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Abstract

In this paper, we treat two subjects. First, we construct represen-
tations of Hopf algebroids A, and give an example of representations of
A,, in which we use a quasigroup. Second, we produce a way to con-
struct dynamical reflection maps, solutions to the reflection equation in
the tensor category Sety. By using the above method, we give examples
of dynamical reflection maps.

Part 1
Introduction

The Yang-Baxter equation is of great interest in not only mathematics but also
physics. For example, Hopf algebras, solvable lattice models, and quantum
field theory are deeply related to the Yang-Baxter equation. In particular, Hopf
algebras are still subjects of active research, and there are various generalization
of them.

Weak bialgebras and weak Hopf algebras are the generalization of Hopf al-
gebras. G. Béhm, F. Nill, and K. Szlachanyi produced the notion of weak
bialgebras [2]. The weak Hopf algebra is a weak bialgebra with a linear map
called an antipode [2, 4], and this is the generalization of face algebras, which
were introduced by T. Hayashi [11, 12]. The weak bialgebra and the weak
Hopf algebra are both x g-bialgebras [30], while each x g-bialgebra, where R is
Frobenius-separable, is a weak bialgebra [22].

Hopf algebroids, which were introduced by J. H. Lu [16], are the general-
ization of the Hopf algebras to non-commutative base algebras. G. Bohm and
K. Szlachanyi introduced a different definition of Hopf algebroids [3], which is
given by considering the twist of Hopf algebras. To construct Hopf algebroids,
dynamical Yang-Baxter maps are useful. The dynamical Yang-Baxter map was
introduced by Y. Shibukawa and this is a solution to the set-theoretic dynam-
ical Yang-Baxter equation [23, 24]. The tensor category Sety (Definition 3.2)
plays an essential role in obtaining the dynamical Yang-Baxter map. The dy-
namical Yang-Baxter map induces a Hopf algebroid A, [27, 28]. Y. Otsuto and
Y. Shibukawa discuss the base ring of Hopf algebroid A, in [20]. In the con-
struction of A, in [24], the base ring of A, was the K-algebra composed of maps
from a finite set to K, where K is a field. In [20], this base ring was generalized
to an arbitarary algebra L. Y. Otsuto and Y. Shibukawa also described the
conditions of ¢ for A, to be a left bialgebroid and a right bialgebroid.

There are many studies on representations related to the Yang-Baxter equa-
tion. The reflection equation is one of them. The phrase “reflection equation”
first emerged in the study of integrable systems [7]. In other context, J. Donin,
P. P. Kulish, and A. I. Mudrov discussed reflection equations from the per-
spective that these are representations of reflection equation algebras, and in-
troduced the universal K-matrix [9]. Similar to the set-theoretic Yang-Baxter
equation, there are several studies investigating the set-theoretic reflection equa-
tion. For example, V. Caudrelier and Q. C. Zhang produced reflection maps,
solutions to the set-theoretic reflection equation, by considering the factrization
property on the half-line [6]. K. de Commer produced a way to construct solu-
tions to the set-theoretic reflection equation by using actions of skew left braces



[8]. For other recent studies on set-theoretic reflection equation, for instance,
see [5, 14]. There is also a study that introduce construction of solutions to the
Yang-Baxter equation by means of those to the reflection equation [15].

In this paper, we focused on representions of algebras related to the Yang-
Baxter equation. We first discuss representations of the Hopf algebroid A,.
A, induces a tensor category of representations of A,, whose representations
are called dynamical representations [27]. Refering to a non-trivial dynamical
representation in [27, Remark 2.6], we construct representations of A,, where
the base ring is an arbitrary ring L, if o satisfies suitable conditions. We next
consider solutions to the reflection equation in the tensor category Sety. Mo-
tivated by the construction of solutions to the set-theoretic reflection equation
in [8], we introduce a way to construct solutions to the reflection equation in
Setyr, which we call dynamical reflection maps. This part is a joint work [1]
with Y. Shibukawa.

This paper is organized as follows: Part IT (Sections 1 and 2) deals with
reprensentations of the Hopf algebroid A,. In Section 1, we introduce the
definition of A,, and show that there uniquely exists a representation p, of
A, under several conditions (Theorem 1.12). Section 2 discusses examples of
representations of A,. At the end of Section 2, we also give an example of the
base ring of A, that is not Frobenius-separable, which implies that we construct
the Hopf algebroid A, that is not a weak Hopf algebra. Part III (Sections 3-
8) is devoted to constructing the dynamical reflection maps. In Section 3, we
provide a way to construct solutions to the reflection equation in the tensor
category Sety. Section 4 presents some preliminaries: left quasigroups; braided
monoids; and left modules of monoids. The notion of left modules of twisted
monoids, stated in Section 5, is crucial in the proof of Theorem 6.3. In Section
6 we state the main result Theorem 6.3. We now introduce it below.

Let (L, -, er) be a left quasigroup with a unit (Definition 4.4) and write H =
L. Let G be a group isomorphic to L as sets. From the left quasigroup (L, -, eyr),
we can produce a braided monoid (L, m,n, o) (For more details, see Section 4).
Let (X, mx) be a left (L, m,n)-module in Sety. Weset Y = L ® X € Sety.

Theorem 0.1 (Theorem 6.3). There is a bijection between (1) and (2):

(1) Left (L,m,n)-modules (Y,my) in Sety satisfying
mxmy = mx(lA (24 mx),
my (14 @ miY) = m¥V (14 @ my)agay (0 ® 1Y)a;1,14y7

my (1a @ m§) = m3(1a @ my)aaay (0 @ ly)ayyy -

Here, m$ and m$ are the morphisms of Sety defined by
m¥Y = (m® lx)azay; my = (La @ mx)asax(o© 1x)ayjx-

(2) Families of group homomorphisms {f, : G — G |z € X}.

Thanks to this theorem, we can obtain an explicit expression of dynamical
reflection maps (See (8.1)). Section 7 is devoted to the proof of Theorem 6.3. In
Section 8, which is the final section in this paper, we give examples of dynamical
reflection maps. We also introduce a necessary and sufficient condition for
the dynamical reflection maps to be independent on the dynamical parameter
A. Using this condition, we will give a solution to the set-theoretic reflection
equation.
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Part 11
Representation of the Hopf
algebroid A,

In Part II, we construct representations of the Hopf algebroid A, (Definition
1.3) as k-algebras. Here, k is a commutative ring. We first recall the defini-
tion of A, and then we introduce its representation. We also give examples of
representations of A,, where the base ring of A, is not necessarily Frobenius-
separable.

1 Definition of A, and its representation

In this section, we introduce the Hopf algebroid A,. We will see that there
exists a representation of A, as k-algebras.

1.1 Definition of the Hopf algebroid A,

Following [20, Section 2, 3, 4], we state the definition of the Hopf algebroid A,.

Let A and L be associative rings with units. We write the units 14 and 1p,
respectively. If A, = (A, L, sy, tr, A, 7y) satisfies the following conditions,
then Ay is a left bialgebroid.

(i) s : L — A and ty : L°? — A are ring homomorphisms that satisfy
sp(Ntr(g) = tr(g)sp(f) for all f,g € L. Here, L°P is the opposite ring of L,
and we denote by -, the binary operation on L°P. The ring A has an L-bimodule
structure as follows.

f'a'gzsL(f)tL(g)a (a’eAvageL)-

We denote by A and Ay the left L-module structure and the right L-module
structure.

(ii)) Ap : A > A®p A and 7, : A — L are L-bimodule homomorphisms
satisfying

(idA ®AL) oAp = (AL ®idA) oAy,
(ﬂ'L ®idA)OAL =idy = (idA®7TL)OAL.

We use Sweedler’s notation: Ag(a) = a1y ® a(z) (a € A).



(iii) For f € L and a,b € A,

amtr(f) ® @) = an) ® a@)sL(f),

Ap(ab) = Ap(a)AL(d),

Ap(la) =14a®14,

mr(asp(mr (b)) = mr(ab) = mr(atr(mL(b))),
mr(la) =1p.

e N e e
—_ = = e e
[ N O N
= D D =

We note that the right-hand-side of (1.2) is well-defined owing to (1.1).

We assume that Ay, = (A, L, sy, tr, A, 7) is a left bialgebroid, and S is an
anti-automorphism of the ring A.

Let L' be a ring isomorphic to the opposite ring L°?. We denote by v :
L°? — L' the isomorphism. By means of v, we can equip the ring A with an
L’-bimodule structure as follows:

flrag =aS(sLv™H(gN)sL(v™ (f) (a€ A, f'. g € L).

We write Z4A and AL as this left L'-module structure and the above right L'-
module structure, respectively.

Proposition 1.1. (1) If
SOtL =S, (16)

then there uniquely exists a Z-module map Sag,a @ AL @ LA — AV @ A
satisfying
Saw,ala®b) = S(b) ® S(a),

and S(a(y))az)y makes sense.
(2) If the maps S, sr,, and ty, satisfy (1.6) and

S(a(l))a(g) :tLOﬂLOS(a) (].7)

for all a € A, then there uniquely exists a Z-module map Sag,, A AV @ LA —
A ® A satisfying

Saw,, ala®b)=S(b) ® S(a)
for all a,b € A.

A proof of the above proposition is straightforward.

Let (A,S) be a pair of a left bialgebroid A and an anti-automorphism S :
A — A of the ring A satisfying (1.6), (1.7), and

(AL ®ZdA) OAL/ = (ZdA ®AL') OAL;
(AL’ ®ZdA) OAL = (’LdA ®AL) OAL/.

Here, A, = Sag, a0 A0S L.

Definition 1.2. If the Z-module map Sag,, a has the inverse SZ%@L,A AL ®
LA — AY @ L'A satisfying

—1
Ap =54g,,4°AL05,

then we say that Ay, is a Hopf algebroid.



We now state the definition of the Hopf algebroid A, (Cf. [20, 28]). Let k be
a commutative ring with the unit 1;. We denote by L a k-algebra with the unit
1y, that is, L is a k-module with a bilinear and associative multiplication. Let
G be a group and T, : L — L (a € G) be k-algebra automorphisms satisfying

Ta o Ta—l = idL.

We write deg as a map from a finite set X to the group G.
We denote by (Gen) the monoid of all words of Gen, which is defined by

Gen = (L @y L) | |{Lap | ;b€ X}| [{(L7)ap | a,b € X}

Here Lo, and (L71)4, are indeterminate elements for all a,b € X. (Gen) is
equipped with the empty word ), and the binary operation on (Gen) is a con-

catenation of words.
We denote by k(Gen) = EB kw the free k-algebra of (Gen).
we (Gen)

Definition 1.3. We define A, as the quotient k(Gen)/I,, where I, is the two-
sided ideal of k(Gen) whose generators are (1) — (5) below:

(1) V-1, ®1g.

(2) §+& = (€+¢), & = (£€), € = (c€) (§,€ € L@y L, ¢ € k). Here the
symbol ” +7 in £ 4+ &’ stands for the addition in k(Gen), and the symbol
7 +7in (£ + &') stands for the addition in L ®; L°P. The notations of the
multiplications and the scalar products are similarly defined.

(3) Z Lac(Lil)cb - 5ab®a Z(Lil)achb - 6ab® (aa b e X) Here 64, means
ceX ceX
Kronecker’s delta symbol.

(Taeg(a)(f) ®10)Lap — Lap(f @ 11),

(12 ® Tgegv)(f))Lab — Lap(1L @ f),
(fFR1L)(L Yab — (L ab(Taegny(f) @ 11),
(1@ ML Nap = (LN ab(12 @ Taeg(ay(f))-

(feL,abe X)

(5) Z (0ad ® 11)LyaLyp — Z (1L ® UZZ)L(;yLax (a,b,c,d € X). Here,
z,yeX z,yeX
0% (a,b,c,d € X) are elements in L.
We write o = (098, 5 c.aex-
Definition 1.4 (rigid). If there exists Zup, Yap € A, satisfying

Z((L_l)cb + Io)xac - Z xcb((L_l)ac + Io’)

ceX ceX

= Z (ch + I(T)yac

ceX



= Z ycb(Lac + Io’)

ceX

:6ab1Aa
for all a,b € X, then we say that o is rigid.

We define the left multipulication p;(f) and the right multiplication p,.(f)
by
pu(f):L>g— fgeL; p(f): LogrgfeL
for all f € L. It is easily seen that p; : L — Endy(L) and p, : L°? — Endy(L)
are ring homomorphisms and satisfy

pi(F)pr(9) = pr(9)p1(f) (1.8)

for all f,g € L. Here, Endy (L) is the k-algebra that is composed of all k-module
homomorphisms on L.

Theorem 1.5. If o is rigid and satisfies

zjdeg(a)*1 o j‘ldeg(c)*1 © pl(o-g(cl) = jjdeg(b)*1 © T'deg(d)*1 © pT(UZg) (19)

for all a,b,c,d € X, then A, is a Hopf algebroid.
For a similar proof of Theorem 1.5, we refer to the proofs of [27, Proposition
3.3 and Theorem 3.9].

1.2 Representation of A,

From now on, we discuss representations of A, as k-algebras (Cf. [27, Remark
2.6]). We assume that o is rigid and satisfies (1.9) for all a,b,c,d € X, hence
A, is a Hopf algebroid (Theorem 1.5).

Let X7 denote the free left L-module whose base is X. For any [ € X7, we

write
1= lw(l,€L).

veX
Proposition 1.6. We define the maps sy : L — Endy(X?) and t3° : L —
Endi(X?) by

ST (D) = Taeguy(Hlovs 15 (D) =D Lofo(f € L1 € X7).

veX veX
Then s3¥° and tX° are k-algebra homomorphisms.
The proof of Proposition 1.6 is straightforward.

Proposition 1.7. There exists a k-algebra homomorphism Q: : L ® LP —
Endi(X?) satisfying

{(fog)=s (HtF (9) (f,9€L).

Since 5% : L — Endi(X°) and t£° : L°? — Endy(X?) are k-algebra
homomorphisms, we can easily show Proposition 1.7.



Proposition 1.8. For any f,g € L,
st (M (9) =15 (9)st (f)-
Moreover, Endi(X?) has an L-bimodule structure through the following action:
frég=s1 (N (9)¢ (f,9 € L, € Bndy(X7)).

Definition 1.9. We define the k-algebra homomorphism p, : k(Gen) — Endy(X7)
by

po(§) = ¢(£),
po(Lap)(l) = meeX U;Uz?Tdeg(b)(lw)Uv
ﬁo((Lil)ab (l) = Eu7weX Tdt?g(a)*l((Uﬁl)zzj)Tdeg(a)*l(lw)U

for all § € L@y L,a,b € X, and I = Y l,v € X°. Here, (67)} (a,b,c,d €
veX
X) are elements in L.

Proposition 1.10. Under the following conditions, p,(I,) = {0}.

D oowiloT i = Y (o7 kol = dupduylL, (1.10)
c,weX c,weX
Z Tdeg(v)(o—(fg)o—;qudeeg(d) (Jil;u) = Z J(l:l:;deeg(y) (023)0%7 (111)
x,y,weX z,y,weX
pl((g_l)zfé) o Tdeg(d) o Tdeg(b) = Pr((U_l)Zi) o Tdeg(c) o Tdeg(a)- (112)

(a,b,c,d, s,v,y € X)

Proof of Proposition 1.10. It suffices to show p,(a) = 0 for every generator a of
I,. Let us check for each generator (1)—(5) of I,.
(1) For g € X7,

po(0 =1L ®1L)(g)

=idxo (g) - Z Tdeg(v)(lL)gUU
veX

=0.
(2) For £,& € L ®y L°P,
Po(E+8 —(E+E)=CO+CE)-CE+E)
={E+¢&)-Ce+eH =0

We can check for the multiplications and the scalar products similarly.
(3) From (1.10),

,50(2 Lac(Lil)cb - 5ab@)(g)

ceX

=3 > 0 Ty (Po (L)) (9)0) — Bang

ceX v,weX



= Z Z Z UZzDchdeg(c) (Tdeg(c)—1 ((0—71)?1:76)Td6g(6)_1 (gy))v - 5abg

ceX v,weX yeX

=3 3 S oo ) g,0 — Surg

ceXvweX yeX

- Z 5abg1)v - 5abg

veX
=0

for all a,b € X and g € X°. Hence ﬁa(z Lao(L™Y ey — 6450) = 0. We can
ceX
show [),,(Z(L*I)GC Lep — 60p0) = 0 in much the same way.
ceX

(4) For the proof of (4), we use the following lemma.
Lemma 1.11. The condition (1.9) implies

1Y (O—ZZ) © Tdeg(d) o Tdeg(b) = pr(O—g(Z) o Tdeg(c) o Tdeg(a) (113)

for all a,b,c,d € X.

For a proof of Lemma 1.11, see [20, The proof of Proposition 3.2].
Let us continue the proof for (4). From Lemma 1.11, (1.13) holds. On
account of (1.13),

Po(Taeg(a)(f) @ 11)Lap — Lap(f @ 11))(9)
= Z (Tdeg(v) o Tdeg(a))(f)ﬁa(Lab)(g)vU - Z Ugjdeeg(b) (Po(f @ 1L)(9)w)v

veX v,weX
= Z (Tdeg(v) o Tdeg(a))(f)( Z o-:fvdeeg(b) (gw))v
veEX weX
- Z U;Ddeeg(b) (Tdeg(w) (f)gw)v
v,weX
=0

forall a,b € X, f € L, and g € X?. Also, from (1.12),

Po(f @ 1)L )b = (L7 ab(Taeqy () © 1)) (9)
= Taeq(w) (N (L)) (g)ov

veX

- Z Tdeg(a)*1 ((Uﬁl)ga:)Tdeg(a)*l (ﬁa(Tdeg(b)(f) ® IL)(g)w)U
v,weX

= Z Tdeg(v)(f) Z Tdeg(a)—1 ((0_1)gg)Tdeg(a)_1 (gw)'l}

veX weX
- Z Tdeg(a)*1 ((Uﬁl)gg)(Tdeg(a)*l © Tdeg(w) o Tcleg(b))(f),-rdeg(a)*1 (gw)”U

v,weX

=0

for all a,b € X, f € L, and g € X?. The rest of the proof is similar.



(5) From (1.11) and (1.13),

o Z (002 ®11)LygLap — Z (1 ® 029 LeyLaz)(9)

r,yeX z,yeX
= Z Z Tdeg(v) ac pU(LydL'rb er - Z Z ,Dcr LcyLam )vg v
z,yeX veX z,yeX veX
= Z Tdeg(v)(Ugg)( Z O—;Uvdeeg(d) (ﬁa (L:rb)(g)w)v
z,y,veX weX

- Z (ZUZJdeeg(y)(ﬁU(Lax)(g)w)agZU

z,y,veX weX

Z Tdeg(v)(agg) Z U;Uyd Z Tdeg(d) (J;ZTdeg(b) (gs))v

z,y,veX weX seX

Z Z Z Tdeg Uaideeg(:L’) (g8>))0-2(1i/v

z,y,veEX weX seX

Z Tdeg(v) ( ac )Jyv Td@g(d)( ruz)(Tdeg(d) o Tdeg(b))(gs)v

z,y,v,w,s€X

- Z e Taeg(y) (e ) (Taeg(y) © Tdeg(r))(gs)agzv

z,y,v,w,s€X

= ) O Tueg()(055) 054 Taeg(a) © Taeg(v)) (95)v

z,y,v,w,s€X

— > U ey (035) (Tueg(y) © Taeg(w)(gs)0 v
z,y,v,w,s€X

=0
for all a,b,c,d € X and g € X?. This completes the proof. O

From Proposition 1.10, we can induce the following theorem.

Theorem 1.12. Under the conditions (1.10), (1.11), and (1.12), there exists a
unique k-algebra homomorphism p, : A, — Endy(X7) satisfying

pe (& + 1) = ((8),
U( ab + 1 )( ) = Zu weX T Tdeg(b)(l )v,
po((L~ )ab +1,)(1) = Zu,wex Tdeg(a) 1((0'_1)221)Tdeg(a)*1(lww

for all £ € L®y L°P,a,b € X, andl € X?. Moreover, p, is an L-bimodule
homomorphism.

Proof. We only prove that p, is an L-bimodule homomorphism. We recall that
s : L — A, and ty, : L°P — A, are given by

sp(f)=f@lp+Is; tr(f) =1 @ f+ 1, (f€L).

