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1. INTRODUCTION

1.1. Quandles. A quandle is a nonempty set O equipped with a binary operation
q4: O x Q0 — Q, (x,y) — x<y which satisfies the following three conditions:

(1) x<ax=x (x € Q),

(2) forally € Q, the map e<y: Q — Q,x — x <y is bijective,

() (x<y)az=(x<z)<(y<z) (x,7,2€ Q).
Quandles are algebraic structures whose axiomatization comes from Reidemeister
moves in knot theory. Since a group G equipped with the conjugation operation
g<h:=h"'ghis a quandle (which is called a conjugacy quandle of G and denoted
by Conj(G)), quandles are also algebraic structures obtained by axiomatizing and
generalizing the conjugation operations of groups. The term “quandle” was coined
by Joyce [15] in 1982. Quandle have been applied to the study of knots and links,
set-theoretical solutions of the Yang-Baxter equation, symmetric spaces and so on
(see, e.g., Joyce [15], Kubo-Nagashiki-Okuda-Tamaru [17], and Lebed-Vendramin
[18]). For any quandle Q, one can define a group As(Q) called the associated
group of Q, which is defined by the presentation

AS(Q) = <ex (x € Q) | eyilexey = €xqy (xvy € Q)>

The functor from the category of quandles to the category of groups given by Q —
As(Q) is left adjoint to the functor from the category of groups to the category of
quandles given by G — Conj(G). In other words, there is a natural bijection

Hom groups (AS ( Q) , G) = Hom quandles (Q7 Conj (G) ) .

In this way, associated groups play an important role in understanding quandles
themselves. However, since As(Q) is defined by presentations, it is difficult to
investigate the structures of As(Q).

1.2. Quandle homologies. In 1995, Fenn, Rourke and Sanderson introduced a
word “trunks” in [10] leading to the homology theory of racks (rack is a nonempty
set equipped with a binary operation satisfying (2) and (3)). A modification to
quandle homology theory was given in [0, 7] to define knot invariants in a state-
sum form. In 2007, Eisermann posted a preprint on a way of calculating the sec-
ond quandle homology (published as [9] in 2014). However, calculations of quan-
dle homologies are difficult in general even if formulas for calculating quandle
homologies are given.

1.3. The purpose of the thesis. This thesis consists of two parts. In the first half,
inspired by Akita-Hasegawa-Tanno [2], we will introduce a quotient group Ass(Q)
of As(Q) defined by a presentation for an involutive quandle Q. We will show that
our Ass(Q) satisfies the following remarkable properties:

(1) Ass(Q) is of finite order whenever Q is finite (Proposition 3.3).

(2) The projection from As(Q) to Asy(Q) yields an isomorphism from the
commutator subgroup of As(Q) to the commutator subgroup of As;(Q)
(Theorem 3.8).



(3) The commutative square

abas(g)
As(Q) —— As(Q)w

b,k
ab g

Asp(Q) —2% Asy(Q)as

is a pullback, where ab stands for the abelianization, and the induced
square of Eilenberg-MacLane spaces

K(As(Q),1) —— K(As(Q)ap, 1)

|

K(Asf(Q),1) —— K(Asp(Q)ar; 1)

is a homotopy pullback (Theorem 3.10).

(4) For a connected involutive quandle Q and x¢ € Q, the second quandle ho-
mology of Q is isomorphic to the abelianization of the intersection of the
stabilizer of xo with respect to the As(Q)-action on Q and the commutator
subgroup of Asy(Q) (Theorem 4.7).

In the second half, as applications of (4), we calculate the second quandle ho-
mology for certain Coxeter quandles (Coxeter quandles will be defined in sec-
tion 2). For the Coxeter quandle Q associated with a Coxeter group W, the group
Asz(Q) is isomorphic to W (Proposition 5.8). For certain Coxeter quandles, the
following property holds:

(5) Let W be a Coxeter group whose odd Coxeter graph is a tree and Qy be its
Coxeter quandle, xo € Qw. Then, the second quandle homology of Qw is
isomorphic to the abelianization of the intersection of the centralizer of xg
and the commutator subgroup of W (Theorem 5.10).

Let (W,S) be a Coxeter system whose odd Coxeter graph is a tree, and xp € S.
Then, the centralizer of xg is a Coxeter group WF(XO)U{i%} which is a subgroup
of W and is obtained from the root subsystem I'(xg) U {£o,}, where oy, is a
root such that xo is a reflection of o, and I'(xo) is the set of roots orthogonal to
0tx, (Theorem 5.4). Let (Wi(y,)u{zay, 1S = {50,51,---,5,}) be a Coxeter system.
Then, the intersection of the centralizer of xoy and the commutator subgroup of W

S
is isomorphic to a group generated by R = {ry,r2,...,r,} with the relators rT(AO"")

and (r; lrj)m(sé’s” (1 < i< j < n) (the special case of Theorem 5.6). Therefore we
can calculate the second quandle homology of Q. In particular, for certain types
of Coxeter groups, we calculated the second quandle homologies:
(6) If W is a Coxeter group of type A, (n > 1), D, (n > 4), Es, E7, Eg, I(n)
(n > 3 and n is odd), H4 or Hs, then the results of the calculation of the
second quandle homology H>(Qw) are shown in the Table 1.1 (Theorem
6.1).



Type Ay(n>1) Dy(n
0(n<2) Z

) E¢ E; Es L(n)(n>3) H; Hs

Zy 7o Zy O(nisodd) Z, 73

Coxeter quandle Q.

1.4. Outline of this thesis. In section 2, we define quandles and As(Q), and sum-
marize properties of As(Q). In section 3, the definition of a group As¢(Q) and the
proof of (1), (2) and (3) are given. In section 4, quandle homology is defined, and
the proof of (4) is given. In section 5, we recall the definition of Coxeter groups and
their properties. Also, we give a proof of (5). In section 6, we introduce symbols
used from section 7 to section 14 and list results of the second quandle homology.
From section 7 to section 14, the result of (6) are given.

1.5. Notation. We denote by Z, Z>, and H the set of integers, the set of integers
greater than or equal to 1, and the set of quaternions respectively. Forn € Z>1, we
denote the n-dimensional Euclidean space by R”. For a set X, we denote by |X| the
cardinality of X. For a group G, we define G, := G/[G, G] as the abelianization of
G and abg: G — Gy as the natural projection, and write [g] = g[G,G] € G, for
g € G. We denote the direct sum of |X| copies of a group G by G™X. For a quandle
Qandx,y € Q,let (e<y)~! be the inverse map of e<iy. Then, x<~ !y is defined by
(e<y)~!(x). Moreover, for any integer N,

(- (xay)ay---)Qy (N>0)
N
xMy =< x (N=0)




Part 1. Quandles
2. QUANDLES AND ITS ASSOCIATED GROUPS

We recall the definition of quandles. A quandle is a nonempty set Q equipped
with a binary operation <: Q x Q — Q, (x,y) — x<y which satisfies the following
three conditions:

(1) xax=x (x€Q),

(2) forally € Q, the map e<y: Q — Q,x — x<y is bijective,

(3) (xay)<z=(x<z)<a(y<z) (x,3,2€ Q).
A quandle Q is said to be involutive if x <> y = x for all x, y € Q. A subset A of a
quandle Q with a quandle operation < is called a subquandle (of Q) if A also forms
a quandle under <.

Example 2.1 (Trivial quandle). For any nonempty set Q, Q is an involutive quandle
with the operation x<y = x (x, y € Q) and is called the trivial quandle.

Example 2.2 (Dihedral quandle). Let R, = Z/mZ. By the following operation, R,
is an involutive quandle and is called a dihedral quandle:

x4y =2y—x (x,y €RRy).
Example 2.3 (Alexander quandle). Let Z[T*!] be the Laurent polynomial ring.

Then, any Z[T*!]-module M is made into a quandle by the following operation,
and is called an Alexander quandle:

xay=y+T(x—y) (xy€Q).
If T2 (x) = x for all x € M, then M is an involutive quandle.

