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1. INTRODUCTION

1.1. Quandles. A quandle is a nonempty set Q equipped with a binary operation
/ : Q×Q → Q, (x,y) 7→ x/ y which satisfies the following three conditions:

(1) x/ x = x (x ∈ Q),
(2) for all y ∈ Q, the map •/ y : Q → Q,x 7→ x/ y is bijective,
(3) (x/ y)/ z = (x/ z)/ (y/ z) (x,y,z ∈ Q).

Quandles are algebraic structures whose axiomatization comes from Reidemeister
moves in knot theory. Since a group G equipped with the conjugation operation
g/hB h−1gh is a quandle (which is called a conjugacy quandle of G and denoted
by Conj(G)), quandles are also algebraic structures obtained by axiomatizing and
generalizing the conjugation operations of groups. The term “quandle” was coined
by Joyce [15] in 1982. Quandle have been applied to the study of knots and links,
set-theoretical solutions of the Yang-Baxter equation, symmetric spaces and so on
(see, e.g., Joyce [15], Kubo-Nagashiki-Okuda-Tamaru [17], and Lebed-Vendramin
[18]). For any quandle Q, one can define a group As(Q) called the associated
group of Q, which is defined by the presentation

As(Q)B 〈ex (x ∈ Q) | ey
−1exey = ex/y (x,y ∈ Q)〉.

The functor from the category of quandles to the category of groups given by Q 7→
As(Q) is left adjoint to the functor from the category of groups to the category of
quandles given by G 7→ Conj(G). In other words, there is a natural bijection

Homgroups(As(Q),G) � Homquandles(Q,Conj(G)).

In this way, associated groups play an important role in understanding quandles
themselves. However, since As(Q) is defined by presentations, it is difficult to
investigate the structures of As(Q).

1.2. Quandle homologies. In 1995, Fenn, Rourke and Sanderson introduced a
word “trunks” in [10] leading to the homology theory of racks (rack is a nonempty
set equipped with a binary operation satisfying (2) and (3)). A modification to
quandle homology theory was given in [6, 7] to define knot invariants in a state-
sum form. In 2007, Eisermann posted a preprint on a way of calculating the sec-
ond quandle homology (published as [9] in 2014). However, calculations of quan-
dle homologies are difficult in general even if formulas for calculating quandle
homologies are given.

1.3. The purpose of the thesis. This thesis consists of two parts. In the first half,
inspired by Akita-Hasegawa-Tanno [2], we will introduce a quotient group As f (Q)
of As(Q) defined by a presentation for an involutive quandle Q. We will show that
our As f (Q) satisfies the following remarkable properties:

(1) As f (Q) is of finite order whenever Q is finite (Proposition 3.3).
(2) The projection from As(Q) to As f (Q) yields an isomorphism from the

commutator subgroup of As(Q) to the commutator subgroup of As f (Q)
(Theorem 3.8).
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(3) The commutative square

As(Q) As(Q)ab

As f (Q) As f (Q)ab

abAs(Q)

π πab

abAs f (Q)

is a pullback, where ab stands for the abelianization, and the induced
square of Eilenberg-MacLane spaces

K(As(Q),1) K(As(Q)ab,1)

K(As f (Q),1) K(As f (Q)ab,1)

is a homotopy pullback (Theorem 3.10).
(4) For a connected involutive quandle Q and x0 ∈ Q, the second quandle ho-

mology of Q is isomorphic to the abelianization of the intersection of the
stabilizer of x0 with respect to the As f (Q)-action on Q and the commutator
subgroup of As f (Q) (Theorem 4.7).

In the second half, as applications of (4), we calculate the second quandle ho-
mology for certain Coxeter quandles (Coxeter quandles will be defined in sec-
tion 2). For the Coxeter quandle Q associated with a Coxeter group W , the group
As f (Q) is isomorphic to W (Proposition 5.8). For certain Coxeter quandles, the
following property holds:

(5) Let W be a Coxeter group whose odd Coxeter graph is a tree and QW be its
Coxeter quandle, x0 ∈ QW . Then, the second quandle homology of QW is
isomorphic to the abelianization of the intersection of the centralizer of x0
and the commutator subgroup of W (Theorem 5.10).

Let (W,S) be a Coxeter system whose odd Coxeter graph is a tree, and x0 ∈ S.
Then, the centralizer of x0 is a Coxeter group WΓ(x0)∪{±αx0} which is a subgroup
of W and is obtained from the root subsystem Γ(x0)∪ {±αx0}, where αx0 is a
root such that x0 is a reflection of αx0 and Γ(x0) is the set of roots orthogonal to
αx0 (Theorem 5.4). Let (WΓ(x0)∪{±αx0},S

′ = {s′0,s1, . . . ,s′n}) be a Coxeter system.
Then, the intersection of the centralizer of x0 and the commutator subgroup of W
is isomorphic to a group generated by R = {r1,r2, . . . ,rn} with the relators rm(s′0,s

′
i)

i

and (r−1
i r j)

m(s′i,s
′
j) (1 ≤ i < j ≤ n) (the special case of Theorem 5.6). Therefore we

can calculate the second quandle homology of QW . In particular, for certain types
of Coxeter groups, we calculated the second quandle homologies:

(6) If W is a Coxeter group of type An (n ≥ 1), Dn (n ≥ 4), E6, E7, E8, I2(n)
(n ≥ 3 and n is odd), H4 or H3, then the results of the calculation of the
second quandle homology H2(QW ) are shown in the Table 1.1 (Theorem
6.1).
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Type An(n ≥ 1) Dn(n ≥ 4) E6 E7 E8 I2(n)(n ≥ 3) H4 H3

H2(Q)
0 (n ≤ 2)
Z2 (n ≥ 3)

Z3
2 (n = 4)
Z2

2 (n ≥ 5) Z2 Z2 Z2 0 (n is odd) Z2 Z2
2

TABLE 1.1. The results of the calculation of H2(Q) in case Q is a
Coxeter quandle QW .

1.4. Outline of this thesis. In section 2, we define quandles and As(Q), and sum-
marize properties of As(Q). In section 3, the definition of a group As f (Q) and the
proof of (1), (2) and (3) are given. In section 4, quandle homology is defined, and
the proof of (4) is given. In section 5, we recall the definition of Coxeter groups and
their properties. Also, we give a proof of (5). In section 6, we introduce symbols
used from section 7 to section 14 and list results of the second quandle homology.
From section 7 to section 14, the result of (6) are given.

1.5. Notation. We denote by Z, Z≥1, and H the set of integers, the set of integers
greater than or equal to 1, and the set of quaternions respectively. For n ∈ Z≥1, we
denote the n-dimensional Euclidean space by Rn. For a set X , we denote by |X | the
cardinality of X . For a group G, we define Gab BG/[G,G] as the abelianization of
G and abG : G → Gab as the natural projection, and write [g]B g[G,G] ∈ Gab for
g ∈ G. We denote the direct sum of |X | copies of a group G by G⊕X . For a quandle
Q and x, y ∈ Q, let (•/y)−1 be the inverse map of •/y. Then, x/−1 y is defined by
(•/ y)−1(x). Moreover, for any integer N,

x/N yB



(· · ·(x/y)/ y · · ·)/ y︸             ︷︷             ︸
N

(N > 0)

x (N = 0)
(· · ·(x/−1y)/−1 y · · ·)/−1 y︸                       ︷︷                       ︸

N

(N < 0).
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Part 1. Quandles

2. QUANDLES AND ITS ASSOCIATED GROUPS

We recall the definition of quandles. A quandle is a nonempty set Q equipped
with a binary operation / : Q×Q → Q, (x,y) 7→ x/ y which satisfies the following
three conditions:

(1) x/ x = x (x ∈ Q),
(2) for all y ∈ Q, the map •/ y : Q → Q,x 7→ x/ y is bijective,
(3) (x/ y)/ z = (x/ z)/ (y/ z) (x,y,z ∈ Q).

A quandle Q is said to be involutive if x ◁2 y = x for all x, y ∈ Q. A subset A of a
quandle Q with a quandle operation / is called a subquandle (of Q) if A also forms
a quandle under /.

Example 2.1 (Trivial quandle). For any nonempty set Q, Q is an involutive quandle
with the operation x/ y = x (x, y ∈ Q) and is called the trivial quandle.

Example 2.2 (Dihedral quandle). Let Rn = Z/mZ. By the following operation, Rn
is an involutive quandle and is called a dihedral quandle:

x/ yB 2y− x (x,y ∈ Rn).

Example 2.3 (Alexander quandle). Let Z[T±1] be the Laurent polynomial ring.
Then, any Z[T±1]-module M is made into a quandle by the following operation,
and is called an Alexander quandle:

x/ yB y+T (x− y) (x,y ∈ Q).

If T 2(x) = x for all x ∈ M, then M is an involutive quandle.

Example 2.4 (Generalized Alexander quandle). Let let ϕ be an automorphism
from a group G to itself. G is a quandle with the following operation, and is called
a generalized Alexander quandle:

x/ yB ϕ(xy−1)y (x,y ∈ G).

If ϕ 2 = idG, then G is an involutive quandle.

Example 2.5 (Conjugacy quandle). For a group G, G is a quandle with the op-
eration x / y B y−1xy (x, y ∈ Q), and is called the conjugacy quandle of G and is
denoted by Conj(G).