For more details, see [20]. Since p, is a k-algebra homomorphism,

pa(f ta- g) :pU(SL(f)tL(g)a)
=po(sL(f))ps(tL(g))ps(a)

10



=C(f ®12)¢(12 ® g)ps(a)
=53 (N1 (9)ps(a)
=f-psla)-g
for all f,g € L and a € A°. Hence p, is an L-bimodule homomorphism. O

2 Example of representations

In this section, by using Theorem 1.12; we construct representations of the Hopf
algebroid A, as k-algebras (Cf. [20, Section 5]). We also demonstrate that there
exists a k-algebra L that is not Frobenius-separable.

Definition 2.1 (quasigroup). Let QG be a set with a binary operation - :
QG x QG 3 (a,b) — ab € QG. If QG satisfies the following conditions, we say
that QG is a quasigroup.
(1) For any a,c € QG, there uniquely exists the element b € QG such that
ab=c.

(2) For any b,c¢ € QG, there uniquely exists the element a € QG such that
ab=c.

Let X be a finite quasigroup, where | X| > 2. For a,c € X, we denote by a\c
the unique element b € X such that ab = ¢. We denote by M an abelian group
isomorphic to X as sets, and define the ternary operation p: M x M x M — M
by

ula,be) =a—b+c (2.1)
for all a,b,c € M. We write m : X — M as the bijection.

We set H = X. Let k be a commutative ring with the unit 1, and R a
k-algebra with the unit 1z. We denote by L the k-algebra of all maps from H
to R, where the multiplication is (fg)(A\) = f(\)g(A\) (f,g € L,A € H). For
a,b,c,d € X, let ox% : H — R denote the element of L defined by

Ig  (c=a" (u(m(X), m(Ab), ((Ab)a)))\((Ab)a),
oxea(A) = d = MN\m~H(pu(r(A), m(Ab), 7((Ab)a)))), (2.2)
Or (otherwise)

forall A e H.
In addition, for any a,b,c,d € X, let (0)_(1)?3 : H — R be the element of L
defined by

Ig  (c=n" (u(m((Ab)a), m(Ab), 7(\))\((Ab)a),
(ox!)ea(y) = d = MNr"H(pu(r((Ab)a), m(Ab), 7(N)))), (2.3)
Or (otherwise)

forall A€ H.

Let G denote the opposite group of the symmetric group on H. For a € X,
we define deg(a) € G by Adeg(a) = Aa (A € H). Let us denote by T, : L —
L (a € G) the k-algebra automorphisms that are defined by

To(F)A) = fla(N) (A€ H, f € L).
It is easily seen that T,, o T,,-1 = idy, for all a € G.

11



Proposition 2.2. For a,b,c,d € X, ox% and (U;(l)gg satisfy (1.9), (1.10),
(1.11), and (1.12).

Proof. We can show (1.9) in much the same way as the proof of [20, Theorem
5.2].
We prove (1.12). For A € H,a,b,c,d € X and f € L,
(Pl((U;(l)Z‘i) o Tdeg(d) o Tdeg( ))(f)()‘) (UX )ac()‘)(Tdeg(d) o Tdeg(b))(f)()‘)
(05 )ae(N)fF((A)D);
(pr((a)_(l)g(i) © Tdey(C) © Tdeg(a )( )( ) (Tdey(C) © Tdeg a))(f)( )( I)Z(i(/\)
(0 )atNF(Ac)a).

From (2 3),if (051)2%4(\) = 1g, then (Ac)a = (Ad)b. Hence (o' )24(N) f((Ad)b) =
(a2 F((A ) ). And if (05")%(\) = O, it is obvious that (03"
(O'X )g‘i()\)f(()\c) ). Therefore (1.12) holds.

We next prove (1.10). Our goal is to show

Y (oxii(ox NN = Y (0x!)swoxi) () = dasduyLr.

c,weX c,weX
for all A € H and a,b,v,y € X.
Lemma 2.3. (1) For A € H and a,b,v,y € X,

Y (oxis(ox )i\ = oxis (V).

c,weX

Here wy and ¢y are the elements of X defined by

{wl =7 (u(m(Ay)b), m(Ay), m(N)))
1 = AN\ u(m(Ay)b), m(Ay), 7(A)
(2) For A € H and a,b,v,y € X,

Y ((ox)5a(ox)4) () = (o312 (V).

c,weX

o »

Here wo and co are the elements of X defined by

{ “Hp(m(N), m(Ab), w(AL)y))\ (AD)y); (2.5)
A\7T Hu(m(A), m(AD), w((Ab)y)).-
(1). From (2.3), (ox")%%.(\) = 1 if w =

Proof of Lemma 2.3. We first show
7 (p(m (Ay)d), 7(Ay), 7 (M) \((Ay)b) and ¢ = N~ (u(m((Ay)b), m(Ay), w(A))),

and otherwise (03")% (\) = Or (A € H,a,b,c,v,w,y € X). Consequently,
Y (oxiiox N = D oxii(N(ox )ik
c,weX c,weX
=0Xay " (A)-
Hence (1) holds.

We next show (2). By (2.2), Uch A) = 1 if ¢ = 7 H(u(x(N), ©(\D),
A(D)\(Ab)y) and w = A\~ (u(x(A), 7(Ab), 7(AD)y)), and otherwise
ox¥(\) = Or (A € H,a,b,c,v,w,y € X). Hence we can show (2) in much
the same way. O
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In view of Lemma 2.3, our next task is to prove ox¥i¢ (\) = (ox!)52w2(\)
= 0ap0uylr. We first show ox it (A) = dapbuylr. fa=band v =y,

A), m(Aer), m((Aer)wi) D\ ((Aer)wn)
p(m((Ay)b), m(Ay), (X)), 7 ((Ay)b)))\((Ay)b)

M7~ (u(r(N), m(Aer), w(Aer)wr)))
=M\ (u(m(A), 1 (Ay)b), m(Ay), w(A)), 7((Ay)b)))

and otherwise 71 (1u(7 (), m(Ac1), m((Aer)wr)))\((Aer)wr) # aor N\~ (u(r(N),
m(Acr), m((Aer)wn))) # v because of (2.1) and (2.4). On account of (2.2), we see
that ox gLt ()\) = 5ab5vy]—R'

From (2.1), (2.3), and (2.5), we can check (o5")¢2%2(\) = 6440,y 1 g in much
the same way. Therefore (1.10) holds.

We next prove (1.11). Our goal is to show

D (Taegy (x50 x i Tacgay (0 50)) (V)
z,y,weX

= Y (oxBTaegy(oxit)oxb)(N) (2.6)

z,y, weX

for all A € H and a,b,c,d,s,v € X. By the definition,

LHS of (26) = Z Tdeg('u) (O'ng)()\)Uva ()‘)Tdeg(d)(gxxl;))(A)

z,y,weX
= Z O-Xxy )‘U UX’;Uvd()‘)Ume<)‘d)
z,y,weX
RHS of (2.6)= > oxi¥(N)Tuegry)(oxin)Noxte (V)
z,y,weX
Y oxBNoxin (A)oxb(N).
z,y,weX

Lemma 2.4. (1) For A € H and a,b,c,d,s,v € X,

Z ox Y (A\v) O'va (/\)UXng()\d) = Oyug0x 233 (A). (2.7)
z,y,weX

Here vy, x3, and y3 are the elements of X defined by

vo = A\ H(m(A) = 7((Ad)b) + 7(((Ad)b)s)) (2.8)
and
25 = 7L (w(Md) — m(AD)B) + T((ADB)))\(Ad)B)s):
ys = 1 H(m(A) = 7((Ad)b) + 7(((Ad)b)s))\ (2.9)
“Hr(Ad) = 7(Ad)b) + 7 (((Ad)D)s))))-
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(2) For A € H and a,b,c,d,s,v € X,
> oxEWox i (n)ox k) = Supox (). (2.10)
z,y,weX
Here ag, y4, and wy are the elements of X defined by
ag =7~ (1(X) = w(Ad) + 7((Ad)b)s))\((Ad)D)s) (2.11)
and
{y4 = N\ (7(\) = m(Ad) + ((Ad)b));

wy =1 Hw(\) — 7(Ad) + 7T(Ad)b))\7T (7w (A) — 7(A\d) + 7((Ad)b)s)).
(2.12)

Proof of Lemma 2.4. We first show (1). From (2.1) and (2.2), aXZ’fl(/\) =
UXa;w()‘d) = 1R if
@ =" (u(r(Ad), w(Ad)b), 7(((Ad))s))\(((Ad)b)s)
=1~ (r(Ad) = 7(Ad)b) + 7((Ad)D)s)\((Ad)b)s);

>~
~
:]
—~
—~
—
>~
S8
~—
=
=
»
~
N
N

w =(Ad)\m ™ (p(m(Ad), (A
=(Ad)\m™ 1(7T(Ml)—7r((/\d)b)+ ((Ad)b)s))
y=m" ( @ (Ad)w)

T
-1

and otherwise ox%(X) = Og or ox3
X). From (2.8) and (2.9), we see tha
We next show (2). By (2.1) and (2.

g@"
e
IS
& A

I

=

Y

—

>

m -

S

S

g}

S

w

<

8

<

S

m

JXaw()‘y) - UXZ?J(A) = ]-R if

z =r" (u(r(A), 7(Ad), 7((Ad)b))\((Ad)b)

(A) = m(Ad) + 7 (Ad)b))\((Ad)b)

B (M(W(/\),W()\d) m((Ad)b)))
(

I\DL—P
o
—~

+m((Ad)b));
), 7((Ay)z)s)\((Ay)z ) )
Ad)b)), m((Ad)b),
*W(/\d)ﬂr((( d)b)s)\(((Ad)b)s);
w =Ay\7 " (u(r(Ay), 7((Ay)z), 7(((Ay)z)
=r~ ! (7(A) = 7(Ad) + 7 ((Ad)D)\7~H (w(A) — 7(Ad) + 7(((Ad)b)s)),

I
>
=

S
|
A
5
i
>
QU

H\JA/\
3
>
=
:1
—~
>
QU
\_/
3
—
=
>
\_/
3
—
N
=
\_/
\_/
&
=
N~—
=
—
N
N
>
ISH
N~—
=
N~—
»
N

w
~
~
N

and otherwise ox3% (A\y) = Og or axg‘;()\) =0r (A€ H,a,b,¢,d,s,v,z,y,w €
X). On account of (2.11) and (2.12), we see (2.10) holds. O
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Lemma 2.5. For A € H and a,b,c,d,s,v € X,

611110 Ung% ()\v) = 5(1(10 G"chjly4 ()\) = Jaao 5000 51)1)0 1g.

Here ¢ is the element of X defined by

co = mH(m(X) = ((Ad)b) + m((Ad)b)s))\m~ (m(N) — m(Ad) + W(((/\d)b)(ﬁg)l-g)
For the definitions of the elements ag, vg, T3, Y3, Wa,Ys € X, see (2.8),(2.9), (é.ll),
and (2.12).

Proof of Lemma 2.5. We first Show 04,4,,0x23¥3(Av) = Saag0ccodvve lr- On ac-
count of (2.1), (2.2), (2.8), and (2.9), dypp,o0xZ3¥3(A\v) = 1p if
U =p;
1 (), T(Ow)ga), w0\ () )s)
(V) = w(Ad) + (r(Ad) — 7((Ad)b) + 7(((Ad)D)s)))
— (r(Ad) = w((Ad)b) + 7 (((Ad)b)s)) + m(((Ad)b)s)))\(((Ad)D)s)
=1 (1(X) = w(Ad) + 7((Ad)b)s))\(((Ad)b)s);
e =)\~ (p(r (), m((M)ys), 7((Av)ys)z3)))
=1 ((A) = 7((Ad)b) + 7 ((Ad)b)s))\7 " (w(A) — m(Ad) + 7(((Ad)b)s)),
and otherwise dyy,0x%3Y3 (Av) = Og. From (2.11) and (2.13), dyy, 0x23¥3 (M) =
0aagdcco Ovvy 1R holds.

On account of (2.1), (2.2), (2.8), (2.11), (2.12), and (2.13), we can show
Saa0x28Y4 (N) = baagOccoOvve LR In much the same way. O

T3

On account of Lemmas 2.4 and 2.5, we can see that (2.6) holds. This proves
the proposition. O

. b
We write ox = (0x%)ab.c.deX -
Proposition 2.6. ox is rigid.

For a similar proof of Proposition 2.6, see [27, The proof of Proposition 4.7]
and [19, The proof of Proposition 5.4].

On account of Theorems 1.5, 1.12, and Propositions 2.2, 2.6, ocx induces
the Hopf algebroid A, , and we have a k-algebra homomorphism p,, : As, —
End,(X7X).

We next consider the k-algebra R. If R is not Frobenius-separable, then
the Hopf algebroid A,, is not a weak bialgebra (Cf. [22]). Making use of
[29, Theorem IV.2.1], we will see that there exists a k-algebra R that is not
Frobenius-separable.

Let K be a field which includes an element x satisfying 2 = —1, and M;(K)
the matrix algebra which consists of all 2 x 2 matrices. We write R C M>(K)
as the K-subspace whose base is

10 10 0 2
(1) =) e 0
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We can calculate that A1A; = A1, A1 As = Ay, As Ay = — A1, Ay Ay = — Ay, and
that

(aF + bA; + cAs)(dE + €A1 + fAs)
=adFE + (ae + bd 4+ be — ce) A1 + (af + cd + bf — cf)As (2.14)

for all a,b,c,d,e, f € K. Since A1 Ay = Ay # —A; = Az Ay, the K-algebra R is
not commutative.

Proposition 2.7. R is not Frobenius-separable.

We can show Proposition 2.7 in much the same way as [20, The proof of
Proposition 5.4].

Therefore L = R1is not Frobenius-separable [29, Proposition IV.2.4]. Con-
sequently, the Hopf algebroid A, is not a weak bialgebra.

Part II1
Construction of dynamical
reflection maps

In Part ITI, we construct solutions to reflection equations in the tensor category
Sety, which we call dynamical reflection maps. After several preparations,
we state the main result (Theorem 6.3). We also give examples of dynamical
reflection maps. This is a joint work [1] with Y. Shibukawa.

3 Dynamical reflection maps

In this section, we prepare for the proof of Theorem 3.8, which implies that
we can construct solutions to the reflection equation in the tensor category
Setyr. We first recall the notion of Sety and show Theorem 3.8 (Cf. [8, Section
6]). Throughout this paper, we follow the definition of tensor categories in [13,
Chapter XI].

Let us recall the definition of a tensor category (Cf. [13, Definition XI.2.1]).
Definition 3.1. A tensor category (C,®,1,a,l,r) is a category C with:

(1) (tensor product)
a functor ® : C x C — C;

(2) (unit)

an object I;

(3) (associativity constraint)

a natural isomorphism a : @(® x id) = ®(id x ®);

(4) (left unit constraint with respect to the unit I)

a natural isomorphim ! : ®(I x id) — id;
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(5) (right unit constraint with respect to the unit I)

a natural isomorphim r : ®(id x I) — id
such that the following relations are satisfied. For U, V, W, X € C,
(ly ® avwx)avvewx (avvw @ 1x) = arvwex Grevw X; (3.1)
(1\/ ® lW)aVIW =ry ® ly.

The relations (3.1) and (3.2) are respectively called the pentagon axiom and the
triangle axiom (See [13, Definition XI.2.1]).

Let A €C. If a morphismo: A® A - A® A of C satisfies
asan(oc®1a)ayzh (la @ o)asaa(o®1a)
:(lA ® O')CLAAA(O' & 1A)GX}4A(1A ® U)GAAAy (33)

then we say that o satisfies a braid relation in C.
From now on, we introduce the notion of Sety (See [25, 26]).

Definition 3.2. Let H be a nonempty set. Sety is the category consisting of
the following.

(1) An object (X, x) is a pair of a set X with amap -x : H x X — H.
(2) A morphism f: (X, x)— (Y,yv)isamap f: H— Map(X,Y) satisfying
Ay fA)(@)=Axz

for all A € Hyx € X. Here, Map(X,Y) is the set of all maps from X to
Y.

(3) Let f : (X, x) = (Y,.y) and g : (Y,y) — (Z,-z) be morphisms of
Setyr. The composition go f : (X, -x) = (Z,-z) is defined by (go f)(\) =
gA) o f(A) (A € H).

(4) Let (X,-x) € Sety. The identity 1(x ., is defined by 1(x . (M) (z) =z
(AeH,xeX).

Proposition 3.3. Sety is a tensor category (Definition 3.1).

In fact, for any X = (X,-x) € Sety and Y = (Y,-y) € Sety, the tensor
product X ®Y is the object (X XY, -xgy) where the map - xgy : Hx (X xY) —
H is defined by

Axgy (@y)=A-x2) vy (ANeHazeXyeY).
Obviously, X ® Y is an object of Sety.
Let f: (X,'x) = (Y,y) and g : (X',-x/) = (Y’',-ys) be morphisms of

Sety. The tensor product f ®g: (X, x)® (X', x) = (Y,v)® Y',-y/) of f
and g is defined by

(f@g)N(@,y) = (f(N)(@),9(A-x 2)(y)) (AeHreXyeY).

We see that f ® g is a morphism of Sety.
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A unit I = (I,-7) is a pair of a set I = {®} with the map - : H x I — H
defined by A-ye =X () € H).

For X,Y,Z € Sety, the associativity constraint axyz : (X ®Y)® Z —
X ® (Y ® Z) is defined by

ax,y,z(N((2,9),2) = (z,(y,2)) AN€EH,xeX,yeY,z€Z).

For every X € Setpy, the left unit constraint [x : I ® X — X with respect
to the unit I is defined by

Ix(A)(e,2) =2 (A€ H,z € X).

Similarly, for every X € Sety, the right unit constraint rx : X ® I — X
with respect to the unit I is defined by

rx(A\)(z,8) =z (A€ H,z € X).
Then (Sety,®,1,a,l,7) is actually a tensor category.

We now define the dynamical reflection map.

Definition 3.4. [dynamical reflection map| Let A, X € Sety. We assume that
a morphism o : A® A - A® A of Sety satisfies the braid relation (3.3). If a
morphism k: A® X - A® X of Sety enjoys

ahx(1a®@k)asax (0@ 1x)azyy(la ®k)asax (o ® 1x)ayx
=(0 @ 1x)azax(1a ®@k)aaax(o® 1x)a lx(1a @ k), (3.4)

then k is called a dynamical reflection map (we also say that & is a solution to
the reflection equation associated with o).

For a while, we focus on an arbitrary tensor category again. Let C =
(C,®,I,a,l,r) be a tensor category.

Notation. Let A, X € C, and write Y = A® X. Let m : A A — A,
0:ARA—->ARA mx :A®RX — X,and my : A®Y — Y be morphisms of
C. We denote by mt*V and m$ the following morphisms:

mEY = (melx)a iy :AQY = Y;
mi—:(lA@)mX)aAAX(U@lX)aZ}L‘X:A®Y—>Y. (3.6)

Let A, X €C,and writeY = A®X. Let m: ARA - A,0: AQRA — AR A,
mx :ARX - X, my: AQY — Y, and n: I — A be morphisms of C. We
define the morphism k: A® X - A® X of C by

k=my(la® ((n® 1x)lx"). (3.7)

Proposition 3.5. If the morphisms m,o,mx,my, and n satisfy

m(la ® 17)1";1 =14, (3.8)
my(m & 1y) = my(lA &® mY)aAAYa :
mx(n®1x) = lx, (3.10)
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mxmy =mx(la ®mx), (3.11)

mY(lA ® mglzriv) = mg;iv(lA & mY)aAAy(U ® 1y)azhl4y, (3.12)

then the morphism k (3.7) satisfies the following relations.

mxk =mx; (3.13)
k(m@1x) = (m®lx)a,x(1a®@k)asax (o ® 1x)a iy (la @ k)asax.
(3.14)

Proof. We first prove (3.13). From (3.10) and (3.11),

mxk =mxmy (14 @ (n® 1x)Ix"))
=mx(1a®mx)(la @ (n® 1x)Ix"))
=mx.
For the proof of (3.14), we use the following lemma.