Example 2.4 (Generalized Alexander quandle). Let let ¢ be an automorphism
from a group G to itself. G is a quandle with the following operation, and is called
a generalized Alexander quandle:

x<y:= 9y )y (x,y €G).
If ¢ = idg, then G is an involutive quandle.

Example 2.5 (Conjugacy quandle). For a group G, G is a quandle with the op-
eration x<1y := y~lxy (x, y € Q), and is called the conjugacy quandle of G and is
denoted by Conj(G).

Example 2.6 (Core quandle). For a group G, G is an involutive quandle with the
operation x<y := yx~!y (x, y € Q), and is called the core quandle of G.

Example 2.7 (Dehn quandle). Let G be a group and $ a subset of G which gener-
ates G. Then, D(S) := Uyegg ' Sg is a subquandle of Conj(G) and is called a Dehn
quandle of S. If s> = 1 holds for all s € S, then D(S) is involutive.

Example 2.8 (Coxeter qunadle). Let (W,S) be a Coxeter system (Coxeter systems
will be defined in section 5). Then, a Dehn quandle of S is called a Coxeter quandle
associated with (W,S) and denoted by Qw. Coxeter quandles are involutive since
s? =1 holds for all s € S.



For any quandle Q, one can define a group As(Q) called the associated group
of O, which is defined by the presentation

As(Q) = (ex (x € Q) | ey erey = erqy (x,y € 0)).

For a quandle Q, the well-defined right action on Q by As(Q) can be defined
as x-ey :=x<y (x,y € Q). We denote the set of orbits by O(Q). We say that Q is
connected if As(Q) acts on Q transitively, i.e., |0(Q)| = 1.

The following lemma will be used repeatedly in this thesis:

Lemma 2.9 ([20], section 2.3). Let x € Q, g € As(Q). Then, g 'e,g = Cx.g
The following lemma reveals the structure of the abelianization of As(Q):

Lemma 2.10 ([20], Lemma 2.7). Let Q = Ujco(0)Qj be the decomposition of a
quandle Q into orbits of the As(Q)-action. For each Q; € O(Q), define a well-
defined group homomorphism 1;: As(Q) — Z by

(o) — 1 (leEQ,')
miex) {0 (ifx¢0)

Then, the direct sum @ jco()N; yields the abelianization As(Q)ap = 790(0),

Since abag(g): As(Q) — As(Q)ap is surjective, As(Q) is an infinite group by
Lemma 2.10.

Remark 2.11. Let Q be a quandle and R be the complete representation system of
O(Q). By Lemma 2.10, we have

As(Q)w = P(ler]), (lex]) =Z (x€R).

XER

3. DEFINITION OF As¢(Q) AND ITS PROPERTIES

Let Q be an involutive quandle. As¢(Q) is defined as the following presentation:

ASf(Q) = <EX (x € Q) |Ey_IExEy = E)C<1y7 Eg = 1 (x,y,z € Q)>

Moreover, let 7 : As(Q) — Ass(Q) be a homomorphism which maps e, to e,. Zp
is defined by kerm. Let x, y be elements of an involutive quandle Q. By definition
of As(Q), ey %eye? = ey, holds. Since Q is involutive, ey, = ey holds. Therefore
the following lemma follows:

2

Lemma 3.1. Let x, y be elements of an involutive quandle Q. Then, e)zcey = eye;.

Corollary 3.2. Let Q be an involutive quandle. Then, Zg is generated by{e? | x €
0}, and is contained in the center of As(Q).

Proof. Since Zy is a normal closure of {¢2 | x € Q}, Zy is generated by {g~'e2g |

g € As(Q), x € Q}. By Lemma 3.1, g~ 'e2g = ¢2 holds for any elements of g €
As(Q) and x € Q. Therefore, Zy is generated by{e? | x € Q}, and is contained in
the center of As(Q). o



Since Zy is contained in the center of As(Q) by Corollary 3.2, the extension

1= Zp < As(Q) 5 Ass(Q) — 1

is a central extension.
The following proposition was proved in [19, Theorem 5.2]. We prove the fol-
lowing proposition by a method similar to the proof of [12, Lemma 2.19].

Proposition 3.3. If Q is a finite involutive quandle, Asy(Q) is a finite group.

Proof. Put a total ordering in Q. For x, y € Q, there exists some z, w € Q such
that z > w, ece, = e.e,,. In fact, the case x >y is obvious, and for x < y we can
write exey = eyq-1,€y. It follows by repeating the same argument a finite number
of times. Suppose that Q = {xj,x2,...,x¢} and x; > xp > ... > x;. From what
we have shown in the first part, Asy(Q) can be written in the form e}! @2 ---e}t.
Furthermore, since E)% =1 Asf(Q) for each x € Q, we may assume that ny,ny,...,n;

are 0 or 1. Therefore As,(Q) is a finite group. o

Remark 3.4. By the proof of Proposition 3.3, the order of As¢(Q) is equal to or less
than 2/9! if Q is a finite involutive quandle.

Let Q be an involutive quandle, R be the complete set of representatives of O(Q).
By Corollary 3.2, Zg = (€2,x € R) is satisfied. The following lemma is similar to
Lemma 2.10, except that the direct sum component is a cyclic group of order 2.

Lemma 3.5. Let Q be an involutive quandle. Then,

Asr(Q)ws = {[e), (o)) =Z/22.

XER

Proof. The relation eye,, = e.e, (x,y € Q) in As¢(Q) corresponds to the relation
[éy][exay] = [ex][ey], Which is equivalent to [exqy] = [y (x,y € Q). Furthermore,
since [¢2] = 0 and [e,][e,] = [e,][é,] holds for x, y € R, the lemma follows. o

From 7 : As(Q) — As¢(Q), the homomorphism 7, : As(Q)ap — Asf(Q)ap is
induced. Then, 7, ([ex]) = [éx] (x € Q).

Lemma 3.6. Let Q be an involutive quandle. Then, kerm,, is a free abelian group
with a basis {[e2] | x € R}.

Proof. By Lemma 2.10 and Lemma 3.5

kerm,, = @([ei])

XER

is satisfied. Furthermore, for x € Q, we have ([¢2]) = Z. Therefore kern,, has

{[€3] | x € R} as its basis. o



Letabyy(p) : As(Q) — As(Q)ap be the abelianization. We now turn our attention
to the following commutative diagram consisting of four short exact sequences.

Theorem 3.7. The restriction abag ) |zo: Zg — kermy, is an isomorphism. In

particular, Zg is a free Abelian group with {e2 | x € R} as its basis, and hence
there is a central extension of the form

0 — Z%% — As(Q) — Asy(Q) — 0.

Proof. Since Zy is contained in the center of As(Q), Zy is an abelian group. There-
fore, by Lemma 3.6, we can define a homomorphism ¢ : kerm,, — Zp such that
¢([eZ]) = €7 (x € R). Then, ¢ is the inverse map of abu(g)- o

X

Theorem 3.8. Restriction of 7 to [As(Q),As(Q)],

T |[as(0),as(0)): [AS(Q),As(Q)] — [Asf(Q), Asr(Q)]
is an isomorphism.

