition 4.7. Let ¢ € 1 4+ pW and let o be the p-th Frobenius on EK defined by
o(t) = ct?. Let ® be the o-linear Frobenius on H), (&, wg/a)- Put

zar

27q

o - q" _ _ _ ;
7(t) = p~ ' log (?) = —p ' 1og(277 " ¢) + p~Hlog(gp/45), (qo = T)

where log : 1+ pW/|[t]] — W([t]] is defined by the customary Taylor expansion. Then
~ ~ ~ o~ P 0
@@ @)= @ 1) (o 1)

Proof. Note W|[[t]] = W][q]]. This is a special case of Theorem ?? in Appendix. O

Let £ be the symbol (??). Let o : BT — BT be the p-th Frobenius defined by o(t) = ct?.
Let

0 — Hir(X/S)(2) — M(X/S) — Os — 0
be the 1-extension in Fil-F-MIC(S, o), associated to [¢]y/s. Let e¢ € Fil’Me(Xx/Sk)ar
be the unique lifting of 1 € 0(Sk). Define ¢;(t), E;(t) by
(4.15) regy)s(&) = ec — ®(eg) = e1(t)w + ex(t)
(4.16) = E1(t)@ + Ex ().
It follows that ¢;(t) € B}(. By (??), one immediately has

B
~F(t)

4.17) ei(t) FA(L— £)(F(t) + 3tF (1) Ea(t),

(4.18) eqo(t) = F(t)Eo(t).
The power series F;(t) are explicitly described as follows.

Theorem 4.8. Let £ be as in (2?). Put v = (—1+ /—3)/2. Then E\(t), Ex(t) € K][[t]]
and they are characterized by

d B dt LD ldt? B
@i GE0=-3(Fo; - PO ) B =0
/ —1 j40
(4.20) Loty = B )L —3P@) 0P By0) = —omP (—v).

dt q to —1’
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Proof. Apply V on (2?). By Proposition ?? together with the fact that &V = V®, one has

(4.21) Viee) — ®(V(eg)) = dE1(t) @ @ + (El(t)% - dEz(t)> 7).
Since
dt d dat
V(ee) = ~dlog(€) = —3——® f = —3F(t) = ©0

(cf. (2?2)), the left hand side of (??) is

—3F(t )ti QU+ 3p! (F(t)i) ®p tO(D)

1 t—1
dt ~ Up_l ~ (0) (1) ..
:—3F(t)ﬁ®w+3F(t) 1 ® (0 —7'9(t)n) (Proposition ??)
dt pdt® . pldt
= — F(t)— — F (1) —— — 3F(1)° (o)
3 (P77 - PO ) 00 - 3P0 05 o1
Therefore one has
d dt pdt°
4.22 —Ei(t)=-3(F(t)—— — F(t)°
@2) B0 =3 (P02 - ot )
and
d q p~ldte
4.23 —BEy(t) = =By ()~ — 3F(t)°7)(t :
(4.23) 7 5(t) 1()q (t) ()t(,_l

The differential equation (??) implies that El( ) € K[[t]|n By. It determines all coefficients
of E(t) except the constant term. Note 7(?)(¢t) € W/[[t]]. Taking the residue at ¢ = 0 of the
both sides of (??), one concludes F;(0) = 0. We thus have the full description of E(t).
Since B, (t) € tK[[t]], the differential equation (2?) implies that F»(t) € K|[[t]] N Bg, and it
determines all coefficients of F(t) except the constant term.

The rest of the proof is to show Fy(0) = —9 1n§p )(—y). To do this, we look at the syn-
tomic cohomology of the singular fiber F'. Recall that F' has two components Z, E/ and the
multiplicity of Z (resp. E) is 1 (resp. 2) The reduced part Fi.q = Z U E is a Neron 2-gon,
and the divisor D intersects only with Z. Let F) be the simplicial nerve of the normalization
of Fleq. Letip, , : Flea = & and letip, : I, — & . There is a commutative diagram

-k
(328

Syn(@”’lZ p(2)) HZo (Fy, Z,y(2)) HART/W)
vo (Han((&,F)/(A,0,0), Z,(2)) Hzar(_*,ﬁa)
%T . /

