HOKKAIDO UNIVERSITY

Title g?pz dryout point for a stationary incompressible thermal fluid with phase transition in a
Author (s) Giga, Yoshikazu; Gu, Zhongyang
Citation Hokkaido University Preprint Series in Mathematics, 1157, 1-20
Issue Date 2024-04-02
DOI https://doi.org/10.14943/109376
Doc URL https://hdl. handle.net/2115/91466
Type departmental bulletin paper
File Information On a dryout point for a stationary 202402, pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP
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Abstract

A dryout point is recognized as the position where the phase transition from liquid to vapor occurs.
In the one-dimensional case, by solving the stationary incompressible Navier-Stokes-Fourier equations
with phase transition, we derive a necessary and sufficient condition for a dryout point to exist when the
temperature at the liquid-vapor interface is given. In addition, we show by considering thermodynamics
that the temperature at the dryout point and the density of the vapor phase can be determined by given
density and sufficiently small injected mass flux of the liquid phase.

Keywords: One-dimensional Stefan problem, Dryout point, Interface temperature.

1 Introduction

We consider a pipe and a liquid (thermal) fluid is injected from one side of the pipe. We heat the pipe so
that the liquid becomes a vapor. This type of phase transition is often appeared in industries, for example,
in air conditioners. A steady behavior is well studied in engineering as forced convention boiling. The two-
phase flow patterns depend on injected fluid speed, temperature and external heat from the wall; see e.g. G.
F. Naterer [Na, S. 4.5.5]. The pattern may be affected by gravity so vertical flow and horizontal flow are
discussed separately. However, its mathematical understanding from fundamental macroscopic equations like
the Navier-Stokes-Fourier system for two-phase flows with phase transition proposed by [PS] and earlier by
[IH] is still fundamentally lacking.

Among many interesting problems, in this paper we are interested in a place of the pipe where no liquid
phase attached to the wall of pipe remains. The first place such phenomenon occurs is often called a dryout
point and its location is important to control phenomena. The purpose of this paper is to study a dryout
point from fundamental macroscopic equations; see e.g. [PS] or [PSh]. We consider the one-dimensional
Navier-Stokes-Fourier equations for completely incompressible two-phase fluid with phase transition when
the densities of phases are quite different from each other. We consider its stationary version and define a
dryout point as a phase boundary. We give a simple necessary and sufficient condition for the existence of
a dryout point by using latent heat, external heat, the mass flux of injected fluid and its temperature as well
as thermal conductivity and specific heat at constant volume at least when the mass flux of injected fluid is
sufficiently small. By thermodynamical relation, we show that no phase transition occurs when the mass flux
of injected fluid is large at least for the van der Waals’ energy. We also give a way to calculate the location of
the dryout point. Since the problem is reduced to an ordinary differential equation for temperature, analysis
itself is very easy. However, as far as the authors know, this seems to be the first study in this direction.



Let us explain our specific setting. We consider a pipe
Q=0.L)xD={(x.x)|0<x; <L, x €D},

where D is a bounded domain in R*'. A thermal fluid is injected from the entrance Q;, = {0} X Q. The
wall S = (0, L) x 0D is heated with heat flux Q. There are various types of “steady flow” [Na, S. 4.5.5]. For
example, Figure 1 is a schematic picture of annular flow. The liquid region consists of a rather thin layer near
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Figure 1: an annular flow with a dryout point

the wall. If the external heat Q is rather large, it is expected that there is no liquid region in (Lg, L) X D and the
infimum of such Ly is called a dryout point.
We consider the heat equation

P1K1 (atgl +up - VQ[) — d1A91 =0

for the temperature 6; in a liquid region. Here, p1, «1, di, u; denote the density, the specific heat at constant
volume, the heat conductivity and the velocity of the liquid phase, respectively. We assume that p1, k1, d; are
positive constants. We use the standard notation d; = 0/9¢t, V = (0y,,...,0yx,) and 0y, = 8/0y,. On the wall S
we impose

06,

1
aV()Q

=0,

where vy denotes the exterior normal of 9€2. We ignore detailed descriptions of the annular flow and postulate
that it occupies (0, L)X D since the pipe is sufficiently thin compared with the speed. We further assume that i
is a constant vector in the direction of x;. We still write this constant vector (i1, 0, 0) by abusing the notation.
If we take average over D, we end up with

— — — 1
P1K1 (atel + ulﬁxlel) - dlailgl - ﬁ LD Q d?‘{n_z =0 (1.1)

since
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where H™ denotes m-dimensional Hausdorff measure. Here 6; denotes the average of 8; on D, i.e.,
Br) = — f 61(x1,x) d’
1(X1) = 7 11, x) dx’,
Dl Jp

where |D| denotes the area of D, i.e., [D| = H" (D). The equation (1.1) becomes an ordinary differential
equation if we consider its stationary problem. Its explicit form is

p1K1U1Ox, 01 — dlo’?iE =p1r



with r| = f&D Q dH"2 / (IDlp1). Note that the heat from the wall is considered as internal heat source in this
setting. Although this averaging process is too crude because there exists vapor region even for x; < L, it is
very instructive to consider one-dimensional setting to formulate a dryout point.

In this paper, we first consider the one-dimensional Navier-Stokes-Fourier equations for completely in-
compressible two-phase fluid with phase transition in a pipe (0, L) when the liquid phase is injected from
x = 0. We consider internal heat source. If the internal heat source is large, it is expected that a vapor phase
will appear. The question is whether or not there is a point x. € (0, L) such that the liquid phase occupies
in Q; = (0, x,) and the vapor phase occupies in (x., L) when one considers its stationary problem. The point
x, is often called a dryout point. Since the density and the velocity is constant on each phase, the problem
is reduced to the two-phase stationary Stefan problem. However, one should note that the temperature at the
interface x, is determined by thermodynamical relation at the interface.

