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Preface

0.1 Abstract

Given a reflection group generated by reflections, we can obtain a set of
fixed subspaces of the reflections which forms a reflection arrangement. The
fixed point set of each reflection is called reflecting hyperplane. In [19], they
developed general theory of hyperplane arrangements. Many aspects of hyper-
plane arrangements, e.g. combinatorial, algebraic, and topological properties,
have been studied.

Studying the freeness of a central arrangement A4 is to consider its derivation
module D(A). When D(A) is free, we say A is free. It is well known that every
reflection arrangement is free. However, most arrangements are not free. On the
other hand, the algebraic property of the module D(A) reflects the combinatorial
property of A. Terao conjectured the free arrangement A implies the freeness of
the arrangement B with the same intersection lattices. This conjecture has not
been solved even in the three-dimensional case. In a word, studying freeness of
arrangements is a major topic.

In the process of studying free arrangements, many researchers have found
that multiarrangements play an important role [30, 31, 32]. Many results applied
to hyperplane arrangements are generalized to multiarrangements [6, 7].

Many researchers have studied the freeness of special multiarrangements [1,
12]. But it is quite difficult to construct an explicit basis for multiarrangements,
even for two-dimensional cases [25, 27]. The doctoral thesis is inspired by the
integral expressions of quasi-invariants [8, 10, 13, 15] and based on [14]. We
construct the basis for certain multiarrangements by integral expressions.

0.2 Organization

In the first chapter, we give some definitions and classical theorems of ar-
rangements, multiarrangements and reflection arrangements, we also introduce
the monomial group. In the second chapter, we introduce the integral expres-
sions and then construct a basis for multiarrangements defined in the first chap-
ter. In the third chapter, we recall the primitive derivations, and observe its
action on the integral expressions. In the fourth chapter, we give more applica-
tions for integral expressions.
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Chapter 1

Introduction

1.1 Hyperplane arrangements

Let V' be an ¢-dimensional vector space over a field K and V* be the dual space.
A hyperplane H is an affine subspace of dimension (¢—1). Fix b, ai, ag,...,as €
K, then H = {(z1, x2,..., 7)) € V | ag = a121 + asxa + - - + agxy — b = 0}.
A hyperplane arragement A is a collection of n hyperplanes in V. Let L(A) =
{H; | Hf = (V;ey Hi # 9, for I C [n] = {1, 2,..., n}}. By convention, set
Hg =V. We say A is central, if ﬂie[n] H; # @. Define a partial order on L by
X <Y <« Y C X. Note that this is a reverse inclusion and the intersection
poset of a central arrangement is a geometric lattice.

We usually consider the cone cA of an arrangement A. Define the cone cH
of a hyperplane H by cH = {(z1, x2,..., z¢, 2) € K | ag = a121 + agws +
-+ apxy =bz}. Then cA={cH | H € A} J{{z =0}}.

Let S be the symmetric algebra of the dual space V*. Then S & K[z, ..., z¢].
Let Der(S) be the module of derivations

Der(S) :={0:5 — S| 0is K-linear, 6(fg) = f0(g) +6(f)g, Vf,g € S}.

It has a natural basis: Der(S) = @¢_,S9,,. For convenience, write 9; = 0,,.
We say a nonzero derivation 6 = Zle f:0; € Der(S) is homogeneous of degree
d if each f; is zero or a homogeneous polynomial of degree d in S. For a central
arrangement A, define

D(A) := {0 € Dex(S) | (o) € agS, for any H € A}.

We say A is free if D(A) is a free S-module. In fact, all 2-dimensional ar-
rangements are free. Consider the 3-dimensional arrangement A defined by
zyz(axz + by + cz) drawn in Figure 1.1 for abc # 0. Then A is not free by [19].
It implies that freeness of arrangements is a very rare property.

Define the Euler vector field 0 = Zie[é} x;0;. Then 05 € D(A) for any
arrangements A. For a free arrangement A, D(A) has a homogeneous basis and
the degrees of the basis form an ¢-tuple exp(A), called the exponents of A.

Let A be a nonempty arrangement and H € A. Let A’ = A\{H}, and
A=A ={H'NnH|H ¢ A, HNH # @}. We call (A4, A’, A”) a triple of
arrangement with respect to H.
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~

ax + by + cz

xT z

Figure 1.1: The arrangement zyz(ax + by + cz)

Theorem 1.1.1. [19](Addition-Deletion Theorem) Any two of the following
statements imply the third:

A is free, exp(A) = (1,¢2,...,co—1,Cp)
A’ is free, exp(A’) = (1,¢2,...,co-1,¢0 — 1)
A" is free, exp(A”) = (1,¢2,...,co-1).
Define the characteristic polynomial x (A, t) of an arrangement A by x(A,t) =

>orc Hﬁég(—l)mtdim Hi The following theorem provides a method to show
the non-freeness of an arrangement.

Theorem 1.1.2. [23](Factorization Theorem) If A is free with exponents (c1, ca, ...

then the characteristic polynomial factors x(A,t) = [L;c(y(t — ci)-

1.2 Multiarrangements

For a central arrangement A, let m : A — Z~( be a multiplicity. Then the
pair (A, m) is called a multiarrangement. Its defining polynomial Q(A, m) =

m(H
HHeA O‘H( ),

Definition 1.2.1. For a central arrangement A and a hyperplane H. Let
(A" mH) be the Ziegler restriction of A onto H where m™ is defined by

mP(H' NH)=|{H"c A\{H} |H'NnH=H NnH}|
Define the module of vector fields by
D(A, m) = {6 € Dex(S) | 0(ay) € 1S, for any H € A}.

We say (A, m) is free if D(A, m) is a free S-module. Let exp(A, m) denote
the exponents of (A, m) consists of the degrees of elements of the homogeneous
basis. Note that, when m is equal to 1, D(A) = D(A, 1).

Let 01,6s,...,0; € D(A, m) be homogeneous derivations. Their coefficient
matrix which is called Saito matrix is shown below.
O1(z1) Oi(z2) -+ O1(we)
O2(x1) O2(w2) -+ O2(ze)
1(1’]’ = . . . .

Ou(wr) Oo(ws) - Blwe)

,Ce),
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Then det(8;(z;))e SQ(A, m) by [19, 32].
The following criterion is used to show a set of vector fields forms a basis for
arrangements or multiarrangements.

Theorem 1.2.2. [19, 82/ (Saito-Ziegler’s Criterion) Let 01,0s,...,0; € D(A, m)

be homogeneous derivations with deg 0; = d; fori € {1,2,...,£}. Then6y,60,,...,60,

) ) A ) ‘
form a basis for D(A, m) if and only if they are S-independent and »",_, d; =
im| =2 pea m(H).

The following theorems are the characterizations for the freeness of an ar-
rangement A by its Ziegler restriction.

Theorem 1.2.3. [31, 32] For an arrangement A and a hyperplane H. Assume
that 01, 02,..., 641 € D(A) satisfy Hi(aH) =0. If 91|H, 02|H; ey 9[—1|H

form a basis for the Ziegler restriction (A", m™) of A onto H, then 0g, 01, 0a, ...

form a basis for A with exponents (1, degby,..., degf_1).

Theorem 1.2.4. [30] Assume that £ > 4. Fiz a hyperplane H of an arrange-
ment A. Then A is free with exponents (1,co,cs,...,¢¢) if and only if the
following conditions are satisfied.
(1) The Ziegler restriction (A”, mH) is free with exponents (ca,cs,...,cp).
(2) The arrangement A is locally free along H, i.e., A, :={H' € A|xz € H'}
is free for all x € H \ {0}.

1.3 Reflection arrangements

Let us recall some definitions and basic properties of reflecion groups and
reflection arrangements.

Definition 1.3.1. [19] Let G C GL(V) be a finite group. Let Fix(g) = {v €
V | gv = v} be the fixed subspace of g € G. The action of G on V* is defined
by (9z)(v) = (g 'v) for g € G, x € V*. It has similar actions on S and
Der(S). For g € G, f € S and 6 € Der(S), we have (gf)(v) = f(g~'v) and

(90)(f) = g(0(g7*[)).

Definition 1.3.2. [19] An element g € GL(V') is a reflection if it has finite
order and Fix(g) is a hyperplane H,. Such a hyperplane Hy is called reflecting
hyperplane of g. The finite group generated by refections is called reflection
group. The set A = A(G) of reflecting hyperplanes of reflection group G is
called a refletion arrangement. The reflection arrangement A(G) is also called
a Cozxeter arrangement.

It is well known that every reflection arrangement is free [19]. Terao [24]
constructed bases for Coxeter multiarrangements with constant multiplicities.
Wakamiko [25, 26] constructed the explicit bases for certain 2-dimensional Cox-
eter arrangements. More explicit bases for multiarrangements are expected to
construct.