Lemma 3.6. The condition (3.8) and (3.12) imply
my = (m® 1X)a2}4x(1A®k)aAAX(U®1X)a2}4x. (3.15)
We assume Lemma 3.6 for a while. On account of (3.9),

Em®1x) =my(1a @ ((n® 1x)lx"))(m @ 1x)
=my (m @ ly)(laga @ (n® 1x)lx"))
=my (1a@my)(1a® (14 @ ((n® 1x)Ix")))aaax
:my(lA X k)aAAx. (3.16)
By means of (3.15), we can easily see that (3.14) holds. O

Proof of Lemma 3.6. Because of (3.5), (3.8), and (3.12),

my =my (14 @ (m(1la @ n)ry") ® 1x))
=my (14 @ (m® 1x))(1a ® (La @n)ry') ® 1x))
=m{V(1a @ my)asay (0 ® ly)ayhy
(1a®aaax)(1a @ ((La@n)ry') ®1x))
=miY (14 @ my)aaay (0 @ ly)(laga ® (n @ 1x))

axarex (14 ® (aarx (ry' © 1x))). (3.17)
On account of the triangle axiom (3.2) and (3.7),
RHS of (3.17)
=m{y (14 ® (my (14 ® (n® 1x))))aaarex (0 @ ligx)
agarex(la® (La® 1Y)
=m (L4 @ (my (14 © (0@ 1x)Ix")))aaax (0 © 1x)azsy

=(m®1x)azx(1a®@k)asax(oc® Lx)ayyy.

Hence (3.15) holds. O

19



Proposition 3.7. Let A, X € C, and writeY = A® X. Letm: AR A — A,
mx :ARX = X, my : AQY =Y, andn: I — A be morphisms of C. We
assume that 0 : A® A — A® A is an isomorphism satisfying (3.3).

If the morphisms m,o, mx, my, and 1 satisfy (3.12) and

mn® 14l =14 =mla@n)ry’, (3.18)
(m® 1A)a;1,14,4(1A ® U)GAAA(U ® 1,4) = J(lA ®Mm)asaa, (3.19)
c(la®n)=n®1la)ly'ra, (3.20)
my (14 @ m§) =m$ (14 @ my)aaay (0 @ ly)azhy, (3.21)
then the morphism k (3.7) satisfies the following relation.
k(1la @ mx)
=(1la ®@mx)aaax(c® lx)azhlﬁlx(l,q ® k‘)aAAx(O' ® IX)GZ}LXX' (3.22)

Here, m$ is defined by (3.6).
Proof. From (3.18),

(IA X mx)aAAx((f (24 1x)a2‘14X(1A & k‘)aAAX(CT ® 1X)az‘14x
:((m(n & 1A)lzl) ® lx)(lA ® mx)aAAx(O' ® IX)GZ}AX(IA & k)aAAX
(0 ®1x)ayhx- (3.23)

We note that, on account of the fact that laga = (la ® lA)aI_jA [13, Lemma
X1.2.2],

(n@1a)I3") ®1a)o = az4(1a ® 0)aaaa(((n@1a)l5") © 1a).
Using this relation repeatedly, we deduce that

RHS of (3.23)
=(m®@mx)asganx((ax44(1a ® 0)anaa) ® 1x)agaax(lava ® k)
aapaax((0354(la ®0)aaan) ® 1x)((n® 1a)l3") ® 1a) © 1x)ay,x-
(3.24)
From (3.3), (3.6), (3.19), (3.20), and the fact that ¢ is an isomorphism,

RHS of (3.24)

=(m®@mx)asgaax((azys(1a ®0)asaa) ®1x)azgasx(laga ® k)aagaax
(0@14) @ 1x) (07" @ 1a)azsa(la @ 0)asaa(o ®14)) © 1x)
((Ma@nry!) ©@1a) @ Ix)ayzhy

=(1a ®@mx)aaax (Mm@ 1a)azha(1a ®0)asaa(oc®@14)) ® 1x)
aaeanx(laga ® k)aagaax (gl s(la ® 0)asaa) ® 1x)
(0@ 1a)ansa(la@o aaaa) @ 1x)
(Ma@n)ry!) @ 1a) ®1x)aysx

=mSasax(((1a ®m)agsa) ® 1X)a,?\é§AAx(1A®A Q@ k)asgaax
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((axi4a(la®0)anaa(o ®1a)azya(la ® 0" aasa) @ 1x)
(La®@mry") ®14) ® 1x)azax
=m3 (14 © (M@ 1x)ayax(la ® k)asax (o @ 1x)))aasgax
((araa(c @ 1a)ay i ,(la @0 Naaaa) ® 1x)
(Ma@n)ry!) ©@1a) ® 1x)ayax- (3.25)
We note that Lemma 3.6 holds because of (3.12) and (3.18). Consequently, on
account of (3.15) and (3.21),
RHS of (3.25)
=m$(1a @ my)aaay (0 @ ly)aagaax((a3hs(1a ® 0 Hasaa) ® 1x)
(La®@mra’) ®@1a) ® 1x)azx
=(m® 1x)azax(1a @ k)aaax (0@ 1x)aysx(1a ® (14 @ mx))
(14 ® (aaax (0 ® 1x)))asseax (14 ® 0 )asaa) ® 1x)
(La@mra") ®14) ® 1x)azix
=(m @ 1x)azax(1a @ k)aaax(o @ 1x)azax(1a @ (1a @ mx)asax))
aaazax(aaaa ® 1x)(La@n)ry') @ 14) ® 1x)a
=(m @ 1x)azax(1a @ k)aaax((o(la @n)) @ 1x)ay;x
(1a® ((1r @ mx)arax))aarsax(@ara @ 1x)(r;' @ 14) @ 1x)a -

(3.26)

By using the triangle axiom (3.2), (3.18), (3.20), and the fact lagx = (la ®
1x)a; iy [13, Lemma XI.2.2], we see that
RHS of (3.26)
=(m® 1x)aznx(1a @ k)aaax(n®1a)l3'ra) © 1x)asry
(1a® ((lr @ mx)arax))aareax(aara ® 1x)((ry' @ 14) @ 1x)ayhx
=((m(n®14)) ® Ix)agsx (11 @ k)arax (L' ra) ® 1x)ay;x
(1a® ((lr @ mx)arax))aareax(aara ® 1x)((ry' @ 14) ® 1x)az ki x
=(la ® 1x)arax(lr @ k)arax((3'ra) ® 1x)azrx
(1a ® (1r @ mx)arax))aareax(@ara ® 1x)((ry" ® 14) @ 1x)aj 4 x
=lagx (11 @ k)l by (ra ® Ix)ay;x(1a ® (17 @ mx)arax))
anreax(aara ® 1x)((ry' @14) @ 1x)a iy
=k(la ® mx).
Hence (3.22) holds. O
Propositions 3.5 and 3.7 yield the following theorem.

Theorem 3.8. Let A, X € Setg, andm: AQA —-Amx : A X — X,0:
ARA—>ARA, andk: A® X — A® X be morpshims of Sety. We assume
that these morphisms satisfy (3.13), (3.14), (3.22), and

mo = m. (3.27)
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In addition, for any A\ € H and a € A, we assume that the maps A > b —
m(N)(a,b) € A are injective. Then k is a dynamical reflection map.

Proof. Let A€ H,a,b€ A, and x € X. We set ay,a9,b1,b0 € Aand z1,20 € X
by

((a1,b1),21) = (a4 4x(1a ® k)asax (o ® Lx)a )y x(la @ k)

aaax (o ® 1x)azax)(N(a, (b, 2)); (3.28)
((a,b2),22) = (0 ® 1x)a i x(1a @ k)arax (o ® 1x)
a1ax(1a ®K))(A)(a, (b, z)). (3.29)

It suffices to show a; = ag, by = b, and 1 = x5. For the proof, we need:

(m(A)(a1,b1), 1) = (m(A)(az, b2), z2); (3.30)
(a1, mx (Aa1) (b1, 1)) = (az, mx (Aaz) (b2, z2)). (3.31)

In fact, if (3.30) hold, then m(X)(a1,b1) = m(A)(az,b2) and 1 = z5. Similarly,
if (3.31) hold, then a; = az. Hence

m()\) (al, bl) Zm(/\) (Cl1, bg)

Since A 3 b+ m(X\)(a,b) € A is injective, we obtain by = ba,
We first show (3.30). From (3.14) and (3.27),
(m(A)(a1,b1),21)
=((m®1x)ahx(1a®@k)asax (0@ 1x)ayix(1a @ k)aaax
(0 @ 1x)azsx)(MN(a, (b x))
=(k(m® 1x)(0 ® 1x)azsx)(N(a, (b,2))
=(k(m ® 1x)az4x)(N(a, (b,2))
=((m®1x)azax(1a @ k)asax (0 ® 1x)ayx(1a @ k))(N)(a, (b))
=(m(A)(az,b2), z2).

The next task is to show (3.31). On account of (3.13) and (3.22),

(a1, mx(Aa1) (b1, 1))
(1a®@mx)(1a ® k)aaax (o ®1x)azhx(1a ® k)aaax
(0 @1x)a hx)(N)(a, (b,z))
(La @ mx)aaax (0 @ Lx)azsy(la ® k)aaax (o ® 1x)azix) (M) (a, (b,2))
(k(1a ® mx))(A)(a, (b,x))
(k(1a @ mx)(1a ® k))(N)(a, (b,z))
(La @ mx)aaax (o ® 1x)azyx(la ® k)asax (o ® 1x)
ayhx(la @k)(N)(a, (b,2))
=(az, mx (Aag) (b2, x2)).

Therefore (3.30) and (3.31) hold. O
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4 Braided monoids and left modules of monoids

Section 4 deals with braided monoids and left modules of monoids in a tensor
category. Also, we introduce a braided monoid in Sety (Cf. [8, Sections 5 and

7).

4.1 Braided monoids

Let C = (C,®,1,a,l,r) be a tensor category.

Definition 4.1 (monoid). Let A be an object of C, together with morphisms

m:A®A— Aandn:I— A. If the morphisms m and 7 satisfy (3.18) and
mm®1a)=m(la @m)asaa, (4.1)

then we say that (A4,m,n) is a monoid in C.

Definition 4.2 (braided monoid). Let (A, m,n) be a monoid in C with a mor-
phismo: A® A — A® A. If the morphisms m, n, and o satisfy (3.19), (3.20),
and

(1a @m)asaa(o @ 1a)azys(la @ 0) = o(m® 1a)ajy; (4.2)

o(n@1a) = (La@n)ry'la,
then we say that (A, m,n, o) is braided.

Remark 4.3. Braided monoids in Sety are equivalent to dynamical braided
groups [25].

Let (A,m,n) be a monoid in Setyy and 0: A® A - A® A be a morphism
of Sety. Our goal is to show that (3.20) is equivalent to

(m®1a)ayhs(la®0)anaa(laga ®n) =rapa, (4.4)

and that (4.3) is equivalent to
(lA®m)aAAA(U®1A)a;}4A(n®1A®A):lA®A. (4.5)

We only prove that (3.20) is equivalent to (4.4).
We first assume (3.20). On account of the triangle axiom (3.2), (3.18), (3.20),
and the fact that raga = (14 ® ra)aaar [13, Lemma X1.2.2],

m®@1a)azh,(1a®0)asaa(laga ®n)
m®1a)ayya(la @ ((n®@1a)l5"ra))anar
(m(1a@n)) ® 1a)azra(la © (I3'ra))aaar

rAQ lA)aAIA(lA ® (lA rA))aaar
=(la®ra)asar

(
(
(
=(

=TARA-

Conversely, we assume (4.4). From (3.18) and the fact that laga = (4 ®
1a)as i, [13, Lemma XI1.2.2],

o(la®@n) =((m(n®1a)l;") @ 1a)o(1a @)
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m®1la
m®1ly
me1ly
me1lg

a1 44N ® Laga)liga0(la ®n)

(

44414 @ 0)(1N® Laga))laga(la @ n)
(
(

azna(la®0)aaaa((n®1a) ®1a)(15" ®1a)(1a ® 1)

az4a(la®0)asaa(laga ®@n)((n® 1) @ 17)(15" ®(11))
4.6

(
(
(
(

— — — —

Because of (4.4), the right-hand-side of (4.6) is raga((n® 14) ® 11)(121 ®17).
Then,

RHS of (46) 7]®].A T]@A(ZA ®1[)

)

n@1a)(1r ®ra)arar(ly' @ 1z)
)
Ma

—_— o~

=(
(
=m®1a 11 ® TA)ZA®1
=(m®1a)ly

because lag; = (la ® 11)‘11_,;1 and rrga = (17 ® ra)arar [13, Lemma XI1.2.2].
Hence (3.20) is equivalent to (4.4).

From now on, we introduce a braided monoid in Sety. Let us first define
left quasigroups with a unit.

Definition 4.4 (left quasigroup). Let L be a set with a binary operation - :
Lx L> (a,b)— abe L. Let e, be an element in L.

If (L, -, er) satisfies (1) in Definition 2.1 and the following condition, we say
that (L,-, er) is a left quasigroup with a unit.

(3) For any a € L, aef, = epa = a.
For a,c € L, we denote by a\c the unique element b € L such that ab = c.

Remark 4.5. Let (L,-,er) be a left quasigroup with a unit. Then a(a\b) = b
and a\a = ey, hold for all a,b € L.

Example 4.6. Let L = {er,l1,l2,13,l4,15,16,17} be a set. We define the binary
operation - : L x L — L by Table 1. For example, ls - Iy =11 and 4 - l5 = I5.

€r, ll lg lg l4 l5 lﬁ l7
€y, €y, ll l2 l3 l4 l5 lﬁ l7

Table 1: The binary operation on L

This (L, -, ey) is a left quasigroup with a unit, but it is not associative because
(I-l3)-ly=ep and Iy (I3-14) =l4. Hence (L,-, er) is not a group.
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Let (L,-,er) be a left quasigroup with a unit. We write H = L. By the
definition, it is easily seen that (L,-) € Sety.

Let G be a group isomorphic to L as sets. We denote by 7 the bijective map
from L to G.

For A € H, we define the map o(\): L x L — L x L by

U()‘) (a7 b) = (5/\(0" b)a 77/\(% b)) (a7 be L)7 (4'7)

where we write &x(a,b) = AN\7  ((r(A\)w(Xa) " 7w ((Aa)b))) and ny(a,b) = (A
&x(a,b))\((Aa)b). By definition, we can check that ¢ : L ® L — L ® L defined
by (4.7) is actually the morphism of Sety. Moreover,

Proposition 4.7. o satisfies the braid relation (3.3) in Sety.
Proof. From (4.7),

(arrr(o®@1p)agr(1r ® o)arrr(o @ 11))(N)((a,b),c)
=(arr(o @ 1)ag; ) (V) (éx(a,b),a(Aéxr(a, b)) (nr(a,b), c))
=(arre(o @ 1)ag; ) (M) (Exla,b), (Ax(a,b)\7 ™ (m(N)w(Aa) " m(((Aa)b)c)),
7 r(W)m(Aa) " 1 ((Aa)b)e)\((Aa)b)e)))
=(AN\m Hr(N)7((Aa)b) "' ((Aa)b)e)),
HrW)m((Aa)b) "t ((Aa)b)e)\r~H (m(N)m(Aa) "t (((Aa)b)e)),
7 (r(W)m(Aa) " T ((Aa)b)e))\((Aa)b)e)))
for A € H and a,b,c € L. Similarly,
(le®@o)arrr(o @ 1r)azr, (1L @ 0)arrr)(M)((a,b),¢)
=1z ®o)arrr)(N)(o(A)(a,&xa(b; €)), mra(b, )
((1L® o)arpr)(N)((AN\rH (r (/\) ((Aa)b)~'m(((Aa)b)c)),
“HrWm((ha)b) "t (
(W(M)W((/\a)b)
—1

(A\7r (M) (
( )m(

Therefore o is a solution to the braid relation (3.3) in Sety. O

We define the morphisms m : L® L — L and n: I(= {e}) — L of Sety by

m(A)(a,b) = A\((Aa)b), n(A\)(e)=er (A€ H,a,beL). (4.8)
Proposition 4.8. (L,m,n,0) is a braided monoid in Sety.

Proof. We first show that (L, m,n) is a monoid in Sety. From (4.8),

(m(m @11))(A)((a,0),¢) =m(A)(A\((Aa)b), ¢)
=A\(((Aa)b)e)
=A\((Aa)((Aa)\(((Aa)b)c)))
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m(A)(a, (Aa)\(((Aa)b)c))
(M) (@, m(Aa)(b, c))

(m(1r @ m)arrr)(A)((a,b),c)
for all A € H and a,b,c € L. In addition,

(m(n® 1)z ") (N)(a) =m(N)(eL, )
=A\(Aa)

(m(1lp ® n)r;l)()\)(a) =m(A)(a,er)
—\ ()

=a

m

for all A € H and a € L. Therefore (L,m,n) is a monoid in Sety.
We next show (3.19). Because of (4.7) and (4.8),

(m®1p)ap;, (1L ®@o)aprs(o ®11))(A)((a,b),c)
(m®1p)ap))(N)(Ex(a,b),a(Xx(a, b)) (na(a,b), c))
(A

(

\((A&x(a, 0))&xe, (a.0) (M1 (a; ), €)), Mag, (a, b)(m(aab)vc))
M7 (T (A (a, b)) ((AE /\( )) Aa, )7t ((Aéala, b))ma(a, b))c)),
((Aéala,b))éxe, ab)( (@, b), )\ (((Aéx(a, b))m(a b))c))
=MN\7 ' (x(N)7(Aa) ' (((Aa ) ) ), 7 H(r(M)m(Aa) " (((Aa)b)e)\(((Aa)b)c))))
for all A € H and a,b,c € L. Similarly,
(c(1r @ m)arrr)(N)((a,b),c)
=o(A)(a, (Aa)\(((Aa)b)c))
=(x(a, (Aa)\(((Aa)b)c)), ma(a, (Aa)\(((Aa)b)c)))
=M\ (m(N)r(Aa) M7 ((Aa)b)e), 7~ (w(A)m(da) " w((((Aa)b)e)\(((Aa)b)c)))).

Hence (3.19) holds. We can prove (4.2) in much the same way.
The next task is to show (3.20). From (4.8),

(n®1L)lp re)(M(a, 8) = (er,a)

for A € H and a € L. On account of (4.7), (4.8), and the fact that L is a left
quasigroup,

(1 @n))(A)(a,e)
f,\(a €L) 77)\((1 6L))

(o

(

(A A\ (Aa))
(er, a).
Hence (3.20) holds. We can prove (4.3) similarly. O
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4.2 Left modules of monoids

Let C be a tensor category and (A4, m,n) be a monoid in C. We first introduce
left modules of the monoid (A4, m,n) in C.

Definition 4.9 (left module of monoid). Let X be an object in C with a mor-
phism mx : A® X — X of C. If the morphisms m, 7, and mx satisfy (3.10)
and

mX(m®1X):mX(1A®mX)aAAX, (4.9)

then we say that (X, mx) is a left (A, m,n)-module in C.
We give some examples of left modules of monoids. Let (L, er) be a left
quasigroup with a unit, and write H = L. We define the morphisms m : L& L —

L and n: I — L by (4.8). Proposition 4.8 implies that (L, m,n) is a monoid in
SetH.

Example 4.10 (left regular module). (L, m) is a left (L, m,n)-module because
(L, m,n) is a monoid. We say that (L, m) is a left regular module.

Example 4.11. Let X be a nonempty set and let ¢ : L x X — X be a map
satisfying that, for every a € L, the map X 3 z — i(a,z) € X is injective. For
y € X, we denote by a\y the unique element = € X such that i(a,z) = y. For
simplicity of notation, we write ax instead of i(a, x).
Let f : X — H be a map. We define the element \-x x € H (A € H,z € X)
by
Axx=flee\(\x)) (A€ Hyz € X). (4.10)

Then (X, -x) is an object of Sety.
For every A € H, we define the map mx(\) : L x X — X by

mx (A)(a,z) = A\((Aa)z) (a € L,z € X). (4.11)
Then mx : L ® X — X is a morphism of Sety. In fact, by means of (4.10),

Ax mx(A)(a,z) =X -x (A\((Aa)z))
=f(eL\((Aa)z))
=(\a) x x
=\ Lex (a,7)

forall A\ € Hya € L, and z € X.
In addition, (X, mx) is a left (L, m,n)-module. In fact, by (4.8),

(mx(m® 1x))(A)((a,b), z) =mx (A)(A\((Aa)b), x)
=A\(((Aa)b)z)
=2\ ((Aa)(Aa)\((Aa)b)x)))
=mx(A)(a, mx(\a)(b,x))
=(mx (1L ® mx)arrx)(A)((a,b),z)

for A€ H,a,b€ L, and z € X. Also,

(mx(n @ 1x))(A)(e,2) =mx(A)(eL, z)
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—\ ()

=z

=lx(\)(e, )
for \€¢ H and x € X.