Our goal in this paper is to give conditions for the existence of a dryout point as well as to derive its location
if it exists. We give the density p; of the liquid phase and the (injected) mass flux jr = pju;, where u; is the
velocity of the liquid phase which is a positive constant. The temperature 6;, at the entrance is given which
is assumed to be lower than the boiling temperature 6, at the density p;. We first determine temperature 6, at
the interface x = x, and show that the density of the vapor phase is uniquely determined by jr provided that
Jjr is sufficiently small. Moreover, we show that the interface temperature 6, increases as jr increases. This is
carried out a simple application of an implicit function theorem but the relations of pressures of both phases
with jr # 0 seem to be not well-studied in the literature. In fact, we rewrite the Gibbs-Thomson relation and
the momentum balance on the interface with no viscous stress and no surface tension effect and derive two
equations for pressures of both phases. We also note that there is a chance that the stationary phase transition
cannot occur when jr is too large. For this purpose, we introduce a modified mass specific Helmholtz energy

. 1.
W (p,0) = Y(p, 6) - 2—/)2]%

and its corresponding pressure
. 1 2
pl=p+ ps
where ¢ denotes the mass specific Helmholtz energy and p denotes the pressure defined by p = pzﬁpw with
density p. Using these quantities, the momentum balance can be written as [p/] = 0, while the Gibbs-Thomson
relation can be written as [[ap(p;bj )]] = 0, where [-] denotes the jump between one-phase to the other. This

interpretation is a key to prove that there are no two different phases satisfying [p/] = 0, [[ap(pwf )]] =0if j%
is very large at least for the Van der Waal’s energy.

We next assume that the interface temperature 6, is given and 6;, < 6,.. We consider a semi-infinite pipe,
i.e., L = co and assume the derivative of the temperature of vapor is bounded in x; as x; — oo. Then,

(=) < ‘er (1.2)

Ker
if and only if the dryout point x, exists. Here —¢ denotes the latent heat (which is usually assumed to be
positive) and «», d> denote the specific heat at constant volume and the thermal conductivity of vapor phase,
respectively. The quantity r denotes the volume specific internal heat source, which is assumed to be a constant
(independent of xp). In the averaging problem, r corresponds to the quantity

Q dH"™> / D).
oD

Mathematically, the problem is reduced to the one-dimensional stationary Stefan problem if the interface
temperature is given. This is a second-order ordinary differential equation with free boundary and it is easy



to solve relatively explicitly. The condition seems to be quite natural. For example, if the mass flux is strong,
then a dryout point cannot exist and liquid should stay as a liquid. Note that the condition (1.2) is independent
of the temperature at the entrance. It is also independent of the thermal conductivity and the specific heat at
constant volume of liquid phase in our model.

There is a large literature on the well-posedness if the initial boundary value problem for the Stefan prob-
lem; see e.g. [V], [T]. However, if we include the convection term, there seem to exist less number of articles.
The reader is referred to a recent article [BCD] on this topic as well as more classical article [BP] (using a
renormalizing solution). In [BCD], the convective term is also coupled with the Navier-Stokes equations with
equal densities and viscosities at two-phases. The stationary problem seems to be less studied except [BL],
where the setting is quite different from ours. The first author thanks Professor Danielle Hilhorst for letting
him know the paper [BCD].

This paper is organized as follows. In section 2, we recall the two-phase Navier-Stokes-Fourier system
with phase transition. We derive one-dimensional stationary problem. In section 3, we recall thermodynamics
and derive temperature at liquid-vapor interface. In section 4, we derive the necessary and sufficient condition
such that the dryout point exists by a simple analysis of ODEs.

2 Sharp interface model

We consider a domain Q in R”, where a fluid occupies. We postulate that the fluid has two phases and it is
bounded by an interface I'(¢). More precisely, let Q;(¢) (i = 1,2) be an open subset of Q2 bounded by a smooth
hypersurface I'(¢) such that Q(r) U Q(r) UT'(r) = Q. Let vr be the unit normal vector field of I'(¢) pointing
from Q1 (¥) to Q;(t); see Figure 2. We postulate that one phase, say liquid phase of the fluid occupies in Q;(¢)

vr Q,(0)
| 1

Figure 2: two phases and interface in a pipe

and the other phase, say vapor phase, occupies in €2,(¢). For a quantity ¢ defined in Q\I', we define its jump
[#] along T by

[P1(x) = ¢2(x) = d1(x), 1 (x) = 151{8 p(x=dvr), ¢a(x) = lfslfg ¢(x+6vr) for xeT().

We consider a density field p = p(x,¢), a velocity field u = u(x, t) and temperature field 6§ = 6(x, 1) to
describe thermal fluid occupies in Q. Its restriction on each phase Q; is denoted by p;, u;, 6; instead of p, u,
6. We first recall the thermodynamical quantities of each phase. Let ¢ = ¥(p, 8) denote the mass specific
Helmholtz energy. It may be a different function on each phase. In €;, the mass specific Helmholtz energy is
denoted by i; fori = 1,2. We set

Wi o 2(9%
_%7 pi=p %

The quantity 7; represents the mass specific entropy while p; represents the (thermodynamical) pressure. The

i = (2.1)



mass specific internal energy ¢; is defined as
€ =Y +0n;.
A direct calculation shows that the relation (2.1) is equivalent to the Gibbs equation
6Dni(p, 0) = Dei(p, 6) + pi(p, 0)D(1/p),
where D denotes the gradient with respect to (p, 6) variable. The quantity

T

Ki
is called the specific heat at constant volume.
Following [PS, 1.1] or [PSh], we recall conservation laws in Q. The mass conservation is of the form
0o +divipu) =0 in  Q\I[(?), (2.2)
where d; = 0/0t. The momentum conservation law with no external force is of the form
O(pu) + diviou®@u) —divT =0 in Q\['(»). (2.3)
The energy conservation law for the energy E = %plul2 + pe is of the form
OE + div(Eu) — div(Tu — g) = pr in  Q\I'(?). (2.4)

Here T denotes the symmetric stress tensor and g denotes the heat flux. We consider a heat source » = r; on
each ;. We postulate that the fluid is complete incompressible in both phases. Namely, p; is independent of x
and z. Then (2.2) and (2.3) becomes

divu=0, p@u+w-V)u)y—divl =0 in O\['(?). (2.5)