Example 2.6 (Core quandle). For a group G, G is an involutive quandle with the
operation x/ yB yx−1y (x, y ∈ Q), and is called the core quandle of G.

Example 2.7 (Dehn quandle). Let G be a group and S a subset of G which gener-
ates G. Then, D(S)B ∪g∈Gg−1Sg is a subquandle of Conj(G) and is called a Dehn
quandle of S. If s2 = 1 holds for all s ∈ S, then D(S) is involutive.

Example 2.8 (Coxeter qunadle). Let (W,S) be a Coxeter system (Coxeter systems
will be defined in section 5). Then, a Dehn quandle of S is called a Coxeter quandle
associated with (W,S) and denoted by QW . Coxeter quandles are involutive since
s2 = 1 holds for all s ∈ S.
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For any quandle Q, one can define a group As(Q) called the associated group
of Q, which is defined by the presentation

As(Q)B 〈ex (x ∈ Q) | ey
−1exey = ex/y (x,y ∈ Q)〉.

For a quandle Q, the well-defined right action on Q by As(Q) can be defined
as x · ey B x / y (x,y ∈ Q). We denote the set of orbits by O(Q). We say that Q is
connected if As(Q) acts on Q transitively, i.e., |O(Q)|= 1.

The following lemma will be used repeatedly in this thesis:

Lemma 2.9 ([20], section 2.3). Let x ∈ Q, g ∈ As(Q). Then, g−1exg = ex·g.

The following lemma reveals the structure of the abelianization of As(Q):

Lemma 2.10 ([20], Lemma 2.7). Let Q = t j∈O(Q)Q j be the decomposition of a
quandle Q into orbits of the As(Q)-action. For each Qi ∈ O(Q), define a well-
defined group homomorphism ηi : As(Q)→ Z by

ηi(ex) =

{
1 (if x ∈ Qi)

0 (if x < Qi).

Then, the direct sum ⊕ j∈O(Q)η j yields the abelianization As(Q)ab � Z⊕O(Q).

Since abAs(Q) : As(Q) → As(Q)ab is surjective, As(Q) is an infinite group by
Lemma 2.10.

Remark 2.11. Let Q be a quandle and R be the complete representation system of
O(Q). By Lemma 2.10, we have

As(Q)ab =
⊕
x∈R

〈[ex]〉, 〈[ex]〉 � Z (x ∈ R).

3. DEFINITION OF As f (Q) AND ITS PROPERTIES

Let Q be an involutive quandle. As f (Q) is defined as the following presentation:

As f (Q) = 〈ex (x ∈ Q) | ey
−1exey = ex/y, e2

z = 1 (x,y,z ∈ Q)〉.

Moreover, let π : As(Q)→ As f (Q) be a homomorphism which maps ex to ex. ZQ
is defined by kerπ . Let x, y be elements of an involutive quandle Q. By definition
of As(Q), e−2

x eye2
x = ey◁2x holds. Since Q is involutive, ey◁2x = ey holds. Therefore

the following lemma follows:

Lemma 3.1. Let x, y be elements of an involutive quandle Q. Then, e2
xey = eye2

x .

Corollary 3.2. Let Q be an involutive quandle. Then, ZQ is generated by{e2
x | x ∈

Q}, and is contained in the center of As(Q).

Proof. Since ZQ is a normal closure of {e2
x | x ∈ Q}, ZQ is generated by {g−1e2

xg |
g ∈ As(Q), x ∈ Q}. By Lemma 3.1, g−1e2

xg = e2
x holds for any elements of g ∈

As(Q) and x ∈ Q. Therefore, ZQ is generated by{e2
x | x ∈ Q}, and is contained in

the center of As(Q). □
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Since ZQ is contained in the center of As(Q) by Corollary 3.2, the extension

1 → ZQ ↪→ As(Q)
π→ As f (Q)→ 1

is a central extension.
The following proposition was proved in [19, Theorem 5.2]. We prove the fol-

lowing proposition by a method similar to the proof of [12, Lemma 2.19].

Proposition 3.3. If Q is a finite involutive quandle, As f (Q) is a finite group.

Proof. Put a total ordering in Q. For x, y ∈ Q, there exists some z, w ∈ Q such
that z ≥ w, exey = ezew. In fact, the case x ≥ y is obvious, and for x < y we can
write exey = ey◁−1xex. It follows by repeating the same argument a finite number
of times. Suppose that Q = {x1,x2, . . . ,xk} and x1 ≥ x2 ≥ . . . ≥ xk. From what
we have shown in the first part, As f (Q) can be written in the form en1

x1
en2

x2
· · ·enk

xk
.

Furthermore, since e2
x = 1As f (Q) for each x ∈ Q, we may assume that n1,n2, . . . ,nk

are 0 or 1. Therefore As f (Q) is a finite group. □

Remark 3.4. By the proof of Proposition 3.3, the order of As f (Q) is equal to or less
than 2|Q| if Q is a finite involutive quandle.

Let Q be an involutive quandle, R be the complete set of representatives of O(Q).
By Corollary 3.2, ZQ = 〈e2

x ,x ∈ R〉 is satisfied. The following lemma is similar to
Lemma 2.10, except that the direct sum component is a cyclic group of order 2.

Lemma 3.5. Let Q be an involutive quandle. Then,

As f (Q)ab =
⊕
x∈R

〈[ex]〉, 〈[ex]〉 � Z/2Z.

Proof. The relation eyex◁y = exey (x,y ∈ Q) in Asf(Q) corresponds to the relation
[ey][ex◁y] = [ex][ey], which is equivalent to [ex◁y] = [ex] (x,y ∈ Q). Furthermore,
since [e2

x ] = 0 and [ex][ey] = [ey][ex] holds for x, y ∈ R, the lemma follows. □

From π : As(Q) → As f (Q), the homomorphism πab : As(Q)ab → As f (Q)ab is
induced. Then, πab([ex]) = [ex] (x ∈ Q).

Lemma 3.6. Let Q be an involutive quandle. Then, kerπab is a free abelian group
with a basis {[e2

x ] | x ∈ R}.

Proof. By Lemma 2.10 and Lemma 3.5

kerπab =
⊕
x∈R

〈[e2
x ]〉

is satisfied. Furthermore, for x ∈ Q, we have 〈[e2
x ]〉 � Z. Therefore kerπab has

{[e2
x ] | x ∈ R} as its basis. □
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Let abAs(Q) : As(Q)→ As(Q)ab be the abelianization. We now turn our attention
to the following commutative diagram consisting of four short exact sequences.

1 1

ZQ ker(πab)

1 [As(Q),As(Q)] As(Q) As(Q)ab 1

1 [As f (Q),As f (Q)] As f (Q) As f (Q)ab 1

1 1

abAs(Q)

π π

abAs(Q)

πab

abAs f (Q)

Theorem 3.7. The restriction abAs(Q) |ZQ : ZQ → kerπab is an isomorphism. In
particular, ZQ is a free Abelian group with {e2

x | x ∈ R} as its basis, and hence
there is a central extension of the form

0 → Z⊕R → As(Q)→ As f (Q)→ 0.

Proof. Since ZQ is contained in the center of As(Q), ZQ is an abelian group. There-
fore, by Lemma 3.6, we can define a homomorphism ϕ : kerπab → ZQ such that
ϕ([e2

x ])B e2
x (x ∈ R). Then, ϕ is the inverse map of abAs(Q). □

Theorem 3.8. Restriction of π to [As(Q),As(Q)],

π |[As(Q),As(Q)]: [As(Q),As(Q)]→ [As f (Q),As f (Q)]

is an isomorphism.

Proof. Since π is surjective, π |[As(Q),As(Q)] is also surjective. We show its injec-
tivity. Let g ∈ [As(Q),As(Q)] be such that π(g) = 1. Then g ∈ ZQ by the lower
left commutative square of the above diagram, and [g] = 1 holds by the upper right
commutative square of the above diagram. Therefore, we have g = 1 from Lemma
3.7. □

We will characterize the associated group As(Q) as a pullback involving As f (Q)
and its abelianization, and describe the Eilenberg-MacLane space K(As(Q),1) of
As(Q) as a homotopy pullback. To do so, we only have to invoke the following
result due to Kishimoto [16]:

Lemma 3.9 (Kishimoto [16], Lemma 3.8 and Lemma 4.9). Suppose that there is
a commutative square of groups

G1 H1

G2 H2

f1

g h
f2
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where f1 is surjective. Then the square is a pullback if and only if the canonical
map ker f1 → ker f2 is an isomorphism. If the square is a pullback and f1, f2 are
surjective, then the induced square of Eilenberg-MacLane spaces

K(G1,1) K(H1,1)

K(G2,1) K(H2,1)

is a homotopy pullback.

Combining Theorem 3.8 and Lemma 3.9, we obtain the following result:

Theorem 3.10. For any involutive quandle Q, the commutative square

As(Q) As(Q)ab

As f (Q) As f (Q)ab

abAs(Q)

π πab

abAs f (Q)

is a pullback, and the induced square of Eilenberg-MacLane spaces

K(As(Q),1) K(As(Q)ab,1)

K(As f (Q),1) K(As f (Q)ab,1)

is a homotopy pullback.