Fred)

zar g w(?/A) = Hzlar(Fred?w;”/A
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Frea — ﬁF* and Q;;s* —

Or.. By Theorem 22, reg'?) (€) is related to []syn € HZ, (&, Z,(2)) as follows,

X/ syn
(4.24) po([lsyn) = —E1()B — Ea(t)7) € H,, (8,05 ).
To compute E5(0), we shall compute the both side of
4.25) (0 013 )([Ehwn) = ~Ea(0) (o 5, ) (7)€ Hl(F. O,)

Let zo = y/(x + 4)|z be a coordinate of Z = Pj;,. Let Ry, R be the intersection points
of Z and £ given by 2z, = +/—3, —+/—3 respectively. We use another coordinate z :=
v%(1 — 20)/2 of Z, so that the rational functions

y—3x—4(1 —1t) y+3r+4(1-1t)

hy = hy = o)~
! —8(1—t) = 7 D )
in the Milnor symbol £ in (??) satisfy
(426) h1|Z:Z37 h2|Z:(1—VZ)3, h1|E:h2|E—1

The points R, R, are given by z = —1, —v respectively. Let .7,(r)y = S5 (7)v/w,my)
denote the syntomic complex for V' = Z, E or Z N E. We fix isomorphisms
Hs]yn(FMZ/pn(r)) H] (Freday ( )Z > yn( )E _> y ( )ZﬁE)
Hig(F./W) 2 H}, (Frea, 0y ® O = Oz0p)

zar

H (Fy,O0F,) = H (Frea, Oz ® O RN OznE),

zar zar

where ¢ : (f,9) — flzne — 9|zne. We also fix an isomorphism

ot HL(F,, 0r,) = Coker[H(07) & HY(Op) 5 HY(Or,) © H(OR,)] 5 W,

zar
where the last isomorphism is given by (¢, ¢2) — ¢ — ¢o.

We compute the right hand side of (??). The map u o i,  agrees with the composition of
the maps,

Hzar<g} wé"/A) H Hzar<®@ ﬁg) i> Hzlar<F*7 ﬁF*)
Lety; = 2y and 1 = x+3 so that we have y* = 23+ (3x+4—4t)? & y? = 423 — g1 — g3.
Let & = Uy U Uy, be an affine open covering given by Uy = {y? = 429 — gox1 — g3} and
Uy = {w? = 4v — gov® — gsv'} with v = 1/x1, w = y;/z}. Then one can compute the
cohomology H', (&, .%°*) for a bounded complex .7 * of quasi-coherent sheaves by the total

zar

complex of Cech complex
LUy, 7°) © I'(Uso, F°) — I'(Ug NUso, °),  (fo, foo) = folvpnva. — fooltonve.-
H. (&, .F°) is the kernel of the map
T(UoNUso, FO)X (I (Uso, F 1B (Uno, F)) = I'(UgNUso, F )X (L' (Uso, F2)BI (Uso, F2))

(f) % (90, 900) — (df = (9olvorve = Jooltonua)) X (dgo, dgoo)
modulo the image of the map

I' Uy, J‘0) ® I'(Uso, 5‘0) — I'(Up N Uy, J‘0) X (F(Uoo,ﬁl) @F(Um,ﬁl))
<90>goo) — (gO’UoﬂUOO - goo‘UoﬂUoo) X <d907dgoo)

In particular,



MILNOR K-THEORY, F-ISOCRYSTALS AND SYNTOMIC REGULATORS 43

where d : ' — F'! is the differential map. We compute

. P . P . 1 ~ ~ l’ldIL’l
4.27 uo i} =iy (u"(N)) =i} ou” : =
@27) ) = @) = i o (A5 ) =
where the last equality follows from the fact that u”(dz/y) = 0. The cohomology class
m e Hy, (w8 /a) is represented by a Cech cocycle

zar

(£> y (xldxl (gov + 2g3v?)dv

2:1,’1 ’

v 1w ) € F(UoﬁUoo,ﬁg)><(F(Uo,w(}/A)@F(Uoo,wéo/A)).
1

Then " (7) is represented by a Cech cocycle (y1/221) = (y/(z + 3)) € I'(Uy N Ux, O%),
and hence (??) is represented by a Cech cocycle