We next postulate that
T=S-nl,

where S denotes the viscous stress and 7 denotes a dynamic pressure. We also postulate that this 7 = x; on
each phase €2; must equal the thermodynamic pressure on I'. In other words,

m=p;, m=py on I(), ie, (2.6)
laifg (my(x = vpo,t) — p1(x —vrd, 1) =0, l(siﬁ)l (mo(x + vro, t) — pa(x +vro, 1) = 0.
For the heat flux, we postulate Fourier’s law, namely,
qi = —d;Ve; 2.7)
with d; > 0 (so that it is thermodynamically consistent). Admitting (2.2) and (2.3), the equation (2.4) becomes
pi (0 +w-V)g) +divg; —T; : Vu; = pir;  in Q)

fori = 1,2, where A : B = trace(A” B) for matrices A and B. If the fluid is completely incompressible so that
divu = 0, this equation becomes a kind of heat equation

kipi(0:0; + u; - VO;) — div(d;VO;) — S : Vu; = pir;  in € (2.8)

if we admit (2.7). We consider this problem in one-dimensional setting so that u; is spatially constant by
divu; = 0. Thus the equation becomes the heat equation with convective term, i.e.,

Kipi(0:0; + u;0x,6;) — 0, (di0,,60;) = pir; in Q; (i=1,2), (2.9)
where Q(f) = (0, x(¢)), Qo (#) = (x(¢), L), I'(r) = {x(#)}. Here is a set of assumptions.



(A1) pjisapositive constant (independent of x and #) for i = 1, 2 so that the fluid is completely incompressible;

(A2) u; is a scalar constant (independent of x and #) for i = 1, 2.

If we assume that the viscous stress §; = 0 for i = 1,2, where velocity is spatially constant, (po;, u;, 7r;) solves
(2.5) under (A1) and (A2) with constant ;.

We next recall conditions on the interface I'(r). We go back to the case of general dimensions. It is
convenient to introduce the notion of phase flux as in [PS]. On I'(¢), we set

i, 1) = lim (o) (e = 6, ) v, 1) = p1 (6 = Sy, DV (6, 1),
Jex, 1) = lglnol ((o2u2)(x + 6vr, 1) - vr(x, 1) — p2(x + Ovr, HVr(x, 1))

for x € I'(t). Here Vr(x, t) denotes the normal velocity of I'(¢) at x in the direction of vr(x, t). We postulate that
there is no mass on the interface. Then the mass conservation law is of the form

jt=Jjt on L@ (2.10)

which will be denoted simply by jr. In other words, there is no loss or grain of the phase flux across the
interface. As derived in [PS, 1.1], the momentum conservation law is of the form

[uljr — [Tvr]l = cHrvr on I(?). 2.11)

Here, we have assumed that coeflicient o~ of the surface tension is a positive constant independent of x € I'(¢)
and there is no surface viscous stress. The symbol Hr denotes the mean curvature in the direction of v of I['().
As in [PS, 1.1], we impose constitutive relations

[u—(-ve)rrl =0 on I'(2). (2.12)

This condition says that there is no slip along I'(¢). If [p]l # O on any point of I'(¢), then by using (2.12), we
can rewrite (2.10) in a concise form

[ull = [1/pljrve on I(). (2.13)

Under this condition, (2.11) can be expressed as
[1/p1ji = [Tve -vel = oHr, [Tve=(Tve-verl =0 on Q). (2.14)
(If p1 > pp sothat [1/p] > O, then the first identity forces cHr + [Tvr - vr] > 0.) For temperature, we impose
[61 =0 on I (2.15)

which is thermodynamically consistent. Under this condition, the second law of the thermodynamics implies
the Stefan condition
Cjir +[do,0l =0 on I(2). (2.16)

Here ¢ = —[[6n] denotes the latent heat and 0, is the directional derivative of 6 in the direction of vr. The
energy conservation law implies the Gibbs-Thomson condition

1
[y] + l[@ﬂ jt=ITvr-vr/pl =0 on T(). (2.17)

Note that (2.17) is unnecessary if we assume that there occurs no phase transition, i.e., jr = 0 to close the sys-
tem. For detailed derivation of (2.16) and (2.17), see [PS, 1.1] or [PSh]. In [PSh], general thermodynamically
consistent constitutive laws are discussed instead of (2.12) and (2.15).

In summary, we consider conditions (2.13)—(2.17) on I'(¢) under the kinematic condition Vr = u-vr— jr/p,
where Vr denotes the normal velocity of I'(¢). We shall rewrite (2.17) in a form that does not include jr.



Proposition 2.1. Assume the first relation of (2.14). Then (2.17) is equivalent to

T + T
[yl - H%]l (%) + icrHr = 0. (2.18)

Here, T = Tyvr - vr (i = 1,2) and p. is the harmonic mean of p; i.e., 1/p. = (1/p1 + 1/p2)/2.

Proof. We first note that

l[lﬂ_l 1_1(1+1)(1 1)_1[[1"
200 202 20 2\p1 p2)\p2 p1) pelel
Plugging the first relation of (2.14) into (2.17), we obtain

1 T
(¥l + — (I7"1 + oHr) - l[—ﬂ =0. (2.19)
P P

1 1_(1 1)_1(1 1)
ps P2 p« p1) 2\p1 p2)

By definition of p,, we see that

Thus,
1 TV 1 1 1 1
)l
P p P= P2 P=  P1
T1V+T2V(1 1) “1]IT]V+T2V
2\, o) e 2
The relation (2.19) now yields (2.18). This also shows the converse implication from (2.18) to (2.17). |

If Q is a bounded domain and I'(¢) does not touch the boundary Q, the equation (2.5) with S = u(Vu+VuT),
(> 0 and (2.8) under (2.13), (2.14), (2.15), (2.16), (2.17) is known to be well-posed under suitable boundary
condition on dQ and a suitable assumption on ¢ [PS]. In other words, for a given initial velocity u;, temperature
6; (i = 1,2) and a given interface I'(0), there is a local-in-time solution. If I'(¥) touches 0€), there is few
literature. In [Wi], [Wa], it is shown that the problem is well-posed (locally-in-time) if the contact angle is 90
degrees and Q is a finite straight cylinder with bounded cross-section D, i.e., Q = {x" € D, |x,| < L} and I'(¢)
is given as the graph of a function. No phase transition is assumed to occur.

It is sometimes convenient to introduce motion of the mass specific volume v defined by v = 1/p. The
quantity 1/p. is nothing but the average of v; and v,, where v; = 1/p;. The quantity [1/p] is the difference of
the mass specific volume, i.e.,

[1/p] = vl =v2 —v1.