By Lemma 2.10, Lemma 3.5 and Theorem 3.10, the following diagram

K(As(Q),1) ∏i∈O(Q) K(Z,1)

K(As f (Q),1) ∏i∈O(Q) K(Z2,1)

is a homotopy pullback. Moreover, since K(Z,1)and K(Z/2Z,1) are homotopy
equivalent to the circle S1 and the infinite dimensional real projective space RP∞

respectively, the following diagram

K(As(Q),1) ∏i∈O(Q) S1

K(As f (Q),1) ∏i∈O(Q)RP∞

is a homotopy pullback.

Remark 3.11. Theorem 3.10 generalizes a result of Kishimoto [16, Theorem 3.9]
where a similar result was proved for Coxeter quandles.
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Since the group As f (Q) is defined in terms of generators and relations, an ex-
plicit description of As f (Q) is difficult in general. In the rest of this section, we
will give an explicit description of As f (Q) for a certain class of Dehn quandles.
The following theorem is inspired by Dhanwani-Raundal-Singh [8, Theorem 3.14]
and Akita-Hasegawa-Tanno [2, Theorem 7.1].

Theorem 3.12. Let G be a group having a presentation G = 〈S | R〉 and D(S) be
the associated Dehn quandle. Assume that s2 ∈ R for all s ∈ S and other relators in
R are of the form w−1swt−1 (s, t ∈ S,w ∈ G). Then the surjection As(D(S))→ G
induces a well-defined isomorphism As f (D(S))→ G, ex 7→ x.

Proof. To simplify the notation, we write ex instead of ex (x ∈ D(S)) so that the
group As f (D(S)) is presented by

As f (D(S))B 〈ex (x ∈ D(S)) | e−1
y exey = ey−1xy, e2

x = 1 (x,y ∈ D(S))〉.

Since s2 = 1 for all s ∈ S, It follows that the surjection As(D(S))→ G induces a
well-defined surjection As f (D(S))→ G, ex 7→ x. We will construct the inverse of
As f (D(S))→ G. To do so, let F(S) be the free group on S and define a surjective
homomorphism ψ : F(S)→ As f (D(S)) by s 7→ es (s ∈ S). The surjectivity follows
from that As f (D(S)) is generated by es (s ∈ S). For a relator w−1swt−1 ∈ R, write
w = sε1

1 sε2
2 · · ·sεk

k (si ∈ S,εi ∈ {±1}). By the iterated use of a relation e−ε
y exeε

y =
ey−ε xyε (x,y ∈ D(S),ε ∈ {±1}), we have

ψ(w−1sw) = ψ((sε1
1 · · ·sεk

k )
−1s(sε1

1 · · ·sεk
k )) = (eε1

s1
· · ·eεk

sk
)−1es(eε1

s1
· · ·eεk

sk
)

= e
(sε1

1 ···sεk
k )−1s(sε1

1 ···sεk
k )

= ew−1sw = et = ψ(t).

For s2 ∈ R, we have
ψ(s2) = e2

s = 1.
Consequently, the homomorphism ψ induces a surjective homomorphism ψ̄ : G →
As f (D(S)), s 7→ es, which is the inverse of As f (D(S))→ G. □

Remark 3.13. Corollary 3.2 and Theorem 3.7 are proven in case of finite quandles
in Lebed-Vendramin [19, Theorem 5.2]. In Lebed-Vendramin [19, Section 5], for
a finite rack Q (rack is a nonempty set equipped with a binary operation satisfying
(2) and (3) in the definition of quandles), GQ is defined as follows:

GQ B 〈ex (x ∈ Q) | ey
−1exey = ex/y, eDz

z = 1 (x,y,z ∈ Q)〉,
where Dz Bmax{2, ord(•/ z)} and ord(•/ z) ∈ Z≥1 is the order of •/ z. If Q is a
finite involutive quandle, GQ is the same as As f (Q) since Dz = 2 for any z ∈ Q.

Remark 3.14. In Akita-Hasegawa-Tanno [2, §3], for a quandle Q, FQ is defined as
follows:

FQ B 〈ex (x ∈ Q) | ey
−1exey = ex/y, eord(•/z)

z = 1 (x,y,z ∈ Q, ord(•/ z)< ∞)〉.
If Q is an involutive quandle and ord(• / z) = 2 for any z ∈ Q, FQ is the same as
As f (Q). However, if there exists z ∈ Q such that ord(•/z) = 1, FQ is different from
As f (Q). For instance, if Q is the trivial quandle consisting of n elements, FQ is the
trivial group and As f (Q) is isomorphic to Zn

2. If Q is an involutive quandle which
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have an element z such that ord(•/ z) = 1, then the projection ρ : As f (Q)→ FQ is
surjective but not injective. Therefore, intuitively speaking, As f (Q) is a quotient
group slightly larger than FQ.

4. QUANDLE HOMOLOGY

We define quandle homology based on [14]. Let Q be a quandle. For n ∈ Z≥1,
let CR

n (Q) be a free abelian group with Qn as its basis. When n = 0, let CR
0 (Q) be a

free abelian group with Q0B {( )} as its basis. When n< 0, let CR
n (Q) be the trivial

group. For n ∈ Z≥1, We also define the subgroup CD
n (Q) of CR

n (Q) as follows:

CD
n (Q)B SpanZ〈(x1,x2, . . . ,xn) ∈ Qn | xi−1 = xi for some i ∈ {2,3, . . . ,n}〉.

Let Cn(Q)BCR
n (Q)/CD

n (Q). For n ∈ Z≥1, we also define the boundary map ∂ R
n :

CR
n (Q)→CR

n−1(Q) as follows:

∂ R
n (x1,x2, . . . ,xn)B ∑

1≤i≤n
(−1)i((x1,x2, . . . ,xi−1,xi+1, . . . ,xn)

− (x1 / xi,x2 / xi, . . . ,xi−1 / xi,xi+1, . . . ,xn)).

If n ≤ 0, we define ∂ R
n : CR

n (Q) → CR
n−1(Q) as the zero map. Since ∂ (CD

n (Q)) ⊂
CD

n−1(Q), the boundary map ∂n : Cn(Q)→Cn−1(Q) is induced and (Cn(Q),∂n) is a
chain complex. Then, we define Hn(Q)B Hn((Cn(Q),∂n)).

The following proposition is known, however, we present it with a proof.

Proposition 4.1. Let Q be a quandle. Then,

H0(Q) � Z, H1(Q) � Z⊕O(Q).

Proof. Since CD
0 (Q) and CD

1 (Q) are the trivial group by the definition of CD
n (Q),

C0(Q) �CR
0 (Q) and C1(Q) �CR

1 (Q) hold. Since ∂ R
0 and ∂ R

1 are the zero map by the
definition of ∂ R

n , Ker∂0 = C0(Q) and Ker∂1 = C1(Q) hold and Im∂1 is the trivial
group. Therefore, the following isomorphism holds:

H0(Q) �C0(Q) �CR
0 (Q) � Z.

We identify C1(Q) and CR
1 (Q) by the isomorphism C1(Q) � CR

1 (Q). Let Q =
t j∈O(Q)Q j be the decomposition of a quandle Q into orbits of the As(Q)-action.
Since ∂ R

2 (x1,x2) = x1 − x1 / x2 holds for any (x1,x2) ∈ Q2, for any x ∈ O(Q) and
y ∈ Qx, y+ Im∂2 = x+ Im∂2 holds. Therefore, the following isomorphism holds:

H1(Q) =C1(Q)/Im∂2 �
⊕

j∈O(Q)

Z( j+ Im∂2) � Z⊕O(Q).

□

The following theorem exists for calculating the second quandle homology:

Theorem 4.2 (Eisermann [9], Theorem 9.9). Let Q = t j∈O(Q)Q j be the decompo-
sition of a quandle Q into orbits of the As(Q)-action. Let ⊕ j∈O(Q)η j : As(Q) →
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Z⊕O(Q) be the group homomorphism defined in Lemma 2.10. For each i ∈ O(Q),
fix xi ∈ Qi. Then the following isomorphism holds:

H2(Q) �
⊕

j∈O(Q)

(StabAs(Q)(x j)∩Kerη j)ab,

where StabAs(Q)(x j) is a stabilizer of x j with respect to the action defined in section
2.

Remark 4.3. Assume that Q is a connected quandle. Let x0 ∈ Q. Then, the isomor-
phism in Theorem 4.2 is as follows:

H2(Q) � (StabAs(Q)(x0)∩ [As(Q),As(Q)])ab.

The following examples are the known results of the second quandle homology.

Example 4.4 (Alexander quandle, [20], Proposition 5.29). Let M be a Z[T±1]-
module and regard M by an Alexander quandle. Assume that M = (1 − T )M.
Then,

H2(M) � (M⊗ZM)/(x⊗ y−Ty⊗ x)x,y∈M.

Example 4.5 (Dihedral quandle Rn, [9], Example 1.14). Let n (≥ 3) be an odd
integer. Then, H2(Rn) = 0 holds.

Example 4.6 (Dehn quandle of transpositions, [9], Example 1.15). Let Sn (n ≥ 3)
be the symmetric group on n points and Tn ⊂Sn be the set of transpositions. Then,

H2(D(Tn)) �

{
Z/2Z (n ≥ 4)
0 (n = 3).

Let Q be an involutive quandle. Observe that there is a well-defined right
As f (Q)-action on Q given by y ·ex B y/x (x,y ∈ Q), and the As(Q)-action on Q is
the one induced by the As f (Q)-action through the projection π : As(Q)→As f (Q).
Theorem 4.2 can be reformulated using subgroups of As f (Q).