) 9571

Example 1.3.3. The Cozeter arrangement A¢—1 of type A is defined by [, o, ;< ,(@i—

x;). It is also called a braid arrangement. The Cozeter arrangement B, of type

B is defined by [[,<;<, @i [11<;cj<i(@] — 23). The Cozeter arrangement Dy of

type D is defined by ngiqg(gcl2 - xf)
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Under the action of the reflecion group G, we have the invariant polynomials.
As shown bellow, they form an invariant ring S = {f | gf = f for any g € G}.

Theorem 1.3.4. [11] (Chevalley’s Theorem) Let G be a reflection group of V
over a field K of characteristic 0. The invariant ring S¢ can be identified with
K[f1, f2, ..., fe] for some homogeneous polynomials f1, fa, ..., fo € SC.

1.4 Monomial groups and corresponding arrangements

Definition 1.4.1. [19] Let V. = @®_,Ce;. Let r > 2 be an integer, § =
exp(2mi/r), and C(r) be the cyclic group generated by 0. Let o € Sy and
e: [0 ={1,2,...,¢} — C(r) be any function. Define the transformation g(o,€)
by g(o,€)e; = e(i)eq(s). The full monomial group G = G(r,1,£) is defined by

G={g(o,€) |0 €Sy, €:[{] = C(r)}.

The full monomial group G is generated by reflections of two types. The
first type is

g(o,e)e; = €(i)e;, for e(i) # 1,
g(o,€)e; = e;, for i #j.

Its fixed subspace is hyperplane H; = Ker(z;). And g(o,€)” = 1. The order of
reflections of this type is . The second type is

g(ga e)ei = Cileja 9(07 E)ej = Ceiv for 1 7é ja

g(o,e)er = ey, for k #1i, k # j.
Its fixed subspace is hyperplane H; ;(¢) = Ker(x; — (z;). And g(o,€)? = 1.

The order of reflections of this type is 2. Then the defining polynomial of its
corresponding arrangement is defined by

1<i<é 1<i<j<t

Definition 1.4.2. [19] Let p be a divisor of v > 2. The monomial group
G(r,p, L) is a subgroup of the full monomial group consisting of all transforma-
tions g(o,€) where []e(i) is a power of 6P.

Note that [[e(i) € Cy/p. If p < r, the corresponding arrangement is the
same as the arrangement of full monomial group G(r,1,£). For the generators
g(o, €) of the first type, we have g(o,¢)"/? = 1. The order of reflections of this
case is r/p. If p = r, the corresponding arrangement consists of hyperplanes
H; ;(¢) where 1 < ¢ # j < {. Then the defining polynomial of its corresponding
arrangement is defined by

I G-

1<i< <t

For r = 2, the group G(2,1,¢) is the Coxeter group of type B and G(2,2,7) is
the Coxeter group of type D.
We have known some free multiplicities for monomial groups given in [17].
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Theorem 1.4.3. [17] Let m € Z>¢ and k € Z and integers T; € [0,7 — 1] such
that m; = r(m+k)+14+m; >0 fori € {1,2,...,0}. Thenq:= |™=L| =m+k
does not depend on i. Set a:= (£ —1)r, m' => m; and ¢ :=ma+ qr + 1.

(1) The multiarrangements (A, p) with defining polynomial

QWA = [T @ TI (i-ap*
1<i<t 1<i<j<t
is free with expoents
exp(A, p)=(c+m' —Lllgr+1), c+r, c+2r,..., c+ (L —1)r)
= (mr€+rk+1+zm7
r(k+1)+mrl+1, r(k+2)+mrl+1,..., r(k+£€—1)+mr{+1).

(2) The multiarrangements (A, ') with defining polynomial

QA W) =TT = TI @I-ap™

1<i<e 1<i<j<e
is free with expoents
exp(A, 1) = (ma+mi,..., ma+my).

Note that if m; = 0, we have k = —m—1 and m; = r—1. If m; = r(m+k)+1,
m; = 0.

This was proved in [17] by using a flat connection for the flat systems of
invariants. In chapter 2, we give an explicit basis which gives a new proof of
Theorem 1.4.3.
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Chapter 2

Integral expressions for derivations

2.1 Bandlow-Musiker’s integral formula and its generalization

Recall that Ay_; is the Coxeter arrangement of type A. Here let m : Ay 1 —
Z~o be a constant multiplicity m(H) = 2m + 1. Set 6y = 01 + 92 + - -+ + Op.
Take g(t) = [[;<;<,(t — x;). For k,m > 0, we define the following vector field
which is called Bandlow-Musiker’s integral formula

¢ 2
= Z/ t*hg(t)™dto;. (2.1)

ij=1
In [22], we have " (z; — ;) = £ [ thg(t)™dt.
Theorem 2.1.1. [8, 22] For k,m > 0, 0 (x; — ;) is divisible by (x; —x;)*™F1.
Furthermore, the vector fields ng*,ni", ... 0" 4,00 form a basis for D(A,_1, m).

an

Define the linear operator [ dt by [ tFdt = o for k # —1. When k > 0,
it is equivalent to the definite integral fozi dt. When k < —1, [“dt = [ dt.
Forr>2 m>0,neZ, 1#(e€C,, we have

/w trn(tr _ :L'T)mdt —_ (1 _ C)fl /I trn(tr _ $T)mdt

x

1
- </ trn(tr - 1)mdt> zr(n+m)+1'
¢

Proposition 2.1.2. Let r,m,n,( be as above. Then fcl (" —1)™dt £ 0.
Proof. We have

1 1
/ trn(tr _ l)mdt - / (tr _ l)mdtrn+1
¢ ¢
1
— (tr _ 1)mtrn+1|é _ / trn+1d(tr _ 1)m
<

1
:/ trn—i—r(tr _ 1)m_1dt.
¢

By using the integral by parts and induction on m, we can prove the integral
fcl " (t" — 1)™dt is nonzero. O
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The above proposition implies that f T4 (tT — 2™)™dt is a nonzero multiple
of z"("*+m)+1 Hence deg([“ " (t" — 2")™dt) = r(n +m) + 1.

The Bandlow-Musiker’s integral formula (2.1) can be generalized by changing
the integrand. Let ¢ > 2. Let aj,aq,...,a¢,b € Z>o. We define the vector field
eal,m,a(,b as

4

Oar.oars =Y (/T Pt —2)™ . (E— xg)“fdt) ;. (2.2)

i=1

Note that deg0q, ... a0 = Zle a; + b+ 1. The vector field 0, 4, has
very nice properties as follows.

Proposition 2.1.3. Let (A, m) be the multiarrangement defined by

14

Q(A, m) = Hx?i+b+1 , H (@ — aj) s +ar+L,

i=1 1<i< <t
Then the vector field Oq, .. a,p 15 contained in D(A, m).

Proof. Tt is clear that 0a, . a.p(zi) = [, Citb(t — x0)™ .. (t — x0)™dt. The
integrand is divisible by (¢ — x;)%, then 9a1 Laep(®i) 18 lelSlble by xfi ot

For i < j, we have 6,4, . q,0(zi — ;) f tb t—x1)% .. (t— xp)*dt. After

setting ¢’ =t — x;, the integral is fo B dt’ where the integrand is divisible by
(" (t' —(x;—x;))%. Then Oq,,  q,(T;—x;) is divisible by (z;—z;)*+e . O

We want to use the generalized integral expressions to construct a basis
for certain multiarrangements. To prove a set of vector fields form a basis by
Therorem 1.2.2, it is equivalent to show the sum of their degrees is equal to the
sum of multiplicites and the determinant of their Saito matrix is not 0. Recall
that when we prove the Vandermonde determinant is not equal to 0, we only
need to show that there is a non-zero coefficient for a certain monomial. The
expansion of the determinant of the following Vandermonde matrix

1z 22 ... 1,118—1
1 2y 23 ... xg_l
1 a x? xg_l
has a unique monomial m€71x§72 c..xp—1. We introduce the lexicographic or-
dering among monomials. That is, z{' 23 ... x5 > 2525 ... 2 if and only if
ap = by, ag =by, ..., a;_1 = b;_1 and a; > b for some 7. Then the unique
monomial ¢ 12572 ... x4 is the leading monomial in the Vandermonde deter-
minant.
Note that [} t°(t — x)%dt = ([, t*(t — 1)*dt)z*+*+1 £ 0 for a, b € Zso. By

comparing the leadlng monomial of each entry of the Saito matrix, it is not
difficult to show the following lemma.