Proof. Since 1 is surjective, T \[AS(Q)7 As(@)] 18 also surjective. We show its injec-
tivity. Let g € [As(Q),As(Q)] be such that w(g) = 1. Then g € Z, by the lower
left commutative square of the above diagram, and [g| = 1 holds by the upper right
commutative square of the above diagram. Therefore, we have g = 1 from Lemma
3.7. O

We will characterize the associated group As(Q) as a pullback involving As¢(Q)
and its abelianization, and describe the Eilenberg-MacLane space K(As(Q),1) of
As(Q) as a homotopy pullback. To do so, we only have to invoke the following
result due to Kishimoto [16]:

Lemma 3.9 (Kishimoto [16], Lemma 3.8 and Lemma 4.9). Suppose that there is
a commutative square of groups

GlLHl

[« b
Gz L H>
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where f1 is surjective. Then the square is a pullback if and only if the canonical
map ker fi — ker f, is an isomorphism. If the square is a pullback and f, f> are
surjective, then the induced square of Eilenberg-MacLane spaces

K(Gl, 1) — K(Hl, 1)
K(Gz, 1) E— K(Hz, 1)
is a homotopy pullback.
Combining Theorem 3.8 and Lemma 3.9, we obtain the following result:

Theorem 3.10. For any involutive quandle Q, the commutative square

AS(Q) 2%, AS(Q)as

I [

abas (o)
Asf(Q) —— Asp(Q)a

is a pullback, and the induced square of Eilenberg-MacLane spaces
K(As(Q),1) —— K(As(Q)ar, 1)
K(Asf(Q>7 1) B K(Asf(Q)ab7 1)
is a homotopy pullback.
By Lemma 2.10, Lemma 3.5 and Theorem 3.10, the following diagram

K(As(Q),1) —— [lico(o) K(Z,1)
K(Asp(Q),1) —— Tlico(o) K(Z2,1)

is a homotopy pullback. Moreover, since K(Z,1)and K(Z/2Z,1) are homotopy
equivalent to the circle S' and the infinite dimensional real projective space RP*
respectively, the following diagram

K(As(Q),1) —— [lico0)S"

! !

K(Asf(Q),1) —— Ilico(o) RP”
is a homotopy pullback.

Remark 3.11. Theorem 3.10 generalizes a result of Kishimoto [16, Theorem 3.9]
where a similar result was proved for Coxeter quandles.



Since the group Asy(Q) is defined in terms of generators and relations, an ex-
plicit description of Asy(Q) is difficult in general. In the rest of this section, we
will give an explicit description of As;(Q) for a certain class of Dehn quandles.
The following theorem is inspired by Dhanwani-Raundal-Singh [8, Theorem 3.14]
and Akita-Hasegawa-Tanno [2, Theorem 7.1].

Theorem 3.12. Let G be a group having a presentation G = (S | R) and D(S) be
the associated Dehn quandle. Assume that s> € R for all s € S and other relators in
R are of the form w~'swt~! (s,t € S,w € G). Then the surjection As(D(S)) — G
induces a well-defined isomorphism Asy(D(S)) — G, &+ x.

Proof. To simplify the notation, we write e, instead of &, (x € D(S)) so that the
group As¢(D(S)) is presented by

Asg(D(S)) := (ex (x € D(S)) | ey_lexey = €)1y, e2 =1 (x,y € D(S))).

Since s> = 1 for all s € S, It follows that the surjection As(D(S)) — G induces a
well-defined surjection Asy(D(S)) — G, e, — x. We will construct the inverse of
Asy(D(S)) — G. To do so, let F(S) be the free group on S and define a surjective
homomorphism y: F(S) — As;(D(S)) by s — e (s € S). The surjectivity follows
from that As¢(D(S)) is generated by ey (s € S). For a relator w'swt~! € R, write
w=s]'s3 s (s; € S,& € {£1}). By the iterated use of a relation ey fexey =
eyexe (x,y € D(S),€ € {£1}), we have

WO sw) = (5558555 5E)) = (66 ) el )
= )y gty = oo = € = W)

For s2 € R, we have

w(s?) = =1.
Consequently, the homomorphism y induces a surjective homomorphism ¥: G —
Asy(D(S)), s — ey, which is the inverse of As¢(D(S)) — G. o

Remark 3.13. Corollary 3.2 and Theorem 3.7 are proven in case of finite quandles
in Lebed-Vendramin [19, Theorem 5.2]. In Lebed-Vendramin [19, Section 5], for
a finite rack Q (rack is a nonempty set equipped with a binary operation satisfying
(2) and (3) in the definition of quandles), éQ is defined as follows:

Go=(ex (x€ Q)| eyflexey = €yay, e?l =1 (x,y,z€0)),
where D, := max{2, ord(e<z)} and ord(e<z) € Z> is the order of e<z. If Qis a
finite involutive quandle, G is the same as As;(Q) since D, = 2 for any z € Q.

Remark 3.14. In Akita-Hasegawa-Tanno [2, §3], for a quandle Q, Fp is defined as
follows:

Foi={ec (x € 0) | &, erey = exgy, €% =1 (x,3,2€ 0, ord(e2) < ).
If Q is an involutive quandle and ord(e <z) = 2 for any z € Q, Fy is the same as
Asy(Q). However, if there exists z € Q such that ord(e<z) = 1, Fp is different from
As¢(Q). For instance, if Q is the trivial quandle consisting of n elements, Fp is the
trivial group and As¢(Q) is isomorphic to Zj. If Q is an involutive quandle which
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have an element z such that ord(e <z) = 1, then the projection p: As;(Q) — Fp is
surjective but not injective. Therefore, intuitively speaking, As(Q) is a quotient
group slightly larger than Fy.

4. QUANDLE HOMOLOGY

We define quandle homology based on [14]. Let Q be a quandle. For n € Z>,
let CR(Q) be a free abelian group with Q" as its basis. When n = 0, let CX(Q) be a
free abelian group with Q¥ := {( )} as its basis. When n < 0, let C¥(Q) be the trivial
group. For n € Z>, We also define the subgroup C2(Q) of CR(Q) as follows:

CP(Q) = Spang ((x1,%2,...,%,) € Q" | x;_| = x; for some i € {2,3,...,n}).

Let C,(Q) = CR(Q)/CP(Q). For n € Z>,, we also define the boundary map o :
CR(Q) — CR_,(Q) as follows:

IR (xy,x0,...,x,) = Z (= 1) (X1, o Xi 13X 1 -5 X)
1<i<n

— (X1 QX3 X2 Ay X Xy X 1y X))

If n < 0, we define dX: CR(Q) — CR ,(Q) as the zero map. Since 9(CP(Q)) C

n
CP | (Q), the boundary map 9, : C,(Q) — C,—1(Q) is induced and (C,(Q),d,) is a
chain complex. Then, we define H,(Q) := H,((C,(Q),0,))-
The following proposition is known, however, we present it with a proof.

Proposition 4.1. Let Q be a quandle. Then,
Hy(Q) =Z, H(Q) =299,

Proof. Since CJ(Q) and CP(Q) are the trivial group by the definition of C(Q),
Co(Q) = C&(Q) and C;(Q) = CR(Q) hold. Since of and Jf are the zero map by the
definition of X, Kerdy = Cy(Q) and Kerd; = C;(Q) hold and Imd); is the trivial
group. Therefore, the following isomorphism holds:

Hy(Q) = Co(Q) =CR(Q) =Z.

We identify C;(Q) and CR(Q) by the isomorphism C;(Q) = CR(Q). Let Q =
Ujeo(p)Q; be the decomposition of a quandle Q into orbits of the As(Q)-action.
Since dR (x1,x2) = x1 — x1 <x2 holds for any (x1,x2) € Q?, for any x € O(Q) and
y € Oy, y+Imd, = x+Imd, holds. Therefore, the following isomorphism holds:

H\(Q)=C1(Q)/Imdr = P Z(j+Imd,) =279
Jjeo(Q)

The following theorem exists for calculating the second quandle homology:

Theorem 4.2 (Eisermann [Y], Theorem 9.9). Let Q = Ujco()Q; be the decompo-
sition of a quandle Q into orbits of the As(Q)-action. Let @ jco)N;: As(Q) —
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720Q) be the group homomorphism defined in Lemma 2.10. For each i € O(Q),
fix x; € Q;. Then the following isomorphism holds:

HQ(Q) = @ (StabAs(Q) (Xj) N Kernj)ab,
Jjeo(0)
where Stabg(g) (x;) is a stabilizer of x j with respect to the action defined in section
2.

Remark 4.3. Assume that Q is a connected quandle. Let xg € Q. Then, the isomor-
phism in Theorem 4.2 is as follows:

Hz(Q) = (StabAS(Q) (XO) N [AS(Q),AS(Q)])ab.
The following examples are the known results of the second quandle homology.