Proposition 2.2. Assume further that cHyr = 0 and T; = —p;l at x € I'(t). Then (2.18) is of the form
+
] + [[v]]l% =0 ar xeT(). (2.20)
In the case T; = —p;l on I'(¢) and ocHr = 0 on I'(¢), we have a relation (2.20) between pressure p;, p» and
6 as well as py, p>. From the first relation of (2.14), we have

p=trn 2.21)
V2 — vy




If j% is given, the temperature 8 and one of p; on I'(¢) are determined since p; is determined by the temperature
6 and the other p; under suitable assumptions on i». We shall discuss this thermodynamical discussion in the
next section.

We now come back to one-dimensional setting under the assumption (Al), (A2). We consider (2.13)-
(2.17) on the interface x = x(¢). The mass conservation law (2.10) is of the form

p1 (uy = (1)) = p2 (uz = X(1)) = Jjr. (2.22)

The momentum conservation law (2.14) becomes (2.21). The Gibbs-Thomson condition becomes (2.20) and
T; = —p;l. In the bulk, the equation (2.9) is of the form

k1p1(0:01 + u10y,01) — 0x,(d10x,61) = p1ir1  in Q1 =(0,x(2)),

k202(0102 + u20y,02) — Ox,(d20x,62) = pory In = (x(2),L). 223
At the interface x = x(¢), we have, by (2.15), i.e.,
01 (x(1),1) = 6, (x(2),1) . (2.24)
We further impose the Stefan condition (2.16)
€jr + d20y,00 —d10,,60 =0 at x=x(¢) (2.25)
and the Gibbs-Thomson condition (2.20), i.e.,
U202, 02) = (o1, 0) + 2 v P2 =0t w= a0, (2.26)

where v; = 1/p; (i = 1,2). The phase flux jr satisfies the mass conservation law (2.22) and its relation with
the pressure is given (2.21) which is the momentum conservation law. This is a two-phase Stefan type free
boundary problem. At the boundary of Q, we impose the Dirichlet condition at the left

0(0,1) = 6, (2.27)

and the Neumann condition 96
—(L,)=0 (2.28)
oxy

on the right if L < co. If L = oo, we impose that 06/0x; is spatially bounded as x; — oo.

Let us clarify the problem under (A1) and (A2) when ;, r; and d; are given for i = 1,2. Both densities
p1, p2 and the velocities u;, up are constants. We further assume that p; is a given positive constant with
p1 # p2 and the entrance velocity u; is given. Our problem becomes (2.21), (2.22), (2.23), (2.24), (2.25),
(2.26) with (2.27) and (2.28) supplemented with initial conditions for the temperature 6 and the location of
interface, namely

x(0)=x0 € (0O,L), 61(x1,0) = 610(x1) (0 < x1 < xp),
62(x1,0) = o(x1) (x0 < x1 <L) with 619(x0) = O20(x0).

The unknown are functions 6, 6, and constants p, and u; together with the location of the interface. Note that
Y1 and Y, are given so that p; and p, are given as a function of p; and 6; (i = 1,2). The pressure 71; in the
both phases are constant and it is determined by p; at the interface. The interface temperature 6. is determined
by (2.16) and (2.21). This is one-dimensional version of (2.5), (2.6), (2.7) with (2.13)—(2.17). If the interface
temperature 6, is given, this is a classical two-phase Stefan problem with drift term. The well-posedness of



such a type of Stefan problems is well-studied when there is no drift term; see [V], [T] and references therein.
However, it is difficult to find literature including our setting.

We are interested in a stationary problem so that 6; and x = x() is time independent. Then u; is determined
by (2.22) as

piuy = paua(= jr). (2.29)

Let x = x. be the location of the interface and 6, be the temperature at the interface. Then, (2.23) with (2.29),
(2.21), (2.24), (2.25), (2.26) becomes

K1p1U10x, 01 — 0y, (d10x,01) = p1r1 in (0, x,),
k2022002 — 0y, (d20x,02) = pory  in (X, L),
uy = prui/p2,

(pru1)? = (p1(p1,6.) = p2(02,6.)) [(v2 = 1),

0 =6,=0, at x=x,,

tpruy + dr0y, 00 —d10,,61 =0 at x=x,,

0. , 0,
V2026 — 1 (p1.60.) + (vy — vy 2LEL );pm )

=0 at x=x,.

We impose boundary conditions (2.27), (2.28) to this system. If L = oo, then we impose that d,, 6 is bounded
as x; — oo. For a given py, uy, r; (i = 1,2) and 6,(0) = 6y, our problem is to find constants x., oo, up and
functions 6y, 6, solving the above system. The problem is now the stationary Stefan problem but one should
note that the interface temperature 6, is also unknown. Fortunately, this problem is decoupled and can be
discussed separately as in the next section.

Definition 2.3. The point x. is called a dryout point.

3 Interface temperature

If jr is given and small, then the Gibbs-Thomson law (2.20) (or (2.26)) and the momentum balance (2.21)
determines the temperature 6, at the interface under a suitable condition on the Helmholtz energy. In this
section, we give a few sufficient conditions so that 6, is uniquely determined by ¥;’s and one of p;’s.

We recall conventional assumptions on the mass specific Helmholtz energy . It turns out that it is conve-
nient to write i in the mass specific volume v = 1/p. We set

P(v,0) := y(1/v,0).

The merit of this expression is that the pressure p(v, 6) := p(1/v, 0) is of the form

ﬁ(vv 0) = —6V1Z(V, 0)

since
O, 0) = s - 0,(1/v) = =(1/v)3pyy = —p* B = =p(1/7,6).
Here f denotes the function of f in the variable v. Let 77 be the mass specific entropy. It is defined as = —dgyr
so that
ﬁ(V, 0) = _af)'vb(v’ 9)
In other words, (p,7) is simply a gradient of —. We list a few basic assumptions which are physically
reasonable.



(R) (Regularity) ¢ € C 2 ((a, ) % (0, 00)) with some & > 0;

(M1) (Monotonicity of the pressure) d,p < 0 and dgp = 9,7} > 0 in (@, c0) X (0, c0). In particular, the pressure
p = p(p, 0) is strictly monotone increasing in both variables.