Example 4.12. We denote by Map(L, L) the set of all maps from L to L. For
any A € H and f € Map(L, L), we define a5,y € Map(L, L) by

axs(a) =77 @V r(Af (N7 (r(a)m (M) (a € L). (4.12)

Let g be a map from Map(L, L) to H. We denote by -\ap(z,z) the element of
H x Map(L, L) — H defined by

A ‘Map(L,L) f = g(aA,f) ()‘ € Hv f S Map(L7L))

It is easily seen that (Map(L, L), ‘Map(z,r)) is an object of Sety. We now set
X =Map(L, L).

For any A € H and a € L, let ¢} : L — L denote the map defined by
o (b) = &x(a,b) (b € L) (for the definition of & (a,b), see (4.7)). We define the
map mx(A\): Lx X - X (A€ H) by

mx(N(a, f) = gaofoplign (a,beL, feX) (4.13)

For the definition of pp (A € H,b € L), see (7.2).

mx : L® X — X is a morphism of Sety. In addition, (X, mx) is a left
(L, m,n)-module.

We first show that mx : L ® X — X is a morphism of Sety. By the
definition,

A X mx ()\)(av f) :g(ak,mx(k)(%f))’
A rex (a, f) =(Aa) x f
=g(axra,f)

forall A\ € H,a € L, and f € X. From (4.12) and (4.13),

W mx (M) (o) (D) = (m

>
S
~— Q>
o
~
~—
=
>/
;
>q
L
3
—
=
3
—~
>
2
S~—"
S~—"
S~—"

for all b € L. Hence A -x mx(A)(a, f) = X rgx (a, f) for all A € H,a € L, and
f € X. We have thus proved that mx : L ® X — X is a morphism of Sety.
The next task is to show that (X, mx) is a left (L, m,n)-module; that is, mx
satisfies (3.10) and (4.9). We note that 2 = pd =1z, @) o = goﬁ\(()\a)b),
and p) o pp¢ = pi\((/\a)b) for all A € H and a,b € L. Hence it follows that
mx(N(a, f) = ¢y o folp)™

for all a,b € L, f € X. Consequently,

(mx(m®1x))(N)((a,0), F) =X (xayp) © F © (DA (rayp)
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=paowp®ofo(pm®) o)™
=mx(N)(a, 3" o fo (p*) ")
=(mx (1L ® mx)arrx)(N)((a,b), f)
for all A € H and a,b € L. Hence (4.9) holds.
Since 2, = p2, = 1p for all A € H, (mx(n® 1x))(A\)(e,f) = ¢, o fo

(p2,)"' = [ = ix(N)(e, f). Hence (3.10) holds. Therefore (X,mx) is a left
(L, m,n)-module.

Let (X, mx) be a left (A,m,n)-module in C. Weset Y = A® X.

Proposition 4.13. (Y, m%{") is a left (A, m,n)-module in C (For the definition
of miV, see (3.5)).

Proof. From the pentagon axiom (3.1), (3.5), and (4.1),

my(m @ 1y) =(m @ 1x)((m © 14) @ 1x))a5aax
=((m(1a ®@m)) ® 1x)(aaas ®1x)azgaax
=(m®@1x)azhx(1a® (me1x))(la ®azhx)aaay
:mgfiv(lA 4 mgﬁiv)aAAy.

In view of (3.18) and the fact that ly = (I4 ® 1x)a; 4y [13, Lemma X1.2.2],

miVnely) =(mo1x)(n®14) ® 1X)aj_,iX

=ly.
Hence (Y, mf"V) is a left (A, m,n)-module in C. O

Let (A,m,n,0) be a braided monoid in C and (X, mx) be a left (4, m,n)-
module in C. Weset Y = A® X.

Proposition 4.14. (Y,m$) is a left (A, m,n)-module in C (For the definition
of my, see (3.6)).

Proof. On account of the pentagon axiom (3.1), (3.6), (4.2), and (4.9),

m3-(1a ® my)aaay
=(1a ®@mx)asax (o ® Lx)azyx(1a ® ((1a ® mx)aaax))
(14 ® (0 @ Ix)a s x))aaay
=14 ® (mx(1a ® mx)))asay (o @ ly)a, sy
(14 ® (aaax (o @ 1x)a ki x))aaay
=(1a ® (mx(m ® 1x)azhx))asay (0 @ ly)ay
(14 @ (aaax (0 ® 1x)azay))aaay
=(1a ®@mx)aaax((1a @ m)asaa(c @ 1a)a (14 ®0)) @ 1x)

—1 —1
Aaapax(la®ayax)aaay

(1a @ mx)aaax((c(m®@1a)azl ) ® Ix)asheax(la @ ayhx)asay

(1a ®@mx)aaax (o ®1x)a,ly(m e ly)
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=m3y(m® ly).

By means of the triangle axiom (3.2), (3.6), (4.3), and the fact that Iy =
(la ® 1x)a; iy [13, Lemma XI1.2.2],

my(n® ly) =(1a @ mx)aaax (o @ 1x)a hx(n® ly)

(c®
1a®@mx)asax((0(n®14)) ® 1x)apix
(

14 ® (mx(n® 1X)))GAIX((7"A la) ® 1X)@1AX
=(1a ®Ix)aarx((ry'la) ® 1x)ajix

=ly.

=(
(
(1a®@mx)aaax((1a @n)ry'la) @ Ix)ag,x
(
(

Hence (Y, m§) is a left (A, m,n)-module. O

5 Left modules of twisted monoids

In this section, we discuss left modules of twisted monoids in tensor categories
(Ct. [8, Sections 5 and 8]).

Let C = (C,®,1,a,l,7) be a tensor category. For every braided monoid
(A,m,n,0) in C (Definition 4.2), we define two morphisms maga : (A® A) ®
(A A) > A® Aand naga : I > A® A by

maga =(m @ m)asgasalay, ®14)(la®0o) @ 14)
(@444 ® 1A)a 5 Ann' (5.1)
naga =@l (= nen)rrt). (5:2)
Proposition 5.1. (A® A, maga,Naga) is a monoid in C.

Proof. We prove only for the case that the associativity constraint a, the left
unit constraint [, and the right unit constraint r are all identities. In this case,
for example, maga = (M@M)(1a o @ 14).

Let us first show

maga(Naga ® laga) = laga = maga(laga @ Naga). (5.3)
From (3.18) and (4.3), we see that
Mmaga(Naga ® Laga)
=(me@m)(la®o®1a)(n®n® laga)
=mOm)(NR1a®1aga)(l; @ (c(n®14))®14)
=(la@m)(la®@(la®@n) ®1a)

=laga-

The rest of the equality in (5.3) can be proved similarly.
The next task is to show

Mmaga(Maga ® laga) = Mmaga(laga @ maga). (5.4)
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From (4.2),

MmagA(Maza @ laga)
=(me@m)(la®o®1a)((meom)(la®o®14)) ®laga)
=me@m)(1a® (c(m®14)) ®14)(M @ Llagagaza)(la ®0o @ lagaga)
=mem)(1a® (la@m)(c®1a)(la®0)) ®1a)(m @ lagagasa)
(1a®0® lagaga)
=((m(m® 14)) ® 1a)(lagaga ® (m(m @14)))(laga ® 0 @ laga)
(lagaca ® o ®14)(1a ® 0@ lagaga)- (5.5)

On account of (3.19) and (4.1),

RHS of (5.5)

=((m(la ®@m)) ® 14)(1agaga ® (m(1la ® m)))(laga ® 0 @ Llaga)
(Iagaea ® 0 ®14) (14 ® 0 @ lagaga)

=(m®14)(laga ®@ (M(la@m)))(1a®@(Mm®14)(1a®0)) ®@1aga)
(1a® (0 ®@14) ®1aga)(lagaga ® 0 @ 14).

=(m®14)(laga ® (m(1la ®m)))(1a ® (0(1la ®m)) ® 1aga)
(lagaga ®@o®@14)

=meom)(1a®c®14)(laga @ (M@ m)(1la®0o® 1a)))

=maga(laga ® maga)-
Hence (5.4) holds. O

Definition 5.2 (twisted monoid). We call the monoid (A® A, maga,Naga) in
Proposition 5.1 a twisted monoid, and denote it by A ® A.
tw

Let (X, mx) be a left (A, m,n)-module in C (for the definition of left modules
of monoids, see Definition 4.9). Weset Y = A® X.

Theorem 5.3. The followings are equivalent.

(1) Left (A, m,n)-modules (Y, my) satisfying (3.11) and (3.12). Here, miv is
the morphism defined by (3.5).
(2) Left A ® A-modules (Y,0y) satisfying

tw

mxby =mx(la @ mx)asax(laga ® mx), (5.6)

Oy (1a®n) ®1y) = (m @ 1x)azax (ra ® ly).
In addition, there is a bijection between (1) and (2).

Proof. Step 1. We assume that (Y, my) is a left (A4, m,n)-module satisfying
(3.11) and (3.12). Let us define the morphism 0y : (A® A)®@Y — Y of C by

Oy = m%ﬁiv(lA (2] my)aAAy. (5.8)
Our goal is to show that (Y,0y) is a left A ® A-module satistying (5.6) and
tw

(5.7).
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From (3.11), (4.9), and (5.8),

mx(la @ mx)asax(laga @ mx) =mx(1a ® (mx(la @ mx)))asay
—mX(lA ®@ mxmy)asay

=mx(1a ®@mx)(la ® my)asay
=mx(m® lx)aylx(1a @ my)asay
=mx0y.

Hence (5.6) holds.
Because of the triangle axiom (3.2), (5.8), and the fact that (Y, my) is a left
(A, m,n)-module,
Oy ((1a®@n) @ ly)
m® 1x)azax(1a @my)asay (1a ® 1) @ 1y)

m® lx)azsx(1a® (my(n®1y)))aary

(
( ) (
(m®ly)ayyx(la®ly)aary
(m® ly)aylyx(ra® ly).
Therefore (5.7) holds.

The next task is to show that (Y, 60y ) is a left A 1% A-module. We first prove

that

Oy (Naga @ 1y ) =ly. (5.9)

Here, naga4 is the morphism defined by (5.2). On account of (3.5), (3.18), (5.8),
and the fact that (Y, my) is a left (4, m,n)-module,

Oy (naga ® 1y)
=my" (1a @ my)aaay (n@n)ry') @ 1y)
=((m(n® 14)) ® 1x)apax (11 ® (my (n® 1y)))arry (17 @ 1y)
=(la®1x)aix (11 @ ly)amy (r;t @ 1y). (5.10)
From the triangle axiom (3.2) and the fact that ly = (Ia®1x)a; iy [13, Lemma
X1.2.2],

RHS of (5.10) = Iy (1; ®@ ly)arry (r; ' @ 1y)

=ly.
Hence (5.9) holds.
The next task is to show
Oy (maga @ ly) =0y (laga ® by )asagasgAay- (5.11)

Here, maga is the morphism defined by (5.1). From (3.12), (5.8), Proposition
4.13, and the fact that (Y, my) is a left (A4, m,n)-module,

Oy (laga ® Oy )aagaasay

triv

=¥ (14 @ my)aaay (laga @ (MY (14 @ my)aaay))aasaasay
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=mi¥V (14 ® (my (14 @ m{™)))assasy
(laga ® (L4 ® my)aaay))aagasg Ay

=my (14 @ (MY (1a @ my)aaay (0 ® ly)azay))aasaey
(laga ® (L4 @ my)aaay))aagaasay

=miY(1a @ mPV) (14 @ (1a ® (my (1a @ my)))) (14 ® aassey)
(14 ® (0 © Lagy))(1a © axhapy)0aaas(Asy)
(1aga ® aaay )aagaapAy

=m$(m @ ly)ayhy (14 ® (14 ® (my (m ® 1y)a; sy )))(1a ® aasasy)

(14 ® (0 ®@1agy))(1a ® a4 hagy)Tasas(4sy)
(laga ® aaay)aagaapay

=my (1a @ my ) (m @ Lagy)azhagy (1a © (14 ® (M ® ly)azhy)))
(14 ®aaaazy)(1a ® (0 @ Lagy))(1a ® a4k aey )0ase(asy)

(laga ® asay)aagaagay - (5.12)
On account of the pentagon axiom (3.1),

RHS of (5.12)

=0y a,ay (M@ 1aey)a sy (14 © (14 @ (M@ 1y)ayyy)))
(14 ® aaaaey)(14 @ (0 @ Lagy)) (14 ® a4 4 40y )@aaas(AsY)
(1aga ® axay )aagaapAy

=0y ((m ®m) @ IY)QZ;@AA(@AYGZ}A(A@A)@YGA ® (1a®ayyy))
(1a®aaaagy)(la® (0 ®@1agy))(1a ® a2}4A®y)aAAA®(A®Y)
(laga ® aaay )aagAapAy

=0y ((m@m)asgana(azss ©1a)(1a®0) @ 14)) @ 1y)
(@444 ®1a)azga04) ® 1y)

=by (maga @ ly).

Hence (5.11) holds. Therefore (Y, 0y ) is a left A ® A-module.

tw

Step 2. Conversely, we assume that (Y, 0y ) is a left A ® A-module satisfying
(5.6) and (5.7). Let us define the morphism my : A ® Y —> Y of C by

my =0y (n®1a)I3") ® 1y). (5.13)

Our task is to show that (Y, my) is a left (A, m,n)-module satisfying (3.11) and
(3.12).
From (3.10), (5.6), (5.13), and the fact that ly = (la®1x)a;;x [13, Lemma
X1.2.2],
mxmy =mx0y (((n® lA)lzl) ® ly)
=mx(1a @ mx)aaax(laga @mx)((n® 14)I}") @ 1y)
=mx(n®1x)(lr @ mx)ly (14 @ mx)
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me(lA ® mx).

Hence (3.11) holds.
We next prove (3.12). We note that, by means of (3.5) and (5.7),

m§Y =(m @ 1x)az,x

=0y ((La @n)ry") ® 1y). (5.14)

By means of (3.18), (5.1), (5.13), (5.14), and the fact that 0y is a left A ® A-
tw

module, we deduce that

mY(lA ® mter)
=0y (n@ 1)) @ Iy)(1a ® (Oy (Ta @ )ry") @ 1y)))
=0y (laga @ 0y)(n®@14)13") @ (La @ n)ry') @ 1y))
=0y (Maga @ 1y)azpangay (1@ 12)I151) @ (La @ n)ry') @ 1y))
=0y (M ®@m)aapanalazsy ®14)(1a® o) ®14)) @ 1y)
(((aaaa ® lA)aA®AAA) & 1Y)aA®AA®AY
(@ 1))@ (La@n)ry") @ 1y))
=0y ((m(n®14)) ® (m(1a ®n)))argaar(aziy @ 11)((11 @ 0) © 17) @ ly)
(((araa ®10)azgaar) © Iv)argangry (la' ® (ry' @ 1y))
=0y ((La @ ra)arpaar(azis © 1)(11 @ 0) ® 17)) @ 1y)
(((araa ® 11)a1®AAI) & 1Y)a1®AA®IY(lzl & (7"21 ® 1y))
=y (o ® 1y)az}4y.

On account of (5.13), (5.14), and the fact that 0y is a left A ® A-module,
tw

mtrlv(

1o @ my)aaay (o ® ly)ayhy

=0y (La®@n)ry") @ Iy)(1a ® Oy (n® 14)l13") ® 1y)))
asay (0 ® 1y)aghy

=0y (1aga @ Oy)((1a @ n)ry")
(1a® (n@1a)l3") © 1y))aaay (0 @ Iy)ay sy

=0y (Maga @ 1y)assanpay (1a @)y © Lagaey)
(La @ (@ 1a)l3") ® 1y))anay (0 ® ly)ahy- (5.15)

® Laga)ey)

From (4.3) and (5.1),

RHS of (5.15)
=0y (m ®@ m)aagana(azy, ®1a)(1a®0) @ 14)) ® 1y)
(((GAAA ® 1A)aA®AAA) ® 1Y)@A®AA®AY((1A ®@n) ® lagaey )
(ra! © Liagayey)(1a @ (n®@14)l4") @ 1y))asay (0 @ 1y )ayyy
=0y ((1a ® m)aaaa) ® 1y)((m @ 1a)ays,) ©1a) @ 1y)
(1a® (o(n®14)) @14) @ 1y )(((aara ® 1a)a s a4) @ 1y)
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aasraeay (T © Lagaey)(la @ (n@14)15") © 1y))
apsay(o® ly)a;hlw
=0y ((1a @ m)aaaa) @ 1y) (Mm@ 1a)azh,) ® 14) @ 1y)
(La® ((ta @n)ratla)) @ 1a) @ 1y)(((aara @ 1a)aggraa) © 1y)
Waprapay(Ta © Lasaey)(1a @ (n@14)15") © 1y))
aaay (0 ® ly)ayay
=0y (14 ® (m(n©@14))) @ 1y)(aara @ 1y) (M @ 11)ayy,) ® 14) @ 1y)
(La®@r3'a) ®@14) @ 1y)(((aara ® 1a)azgraa) @ 1y)
Waerasay (T2 ® Lagaey)(la® (n®14)151) @ 1y))
aaay (0@ ly)ayhy - (5.16)
By means of the triangle axiom (3.2), (3.18), and the fact that rjg, =
ayl;(1a®ryt) [13, Lemma XI1.2.2],
RHS of (5.16)
=0y (14 @ 14) ® 1y)(aara ® 1y) (M@ 1r)azh,) © 1a) @ 1y)
(La®@ry'la) ®1a) @ 1y)(((aara ® 1a)a b 44) @ 1y)
Wasrapay(Ta © Lagaey)(la @ (n@14)15") © 1y))
asay(0® ly)a;‘iy
=0y ((ra®1a)®1ly)(((m® 11)7;@1914) ®R14)1y)((ra®la)®14)® 1y)
(@agraa @ 1v)aagragay (T2’ @ lagaysy)
(1a @ ((n©14)l13") @ 1y))aaay (0 ®@ 1y)ayay
=0y (m(1a ©1)) © 14) ® Ly )(a374 ® Ly )asreay (1a ® (13" @ 1y))
aaay (0@ ly)ayay
=0y ((ra®1a) © ly)(az14 © Iy)aargay (1a © (I3 ® 1y))
aaay (0@ ly)ayay
=by (o ® 1y)a;}4y.
We thus proved (3.12).

The next task is to show that (Y, my) is a left (4, m,n)-module. From (5.2),
(5.13), and the fact that (Y,0y) is a left A ® A-module,
tw

my (n® ly) =0y (n® 14)I3") @ 1y )(n® 1y)
=0y (Naga ® ly)
=ly.

We next show that
my(m®ly)=my(la @ my)asay.

From (5.13) and the fact that l;wl@A =araa(ly' ®14) [13, Lemma XI1.2.2],

my(m X 1y)
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(@14 @ 1y)(m e ly)

n®14) @1y) (1 @m) @ 1y ) (I 5, © 1y)
n®@m)®ly)((araa(ly' ®14)) @ 1y)

n®@m)®ly)(aras ® 1y )((liga @ 14) ® 1y)

((lAl ®1,") @1y )a hyasay. (5.17)

On account of the triangle axiom (3.2), (3.18), and the fact that raga = (14 ®
ra)aaar [13, Lemma XI1.2.2],

_0Y
=0y

Y

—~ o~

(
(
(
(

Y

RHS of (5.17)

=0y (n®m) ® ly)(araa ® 1y)(((rrga ® 1a)azgar4) @ ly)
argarpay (s ® (3" ®1y))aaay

=0y ((1a ®@m) @ 1y )(aaaa ® 1y)((((ra ® La)ay;,) ©14) ® 1y)
(La®I;") ®14) @ 1y)(((1a ® ra)asar) ® 14) @ 1y)
(@agara @ Iv)azg argay (0 ©14)157) ® (13" @ 1y))aaay

=y (1a®@m) ® 1ly)(aaaa ® 1y )((m(1a ®n)) @ 14) ® 14) ® 1y)
((aa74®14) @ 1y)(1a®14'ra) ®14) ® 1y)((aaa7 ©® 14) ® 1y)
(@apara @ 1¥)aagareay (M@ 14)15") @ (13" ®@ 1y))asay

=0y (14 ®m) ® 1y)(aaaa ® 1y) (Mm@ 1a)a l,) @ 14) @ 1y)
(La® ((n®1a)l5'74)) © 1a) @ 1y)((aaar ® 14) ® Ly)
(@agara @ Iv)azg argay (0@ 14)1570) @ (14" @ 1y))aaay.  (5.18)

Because of (3.20), (5.1), (5.13), and the fact that (Y, 0y ) is a left Ag%A—module,

RHS of (5.18)
=0y (1a ®@m) @ 1y)(aaa4 @ ly)((m @ 1a)ayh4) © 1a) @ 1y)
(1a® (0(la®@n)) ®14) @ 1y)((anar ® 14) ® 1y)
Ce: ®AIA ® IY)aZé@AIQ@AY(((n ®@1a)l;") @ (I @ 1y))aaay
=0y ((m @m)asgana) @ ly)(aza4 ©14) © 1y)(1a @ 0) @ 14) ® 1y)
(@424 ®1a)asgaa4) @ 1y)aagaagay (M®14)14") @ Laga)ey)
(1a® (n®14)13") @ 1y))aaay
=0y (maga @ 1y)azg 4454y (M@ 12)15") @ lapa)ey)
(la® (n®1a)l3") @ 1y))asay
=0y (lawa @ Oy)(n®14)15") @ Laga)oy)
(la® (n®1a)l3") @ 1y))aay
=0y (n© 1)) @ 1y)(1a ® Oy (n®1a)l3") @ 1y)))aaay
=my (14 ® my)asay.
Therefore (Y, my) is a left (A4, m,n)-module in C.