Example 4.4 (Alexander quandle, [20], Proposition 5.29). Let M be a Z[T*!]-
module and regard M by an Alexander quandle. Assume that M = (1 — T)M.
Then,

HZ(M) = (M®ZM)/(X®Y_ Ty ®x)x,y€M~
Example 4.5 (Dihedral quandle R,, [9], Example 1.14). Let n (> 3) be an odd
integer. Then, H>(R,) = 0 holds.

Example 4.6 (Dehn quandle of transpositions, [9], Example 1.15). Let S, (n > 3)
be the symmetric group on n points and 7, C S, be the set of transpositions. Then,

{Z/ZZ (n>4)

)= ¢ 1

13

Let Q be an involutive quandle. Observe that there is a well-defined right
Asy(Q)-action on Q given by y-e, :=y<x (x,y € Q), and the As(Q)-action on Q is
the one induced by the As(Q)-action through the projection 7 : As(Q) — Ass(Q).
Theorem 4.2 can be reformulated using subgroups of As;(Q).

Theorem 4.7. For a connected involutive quandle Q and xy € Q, we have
Hy(Q) = (Stabyg, (g)(x0) N [As£(Q), As¢(Q)])ab-
Proof. The map 7 induces a surjective homomorphism
Stab(g) (x0) — Stabag, (o) (x0),

where Stabas,(g) (xo) is the stabilizer of xo with respect to the Ass(Q)-action on
Q. Together with Theorem 3.8, we conclude that the projection As(Q) — As¢(Q)
induces an isomorphism

Staba(g) (x0) N [As(Q), As(Q)] = Stabs,(g)(x0) N [Asf(Q), As¢(Q)].
Combining with Theorem 4.2, the following isomorphism holds:
H(Q) = (Stabug(g)(x0) N[As(Q), As(Q)])ap
= (Stabas, () (x0) N [Asf(Q), Asg(Q)])ab-



Part 2. Second Quandle homologies
5. COXETER GROUPS

In this section, we recall the definition of Coxeter group and some properties.
Let (S,m) be a pair consisting of a finite set S and a map m : S x § — NU {eo}
satisfying the following two conditions:

(1) foralls € S, m(s,s) =1,
(2) for any distinct s,z € S, 2 <m(s,t) =m(t,s) < oo
Then the group defined by the presentation

(5.1 Wi=(s(seS)| ()" =1 (s,r € S,m(s,1) < m(s,1) < o))

is called a Coxeter group and (W,S) is called a Coxeter system. A Coxeter graph
of (W,S) (simply, a Coxeter graph of W) is defined by a partially labeled and undi-
rected finite graph whose vertex set is S and whose edge set consists of the un-
ordered pairs {s,¢} C S such that m(s,z) > 3 and whose edges with m(s,t) > 4 are
labeled with m(s,7). Moreover, a Coxeter group is irreducible if its Coxeter graph
is connected and is reducible if it is not irreducible.

It is easy to verify that the defining relations in (5.1) are equivalent to the fol-
lowing two types of relations

(5.2) (S)m(s,) = (E8)m(sy) (5,1 € S,5 #1,m(s,1) < o), ?=1(ses),
where the symbol (st),,(s,) is defined by
(S1)m(s,r) = StSLS - -.
m(s,t)
For example, (st), = st, (st)3 = sts, (st)4 = stst, and so on. Observe that a relation

() m(s,) = (t8)m(s) (m(s,2) < o) in (5.2) can be rewritten in terms of conjugations
as

(5.3) (1) )11 (D ms)-1 = {

It is known that the order of s € W is 2 for all s € S.

We recall reflections, reflection groups, root systems and simple root systems.
Let V be a real inner product space, and let (A, u) be an inner product of two
elements A and pu of V. Then, for an element o of V, s, is defined as follows and
called a reflection of a:

s if m(s,t) odd,
t if m(s,r) even.

2(A, )
(01

(a, @)
A finite reflection group is a finite group generated by reflections. A finite subset &
of nonzero vectors in V is said to be a root system if it satisfies the following two
conditions:

(1) forall @ in ®, PNRa = {ta},

(2) forall o in P, 5P = P.
Let ® be a root system. Then, a subset A of ® is a simple root system if it satisfies
the following two conditions :

sa(A) = A —




(1) Ais a vector space basis for the R-span of &,
(2) for all @@ in @, « is a linear combination of A with coefficients all of the
same sign (all nonnegative or all nonpositive).

For any root system ®, there is a finite reflection group W(®) and a simple
system A C @ such that W(®P) is generated by {s¢ | 5o is a reflection of o € A}.
For any finite reflection group W, there is a root system & and a simple system
A C ® such that W = W(®). The following theorem claims on a relationship
between finite Coxeter groups and finite reflection groups.

Theorem 5.1 ([13], Theorem 6.4). The following conditions on the Coxeter group
W are equivalent:

(1) W is finite.
(2) W is a finite reflection group.
By Theorem 5.1, for a finite Coxeter group W, there is a root system & and a

simple system A such that W is generated by {s¢ | s¢ is a reflection of @ € A}.
It is known that irreducible finite Coxeter group is classified into 10 types.

Theorem 5.2 ([3], Chapter VI, §4.1, Theorem 1). An irreducible finite Coxeter
group is a Coxeter group whose Coxeter graph is one of the ten types in Figure
5.1, where the subscript of each type denotes the number of vertices.

Ay(n>1) . o—0——0—@

(n1>2) 0—0—0 —o—e'e
D,(n>4) . o—e— 4—{

Eg :

—~
S

E7:H—I—H—.
Egio—o—I—o—o—H
F4:.—Q—H4

H e’ e—e

Hy o—0o—0—0
L(n)(n>3): e e

FIGURE 5.1. Coxeter graphs of irreducible finite Coxeter groups

If W is an irreducible finite Coxeter group whose Coxeter graph is type X, then
we say that W is a Coxeter group of type X and denote W by W(X). The fol-
lowing theorem claims that a Coxeter group is isomorphic to the direct product of
irreducible Coxeter groups.
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Theorem 5.3 ([13], Proposition 6.1). Let (W,S) be a Coxeter system and S is
finite. If the connected components of the Coxeter graph of W is I'1,I5,...,T7,
let §1,52,...,8, be the corresponding subsets of S and Ws, be the subgroup of
W generated by S;. Then, W is the direct product of irreducible Coxeter groups
Ws, , Ws,,...,Ws,.

Suppose that W is a reducible finite Coxeter group and the direct product of
W(X1),W(X3),...,W(X,). Then, we say that W is a Coxeter group of type X; LI
XoU---UX, and denote W by W(X; UXo U--- LUX,,).

Let (W, S) be a Coxeter system such that W is finite and ® be a root system of W.
For I C ®, we define Wr- to be the subgroup of W generated by {s, € W | y € I'}.
For s € S, let o be a root in ® such that s is a reflection of o and define I'(s) the
set of roots y with (7, a,) = 0. Moreover, for s € S, let Y; is the set of u € W with
o = u(o) and N(u) NT(s) = 0. Then Y; is a subgroup of W (see Brink [4] for
details).

We also define the odd Coxeter graph of W to be the graph with vertex set S
and edge set {{s,t} | s,z € S such that s # t and m(s,t) is odd}. Theorem 5.4 and
Theorem 5.6 are tools for calculating the second quandle homology on and after
section 7.

Theorem 5.4 (Brink [4], p.466, Theorem). Let (W,S) be a Coxeter system such
that W is finite. For s € S, s be a root such that s is a reflection of o5 and Zy (s)
be the centralizer of s in W. Then, Zy (s) is the semidirect product of Wru{+ay}
by Yy : that is,

Zw (s) = Wr(g)Ufza,) = Ys-

Moreover, Wr(s)(+q,) is a Coxeter group with root system I'(s) U {0}, and Y;
is free of rank e(s) —n(s) + 1, where e(s) denotes the number of edges and n(s)
the number of vertices of the connected component of the odd Coxeter graph of W
containing s.