Lemma 2.1.4. Let by, ... by € Z>o with by < by < --- < by. Then the { vector
fields 64, ....apb1sGay,....an,bas -3 0an,....a0,be OTE linear mdependent over S.
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Proof. Observe the following matrix where each entry is the non-zero leading
monomial of Saito matrix up to a constant,

xtibl +-tag+bi+1 xclllxgz+---+az+b1+1 xtlll N .xZ£El x?e+b1+1
mfih +tagtba+1 mtlh mgz+~"+az+b2+1 xtlll B x‘gi—ll mZH‘bz-‘rl
M = )
ai+-+ag+be+1 ay p.az++ag+be+1 ay ag—1 .a0+be+1
z§ 'y oty

The monomial of the expansion of det(M) has the form z{'z5* ...z}, And ¢
is at most fa, + as + -+ - + ap + by + 1. It requires the entry x‘fl+a2+"'+al+b’3+1.
Then co is at most (¢ — 1)as + a3 + -+ 4+ ag + bg—1 + 1. It requires the entry
sc‘l“scgﬁeraHb“lH. By similar consideration, the product of anti-diagonal

entries gives the unique maximum monomial

lar+as++ap+be+1 _(€—1)as+az+-+apg+br_1+1 ag+b1+1
Xy Ty .. .IZ .

Hence the determinant of the Saito matrix is nonzero, and 8,4, ... .a,,6150a1,....a0,b21 - - -

are linear independent over S. O

By Theorem 1.2.2, Propositive 2.1.3, and the above lemma, we can choose
a set of vector fields 0, ... 4,5 With mutually distinct b to construct a basis for
certain multiarrangements.

Proposition 2.1.5. The vector fields 04, ... a,.b) Oar,....a0,b415 - - > Oar,....a0,b+0—1
form a basis for multiarrangements (A, m) defined in Proposition 2.1.5.

Proof. Tt is clear that they are contained in D(A, m) and linearly independent

over S. Recall that deg 4, .. 4,0 = Zle a;+b+1. Then Zf;é deg b, . apbti =

(Zle a; )l + bl + £(£+1)/2 = |m|. Hence they form a basis for (A, m). O

In [4], Abe, Nuida, and Numata gave some free multiplicities on braid ar-
rangements. As part of their results, the following multiarrangement is free. By
similar consideration, we can construct a basis for it.

Proposition 2.1.6. Let (A, m) be the multiarrangement defined by

Q(A, m) = H (25 — @)@+l

1<i<j<t
Then the vector fields 0,,... q,b for b=0,...,¢ —2 together with 6y = Zle 0;
form a basis for (A, m).

Proof. Tt is clear that they are in D(A, m) and linearly independent over S.
We have degfy + Zf;g degba,.... api = (Zle a;))(—1)+4(¢—1)/2 = |m)|.
Hence they form a basis for (A, m). O

2.2 Integral expressions for (A, u)

By integral expressions, we can construct a basis for free multiarrangements
defined in Theorem 1.4.3. In this section, we construct a basis for Theorem

+0as,

-oae,be
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1.4.3 (1). Let A(t) = HZ (t" —af) for r > 2. For m € Z>o and s € Z, define

i=1

the vector field n* by

L

=y </x t”/\(t)mdt> ;.

i=1
It is easy to see that if s is small enough, 7" is not a polynomial vector field.

By simple caculation, we have the following.

Proposition 2.2.1. (1) If s > —m, then 7 is a polynomial vector field.

(2) Letm, k, r, m; be as shown in Theorem 1.4.3. The vector field (Hle xzml) e

s a polynomial vector field

Proof. (1) We have

77:1(%):/ "IN dt
m(—1) m

b)+1 _r(m—>b

D03 fagt e
a=0 b=0
m(—1) m

r(m+s+a)+1
Do D fapr T
a=0 b=0
r(m+s)+1
i S’

cx

where f,, € Clzy,...,%;, ...,z for s > —m. Hence n*(x;) is a polynomial.
And deg n* = mrf +rs+ 1.

(2) By similar argument, we have (Hé xmi) ni(x;) € x:(erkHHmS =

i=1""1

x™iS. Hence it is a polynomial. And deg (th xm) ngt = mrl +rk+ 14

i=1"i
J2—
Zi:l m;. O

Proposition 2.2.2. Let m, k, r, m; be as shown in Theorem 1.4.3. Then the
vector fields (Hle mlm) e, no are in D(A, p) for s >k+1.

Proof. By the Proposition 2.2.1, they are polynomial vector fields, n™(x;) €
xf(mﬂ)HS, and (Hle xzm) et (x;) € x:(m+k)+1+ﬁi5 =a™S. If s > k+1,
N (@) € a8 = g TR

For ¢ € C, and i # j, we want to show 7™ (z; — Cx;) € (z; — Cx;)*™ TS,
Note that (" = 1. We have

e = Go) = [ A= [ e
z; C;
— / tru)\(t)mdt _ C/ (t/)TUA(t/)mC_ldtl
_ / "yt
¢

T
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Since the integrand is divisible by (¢ — x;)™(t — (z;)™, and 77" (x; — (z;) is a
polynomial, it follows that 7 (z; —Cz;) is divisible by (z; —z;)*™ 1. Similarly

(Hf:l xzm) i (w; — Cxj) € (w; — Cay)*™HLS -

Theorem 2.2.3. Let m, k, r, m; be as shown in Theorem 1.4.3. Then the
vector fields

¢
m; m m m m
(H Z; L) Mk s Metrts Thg2s oo Mego—1

i=1
form a basis of D(A, u).

Proof. By the similar discussion in Lemma 2.1.4, it is easily seen that they are
linearly independent over S. Note that (deg (Hle :clm) npt, deg mit ..., deg ', ) =

exp(A, 1). By the Theorem 1.2.2; and the Proposition 2.2.1, 2.2.2, it is clear
that they form a basis.

O

Example 2.2.4. Letr =2, m > 0, and m; = 2m + 1 for i € [(]. Then the
multiarrangement (A, p) is (B, 2m + 1) defined by

H z?m—i—l . H (I’? - I?)Qerl.

1<i<e 1<i<j<t

The vector fields

Y ; ¢
= Z (/ £ H(t2 - zf)mdt> dj
j=1 i=1

(0<s<Ll—1) form a basis for D(Bg, 2m + 1).

Example 2.2.5. Let m > 0, and m; = rm + 1 for i € [(]. Then the multiar-
rangement (A, w) is defined by

H x;m—i—l . H (.13: _ x;)Qm—i—l-
1<i<t 1<i< <t
The vector fields
¢ 2 ¢
=y (/ G x;“)’”dt> 0;
j=1 i=1

(0<s<{€—1) form a basis for D(A, p).

Example 2.2.6. Let m; =0, k= —m —1, and m; = r — 1. Then the multiar-
rangement (A, p) is defined by

1<i<j<e
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The vector fields

N e Ty

1=1 J=1
and
¢ . ¢
=3 / oo L — eyt | o,
i=1 j=1

(—m < s < —m+L€—2) form a basis for D(A, p).

2.3 Integral expressions for (A, ')

This section, we construct a basis for Theorem 1.4.3 (2) by integral expres-
N _ @
sions. Let \i(t) = 7.

For m € Z~o and 1 < ¢ </, define the vector field o] by

e mi(/x r(k+1) )\(t)m_l)\i(t)dt> 0;.

Proposition 2.3.1. Let m, k, r, m; be as shown in Theorem 1.4.3. Then o["
is a polynomial vector field.

Proof. 1t is similar to the proof of Proposition 2.2.1. For i # j, we have o}"(z;) €
T(erkH)HS And o]"(z;) € x:(m+k)+l+mi5. It is clear that deg ol = mrl +

rk‘—l—l—&—ml—m(ﬁ—l)r—i—m, O

Proposition 2.3.2. Let m, k, v, m; be as shown in Theorem 1.4.3. Then the
vector field o € D(A, ).

Proof. From the above proposition, we only need to show o}"(z, — (z,) =
x" ff;q trEFDN#) N (H)dt € (2, — Cxg)?™S for ¢ € O, and p # q.