1 Y 1 20<Z(2)+3) )

— ,0] x(0,0) = ,0] x (0,0
(\/—3x+3z> (0,0 (\/—3 z8 42 (0.0)
1 I —z

—(—=—2,0) x (0,0) = [ ——""0) x (0,0
(50) % 0.0~ (S550) < 0.0
€ F(UoﬂUm,ﬁz@ ﬁE> X (F(anﬁZﬂE) @F(Uoo,ﬁZmE)).
Since zg € I'(Uy, Oy) and zy /(22 + 2) € I'(Us, Oz), this is equivalent to

(Gt ). (52 5 )
=(0,0) x ((1,-1), (1,~1)).

This shows
(4.28) a((h o z}ed)(ﬁ)> =1-(-1)=2

giving the right hand side of (2?).

We write down the left hand side of (??) explicitly. Put Dy := DN F = D N Z (= three
points z = 0,2, 00). Let Fyy := F,eqNU = (Z\ Dp)U FE and its simplicial nerve is denoted
by Fi,. One has h;|r, € O(Fy)* and

Elry = {llpy, halr, } € K3 (O(Fy)).

We think h;|, to be an element of K;(Fy,) and {f,, of being an element of K, (Fy ) via
the canonical maps KM (0(Fy)) — Ki(Fy.). To compute the left hand side of (??), it is
enough to compute

[€lruJeyn = [halryJoyn U [h2|ry Jeyn € Hi (P, Dr), Zp(2))

as there is a commutative diagram

o) nJ

HE (Fy, Z(2))

syn

Hap(F/W)

| |

H2,((Fy, D), Z,(2)) ~— Hiy((Fy, Dp) /W) —= HL(FL, OF,).

syn zar

’ Hzlar<F*7 ﬁF*)
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We further replace the log syntomic cohomology with the rigid syntomic cohomology. Take
an (arbitrary) affine open set £/ C E such that £/ D ZNE. Put 2/ := Z \ Dy and
Iy := Z'U I and let Fy; , be the simplicial nerve. Then there is a commutative diagram

H2,((F., Dp),Z,(2)) <— Hix((F., D) /W) —— HL (F., OF,)

syn zar

o |

Hr21g syn(F[/],H QP<2)) H(}R<F(,],*/K) Hzlar(F*7 ﬁF*) ® Q

Thanks to the compatibility with the rigid regulator maps (Lemma ??), it is enough to com-
pute

(4.29) regrig—syn(h1|F{]) U I‘egrig—syn(h2|F/ ) S Hr21g syn(Fl,J,*? QP(2))

We take a p-th Frobenius ¢z on &(Z')! given by ¢z/(2) = 2P. Note ¢ : Z' — Z' fixes
R; and R,. We also take a p-th Frobenius g on ¢(E')T that fixes R; and R,. Then for
(V,V)=(Z',Z) or (E', E), the rigid syntomic complex Syig sy (7)v := R kig.cyn(V, Qp(1))
is given as follows,

Srigsyn(r)v = Cone[I'(V i, 257" (log Vi) Q;ﬂv 1[-1]
where OV =V \ V and Q! o)l = Ql K denotes the module of continuous differentials.

Moreover the rigid syntomic cohomology of Fy;, is described as follows,

Hglg syn(F(/],*7 Qy(r)) = o’ (Srigsyn(1) 2/ © Srigsyn (1) B = Srigsyn(T) 2nE),

where i : (f,g) = flzne — 9|zne- Under this identification, it follows from [?, Prop.10.3]
that we have cocyles

dz
e (i) = (35.0) x 0,0) x (0.0
—3vdz _ _ 1 —wvz)P
regrig_syn(h2|F[/J) = ( — VZ?Sp Hog <¥)) x (0,0) x (0,0)

1 1 —wvpzp

(1 ® O(Z)) X Qs ® O(E)) x (0(R1) & O(Ry))

for h; in (??), and then

(?7) = ( 1log( L—v2)” )@,0) % (0,0) x (0,0)

1 —wpzp z
<9d(1n2 ,0) (0,0) x (0,0)
= (0,0) x (0,0) x (9§’ (=v), 9 (—1?))

in H3, ... (F7;,,Q@,(2)). Here we use the fact that 1n§p ) (z) is an overconvergent function on

P!\ {1, 00} (Proposition ??) . This shows

a (07 ([Eeyn) =9I (—v) = 9y (—1*) = 181y (),
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which provides the left hand side of (??). Combining this with (??), one finally has
181n{” (—v) = —2F,(0).