Theorem 4.7. For a connected involutive quandle Q and x0 ∈ Q, we have

H2(Q) � (StabAs f (Q)(x0)∩ [As f (Q),As f (Q)])ab.

Proof. The map π induces a surjective homomorphism

StabAs(Q)(x0)→ StabAs f (Q)(x0),

where StabAs f (Q)(x0) is the stabilizer of x0 with respect to the As f (Q)-action on
Q. Together with Theorem 3.8, we conclude that the projection As(Q)→ As f (Q)
induces an isomorphism

StabAs(Q)(x0)∩ [As(Q),As(Q)] � StabAs f (Q)(x0)∩ [As f (Q),As f (Q)].

Combining with Theorem 4.2, the following isomorphism holds:

H2(Q) � (StabAs(Q)(x0)∩ [As(Q),As(Q)])ab

� (StabAs f (Q)(x0)∩ [As f (Q),As f (Q)])ab.

□
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Part 2. Second Quandle homologies

5. COXETER GROUPS

In this section, we recall the definition of Coxeter group and some properties.
Let (S,m) be a pair consisting of a finite set S and a map m : S× S → N∪{∞}
satisfying the following two conditions :

(1) for all s ∈ S, m(s,s) = 1,
(2) for any distinct s, t ∈ S, 2 ≤ m(s, t) = m(t,s)≤ ∞.

Then the group defined by the presentation

(5.1) W B 〈s (s ∈ S) | (st)m(s,t) = 1 (s, t ∈ S,m(s, t)< m(s, t)< ∞)〉
is called a Coxeter group and (W,S) is called a Coxeter system. A Coxeter graph
of (W,S) (simply, a Coxeter graph of W ) is defined by a partially labeled and undi-
rected finite graph whose vertex set is S and whose edge set consists of the un-
ordered pairs {s, t} ⊂ S such that m(s, t)≥ 3 and whose edges with m(s, t)≥ 4 are
labeled with m(s, t). Moreover, a Coxeter group is irreducible if its Coxeter graph
is connected and is reducible if it is not irreducible.

It is easy to verify that the defining relations in (5.1) are equivalent to the fol-
lowing two types of relations

(5.2) (st)m(s,t) = (ts)m(s,t) (s, t ∈ S,s , t,m(s, t)< ∞), s2 = 1 (s ∈ S),

where the symbol (st)m(s,t) is defined by

(st)m(s,t) B ststs · · ·︸    ︷︷    ︸
m(s,t)

.

For example, (st)2 = st,(st)3 = sts,(st)4 = stst, and so on. Observe that a relation
(st)m(s,t) = (ts)m(s,t) (m(s, t)< ∞) in (5.2) can be rewritten in terms of conjugations
as

(5.3) (st)−1
m(s,t)−1t(st)m(s,t)−1 =

{
s if m(s, t) odd,
t if m(s, t) even.

It is known that the order of s ∈W is 2 for all s ∈ S.
We recall reflections, reflection groups, root systems and simple root systems.

Let V be a real inner product space, and let 〈λ ,µ〉 be an inner product of two
elements λ and µ of V . Then, for an element α of V , sα is defined as follows and
called a reflection of α:

sα(λ )B λ − 2〈λ ,α〉
〈α,α〉

α.

A finite reflection group is a finite group generated by reflections. A finite subset Φ
of nonzero vectors in V is said to be a root system if it satisfies the following two
conditions:

(1) for all α in Φ, Φ∩Rα = {±α},
(2) for all α in Φ, sαΦ = Φ.

Let Φ be a root system. Then, a subset ∆ of Φ is a simple root system if it satisfies
the following two conditions :



14

(1) ∆ is a vector space basis for the R-span of Φ,
(2) for all α in Φ, α is a linear combination of ∆ with coefficients all of the

same sign (all nonnegative or all nonpositive).

For any root system Φ, there is a finite reflection group W (Φ) and a simple
system ∆ ⊂ Φ such that W (Φ) is generated by {sα | sα is a reflection of α ∈ ∆}.
For any finite reflection group W , there is a root system Φ and a simple system
∆ ⊂ Φ such that W = W (Φ). The following theorem claims on a relationship
between finite Coxeter groups and finite reflection groups.

Theorem 5.1 ([13], Theorem 6.4). The following conditions on the Coxeter group
W are equivalent:

(1) W is finite.
(2) W is a finite reflection group.

By Theorem 5.1, for a finite Coxeter group W , there is a root system Φ and a
simple system ∆ such that W is generated by {sα | sα is a reflection of α ∈ ∆}.

It is known that irreducible finite Coxeter group is classified into 10 types.

Theorem 5.2 ([3], Chapter VI, §4.1, Theorem 1). An irreducible finite Coxeter
group is a Coxeter group whose Coxeter graph is one of the ten types in Figure
5.1, where the subscript of each type denotes the number of vertices.

An(n ≥ 1)：
Bn(n ≥ 2)： 4

Dn(n ≥ 4)：

E6：

E7：

E8：
F4： 4

H3： 5

H4： 5

I2(n)(n ≥ 3)： n

FIGURE 5.1. Coxeter graphs of irreducible finite Coxeter groups

If W is an irreducible finite Coxeter group whose Coxeter graph is type X , then
we say that W is a Coxeter group of type X and denote W by W (X). The fol-
lowing theorem claims that a Coxeter group is isomorphic to the direct product of
irreducible Coxeter groups.
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Theorem 5.3 ([13], Proposition 6.1). Let (W,S) be a Coxeter system and S is
finite. If the connected components of the Coxeter graph of W is Γ1,Γ2, . . . ,Γn,
let S1,S2, . . . ,Sn be the corresponding subsets of S and WSi be the subgroup of
W generated by Si. Then, W is the direct product of irreducible Coxeter groups
WS1 ,WS2 , . . . ,WSn .

Suppose that W is a reducible finite Coxeter group and the direct product of
W (X1),W (X2), . . . ,W (Xn). Then, we say that W is a Coxeter group of type X1 t
X2 t·· ·tXn and denote W by W (X1 tX2 t·· ·tXn).

Let (W,S) be a Coxeter system such that W is finite and Φ be a root system of W .
For Γ ⊂ Φ, we define WΓ to be the subgroup of W generated by {sγ ∈W | γ ∈ Γ}.
For s ∈ S, let αs be a root in Φ such that s is a reflection of αs and define Γ(s) the
set of roots γ with 〈γ,αs〉 = 0. Moreover, for s ∈ S, let Ys is the set of u ∈W with
αs = u(αs) and N(u)∩Γ(s) = /0. Then Ys is a subgroup of W (see Brink [4] for
details).

We also define the odd Coxeter graph of W to be the graph with vertex set S
and edge set {{s, t} | s, t ∈ S such that s , t and m(s, t) is odd}. Theorem 5.4 and
Theorem 5.6 are tools for calculating the second quandle homology on and after
section 7.

Theorem 5.4 (Brink [4], p.466, Theorem). Let (W,S) be a Coxeter system such
that W is finite. For s ∈ S, αs be a root such that s is a reflection of αs and ZW (s)
be the centralizer of s in W. Then, ZW (s) is the semidirect product of WΓ(s)∪{±αs}
by Ys : that is,

ZW (s) =WΓ(s)∪{±αs} ⋊Ys.

Moreover, WΓ(s)∪{±αs} is a Coxeter group with root system Γ(s)∪{±αs}, and Ys
is free of rank e(s)− n(s)+ 1, where e(s) denotes the number of edges and n(s)
the number of vertices of the connected component of the odd Coxeter graph of W
containing s.

If Coxeter graph of a Coxeter group W is a forest, then the connected component
of the odd Coxeter graph containing s is a tree. Therefore e(s)−n(s)+1 = 0 and
Ys is the trivial group. If WΓ(s) is a Coxeter group of type X , then WΓ(s)∪{±αs} is a
Coxeter group of type X tA1 since sγs = ssγ holds for γ ∈ Γ(s).

Summarizing the above discussion, the following corollary is obtained:

Corollary 5.5. Let W be a Coxeter group whose Coxeter graph is a forest. Then,
Ys in Theorem 5.4 is the trivial group. Moreover, if WΓ(s) is a Coxeter group of type
X, WΓ(s)∪{±αs} is a Coxeter group of type X tA1.

The following theorem is provides a special representation for the alternating
subgroup of Coxeter groups.

Theorem 5.6 (Brenti-Reiner-Roichman [5], Proposition 2.1.1). Let (W,S) be a
Coxeter system, S = {s0,s1, . . . ,sn}, R = {r1,r2, . . . ,rn}, ε : W → {±1} be the ho-
momorphism uniquely defined by ε(s) =−1 for all s ∈ S and f : R →W be a map
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defined by f (ri) = s0si for all i ∈ {1,2, . . . ,n}. Then, f gives the following isomor-
phism:

Kerε � 〈R | rm(s0,si)
i = (r−1

i r j)
m(si,s j) = 1(1 ≤ i < j ≤ n)〉.

Remark 5.7. If the odd Coxeter graph of W is connected, Kerε is equal to the
commutator subgroup of W since ts is equal to a commutator [t,(st)−1

m(s,t)−1] for
any s, t ∈ S by (5.3).