Step 3. From now on, we prove that the correspondence between the previous
steps 1 and 2 is bijective. Let (Y, my ) be a left (A, m,n)-module in C satisfying
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(3.11) and (3.12). We write 8y = miV(14 ® my )asay. From (3.5), (3.18) and
the fact that [;5, = aray (15" ® ly) [13, Lemma XI.2.2],

Oy ((n@1a)13") © 1y)
=my" (14 @ my)aaay (0 ® 1a)l3") @ 1y)
=((m(n®14)) @ 1x)apax (1r @ my)l gy
=((mn@14)13") ® 1x)my
=my.
Conversely, let (Y, 0y) be a left AS‘%A-module satisfying (5.6) and (5.7). We

write my = Oy ((n®14)l3") ®1y). From (3.5), (5.7), and the fact that (Y, 6y)
is a left A ® A-module,
tw

my¥Y (1a ® my)aaay

=0y (La@n)ry") @1y)(1a @ Oy (n© 14)I5") © 1y)))aaay
=0y (1aga @ Oy)(1a @n)ry") @ (n@1a)l;") @ 1y))asay
=0y (Mapa @ 1y)a g asgay (La@n)ry") @ (n©14)l5") © 1y))aaay.
(5.19)
On account of (4.3) and (5.1),

RHS of (5.19)
=0y (Mm@ m)aaganalazsy ®14)(1a®o)®14)) @ 1y)
(((aaaa ®1a)az5a44) © 1v)aa5 anpay
(La@n)ryh) @ (@ 1a)l3") © 1y))aaay
=0y ((1a @m)asaa) @ Iy) (M ® 1a)agh,) © 1a) @ 1y)
(1a®(c(n®14)) ®1a) ®1y)((aara ® 14) ® 1y)
(@araa © W)axsrapay (s’ @ (1©14)13") @ 1y))aaay
=0y ((1a @m)asaa) @ Iy) (M ® 1a)agh,) © 1a) © 1y)
(La® (La®@n)rtla) © 1a) © 1y)((aara © 1) ® 1y)
Waeran @ 1v)aagrasay (a © (0@ 14)I15") @ 1y))aaay
=0y (14 ® (m(n®14))) @1y )(aara @ 1y ) (Mm@ 1) @ 14) ® 1y)
((a44; ®14) @ 1y)(1a @74 1a) ® 14) @ 1y)((aa14 ® 14) ® 1y)
(@agraa @ Iv)aagagay (ra @ (M@ 14)I5Y) @ 1y))asay.  (5.20)
Because of the triangle axiom (3.2), (3.18), and the fact that rZéA =ayy;(1a®
;') [13, Lemma XI1.2.2],
RHS of (5.20)
=0y (14 ®14) ® 1y )(aara @ Iy) (Mm@ 1) @ 14) @ 1y)((a}y; ® 14) @ 1y)
(la@ry'la) @14) ® 1y)((aara ®14) @ 1y)

(Aapran ® 1Y)a2@13>1A®AY(7“21 ® (n®14)l3") ® 1y))aaay

37



=0y (ra®14) @ 1y)(m®@ 1) ®14) ® 1y)((rips ® 14) ® 1y)
(ra®1a) ®1a)angraa) © Iy)axsragay
(ra' © (ne1a)ly") © 1y))aaay
=0y (m(1a©n) ©14) @ 1y )(az14 @ 1y)as gay (14 ® (13" @ 1y))aaay
=0y ((ra®14) ® 1y )(a 5, ® 1Y)aAI®AY(1A ® (13" ® 1y))aaay
=0y ((la®la)® 1Y)aAI®AY(1A ® (lA ® ly))asay
=0y .

We conclude the claim. O

6 Main result

In this section, we state our main result on the construction of dynamical re-
flection maps [23, 24]. We will prove it in Section 7.
Let (L, -, er,) be aleft quasigroup with a unit (for the definition, see Definition
4.4). We write H = L. By the definition, it is easily seen that (L,-) € Sety.
Let G be a group isomorphic to L as sets, and we denote by 7 the bijection
map. We define the morphism ¢ : L® L — L ® L of Sety by (4.7).

Proposition 6.1. o is an isomorphism in Sety.
Proof. (Cf. [23, Proposition 5.1]) We define amap o' : L® L — L ® L by
o (N)(a,0) = (A\¢, e\((Aa)b)), (6.1)

which is the inverse of o. Here, ¢ = 7~ (7((Aa)b)m(Aa) 17 ()\)). From (4.7) and
(6.1),

(e~ o) (N)(a,b)
= AT (w7 (Aa) " r((Aa)b)), 7 (r(N)7(Aa) T r((Aa)b))\((Aa)b))
=W\ (7 ((Aa)b) (r(N)7(Aa) " ((Aa)b) T 7 (N)),
7 (a((Aa)d) (m(A)m(Aa) " r((Aa)b) " (M) \((Aa)b))
=M\ (a), (Aa)\((Aa)b))
(a,b)
for all A € H and a,b € L. In the same way, we can show oo~ ! = 1pg.
Therefore ¢ is an isomorphism in Sety. O

We define the morphisms m : L& L — L and n: I — L of Sety by (4.8).
From Proposition 4.8, (L, m,n, o) is a braided monoid. In addition,

Proposition 6.2. (1) mo = m.
(2) The map L 3 b— m(\)(a,b) € L is injective for all \ € H and a € L.

Proof. (1) From (4.8) and the fact that L is a left quasigroup,

(mo)(A)(a,b)
:m()‘) (6)\(@) b>7 X (a’7 b))
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=M\ ((A&x(a, 0))((Aéx(a, b))\ ((Aa)b)))

=X\((Aa)b)

=m(A)(a,b)
for A € H and a,b € L. Hence mo = m.
(2) We assume that m(\)(a,b) = m(\)(a,b’) (A € H,a,b,b’ € L). This is
equivalent to A\((Aa)b) = A\((Aa)b’). Since L is a left quasigroup, this is also

equivalent to b = V’. Therefore the map L 3 b +— m(A)(a,b) = A\((Aa)b) € L is
injective for all A € H and a € L. O

Let (X, mx) be a left (L, m,n)-module in Sety. Weset Y = L@ X € Sety.
Let Ao denote the unique element of L such that the element 7()\g) is the unit
of the group G.

The following theorem is our main result.

Theorem 6.3. The followings are equivalent.

(1) Left (L, m,n)-modules (Y, my) in Sety satisfying (3.11), (3.12) and (3.21).
For the definitions of misY and m$, see (3.5) and (3.6).

(2) Families of group homomorphisms {f} : G — G |z € X}.

In addition, there is a bijection between (1) and (2).

We have constructed the braided monoid (L, m,n, o), where o is an isomor-
phism satisfying the braid relation (3.3) (Propositions 4.7, 4.8, and 6.1). In view
of Propositions 3.5, 3.7, 6.2, and Theorem 6.3, we have a way to construct the
dynamical reflection map k: L® X - L ® X € Sety (3.7) in Theorem 3.8.

In the next section, we will give the proof of Theorem 6.3.

7 Proof of main result

In this section, our main result, Theorem 6.3, will be proved in several steps
(Cf. [8, Section 8]).

Let L = (L,-,er) be a left quasigroup with a unit (For the definition, see
Definition 4.4). We set H = L. As mentioned in Section 4, we can construct a
braided monoid (L, m,n, o) in Sety (see (4.7), (4.8), and Proposition 4.8).

Notation. For A € H,a,b € L, we denote by a N b and pp(a) € L the elements:

a b= M7t r(Aa)m(N) e (Ab)); (7.1)
pp(a) = N\~ (m((Ab)a)m (AD) ~mr(N). (7.2)

For A € H, let «* denote the map from L to L x L defined by
Ma) = (a,(Ma)\N) (a € L). (7.3)

Then
MAMa) = (Aa)((Aa)\N) = A (7.4)

holds for all A € H and a € L.
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7.1 Preliminaries
Let (X,mx) be a left (L, m,n)-module and set Y = L ® X.
Lemma 7.1. For \€ H and a,b € L,
mrer(\)(* (), (b)) =1 (a ; b), (7.5)
mrerL(N)((b,er), ™ () =mrer(N)( (05 (a), (b eL)). (7.6)
Here, mpgy is the morphism defined by (5.1).
Proof. By means of (4.7), (5.1), and (7.3),

mrer(A) (e (a),} (b))
A), (b; (AD)\N))
A, b))? m(()‘a)gx\a((Aa)\Av b))(n)\a(()‘a>\)‘7 b), ()‘b)\)‘)(?7 7

forall A € H and a,b € L. From (4.8), (7.1), and the fact that ((Aa)&xa((Aa)\A,
b))nxa((Aa)\A, b) = Ab,
RHS of (7.7)
=AM\ ((Aa)8xa((Aa)\A, b)), (Aa)Exa((Aa)\A, b))\ ((AB)((AD)\A)))
=A\\7 Hr(Aa)r(\)"tr (b)), 7 (r(Aa)T(A) TEr(Ab))\ M)
A
="(a N b).
Hence (7.5) holds.
We next show (7.6). Because of (4.7), (4.8), and (5.1),
LHS of (7.6)

=mrer(A)((b,er), (a, (Ab)a)\(AD)))

=(mA) (b, Ex (e, a)), m((Ab)éxs(er, a)) (mav(er, a), (Ab)a)\(AD)))
=A\((A)éxs (e, a)), (AD)Exp(er, a))\(AD))

=(A\((Ab)a), (Ab)a)\(Ab))

for all A\ € H and a,b € L. Similarly, by means of (4.7), (4.8), (5.1), (7.2), and
(7.3),

RHS of (7.6)
(95 (@), (A3 (a))\N), (b, eL))
@), €xp (a) (A03 (@) \X, b)),

m((A5 (@)€xp (a) (A2 (@) \X, 0)) (133 () (A5 (@) \A, ), e1))
(A3 (a))€xp (@) (A5 (@)\A, ), (A5 (@) pa () (N (@) \, D))\ (AD))
(N7~ ((App (@) (N) " (AB)), = (m(Apiy (a))r ()~ (AB)\ (AD))
(A\((Ab)a), (Ab)a)\(AD))

for all A € H and a,b € L. Therefore (7.6) holds. O

(7.
=mreL(A)(
=(m(X)(pp (
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Lemma 7.2. For every A\ € H, the map F*» : (L x L) x (L x L) xY) —
(Lx L)x ((LxL)xY) defined as follows is bijective: for any a,b,c,d, f € L
and x € X,

F*((a,b), ((c,d), (f,2)))
=(mreor(M\)((a,eL), A (1)), (mror(Aa)((e ), 29(d)),
(f; mx ((Aa)e) F)(((Aa)e) I (Aa)e), x))))- (7.8)

Proof. For every A\ € H, we define the map G* : (L x L) x (L x L) x Y) —
(LxL)x ((LxL)xY) by

G*((a,b), ((c,d), (f,2)))
=((A\((Aa)d), (Aa)p)\(Aa)), (((Aa)D\((((Aa)b)c)d),
((((Aa)p)e)d)\(((Aa)b)c)), (f, mx (((Aa)b)c)d)(f, )))) (7.9)

for a,b,c,d, f € L, and € X. Then G* is the inverse of F*. We only show
that G* o F* is the identity map.

From (4.7), (4.8), (5.1), (7.8), (7.9), and the fact that (X,mx) is a left
(L, m,n)-module,

(G* o FY)((a,0), ((c,d), (f,2)))
=G (mrer(N\)((a,e1), (), (mrgr(Aa)((e,er), . 2(a)),
(f; mx ((Aa)e) F)(((Aa)e) I ((Aa)e), x))))
=G*((m(AN)(a, éxaer, b)), m((Aa)éraler, b)) (aler, b), (Aa)b)\(Aa))),
((m(Aa)(e,€aaye(ers d)), m(((Aa)e)Enare(er, )
(N(aeler, d) (((Aa)e)d)\((Aa)e))),
(f; mx (((Aa)e) F)((((Aa)e) VA
=G (A ((Aa)b), (Aa)b)\(Aa)), (((A
(f; mx ((Aa)e) /) (((Aa)e) HIN((
=((M\(Aa), (Aa)\((Aa)b)), ((Aa
(f; mx ((Aa)e)(f, mx (((A
=((a,0), ((¢,d), (f; mx ((Aa)e
=((a,0), ((¢,d), (f, mx ((Aa)e
=((a,0), (¢, d), (f,2)))-

Hence G* o F* is the identity map. O

('U

mm

¢),x))))
a)\(((Aa)e)d), ((Aa)e)d)\((Aa)e)),
Aa)c), x)))

N\((Aa)e), (Aa)e)\((Aa)c)d)),
a)e) f)((((Aa)e) )N (Aa)e), x)))))
)(Aa)e)\((Aa)e), 2))))
) )

€L7x) )

a)
((Aa)\
(

—~~

) X(

33

H

7.2 Stepl
We proceed to prove Theorem 6.3.

Proposition 7.3. The following conditions are equivalent.
(1) Left L ® L-modules (Y, 0y) satisfying (5.6) and (5.7) (For the definition of
tw

L ® L, see Definition 5.2).
tw
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A
(2) Elements adb € L (A € H,a,b € L,z € X) satisfying

MWL) =@ O O\ (7.10)
(a N b)gc = ag(bgc), (7.11)
eLﬁb =b (7.12)

x

forall € Hya,b,c€ L, and x € X.
In addition, there is a bijection between (1) and (2).

Remark 7.4. We recall that left L ® L-modules (Y, 6y ) in (1) are equivalent to
tw
left (L, m,n)-modules (Y, my) satisfying (3.11) and (3.12) (see Theorem 5.3).

7.3 Proof of Proposition 7.3
7.3.1 We first deduce (2) from (1). Let (Y, 0y ) be a left L ® L-module satisfying
tw
A
(5.6) and (5.7). We define aldb € L (A € H,a,b € L,z € X) by the first
component of 8y (\)(t*(a), (b, mx (Ab)((AD)\\, ))).
Lemma 7.5. For A€ H,a,b,ce L, and z € X,
Oy (\)(M(a), (b, mX(Ab)((/\b)\/\ z)))
A A
=(alJb, mx (A(alb))((A(al) ))\/\ z)), (7.13)
(((Ab)e

Oy (A)((b,er), (e, mx ((A ) )(((AD)e)\(AD), x)))
=(A\((Ab)c), mx ((AD)e) (((Ab))\A, mx (A) (b, x))). (7.14)
Proof of Lemma 7.5. We first show (7.13). Let us define y € X by the second

component of Oy (A)(¢(a), (b, mx (Ab)((Ab)\\, x))). From (4.8), (5.6), (7.4), and
the fact that (X, mx) is a left (L, m,n)-module,

(mx0y)(N) (1A (a), (b, mx (Ab)(Ab)\X, z)))
=(mx (1 @ mx)arrx(1eer ® mx))(A) (@ (a), (b, mx (A) (AD)\A, z)))
=(mx (1, @ mx)arrx)(A) (@), mx (A (a)) (b, mx (Ab)(AD)\A, z)))
=(mx (1, @ mx)arrx)(A) (@), mx (A) (b, mx (Ab)(AD)\A, z)))
=(mx(1p @ mx)arrx)(N) (M), (mx (1 @ mx))(A) (b, (Ab)\, 2)))
=(mx (1 @ mx)arrx)(N) (A (@), (mx (m @ 1x)az ] ) (A)(b, (Ab)\A, 2)))
=(mx (1 @ mx)arrx)(N)(Ma), mx(N)(er,z))
=(mx (1 @ mx)arrx)(N)(*(a), )
=(mx(m ® 1x))(A)((a, (Aa)\N), )

mx(A)(er,z)

x.
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A
By the definition of y, we have x = mx(A)(aldb,y). Because of (4.8) and the
fact that (X, mx) is a left (L, m,n)-module,

y =mx (\allb))(ez.v)
= (A(aLJh)) (MaDb)\ (A(alb)), )
~(mx(m @ L)a ) N@DB) (MGZB)\A, (a8, 1)
~(mx (L2 ® mx))A@ED)(AED)\A, (aCb, )
= (@) (@I \N, mx () (o, )
3 (\@Z8) (A(aLb)\ A, o)

Hence (7.13) holds.
We next show (7.14). From (4.8) and (5.7),

Oy (A)((b; eL), (¢, mx (Ab)e) ((AD)e)\(AD), z)))
(Oy (1L ®@ 1) @ 1y))(A)((b, @), (e, mx ((Ab)e) (((Ab)e)\A, mx (A) (b, 2))))
(m® 1x)azzx(rp @ 1y))N)((b, ), (e, mx (Ab)e) ((Ab)e)\ X, mx (A) (b, 2))))
(m(A)(b; ¢), mx ((AD)e) (AD)e)\A, mx (A) (b, 2)))

(A\((AB)e), mx (AB)e) (((A))\A, mx (A) (b, 2)))-

Hence (7.14) holds. O

Now, we show (7.10), (7.11), and (7.12). To prove (7.10), we focus on the

element

Oy (M) (mrer(M)( (05 (), (b er)), (e;mx ((Ab)e) (Ab)e)\(Ab), 2)))
(A€ H,a,b,ce L,z € X).

On account of (7.6), (7.13), and the fact that (Y,0y) is a left L ® L-module,
tw

Oy (V) (m1er (N (ph(a )) (b;er)), (e, mx ((Ab)c)(((A))\(AD), x)))
)

)
=0y (\)(mzor(M)((beL),
)
)

=

=
s}

=

=0y (1rer ® Oy )arerrery ) (A

(e, mx ((Ab)e) (((A))\ (A ),fﬂ)))
=0y (A)((b, ), Oy (A0)(**(a), (¢, mx (AD)e) ((Ab)e)\(AD), 2))))

—ty () ((b. 1), (alle mx (WD) (@) (D) (LI)\ W) ). (7.15)

From (7.14), the first component of the right-hand-side of (7.15) is

M((Ab)(alle)).
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Because of (7.4), (7.14), and the fact that (Y,0y) is a left L ® L-module,

tw

Oy () (mrer(N) (X (py (@), (b,er)), (¢, mx (Ab)e) (Ab)e)\(AD), 2)))
=(Oy (11oL ® Oy )areLoLy)(N) (N (p; (a), (b eL)),
(¢;mx ((AD)e)(((Ab)e)\(AD), z)))
=0y (M) (M (pp (@), Oy (N)((b, e1), (¢, mx (Ab)e) ((Ab)e)\ (D), @))))
=0y (M) (M (py (@), A\((Ab)e), mx (Ab)e) ((Ab)e)\X, mx (A)(b,x)))).  (7.16)

By the definition, the first component of the right-hand-side of (7.16) is

A O (AN

mx()\)(b x)

Hence (7.10) holds.
From (7.4), (7.5), (7.13), and the fact that (Y,0y) is a left L ® L-module,
tw

(aD(b0c), mx (M@0 (M@ BE))\A, )

6y (@), (b, mx (D) (AE)\ N, )
)

() (

(N (@), Oy (N (), (e, mx (M) (Ae)\A, 2))))
=(0y (1rer ® Oy)(N)((a), (A (b), (¢, mx (M) (Ac)\X, 2))))

=(0y (mror @ 1y)argr1ery) N (@), (12 (0), (¢, mx (Ac)(A)\A, 2))))
=0y (\)(mzor(N)(*(a), } (b)), (¢, mx
=0y (M) (a; b), (e;mx (A (A)\\

=0y

) ((Ae)\A, z)))
)
A

=((a ), mx (A((a D) (A(a ; D)\, ).

(A
)

for A € H,a,b,c € L, and x € X. Comparing the first components, we deduce
that (7.11) holds.