This completes the proof. U

Corollary 4.9. Let a € W satisfy a # 0,1 mod p. Let c = Fy (a)a™? so that o(t) = ct?
satisfy o(t)|i=a = Fw(a). Let E, be the fiber of f att = a, and put U, := E, N U. Let
E|lg, € K3(O(U,))a=0o be the restriction of the Milnor symbol £ in (??), and we think it to be
an element of the Adams weight piece Ky(E,)® under the natural map KM (0(U,))o—o —
KQ(EG)(Q). Let

1negrig-syn : K2(Ea)(2) — Hrzig—syn<Ea7 @p(2>) = HéR(Ea/K)

be the regulator map by Besser [?] or equivalently by Nekovdr-Niziol [?]. Then

dx xdx
18,0 syn (€| £.) = —él(a)? - 62(@)7 € Hip(E./K).

Proof. Recall the diagram in Theorem ??, and take the pull-back of it at the point ¢ = a of
S*. Then [~], turns out to be the regulator map reg,;, ., (Lemma ??). Now the assertion
is immediate from Theorem ??. U

5. APPENDIX : FROBENIUS ON TOTALLY DEGENERATING ABELIAN SCHEMES

5.1. De Rham symplectic basis for totally degenerating abelian varieties. Let R be a
regular noetherian domain, and / a reduced ideal of R. Let L := Frac(R) be the fractional
field. Let J/R be a g-dimensional commutative group scheme such that the generic fiber J,
is a principally polarized abelian variety over L. If the fiber 7" over Spec R/ is an algebraic
torus, we call J a totally degenerating abelian scheme over (R, 1) (cf. [?] Chapter II, 4).
Assume that the algebraic torus 7' is split. Assume further that R is complete with respect to
I. Then there is the uniformization p : G, — J in the rigid analytic sense. We fix p and the

coordinates (uy, ..., u,) of GZ,. Then a matrix
qi1 - Qg

(5.1) qg=1 : ]l gj=an€el
qgl e qgg

of multiplicative periods is determined up to GL,(Z), and this yields an isomorphism
J=GI/ QZ

of abelian schemes over R where G?, / QZ denotes Mumford’s construction of the quotient
scheme ([?] Chapter 111, 4.4).

In what follows, we suppose that the characteristic of L is zero. The morphism p induces

g
* . Ol ol ol T 1
2 QJ/R ’ @QGm,i’ Q(vai T 1&nQR/I"[ui,ui’l]/R'

i=1
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Let

~ du;
Res; : Q%}m,i — R, Res; (Z amt” - L =aq

meZ i
be the residue map. The composition of p* and the residue map induces a morphism 2% /R
R9[—1] of complexes, and hence a map

(5.2) 7: Hix(J/R) == H} (J, QY r) — R
Let U be defined by
0 — U — Hiz(J,/L) — LI — 0.

Note that the composition I'(J,, 2 /1) S Hli(J,/L) 5 LY is bijective. Let (x,y) denotes

the symplectic pairing on Hjy(.J,,/L) with respect to the principal polarization on .J,,. We
call an L-basis

a de Rham symplectic basis if the following conditions are satisfied.

DS1): &; € I'(J,, Q) ;) and 7(&;) € (0,...,1,...,0) where “1” is placed in the i-th
component. Equivalently,

N dul
pr(w;) = e
(DS2): 1); € U and (w;, 1);) = d;; Where ¢;; is the Kronecker delta.
If we fix the coordinates (u1,...,u,) of G, then @; are uniquely determined by (DS1).

Since the symplectic pairing (z, y) is annihilated on U®U and I"(.J,,, an 1)@ (Jy, Qbﬂ L)
the basis 7); are uniquely determined as well by (DS2).
Proposition 5.1. Let V' be a subring of R. Suppose that (R, I) and V satisfy the following.