By Example 2.8, a Coxeter quandle QW is an involutive Dehn quandle D(S).
Observe that a relation (st)m(s,t) = (ts)m(s,t) (m(s, t)< ∞) in (5.2) can be rewritten
in terms of conjugations as

(st)−1
m(s,t)−1t(st)m(s,t)−1 =

{
s if m(s, t) odd,
t if m(s, t) even.

Therefore, by Theorem 3.12, the following proposition holds:

Proposition 5.8. Let (W,S) be a Coxeter system and ϕ : As(QW )→W be a homo-
morphism such that ϕ(es) = s(s ∈ S). Then ϕ induces a well-defined isomorphism
ϕ : As f (QW )→W, ex 7→ x.

By restricting the domain of the above isomorphism ϕ to the commutator sub-
group of As f (QW ), the following theorem is obtained.

Theorem 5.9. Let W be a Coxeter group and ϕ be the isomorphism in Propo-
sition 5.8. Then the isomorphism obtained from ϕ by restricting its domain to
[As f (QW ),As f (QW )] yields the the following isomorphism:

[As f (QW ),As f (QW )] � [W,W ].

By Proposition 5.8, the definition of As f (QW )-action on QW and the definition
of Coxeter quandle operation, StabAs f (Q)(x0) is isomorphic to the centralizer of xo.
Together with Theorem 5.9, the following theorem holds:

Theorem 5.10. Let W be a Coxeter group whose odd Coxeter graph is a tree and
QW be its Coxeter quandle, x0 ∈ QW . Then,

H2(QW ) � (ZW (x0)∩ [W,W ])ab,

where ZW (x0) is a centralizer of x0.

Let (W,S) be a Coxeter system whose odd Coxeter graph is a tree, and s0 ∈ S. By
Theorem 5.4, ZW (s0) = WΓ(s0)∪{±αs0} holds and WΓ(s0)∪{±αs0} is a Coxeter group.
Furthermore, by Theorem 5.6 and remark 5.7, the following equality holds:

ZW (s0)∩ [W,W ] = Kerε |WΓ(s0)∪{±αs0 }
.

Therefore we can calculate the presentation of (ZW (s0)∩ [W,W ])ab by Theorem
5.6.
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6. THE SECOND QUANDLE HOMOLOGY OF COXETER QUANDLES

In this section, we introduce and recall symbols used from section 7 to section 14
and list results of the second quandle homology. In section 7 onwards, we calculate
the second quandle homology of Coxeter quandle QW if W is an irreducible finite
Coxeter group whose odd Coxeter graph is a tree.

For n ∈ Z≥1, we denote by e1,e2, . . . ,en the coordinate vectors of Rn. Moreover,
for i, j ∈Z, we denote by εi, j Kronecker delta. For 1≤ i< j ≤ n, fi, j is a linear map
from Rn to itself that reverses the signs of the i-th and j-th components respectively
and does not change any other sign, and gi, j is a linear map from Rn to itself that
permutes the i-th and j-th components and maps the other components to itself.

Let (W,S) be a Coxeter system such that W is finite and Φ be a root system of
W . For s ∈ S, let αs be a root in Φ such that s is a reflection of αs. We defined Γ(s)
as the set of roots γ with 〈γ,αs〉= 0 in section 5.

Suppose that an inner product of Rn is the standard inner product of Rn. Let
λ = x+ yiii+ z jjj +wkkk (1, iii, jjj, kkk is the standard basis of H) be an element of H.
Then, we denote x− yiii− z jjj−wkkk by λ̄ . For λ , µ ∈ H, We define an inner product
〈λ ,µ〉 of two elements λ and µ of H by

〈λ ,µ〉= λ µ̄ +µλ̄
2

.

Root systems and simple systems of type An, Dn, E6, E7 and E8 are cited from
[3]. Root systems and simple systems of type H3 and H4 are cited from [13].

Theorem 6.1. Let W (X) be a Coxeter group of type X. Then, the results of the
calculation of H2(QW (X)) are shown in the Table 6.1.

Type X An(n ≥ 1) Dn(n ≥ 4) E6 E7 E8 I2(n)(n ≥ 3) H4 H3

H2(Q)
0 (n ≤ 2)
Z2 (n ≥ 3)

Z3
2 (n = 4)
Z2

2 (n ≥ 5) Z2 Z2 Z2 0 (n is odd) Z2 Z2
2

TABLE 6.1. The results of the calculation of H2(Q) in case Q is a
Coxeter quandle QW (X)

7. TYPE An

Let n ≥ 1. Then, a root system Φ(An) and a simple root system ∆(An) of W (An)
are respectively as follows:

Φ(An) = {±(ei − e j) ∈ Rn+1 | 1 ≤ i < j ≤ n+1, i , j},
∆(An) = {ei − ei+1 | 1 ≤ i ≤ n}.

The reflection corresponding to en − en+1 is gn,n+1.

Lemma 7.1. Let s = gn,n+1. Then,

Γ(s) =

{
{±(ei − e j) | 1 ≤ i < j ≤ n−1} (n ≥ 3)
/0 (n ≤ 2).
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Proof. Let 1 ≤ i < j ≤ n+1. Then,

〈en − en+1,ei − e j〉= 〈en,ei〉−〈en,e j〉−〈en+1,ei〉+ 〈en+1,e j〉
= δn,i −δn, j −δn+1,i +δn+1, j.

If (i, j) = (n,n+ 1), 〈en − en+1,ei − e j〉 is not 0. Suppose that (i, j) , (n,n+ 1).
Then, n ≥ 2.

(1) If j < n, then n ≥ 3 and δn,i −δn, j −δn+1,i +δn+1, j = 0−0−0+0 = 0.
(2) If j = n, since i ≤ n−1, δn,i −δn, j −δn+1,i +δn+1, j = 0−1−0+0 =−1.
(3) If j = n+1, since i ≤ n−1, δn,i−δn, j −δn+1,i+δn+1, j = 0−0−0+1 = 1.

□

Lemma 7.2. Let s = gn,n+1. Then,

ZW (An)(s) =

{
W (An−2 tA1) (n ≥ 3)
W (A1) (n ≤ 2).

Proof. By Lemma 7.1, the following holds:

WΓ(s)∪{±en−en+1} =

{
W (An−2 tA1) (n ≥ 3)
W (A1) (n ≤ 2).

Therefore, the above statement holds by Theorem 5.4. □

Theorem 7.3.

H2(QW (An)) �

{
Z/2Z (n ≥ 3)
0 (n ≤ 2).

Proof. If n ≤ 2, Kerε |W (A1)= 0 holds by Theorem 5.6. Hence H2(QW (An)) = 0
holds by Theorem 5.10.

Suppose that n ≥ 3. Let s0 = gn,n+1 and si = sαi,i+1(i = 1,2, . . . ,n − 2). By
Theorem 5.6, Kerε |W (An−2tA1) is generated by {ri | i = 1,2, . . . ,n−2} and have the
following relations:

r2
i = (r−1

i ri+1)
3 = (r−1

j rk)
2 = 1 (i, j,k = 1,2, . . . ,n−2 and | j− k| ≥ 2).

The relation (r−1
i ri+1)

3 = 1 implies [ri] = [ri+1] ∈ (Kerε |W (An−2tA1))ab. Therefore,

Kerε |W (An−2tA1))ab = 〈r1 | r2
1 = 1〉 � Z/2Z

holds. By Theorem 5.10, H2(QW (An)) � Z/2Z holds. □

Remark 7.4. The results of H2(QW (An)) is the same as that that calculated in Eiser-
mann [9].
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8. TYPE Dn

Let n ≥ 4. Then, a root system Φ(Dn) and a simple root system ∆(Dn) of W (Dn)
are respectively as follows:

Φ(Dn) = {±(ei − e j),±(ei + e j) ∈ Rn | 1 ≤ i < j ≤ n},
∆(Dn) = {ei − ei+1,en−1 + en ∈ Rn | 1 ≤ i ≤ n−1}.

The reflection corresponding to en−1 + en is gn−1,n ◦ fn−1,n.

Lemma 8.1. Let s = gn−1,n ◦ fn−1,n. Then,

Γ(s) = {±(ei − e j),±(ei + e j) | 1 ≤ i < j ≤ n−2}∪{±(en−1 − en)}.

Proof. Let 1 ≤ i < j ≤ n. Then,

(8.1) 〈ei − e j,en−1 + en〉= 〈ei,en−1〉+ 〈ei,en〉−〈e j,en−1〉−〈e j,en〉.
If j < n−1,

(left side of equation (8.1)) = 0+0−0−0 = 0.

If j = n−1,

(left side of equation (8.1)) = 0+0−1−0 =−1.

If j = n,

(left side of equation (8.1)) = δi,n−1 +0−0−1 =

{
0 (i = n−1)
−1 (i < n−1).

Since

〈ei + e j,en−1 + en〉= 〈ei,en−1〉+ 〈ei,en〉+ 〈e j,en−1〉+ 〈e j,en〉
holds, 〈ei + e j,en−1 + en〉 is 0 if 1 ≤ i < j ≤ n−2, and is not 0 if i ≥ n−1. □

Lemma 8.2. Let n ≥ 4, s = gn−1,n ◦ fn−1,n. Then,

ZW (Dn)(s) =


W (A1 tA1 tA1 tA1) (n = 4)
W (A3 tA1 tA1) (n = 5)
W (Dn−2 tA1 tA1) (n ≥ 6).