If Coxeter graph of a Coxeter group W is a forest, then the connected component
of the odd Coxeter graph containing s is a tree. Therefore e(s) —n(s)+1 =0 and
¥; is the trivial group. If Wi is a Coxeter group of type X, then Wi (+q,) 1s @
Coxeter group of type X LIA; since sys = ssy holds for y € I'(s).

Summarizing the above discussion, the following corollary is obtained:

Corollary 5.5. Let W be a Coxeter group whose Coxeter graph is a forest. Then,
Y; in Theorem 5.4 is the trivial group. Moreover, if Wr ) is a Coxeter group of type
X, Wr(s)u{+a,} is a Coxeter group of type X LIA;.

The following theorem is provides a special representation for the alternating
subgroup of Coxeter groups.

Theorem 5.6 (Brenti-Reiner-Roichman [5], Proposition 2.1.1). Let (W,S) be a
Coxeter system, S = {s0,51,...,Sn}, R={r1,r2,...,ra}, €: W — {£1} be the ho-
momorphism uniquely defined by €(s) = —1 forall s € S and f: R — W be a map
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defined by f(r;) = sosi foralli € {1,2,...,n}. Then, f gives the following isomor-
phism:

Kere = (R | r;"(so’si) = (r;lrp)mes) = 1(1 < i< j < n)).

1

Remark 5.7. If the odd Coxeter graph of W is connected, Ker€ is equal to the
commutator subgroup of W since fs is equal to a commutator [z, (st) ! for

r;(s,t)fl]
any 5,1 € S by (5.3).

By Example 2.8, a Coxeter quandle Qy is an involutive Dehn quandle D(S).
Observe that a relation (st),,(ss) = (£5)m(ss) (m(s,2) < o) in (5.2) can be rewritten
in terms of conjugations as

. s if m(s,t) odd,
1 t(st 1=
(s )m(w)—l () msa)-1 {t if m(s,) even.

Therefore, by Theorem 3.12, the following proposition holds:

Proposition 5.8. Let (W,S) be a Coxeter system and ¢ : As(Qw) — W be a homo-
morphism such that ¢ (es) = s(s € S). Then ¢ induces a well-defined isomorphism
¢: Asy(Qw) =W, e, — x.

By restricting the domain of the above isomorphism ¢ to the commutator sub-
group of Asy(Qw ), the following theorem is obtained.

Theorem 5.9. Let W be a Coxeter group and ¢ be the isomorphism in Propo-
sition 5.8. Then the isomorphism obtained from ¢ by restricting its domain to
[Asf(Ow),Asr(Qw)| yields the the following isomorphism:

[Asf(QW)vAsf(QW)] = [Wv W]

By Proposition 5.8, the definition of Asy(Qw)-action on Qw and the definition
of Coxeter quandle operation, Stab,s,(g) (x0) is isomorphic to the centralizer of x,.
Together with Theorem 5.9, the following theorem holds:

Theorem 5.10. Let W be a Coxeter group whose odd Coxeter graph is a tree and
Ow be its Coxeter quandle, xo € Qw. Then,

Hy(Qw) = (Zw (x0) N [W,W]) ap,
where Zy (xo) is a centralizer of xo.

Let (W, S) be a Coxeter system whose odd Coxeter graph is a tree, and sp € S. By
Theorem 5.4, Zy (so) = Wr(sp)u{=a,,} holds and Wi i+, } 1s @ Coxeter group.
Furthermore, by Theorem 5.6 and remark 5.7, the following equality holds:

Zy (s0) N [W, W] = Kere |

(s0)Ux0sg}

Therefore we can calculate the presentation of (Zw (so) N [W,W])a by Theorem
5.6.



6. THE SECOND QUANDLE HOMOLOGY OF COXETER QUANDLES

In this section, we introduce and recall symbols used from section 7 to section 14
and list results of the second quandle homology. In section 7 onwards, we calculate
the second quandle homology of Coxeter quandle Qw if W is an irreducible finite
Coxeter group whose odd Coxeter graph is a tree.

For n € Z>1, we denote by e1,e», ..., e, the coordinate vectors of R". Moreover,
for i, j € Z, we denote by &; ; Kronecker delta. For 1 <i< j <n, f; ; is a linear map
from R" to itself that reverses the signs of the i-th and j-th components respectively
and does not change any other sign, and g; ; is a linear map from R" to itself that
permutes the i-th and j-th components and maps the other components to itself.

Let (W,S) be a Coxeter system such that W is finite and & be a root system of
W. For s € §, let o, be a root in ® such that s is a reflection of ;. We defined I'(s)
as the set of roots y with (7, a;) = 0 in section 5.

Suppose that an inner product of R” is the standard inner product of R”. Let
A =x+yi+zj+wk (1, i, j, k is the standard basis of H) be an element of H.
Then, we denote x — yi —zj —wk by A. For A, u € H, We define an inner product
(A, u) of two elements A and u of H by

A+ ud
() = ETEE
Root systems and simple systems of type A,, D,, E¢, E7 and Eg are cited from
[3]. Root systems and simple systems of type H3 and Hy are cited from [13].

Theorem 6.1. Let W(X) be a Coxeter group of type X. Then, the results of the
calculation of Hy(Qw x)) are shown in the Table 6.1.

TipeX A,(n>1) D,(n>4) E¢ E; Eg hL(n)(n>3) Hy H;
0(n<2) 75 (n=4) . )
Hz(Q) Zz (I’l > 3) Z% (I’l > 5) Zz Zz Zz 0 (n IA Odd) Zz Zz
TABLE 6.1. The results of the calculation of H>(Q) in case Q is a
Coxeter quandle Oy (x)

I {1V

7. TYPEA,

Let n > 1. Then, a root system ®(A,) and a simple root system A(A,) of W (A,)
are respectively as follows:

D(A,) = {+(ei—e)) R |1 <i< j<n+1,i#j},
A(An) = {e,‘ —€j+1 | 1 S I S I’l}
The reflection corresponding to e, — €,41 1S gnn+1-

Lemma 7.1. Let s = g, ny1. Then,

 J{E(ei—ej) |1 <i<j<n—1} (n>3)
Lls) = {0 : (n<2).
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Proof. Let1 <i< j<n-+1. Then,

(en —ent1,ei—ej) = (en,ei) — (en,€j) — (ent1,€i) +(ens1,€;)
= Oni — On,j — Opt1,i + Opt1,j-

If (i,j) = (n,n+1), (e, — ent1,€; —ej) is not 0. Suppose that (i, j) # (n,n+ 1).
Then, n > 2.

(1) Ifj < n,thenn > 3 and 6n7i—5n’j—5n+17,'—|—5n+1’j:O—O—O+O:0.
) If j=n,sincei <n—1, Sn,i_sn,j_5n+l,i+5n+l,j:0_1_0+0:_1-
3) Iszn—l—l,sinceiﬁn—l,5,,7,~—5n7j—5n+17,'—|—5n+17j:0—0—O+1:1.

O
Lemma 7.2. Let s = g, ny1. Then,
W(A,—2UA)) (n>3)
Z s) =
wian) (5) {W(Al) (n<2).
Proof. By Lemma 7.1, the following holds:
W B W(An,2L|A1) (n23)
T(s)U{xten—eni1} — W(Al) (n < 2)
Therefore, the above statement holds by Theorem 5.4. O

Theorem 7.3.

IR

Hy(Qw(a,))

Z/2Z (n>3)
0 (n<2).

Proof. 1f n < 2, Ker€ |y (4,)= 0 holds by Theorem 5.6. Hence Hz(Qywa,)) = 0
holds by Theorem 5.10.

Suppose that n > 3. Let 5o = gnut1 and s; = 5o, (i = 1,2,...,n—2). By
Theorem 5.6, Kere€ |y 4, ,4,) is generated by {r; | i=1,2,...,n—2} and have the
following relations:

ri=(r"ri) = (7 ')? =1, j,k=1,2,...,n—2and | j—k| > 2).