(C): There is a regular integral noetherian C-algebra R complete with respect to a
reduced ideal I and an injective homomorphism i : R — R such that i(V') C C and
i(I) C I and

Ol 0Ol

is injective where we put L= Frac(ﬁ) and

O}y = Loy (@ Q}Qn/v) o Qo= Loy (1& Q%H/C> . R,:=R/I", R, := R/T".
Let

Vi Hc}R(Jn/L) — Q},/V QL HéR(Jn/L)
be the Gauss-Manin connection. Then

g
~ dgi; N
(5.3) V@)=Y qqf @1, V() =0.
ij

J=1
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Proof. By the assumption (C), we may replace J, /L with (J, ®, Z) / L. We may assume

R=R,V =CandJ = Jy @R R. There is a smooth scheme Js/S over a connected smooth
affine variety S = Spec A over C with a Cartesian square

J ————Jg

e
Spec R ——= S

such that Spec R — S'is dominant. Let D C S be a closed subset such that .Jg is proper over
U := S\ D. Then the image of Spec R/ is contained in D since .J has a totally degeneration

over Spec R / I. Thus we may replace R with the completion Apof A by the ideal of D. Let
Lp= — FracA p then Q! Lp/c = >~ Lp®aQL A/ Let m C A be a maximal ideal containing /, and

A, the completion by m. Then Ap C Ay and Q5 Apc C Qx A,/c- Therefore we may further

replace A p With Am. Summing up the above, it is enough work in the following situation.
R=An=Cll1,...,25)] D1 =(21,...,2,), V=C, L=FracR

J = Spec R x 4 J¢ — Spec R.

Note Q! e =2 L®aQy e Leth: 7 — S be the analytic fibration associated to Jg/S.
Write Jy, = h~'()\) a smooth fiber over A € U™ := (S\ D)™, Let

V . ﬁUan ® th*C — Ql‘ljan ® th*(c

be the flat connection compatible with the Gauss-Manin connection on H}(Js/S)| under
the comparison
ﬁUan ® th*c g ﬁUan ®A HéR(JS/S)

~an an

We describe a de Rham symplectic basis in &, 75" € Oyan ®4 H, 1r(Js/S) and prove (2?)
for the above flat connection. Write Jy = (C*)9/¢” for A € U™, Let (uy, ..., uy) denotes
the coordinates of (C*)Y. Let 6; € H;(Jy,Z) be the homology cycle defined by the circle
|u;] = e with 0 < ¢ < 1. Let y; € H;(J),Z) be the homology cycle defined by the path
from (1,...,1) to (gj1,...,qjg). As is well-known, the dual basis 6;,v; € H'(J,Z) is a
symplectic basis, namely

* * * * * * 1
<5z761> <7j77j’> =0, <67,7 ]> = m(sm

where 0;; denotes the Kronecker delta. We have 0" = du;/u; by (DS1), and then
g
(5.4) o = 2mv/=167 + ) _log gi7;-
j=1
Let 78 : R'h,7Z — 7Z(—1)7 be the associated map to 7. An alternative description of 77 is

((z,01),...,(x,0,))

B(x) =

1
21w/ —1
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where (z,d) denotes the natural pairing on H'(J\,Z) ® H,(Jy,Z). Obviously 75( J*) = 0.
This implies that 7); is a linear combination of 77, ..., 7 by (DS2). Since (0", 7;) = d;; =
(@i, ~7), one concludes

*

=
Now (??) is immediate from this and (??).

Let &;,m; € Hig(J,/L) be the de Rham symplectic basis. Let z € D*® be the point
associated to m. Let V" be a small neighborhood of = and j : V?" \ D*" < S*" an open
immersion . Obviously W = duz Ju; € TV j,0%) @4 Hiz(Js/S). Thanks to the
uniquness property, this implies 73" = % e r(Ve j,0™) @4 Hiz(Js/S), in other words,
vy € I(Va\ D*, j7'R'h,Q). Let S, be the ring of power series over C containing A,,
and I"(V®", j,0*"). There is a commutative diagram

An®4 QY0 @4 Hig(Js/S) S @4 QY0 @4 Hi(J5/9)

| |

Qzlél/(C ®a HéR(‘]S/S) F(Van’j*ﬁan> X4 9}4/@ XA HéR(‘]S/S)

with all arrows injective. Hence the desired assertion for &;,7); can be reduced to that of
W, 13" This completes the proof. 0

5.2. Frobenius on De Rham symplectic basis. Let IV be a complete discrete valuation
ring such that the residue field k is perfect and of characteristic p, and the fractional field
K := FracV is of characteristic zero. Let Fy, be a p-th Frobenius endomorphism on V.