(M2) (Monotonicity of the entropy in the temperature) dyf} > 0 in (@, 00) X (0, c0).
The condition (M2) is equivalent to saying that the specific heat at constant volume
K = Oge
is positive everywhere, where € = i + nf denotes the mass specific internal energy. Indeed,

K = 0ge = Og + 11+ 00gn = 00gn,  (0en)(p, 0) = (Og1)(v, 6).

The assumption 8,p < 0 in (M1) implies that  is convex in v while (M2) implies that i is concave in 6.
Let /¢ denote the Helmholtz energy of the liquid phase while ¢, denote the Helmholtz energy of the vapor
(gas) phase. The domain of definition is (a¢, o) X (0, 00) and (ag, ) X (0, 00), respectively. We assume

Qe 2 g

and (R), (M1), (M2) for each § = ¢, Y.
Here is a structural assumption to describe a phase transition.

(P) Let 6. > 0 be the critical temperature so that i, = min(\J, :Z/g) = A &g is convex in v > a/(> a,) for
6 > 6. and for 6 < O, ¥, = Y for v < vy and ¥, = ¥, for v > vy with some vy depending on 6. We
further assume that vy is strictly decreasing in 6 so that p, = —d,¥, is increasing in 6; see Figure 3, 4.

If ¥ and §, satisfies (R), (M1), (M2) with @/ > @, under (P) our unified Helmholtz energy ¢, satisfies (M2)
and dyp, > 0 with C 2 regularity outside v = vy for 6 < 6,.

ﬁu('ﬂ 92)

Pu (', 91)

} + + v } +
v;(8) g v;(0) Vg, Ve,

Figure 3: the graph of i,(-, 0) for < 6. and bitan- Figure 4: the graph of the pressure p, = —d,i, un-
gent line der 0, < 6,

We consider the convexification of ¢,(-,6) in v for 8 < .. There is a bitangent line in some interval
[v}(@), vg(é’)] to i, whose slope is —p (vj,(@),@) = -p (vz(ﬁ), 9) and outside this interval the convexification
of , agrees with y,; see Figure 3. For a given pressure p., we call p, = 1/v; a saturated gas density if
px=D (v;(e), 0) at the temperature 6 < 6.. Similarly, if p. = p (v;‘i(@), 0), we call p; = 1/v; a saturated liquid
density at the temperature 6 < 6.. Such a 6 is often called a boiling temperature. For a given temperature 6,
the pressure p. is called a saturated vapor pressure, i.e., the pressure satisfying p. = p (v;(e), 9) =p (v}(@), 9).
Here is a set of standard assumptions.
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(S1) The function p.(0) is strictly increasing in 6 < 6,.
(S2) Moreover, v;(G) is strictly decreasing and vy (6) is strictly increasing in 6.

These assumptions are consistent with (P). The monotonicity (S1) of p. in 6 is often derived from the Clasius-
Clapeyron relation. Here is our interpretation. At the saturated pressure the energy balance (2.20) holds with
p1 = p2 = p.. More precisely, if Q; is liquid phase and Q; is a gas phase, (2.20) or (2.26) reads

U (0. 0) = 9 (v0).0) + (v, 0) = vi(®) p. = 0,
where the continuity of the temperature (2.24) is assumed. Differentiating in 8, we see that
dv; dv;
~f % 8 ~ . x £ ~f % ~ . %
= (v3(0).0) = + D (vi(6).6) — - — 71(v;(6).6) + 71 (v;(6). 6)
dvy avy dp.

+—=Du— —— D+
do " a0 " a0

(v =vp) = 0.
Since ﬁ(v;(e)),a) = ﬁ(vzj(g), 9) = p., we get
A0 )+ Do -0

In other words,
dp. _M=m (=0
g vg—v; Ovg—vy)

ny = 1(ve(0.6), ;=7 (v;(0).6), (3.1)

where £ = —9(77;, —17,) denotes the latent heat in (2.16). Here we invoke (2.24). The relation (3.1) is nothing
but the Clasius-Clapeyron relation. We conclude from (3.1)

Proposition 3.1. If —¢ > 0 and v, > v;, then dp./d6 > 0. In particular, (S1) follows.

We are interested to determine the temperature of the interface I' assuming that I is flat. The interface I
is assumed to bound a liquid phase ; with density p, and a gas phase Q, with density p,. Here p; is given
positive constant. We shall determine interface temperature 6 and pg(> p¢) at least when jr is small. We write
the corresponding mass specific volume by v, = 1/p,, v¢ = 1/p,. By the momentum conservation (2.21)
across I', we have

pe = pg = Ji(vg = vo),

where py is the pressure of the liquid on I' while p, denote the pressure of the gas phase onI". We set Z = jlz_ /2.
We write (2.20) or (2.26) of the form

1 - -
P (<O + Be(v0,0))

2 Vg — Vg

Using p¢ — pg = 2Z(v4 — v¢), we observe that

Pe(ve,0) = Z(vg = vo) + (<02 (vg. 0) + De(v2.9)), (3.2)

Vg — Vg

Pe(vg, 0) = —Z(vg = ve) + (02 (ve, 0) + Fe(1,9)) . (3.3)

Vg—V€
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We fix vy and write a system of equation for v = v, and 6. We set
~ | . ~
fi(6.0.2) 1= peve.0) = 20 = vo) = S (T, 0) = T (v,0)),

1 - -
FO.9,2) = pg(v,0) + Z(v = ve) = —— (Fe(ve, 6) = Fg(v,0)).
V—vp
Then the equation (3.2), (3.3) for (v, 6) is of the form
H(,0,2) =0, f(v,0,Z2)=0. (3.4)

We assume (R), (M1), (M2) for ¢, and ¢,. We further assume (S1) and (S2). For v, = 1/pg, let 6, be its
boiling temperature, i.e., v = v?(@b). Since at the boiling temperature

Pe(ve, 0p) = (Feve, 05) = Ug (5. 05)) = PV 0)

Ve — V¢
with v;‘, = v;‘,(é’b), we see that
J1(6p,v5,0) =0, f2(6p,,,0) = 0.
We shall solve (3.4) near Z = 0 by the implicit function theorem. We calculate

1 - -
(Ogthe — Datprg) = Ovije +
V—Vp V="V

Oofi = 0pPpr —

(e = Tig)

Bof> = Ovijg +

— (f1e — T1g)

since dpPg = Ovilg, OgPe = Oile, Oge = —Fie, Doty = —T1g. For derivative in v, we observe that
0vfi =0 =7+ R(v,6)
dufs = Oybg + Z + R(v.,6)

with
- - 1 -
R(0,v) = =) We—rg) — V_—W(—avtlfg)
_ 1 ‘I/t’ - &g s
S (v—w) { V=V Pg(v, 9)} '

By definition of 6, and v’g",, we see that R(6p, v;) = 0. Thus, the Jacobi matrix J in 8 and v at 6, v; equals

Oyite + i (Fie — Tig)
; :( Oofi Ovhi )(Gb,v;,O) _ '~7l’ i ’Z" ’zg g
Oofr Ovf2 avﬂg + ﬁ(nf - 77g) avpg

We now apply the implicit function theorem to get

] (G, V5, 0).