The relation (r; 'rix1)® = 1 implies [r;] = [ri41] € (Ker€ |y (a, ,14,))a- Therefore,
Kere w4, ,ua,))ab = (11 | ri=1)=7/2Z
holds. By Theorem 5.10, H2(Qyw(a,)) = Z/2Z holds. o

Remark 7.4. The results of H>(Qy (a,)) is the same as that that calculated in Eiser-
mann [9].



8. TYPED,

Let n > 4. Then, a root system ®(D,,) and a simple root system A(D,,) of W(D,,)
are respectively as follows:

®(D,) ={£(ei—ej),x(ei+e;) eR" |1 <i< j<n},
A(Dy) ={ei—ei1,en1+e, €R"|[1<i<n—1}.
The reflection corresponding to e, 1 + €, 18 €11, © fu—1-
Lemma 8.1. Let s = g,_1,0 fy—1,. Then,
[(s)={E(ei—ej), £(ei+ej) |1 <i<j<n—2}U{x(esm1—en)}.
Proof. Let1 <i< j<n. Then,
8.1) (ei—ej,en_1+en) = (€i,en—1) + (€ien) — (€j,en—1) — (€j,€n).
Ifj<n—1,
(left side of equation (8.1)) =04+0—-0—0=0.

Ifj=n-1,
(left side of equation (8.1)) =0+0—1—-0=—1.
If j=n,
(left side of equation (8.1)) = 8,1 +0—-0—1= {(11 Ei zZ: 3
Since
(eitej,en1+en) = (eien1)+{ei,en) +(ej,en 1)+ (ej en)
holds, (e;+ej,en—1+e,) is0if 1 <i< j<n—2,andisnot0if i >n—1. O

Lemma 8.2. Letn >4, s =g,_1,0 fu—1n Then,
W(Al LA UA, |_|A1) (n:4)
ZW(DH)(S) = W(A3 LIA; |_|A1) (I’LZS)
W(anzl_lAll_lAl) (I’l
Proof. If n =4, Wr(g)u{+(este,)) 18 the Coxeter group of type A; LA UA; LA
since e} — ey, e + ey, e3 —e4 and e3 + e4 are mutually orthogonal. If n =5,

Wr(s)Uf+(estes)) is the Coxeter group of type A3z LIA| LIA; since its Coxeter graph
is shown in Figure 8.1.

o—0 ° L L

Serte3 Sej—ey Ser—e3 Ses—es  Sestes
FIGURE 8.1. A Coxeter graph of Wr(s)u(+ (e +es)}

If n > 6, Wr(s)u{+(e,_+e,)} 18 the Coxeter group of type D,—» LIA;. Therefore
the above statement holds by Theorem 5.4. O
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Theorem 8.3.

27 (n=4
Hy(Owp,)) = {g;zigz E” )

Proof. Letso = gn—1,0 fa—1,n and s1 =S, | —e,-
Suppose that n = 4. Let 53 = 5¢,—¢, and s3 = S¢,1¢,. By Theorem 5.6, the fol-
lowing isomorphism holds:

Kere ‘W (AjUA LA LA, )= (Z/ZZ)

Therefore, its abelianization is also isomorphic to (Z/2Z).
Suppose that n=35. Let 52 = Se, ¢35 53 = Se; —¢, ANd 4 = S, —¢5 Kere |y (a,04,04))
is generated by {r; | i = 1,2,3,4} and have the following relations:

The relations (r2_]r3)3 = (r3_]r4)3 = 1 imply [rp] = [r3] = [r4] € (Kere |W (AsUA LIAY)
)ap- Therefore,

(Kere wasua,uan))as = (r1,r2 | 11 =15 = Lriry = rory) = (Z/2Z)?

holds. By Theorem 5.10, H(Qw (ps)) = (Z/2Z)* holds.

Suppose that n > 6. Let s; = s, |—, (i =2,3,...,n—2) and s,_1 = S, s+e, ,-
Kere |y (p, ,ua,) is generated by {r; | i =1,2,...,n— 1} and have the following
relations:

P=1{=12,...,n—1)
(ri'rp)? = (ry! r4) 1(j=2,3,....,n—1)
(r ' re)® = (1)’ = 1 (k=2.3,. -3)
(rn)?*=1(1=2,3,.. n—4,n—2)
(

r, )P =1(p,q=2,....,n—2and |p—q| > 2).

The relations (r 'ri1)? = (r, 5r1)? = 1(k=2,3,...,n—3) imply [r;] = [ris1] €

n
(Kere€ |w(p, ,ua,))ab fori=2,3,...,n—2. Therefore,

(Kers ’W(D,,qUA]))ab = (rl,rz | 7‘% = r% = l,rlrz = r2r1> = (Z/ZZ)2

holds. By Theorem 5.10, H(Qw (p,)) = (Z/2Z)* holds. o
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9. TYPE E¢

A root system P(Eg) and a simple root system A(Eg) of W (Es) are respectively
as follows:

D(Eg) ={*(e;—ej), L(ei+e;) eR¥ |1 <i< j< 5}

1 5 5
U{iE(Z&-ei—%—a +es) ERY | g=+x1(i=1,2,....5),[Je =1},
i=1 i=1

1
A(EG) :{5(91 —€)—e3—€4—e5—¢€¢ —e7+e8)}
U{ei+erei1—e €RY|1<i<4}.

Lemma 9.1. Let s be a reflection corresponding to o = 2*1(61 —ey—e3—eq4—
es — eq — e7+ eg) which is an element of ®(Eg). Then,

I(s)={x(e1+e) |2<i<5 U{E(ei—e))|2<i<j<5tU{zxa|1<i<5},
where a; (1 <i<5) are defined as follows:

o = €1+€2+€3+€4+€5—€6—€7+68)

5
1

062:5(—61 —exte3teqtes—es—er+es)

_5(—31+€2—€3+€4+€5—e6_€7+€8)

o= (—e1+erte3—es+es—eq—ertes)

—e1t+er+estes—es—eg—e7+eg).

Proof. Let 1 <i < j<5. By direct calculations, the following holds:

(eit+ej,20) = (e; €1>+<€'€1>—i(<ei €k>+<e'ek>)—{0 (i=1)
: 7 " k=2 ’ " 2 (l> )7

5
28,81—66—6’74-83,206 =& — 28k+3
i=1
Suppose that € = 1. Since Hk 2& =1, Zk » & = £4 or 0 holds. Therefore,
<Zl§:1 gie; —eq — e7+ eg,2a) = 0 holds only when Zk 28k 4. The only root of
the form 21:1 €e; — e — e7 + eg that satisfies €, = 1 and Zk:2 &g =41s o.
Suppose that &; = —1. Since [[}_, & = — 1, Y3_, & = &2 or 0 holds. Therefore,
<Z?:1 ge; —ee — e7+ es,20t) = 0 holds only when Zk 5 sk 2. The only roots of
the form Z,.Szl €e; —eq — e7+eg that satisfy g = —1 and Zk ,& =2are 0;(2<i<
5). o
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Lemma 9.2. Let s be a reflection corresponding to o =27 (e] — ey —e3 — eq —
es —eq —e7+eg). Then,

ZW(E6) (s) =W(AsUA)).

Proof. By Theorem 5.4, Zy g (s) = Wr(s)u{+q} holds. By Lemma 9.1, Wr()(+q)
is the Coxeter group of type A5 LIA; since its Coxeter graph is shown in Figure 9.1,
where B =2""(e; —es —e3 —es+e5s+eg+e7—eg). O

S—e1—ep Sea—e3 Sez—es Ses—es Sﬁ So

FIGURE 9.1. A Coxeter graph of Wr(s)u(+a)

Theorem 9.3.
Hy (Qw (k) = Z/2Z.

Proof. Let oo =2"'(ej —ex—e3—eqg—es—eg—e7+eg) and B =2""(e] — ey —
e3—es+es+eq+er—eg). Let so =Sq, S1 =5_¢,—ey» Si = Se;—e;y, (1 =2,3,4) and
ss = sg. By Theorem 5.6, Kere |y (4,04, is generated by {r; | i =1,2,3,4,5} and
have the following relations:

ri=(r;'n)?=1(j,k=127345and|j—k >2)

(')’ =1(=1,2,3,4).