Let A be an integral flat noetherian V -algebra equipped with a p-th Frobenius endomor-
phism ¢ on A which is compatible with Fy,. Assume that A is p-adically complete and
separated and that there is a family (¢;);c; of finitely many elements of A such that it forms
a p-basis of A,, := A/p"A over V,, := V/p"V for all n > 1 in the sense of [?, Definition
1.3]. The latter assumption is equivalent to that (¢;);c; forms a p-basis of A; over V] since
A is flat over V' (loc.cit. Lemma 1.6). Then Q}L‘n Vi is a free A,,-module with basis (dt;);cs
(loc.cit. Lemma 1.8). Write A := A ®y K.

Definition 5.2. We define the category F-MIC(Ag, o) as follows. An object is a triplet

(M,V,®) where

e M is alocally free Ax-module of finite rank,

oV :M— QY sy ®a M is an integrable connection where QL = m QY v, 2

free A-module with basis {dt; }ic1,

e &:0*"M — M is a horizontal Ag-linear map.
A morphism in F-MIC(Ag, o) is an A-linear map of the underlying A-modules which
is commutative with V and ®. Let L := Frac(A) be the fractional field. The category
F-MIC(L, o) is defined in the same way by replacing A with L, and QZ/V with L ® 4 (AZ}L‘/V.

Lemma 5.3 ([?, 6.1]). Let o’ be another Fy -linear p-th Frobenius on A. Then there is the
natural equivalence

F-MIC(A,0) — F-MIC(A,0"), (M,V,®)— (M,V,d)
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of categories, where ®' is defined in the following way. Let (0;);cr be the basis of T, Vo=
Lmn(ﬂin/vn)* which is the dual basis of (dt;);c;. Then

o= (H(U’(ti) - a(ti))”i> oJor

n;>0 \€l i€l

Let f : X — Spec A be a projective smooth morphism. Write X,, := X xy V/p"TV,
Then one has an object

Hi(X/A) = (Hip(X/A) @y K,V, ) € F-MIC(Ag)

where @ is induced from the Frobenius on crystalline cohomology via the comparison ([?]
7.4)

crys

H o (Xo/A) = lim Hig (X /An) = Hig (X/A).

Assume that there is a smooth V/-algebra A* and a smooth projective morphism ¢ : X —
Spec A® with a Cartesian diagram

X ——=SpecA

| e

X% —— Spec A*

such that Spec A — Spec A® is flat. One has the overconvergent F-isocrystal R f¢ . Ox.

on Spec A (2] 3.4.8.2). Let e
Hi(X®/A) = (H

1g(XG/A5), V, @) € F-MICT(Af)
denote the associated object via the natural equivalence F-Isoc'(A%) = F-MICT(A%) ([?]
8.3.10). The comparison [}, (X§/Af) = Hip(X/A%) @ pa (A®)t_in (2?) induces an iso-
morphism H'(X/A) = Ag ® a0y H'(X*/A?) in F-MIC(Ak).

K

Definition 5.4 (Tate objects). For an integer r, a Tate object Ak (r) is defined to be the
triplet (Ax, V, ®) scuh that V = d is the usual differential operator, and ® is a multiplication

by p~".
We define for f € A\ {0}

e () g
log!™(f ::pllog(— = — , T =1-pg
(£) Iz Zl et
which belongs to the p-adic completion of the subring Alg] C L. In particular, if f € A%,
then log'”(f) € A.