The next task is to show (7.12). From (5.2), (7.3), (7.13), and the fact that
(Y,0y) is aleft L 1(38) L-module,

(e280,mx (e E) (Aer D0)\\, )
0y () (en)s (b mx BB\ N, )
=0y (N)((er, er), (b, mx (Ab)((Ab)\, z)))
(B (1. Ly ) (N)(w, (5. mx () ()\A, )
L5 (N) (0, (5, mx () (N)\A, )
(. mx (WD) (AD)\.2))

Comparing the first components, we see that (7.12) holds.

A
7.3.2 We next deduce (1) from (2). Let aldb (A € H,a,b € L,x € X) be
elements of L satisfying (7.10), (7.11), and (7.12) for all A € H,a,b,c € L, and
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x € X. For every A\ € H, we define the map 0y (\) : (L x L) XY — Y by

Oy (M) ((a,b), (¢, ) = (A\d, mx (d)(d\((Aa)b), mx ((Aa)b)(c,x)))  (7.17)
(a,b,ce L,z € X).

Here, d= (()\a)b)((((Aa)b)\(Aa))mx((,\)\‘ai)bl;(c,ac)C).

The morphism 0y : (L® L) ® Y — Y defined by (7.17) is a morphism of
Sety. In fact, because of the fact that my is a morphism of Sety,

Ay (M) ((a,0), (¢, x)) =dmx (d)(d\(((Aa)b)c), )
=(d(d\(((Aa)b)c)))x
=(((Aa)b)e)z

=A((a,b), (¢, 2))

for A\ € H,a,b,ce L, and z € X.
Lemma 7.6. For A€ H,a,b,f € L, andx € X,

By () (mpsn (N (@), (b e)). (fmx (AB)F)((AD) F)\(AD), )))
~(a 0 VOO mx(Ma 5 A\NODH))

mx(/\)( (/\)(b )

(Ma ﬁ D)D), 2). (7.18)

mx (A)(b,z)

Proof. From (4.7), (4.8), (5.1), (7.3), (7.17), and the fact that (X,mx) is a
(L, m,n)-module,

LHS of (7.18)

=0y (A ((m(X) (@, Exa((Aa)\A, b)), m((Aa)éra((Aa)\A, D)) (ra((Aa)\A, ), eL)),
(f; mx ((AB) £)(((AD) F)\(AD), 2)))

=ty (M)A 7~ (w(Aa)m () "I r(Ab)), 7~ (m(Aa)m(A) "' (AD))\(AD)),
(f; mx (AD) F)(((A) )\(AD), 7))

b

=(A\s, mx (s)(s\(Ab), mx (A) (f, mx (AD) £) (((AD)F)\(AD), 2))))
=(Ms,mx (s)(s\((Ab) £), mx ((AD) ) (((AD) F)\(A), )))
=(A\s,mx(s)(s\(\b),x)). (7.19)

Ab

0 f)
max (D) (Fmx (D)D) (WD) \(Ab))
Ab
=(AD)((A)\7 ™ ((Aa)m(A) " m(Ab)) DS ).

On account of (7.2) and (7.10),

s =(Ab)((A)\7 ™ ((Aa)w(A) "' (AD)))

A\s :A\((/\b)(((kb)\ﬂ’l(W(Aa)ﬂ(/\)’lﬂ(kb)))zﬂbf)
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—1 — A
=0y (A)\7~" (r(Aa)m()) 17r(/\b)))mx(AD)(b,%)(A\((/\b)f))

—(\(Aa) ﬁ)( A\(D) 1)

mx (A)(b,x)

—a O O,

mx (A)(b,x)
Consequently,

RHS of (7.19)
=(AMs, mx (A(M\8)) (MA\s))\(Ab), z))

@ O ONOB)mxA@ D OO

mx (A)(b,x) mx (A)(b,x)

(e D DN, ).

mx ()\)(b z)
Therefore (7.18) holds. O

Now, we show that (Y,f0y) is a left L ® L-module. On account of (5.2),
(7.12), (7.17), and the fact that (X, mx) is a 2 left (L, m,n)-module,

Oy (NLer @ 1y )(A)(e, (¢, x))
=0y (M) ((er,er), (¢, x))
—O\O\er, O o))mx(Aes

mx (A)(c,x) mX(AD)(C@)C))
A
(ew, 8 Dmx(N(ea)
(A (Ac), mx (A)((Ac)\A, mx (N)(c, z)))
(e, mx(Ac)(er, z))
(c;x)
Ly (A)(e, (c,2))
for A€ H,c€ L, and x € X. Hence we have Oy (n.gr ® 1y) = ly.
We next show by (1rgr ® 0y) = Oy (mrgr ® 1y)a£éLL®Ly. From Lemma
7.2, our goal is to show
(Oy (1oL @ Oy)) (V) (FX((a,b), (¢, d), (f,2))))
=(Oy (mrer © 1v)argrreny) (N (EF((a,0), (e, d), (f,2)))) (7.20)

for A\ € H,a,b,c,d, f € L, and z € X.
Because of (7.4), (7.6), (7.8), and the fact that L ® L is a monoid,

tw

A

RHS of (7.20)
=y (mrer @ 1y)argrrery) M) (mrer(M)((a, er),
(mrer(Aa)((c,er), X(d)), (f, mx ((Aa)e) f)(
=(Oy (mrer(mrer ® 1rer)) @ 1y ) (A (((( (02 (b)

(b)),
(((Aa)e) H\((Aa)e), x))))
), (a,er)),
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mrern(Aa)((p2(d))), (¢,er))), (f; mx ((Aa)e) H(((Aa)e) FH\((Aa)e), x)))
=0y (mror(lrer ® misr)arsrierier) @ 1y) M) (M (pa(0). (a,er)),

mrer(Aa)((p2(d))), (¢,er))), (f; mx ((Aa)e) )(((Aa)e) FH\((Aa)e), )
=0y (A)(mrer(\) (0 (02 (b)),

(mrer(lrer ® mier))(N)((a,eL), (X (2 (d)), (¢ er)))),

(f; mx ((Aa)e) F)(((Aa)e) H\((Aa)e), 2)))

=0y (A)(mrer () (0 (02 (b)),

(mrer(misr @ lier)arsrrerres) M ((a er), (*(p2*(d)), (c.er))),

(f; mx ((Aa)e) /) (((Aa)e) HHN((Aa)e), x)))
=0y (N (mrer (V) (o2 (),

mrer(\)(mrer(N)((a er), P (p2%(d))). (c,

(f; mx ((Aa)e) /) (((Aa)e) HHN((Aa)e), x)))
=0y (M) (mrer (V) (0 (02(0), mrer (V) (mrer (N (03 (02°(d)). (a.eL)),

(¢,er))), (f, mx ((Aa)e) F)((Aa)e) FH\((Aa)e), 2))). (7.21)
On account of (4.7), (4.8), (5.1), (7.4), (7.5), and the fact that L%L is a monoid,

¢ en))),

H

(L (P2 (0), mreorL A\ (mLen (N (A (o2 (p2°(d))), (a,er)), (¢er)))
(P (pa (), (mreL(mier @ 1eL))(A)
po(d))), (a,er)), (cer))
=mror(N) (NP2 (), (mrer(lier @ migL)arsrierien)(A)
2(d)) (

)
)
a
)
(M (pa(p2*(d))), (a,e1)), (¢ er))
)
)
(
)

mL®L()\ L
=mreL(A

(*(p

L

L

L
=mreL(X) (03 (0), mLoL(A) (W (s (02 (d)
o (b A

(( (M) A
=mreL (M) (oo (0), mLer (A (oa (02"

(m(A)(a, Exaler, ), m((Aa)éxaler, c)
=mrer(N) (M (e (0), mrer(V) (P (os (02

=(mrerL(mier ® 1uer)arsrerien)(N)

(P (2 (), M2 (p2%(d)))), A\ ((Aa)e), er)))
=mren(A\)(mrer(V) (A (03 (1), (o2 (024(d)))), A\(Aa)e),er))
=mreL (M) (pa(b) ; pa(p2”(d)), (N\((Aa)o), er)). (7.22)
Hence, by means of (7.18) and (7.22),

RHS of (7.21)
=0y (M) (mrer (V) (A (02 (0) ; p2(p2(d))), (A\((Aa)e),er))
(f,mx (((Aa)e) /)((((Aa)e) H\((Aa)c), 2)))

=((pa(b) ; Pa(p2"(d)) 0 (M (((Aa)e) 1)),

mx (M)A ((Aa)c),z)

A
mx (R0 ;22 @), D (e )
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Ab) - p(pre 5 a)e a)e),x)).
(20 ;22 @), B A(OaN)\(Ba)e),a)

(7.23)
We note that
(P2 (b) - pa(p2“(d))) u (A (((Aa)e) £))
araaTee mx (M)A ((Aa)e),z)
a (Xa)c
=A\((M)(bmx(:%(w)((m)\(((ka)@(d O )- (7.24)

In fact, by means of the fact that p)(p)%(d)) = pﬁ\((/\a)c)(d),
LHS of (7.24)

A
=(p,(b) ;\pﬁ\((/\a)c)(d))mx()\)(AQ()\a)c),m)(A\(((AG)C)JC)). (7.25)

From (4.8), (7.10), (7.11), and the fact that (X, mx) is a left (L, m,n)-module,

RHS of (7.25)
A

A
A A
=p, (b O we (d O A Aa)c
Pal )mx<A><A\<<Aa>c>,as>('”\((A o )mx<A><A\<<Aa>c>,z>( \(Ga)) )
2(0) i M ((a)e)d T )
= a)c
Pa mx (A)(a,mx (Aa)(c,z)) z
(Aa)c

=pa (b) 0 M ((Aa)((Qa)\(((Aa)e)(d T [)))))

mx (A)(a,mx (Aa)(c,x))

a (Aa)c
e, B (CaNOwaE T ).

Hence (7.24) holds. Consequently,

RHS of (7.23)

(Aa)c

—\O)6 T (Ga\((Gae)d L),

mx (Aa)(c,x)

a ()\LL)C

mx((Aa)(b O ((Aa)\(((Aa)e)(d TV £)))))

mx (Aa)(c,z)

a (Aa)c
(oo, B a\aa@ T NOad.).

From (4.7), (4.8), (5.1), and (7.8),

LHS of (7.20)
=(0y (1oL @ 0y))(N) (mLer(N)((a,eL), (b)),
(mrer(Aa)((c,eL), t2(d)), (f,mx ((Aa)e) £)(((Aa)e) )H\((Aa)e), z))))
=(0y (1rer @ 0y))(A)((m(A)(a, Exaler, b)),
m((Aa)xa(er, b)) (Maler,b), (Aa)b)\(Aa))), (m(Aa)(c, €raye(er, d)),
m(((Aa)c)éra)e(er, d))(Mrareler, d), ((Aa)e)d)\((Aa)c))),
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x(((Aa)) f)(((Aa)e) N)\((Aa)e), 2))))
J(A\((Aa)b), ((Aa)b)\(Aa)), By (Aa)(((Aa)\(((Aa)c)d),
(((Aa)e)d)\((Aa)e)), (f, mx (((Aa)e) F)((((Aa)e) HIN(Aa)e), x)))).  (7.26)

Since (X, mx) is aleft (L, m,n)-module, it follows that mx ((Aa)c)(f, mx (((Aa)c)f)
(((Aa)e) HH\((Aa)e), 2)) = mx ((Aa)e)(er, x) = x. By (7.17),

RHS of (7.26)
(Aa)c

=0y (A (A ((Aa)d), (Aa)p)\(Aa)), (Aa)\(((Aa)e )(d 0 ),

(Xa)c (Aa)e

mx((Aa)e)(d O £))(((Aa)e)(d T fFHN((Aa)e) f),
mx (((Aa)e) f)((((Aa)e) H\((Aa)e), x))))
(Xa)e

=0y (N ((A\((Aa)D), (Aa)b)\(Aa)), (Aa)\(((Aa)e )(d 0 1),
(Xa)c (Xa)e

mx(((Aa)e)(d T F))(((Aa)e)(d T f)\((Aa)e), x))). (7.27)

Since (X, mx) is a left (L, m,n)-module, it follows that

(Aa)c (Aa)c

mx (Aa)((Aa)\((Aa)e)(d T f)),mx(((Aa)e)(d T f))

()\a)c

(((Aa)e)(d T f)\((Aa)e), x))
=mx (A )((M)\(( a)c), x)

=mx(Aa)(c,

~—

Therefore, by means of (7.17) and the fact that (X,mx) is a left (L, m,n)-
module,

RHS of (7.27)

(Aa)e

=(A\p, mx (p)(P\(Aa), mx (Aa) (Aa)\(((Aa)e)(d T f)),

(Aa)c

(e B MG B HN(ae).)

(Aa)e

=(A\p, mx (P)(P\((Aa)e)(d T [)),

(Aa)e (Aa)c

mx(((Aa)e)(d T ) (((Aa)e)(d T f)\((Aa)e), z)))
=(A\p,mx(p)(p\((Aa)c), x)).
Here, p = (\a)(b U (()\a)\(((Aa)c)(d(/\é)cf)))). Hence (7.20) holds. We

mx (Aa)(c,z)
thus prove that (Y, 60y ) is a left L ® L-module.
tw

The next task is to show that the morphism 6y satisfies (5.6) and (5.7). On
account of (4.8), (7.17), and the fact that (X, mx) is a left (L, m,n)-module,

(mxey)()\) ((a7 b)? (Cv CC))
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=mx (A)(M\d, mx (d)(d\((Aa)b), mx ((Aa)b)(c, z)))
=(mx (12 © mx))(A)(A\d, (d\((Aa)b), mx ((Aa)b)(c, )))
=(mx(m @ 1x)az;x)(N)(A\d, (d\( (A

(Aa)b), mx ((Aa)b)(c, z)))

=mx (A)(A\((Aa)b), mx ((Aa)b)(c, x))

=mx (A)(m(A)(a,b), mx ((Aa)b)(c, z))

=(mx(m ® 1x))(A)((a, ), mx ((Aa)b)(c,z))

=(mx (1L ® mx)arrx)(A)((a,b), mx((Aa)b)(c, z))

=(mx(1p @ mx)arrx(leer ® mx))(A)((a,b), (¢, z))

for all A € H,a,b,c € L, and z € X. Here, d = ((Aa)b)((((Aa)b)\(Aa))
(/\&)b ¢). Hence (5.6) holds.

mx ((Aa)b)(c,x)

Because of (3.10), (4.8), (7.12), and (7.17),

Oy (1L ®n) ® 1y)(N)((a, o), (¢, z))
:9y(/\)((a, eL)’ (C, x))

Aa Aa

=MN\((Aa)(er O ¢)),mx((Aa)(er

0 c
mx (Aa)(e,z) mx (Aa)(c,x)

Qe T 9N\ mx(ra)(ea)

mx (Aa)(c,x)
(A\((Aa)e), mx((Aa)e)(er, x))
(M ((Aa)e), )
(m®1x)azzx(re @ 1y))(N((a, ®), (¢, 2))

forall A € H,a,c € L, and x € X. Therefore (5.7) holds.

7.3.3 We are now in a position to prove that the correspondence of 7.3.1 is the
inverse of that of 7.3.2.

Let an (A€ H,a,b € L,x € X) be elements of L satisfying (7.10), (7.11),

and (7. 12) for all A € H,a,b,c € L, and x € X. We define the morphism
Oy : (L®L)®Y — Y by

Oy (M) ((a,0), (¢, z)) =(A\d, mx (d)(d\((Aa)b), mx ((Aa)b)(c, z))).
(A€ H,a,b,c€ L,z € X)

Here, d = ((Aa)b)((((Aa)b)\(Aa)) (Aﬁ)b ¢). From (7.3) and the fact that

mx ((Aa)b)(c,z)
(X,mx) is a left (L, m,n)-module,
Oy (X) (M a), (b, mx (AD)(AD)\X, 2)))
=ty (A)((a, (Aa)\A), (b, mx (Ab)((AD)\A, 7))
=(A\g, mx (q)(¢\X, mx (A) (b, mx (AD)(AD)\A, 2)))).
Here,
A

=A((A\(Aa)) - b)

mx (A)(b,;mx (Ab)((Ab)\A,))
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A
=A(aJb).

Therefore the first component of Ay (A)(:*(a), (b, mx (Ab)((AD)\), ))) is exactly
A
aldb.
Conversely, let (Y, 0y ) be a left L ® L-module satisfying (5.6) and (5.7). We
tw
A
denote by al0b (A € H,a,b € L,z € X) the first component of 8y (A\)(:*(a),
(b, mx (Ab)((Ab)\A, x))). Our goal is to show
(M, mx (d')(d\((Aa)b), mx ((Aa)b)(c, x)))
=0y (M) ((a,b), (c,x)). (7.28)
(Ae H,a,b,ce L,z € X)

a)
Here, d/ == ((/\a)b)((((/\a)b)\(/\a))mx((:\IE)Z:(C,JE)C)

Since (X, mx) is a left (L, m,n)-module,
LHS of (7.28) = (A\d',mx (d')(d'\((Xa)b)c, x)).
We note that, by means of (4.7), (4.8), (5.1), and (7.3),

mrer (A ((A\((Aa)b), er), L2 ((Aa)b)\(Aa)))

=(mN)(A\((Aa)b), Eayp(ers (Aa)b)\(Aa))),
m(((Aa)b)rayp(er, (Aa)b)\(Aa)))(nrayp(er, (Aa)b)\(Aa)), b))

=(A\(Aa), (Aa)\((Aa)b))
)

=(a,b). (7.29)

On account of (7.29) and the fact that (Y, 0y ) is a left L ® L-module,

RHS of (7.28)
=0y (\)(mrer (M) (A ((Aa)b), e1), L2 ((Aa)b)\(Aa))), (¢, 2))
=(0y (mrer ® 1y) (A (A\((Aa)b), er), P ((Aa)b)\(Aa))), (¢, 2))
=(0y (1roL ® fy)arerrery) A ((A\((Aa)b), e ), L2 ((Aa)b)\(Aa))), (¢, 2))
=0y (V) (A ((Aa)b), e1), Oy (Aa)b) (P ((Aa)b)\(Aa)), (¢, 2))). (7.30)

)
Since (X, mx) is a left (L, m, n)-module, it follows that (¢, z) = (¢, mx (((Aa)b)c)
(((Aa)b)e)\((Aa)b), mx ((Aa)b)(c, z)). Hence, by means of (7.13), (7.14), and the
fact that (X, mx) is a left (L, m,n)-module,

RHS of (7.30)

=0y (\)((A\((Aa)b), er), by (Aa)b) (X (((Aa)b)\(Aa)),
(¢, mx ((Aa)b)e) (((Aa)b)e)\((Aa)b), mx ((Aa)b)(c, x))))

(Aa)b
=0y (A (A\((Aa)b), eL), (((Aa)b)\(Aa))

(Aa)b

O c,
mx ((Aa)b)(c,z)

mx ((Aa)b)((((Aa)b)\(Aa))

0 c
mx ((Aa)b)(c,z)
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Aa)b
(OO T \Oa,max ()
(W', mx (d)(d\X, mx (A)(A\((Aa)b), mx ((Aa)b)(c, 2))))
(AN, mx (d)(d\X, mx (A)(A\(((Aa)b)c), z)))
(M, mx (d)(d\(((Aa)b)c), x)).
Therefore (7.28) holds.
This completes the proof of Proposition 7.3.

7.4 Step I

A
Let (Y, 0y ) be a left L ® L-module satisfying (5.6) and (5.7). We define ab (X €
tw x

H,a,b € L,z € X) by the first component of fy-(\)(¢*(a), (b, mx (Ab) ((Ab)\\, 2))).
Let my : L®Y — Y be the morphism defined by (5.13).

Proposition 7.7. The following two conditions are equivalent.

(1) my satisfies (3.21) for A= L. Here, m§ : L®Y — Y is the morphism
defined by (3.6).

(2) For any A € H,a,b,c€ L,z € X,
A

(b ¢) = N\ (m(Aa)r(N) " rr(Ab)7(Aa) "t (A(allc))). (7.31)

.’,K xT

7.5 Proof of Proposition 7.7
Lemma 7.8. We set

(f1,91) =(my (1L @ m3,))(N)(a, (b, (c, mx(((/\@)b)c)((((/\a)b)c)\((m)b)v33()7))3)é)
(fo,y2) =(m$ (1 @ my)arry (0 @ ly)agy)(A)
(@, (b, (¢, mx ((Aa)b)e) ((((Aa)b)e)\((Aa)b), x)))) (7.33)

(A€ Hya,b,ce L,z € X).
Iffl = fz, then Y1 = Y2.
Remark 7.9. For every o’ € X,

o =mx(Aa)b)e)(er, o)

=mx (((Aa)b)e)((((Aa)b)e)\((Aa)b), mx ((Aa)b)(c,z”))
(A€ H,a,b,ce L)

because (X, mx) is a left (L, m,n)-module. Hence, in view of Lemma 7.8, my
satisfies (3.21) for A = L, if and only if f; = fo for all A € H,a,b,c € L, and
e X.