If i ¢ {p, q}, since the integrand is divisible by (¢" — )™ (t" —z})™, we have
ni(xp — Cag) € (2 — Cxg)*™ 1S,

If i € {p,q}, since the integrand is divisible by (¢" — a7)™~1(¢" — )™ or
(t" —ap)™(t" — 2p)™ ", we have ni(x, — (x4) € (zp — C2g)*™S. O

Theorem 2.3.3. Let m, k, r, m; be as shown in Theorem 1.4.3. Then the
vector fields

m m m
01 y 0'2, ey 0’(

form a basis of D(A, ).
Proof. Note that (deg of*, deg o3*,..., deg o7*) = exp(A, y'). By the Theo-
rem 1.2.2, the Proposition 2.3.1, 2.3.2, it remains to show o{*, 03°,..., 0" are

linearly independent over S. Observe the following matrix where each entry is
the non-zero leading monomial of Saito matrix up to a constant,

x7~k+érm+1 x;(mfl)xr(kﬁ»l)«krm(éfl)«kl x’"(m*1)£rmx:’“(k+1)+'rm(£*2)+1

1 2 1 2
xrk+2rm+1 xrmx'rkw‘»rm(éfl)«kl 2T r(mfl) 'r(k+1)+'r'm(lf2)+1
1 1 2 1 T3

M= x{k+2rm+1 m;mx;k+rm(€—1)+1 m{mxgmzy‘k+rm([ 2)+1

3
—1)+1 (—2)+1
le‘k-‘—l’r’n’rFl zrl‘mwgk"rrm(z )+ xl x'gngk"'Tm([ )+
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Note that each diagonal monomial m;; is the maximum monomial in each col-
umn, and m;; > m;; for ¢ > j. Then the product of diagonal entries gives the
unique maximum monomial

r(k—m)+2rml+1 _r(k—3m)+2rmé+1 r(k+m)+1
x To Sz, .

Hence 0", 03,..., oy" are linearly independent over S. O

Example 2.3.4. Letm; =rm fori=1,2,...,¢. Thenk = —1 andm; =r—1.
The multiarrangement (A, u') is defined by

1o T -

1<i<e 1<i<j<e

Then the vector fields

14 ;
ot =ai Yy ( / )\(t)m_lz\i(t)dt> 9,
j=1

(i=1,2,...,0) form a basis for D(A, pu').

Example 2.3.5. Let m; =0 fori=1,2,...,4. Then k= —m —1 and m; =
r — 1. The multiarrangement (A, p') is defined by

1 Gr—ap>

1<i<j<e

= </ i trmk(t)m%(t)dt> 9,

(i=1,2,...,4) form a basis for D(A, ).

Then the vector fields

ol =al !

J4
i
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Chapter 3

Primitive derivations

3.1 Invariant rings for monomial groups

Let K = C and G = G(r,p,¢). For 1 < j < {, define the elementary
symmetric polynomials e;j(21,z2,...,2¢) by

ej(z1,z2,...,x0) = g Ty Ty oo T
1<iy <ig < <i; <L

Set
P = (—1)jej(x{7x£,...,xz), for1<j<0-1,
Py = (z1249. .. xg)T'/p.
We have P} = ey(al,z5,...,2)) = (x122...2¢)". Then Py, Ps,..., P, are the

basic invariant polynomials of G by [9]. We obtain
(C[xl,.’L‘g, ey .’L‘g]G = (C[Pl, P27 cee ,Pg].
Recall that the Jacobian of the basic invariant polynomials is
OF;\ .
det (8;@) = (z122...20)"/P 71 H (zf — 7).
1<i<j<e

Moreover, Py, Ps,...,P; can be thought of as the coordinate system of the

quotient space C*/G. Hence, we can define the vector field 6%31, aipz? e aiP[ by

Q

i

9-(P;) = 0 otherwise.

{%_(Pj)zuorz’:j,

Q)

-

Each aipi has the following form.

P, AP, OP;_1  OPii1 P, Fé)

8:61 6:61 e 8:61 81’1 e 6:E1 8{131

o oP, 0P, OP;_1  OPii1 P, fé)
— ox ox v ox ox Tt Oz ox

= () e | 0 s St
op; : . :

9Py, 9Py OP;_1 0P oOP, 9

Oxy oxy e oxy Oxyp e oxy Oxy

where @) is the Jacobian as shown above.

15
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3.2 Primitive derivations

For vector fields 64,0 with 65 = Zle fi0;, we define an affine connection
V : Der(S) x Der(S) — Der(S) by

£

Vo,02 = > (01(f:))0:-

i=1

For G(r,p,¥), recall the section 1.4 that we have the order of the reflection
corresponding to the reflection hyperplane. Define the order multiplicity w by
assigning the order of the reflection to each reflecting hyperplane. If p < r, the
reflection arrangement A(G(r,p,£)) consists of H; and H; ;({) for 1 < i < 4,
1<i<j<¥{ and ¢ € C(r). We have the order multiplicity

If p = r, the reflection arrangement A(G(r,r,¢)) consists of H; ;(¢) for 1 <i <
j < ¥, and ¢ € C(r). We have the order multiplicity

w(Hi,;(¢)) = 2.

We say a complex reflection group is well-generated if it can be generated by
£ reflections. For an irreducible well-generated unitary reflection group W, let
Fi,F5,...,Fp in Clzy, 9, ...,z be the homogeneous basic invariant polyno-
mials for W. Among Fy, Fy, ..., Fy, we have the unique polynomial Fy with the
largest degree. Similarly, define the vector field D = aiF[. Call D the primitive
derivation.

It is well-known that the group G(r,p,¥) is well-generated if and only if
p € {1,r}. In this case, we have the following primitive derivation

D— f%e forp=1,
T2 forp=r
OP;_1 p=r.

In [17], Hoge, Mano, Réhrle, and Stump used the primitive derivation to
give some free multiplicities on the reflection arrangement A related to W by
constructing a basis for these free multiarrangements. They generalized Yoshi-
naga’s results and gave the following theorem. They generalized the results in
[29] to W.

Theorem 3.2.1. [17] Let W be an irreducible, well-generated unitary refection
group with reflection arrangement A. Define the order multiplicity w : A — Zq
by assigning the order of reflection to each reflecting hyperplane. Suppose that
T : A— {0,1} such that D(A, T) is free with a homogeneous basis 01, ... ,0;.
Then D(A, mw—+T) is free with a basis Vo, V5, 0g,..., Ve, V5" 0g, form > 0.

Given a basis for D(A), we can use the above theorem to construct a basis
for D(A, mw + 1). The affine connection Vp also induces an isomorphism of
T-modules

Vp:D(A, (m+1w+71)" = DA, mw+1)"V,
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where T = {F € C[zy1,2,...,2," | D(F) = 0}. For m > 0, we have known
that D(A, mw + 7)" is a free module over C[zy,z2,...,2¢]". The basis of
D(A, mw + 1)V also spans D(A, mw + 7) as S-modules. Hence Vp sends
a basis of D(A, (m+ 1w + 1)V to D(A, mw + 7)", which forms a basis of
D(A, mw + 7). In general, it is hard to give an explicit description of V,'6
for 8 € D(A, mw + 7). However, the integral expressions can apply the affine
connection Vp very well.
Recall that

/\(t) — H (tr _ $f) — 4ty Pltr(e_l) +ee Pt + (—1)£Pf.
1<i<t

We have

ONt) . Jtr=D for 1 <i < -1,
oP, | PP fori=".

Note that the vector field n]* defined in Section 2.2

Ny = XZ: (/I t’”SA(t)mdt) 0;

i=1

¢ zi
=> (/ ot 4 Pt o Pt 4 (—1)£Pf)mdt) ;.
=1

IfD:aiPeandpzl,wehave

DA®™) = (=1) mA(t)™ ",

and

Vond = (=) mn* "
If D= %2_17 we have

DA)™) = mt" ()™,
and

-1
Vpngt =mn 5

Example 3.2.2. Consider the multiarrangement (A, u) as shown in Example
2.2.5. It corresponds to the group G(r,1,¢). We have D = aipf' When m = 0,

nd = Zle x50, It is known in [19] that the vector fields n,nY,...,n9_,
form a basis for the arrangement A defined by

1<i<e 1<i<j<e
For m > 0, we have Vin™ = (=1)™m! . Clearly,
=V

(0<s<{l—1) form a basis for (A, p).
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Example 3.2.3. Consider the multiarrangement (A, p') as shown in Example
2.8.4. It corresponds to the group G(r,1,¢). We have D = BLPZ' Note that

0 x;
= Z/ dtd; = 0.
j=1

And Vpn™ = (=1)!mn™ L. Then V") = ni*. For 1 <i < {, we have

s
Vo = —rmai 'Y [ A0~ D0, = o7
j=1

where o} is defined in Example 2.8.4. Clearly,
o = Vo V0
(1 <i <) form a basis for (A, 1').
Example 3.2.4. Consider the multiarrangement (A, p) = (A, mw + 1) as

shown in Ezample 2.2.6. It corresponds to the group G(r,r,£). We have D =
6P?,1' As shown in Example 2.2.6, we have the vector fields