Definition 5.5 (Log objects). Let ¢ = (¢;;) be a g X g-symmetric matrix with ¢;; € A*.
We define a log object Zog(q) = (M, V,®) in F'-MIC(A, o) to be the following. Let

9 g
i=1 i=1
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be a free Ax-module with a basis e;, f;. The connection is defined by
g9

V) =S Mg v =

j=1 ql]

and the Frobenius @ is defined by
61 =€; — Zlog sz f]7 (I)<fj) :pilfj-

It is immediate to check that the log objects are compatible under the natural equivalence
in Lemma ??. In this sense, our Zog(q) does not depend on o. By definition there is an
exact sequence

O—)@AK )fi — ZLog(q —>@AK Je; — 0.

7j=1 =1

Theorem 5.6. Let R be a flat V-algebra which is a regular noetherian domain complete
with respect to a reduced ideal 1. Suppose that R has a p-th Frobenius o. Let J be a totally
degenerating abelian scheme with a principal polarization over (R, I) in the sense of §??.
Let Spec R[h™1] < Spec R be an affine open set such that J is proper over Spec R[h™!]
and q;; € R[h™']* where q¢ = (q;;) is the multiplicative periods as in (??). Suppose that
R/pR[h™'] has a p-basis over V/pV. Let A = R[h™!|" be the p-adic completion of R[h™"].
Put L := Frac(A) and J4 = J @ A. Let J, be the generic fiber of J4. Then there is an
isomorphism

(5.5) (Hir(Jy/L),V,®) @4, Ax(1) = Log(q) € F-MIC(L)
which sends the de Rham symplectic basis &;,1); € Hi(J,/L) to e;, f; respectively.

Proof. Let ¢;; be indeterminates with ¢;; = ¢;;, and ¢y, ...,t, (r = g(g + 1)/2) are products
I q;lj” such that ) n;;z;x; is positive semi-definite and they give a Z-basis of the group of
the symmetric pairings. Let .J, = GY,/q” be Mumford’s construction of tbe quotient group
scheme over a ring Z,|[t1, . . . , t,]] ([?] Chapter III, 4.4). Then there is a Cartesian square

J J,

o

Spec R —— Spec Zy|[t1, ..., t,]]

such that the bottom arrow sends ¢; to an element of I by the functoriality of Mumford’s
construction ([?] Chapter III, 5.5). Thus we may reduce the assertion to the case of J = J,
R = Zy[t1,.... 4], I = (t1,...,t,) and h = []q;. Since Zbg(q) and Hig(J,/L) are
compatible under the natural equivalence in Lemma ??, we may replace the Frobenius o on
R with a suitable one. Thus we may assume that it is given as o (q;;) = ¢;; and o'(a) = a for

a € Z,. Under this assumption log(")(q,-j) = 0 by definition. Therefore our goal is to show

~ dgij _ _
(5.6) V(wi)zz qﬂ@nj, V(1) =0,

qij 7

J=1
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(5.7) (@) = pls, (7)) = 7).

Since the condition (C) in Proposition ?? is satisfied, (??) is nothing other than (??). We
show (22). Let ¢® := (¢%,) and Jp := GY,/(¢™)%. Then there is the natural morphism
oy : Jgp — Jg such that the following diagram is commutative.

GI, ——— Gy,
L

Jp —2— ],

.

Spec R —Z= Spec R

Let [p] : Jp» — Jgp denotes the multiplication by p with respect to the commutative group
scheme structure of J,. It factors through the canonical surjective morphism Jgp — J, so
that we have [p|" : J, — J». Define ¢ := o o [p|'. Under the uniformization p : G, — J,,
this is compatible with a morphism GY, — GY, given by u; — u} and a — o(a) for a € R,
which we also write ®. Therefore

¢ =" HéR(t]n/L) — HéR(Jn/L)-

In particular ® preserves the Hodge filtration, so that ®(&;) is again a linear combination of
w;’s. Since

*F (7 * (A duz duz

p O(w;) = Pp (wi)Iq)(u,) =p—,

one concludes ®(&;) = pi;. On the other hand, since ®(ker V) C kerV and ker V is
generated by 7);’s by (2?), ®(7);) is again a linear combination of 7);’s. Note

(®(2), ®(y)) = plz,y).
Therefore
(@(10)), pj) = (2(73), @(;)) = p(7y, &5)-
This implies ®(7);) = 7);, so we are done. O
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