Proof of Lemma 7.8. From Proposition 7.3, we see that (7.17) holds. On ac-
count of (3.6), (4.7), (5.13), (7.17), (7.32), and the fact that (X, mx) is a left
(L, m,n)-module,

(f17y1)
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(M(a

) a(b, ),
b)e)((

)\ ((Aa)b), 2))))
))(((Aa)éxa (b, ) \(((Aa)b)e),

(my(].L@(lL@mX)) 7(
(Mra (b, €), mx (((Aa) (Aa
—imy () (@, (Exa(b, ), mx (Aa)éxa

((Aa)b

), )éxa (b,

((Aa)b)e) ((Aa)b)e)\((A
(a, ); )3

mx a)b),z))))
—mY( )(@, (€xa (b, ¢), mx ((Aa)éra (b, ) (((Aa)Era (b, )\ ((Aa)b), 2)))
=y (@ 1)IL") @ 1y)(N)
(@, (€xa (b, ¢), mx ((Aa)Exa (b, ) (((Aa)éxa(b; )\((Aa)b), x)))
=0y (A)((er, a), (Exa (b, ¢), mx (Aa)éxa (b, ) ((Aa)ra (b, )\ ((Aa)b), x)))
=(MN\p, mx (p)(p\(Aa), mx (Aa)(€xa(b; ©),
mx ((Aa)éxa(b, ) ((Aa)éxa (b, ¢)\((Aa)b), x))))
=(Mp, mx (p)(p\(Aa), mx (Aa)(b, x)))
=(A\p, mx (p)(P\((Aa)b), z))
forall A € H,a,b,c € L,and z € X. Here,p = ()\a)((()\a)\)\) Exa(b,0)).

(/\ ) (b,)
Because of (7.17), (7.33), and the fact that (X,mx) is a left (L,m,n)-

module,

(f2,92)
—my( )(Ex(a,b), my (

(m(a, ), (e, mx (((Aa)b)e) ((((Aa)b
=m3 (M) (éx(a,b), Oy (n@ 11)I;") ©

(A& (a, D)\((Aa)b), (e, mx (((Aa)b
=m$(A)(Ex(a, b), Oy (Aéx(a, b))

((er, (Aéx(a,D))\((Aa)b)), (c,mx (((Aa)b)e)((((Aa)b)e)\((Aa)b),z))))
=m$ (A\)(§ (Aéx(a,b))\g,

Aéx(a,b))

)\ ((Aa)b), z))))
1y))(Ax(a, b))
)e \

)((Aa)b)e)\((Aa)b), 2))))

\
(€x(a,b), (A&
7)(g\((Aa)b), mx ((Aa)b)(c, mx (((Aa)b)e)((((Aa)b)c)\((Aa)b), x))))
(éx(a,b), (Aéx(a,b))\g, mx (q)(g\((Aa)b), mx ((Aa)b)(er, x)))
(éx(a,b), (Aéx(a,b))\g, mx (q)(q\((Aa)D), x))). (7.34)

)
x(
my(A)
v(A)

(
(A

m )\a7

Here, ¢ = ((Aa)b)((((Aa)b)\(Aér(a, b)))()\é)bc). From (3.6), (4.7), (5.13), and the

fact that (X, mx) is a left (L, m,n)-module,
RHS of (7.34)

=1L ® mx)(A)(Ex(8x(a, ), (A&x(a, b)\q),

(M (8x(a, D), (A&x(a; b))\q), mx (9)(q\((Aa)b), z)))
=(&x(€x(a, D), (A&x(a, b))\q), mx (A&x(€x(a, D), (A&x(a, b))\q))
((A&x(éx(a; b), (Aéx(a; D) \D)\g, mx (9)(g\((Aa)b), z)))
=(&x(éx(a,b), (A&x(a; 0)\q), mx (AEx(Ex(a, b), (Aéx(a, b)) \q))

(A& (6x(a,b), (Aéx(a, b))\q)\((Aa)b), z)).
Therefore, if f1 = f5, then
A\p = &x(6x(a, D), (Ax(a, b))\q)- (7.35)
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By means of (7.35), we can easily see that y; = yo. O

We proceed to prove Proposition 7.7. We will show that (7.35) is equivalent
to (7.31). From (7.2), (7.10), and the fact that (X,mx) is a left (L, m,n)-
module,

RHS of (7.35)
(Aa)b

=6 (éx(a,b), (A&x (@, D)\ ((Aa)D)(((Aa)b)\(AEr(a, 1)) T ¢)))

(Aa)
N (R )G (0,5) (MDA Ar(a,5) B )

=\\7 Hr(\)m((Aa)b) r(Aa)m(N) !

AG\((Aa)b))
TAMAMQ@)D) (Aa)D)\(Aer(a,0))) T <))

=\\7 Hr(\)m((Aa)b) tr(Aa)m(N) !

TP\ (rayp) (A@)D)\(Aéx(a, 1)) 0 (A (((Aa)b)e)))))

mx (A) (A ((Aa)b),z)
=A\7 Hr (W) ((Aa)b) "t r(Aa)m(N) !
A

AN (aW)ra) ) D V().

Similary,

LHS of (735) =\(Oa)((G)\Y) | O - &u(b.e))

— A (a)\W) 0 (A (Aa)Era(b, 0)))

mx (N)(a,mx (Aa)(b,x))
=\7 Hr(\r(Aa) e (A O
LR oY) E N

(W7~ (m(Aa)m((Aa)b) = m(((Aa)d)c))).-
Hence (7.35) is equivalent to

A\m N (w(A)r(Aa) " (A )))mx(A)(Alé(/\“)b) z)
(e (r(3a)r(a)t)x((ha)t)e)
=\ 7 (r(N)r((Aa)b) " r(Aa)m(A)
(

-1 A
A @ WrO0) ) D N (a)pe)- (7:36)

We prove that (7.36) is equivalent to (7.31). We first substitute ((Aa)b)\(Ac)
for ¢ in (7.36). Then (7.36) becomes

W (w7 Qa)= 7)o em e
W\ (r(Aa)m((Aa)b) " 7(Ac)))
=\~ (a7 ((Aa)b) " r(Aa)m(X) 7
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—1 —1 A
T(AMN\T (r(A)m(Aa) " 7 (N) mX(,\)(AE(M)b)@)C )

We next substitute mx ((Aa)b)(((Aa)b)\A, x) for x in the above equation. Since
(X, mx) is a left (L, m,n)-module, the above equation becomes
A
ML) m(Aa) ()DL (r(Aa)m(Aa)b) "L (Ae)

N\ (r () r((Aa))  r(Aa)r() AN A (r(A)(Aa) (X)) Ee))).

x

(7.37)

We substitute (Aa)\7~!(7(A)m(Ab)~! 7(Aa)) for b in (7.37). Then

(A7 (W(A)W(M)AWO\)))é@\\fl (m(AD)m(N) ™ m(Ac)))
=\\7 Hr(A)r(Aa) o (Ab)T(N) !
r(Aa)r(N) AN\ (e (W) r(da) " r (0)) D).

x

Substituting A\7 =1 (7(A)7(Aa) 17 (N)) for a, we obtain

A
ag()\\wfl (W()\b)ﬂ()\)ilﬂ(/\c)))

=A\7! (77()\a)7r()\)_17r()\b)7r(/\a)_177(/\(aﬁc))). (7.38)

x

From (7.1), we see that (7.38) is equivalent to (7.31).
Considering the above argument in reverse, we get (7.36) from (7.31). This
completes the proof.

7.6 Step II

Through Step I-1I, we have shown that the following conditions are equivalent.
(1) Left (L, m,n)-modules (Y, my) satisfying (3.11), (3.12), and (3.21).
A
(2) Elements a0b € L (A € H,a,b € L,z € X) satisfying (7.10), (7.11), (7.12),
and (7.31) for all A € H,a,b,c € L, and = € X.
In addition, there is a bijection between (1) and (2).

We proceed to the next step.

A
Proposition 7.10. The elements al0b (A € H,a,b € L,z € X) in (2) is equiv-
T

alent to:

(3) Elements B)(a) € L (\ € H,a € L,z € X) satisfying

(Ab)ﬂ'r)y\sz(/\b)((/\b)\k,x) (Pf\fb)\x(a)) =7 (r(Aa)r(\) T r(Ab)r(Aa) T (A8 (),
(7.39)
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B2 (a (0= AN\ r(Aa)m(X) T (AB (b)) (Aa) T (AB2 () (7.40)
forallAXe Hya,be L, and x € X.

In addition, there is a bijection between (2) and (3).

7.7 Proof of Proposition 7.10

A
7.7.1 We first deduce (3) from (2). Let al0b € L (A € H,a,b € L,x € X) be
elements satisfying (7.10), (7.11), (7.12), and (7.31).

Lemma 7.11. The relation (7.10) is equivalent to

Ab

CLé(A\((Ab)C)) = A\ () (pRpy\a (@) ) (7.41)

] c
mx (Ab) ((Ab)\X,x)
forallXxe Hya,b,ce L, and x € X.

Proof. We assume (7.10). On account of (7.2), (7.10), and the fact that (X, mx)
is a left (L, m,n)-module,

RHS of (7.41)

A
A/ oAb
= a O A\ ((Ab)e
@) DGR

— A (DT (x(Aa) () ()TN (AD))
—(\(a)DIN (Ab)e)
—aDIN (D)),

Conversely, we assume (7.41). From (7.2), (7.41), and the fact that (X, mx)
is a left (L, m,n)-module,

RHS of (7.10)

(OB (0 (2 (@) =

)

mx (/\b)((Ab)\DA»mx (A)(bﬂﬂ))c
XV (B) (g2 N (A (D) () )
X\ (B (B (Ab)a)) o))

—X\((A8)(aLJo)).

Therefore (7.10) is equivalent to (7.41). O

For any A€ H,a € L, and = € X, we set
A
B2 (a) = aley,. (7.42)

Let us show that the elements 37 (a) satisfy (7.39) and (7.40) for all A € H,a,b €
L,and x € X.
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Let us substitute ey, for ¢ in (7.31). Since b)—\eL =bforall\ € Handbe L,
(7.31) becomes

aéb :)\\W_l(w()\a)w()\)_lﬁ()\b)w()\a)_IW(A(aéeL)))
=\7t(r(Aa)T(N) e (Ab)m(Aa) "t (AB) (a))). (7.43)
Similarly, we substitute ey, for ¢ in (7.41). Then

O =X\((B) (P n(@) D3 )
a = a e
z PO @) L

=A\( ()\b)ﬂ;}qu (AD)((AD)\A,z) (pf\)l\)b)\A (a)))- (7.44)

From (7.43) and (7.44), we can easily see that (7.39) holds.
We next show (7.40). In view of (7.1) and (7.43),

b0
(a;\ )xc

(A (w(Aa)m(A) " (Ab)))Cle
=M\7 (7 (Aa)T(N) (A (N Lr(Ae)r(Ab) Tt (M) 7 (Aa) T (A8 (a N b)),

A A
aO(b0c)

Zaé(k\fl(W(Ab)ﬂ(/\)*lﬂ(AC)ﬂ(/\b)*lﬂ(/\ﬁi(b))))
=\~ (w(Aa)m(A) T r(Ab)m(A) T r(Ac) T (Ab) T (MG (b)) m(Aa) T (A (a)))

for all A € H,a,b,c € L, and = € X. On account of (7.11), we see that (7.40)
holds.

7.7.2 We next deduce (2) from (3). Let 32(a) € L (A € H,a € L,z € X) be
elements satisfying (7.39) and (7.40). For any A € H,a,b € L, and = € X, we
write

al%b = \7 Y r(Aa)m(\) Tr(\b)w(Aa) (AL (a))). (7.45)

A
We will check that the elements alJb satisfy (7.10), (7.11), (7.12), and (7.31) for

all A€ H,a,b,ce L, and z € X.
We note that, by means of (7.39),

A
atlb = MDY ey (an) na) (P02 (@) (7.46)

holds for all A € H,a,b € L, and z € X. From (7.2), (7.46), and the fact that
(X,mx) is a left (L, m,n)-module,

A\((WB) (ale)) =A\((A)e) OV (P00 (@)
ac )P (b)) ((AL))\(Ab),2) P((Ab)e)\ (Ab) \ &

_ (Ab) (\b)
=M\ (AB)O)B,, e (Abye) Ao (W) b)) (PLaye 1 (25 (2)))
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—oda) B (\(Ab)e).

mx (X)(b,x)

Hence (7.10) holds.
From (7.45),

DN\ (FOB)RO) T8 H A 0)
=M\ (r(Aa)m(A) ()T (V) (M) m(Ab) Tt (ABZ (0))m(Aa) T (NS (a)))
forall A € H,a,b,c € L, and = € X. By means of (7.1), (7.40), and (7.45),

e
(a; b)e

O\ (r(a)r() 7 () e
=M\ (r(Aa)T(N) (A (N) T (Ae)m(Ab) Tt (M) (M) T (A8 (a N b)))
=M1 Hr(Aa)T(N) T e (WD) (N) Trr(Ae)m(Ab) T (ABL (b)) 7 (Aa) Tt (ABL (a)))-

for all A € H,a,b,c € L, and « € X. Hence (7.11) holds.
We next show (7.12). Let us substitute ey, for a and b in (7.40). Then

Baer) = N\~ (w(AB2 (ep))m(N) " (m(AB2 (1))

for all A € H and # € X. Hence B)(er) = er (A € H,x € X). Because of this
fact, together with (7.2) and (7.46),

Cb =A\ ()8 (b a(er)))
€L mx (Ab) (Ab)\\,2) \P(x0)\AEL
=M\ ((AD) Bl vy () \ ) (€L))
=b

forall A € H,b € L, and z € X. Hence (7.12) holds.
The next task is to show (7.31). From (7.1) and (7.45),

ol .0 —aDN\w~ (r(AD)r(3) " ()
=\7H(r(Aa)T(N) e (Ab)m(N) T rr(Ae)w(Aa) Trr(ABa(a)))  (7.47)
forall A € H,a,b,c € L, and « € X. Substituting ¢ for b in (7.45), we have
T(A\B2(a)) = 7r()\a)7r(/\c)_17T(A)7T(Aa)_17r(/\(a§c)).

Hence
RHS of (7.47) :)\\7r_1(W(Aa)ﬂ()\)_17r()\b)7r()\a)_17r()\(aﬁc))).

xT

Therefore (7.31) holds.
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7.7.3 We prove that the correspondence of 7.7.1 is the inverse of that of 7.7.2.
A
We assume that adb € L (A € H,a,b € L,x € X) are elements that satisfy

A
(7.10), (7.11), (7.12), and (7.31). We write 82 (a) = aOey, for all A\ € H,a € L,
x

and z € X.
From (7.1) and (7.31),

M~ Ha(Aa)r(\) " r(Ab)m(Aa) " r(AB7 (a)))
=M\t (7r()\a)7r()\)_17r()\b)7r()\a)_17r()\(alﬁeL)))

T
A
zag(b N er)
A
=alb.

forall A € H,a,b€ L, and x € X.
Conversely, we assume that 82(a) € L (A € H,a € L,z € X) are elements
that satisfy (7.39) and (7.40). We write

al%b = \7 Y r(\a)r(A) "t (Ab)7(Aa) Tt (ABX (a)))

forall A € H,a,b € L, and x € X. By the definition,

a%eL = AN\(AB2(a)) = B2(a)

forall A € H,a € L, and x € X. This concludes our claim.

7.8 Step IV

Proposition 7.12. The following conditions are equivalent.

(1) Elements f2(a) € L (A € H,a € L,z € X) satisfying (7.39) and (7.40) for
all e Hya,be L,x € X.

(2) Elements 1) (a) € L (A € H,a € L,x € X) satisfying
I} (a b= I} (a) AH;(b), (7.48)
I (A\((Aa)b))
:)\\ﬂ-_l(ﬂ.()‘)ﬂ-()‘a’)_lﬂ(()‘a’)H:\n?x()\a)((/\a)\)\,m)(b))ﬂ-()\)_lﬂ.()‘n:)v\(a’))) (7.49)
forallNe Hia,be Lx € X.

In addition, there is a bijection between (1) and (2).

7.9 Proof of Proposition 7.12

We assume that 32(a) € L (A € H,a € L,z € X) are elements that satisfy
(7.40), and write

I (a) = M\r~H(m(\)7(AB2 (@) "' (Aa)) (7.50)
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forall A € Hya € L, x € X. From (7.1), (7.40), and (7.50),
3 (a; b) =M\r = (r(\) (A8 (a ; b))~ m(Aa ; b))

A
=N\ (N7 (A3 (a)) " (ha)m (A (b)) (AD))

=M\ (x (A (a)) ()~ (AT (b))
—I(a) ()
for all A € H,a,b € L, and x € X. Hence (7.48) holds.

Conversely, we assume that 112(a) € L (A € H,a € L,x € X) are elements
that satisfy (7.48). We write

Ba(a) = N~ (r(Aa)m (AL (a)) (X)) (7.51)
forall A € X,a € L, and x € X. Because of (7.1), (7.48), and (7.51),

BXa ;) =N\ (x(Ma  B)m(AL(a ; ) 7()

=\ (r(Aa)m(A) Tt (Ab)m (AL (6)) ~ r(A) (AL (@)~ r(A))
=\7H(r(Aa)m(A) T r(AB2 (0))m(Aa) "t m(AB2 (a)))

forall A € H,a,b € L, and x € X. Hence (7.40) holds.
The next task is to prove the following lemma.

Lemma 7.13. (1) Suppose that By(a) (A € H,a € L,z € X) are elements of
L satisfying (7.40), and define elements 1} (a) € L (A € Hya € L,x € X) by
(7.50). If B2 (a) also satisfy (7.39), then 11 (a) enjoy (7.49) for all\ € H,a € L,
and z € X.

(2) Conversely, suppose that 1I)(a) (A € H,a € Lyx € X) are elements of
L satisfying (7.48). We define elements 32(a) € L (A € H,a € L,x € X) by
(7.51). If11)(a) also satisfy (7.49), then By (a) enjoy (7.39) for all\ € H,a € L,
and x € X.

Proof. We first show (1). Let 32(a) € L (A € H,a € L,z € X) be elements that
satisfy (7.39) and (7.40). We define elements I12(a) € L (A€ H,a € L,z € X)
by (7.50). By means of (7.2) and (7.50),

LHS of (7.39)
=(A0) (AT (T ((AD) Ry a (@) T (DL a3\ 1) (P12 (@) ™ (AD)))
=1 (m(AD) p(Xey A (@) T (DL oy sy nay (X (@) T (AD))
=m (r(Aa)m () T AT (ADILY () () e) (P2 (@) T (AD)).
Similarly,
RHS of (7.39)
=r~ ! (r(Aa)m(N) T r(Ab)m(Aa) T (AT (r(Aa) T (AT (a)) " w(N)))))
)(A)~ (Ab)(AIL ()~ (X))

Hence (7.39) becomes

(DTN a0\ ) (P05 A (@) = T(AB)T(A) (AL ().
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Substituting mx (A)(b, z) for z in the above equation, we have

(AL (0 A (@) = TAD)T(N) (AL, L (360 (@),

because (X, mx) is a left (L, m,n)-module. We respectively substitute A and b
for Ab and (Ab)\\ in the above equation. Then

m(AIL (o3 (a))) = m(N)m(AD) " (D)LY oy (aby a) (@))- (7.52)

As we showed in the beginning of this subsection, we can deduce (7.48) from
(7.40). Hence, by means of (7.1), (7.2), (7.48), and (7.52),

I (A\((Ab)a)
=113 (py (a) ; b)
=113 (p}) (a)) 113 (b)
=M7- 1(7T(>\HA(P1,( ))m(N) (AL (b))
=M\ @) TA) T ((ADILY (o) (@) T(A) (AT (1))
for all A € H,a,b € L, and z € X. Exchanging a for b in the above equation,
we see that II)(a) satisfy (7.49) for all A € L,a,b € L, and x € X. We thus
prove (1).
We can also prove (2) by considering the above argument in reverse. O

In view of (7.50) and (7.51), it is easily seen that there is a bijection between
(1) and (2) in Proposition 7.12. This completes the proof of Proposition 7.12.