Theorem 3.2. Assume that the liquid density p¢ is given and 8y is its boiling temperature, i.e., 1/p¢ = v,(0p).
(This means that p¢ is the saturated liquid density at the temperature 6y.) Under the regularity assumption (R)
assume that

£ (3.5)
Ve

Aiie(Vi, Op) > —
Vg -

OvPg(vg, 0p) <0 (3.6)

with i, = 71g(vg, Op), 71, = 71¢(vy, Op). Then, for sufficiently small Z, there is unique (v, 0) near (v, ) such that
(3.4) holds. Moreover, the mapping Z — 0 is strictly increasing by (3.5).

12



Our assumption on the pressure (3.6) is consistent with previous assumptions. The property d,pg(v], 6,) <

0 follows from (M1). By (3.1), the inequality for the entropy (3.5) can be rewritten in the form of the saturated
vapor pressure p.. It is of the form

Oppe(vy, ) > Ogp+(Op) (3.7)

since dgpy = 0,7j¢. This condition is consistent with (S2). In the language of ¥,, this condition can be
interpreted as 9,7 has a negative jump at v = v;. The entropy #j is often assumed to be concave in v as well as
the monotonicity in v as in (M1). Figure 5 and Figure 6 describe (3.5) schematically.

ig(vg)-Tie(vi)

slope =
p vg—vp

T t }
* * * *

Uy Ug Vp Ug
Figure 5: condition (3.5) under (M1) Figure 6: graphs of fj, fj, at the temperature 6

It is instructive to check assumptions (3.5) for the van der Waals’ Helmholtz energy of the form

Je

¥ =k10(1 —log6) + ky01og
1-bp

with positive constants kp, k, a, b. Note that in the case a = b = 0, this is the Helmholtz energy for ideal gas.
Then,

(v, 0) = k16(1 — log §) — k0log(v — b) — a/v,

(v, 0) = =gy = k1 log 8 + ky log(v — b),

.0 = -0 =k — L v

v—b 2
Notice that there is a non monotone part for p with respect to v. Actually, ¥ has non convex part in v for
6 < 6. with some 6. though it is convex in v for 6§ > 6,; see Figure 7 and Figure 8. We take saturated
densities p;, p, at a given temperature as in Figure 7, 8. The condition (3.6) is clearly satisfied at v, and
v;. Since (9%77 = —ky/(v — b)? < 0, the condition (3.5) is also clear; see Figure 9. By a direct and tedious
calculation, we conclude that v,, v; satisfy the monotonicity condition (S2) so , at v; can be interpreted
as fu(vy, 0p) = —0aru(vy, 6p), Where i, is the convexified ¢ in v. We conclude this section by noting that
symmetric condition dgp.(6p) > JgPg(Vy, Ob), OvPe(vy, Op) < 0 gives the solvability of (3.2), (3.3) for v, 6 by
fixing vy = v,(6)) provided that Z is small. The monotonicity condition for 6 also follows.
If jr is not small, there is a chance that there exist no 6, p, # p; satisfying (3.4). To see this phenomenon,

we first recall an elementary fact for a bitangent line.

Lemma 3.3. Let f = f(p) be a C' function on some open interval 1. Let py,p> € I be ps < py. There is a
straight line through (0>, f(02)) and (o1, f(01)) which is tangent to the graph of f at (02, f(02)), (o1, f(p1)) if

13



Figure 9: graph of 7

and only if

0pf(p1) = 0, f(p2)
P10, f(p1) = f(p1) = p20,f(p2) = f(p2).

This line is often called a bitangent line.

We next derive conditions equivalent to (2.14); and (2.17). If cHr = 0 and viscous stress S = 0, then
(2.14), and (2.17) are of the form, respectively

[1/pLj +p1 =0, (3.8)
w1+ “#]‘ 2+ plpl = 0. (39)
It is convenient to introduce the volume specific Helmholtz energy W. It is of the form
Y= py
so that p = pd,¥ —¥ = p(9,¥ — ). In the case jr = 0, (3.9) can be written
[0, %1 =0

while (3.8) becomes
[pl =0.
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By Lemma 3.3, this implies that there is a bitangent line to the graph of ¥ from (pg, Y(p,, 0)) to (,0[, Y(or, 6))
for the fixed 6. For general jr, we introduce

. 1 . ; 1
l=y——3, W=py =¥-—}2 3.10
W=y 207 Jrs Py 25T (3.10)
and observe that
Foop . p
L - T 5
ap‘}’] = l//] +p(9p1ﬁf =y - _2/)2 + ; + E]l—‘
Jboop
r
=Y+ —+=.
v 20 p
Thus, (3.9) is equivalent to _
(0,91 = 0. (3.11)

it p Jt
b p(w 202 p v 2.02)
1,
=p+ ;Jr
Thus, (3.8) is equivalent to '
[p’1=0. (3.12)

In fact, we have proved

Theorem 3.4. Let Y/, W/ be given by (3.10). Then p/ = p + (1/p)ji, 8, = y + (1/2p%)j% + plp if
pl = pap‘l’j -V p= p0,¥Y =Y. In particular, (3.8), (3.9) are equivalent to (3.11) and (3.12).