1) £ e

i=1 j=1
and
¢ .
2=3 (/ t’"sdt> &,
i=1

(0 < s <€ —2) form a basis for the arrangement A defined by

1<i<j<e

Note that Vpnl' = n;ﬁ__ll. We have

14 4
o ({1 )= (11)
1=1 =1

Vo =0T fors>0

and
Clearly, the vector fields

¢
<H x:_1> N1 and Nyt (—m<s<—m+{4—2)

i=1

form a basis for (A, mw + 1).
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Example 3.2.5. Consider the multiarrangement (A, p') as shown in Ezample

2.8.5. It corresponds to the group G(r,r,{). We have D = anil, We have

known n = 0 and Vpn!* =n75'. Then
V"o = 17

For1 <1< /{, we have
s
Vo = —rmal VY [ ETmAG €~ af)a; = o
j=1

where ol is defined in Example 2.3.5. Clearly,
ot = VaiVBmGE

(1 <i<¥) form a basis for (A, p').
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Chapter 4

More applications for integral
expressions

4.1 Integral expressions of multiarrangements of three lines

In this section, we consider the multiarrangement (A4, m) in dimension 2, in
particular, the case A is 3 lines. Wakamiko [25] constructed a basis for (A, m)
by using the generalized binomial coefficients. We construct a basis for (A, m)
according to the situation. It is trivial, if there exists a hyperplane H € A such
that m(H) = 0.

Figure 4.1: The 3-lines arrangement zy(z — y)

We say (A, m) is balanced, if |m| > 2m(H) for any H € A. The balanced
line multiarrangements have been studied in [2, 3]. If A is not balanced, there
exists a hyperplane H € A such that 2m(H) > |m|. Without loss of generality,
we may assume that H = {z = 0}, (A, m) is defined by zPy?(xz — y)", and
p > q+r for p,q,r € Zsg. Then 6, = yi(x — y)"0y € D(A, m) is a nonzero
derivation of the smallest degree, together with a vector field 0y = xP0, +
Ciso (B)(z — y)'yP~")d, form a basis for (A, m). If (A, m) is balanced, we
may assume that p < ¢+ r and p > max{q,r}. We use integral expressions to
construct a basis. Define the vector field 6, . as

o = (/x to(t — )2 (t — y)bdt) Dy + (/y to(t — ) (t — y)bdt) y-

We can prove the following theorem.

Theorem 4.1.1. Let (A, m) be a multiarrangement defined as above. Then

21
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(1) Suppose p+ q+ 7 is odd. Let

(a, b, ¢) = p—q+r—1 —-p+qg+r—-1 p+q—r—-1
) ) - 2 ) 2 ) 2 *

Then O4p.c and 0qpctr1 form a basis for D(A, m).

(2) Suppose p+ q+ r is even. Let

(a, b, ¢) = p—qtr—2 —ptqgt+r ptqg-r
) ) - 2 ) 2 ) 2 )

and

p—q+r —pt+q+r ptg—r—2
(a/3 bl? Cl): I Y *
2 2 2

Then Oq.p,c and 841 17 o form a basis for D(A, m).

Proof. (1) Since p > max{q, v}, p < ¢+ r, and p + g + r is odd, we have
a,b,c € Zzo.

By Proposition 2.1.3 and Lemma 2.1.4, it is clear that 0, . and 6, c11 are
contained in D(A, m) and linearly independent over S. Note that deg 8y +
degbupcr1 =p+q+r=|m|. By Theorem 1.2.2, 6,3 . and 0, p +1 form a basis
for D(A, m).

(2) Since p > max{q, r}, p+ ¢+ r is even, and p,q,r € Zsg, we have
p+q—r—2>0andp—q+r—22>0.

By Proposition 2.1.3, it is clear that 043 . and 04 3 o are contained in
D(A, m). By simple calculation, we have deg 44 . +degbspct1 =p+qg+7r=
|m|. By Theorem 1.2.2, it suffices to show that 0,5 . and 6,/ are linearly
independent over S. Note that (a/, V', ¢/) = (a+ 1, b, ¢ —1). Observe the
following matrix where each entry is the non-zero leading monomial of Saito
matrix up to a constant,

xa+b+c+1 mayb+c+1
ma+b+c+1 xa+1yb+c

Then the product of diagonal entries gives the unique maximum monomial

I2a+b+c+2 b+c

Y
Hence 045 and 04 1/ o form a basis for D(A, m). O
The following examples are corresponding to the above cases.

Example 4.1.2. (1) Let (A, m) be the multiarrangement defined by 19259916 (z— ¢)188,
Then the following vector fields

(/x £t — ) (¢ — y)lsgdt) 0w + (/7, £ (¢ — 2)* (¢ — y)“”dt) dy,
(/z £t —x)* 3 (t — y)lsgdt> Dy + </y £t — )3 (t — y)189dt) d,

form a basis for D(A, m) with exponents (1214, 1215).
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102 1024
025 488 0 488

916 916

1025,,916 488 1024,,916 488
VY70 —y) o2y (2 —

Y)

Figure 4.2: Two 3-lines multiarrangements

(2) Let (A, m) be the multiarrangement defined by by 0?4y (z — /)88,
Then the following vector fields

(/z £t — 2)®"(t — y)lgodt) Oz + (/y £t — )" (t — y)lgodt) dy,
(/z U (R R (= y)“’odt) Dz + (/y £t — x)*® (t — y)19°dt) dy

form a basis for D(A, m) with exponents (1214, 1214).

4.2 Deformations for Catalan arrangements

Suyama-Terao [20] used the Bernoulli polynomials to construct the basis for
the Shi arrangements of type A. Suyama [21] constructed the basis for the Shi
arrangements of type B or type C by using new Bernoulli-like polynomials. Gao-
Pei-Terao [16] constructed the basis for the Shi arrangements of type D by using
Bernoulli polynomials and their relatives. Abe-Suyama [5] constructed the basis
for the extended Catalan and Shi arrangements of type As. Suyama-Yoshinaga
also [22] constructed the explicit basis for Catalan and Shi arrangements of
type A by deforming the basis shown in Theorem 2.1.1. They used the discrete
analogue of integral expressions to construct the basis. And Theorem 1.2.3
played an important role. In this section, we consider the Catalan arrangements
of type B.

Definition 4.2.1. For ¢ > 2 and m > 0, define the m-Catalan arrangement
Cat,,(By) of type B by

1T (z; — k) - 11 (2 — xj — k) (i + xj — k).

1<i<e 1<i<j<e
ke{—m,=m+1,...,m} ke{—m,—m+1,...,m}

Then the cone ¢ Cat,, (By) of Cat,, (Be) is defined by the homogeneous poly-
nomial

z- H (x; — kz) - H (x; —xj — kz)(z; + x5 — kz).

1<i<se 1<i<j<¢
ke{—m,—m+1,...,m} ke{—m,—m+1,...,m}

Its Ziegler restriction (cCaty,(Be)f°, mHo) = (B,, 2m + 1) with respect to
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Hy = {z = 0} is defined by
H g2mHL H (a2 — 22)2m L,
1<i<t 1<i<j<e

It is well known that ¢ Cat,, (By) is free [30]. We also have a basis for (By, 2m+1)
as shown in Example 2.2.4. It seems that we can use Theorem 1.2.3 to give the
basis for ¢ Cat,,(B¢) by deforming the basis of (By, 2m + 1). But it is hard to
construct the basis even for the case £ = 2.

From now, we consider the case Ba. Let A(t) = (2 — 2?)(t? — y?). For
i,m € Z>o, define 0" as follows

7ﬁ:/t%wmﬁ¢+/t%wmﬁ@
— / th(tQ _ .’172>m(1f2 _ y2)mdt8$ +/ t2z(t2 _ $2)m(t2 _ y2)mdtay

-/ (?)<z>ﬂﬂam“”+ﬂm4%—m%%—y%hﬁ@

J:k=0

Y & m m % m— m—j j
_|_/ Z <k)< ,>t2 +2( k)+2( J)(_xZ)k(_yQ)Jdtay

k,J=0 J
m m
_ 4m+1+2i—2k, 2k dm+142i—2k 2k
= E Crz™™ TR0, + E Cry™™ TER RO
k=0 k=0

Let f(z,y) = > opry CratmH1H2i=2ky2k Then nim = £ (2,y)0, + f(y, x)0y.
By Example 2.2.4, n{* and n* form a basis for D(B,, 2m + 1).

The method of [22] for type A dose not work for type B. We need other
methods for the deformation. Define the falling factorial as the polynomial with
respect to one variable x

(z+a)*=(x+a)(z+a-1)---(x+a—n+1),
and the rising factorial as the polynomial with respect to one variable x
(r+a)"=(x+a)(z+a+1)---(z+a+n—1).