Proof. If n = 4, WΓ(s)∪{±(e3+e4)} is the Coxeter group of type A1 tA1 tA1 tA1
since e1 − e2, e1 + e2, e3 − e4 and e3 + e4 are mutually orthogonal. If n = 5,
WΓ(s)∪{±(e4+e5)} is the Coxeter group of type A3 tA1 tA1 since its Coxeter graph
is shown in Figure 8.1.

se2+e3 se1−e2 se2−e3 se4−e5 se4+e5

FIGURE 8.1. A Coxeter graph of WΓ(s)∪{±(e4+e5)}

If n ≥ 6, WΓ(s)∪{±(en−1+en)} is the Coxeter group of type Dn−2 tA1. Therefore
the above statement holds by Theorem 5.4. □
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Theorem 8.3.

H2(QW (Dn)) �

{
(Z/2Z)3 (n = 4)
(Z/2Z)2 (n ≥ 5).

Proof. Let s0 = gn−1,n ◦ fn−1,n and s1 = sen−1−en .
Suppose that n = 4. Let s2 = se1−e2 and s3 = se1+e2 . By Theorem 5.6, the fol-

lowing isomorphism holds:

Kerε |W (A1tA1tA1tA1)� (Z/2Z)3.

Therefore, its abelianization is also isomorphic to (Z/2Z)3.
Suppose that n= 5. Let s2 = se2+e3 , s3 = se1−e2 and s4 = se2−e3 . Kerε |W (A3tA1tA1)

is generated by {ri | i = 1,2,3,4} and have the following relations:

r2
i = 1 (i = 1,2,3,4)

(r−1
1 r j)

2 = (r−1
2 r4)

2 = 1 ( j = 2,3,4)

(r−1
2 r3)

3 = (r−1
3 r4)

3 = 1.

The relations (r−1
2 r3)

3 = (r−1
3 r4)

3 = 1 imply [r2] = [r3] = [r4] ∈ (Kerε |W (A3tA1tA1)

)ab. Therefore,

(Kerε |W (A3tA1tA1))ab = 〈r1,r2 | r2
1 = r2

2 = 1,r1r2 = r2r1〉 � (Z/2Z)2

holds. By Theorem 5.10, H2(QW (D5)) � (Z/2Z)2 holds.
Suppose that n ≥ 6. Let si = sei−1−ei (i = 2,3, . . . ,n− 2) and sn−1 = sen−3+en−2 .

Kerε |W (Dn−2tA1) is generated by {ri | i = 1,2, . . . ,n− 1} and have the following
relations:

r2
i = 1 (i = 1,2, . . . ,n−1)

(r−1
1 r j)

2 = (r−1
2 r4)

2 = 1 ( j = 2,3, . . . ,n−1)

(r−1
k rk+1)

3 = (r−1
n−3rn−1)

3 = 1 (k = 2,3, . . . ,n−3)

(r−1
n−1rl)

2 = 1 (l = 2,3, . . . ,n−4,n−2)

(r−1
p rq)

2 = 1 (p,q = 2, . . . ,n−2 and |p−q| ≥ 2).

The relations (r−1
k rk+1)

3 = (r−1
n−3rn−1)

3 = 1(k = 2,3, . . . ,n−3) imply [ri] = [ri+1]∈
(Kerε |W (Dn−2tA1))ab for i = 2,3, . . . ,n−2. Therefore,

(Kerε |W (Dn−2tA1))ab = 〈r1,r2 | r2
1 = r2

2 = 1,r1r2 = r2r1〉 � (Z/2Z)2

holds. By Theorem 5.10, H2(QW (Dn)) � (Z/2Z)2 holds. □
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9. TYPE E6

A root system Φ(E6) and a simple root system ∆(E6) of W (E6) are respectively
as follows:

Φ(E6) ={±(ei − e j),±(ei + e j) ∈ R8 | 1 ≤ i < j ≤ 5}

∪{±1
2
(

5

∑
i=1

εiei − e6 − e7 + e8) ∈ R8 | εi =±1(i = 1,2, . . . ,5),
5

∏
i=1

εi = 1},

∆(E6) ={1
2
(e1 − e2 − e3 − e4 − e5 − e6 − e7 + e8)}

∪{e1 + e2,ei+1 − ei ∈ R8 | 1 ≤ i ≤ 4}.

Lemma 9.1. Let s be a reflection corresponding to α = 2−1(e1 − e2 − e3 − e4 −
e5 − e6 − e7 + e8) which is an element of Φ(E6). Then,

Γ(s) = {±(e1 +ei) | 2 ≤ i ≤ 5}∪{±(ei −e j) | 2 ≤ i < j ≤ 5}∪{±αi | 1 ≤ i ≤ 5},
where αi (1 ≤ i ≤ 5) are defined as follows:

α1 =
1
2
(e1 + e2 + e3 + e4 + e5 − e6 − e7 + e8)

α2 =
1
2
(−e1 − e2 + e3 + e4 + e5 − e6 − e7 + e8)

α3 =
1
2
(−e1 + e2 − e3 + e4 + e5 − e6 − e7 + e8)

α4 =
1
2
(−e1 + e2 + e3 − e4 + e5 − e6 − e7 + e8)

α5 =
1
2
(−e1 + e2 + e3 + e4 − e5 − e6 − e7 + e8).

Proof. Let 1 ≤ i < j ≤ 5. By direct calculations, the following holds:

〈ei − e j,2α〉= 〈ei,e1〉−〈e j,e1〉+
5

∑
k=2

(−〈ei,ek〉+ 〈e j,ek〉) =

{
2 (i = 1)
0 (i > 1),

〈ei + e j,2α〉= 〈ei,e1〉+ 〈e j,e1〉−
5

∑
k=2

(〈ei,ek〉+ 〈e j,ek〉) =

{
0 (i = 1)
−2 (i > 1),

〈
5

∑
i=1

εiei − e6 − e7 + e8,2α〉= ε1 −
5

∑
k=2

εk +3.

Suppose that ε1 = 1. Since ∏5
k=2 εk = 1, ∑5

k=2 εk = ±4 or 0 holds. Therefore,
〈∑5

i=1 εiei − e6 − e7 + e8,2α〉 = 0 holds only when ∑5
k=2 εk = 4. The only root of

the form ∑5
i=1 εei − e6 − e7 + e8 that satisfies ε1 = 1 and ∑5

k=2 εk = 4 is α1.

Suppose that ε1 =−1. Since ∏5
k=2 εk =−1, ∑5

k=2 εk =±2 or 0 holds. Therefore,
〈∑5

i=1 εiei − e6 − e7 + e8,2α〉 = 0 holds only when ∑5
k=2 εk = 2. The only roots of

the form ∑5
i=1 εei−e6−e7+e8 that satisfy ε1 =−1 and ∑5

k=2 εk = 2 are αi(2 ≤ i ≤
5). □
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Lemma 9.2. Let s be a reflection corresponding to α = 2−1(e1 − e2 − e3 − e4 −
e5 − e6 − e7 + e8). Then,

ZW (E6)(s) =W (A5 tA1).

Proof. By Theorem 5.4, ZW (E6)(s) =WΓ(s)∪{±α} holds. By Lemma 9.1, WΓ(s)∪{±α}
is the Coxeter group of type A5tA1 since its Coxeter graph is shown in Figure 9.1,
where β = 2−1(e1 − e2 − e3 − e4 + e5 + e6 + e7 − e8). □

s−e1−e2 se2−e3 se3−e4 se4−e5 sβ sα

FIGURE 9.1. A Coxeter graph of WΓ(s)∪{±α}

Theorem 9.3.
H2(QW (E6)) � Z/2Z.

Proof. Let α = 2−1(e1 − e2 − e3 − e4 − e5 − e6 − e7 + e8) and β = 2−1(e1 − e2 −
e3 − e4 + e5 + e6 + e7 − e8). Let s0 = sα , s1 = s−e1−e2 , si = sei−ei+1(i = 2,3,4) and
s5 = sβ . By Theorem 5.6, Kerε |W (A5tA1) is generated by {ri | i = 1,2,3,4,5} and
have the following relations:

r2
i = (r−1

j rk)
2 = 1 (i, j,k = 1,2,3,4,5 and | j− k| ≥ 2)

(r−1
l rl+1)

3 = 1 (l = 1,2,3,4).

The relations (r−1
l rl+1)

3 = 1 (l = 1,2,3,4) imply [r1] = [r2] = [r3] = [r4] = [r5] ∈
(Kerε |W (A5tA1))ab. Therefore,

(Kerε |W (A5tA1))ab = 〈r1 | r2
1 = 1〉 � Z/2Z.

holds. By Theorem 5.10, H2(QW (E6)) � Z/2Z holds. □

10. TYPE E7

A root system Φ(E7) and a simple root system ∆(E7) of W (E7) are respectively
as follows:

Φ(E7) ={±(ei − e j),±(ei + e j) ∈ R8 | 1 ≤ i < j ≤ 6}∪{±(e7 − e8)}

∪{±1
2
(

6

∑
i=1

εiei + e7 − e8) ∈ R8 | εi =±1(i = 1,2, . . . ,6),
6

∏
i=1

εi =−1},

∆(E7) ={1
2
(e1 − e2 − e3 − e4 − e5 − e6 − e7 + e8)}

∪{e1 + e2,ei+1 − ei ∈ R8 | 1 ≤ i ≤ 5}.
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Lemma 10.1. Let s be a reflection corresponding to α = 2−1(e1 − e2 − e3 − e4 −
e5 − e6 − e7 + e8) which is an element of ∆(E7). Then,

Γ(s) ={±(e1 + ei) | 2 ≤ i ≤ 6}∪{±(ei − e j) | 2 ≤ i < j ≤ 6}

∪{±1
2
(e1 +

6

∑
i=2

εiei + e7 − e8) ∈ R8 | εi =±1(i = 2, . . . ,6),
6

∑
i=2

εi = 3}

∪{±1
2
(−e1 +

6

∑
i=2

εiei + e7 − e8) ∈ R8 | εi =±1(i = 2, . . . ,6),
6

∑
i=2

εi = 1}.