If the density of Q; is p; (i = 1,2), then, by Lemma 3.3, the conditions (3.11) and (3.12) say that there is a
bitangent line of the graph of ¥/ from (pz, Wy (pz)) to (pl ,Wi(p; )). However, if jr is sufficiently large, it might
happen that there is no bitangent line at least for the van der Waals’ Helmholtz energy because of the term
- jlz. /2p in the definition of ¥/. Indeed, in the case of the van der Waals’ Helmholtz energy

¥ = k1 pf(1 — log 6) + kapflog —F— — ap?,
1-bp
we get
b 1 b
P = k| —2— 4+~ + ——| - 2a.
P (I1-bp? p 1-bp

This function is positive near p = 0 and p close to 1/b. But it may change sign twice if 6 is not very large
compared with a. Note that Hﬁ‘I‘j is negative near p = 0. If jr is not large, 6%‘1’1 changes its sign three times.
However, if jr is large, 6%‘1’1 changes its sign only once no matter what the temperature 8 > 0 is; see Figure
10 and Figure 11. We conclude the following theorem.

Theorem 3.5. If jr is large, for any 6 > 0, there is no pair (01, 0), (02,6) with p1 # p; satisfying (3.8) and
(3.9) for the van der Waals’ energy.
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P 0 / P
Figure 10: graph of ¥/ for small jr with fixed 6 Figure 11: graph of W/ for large jr with fixed 6

We conclude this section by mentioning a well-known relation between ¢ and V. By definition,
Y =pdpy + = —vOy +¢ where p=1/v

and similarly

O = —pd,¥ + .
Thus, [0,¥] = 0, [-pd,¥ + ¥] = 0 is equivalent to [8,¢] = 0, [vd,y — ¥] = 0. By Lemma 3.3, this
means that i has a bitangent from (vj,, J/(v;)) to (VZ,, J/(VZ,)) if and only if ¥ has a bitangent from (pZ,, ‘P(pz,)) to
(pj,, ‘P(p;‘i)) at a fixed temperature. We also note that the non-decreasing behavior of the pressure p with respect

to p is equivalent to the convexity of ¢ in v since p = —d,4. This also implies the convexity of ¥ in p. (In fact,
it is equivalent.) Indeed, p = pd,'¥ — ¥ and 0, p = 8?,‘?.

4 Stationary solutions to the Stefan problem

We consider a stationary solution to (2.23) with (2.21), (2.24), (2.25), (2.29) in a half line (0, ), i.e., L = oo,
which was written at the end of Section 2. We consider the situation that the liquid region occupies near the
entrance.

We give the liquid density p; = py which is a positive constant. We also give the liquid velocity u; = ug
which is also a positive constant. In Section 3, we obtain that if the phase flux jr = p,u, is sufficiently small,
there is a temperature 6, and the gas density p,(< p¢) which solves (0>, §) equations of the forms

(p1u1)? = (p1(p1,6:) — p2(2,6:)) /(2 =v1),  vi=1/pis  p1=pe. P2 =P

0, , 0,
U2(P2.0.) — (1. 0.) + (v — vy LLLLE) £ 2202, 6)

0
2

under physically reasonable assumptions on the Helmholtz energy. We postulate that these two equations are
solvable for a given p; and jr = pju; to find p» = p, and 6. Since u; is determined by u = piu;/p>, our
system is reduced to

K1 jrOx 0y — 0y, (d10x,61) = p1r1 in (0, x,), 4.1)
K2 jr0x 02 = 0y, (d204,62) = p2ra in (x4, ), 4.2)
60, =6, =0, at  x = x,, 4.3)
{jr + dzaxlez - dlaxlgl =0 at  x = X.. “4.4)
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From physical requirement, we usually assume that x; > 0 and d; > 0 for i = 1,2. Moreover, ¢ = —0,[[n] < 0if
Q, is a liquid region and €; is a vapor region. To see the feature of the problem, we assume that these physical
quantities are constants. More precisely,

(PC) The specific heat «;(p;, 0) is a positive constant for i = 1,2 and the latent heat £ = —0,[[n] is a negative
constant. (These assumptions impose restrictions on the Helmholtz energy, especially the entropy. They
are fulfilled, for example, for van der Waals’ energy.) The thermal diffusivity d; is a positive constant.

We next impose the boundary condition for 6;. At the entrance 6;(0) = 6i,(< 6,) is given while at the space
infinity, 0,0, is assumed to be bounded. The second condition is reasonable if the effect of transport, i.e., the
term involving jr in the second equation dominates the diffusion term. We further assume that pyr; = por, = r
is a positive constant. We give a necessary and sufficient condition such that the dryout point exists.

Theorem 4.1. Assume (PC) and that r = p1r| = par2 is a positive constant. Assume that 0, is given. Then

(o< 2L
K2Jr
if and only if there exists a unique solution (61,6, x.) to (4.1), (4.2), (4.3), (4.4) satisfying 0, < 6. and
61(0) = Oy < 6. under the linear growth assumption on 0, as x — co. Moreover, the function x.(6y, jr) is
strictly decreasing in 0y, and strictly increasing in jr. Furthermore x, — o0 as jr — oo or 6y, — —oo if one
fixes the remaining variable.

For the proof, we prepare a simple lemma on a free boundary problem for a second-order ordinary differ-
ential equation (ODE) of the form

by —ay” —c=0, 0<x<3,

¥(X) =0,
(0) = —yo, (4.5)
V) = 2.

Lemma 4.2. Assume that a, b and c are positive constants. For given positive constants yo and 7y, there exists
a unique (y, X) with X > 0 which solves (4.5). Moreover, X = X(o, 20) is strictly increasing in yo and strictly
decreasing in zo. Furthermore, there is X.(yg) > 0 such that

im %(yo,z0) = o0, lim X(yo,z0) =0, forany z0>0,
yp—00 }’OLO
lim %(yo, z0) = 0, lirl% X(yo,z0) = Xc(vo) forany yo > 0.
20— 20
The function x.(yo) is strictly increasing and
lim %.(yo) =0, lim £.(yp) = oo.
¥o—0 Yo—>00
All dependence with respect to yg and zo are analytic.