By convention, set (z + a)2 = (z +a)° = 1.
We have the following deformations.

Definition 4.2.2. Let f™(z,y) and n™ be as above for i > 0. Define the
deformation of fi(x,y) by

fr(z,y) = ZC’k(ac 4 2m 4 i — k)AL= ) gy )Ry —m — i)E,
k=0

and the deformation of 0" by
0 = 1 (2,9)0: + [ (9. 2)0,.

Take a vector field § = Zle Hk:1,27_,, n a;10;, where each ayp, = Zﬁ:l Cikj T+
c;k is of degree 1. The homogeneous form of # is obtained by homogenizing each
;g to Z?:l CikjTj + cipz. It is easy to check the following examples.
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Example 4.2.3. (1) The case m = 1.

o = (2° = 52%y*)0, + (y° — 5y°2?)0y,

nt = (32" — 725y*)0, + (3y" — Ty x?)0,.

The homogeneous forms of the following deformations of nt,ni and the Euler
cierivation Or form a basis for the cone of Caty(Bs).

1y = (2 +2)>=5(z+1)3(y+1)(y—1))0: + ((y +2)° = 5(y + 1)*(z +1)(z —1))9y,
n = Bz +3)T=T(x+2)%(y+2)(y—2))0u +(3(y+3)"—7(y+2)%(x+2)(x—~2))0,.

(2) The case m = 2.

ng = (2% — 627y? 4 2125y*) 0, + (y° — 6y 2? + 21y°21)d,,

n = (5at! — 222%% + 3327y 0, + (5y*t — 22y%22 + 33y72*)0,.

The homogeneous forms of the following deformations of ni,nt and the Euler
derivation 0 form a basis for the cone of Catg(B2).

g = ((x+4)2 = 6(x +3)H(y +2)(y — 2) +21(z +2)>(y +2)*(y —
4)% = 6(y + 3)H(x + 2)(x — 2) + 21(y + 2)>(z + 2)%(z — 2)*)9y,
n = (5(z + 51 — 22(x + 4)2(y + 3)(y — 3) + 33(z + 3)Z(y + 3)2(y — 3)%) 0, +
(5(y + 5L — 22(y + 4)2(z + 3)(z — 3) + 33(y + 3)%(z + 3)2(z — 3)?)9,.

)2y —2)°)0s + ((y +
)9
y

It is obvious that (the homogeneous form of 13;”7) |z=0= 0" for i > 0. From
Theorem 1.2.3, if the following conditions are satisfied:

75;”/1(35) is divisible by H (x — k), and

k=—m

7 (w £ y) is divisible by [ (2 £y - k),

k=—m

then the homogeneous forms of the deformations ﬁ(;)/” and ﬁ(;)/” together with
the Euler derivation 6 form a basis for the cone of m-Catalan arrangement
Cat,,(Bs). From the definition of fm(:s y), " (z) = f (z,y) is divisible by
[T~ _,.(z — k). We propose the following ConJecture

Conjecture 4.2.4. Fori, m >0, iﬁz(x +y) = ﬁm(x, y) = ﬁm(y,x) is divisible
by H;cnz—m(x + Yy— k)

Remark 4.2.5. Recently, Kawanoue [18] announced the proof of Conjecture
4.2.4.

4.3 Applications for higher-dimensional analogue

Let the arrangement A = A;_; be a braid arrangement.

Definition 4.3.1. For ¢ > 3, 1 < i,j < {, define the multiarrangement
(A, ali, j)) by

QA a(ii) = J] @i-a0? ] @-az0- ] (@ —x)

2<k<i i+1<k<t 2<s<t<l—1

H (zp — 2¢)% - H (z — xp).

j<k<e—1 2<k<j—1
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Definition 4.3.2. For{ >3, 1 <i,j <, j<i+1, and m > 0, define the
multiarrangement (A, m) by

Q(-Av 05(7".7)) : H (xs - $t)2m-

1<s<t<e

The defining polynomial

H1§s<t§l($5 - mt)2m+2

Hi+1§kg(x1 — ) - Hnggj—1($k —x0)

Then degQ(A, m) = £({ — 1)(2m +2)/2 — ({ —i+ j — 2). We can use a
simple graph G = ([¢], E) to describe the multiarrangement (A, m). If the
hyperplane {z; — z; = 0} has a multiplicity 2m + 2, the edge {s, t} € E.
Otherwise, the edge {s, t} ¢ E. We use a straight line between the vertices
s,t (s < t) to indicate a complete subgraph induced by the vertex set {s,s +
1,...,t}. The multiarrangement (A, m) can be described by the following graph
G (Figure 4.3) where G is the union of three complete subgraphs induced by
{1,2,...,i}, {2,3,...,0—1}, {4,5+1,...,£}. In this case, the multiarrangement
(A, m) is defined by

QA m)= T @i—=z)**- [[ (@—a)>

{ijteG {i.j}¢G

Q(A, m) =

1 14
Figure 4.3: The graph G corresponding to the multiarrangement (A, m)

The multiarrangement (A, m) is free by [4]. In [28], it also implies (A, m) is
free form = 0. Let A(t) = Hle(t—xi), Ae(t) = (t—z)(t—22) ... (t — ) ... (t—
Zo-1), /\&)\: (t—zo)(t—x3)...(t—xs)...(t —xp), and N/ (t) = (¢t —z1)(t —
Za)...(t—xp)...(t —xy). We first construct a basis for the multiarrangement
(A, m) where j =i+ 1.

Theorem 4.3.3. The vector fields 07" = S0 _, [T M) A\ (£)dtd, (1 <k <)
and 07 = S5 [TUNE) N, (D)dtd, (i 4+ 1 < s < £ — 1) together with 6, =
Zle 0; form a basis for the multiarrangement (A, m) defiend by

H1§s<t§6(x5 —xy) P2

Hi+1gkgz($1 — k) - H2§k§i($k — )

Q(A, m) =

The corresponding graph is shown below (Figure 4.4).
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2 1 141 ‘-1

1 l

Figure 4.4: The graph corresponding to the multiarrangement (A4, m)

Proof. Obviously, these vector fields are polynomial vector fields. By Propo-
sition 2.1.3, each vector field is contained in D(A, m). Note that deg]* =
mé+0—1for 1 <k <f£—1. Then Y t_" degf” +degfy = (ml+L—1)({—1) =
deg Q(A, m). The Saito matrix is shown below,

1 1 1
Oy (e)) 03 (o) 07 (2)
0r (o) 07 (v2) - O (x0)
Orle)  Or(es) - O7(x0)

After elementary transformations, we have

1 1 1
0 00 (xg—x1) -+ 05 (xp—x1) Lo

0 0 (z2—21) -+ 07 (w0 — 1)

0 07(xa—x) - O7(xp—x1)

Each 67" has the form S ngl(t — x4)%dt for 1 < p < ¢ —1. Then
0y (v —r1) = f:lj H2:1(t — xq)%dt for j # 1. After the changes of variables
t' =t — a1, we have 0" (z; — 1) = [©7" Hflzl(t’ — (xg — x1))%dt’. Take the
variables y; = x1 and y, = x4, — 21 for ¢ > 2, we have 0" (z; — x1) = [P (e
H§=2(t' —1yq)*edt’. Introduce the lexicographic ordering among monomials with
respect to variables yi1,ya, ..., Ye.
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For 2 < k < ¢, consider the (k — 1)-th column

¢ f o ymetl
05" (z — x1) = [H(¢)™HL Moo (t'=va)™™ 40y

(t"—y2) (¢ —ye)

" m Hi: (' =y )™+
05 (zx — x1) = [ (¢)™H - Sy

)7n+l

£ r_
M1 = O (zp —x1) = [V (/)™ %dt/
_ (t/— )m+1
071 (z — 1) = [T @)™ %dt,

27 t— " m+1
07, — 1) = [V (V W—H“Q(i,_yi)) d

of the matrix M. If k < i, observe the following column vector where each entry
Mg —1 is the nonzero leading monomial of entries of Mj_1,

l—k
My = HJ ) ym+1 y(m+1)( +2)/y

k-1 1)(0—k+2
m2 k-1 = H] 2me+1 (m+ JEh )/

Hk 1 m+1 (m+1)(€—k+2)/yk_1

ME—2,k—1 = 1 1j=2 Y;
k=1 m+1  (m+1)({—k+2)-1
Mk-1,k-1 = HJ 29] Yy
1, (m ) (E=k42)-1
mrgr—1 = H m Y

Qy]

1 m+1)({—k+2)—1
M1 h1 = H] ) ym+ ( )( )

Yk
k—1 1, (m+1 {—k+2)—1
T (D (E=k42)