The relations (r; 'r;1)> = 1 (1=1,2,3,4) imply [r1] = [r2] = [r3] = [r4] = [rs] €
(Kere |w(asu4,))ab- Therefore,

(Kere |W(A5uA1))ab =(r| V% =1)=Z/2Z.
holds. By Theorem 5.10, Ha(Qyw g,)) = Z/2Z holds. o

10. TYPE E;

A root system P (E7) and a simple root system A(E7) of W(E7) are respectively
as follows:

D(E7) ={E(ei—ej), £(ei+e;) €R¥ |1 <i< j<6}U{E(e7—es)}

1 6
U{:I:E(Z&}ei+e7—eg) eR®|g==%1(i=1,2,....6),[[Je: =1},
i=1 i=1

1
A<E7) :{5(61 —€) —€3—€4— 65— € — €7 +eg)}

U{ei+erei1—e €RY|1<i<5}).
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Lemma 10.1. Let s be a reflection corresponding to ot =271 (e] — ey —e3 — eq —
es — eq — e7+ eg) which is an element of A(E7). Then,
I(s) ={£(e1+e) | 2<i<6}U{x(ej—ej)|2<i<j<6}

1 6
U{:l:i(el—i-Zsie,-—l—w—eg) eRY|g==+1(i=2,...,6),) & =3}
i=2

1 6
U5 (= +Y €ieiter—es) ERY | =+1(i=2,...,6),) & =1}
i=2 i=2

Proof. Let 1 <i < j<6. By direct calculations, the following holds:

(e7—e5,20) = —(e7,€7) — (€5, ¢3) = 2,

ei—e; —leiel)—le: e 26 e e o)) — 2(i=1)
< i J,2a>*< is 1> <]7 l>+k:2( < is k>+< Jo k>)* {0 (l>1)7
eite: —leie e er) — oo o)) — 0 (i=1)
(eit+ej,20) = (er,e1) + (ej,en) k§:2(< inex) +(ej,ex) {_2 (i>1)

6 6
<Z£,-ei—€7 +eg,206> =& — Z & +2.
i=1 k=2
Suppose that &, = 1. Since Hi:z & =1, Z,?:z & = —5 or —1 or 3 holds. Therefore,
<Zf:1 ge; —eq —e7+eg,2a) = 0 holds if and only if 22:2 g =3.
Suppose that &g = —1. Since HZ:z &g = —1, 22:2 & = —3or1or5 holds.
Therefore, (Zle ge;— e —e7+ eg,2a) = 0 holds if and only if ):,?:2 g=1 0O

Lemma 10.2. Let s be a reflection corresponding to ot =271 (e; — ey —e3 — eq —
es —eq —e7+eg). Then,

ZW(E7)(S) = W(D6 I_JAl).

Proof. Zy g,)(s) = Wr(s)u{+q)} holds by Theorem 5.4. By Lemma 10.1, Wr()uf+a)
is the Coxeter group of type D¢ LIA since its Coxeter graph is shown in Figure 10.1,

where B =2""(e; —es —e3 —es+e5s+eg+e7 —eg). O
Ses—eg
® L 4 @ o
S—el—ez S62—63 563—6‘4 Se4—65 So
5B

FIGURE 10.1. A Coxeter graph of Wr(s)u(+a}
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Theorem 10.3.

Hy(Qw (,)) = Z/2Z.
Proof. Let . =27 (ej —es —e3—eq4 —e5—eg—e7+eg) and B =2"1(e; —es —
e3—es+es+eg+e7—eg). Let so=Sq, S1 =5_¢,—ey» Si = Se—er,, (I = 2,3,4,5)
and s¢ = sg.

By Theorem 5.6, Ker€ |y (pyia,) is generated by {r; | i =1,2,...,6} and have
the following relations:

2= 1(i,j,k=1,2,...,6)
1 -1

,
(r; r,-+1)3 = (r;1r6)3 (i=1,2,3,4).

The relations (r; 'ri1)3 = (r;'r6)? = 1 (i = 1,2,3,4) imply [r1] = [r2] = [r3] =
[ra] = [rs] = [r6] € (Ker€ |w(psua,))ab- Therefore,

(Kere |w(pgia,))ab = (11 | r% =1)=2Z/2Z

holds. By Theorem 5.10, H2(Qyw (g,)) = Z/2Z holds. o

11. TYPE Eg

A root system P(Eg) and a simple root system A(Eg) of W(Eg) are respectively
as follows:

O(Eg) ={+(e;—e;),+(ei+e;) ER¥ |1 <i< j<8}
13 8
U{z Y ee R [eg==%1(=12...8).][a=1}.
i=1 i=1

1
A(ES) :{5(31 —€)—e3—e4—e5—€c—¢e7 +€8)}

U{ei+erei1—e €RY|1<i<6}.
Lemma 11.1. Let s = g1 20 f1 2. Then,
[(s) ={£(ei+ej) |3<i<j<8 U{E(ej—eg),E£(e1—e2) |3<i<j<T}

1 8 8
U{ii(el —ex+ ) ge) | & ==+1(i=3,4,....8),[Je: = -1}
i=3 i=3
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Proof. Let 1 <i < j < 8. By direct calculations, the following holds:

O(i=1and j=2)
1(i=1land3 <
(ei—ej,e1+ex) = (ej,e1) + (ei,e2) — (ej,e1) — (ej,e2) = ( J)
1(i=2)
0(3<iandj=238),
[2(izlandj:2)
(ei+ejer+ex) = (ej,er)+ (ei,er) +(ej,e1) +(ej,er) = ¢ 1 (i=2)
0(3<i),

8

<Z giej,eq +€2> =& + &.
i=1

Since €; and & are £1, € + & = 0 or =2 holds. Moreover, since H,%zl &g =1,
H,§:3 &, = —1 holds if and only if & + & = 0. Therefore, <Z§:1 geie1+e) =0
holds if and only if [T}_; & = —1. O

Corollary 11.2. Let s = g1 0 f12. Then,
ZW(ES)(S) = W(E7 |_|A1).

Proof. By Theorem 5.4 and Lemma 11.1, Zy g, (s) = Wr( JU{(e, +e,)} holds and
Wr(s)uf£(e; +er)) 18 the Coxeter group of type E7LIA; since its Coxeter graph is

shown in Figure 11.1, where B =271(e; +e; —e3 —e4 —e5—eg —e7 —e3). O
se3+e4
@ @ @ L 4 @ o

S[)’ Ses—e3 Ses—ey Seg—es Segj—eq Seg—e;  Sei+er

FIGURE 11.1. A Coxeter graph of Wro)u(+(e, +¢2)}

Theorem 11.3.
H>(Qw () =Z/2Z.

Proof. Let B=2""(e; +ey—e3—eqs—es—es—e7—eg). Let so = Sei+eys S1 =
Sats 2 = Sestess Si = Se—ery (1 = 4,5,6,7,8). By Theorem 5.6, Ker€ |y (g,14,) is
generated by {r; | i=1,2,...,7} and have the following relations:

P=1(=1,2,...,6)
( rj+l) (r31r7) =1(j=12,...,6)
(') =1(k,/=1,2,...,6 and \k—l|zzand(k,1)¢(3,7),(7,3)).
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The relations (r]flrj+1)3 =(r3'r)?=1(j=1,2,...,6) imply [ri] = [r2] = [r3] =
[ra] = [rs] = [r6] = [r71] € (Ker€ |y (g,14,))ap- Therefore,

(Kere ]W(E7uA1))ab =(r | r% =1)=7Z/2Z.
holds. By Theorem 5.10, H2(Qw (g,)) = Z/2Z holds. O

12. TYPE L(n)

Let n > 3. A root system ®(I»(n)) and a simple system A(I»(n)) are respectively
as follows:

®(L(n)) = {cos(km/n)e, +sin(kn/n)e; € R?* | k=0,1,...,2n— 1}
A(L(n)) = {e1,cos((n—1)m/n)e; +sin((n—1)m/n)es }.
The root corresponding to the reflection about the y-axis is e;.
Lemma 12.1. Let s be a reflection about y-axis. Then,
- oo
Proof. Letk=0,1,...,2n—1. Then,
(e1,cos(km/n)e; +sin(km/n)ey) = cos(km/n).
Since 0 < k < 2n, 0 < km/n < 27 holds. Therefore, when cos(km/n) =0,
kx/n=mn/2,3n/2 (i.e.k=n/2,3n/2).