Proof. Let 1 ≤ i < j ≤ 6. By direct calculations, the following holds:

〈e7 − e8,2α〉=−〈e7,e7〉−〈e8,e8〉=−2,

〈ei − e j,2α〉= 〈ei,e1〉−〈e j,e1〉+
6

∑
k=2

(−〈ei,ek〉+ 〈e j,ek〉) =

{
2 (i = 1)
0 (i > 1),

〈ei + e j,2α〉= 〈ei,e1〉+ 〈e j,e1〉−
6

∑
k=2

(〈ei,ek〉+ 〈e j,ek〉) =

{
0 (i = 1)
−2 (i > 1),

〈
6

∑
i=1

εiei − e7 + e8,2α〉= ε1 −
6

∑
k=2

εk +2.

Suppose that ε1 = 1. Since ∏5
k=2 εk = 1, ∑6

k=2 εk =−5 or −1 or 3 holds. Therefore,
〈∑5

i=1 εiei − e6 − e7 + e8,2α〉= 0 holds if and only if ∑6
k=2 εk = 3.

Suppose that ε1 = −1. Since ∏5
k=2 εk = −1, ∑5

k=2 εk = −3 or 1 or 5 holds.
Therefore, 〈∑5

i=1 εiei − e6 − e7 + e8,2α〉= 0 holds if and only if ∑6
k=2 εk = 1. □

Lemma 10.2. Let s be a reflection corresponding to α = 2−1(e1 − e2 − e3 − e4 −
e5 − e6 − e7 + e8). Then,

ZW (E7)(s) =W (D6 tA1).

Proof. ZW (E7)(s) =WΓ(s)∪{±α} holds by Theorem 5.4. By Lemma 10.1, WΓ(s)∪{±α}
is the Coxeter group of type D6tA1 since its Coxeter graph is shown in Figure 10.1,
where β = 2−1(e1 − e2 − e3 − e4 + e5 + e6 + e7 − e8). □

s−e1−e2 se2−e3 se3−e4 se4−e5

se5−e6

sβ

sα

FIGURE 10.1. A Coxeter graph of WΓ(s)∪{±α}
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Theorem 10.3.

H2(QW (E7)) � Z/2Z.

Proof. Let α = 2−1(e1 − e2 − e3 − e4 − e5 − e6 − e7 + e8) and β = 2−1(e1 − e2 −
e3 − e4 + e5 + e6 + e7 − e8). Let s0 = sα , s1 = s−e1−e2 , si = sei−ei+1(i = 2,3,4,5)
and s6 = sβ .

By Theorem 5.6, Kerε |W (D6tA1) is generated by {ri | i = 1,2, . . . ,6} and have
the following relations:

r2
i = 1 (i, j,k = 1,2, . . . ,6)

(r−1
i ri+1)

3 = (r−1
4 r6)

3 = 1 (i = 1,2,3,4).

The relations (r−1
i ri+1)

3 = (r−1
4 r6)

3 = 1 (i = 1,2,3,4) imply [r1] = [r2] = [r3] =
[r4] = [r5] = [r6] ∈ (Kerε |W (D6tA1))ab. Therefore,

(Kerε |W (D6tA1))ab = 〈r1 | r2
1 = 1〉 � Z/2Z

holds. By Theorem 5.10, H2(QW (E7)) � Z/2Z holds. □

11. TYPE E8

A root system Φ(E8) and a simple root system ∆(E8) of W (E8) are respectively
as follows:

Φ(E8) ={±(ei − e j),±(ei + e j) ∈ R8 | 1 ≤ i < j ≤ 8}

∪{1
2

8

∑
i=1

εiei ∈ R8 | εi =±1(i = 1,2, . . . ,8),
8

∏
i=1

εi = 1},

∆(E8) ={1
2
(e1 − e2 − e3 − e4 − e5 − e6 − e7 + e8)}

∪{e1 + e2,ei+1 − ei ∈ R8 | 1 ≤ i ≤ 6}.

Lemma 11.1. Let s = g1,2 ◦ f1,2. Then,

Γ(s) ={±(ei + e j) | 3 ≤ i < j ≤ 8}∪{±(ei − e8),±(e1 − e2) | 3 ≤ i < j ≤ 7}

∪{±1
2
(e1 − e2 +

8

∑
i=3

εiei) | εi =±1(i = 3,4, . . . ,8),
8

∏
i=3

εi =−1}.
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Proof. Let 1 ≤ i < j ≤ 8. By direct calculations, the following holds:

〈ei − e j,e1 + e2〉= 〈ei,e1〉+ 〈ei,e2〉−〈e j,e1〉−〈e j,e2〉=


0 (i = 1 and j = 2)
1 (i = 1 and 3 ≤ j)
1 (i = 2)
0 (3 ≤ i and j = 8),

〈ei + e j,e1 + e2〉= 〈ei,e1〉+ 〈ei,e2〉+ 〈e j,e1〉+ 〈e j,e2〉=


2 (i = 1 and j = 2)
1 (i = 2)
0 (3 ≤ i),

〈
8

∑
i=1

εiei,e1 + e2〉= ε1 + ε2.

Since ε1 and ε2 are ±1, ε1 + ε2 = 0 or ± 2 holds. Moreover, since ∏8
k=1 εk = 1,

∏8
k=3 εk = −1 holds if and only if ε1 + ε2 = 0. Therefore, 〈∑8

i=1 εiei,e1 + e2〉 = 0
holds if and only if ∏8

k=3 εk =−1. □

Corollary 11.2. Let s = g1,2 ◦ f1,2. Then,

ZW (E8)(s) =W (E7 tA1).

Proof. By Theorem 5.4 and Lemma 11.1, ZW (E8)(s) = WΓ(s)∪{±(e1+e2)} holds and
WΓ(s)∪{±(e1+e2)} is the Coxeter group of type E7 t A1 since its Coxeter graph is
shown in Figure 11.1, where β = 2−1(e1 + e2 − e3 − e4 − e5 − e6 − e7 − e8). □

sβ

se3+e4

se4−e3 se5−e4 se6−e5 se7−e6 se8−e7 se1+e2

FIGURE 11.1. A Coxeter graph of WΓ(s)∪{±(e1+e2)}

Theorem 11.3.
H2(QW (E8)) � Z/2Z.

Proof. Let β = 2−1(e1 + e2 − e3 − e4 − e5 − e6 − e7 − e8). Let s0 = se1+e2 , s1 =
sα , s2 = se3+e4 , si = sei−ei−1(i = 4,5,6,7,8). By Theorem 5.6, Kerε |W (E7tA1) is
generated by {ri | i = 1,2, . . . ,7} and have the following relations:

r2
i = 1 (i = 1,2, . . . ,6)

(r−1
j r j+1)

3 = (r−1
3 r7)

3 = 1 ( j = 1,2, . . . ,6)

(r−1
k rl)

2 = 1 (k, l = 1,2, . . . ,6 and |k− l| ≥ 2 and (k, l) , (3,7),(7,3)).
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The relations (r−1
j r j+1)

3 = (r−1
3 r7)

3 = 1 ( j = 1,2, . . . ,6) imply [r1] = [r2] = [r3] =

[r4] = [r5] = [r6] = [r7] ∈ (Kerε |W (E7tA1))ab. Therefore,

(Kerε |W (E7tA1))ab = 〈r1 | r2
1 = 1〉 � Z/2Z.

holds. By Theorem 5.10, H2(QW (E8)) � Z/2Z holds. □

12. TYPE I2(n)

Let n ≥ 3. A root system Φ(I2(n)) and a simple system ∆(I2(n)) are respectively
as follows:

Φ(I2(n)) = {cos(kπ/n)e1 + sin(kπ/n)e2 ∈ R2 | k = 0,1, . . . ,2n−1}
∆(I2(n)) = {e1,cos((n−1)π/n)e1 + sin((n−1)π/n)e2}.

The root corresponding to the reflection about the y-axis is e1.

Lemma 12.1. Let s be a reflection about y-axis. Then,

Γ(s) =

{
{±e2} (n is even)
/0 (n is odd).

Proof. Let k = 0,1, . . . ,2n−1. Then,

〈e1,cos(kπ/n)e1 + sin(kπ/n)e2〉= cos(kπ/n).

Since 0 ≤ k < 2n, 0 ≤ kπ/n < 2π holds. Therefore, when cos(kπ/n) = 0,

kπ/n = π/2,3π/2 (i.e. k = n/2,3n/2).