2 i < )(e—k+2)
k=1 m+41 , (m+1)(—k+2)—1
mi41,k—1 = HJ —2 Y Y
kel mal (mA1)(—k42)—1
me—1k-1 =159 -y

If £ > i, observe the following column vector where each entry mg;_; is the
nonzero leading monomial of entries of My_1,

k—1 1 +1)(£—k+2
mik—1 = HJ 2 y;n+ y(m )¢ )/y2

k
k—1 1)(4—k+2
ma g—1 = H =2 y;nH ;E»m+ X )/y3

bl met | ) ek2) )

— 1)(—k+2
Mik—1 = H 23/;"+1 y,i’"* S )/y’i-i-l
k—1 +1)(6—k+2
mit1p—1 = [];= 2?/;”1 yl(cm : )/yi+2
k—1 1)(0—k+2
ME—2,k—1 = Hj 2 y;nﬂ y;(:i+ S )/ykq

k—1 m+41 (m+1)(£—k+2)—1
me—1 k-1 = [T 47" -y,

ko1 el (mAl)(—k42)—1
mig-1 =[50 -y,

kel mal (ma1)(—k42)—1
me-1k-1 =129 - ui
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In the (k — 1)-th column, the monomial increases strictly up to the (k —

1)-th entry. The entry mp_1 -1 = (y2y3...yk,l)m“y,gmﬂw_kw)_l and

Mp—1,k—1 = Mj k-1 for j > k — 1. Hence the product of diagonal entries gives
the unique maximum monomial. And the determinant of the Saito matrix is
nonzero. It is clear that the vector fields 87 (1 < k < ¢ —1) and 6y are linearly
independent over S. O

Then we construct a basis for the multiarrangement (A, m) where j < i+ 1.

Theorem 4.3.4. The vector fields
¢
90 = Zah
i=1
T
m_ Z/ AO™M\(0)dtde 1<k <j—1),
u=1
€
0 = (o= o) = (an =) 3 [ AO"MOdD, (G <h <)
u=1
T
I = Z/ AR (Hdtd,  (i+1<s<0-1),
u=1

form a basis for the multiarrangement (A, m) defined in Definition 4.3.2.

Proof. By Proposition 2.1.3, each vector field is contained in D(A, m). Clearly,

CL deg 07 + deg By = Y4t deg 07 + degfy +i — j+1 = (ml 4+ —1)({ —
1) +i—j5+1=degQ(A, m). Since the vector fields 67" (1 < k < ¢ —1)
and 6y are linearly independent over S by Theorem 4.3.3, the vector fields ¥}
(1<k<{€-1)and 6y are linearly independent over S. O

Let us consider the cases 3 < ¢ < 5.

Example 4.3.5. Let the multiarrangement (A, m) be described by the below
graph (Figure 4.5).

1 3

H1§s<t§3(xs_wt)2m+2

xr1—I3

Figure 4.5: The graph of a 3-multiarrangement
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The vector fields
3
90 = Z ai,
i=1
3 Ly 3 .
1= Z/ A(6)™ A (t)dtd, = Z/ (t— 21)™ (t — 2)™ T (t — w3)™ 1O,
u=1 u=1
3z
5 = (r2 — x3) Z/ A(t)™ A2 (t)dt0,,
u=1

3 Tu
—(r2—23) Y / (t = 21)™ L (t — 20)™ (t — w5)™dtD,
u=1

form a basis for the multiarrangement (A, m).

Proposition 4.3.6. The vector fields

3

3 To 3 Ty,
wl = Z/ ()™ (t)dtD, = Z/ (t —21)™(t — 22)™ Lt — 23)™dt0,,
u=1 u=1
3 To 3 Ty,
w = Z/ ()™ Ny (t)dtd, = Z/ (t —21)™ Tt — 22)™ (t — 23)™ T dtD,
u=1 u=1

form a basis for the above multiarrangement (A, m) described in Figure 4.5.

Proof. By Proposition 2.1.3, each vector field is contained in D(A, m). Note
that deg w(® = 3m + 2 and deg w}* = 3m + 3. Then Zi:l degw* + degby =
6m + 5 = deg Q(A, m). After elementary transformations of the Saito matrix,
it is sufficient to show the determinant of following martix is nonzero.

M= (WT(@ —x1) @y (23— ffl)) .

m
1
wgb(:tg — {E1) wén(l‘g — .Tl)

Take the similar changes of variables in the proof of Theorem 4.3.3. Observe the
following matrix where each entry is the nonzero leading monomial of entries of

M up to a constant,
(ygm+2 y;n+1y§m,+1>

3m—+3 m, 2m-+3
Yo Y2793

Then the product of the anti-diagonal entries gives the unique maximum mono-

mial y§m+4y§m+1. Thus the determinant of M is non-zero. It is clear that the
vector fields 0y, w(?, and wy* are linearly independent over S. O

Example 4.3.7. Let the multiarrangement (A, m) be described by the following
graph (Figure 4.6).
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1 4

2 2
Icocica(@s—ae)® ™t

(z1—23)(z1—24)(T2—24)

Figure 4.6: The graph of a 4-multiarrangement

The vector fields
4
0o = Zaz',
o7 = Z/ £)" A1 (t)dtd,
_ Z/ (= 2) ™ (E— 29)™ Lt — )™ (¢t — 2) D,
o = Z/ )" A2 (t)dtd,,
_ Z/ (= )™ — 2a) ™t — w3) ™t — )™ dtO,
o — Z/ BN (£)dt),
_ Z/ (= ) (= w2) ™ (= )™ (= )™ D,
u=1

form a basis for the multiarrangement (A, m).

Example 4.3.8. Let the multiarrangement (A, m) be described by the following
graph (Figure 4.7).

1 4

H1§s<tg4(9‘s—$t)2m+2

(zx1—24)(T2—T4)

Figure 4.7: The graph of a 4-multiarrangement
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The vector fields

0o = Z 877
o= Z / £ A (£)dt,

(t — xg)m+1(t — l‘3)m+1(t — m4)mdt8u,

I

[M]=
L
§

=

|

8

5
3

4

=3 / D)™ Na(1)dtD,

u=1
4

Z /xu (t — $1)7n+1(t — xg)m(t - l‘3)m+1(t — m4)mdt8u,

u=1

19m = 56'3 — X4 Z/ m)\g dt8

— (w5 — ) Z / (= 2L — )™ — )™ (¢ — 2a) Oy

form a basis for the multiarrangement (A, m).

Proposition 4.3.9. The vector fields

o *Z/ ()™ A1 (t)dtd,
4

=S / = ) (= o)™ (= )™ (¢ — 2a) ™D,

u=1
4

=3 / A A (1)t

u=1
4

=S / = ) — 20)™ (= )™ (¢ — 2a) ™D,

u=1
4

==Y [,

u=1
-y / (= ) — )™ — )™t — a) ™ dED,

form a basis for the above multiarrangement (A, m) described in Figure 4.7.

Proof. By Proposition 2.1.3, each vector field is contained in D(A, m). Note
that deg w;* = 4m+3for 1 < k < 2and degwy® = 4m+4. Then 22:1 deg @'+
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degfy = 12m + 10 = deg Q(A, m). After elementary transformations of the
Saito matrix, it is sufficient to show the determinant of following martix is
NoNZzero.

@i (22 —21) @ (23 —21) @ (v4 —21)
M=o (rs—x1) wh(xs—x1) wh(x4—x1)
wi(xe —x1) w§(x3 —x1) @i (g — 1)

Take the similar changes of variables in the proof of Theorem 4.3.3. Observe the
following matrix where each entry is the non-zero leading monomial of entries
of M up to a constant,

4m—+3 m—+1_ 3m—+2 m—+1. m+1_ 2m+1

yi 5 Yo 133 5 Yo ZU3 ) 32/4 N
o yé”* Yyt y;”* Y5yt
Then
f t3m+2( )mdt) 4m+3 ( f t2m+1(t )m+1dt)y y3m+3
m
13" (f t3m+2(t_ )m+1dt) 4m+-4 (( 1 m+1f t2m+2( _ )mdt) m+1y§)m+3

=myz3- |M|

gives the maximum monomial y5™ 55 T492mF1 where my 3 = yy s ty2m Tt

Consider the matrix M of the coefficients of the entries of the matrix M'.

f t3m+2(t )erldt ( 1m+1f t2m+2( )mdt

M” B ( f t3m+2( )mdt 1 fl t2m+l(t )m+1dt>

If m is even, then the sign of the martrix M" is

)