If n is even, the only roots satisfying cos(kmw/n) = 0 are +e;. If n is odd, there is
no root satisfying cos(km/n) = 0. o

Lemma 12.2. Let n(> 3) be an odd integer, s be a reflection about the y-axis.
Then,

Zw (b ny) (5) = W(A1).
Proof. By Theorem 5.4 and Lemma 12.1, it follows immediately that
Zw(1(n)) (8) = Wiey = W(A1).

Theorem 12.3. Let n(> 3) be an odd integer. Then,

Ha(Qw (1, (n))) = 0.

Proof. Since Ker€ |y 4,) is the trivial group by Theorem 5.6, its abelianization is
also the trivial group. By Theorem 5.10, Ha(Qw (1,(n))) = 0 holds. O

Remark 12.4. The results of H(Qw 1, (n))) is the same as that calculated in Eiser-
mann [9].
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13. TYPE H,

Let a = cos(n/5) = (14 +/53)/4 and b = cos(2m/5) = (—1+ V/5)/4. A root
system ®(H,) consists of the unit vectors in H obtained from 1,271 (1+i+ j+k)
and a +27'i+ bj by even permutations of coordinates and arbitrary sign changes,
and a simple system A(Hy) is {a—2"'i+bj,—a+27'i+bj,2 ' +bhi—aj, —27" -
ai+ bk}.

Lemma 13.1. Let s be a reflection corresponding to ot = a—2"'i+bj. Then,

C(s)={ k227 "M +i—j+k), 227 (=1 —i+j+k),=(b+ait+27"j),
+ (27 Yitaj+bk),£(b+2""i+ak),£(27" +ai+ bk),
+ (bi+27" j+ak), (27" +bi—aj), =(b+2""i—ak),
+(b—aj+2""k),£(bi+27"j—ak),£(27'i+aj— bk),
+ (27" +ai—bk), £(—b+aj+2""k)}.

Proof. By direct calculations of inner products, we determine I'(s). Let x =1 or i
or j or k. Then,

Let y be a root obtained from 27! (1 +i+ j+k) by arbitrary sign changes. Then,

(b (y=2""(14i+j+k))
—2-1 (y=2"Y~1+i+j+k))
b+27'  (y=2"11-i+j+k))
0 (y=2"'Y1+i—j+k))
D=4, (y=2""1+i+j—k)
0 (y=2"Y(~1—i+j+k))
—b—271 (y=2"Y—1+i-j+k))
—27! (=271 (=1+i+j—k).
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Let z be a root obtained from a4+ 2~'i 4+ bj by even permutations of coordinates

and arbitrary sign changes. Then,

(y=a+27ti+bj)
(y=b+ai+27'j)
(y-al—l—b]—i—Z k)
(y=2""+bi+aj)
(y=2"'i+aj+bk)
(y=2""+bj+ak)
(y=>b+2"'i+ak)
(y=a+27'j+bk)
(y=a-+bi+2" k)
(y=2""+ai+bk)
(y=b+aj+2"'k)
(y=>bi+2"j+ak),

y=—a+2"ti+bj)
y=b—ai+27'j)
y——az+bj+2 k)
y=2"!+bi—aj)
y=2"li—aj+bk)
y=2"!'4bj—ak)
y=b+2"ti—ak)
= —a+271j+bk)
= —a+bi+27'k)
y =271 —ai+bk)
y=b—aj+2"'k)

(
(
(
(
(
(
(
(v
(v
(
(
(y=bi+271j—ak),
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(1 (y=a—2"'i+bj)
—b (y=b+ai—271j)
—b (y=ai+bj—2""k)
—b  (y=—-2"'+bi+aj)
27t (y=-2"ti+aj+bk)
c.0) = —b  (y=-2"'4+bj+ak)
’ 271 (y=b—-2"itak)
27! (y=a—2"'j+bk)
271 (y=a+bi—27"k)
—a (y=-2""4ai+bk)
271 (y=b+aj—2""k)
—b  (y=bi—2"'j+ak),
(b (y=a+27'i—bj)
—2-1 (y:—b+az+2*1j)
271 (y=ai—bj+27'k)
a (y=2""—bi+aj)
0 (y=2"ti+aj—bk)
(2,0) = b (y=2"'—bj+ak)
’ —2-1 (y——b+2 li+ ak)
a (y=a+2"'j—bk)
a (y=a—bi+2" k)
0 (y=2""+ai—bk)
0 (y=—b+aj+27'k)
b (y=—bi+2"'j+ak).

Lemma 13.2. Let s be a reflection corresponding to g = a—2"'i+bj. Then,
Zy (1) (s) = W(H3 UA; ).
Proof. By Theorem 5.4, Zy () (s) = Wir(5)u{£0} holds. By Lemma 13.1, Zy (g, (s)

is the Coxeter group of type H3 LIA; since its Coxeter graph is shown in Figure 13.1,
where ) = —b+aj+2" 'k, p =27 +bi—ajand a3 = -2~ —ai — bk. O

5
o—0 0 o

Say So Soz S

FIGURE 13.1. A Coxeter graph of Wr)u(+a,)
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Theorem 13.3.
Hy(Qwn,)) =Z/2Z.

Proof. Let o9 =a—2"'i+bj, oy = —b+aj+2"'k, ap =27+ bi —aj and
o3 = —2"' —ai—bk. Let s; = sq, (i =0,1,2,3). By Theorem 5.6, Ker€ |y z,1.4,)
is generated by {ry,r2,r3} and have the following relations:

=1(i=1,2,3)

(r'r)*=(ry'r)* =1

(rl_lrg)z =1.
The relations (rf1r3)3 = (r;1r3)3 = Limply [r{] = [r2] = [r3] € (Kere |y (x;04,))ab-
Therefore,

(Kere | myua,))ab = (r1 | 11 = 1) = Z/2Z.

holds. By Theorem 5.10, H2(Qy n,)) = Z/2Z holds. o

14. TYPE H3

Let a = cos(n/5) = (14 v/3)/4 and b = cos(2m/5) = (—1 + V/5)/4. A root
system ®(H3) is the subset of the root system of W (H4) whose elements are orthog-
onal to k. A simple system A(H3) is {a—27'i+bj,—a+27i+bj, 27 +bi—aj}.

Lemma 14.1. Let s be a reflection corresponding to a—27'i+bj. Then, T'(s) =
{£Q "+ bi—aj),£(b+ai+27"j)}.

Proof. By Lemma 13.1, roots of W(H;) orthogonal to a — 2~ 'i+ bj are only
+(27 '+ bi—aj), £(b+ai+271j). O
Lemma 14.2. Let s be a reflection corresponding to a— 2~ 'i+bj. Then, we have

ZW(H3)(S) = W(Al LIA; |_|A1).
Proof. By Theorem 5.4, Zy () (s) = Wir(s)u{&(a—2-1i+5j)} holds. Since 271 + bi —
aj,b+ai+27"jand a—27'i+bj are mutually orthogonal, together with Lemma
14.1, WF(S)U{:t(a72‘1i+bj)} is a Coxeter group of type A; LUA| LIA;. O
Theorem 14.3.
H (Qw(ms)) = (Z/zz)z-
Proof. Let so =5, 2-1j4pjs S1 = S2-14pi—qj a0 82 = 84 4i»-1j. By Theorem 5.6,

Kere [y 4,0u4,14,) is isomorphic to (Z/ 27)%. Therefore, its abelianization is also
isomorphic to (Z/2Z)?. By Theorem 5.10, Ha(Qw s,)) = (Z/2Z)* holds. o
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