If n is even, the only roots satisfying cos(kπ/n) = 0 are ±e2. If n is odd, there is
no root satisfying cos(kπ/n) = 0. □

Lemma 12.2. Let n(≥ 3) be an odd integer, s be a reflection about the y-axis.
Then,

ZW (I2(n))(s) =W (A1).

Proof. By Theorem 5.4 and Lemma 12.1, it follows immediately that

ZW (I2(n))(s) =W{±e1} =W (A1).

□

Theorem 12.3. Let n(≥ 3) be an odd integer. Then,

H2(QW (I2(n))) � 0.

Proof. Since Kerε |W (A1) is the trivial group by Theorem 5.6, its abelianization is
also the trivial group. By Theorem 5.10, H2(QW (I2(n))) � 0 holds. □

Remark 12.4. The results of H2(QW (I2(n))) is the same as that calculated in Eiser-
mann [9].



27

13. TYPE H4

Let a = cos(π/5) = (1+
√

5)/4 and b = cos(2π/5) = (−1+
√

5)/4. A root
system Φ(H4) consists of the unit vectors in H obtained from 1, 2−1(1+ iii+ jjj+ kkk)
and a+2−1iii+b jjj by even permutations of coordinates and arbitrary sign changes,
and a simple system ∆(H4) is {a−2−1iii+b jjj,−a+2−1iii+b jjj,2−1+biii−a jjj,−2−1−
aiii+bkkk}.

Lemma 13.1. Let s be a reflection corresponding to α = a−2−1iii+b jjj. Then,

Γ(s) = {± kkk,±2−1(1+ iii− jjj+ kkk),±2−1(−1− iii+ jjj+ kkk),±(b+aiii+2−1 jjj),

± (2−1iii+a jjj+bkkk),±(b+2−1iii+akkk),±(2−1 +aiii+bkkk),

± (biii+2−1 jjj+akkk),±(2−1 +biii−a jjj),±(b+2−1iii−akkk),

± (b−a jjj+2−1kkk),±(biii+2−1 jjj−akkk),±(2−1iii+a jjj−bkkk),

± (2−1 +aiii−bkkk),±(−b+a jjj+2−1kkk)}.

Proof. By direct calculations of inner products, we determine Γ(s). Let x = 1 or iii
or jjj or kkk. Then,

〈x,α〉=


a (x = 1)
2−1 (x = iii)
b (x = jjj)
0 (x = kkk).

Let y be a root obtained from 2−1(1+ iii+ jjj+kkk) by arbitrary sign changes. Then,

〈y,α〉=



b (y = 2−1(1+ iii+ jjj+ kkk))
−2−1 (y = 2−1(−1+ iii+ jjj+ kkk))
b+2−1 (y = 2−1(1− iii+ jjj+ kkk))
0 (y = 2−1(1+ iii− jjj+ kkk))
b (y = 2−1(1+ iii+ jjj− kkk))
0 (y = 2−1(−1− iii+ jjj+ kkk))
−b−2−1 (y = 2−1(−1+ iii− jjj+ kkk))
−2−1 (y = 2−1(−1+ iii+ jjj− kkk)).
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Let z be a root obtained from a+2−1iii+b jjj by even permutations of coordinates
and arbitrary sign changes. Then,

〈z,α〉=



2−1 (y = a+2−1iii+b jjj)
0 (y = b+aiii+2−1 jjj)
−b (y = aiii+b jjj+2−1kkk)
2−1 (y = 2−1 +biii+a jjj)
0 (y = 2−1iii+a jjj+bkkk)
2−1 (y = 2−1 +b jjj+akkk)
0 (y = b+2−1iii+akkk)
a (y = a+2−1 jjj+bkkk)
2−1 (y = a+biii+2−1kkk)
0 (y = 2−1 +aiii+bkkk)
2−1 (y = b+a jjj+2−1kkk)
0 (y = biii+2−1 jjj+akkk),

〈z,α〉=



−a (y =−a+2−1iii+b jjj)
a (y = b−aiii+2−1 jjj)
2−1 (y =−aiii+b jjj+2−1kkk)
0 (y = 2−1 +biii−a jjj)
−2−1 (y = 2−1iii−a jjj+bkkk)
2−1 (y = 2−1 +b jjj−akkk)
0 (y = b+2−1iii−akkk)
−2−1 (y =−a+2−1 jjj+bkkk)
−a (y =−a+biii+2−1kkk)
a (y = 2−1 −aiii+bkkk)
0 (y = b−a jjj+2−1kkk)
0 (y = biii+2−1 jjj−akkk),
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〈z,α〉=



1 (y = a−2−1iii+b jjj)
−b (y = b+aiii−2−1 jjj)
−b (y = aiii+b jjj−2−1kkk)
−b (y =−2−1 +biii+a jjj)
2−1 (y =−2−1iii+a jjj+bkkk)
−b (y =−2−1 +b jjj+akkk)
2−1 (y = b−2−1iii+akkk)
2−1 (y = a−2−1 jjj+bkkk)
2−1 (y = a+biii−2−1kkk)
−a (y =−2−1 +aiii+bkkk)
2−1 (y = b+a jjj−2−1kkk)
−b (y = biii−2−1 jjj+akkk),

〈z,α〉=



b (y = a+2−1iii−b jjj)
−2−1 (y =−b+aiii+2−1 jjj)
−2−1 (y = aiii−b jjj+2−1kkk)
a (y = 2−1 −biii+a jjj)
0 (y = 2−1iii+a jjj−bkkk)
b (y = 2−1 −b jjj+akkk)
−2−1 (y =−b+2−1iii+akkk)
a (y = a+2−1 jjj−bkkk)
a (y = a−biii+2−1kkk)
0 (y = 2−1 +aiii−bkkk)
0 (y =−b+a jjj+2−1kkk)
b (y =−biii+2−1 jjj+akkk).

□

Lemma 13.2. Let s be a reflection corresponding to α0 = a−2−1iii+b jjj. Then,

ZW (H4)(s) =W (H3 tA1).

Proof. By Theorem 5.4, ZW (H4)(s)=WΓ(s)∪{±α0} holds. By Lemma 13.1, ZW (H4)(s)
is the Coxeter group of type H3tA1 since its Coxeter graph is shown in Figure 13.1,
where α1 =−b+a jjj+2−1kkk, α2 = 2−1 +biii−a jjj and α3 =−2−1 −aiii−bkkk. □

5

sα1 sα2 sα3 sα0

FIGURE 13.1. A Coxeter graph of WΓ(s)∪{±α0}



30

Theorem 13.3.
H2(QW (H4)) � Z/2Z.

Proof. Let α0 = a − 2−1iii + b jjj, α1 = −b + a jjj + 2−1kkk, α2 = 2−1 + biii − a jjj and
α3 =−2−1 −aiii−bkkk. Let si = sαi (i = 0,1,2,3). By Theorem 5.6, Kerε |W (H3tA1)

is generated by {r1,r2,r3} and have the following relations:

r2
i = 1 (i = 1,2,3)

(r−1
1 r3)

3 = (r−1
2 r3)

3 = 1

(r−1
1 r3)

2 = 1.

The relations (r−1
1 r3)

3 = (r−1
2 r3)

3 = 1 imply [r1] = [r2] = [r3]∈ (Kerε |W (H3tA1))ab.
Therefore,

(Kerε |W (H3tA1))ab = 〈r1 | r2
1 = 1〉 � Z/2Z.

holds. By Theorem 5.10, H2(QW (H4)) � Z/2Z holds. □

14. TYPE H3

Let a = cos(π/5) = (1+
√

5)/4 and b = cos(2π/5) = (−1+
√

5)/4. A root
system Φ(H3) is the subset of the root system of W (H4) whose elements are orthog-
onal to kkk. A simple system ∆(H3) is {a−2−1iii+b jjj,−a+2−1iii+b jjj,2−1+biii−a jjj}.

Lemma 14.1. Let s be a reflection corresponding to a− 2−1iii+ b jjj. Then, Γ(s) =
{±(2−1 +biii−a jjj),±(b+aiii+2−1 jjj)}.

Proof. By Lemma 13.1, roots of W (H3) orthogonal to a − 2−1iii + b jjj are only
±(2−1 +biii−a jjj),±(b+aiii+2−1 jjj). □

Lemma 14.2. Let s be a reflection corresponding to a−2−1iii+b jjj. Then, we have

ZW (H3)(s) =W (A1 tA1 tA1).

Proof. By Theorem 5.4, ZW (H3)(s) =WΓ(s)∪{±(a−2−1iii+b jjj)} holds. Since 2−1 +biii−
a jjj, b+aiii+2−1 jjj and a−2−1iii+b jjj are mutually orthogonal, together with Lemma
14.1, WΓ(s)∪{±(a−2−1iii+b jjj)} is a Coxeter group of type A1 tA1 tA1. □

Theorem 14.3.
H2(QW (H3)) � (Z/2Z)2.

Proof. Let s0 = sa−2−1iii+b jjj, s1 = s2−1+biii−a jjj and s2 = sb+aiii+2−1 jjj. By Theorem 5.6,
Kerε |W (A1tA1tA1) is isomorphic to (Z/2Z)2. Therefore, its abelianization is also
isomorphic to (Z/2Z)2. By Theorem 5.10, H2(QW (H3)) � (Z/2Z)2 holds. □
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