If m is odd, then the sign of the martrix M" is

<+ _> .
6m+5 4m+4y2m+1

Thus the determinant of M" is nonzero. The maximum monomial y5™ ™ °y;
has a non-zero coefficient. It is clear that the vector fields w}® (1 < k < 3) and
0y are linearly independent over S. O

Example 4.3.10. Let the multiarrangement (A, m) be described by the follow-
ing graph (Figure 4.8).
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1 4

2m+2
H1§s<tg4(zs*zt) e

(z1—24)

Figure 4.8: The graph of a 4-multiarrangement

The vector fields

0o = 24:31‘7
o7 = Z/ )" A\ (£)dt0,
_ Z/ = @)™ (= 22) ™t — 29) ™t — )™ dtOn,
05" = (x2 — 4) Z/ 1) Ao (t)dtd,
= (22 — x4) Z / ’ (t — x1)™ Tt — 20)™(t — 23)™ T (t — 24)™dtD,,
05 = (x5 — 4) Z/ £)" A3 (t)dtd,

= (x5 — x4) Z / ) (t — 21)™ Tt — 22)™ T (t — 23)™ (t — 24)™dLD,

form a basis for the multiarrangement (A, m).
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Proposition 4.3.11. The vector fields

4
0o = 0,
i=1

4 Tu
o =3 / A(t)™ A (1)dtd,
u=1
4 Tu
_ Z/ (t = 20)™ (t — 22)™ Lt — 25)™ L (t — wa)™ dtOn,
u=1
4 Tu
oy =y / ()™ Ny (£)dtd,
u=1
4 Tu
_ Z/ (t = 20)™ (= 22)™(t — 23)™ L (t — wa)™ dtOn,
u=1
4 Tu
o =3 / AN () dtD
u=1
4 Tu
_ Z/ (t = 20)™ (= 22)™ Lt — 5)™ (t — wa)™ dtOn
u=1

form a basis for the above multiarrangement (A, m) described in Figure 4.8.

Proof. By Proposition 2.1.3, each vector field is contained in D(A, m). Note
that deg wi* = 4m+3 and deg w}]* = 4m~+4for 2 < k < 3. Then Zi:l degw*+
degfy = 12m + 11 = deg Q(A, m). After elementary transformations of the
Saito matrix, it is sufficient to show the determinant of following martix is
NnoN-Zero.

@i (x2 — 1) wi'(zs —21) @i (x4 —21)
M=o (ze — 1) @i (xs—x1) wi(xg— 1)
wy'(x2 —21) w5 (w3 — 1) @5 (24 — 21)

Take the similar changes of variables in the proof of Theorem 4.3.3. Observe the
following matrix where each entry is the nonzero leading monomial of entries of
M up to a constant,

4m+3 m—+1_ 3m-+2 m—+1 m+1_ 2m-+1
yi . Ya Zg?, . Yo Y3 ) ?2J4 X
m-+ m+ m-+ m-+
yi 4 ygl%/g?) 3 ygby?i y% 3
m-+ m-+ m-+ m-+ m-+
Yo Y2 Y3 Y2 Ys's

Then mg 1 -mg.2-mq 3 gives the unique maximum monomial ygm+6y§m+4yim+1.

Thus the determinant of M is nonzero. It is clear that the vector fields )"
(1 <k <3)and 6y are linearly independent over S. O

Example 4.3.12. Let the multiarrangement (A, m) be described by the follow-
ing graph (Figure 4.9).
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1 )

H1§s<t§5($s_$t)2m+2

(z1—z4)(z1—25)(T2—25)

Figure 4.9: The graph of a 5-multiarrangement

The vector fields

0y = Zaz,
o = Z / ()™ A1 () dt,

_ Z/ (= )™ — w2)™ Nt — )™Mt — 2™t — 5) " dtOn,
o = Z/ ()™ Ao (t)dtd,

_ Z/ Nt — 2™ — 22) ™t — )™ — 24)™ T (E — )™ dLDy,
I = (x5 — x5 Z/ ()™ A3 (t)dtd,

= (z3 — 5) Z / u(t —a1)" (= o)t — @)™ (t — @) " (E — w5) " dt D,
o = Z/ ()™ N, () dt,

_ Z/ (= )™ (= 22) ™t — )™ — )™ (E — w5) ™D,

u=1

form a basis for the multiarrangement (A, m).
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Proposition 4.3.13. The vector fields

90 - Z 817
Z / ()™ A1 (t)dt,

MUt — a0) ™t — 23) Tt — wg)™ Tt — 25) ™ dED,,

Il
M-
—
&
—
~
|
8
5

5 ZTu
oy =3 / A(t)™ Ao (1) dtD,
u=1
5

= Z /:cu (t — )™t — 20)™(t — 23)" Tt — 24)" Tt — 25)™dLD,,

u=1
5 ZTu
o = Z / ()™ Ny (t)dtd,
u=1
5 ZTu
- Z/ (t— 1) ™t — 22) Tt — w5)™ (t — 24) ™t — @5) LD,
u=1
5 ZTu
=3 / AN, (1) dtd,
u=1

_ Z /JC (t— 20)™(t — 22)™ T (t — 2g) ™ L (t — 24)™(t — 25) ™ Lt

form a basis for the above multiarrangement (A, m) described in Figure 4.9.

Proof. By similar consideration, it is sufficient to show the determinant of fol-
lowing martix is nonzero.

@' (ze —x1) @(z3 —21) @' (T4 — 1) @i (@5 —71)

o wh(rg —x1) wi(xs —x1) wh(zg —x1) w@wh (x5 — 1)
- m _ m _ m _ m —

wy' (22 —11) w5 (w3 —x1) @y (2s—21) @y (25 — 1)

@i (v2 —x1) wi(rs —z1) wi'(za— 1) @i (25—71)

Take the similar changes of variables in the proof of Theorem 4.3.3. Observe the
following matrix where each entry is the nonzero leading monomial of entries of
M up to a constant,

5m-+4 m—+1_4m—+3 m—+1_m+1_ 3m-+2 m+1, m+1 m+1y2m+1

Y Yo Y3 Y2 Ys Yy Y2 Ys Y
ygm+4 yény§m+4 yg@y?+1yim+3 y2 y;n+1ym+1y2m+2
YomHS gL dmadmdm dmed Yyt lym ym+1y3m+3
y§m+4 yzn+1y§4)m+3 y7r12+1y§1+1y3m+2 ym+1y§n+%y4 y§m+2
Then
. - f 71L47n+3( )mdt) 5m+4 ( f t3m+2 (t )m+1dt)ymy4m+4
4,3 M14-"

(f t4m+3(t )m+1dt) 5m+5 (( 1 m+1f t3m+3( )mdt) m+1y§m+4

_2m+2 2m+2 4m+3, 2m+1 /
=y Ty Ry s (M
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gives the maximum monomial y8m+7y6m+6yim+3y2m+l. Consider the matrix

M'"" of the coefficients of the entries of the matrix M’.

M” f t4m+3( )mdt 1 j‘ t3m+2(t )m+1dt
j‘ t4m+3(t )m+ldt ( 1 m+1f t3m+3( )mdt

If m is even, then the sign of the martrix M" is

]

If m is odd, then the sign of the martrix M" is

]

8m47, 6m+6, 4m+3, 2m+1

Thus the determinant of M” is nonzero. The maximum monomial y5™ " ‘y5™ ™y, " "y
has a nonzero coefficient. It is clear that the vector fields w}* (1 < k < 4) and
0o are linearly independent over S. O

We propose a conjecture for the linear independence of the vector fields.

Conjecture 4.3.14. The vector fields

wk—Z/ (&)™ A (t)dtoy, 1<k<j-—1),
@ = Z/ CAOTN D, (< h <),

Z/ HMAN()dtd,  (i+1<s<l—1),

are linearly independent over S.

For ¢ > 2, recall that 0, . a,p = Zle (fm to(t — )™ . (t— xg)“’fdt) 0; .
Let
0= {1‘)&17‘_7&[7[, | a;, be Zzo} U {90}

It is natural to have the following conjecture.
Conjecture 4.3.15. Any ¢ elements in © are linearly independent over S.

If Conjecture 4.3.15 is ture, it is clear that Conjecture 4.3.14 is ture. Note
that by Proposition 2.1.3, each vector field in Conjecture 4.3.14 is contained in
D(A, m) where (A, m) is defined in Definition 4.3.2. And degw}* = ml+(—1
forl<k<j—landi+1<k<l-1,degw =ml+Lfor j <k <i. We have
S degw +deg by = (ml+£—1)({—1)+i—j+1 = deg Q(A, m). Then the
vector fields 6y and @)’ (1 <k < /¢ —1) form a basis for the multiarrangement
(A, m) defined in Definition 4.3.2.
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