7.10 Step V

We prove the proposition below, before ending this section.

Proposition 7.14. The following conditions are equivalent.

(1) Elements 11X (a) € L (A € H,a € L,x € X) satisfying (7.48) and (7.49) for
all € Hya,be Lyx € X.

(2) Group homomorphisms f, : G — G (z € X).

In addition, there is a bijection between (1) and (2).

7.11 Proof of Proposition 7.14

7.11.1 Let II)(a) € L (A € H,a € L,z € X) be elements that satisfy (7.48) and
(7.49) for all A € H,a,b € L,z € X. We define the maps f, : G = G (z € X)
by

fo(a) = 1 (NII (Ao\7 " (a))) (a € G). (7.53)

Here, we denote by A\ the unique element of L(= H) satisfying that m(X\g) is
the unit element of the group G.
Let us show that f, : G — G (x € X) are group homomorphisms, that is,
[z satisfy
fz(ab) = fr(a)f2(b) (a,b € G). (7.54)
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From (7.1), (7.48), (7.53), and the fact that w(Ag) is the unit element of the
group G,

LHS of (7.54) =m (AL} (Ao\m " (ab)))

(A (

T(AIL* (Ao\7 ! (amr(Xo) ~'D)))
( 1

(

(AT (Ao\7 ™ (a Qo\mH ()

)
a)) HA“(A \m (1))
=m(AIL;° (Ao\m ! (a )))W( 0) (AT (Ao\ 1 (b))
=fz(a) fz(b).

Hence, for every x € X, the map f, : G — G satisfies (7.54).
7.11.2 Let f, : G — G (z € X) be group homomorphisms. We write

I (a) = A\7 (7T (A) Frnx (20 G\ (T(AG)) e (ho) o\ (T(A) ) (7.55)

forall A€ Hya € L, and z € X.
On account of (7.1), (7.55), and the fact that the maps f, (x € X) are group
homomorphisms,

(
(Ao (I Ao\~ (

LHS of (7.48)

=M\7 ! (x(A )me(A(J)(Ao\A,z)(W(A(aAb)))fmx@o)(xo\x,m)(W(/\))_l)

=M\ TN frnx (00) A0\ A 2) (TAG)T(A) T (AD)) frn x (a0) Ao\ ) (T(A) )
=N\ T (A) i (20) 20 \n2) (T(AG)) Frnxc (o) Ao\ ) (T(A) 7
Frmx 30)30\n2) (D)) Frn s (x0) Ao\ Aua) (T(A)) )
=M\ (r (AT (a))w(A) (AT (b))
=11, (a) Aﬂi(b)

forall A € H,a,b € L, and x € X. Hence (7.48) holds.
Because of (7.55) and the fact that (X, mx) is a left (L, m,n)-module,

RHS of (7.49) =A\1 ™ (T(X) fin x (x0) (ho\(Aa).mx (Aa) (ha)\ A (T((Aa)b))
Frnx (3)o\x.a) (T(A) 1)
=2\ (T (A) Finx (20) 3o\ na) (T((A@)D)) Frm e (o) Ao\ (T(A) 1)
=I5 (A\((Aa)b))
forall A € H,a,b € L, and x € X. Hence (7.49) holds.
7.11.3 We next prove that the correspondence of 7.11.1 is the inverse of that of
7.11.2. We first assume that f, : G — G (z € X) are group homomorphisms,

and define 1I)(a) (A € H,a € L,z € X) by (7.55). Since m(\g) is the unit
element of the group G and (X, mx) is a left (L, m, n)-module,

(I’ (Ao\7 ()
=7(A0) frnx (20) o\ Ao s2) (T(A0 (A \T 1 (@)))) frnxc (o) o\ Aosar) (T (A0)) ™"
:f:v<a)
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foralla € L and z € X.

Conversely, let 1I)(a) € L (A € H,a € L,z € X) be elements satisfying
(7.48) and (7.49) for all A\ € H,a,b € L, and x € X. We define the map
fo:G— G (x € X) by (7.53).

From (7.1) and the fact that 7(Ao) is the unit element of the group G,

AT Fanx (o) 2o\ nw) (T(AQ)) Frx (o) Ao\ hvar) (T(A)) 1)
=M\ I TATLY 0y (e Ao\ AT oy (Ao\A) T
(7.56)

forall A € H,a € L, and z € X. We substitute respectively Ag, mx (Ao)(Ao\A, ),
Ao\, and a for A\, z,a, and b in (7.49). Then

I ) Govaey Ao\ (A@)) =A0\m ™ (T (A) T (ATL, L (3 (0 ng i (o) (30 ) (@)
()\0 mx (Ao) (Mo \A, 1)()\0\)\)))

Since (X, mx) is a left (L, m,n)-module, the above equation is equivalent to

(/\Ome(Ao)(/\o\A x) (Ao\(Aa)) = 77()\)7171,()\1—[2( s (AOH,”X()\O)()\O\A x)()‘O\)‘))
(7.57)

By means of (7.57), we can easily see that the right-hand-side of (7.56) is 11} (a).
This completes the proof.

8 Examples of dynamical reflection maps

Our main result implies a way to construct dynamical reflection maps. Let us
construct examples of dynamical reflection maps in this section. We also give
an example of reflection maps (Cf. [8, Section 3]).

8.1 Examples

We first establish the dynamical reflection maps by using the way that we have
proved Theorem 6.3 (see Section 7).

Let L = (L,-,er) be a left quasigroup with a unit (Definition 4.4), and set
H = L. As we showed in Section 4, by means of (4.7), (4.8), and Proposition
4.8, (L,m,n,o0) is a braided monoid in Sety.

We can rewrite the dynamical reflection map k: L® X — L® X € Sety in
(3.7) as

k(A)(a x)

=T, (0 (@) (@), mx AT, 3 (0 (@) (AT, L (3 aay (@)\(Aa), ) (8.1)
(AeH,ae L,z e X),

where [T} (a) € L is the element that satisfies (7.48) and (7.49). In fact, from
Propositions 3.7, 3.8, and the proof of Theorem 5.3, we can rewrite the morphism
k as

ko‘)(av LL‘) :mY(A)(m (eL= l‘))
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=ty (A)((er, a), (er, )) (8.2)

forall A\ € Hya € L, and x € X. On account of (7.17), (7.42), (7.51), and the
fact that (X, mx) is a left (L, m,n)-module (Definition 4.9),

RHS of (8.2) =(A\\c,mx()('\(Aa),mx(\a)(eL,x)))
=M\, mx (') (¢'\(Aa), 2)). (8.3)
Here,
Aa

=(Aa)((Aa)\N) O er)

mx (Xa)(er,z)
(/\a)(((/\a)\A)DGL)

(Aa)B2((Aa)\N)
Aa)((Aa)\m~H(r(V) (M)l ((Aa)\A)) ™7 (Aa)))
=~ (r(N) (M) ((Aa)\N) ™' 7(Aa)). (8.4)

Substituting respectively mx (A)(a,x) and (Aa)\A for z and b in (7.49), we
have

Hﬁmx()\)(a,m)(eL)
=A\1H(r(V)m(Aa) " (AR (Aa)\A)m(A) ™ 7 (AL, (3 (a0 (@)

because (X, mx) is a left (L, m,n)-module. We note that, by means of (7.55),
2 (er) = er, for all A € H and x € X. Hence the above equation is equivalent
to

T, a0y (@) = TN (A)TL*((Aa)\N)) " 7 (Aa). (8.5)
On account of (8.4) and (8.5),
RHS of (8.3)
=T, () (@) (@) mx AT, 3y (0 (@) (AT, L () a,0y (@) \(Aa), @) ).
Hence (8.1) holds.

Making use of (7.55) and (8.1), we now consider several examples of dynam-
ical reflection maps.
Let (X, mx) be a left (L, m,n)-module in Sety (Definition 4.9).

Example 8.1. Assuming that the group G is abelian, we define the group
homomorphisms f, : G — G (x € X) by f.(a) = a™! (a € G). By means of
(7.55), we can write II)(a) € L as

I (a) = A\a~H(w(A)*7(Aa) 1)

for all A € H,a € L, and € X. Hence, from (8.1), the dynamical reflection
mapk: L®X - L® X is

k(A)(a,z)
=N\~ (w(A)?m(Aa)7h), mx (r 7 (V)7 (Aa) 7)) (7 (m(A) 7 (Aa) )\ (Aa), 7).
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Example 8.2. (Cf. [8, Example 3.4]) For every = € X, let f, : G — G denote
the identity map on G. We see at once that f, (z € X) is a group homomorphism
of G. From (7.55),

(@) = N\ (r(V)rAa)r (V) ) (8.6)

for all A € Hya € L, and x € X. Therefore the dynamical reflection map
k:L®X > L®Xis

k(M) (a,x)
=A\r HrW)r(Aa)m(A) ),
mx (rH (r(N)r(Aa)m(A) ) (xH (m(M)w(Aa)r(A) "\ (Aa), ) (8.7)
(ANe Hyae L,x € X),

by means of (8.1).
If the group G is abelian, then k is trivial. In fact, from (8.6), the elements
12 (a) are

M (a) = A\ (\a) = a
forall A € L,a € L, and = € X. Since (X, mx) is a left (L, m,n)-module,
RHS of (8.7) =(a,mx(Xa)(er,x))
=(a, )
foral A€ L,a € L, and z € X.

Example 8.3. (Cf. [8, Examples 3.6 and 3.7]) For every z € X, let g, be an
element of G. We define the homomorphisms f, : G — G (z € X) by

fm(a) = 9;1091

for all @ € G. From (7.55),
I13(a) = )‘\”_1(W()‘)g;li(Ao)(AU\,\,z)W(M)”()‘)_lgmx(Ao)(/\o\hr))

forall A € Hya € L, and € X. Using (8.1), we have the dynamical reflection
map

k(M) (a,z) = (A\b,mx (b)(b\(Aa), 7)) (8.8)
(A H,ae L,x € X).
Here, we write b = 77_1(7'('()\)(gmx(AO)(AO\(Aa),x))_lﬂ-(}‘a)ﬂ-()‘)_lgmx(/\o)()\o\()\a),x))'

By means of examples in Section 4, we consider Example 8.3 in more detail.
Let (L,-,er) denote the left quasigroup with a unit in Example 4.6, and set
H=1L.

Example 8.4. Let X = {z1, 23, 23}. Wedefinethemapi: LxX — X, (a,z) —
i(a,z) by Table 2.
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Table 2: The map i: L x X 3 (a,z) — i(a,z) € X

r1 T2 T3
€L | 1= X2 I3
Iy Iz T1 X3
lo | w3 o1 @2
I3 | 22 =1 a3
Iy Ty X3 T2
Is | 3 21 @9
le | 22 x3 21
Iz |23 x2 a1

Tt is immediate from Table 2 that, for any a € L, the map X > z — i(a,z) €
X is bijective. For simplicity of notaition, we write az instead of i(a, x) for all
a € L and x € X. This notation is the same as that in Example 4.11.

Let us define the map f: X — H by f(x1) = lg, f(x2) =11, and f(x3) = 5.
From Example 4.11, we can define A -x z € L (A € H,z € X) by (4.10), and
define a left (L, m,n)-module (X, mx) by (4.11). The table below shows the
map -x : Hx X — H.

Table 3: Themap -x : H x X — H

Let G denote the dihedral group Dy =< v, 7 | v* = 72 =id, v~} = Tv7T >,
and define a bijection 7 : L — G by:

m(er) =id; 7w(ly) =v; w(le) = v 7(l3) = V3 w(ly) =75

2 3

w(ls) =vr; w(ls) = vor; w(ly) = v°r.

We write g,, = v, gp, = VT, and g, = >

Applying the above situation to Example 8.3, we have the dynamical reflec-
tion map k: L ® X — L ® X. Then k depends on the dynamical parameter
A € H. Indeed, we see that k(ll)(lﬁ,ig) = (lg,l‘g) and k(l5)(l@,$2) = (ZG,CC2).

We thus showed that we can construct an example of dynamical reflection
maps that depends on \ € H.
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8.2 Conditions for dynamical reflection maps to be inde-
pendent on the dynamical parameter

We now discuss dynamical reflection maps that are independent on the dynam-
ical parameter A € H.

We assume that L = (L,-,er) is a group. Let * : L x L — L denote the
binary operation defined by

axb=n"1(m(a)r(b)) (8.9)

for all a,b € L. Tt is easily seen that (L,*, \g) is a group, where Ao € H(= L)
is the unique element satisfying that 7(\g) is the unit element of the group
G. We denote by a=! the inverse of a € L with respect to *. From (8.9),
a~t=71"1(n(a)™t) for all a € L. Also, we write @ as the inverse of a € L with
respect to -.

Proposition 8.5. The following conditions are equivalent.

(1) The map o(\) is independent on the dynamical parameter X € H and
w(er) is the unit element of the group G (Ao = er).

(2) For any a,b,c€ L,

a(b*c) = (ab) x a™* * (ac). (8.10)

Proof. Let us first deduce (1) from (2). We substitute ey, for @ and b in (8.10),

then

eL*c:eL*ezl*c:c

for all ¢ € L. From the above equation, we can see that ey, is the unit element
of the group (L, ). Hence, by means of (8.9),

a=axep=n'(n(a)m(er))

for all a € L, which yields the fact that w(ey) is the unit element of the group
G.

The next task is to show that the map o(\) is independent on the dynamical
parameter A € H. On account of (8.9), the relation (8.10) is equivalent to

ar Y (w(b)w(c)) = 7 (w(ab)w(a) tn(ac)) (8.11)

for all a,b,c € L. We respectively substitute Aa,a, and b for a, b, and ¢ in
(8.11). Then Xar~!(w(@)n(b)) = 7~ (r(A\)7(Aa) "7 ((Aa)b)). Hence the first
component of o(A) is
&x(a,b) =Ar L (r(A)m(Aa) " 7 ((Aa)b))
=Aar ! (n(a)m(b)))
=an ! (n(@)m(b))
for all A € H and a,b € L. Substituting respectively @ and b for b and c¢ in

(8.11), we have ar~!(w(a)w (b)) = 7~ (n(a) *n(ab)) by means of the fact that
m(er) is the unit element of G. Hence £y (a, b) is independent on the dynamical
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parameter A € H. In addition, from the fact that (L,-) is a group, the second
component of o(A) is

nx(a,b) =(A&x(a, b)) Aab

=&x(a,b) Aab
=&\ (a,b)ab

for all A € H and a,b € L. Since &) (a, b) is independent on A € H, so is nx(a, b).
Consequently, o()) is independent on A € H.
Conversely, we deduce (2) from (1). On account of (8.9),

(ab) x a™ ' * (ac) = 7~ (m(ab)m(a) ' (ac)) (8.12)

for all a,b,c € L. Since o(\) is independent on the dynamical parameter A € H,
&x(a,b) is independent on A. On account of the assumption that w(er,) is the
unit element of G,

éx(a,b) = &, (a,b) = 77} (n(a) "' (ab))
for all A € H and a,b € L. Hence,
A Hr (W) (ha) i ((Aa)b)) = 7 H(r(a) " r(ab)) (8.13)

for all A € H and a,b € L. B
Substituting respectively ab, b, and ¢ for A, a, and b in (8.13), we have

7Y (w(ab)m(a) tn(ac)) = abr ™ (w(b) " 7 (be)).

We next respectively substitute b, b, and ¢ for A, a, and b in (8.13). Since 7(er)
is the unit element of G,

br Y (w(b)m(c)) = 7 (7 (D) "t (be)).
Hence, by means of (8.9),

RHS of (8.12) =ab(br ' (n(b)7(c)))
=a(bx*c)
for all a,b,c € L. Therefore (8.10) holds. O

From the above arguement, we can rewrite the map o(\) (A € H) under the
condition (1) (or (2)) in Proposition 8.5 as

o(N)(a,b) = (a~ ' % (ab),a=1 * (ab)ab) (a,b € L). (8.14)

Definition 8.6 ([8, 10]). If two groups (L,-) and (L, *) satisfy (8.10), we say
that (L, -, ) is a skew left brace.

Remark 8.7. In view of Proposition 8.5, o(\) is independent on the dynamical
parameter A € H if and only if L has a skew left brace structure.

To the end of this section, we assume that (L, -, *) is a skew left brace, where
* is the binary operation of L defined by (8.9).
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Definition 8.8. Let X be a set with a map L x X 3 (a,2) —wazx € X. If X
satisfies the following conditions, then we say that X is a left (L, -)-action.

(1) For any a,b € L and z € X, (ab)z = a(bx).
(2) Forany z € X, ez = x.

Let X be a left (L,-)-action and f : X — H be an arbitrary map. We define
the map -x : H x X — H by

Axz=f(Az) (A€ HzeX). (8.15)

By the definition, (X, -x) is an object of Sety. For every A € H, we define the
map mx(\) : L x X — X by

mx(A)(a,z) =az (a € L,x € X). (8.16)

Proposition 8.9. myxy : L ® X — X is a morphism of Sety. In addition,
(X,mx) is a left (L, m,n)-module in Sety.
Proof. From (8.15) and the fact that X is a left (L, -)-action,
A-x mx(N)(a, ) =f(Aax))
=f((Aa)z)
=A-Lex (a,7)

Hence mx : L ® X — X is a morphism of Sety.
We note that B
m(A)(a,b) = Aab = ab (8.17)

for all A € H(= L) and a,b € L because of the fact that (L,-) is a group. Since
X is a left (L, -)-action,

mx(n® 1lx)(A)(e,x) =erz =2 =1x(\)(e, )
for all A € H and x € X. Hence (3.10) holds. Similarly,

(mx(m ® 1x))(M)((a,b), x) =(ab)x
=a(bx)
=(mx (1 @ mx)arrx)(N)((a,b), z)
for all A € H,a,b € L and z € X. Hence (4.9) holds. This is our claim. O

We now consider the dynamical reflection map k(A) : L x X — L x X
(A € H) (8.1) associated with (\) : L x L — L x L (8.14) in the case that X
is a left (L, -)-action.

Let f, : G — G (x € X) be homomorphisms of the group G. On account of
(7.55), we can write k(A\)(a,b) (A € H,a,b € L) by means of f,.

Theorem 8.10. The dynamical reflection map k() is independent on A € H
if and only if

A TH () Fraz) (TAQ)) Fran) (TA) 1) = 77 (faz(n(a))) (8.18)
forall e Hae L, andx € X.
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Proof. Assume that k(A) (A € H) is independent on A\. On account of (8.1) and
(8.16), we can write k(\)(a,z) (A € Hya € L,z € X) as

k(N(a,z) = (I3, (a), (113, (a)a)z).

Since k() is independent on A € H, I}, (a) = II¢4(a) for all a € L and = € X.
We note that \g € H(= L) in (7.55) is exactly ey, because of Proposition 8.5.
Hence the relation 1T, (a) = L (a) implies

AT (A) Fagan) (T(A) fagaz) (T(N) ) = 77 (fau(7(a)))

because of (7.55) and the fact that G is a group.
Considering the above arguement in reverse, we also see that (8.18) implies
the fact that k()) is independent on A € H. This completes the proof. O

Remark 8.11. In view of the proof of Theorem 8.10, if k() (A € H) is indepen-
dent on A, we can rewrite k() as

k(N(a,2) = (17" (fao(n(a)), (1~ (fax(7(a)))a)z) (a € L,z € X). (8.19)
The map stated in [8, Theorem 8.5] is exactly the same as the above map k().

Example 8.12. We assume that (L, *) is abelian. From (8.9), the group G is
also abelian. Then we consider Example 8.1.
Since f.(a) = a™! (a € G,z € X), together with (8.9),

LHS of (8.18) =Ar" (r(\)7(Aa) " *7(N))
=2\ (Aa) "t = N). (8.20)
We respectively substitute Aa,a, and @ for a,b, and ¢ in (8.10). Then Aa(a *
@) = A* (Aa)~! x \. Substituting respectively @ for b and ¢ in (8.10), we have

a(@* @) = (a@) * a~! * (a@) = a~! because of the fact that m(ey) is the unit
element of G. Hence

RHS of (8.20) =a(@xa) =a .

a~! is exactly the right-hand-side of (8.18). In view of Theorem 8.10, the
dynamical reflection map k() associated with o (8.14) is hence independent on
AEH.
We rewrite the map k(\) as k. On account of (8.19), the reflection map
k:LxX—LxXis
ko, 2) = (L, (@ D))

forallae L and 2z € X.
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