Proof. We may assume that ¢ = 1 by dividing both sides of the first equation of (4.5) by c. By scaling
vp(x) = y(bx), we may assume b = 1. The resulting ODE is

yl_ay/l_lzo

and its general solution is of the form
y(x) = x + 26" + ¢
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with constant ¢ and ¢;. We shall determine c1, ¢;, & so that y(%) = 0, y(0) = —yp, y'(X) = z0, namely

X/a

0=Xx+ce"" +cy,
—Yo = C1 + C2,
Cr o
z0=1+ 2etla,
a
From the first two equations,
o = 0 - X
2T efa
Thus,
YOo— X %a
z0=1+———¢"" 4.6
0 e 1) (4.6)

We shall fix yg > 0. As a function of x, di}g < 0, in particular, zg is strictly decreasing in x. Indeed, we set

7 =e'/% — 1 so that & = alog(t + 1). By (4.6), z(X) is of the form

1
() =1+-f(1). f(1)= (o —alog(r + 1)) (r + /7.

Since

T

2
£ =- “(T+ﬂ—1(m—m%u+n)
+ T

1 ( yo — alog(t + 1))
=——la+
T T

and 7 — log(t + 1) > 0, we observe that
1
rm<--2<o.
TT
Thus ‘% < 0 everywhere.

From (4.6), it follows that
limzp(%) = o0, lim zp(X) = —co0. 4.7)
210 Fo00

By strictly monotonicity of zg in X, we now conclude that for a given yo and zg, there is a unique £ > O and y
satisfying (4.5). The function x.(yy) is defined as zg = 0 in (4.6), i.e.,

I yo—fe cja_g,

a (efela — 1)
The properties of x(yg, zo) in Lemma 4.2 for fixed yp > 0 easily follows by monotonicity of zyp and (4.7).

Regularity issues are clear by explicit formulas.
It remains to study the dependence of yq in x(yo, o) for a fixed zg. By (4.6), we see that

-1
@7 g4 1y =22, (4.8)
T+1 a

where 7 = ¢%/¢ — 1. Differentiating the left-hand side in 7, we get

Q- 1 1 ( 1

G+12 t+1 71+l T+1

) for zo>0, 7> 0.
Thus, strictly monotonicity property of X and X, with respect to yg is obtained since the left hand side of (4.8)

is strictly increasing and 0 at 7 = 0 and oo as T — oo. (Note that X.(yp) = X(yo, 0).)
The graphs of solutions to (4.5) are illustrated in Figure 12. m|
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slope z, =c/b
slope
zo>c/b
VL )

_yo/slopezo<c/b \

Figure 12: graphs of solutions

Proof of Theorem 4.1. 1f 6, solves (4.2), then it is of the form

r K2 jT
Or(x)) = —x1 +c1 + 2™, a= KJjr
K2 Jr dp

with some constant ¢; and ¢;. Under the linear growth assumption, ¢, = 0. Thus
r
0r(x1) = ——(x1 — xx) + 6,
K2 Jr

if 6,(x,) = 6,. The Stefan condition (4.4) is now of the form

(=0 jr = d20,6> — d10,,01
d
= i —d0y,01.
Ko jr

Note that d,,61(x.) > 0 since 6; < 6. Thus, if a solution (6, 62, x.) exists, we must have
dor
—t< .
K2Jr
It remains to prove that this condition is sufficient to have a solution. We may assume 6. = 0 by considering
6 — 8. Our problem is reduced to Lemma 4.2 by setting

b=xijr, a=di, c=r, yo="bn,

1(d
0 = _(_2}’ +€jr).
dy \k2jr

If we set x.. = %, then all required properties follows from Lemma 4.2. m|

Acknowledgments. This work was done as a part of research activities of Social Cooperation Program “Math-
ematical Sciences for Refrigerant Thermal Fluids” sponsored by Daikin Industries, Ltd. at the University of
Tokyo. The authors are grateful to members of the Technology and Innovation Center of Daikin Industries,
Ltd. for showing several interesting phenomena related to dryout points with fruitful discussion which trig-
gered this work. The work of the first author was partly supported by the Japan Society for the Promotion
of Science (JSPS) through the grants Kakenhi: No. 20K20342, No. 19H00639, and by Arithmer Inc., Daikin
Industries, Ltd. and Ebara Corporation through collaborative grants.

19



References

[BCD] V. Barbu, L. Ciotir and 1. Danaila, Existence and uniqueness of solution to the two-phase Stefan prob-

[BP]

[BL]

[TH]

[Na]
[PSh]

[PS]

[T]

[V]

[Wa]

[Wi]

lem with convection. Appl. Math. Optim. 84 (2021), S123-S157.

D. Blanchard and A. Porretta, Stefan problems with nonlinear diffusion and convection. J. Differential
Equations 210 (2005), no. 2, 383—428.

M. Boukrouche and G. Luukaszewicz, The stationary Stefan problem with convection governed by a
non-linear Darcy’s law. Math. Methods Appl. Sci. 22 (1999), no. 7, 563-585.

M. Ishii and T. Hibiki, Thermo-fluid dynamics of two-phase flow. Second edition. With a foreword by
Lefteri H. Tsoukalas, Springer, New York, 2011. xviii+518 pp.

G. F. Naterer, Advanced heat transfer. 3rd Edition, CRC Press, 2022.

J. Priiss and S. Shimizu, Modeling of two-phase flows with and without phase transitions. Handbook
of mathematical analysis in mechanics of viscous fluids, 1007-1044. Springer, Cham, 2018.

J. Priiss and G. Simonett, Moving interfaces and quasilinear parabolic evolution equations. Monogr.
Math., 105, Birkhduser/Springer, [Cham], 2016. xix+609 pp.

D. A. Tarzia, A bibliography on moving-free boundary problems for the heat-diffusion equation. The
Stefan and related problems. MAT Ser. A Conf. Semin. Trab. Mat. 2, Universidad Austral, Facultad
de Ciencias Empresariales (FCE-UA), Departamento de Matemdtica, Rosario, 2000. 16 pp.

A. Visintin, Models of phase transitions. Progr. Nonlinear Differential Equations Appl., 28, Birkhduser
Boston, Inc., Boston, MA, 1996, x+322 pp.

K. Watanabe, Local well-posedness of incompressible viscous fluids in bounded cylinders with 90°-
contact angle. Nonlinear Anal. Real World Appl. 65 (2022), Paper No. 103489, 54 pp.

M. Wilke, The two-phase Navier-Stokes equations with surface tension in cylindrical domains. Pure
Appl. Funct. Anal. § (2020), no. 1, 121-201.

20



